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Abstract 

With the advent of the fifth-generation (5G) mobile communication systems, the rapid 

evolution of new wireless technologies makes the relevant measurement tasks 

unprecedently challenging. Although a perfect testing solution has not been developed 

yet, an agreement has been reached by both industry and academia that it is necessary 

to have the paradigm shift from conducted to over-the-air (OTA) in terms of 

measurement methodology.  

Currently, there are primarily three eligible candidates for OTA testing, namely multi-

probe anechoic chamber (MPAC), radiated two-stage (RTS), and reverberation chamber 

(RC). Each has its own advantages and disadvantages. The MPAC and RTS methods 

can be well modeled and analyzed by deterministic theories, and quantities of interest 

can typically be measured directly. In contrast, statistical theories are applied in the RC 

method, and post-processing is usually required. By utilizing multiple stirring techniques, 

an RC can statistically reproduce a uniform, isotropic, and polarization balanced 

electromagnetic (EM) environment, making it ideal for OTA measurement of non-

directional parameters. 

The ultimate objective of the RC in the category of OTA testing is to fulfill the industrial 

requirements and get fully standardized. RC characterization is pivotal to its 

standardization process since it is closely related to the RC performance evaluation, the 

optimum design of an RC, and the uncertain quantification of RC-based measurements. 

Therefore, this thesis aims at overcoming the limitations and problems that remain 

unsolved in the traditional RC characterization method, in particular: 1) the reliable 

characterization of the stirrer performance of an RC; 2) the accurate characterization of 

the statistical nonuniformity and anisotropy of an RC, and the analytical quantification 

of the RC-based OTA total radiated power (TRP) measurement uncertainty; 3) the study 

of the highest usable frequency (HUF) of an RC, and the fast characterization of the 

RC-based measurement system in terms of the frequency of operation and the output 

power level. It is believed that this thesis further improves and optimizes the traditional 

RC characterization methodology, which contributes to the standardization process of 

the RC for OTA testing. 
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For the first aspect, the scattering damping time can provide a reliable and repeatable 

evaluation of an RC’s stirrer performance, which is independent of the amount of extra 

loading or the position of the measurement antennas. By constructing two frequency 

domain autocorrelation functions (ACFs), the scattering damping time can be directly 

extracted from measured S-parameters without the need to perform the inverse Fourier 

transform (IFT). Compared with the conventional IFT-based method, this novel method 

has a wider dynamic range and does not involve selecting the fitting range manually. 

As a result, the data post-processing can be significantly simplified. Meanwhile, it 

retains several advantages of the IFT-based method, such as independent of the 

radiation efficiency and input impedance of the measurement antennas. 

For the second aspect, the statistical anisotropy of an RC can be accurately quantified 

by the average Rician K-factor, which is only sensitive to the loading conditions. In 

order to accurately estimate the value of the average Rician K-factor, an unbiased 

maximum likelihood estimator (MLE) is given. Based on the statistical properties of 

the average Rician K-factor, an improved analytical uncertainty model for the RC-based 

TRP measurement is derived. Compared with the traditional uncertainty model, the 

proposed model is more accurate. Besides, it allows different experimental 

configurations in the calibration stage and the measurement stage, which sheds light on 

the best practice for RC-based TRP measurement. Furthermore, the proposed analytical 

model enables fast characterization of the measurement uncertainty without tedious and 

inefficient empirical estimation processes.  

For the third aspect, the enhanced backscattering phenomenon inside an RC is first 

investigated in the frequency domain, spatial domain, and power domain. Then, based 

on the investigation findings, a theoretical HUF model of an RC is given. Detailed 

analysis, as well as the physical meaning of the proposed HUF model, are provided. An 

iterative algorithm is also developed for efficient calculation. It is the first 

comprehensive study of the HUF of an RC. With the help of the proposed HUF model, 

the RC-based measurement system can be fast characterized in terms of the frequency 

of operation and the output power level. Besides, it also provides guidance on how to 

optimize the existing system setup for improved HUF. 
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Chapter 1 Introduction 

 

1.1 Research Background 

The past few years have seen the prosperity of the emerging fifth-generation (5G) 

wireless communication networks. Generally speaking, 5G improves the performance of 

the existing broadband cellular networks to an unforeseen level by accommodating a 

much higher data rate, greater capacity, lower latency, and higher connection density. 

These advancements open up the potential for many ground-breaking services and 

applications like virtual reality, Autonomous driving, remote surgery, etc. That is why 

5G is not called “4G+”. While incessantly reshaping our way of life, 5G also introduce 

numerous challenges to the instrumentation and measurement community [1] – [4]. 

Over-the-air (OTA) testing, as its name indicates, is defined as the radiated method to test 

the performance of the device under test (DUT) without the requirement of the 

transmission line connection. Traditionally, tests for wireless devices are usually done 

using conducted approach, which combines separate tests of modem chipsets and radio 

frequency (RF) components. However, this is no longer the case in the 5G era. Among 

various enabling technologies for 5G, three of them are representative: millimeter-wave 

(mm-wave), massive multi-input multi-output (massive MIMO), and adaptive 

beamforming (as illustrated in Figure 1.1) [5]. Massive MIMO is composed of a large 

number of antenna elements, which focus the radiated energy towards the desired 

directions of propagation and serve multiple users simultaneously using the entire 

frequency spectra resources. Nevertheless, due to its high degree of integration, an 

individual antenna port in a typical massive MIMO system is no longer accessible. The 

use of adaptive antenna technology for beamforming renders the system level radiation 

performance considerably different from the simple combination of the test results of 

individual components. Consequently, the paradigm shift in terms of testing methodology 

from conducted to OTA becomes necessary. In addition, moving towards the mm-wave 



 Chapter 1: Introduction  

      P a g e | 2 
 

 

spectrum for increased carrier bandwidth also leads to unforeseen issues for OTA testing, 

such as the unrealistic requirement for far-field conditions, increased insertion loss, etc. 

 

 

(a) 

 

(b) 

Figure 1.1: Key enabling technologies for 5G: (a) 5G new radio (NR) including 

mm-wave. (b) Massive MIMO and adaptive beamforming [5]. 

 

Hitherto, multi-probe anechoic chamber (MPAC) [6] – [12], radiated two-stage (RTS) 

[13] – [18], and reverberation chamber (RC) [19] – [38] are the three most promising 

candidate facilities for OTA testing of 5G enabled wireless devices. They will be 

introduced in Section 1.1.1, Section 1.1.2, and Section 1.1.2, respectively. 
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1.1.1 Multi-Probe Anechoic Chamber Method 

 

 
(a) 

 
(b) 

Figure 1.2: (a) Schematic diagram of the MPAC system. (b) Photo of the 3D MPAC 

OTA setup [8]. 

 

A typical MPAC system primarily comprises the following components [6] – [8]: a 

communication tester, one or multiple channel emulators, power amplifiers, an 

anechoic chamber (AC), and a number of dual-polarized probe antennas (as illustrated 

in Figure 1.2 (a)). There is a geometric zone (usually in a spherical shape) at the center 

of the MPAC, named the test area. Standard spatial channel models and intended 

channel impairments such as Doppler and fading can be accurately emulated within the 
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test area [9]. The core idea of the MPAC based test method is to arrange multiple probe 

antennas around the DUT either in two-dimensional (2D) or three-dimensional (3D) for 

field synthesis [10]. A photograph of a 3D MPAC OTA setup is available in Figure 1.2 

(b). The outputs of the probe antennas are generated and controlled by the channel 

emulator.  

MPAC has been standardized by Cellular Telecommunication and Internet Association 

(CTIA) and 3rd Generation Partnership Project (3GPP) for OTA testing of MIMO 

enabled user equipment (UE) [9]. Since the test environment is based on pure line-of-

sight (LoS), the characterization and measurement processes of the MPAC approach 

are straightforward. It also has the highest potential for generating arbitrary practical 

wireless channels with specified temporal, angular, and polarization characteristics in a 

reliable, repeatable, and feasible manner [11], [12]. However, there are also several 

major concerns for this method:1) extremely high system cost; 2) complex and time-

consuming calibration and alignment procedures; 3) the available test area is relatively 

small and limited by the number of probe antennas. 

 

1.1.2 Radiated Two-Stage Method 

The conducted two-stage (CTS) approach (as shown in Figure 1.3 (a)) has also been 

adopted by standard organizations for MIMO OTA tests [13], [14]. As its name indicates, 

implementation of this method requires two separate stages. In the first stage, the full 

3D radiation patterns of the DUT with two orthogonal polarizations are measured in a 

single-input-single-output (SISO) AC. In the second stage, the transmitting signal 

generated by the communication tester, the wireless channel emulated by the channel 

emulator, and the radiation patterns measured in the first stage are combined and then 

fed into the DUT through RF cables. The CTS method only requires a SISO AC 

equipped with a dual-polarized probe antenna and a rotating platform, which is less 

expensive than the MPAC method. Moreover, it is capable of reproducing realistic 3D 

channels with a much simpler configuration and setup. Nonetheless, the second stage 

of CTS requires conducted access to individual antenna ports, which is intrusive and 

might be impractical for the commercialized DUT with integrated MIMO antennas. 

Besides, the CTS method cannot evaluate the mutual coupling of the antenna elements 
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on the DUT, which might be a potential issue causing the degradation of the overall 

MIMO performance [14].  

The RTS approach (as illustrated in Figure 1.3 (b)) improves the CTS method by 

implementing the second stage OTA in an AC [14] – [16]. The core idea is to derive the 

static calibration matrix between the MIMO antennas on the DUT and the probe 

antennas, and then invert it to obtain the desired signals to be fed into the probe antennas. 

Both stages of the RTS method utilize the pure LoS environment created by the AC so 

that the characterization processes can be directly performed based on deterministic 

theories. Given the same chamber size, the available test area of the RTS method is 

usually larger than that of the MPAC method. The main concerns of the RTS method 

are: 1) the number of probe antennas should be equal to that of the antenna elements on 

the DUT [14]; 2) 3D radiation patterns of both the DUT and the probe antenna array 

are required, and the DUT should support both amplitude and relative phase 

measurements; 3) in some cases it is not easy to invert the static calibration matrix [17], 

[18]; 4) it is not suitable for measuring adaptive antenna systems whose radiation 

patterns are continuously changing. 

 

 

(a) 
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(b) 

Figure 1.3: (a) Schematic diagram of the CTS system. (b) Schematic diagram of 

the RTS system [14]. 

 

1.1.3 Reverberation Chamber Method 

 

(a) 
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(b)                              (c) 

Figure 1.4: (a) Schematic diagram of the RC system. (b) The RC at the Nanjing 

University of Aeronautics and Astronautics. (c) The RC at the University of 

Liverpool.  

 

Essentially, an RC is an electrically large shielded cavity, where the electromagnetic 

(EM) signal emitted by a single source is reflected and diffused multiple times by 

metallic walls before it is received by the probe antenna [19] – [21]. Inside an RC, 

stirring facilities like mechanical stirrers and rotating platforms are installed so that the 

EM boundary conditions can be effectively altered to provide a stochastic environment 

[22]. The schematic diagram of an RC system with all necessary components is shown 

in Figure 1.4 (a). RCs are usually designed to be rectangular-shaped, but they come in 

various sizes and configurations for different application scenarios. Figure 1.4 (b) and 

Figure 1.4 (c) show the RC at the Nanjing University of Aeronautics and Astronautics 

and the RC at the University of Liverpool, respectively, for comparison. Different from 

the MPAC and RTS methods, which are based on the LoS environment and the channel 

emulator, the RC method utilizes the non-line-of-sight (NLoS) environment to 

statistically reproduce a spatially homogeneous, isotropic, and polarization balanced 

wireless channel. This unique property makes the RC method a fast and cost-effective 

candidate in the wireless community for OTA tests, especially on non-directional 

parameters such as antenna efficiency, diversity gain, antenna correlation, MIMO 
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capacity, total radiated power (TRP), and total isotropic sensitivity (TIS) [23] – [28]. 

Important channel characteristics including the delay spread/coherence bandwidth [29], 

Doppler effect/coherence time [30], Rician K-factor [31] of the wireless channel created 

by the RC can also be controlled and adjusted.  

Compared with the MPAC and RTS methods, the RC method can be much more cost-

effective since it does not require the radio absorbing material and the channel emulator. 

Given the same chamber size, the available test area of the RC method is the largest 

among the three. The RC method’s measurement setup and calibration process are also 

much more straightforward without any requirement for precise probe alignment and 

rotation of the DUT. Besides, it has been proved in [32] that there is no need to fulfill 

the far-field condition for the RC-based measurements, which makes it an attractive 

solution for testing wireless devices working at mm-wave bands. To date, the RC has 

already been standardized for OTA measurements of UE [33] and large-form-factor 

machine-to-machine (M2M) devices [34], and its certification in terms of the base station 

(BS) tests [35] is ongoing. Worldwide, there are many institutions and universities that 

are engaged in RC-related research. To name a few, the National Institute of Standards 

and Technology (NIST) in the United States of America, the University of Liverpool and 

the National Physical Laboratory (NPL) in the United Kingdom, the Institute of 

Electronics and Telecommunications of Rennes in France, the Chalmers University of 

Technology in Sweden, the Nanjing University of Aeronautics and Astronautics and the 

National Institute of Metrology (NIM) in China, etc. Meanwhile, there are key 

manufactures like ETS-Lindgren, Bluetest, and Emite that can provide either standalone 

RC or the complete RC-based measurement system. 

However, the RC method also has its limitations: 1) the RC method has limited control 

in its reproduced wireless channel, especially the spatial domain profiles; 2) due to its 

statistical environment, the RC characterization process is much more complicated than 

that of the MPAC and RTS. 

A table of comparison for the MPAC method, the RTS method, and the RC method is 

shown below: 
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Table 1-I: Comparison of the 3 candidate OTA testing methods 

Method Advantages Disadvantages 

MPAC  Can emulate wireless channels with 

different angular domain distributions 

 The implementation is straightforward 

 Simple characterization 

 Easy post-processing procedures 

 Extremely high cost due to the use of 

channel emulator and multiple probes 

 Even higher cost if the MPAC updated 

to emulate 3D wireless channels 

 Complex calibration procedures and 

rigorous probe alignment requirement 

  The available test area is small 

compared to its physical dimension 

RTS  Can reproduce arbitrary 2D or 3D 

spatial channels 

 The traditional SISO AC can be reused 

 Less expensive 

 Simple characterization 

 Radiation pattern information is 

required for the DUT antenna 

 Complex calibration procedures 

 Slow test speed 

 In some cases, inverting the static 

calibration matrix can be impractical 

RC  Ideal for measurement of non-

direction parameters like TRP and TIS 

without using the channel emulator 

 Cost effective 

 There is no need to fulfill the far field 

condition requirement 

 Large available test area 

 Easy setup, simple calibration 

 Limited control over the spatial 

profiles 

 Complex, inaccurate, and incomplete 

characterization process 

 Have problems like the double-

Rayleigh effect when the channel 

emulator is combined with the RC 

 

1.2 Research Motivation and Objective 

Although the RC method has attracted increasingly widespread attention from both 

industry and academia over the past few years, its standardization process for OTA 

testing on wireless devices is still slower than the MPAC method and RTS method [3], 
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[4], [9], [21], [33] – [35]. One primary limiting factor is the complicated, experience-

dependent, and yet incomplete research and practice for RC characterization.  

Owing to its complex and unpredictable EM environment, studying and applying an 

RC from the statistical perspective is much more suitable and feasible [19], [20]. 

Besides, some well-known parameters and quantities, e.g., average Rician K-factor, 

enhanced backscatter coefficient, in the context of the RC only have statistical 

meanings. This potentially makes the characterization processes for an RC much more 

complicated than MPAC and RTS, which can be well characterized based on 

deterministic theories.  

Conventionally, one fundamental assumption for the RC-based OTA testing is that 

individual measurement results are random-like. More precisely, rectangular 

components of the EM field generated within the working volume of the RC should be 

independent and identically distributed (i.i.d) circular Gaussian random variables 

centered at 0 [19]. Ideally, it can be mathematically proved using the Central Limit 

Theorem (CLT). However, whether and to what extent this assumption could differ in 

practice is to date challenging to answer, especially in measurement scenarios where 

the RC extends its usage by changing the stirrer configuration, experimental setup, and 

frequency of operation. This discrepancy, if not correctly characterized and 

compensated, would introduce non-negligible error on measurement results. 

The anticipation of accurate, reliable, and repeatable processes for RC characterization 

has led researchers to three main questions: 

1. How to reliably characterize and evaluate the stirrer performance of an RC for 

arbitrary stirrer configurations so that people can tell whether the RC is working at 

“well-stirred” conditions? 

2. How to accurately characterize the RC’s statistical anisotropy generated either 

unintentionally (e.g., the loading effect or proximity effect of the DUT itself) or on 

purpose (e.g., strategically load the RC for desired channel properties)? How to 

analytically quantify the influence of statistical anisotropy on the uncertainty of RC-

based OTA TRP measurement? 

3. How to characterize an RC at a specific frequency of operation and output power 

level? Is there a highest usable frequency (HUF) for an RC in addition to its well-

known lowest usable frequency (LUF)? If yes, what are the influencing factors for 
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it? Is there an explicit expression for the HUF? 

For Question 1, many efforts have been made for quantifying the stirrer efficiency [36] 

– [39]. In [36], the stirrer efficiency is defined based on the Rician K-factor, which could 

change drastically with different loading conditions or antenna orientations. [37] 

defines the stirrer efficiency as a function of the independent sample number, but it is 

still sensitive to the loading conditions. A similar problem also can be found in [38], 

which tries to define it in the time domain. In [39], the stirrer efficiency is defined based 

on the scattering damping time, and it is robust against loadings or the positions of the 

measurement antenna. In order to extract the scattering damping time, a time domain 

method using the inverse Fourier transform (IFT) is adopted in [39]. However, this 

method has several drawbacks: 1) the range of the time domain response used for the 

least square fitting is selected empirically, which introduces non-negligible error; 2) the 

signal to noise ratio (SNR) of the unstirred power envelope is relatively low, which 

significantly reduces the available measurement range; 3) in order to perform the IFT, 

a digital filter is usually needed, and the number of samples required is the same as that 

of the initial frequency response obtained from the VNA, regardless of the desired 

resolution bandwidth. Therefore, an improved method for calculating the scattering 

damping time is crucial to ensure reliable stirrer performance characterization [40]. 

For Question 2, to accurately characterize the uncertainty of an RC, both the sample 

correlation and the statistical anisotropy should be quantified and corrected. So far, 

numerous studies have been conducted in this field [21], [22], [25], [41] – [43]. 

Conventionally, the Rician K-factor is used to measure this statistical anisotropy effect. 

Nevertheless, there are several concerns: 1) the value of the Rician K-factor actually 

varies when using source stir and frequency stir; 2) it is hard, if not impossible, to 

acquire the accurate value of the Rician K-factor when measuring the DUT; 3) the 

reference measurement of the Rician K-factor is meaningless since it is sensitive to 

antenna position and orientation. Consequently, the average Rician K-factor, which is 

only sensitive to the loading conditions, should be used instead. The average Rician K-

factor is first adopted by [22] for RC uncertainty characterization, but the corresponding 

model is based on empirical assumptions. The model in [41] is based on the 

components-of-variance model, and the Rician K-factor that appeared in the expression 

is equivalent to the average Rician K-factor when source stirring is utilized. However, 

there is no information about the statistical property of the average Rician K-factor and 



 Chapter 1: Introduction  

      P a g e | 12 
 

 

how to estimate it. [42] directly pooled multiple single-case Rician K-factor values, 

which is mathematically viable but lacks physical meaning and explanation. 

Furthermore, the RC-based OTA TRP measurement actually consists of two stages: the 

calibration stage and the measurement stage. The reference transfer function is 

estimated between the reference antenna and the measurement antenna in the 

calibration stage. In the measurement stage, the signal radiated by the DUT is measured 

by the measurement antenna. The uncertainty of each stage should be characterized so 

as to derive an accurate overall uncertainty model [25]. The model in [42] is the only 

one that takes both stages into consideration, but it is not purely analytical. 

For Question 3, the signal measured by the RC-based measurement system can be 

divided into two components: the desired signal and the undesired noise. They can be 

modeled as two independent random variables, which jointly determine the statistical 

property of the measured signal [44]. It is commonly assumed that the desired 

component dominates the measured signal [25], [26], [43]. However, with the increased 

frequency of operation or the decreased output power, the influence of the noise 

gradually becomes more significant. Eventually, the statistical property of the measured 

signal could be completely altered by the noise, which makes the RC virtually unusable. 

This implies that in addition to the well-known LUF, there exists a HUF for an RC, 

which is determined by the system SNR. To analytically quantify the HUF, an explicit 

theoretical model which includes all influencing factors is desired. If such a model 

could be derived, fast characterization and evaluation of the RC-based measurement 

system at a particular frequency of operation and output power level could become 

possible, and the system setup could be optimized accordingly for improved HUF [44]. 

Statistical analysis of the noise in an RC-based system can be found in various 

researches [22], [41], [42]. However, in these researches, the effect of the noise on the 

RC characterization is only qualitative, and no in-depth study is available. Furthermore, 

no one has linked the noise or SNR to the HUF of an RC, and no explicit analytical 

expression of the HUF has been given.  

The objective of this thesis is to deal with the above three aspects [25], [40], [44] for 

more comprehensive and reliable RC characterization processes, thereby laying a solid 

foundation for promoting the RC as a fully standardized facility for OTA testing.  
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1.3 Thesis Organization 

The contents of this thesis are organized in the following manner:  

Chapter 2 is to review the fundamental theories for the RC characterization so that a 

solid foundation can be built for the novel characterization techniques elaborated in 

subsequent chapters, which are more specific and orientated. 

To characterize the stirrer performance of an RC more reliably and efficiently, in 

Chapter 3, a novel frequency domain method is proposed for calculating the scattering 

damping time [40]. By utilizing the frequency domain autocorrelation function (FD-

ACF) and the unstirred frequency domain autocorrelation function (FD-ACFUS), the 

scattering damping time can be directly calculated from measured S-parameters without 

the need of performing the IFT. Mathematical derivation is given based on the Wiener-

Khinchin theorem, and experimental measurements are conducted with different 

frequency bands and different stirrer configurations to verify the proposed approach. 

Compared with the conventional IFT-based method, the proposed method has a wider 

dynamic range and does not involve the procedure of manually selecting the fitting 

range. As a result, the data post-processing can be greatly simplified. Meanwhile, it 

retains several advantages of the IFT-based method, such as independent of the 

radiation efficiency and input impedance of the measurement antennas. 

In Chapter 4, it is shown in the first place that the statistical property of the average 

Rician K-factor plays a pivotal role in the accurate characterization of the statistical 

anisotropy in an RC. Estimators of the average Rician K-factor are modeled and 

analyzed based on different assumptions. Specifically, the maximum likelihood 

estimator (MLE) of the average Rician K-factor is formulated and validated by the 

Monte Carlo simulation, and its unbiased correction is derived accordingly [25]. Then 

the RC is applied to the OTA TRP measurement, and an improved analytical uncertainty 

model is established based on the average Rician K-factor and the number of 

independent samples [25]. Compared with the conventional uncertainty model, the 

proposed model is more accurate, and it allows different experimental configurations 

in the calibration stage and the measurement stage. This makes it possible to 

characterize the measurement dispersion without tedious and inefficient empirical 

estimation processes. Extensive 9-Point estimation measurements are also conducted to 
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evaluate the performance of the proposed analytical model. 

Engineering practices indicate that in addition to the well-known LUF, there exists a 

HUF for the RC-based measurement system. In Chapter 5, a thorough investigation of 

the enhanced backscatter coefficient in terms of the frequency, power, and spatial 

domains is first conducted for the RC characterization. An explicit HUF model is then 

derived based on the statistical distributions of the average power of the desired 

received signal and the corresponding average noise power [44]. The physical 

explanation of the HUF model proves that it essentially reflects the system SNR. More 

precisely, the HUF should be a function of the chamber volume, chamber decay 

constant, cable losses, the power level of the transmitting signal, sensitivity of the 

measurement equipment, etc. Nonetheless, the HUF should be insensitive to the spatial 

domain parameters such as location, orientation, and polarization within the working 

volume of the RC. Detailed analysis and discussion of each term in the HUF expression 

are also given. An iterative algorithm is developed to address the problem that 

frequency-dependent terms are included in the HUF expression. Experimental 

validation in terms of different output power levels demonstrates that good agreement 

between the experimental estimation and the proposed HUF model is achieved.  

Chapter 6 summarizes the key contributions and highlighted the importance and 

impact of this thesis. Suggestions for future research directions are also given. 
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Chapter 2 Fundamental Theories for the 

Reverberation Chamber Characterization 

 

2.1 Introduction 

 

 

Figure 2.1: A photograph showing the RC at the University of Liverpool with 

dimensions 3.60 m (a) × 5.80 m (d) × 4.00 m (b). 

 

As already elaborated in Section 1.1.3, an RC is an electrically large cavity resonator 

equipped with stirrers so that the distribution of excited modes inside it can be changed 

continuously or in a stepwise manner [3], [5]. A photograph of the RC at the University 
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of Liverpool with dimensions 3.60 m (a) × 5.80 m (d) × 4.00 m (b) is demonstrated in 

Figure 2.1. 

The characterization of an RC is critical to the RC performance evaluation, the optimum 

RC design, and the measurement uncertainty quantification. The purpose of this chapter 

is to present a review of the classical theories for the RC characterization from both 

physical and mathematical points of view. Consequently, a solid foundation can be built 

for the novel characterization techniques elaborated in subsequent chapters, which are 

more specific and orientated. Most of the concepts introduced in this chapter are 

theoretically or experimentally validated using the RC at the University of Liverpool 

(shown in Figure 2.1). Note that this chapter is by no means exhaustive, and the author 

does not claim any credit for any concept or work introduced in this chapter. 

