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Abstract
[bookmark: _Hlk73107482][bookmark: _Hlk73044356][bookmark: _Hlk73106811]Harvesting energy from ambient vibrations, particularly vibrations of a train, is very useful to build a transportation Internet of Things. This paper presents an electromagnetic vibration energy harvester (VEH) based on a cylindrical rolling magnet (RM) and one or three fixed magnets (FMs). This VEH can reach mono-stable and tri-stable potential energy states by changing the number of FMs, and enhance the nonlinearity of the system by reducing the vertical gap between the RM and FMs. Firstly, a theoretical model of the proposed VEH is established. During model construction, the commonly used dipole moment method (DMM) is found unsuitable for calculating the magnetic restoring force acting on the RM since the DMM cannot consider influences of magnet dimensions. Thus, the finite element method is applied. A position-varying factor is exploited to accomplish the electromagnetic coupling of the system. The occurrence of RM slip and the differences between its rolling and sliding effects are investigated. Then, frequency-sweeping tests are performed to understand the dynamical characteristics and energy harvesting capacity of the VEH. The experimental and simulated results under small-magnitude excitations exhibit similar trends, demonstrating the suitability of the theoretical model. The VEH with one FM achieves its maximum instantaneous power of 40.6 mW at 8.0 Hz (9.8 mW at 7.5 Hz for the VEH with three FMs). Finally, the application of this VEH for scavenging energy from the lateral vibration of a metro car body is explored in the laboratory, which suggests its high potential of powering a self-contained onboard monitoring node on a metro train.
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1. Introduction
Health monitoring of infrastructures is widely utilized in railway industry for identifying the potential failure of critical structures, reducing maintenance cost, and ensuring safety of railway transportation. Electronics such as sensors, wireless transmitters, and GPS modules, are crucial components of a monitoring system but they require reliable power supplies to function. The traditional power-supply solutions of using batteries and electric cable networks involve human intervention and extra maintenance cost because of the unavailability and vulnerability of the power grid and the limited service life of batteries [1]. Besides, it is challenging to power these devices with electric cables in some locations of trains and tracks because of the low-power requirement and distributed characters of these devices [2], [3]. Converting energy from the ambient environment into electricity for local use can overcome the problems caused by traditional power supply solutions, especially in remote areas [4].
[bookmark: _Hlk72768338]Vibrations of vehicle-track components, such as the rail and the bogie frame, are promising sources for energy harvesting to power these onboard and rail-side monitoring devices, as shown in Figure 1. This work intends to develop an electromagnetic vibration energy harvester (VEH) installed on the cabin floor for scavenging energy from the lateral vibration of the car body of a train. The cabin floor of a vehicle can provide enough space to install the VEH. Furthermore, the VEH installed in the cabin of a vehicle allows convenient maintenance.
[image: ] 
Figure 1. Illustration of vibration energy harvesting applications in the railway industry.

