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Abstract

This paper is contributed to the volume dedicated to Maria Serna, whose re-

search on various random graph models has been an inspiration for many young

researchers [1, 2, 3, 4].

We relate the problem of finding a maximum clique to the intersection num-

ber of the input graph (i.e. the minimum number of cliques needed to edge

cover the graph). In particular, we consider the maximum clique problem for

graphs with small intersection number and random intersection graphs (a model

in which each one of m labels is chosen independently with probability p by each

one of n vertices, and there are edges between any vertices with overlaps in the

labels chosen).

We first present a simple algorithm which, on input G finds a maximum

clique in O(22m+O(m) + n2 min{2m, n}) time steps, where m is an upper bound

on the intersection number and n is the number of vertices. Consequently, when

m ≤ ln lnn the running time of this algorithm is polynomial.

We then consider random instances of the random intersection graphs model

as input graphs. As our main contribution, we prove that, when the number

of labels is not too large (m = nα, 0 < α < 1), we can use the label choices of

the vertices to find a maximum clique in polynomial time whp. The proof of

correctness for this algorithm relies on our Single Label Clique Theorem, which
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roughly states that whp a “large enough” clique cannot be formed by more than

one label. This theorem generalizes and strengthens other related results in the

state of the art, but also broadens the range of values considered (see e.g. [5]

and [6]).

As an important consequence of our Single Label Clique Theorem, we prove

that the problem of inferring the complete information of label choices for each

vertex from the resulting random intersection graph (i.e. the label representa-

tion of the graph) is solvable whp; namely, the maximum likelihood estimation

method will provide a unique solution (up to permutations of the labels). Find-

ing efficient algorithms for constructing such a label representation is left as an

interesting open problem for future research.

Keywords: maximum clique, random intersection graph, intersection number

1. Introduction

A clique in an undirected graph G is a subset of vertices any two of which

are connected by an edge. The cardinality of the maximum clique is called

the clique number of G. The problem of finding the maximum clique in an

arbitrary graph is fundamental in Theoretical Computer Science and appears

in many different settings. As an example, consider a social network where

vertices represent people and edges represent mutual acquaintance. Finding a

maximum clique in this network corresponds to finding the largest subset of

people who all know each other. More generally, the analysis of large networks

in order to identify communities, clusters, and other latent structure has come

to the forefront of much research. The Internet, social networks, bibliographic

databases, energy distribution networks, and global networks of economies are

some of the examples motivating the development of the field.

It is well known that determining the clique number of an arbitrary graph

is NP-complete [7]. In fact, the fastest algorithm known today runs in time

O(1.1888n) [8], where n is the number of vertices in the graph. Moreover, the

best known approximation algorithm for the clique number has a performance
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guarantee of O
(
n(log logn)2

(logn)3

)
[9] (there are algorithms with better approximation

ratios for graphs with large clique number; see e.g. [10]). Even though this

approximation ratio appears to be weak at first glance, there are several results

on hardness of approximation which suggest that there can be no approximation

algorithm with an approximation ratio significantly less than linear (see e.g.

[11]). It was also shown in [12] that, if k is the clique number, then the clique

problem cannot be solved in time no(k), unless the exponential time hypothesis

fails (note that the brute force search algorithm runs in time O(nkk2), which

seems quite close).

The intractability of the maximum clique problem for arbitrary graphs lead

researchers to the study of the problem for appropriately generated random

graphs. In particular, for Erdős-Rényi random graphs Gn, 12 (i.e. random graphs

in which each edge appears independently with probability 1
2 ), there are several

greedy algorithms that find a clique of size about log2 n with high probability

(whp, i.e. with probability that tends to 1 as n goes to infinity), see e.g. [13, 14].

Since the clique number of Gn, 12 is asymptotically equal to 2 log2 n with high

probability, these algorithms approximate the clique number by a factor of 2. In

fact, it was conjectured that finding a clique of size (1 + ε) log2 n (for a constant

ε > 0), with probability at least 1
2 , would require techniques beyond the current

limits of complexity theory. This belief was strengthened by the fact that the

Metropolis algorithm can take super-polynomial time to locate a clique in Gn, 12

that is only slightly bigger than that produced by greedy heuristics (see [15]). A

more dramatized version of the above conjecture was presented in [15], stating

that the problem of finding an 1.01 log2 n clique remains hard even if the input

graph is a Gn, 12 random graph in which we have planted a randomly chosen

clique of size n0.49. This conjecture seems to identify a certain bottleneck for

the problem; finding the maximum clique in the case where the planted clique

has size at least
√
n can be done in polynomial time by using spectral properties

of the adjacency matrix of the graph (see [16]). We finally note that there are

quite a few nice results concerning generalizations of the planted clique problem
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in various (quite general) random graphs models (see e.g. [17, 18]).

1.1. Our Contribution

In this work, we study maximum cliques through the intersection number of

the input graph G (i.e. the minimum number of cliques that can edge cover G).

In particular, we consider the maximum clique problem for graphs with small

intersection number and random intersection graphs.

More analytically, we begin by considering arbitrary graphs with small in-

tersection number. We present a simple algorithm FindMaxClique which, on

input G finds a maximum clique in O(22m+O(m) + n2 min{2m, n}) time steps,

where m is an upper bound on the intersection number of G and n is the number

of vertices. Consequently, when m ≤ ln lnn the running time of this algorithm

is polynomial. We note here that computing the exact value of the intersec-

tion number of G is itself an NP-complete problem, but the correctness of our

algorithm does not depend on the value of m; its running time does.