 

Table 2-I: Dependency table of subsequent chapters on each section in Chapter 2 

 Chapter 3 Chapter 4 Chapter 5 

2.2: Resonant Cavity Model    

2.3: Quality Factor and Loss Mechanism     

2.4: Time Domain Characterization    

2.5: Wiener-Khinchin Theorem    

2.6: Statistical Electromagnetics    

 

To characterize an RC, the first step is to determine its LUF. The LUF is defined as the 

frequency above which a specific field uniformity requirement can be satisfied within 

the working volume of the RC [23]. It can be determined using the first resonant 

frequency, mode number, mode density, etc. In Section 2.2, the resonant cavity model 

is presented [3], [5]. In particular, analytical expressions for modal resonant frequencies 

and mode number/mode density are given for an arbitrary rectangular-shaped cavity. 

The LUF can then be determined accordingly. Prior to all subsequent works in this 

thesis, dedicated theoretical or experimental validation should be performed to ensure 
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the frequency of operation is above the LUF of the RC. In addition, the resonant cavity 

model can be used for deterministically explaining the working principle of an RC. 

Section 2.3 introduces the quality factor (Q factor), which measures the ability of an 

RC to store energy under the steady-state condition [3], [12] – [14]. The Q factor is an 

important parameter for the RC characterization. A high Q value is often desired for an 

RC (typically tens of thousands) at its frequency of operation. The Q factor is closely 

related to the RC’s transfer function through the well-known Hill’s equation [3]. One 

assumption for the TRP measurement in Chapter 4 is that the Q factor (thus the transfer 

function) is kept unchanged throughout the entire measurement procedure. The loss 

mechanism of the RC can be explained by decomposing the Q factor [14]. In Chapter 

5, the HUF model is established based on the loss of the RC-based system. Moreover, 

the Q factor can be defined in the time domain, which links it to the chamber decay 

time (Chapter 3 and Chapter 5) [16], [17]. 

In Section 2.4, it is shown that the RC can be characterized using time domain 

parameters. The chamber decay time describes how fast the stored energy in an RC 

damps after the excitation source is instantaneously turned off [16], [17], [25], and it is 

usually used to characterize the RC’s loading effect (Chapter 3 and Chapter 5). In 

contrast, the scattering damping time indicates how fast the mechanical stirrers can 

scatter the energy excited by a source [30] – [32], and it is used to characterize the stirrer 

performance of an RC (Chapter 3). 

The Wiener-Khinnchin Theorem states that, for a well-behaved stationary random 

process, the power spectrum is equal to the Fourier transform of its autocorrelation 

function (ACF) [36]. In the context of an RC, channel characterization is of crucial 

importance for measurement uncertainty evaluation and channel emulation with desired 

properties. Section 2.5 demonstrates that the channel characterization of an RC in 

different domains can be unified using Wiener-Khinnchin Theorem [37] – [39]. 

Specifically, in this thesis: I) the mathematical relationship between the FD-ACFUS 

and the scattering damping time is established (Chapter 3); II) corresponding ACFs are 

formulated to calculate the number of independent stirrer positions and independent 

frequency points (Chapter 4). 

Due to its complex EM environment, the RC is usually applied from a statistical point 

of view in practice. Consequently, the measurement uncertainty largely depends on the 
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number of independent samples. In Section 2.6, the statistical model of an RC is 

introduced based on the plane wave spectrum theory [3], [58]. For an ideal RC, the in-

phase and quadrature parts of an arbitrary rectangular component of the received 

complex signal are i.i.d Gaussian distributed with 0 mean [58], [59]. Statistical theories 

are extensively used throughout the thesis, in particular: I) the uncertainty analysis of 

the scattering damping time (Chapter 3); II) MLE formulation of the average Rician K-

factor (Chapter 4); III) the analytical uncertainty model for the RC-based TRP 

measurement (Chapter 4); IV) derivation of statistical distributions of the average 

power of the desired received signal and the corresponding average noise power 

(Chapter 5). 

The dependencies of subsequent chapters on each section in Chapter 2 are summarized 

in Table 2-I. 

 

2.2 Resonant Cavity Model 

To gain an in-depth understanding of the working principle of an RC, the first step is to 

deterministically analyze and obtain its standing wave patterns with fixed boundary 

conditions. To this end, the RC is simplified as a metallic cavity that is made of the 

perfect electrical conductor (PEC) with a source-free, linear, isotropic, and 

homogeneous interior region (for most cases, free space). 

For a cavity resonator with a certain regular shape, e.g., rectangular, cylindrical, and 

spherical, the analytical expressions of its resonant modes can be obtained by solving 

the Helmholtz equation which is derived from the well-known Maxwell’s equations [1], 

[2]. To solve the partial differential equations, the separation of variables method [3] – 

[5] is utilized, and the relevant boundary conditions should be considered. This section 

will mainly focus on rectangular-shaped cavities, as it is adopted by the majority of RC 

designs. A typical rectangular cavity with dimensions a b d    and corresponding 

Cartesian coordinates is illustrated in Figure 2.2. 
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Figure 2.2: Rectangular metallic cavity geometry with principal axes. 

 

2.2.1 Maxwell’s Equations 

Maxwell’s equations of the time-varying electric and magnetic fields in the differential 

form [1] consist of two curl equations and two divergence equations, which are listed 

below 

                           
t


 = − −



B
E M                         (2.1) 

                           
t


 = − +



D
H J                          (2.2) 

                               =D                             (2.3) 

                              0 =B                              (2.4) 

where 

E  is the electric field with the unit of volts per meter ( /V m); 

H  is the magnetic field with the unit of amperes per meter ( /A m); 

D  is the electric flux density with the unit of coulombs per meter squared (
2/C m ); 

B  is the magnetic flux density with the unit of webers per meter squared (
2/Wb m ); 

M  is the magnetic current density with the unit of volts per meter squared (
2/V m ); 

X

Z

Y

a

bd
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J  is the electric current density with the unit of amperes per meter squared (
2/A m ); 

  is the electric charge density with the unit of coulombs per meter cubed (
3/C m ). 

It should be pointed out that the quantities denoted in bold represent the vector fields 

which are time-varying and are essentially real functions of spatial coordinates X, Y, Z, 

and the time variable t. 

 

2.2.2 Helmholtz Equation 

According to equations (2.1) – (2.4), the possible sources of the EM fields are the 

magnetic current density M , the electric current density J , and the electric charge 

density  . Note that M  is only a fictitious source since magnetic monopole charges 

are so far considered non-existent. Inside a source-free volume ( =M 0 , =J 0 , and 

0 = ) with linear, isotropic, and homogeneous dielectric material (which is usually the 

case within an empty metallic rectangular cavity), the following relationships hold [1], 

[4]: 

                               =D E                             (2.5) 

                               =B H                             (2.6) 

where 

0r  =  is the dielectric permittivity with the unit of farad per meter ( /F m ) which is 

the product of the free space permittivity 12

0 8.854 10 −=    /F m   and the relative 

permittivity r ; 

0r  =  is the magnetic permeability with the unit of henry per meter ( /H m ) which 

is the product of the free space permeability 7

0 4 10  −=   /H m  and the relative 

permeability r . 

Assuming that all field quantities are time-harmonic complex vectors with steady-state 

conditions [2], based on (2.1) – (2.6) and adopting the phasor notation (by suppressing 

the time dependence) gives 

                            j = −E H                          (2.7) 
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                            j =H E                           (2.8) 

                               0 =E                             (2.9) 

                               0 =H                           (2.10) 

where j  is the imaginary notation, and   is the radian frequency. 

Here we use the electric field E   as an example. Taking the curl of (2.7) and 

substituting (2.8) into it gives 

                  ( ) 2j   = −  =E H E                   (2.11) 

Then we use the following vector identity [1] 

                     ( ) 2 =  −E E E                       (2.12) 

Combining (2.9), (2.11), and (2.12), we have 

                         
2 2 0  + =E E                          (2.13) 

The same applies to the magnetic field H : 

                        
2 2 0  + =H H                           (2.14) 

If we define the propagation constant (also known as wave number, or eigenvalue) of 

the medium as 

                         
2

k


 


= =                           (2.15) 

where   is the wavelength, then (2.13), (2.14) can be rewritten as 

                          ( )2 2 0k + =E                           (2.16) 

                          ( )2 2 0k + =H                           (2.17) 

Equations (2.16), (2.17) are called the wave equation, or Helmholtz equation [1], [2]. 

The Helmholtz equation can be solved by using the separation of variables method [3] 

– [5] with corresponding boundary conditions. 

 

2.2.3 Boundary Conditions 

At the interface of two media, the boundary conditions involving the normal and 

tangential fields can be obtained by Maxwell’s equations in the integral form [1]. For 

the normal components, by applying the Gaussian divergence theorem, we have the 
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following 

                         ( )2 1
ˆ

s − =n D D                           (2.18) 

                         ( )2 1
ˆ 0 − =n B B                            (2.19) 

where n̂  is the unit normal vector which points from material 1 to material 2, and s  

is the surface charge density on the interface. For the tangential components, by 

applying the Stokes’ theorem, we can get 

                         ( )2 1
ˆ

s − =n E E M                          (2.20) 

                         ( )2 1
ˆ

s − =n H H J                          (2.21) 

where sM   is the magnetic surface current density, and sJ   is the electric surface 

current density. sJ  might occur on the surface of the interface, while sM  is fictitious. 

Specifically, at the interface between the PEC (note that no electric field or magnetic 

field can exist inside the PEC) and the free space, equations (2.18) – (2.21) are reduced 

to: 

                             ˆ
s =n D                             (2.22) 

                             ˆ 0 =n B                              (2.23) 

                             ˆ 0 =n E                             (2.24) 

                             ˆ
s =n H J                            (2.25) 

Equation (2.23) states that the normal component of the magnetic field H  should be 

zero, and equation (2.24) shows that the tangential component of the electric field E  

should be zero. 

Regular-shaped cavities are usually adopted in RC design. For a rectangular shaped 

metallic cavity with geometry and corresponding Cartesian coordinates shown in 

Figure 2.2, the boundary conditions for its six plane surfaces are summarized below: 

                     

0

0

0

y

z

x

E

E

H

=


=
 =

  for 0x =   and x a=                   (2.26) 

                     

0

0

0

x

z

y

E

E

H

 =


=
 =

  for 0y =   and y b=                   (2.27) 
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0

0

0

x

y

z

E

E

H

=


=
 =

  for 0z =   and z d=                   (2.28) 

 

2.2.4 Resonant Modes for a Metallic Rectangular 

Cavity 

Without loss of generality, we assume that the transverse electric (TE) modes and the 

transverse magnetic (TM) modes to be derived are with respect to the Z-axis shown in 

Figure 2.2. Therefore, for the TE modes we have 0zE = , while for the TM modes we 

have 0zH = . Another thing worth mentioning is that resonances only occur discretely 

at frequencies satisfying the following condition [3], [5]: 

              

2 2 2
1

2 2

mnp

mnp

ck m n p
f

a b d 

     
= = + +     

     
               (2.29) 

where  

           

2 2 2

2 2 2

mnp x y z

m n p
k k k k

a b d

       
= + + = + +     

     
             (2.30) 

is the wave number which has the same definition as (2.15), xk , 
yk  and zk  are its 

projections onto the corresponding axes, 0

r r

c
c

 
=  is the propagation speed of the 

EM wave in the medium inside the cavity with 8

0 3.0 10c =   /m s  the speed of the 

EM wave in free space, m, n, and p are the mode coefficients which are non-negative 

integer numbers, and a, b and d are the dimensions of the rectangular cavity. Equation 

(2.29) is the analytical expression for the modal resonant frequencies. 

Analytical solutions of the resonant modes of the metallic rectangular cavity can be 

derived by solving (2.16), (2.17) under constraints (2.26) – (2.28). The normal (Z-axis) 

component of the magnetic field for the TE modes can be analytically expressed as: 

             , 0 cos cos sinTE

z mnp

m n p
H H x y z

a b d

       
=      

     
              (2.31) 
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where 0H  is a constant indicating the amplitude of 
,

TE

z mnpH  with unit of /A m . The 

transverse components (X-axis and Y-axis) of the magnetic field for the TE modes are 

given as: 

          
0

, 2 2
sin cos cos

x yTE

x mnp

mnp z

k k H m n p
H x y z

k k a b d

       
= −      

−      
           (2.32) 

           
0

, 2 2
cos sin sin

y zTE

y mnp

mnp z

k k H m n p
H x y z

k k a b d

       
=      

−      
            (2.33) 

It is straightforward to obtain that the normal component of the electric field for the TE 

modes is 

                             
, 0TE

z mnpE =                             (2.34) 

The transverse components of the electric field for the TE modes are: 

         
0

, 2 2
cos sin sin

mnp yTE

x mnp

mnp z

j k H m n p
E x y z

k k a b d

         
= −      

−      
          (2.35) 

          
0

, 2 2
sin cos sin

mnp xTE

y mnp

mnp z

j k H m n p
E x y z

k k a b d

         
=      

−      
          (2.36) 

It should be stressed that m and n cannot be 0 simultaneously, while p should always be 

larger than 0.  

Similarly, for the TM modes, the normal component of the electric field is issued as: 

             , 0 sin sin cosTM

z mnp

m n p
E E x y z

a b d

       
=      

     
               (2.37) 

where 0E  is a constant indicating the amplitude of 
,

TM

z mnpE  with unit of /V m . The 

transverse components of the electric field are: 

           0
, 2 2

cos sin sinTM x z
x mnp

mnp z

k k E m n p
E x y z

k k a b d

       
= −      

−      
           (2.38) 

            
0

, 2 2
sin cos sin

y zTM

y mnp

mnp z

k k E m n p
E x y z

k k a b d

       
=      

−      
           (2.39) 

As for the magnetic field, there is no normal component, that is 

                             
, 0TM

z mnpH =                            (2.40) 

We can also obtain the transverse components of the magnetic field as: 
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0

, 2 2
sin cos cos

mnp yTM

x mnp

mnp z

j k E m n p
H x y z

k k a b d

         
= −      

−      
          (2.41) 

         
0

, 2 2
cos sin cos

mnp xTM

y mnp

mnp z

j k E m n p
H x y z

k k a b d

         
=      

−      
           (2.42) 

Concerning the TM modes, m and n should always be larger than 0. 

 

Table 2-II: The first 12 resonant modes of the RC at the University of Liverpool 

Number Mode Resonant Frequency (MHz) 

1 011TE  45.55 

2 101TE  49.04 

3 110TM  56.06 

4 111TE  61.73 

4 111TM  61.73 

6 012TE  63.89 

7 102TE  66.42 

8 112TE  76.27 

8 112TM  76.27 

10 021TE  79.33 

11 120TM  85.80 

12 013TE  86.17 

 

Essentially, a rectangular-shaped cavity resonator has the property of “high-pass”. If we 

assume that the dimensions of the cavity satisfy a<b<d, then its first (lowest) resonant 

frequency is 011f   (see (2.29)), and the relevant mode excited is the 011TE   mode. 

Taking the RC at the University of Liverpool (as illustrated in Figure 2.1) with 

dimensions a = 3.6 m, b = 4.0 m, and d=5.8 m as an example, its first 12 allowable 

resonant modes are listed in Table 2-II. It can be found that some modes share the same 

resonant frequencies (such as mode number 4 and mode number 8). Actually, this 

happens when m, n, and p are all nonzero so that the corresponding TE and TM modes 

establish identical cut-offs. This is called the mode degeneracy [3], [4], [6]. Another 

possible situation for the occurrence of degeneration of modes is when the ratio 

2 2 2: :a b d  is rational [7]. Since mode degeneracy has an adverse effect on the mode 

uniformity regarding frequency, it should be suppressed when designing an RC. On the 

other hand, since mode degeneracy can focus power on the corresponding frequencies 

and increase the overall magnitude fluctuation, this effect can be intentionally 
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strengthened in some application scenarios where high power and wide signal dynamic 

range are desired, such as the shielding effectiveness measurement. 

Mode distribution theoretically calculated using (2.29) for the RC at the University of 

Liverpool up to 200 MHz is illustrated in Figure 2.3, with the TE modes represented by 

green solid lines, and the TM modes indicated by blue dashed lines. It can be seen that 

mode degeneracies exist at frequencies where lines of different types coincide with each 

other. In addition, as frequency increases, the distribution of modes becomes denser and 

more uniform, implying better statistical performance. 

 

 

Figure 2.3: Mode distribution with respect to frequency up to 200 MHz for the RC 

at the University of Liverpool. 

 

2.2.5 Mode Orthogonality and Mode Decomposition 

The total field generated by an excitation source inside a cavity resonator can be 

represented by the superposition of (or equivalently, can be decomposed into) all the 

excited TE and TM modes with relevant weight coefficients [8] – [10]. Taking the total 

electric field E  as an example, we can obtain [5] 

                  
, , , ,

TE TM

mnp mnp mnp mnp

m n p m n p

A B= + E E E                     (2.43) 

Altering boundary conditions using a certain stirring mechanism is equivalent to 
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changing the weighting coefficients 
mnpA   and 

mnpB  . Due to the property of mode 

orthogonality, we have 

                      ' ' ' 0TE TE

mnp m n p

V

dV =E E                         (2.44) 

                      ' ' ' 0TE TM

mnp m n p

V

dV =E E                         (2.45) 

                      ' ' ' 0TM TM

mnp m n p

V

dV =E E                         (2.46) 

for 
'm m , 

'n n , and 
'p p . * denotes the complex conjugate operation, and V  

is the volume of the cavity. Based on (2.43) – (2.46), 
mnpA  and 

mnpB  can be derived 

in the following manner: 

                      TE

mnp mnp

V

A dV= E E                          (2.47) 

                      TM

mnp mnp

V

B dV= E E                          (2.48) 

The same applies to the magnetic field H .  

 

2.2.6 Cavity Mode Number & Lowest Usable 

Frequency 

Since the total EM field distributed in an RC is complicated, the statistical method is 

preferred in practice for RC-based measurements. Therefore, it is more meaningful to 

use the mode number/mode density to evaluate the statistical performance of the RC at 

a given working frequency (or frequency range). For a metallic cavity with arbitrary 

shape, according to Weyl’s law [3], [11], the accumulated mode number wN  and the 

mode density wD  with respect to f  are given as: 

                        ( )
3

3

8

3
w

V f
N f

c


=                           (2.49) 

                     ( )
( ) 2

3

8w

w

dN f Vf
D f

df c


= =                      (2.50) 

where V   is the volume of the cavity. It can be seen that wN   (as well as wD  ) 



 Chapter 2: Fundamental Theories for the Reverberation Chamber Characterization  

      P a g e | 33 
 

 

increases with increasing f  . At a fixed working frequency, the RC with a larger 

volume has higher wN  and wD  values. If the frequency is downscaled by a factor of 

   ( 1   ), to keep the mode number/mode density unchanged, V   should be 

upscaled by a factor of 
3  (

2 ). 

 

Figure 2.4: Mode number derived using different approaches for the RC at the 

University of Liverpool between 100 MHz and 300 MHz. 

 

 

Figure 2.5: Mode density derived using different approaches for the RC at the 

University of Liverpool between 100 MHz and 300 MHz. 
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Specifically, for a rectangular-shaped resonant cavity, V a b d=   , and (2.49), (2.50) 

can be further smoothed for better approximation [3], [7]: 

             ( ) ( ) ( )
3

3

8 1

3 2
s

f f
N f a b d a b d

c c


=   − + + +               (2.51) 

                ( ) ( )
2

3
8s

f a b d
D f a b d

c c


+ +
=   −                   (2.52) 

The number of modes calculated by repeatedly solving (2.29) for different valid m, n, 

p combinations, and approximated by analytical expressions (2.49) and (2.51) for the 

RC at the University of Liverpool between 100 MHz and 300 MHz is illustrated in 

Figure 2.4. It can be found that the original Weyl’s law (2.49) tends to overestimate the 

result, while the smoothed formula (2.51) provides better agreement with that 

calculated using (2.29). Similarly, the mode density per MHz as a function of frequency 

using the original (2.50) and smoothed (2.52) formulas for the RC at the University of 

Liverpool is shown in Figure 2.5.  

There is no unique mathematical equation for determining the LUF: it is usually defined 

as the frequency above which an RC can fulfill the stipulated operational requirements 

e.g., specified in [23]. Common practice is to define the LUF based on quantities such 

as the first resonant frequency, number of modes, mode density, etc. Several definitions 

of LUF given in the literature are summarized below: 

1. LUF is defined as three times the first resonant frequency 011f  of the RC [23]; 

2. LUF falls somewhere between 0115 f  and 0116 f  [24]; 

3. LUF is defined as the frequency above which the cavity has at least 60 modes 

according to (2.49) [23]; 

4. LUF is defined as the frequency above which the mode density is larger than 1 

mode/MHz according to (2.50) [3]. 

For instance, the LUF of the RC at the University of Liverpool is around 135 MHz 

according to Definition 3, and around 120 MHz according to Definition 4. 
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2.3 Quality Factor and Loss Mechanism of an RC 

The Q factor is an essential parameter for the RC characterization, which measures the 

ability of an RC to store energy. The Q factor can be related to the RC’s transfer function 

using Hill’s equation. The Q factor can also be defined in the time domain, linking it to 

the chamber decay time. Moreover, the loss mechanism of the RC can be explained by 

decomposing the Q factor. 

 

2.3.1 Quality Factor and Hill’s Equation 

By definition, the Q factor in the context of an RC is the ratio between the energy stored 

in the chamber and the energy dissipated during an entire cycle [3], [12] – [14]: 

                           s

d

U
Q

P
=                              (2.53) 

where 
sU  is the average total energy stored in an RC, and dP  is the power dissipated. 

Specifically, for rectangular shaped resonators, the Q factor can be analytically derived 

based on TE modes and TM modes discussed in Section 2.2.4: 

                    

*

*

TE TE

mnp mnp

TE V
mnp TE TE

s mnp mnp

S

dV

Q
R dS







=






H H

H H
                      (2.54) 

                    

*

*

TM TM

mnp mnp

TM V
mnp TM TM

s mnp mnp

S

dV

Q
R dS







=






H H

H H
                     (2.55) 

where S  is the total surface area of the chamber, and sR  is the surface resistance 

which is defined as: 

                           0

2
sR




=                             (2.56) 

where   is the conductivity (in Siemens per meter, /S m ) of the wall material of the 

chamber. In the situation where the RC is electrically large, it is more meaningful to use 

the composite Q factor which is averaged over a small range of frequency [7]. 
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Under steady-state conditions, due to the conservation of power, the dissipated power 

dP  should be equal to the transmitted power tP . Substituting into (2.53) gives: 

                           s

t

U
Q

P
=                              (2.57) 

sU  can be written as 

                           
sU WV=                               (2.58) 

herein W   is the average energy density, which is obtained in [3] based on the 

electric/magnetic field as 

           
2 2 2 2

0 0 0 0

1

2
W     = + = =

 
E H E H              (2.59) 

By combing (2.57) – (2.59) at the transmitting side, we have 

                       

2

0

t

V
P

Q


=

E
                            (2.60) 

At the receiving side, the first important parameter is the power density cS   (or 

Poynting vector in the vector form), which is defined as follows: 

                   

2

0

0

cS c W


=  = =
E

E H                         (2.61) 

where 0  is the characteristic impedance in free space with the definition 

                    0
0

0

377





=    Ohm                          (2.62) 

Then the ensembled received power can be expressed as 

                  

22
2

0

1

2 4 8
r cP S



 
=   =

E
                        (2.63) 

where the correction factor 
1

2
  is used for compensating the 50% chance of 

polarization mismatch, and the term 

2

4




  is the effective aperture of an isotropic 

antenna [15] (which is equivalent to a non-isotropic antenna in an isotropic multipath 

environment). Combining (2.60) with (2.63) by canceling 
2

E  gives 
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2 3

2

0 08 16
r t t

Q Q
P P P

V V

 

  
= =                      (2.64) 

Equation (2.64) is Hill’s equation [3] in rich isotropic multipath (RIMP) environment, 

and the ratio 
r

t

P
T

P
=  is defined as the transfer function (or insertion loss, coupling 

coefficient) for an RC. In essence, Hill’s equation can be treated as the counterpart of 

the Friis equation [4], [15] in free space. By rearranging (2.64), it can be obtained that 

                 
2

0 0

2 3

8 16r r

t t

P PV V
Q

P P

  

 
= =                    (2.65) 

Equation (2.65) is called the Q factor in the frequency domain [3]. In practice, for 

extracting Q, the effect of antenna efficiencies should be considered and calibrated out 

[16]. It can be found that Q is frequency-dependent (included in   ). For higher 

working frequency or larger chamber volume, Q tends to be larger. 

The Q factor can also be derived in terms of the time domain response [16], [17]. 

Consider the situation in which the state inside the RC is transformed from the initial 

steady-state by instantaneously turning off the energy source. Then the change rate of 

energy (
sdU  ) can be described with respect to a short time interval dt   by the 

following differential equation: 

                         
s ddU P dt= −                              (2.66) 

the minus sign indicates that the energy is continuously decaying. Combining (2.53) 

with (2.66) by canceling dP , we have 

                        s sdU U dt
Q


= −                            (2.67) 

Given the initial condition 
0 0|s tU U= = , equation (2.67) has the following analytical 

solution: 

                       0 exps

t
U U

Q

 
= − 

 
                         (2.68) 

As expected, the energy will decrease exponentially. Conventionally, a time constant 

can be defined for the convenience of representation in (2.68) based on the following: 

                          RCQ =                               (2.69) 



 Chapter 2: Fundamental Theories for the Reverberation Chamber Characterization  

      P a g e | 38 
 

 

this time constant RC   is called the chamber decay time [16], [17] which will be 

explained in detail in Section 2.4.1. Equation (2.69) is actually the definition of the Q 

factor in the time domain. We can see that Q is proportional to both   and RC . At 

the same frequency, the RC with a larger RC  gives a higher Q. 