Vibration induced by the discontinuity of wheel-rail contact surface can transmit from a wheelset to a cabin, as well as from a rail to other track infrastructure, as shown in Figure 1. Since the vibration will undergo decay during its transmission, the amount of energy harnessed from the vibration of tracks and rolling stocks depends not only on the types of harvesters but also on the installation locations and the status of trains. According to installation locations, the reported diverse VEHs can be roughly categorized into two groups: onboard and wayside harvesters. 
[bookmark: _Hlk72943364]Wayside VEHs, installed on track infrastructure such as rails [5], [6], sleepers [7], bridges [8], are capable of scavenging the vibration energy induced by passing trains and powering electronic devices for health monitoring of infrastructure. As the vibration undergoes decay during transmission, the rail, under the excitation of travelling wheels, vibrates more intensely than other track components. Thus, much research focused on energy harvesting from rail vibrations. Using the inertial force during rail vibration, Gao et al. [5], [6] developed an electromagnetic VEH with a spring-mass structure and a piezoelectric VEH with a cantilever beam structure, both of which are fixed on the rail foot through a clap. Some other researchers studied harvesters driven by rail displacement because of their high energy density. Nelson et al. [9] proposed an inductive coil harvester, composed of a moving coil attached to the rail and a magnet fixed on the ground. Some VEHs utilize mechanical mechanisms, such as the rack-gear mechanism, to convert the linear displacement of rails into the rotation of electromagnetic generator [10]–[14]. Wayside harvesters generally operate when trains pass by, accounting for a very small part of a day. Such a characteristic will limit the total energy scavenged by wayside VEHs. 
Onboard VEHs, fixed on rolling stocks, can operate continuously during a train journey. However, the fast speed and compact structure of train bogies restrict the installation position and the volume of onboard VEHs. The installation locations of reported onboard VEHs include the axle box, the bogie frame, and suspensions. For instance, Kim [15] designed a resonant-type electromagnetic VEH fixed on the axle box of a high-speed train and obtained a maximum average power of 147.92 mW at a speed of 300 km/h. Gao et. al [16] developed a pendulum-like electromagnetic VEH for harnessing the energy from the vibration of the bogie of a freight train. Suspensions have been widely utilized in trains to suppress undesired vibrations by dissipating kinetic energy into heat. Energy-harvesting absorbers on trains can harvest such dissipated energy and thus have gained tremendous attention because of the potential to control the dynamical behaviour of trains [17]–[20]. Energy-harvesting suspension systems can be grouped as linear harvesters, converting the vertical vibrations directly into electricity with a simple structure, and rotary harvesters, transforming the linear oscillation into rotational vibration of a generator through a linear-to-rotary mechanism. Rotary harvesters usually have higher energy harnessing capacity but more complex structures and larger dimensions than linear ones [19]. As most of the reported onboard VEHs are mounted on the bogie of a train, components of VEHs have a possibility of falling off under the action of long-term vibration, presenting a risk to the safe operation of trains. Installing the harvester in the cabin of a vehicle may avoid such a risk.
Vibration energy scavenging is a process of converting the kinetic energy of mechanical vibration into electricity using transduction mechanisms, such as electromagnetic [16], [21], piezoelectric [22], [23], triboelectric [24], [25], magnetostrictive [26] and electrostatic. Among all the reported mechanisms, electromagnetic and piezoelectric or the combination of both [27] are mostly exploited in the railway industry. 
Electromagnetic VEHs, generally composed of fixed coils and moving magnets, do not depend on advanced materials and are easy to fabricate. Diverse structures of electromagnetic VEHs, such as a spring-mass structure [28], a magnetic-levitation structure [29], and a pendulum-like structure [30] have been reported, enabling electromagnetic VEHs to meet the requirements of different application scenarios. The electromagnetic mechanism is widely exploited in large-scale VEHs for railway applications. Although the output power of reported electromagnetic VEHs has been improved continuously, they have large dimensions and complex structures. Most of the reported small-scale electromagnetic VEHs use magnets sliding through the coil to realize energy conversion [31]. Sliding magnet-based VEHs with small dimensions usually have a displacement restriction on the inertial mass, leading to a limit on the velocity of the inertial mass and the amount of harvested energy [32]. As a result, rotation-translation VEHs have attracted much research interest because of the higher power density. For instance, Moss et al. [32] reported a hybrid rotation-translation harvester exploiting the cycloidal motion of a magnetic sphere to harvest energy from vibrations below 10 Hz. Fu et al. [33] proposed a bistable rotation-translation harvester operating at an ultra-low frequency (< 1 Hz). The spherical shape of the inertial mass makes rolling easier to take place than sliding. Moreover, the magnetic flux of a rolling magnet (RM) has a fast-changing rate than a sliding one, leading to an enhancement to induced voltages. Most rotation-translation VEHs adopted a diametrically magnetized sphere as a mover due to its ideal shape. However, the rolling axis of a sphere in practice is difficult to control during the rotation-translation motion, having an adverse impact on improving energy harvesting efficiency. A cylindrical rolling magnet may contribute to overcome the shortage of spherical magnet.
[bookmark: _Hlk67409045][bookmark: _Hlk67393712]Piezoelectric VEHs exploit the electromechanical coupling characteristics of piezoelectric materials to convert mechanical energy to electricity. As small deformations of piezoelectric materials can generate a large voltage output, piezoelectric VEHs are sensitive even to slight vibrations and perform well under high-frequency excitations. The cantilever beam, shown in Figure 1, is a typical structure in reported piezoelectric VEHs due to its straightforward architecture and clear pathway of force transmission [34]. However, piezoelectric VEHs usually have large internal resistance. To output the harvested energy, external loads with large resistance are needed to match the internal resistance of the harvester. Such a characteristic would restrict the energy harvesting efficiency and practical application of the piezoelectric VEHs.
[bookmark: _Hlk67490474]Compared with piezoelectric VEHs, electromagnetic harvesters usually have larger dimensions and can generate more energy, especially in the low-frequency range [16]. The performance of electrostatic, triboelectric, and magnetostrictive harvesters highly depends on the properties of the used materials and working conditions. Since the railway industry cannot guarantee the working environment on-site and is price-sensitive, VEHs based on electrostatic, triboelectric, and magnetostrictive mechanisms are seldom reported in railway applications.
[bookmark: _Hlk72766351]In this work, an electromagnetic VEH, based on a cylindrical magnet with diametrical magnetization, is proposed. The cylindrical shape of the magnet makes it roll around its longitudinal axis, maintaining a high magnetic flux changing rate. Without complex connections and motion conversion mechanisms, the proposed VEH has a simple structure and small dimensions. Novel contributions of this work can be summarized as follows:
(1) A VEH which can achieve the monostable and tri-stable potential energy states by changing the number of fixed magnets (FMs), is proposed. The adaptability to various kinds of environmental vibration of this system can be enhanced by adjusting the vertical distance between the RM and FMs. 
(2) It is found that the commonly used dipole moment method (DMM) is unsuitable for calculating the magnetic restoring force acting on the RM since the DMM cannot consider influences of magnet dimensions. Therefore, the finite element method is applied.
(3) A position-varying electromagnetic coupling factor is derived and exploited in the established electrodynamic model.
(4) The differences between the rolling and sliding effects are studied in theory.
(5) The applicability of the VEH for harvesting the lateral vibration energy of a metro car body is explored. 
The remaining parts of this paper are organized as follows: In Section 2, the design concept, fabrication process, and theoretical model of the VEH are briefly described. Section 3 elaborates model refinement and parameter characterisation. Theoretical studies based on the established model and experimental frequency-sweeping tests are performed in Section 4. Section 5 presents an application of the proposed VEH for train vibration. An experiment to verify the potential of this harvester for driving electronic device is presented in Section 6. Finally, conclusions are drawn in Section 7 according to the relevant analysis.