We then consider random instances of the random intersection graphs model

(introduced in [19, 5]) as input graphs. In this model, denoted by Gn,m,p, each

one of m labels is chosen independently with probability p by each one of n

vertices, and there are edges between any vertices with overlaps in the labels

chosen. Random intersection graphs are relevant to and capture quite nicely

social networking. Indeed, a social network is a structure made of nodes (indi-

viduals or organizations) tied by one or more specific types of interdependency,

such as values, visions, financial exchange, friends, conflicts, web links etc. So-

cial network analysis views social relationships in terms of nodes and ties. Nodes

are the individual actors within the networks and ties are the relationships be-

tween the actors. Other applications include oblivious resource sharing in a

(general) distributed setting, efficient and secure communication in sensor net-

works [20], interactions of mobile agents traversing the web etc. For recent

research related to random intersection graphs we refer the interested reader to

the surveys [21, 22] and references therein.

As our main contribution, we prove that, when the number of labels is
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not too large, we can use the label choices of the vertices to find a maximum

clique in polynomial time (in the number of labels m and vertices n of the

graph). Most of the work in this paper is devoted in proving our Single Label

Clique Theorem (Theorem 3 in Section 4). The theorem states that when the

number of labels is less than the number of vertices, any large enough clique

in a random instance of Gn,m,p is formed by a single label. This statement

may seem obvious when p is small, but it is hard to imagine that it still holds

for all “interesting” values for p (see also the discussion in Section 2). Indeed,

when p = o
(√

1
nm

)
, by slightly modifying an argument of [6], we can see that

Gn,m,p almost surely has no cycle of size k ≥ 3 whose edges are formed by k

distinct labels (alternatively, the intersection graph produced by reversing the

roles of labels and vertices is a tree). On the other hand, for larger p a random

instance of Gn,m,p is far from perfect1 and the techniques of [6] do not apply

(for a more thorough discussion see the beginning of Section 4). In an attempt

towards relaxing the over-restrictive bound p = o
(√

1
nm

)
, Behrisch and Taraz

[23] designed and analyzed polynomial time randomized algorithms for finding

the associated bipartite graph Bn,m,p when m = nα, α < 1 and p = O(m−2/3).

However, their techniques cannot be used for larger values of p. By using the

Single Label Clique Theorem, we provide a tight bound on the clique number

of Gn,m,p when m = nα, α < 1 and p = O(m−1/2); note that the latter upper

bound on p is asymptotically larger than O(m−2/3). A lower bound in the

special case where mp2 is constant, was given in [5]. We considerably broaden

this range of values to also include vanishing values for mp2 and also provide

an asymptotically tight upper bound.

We claim that our proof also applies for α < 2, provided p is not too small.

We should note here that in [24] the authors prove the equivalence (measured in

terms of total variation distance) of random intersection graphs and Erdős-Rényi

1A perfect graph is a graph in which the chromatic number of every induced subgraph

equals the size of the largest clique of that subgraph. Consequently, the clique number of a

perfect graph is equal to its chromatic number.
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random graphs, when m = nα, α > 6. This bound on the number of labels was

improved in [25], by showing equivalence of sharp threshold functions among the

two models for α ≥ 3. In view of these results, we hope that our work will shed

light also in the problem of finding maximum cliques in Erdős-Rényi random

graphs. It is worth noting that, after the initial publication of a preliminary

version of our paper in MFCS 2012 [26], Bloznelis and Kurauskas [27] considered

maximum cliques in Gn,m,p with m = Ω(n). Their proof idea is similar to ours,

with the exception of a tighter version of our Lemma 5 which is based on a

result of Alon et al. [28] concerning rainbow subgraphs in edge colorings.

Finally, as yet another consequence of our Single Label Clique Theorem, we

prove that the problem of inferring the complete information of label choices

for each vertex from the resulting random intersection graph (i.e. the label

representation of the graph) is solvable whp; namely, the maximum likelihood

estimation method will provide a unique solution (up to permutations of the

labels).2 In particular, given values m,n and p, such that m = nα, 0 < α < 1,

and given a random instance of the Gn,m,p model, the label choices for each

vertex are uniquely defined. Finding efficient algorithms for constructing such

a label representation is left as an open problem for future research.

A preliminary version of the paper [26] appeared in the Proceedings of the

37th International Symposium on Mathematical Foundations of Computer Sci-

ence (MFCS 2012) .

1.2. Organization of the paper

In Section 2 we formally define random intersection graphs. We also provide

some useful definitions and notation which are used throughout the paper. The

relation of the intersection number to the clique number of an arbitrary graph

is discussed in Section 3. Section 4 is devoted to the proof of our Single Label

2More precisely, if B is the set of different label choices that can give rise to a graph G,

then the problem of inferring the complete information of label choices from G is solvable if

there is some B∗ ∈ B such that Pr(B∗|G) > Pr(B|G), for all B 3 B 6= B∗.
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Clique Theorem for random intersection graphs. The consequences of our main

theorem concerning the efficient construction of a maximum clique and the

uniqueness of the label representation of Gn,m,p are presented in Section 5.

Finally, we discuss the presented results and further research in Section 6.

2. Definitions and Preliminaries

The formal definition of the random intersection graphs model is as follows:

Definition 1 (Random Intersection Graph - Gn,m,p [19, 5]). Consider a

universe M = {1, 2, . . . ,m} of labels and a set of n vertices V . Assign in-

dependently to each vertex v ∈ V a subset Sv of M, choosing each element

i ∈ M independently with probability p and draw an edge between two vertices

v 6= u if and only if Sv ∩ Su 6= ∅. The resulting graph is an instance Gn,m,p of

the random intersection graphs model.

