© o ~N o u

10
11
12
13
14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

Failure Probability Estimation of a Class of Series Systems by
Multidomain Line Sampling

Marcos A. Valdebenito®*, Pengfei Wei”d, Jingwen Song®?, Michael Beer®®f, Matteo Broggi?

@ Faculty of Engineering and Sciences, Universidad Adolfo Ibdnez, Av. Padre Hurtado 750, 2562340 Vina del
Mar, Chile
bSchool of Mechanics, Civil Engineering and Architecture, Northwestern Polytechnical University, Xi’an 710072,
China
¢ Advanced Research Laboratories, Tokyo City University, 1-28-1 Tamazutsumi Setagaya-ku, Tokyo 158-8557,
Japan
dInstitute for Risk and Reliability, Leibniz Universitit Hannover, Callinstr. 34, 30167 Hannover, Germany
¢Institute for Risk and Uncertainty and School of Engineering, University of Liverpool, Peach Street, Liverpool
L69 7ZF, UK
fInternational Joint Research Center for Engineering Reliability and Stochastic Mechanics, Tongji University,
1239 Siping Road, Shanghai 200092, P.R. China
Abstract

This contribution proposes an approach for the assessment of the failure probability associated
with a particular class of series systems. The type of systems considered involves components
whose response is linear with respect to a number of Gaussian random variables. Component
failure occurs whenever this response exceeds prescribed deterministic thresholds. We propose
multidomain Line Sampling as an extension of the classical Line Sampling to work with a large
number of components at once. By taking advantage of the linearity of the performance functions
involved, multidomain Line Sampling explores the interactions that occur between failure domains
associated with individual components in order to produce an estimate of the failure probability.
The performance and effectiveness of multidomain Line Sampling is illustrated by means of two
test problems and an application example, indicating that this technique is amenable for treating
problems comprising both a large number of random variables and a large number of components.
Keywords: Line sampling, Multidomain, Linear performance function, Failure probability,

Series system
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Highlights:

e Failure probability of series system is calculated by multidomain Line Sampling.
e Knowledge on individual component failure domains is exploited.

e Several important directions are considered simultaneously.

e Lines explore interaction between failure events associated with components.

1. Introduction

An engineering system can be seldom described precisely, as different sources of uncertainty
may affect its performance. Whenever the nature of uncertainty is of the aleatory type, it is
possible to resort to probability theory for analyzing such system [1]. In this way, some input
parameters of the system are modeled as random variables (or random processes or random fields,
in case time or spatial correlations are present). In turn, such description of the uncertain input
parameters causes that the performance of the system becomes random as well. Due to design,
operation or maintenance purposes, it is of interest assessing the level of safety associated with
the performance of a system, for example, in terms of a failure probability, that measures the
chances of an undesirable behavior. At this point, it should be noted that an engineering system
usually comprises a number of components, each of which may possess a different failure proba-
bility and whose performance may be correlated with that of other components. Depending on
the configuration of those components within the system, it may be of interest calculating the
failure probability associated with different types of system events: simultaneous failure of all
components of the system (parallel event), failure of one or more components (series event), etc.
Often, quantifying such failure probability is far from trivial and hence, a number of specialized
approaches have been developed for calculating it, for example: bounds based on failure probabili-
ties of individual components and interactions between two [2] or three components [3]; application
of surrogate models [4, 5, 6, 7, 8]; linear programming [9, 10, 11] or binary programming [12] tech-
niques; approximation concepts by compounding individual component failure events [13, 14, 15],
sampling approaches [16, 17, 18, 19, 20], etc. Although the previous list of contributions is far
from being extensive, it demonstrates that calculation of failure probabilities involving different
system events is a field of active research.

This contribution focuses on the calculation of the failure probability associated with a series event
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of a system. In other words, the objective is calculating the probability that the performance of
one or more components of a system exceeds a prescribed threshold level. The class of problems
considered herein pertain components whose response is characterized as a linear combination of
Gaussian random variables. Failure of the component occurs whenever the response falls below
a prescribed lower threshold or exceeds a prescribed upper threshold. This class of problems
has attracted considerable attention in the literature due to its applications in, e.g. reliability
of time-variant systems [21, 22, 23], stochastic linear dynamics [24, 25], seismic fragility analysis
[10], geotechnical applications [26, 27|, network analysis [28], etc. The focus is on problems that
involve a large number of random variables and a large number of components, possibly in the
order of thousands.

It should be noted that the type of problems considered in this contribution possesses a distinctive
geometry in the standard Gaussian space, where the boundary of the failure domain involves a
number of hyperplanes [24]. Such distinctive geometry has allowed to design simulation schemes
that allow calculating the sought failure probability with high accuracy and efficiency using either
concepts of Importance Sampling [29], Domain Decomposition with averages [30] and Directional
Importance Sampling [31, 32]. This work builds on that knowledge of the failure domain and
proposes multidomain Line Sampling (mLS), which is a novel extension of Line Sampling [33, 34].
The salient feature of mLS is that it is capable of dealing with failure domains associated with
multiple components. This is achieved by introducing multiple search directions instead of a sin-
gle search direction as usually considered in classical Line Sampling. In addition, lines simulated
during the calculation of probability are conditioned to lie in the failure domain, which allows
exploring the interaction between failure events associated with individual components along that
line.

The rest of this work is organized as follows. Section 2 formulates the failure probability problem
associated with a series event of a system. Section 3 presents the description and formulation
of multidomain Line Sampling. Section 4 illustrates the application of multidomain Line Sam-
pling to two test problems and an application example, the latter involving a large number of
random variables and components. The paper closes with a conclusions and outlook for future

developments in Section 5.
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2. Formulation of the Problem

2.1. General Aspects

Consider a series system involving a total of n. components. The behavior of each of these
components is described in terms of a response r;(x), i = 1,...,n., that depends on a parameter
vector  of dimension n. The component exhibits an acceptable behavior whenever its response
lies within prescribed thresholds, that is b* < r;(x) < bY. In other words, failure of the compo-
nent occurs whenever the response either falls below b* or exceeds Y. Note that no particular
restrictions must be imposed regarding the thresholds other than bF <oV, i =1,... n..
It is assumed that the parameter vector @ is uncertain and is characterized by means of a random
variable vector X that follows a Gaussian multivariate distribution with mean g and (positive def-
inite) covariance matrix C. The parameter vector & can be represented in the standard Gaussian

space as:
r=p+ Bz (1)

where z is a realization of Z, which follows an n-dimensional standard Gaussian distribution; and
where B is a matrix that can be calculated, for example, using Cholesky decomposition or spectral
representation. In case the latter is applied, it is noted that B = ®A'Y/2, where the columns of
matrix ® contain the eigenvectors of C while the diagonal of matrix A contains the corresponding

eigenvalues of C'. It is further assumed that the response associated with each component depends

T

linearly on @, that is r;(x) = al'x, where a; is an n-dimensional vector with real entries and (-)7
denotes transpose.