In addition, the Q factor can be defined based on the average mode bandwidth f  [3], 

[18] – [20] as: 

                           
f

Q
f

=


                              (2.70) 

Modes that fall outside of the 
2

f
  region from the relevant resonant frequency can 

be considered negligible for constructing the total field. According to (2.70), Q is 

inversely proportional to f . For the ideal case in which the RC is completely lossless, 

0f → , which is equivalent to Q → . 

 

2.3.2 Loss Mechanism 

According to the law of conservation of power, the total dissipated power dP  can be 

expressed as the sum of the following four types of losses [3], [14]: 

                     1 2 3 4d d d d dP P P P P= + + +                        (2.71) 

where 1dP  is the power consumed by the metallic walls inside the cavity. 2dP  is the 

power absorbed by the loading objects inside the cavity, which is defined as: 

                         
2d c aP S =                              (2.72) 

where 
a   is the absorption cross section (ACS) [14], [21], [22] of the loading 

objects averaged over all incident angles and polarizations for both TE and TM modes. 

a  should be minimized if we want to minimize the contribution of 2dP . 

3dP  is the power leaked through apertures on the cavity: 

                        
3

1

2
d c tP S =                              (2.73) 
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where 
t  is the transmission cross section (TCS) [3], [14] of the apertures. Note that 

a scaling factor 
1

2
 is introduced since only the energy leaked out of the cavity (with a 

50% chance for the isotropic case) is considered. Similarly, 
t  should be minimized 

if we want to minimize the contribution of 3dP . 

4dP  is the power dissipated in the load impedance of receiving antennas. Based on 

(2.63) and taking the total efficiency of the receiving antenna 
,r tot  into consideration, 

we have  

                      

2

4 ,

1

2 4
d c r totP S





=                              (2.74) 

According to (2.53), Q is inversely proportional to dP . So equivalently we have 

                    1 1 1 1 1

1 2 3 4Q Q Q Q Q− − − − −= + + +                       (2.75) 

1Q  is defined as [12] 

                      1

1

3

2

s

d r

U V
Q

P A



 
= =                           (2.76) 

where 
2




=  is the skin depth of the wall material, and A  is the total inner 

surface area of the RC. Based on (2.72) – (2.74), 2Q , 3Q , and 4Q  can be expressed 

as 

                      2

2

2s

d a

U V
Q

P

 

 
= =                           (2.77) 

                      3

3

4s

d t

U V
Q

P

 

 
= =                           (2.78) 

                      
2

4 3

4 ,

16s

d r tot

U V
Q

P

 

 
= =                           (2.79) 
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(a) 

 

(b) 

Figure 2.6: Quality factor values for the RC at the University of Liverpool between 

2.8 GHz and 4.2 GHz: (a) Different types of loss. (b) Measurement Results. 

 

To verify the loss mechanism, the effect of different types of loss on the Q factor of the 

RC at the University of Liverpool is shown in Figure 2.6. All curves are smoothed by 

a 50 MHz running averaging window. It can be found that for an empty chamber, Q 

increases from 20000 to around 28000 as frequency increases from 2.8 GHz to 4.2 GHz. 

Increasing the TCS (open the chamber door by 45º) or increasing the ACS (load the 

chamber with one absorber) can significantly reduce Q. In contrast, loading the RC with 

a horn antenna (with bandwidth 1 GHz – 18 GHz) seems to have a negligible effect at 
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the frequency of interest. 

 

2.4 Time Domain Characterization of an RC 

The RC can also be characterized using time domain parameters. In this section, two 

important time domain parameters are introduced. The chamber decay time describes 

how fast the stored energy dissipates, and it is usually used to characterize the RC’s 

loading effect. In contrast, the scattering damping time indicates how fast the 

mechanical stirrers can scatter the energy, and it is used to characterize the stirrer 

performance of an RC. 

 

2.4.1 Chamber Decay Time 

As already appeared in equation (2.69), the chamber decay time ( RC )is defined as the 

characteristic time that the energy stored in an RC is reduced by a factor of e (the 

mathematical constant) after the excitation source is instantaneously turned off [16], 

[17], [25]. Traditionally, RC  can be extracted from the power delay profile (PDP): 

                 ( )
2

0 expa

RC

t
PDP E t P



 
= = − 

 
                   (2.80) 

where 0P  is the initial power (usually normalized in practice), and the subscript a 

denotes the direction of the antenna, usually assigned to an arbitrary axis of the 

Cartesian coordinate. For the RIMP environment (averaged over all stirrer positions), 

we have 

                      ( )
( )

2

2

3
a

t
E t =

E
                        (2.81) 

Actually, (2.81) implies the isotropy property in a well-stirred RC, which will be 

explained in Section 2.6.2. An example of PDP (in logarithm scale) measurement in the 

RC at the University of Liverpool in the frequency range 2.3 GHz – 2.5 GHz is shown 

in Figure 2.7. The least-square method is used to fit the slope of the curve (denoted by 
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1k ) by neglecting the early-time region and the noise floor [17]. Then we have 

                        
1

10

ln10
RC

k
 = −                            (2.82) 

RC  is closely related to important wireless channel parameters like the RMS delay 

spread for the time dispersiveness characterization, and the coherence bandwidth for 

the frequency selectivity evaluation [26], [27]. Therefore, it is usually desired to 

measure RC accurately and to further control its value by intentionally loading the RC 

in order to emulate different propagation scenarios [28], [29]. 

 

 

Figure 2.7: PDP measured in the RC at the University of Liverpool for extraction 

of chamber decay time. 

 

2.4.2 Scattering Damping Time 

The scattering damping time is defined as the characteristic time for the targets to scatter 

the wave at least once [30] – [32]. According to [25], [30], the unstirred power envelope 

( )
2

aE t  also decays exponentially with time: 

                 ( )
2

0

1 1
expa

RC s

E t P t
 

  
= − +   

  

                    (2.83) 
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where s  is the scattering damping time [30] – [32]. It can be seen from (2.83) that 

there are two reasons that cause the damping of ( )
2

aE t : 1) losses due to loadings 

inside the RC (which is reflected by RC ); 2) scattering of the EM field by the stirrers 

(which is reflected by s ). For an RC that meets operational requirements, energy (or 

power) should be effectively stirred before it decays and reaches the noise floor of the 

measurement instrumentation. Therefore, s   should be much smaller than RC   in 

value. Besides, s   is considered to be independent of the loading effect since it is 

already included in RC . Combining (2.80) and (2.83), we have 

                    
( )

( )

2

02
exp

a

s
a

E t t
P

E t 

 
= − 

 
                        (2.84) 

Now it is clear that s  describes how fast the unstirred power decays compared with 

the total power.  

 

 

Figure 2.8: Unstirred power envelope measured in the RC at the University of 

Liverpool for extraction of scattering damping time.  

 

An example of unstirred power envelope (in logarithm scale) measurement in the RC 

at the University of Liverpool in the frequency range 2.3 GHz – 2.5 GHz is illustrated 

in Figure 2.8. The least-square method is used to fit the slope of the curve (denoted by 
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2k ) by neglecting the early-time region and the noise floor. Then we have 

                      
2

10

ln10

RC s

RC s k

 

 
= −

+
                          (2.85) 

Combining (2.82) with (2.85), s  can be obtained as 

                       
( )1 2

10

ln10
s

k k
 =

−
                           (2.86) 

As can be viewed in Figure 2.7 and Figure 2.8, 
1 2k k . The time interval available 

for extracting 2k  is much shorter than that for 1k  (comparing the shaded regions in 

the two figures). In practice, this might introduce extra uncertainty, which causes the 

measurement result inaccurate. An alternative approach implemented in the frequency 

domain is introduced in [33], which can be used with the conventional time domain 

method for cross-validation.  

s   can be used for quantifying the total scattering cross section (TSCS) of the 

mechanical stirrers [30] – [32], [34], [35]. Furthermore, it can be used for characterizing 

the stirrer performance [25], [33] since it is independent of the chamber loading effect. 

 

2.5 Wiener-Khinchin Theorem for Channel 

Characterization in an RC 

In the field of signal processing, the well-known Wiener-Khinchin theorem (also known 

as the Wiener-Khinchin-Einstein theorem or the Khinchin-Kolmogorov theorem) 

describes that the ACF and the power spectrum of a wide sense stationary signal form 

a Fourier pair [36]. The Wiener-Khinchin theorem is valid provided that the Fourier 

transform exists. Essentially, the wireless channel is a function of time, delay, frequency, 

and spatial parameters such as angle of departure (AoD) and angle of arrival (AoA). 

Based on the Wiener-Khinchin theorem, several important quantities for characterizing 

the radio channel emulated in an RC can be interlinked [37] – [39].  
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2.5.1 Frequency Domain & Delay Domain 

 

 

(a) 

 
(b) 

Figure 2.9: Magnitude of the normalized ACF measured in the RC at the 

University of Liverpool with different loading conditions: (a) Different loadings. 

(b) Measurement results. 

 

For fixed transmitter-receiver pair, the channel impulse response of the RC is denoted 
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as ( ),h t  , where t  is the time domain indicating that the response is time-varying 

(e.g., rotate the mechanical stirrers to change the boundary conditions), and   stands 

for the delay domain. The corresponding frequency domain response is 

( ) ( ), ,H t f h t =    . Then the frequency domain ACF can be written as: 

               ( ) ( ) ( )*, , ,R t f H t f H t f f df
+

−
 = +                    (2.87) 

where f   is the frequency offset, and the superscript * is the complex conjugate 

operation. According to [26], [40], the ACF is closely related to the mode bandwidth 

and the coherence bandwidth which is used to evaluate the channel’s frequency domain 

selectivity.  

An example of ACF (in normalized magnitude) measurement in the RC at the 

University of Liverpool with different loading conditions in the frequency range of 3.3 

GHz – 3.5 GHz is shown in Figure 2.9. The result is averaged over 360 stirrer positions 

(so we denote it as ( ),
T norm

R t f ). When the value of ( ),
T norm

R t f  falls below 

a certain threshold [26], [37], the relevant reading of f   is the mode 

bandwidth/coherence bandwidth. It can be found in Figure 2.9 that different loadings 

result in different coherence bandwidths. Not surprisingly, the heavier the loading, the 

wider the coherence bandwidth. Hence, if the flat fading condition is required for a 

measurement task, the common practice is to strategically load the RC [28].  

By applying the Wiener-Khinchin theorem, we have 

              ( ) ( ) ( )
2

, , ,R t f h t PDP t   = =    
                (2.88) 

The PDP (in logarithm scale) corresponding to the ACF plots in Figure 2.9 is illustrated 

in Figure 2.10. The result is averaged over 360 stirrer positions. We can see that the 

heavier the loading, the sharper the slope of the profile, and the smaller the value of 

RC  (as well as the RMS delay spread) according to (2.82). More detailed explanations 

can be found in Section 2.4.1. Equation (2.88) establishes the important link between 

the frequency domain parameters like coherence bandwidth and the delay domain 

parameters like RMS delay spread [26], [37]. 
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Figure 2.10: PDP measured in the RC at the University of Liverpool with different 

loading conditions. 

 

2.5.2 Time Domain & Doppler Domain 

 

 

(a) 
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(b) 

Figure 2.11: Doppler spectrum measured in the RC at the University of Liverpool 

with different stirring scenarios: (a) The horizontal and vertical stirrer. (b) 

Measurement results [44]. 

 

In terms of the time domain, the ACF is defined as [41] – [44]: 

                ( ) ( ) ( )*, , ,R t f H t f H t t f dt
+

−
 = +                   (2.89) 

where t   is the time offset. It should be pointed out that the channel frequency 

response ( ),H t f   rather than the channel impulse response ( ),h t f   is used for 

calculating ( ),R t f  . The coherence time is defined as the time over which a 

propagating wave can be considered coherent (so that it can be predicted). Similar to 

the procedure of deriving the coherence bandwidth in Section 2.5.1, the coherence time 

can be determined by reading the corresponding t   value when the magnitude of

( ),R t f   falls below a certain threshold. In practice, the change of the channel 

response is usually realized by implementing multiple stirring techniques, e.g., rotating 

https://en.wikipedia.org/wiki/Time
https://en.wikipedia.org/wiki/Coherence_(physics)
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the mechanical stirrers continuously or stepwise. In this case, it could be of more 

interest to characterize the coherence angle of the stirrers rather than the coherence time. 

If we define ( ) ( ), ,G f H t f =     , where    denotes the Doppler frequency 

domain, then according to the Wiener-Khinchin theorem, 

             ( ) ( ) ( )
21 1, , ,R t f G f D f − −  = =    

             (2.90) 

where ( ) ( )
2

, ,D f G f =  is the Doppler spectrum at frequency f.  

An example Doppler spectrum measured in the RC at the University of Liverpool with 

three different stirrer scenarios at 2 GHz is shown in Figure 2.11 [44]. The stirrers are 

rotating continuously with a speed of 6 degrees per second. We can see that the larger 

the stirring volume, the broader the shape of the Doppler spectrum, and the larger the 

RMS Doppler spread which can be calculated using the following formula: 

                    
( )

( )

2 ,

,
rms

D f d

D f d

  


 

+

−

+

−

=



                       (2.91) 

As described above, the coherence time and the Doppler spread are inter-linked through 

equations (2.89) – (2.91). According to the property of the Fourier transform, since 

( ),R t f  and ( ),D f  form a Fourier pair, the higher the relative velocity between 

the source and the probe (in the context of the RC, this is equivalent to a higher angular 

speed of the mechanical stirrers), the wider the doppler spectrum, and the narrower the 

ACF in the time domain (thus the shorter the coherent time). By setting the stirrers 

(rotating speed, step size, stirring volume, etc.), the desired Doppler effect can be 

emulated in the RC, and the coherence time can be quantified accordingly to control 

whether it is fast fading or slow fading. In addition, the coherence time/coherence angle 

can also be used for determining the independent sample number [23], [45] – [48], 

which is important for estimating the measurement uncertainty. 

 

2.5.3 Spatial Domain & Angular Domain 

Statistically homogeneous, isotropic, and polarization balanced multipath channel is 

usually assumed inside the working volume of an RC [49]. However, a certain degree 
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of anisotropy is inevitable in practice due to the imperfect stirring process and 

unbalanced loading, especially when the operating frequency is low [50]. Besides, this 

anisotropy property can be further enhanced and utilized (e.g., strategically place the 

absorbers in the RC) to emulate more realistic multipath environments. In this case, it 

is of crucial importance to characterize the angular domain distribution (usually versus 

the azimuth) of the received power at a given frequency f. According to [51] – [56], the 

angular domain information can be derived from the spatial domain by using the 

Wiener-Khinchin theorem. The synthetic aperture measurement is usually used for 

improved angular resolution [53] – [56].  

Assume that the channel frequency response measured by the virtual array element at 

the position r   with fixed orientation and polarization is denoted as ( ),H fr  . The 

spatial domain ACF is given as [53]: 

                 ( ) ( ) ( )*, , ,R f H f H f d = +r r r r r                  (2.92) 

herein r   is the length offset which is a vector. The coherence length can be 

quantified based on ( ),R fr  . The Fourier transform of ( ),H fr   from the spatial 

domain (r ) to the wave vector domain ( k ) is defined as: 

                  ( ) ( ) ( ), , expP f H f j d= − k r k r r                   (2.93) 

Note that the wave vector domain is equivalent to the angular domain since the wave 

vector k  can be expressed based on the azimuth AoA   and the elevation AoA  : 

              ˆ ˆ ˆsin cos sin sin cosk k k    = − − −k x y z                 (2.94) 

Then according to the Wiener-Khinchin theorem, we have 

           ( ) ( ) ( )
21 1, , ,R f P f PWP f− −  = =    

r k k               (2.95) 

where ( ) ( )
2

, ,PWP f P f=k k  is called the power wavevector profile (PWP). If a 2-

D case is assumed (only the azimuth component is explicitly expressed, while the 

elevation component is included in the projected magnitude k  ), the PWP can be 

rewritten as ( ), ,PWP k f +   with ˆ ˆcos sink k = − −k x y  . Adding    to    is 

to map the arrival angle to the departure angle. Then the 2-D azimuth power angular 

profile (PAP) is defined as [53]: 
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                ( ) ( )
0

0
, , ,

k

PAP f PWP k f kdk  = +                  (2.96) 

where 0k  is the wavenumber in the free space. As can be seen from equation (2.96), 

the physical meaning of the integration with regard to k  is to average out the elevation 

components. Therefore, the instantaneous distribution of the received power against the 

azimuth AoA can be fully described by ( ),PAP f  .  

An example of PAP measurement is shown in Figure 2.12 [53]. The experiment is 

performed within an RC with dimensions 3.60 m × 4.27 m × 2.90 m. Synthetic-aperture 

measurement is adopted and the experimental setup is illustrated in Figure 2.12 (a). 

Measurement results are depicted in Figure 2.12 (b) at 2 GHz with six different stirrer 

positions (traces with different colors). Since each trace is for only one stirrer position, 

the anisotropy property can be clearly viewed, especially at lower frequencies. 

Essentially, the spatial domain corresponds to the distribution of EM modes (near field 

concept), while the angular domain corresponds to the plane waves (far-field concept). 

Therefore, the Wiener-Khinchin theorem also gives hints to the link between the near 

field and the far-field.  

 

 
(a) 
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(b) 

Figure 2.12: Power angular profiles measured at 2 GHz with different stirrer 

positions: (a) Schematic diagram of the measurement setup. (b) Measurement 

results [53]. 

 

2.6 Statistical Electromagnetics in an RC 

As aforementioned, an RC is based on an electrically large metallic cavity with a regular 

shape (usually rectangular). However, in practice, the assembly of mechanical stirrers 

with asymmetric geometry and other facilities with unknown scattering and absorbing 

properties inside the RC make the EM environment much more complex. Thus, it is too 

complicated and laborious to deterministically solve the mode distribution for every 

boundary condition, if not impossible. Besides, some well-known quantities in the 

context of the RC only have the statistical meaning [3], [5], [8]. Therefore, the statistical 

theory is not only important for the RC characterization but also for the RC-based 

measurement applications. 
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Figure 2.13: Geometry and Cartesian coordinates for modeling the plane wave 

spectrum. 

 

2.6.1 Plane Wave Spectrum Theory 

Within the operating frequency bands of the RC, it is assumed that the ergodic-mode 

case is statistically fulfilled. Equivalently, as for the angular domain, the number of 

plane waves generated inside the RC tends to approach infinite. The electric field E  

at the position ˆ ˆ ˆx y z= + +r x y z  can be decomposed into plane wave components with 

random amplitude, phase, polarization, and coming from arbitrary azimuth angle   

and elevation angle   with equal probability [3], [49], [57], [58]: 

                   ( ) ( ) ( )
4

exp j d


=   E r F k r                      (2.97) 
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Again, the phasor form is adopted and the ( )exp j t−  dependence is suppressed for 

notational convenience.   is the solid angle which ranges from 0 to 4 , and in the 

differential form it can be linked to   and   as sind d d   = . The definition of 

the wave vector k   has already been given in (2.94). ( )F   is called the angular 

spectrum which is used for representing the individual plane wave component (see 

Figure 2.13). In terms of the angular domain, ( )F  can be represented as: 

                    ( ) ( ) ( ) ˆˆF F  =  + F φ θ                       (2.98) 

The polarization components θ̂  and φ̂  are perpendicular to each other as well as to 

k . Both ( )F   and ( )F   are complex quantities that can be decomposed into 

two quadrature parts (i.e., real and imaginary): 

                    ( ) ( ) ( )r iF F jF   =  +                         (2.99) 

                    ( ) ( ) ( )r iF F jF   =  +                        (2.100) 

When the RC is used to generate the statistical EM field, ( )F   is regarded as a 

random variable. Independent random samples of ( )F  can be obtained by multiple 

stirring techniques (e.g., rotating the mechanical stirrers). According to [3], [58], the 

following statistical properties are valid if the RC is well stirred: 

                     ( ) ( ) 0F F  =  =                        (2.101) 

             ( ) ( ) ( ) ( )1 2 1 2 0r i r iF F F F     =   =                 (2.102) 

             
( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

1 2 1 2

1 2 1 2 0

r r i i

r i i r

F F F F

F F F F

   

   

  =  

  =   =
                (2.103) 

        
( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

1 2 1 2

1 2 1 2 1 2

r r i i

r r i i E

F F F F

F F F F C

   

    

  =  

  =   =  −
          (2.104) 

where   denotes the ensemble average over all individual samples, EC   is a 

constant with the unit of 
2 2/V m  which is proportional to the square of the electric 

field strength, and ( )  represents the Dirac delta function. (2.101) shows that each 

polarization component of the angular spectrum is of zero mean due to the superposition 

of rays arriving with random phases. Hence, the mean value of ( )F  should also be 
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zero. (2.102) indicates that the two quadrature parts of the same polarization component 

are uncorrelated, which is straightforward. (2.103) describes that the two polarization 

components are uncorrelated due to orthogonality. (2.104) tells us that angular spectrum 

components with different AoAs are uncorrelated since they have experienced different 

multiple random scattering paths. Based on (2.102) – (2.104), we can further deduce 

the following properties [3], [58]: 

                       ( ) ( )*

1 2 0F F   =                        (2.105) 

         ( ) ( ) ( ) ( ) ( )* *

1 2 1 2 1 22 EF F F F C      =   =  −          (2.106) 

 

2.6.2 Statistical Spatial Uniformity and Isotropy 

Properties in an RC 

Taking the ensemble average on both sides of equation (2.97) and applying (2.101) 

gives [3], [58] 

                ( ) ( ) ( )
4

exp 0j d


=    =E r F k r                  (2.107) 

which means ideally the mean of the total electric field ( )E r   is 0. The square 

magnitude of the total electric field ( )
2

E r  (which is a measure of the power or energy 

as shown in (2.59), (2.61)) can be expanded based on (2.97) as 

    ( ) ( ) ( ) ( ) ( ) ( )( )
2 * *

1 2 1 2 1 2

4 4

exp j d d
 

= =   −    E r E r E r F F k k r    (2.108) 

Similarly, taking the ensemble average on both sides of (2.108) and applying (2.105), 

(2.106) gives [3], [58] 

       

( ) ( ) ( ) ( )( )

( ) ( )( )

2 *

1 2 1 2 1 2

4 4

1 2 1 2 1 2

4 4

2

2 0

4

exp

4 exp

4 16

E

E E

j d d

C j d d

C d C E

 

 







=   −   

=  − −   

=  = 

 

 



E r F F k k r

k k r         (2.109) 

According to (2.109), for the ideal case in which the RC is well stirred, the mean-square 

magnitude of the electric field is a fixed value 2

0E , which is independent of the position 



 Chapter 2: Fundamental Theories for the Reverberation Chamber Characterization  

      P a g e | 56 
 

 

r . This proves the spatial uniformity property of the RC.  

In terms of the Cartesian coordinate, the total electric field can be expressed as 

     ( ) ( ) ( )ˆ ˆ ˆ ˆ ˆ ˆ
x y z xr xi yr yi zr ziE E E E jE E jE E jE= + + = + + + + +E x y z x y z       (2.110) 

Each rectangular component of E  is a complex value that consists of two quadrature 

parts. The r  dependence is suppressed hereafter for notational convenience. Again, 

based on (2.101) – (2.104), the following statistical properties can be derived [3] 

                       0x y zE E E= = =                        (2.111) 

             0xr xi yr yi zr ziE E E E E E= = = = = =             (2.112) 

Accordingly, the square magnitude of the total electric field is 

    
2 2 22 2 2 2 2 2 2

x y z xr xi yr yi zr ziE E E E E E E E E= + + = + + + + +E      (2.113) 

and we can obtain the following statistical properties [3] 

                    

2
22 2 0

3
x y z

E
E E E= = =                  (2.114) 

       

2
2 22 2 2 2 0

6
xr xi yr yi zr zi

E
E E E E E E= = = = = =       (2.115) 

(2.114) and (2.115) indicate that the mean-square values of the rectangular components 

of the electric field are identical and do not change with the direction of the axes, which 

proves the isotropy property of the RC. The statistical spatial uniformity and isotropy 

properties of the magnetic field are similar to that of the electric field and are omitted 

here. By combining (2.59), (2.61), and (2.109), the energy density and the power 

density can be represented in terms of 2

0E  as 

                             2

0W E=                            (2.116) 

                             
2

0
c

E
S


=                            (2.117) 

 

2.6.3 Statistical Distributions of the Field and Power 

For the rectangular components of the electric field, since the waves are superimposed 

with random amplitude, phase, polarization, and AOAs, the CLT [59] can be applied to 
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obtain the Gaussian distribution for each quadrature part. With the knowledge of (2.112) 

and (2.115), the corresponding probability density function (PDF) can be derived as [58] 

– [60] 

       ( ) ( )
2

* * 2

1
exp

22
r i

x
PDF E PDF E



 
= = − 

 
, *rx E=  or *iE      (2.118) 

where   can be x, y, or z, and 

        

2
2 2 2 22 0

* * * * * *
6

r r i i r i

E
E E E E E E = − = − = = =      (2.119) 

That is, *rE   and *iE   are i.i.d random variables following a Gaussian distribution 

with 0 mean and standard deviation  .  