In this model we also denote by Li the set of vertices that have chosen label

i ∈ M . Given Gn,m,p, we will refer to {Li, i ∈ M} as its label representation.

Consider the bipartite graph with vertex set V ∪M and edge set {(v, i) : i ∈
Sv} = {(v, i) : v ∈ Li}. We will refer to this graph as the bipartite random

graph Bn,m,p associated to Gn,m,p. Notice that the associated bipartite graph

is uniquely defined by the label representation.

It follows from the definition of the model that the edges in Gn,m,p are

not independent. In particular, the (unconditioned) probability that a specific

edge exists is 1 − (1 − p2)m. Therefore, if mp2 goes to infinity with n, then

this probability goes to 1. In the paper, we will thus consider the “interesting”

range of values mp2 = O(1) (i.e. the range of values for which the unconditioned

probability that an edge exists does not go to 1). Furthermore, as is usual in

the literature, we will assume that the number of labels is some power of the

number of vertices, i.e. m = nα, for some α > 0.

The following definitions will also be useful:

Definition 2 (Intersection number). The intersection number of a graph G

is the smallest number of cliques needed to cover all of the edges of G.
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Equivalently, the intersection number is the smallest number of (label) sets in

a representation of G as an intersection graph of finite sets.

Definition 3 (Edge clique cover). A set of cliques C = {C1, . . . , Cm} is an

edge clique cover of a graph G = (V,E) if for every edge e ∈ E there is at least

one clique Ci such that e ∈ Ci and for every non edge e′ /∈ E, there is no such

clique in C.

Therefore, the intersection number of G is the minimum m such that C =

{C1, . . . , Cm} is an edge clique cover of G.

2.1. Notation

We use the convention that the random intersection graphs model is denoted

by Gn,m,p (i.e. with a calligraph G), while a specific random instance of the

model is denoted by Gn,m,p (i.e. with a simple G).

For a vertex v ∈ V , we denote by NG(v) the set of neighbors of v in G. We

will say that two vertices v, u ∈ V belong to the same closed neighborhood in G

and we will write v ↔G u if and only if NG(v) ∪ {v} = NG(u) ∪ {u}.
Let C′ denote a partition of the vertex set V of a graph G and let v ∈ V .

We will denote by C′[v] the unique set inside C′ that contains v, that is C′[v] =

{C ′ ∈ C′ : v ∈ C ′}.
Throughout the paper, we make use of the well known asymptotic notation

O(·),Ω(·), o(·) and ω(·). Furthermore, we use the relation “∼” for asymptotically

equal. In particular, if f(n), g(n) are two functions of n, then f(n) ∼ g(n) means

that limn→∞
f(n)
g(n) = 1 or equivalently f(n) = g(n) + o(g(n)).

3. An Algorithm for Maximum Clique

In this section we consider arbitrary graphs as input graphs for the maxi-

mum clique problem. In particular, we relate the running time of the following

algorithm to the intersection number of the input graph G. The key observation

behind the design of Algorithm FindMaxClique is that a closed neighborhood
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is either a proper subset of or disjoint from a maximum clique. Therefore, we

can reduce every closed neighborhood to a single vertex and then search for

a clique in the reduced graph that corresponds to a maximum clique in the

original graph.

Algorithm 1 FindMaxClique

Require: Undirected graph G = (V,E).

Ensure: A maximum clique Q of G

1: Set U = V and C′ = ∅;
%Form the closed neighborhood partition - part 1 of Lemma 1

2: while U 6= ∅ do

3: Pick v ∈ U and let C ′ = {u ∈ U : u↔G v};
4: Include C ′ in C′;
5: Set U = U\C ′;

%Define an induced subgraph

6: Let G′ = (V ′, E′) be an induced subgraph of G with exactly one (arbitrary)

vertex for every set C ′ ∈ C′;
%Find a clique of G′ that corresponds to the maximum clique of G - part 2

of Lemma 1

7: By exhaustive search, find a clique S in G′ such that | ∪v′∈S C′[v′]| is maxi-

mum;

8: return Q = ∪v′∈SC′[v′];

An example of how the graph G′ in step 6 of FindMaxClique is constructed

for a specific input graph G is shown in Figure 1. Notice that G has five closed

neighborhoods (whereas its intersection number is 3), which are shown in dashed

squares, so the graph G′ has 5 vertices. The corresponding clique of G′ that

maximizes | ∪v′∈S {u : u↔G v′}| is S = {4, 6}.

3.1. Analysis of FindMaxClique

We first present the following lemma that concerns basic properties of the

relation ↔G.
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Figure 1: An example of a graph G and corresponding G′.

Lemma 1. The closed neighborhood relation ↔G has the following properties:

1. It is an equivalence relation which partitions the vertex set V in equivalence

classes called closed neighborhoods.

2. A closed neighborhood is a clique. Two closed neighborhoods either form

a clique, or no edge between their vertices exists.

Proof. (1) The fact that ↔G is an equivalence relation follows directly by its

definition. Therefore, every vertex belongs to exactly one equivalence class (i.e.

exactly one closed neighborhood).

(2) By definition, a closed neighborhood forms a clique. Let now C ′1, C
′
2

be two distinct closed neighborhoods and let v ∈ C ′1, u ∈ C ′2. Suppose that

there is an edge (u, v) between u and v in G, i.e. u ∈ NG(v). Consider now

any two vertices v′ ∈ C ′1, u′ ∈ C ′2 (including v, u). By definition of the closed

neighborhood relation, we must have that NG(v) ∪ {v} = NG(v′) ∪ {v′}. Since

the close neighborhoods are disjoint, this means that u′ ∈ NG(v′). Therefore,

either every edge between C ′1 and C ′2 appears in G, and C ′1 ∪C ′2 forms a clique,

or no edge between them exists. This completes the proof. �

We now prove correctness of the Algorithm FindMaxClique.