Taking into account the previous assumptions, it is possible to formulate two performance functions
associated with the i-th component: one for monitoring whenever the response falls below the
threshold bF and the other one for monitoring whenever the response exceeds the threshold bY.

These functions are equal to:

921—1(z) = 5ZL + a'iT27 L= 17 ey N (2)

gi(z)=pY —alz, i=1,... n. (3)

)

where 8} = (afp—0bF) /|lalBll, 57 = (b —aip)/llai Bl|, o; = afB/||a{B|| and || - ||

denotes Euclidean norm. Note that the formulation of the performance function in eq. (2) is

4
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actually equal to the subtraction between the response r; (which has been expressed in terms of
vector z applying eq. (1)) and the threshold b%, divided by the Euclidean norm of vector al B.
This ensures that go;_1(2) assumes a value equal or smaller than zero whenever the response equals
or is below the threshold bF. In a similar way, eq. (3) is constructed as the subtraction between
the threshold level bY and the response r;, divided by the Euclidean norm of vector al B. Thus,
92i(z) assumes a value equal or smaller than zero whenever the response equals or exceeds the
threshold bY. Note that in the previous definitions of the performance functions, normalization

by the Euclidean norm of vector al B is enforced as this ensures that ||ag|| =1, i =1,..., n..

2.2. Failure Probability Associated with Individual Component

Different realizations z of the random vector Z may cause failure of the i-th component. The
set of all of these realizations is denoted as the failure domain F;. In turn, this failure domain
is the union of a negative (F; ) and a positive failure domain (F;"), that is F; = F;” U F;". The
negative failure domain F; is a set that groups all realizations z such that the response of the
i-th component is equal to or below the threshold bF, that is F;” = {z € R": g9;_1(2) <0}, i =
1,...,n. In a similar way, the positive elementary failure domain F;* groups all realizations z
such that the response of the i-th component is equal to or exceeds the threshold b, that is
Ffr={z€eR": g(2) <0}, i = 1,...,n. In view of the linearity of each of the performance
functions g; with respect to z as noted from egs. (2) and (3), negative and positive failure domains
are bounded by hyperplanes. Furthermore, the negative and positive failure domains are fully
described by their corresponding design points. Recall that the design point z* is the realization of
Z with smallest Euclidean norm with respect to the origin that causes failure. It is straightforward
to demonstrate that the design points associated with each performance function are equal to
25 = —PFa;and 23, = Yy, i = 1,...,n., respectively [24, 29]. Figure 1 provides a schematic
representation of the negative and positive failure domains as well as their corresponding design
points for the specific case where n = 2 and n. = 1.

The probability of failure of the i-th component is denoted as pr; and is defined as:

v = [ Iz o

where fz(z) is the standard Gaussian probability density function in n dimensions; and where

Ir,(z) is the indicator function associated with the i-the failure event, which is equal to I, (z) = 1
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Figure 1: Schematic representation of negative and positive failure domains (F;, and Ff, respectively) and their
design points (n =2, n, = 1).

in case z € F; and zero, otherwise. In view of the linearity of the performance functions go; 1 and
g2 with respect to z, the probability integral in eq. (4) possesses an analytic solution [2], which

is equal to:
Pri =@ (=57) + @ (=57) (5)

where ®(-) is the standard Gaussian cumulative density function. Note that 8F and 8V are actually
the reliability indexes associated with F, and F;", respectively [2, 24]. In other words, they are
the Euclidean norm of the corresponding design points, that is 8F = ||z5, || and BY = ||z5.], i =

1,....n. [24].

2.3. Failure Probability Associated with Series Event

The failure event associated with a series system implies that one or more of its components
fail. The failure domain F' groups all realizations z of the random variable vector Z that cause
the failure event, that is, /' = Fy U F5 U ... U F,,.. The probability of failure associated with the

systems event is denoted as pr and is defined as:

pe= [ In(a)fa(z)iz )

where Ip(z) is the indicator function, which is equal to Ir(z) = 1 in case z € F and zero,
otherwise. It is important to note that for most cases of practical interest, eq. (6) cannot be
solved in closed form [13]. This is due to the fact that interactions between the failure domains

associated with individual components cannot be analyzed analytically. In addition to the issue of
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interactions, the number of random variables n and of performance functions n. associated with
the probability integral may be considerable (in the order of hundreds or thousands). These two

issues favor the application of simulation methods for calculating the failure probability [35].

3. Multidomain Line Sampling

3.1. Line Sampling

Line Sampling is a simulation technique which was developed for calculating failure probabil-
ities in problems involving a large number of random variables [33, 36]. It is closely related to
another simulation technique known as Axis Orthogonal Sampling [37, 38]. Most of the appli-
cations of Line Sampling which are available in the literature focus on the assessment of failure
probabilities associated with weakly or moderately nonlinear performance functions of an individ-
ual component, see e.g. [39].
The practical implementation of Line Sampling requires that the reliability problem is formulated
in the standard Gaussian space by means of a suitable projection [40]. After that, it is necessary
to identify the so-called important direction -y, which is a vector of unit Euclidean norm located
at the origin of the standard normal space that points towards the failure domain. Several criteria
have been proposed for determining such direction [33, 41]. Then, taking advantage of the rota-
tional invariance of the standard Gaussian distribution, a rotated coordinate system is introduced,

such that:

z = Rz* + 2l (7)

where z+

is a vector of dimension (n — 1) that represents coordinates in the hyperplane orthog-
onal to v; 2!l is a scalar denoting the coordinate parallel to v; and R is a matrix of dimension
n X (n —1). The square matrix [R,~y| forms an orthonormal basis and thus, it is straightforward
to demonstrate that zIl = 472z and 2+ = R”z. Note that for practical implementation, there is no
need to determine matrix R in explicit form. In addition, note that the probability distributions
associated with z+ and 2zl are standard Gaussian distributions in (n — 1) dimensions and one
dimension, respectively.