 

 

Figure 2.14: Distributions of the real and imaginary parts of the measured electric 

field component and the corresponding theoretical Gaussian PDF at 3.5 GHz. 

 

An example of the electric field component measurement is conducted in the RC at the 

University of Liverpool using a vector network analyzer (VNA). The operating 

frequency is 3.5 GHz. Note that the transmission coefficient ( 21S  ) measured by the 

VNA is equivalent to an arbitrary component of the electric field (but is normalized by 

its output). In total, 360 field samples are collected using mechanical stirring. The 

histograms of the real and imaginary parts of the measured samples and the theoretical 

Gaussian PDF directly calculated by (2.118) are illustrated in Figure 2.14. Relevant 
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parameters in (2.118) are estimated by the MLE. It can be found that the real and 

imaginary parts follow identical distribution, and there is a good agreement between 

the measured data and the theoretical Gaussian PDF curve. 

The magnitude of an arbitrary rectangular component of the electric field 
*E  is Chi 

distributed with 2 degrees of freedom (or equivalently, Rayleigh distributed). The PDF 

is shown below [59]: 

                 ( )
2

* 2 2
exp

2

x x
PDF E

 

 
= − 

 
, 

*x E=               (2.120) 

with mean 
2


  and standard deviation 

2

2




−
. An example of the distribution of 

*E   measured in the RC at the University of Liverpool at 3.5 GHz and the 

corresponding theoretical Rayleigh PDF (2.120) is shown in Figure 2.15. Again, good 

agreement between the measured samples and the theoretical PDF can be obtained. 

Thus, 
*E  follows a Rayleigh distribution. 

 

 

Figure 2.15: Distribution of the magnitude of the measured electric field 

component and the corresponding theoretical Rayleigh PDF at 3.5 GHz. 

 

The phase of the rectangular component of the electric field *E  follows a uniform 

distribution from −  to   with the following PDF: 
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The magnitude of the total electric field E  follows a Chi distribution with 6 degrees 

of freedom [61]: 

                ( )
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−
.  

The square magnitude of an arbitrary rectangular component of the electric field 
2

*E  

is related to the power (or energy) of the signal, and follows a Chi-square distribution 

with 2 degrees of freedom (or equivalently, Exponential distribution) which has the 

following PDF: 

               ( )2

* 2 2

1
exp

2 2

x
PDF E

 

 
= − 

 
, 

2

*x E=               (2.123) 

 

 

Figure 2.16: Distribution of the square magnitude of the measured electric field 

component and the corresponding theoretical Exponential PDF at 3.5 GHz. 

 

with mean 
22  and standard deviation 

22 . An example of the distribution of 
2

*E  
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measured in the RC at the University of Liverpool at 3.5 GHz and the corresponding 

theoretical Exponential PDF (2.123) are shown in Figure 2.16. Experimental evidence 

proves that 
2

*E  follows an Exponential distribution. 

Based on (2.123) and the additive property of the Chi-square distributed random 

variable, the square magnitude of the total electric field 
2

E  also follows a Chi-square 

distribution with 6 degrees of freedom [61]: 

               ( )
2 2

2

6 2
exp

16 2

x x
PDF

 

 
= − 

 
E , 

2
x = E               (2.124) 

with mean 
26  and standard deviation 

2

12


. 

 

2.7 Summary 

In this chapter, fundamental theories for the basic characterization process of an RC 

were introduced from both physical and mathematical points of view. Specifically, in 

Section 2.2, the resonant cavity model for an arbitrary rectangular-shaped cavity was 

presented, and the LUF of the RC with the same dimensions was determined 

accordingly. For all experimental validations of the novel works in Chapter 3 – 5, the 

frequencies of operation were chosen to be well above the LUF of the RC to ensure that 

the results are rigorous and convincing. In Section 2.3, the Q factor, which is an 

important parameter for RC characterization, was introduced. In Chapter 3, the time 

domain method for calculating the chamber decay constant is essentially based on the 

finite Q of the RC. The reference substitution method for TRP measurement and the 

corresponding analytical uncertainty model proposed in Chapter 4 is only valid if Q is 

kept unchanged. In Chapter 5, the change of the insertion loss as a function of the 

frequency can be clearly explained by decomposing Q. In section 2.4, two time domain 

parameters were introduced. Losses due to loadings inside the RC (Chapter 3 and 

Chapter 5), and scattering of the EM field by the stirrers (Chapter 3) can be well 

characterized in the time domain. In section 2.5, channel characterization in the RC in 

different domains were interlinked by using the Wiener-Khinchin theorem. In Chapter 

3, the proposed frequency domain method for calculating the scattering damping time 
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is derived from the relationship from the unstirred power envelope and the FD-ACFUS. 

In Chapter 4, the number of independent stirrer positions and independent frequency 

points can be determined based on the corresponding ACFs or power profiles. In section 

2.6, the statistical model of an RC was elaborated based on the plane wave spectrum 

theory. In Chapter 3, the statistical model is used for the uncertainty analysis of the 

scattering damping time. In Chapter 4, the MLE of the average Rician K-factor is 

derived based on the ratio of two Chi-square distributions. In Chapter 5, the theoretical 

HUF model is based on the statistical distributions of the average power of the desired 

received signal and the corresponding average noise power. 
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Chapter 3 A Novel Method for Scattering 

Damping Time Extraction and Stirrer 

Performance Characterization 

 

In this chapter, to characterize the stirrer performance of an RC in a more reliable and 

efficient way, a novel frequency domain method based on two ACFs is proposed for 

calculating the scattering damping time.  

 

3.1 Introduction 

The scattering damping time ( s ) is defined as the characteristic time for the targets to 

scatter the wave at least once [1]. In the context of an RC, s  gives an indication about 

how fast its assembled mechanical stirrers can scatter the EM waves excited by a 

transmitting antenna [2]. For a well-designed RC, its assembled stirrers usually occupy 

a significant fraction of the RC dimensions. Consequently, if a signal trace is stirred by 

the stirrers once, it is more likely that it will interact with the stirrers (not necessarily 

the same part) multiple times before it finally reaches the receiving antenna. s  is 

closely related to the equivalent TSCS [1], [3] – [6], which is a widely used parameter 

to quantify the geometry and movement properties of the stirrers assembled in an RC. 

More importantly, the stirrer efficiency can be defined based on s  so that it is 

independent of the amount of extra loading or the position of the measurement antennas 

[7]. In this way, the reliable and repeatable stirrer performance characterization of an 

RC can be achieved. Stirrers with higher stirrer efficiency can provide better field 

uniformity [8], [9], more independent samples [10], and improved uncertainty [11] for 
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various RC-based measurement applications [12]. 

Conventionally, s  is extracted based on the slopes of two types of time domain 

responses, namely the PDP [13] and the unstirred power envelope [1], on a logarithmic 

scale. Therefore, it is necessary to perform the IFT to convert S-parameters measured 

from the VNA into the time domain. Feasible as it is, this commonly used method 

suffers from several limitations, which results in additional sources of errors. Firstly, 

the ranges of the time domain responses used for the least square fitting are selected 

empirically [13], and the error that arises from this procedure becomes more prominent 

for the s  measurement in which the stirrer itself is the object under test (OUT). 

Secondly, the noise level of the late-time response is relatively high during the s  

measurement (e.g., only about 15 dB dynamic range for the measurement scenario in 

[6]), which could reduce the available measurement range. Thirdly, the number of 

samples required is the same as that of the original frequency response obtained from 

the VNA, regardless of the desired resolution bandwidth [14]. 

In this chapter, based on two types of ACFs) defined in (3.1) and (3.14) and the Wiener-

Khinchin theorem [15], we show that s  can be directly extracted from the relevant 

threshold frequency offset values, and no IFT operation is required. Therefore, the 

abovementioned limitations and assumptions in the conventional method are eliminated. 

On the other hand, the main merits of the conventional method, such as independent of 

the total efficiency of the measurement antennas, are maintained. A more reliable stirrer 

performance characterization process of an RC can be achieved by applying the 

proposed ACF-based method.  

The rest of this chapter is organized as follows. The mathematical deduction of the 

proposed ACF-based method for the measurement of s  is given in Section 3.2. 

Section 3.3 elaborates the experimental setup and preparations. Section 3.4 presents 

comparisons of the measurement results using the IFT-based and ACF-based methods 

under different scenarios, including two frequency bands and three stirrer 

configurations. Discussions are also given in Section 3.4. Finally, Section 3.5 

summarizes the work done in this chapter.  
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3.2 Theory 

Let ( )21S ,f n  be the complex transmission coefficient measured at a mechanical 

stirrer position n and frequency f. By definition, the frequency domain ACF (FD-ACF) 

( ),R f n  can be calculated using 

                 ( ) ( ) ( )*

21 21, , ,R f n S f n S f f n df
+

−
 = +                 (3.1) 

where f  stands for the frequency offset of the FD-ACF, and *  is the complex 

conjugate operation. For practical measurement scenarios, the frequency band of 

interest is limited, and the integration interval in (3.1) is substituted by a finite region.  

According to the Wiener-Khinchin theorem [15], the FD-ACF and the time domain 

PDP essentially constitute a Fourier pair as follows  

           ( ) ( ) ( )
22 2

21, , ,j ft j ftR f n PDP t n e dt s t n e dt 
+ +

−  − 

− −
 = =          (3.2) 

where ( )21 ,s t n  is the time domain transmission coefficient from Antenna 1 to 

Antenna 2 at one stirrer position, which is the IFT of ( )21S ,f n  

                     ( ) ( ) 2

21 21, , j fts t n S f n e df
+

−
=                     (3.3) 

and ( )
2

21 ,s t n  is the corresponding PDP. Averaging both sides of (3.2) with all N 

stirrer positions (covering a complete revolution) gives 

                  ( ) ( ) 2, , j ft

N N
R f n PDP t n e dt

+
− 

−
 =                (3.4) 

Provided that the early-time behavior of the RC is neglected, it is proven in [13] that 

                ( ) ( )
2

21 0, , RC

t

N
N

PDP t n s t n Pe


−

= =  0t              (3.5) 

where  denotes the ensemble average over multiple stirrer positions, 0P  is the 

normalized initial power when t = 0 and RC  means the chamber (decay) time constant. 

Simplifying the indefinite integral in (3.4) based on (3.5) and normalizing the 

magnitude to its peak value (when 0f = ) gives [13]  
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                    ( )
( )

2

1
,

1 2
N norm

RC

R f n
f

 =
+ 

                (3.6) 

where 
norm

 means taking the absolute value and normalizing to the peak value. If a 

threshold value 
1

2
 is set in (3.6) [16], we can get 

                           
1

2
RC

thf



=


                            (3.7) 

where thf  is the reading of the frequency offset when the value of ( ),
N norm

R f n  

drops to 
1

2
. Note that (3.7) directly relates RC  to the FD-ACF.  

According to the two definitions (from different perspectives) of the Q factor for an RC 

given in [17]  

                          RC

f
Q

f
= =


                          (3.8) 

where f  is the average mode bandwidth due to different sources of power loss 

leading to finite Q, and   is the angular frequency. By substituting (3.8) into (3.7), 

we obtain thf f =  , which is the actual physical meaning of thf  [18]. 

Further investigation into ( )21S ,f n  shows that it consists of two parts [11] 

                   ( ) ( ) ( )21 21, 21,, ,s usS f n S f n S f= +                    (3.9) 

where ( )21, ,sS f n  is the stirred part that efficiently interacts with the stirrer position n, 

and ( )21,usS f  is the unstirred part which is defined as [11] 

                      ( ) ( )21, 21 ,us N
S f S f n=                       (3.10) 

The following equation can be derived based on (3.3) and (3.10) 

                   ( ) ( ) 2

21 21,, j ft

usN
s t n S f e df

+

−
=                     (3.11) 

which indicates that ( )21,usS f  and ( )21 ,
N

s t n  together form a Fourier pair. In [1], 

it is given that 

                     ( )
2

21 , eq

t

oN
s t n P e


−

=   0t                       (3.12) 
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with 

                           
1 1 1

eq RC s  
= +                           (3.13) 

where s  is the scattering damping time. From (3.5), (3.12), and (3.13), it can be seen 

that s  essentially describes how fast the unstirred power is dissipated relative to that 

of the total excitation power (for more details, please see Section 2.4.2 

). 

Similar to equation (3.1), we can define the ACF-based on the unstirred power (or FD-

ACFUS for simplicity), which is given as follows 

                  ( ) ( ) ( )*

21, 21,us us usR f S f S f f df
+

−
 = +                (3.14) 

Again, based on the Wiener-Khinchin theorem, the following Fourier pair can be 

derived 

                   ( ) ( )
2

2

21 , j ft

us N
R f s t n e dt

+
− 

−
 =                  (3.15) 

Substituting (3.12) into (3.15) and normalizing the magnitude to its peak value gives 

                     ( )
( )

2

1

1 2
us norm

eq

R f

f

 =

+ 

                  (3.16) 

If we also set a threshold value 
1

2
 to equation (3.16), then we obtain 

                     
2

1 1 1 1

2 2
th

eq RC s

f
   

 
 = = + 

 
                   (3.17) 

where 2thf  is the reading of the frequency offset when the value of ( )us norm
R f  

reduces to 
1

2
. Combining (3.7) and (3.17) to give 

                         
( )2

1

2
s

th thf f



=

 −
                       (3.18) 

Thus, s  is extracted directly in the frequency domain from the FD-ACF and FD-

ACFUS, and no IFT operation is needed. It is worth emphasizing that there is no explicit 

term related to radiation efficiency or free space impedance in equation (3.18), which 

indicates that this method does not require prior knowledge for the measurement 
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antennas. 

3.3 Experimental Setup and Preparations 

 

 
(a) 

 
(b) 

Figure 3.1: Typical experimental setup: (a) Practical measurement scenario. (b) 

Schematic diagram showing the two stirrers and two antennas. 
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The RC at the University of Liverpool (with dimensions 3.60 m (w) × 5.80 m (l) × 4.00 

m (h)) was used for measurements [17]. A typical chamber measurement setup is 

illustrated in Figure 3.1 (a). The chamber is furnished with two computer-controlled 

mechanical stirrers. The receiving antenna (SATIMO SH 2000) was placed at a fixed 

location (point “R” in Figure 3.1 (b)) with unchanged orientation (towards the vertical 

stirrer), polarization (vertical polarization), and height (0.77 m). In contrast, the 

transmitting antenna (Rohde & Schwarz HF 906), with 1.40 m in height, was fixed at 

point 9 in Figure 3.1 (b) facing the horizontal stirrer with horizontal polarization. Before 

each measurement, a standard 2-port calibration was performed to move the reference 

plane (RP) from the output ports of the VNA to the input ports of Antenna 1 and 

Antenna 2. Throughout the whole experimental procedure, the intermediate frequency 

(IF) bandwidth was chosen to be 10 kHz as a compromise between the noise floor level 

and the measurement time. The output power was set to -3 dBm. During each 

measurement, the stirrers were moved in mode-tuning mode with 1  step size to 360 

positions to cover a complete revolution. At each stirrer position, a 200 MHz frequency 

band (giving a 5 ns time domain resolution) was swept with 1601 21S  samples, which 

corresponds to a 125 kHz sampling interval or an 8 μs time period, which is long enough 

to avoid the aliasing effect. 

Subsequently, the central 100 MHz was used for RC  and s  extraction. The reason 

for doing this is to emphasize the function of the frequency domain moving filtering 

window, which is necessary, especially in wideband measurement scenarios like the 5G 

mm-wave band characterization, to select narrower sub-bands for improved resolution 

of the quantity to be measured. For the proposed ACF-based approach, samples outside 

the moving window can be discarded. In contrast, for the conventional IFT-based 

method, a relatively complex bandpass filter (BPF) (Elliptic, Gaussian, etc.) is generally 

required, and the number of samples needed is the same as that of the initial frequency 

response obtained from the VNA despite the actual frequency resolution. 

Frequency samples of the stirred ( 21S ) and unstirred ( 21,usS ) responses used for the ACF-

based and IFT-based methods for 200 MHz bandwidth (2.3 GHz – 2.5 GHz) and 100 

MHz (2.35 GHz – 2.45 GHz) resolution are shown in Figure 3.2 for details. It can be 

seen that the unstirred power is around 15 dB lower than the original power. Figure 3.2 
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also indicates that for the IFT-based method, although only the frequency range of 2.35 

GHz – 2.45 GHz is of interest, all the 1601 points are required in order to perform the 

IFT correctly. In contrast, the proposed method only needs 961 points (60% of the IFT-

based method) by considering a 10 MHz frequency offset band (80 points) on both sides, 

which saves storage and computational resources. It is also flexible to adjust the width 

of the offset band to adapt to different situations. However, this offset band is small 

compared to the whole bandwidth of the frequency response in practical cases. 

 

(a) 

 

(b) 

Figure 3.2: Frequency samples used for ACF-based and IFT-based methods for 

200 MHz bandwidth (2.3 GHz – 2.5 GHz) and 100 MHz (2.35 GHz – 2.45 GHz) 

801 Points 80 Points 80 Points 

1601 Points 

801 Points 80 Points 80 Points 

1601 Points 
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resolution: (a) S21. (b) S21,us. 

Moreover, the scenario mentioned above will be more prominent for wideband 

measurement with much more frequency samples, while a specific frequency resolution 

is still required for the parameters to be calculated.  

In the next section, two sets of experiments are conducted in order to verify the 

proposed approach. Firstly, measurements are repeated at two different frequency 

bands: the lower band (2.3 GHz – 2.5 GHz) and the higher band (5.8 GHz – 6.0 GHz) 

to check if it is sensitive to the frequency of operation. Secondly, three different stirrer 

configurations (case 1: with both the horizontal stirrer and the vertical stirrer rotating 

simultaneously; case 2: with the horizontal stirrer only; case 3: with the vertical stirrer 

only) are examined to evaluate if it is sensitive to stirrers used. For each measurement, 

the traditional IFT-based method is also performed for comparison purposes, and a 10th 

order elliptic BPF with 100 MHz bandwidth, 0.5 dB passband ripple, and 60 dB 

stopband attenuation is used. As aforementioned, s  is closely related to the 

equivalent TSCS and the stirrer efficiency, and these two quantities can be used to 

verify the proposed method. The equivalent TSCS is, by definition, linked to s  by 

the following equation [1]: 

                            
0s

V
TSCS

c
=                          (3.19) 

where V is the volume of the RC, and 0c  is the speed of the light in free space. The 

stirrer efficiency is defined based on s  in [7] as 

                        
3

s

0

12
1 exp

s

V

c




 
= − −  

 

                      (3.20) 

In order to quantify the difference between the parameters obtained using the IFT-based 

method and the proposed ACF-based method, the following relative discrepancy 

(described in percentage) is defined 

                      ( ) 100%
ACF IFT

r

ACF

x x
D x

x

−
=                     (3.21) 

where x is the measured quantity, e.g., s , TSCS , and s . 
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3.4 Measurements and Discussions 

 

3.4.1 Two Different Frequency Bands 

 

 
(a) 

 
(b) 

Figure 3.3: Extracting τRC in the frequency range 2.3 GHz – 2.5 GHz: (a) IFT-

based method. (b) ACF-based method. 

 

In this scenario, the horizontal and vertical stirrers are rotated simultaneously in mode-

X: 0.107

Y: 0.707
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tuning mode. RC  extraction in the 2.3 GHz – 2.5 GHz range is illustrated in Figure 

3.3. Figure 3.3 (a) represents the IFT-based approach. The green curve stands for PDP 

at one arbitrary stirrer position, and the blue curve is the averaged PDP over all 360 

stirrer positions. The red dashed line is the least-square fitted result which can be 

formulated as 

                     ( )10 110log ,
N

PDP t n k t b= +                    (3.22) 

with ( )1 10 / ln10RCk = −  the slope of the fitted line, and 10 010logb P=  the initial 

power condition. The time region 250 ns – 6000 ns is chosen for linear curve fitting. 

Result gives 
6

1 2.98 10k = −  , or equivalently, , 1459RC IFT =  ns.  

The ACF-based method is depicted in Figure 3.3 (b). The blue curve stands for the FD-

ACF at one arbitrary stirrer position, and the red curve is the averaged FD-ACF over 

all 360 stirrer positions. thf  defined in (3.7) can be read from the abscissa value of 

the intersection point between the FD-ACF and the black dashed threshold line. Cubic 

spline interpolation [19] can be used to increase the density of points (the green dashed 

line in Figure 3.3 (b)) of the FD-ACF. As can be seen, 107thf =  kHz, which 

corresponds to , 1487RC ACF =  ns. Note that using only one arbitrary stirrer position 

tends to underestimate thf , as can be observed in the zoomed-in subplot in Figure 3.3 

(b). Equivalently, this results in a 1.2% overestimation of 
,RC ACF . Not surprisingly, 

further studies indicate that this relative discrepancy gradually reduces as the number 

of stirrer positions increases. Specifically, when 20 independent stirrer positions are 

used, the corresponding relative discrepancy is reduced to less than 0.5%. 

Similarly, Figure 3.4 demonstrates the s  extraction procedure for the 2.3 GHz – 2.5 

GHz band. The IFT-based method is illustrated in Figure 3.4 (a). The blue curve is the 

unstirred power envelope when the transmitting antenna is fixed at position 9 (as shown 

in Figure 3.1 (b)). The red dashed line is the least-square fitted result, given by  

                     ( )
2

10 21 210log ,
N

s t n k t b= +                    (3.23) 

where ( )2 10 / ln10eqk = −  is the slope of the fitted line. Comparing Figure 3.4 (a) 

with Figure 3.3 (a), it can be found that the damping speed of the unstirred power 

envelope is much faster than that of the PDP. Consequently, a much smaller time 
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interval (50 ns – 450 ns) should be selected for the least-square fitting process. The 

slope 2k  can be extracted accordingly (
75.41 10−  ), giving , 80eq IFT =  ns and 

, 85s IFT =  ns according to (3.13).  

 

 

(a) 

 

(b) 

Figure 3.4: Extracting τs  in the frequency range 2.3 GHz – 2.5 GHz: (a) IFT-

based method. (b) ACF-based method. 

 

Figure 3.4 (b) shows the corresponding ACF-based method. 2 2111thf =  kHz is 

X: 2.111

Y: 0.707
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directly read from the FD-ACFUS curve, giving , 79s ACF =  ns according to (3.18). 

Note that an asymmetric pattern can be observed when the absolute value of f  is 

greater than 4 MHz.  

Table 3-I lists a detailed comparison of s , TSCS  and s  obtained using both the 

IFT-based and the ACF-based methods. In both cases, more than 3 
2m  TSCS  (3.28 

2m  and 3.52 
2m , respectively) can be obtained with nearly 90% stirrer efficiency, 

indicating satisfactory stirrer performance and field uniformity within the RC. Since 

the stirrer itself is the OUT during the s  measurement, the fluctuation level of the 

unstirred power envelope is much larger than that of the averaged PDP, which makes 

the least-square fitting procedure more difficult and prone-to-error. Combining with 

other stirring techniques such as source stir could reduce the measurement uncertainty, 

but at the expense of much more data to be measured and much longer measurement 

time. Another factor that limits the available fitting range for s  extraction is its 

reduced signal dynamic range compared to that of Figure 3.3 (a). This is due to the fact 

that the unstirred power is usually much smaller than the stirred power for a well-stirred 

RC. Increasing the excitation power of the source or improving the sensitivity of the 

measurement system might levitate this problem. 

In contrast, for the ACF-based method, thf  and 2thf  can be obtained easily and 

straightforward. According to the last column of Table 3-I, relative discrepancies of the 

three measured quantities are acceptably small (no more than 8%), verifying that the 

proposed approach is an effective alternative to the conventional IFT-based method but 

with fewer limitations and assumptions. 

 

Table 3-I: Comparison of parameters obtained using IFT and ACF methods in the 

frequency range 2.3 GHz – 2.5 GHz 

Parameter IFT-based ACF-based Relative Discrepancy 

𝜏𝑠 (ns) 85 79 7.6% 

𝑇𝑆𝐶�̃� (𝑚2) 3.28 3.52 6.8% 

𝜂𝑠 (%) 87.2 89.1 2.1% 
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To elaborate the effect of manually selecting the time region t on 
,s IFT  extraction, t is 

first characterized by two parameters: the start time (represented by 1t ) and the stop 

time (denoted by 2t ). The extracted 
,s IFT  can hence be regarded as a function of 1t  

and 2t , as illustrated in Figure 3.5 (a). The 3D surface, rendered by the parula colormap, 

covers 
,s IFT  values for 1t  ranging from 30 ns to 70 ns and 2t  ranging from 350 ns 

to 550 ns. The 3D histogram highlights the region that the corresponding 
,s IFT  values 

are within 10% relative discrepancy compared with 
,s ACF . The red curve is for 1t =50 

ns, while the black curve is for 2t =450 ns, and the intersection of the two curves 

represents the time region adopted in this work for 
,s IFT  calculation. It can be seen 

that 
,s IFT  is more susceptible to 1t  than 2t  within the time region of interest. 

Especially when 1t  is smaller than 40 ns, 
,s IFT  will rapidly surge to around 150 ns, 

nearly twice the original value. This is because that a small 1t  value may include the 

early time region into slope computation. In contrast, a large 2t  value may include the 

noise floor region into the slope computation. 

 

 

(a) 
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(b) 

Figure 3.5: (a) τs,IFT as a function of t1 and t2. (b) The contour representation of 

the PDF of t=[t1,t2]T and 100 randomly generated samples. 