Theorem 1 (Correctness). FindMaxClique correctly outputs a maximum clique

in G.

Proof. Notice that, by the second part of Lemma 1 and by construction of G′,

any clique S in G′ corresponds to a clique ∪v′∈SC′[v′] in G.
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Therefore, we only need to show that a maximum clique Q of G corresponds

to a clique in G′, because then the algorithm will be able to find it in step

7. Equivalently, we need to show that there are k ≥ 1 closed neighborhoods

C ′1, . . . , C
′
k which constitute a partition of Q, that is ∪ki=1C

′
i = Q. Indeed, by

construction of G′, the vertices in G′ that correspond to these closed neighbor-

hoods will form a clique in G′ (any choice of two vertices will be connected).

To prove the above, let C ′ be a closed neighborhood that has at least one

common vertex v′ with Q, i.e. v′ ∈ C ′ ∩ Q. Then, by definition of the ↔G

relation, every vertex u′ ↔G v′ is connected to v′ and to all the vertices that

v′ is connected to (including all vertices in Q). Therefore, by maximality of Q,

all the vertices in C ′ must be contained in the maximum clique, i.e. C ′ ⊆ Q.

Consequently, a closed neighborhood is either entirely contained in Q, or disjoint

from it. By the first part of Lemma 1, we can then partition Q using all the

closed neighborhoods that have common vertices with Q. This completes the

proof. �

The following result relates the running time of Algorithm FindMaxClique

to the intersection number of its input graph G.

Theorem 2 (Efficiency). Let G = (V,E) be a graph with intersection number

m. Then FindMaxClique on input G finds a maximum clique in O(22m+O(m) +

n2 min{2m, n}) time.

Proof. By definition, since the intersection number of G is m, there is a set

of cliques C = {C1, . . . , Cm} that is an edge clique cover of G. For a vertex

v ∈ V , we denote by Sv the set of cliques in C that include v. Notice then that

if Sv = Su, then not only are u and v connected, but they also have the exact

same set of neighbors in V \{u, v}, i.e. NG(v) ∪ {v} = NG(u) ∪ {u}.
Given now a specific edge clique cover C, there are at most 2m different

ways in which we can construct a set Sv. Consequently, there are at most

k ≤ min{2m, n} distinct closed neighborhoods C ′1, . . . , C
′
k in G which consti-

tute a partition of the set of non-isolated vertices. Note also that determining
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whether or not v ↔G u for any two vertices requires O(n) time steps (as-

suming the adjacency matrix of the graph is given). Therefore, steps 2 to 5 of

FindMaxClique needed for partitioning the vertex set V in closed neighborhoods

in the algorithm require O(n2 min{2m, n}) time.

From the above, we also conclude that the number of vertices in G′ is at

most 2m. Therefore, the time needed to construct G′ in step 6 in the algorithm

is O(22m). Finally, there are at most 22m subsets of vertices in G′, so step 7 in

the algorithm takes O(22m+2m) time. This completes the proof. �

Note that the algorithm does not need the actual value of the intersection

number. We only use this information for bounding its running time. The

following is a direct consequence of Theorem 2.

Corollary 1. Let m ≤ ln lnn be an upper bound on the intersection number of

an arbitrary undirected graph G on n vertices. Then there is an algorithm that

finds the maximum clique of G in time O(n2 lnn).

As a final remark, since the intersection number of Gn,m,p is at most m (but

could be even less), the above result also holds for any random instance of the

random intersection graphs model with at most ln lnn labels.

4. Clique number for less labels than vertices

In this section we give a tight bound on the clique number of Gn,m,p when

m = nα, α < 1. A lower bound in the special case where mp2 is constant,

was given in [5]. We considerably broaden this range of values to also include

vanishing values for mp2 and also provide a tight upper bound.

We will also assume, without loss of generality, that p = Ω
(√

1
nm

)
. Indeed,

when p = o
(√

1
nm

)
, by slightly modifying an argument of [6], we can see that

Gn,m,p almost surely has no cycle of size k ≥ 3 whose edges are formed by k

distinct labels. Therefore, the maximum clique of Gn,m,p when p = o
(√

1
nm

)
,

is formed by exactly one label. As a matter of fact, if Li is the set of vertices

that have chosen label i ∈ M, then the maximum clique is equal to Ll, where
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l ∈ arg maxi∈M |Li|. Furthermore, since Gn,m,p is chordal whp (see Lemma 5

in [6]), the maximum clique can be found in polynomial time.

We stress the fact that the techniques employed to provide the algorithmic

and structural results in [6] cannot be used in the case where p = Ω
(√

1
nm

)
.

In particular, Gn,m,p is far from perfect, especially in the the case mp = ω(lnn)

(which is included in the range of values that we study here). An intuitive

justification is as follows: when mp = ω(lnn), then the size of the label sets of

every vertex are highly concentrated around their mean value mp. Therefore,

the statistical behavior of Gn,m,p is expected to be similar to the statistical

behavior of uniform random intersection graphs Gn,m,λ, in which each vertex

selects exactly λ = mp labels from M. It was proved in [29] (part (iii) in

Corollary 2), that the size of the maximum independent set when m = nα, α < 1

and λ = ω(lnn), is asymptotically equal to 2(1 − α)m lnn
λ2 . Therefore, when

mp = ω(lnn), the size of the maximum independent set in Gn,m,p will be

around Θ
(

lnn
mp2

)
, so its chromatic number will be Ω

(
nmp2

lnn

)
. However, as can

be seen in Corollary 4 (which is a direct consequence of our main theorem), the

size of the maximum clique in Gn,m,p when m = nα, α < 1 and mp2 = O(1)

is asymptotically equal to np. This is much smaller than the lower bound

Ω
(
nmp2

lnn

)
on the chromatic number in the case mp = ω(lnn). Therefore, Gn,m,p

is far from perfect in this range of values.