2. Design, fabrication, and modelling of the harvester
2.1 Design concept and working principle of the harvester
[bookmark: _Hlk67090378]Figure 2(a) presents the schematic of the harvester composed of a frame of a seat and two side columns, two adjustment rings, a rectangular tube, a coil, an RM, FMs, rubber bands and a piece of sandpaper. Each adjustment ring sits on the bottom of each column which supports the tube. Several adjustment rings of different thicknesses are available and can be used to make the desired gap between the tube (and thus the RM) and the FMs. The RM in a cylindrical shape with diametrical magnetization is placed inside the tube and rolls along the tube-length direction shown in Figure 2(a). A coil is wound around the rectangular tube in the length direction above the FMs (the coil in Figure 2(a) is a cut-through view). Oscillations of the RM around the stable points will lead to a change of magnetic flux inside the coil, as well as generating electromagnetic force across the coil. The characteristics of magnetic force vary with the vertical distance between the RM and FMs. Rubber bands passing through the hole reserved at the bottom and top walls of the rectangular tube on either side are used to prevent the direct collision between the RM and the corresponding end side of the tube. A piece of sandpaper is attached to the bottom wall of the rectangular tube to increase the static friction force acting on the RM and avoid slips of the RM. Figure 2(b) shows the two setups of FMs utilized in this work: one FM leads to a monostable potential energy system and three FMs lead to a tri-stable potential energy system.
[bookmark: _Hlk63523413]A prototype of the harvester has been fabricated based on the proposed concept. During fabrication, the dimensions of the coil and rolling magnet are first decided upon, and the particular coil and magnet used in the prototype are the easiest ones we can obtain. The sizes of other components are designed based on the dimensions of the coil and the rolling magnet. For instance, the cross-section of the tube has to be able to pass through the coil and accommodate the rolling magnet inside it, and the length of the tube should be larger than  times the radius of the cylindrical magnet to enable a tri-stable state. The frame, the tube and the adjustment rings are made of polylactic acid (PLA) via 3D printing technology. A photo of the actual experimental harvester is presented in Figure 2(c). The tube has a length of 90 mm and a rectangular cross-section of 19 mm×19 mm (dimension of inner rectangle: 14 mm ×16 mm). The diametrically magnetized RM has a grade number of N38 and a Ф4 mm × 4 mm dimension. Rubber bands with a diameter of 2 mm are utilized to provide elastic constraints for preventing the direct collision between the RM and the frame on its two sides. Sandpaper with a thickness of 0.2 mm is attached to the bottom inner wall of the tube to hinder the relative slips of the RM. The coil is made from copper wire with a diameter of 0.16 mm. The prototype of the VEH has a gross size of 90mm×50mm×30mm.
[bookmark: _Hlk67131176]   [image: ]
[bookmark: _Hlk67133848]Figure 2. Schematic and working principle of the harvester: (a) schematic of the harvester; (b) setups for FMs; (c) a photo of the actual experimental harvester (two in view); (d) free body diagram of the RM; (e) some crucial parameters of the theoretical model.
2.2 Electromechanical model
To understand the electromagnetic and structural dynamical characteristics of this VEH, a theoretical model is established in this work. Figure 2(d) displays the free body diagram of the RM and Figure 2(e) shows some crucial parameters of the theoretical model. The dynamical equation of the RM can be written as follows:
	
	（1）


[bookmark: _Hlk67160748][bookmark: _Hlk67140997][bookmark: _Hlk72657940][bookmark: _Hlk72601726]where  is the mass and  the radius of the RM;  denotes the moment of inertia of the cylindrical RM; It is assumed that there is no relative slip or loss of contact between the RM and the tube.  and  are the translational displacement of the rolling axis, and  the rotational angle;  stands for the linear acceleration of the RM and  the gravitational acceleration;  and  are the X-axis and y-axis components of the magnetic force acting on the RM, respectively;  and   present frictional and normal forces acting on the contacting point of the RM. As no slipping occurs and the instantaneous velocity of the contact point is zero,  satisfies  (, the coefficient of the static friction between the RM and the sandpaper), that is, . According to Eq. 1(b) and 1(c), the friction force acting on the RM can be written as , and the normal force . The term  can work as an indicator for judging the occurrence of the relative slip between the RM and the tube. If  is larger than or equal to one, relative slip occurs;  presents the electromagnetic coupling factor, which depends upon the angular position () and angular velocity () of the RM; and  is the induced current in the coil. As the induced magnetic field within a long solenoid can be approximated to be uniform [35], the two poles of the RM inside the solenoids should feel the same amount of magnetic forces acting in opposite directions. Therefore, the induced magnetic field of the coil only generates a resistant torque acting on the RM;  stands for the mechanical damping coefficient;  is the torque on the RM due to the non-neglectable dimensions of the RM and FMs;  denotes the acceleration of base excitation.  denotes the force generated by the rubber band due to its elastic deformation. Rubber bands at two ends of the tube can be regarded as a strongly nonlinear spring system, working with the FMs to provide restoring force to this system. Thus,  can be integrated into Eq. (1) like the X-axis component of the magnetic force  (Detailed calculation of  is presented in Section 3.1).
As the longitudinal axis of the coil coincides with the X-axis and each turn of the coil can be regarded as parallel to the Y-Z plane, only the X-direction component of magnetic flux intensity is relevant to the magnetic flux within the coil and thus is considered. Substituting Eq. 1(a) to 1(c), the following equation can be obtained:
	