 

Next, to emulate human behavior when selecting the time region,  1 2,
T

t t t=  is 

modeled as a random vector that follows Gaussian distribution as specified in (3.24):  

( ),t N    

                            1 2, 50,450
T T

  = =                   (3.24) 

2

1 1 2

2

1 2 2

25 45

45 900

  

  

   
 = =   

  
 

where   is the mean vector (with unit ns),   is the covariance matrix, 1  (5 ns) 

and 2   (30 ns) are the standard deviations of the corresponding variables, and 

0.3 =  is the correlation coefficient. The contour representation of the PDF of t  is 

shown in Figure 3.5 (b) with 100 randomly generated samples. The result shows that 

only 34 out of these 100 samples give 
,s IFT  within 10% relative discrepancy to 

,s ACF  

in value.  
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(a) 

 

(b) 

Figure 3.6: Extracting τs  in the frequency range 5.8 GHz – 6.0 GHz: (a) IFT-

based method. (b) ACF-based method. 

 

For the 5.8 GHz – 6.0 GHz band, details for obtaining RC  are omitted for the sake of 

simplicity, with results listed as , 1201RC IFT =  ns and , 1179RC ACF =  ns. Figure 3.6 

depicts the s  extraction processes. The 10 dB drop of the signal level shown in Figure 

3.6 (a) compared to that in Figure 3.4 (a) is due to increased path loss for the higher 

frequency band. Following the same procedures as the previous measurement, it can be 

X: 1.626

Y: 0.707
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obtained that 
7

2 4.79 10k = −   and 2 1626thf =  kHz, which correspond to , 98s IFT =  

ns and , 107s ACF =  ns, respectively. 

According to Table 3-II, there is reasonable concordance between the measured results 

using two methods (relative discrepancy figures are all below 10%). Compared with 

Table 3-I, values of s  calculated at the higher band are larger than that at the lower 

band, leading to smaller TSCS  and lower s  (below 85%).  

 

Table 3-II: Comparison of parameters obtained using IFT and ACF methods in 

the frequency range 5.8 GHz – 6.0 GHz 

Parameter IFT-based ACF-based Relative Discrepancy 

𝜏𝑠 (ns) 98 107 8.4% 

𝑇𝑆𝐶�̃� (𝑚2) 2.84 2.60 9.2% 

𝜂𝑠 (%) 83.2 80.5 3.4% 

 

This finding can be validated by utilizing the enhanced backscattering coefficient [20], 

which is defined as 

                 

( ) ( )

( )

2 2

11, 22,

2

21,

, ,

,

s s
N N

b

s
N

S f n S f n

e
S f n

=                 (3.25) 

where ( )*, ,sS f n  is the stirred part of the transmission or reflection coefficients, and 

* can be 11, 22, and 21, respectively. Theoretically, be  equals 2 for an RC working 

in the ideal homogeneous, isotropic, and polarization balanced condition. Deviation of 

be  from its theoretical value manifests the degradation of spatial uniformity. According 

to Figure 3.7, the mean value of be  (denote as be ) at the lower band is 2.05, which 

implies better spatial uniformity performance than that of the higher band case where 

2.15be = . This is consistent with the s  measurement results.  
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(a) 

 

(b) 

Figure 3.7: Measured eb for RC characterization: (a) 2.3 GHz – 2.5 GHz. (b) 5.8 

GHz – 6.0 GHz. 

 

3.4.2 Three Different Stirrer Setups 

The frequency band was fixed at 2.3 GHz – 2.5 GHz in this scenario. In addition to the 

stirrer configuration adopted in Section 3.4.1 (both the horizontal stirrer and the vertical 

stirrer rotating simultaneously), two more stirrer setups were implemented.  
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(a) 

 

(b) 

Figure 3.8： Extracting τs in the frequency range 2.3 GHz – 2.5 GHz with only 

the horizontal stirrer: (a) IFT-based method. (b) ACF-based method. 

 

Firstly, only the horizontal stirrer was rotated while the vertical stirrer was kept still. It 

is apparent that the signal shown in Figure 3.8 (a) decays much slower than that of 

Figure 3.4 (a). Hence a longer time interval (50 ns – 600 ns) should be chosen for linear 

fitting. The resultant ,s IFT  is 148 ns as derived from the slope value (
7

2 3.24 10k = −  ). 

X: 1.258

Y: 0.707
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The ACF-based method, in contrast, does not require any modification. 2 1258thf =  

kHz read from Figure 3.8 (b) gives , 139s IFT =   ns. Then we halted the horizontal 

stirrer and rotated the vertical stirrer instead. Details are omitted here. 

Measurement scenarios are summarized in Table 3-III and Table 3-IV, respectively. 

Not surprisingly, the two stirrer setups provide similar TSCS  (around 2 
2m ) because 

the two mechanical stirrers have a similar physical size, and they rotate in the same 

manner about a fixed axis. Overall, the IFT-based method and the proposed ACF 

method are in good agreement regarding measured parameters. It is interesting to note 

that the sum of the TSCS  of the two single-stirrer scenarios is slightly larger than that 

of the two-stirrers case. This is because, for the two-stirrers scenario, the horizontal 

stirrer and the vertical stirrer were rotated simultaneously, which further limits the 

freedom of movement to some extent. 

 

Table 3-III: Comparison of parameters obtained using IFT and ACF methods with 

the horizontal stirrer only in the frequency range 2.3 GHz – 2.5 GHz 

Parameter IFT-based ACF-based Relative Discrepancy 

𝜏𝑠 (ns) 148 139 6.5% 

𝑇𝑆𝐶�̃� (𝑚2) 1.88 2.00 6.0% 

𝜂𝑠 (%) 69.3 71.6 3.2% 

 

Table 3-IV: Comparison of parameters obtained using IFT and ACF methods with 

the vertical stirrer only in the frequency range 2.3 GHz – 2.5 GHz 

Parameter IFT-based ACF-based Relative Discrepancy 

𝜏𝑠 (ns) 133 138 3.6% 

𝑇𝑆𝐶�̃� (𝑚2) 2.09 2.02 3.5% 

𝜂𝑠 (%) 73.2 71.9 1.8% 
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3.5 Conclusion 

In this chapter, to accurately characterize the stirrer performance of an RC, a novel 

frequency domain approach for extracting s   based on the FD-ACF and the FD-

ACFUS has been presented. In this manner, the IFT operation, which is necessary for 

the currently widely used time domain method, can be omitted. Theoretical derivation 

of the proposed method has been given, and experimental validations have been 

performed for both the 2.3 GHz – 2.5 GHz and 5.8 GHz – 6.0 GHz bands, as well as 

three different stirrer configuration scenarios. While in general s  , TSCS̃  and η
s
 

extracted by the two methods are in good agreement, it has been demonstrated the 

proposed frequency domain method can provide more stable and reliable results since 

it has a wider dynamic range and eliminates the procedure of manually selecting the 

fitting range. 

So far, no analytical expression has been derived for calculating the ground-truth value 

of s , except for a relatively loose lower boundary which is derived based on the upper 

limit of TSCS̃ given in [5] 

                              
0

4LB

s

s

V

A c
 =                           (3.26) 

where the superscript 
LB

 represents the lower bound, and sA  stands for the stirring 

surface area. For instance, the total sA  of the two mechanical stirrers installed inside 

the RC at the University of Liverpool is roughly 8 2m , which gives 14LB

s   ns. It 

can be seen that this lower bound is significantly smaller than s  values calculated in 

this chapter. In order to obtain more credible s  value, the conventional IFT-based 

method and the proposed ACF-based method can be performed simultaneously for 

cross-validation.  

Effective as it is, the ACF-based method also has its limitations. Firstly, it needs a 

relatively finer frequency step to obtain more accurate thf  and 2thf  readings than 

the IFT-based method in which only the Nyquist theorem is required to be met. In 

practice, the interpolation technique can be used to relieve this problem. Secondly, 
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under heavy loading conditions, the normalized ( )usR f   can be so high that its 

average value is quite near the threshold value (as illustrated in Figure 3.9), which might 

introduce significant error to s  estimation. However, for s  extraction, the OUT is 

the stirrer of the RC, and it should be tested in an empty RC.  

Another interesting thing to note is that according to (3.18), larger 2thf  gives smaller 

s , and thus larger TSCS̃ and higher η
s
. This implies that the FD-ACFUS itself could 

be an efficient parameter to characterize the stirrer, which also will be a future research 

direction. 

 

 

Figure 3.9: The FD-ACFUS in the frequency range 2.3 GHz – 2.5 GHz with 3 

absorbers loaded into the RC. 
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Chapter 4 Average Rician K-Factor Based 

Analytical Uncertainty Model for Over-

the-air Total Radiated Power Testing 

 

After the stirrer performance characterization in Chapter 3, the RC is applied to the 

practical OTA TRP tests. It is shown in this chapter that the statistical property of the 

average Rician K-factor is of pivotal significance for the accurate characterization of an 

RC’s anisotropy. Based on this, an improved analytical uncertainty model is established 

for the RC-based TRP measurement by considering the sample correlation, the 

statistical anisotropy, and the practical experimental procedures. 

 

4.1 Introduction 

TRP measures how much power is radiated by the antenna of an active radio source. 

Traditionally, the TRP is measured in an AC with a 3D spherical scanning grid, and the 

result is summed up over all possible angles. TRP has been widely adopted as a figure of 

merit (FoM) by standardization organizations for the 5G OTA conformance testing [1] – 

[5]. Non-directional requirements including but not restricted to output power, adjacent 

channel leakage ratio (ACLR), operating band unwanted emissions (OBUE), spectrum 

emission mask (SEM), and spurious can be quantified via TRP measurements. 

Numerous researches have shown that owing to its unique attractive property, the RC-

based measurement of non-directional parameters including TRP can be fast and efficient 

[6] – [18]. However, in order to thoroughly characterize a testing facility and evaluate the 

performance of its relevant measurement techniques, it is still required to quantify its 

measurement uncertainty. Since an RC is typically modeled and employed as a stochastic 
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process, the measurement uncertainty analysis should stem from its statistical 

characteristics. So far, Numerous studies have been conducted in this field [9], [11], [13], 

[14], [19] – [27]. It is commonly accepted that for a practical RC that inevitably renders 

non-zero unstirred power, the corresponding measurement uncertainty dependents not 

only on the finite number of independent samples [9], [19] but also on the imperfect 

spatial isotropy [11], [20] – [26]. Under certain scenarios, the latter can even dominate 

the uncertainty [21]. 

The Rician K-factor (K), which is defined as the ratio of the unstirred power to the average 

stirrer power, is a suitable measure of this anisotropy effect [28] – [31]. Therefore, 

uncertainty formulations proposed by various researchers [11], [20] – [22] adopt the 

explicit representation of K for improved model accuracy. However, there are several 

concerns when using K in uncertainty models: a) K has its own measurement uncertainty; 

b) when applying source stirring (like rotating platform stirring and polarization stirring) 

and frequency stirring, the value of K actually varies; c) it is hard, if not impossible, to 

acquire the value of K when measuring the DUT; d) the reference measurement of a 

single-case K might be quite different from that for the DUT measurement. As a result, 

the average Rician K-factor (Kavg), which is based on the assumption of random unstirred 

power [11], [32], [33], should be used instead. The definition of Kavg was given in [33] 

as the ratio of the average unstirred power to the average stirrer power when the unstirred 

component can be changed randomly. It was first adopted by [11] for uncertainty 

quantification, but the corresponding model was derived heuristically by empirical 

assumptions. The analytical expression in [20] was based on the components-of-variance 

model, and K appeared in the expression is equivalent to Kavg when source stirring is 

conducted. However, there was no analysis about how to estimate Kavg  and the 

corresponding uncertainty. Reference [22] simply pooled multiple single-case K values, 

which is mathematically viable but lacks physical meaning and explanation. 

Furthermore, until now a pure analytical uncertainty model for the TRP measurement 

using an RC reflecting the impacts of both stages (i.e., the calibration stage and the 

measurement stage) as well as the statistical anisotropy is still unavailable in the literature. 

The main contributions of this chapter are listed as follows: 

1) Kavg  is formulated based on the random unstirred power assumption, and the 

statistical distribution of the MLE of avgK  is obtained for the first time (Section 4.2).  
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2) The MLE of Kavg is verified by Monte Carlo simulations, and the corresponding 

unbiased estimator is given. The statistical anisotropy of the RC can be more 

accurately characterized based on the derived statistics of avgK  (Section 4.2). 

3) An improved analytical uncertainty model for the RC-based TRP measurement is 

derived based on the independent sample number and Kavg (Section 4.3). 

4) The proposed model considers both stages for the TRP measurement. It also allows 

different experimental configurations in each stage, making it possible to characterize 

the measurement dispersion without tedious and inefficient empirical estimation 

processes (Section 4.3). 

5) Extensive measurements are performed using the 9-Point estimation procedure to 

validate the proposed analytical model (Section 4.4). 

 

 

Figure 4.1: Schematic diagram of typical RC-based TRP measurement setup. The 

dotted lines represent virtual connections so that the VNA or SG/SA can be chosen 

on demand; the two dashed line pairs indicate the positions of the RPs of the 

relevant stages. 
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4.2 Formulation and Statistical Modeling for the 

Average Rician K-Factor 

 

4.2.1 Formulation of the Average Rician K-Factor 

Without loss of generality, the samples provided by each stirring technique are considered 

as independent in this section. Sample correlation and derivation of independent sample 

numbers for different stirring techniques will be discussed in detail in Section 4.4. A 

typical RC-based measurement setup is depicted in Figure 4.1. Assume that a complete 

mechanical stirring process generates N samples [9], and the same process is repeated 

L=M∙F times at M source positions [10], [11] and F frequency points [12] – [14] for 

further decreasing the measurement uncertainty. Here, for frequencies separated larger 

than the coherent bandwidth (so that they can be considered as independent), the 

corresponding spatial channels that the EM signal experiences are quite different 

according to the wireless propagation theory. For each stirrer sequence l, the complex-

valued transmission coefficient S21(l)  measured by a VNA can be modeled as the 

superposition of the following two terms [11]: 

                        ( ) ( ) ( )21 21, 21,s usS l S l S l= +                      (4.1) 

where S21,s(l) in (4.1) is the stirred component of S21(l) that fully interacts with the 

mechanical stirrers of the RC. It follows a complex circular Gaussian distribution with 

zero-mean and variance σs
2 [6]: 

            ( ) ( ) ( ) ( ) ( )2 2

21, 21, 21, ~ 0, 0,re im

s s s s sS l S l jS l j = + +           (4.2) 

where the superscripts re and im are the real and imaginary parts, respectively, and 

they are i.i.d. 

S21,us(l), the unstirred component, is the residual that remains unaffected during the stirrer 

rotating, which is assumed to be a deterministic complex value: 

              ( ) ( ) ( ) ( ) ( )21, 21, 21,

re im

us us us re imS l S l jS l l j l = + = +              (4.3) 
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where μ
re

(l) and μ
im

(l) are two unknown constants (but dependent upon l). In practice, 

the above two components are estimated by the following estimators: 

        ( ) ( ) ( ) ( ) ( ) ( )21, 21 21 21
ˆ ˆ ˆre im

us re imN N N
S l S l S l j S l l j l = = + = +       (4.4) 

       ( ) ( ) ( ) ( ) ( )( ) ( ) ( )( )21, 21 21 21 21
ˆ ˆ ˆre im

s re imN
S l S l S l S l l j S l l = − = − + −      (4.5) 

where < > denotes the ensemble average operation, and ^ is the estimator symbol of the 

relevant quantity.  

For the lth mechanical stirring process, the single-case K is defined as follows [28] 

                     ( )
( )

( )

( )

( ),

us us

s avg s

P l P l
K l

P l E P l
= =

  

                      (4.6) 

where 

                   ( ) ( ) ( ) ( )
2 2 2

21,us us re imP l S l l l = = +                    (4.7) 

is the unstirred power, and 

                     ( ) ( )
2

21, 2

1
~ ( )

2
s s

s

P l S l Exp


=                      (4.8) 

is the stirred power which follows an exponential distribution with mean (also standard 

deviation)  

                      ( ) ( ) 2

, 2s avg s sP l E P l = =                          (4.9) 

Based on equations (4.4) and (4.5), the MLEs of (4.7) and (4.9) are given as: 

                   ( ) ( ) ( ) ( )
2

2 2

21,
ˆˆ ˆ ˆ

us us re imP l S l l l = = +                   (4.10) 

         

( ) ( )

( ) ( ) ( ) ( )

2

, 21,

1

2 2

21 21

1 1

1 ˆˆ
1

1 1
ˆ ˆ

1 1

N

s avg s

n

N N
re im

re im

n n

P l S l
N

S l l S l l
N N

 

=

= =

=
−

= − + −
− −



 

     (4.11) 

Detailed statistical modeling of different estimators of K(l) can be found in [29] – [31]. 

Furthermore, when all the L realizations are considered simultaneously (so that the 

dependency of l can be suppressed), the resultant unstirred part cannot be regarded as a 

constant anymore. If L is large enough so that the ergodic condition is fulfilled, it should 

be described as a stochastic process [11], [32]. According to [20], the random unstirred 
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component S21,us is modeled by a complex circular Gaussian distribution with zero-

mean and variance σus
2 :  

                    
( ) ( )

21, 21, 21,

2 2~ 0, 0,

re im

us us us re im

us us

S S jS j

j

 

 

= + = +

+
                   (4.12) 

Compared with equation (4.3), it is now clear that μ
*
(l) (and thus S21,us(l)) is essentially 

a sample drawn from the corresponding random distribution μ
*

 (S21,us ) in (4.12). 

Conversely, as already implied in (4.2) and (4.8), the statistical characteristics of the 

stirred part remain intact throughout the L realizations (i.e., independent of l). 

From the above analysis, Kavg can be formulated as follows [33]: 

                      
 

( )
,

, ,

us avg us

avg

s avg s avg

P E P
K

P E P l
= =

  

                     (4.13) 

where  

                 
2 2 2

21, 2

1
~ ( )

2
us us re im

us

P S Exp 


= = +                (4.14) 

is the random unstirred power which follows an exponential distribution with mean (also 

standard deviation)  

                          2

, 2us avg us usP E P = =                         (4.15) 

Similarly, Pus(l)=μ
re
2 (l)+μ

im
2 (l) in (4.7) is the lth sample drawn from the distribution in 

(4.14). With the purpose of verifying the theoretical distribution of Pus, 1601 frequency 

points (in the frequency range 3.4 GHz – 3.6 GHz) are collected as samples and the 

corresponding measured cumulative distribution function (CDF) is plotted and compared 

with the theoretical exponential CDF (as shown in Figure 4.2). Not surprisingly, good 

agreement is achieved between theory (dashed) and experimental result (solid). This also 

proves that frequency stirring can provide randomness to the unstirred NLoS component. 

As for the denominator part of (4.13), regarding (4.9), 

                 ( ) ( ) 2

, , 2s avg s avg s sP E P l E E P l   = = =                    (4.16) 

Substituting (4.15) and (4.16) into (4.13) gives 

                              
2

2

us
avg

s





=                            (4.17) 
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which is the ground truth value of Kavg . It can be seen that (4.13) is a necessary 

continuation of (4.6) in order to characterize an RC when multiple stirring techniques are 

utilized. 

 

 

Figure 4.2: Comparisons of the theoretical and experimental CDF of Pus using 

adjacent frequency points (3.4 GHz – 3.6 GHz) as samples. 

 

4.2.2 Estimation of the Average Rician K-Factor for 

Independently Drawn Stirred and Unstirred Parts 

Assume that samples of S21,s(l)  and S21,us  can be drawn independently from the 

unknown distributions (4.2) and (4.12). Taking into consideration that the number of 

available samples (both N and L) are finite, a basic estimator of (4.13) is given as: 

                         
( )

,

ˆ us L
avg

s N L

PV
K

U P l
= =                       (4.18) 

the use of U  and V  are for notational convenience. Based on (4.8), U  follows a 

Gamma distribution  

                        
2

~ ,
2 s

NL
U Gamma NL



 
 
 

                      (4.19) 
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with E[U]=2σs
2 and std[U]=2σs

2/√NL. Note that the shape-rate parametrization is used 

here.  

To validate the theoretical distribution of U in (4.19), 360 mechanical stirrer positions 

(as N) and 401 frequency points between 3.475 GHz and 3.525 GHz (as L) are collected. 

Note that different antenna positions, orientations, polarizations, etc. can also be used. 

Here, an indirect approach is adopted by separately verifying 

⟨Ps(l)⟩N∼Gamma(N, N/2σs
2)  and ⟨Ps(l)⟩L∼Gamma(L, L/2σs

2) . Subsequently, (4.19) 

can be proved by the summation and scaling properties of the gamma distribution. The 

benefit of doing this is that while examining one stirring technique, the other can be used 

for generating samples without using a third stirring technique. 

The relevant CDF plots are shown in Figure 4.3. One thing should be mentioned is that 

the shape parameter controls the overall shape of a gamma distribution. Hence, the 

theoretical CDF only fit well with the measured CDF with proper shape parameter value 

(360 for Figure 4.3 (a) and 155 for Figure 4.3 (b)). This also implies an effective 

alternative method for estimating the number of independent samples in addition to the 

widely-used autocorrelation/autocovariance function method, as will be compared and 

discussed later. 

 

 

(a) 
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(b) 

Figure 4.3: Comparisons of the theoretical and experimental CDF of (a) ⟨Ps(l)⟩N 

using adjacent frequency points (3.475 GHz – 3.525 GHz) as samples. (b) ⟨Ps(l)⟩L 

using different stirrer positions as samples. In both subplots, the black dash-dot 

curve is with the optimal shape parameter value, while the red dashed curve is 

with an arbitrary suboptimal shape parameter value for comparison. 

 

Similarly, following (4.14), we have 

                         
2

~ ,
2 us

L
V Gamma L



 
 
 

                      (4.20) 

with E[V]=2σus
2  and std[V]=2σus

2 /√L. 

Therefore, regarding [34], K̂avg follows a generalized beta prime distribution with three 

shape parameters L, NL, and 1, and one scale parameter NKavg: 

                        ( )'ˆ ~ , ,1,avg avgK L NL NK                     (4.21) 

Specifically,  

                   

( )

ˆ
1

1ˆ
1 2

avg avg

avg avg

NL
E K K

NL

NL L NL
std K K

NL L NL

  = 
  −

+ −
  = 
  − −

                (4.22) 
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Actually, K̂avg  is an asymptotically unbiased estimator of Kavg , and its relative 

uncertainty (also known as the coefficient of variation) is defined as: 

                   
( )

ˆ
1ˆ

ˆ 2

avg

avg

avg

std K L NL
u K

L NLE K

  + −   = =
  − 

 

                (4.23) 

Nevertheless, it is quite unlikely in practice that samples of S21,us  can be directly 

acquired, and (4.23) does not reflect the uncertainty introduced by estimating S21,us , 

either. Still, the formulation of (4.18) can offer insight into the distribution characteristics 

of each component. 

 

4.2.3 Estimation of the Average Rician K-Factor Based 

on the MLE 

Now we consider a more practical implementation in which MLEs (4.4), (4.5), (4.10), 

and (4.11) are used for inferring the relevant quantities. Then the estimator of Kavg can 

be formulated as 

                         
( )

( )

'
'

'

,

ˆ
ˆ

ˆ

us
L

avg

s avg
L

P lV
K

U P l
= =                      (4.24) 

Based on (4.4) and (4.10), we have 

                        ( ) ( )
2

* *
ˆ ~ , sl l

N


 

 
 
 

                      (4.25) 

which is a Gaussian distribution with mean μ
*
(l) and variance σs

2/N, and  

                        ( )
( )2

*2 2

* 12 2
ˆ ~

s s

N lN
l


 

 

 
 
 

                     (4.26) 

a noncentral chi-square distribution with 1 degree of freedom (DoF) and the noncentrality 

parameter Nμ
*
2(l)/σs

2. Thus, according to the additivity property of chi-square distribution, 

it is easy to derive that 

                         ( )' 2

22
~ 2L avg

s

NL
V NLK


                     (4.27) 
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Following (4.5) and (4.11), we can get 

                      ( ) ( ) ( )
2

* 2

21 * 12
1

1
ˆ ~ 0

N

N

ns

S l l 


−

=

−                  (4.28) 

a central chi-square distribution with N-1 DoF. Therefore, 

                        
( )

( ) ( )' 2

2 12

1
~ 0

L N

s

L N
U 

 −

−
                    (4.29) 

Combining (4.24), (4.27), and (4.29), one can conclude that 

                    
( ) ( )

'

2
' '

2 ,2 1'

2

2ˆ ~ 2

2

s
avg avgL L N

s

NV

NK F NLK
U





−
=                (4.30) 

a noncentral F distribution with 2L and 2L(N-1) DoFs, and noncentrality parameter 

2NLKavg [34]. The mean and standard deviation of K̂
'

avg can be obtained accordingly 

as: 

                    
( )'

1 1ˆ
1

avg avg

L N
E K K

NL L N

−    = +   − −  
                 (4.31) 

                

( ) ( )
( ) ( )

( ) ( )
( )( )

222

22

'

2

2

1 1

1 2ˆ

1 1 2
+

1 2

avg

avg

avg

L N NK

N NL L NL L
std K

L N NK

N NL L NL L

− +

− − − −
  =
 

− +

− − − −

            (4.32) 

Unsurprisingly, when L=1, (4.31) and (4.32) degenerate to (5) and (6) in [30].  