We first provide some concentration results concerning the number of vertices

that have chosen a particular label and the number of labels that have been

chosen by a particular vertex.

Lemma 2. Let Gn,m,p be a random instance of the random intersection graphs

model with m = nα, 0 < α < 1 and p = Ω
(√

1
nm

)
. Then the following hold:

A. Let Li be the set of vertices that have chosen label i ∈M. Then

Pr(∃i ∈M : ||Li| − np| ≥ 3
√
np lnn) ≤ 1

n3
→ 0. (1)

B. Let also Sv denote the set of labels that were chosen by vertex v. Then
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Pr(∃v ∈ V : |Sv| > mp+ 3
√
mp lnm+ lnn)→ 0. (2)

Proof. For the first part, fix a label i ∈ M. Notice that |Li| is a binomial

random variable with parameters n, p, i.e. |Li| ∼ B(n, p). By Chernoff bounds,

for any t ≥ 0, we have that

Pr(||Li| − np| ≥ t) ≤ e
− t2

2(np+ t
3 ) + e−

t2

2np .

Setting t = 3
√
np lnn and noting that t = o(np), we then have that Pr(||Li| −

np| ≥ 3
√
np lnn) ≤ e−4 lnn and the lemma follows from Boole’s inequality.

For the second part, fix a vertex v. Notice that |Sv| is a binomial random

variable with parameters m, p, i.e. |Sv| ∼ B(m, p). By Chernoff bounds, for any

δ ≥ 0, we have that

Pr(|Sv| > (1 + δ)mp) <

(
eδ

(1 + δ)(1+δ)

)mp
.

Setting δ = 1
mp (3

√
mp lnm + lnn) and using Boole’s inequality we get the

desired result. �

Notice that the above lemma provides a lower bound on the clique number.

However, a clique in Gn,m,p can be formed by combining more than one label.

Clearly, a clique Q which is not formed by a single label (or rather a clique for

which there is no label “responsible” for all its edges) will need at least 3 labels,

since 2 labels cannot cover all the edges needed for Q to be a clique. In the

discussion below, we will provide a much larger lower bound on the number of

labels needed to form a clique Q of size |Q| ∼ np which is not formed by a single

label. The following definition will be useful.

Definition 4. Denote by Ay,x the event that there are two disjoint sets of ver-

tices V1, V2 ⊂ V , where |V1| = y and |V2| = x such that the following hold:

1. All vertices in V1 have chosen some label l0, i.e. l0 ∈ ∩u∈V1
Su.

2. None of the vertices in V2 has chosen l0, i.e. l0 /∈ ∪v∈V2Sv.
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3. Every vertex in V1 is connected to every vertex in V2.

As a warm-up, we prove the following technical lemma, which is a first

indication that in a Gn,m,p graph, whp we cannot have y too large and x too

small at the same time. This lemma will also be used as a starting step in the

proof of our main theorem.

Lemma 3. Let Gn,m,p be a random instance of the random intersection graphs

model with m = nα, 0 < α < 1 and p = Ω
(√

1
nm

)
and mp2 = O(1). Then, for

any y ≥ np
(
1− o

(
1

lnn

))
, Pr(Ay,1) = o(1).

Proof. Fix a particular label l0, a subset V1 of the vertices having chosen l0

(i.e. V1 ⊂ Ll0) and a vertex v /∈ Ll0 . The probability that v is connected to all

vertices in V1 is exactly

p(V1, v)
def
=

m−1∑
k=1

(
m− 1

k

)
pk(1− p)m−k−1(1− (1− p)k)y. (3)

Indeed, pk(1 − p)m−k−1 is the probability that v has chosen k specific labels

different from l0 and 1− (1− p)k the probability that a specific vertex in V1 has

chosen at least one of those labels (so that it is connected to v).

Define the random variable L
def
= max{|Ll0 | : l0 ∈ M}. Notice that, for

a fixed label l0, given Ll0 , the (conditional) probability that there are disjoint

sets V1, V2 as in Definition 4, with |V1| = y and |V2| = 1 is at most
(|Ll0 |

y

)
(n −

|Ll0 |)p(V1, v) ≤ n
(
L
y

)
p(V1, v). Therefore, by Boole’s inequality we have

Pr(Ay,1|L) ≤ mn
(
L

y

)
p(V1, v) (4)

By Lemma 2, for any vertex v, we have that |Sv| ≤ (1 + o(1))mp + lnn whp.

Since (1−(1−p)k)y is increasing in k and also
(
m−1
k

)
pk(1−p)m−k−1 is maximum

aroundmp, we conclude that the maximum of
(
m−1
k

)
pk(1−p)m−k−1(1−(1−p)k)y

for k ∈ {1, 2, . . . , (1 + o(1))mp + lnn} is attained at some index k′ = (1 +

o(1))mp+O(log n). Therefore,
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Pr(Ay,1|L) ≤ m2n

(
L

y

)(
m− 1

k′

)
pk
′
(1− p)m−k′−1(1− (1− p)k′)y + o(1)(5)

≤ m2n

(
L

y

)
(1− (1− p)k′)y + o(1), (6)

where the o(1) term corresponds to the error term from Lemma 2, implying

that the terms in the sum of equation (3) for k > (1 + o(1))mp+ lnn are o(1).