Line Sampling takes advantage of the rotated coordinate system associated with eq. (7) by com-

bining simulation with numerical integration. That is, random samples are generated in the hyper-

plane orthogonal to the important direction «. These samples are denoted as 2, j=1,... N,

7
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where N denotes the number of samples. Then, one-dimensional numerical integration is per-
formed along the line (), j = 1,..., N, that is parallel to the important direction and that
contains the sample z-0). The aim of this one-dimensional integration is determining which por-
tions of the line contribute to the failure probability integral. The whole procedure is depicted
schematically in Figure 2, where the dimension of the problem is n = 2 and the number of lines

is set equal to N = 2. Note that in this figure, the performance function is denoted as g(z).

failure domain

(9(z) > 0)
) @) Al
, portion within
o d failure domain
) 1)
@7 |y ‘
L —g(2) =0
’ 2
safe domain
L,(1)
o (9(z) <0)
ot

Figure 2: Schematic representation of Line Sampling considering two lines (n = N = 2).

3.2. Formulation of multidomain Line Sampling

Recall that the objective of this work is formulating a simulation scheme for calculating fail-
ure probabilities of series systems involving a large number of components whose performance
functions are linear with respect to a set of parameters following a Gaussian distribution. In
order to develop such simulation scheme, note that the summation of the failure probabilities of
individual components provides an upper bound for the failure probability of the series event,
that is pp < pp1 + P2 + ... + Prn. [2, 29]. Such inequality can be understood with the help
of the schematic representation in Figure 3, where it is assumed for simplicity that n = n. = 2.
When examining this figure, it is noted that failure domains associated with components F; and
F5 exhibit overlap; in fact, this overlap occurs at each of the four corners of the figure, that is
F/" N Fy (upper-right corner), Fy" N Fy (lower-right corner), F;” N F, (lower-left corner) and
F; N Fy (upper-left corner). This implies that the quantity pr; + pra must be necessarily larger
than pr, as the probability content associated with those overlapping regions is being counted

twice. In other words, direct summation of the probabilities of failure of individual components
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does not take into account the possible interactions between the failure domains associated with

each component, which in Figure 3 correspond to the realizations of z that belong to any of the

sets Fy' N Fy, Fi'NE,, Fy NFy and F; NE;.

z + +
FrnF ’ et
\ A\ s
I g4 =
gl(z) =0 1
(03] oy
Z1
—g2(2) =0
Fyr
o \ g3(z) =0
2
“~rt —
Fr ﬁF{/ FrNF,

Figure 3: Schematic representation of failure domains associated with components (n = n. = 2).

The overlap between failure domains associated with individual components can be taken into

account by explicitly modeling their interaction [29, 30]. For that purpose, let p; be equal to:

pi =
z€eF; Z

1

‘[Fk( )

= fz(2)dz,i=1,... n, (8)

Note that p; is the integral over the set F; of the standard Gaussian probability density function

divided by the sum of individual failure events that are associated with a particular realization z.

Clearly, p; as defined in eq. (8) is different from the probability of failure of the i-th component

pr; (see eq. (4)). In fact, the quantity p; can be loosely interpreted as the effective contribution of

the i-th component to the failure probability associated with the series event, where interaction

with other components is discounted by means of the factor 1/}, I, (2).

that:

sz >

=1

zeF

= [ peee= [ e

(Losmmm

Nec
i=1 ( zeF

Z

i 1R

k

[Fi<z)
(Z)

It is readily seen

1

In (2 >fz(z)dz)

fale)iz)

fz(z)dz

S I (2)

)dz = Pr
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which implies that the summation of all p;, ¢« = 1,...,n. is equal to the failure probability
pr. For a better understanding of the above equation, consider again Figure 3. The quantity p;
would be equal to the integral of the standard Gaussian probability density function over the set
Fy\ F5 (where (+) \ (+) denotes set subtraction) plus one half of the standard Gaussian probability
distribution over set F) N F5. In a similar way, p, would be equal to the integral of the standard
Gaussian probability density function over the set I, \ F} plus one half of the standard Gaussian
probability distribution over set F; N F5. Clearly, the summation of p; and p, would be equal to
pr, as in this case, the interaction between components has been accounted for by means of the
factor 1/, Ir (2).
The calculation of the probability of failure of a series event as proposed in eq. (9) demands
calculating the quantities p;, ¢ = 1,...,n.. These quantities can be evaluated by means of Line
Sampling. For that purpose, consider the failure domain associated with the i-th component: an
obvious choice for the important direction would be v = ;. Then, a rotated coordinate system
is introduced such that:
z=Riz"+ ozizzH (10)
where z;- and zZ” denote the set of coordinates which are orthogonal and parallel to «;, respectively;
and where R; denotes the corresponding matrix for coordinate rotation. Figure 4 provides a

schematic illustration of the different rotated coordinate systems for a case where n = n, = 2.

22
+
\ A
+
o
21
Q2 g (e %}
21
25
1
_ 21
F
Fy \

Figure 4: Schematic representation of multidomain Line Sampling considering two rotated coordinate systems
(n=mn.=2).

Assuming that the square matrix [R;, a;] forms an orthonormal basis, the probability distribu-
tions associated with z;- and zZ“ are standard Gaussian in (n — 1) dimensions and one dimension,

respectively. Thus, taking into account egs. (8) and (10), the integral associated with the quantity

10
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p; 1s recast as:

1
/ / fz.” (%”) fro (zH)d2ldzt, i=1,.. . n, (11)

The last equation can be further simplified by taking into account that the performance functions

associated with the i-th failure domain in the rotated coordinates are equal to go;_1 (zZ“, zf) =

Bl + zl“ and gy ( 2\ Z; > BY — ZZ“, yielding:

BE 1
/ / " f N7 ('ZZ“) Fav (=) dzjdz+
ztern-1 c [Fk<Rz +az) ‘

1
/ / £ (zi-‘) foo (z5)deldzt, i=1,.. n.  (12)
Lern-1.JU nc IFk RZZZJ_ ‘*’aiZ@“) i i

The above equation provides an expression for calculating p; within the framework of Line Sam-

pling. As integration along the parallel direction is carried out taking into account interactions of
the failure events associated with the different components, eq. (12) is denoted as a multidomain
Line Sampling (mLS) expression for calculating p;.

Direct calculation of the expression for the failure probability as proposed in eq. (9) demands
calculating each individual quantity p;, ¢« = 1,...,n. by means of mLS. As it is expected that
n. can be in the order of hundreds or even thousands, calculating each term in the summation
can become extremely demanding. As an alternative, this summation can be estimated by means
of simulation, following the approach proposed in [30]. For that purpose, consider the following

variant of eq. (9):
e 1
Pr = Z (Jpz) Wi (13)
i=1 ¢

where w;, ¢ =1,...,n, is a weight factor such that w; > 0 and >_°, w; = 1. This set of weights
can be interpreted as the probability mass function of a discrete random variable. A possible
criterion for selecting the i-th weight is to set it proportional to the failure probability associated

with the i-th component, as considered in Importance Sampling using design points [42]. This

11
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leads to the following expression for calculating the weights.