In order to further investigate the statistical properties of K̂
'

avg , three 10000-sample 

Monte Carlo simulations with different value combinations of N and L are performed, 

with parameter settings Ps,avg=-20  dB and Pus,avg=-40  dB ( Kavg=-20  dB). The 

resulting histograms and fitted PDFs are shown in Figure 4.4. In all three scenarios, the 

clear discrepancies between the estimated means and the ground truth value indicate that 

K̂
'

avg is biased, tending to give overestimated results. While N dominates the bias of 

mean (0.0028 for Figure 4.4 (a) and Figure 4.4 (b), and 0.0100 for Figure 4.4 (c)), both 

N and L affect the dispersion of samples. Smaller N and L lead to larger variance. It 

is also interesting to note that the fitted distributions tend to be of a symmetrical bell shape 

since the DoFs in (4.30) are large in all three cases.  
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Next, we construct the unbiased estimator K̂
''

avg as follows 

                        
( )

'' '1 1ˆ ˆ
1

avg avg

NL L
K K

L N N

− −
= −

−
                    (4.33) 

 

so that E[K̂
''

avg
]=Kavg, and its standard deviation can be derived as 

            
( ) ( )( )

( )

2

''

2

1 1 1 2
ˆ

2

avg avg

avg

L NK NL L NK
std K

LN NL L

+ + − − +
  =
  − −

        (4.34) 

 

 

(a) 

 

(b) 
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(c) 

Figure 4.4: Monte Carlo simulation results of sample distributions of the MLE 

estimator K̂
'

avg with different N and L combinations (a) N=360, L=500. (b) N=360, 

L=100. (c) N=100, L=500. In each subplot, the black dashed line indicates the 

estimated mean, while the blue dash-dot line indicates the ground truth. 

 

 

(a) 
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(b) 

Figure 4.5: (a) Comparison of simulated results of estimators K̂
'

avg and K̂
''

avg in 

the region Kavg𝛜[-25, -15] dB with N=360 and L=500. (b) Comparison of expanded 

uncertainty intervals (95% CI) of K̂
''

avg with different N and L combinations in 

the region Kavg𝛜[-25, -15] dB. 

 

Simulated estimation results of K̂
'

avg  and K̂
''

avg , and their corresponding expanded 

uncertainty regions (95% confidence interval (CI)) [35] with N=360 and L=500 as a 

function of the ground truth value from -25 dB to -15 dB are illustrated in Figure 4.5 (a). 

As already pointed out in Figure 4.4, K̂
'

avg results in overestimation. Moreover, this bias 

becomes more significant as Kavg decreases. For example, at -19 dB the discrepancy is 

less than 1 dB, while at -23 dB it increases to around 2 dB. K̂
''

avg, on the other hand, 

always makes the correct estimation, but at the expense of slightly increased uncertainty. 

Figure 4.5 (b) demonstrates how N and L affect the performance of K̂
''

avg. As expected, 

increasing the number of independent stirrer samples and the number of independent 

realizations can effectively reduce the estimation uncertainty. Another thing worth noting 
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is that for fixed N and L values, the estimation uncertainty of K̂
''

avg tends to become 

worse with declining Kavg. 

It should be stressed that in [29] – [31] the main focus is the single-case K whose 

definition is given in (4.6). At adjacent uncorrelated frequency points, K can be treated 

as i.i.d. Therefore, when averaged, the new estimator (which is essentially the sample 

mean) has the exact same mean but the standard uncertainty is reduced to 1/√F of the 

original value (as shown in (14) and (15) in [30]). By contrast, this work is about Kavg 

which is defined in (4.13). The number of frequencies as well as the number of antenna 

positions, orientations, and polarizations are regarded as realizations that can provide 

randomness to the unstirred part (see (4.12) and (4.14)), and their effect on the mean and 

standard deviation of K̂
''

avg can be precisely and exactly reflected in (4.33) and (4.34). 

 

4.3 Procedures of TRP Measurement and the 

Analytical Uncertainty Model 

 

4.3.1 Calibration Stage 

Typical RC-based TRP measurement generally comprises two stages [15], [27], [36], 

namely 1) the calibration stage and 2) the measurement stage. In the calibration stage, the 

chamber transfer function (GCal , also known as the chamber insertion loss) at the 

frequency band of interest is estimated between the reference antenna and the 

measurement antenna. The two antennas are connected to Port 1 and Port 2 of the VNA 

through cables. If the standard 2-Port calibration is performed, the RPs are shifted to the 

inputs of the two antennas (illustrated by the red dashed lines in Figure 4.1). Thus, the 

corrected chamber transfer function can be estimated by 

                            1 1

2

21
,

, ,

ˆ N L

Cal

t Ref t Meas

S

G
 

=                        (4.35) 
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where η
t,Ref

 and η
t,Meas

 are the total efficiencies of the reference antenna and the 

measurement antenna, respectively. We follow the convention in Section 4.2 to use 

L1=F1∙M1  for notational convenience, where F1  and M1  denote the numbers of 

independent frequency points and independent source locations used in the calibration 

stage. In addition, N1 is the number of independent stirrer samples adopted in this stage. 

 

4.3.2 Measurement Stage 

As for the measurement stage, the RPs are indicated by the green dashed lines in Figure 

4.1. The DUT is radiating at its maximum power, and the measurement antenna is 

connected to the SA through the measurement cable. Then the averaged receiving power 

read from the SA can be expressed as 

                       
2

,
ˆ

SA DUT Meas t Meas MeasN
P P G L=                   (4.36) 

where PDUT is the unknown TRP of the DUT to be inferred, ĜMeas is the equivalent 

estimated chamber transfer function in the measurement stage (which cannot be directly 

obtained), LMeas  is the loss of the measurement cable, and N2  is the number of 

independent stirrer samples used in this stage. Note that frequency stirring is not 

applicable in the measurement stage (F2=1) since the radiating property of the wireless 

device might be quite different at different frequencies (depending upon the specific 

protocol) [37]. Based on (4.35), (4.36), and the assumption that ĜCal=ĜMeas, the TRP 

estimator of the DUT can be formulated as 

                      2

1 1

,

2

21
,

ˆ SA Nt Ref

DUT

Meas
N L

P Y
P

L XS


=  =                   (4.37) 

α can be treated as a constant if datasheets of the corresponding quantities are available. 

In contrast, X and Y are two independent random variables, and individual relative 

uncertainties should be combined in quadrature and propagated to P̂DUT [38] as 

                         2 2ˆ
DUTu P u X u Y  = +

 
                   (4.38) 
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4.3.3 Analytical Uncertainty Model Based on the 

Average Rician K-Factor 

As already indicated in (4.37), when measuring the TRP of a wireless device, only scalar 

information (the receiving power measured by the SA, or equivalently |S21|2 ) is 

obtainable. As a result, the anisotropy issue cannot be directly compensated [24]. To 

overcome this problem, various uncertainty models adopt the explicit representation of K 

so as to quantify the effect of the lacking of isotropy [11], [20] – [22]. Based on (17) in 

[20] which utilizes a components-of-variance model and by doing the following: 1) 

extend the model from K to Kavg; 2) neglect the effect of measurement perturbation 

(e.g., noise, imperfection of calibration, and cable movement); 3) correct sample 

correlations by estimating the independent sample number for each stirring technique 

utilized; and 4) combine uncertainties in both the calibration stage and the measurement 

stage using (4.38), we can derive the overall analytical uncertainty model for TRP 

measurement in an RC as: 

                
( )

( )

2

1 1 1 1 1

2

2

2 2

2

1 2 1

1
ˆ

1 2

1

avg avg

avg

ana DUT

avg avg

avg

K K
N L N L M

K
u P

K K
N N

K

+ +

+
  =
 

+ +

+
+

              (4.39) 

In reality, Kavg should be replaced by the corrected MLE estimator K̂
''

avg. Regarding 

(4.39) it is clear that, with the intention of achieving low measurement uncertainty, the 

number of independent samples used in each stage should be large, and Kavg should be 

kept small. Specifically, when Kavg is so small that it is negligible, (4.39) reduces to a 

baseline model:  

                          
1 1 2

1 1
BLu

N L N
= +                         (4.40) 
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Figure 4.6: Comparison of analytical models (4.39) and (4.40) as a function of 

Kavg𝛜[-20, 0] dB and N2𝛜[10, 1000] with N1=360, F1=158 and M1=9. 

 

Figure 4.6 illustrates the comparison result of the proposed analytical model (4.39) and 

the baseline model (4.40) with N1=360  and L1=1422  ( F1=158  and M1=9 ) as a 

function of the Kavg  (-20 dB – 0 dB) and N2  (10 – 1000). As Kavg  increases, its 

adverse effect on the measurement uncertainty becomes more prominent. Consequently, 

the baseline model (4.40) tends to significantly underestimate the uncertainty and renders 

overly optimistic predictions. In addition, using a larger N2  value during the 

measurement stage seems to magnify this impact. 

 

4.4 Measurements 

In this section, the TRP of the DUT is measured following the procedures described in 

Section 4.3. The relative measurement uncertainty is then empirically estimated using the 

9-Point approach [15], [21], [23], and the results are compared to that directly predicted 

by the analytical uncertainty model (4.39) for assessment. Methods for the derivation of 

relevant parameters present in (4.39) are also explained. 
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4.4.1 Experimental Setup and Preparations 

 

 
(a) 

 
(b) 

Figure 4.7: Experimental setup for TRP measurement and uncertainty assessment 

procedures: (a) Measurement scenario inside the RC at the University of Liverpool. 

(b) Schematic diagram of the top view showing the 9 locations for the reference 

antenna/DUT and the fixed position for the measurement antenna. 
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Measurements are conducted using the RC at the University of Liverpool, which has a 

size of 3.60 m (𝑤) × 5.80 m (𝑙) × 4.00 m (ℎ). Figure 4.7 (a) shows the interior of the 

RC and the typical measurement setup. One horizontal stirrer (with rotating radius 0.50 

m) and one vertical stirrer (with rotating radius 0.70 m) with asymmetrical paddles are 

installed at the opposite corners inside the RC. During the mechanical stirring process, 

the two stirrers are synchronized by the motor controller to rotate simultaneously in 

mode-tuning mode. A rotating platform (1.52 m high) is used to mount the reference 

antenna/DUT, and a tripod with 1.40 m in height is utilized to support the measurement 

antenna. To minimize the LoS and the unstirred NLoS components, the reference 

antenna/DUT and the measurement antenna should be directed away from each other and 

towards different stirrers. As depicted in Figure 4.7 (b), T1 through T9 represent the 9 

locations of the reference antenna/DUT for applying source stirring or 9-Point uncertainty 

estimation. The measurement antenna, by contrast, is fixed at the point labeled “Meas.”. 

Useful distance information is also available in Figure 4.7 (b). Throughout the whole 

measurement process, the reference antenna, the DUT, and the measurement antenna 

should all be placed inside the RC so that the loading condition of the RC (and thus the 

composite Q factor) remains unchanged. The reference antenna or the DUT, which is in 

idle mode, should be terminated with a 50 Ω load. 

Detailed configuration information and parameter specification for the calibration stage 

and the measurement stage is summarized in Table 4-I. The n78 band, which belongs to 

the 5G frequency range 1 (FR1) [39] with 3.5 GHz carrier frequency, is selected for the 

experiment. A 50 MHz frequency sweeping (3.475 GHz – 3.525 GHz with 125 kHz 

frequency resolution) is performed using an Agilent N9917A FieldFox VNA in the 

calibration stage. In contrast, in the measurement stage, only the single carrier point is 

measured by a Keithley 2820 SA. A Rohde & Schwarz HF 906 antenna is used as the 

reference antenna, and the measurement antenna is of type SATIMO SH 2000. An SG 

(Keithley 2920, used as the power source), an MVG SH1000 dual-ridge horn antenna 

(used as the radiator), and the cable (the Ref. cable as sketched in Figure 4.1) connecting 

them are considered as a “combined” DUT. The output power of the SG is set to 3 dBm 

(3.5 GHz single tone), and the total efficiency of the radiating antenna and the insertion 

loss of the Ref. cable are -0.44 dB and -6.71 dB, respectively at 3.5 GHz. Therefore, the 

nominal TRP of this DUT is -4.15 dBm (this also ensures the consistency of the RP “Meas. 

RP1” as shown in Figure 4.1). Multiple configurations of stirrer positions and step angles 
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are used to repeat the measurement stage so that the relative uncertainty as a function of 

N2 can be illustrated and examined. 

 

Table 4-I: Configuration information and parameter specification for the TRP 

measurement and estimation of the relative uncertainty 

Stage Parameter Value 

 

 

 

 

Calibration  

Frequency range  3.475 GHz – 3.525 GHz 

Number of frequency points 401 

Frequency domain resolution 125 kHz 

Number of stirrer positions  360 

Stirrer step size 1° 

Number of source locations 9 

Equipment VNA 

Ref. antenna bandwidth 2 GHz – 32 GHz 

Ref. antenna efficiency -0.46 dB (89.95%) 

 

 

 

 

 

Measurement  

Carrier frequency 3.5 GHz 

Number of stirrer positions 10, 20, 30, 60,  

90, 120, 180, 360 

Stirrer step size 36°, 18°, 12°, 6°, 

4°, 3°, 2°, 1° 

Equipment SG & SA 

DUT antenna bandwidth 1 GHz – 18 GHz 

DUT antenna efficiency -0.44 dB (90.36%) 

Output power of the SG 3 dBm 

Ref. cable loss at 3.5 GHz -6.71 dB 

Nominal TRP of the DUT -4.15 dBm 

 

Common settings 

IF bandwidth 10 kHz 

Meas. antenna bandwidth 1 GHz – 18 GHz 

Meas. cable loss at 3.5 GHz -6.29 dB 

Idle mode termination  50 Ω 

 

4.4.2 Calibration Stage 

 

A. Estimation of the number of independent stirrer position, frequency, 

and source location samples 
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(a) 

 

(b) 

Figure 4.8: (a) Estimation of the number of independent stirrer samples using the 

normalized autocovariance function averaged over 50 MHz bandwidth. (b) 

Estimation of the number of independent frequency points using the normalized 

ACF averaged over 360 stirrer positions. In both figures, arbitrarily picked 

individual samples, as well as the averaged result, are plotted for comparison. 

 

The autocovariance of the transmission coefficient S21 as a function of the offset angle 

∂θ of the stirrer positions is defined as: 

X: 0.6937

Y: 0.3679

X: 0.3150

Y: 0.3679
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   ( ) ( )( )* *

21 21 21 21, ( , ) ( , ) ( , ) ( , )C f S f S f S f S f d      
+

 −
 = − + −  (4.41) 

where the superscript * is the complex conjugate notation, and f denotes frequency (3.5 

GHz in this case). A whole stirrer revolution (Θ=360
∘
) is considered with 1° step size, 

and θ+∂θ is processed by the modulo 360 operation. Then (4.41) is normalized by its 

maximum value and averaged over the frequency region 3.475 GHz – 3.525 GHz.  

The result is illustrated in Figure 4.8 (a). Note that the cubic spline interpolation is applied 

around the region of interest to increase the density of points (the black dashed curve). 

Following the IEC standard [15] with a 1/e  threshold, the coherence angle is 

approximately 0.69°, less than the step size between adjacent stirrer positions, which 

means that all the 360 samples provided by mechanical stirring can be considered as 

uncorrelated (and equivalently, independent). Therefore, we have N1=360. 

Similarly, the ACF in terms of the frequency offset ∂f at a certain stirrer position n is 

given as: 

                ( ) ( ) ( )*

21 21, , ,
end

start

f

f
R f n S f n S f f n df = +                 (4.42) 

where f
start

=3.475 GHz, and f
start

=3.525 GHz. Figure 4.8 (b) plots 3 individual stirrer 

positions as well as the averaged result over 360 stirrer positions. For the 1/e threshold, 

the coherence bandwidth is 315 kHz, which corresponds to F1=158  independent 

frequency points across a 50 MHz band. It should be pointed out that Figure 4.8 is 

obtained with the Ref. antenna placed at T1. The same process is also repeated for the 

other eight locations, and highly close results can be obtained. 

Recall Figure 4.3, as aforementioned, the task of independent sample number estimation 

can be converted into a parameter optimization problem aiming at finding the optimum 

shape factor k that minimizes the sum of square error (SSE) between the relevant 

theoretical CDF of the gamma distribution and the measured CDF (we name it the CDF 

fitting method): 

               ( ) ( )
2

arg min arg min meas theo
k k

SSE k CDF CDF k= −            (4.43) 

where the subscript meas means “measured”, and theo means “theoretical”. Due to its 

physical meaning, k should be a positive integer. The measured CDF is available from 

experimental results (by using one stirring technique as sample average, and the other 

stirring technique as sample realization), while multiple theoretical CDFs are swept in 
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terms of multiple integer values of k (with sample mean and sample standard deviation 

estimated using the MLE). After the optimum k is determined, the rate factor β can be 

obtained accordingly. The numbers of independent stirrer positions and frequency points 

derived by the CDF fitting method are N1=360 and F1=155 (as shown in Figure 4.3). 

It can be seen that the two methods give similar results, so they can be used for cross-

validation for improved estimation accuracy. For consistency’s sake, in the following 

calculations we still adopt the results derived by the autocovariance/autocorrelation 

method. 

As demonstrated in Figure 4.7 (b), the minimum separation distance between two 

adjacent source locations is 0.62 m, which corresponds to approximately 7.23 λ at 3.5 

GHz. Therefore, it is reasonable to assume that all the 9 source positions are spatially 

uncorrelated, i.e., M1=9. 

 

B. Derivation of Kavg value 

 

 

Figure 4.9: Derivation of Kavg with N1=360, F1=158 and M1=9 using the MLE 

estimator (4.24) and then the result is corrected by (4.33). Adjacent frequency 

points are treated as samples for the boxplot. The K-factor estimated at a single 

source position T1 is also shown for comparison. 

 

As explained in Section 4.2.3, Kavg is estimated using the MLE estimator (4.24) and 

then corrected by the unbiasing operation (4.33). With the aim of showing the dispersion 
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of measurement, Kavg  at adjacent frequency points are used as i.i.d samples. The 

resultant boxplots are shown in Figure 4.9. It can be found that by utilizing source stirring 

(so that the unstirred part is considered as random), the uncertainty can be further 

improved compared with the individual source position case (T1). After the unbiasing 

operation, the median value of Kavg is decreased (also the mean value), but a slight 

increase in terms of the uncertainty is observed, which is consistent with the simulated 

results shown in Figure 4.5 (a). It can be derived that K̂
''

avg=-21.49 dB at 3.5 GHz, and 

this value will be used in subsequent calculations. 

 

C. Uncertainty comparison 

In the calibration stage, the transfer function ĜCal (or equivalently X) is calculated using 

360 stirrer positions (N1=360), a 50 MHz band with a frequency step of 125 kHz (F1=158) 

and 9 reference antenna locations (M1=9). The uncertainty is first directly estimated by 

the 9-Point method, and then analytically calculated using the proposed model (4.39) and 

the baseline model (4.40) for comparison. Note that up to now we only consider the 

calibration stage, so only the first term of (4.39) and (4.40) in the square root is used.  

To select the appropriate equation for the 9-Point uncertainty estimation procedure, the 

one-way analysis of variance (ANOVA) test, which examines whether the means of 

multiple sample groups are equal or not by comparing the between and within variances 

[21], [38], is performed. Details of how to form the sum of squares between (SSB), the 

sum of squares within (SSW), and the relevant F statistic are omitted here. The test result 

is listed in Table 4-II. Since the P-value (6.06×10
-7

) is much smaller than the 0.05 

significance level, the impact of lacking isotropy dominates the uncertainty, and the null 

hypothesis that “all sample groups (transfer functions calculated at each of the nine 

locations T1–T9) have identical mean value” should be rejected. Consequently, (4.44) 

should be used for assessing the relative uncertainty [21].  
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( )

1

1 1

2
2

21
,1

1 1 1

M

N Fm

est

S m X

u X
M M X

=
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−


                  (4.44) 

where M1  is the number of source positions used for sample realization in order to 

estimate the relative uncertainty. For the widely used 9-point estimation method, M1=9. 
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It should be stressed that the M1 source positions are also used as source stirring samples 

for calculating X. That is why there is a √M1 term in the denominator of (44). 

Comparison between the estimated and analytical models is shown in Table 4-III. Since 

a very large set of independent samples is utilized (511920 as derived in Section 4.4.2 

A)), all three methods give low relative uncertainty values. The baseline model (4.40) 

leads to an underestimated result, while the proposed model (4.39) can make effective 

improvement even in an environment with extremely low Kavg  value (-21.49 dB). 

Apart from the finite number of independent samples and the limited isotropy, there 

might be other sources of uncertainty. 

 

Table 4-II: ANOVA table 

Source Sum of Squares DoF Mean Square F-value P-value 

 

Between 3.96×10
-7

 8 4.95×10
-8

  

5.51 

 

6.06×10
-7

 
Within 2.90×10

-5
 3231 8.98×10

-9
 

Total 2.94×10
-5

 3239 –– 

 

Table 4-III: Table of comparison between estimated and analytical relative 

uncertainties in the calibration stage 

N1=360, F1=158, and M1=9 Relative 

Uncertainty 

9-Point estimation 0.37% 

Proposed model (39) (calibration stage only) 0.27% 

Baseline model (40) (calibration stage only) 0.14% 

 

4.4.3 Measurement Stage 
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Figure 4.10: Comparison of the overall estimated and proposed analytical relative 

uncertainties as a function of N2 at 3.5 GHz. 

 

In this stage, the TRP of the DUT is measured, and the overall relative uncertainty 

considering both stages is estimated and compared with that theoretically calculated using 

the proposed model (4.39). After N2 samples of PSA are collected by the SA, its sample 

mean Y can be derived, and (4.37) is utilized to calculate P̂DUT . This procedure is 

performed nine times with the DUT placed at T1–T9. At each source location, the 

orientation of the DUT is intentionally configured to be different from that of the 

reference antenna during the calibration stage. The empirical relative uncertainty is 

calculated according to the following equation:  

               

( )( )
( )

1

1

1

2

1
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ˆ ˆ

ˆ
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                 (4.45) 

Then the measurement stage is repeated with various N2 values (as specified in Table 

4-I). The result of the comparison as a function of N2 is demonstrated in Figure 4.10. 

The linear to decibel transformation defined in [15] 

                          1010log (1 )dBu u= +                         (4.46) 

is adopted for illustration purposes. It can be found that both ũest[P̂DUT] and ũana[P̂DUT] 

monotonically decrease with increasing N2 . Generally speaking, the two uncertainty 
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curves are in good agreement with each other, although the estimated one is slightly 

higher. The reason is similar to that in the calibration stage. The measurement process is 

also repeated with the DUT located at nine positions different from T1–T9 (but still 

within the working volume), and the result is comparable with that shown in Figure 4.10. 

Next, the whole process is redone at two additional carrier frequencies (3.45 GHz and 

3.55 GHz) within the n78 band. The 50 MHz offset from the original 3.5 GHz carrier 

frequency guarantees that it is large enough to be considered independent, but small 

enough to assume that the values of η
t,Ref

, LMeas , and LRef  are similar. Typical 

variations of individual P̂DUT measurements at the three frequencies are shown in Figure 

4.11 with two measurement stage configurations: N2=360 and N2=60. The expanded 

relative uncertainty regions derived analytically using (4.39) with a scaling factor of 1.96 

are also plotted (centered at the corresponding sample means). By comparing the two 

subplots, it is easy to see that the larger the value of N2, the smaller the measurement 

dispersion, and the smaller the fluctuation of the sample means. However, if more 

independent samples are used, the measurement time will be longer. That is to say, there 

is a clear trade-off between measurement accuracy and measurement efficiency. Another 

thing worth mentioning is that the 95% CIs calculated using (4.39) fit individual 

measurements quite well, which verifies that the proposed analytical model is reasonably 

accurate. 

 

 

(a) 
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(b) 

Figure 4.11: Individual P̂DUT  measurements at nine source locations T1–T9 at 

three different carrier frequencies (3.45 GHz, 3.5 GHz, and 3.55 GHz) with 

corresponding expanded relative uncertainties (95% CI) calculated using the 

proposed analytical model (39): (a) N2=360. (b) N2=60. 

 

4.5 Conclusion 

In this chapter, the RC was applied to the practical OTA TRP tests. It was demonstrated 

that by using Kavg instead of single-case K, the statistical anisotropy of an RC can be 

more accurately characterized. A thorough statistical analysis for Kavg was conducted, 

including the formulation of its MLE estimator and the corresponding unbiased 

correction. Monte Carlo simulations were also performed to verify the derived statistics. 

Then an improved analytical uncertainty model for the RC-based OTA TRP 

measurement was derived by considering both the sample correlation and the anisotropy 

issues. Good agreement between the proposed analytical model and the 9-Point 

estimation process demonstrated that the proposed model is reasonably accurate. 

The proposed model dramatically simplifies the work needed for characterizing the 

measurement uncertainty and guides the best practice for TRP measurement using an RC. 

It aims at providing satisfactory measurement accuracy while maintaining fast 

measurement speed. Since the calibration stage is conducted “offline”, it is recommended 
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that a large number of independent samples is used with multiple stirring techniques. By 

contrast, for the measurement stage performed “online”, there is a trade-off between the 

number of independent samples provided and the measurement efficiency. Therefore, the 

value of N2 should be carefully set on demand. In all cases, Kavg should be kept small 

so that good isotropy can be achieved. 

Another thing worth mentioning is that during the experiment, the reference antenna and 

DUT are both directional and have similar radiation patterns at the frequency band of 

interest. In practice, for a DUT whose radiation property could be quite different from the 

reference antenna used in the calibration stage, a slightly higher uncertainty might be 

observed. How to effectively solve this problem might be a future research direction. 
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Chapter 5 Investigation of the Enhanced 

Backscattering Effect and Modeling of the 

Highest Usable Frequency  

 

In Chapter 3 and Chapter 4, the stirrer performance and the statistical anisotropy of an 

RC were characterized. Another factor that potentially affects the RC’s statistical 

property is the system SNR, which becomes more prominent at a higher frequency of 

operation. In this chapter, the enhanced backscattering effect is first investigated in an 

RC in different domains. Based on the experimental evidence, a HUF model for the 

RC-based measurement system is derived. Essentially, this HUF describes the system 

SNR, and it provides a fast characterization of the RC in terms of the frequency of 

operation and the output power of the source. 