Using now the fact that, by assumption, mp2 = O(1) and m = nα, we have that

pk′ = O(1). But this implies that 1− (1− p)k′ is upper bounded by a constant

strictly less than 1, and so equation (6) becomes

Pr(Ay,1|L) ≤ m2n

(
L

y

)
e−Θ(y) + o(1) (7)

= m2n

(
L

L− y

)
e−Θ(y) + o(1) (8)

≤ m2nLL−ye−Θ(y) + o(1). (9)

For any y ≥ L
(
1− o

(
1

lnn

))
, we then have that Pr(Ay,1) → 0. But by Lemma

2 we have also that L ≤ np
(
1 + o

(
1

lnn

))
whp, which completes the proof. �

The above lemma has the following alternative interpretation, which will be

useful in the sequence:

Corollary 2. Let Gn,m,p be a random instance of the random intersection graphs

model with m = nα, 0 < α < 1, p = Ω
(√

1
nm

)
and mp2 = O(1). Let also Q

be a clique in Gn,m,p that is not formed by a single label and also |Q| ∼ np.

If l0 ∈ M is any label chosen by some vertex v ∈ Q, then there is a positive

constant c′ < 1−α
2 , such that whp there are at least nc

′
vertices in Q that have

not chosen l0.

Proof. Notice that, by assumption, np = Ω(n
1−α
2 ). Therefore, for any positive

c′ < 1−α
2 , we have that nc

′
= o

(
np

ln2 n

)
. The result then follows by Lemma 3. �

We now strengthen the above analysis by using the following simple obser-

vation: For a set of vertices V2 and k ≥ 2, let S
(k)
V2
⊆ M denote the set of
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labels that have been chosen by at least k of the vertices in V2. Then, given

{Sv : v ∈ V2}, the (conditional) probability that every vertex of a set of y ver-

tices V1 (i.e. |V1| = y), disjoint from V2, is connected to every vertex in V2 is at

most

p(V1, V2|Sv : v ∈ V2) ≤
(
|S(2)
V2
|p+ (1− p)|S

(2)
V2
| ∏
v∈V2

(
1− (1− p)|Sv−S

(2)
V2
|
))y
(10)

≤
(
|S(2)
V2
|p+

∏
v∈V2

(
1− (1− p)|Sv|

))y
(11)

Indeed, the first of the above inequalities corresponds to the probability that

each vertex in V2 either choses one of the labels shared by at least two vertices

in V2, or it is connected to all vertices in V2 by using labels chosen by exactly

one vertex in V2.

Lemma 4. Let Gn,m,p be a random instance of the random intersection graphs

model with m = nα, 0 < α < 1, p = Ω
(√

1
nm

)
and mp2 = O(1). Let also

x = 1
pε , for some positive constant ε < 1 that can be as small as possible. Then,

for any y ≥ np1+c, where 0 < c < 1−α
1+α is a constant, we have Pr(Ay,x) = o(1).

Proof. Fix a set V2 of x vertices. We first give an upper bound on the size

of S
(2)
V2

. Towards this end, let X = |S(2)
V2
| and notice that X is binomially

distributed with parameters m, p̂ = 1 − (1 − p)x − xp(1 − p)x−1. Since, by

assumption xp → 0, we have that p̂ ≤ x2p2

2 . Therefore X is stochastically

dominated by a binomial random variable Y ∼ B
(
m, x

2p2

2

)
.

By Chernoff bounds we then have, for any t ≥ 0,

Pr

(
X >

mx2p2

2
+ t

)
≤ e
− t2

2

(
mx2p2

2
+ t

3

)
(12)

Set t = 1
p2ε+ε′

, where ε′ is a positive constant that is as small as possible (ideally

ε′ � ε). Since mp2 = O(1), we have that t = ω
(
mx2p2

2

)
. By Boole’s inequality,

the probability that there is a subset V2 of x vertices that has |S(2)
V2
| > mx2p2

2 + x2

pε′

is at most

17



nxe
− 1

3p2ε+ε
′ = o(1). (13)

Now that we have an upper bound on the size of S
(2)
V2

that holds whp, notice

that by the second part of Lemma 2 and the fact that mp2 = O(1), whp we

have

∏
v∈V2

(
1− (1− p)|Sv|

)
≤ 1

2Θ(x)
= o(|S(2)

V2
|p). (14)

Therefore, by (11), we have that p(V1, V2|Sv : v ∈ V2) ≤ (2|S(2)
V2
|p)|V1|. In

particular, by (13), the right hand side of the latter inequality is at most(
2(1 + o(1))p1−2ε−ε′

)|V1|
≤
(

3p1−2ε−ε′
)|V1|

with high probability (note that

this bound does not depend on {Sv : v ∈ V2}). Working now as in the proof

of Lemma 3, setting L
def
= max{|Ll0 | : l0 ∈ M}, |V1| = y, and taking into ac-

count the (whp) bound p(V1, V2|Sv : v ∈ V2) ≤
(

3p1−2ε−ε′
)|V1|

, by Boole’s and

Markov’s inequality we get

Pr(Ay,x|L) ≤ m
(
L

y

)
nx
(

3p1−2ε−ε′
)y

+ o(1), (15)

where the o(1) term corresponds to the error terms from Lemma 2 and equation

(13). Using now the first part of Lemma 2 and the upper bound
(
eL
y

)y
for the

binomial coefficient we have

Pr(Ay,x) ≤ m

(
9np

y

)y
nx
(
p1−2ε−ε′

)y
+ o(1). (16)

Setting y = np1+c, for any positive constant c < 1−α
1+α , we have (y ≥ 1 and also)

that Pr(Ay,x) = o(1). This completes the proof. �

Lemma 4 has the following interpretation:

Corollary 3. Let Gn,m,p be a random instance of the random intersection graphs

model with m = nα, 0 < α < 1, p = Ω
(√

1
nm

)
and mp2 = O(1). Let also Q be

a clique in Gn,m,p that is not formed by a single label and also |Q| ∼ np. Then

18



whp, for any label l0 ∈ M, we have that |Q ∩ Ll0 | ≤ np1+c, where 0 < c < 1−α
1+α

is a constant.