PFi

W = S
Zk:l Prk

i=1,...,n (14)
Thus, eq. (13) becomes an expression that involves summation over a discrete random variable
as well as integration over a number of continuous random variables. Within the context of

simulation, pg is estimated by generating samples of the discrete and continuous random variables,

that is:
N
-1 1 L,6) >
Pr R Pr = ——D;) <Z- ; ) 15
v 2 (e (36 (19
where pp is an estimate of pp; N denotes the total number of samples; i), j =1,..., N are inde-
pendent and identically distributed samples drawn with replacement from the set I = {1,2,...,n.}
with probability mass function w;, i =1,...,n; zitg(j ), 7 =1,..., N are independent and identi-

cally distributed samples that follow fZJ(__) (zj(j)); and where p,) (zj(]?)(j )> , 7 =1,..., N represents
+J

an estimate of quantity p;;) evaluated at the sample zj(]?)(j ), that is:

=B 1
L.\ _ ™ I [
DPit) (zi(j) ) —/ e fZH_ <Z¢<J‘)> dzi(j)+
o ne 1o (Runzt9) a2 i)
k=1*F i) Z;(5) HOEAS)
& 1

| o (z',‘.>dz!'. j=1,...,N  (16)
o T zl A\ Fiw ) @Z6) EREE
Bl 2oker I, (Rz“)zz(j)(]) + aimz”( >> i

37

It is seen that the last equation corresponds to an estimate of the quantity p; calculated by means
of mLS. It represents the integral over the line that passes through the sample zj(]?)(j ) and which is
parallel to ;) and whose argument is the standard Gaussian univariate probability distribution
divided over the number of components that fail at a given point of that line. Thus, eq. (16) can be
interpreted as a means of exploring the interactions that occur between the behavior of different
components along the line. Details about the numerical evaluation of eq. (16) are discussed in
Section 3.3.2.

It is straightforward to demonstrate that the coefficient of variation of the probability estimate of

12
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eq. (15) (which is denoted as d,, ) is equal to:

1 . ) )’
=gy w25 (G (587)) =) "

J=1

3.3. Practical Implementation

Practical implementation of eq. (16) demands solving two issues: the generation of samples
jm(] ) 7 =1,..., N and the calculation of the line integral associated with mLS. These two issues

are discussed in the following.

3.83.1. Generation of samples z: (])(])

Regarding the first implementation issue, recall that z m(] ), 7 = 1,...,N are independent
and identically distributed samples that follow fZiL(j) (zj(j)). These samples can be conveniently

generated by means of the following algorithm.

1. Set j = 1.
2. Draw an element from the set I = {1,2,...,n.} with probability w;, i = 1,...,n.. The
drawn element is denoted as V7).
3. Generate a random sample z) following a n-dimensional standard Gaussian distribution.
4. Calculate [33, 34]:
R,z (J)(]) 29 — (al;)29) oy (18)

5. In case j = N, stop the algorithm. Otherwise, return to step 2 with j = 5 + 1.

The core of the algorithm described above lies in step 4, which is represented schematically in
Figure 5, where it has been assumed for simplicity that n = n. = 2 and that i¥) = 1. As noted
from Figure 5, eq. (18) consists of subtracting the projection of the random sample z) over the
important direction o) (that is, (aiT(j)z(j)) o)) from the random sample 2V itself [33, 34]. It
should be noted that such step does not produce zil(;)(j ) but instead, it leads to Riu)z;;)(j ). This
is quite convenient from a numerical viewpoint, as all calculations associated with mLS demand
knowledge of R, z; (])] () (and not of z;1.;)). Hence, explicit calculation of the rotation matrices

R, 1=1,... n.is avoided.

3.3.2. Evaluation of integral along line

Eq. (16) corresponds to a one-dimensional integral along the line {¥) that passes through

13
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]
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Figure 5: Schematic representation of generation of samples for multidomain Line Sampling (n = n, = 2, i) = 1).

the sample zz.t?)(j ) and which is parallel to o). The argument of this integral is the standard

Gaussian probability density function as a function of the coordinate zy( ; divided by the number of
components that fail at realization Ri(j)zi;)(j ) + aimzz“(j); the latter number is given by the formula

v Ir, (Ri(j)z;;)(j) + ai(j)Zl‘(j)>. As Rimzj(]?)(j) is a fixed vector for a given line (see eq. (18)), the
challenge for calculating the line integral in eq. (16) lies precisely in calculating the number of failed
components as a function of Zz“m' For a better understanding of this issue, consider the schematic
representation in Figure 6, that depicts a particular case where n = n, =2, N = 1 and i) = 2. In
particular, Figure 6(a) illustrates the problem in the space of standard Gaussian random variables,

‘W and which is parallel to au.

where IV denotes the line that passes through the sample zj
It is seen that line [(V) intersects the different failure domains associated with each of the two
components considered. Such issue must be considered when solving the integral associated with
that line, as this affects the indicator functions of each component I, <R2z2L () 4 aQZg) , k=1,2,
as depicted schematically in Figures 6(b) and 6(c), respectively, as well as the compound indicator
function 22:1 Ip, <R2z2L O 4 a22g>, as seen in Figure 6(d). A close examination of the indicator
functions associated with the components as shown in Figures 6(b) and 6(c) reveals that they can

be represented as the summation of two unit step functions. In a general case, the indicator

function associated with component k is cast as:

1,6 1,6
Ip, (Rmzz-(j)(]) + OtimZz!Lj)) =u (-gzk—1 (Rm‘)Zi(j)(j) + ai<j>Zl|(j>>> +

L3 .
Uu <_92k (Ri(j)zi(]?)@) + ai(j)zl‘(j)>> ’ k= 17 vy Ney J = ]-7 ct N (19)
where u(+) denotes the unit step function. Replacing the expressions for the performance functions
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gok—1(z) and gor(2) (see egs. (2) and (3), respectively) into the above equation leads to the

following expression.