 

5.1 Introduction 

As already demonstrated in previous chapters, the statistical performance of an RC is 

determined by the stirrer efficiency [1] – [3], the number of modes excited [4], and the 

statistical anisotropy [5], [6]. According to the cavity mode theory [4], to ensure good 

statistical uniformity and isotropy, the stirrers should be able to interact with a sufficient 

number of modes. Since the number of modes excited inside an RC monotonically 

increases with the frequency, an RC should only have a LUF in theory. Therefore, the 

RC is usually designed to be large to extend its LUF and increase its working volume. 

The nominal wide operating frequency range and spacious working volume of the RC 

make it an increasingly popular candidate facility for various OTA tests in the wireless 

industry [5] – [10], and the relevant measurement technologies are continuously 
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evolving with new testing requirements [11] – [16].  

For a practical RC-based measurement system, the measured signal actually consists of 

two parts: the desired signal and the undesired noise. The statistical property of the 

measured signal should be the superposition of these two random variables. 

Conventionally, the noise is assumed to be negligible, which is reasonable at the widely 

used ultra-high frequency (UHF) band. A consensus has recently been reached for the 

emerging 5G cellular networks that the frequency spectra beyond the sub-6 bands, 

especially the mm-wave band, will be extensively utilized [17]. While drastically 

improving the carrier bandwidth, spectral efficiency, and data capacity, it has the 

drawback of much more severe signal attenuation [18]. As the frequency of operation 

increases, the signal strength at the receiving end continues to drop. Eventually, it can 

become even comparable to the system noise. In this case, the statistical property of the 

actual measured signal could be changed entirely, making the RC virtually unusable. 

The enhanced backscattering effect is recognized as a general natural phenomenon of 

various wave types despite their specific physical characteristics [19]. Inside an RC, 

this effect can be well described by the enhanced backscatter coefficient ( be ), which 

should be equal to 2 in value for the RC to operate in the ideal condition [20]. So far, 

this feature has been widely applied in various EM measurements [21] – [25]. 

Furthermore, due to its simplicity of implementation, be  has been widely accepted as 

an effective parameter to characterize the RC’s statistical performance [26], [27].  

In Section 5.2, a thorough investigation of be  in terms of the frequency, power, and 

spatial domains is first conducted to characterize the RC. Experimental evidence 

indicates that as frequency increases, be  will drop drastically from its theoretical value, 

which implies a frequency upper limit, above which the RC cannot work at its optimum 

condition anymore. We name this frequency the highest usable frequency, or HUF for 

short. It is also shown that the HUF is actually dependent upon the power level of the 

transmitting signal (more precisely, the SNR of the RC-based measurement system).  

In order to analytically quantify the HUF of an RC, an explicit theoretical model that 

includes all influencing parameters is desired. The HUF model should not only provide 

a fast characterization of the RC-based measurement system at a certain operating 

frequency and output power level, but also shed light on how to optimize the system 
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setup for improved HUF. 

In Section 5.3, we derive this HUF model based on the statistical distributions of the 

average power of the desired received signal and the corresponding average noise 

power [28], [29]. In essence, the HUF should be a function of the chamber volume, 

chamber decay constant, cable losses, the power level of the transmitting signal, 

sensitivity of the equipment, etc. Then, a detailed analysis and discussion of each term 

in the HUF expression are given. The physical meaning of the proposed HUF model is 

also explained, and an iterative algorithm is provided for efficiently calculating the 

theoretical HUF. Finally, experimental validation of the HUF model is performed for 

different transmitting power levels. 

 

5.2 Investigation of the Enhanced Backscattering 

Effect in Different Domains 

 

5.2.1 The Enhanced Backscatter Coefficient 

According to [21], be  is formulated as the geometric mean of the enhanced backscatter 

coefficients at the transmitting antenna ( 1be ) and the receiving antenna ( 2be ): 
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where 1  and 2  are the radiation efficiencies of the transmitting antenna and the 
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receiving antenna, respectively.   is the ensemble average operator which is 

performed frequency-wise over all stirrer positions. 
,sS

  is the stirred part of the 

corresponding transmission or reflection coefficients derived by the following vector 

average subtraction equation [5]:  

                           *, * *sS S S= −
                           (5.4) 

It is easy to see that by this definition, the influence caused by radiation efficiencies of 

the two antennas can be effectively removed in the calculation of be  [30].  

It was found in [20] that for a well-stirred RC, the average amount of stirred power that 

is reflected back to the transmitting antenna should be equal to twice that coupled to the 

receiving antenna. Based on this, be  has been recognized as an important parameter 

to characterize the performance of an RC. Nonetheless, due to the finite number of 

independent samples, the be   value directly calculated by using equation (5.1) is 

actually biased. According to [30], an unbiased estimator of be  was derived on the 

basis of the analytical expression of its statistical distribution:  

                         
, ,

1
b unbias b bias

N
e e

N

−
                          (5.5) 

where N   is the number of independent samples. As can be seen from (5.5), be  

derived from (5.1) tends to overestimate the true value, especially when N  is small. 

Therefore, for the measurement in which a very limited number of independent samples 

can be provided, it is necessary to use (5.5) for correction.  

 

5.2.2 Experimental Setup 

The RC at the University of Liverpool, which has a size of 3.60 m  ( w )   5.80 m  ( l ) 

  4.00 m  ( h ), is used for enhanced backscattering effect investigation [31]. In Figure 

5.1 (a), an example measurement setup is shown. Two mechanical stirrers are installed 

inside the RC: the horizontal one (with a rotating radius of 0.50 m ) is mounted near the 

ceiling, while the vertical one (with a rotating radius of 0.70 m ) is placed close to a 

corner. The paddles of the two stirrers are intentionally designed to be of asymmetric 

shape to provide as many uncorrelated samples as possible per revolution. When 
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performing mechanical stirring, the two stirrers rotate simultaneously about fixed axes 

(denoted by the yellow bars in Figure 5.1 (b)) in a stepwise manner.  

 

 

(a) 

 

(b) 
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(c) 

Figure 5.1: Typical experimental setup: (a) Measurement scenario. (b) Schematic 

diagram showing locations of the transmitting antenna and the receiving antenna. 

(c) Orientations and polarizations of the transmitting antenna. 

 

Two double-rigid waveguide horn antennas are used as the transmitting antenna (Rohde 

& Schwarz HF 906) and receiving antenna (SATIMO SH 2000), respectively. 

Throughout the whole measurement procedure, the transmitting antenna (with 1.40 m 

in height) is moved successively to three different locations (L1, L5, and L9 in Figure 

5.1 (b)), three orthogonal orientations (O1, O2, and O3 in Figure 5.1 (c)), and two 

crossed polarizations (P1 and P2 Figure 5.1 (c)). In contrast, the receiving antenna is 

fixed at location “R” as marked in Figure 5.1 (b) with unchanged orientation (towards 

the vertical stirrer), polarization (vertical polarization), and height (0.77 m).  

One 3.5 mm cable is used to connect the transmitting antenna and port 1 of the VNA, 

while one N-type cable was used to link the receiving antenna and port 2 of the VNA. 

In order to compensate for the cable loss, standard 2-port calibration should be 

performed. The same calibration result is maintained at the same frequency band, while 

at a different frequency band, a new calibration is required. The IF bandwidth is chosen 

to be 10 kHz as a compromise between reasonable noise level and measurement time. 

During each set of experiments, the stirrers are first rotated by 6 degrees. After the 

paddles are stabilized, the VNA conducts a complete sweep in the frequency domain, 
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and 1001 points are collected by the computer correspondingly. Then this procedure is 

repeated 60 times until the stirrers completed a whole circle. This guarantees that each 

experiment set has the identical 60 stirrer positions, or equivalently, boundary 

conditions. The measurement time for each set of experiments is approximately 18 

minutes. 

 

5.2.3 Frequency Domain Results 

As for the frequency domain investigation, S-parameters from 2.8 GHz to 12.2 GHz 

are measured and recorded for be   calculation. The transmitting antenna is fixed at 

location 9 (L9), orientation 1 (O1), and polarization 1 (P1), as indicated in Figure 5.1 

(b) and Figure 5.1 (c). In order to obtain finer frequency granularity, the entire frequency 

range is further divided into nine narrower subbands (see the horizontal bars in Figure 

5.2), each with 1.4 GHz bandwidth. Note that there is a 400 MHz overlap between 

consecutive subbands for smoothing. Therefore, nine sets of experiments with 

independent calibration operations should be performed. Subsequently, the whole 

process is repeated with four different VNA output power settings (0 dBm, -3 dBm, -6 

dBm, and -27 dBm) for comparison.  

 

 

(a) 
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(b) 

Figure 5.2: Enhanced backscattering effect investigation in terms of the frequency 

domain: (a) with -3 dBm VNA output power. (b) with -27 dBm VNA output power. 

 

The measurement results are illustrated in Figure 5.2. Values of be  are the mean values 

of each subband, respectively (denoted as be ). According to Figure 5.2 (a), when the 

output power of the VNA is set to -3 dBm, be  remains relatively stable across the 

entire 2.8 GHz - 12.2 GHz frequency range, despite a slight upward trend (from about 

2.10 to 2.20) with fluctuations. Adjusting the VNA power to 0 dBm and -6 dBm also 

gives similar results as Figure 5.2 (a). In contrast, when the VNA output power is 

reduced to -27 dBm (see Figure 5.2 (b)), an abnormal pattern can be clearly observed 

from somewhere between 8.5 GHz and 9.5 GHz onwards – the value of be  begins to 

drop rapidly below its theoretical value 2. At around 11.5 GHz, be  is already below 

1.6. This implies that the RC-based measurement system has already been 

malfunctioning under the corresponding frequency band. A reasonable assumption can 

also be made here that there exists a HUF for the RC given a specific excitation power, 

only below which the RC can work at its ideal condition. 
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5.2.4 Power Domain Results 

 

 

(a) 

 

(b) 

Figure 5.3: Enhanced backscattering effect investigation in terms of the power 

domain: (a) in2.8 GHz – 4.2 GHz band. (b) in 10.8 GHz – 12.2 GHz band. 

 

Based on the investigation results in Section 5.2.3, be  is further investigated in terms 

of the power domain. The output power of the VNA is successively changed to four 

different levels while maintaining the default transmitting antenna settings (the same as 
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that in Section 5.2.3). In addition, two frequency bands (2.8 GHz – 4.2 GHz and 10.8 

GHz – 12.2 GHz) are used for comparison. The be  curves are corrected using equation 

(5.5) and then smoothed with a 100 MHz window for ease of illustration. According to 

Table 5-I, at the 2.8 GHz – 4.2 GHz band, be   does not change much when the 

excitation power is reduced from -3 dBm to -27 dBm. However, when it is further 

reduced to -39 dBm, be  already plunges to 1.78 (also refer to Figure 5.3 (a)). As for 

the 10.8 GHz – 12.2 GHz band, be  continuously drops and asymptotically approaches 

1 as the output power decreases from -3 dBm to -39 dBm (see Figure 5.3 (b)).  

 

Table 5-I: Average value of the enhanced backscatter coefficient at the 

corresponding frequency bands for different power levels 

Different Power Levels 

 2.8 GHz – 4.2 GHz 

Metrics -3 dBm -15 dBm -27 dBm -39 dBm 

be  2.07 2.07 2.04 1.78 

 

Metrics 

10.8 GHz – 12.2 GHz 

-3 dBm -15 dBm -27 dBm -39 dBm 

be  2.20 2.06 1.54 1.11 

 

To find the possible reason for this pattern of be   shown in the power domain, the 

corresponding average power of the stirred parts of transmission coefficients are also 

checked and illustrated in Figure 5.4. Ideally, if all the other experimental conditions 

are identical, 
2

21,sS  should be the same irrespective of the change of the excitation 

power (since it is a normalized value). However, in practice, the measurement system 

has limited sensitivity. If the received signal is so weak that it can be disturbed by the 

system noise, an increase of 
2

21,sS  can be observed. In Figure 5.4 (a), the increase 

is detected at -39 dBm output power level, whereas in Figure 5.4 (b), the increase can 

be vaguely spotted at -15 dBm (but not as apparent as that in Figure 5.3 (b)). Thus, there 

exists a lower threshold for the excitation power at a given operating frequency, below 

which the signal at the receiving end will exceed the system noise floor. This is 

consistent with the findings in Section 5.2.3. 
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(a) 

 

(b) 

Figure 5.4: The measured stirred parts of transmission coefficients for different 

power levels: (a) with 2.8 GHz – 4.2 GHz band. (b) with 10.8 GHz – 12.2 GHz band. 

 

5.2.5 Spatial Domain Results 

Three sets of spatial domain experiments are conducted in this section to investigate 

whether and to what extent the measured values of be  can be affected by the location, 

orientation, and polarization of the transmitting/receiving antenna while keeping all the 



 Chapter 5: Investigation of the Enhanced Backscattering Effect and Modeling of the Highest Usable Frequency  

      P a g e | 137 
 

 

other experimental conditions unchanged. Besides, these experiments are repeated with 

two different frequency bands (lower band: 2.8 GHz – 4.2 GHz, higher band: 10.8 GHz 

– 12.2 GHz). The output power of VNA is set to -3 dBm to make sure the recorded S 

parameters are well above the noise floor. The following equation is used to quantify 

the relative discrepancy of be : 
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where the subscript x can be L, O or P. 2

AC  denotes the combination operation, and A 

is the cardinality of the set that i and j belong to. For instance, if x=L, then 3A =  since 

 1,5,9j i  . 

Firstly, the transmitting antenna is moved to three different locations (L1, L5, and L9 

in Figure 5.1 (b)) with fixed orientation and polarization (O1 and P1 in Figure 5.1 (c)). 

Then the transmitting antenna is altered to three mutually orthogonal orientations (O1, 

O2, and O3) with a fixed location (L9) and polarization (P1). Finally, two crossed 

polarizations (P1 and P2) of the transmitting antenna are examined while other settings 

are maintained. Measurement results are illustrated in Figure 5.5. Without loss of 

generality, only the results at the lower band are shown.  

 

 

(a) 
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(b) 

 

(c) 

Figure 5.5: Enhanced backscattering effect investigation in terms of the spatial 

domain: (a) different transmitting antenna locations. (b) different transmitting 

antenna orientations. (c) different transmitting antenna polarizations. 

 

The be  curves are corrected using equation (5.5) and then smoothed with a 100 MHz 

window. Detailed statistics are listed in Table 5-II, Table 5-III, and Table 5-IV, 

respectively. It can be seen that for both frequency bands, notwithstanding the change 

of the antenna location, orientation, and polarization, values of be  remain relatively 

stable. This proves that the investigation findings in Section 5.2.3 and Section 5.2.4 are 
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robust against the spatial domain. 

 

Table 5-II: Statistics of the enhanced backscatter coefficient at the corresponding 

frequency bands for different transmitting antenna locations 

 

Table 5-III: Statistics of the enhanced backscatter coefficient at the corresponding 

frequency bands for different transmitting antenna orientations 

 

Table 5-IV: Statistics of the enhanced backscatter coefficient at the corresponding 

frequency bands for different transmitting antenna polarizations 

Different Polarizations 

 2.8 GHz – 4.2 GHz 10.8 GHz – 12.2 GHz 

Metrics P1 P2 P1 P2 

be  2.07 2.04 2.20 2.15 

PD  1.42% 2.31% 

 

5.3 The HUF Model of an RC 

In Section 5.2, extensive investigations of the enhanced backscattering effect have been 

conducted for RC performance characterization. Experimental evidence shows that 

there exists a HUF above which the performance degradation of the RC-based 

Different Locations 

 2.8 GHz – 4.2 GHz 10.8 GHz – 12.2 GHz 

Metrics L1 L5 L9 L1 L5 L9 

be  2.08 2.08 2.07 2.21 2.21 2.20 

LD  0.32% 0.25% 

Different Orientations 

 2.8 GHz – 4.2 GHz 10.8 GHz – 12.2 GHz 

Metrics O1 O2 O3 O1 O2 O3 

be  2.07 2.08 2.06 2.20 2.25 2.18 

OD  0.42% 2.37% 
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measurement system can be observed. Moreover, the HUF is closely related to the 

power of the excitation source (more precisely, the system SNR), but is insusceptible 

to antenna location, orientation, and polarization. In this section, the deduction 

procedures for the HUF model will be elaborated based on statistical theories [4], [28], 

[29], [32]. 

 

5.3.1 Statistical Modeling of the Received Signal 

Considering practical situations, the transmission coefficient measured by the VNA 

(denoted as R21) actually consists of two parts, namely the desired signal S21 and the 

noise N21 [28]: 

                            21 21 21R S N= +                           (5.7) 

where the real and imaginary parts of N21  are i.i.d random variables following a 

Gaussian distribution with 0 mean and standard deviation σnoise . i.i.d stands for 

“independent and identically distributed”. If multiple random variables are considered 

as i.i.d, then they are mutually independent and have the same probability distribution 

with identical mean and variance values. Note that N21 here is assumed to be after 

perfect calibration operation (cable losses are compensated), so it is not additive wight 

Gaussian noise (AWGN) in terms of the frequency domain. In other words, σnoise is 

frequency-dependent (since cable losses and other losses are frequency-dependent), and 

it is hard to be directly estimated. Procedures for estimating the parameters of 

corresponding noise distributions will be detailed in Section 5.3.2.  

The estimator of the unstirred part of the received signal is: 

                       
21 21 21N N N

R S N= +                        (5.8) 

where N without a subscript is the number of independent samples. It can be derived 

that 〈N21〉N is complex Normal distributed with 0 mean and standard deviation 
σnoise

√N
 

[32].  

Then, by taking the vector average subtraction [5] and combining (5.7) and (5.8), the 

estimator of the stirred part of the received signal is: 

          
21, 21 21 21 21 21 21 21,s sN N N

R R R S S N N S V= − = − + − = +          (5.9) 
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here we define  V=N21-〈N21〉N=V1-V2  for notational convenience, with V1=
N-1

N
N21 

and V2=
N-1

N
〈N21〉N-1. By doing this, it is ensured that V1 and V2 are two independent 

random variables (see Appendix I for detailed statistics of V1  and V2 ). S21,s=S21,s-

〈S21,s〉N  is the stirred part of the desired signal, whose two quadrature components 

follow i.i.d Gaussian distribution with 0 mean and standard deviation 
2

refG
 , with 

refG  the transfer function of the RC which is defined as [4], [31]: 

                          

3

216
refG Q

V




=                           (5.10) 

where Q  is the quality factor,   is the wavelength, and V  is the volume of the RC.  

Then the power of the actual measured stirred part is: 

        ( )( )
2 2 2* *

21, 21, 21, 21, 21, 21,s s s s s sR S V S V S V S V S V = + + = + + +         (5.11) 

where the superscript    denotes the complex conjugation operation. The desired 

stirred power |S21,s|
2
follows an Exponential distribution with mean Gref and standard 

deviation Gref [32]. Similarly, |V|2 is also exponentially distributed with both mean 

and standard deviation 2σ
2 = 2

N-1

N
σnoise

2  (see Appendix I for detailed statistics of V) 

[32]. 

Taking the ensemble average on both sides of equation (5.11) gives: 

          
2 2 2 *

21, 21, 21, 21,s s s sN NNN N

R S V S V S V= + + +           (5.12) 

Since S21,s and V are independent, if N is large, we have 〈S21,sV
*〉N+〈S21,s

*
V〉N=0 (see 

Appendix II). Therefore, the following relationship can be derived: 

                   
2 2 2

21, 21,s s
NN N

R S V= +                     (5.13) 

Let x= ⟨|S21,s|
2
⟩

N

, then x follows a Gamma distribution with shape factor N and scale 

factor 
Gref

N
. The PDF and corresponding statistics of x are shown below [29]: 
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            ( )
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ref ref

x ref xN

ref
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G N N
 

−
 
−  
 = = =


             (5.14) 

where Γ(∗) is the gamma function, which is the analytical continuation of the factorial 

function to complex numbers.  

 

 

(a) 

 

(b) 

Figure 5.6: Distributions of the desired average stirred power x and the 

corresponding theoretical Gamma PDF at: (a) 2.45 GHz. (b) 5.8 GHz. 
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To validate the distribution in (5.14), samples of the average stirred power calculated 

over 360 mechanical stirrer positions are collected at two standard Wi-Fi bands (2.45 

GHz and 5.8 GHz). The output power of the VNA is set to “High” to minimize the 

interference of the noise. Adjacent frequency points (within 100 MHz) are utilized for 

sample realization. The histograms of the measured samples and the theoretical Gamma 

PDFs directly calculated using (5.14) with shape factor N=360 are illustrated in Figure 

5.6. It can be seen that, although the average power level at 5.8 GHz (around -34.2 dB) 

is much lower than that at 2.45 GHz (about -25.7 dB), the empirical distributions are in 

good agreement with the corresponding theoretical Gamma distributions in both cases. 

Similarly, y=⟨|V|2⟩
N

 is also Gamma distributed with shape factor N, scale factor 
2σ2

N
, 

and the following statistics [29]: 

           ( )
( )

1

22
2

2

exp
22

, 2 ,
2

N N

y yN N

Ny
N y

f y
N N


  



−  
− 
 = = =


             (5.15) 

However, it is hard to directly verify the distribution in (5.15) since σ is frequency-

dependent and is unknown up to this point. According to the CLT, it is reasonable to 

assume that both x and y follow Gaussian distributions when N is large [32]. The 

random variables x and y are the core for the establishment of the HUF model. Hence, 

all relevant parameters that determine the distributions in (5.14) and (5.15) should be 

known. In the next section, an explicit expression for σ will be given. 

 

5.3.2 The Explicit Expression for σ 

For a VNA, the noise floor level (which is a relative value in dB) is related to its output 

power level. If a reference output power level Pref (usually, a high value is preferable 

so that it is well above the noise floor) is chosen with the corresponding average power 

level of the noise floor 2σref
2 , and later the output power is changed to Pout with the 

average power level of the noise floor 2σout
2 , then the following equation holds: 

                      2 22 2ref ref out outC P P =  =                        (5.16) 

where C stands for “constant”, which is fixed for a given VNA. In the following, an 

efficient approach for estimating σ is given: 
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I. Without cable calibration, set the output power level to Pref (Pref=-3 dBm in this 

case). Connect the ends of both cables with the load ports of the calibration kits. 

Then the transmission coefficient readings should solely reflect the noise. Denote 

this noise as N21,ref (different from N21 which is after perfect cable calibration). 

Then the real and imaginary parts of N21,ref  are i.i.d AWGN with 0 mean and 

standard deviation σref . Equivalently, the relative power |N21,ref|
2
  follows an 

Exponential distribution with mean and standard deviation 2σref
2 . 

II. An unbiased MLE is established to estimate σref: 

    

   ( )    ( )

( )

2 2

21, 21, 21, 21,

1 1

Re Re Im Im

ˆ
2 1

N N

ref ref ref ref

n n
ref

N N N N

N
 = =

− + −

=
−

 
   (5.17) 

where ̂   means “estimated”, and ̅   stands for the sample mean with 

N̄21,ref=
1

N
∑ N21,ref

N
n=1 . Due to the property of AWGN, all frequency samples collected 

can be utilized, which drastically increases the number of samples. The samples 

used for σref  estimation and the corresponding result using (5.17) are shown in 

Figure 5.7 (a). The distribution of |N21,ref|
2
  is also examined by comparing its 

empirical CDF with the theoretical Exponential CDF with scale parameter 2�̂�ref
2  . 

As illustrated in Figure 5.7 (b), good agreement is achieved. 

 

(a) 
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(b) 

Figure 5.7: (a) Estimation result of σref from AWGN samples in the range 2 GHz 

– 18 GHz using (5.17) with Pref=-3  dBm. (b) Validation of the distribution of 

|N21,ref|
2
 by comparing the empirical and theoretical CDFs. 

 

III. For an arbitrary output power level Pout, according to equation (5.16), we have 

                          
ref

out ref

out

P

P
 =                           (5.18) 

IV. Compensate the cable losses to obtain σnoise for N21: 

                     
1 21 2

refout
noise ref

out

P

L L PL L


 = =                    (5.19) 

where L1 and L2 are the losses of the two cables which are frequency dependent. 

As a result, σnoise should also be frequency-dependent. 

V. Finally based on (5.19) and (5.A4) in Appendix I, σ can be expressed as: 

                 
1 2

1 1 ref

noise ref

out

PN N

N N L L P
  

− −
= =                  (5.20) 

According to equation (5.20), N, Pref , Pout , and σref  are available for arbitrary 

measurement system configurations. 
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(a) 

 

(b) 

Figure 5.8: Cable loss modeling in the frequency range 2 GHz – 18 GHz: (a) Cable 

1. (b) Cable 2. 

 

L1 and L2 can be measured and estimated by adopting the following procedures: 

1. Without calibration, set the output power level of the VNA to Pref. Connect the ends 

of both cables with short ports. 

2. Calculate the round-trip cable loss for each cable. 

3. Calculate the corresponding single-trip cable loss by taking the square root of the 
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round-trip cable loss. 