	（2）


The governing equation of an electrical circuit, connecting the harvester and a resistive load in series, can be expressed as follows based on Kirchhoff’s Voltage Law [33]:
	
	（3）


where  is the inductance of the coil;  and  the internal resistance of the coil and the external load. The values of some critical parameters are presented in Table 1.
[bookmark: _Hlk63284154]The magnetic force between the RM and FMs shows a strong nonlinearity, being conducive to broadening the responsive frequency band of the system. The cylindrical magnet undergoes rotary motions inside the tube. Its changing pole positions and approximate distances between the RM and FMs mean that the radial dimension of the RM is unneglectable, that is, it cannot be treated as a sizeless dipole. Besides, the torque term,, caused by the non-uniformed magnetic field will be omitted when the DMM is utilized. Thus, the DMM does not apply to calculate the magnetic force acting on the RM. Compared with the DMM, the finite element model (FEM) is not affected by the dimensions of magnets but it incurs a high computational workload. 
[image: ]
Figure 3. Illustration of the RM with diametrical magnetization: (a) front view; (b) left view; (c) isometric view; (d) parameters used in the model. 

The RM oscillates inside the tube, causing a change of magnetic flux in the coil and inducing an electromotive force (EMF) across the coil. Figure 3 illustrates a cylindrical RM with diametrical magnetization, where  denotes the magnetic polarization vector perpendicular to the longitudinal axis of the cylinder;  stands for the height of the cylinder and  the radius of the cylinder;  and  correspond to position vectors from the central point  of the RM to the observation point  and one point  on the cylindrical surface, respectively;  is the unit vector normal to the curved surface of the cylinder at point ; The radius  of the cylindrical coordinate system fixed on the RM is perpendicular to , as depicted in Figure 3(a). According to the Coulombian approach [36], the magnetic field intensity at observation point  can be expressed as follows [37], [38]:
	
	（4）


where  presents the magnetic constant with a value of 12.57E-7 H/m; and ,, and  correspond to orthogonal unit vectors along X, Y, and Z axes, respectively; is the angle between  and . The X-direction component of magnetic field intensity at the plane of  can be expressed as:
	
	（5）


As point  is on the cylindrical surface,  satisfies  and . The corresponding X-direction component of the magnetic flux density at the plane of  can be given as:
	
	（6）


where  when the point  locates inside the magnet, and  when the point  is in the free space. The magnetic flux passing through a multi-turn coil with a square cross-section can be obtained by:
	
	（7）


where  presents the number of turns of the coil; is the half-length of the coil bobbin; is half of the side length of the square cross-section of the coil, and  the thickness of the coil. These variables appearing in the above equation can be found in Figure 2(e). Based on the Faraday’s law of induction, the EMF  across the coil induced by the rolling cylindrical magnet as a function of time  can be written as:
	
	（8）


Eq. (8) indicates that the induced EMF is proportional to the rotational velocity of the RM. 
Table 1. Design parameters of the prototype.
	
	Symbol
	Description
	Value
	Unit

	RM
	
	Mass of the RM
	1.24E-2 kg
	kg

	
	
	The radius of the RM
	6.00E-3 m
	m

	
	
	Hight of the RM
	1.40E-2 m
	m

	
	
	Magnetic remanence
	1.25
	T

	Coil
	
	The inductance of the coil
	7.65E-1
	H

	
	
	The internal resistance of the coil
	450
	Ω

	
	
	Half-length of the coil bobbin
	2.00E-2
	m

	
	
	The thickness of the coil
	1.00E-2
	m

	
	
	Half of the side length of the coil
	1.50E-2
	m

	
	
	Number of turns of the coil
	7850
	-

	System
	
	The static friction coefficient between the RM and the tube
	0.14
	-

	
	
	Mechanical damping coefficient
	1.50E-2
	N/(m/s)

	
	
	Distance between two adjacent FMs
	1.88E-2
	m

	
	
	The resistance of the load
	450
	Ω

	
	
	Gravitational acceleration
	9.81
	m/s2



3. Model refinement and parameter characterisation
The established theoretical model needs reliable values of some critical parameters, including the elastic force generated by rubber bands, the restoring forces acting on the RM generated by the FMs, and the position-varying electromagnetic coupling factor. Then, the typical phase trajectories and time-histories of the structural dynamics of the VEH investigated. Note that the RM and FMs used in the theoretical studies share the same parameters as the authors’ prototype. Detailed parameters can be found in Table 1 and Section 2.1.
3.1 Elastic force generated by rubber bands
  [image: ] [image: ]
Figure 4. Force generated by the rubber band. (a) the force diagram; (b) the relationship between the elastic force and the deformation of rubber bands.