Ip, (R NZ; (J( 2y Qi Z”(; ) =u <_BkL - asz‘<J>z¢Ld>(j) - agaz‘“')'zz“‘(j)) +
U (—5,21 + a;;Flez (J)(j) + ak 1<J)z<] ) k=1,....,n., g=1,...,N

(20)

Under the assumption that af o, # 0, it is possible to express the last equation in a more

compact format, that is:

LG A
Ip, (Ri(j>zi(j)(]) + ai<J>ZZ“<j>> = (52 k—1 ( i T Cék) 1>> +u < gc) (ZHm - Céﬁ))

k=1,...,n, j=1,...,N (21

where:
- B+ af Rz

Cg]k)—l = ol oy, : (22)

i (5)

L,(5)

, — ol R,z

Cgk) _ Bk kA <,0) (23)
ak i)

&1y = —sen (of o) (24)
fgg = sgn (agai(j)) (25)

and where sgn(-) represents the sign function. As noted from eq. (21), cé]k) , and c ) denote the

coordinate Zz“(ﬂ for which the corresponding unit step function changes its value. Such concept is

represented schematically in Figures 6(b) and 6(c). In fact, céj,;)_l and cg,g denote the Euclidean

1) {0 the limit state functions gay_ 1(z) = 0 and gox(z) = 0, respec-

distances from the sample z, )
tively, measured along the line {¥). Additionally, fzk , and 5% are variables whose value is either
—1 or 1 depending on the sign of the dot product e} a;i). It should be recalled that egs. (22)
to (25) were deduced under the assumption that af o) # 0. However, these expressions can be
generalized for the case where al o) = 0, as shown in detail in Appendix A.

The characterization of the indicator function associated with the k-th component as shown
in eq. (21) allows a straightforward estimation of the sought line integral. For that purpose,

let {qu),qéj), . ,qéjn } denote the sequence of integers such that c((j) < c(j(z) < ... < c(‘& . in

2nc
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Figure 6: Schematic representation of line associated with the application of multidomain Line Sampling (n = n, =

2). (a) Representation in standard Gaussian space. (b) Behavior of indicator function associated with the first

g along line I(). (c) Behavior of indicator function associated with the second

component I, () with respect to zg

component I () with respect to z
along line {(V).(d) Behavior of the compound indicator function with respect

to 2z, along line 1,

addition, let C(J ) — —o0 and Y ( ,  — oo. Furthermore, let m{ be a natural number (including
qo q2nc+l

0), which is defined as:

mt =m{ +Z§m,s:O,...,ZnC,jzl,...,N (26)
where méj) counts the number of times that 55” =—-1,q =1,...,2n.. The role of mgj), s =
0,...,2n, is expressing the number of components that fail at a point that belongs to the line

1U) and whose coordinate z” lies within the interval (c(g),c((;) ) In other words, m( ) s =

0,...,2n, contains all the values that the function ZZ; Ip, <Ri(j)zi(;)(j) + az(J)zH(J)> assumes along
the line [U). For a better understanding of this point, consider Figure 6(d) that illustrates the

function Y ¢, Ip, <Rl'(j) zj(]f)(j) + o, ZZUO')) associated with line {() of Figure 6(a). It is seen that
Il

this function presents a staircase pattern, as depending on the value of 25, the number of failed

components varies between 0, 1 and 2. This staircase pattern is reproduced by the quantity m(J )

eq. (26), as shown in Table 1. Note that for preparing this Table and according to the qualitative
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(1) (1)

<) <

< (1)

information in Figures 6(b) and 6(c), it is considered that c; < cél), 59) =& =-1

and &5V = ¢V = 1.

&) qgl) €(<11)) (C (1)ac (1 ) mgl)
s s+1

O - - ( OO 03 ) _2

1] 3 -1 c3 ,c1 -1

21 1 -1 0

3| 4 1 c4 ,62 1

4| 2 1 02 , 00 2

Table 1: Values that variable m{" assumes along line /(") associated with the schematic illustration in Figure 6.

Taking into account the above definitions, eq. (16) is calculated in closed form as shown below:

Lo — |
Pi») (zi(j) > = 0) + 2. ) (27)
s=0 ms s:sU m
where s’ is an integer such that Y (J) = —f3%, and sV is another integer such that c(](g) = BY.

It is noted that from a numerical v1ewp01nt the computation of eq. (27) demands evaluatlng the
response of each of the components twice, as it is necessary to solve two dot products involving the
unit vector oy (see egs. (22) to (25)). Therefore, assessing the estimator pr in eq. (15) demands

2N evaluations of each component response.

3.4. Summary
The application of multidomain Line Sampling for calculating the failure probability of a series

system as considered in this contribution involves the following steps.

1. Define the basic information of the problem. This implies setting up the probabilistic char-
acterization of the parameter vector & (of dimension n) in terms of its mean p and (positive
definite) covariance matrix C. Additionally, define vector a;, ¢ = 1,...,n. that character-
izes the response of the i-th component as well as the allowable lower and upper bounds for
the response (b* and b, respectively).

2. Set up the performance functions in standard normal space by applying egs. (1), (2) and
(3). Calculate the reliability indexes 8% and Y, i = 1,...,n, as well as the unit vectors

a;,t=1,...,n,.
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3. Calculate the weights w;, i = 1,...,n. by means of eq. (14).

4. Sample (with replacement) a total of N integers i), j = 1,..., N from the set [ =
{1,2,...,n.} with probability w;, i = 1,...,n.. Generate samples zj(]?)(j), j=1,...,N
applying the procedure described in Section 3.3.1 (see eq. (18)).

5. Estimate p;) (zi;f”) , j=1,..., N by means of eq. (27).

6. Calculate the estimator of the failure probability as well as its coefficient of variation applying

egs. (15) and (17).

4. Examples

4.1. Test Example 1

This first test example is borrowed from [15, 43]. It comprises the calculation of the failure

probability of a series system, where the response of its i-th component is defined as:
rile) =z i=1,...,n (28)

where x; is a realization of a Gaussian random variable with zero mean, unit standard deviation
and pairwise correlation coefficient 0.5 with all random variables (other than itself). That is, the

correlation matrix R of dimension n. X n. is defined as:

1 05 ... 05
05 1 ... 05

05 05 ... 1

Note that there are n = n. random variables. The threshold levels associated with the performance
of each component are set such that b — —oco, i =1,...,n, and bY = 3, i = 1,...,n. (where
[ is a real number), respectively. The failure probability associated with this series system can
be expressed in terms of the following one-dimensional integral [15, 43], which can be accurately

calculated by means of an appropriate quadrature.
o —pB — 0.5z .
= 1—(1-9( — d 30
o /oo< ( ( VI=05 fa(z)dz (30)

18



380

381

382

383

384

385

386

387

388

389

390

391

392

393

394

395

396

From the above equation, recall that fz(-) and ®(-) represent the probability density function and
cumulative density function of a standard Gaussian random variable, respectively.

The problem described above is solved by means of both the above integral and multidomain Line
Sampling. Different combinations of the number of components n. (10!, 102, 103, 10%) and of
the threshold £ (3, 4, 5) are investigated. For all these combinations, multidomain Line Sampling
is implemented considering N = 200 lines (hence, 2 x 200 = 400 system analyses are performed).
The results obtained for the failure probability estimates as well as their coefficient of variation

are shown in Figures 7 and 8, respectively.