4. Smooth the cable loss curves with a 100 MHz window. 

5. Perform polynomial curve fitting for the smoothed cable loss curves. 

Cable loss modeling results for Cable 1 and Cable 2 are shown in Figure 5.8. It should 

be stressed that especially at higher frequency bands, the original measurement results 

for both cables suffer from large fluctuation (more than 5 dB). One possible reason is 

that the cables are very long (around 5 m), and they are bent multiple times which causes 

phase offset and unexpected resonance. If both cables are terminated with open ports, 

the results can be even worse. However, since L1 and L2 are modeled as deterministic 

values (rather than random variables) in this chapter, the degraded cable performance 

will only affect the system bias (but not the system variance). Future work can focus on 

how the cable performance will affect the HUF, and different cables can be used for 

comparison and validation.  

 

5.3.3 HUF Model Establishment and Physical 

Explanation 

In this section, an explicit model for the HUF of an RC-based measurement system will 

be established based on the statistical theory, and the physical meaning of the derived 

model will be explained. For RC-based measurement tasks, the main quantity of interest 

is the average stirred power measured at the receiving end as shown in equation (5.13), 

rather than the raw signal in (5.7). Begin with the following: 

                          
x x y yk k   −  +                       (5.21) 

where k is a positive integer which determines the corresponding CI. The larger the 

value of k, the more stringent the boundary, and the lower the value of HUF (see 

Appendix III). A typical value is k=3. Then based on (5.10), (5.14), (5.15), and (5.20), 

the following can be obtained: 

                      
3

2
1

16
x x

k
k Q

VN


 



 
− = − 

 
                  (5.22) 
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2

1 2

1
2 1

ref

y y ref

out

Pk N
k

N L L PN
  

− 
+ = + 

 
              (5.23) 

It should be stressed that (1-
k

√N
) should be positive. For instance, if k=3, N should be 

greater than 9, which is a reasonable requirement. Substituting (5.22) and (5.23) into 

(5.21) with λ=
c

f
 and Q=ωτRC=2πfτRC [21] gives 

               

( )

3

1 22

1

16
1 1

out
RC

ref ref

k
N

Pc N
f L L

k VP
N

N


 

 
− 

    
 

− + 
 

           (5.24) 

Then we define the right side of (5.24) as 

            

( )

3

1 22

1

16
1 1

out
HUF RC

ref ref

k
N

Pc N
f L L

k VP
N

N


 

 
− 

 =   
 

− + 
 

            (5.25) 

Equation (5.25) is the explicit expression for the HUF showing all influencing factors. 

Rearranging (5.24) and transforming into dB scale gives 

, ,re dBm re dBm dBP P GB−   

         ( ) 2

, 1, , 2, , 10

1
P 10log 2out dBm dB ref dB dB ref dBm ref

N
P L G L

N


 −  
+ + + − +   

  
    (5.26) 

10

1

10log

1

k

N

k

N

  
+  

  
  

−  
  

 

where 

Pre,dBm=Pout,dBm+L1,dB+Gref,dB+L2,dB  is the ground truth power value of the desired 

signal before entering Port 2 of the VNA, as depicted in Figure 5.9; 

Psen,dBm = Pref,dBm + 10 log
10

(2
N-1

N
σref

2 ) is the absolute noise floor level of the VNA in 

dBm in terms of the average stirred power; 

GBdB=10 log
10

(
(1+

k

√N
)

(1-
k

√N
)
) is an adaptive guard band from the statistical point of view. 
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Figure 5.9: Schematic plot of the path loss model for an RC-based measurement 

system. 

 

Consequently, it can be found from (5.26) that the physical meaning of the HUF model 

is straight forward: the average power level of the desired signal at the receiving end 

should be well above the corresponding noise floor level of the measurement equipment 

at frequencies below f
HUF

. 

 

5.3.4 HUF Model Analysis and an Iterative Method for 

HUF Estimation 

In this section, a detailed analysis of the proposed HUF model (5.25) is performed. The 

methodology is to classify all the parameters under the square root into four terms and 

analyze each term independently: 

I. 
c3

16π
: a constant value that can be treated as a scaling factor. 
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II. 
N(1-

k

√N
)

(N-1)(1+
k

√N
)
: the term that includes the effect of the independent sample number 

N and the CI selector k which collaboratively determine the guard band. We 

name this term the N-k function. The simulated result of the N-k function is 

demonstrated in Figure 5.10. It can be seen that the N-k function monotonically 

increases with N and monotonically decreases with k, as expected. Note that the 

negative simulated result for small N should be discarded since the condition 

(1-
k

√N
)>0 is not fulfilled. By applying the L’Hôpital’s rule, it can be derived 

that: 

                      

( )

1

lim 1

1 1
N

k
N

N

k
N

N

→+

 
− 

  =
 

− + 
 

                      (5.27) 

According to Figure 5.10, especially for higher k value, there is an obvious gap 

from its limit 1 even when N=360. This implies that f
HUF

  can be further 

improved by increasing the number of independent samples, at the cost of 

increased measurement time. Source stir (including position, orientation, and 

polarization) and frequency stir are recommended in addition to the mechanical 

stir method to increase the independent sample number. 

 

 

Figure 5.10: Simulation result of the N-k function. 
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III. 
Pout

VPrefσref
2 : a system-wise fixed term. The f

HUF
 for different measurement system 

setups is mainly affected by this term. Higher DUT radiated power Pout results 

in higher f
HUF

; RC with larger volume V results in higher insertion loss at the 

same frequency, which leads to lower f
HUF

 ; measurement equipment with 

better sensitivity (lower Prefσref
2  value) gives higher f

HUF
. 

IV. τRCL1L2: a combination of all the components that are frequency dependent. 

Both L1 and L2 decrease with frequency. A cable with poor quality or longer 

in size has higher loss at the same frequency, which leads to lower f
HUF

. τRC 

tends to decrease first and then slightly fluctuate as frequency increases. Overall, 

the change in τRC is within 1.2 dB in the frequency range 2 GHz – 18 GHz. 

Loading the RC can drastically reduce τRC, or equivalently the Q factor, which 

also results in the reduction of 𝑓𝐻𝑈𝐹 . Let F(f) = τRCL1L2, then it is reasonable 

to assume that F(f) decreases with frequency. It is counterintuitive that there is 

a frequency-dependent term inside the HUF expression. This is why it is hard 

to define the HUF. In this case, an iterative procedure can be used to calculate 

the theoretical value of f
HUF

 . Due to the computational complexity for 

calculating τRC (usually, IFT is needed and the number of frequency samples 

should be large enough to fulfill the Nyquist theorem), τRC cannot have the 

same granularity as L1 and L2. The interpolation method should be used.  

The abovementioned iterative method for calculating f
HUF

  is summarized in 

Algorithm 5:1. The corresponding flow chart is visualized in Figure 5.11. Note that in 

order to avoid the risk of infinite loop, a second termination condition is set to force the 

program to terminate automatically if it has been running for over 1000 loops. However, 

this does not ensure the convergence of the algorithm, which might result in bigger error. 

Therefore, the termination condition is also a necessary output in addition to the 

theoretical HUF by the proposed algorithm. 
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Algorithm 5:1 Iterative algorithm for HUF calculation 

1. Choose a start frequency f
1
 (empirically a relatively large value is preferred). 

2. Calculate ( )1F f . 

3. Calculate 1

HUFf , where the superscript denotes that it is the first iteration: 

           

( )
( )

3
1

12

1

16
1 1

out
HUF

ref ref

k
N

Pc N
f F f

k VP
N

N

 

 
− 

 =   
 

− + 
 

        (5.28) 

4. While iteration number i≥1: 

      if i

HUF if f : 

            then ( )1 50%i

i i i HUFf f f f+ = − −   

      else if i

HUF if f : 

            then ( )1 50%i

i i HUF if f f f+ = + −   

Then calculate ( )1iF f +
 and 1i

HUFf +  for the next iteration step 

5. Repeat step 4 until the termination condition reaches. 

Termination conditions: 

      either Con 1 

            100% 1%

i

HUF i

i

HUF

f f

f

−
   

      or Con 2 

            1000i   

 

 

 



 Chapter 5: Investigation of the Enhanced Backscattering Effect and Modeling of the Highest Usable Frequency  

      P a g e | 153 
 

 

 

 

Figure 5.11: Flow chart diagram of the iterative approach for calculating the HUF. 

 

5.3.5 Experimental Validation of the HUF Model 

In this section, the HUF of the RC-based measurement system at the University of 

Liverpool (see Figure 5.1) for different Pout settings are theoretically derived based on 

the proposed model (5.25). The iterative algorithm described in Figure 5.11 is adopted 

for calculation. Then the results are validated by the experimental estimation procedure 

described by (5.26). The RC configuration and measurement setup are similar to that 

elaborated in Section 5.2.2 and are thus omitted here. Key parameters and their 

specifications are summarized in Table 5-V.  

 

 

 

Start

Calculate F(fi)

Set initial 
value f1  

Calculate fHUF,i

Con 1
Or

Con 2

End

Yes

No

fi+1=(fi+fHUF,i)/2

i=i+1
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Table 5-V: Parameter specifications for HUF measurement and estimation 

Parameter Value 

Chamber size 83.52 m3 

IF bandwidth 10 kHz 

Frequency range  2 GHz – 18 GHz 

Number of frequency points 1601 

Number of stirrer positions  180 

Number of independent samples  180 

Stirrer step size 2° 

VNA Agilent N9917A 

VNA measurement range 10 MHz – 18 GHz 

Transmitting antenna Rohde & Schwarz HF 906 

Transmitting antenna bandwidth 1 GHz – 18 GHz 

Receiving antenna SATIMO SH 2000 

Receiving antenna bandwidth 2 GHz – 32 GHz 

Cable 1 type 3.5 mm 

Cable 1 frequency range DC – 26.5 GHz 

Cable 2 type N type 

Cable 2 frequency range DC – 18 GHz 

Pref  -3 dBm 

 

Pout  

-21 dBm, -24 dBm,  

-27 dBm, -30 dBm,  

-33 dBm, -36 dBm 

CI selector 3 

 

 

(a) 
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(b) 

Figure 5.12: Experimental HUF estimation procedure based on (5.26): (a) 

Examination for Pref= -3 dBm. (b) Example HUF derivation for Pout= -27 dBm. 

 

The experimental process for HUF derivation is illustrated in Figure 5.12. The green 

solid curve represents the desired received power Pre,dBm=Pout,dBm+L1,dB+Gref,dB+L2,dB 

in (5.26). The magenta solid line indicates the absolute noise floor level Psen,dBm =

Pref,dBm + 10 log
10

(2
N-1

N
σref

2 ) in (5.26), which is fixed system-wise irrespective of the 

output power Pout. After considering the 3-standard deviation shift, the corresponding 

results are denoted by the dashed curves. By doing this, the guard band in (5.26) is 

already incorporated in the two dashed curves. The frequency point at which the two 

dashed lines intersect with each other denotes the HUF.  

In Figure 5.12 (a), it can be seen that for Pout=Pref= -3 dBm, the measured received 

power is well beyond the noise floor for the frequency range of interest (2 GHz – 18 

GHz), which guarantees that the measured Gref remains intact from the system noise. 

As a result, Pre can be considered as “desired”. Figure 5.12 (b) shows an example of 

experimental HUF derivation for Pout= -27 dBm. By looking up the intersection point 

of the two dashed lines, we have that f
HUF

=8.77 GHz. 
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Figure 5.13: HUF calculated by the proposed model (5.25) and estimated by the 

experimental process (5.26) as a function of Pout. 

 

Table 5-VI: Table of Comparison between the theoretically calculated HUF (5.25) 

and the experimentally estimated HUF (5.26) for different Pout values 

 

Pout 

Experimental 

Estimation 

(5.26) 

Iterative 

Algorithm 

(5.25) 

Termination 

Condition 

Relative 

Discrepancy 

-21 dBm 12.73 GHz 13.55 GHz Con 2 6.44% 

-24 dBm 10.63 GHz 10.96 GHz Con 1 3.10% 

-27 dBm 8.77 GHz 9.00 GHz Con 1 2.62% 

-30 dBm 6.85 GHz 7.14 GHz Con 1 4.23% 

-33 dBm 5.34 GHz 5.50 GHz Con 1 3.00% 

-36 dBm 4.31 GHz 4.42 GHz Con 1 2.55% 

 

The comparison result of f
HUF

 calculated by the proposed model (5.25) and estimated 

by the experimental process (5.26) is demonstrated in Figure 5.13. Detailed figures as 

well the relative discrepancies are listed in Table 5-VI. Not surprisingly, for both cases, 

f
HUF

 monotonically increases with increasing Pout values. Overall, the two curves are 

in good agreement with each other, which verifies the proposed model. However, there 
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exists a systematic bias that f
HUF

 calculated by (5.25) is always slightly higher than 

that by (5.26) at the same Pout values. This is due to the difference of the Q factor 

calculated in the frequency domain and in the time domain, as explained in [21]. 

Including the losses of the transmitting antenna and the receiving antenna may relieve 

this problem. One thing should be mentioned is that when Pout =-21 dBm, the 

termination condition of the iterative algorithm is “Con 2”, which implies that the 

resultant f
HUF

 might not be convergent. Consequently, a relatively large discrepancy 

is observed (6.44%). One possible reason is that as frequency increases, the reduced 

dynamic range in the time domain may introduce error to τRC estimation. 

 

5.4 Conclusion 

In this chapter, firstly in Section 5.2, the enhanced backscattering effect inside an RC 

with volume 83.52 m3 was investigated in terms of the frequency, spatial, and power 

domains by calculating and comparing eb  with its theoretical value. As the 

experimental results indicated, a HUF should be defined for the RC-based measurement 

system, above which the statistical characteristics of the measured received signal will 

be severely disturbed by the system noise due to increased attenuation. 

On the one hand, the HUF of the RC depends upon the system SNR, which is different 

from the LUF defined based on the mode density and mode bandwidth. On the other 

hand, the HUF is in accordance with the LUF in that it is not sensitive to the spatial 

domain characteristics such as location, orientation, and polarization within the 

working volume of the RC. 

Then, in Section 5.3, detailed deduction procedures for an explicit HUF model were 

elaborated based on the statistical distributions of 〈|S21,s|
2
〉N  and 〈|V|2〉N . Physical 

explanation verified that the proposed HUF model essentially describes the change of 

the system SNR as a function of frequency. Analysis and discussion of each term in 

(5.25) and their effects on the HUF were also performed. To tackle the problem that 

there are frequency-dependent terms inside the HUF expression, an iterative algorithm 

was developed for efficient calculation. Finally, experimental validation of the proposed 

HUF model was conducted with different output power levels, and good agreement 
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between the experimental estimation described in (5.26) and the proposed model (5.25) 

was achieved. 

With the aid of the proposed HUF model, fast characterization and evaluation of the 

RC-based measurement system at a certain frequency band and output power level 

becomes possible, and the system setup can be optimized accordingly so that the HUF 

of the existing RC can be improved.  

So far, the proposed HUF model has been validated for different Pout values. Future 

works should primarily concentrate on further validation of the HUF model in terms of 

other influencing factors. Specifically, the validation in a second RC with different 

design characteristics like chamber volume, Q factor, and stirrer configuration is 

preferred. It is also possible to further modify the proposed HUF model to fulfill 

different test requirements. For instance, an additional term that represents a 

deterministic guard band (e.g., 10 dB) can be added in (5.25) to guarantee certain 

system SNR. 
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Chapter 6 Conclusion & Future Work 

 

6.1 Key Contributions 

In this thesis, accurate, reliable, and fast RC characterization processes regarding 

different stirrer configurations, practical TRP measurement setups, and different 

frequencies & transmitting power levels have been researched, developed, analyzed, 

and validated [1] – [3]. Key contributions in each chapter are briefly summarized as 

follows: 

Chapter 3: A novel method for scattering damping time extraction and stirrer 

performance characterization 

A novel frequency domain approach has been proposed in this chapter for calculating 

the scattering damping time, thereby providing a more reliable and efficient way for 

stirrer performance characterization of an RC [1]. Similar to the definition of the FD-

ACF, the FD-ACFUS, which describes how the unstirred components are correlated 

with respect to frequency offset, was defined for the first time in this work. Then, by 

constructing these two ACFs, we showed that the scattering damping time can be 

directly obtained in the frequency domain without performing the IFT. Detailed 

mathematical proof of the proposed method was given based on the Wiener-Khinchin 

theorem, and its advantages over the conventional IFT-based approach were discussed 

and analyzed by simulation. Experimental validations were performed for both the 2.3 

GHz – 2.5 GHz and 5.8 GHz – 6.0 GHz bands and three different stirrer configurations 

to verify the proposed method.  

Summary about the importance and impact: 

1) Compared with the traditional IFT-based method, the proposed frequency domain 

method can provide more stable and reliable results since it has a wider dynamic 

range and eliminates the procedure of manually selecting the fitting range.  

2) The mathematical relationship between the FD-ACFUS and the scattering damping 

time is established for the first time in this work. 
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3) Based on the proposed method, the reliable stirrer performance characterization of 

an RC can be achieved. 

Chapter 4: Statistical Modelling of the average Rician K-factor 

An unbiased MLE of the average Rician K-factor has been given for accurate 

characterization of the statistical anisotropy of the RC [2]. Firstly, the average Rician 

K-factor was formulated based on the random unstirred power assumption. Secondly, 

the statistical distribution of the MLE of the average Rician K-factor was obtained, and 

Monte Carlo simulations showed that the MLE is actually biased. An improved 

unbiased MLE for the average Rician K-factor was then given, and its statistical 

properties were theoretically analyzed. Experimental comparison for the MLEs was 

also performed. 

Summary about the importance and impact: 

1) This is the first work that derives the statistical distribution of the MLE of the 

average Rician K-factor. 

2) The statistical anisotropy of the RC can be more accurately characterized based on 

the derived statistics of the average Rician K-factor. 

Chapter 4: An improved analytical uncertainty model for the RC-based OTA TRP 

measurement 

After accurately characterizing its statistical anisotropy, the RC was applied to OTA 

TRP measurement. It was shown that sample correlation and statistical anisotropy 

played a vital role in the relative measurement uncertainty. Consequently, an improved 

analytical uncertainty model was derived based on the number of independent samples 

and the average Rician K-factor [2]. The statistical properties of the average Rician K-

factor have already been derived, and two approaches for independent sample number 

estimation were introduced for cross-checking. The RC-based TRP measurement 

process was divided into two stages: the calibration stage and the measurement stage. 

Sources of uncertainty in each stage were analyzed and propagated to the overall 

uncertainty formula. Extensive 9-Point estimation measurements were also conducted 

for performance evaluation.  

Summary about the importance and impact: 

1) The proposed analytical uncertainty model is more accurate than the traditional 
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model since it takes both the sample correlation and the statistical anisotropy into 

consideration. 

2) The proposed model is the first analytical model that includes the uncertainties from 

both the calibration stage and the measurement stage during the TRP measurement. 

It also allows different experimental configurations for these two stages. 

3) The proposed model makes it possible to characterize the uncertainty of the RC-

based OTA TRP measurement without tedious and time-consuming empirical 

estimation processes. 

Chapter 5: Investigation of the enhanced backscattering effect in different 

domains 

Thorough enhanced backscattering effect investigations were performed for RC 

characterization in terms of the frequency, spatial, and power domains. According to 

the experimental results, it was inferred that in addition to the well-known LUF, there 

should be a HUF for the RC-based measurement system, above which its statistical 

behavior will be severely disturbed by the system noise due to increased attenuation. It 

was also found that the HUF should be insensitive to the spatial domain characteristics 

like location, orientation, and polarization within the working volume of the RC. 

Summary about the importance and impact: 

1) The investigation indicates that there exists a HUF for an RC, and it is related to the 

output power of the source. 

2) The investigation also shows that the HUF is not sensitive to the excitation source’s 

location, orientation, and antenna polarization.  

Chapter 5: Modelling of the HUF of the RC-based measurement system 

A HUF model was derived based on the statistical distributions of the average power of 

the desired received signal and the corresponding average noise power [3]. Detailed 

deduction procedures were elaborated. According to its explicit expression, the HUF 

should be a function of parameters like chamber volume, chamber decay constant, cable 

losses, the power level of the transmitting signal, sensitivity of the measurement 

equipment, and their influences on the HUF were also analyzed and discussed. We also 

gave a physical explanation for the proposed HUF model. In order to deal with the 

problem that frequency-dependent terms are included in the HUF expression, an 
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iterative algorithm was developed. Experimental evaluation of the proposed HUF 

model was conducted with different output power levels, and good agreement between 

the empirical estimation and the proposed HUF model was achieved.  

Summary about the importance and impact: 

1) To the best of the author’s knowledge, this is the first comprehensive study of the 

HUF of an RC. 

2) Fast characterization of the RC-based measurement system in terms of the 

frequency of operation and the output power level becomes possible with the help 

of the proposed HUF model. 

3) The proposed HUF model guides how to optimize the existing system setup for 

improved HUF.  

 

6.2 Future Work 

Chapter 3 

Until now, there is only a relatively loose theoretical lower boundary for the scattering 

damping time [4]:  

                              
0

4LB

s

s

V

A c
 =                            (6.1) 

where the superscript 
LB

 stands for the lower bound, and sA  is the stirring surface 

area. For example, the total stirring surface area of the two mechanical stirrers installed 

inside the RC at the University of Liverpool is around 8 2m , which gives 14LB

s   ns. 

Nevertheless, the measured values of the scattering damping time in this work are much 

larger than this lower bound. If an analytical expression for calculating the ground-truth 

value of the scattering damping time can be derived, it will help for fast RC stirrer 

performance characterization. 

It has been pointed out that, under heavy loading conditions, the proposed frequency 

domain method may lose its effectiveness. While this situation might be rare in practice 

(for the scattering damping time extraction, the OUT is the stirrer of the RC, and there 

/dut
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is no reason to test it in a heavily loaded setup), analyzing and solving this problem is 

still of research value. 

Chapter 4 

The DUT used for the TRP measurement in this thesis was an “equivalent” DUT 

comprises an SG, a dual-ridge horn antenna, and the cable connecting them. This is 

actually different from the real DUT (e.g., user terminal, BS) in radiation pattern, 

loading effect, emitted signal, etc. Therefore, a real DUT can be used for further 

evaluating the proposed analytical uncertainty model in the future. 

 

 

Figure 6.1: Experimental setup for measuring the directivity of the AUT using an 

RC.  

 

In addition to the TRP, the effective isotropic radiated power (EIRP) is another critical 

FoM for the OTA tests [5]. EIRP can be represented as: 

                           EIRP TRP D= +                          (6.2) 

where D denotes the directivity of the DUT antenna. In [6], it was demonstrated that 
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the directivity can be measured in an RC using a two-stage reference substitution 

method with the LOS configuration. A typical experimental setup for measuring the 

directivity using an RC is depicted in Figure 6.1. Accurate characterization of the RC 

under this measurement setup and quantification of the corresponding measurement 

uncertainty can provide meaningful reference to standard bodies and institutions, 

making the RC an economical and efficient alternative to the AC for OTA EIRP testing. 

Chapter 5 

So far, the proposed HUF model has been verified in terms of different output power 

levels. In the future, further validation should primarily concentrate on other parameters. 

Specifically, the validation in a second RC with different characteristics is preferred. 

It is also possible to further improve the proposed HUF model. For instance, an 

additional term representing a deterministic guard band (e.g., 10 dB) can be added to 

guarantee certain system SNR. 

With the aid of the proposed HUF model, it is possible to further optimize the HUF of 

the existing RC-based measurement system. Therefore, future research can focus on the 

design and optimization of the RC, and our ultimate goal is to design an RC which has 

a much wider frequency band that covers the requirements of mainstream standards, 

with smaller dimensions and lower measurement uncertainty. 
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Appendix I 

                             
1 21

1N
V N

N

−
=                          (A.1) 

Based on the statistics of N21, we have that Re{V1} and Im{V1} are i.i.d variables 

following a Gaussian distribution with mean 0 and standard deviation 
N-1

N
σnoise, where 

Re and Im are operations that taking the real and imaginary part of the corresponding 

quantity, respectively.  

                          
2 21 1

1
N

N
V N

N −

−
=                         (A.2) 

It is also easy to obtain that Re{V2} and Im{V2} are also i.i.d Gaussian distributed 

with 0 mean and standard deviation 
√N-1

N
σnoise. Recall the equation 

                       
21 21 1 2N

V N N V V= − = −                      (A.3) 

Since V1 and V2 are independent, V also follows a complex Normal distribution with 

0 mean and standard deviation σ [1]: 
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Appendix II 
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Based on (A.6) and (A.7), we can get 

            *

21, 21, 21, 21,2 Re Re 2 Im Ims s s sN N N N
S V S V S V S V + = +      (A.8) 

The two random variables Re{S21,s}  and Re{V}  are independent and of 0 mean. 

Similarly, Im{S21,s} and Im{V} are independent and of 0 mean [2]. Therefore, if N is 

large, 〈S21,sV
*〉N+〈S21,s

*
V〉N=0. 
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Appendix III 

According to the CLT [2], it is reasonable to assume that both x and y in Section 5.3.1 

follow Gaussian distributions for large N. The probability that x does not exceed k stand 

deviations (only the lower bound) is given as: 

                   ( ) ( ) ( )1x xP x k k k  − = − − =                 (A.9) 

where Φ(*)  denotes the CDF of the standard normal distribution. Similarly, the 

probability that y does not exceed k stand deviations (only the upper bound) is: 

                       ( ) ( )y yP y k k  + =                      (A.10) 

 

Table A-I: Statistical data for different k values 

k Φ(k) ER=1-Φ2(k) 

1 0.8413 29.22% 

2 0.9772 4.51% 

3 0.9987 0.26% 

 

Then the overall excess rate can be defined accordingly as: 

          ( ) ( ) ( )21 1x x y yER P x k P y k k   = −  −  + = −           (A.11) 

Statistical figures are available in Table A-I. 
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