[bookmark: _Hlk67404697]Rubber bands are selected to restrict the travel of the RM and provide an elastic force for preventing the direct collision between the RM and the frame. When the RM comes into contact with the rubber band, it stops the RM from going beyond them. Note that the energy dissipation during the contact between the RM and the rubber bands is not considered. The rubber bands used in the prototype have a length of 14 mm and a radius of 2 mm. They are installed at the positions of  and  and pre-tensioned during assembling the prototype to provide initial stiffness. To calculate the elastic force generated by the rubber bands, each of them is simplified as a nonlinear spring, the force diagram of which is shown in Figure 4(a), where  denotes the length of the rubber band. The elastic force , generated by the rubber band and depending on the deformation  of the rubber band, can be calculated according to the following equation:
	
	（9）


where  and ; Letting ;  and;  and  denote Young’s modulus and the cross-sectional area of rubber bands, respectively; the sign “-” indicates that the direction of this force is opposite to the direction in which the rubber band deforms. The deformation of the rubber band  can be calculated with the angular position of the centre of the RM using the following equation:
	
	（10）


Thus, the elastic force  can be expressed as a function of the angular position . Figure 4(b) shows the nonlinear relationship between the force  and the angular position of the centre of the RM.

[bookmark: _Hlk72531180][bookmark: _Hlk72482868][bookmark: _Hlk72531931][bookmark: _Hlk72530837]3.2 Magnetic force and torque acting on the RM
[bookmark: _Hlk72530592]DMM is one of the most used approaches to calculating a magnetic force [32], [33]. Figure 5(a) shows the comparison between the dipole-moment model and the actual force conditions of the RM. Figure 5(a) indicates that the RM takes on not only a force but also a torque because of its finite dimensions. To calculate the toque, a 3D finite element model is established, the mesh of which consists of 6,287,747 internal elements, 377,282 boundary elements, and 3,736 ‘edge’ elements. This 3D model has a spherical physical domain with a radius of 210 mm. Gauss’s Law of the magnetic field of the physical domain is solved by utilizing the scalar magnetic potential as the dependent variable. An infinite element layer with a thickness of 14 mm surrounding the physical domain is employed to reduce the influence of boundary conditions on the calculation results. Maxwell’s Stress Tensor is utilized to compute the force and torque on the RM. Note that the mesh around the boundary of the RM should be very fine to get an accurate result when using Stress Tensor to compute magnetic forces.
Comparisons between the magnetic forces acting on the RM calculated by the DMM and FEM are conducted. The upper and middle subplots of Figure 5(b) present the comparisons of the X-axis and Y-axis components of magnetic forces for the one-FM setup when the vertical gap between the RM and the FM,, equals to 17 mm. The results demonstrate that the magnetic forces calculated by the DMM are very close to (slightly smaller than) that calculated by the FEM. The lower subplot of Figure 5(b) illustrates the comparisons between torque, , calculated by the FEM, and , the equivalent torque caused by the X-axis component of the magnetic force acting on the RM.  has a larger amplitude than , indicating that  is unneglectable in establishing the dynamical model. However, the DMM cannot consider the torque item caused by the dimension effects of magnets, making it unsuitable to VEHs using rotation-translation magnets. Thus, the magnetic forces and toques used in the following study are all calculated via the established 3D finite element model. 
Figure 5(c) shows the magnetic torque and forces acting on the RM at different gaps of =15 mm, =17 mm, and 19 mm for the one-FM setup calculated via FEM, and Figure 5(d) shows the same variables for the three-FMs setup. It can be seen from the figure that both the magnetic force and torque increase along with the decrease of ; and the magnetic force is more sensitive to the variation of  than the torque . The torque curves for the three-FMs setup are flatter in the angular position range from -2.0 rad to 2.0 rad than that for the one-FM setup, indicating that the three-FMs setup may be more sensitive to low-frequency vibration. 
[image: ][image: ]  [image: ] [image: ]  
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Figure 5. The torque and magnetic force acting on the RM: (a) force conditions of the RM; (b) comparisons between the forces and torques calculated by the DMM and the FEM; (c) magnetic torques and forces for Setup 1; (d) magnetic torques and forces for Setup 2; (e) potential energies for Setup 1; (f) potential energies for Setup 2.

To learn more characteristics about the two setups, the potential energy of the system is calculated. First, the position of  is selected as a reference, the potential energy of which is zero. The conservative forces that contribute to the potential energy of this system include the X-axis component of the magnetic force of , the torque , and the elastic force generated by the rubber bands, . The X-axis component of the magnetic force, , and torque, , are functions of both variables of  and . As  is generated by the deformation of the rubber bands and the deformation is related to the position of the RM, can be written as a piecewise function of . The potential energy of the system can be expressed as , where  denotes the constant of integration.
Figure 5(e) and 5(f) present the potential energy of the one-FM and three-FMs setups when  equals 15 mm, 17 mm, and 19 mm. The one-FM setup can generate monostable potential energy and the three-FM setup tri-stable potential energy. The well of potential energy becomes shallow along with the increase of , as well as the tri-stable system gradually degenerating into a bi-stable system. The potential wells for the three-FMs setup are more shallow than those for the one-FM setup. Note that, the potential energy, shown in Figure 5(e) and 5(f), have already taken the influence of rubber bands into account. Because of the rubber bands, the potential energy at the two ends is very high for limiting the stroke of the RM.