100 . :
— =4
B =5
b _ )
B=6
1072 L O Reference

10780

10t 102 103 10*
Number of components

Figure 7: Example 1 - failure probability with respect to the number of components n. and threshold level 3. Solid
line: estimates with multidomain Line Sampling. Circle: reference result.

Figure 7 illustrates the estimates of the failure probability generated with multidomain Line
Sampling with solid line. In addition, the reference results provided by solving numerically the
integral in eq. (30) are shown with circles. It is seen that there is an excellent agreement between
the results, irrespective of the number of components and the threshold level. This is quite
remarkable, as the failure probabilities involved in the figure span about six orders of magnitude.

Figure 8 shows the coefficient of variation associated with the estimates of the failure proba-
bility associated with multidomain Line Sampling. It is observed that all coefficients of variation
are relatively low, which is quite desirable from a practical viewpoint. Furthermore, it is observed

that the coefficients of variation are quite small for small values of failure probabilities. Such
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Figure 8: Example 1 - coeflicient of variation of the failure probability with respect to the number of components
n. and threshold level 5.

behavior is similar to the one observed in [29] and is explained by the fact that for small failure
probabilities, interactions between components in the failure region become less relevant.

As a summary of this test example, it is observed that multidomain Line Sampling allows coping
with a large number of random variables and components for estimating small failure probabilities

with high precision and a reduced number of samples.

4.2. Test Example 2: Truss Structure

This test example involves a statically determined truss structure subject to three point loads
P., kE=1,...,3, as depicted in Figure 9. These three point loads are modeled as Gaussian random
variables with expected value 10 [kN], standard deviation 1 [kN] and constant correlation between
them equal to 0.5. The maximum axial load that can be supported by the bars of the truss is
as follows: bars 1, 4, 5, 6, 7, 8, 9 support a maximum load of 19 [kN]; bars 2 and 3 support a
maximum load of 25 [kN]; bars 10 and 13 support a maximum load of 27 [kN]; and bars 11 and
12 support a maximum load of 10 [kN]. For simplicity, it is assumed that the bars are capable to
support this maximum load either in tension or in compression.

The objective is determining the probability that the maximum allowable axial load due to the
external loading is exceeded in one or more bars of the truss. As the truss possesses 13 bars and
failure of any of these bars leads to failure of the system, this can be interpreted a series system
with n. = 13 components. The response of each component is its axial load and the allowable
threshold is given by the maximum load supported by each bar.

The probability of failure associated with the series event is estimated by means of multidomain

Line Sampling (mLS), considering a total of N = 5 x 10° samples. As each sample comprises
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Figure 9: Example 2 - truss structure.

a total of two evaluations of the response of the components, a total of 10 system analyses are
carried out. Note that this large number of samples for mLS is considered in order to carry
out comparisons with Monte Carlo simulation, which provides reference results. In this case,
Monte Carlo simulation is applied considering a total of 10% samples. The results obtained for the

estimates of the failure probability and its coefficient of variation are shown in figures 10 and 11,

respectively.
) %1073
1.5+
= Lp
0 . |
10° 102 10* 106

Number of system analyses

Figure 10: Example 2 - evolution of estimate of failure probability with respect to the number of system analyses
(MCS: Monte Carlo simulation, mLS: multidomain Line Sampling).

An examination of Figure 10 indicates that both multidomain Line Sampling and Monte Carlo
simulation provide similar estimates of the failure probability for a large number of system analy-
ses. However, the estimator produced with multidomain Line Sampling stabilizes extremely fast:
in fact, with about only 100 system analyses, it provides an excellent estimator of the failure
probability. This is quite remarkable, considering that the failure probability is relatively small,
that is, about pp ~ 7 x 107

The evolution of the coefficient of variation as shown in Figure 11 reinforces the conclusions
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Figure 11: Example 2 - evolution of estimate of the coefficient of variation of the failure probability with respect
to the number of system analyses (MCS: Monte Carlo simulation, mLS: multidomain Line Sampling).

drawn from Figure 10. It is seen that the coefficient of variation of the probability estimate
produced with mLS is about 10% with only 100 system analyses. In order to produce an estimate
with comparable coefficient of variation, Monte Carlo simulation demands 10° system analyses.
Such result highlights the benefits of mLS for estimating failure probabilities associated with a

series event.

4.8. Application Example 3: Six-Story Building Subject to Stochastic Gaussian Ground Accelera-
tion

This application example involves a six-story reinforced concrete building subject to a stochas-
tic Gaussian ground acceleration, as illustrated in Figure 12. The objective is estimating the first
excursion probability that the interstory drifts of the building exceed a prescribed threshold within
the duration of the acceleration. It is assumed that the building experiences small vibrations and
hence, its behavior can be modeled as linear elastic. In fact, as discussed in the sequence, this
problem can be modeled as a series system with a large number of components arising due to the
discretization of time.
The assumption of linear elastic behavior of the building is appropriate for analyzing serviceability
conditions, see e.g. [44, 45, 46], and allows conducting a reliability analysis by means of multido-
main Line Sampling. For those cases where the assumption of a linear elastic behavior does not
hold (e.g. progressive collapse or collapse), other more general methods should be applied, see
e.g. [47, 48, 49, 50, 51].
Each floor of the building is composed of a square slab of side 32 [m] and thickness 0.2 [m], and is

supported by 16 columns of square cross section of 0.4 [cm] and a shear wall of 0.2 [m] thickness.
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The building is modeled as linear elastic and classically damped, with Young’s modulus is equal
to 2.3 x 101° [Pa]. It is assumed that the building experiences small displacements and hence, its
elements remain within the linear elastic range. The finite element model, which is taken from
[52], involves about 9500 shell and beam elements and more than 50 x 10% degrees-of-freedom.

Classical damping of 5% is considered for all modes retained in the analysis.

)01

ground level

—nodes of interest

z
%‘734
X

Figure 12: Example 3 - building model.

The building is excited by a stochastic Gaussian ground acceleration along the y direction (see
Figure 12), which is modeled by means of the Clough-Penzien power spectrum (see, e.g. [53, 54,
55]), and which is in turn modulated by the Shinozuka-Sato envelope function [56]. The stochastic
ground acceleration possesses a duration of 20 [s], with discrete representation considering a time
step of 0.01 [s]. The associated discrete white noise process possesses spectral intensity of 3 X
10~* [m?/s®] and the properties of the primary and secondary Clough-Penzien filters are circular
frequency wy = 47 [rad/s| and we = 0.47 [rad/s| and damping ratios (; = (» = 0.7, respectively.
The parameters for the Shinozuka-Sato envelope are selected as ¢; = 0.14 and ¢ = 0.16. The
stochastic ground acceleration is represented with the help of the Karhunen-Loeve expansion
considering 1466 terms (see, e.g. [57]). For additional details on the representation of the stochastic
ground acceleration model, it is referred to [53, 54, 55, 56].