In particular, if Q is not formed by a single label, then whp it is formed by

at least 1
pc distinct labels.

Proof. By Corollary 2, if Q is not formed by a single label, then given any

label l0 ∈M which is chosen by some vertex v ∈ Q, there is a positive constant

c′ < 1−α
2 , such that whp there are at least nc

′
vertices in Q that have not chosen

l0. Therefore, we can apply Lemma 4 using any ε < 2c′

1+α . More specifically, for

any such ε we have Pr(Anp1+c, 1
pε

) = o(1).

Additionally, this implies that whp if Q is not formed by a single label, it

needs at least np
np1+c = 1

pc distinct labels. This is also a lower bound on the

number of labels needed by a vertex v in order to connect to all vertices in Q.

�

Before presenting the proof of our main theorem, we prove the following

useful lemma, which states that if a large clique is not formed by a single label,

then it must contain a quite large clique Q′ whose edges are formed by distinct

labels.

Lemma 5. Let Gn,m,p be a random instance of the random intersection graphs

model with m = nα, 0 < α < 1, p = Ω
(√

1
nm

)
and mp2 = O(1). Let also Q

be any clique in Gn,m,p that is not formed by a single label and also |Q| ∼ np.

Then whp, Q contains a clique Q′ whose edges are formed by distinct labels and

whose size is at least p−
c
2 , for any positive constant c < 1−α

1+α .

Proof. Let Q′ be a subset of Q which is maximal with respect to the following

property P: “to each pair of vertices u 6= v in Q′ we can assign a distinct label

l, such that l ∈ Su ∩ Sv”.

Consider now the set of vertices W = {w : Sw ∩ S(2)
Q′ 6= 0}, namely the set

of vertices that share a label with at least 2 vertices in Q′ (note that Q′ ⊆ W ,

because every pair of vertices in Q is connected). Since Q′ is maximal, the set

Q −W must be the empty set. Indeed, if z ∈ Q −W , then (bearing in mind
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that Q is a clique) z can be connected to each vertex in Q′ using distinct labels,

which are also different from those already used to connect pairs of vertices

in Q′. Therefore, Q′ ∪ {z} would also have property P, which contradicts the

maximality of Q′.

By Corollary 3 now, we have that |W | ≤ |S(2)
Q′ |np1+c, where 0 < c < 1−α

1+α is a

constant. Furthermore, by equation (13), we have that |S(2)
Q′ | ≤

m|Q′|2p2
2 + |Q′|2

pε′

whp, for any ε′ > 0 that can be as small as possible. Combining the above, and

since mp2 = O(1), we have that

|W | ≤ np1+c|Q′|2
(1 + o(1))pε′

. (17)

Consequently, the requirement Q−W = ∅ translates to

|Q| − np1+c|Q′|2
(1 + o(1))pε′

≤ 0 (18)

or equivalently

|Q′| ≥
√

|Q|
(1 + o(1))np1+c−ε′ . (19)

Bearing in mind that |Q| ∼ np and that ε′ > 0 can be as small as possible, this

completes the proof. �

We now present our main theorem.

Theorem 3 (Single Label Clique Theorem). Let Gn,m,p be a random in-

stance of the random intersection graphs model with m = nα, 0 < α < 1 and

mp2 = O(1). Then whp, any clique Q of size |Q| ∼ np in Gn,m,p is formed by

a single label. In particular, the maximum clique is formed by a single label.

Proof. We first note that, as discussed in the beginning of section 4, when

p = o
(√

1
nm

)
, by slightly modifying an argument of [6] (in particular Lemma

5 there), we can see that Gn,m,p almost surely has no cycle of size k ≥ 3

whose edges are formed by k distinct labels. Therefore, the maximum clique

of Gn,m,p when p = o
(√

1
nm

)
, is formed by exactly one label and our theorem
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holds. Consequently, we will assume w.l.o.g. for the remainder of the proof that

p = Ω
(√

1
nm

)
.

Let Q be a clique of size |Q| ∼ np in Gn,m,p. By Lemma 5, if Q is not

formed by a single label, then Gn,m,p must contain a clique Q′ whose edges are

formed by distinct labels and whose size is at least β
def
= p−

c
2 , for any positive

constant c < 1−α
1+α . Notice also that, given the existence of any x edges formed

by distinct labels in Gn,m,p, the (conditional) probability that another edge is

formed using a different label from those already used by the x edges is at most

1− (1−p2)m−x ≤ 1− (1−p2)m. Therefore, by the union bound, the probability

that such a Q′ exists in Gn,m,p is at most

Pr{Q′ exists in Gn,m,p} ≤ nβ
(
1− (1− p2)m

)(β2) (20)

≤ nβ(1− e−1.1mp2)(
β
2) (21)

≤ eβ lnn−(β2)e
−1.1mp2

= eβ lnn−Θ(β2) = o(1) (22)

where in the second inequality we used the fact that (1− p2)
1
p2 ≥ e−1.1, for any

p → 0. In particular, whp Q′ does not exist in Gn,m,p, which completes the

proof. �

Notice that, by Theorem 3, the maximum clique in Gn,m,p with m = nα, 0 <

α < 1 and mp2 = O(1) must be one of the sets Ll, l ∈M. Therefore, the clique

number of Gn,m,p can be bounded using the first part of Lemma 2. In particular

Corollary 4. Let Gn,m,p be a random instance of the random intersection graphs

model with m = nα, 0 < α < 1, p = Ω
(√

1
nm

)
and mp2 = O(1). Then, whp

the maximum clique Q of Gn,m,p satisfies |Q| ∼ np.