3.3 The position-varying electromagnetic coupling factor
[bookmark: _Hlk60433745]The RM oscillates inside the tube, generating an EMF across the coil; in turn, currents flowing through the coil, driven by the EMF, will bring about an electromagnetic damping torque acting on the RM. The electromechanical coupling characteristic of the harvester enables it to convert vibration energy into electricity. Constant electromagnetic coupling factors are commonly exploited to establish a theoretical model of electromagnetic VEHs [39], [40]. However, the RM has a considerable length of stroke when undergoing a rotation-translation cycle inside the tube. Considering the electromechanical coupling factor as a constant may result in a large decrease in calculation accuracy. According to Eq. (3) and Eq. (8), the electromagnetic coupling factor, a position-varying variable, satisfies . Figure 6(a) shows the magnetic flux inside the coil when the RM rolls through the coil, from the numerical simulation. The magnetic flux has an antisymmetric structure because of the rotary motion of the RM. Figure 6(b) is the first derivative of the magnetic flux to the horizontal displacement of , namely the electromagnetic coupling factor , having a symmetrical structure. This figure demonstrates that  has large values when the RM enters and exits from the long coil, and reaches its maximum value at the middle point of the coil. According to the potential energy shown in Figure 5(e) and 5(f), the RM for Setup 1 has a large possibility of appearing at the middle point of the coil, and that for Setup 2 are more possible to appear at both ends of the coil. Thus, Setup 1 may have a larger voltage than Setup 2 under the same excitations.
[image: ][image: ]
Figure 6. The position-varying electromechanical coupling factor: (a) magnetic flux inside the coil; (b) the position-varying electromechanical coupling factor.

[bookmark: _Hlk72532116]3.4 Typical phase trajectories and time-history data of the two different FM setups
[bookmark: _Hlk67155651]Using the established theoretical model, the dynamical characteristics of the harvester can be investigated through numerical simulations. To analyse the theoretical model, ‘LSODA’, a wrapper to the Fortran solver [41], is utilized to solve the ordinary differential equations (ODEs) of the system. This algorithm has the capability of switching between the Adam method and the backward difference method according to the information at each integration step [42]. Such a characteristic makes the ‘LSODA’ algorithm more efficient for complex dynamic systems. For the two comparison cases, the total time for integration is 10 s and the time step is 0.001 s. Besides, the initial angular position and velocity are both set to zero.
The difference between Setup 1 and Setup 2 is the number of FMs. Setup 1 has one FM beneath the middle point of the coil, leading to a monostable potential energy state. Figure 7(a) shows the typical phase trajectories and time-histories of the monostable system for Setup 1. The black dot in the upper subplot and the black dashed line in the lower subplot of Figure 7(a) denote the stable point of the system. It can be seen from the figure that the RM always oscillates around the stable point under a sinusoidal excitation (frequency:=5 Hz; acceleration amplitude:=0.2). 
[bookmark: _Hlk63531733][bookmark: _Hlk72790912]For Setup 2, the harvester has three FMs installed at . Besides, the FMs on the two sides have an opposite polar direction to the middle FM to maintain an attractive force between the RM and each FM when the RM gets near the FMs. Each fixed magnet corresponds to a potential energy well. Due to the influence of the two side magnets, the potential energy well corresponding to the middle FM is more shallow than that at the two sides, which can also be verified by the potential energy curves shown in Figure 5(f). Under excitations, the RM will oscillate around the three potential energy well. Figure 7(b) gives the typical phase trajectories and time-histories of the tri-stable state for Setup 2 under the sinusoidal excitation with a frequency of 5 Hz and an acceleration amplitude of 0.3. The oscillator may vibrate around one stable point or travel between different stable points. When the excitation with a frequency of 5 Hz and an acceleration amplitude of 0.2 is adopted, the oscillator only travels around the left two stable points. For obtaining the typical phase trajectories of the tri-stable state, the acceleration amplitude is increased from 0.2 to 0.3.
[image: ]  [image: ]
Figure 7. Typical phase trajectories and time-history data: (a) phase trajectories and time-histories for Setup 1; (b) phase trajectories and time-histories for Setup 2.