For design purposes, the interstory drifts along the y direction should not exceed a threshold level

of 2 x 1073 times the story height within the duration of the stochastic loading. This condition
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is verified considering the six nodes indicated in Figure 12, which implies that a total of five
interstory drifts must be controlled. Appendix B provides a brief description on the procedure
for calculating these interstory drifts. The chances that any of these interstory drifts exceed its
prescribed threshold within the duration of the stochastic ground acceleration can be interpreted
as the probability of failure of a series event, see e.g. [29]. In this case, the components are each
of the interstory drifts responses at each time instant. As there is a total of five interstory drifts
and 2001 discrete time instants, the total number of components is n, = 10005. On the other
hand, the total number of random variables involved in the problem is n = 1466, which is equal to
the number of terms associated with the Karhunen-Loeve expansion. Hence, the problem under
consideration corresponds to a case with a large number of random variables (over 10% of them)
and a large number of components (over 10* components).

The probability of failure associated with the system event is calculated by means of multidomain
Line Sampling, considering a total of N = 5x 10® samples. This implies that the system’s response
is calculated a total of 10* times. That is, 10* dynamic analyses are carried out. In addition and in
order to provide a basis for comparison, the failure probability is also assessed by means of Efficient
Importance Sampling [29] and Directional Importance Sampling [31, 32], which are simulation
techniques specially developed for calculating failure probabilities of linear structural systems
subject to Gaussian excitation. These two simulation techniques are implemented considering
a total of 10* samples (which imply performing a total of 10* dynamic analyses). The results

obtained are shown in Figures 13 and 14 as well as in Table 2.

x1073

10° 10! 102 103 10
Number of system analyses

Figure 13: Example 3 - evolution of estimate of failure probability with respect to the number of system analyses
(EIS: Efficient Importance Sampling, DIS: Directional importance Sampling, mLS: multidomain Line Sampling).

As noted from Figure 13, the three simulation techniques under consideration can produce good
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estimates of the failure probability with a reduced number of samples. However, it is seen that
the estimator associated with multidomain Line Sampling stabilizes quicker than the estimators
associated with the other two simulation techniques. In fact, with about N = 50 samples (that is,
100 system analyses), multidomain Line Sampling already provides an excellent estimate of the
failure probability. This is confirmed by examining the results in table 2, where it is seen that the

associated coefficient of variation is already below 10%.

80
EIS
DIS
60 t 1
mLS
X 40
& =L
20 |
0 L L 1
100 10! 102 10° 10*

Number of system analyses

Figure 14: Example 3 - evolution of estimate of the coefficient of variation of the failure probability with respect to
the number of system analyses (EIS: Efficient Importance Sampling, DIS: Directional importance Sampling, mLS:
multidomain Line Sampling).

The results presented in Figure 14 support the observations already drawn from Figure 13.
That is, the coefficient of variation associated with the probability estimates of all simulation
techniques decreases quickly with the number of system analysis. Furthermore, the estimate asso-
ciated with multidomain Line Sampling is the one presenting the smallest coefficient of variation

(excluding the region of about 10 system analyses).

No. system analyses pEs Opes (] pRrs dypis 0] ppts dpms [%]
102 22x107%  142% [22x107° 11.1% |[1.8x 1073 7.9%
103 1.9 x 1073 4.6% 1.9 x 1073 3.6% 1.8 x 1073 2.6%
10* 1.7 x 1073 1.5% 1.7 x 1073 1.1% 1.7 x 1073 0.9%

Table 2: Example 3 - Estimates of the failure probability pr and its coefficient of variation 6,, (EIS: Efficient
Importance Sampling, DIS: Directional importance Sampling, mLS: multidomain Line Sampling).

Table 2 reports the probability estimates and their coefficient of variation for the three simu-
lation techniques under consideration for different number of system analyses. It is seen that all
three techniques are quite successful in estimating the failure probability, as there is good agree-

ment between the different estimates, with relatively low coefficient of variation. However, for
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all cases reported in the table, multidomain Line Sampling provides probability estimates which
are closer to the reference solution (with 10 system analyses) and with the smallest coefficient of
variation.

The (small) differences in performance between the three simulation techniques analyzed in this
example as presented in Table 2 can be understood as follows. Efficient Importance Sampling
(EIS) is a specially-designed variant of Importance Sampling that estimates the failure proba-
bility by generating samples (realizations of Z) exclusively in the failure domain. Directional
Importance Sampling (DIS) operates in a similar way as Efficient Importance Sampling, but it
explores directions instead of samples; in other words, it explores an infinite number of samples
along a given ray starting at the origin of the standard normal space. Multidomain Line Sampling
(mLS) shares some common aspects with Directional Importance Sampling in the sense that an
infinite number of samples is explored. However, these samples fall in a line whose orientation is
different from the aforementioned ray.

As a further comparison between the performance of the three simulation techniques discussed
above, Table 3 presents both the number of system analyses and the relative execution time for
attaining an estimate of the failure probability with coefficient of variation d,, = 10%. It is ob-
served that the smallest number of system analyses and relative execution time are associated with
mLS. The other two simulation approaches, that is EIS and DIS, demand more samples to attain
the prescribed coefficient of variation and more relative execution time than those associated with
mLS. An an additional observation from Table 3, it should be noted that the relation between
number of system analyses and relative execution time for the different simulation techniques is
not proportional, as the specific implementation steps of EIS [29], DIS [31, 32] and mLS differ

between them.

Simulation | No. system Relative
technique analyses  Execution time
EIS 171 249%
DIS 130 234%
mLS 62 100%

Table 3: Example 3 - Number of system analyses and relative execution time for achieving probability estimate
with coefficient of variation of 10% (EIS: Efficient Importance Sampling, DIS: Directional importance Sampling,
mLS: multidomain Line Sampling).
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5. Conclusions and Outlook

This contribution has presented an approach for estimating the probability of occurrence of
a series system event by means of multidomain Line Sampling. In particular, multidomain Line
Sampling is applied in order to determine the effective contribution of a single component to the
overall failure probability. In this context, effective means that proper consideration is given to
the failure event associated with a particular component and its interaction with other compo-
nents. The overall failure probability is then determined by randomly sampling among different
components. The examples presented in this contribution suggest that multidomain Line Sam-
pling is applicable to problems involving both a small and a large number of random variables
and components, respectively.
Much of the success of the multidomain Line Sampling strategy as reported herein can be at-
tributed to the way each failure domain associated with an individual component is examined. By
exploring lines, one can analyze an infinite number of realizations instead of a single one. In this
way, each line provides a considerable amount of information. Moreover, in view of the linearity of
the response with respect to the unknown random parameters, it is possible to solve the integral
associated with that line by means of a closed-form, analytic formula.
While the results presented are encouraging, several issues deserve further research. One line of
possible development involves extending the capabilities of multidomain Line Sampling in order
to account for problems that involve either non Gaussian random variables or responses which
are non linear with respect to the unknown random parameters. Preliminary research efforts
conducted by the authors suggest that such an extension is feasible applying a so-called smooth
indicator function, as suggested in [58, 59, 60]. Another path for development considers the ex-
tension of multidomain Line Sampling for the analysis of problems involving parallel systems or
more general configurations. In particular, for the case of parallel systems, the results reported in

[19] could serve as a basis.