5. Label Reconstruction

One of the implications of our main Theorem 3 is that whp we can find

the maximum clique in Gn,m,p with m = nα, 0 < α < 1 and mp2 = O(1) in

polynomial time, just by looking at the associated bipartite graph Bn,m,p. In
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the following algorithm, we denote by Li the set of neighbors of label i ∈M in

Bn,m,p, which can be determined in O(n) time.

Algorithm 2 MaxCliqueFromLabels

Require: Label representation Bn,m,p (associated bipartite) of graph G

Ensure: A maximum clique Q of G

1: Set Q = ∅;
2: for i = 1 to m do

3: if |Li| > |Q| then

4: set Q = Li;

5: return Q

By Theorem 3, whenm = nα, 0 < α < 1 andmp2 = O(1), MaxCliqueFromLabels

returns the maximum clique of Gn,m,p whp, in O(nm) time. Therefore, the ran-

domness of the model works in our favor for this case. Indeed, since any graph

can be written as an intersection graph with at most
(
n
2

)
labels, the problem

of finding a maximum clique in a graph, given its label representation remains

NP-complete. Furthermore, it remains hard even when the intersection number

is nα, 0 < α < 1 unless the exponential time hypothesis fails (see e.g. [12]).

This leads to the following natural question: Could one infer any information

about the structure of the associated bipartite graph when provided with Gn,m,p

(i.e. the vertices and the edges of the graph)? Notice here that a graph Gn,m,p

can correspond to more than one associated bipartite graphs. However, we show

here that the problem of finding the associated bipartite graph given Gn,m,p and

the actual values of m,n and p is solvable whp when the number of labels is

less than the number of vertices; namely, the maximum likelihood estimation

method will provide a unique solution (up to permutations of the labels). More

specifically, if Bn,m,p is the set of non-isomorphic associated bipartite graphs that

give rise to Gn,m,p, then there is some B∗ ∈ Bn,m,p such that Pr(B∗|Gn,m,p) >
Pr(B|Gn,m,p), for all Bn,m,p 3 B 6= B∗.

Theorem 4. Let Gn,m,p be a random instance of the random intersection graphs
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model with m = nα, 0 < α < 1, p = Ω
(√

1
nm

)
and mp2 = O(1). Then, whp

the bipartite graph Bn,m,p associated to Gn,m,p is uniquely determined, up to

permutations of the labels.

Proof. Let Li denote the set of vertices that have chosen label i ∈M. Given

Gn,m,p, we will refer to {Li, i ∈M} as its label representation. Notice then that

the associated bipartite graph is uniquely defined by the label representation.

Suppose now for the sake of contradiction that {L(1)
i , i ∈M} and {L(2)

i , i ∈
M} are two distinct label representations (up to permutations of the labels) of

Gn,m,p, where m = nα, 0 < α < 1, p = Ω
(√

1
nm

)
and mp2 = O(1). Notice

that, by the first part of Lemma 2, whp both of these label representations

should satisfy |L(ξ)
i | ∼ np, for any i ∈M and ξ = 1, 2.

Notice then that there must be a label l, such that L
(1)
l /∈ {L(2)

i , i ∈M}, i.e.

the clique induced by label l can be edge covered by more than one other cliques

of size asymptotically equal to np. However, by Theorem 3, whp no clique Q

of size |Q| ∼ np can be formed by more than one labels, which contradicts the

assumption that L
(1)
l /∈ {L(2)

i , i ∈M}.
Consequently, {L(1)

i , i ∈ M} and {L(2)
i , i ∈ M} must be similar, up to

permutations of the labels, i.e. L
(1)
l ∈ {L(2)

i , i ∈ M}, for every l ∈ M. This

completes the proof. �

Notice that the uniqueness of the bipartite graph can also be proved in the

case where p = o
(√

1
nm

)
. Indeed, in this case Gn,m,p almost surely has no

cycle of size k ≥ 3 whose edges are formed by k distinct labels (see also the

beginning of Section 4). Therefore, every clique of size at least 3 is formed by a

single label and so the proof of Theorem 4 applies in this (sparser) case also.

6. Conclusions

In this work, we studied the maximum clique problem by relating it to the

intersection number of the input graph. In particular, we first proved that if

the intersection number of the graph G is sufficiently small, then a simple algo-

rithm can find a maximum clique in G in polynomial time. We then considered
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random instances of the random intersection graphs model as input graphs. In

particular, by proving the Singe Label Clique Theorem, we provided new, more

general and asymptotically tight bounds for the clique number of Gn,m,p when

m = nα, α < 1. We also claim that our proof carries over for α < 2, pro-

vided there is a lower bound on p (in particular, we claim that our analysis can

be applied also for mp2 = Θ(1)). One of the consequences of our theorem is

that we can use the label representation of Gn,m,p to find a maximum clique

in polynomial time whp. This raised the question of whether we could recon-

struct the label choices of the vertices in Gn,m,p given only the graph structure.

We proved here that the label reconstruction problem is solvable whp when the

number of labels is less than the number of vertices. Finding efficient algorithms

for constructing such a label representation is left as an open problem for future

research.
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