4. Theoretical studies and frequency-sweeping tests
For learning about the electromagnetic and dynamical characteristics of the proposed VEH, theoretical studies on the difference between the rolling and sliding effects and occurrence conditions of the RM slips are carried out using the established theoretical model. The RM, the FM, and the coil used in the theoretical studies are about the prototype. Besides, Frequency-sweeping tests are also performed to verify the suitability of the theoretical model and understand the actual energy harvesting capacity of this VEH.
4.1 Difference between the rolling and sliding effects
A sliding magnet driven by inertial force is the simplest and most used component in electromagnetic VEHs. Recently, some RM-based VEHs have been reported because of their excellent performances in energy harvesting [43]. However, no research has touched on the superiority of the rolling effect to the sliding effect. In this work, the established theoretical model is used to study the difference between the rolling and sliding effects. Figure 8(a) shows the comparative cases designed in this study, where both the rolling and sliding cylindrical magnets have the same translational displacement . The coil utilized in this theoretical study shares the same parameters as our prototype. Besides, the two magnets pass through the coil with the same translational speed . The type of motion is the only difference between the two cases. 
Figure 8(b) shows the EMFs across the coil when the magnet rolls and slides from Point  to  at different translational velocities. The induced EMF increases with the translational velocity  in both cases. For the RM, the EMF reaches its maximum value of 5.8 V at the middle point of the coil, and two smaller peaks also appear near the two ends of the coil. For the sliding magnet, the maximum EMF of 1.8 V is obtained at the two ends of the coil. These results demonstrate that the peak values of the EMF generated by the RM are higher than those by the sliding magnet. Besides, the RM can generate considerable EMF not only at the two ends but also inside the coil. However, the sliding magnet only performs well at the two ends of the solenoid. Note that the initial angular potion of the cylinder will influence the induced EMF across the coil of both Cases. 
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Figure 8. Comparisons between electromagnetic inductions effect by rolling and sliding magnets: (a) comparisons between rolling and sliding cases; (b) EMFs by the rolling and sliding magnets.

4.2 Occurrence conditions of the slips between the RM and the sandpaper
The theoretical model is established based on the assumption that there is no relative slip between the RM and the sandpaper. However, slips cannot be avoided when the system is subject to intense excitations. For pure rolling, the translational velocity at the centre of the RM is coupled with its rotational velocity through . As the instantaneous velocity of contact points of the RM is always zero and there is no slip, which means that the bottom of the RM is momentarily at rest relative to the tube,  can be determined from the maximum stiction [44]. Thus, the occurrence of slips between the RM and the sandpaper can be reduced by increasing the friction coefficient. A piece of sandpaper with a thickness of 0.2 mm is attached to the bottom wall of the tube so that there is no direct contact between the RM and the tube. The sandpaper and the RM have a static coefficient of friction of . To validate the established theoretical model, a parametric study is conducted. 
[bookmark: _Hlk67407116]Figure 9 displays the maximum values of the item  for Setup 1 and Setup 2, respectively. For both setups, the sinusoidal excitations have a frequency of =5 Hz and the acceleration amplitudes vary from 0.05 to 0.40. The blue line with circle makers in Figure 9(a) is the results for Setup1, showing an increasing trend with the increase of acceleration amplitude. It can also be found out that the slip phenomenon begins to occur when the acceleration amplitude increases to 0.2 for Setup 1. The red line with start markers presents the results of Setup 2. For Setup 2, slips first appear when the acceleration amplitude increases to 0.3. Comparisons between two lines in Figure 9 illustrate that slips between the RM and the sandpaper for setup 1 are easier to occur than that for Setup 2. 
[bookmark: _Hlk67247633][image: ]
Figure 9. The occurrence of relative sliding between the RM and the tube