6. Acknowledgments

This research is partially supported by ANID (National Agency for Research and Development,
Chile) under its program FONDECYT, grant number 1180271 and the National Natural Science
Foundation of China (NSFC) under grant number NSFC 51905430. The first author developed
part of this work during a research stay at the Institute for Risk and Reliability (IRZ) of the Leibniz

27



559

560

561

562

563

565

566

567

568

569

570

571

572

573

574

Universitat Hannover, Germany. Both the first and second authors conducted this research under
the auspice of the Alexander von Humboldt Foundation. This support is gratefully acknowledged
by the authors.

Appendix A. Calculation of cg,.c)_l, cé”,.c), éj,;)_l and 553

The scheme for evaluating the line integral associated with the implementation of multidomain
Line Sampling as presented in Section 3.3.2 requires few modifications for its implementation in
case a} o, = 0. To motivate the discussion, consider the schematic representation in Figure

A.15, that depicts a particular case where n = n. =2, N = 3 and (V) =i® =) =2,

22
! | ZH !
[ aF [ 2 [
| Iy | |
| | |
| | +\
) \ |
\Fl | 2 1 |
i . It
\ | o zé— /\ 21
| | |
L.(1) 1 2l,(2) [ Zzl,(3) |
| \ |
| 1 |
R l
| | |

1 1(2) 13)

Figure A.15: Schematic representation of line associated with the application of multidomain Line Sampling in
case ai ;) =0 (n =n. =2).

As noted from Figure A.15, it is seen that component 1 fails for all points that belong to lines
1M and I®); on the contrary, it is seen that line I(?) never intersects the failure domain associated
with component 1. Taking into account these observations and recalling the structure of eq. (21),
it is concluded that for the case where a} a;; = 0, the unit step functions do not depend on
zll.l(j) and that the Euclidean distances cg(,z)_l and cg(,i)_l must tend to either minus infinity or plus
infinity in order to reflect that failure occurs or not with respect to the k-th component along line
1U). Tt is straightforward to demonstrate that the definitions for the distances cg,ill and cé(,ill as

presented in egs. (22) and (23) must be extended as shown below in order to accommodate the
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case where af a;;) = 0.

— O
. L,(9)
JC) Bitai Rz )
2k—1 — - T
QA &(5)
o
— 0
. U T L,(9)
) ) B BioyEG)
2k T T )
Qg &(5)
(©.@]

if a:,fai(]-) =0A ﬁkL + CX%RZ-(]')ZZ.(]T)(]) <0

, N

if af a5y #0 k= lom =1
if of oy = 0N BE + agRi(j)zii(j,)(j) <0
(A1)
if ol a;;) = 0N BY — al Ry zil(;)(j) <0
if af a5 #0 k= lm =1 N
if oo =0ABY — alRiyzo? >0
(A.2)

The definition of the variables 55?2_1 and 55?2 as presented in egs. (24) and (25) must be modified

as well in order to accommodate the case where afaim = 0. It can be demonstrated that such

modification leads to:

G _
2k—1 —

() _
2k

-1

if afaim S 0

Ck=1,....n,j=1,...,N (A.3)

otherwise

if af ;5 >0 .
yk=1,...,n.,, j=1,...,N (A.4)

otherwise

Equations (A.1) to (A.4) as presented above allow calculating the line integral associated with

multidomain Line Sampling following the steps described in Section 3.3.2. In this sense, it is noted

that no modifications are required for eqs. (26) and (27) for the case where a} a;;) = 0.

Appendix B. Calculation of Interstory Drifts

The interstory drifts are calculated by means of the convolution integral, taking advantage of

the linearity of the response with respect to the ground acceleration.

t
m(t)= [ hit-p(rdr i=1.n,
0

(B.1)

In the above equation, n; represents the ¢-th interstory drift, h; is the corresponding unit impulse

response function and p represents the ground acceleration, which depends both on time ¢ and a
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realization z of the standard Gaussian distribution. For the case considered in this contribution,

the unit impulse response function is:

e T T
Ky @@ 1 it :
hit:E - B e~ nelgin(wa,t), i=1,...,n B.2
( ) — ¢3M¢v wd,v ( d, ) n ( )
where k,, i = 1,...,n, is a vector that couples the degrees-of-freedom of the model for calculating

the intestory drifts; p is a vector that couples the ground acceleration with the degrees-of-freedom
of the model; ¢,, v = 1,...,np are the eigenvectors associated with the eigenproblem of the
undamped equation of motion involving the mass M and stiffness K matrices of the model;
Wnoy, U = 1,...,np are the natural frequencies of the system; (,, v = 1,...,np are the corre-
sponding damping ratios; wg, = wpwy/ (1 —(2), v =1,...,np are the damped frequencies; and
ne is the number of modes retained for modal analysis [61].

As the stochastic ground acceleration is represented by means of the Karhunen-Loeve expansion,

the interstory drift evaluated at discrete time instant ¢, is approximated as:
k
771'<ka, Z) = Z Atﬁlhi(tk — tl)Bl;Z, 1= 1, <oy Ny, k= 1, ..., (BB)
=1

where At is the time discretization; nr is the total number of discrete time instants; B;. denotes the
I-th row of matrix B (see eq. (1)), and ¢ is a coefficient depending on the numerical integration
scheme used in the evaluation of the convolution integral. In this particular case, ¢ is chosen
according to the trapezoidal integration rule [62], yielding ¢, = 1/2 if I = 1 or | = k; otherwise,
e = 1. From eq. (B.3), it is straightforward to see that the i-th interstory drift at the k-th
time instant can be represented in the form n;(ty, z) = agjkz, where a;, is a vector of constant
coefficients. Such representation matches with the type of problems considered in this contribution,
where the response of interest is a linear combination of a number of parameters following a

Gaussian distribution (see Section 2.1).
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