4.3 Frequency-sweeping tests
[bookmark: _Hlk72442550][bookmark: _Hlk72442595]As the theoretical model is established based on strict assumptions, the application of the theoretical model has a limitation, especially for situations with intense excitations. Besides, the accuracy of the theoretical model strongly depends on model parameters. Experimental studies can make up for the shortcomings of the theoretical model and help understand the actual performance of the harvester. A shake table (DC3200-36, Suzhou Sushi Testing Group Co., Ltd.) is used to carry out a frequency-sweeping test to learn about the dynamic characteristics of the prototype. During tests, the excitation frequency  varies exponentially over time  from 5 Hz to 40 Hz. , as a function of , can be written as for forward sweeping, and  for backward sweeping. At the same time, the excitations have fixed acceleration amplitude and a frequency-varying displacement amplitude. A small acceleration amplitude of 0.2 and an extremely large acceleration amplitude of 2.0 are selected to study the performances of the harvester under excitations with different intensity. 0.2 is close to the lateral acceleration of a car body of metro trains in normal operations. A 2.0-excitation, ten times the acceleration of the 0.2-excitation, is selected as an intense excitation to assess the scope of vibration responses of the harvester. The suitability of the theoretical model, influences of the vertical gap  and setups of the FMs on the dynamic characteristics, and the energy harvesting capability of the harvester are investigated experimentally.
[bookmark: _Hlk67508263]Figure 10(a) and 10(b) are the comparisons between the root mean square (RMS) of experimental EMFs and simulated EMFs for Setups 1 and 2, respectively. For both cases, the vertical gap between the RM and FMs is at 22 mm. For experiments and simulations, the excitations have a frequency sweeping from 5 Hz to 40 Hz and an acceleration amplitude of 0.2. Although there are deviations between the experimental and simulated results, the simulated and experimental data exhibit a similar trend, demonstrating the suitability of the theoretical model. It should be noted that the errors between the estimated and true values of a parameter and model simplifications will affect the calculation accuracy of the model. The geometric errors during fabrication and assembling of the prototype, and the electromagnetic noise of the testing system will also influence the experimental results. Model factors and experimental factors work together to cause differences between theoretical and experimental results.
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Figure 10. Results of frequency-sweeping test: (a) comparisons between the simulated and experimental results for Setup 1; (b) comparisons between the simulated and experimental results for Setup 2; (c) results of frequency-sweeping tests under the 0.2- excitation; (d) results of frequency-sweeping tests under the 2.0- excitation; (e) experimental instantaneous power of Setup 1 when 20 mm; (f) experimental instantaneous power of Setup 2 when 20 mm; 
[bookmark: _Hlk72423908]Figure 10(c) shows the RMS of experimental EMFs for Setups 1 and 2 when acceleration amplitude is 0.2 and  is at 20 mm, 22 mm, and 24 mm, respectively. The solid and dotted lines in Figure 10(c) shows the results for conditions of sweeping frequency forward and backwards, respectively. Figure 10(d) shows corresponding results when the acceleration amplitude is 2.0. The comparison between Figure 10(c) and 10(d) reveals that the induced EMF experiences a slight increase when the acceleration amplitude increases ten times from 0.2 to 2.0. This is because an intense excitation will cause slips between the RM and the sandpaper, limiting the increase of the induced EMF. The results of forward frequency sweeping look very similar to those of backward frequency sweeping when the acceleration amplitude is small. The similarity in results between two opposite frequency sweeping directions becomes significant different when the acceleration amplitude increases from 0.2 to 2.0. Besides, the responsive frequency band is broadened when the acceleration amplitude becomes large. The maximum value of the induced EMF increases along with the reduction of , since the stiffness of the system can be enhanced by reducing . And the frequency corresponding to the peak value of the induced EMFs also increases with the reduction of .
[bookmark: _Hlk72794000]The peak values of the EMFs generated by the harvester for Setup 1 under different acceleration amplitudes are larger than those for Setup 2. Note that the EMF generated by the harvester for Setup 1 is not always larger than that for Setup 2. The results of frequency-sweeping tests show that the harvester for Setup 2 can generate larger EMFs than that for Setup 1 when the acceleration amplitude is 0.2 and the frequency near 5 Hz (highlighted by a black box in Figure 10(c)). Besides, we can also find that the bottom of potential energy curves for Setup 2 is flatter than that for Setup 1, indicating that Setup 2 may be more suitable for low-frequency vibration. However, the lowest operating frequency of the shake table employed for frequency sweeping is 5 Hz, limiting our investigations on the performance of the harvester in the frequency range below 5 Hz. In a further study, the authors plan to get a shake table whose operating frequency goes well below 5 Hz to study response characteristics of the harvester in the ultra-low-frequency range.
Table 2. Comparisons with the state-of-art VEHs based rolling oscillators.
	Authors/
reference
	Year
	Transducer   
	Structural feature
	Maximum size
	Acceleration amplitude
	Excitation frequency
	Maximum average power

	This work
	/
	Electromagnetic
	Rolling cylinder-tube-fixed magnet
	90 mm
	0.2 (2.0)
	8.0 Hz
(9.0 Hz)
	16.0 mW
(19.2 mW)

	Fu et al./[33] 
	2020
	Electromagnetic
	Rolling sphere-tube- tethering magnet
	80 mm
	0.06
	0.8 Hz
	60 μW

	Zhang et al./[31]
	2019
	Electromagnetic 
	Rolling cylinder-tube
	80 mm
	/
	3.1 Hz
	1.02 mW

	Maharjan et al./[43]
	2019
	Electromagnetic
	Rolling sphere-cycloid curved tube
	96 mm
	/
	5 Hz
	8.8 mW

	Kuang et al./[45]
	2019
	Electromagnetic
	Rolling pendulum
	50.2 mm
	0.5
	4.8 Hz
	3.6 mW

	Smilek et al./[46] 
	2019
	Electromagnetic
	Proof mass rolling in a circular cavity
	70 mm
	1.3
	2.78
	5.1 mW



For learning about the energy harvesting capability of the proposed VEH, the experimental instantaneous powers for Setups 1 and 2 when  mm are provided, as shown in Figure 10(e) and 10(f), respectively. By segmenting the instantaneous power data into 0.2-s sections, and the average power of each section are calculated. Figure 10(e) indicates Setup 1 reaches its maximum instantaneous power of 40.6 mW (average power 16.0mw) at 8.0 Hz under 0.2 excitation, and the maximum instantaneous power of 51.5 mW (average power 19.2mw) at 9.0 Hz under 2.0 excitation. It can also be found that the harvester for Setup 1 performs well in a narrow frequency band between 5 Hz to 10 Hz.
For Setup 2, the instantaneous power obtains its maximum values of 9.8 mW (average power 3.3 mW ) at 6.3 Hz under 0.2 excitation, and 13.2 mW (average power 4.3 mW ) at 25.0 Hz under 2.0 excitation. Comparisons in the energy harvesting capability between the VEH proposed in this work and the state-of-the-art VEHs based on rolling oscillators are carried out, the results of which are shown in Table 2. It can be found that the VEH proposed in this work exhibits good performance in comparison with the state-of-the-art VEHs. Note that the performance of a VEH highly depends on its dimensions and the characteristics of excitations.

5. Application of vibration energy harvesting for metro vehicles
When trains run along the track, vibration induced by defects of the wheel-rail contact surface and the irregularity of the track will be passed to the car body. Vibration of a car body, particularly lateral vibration, is a very important consideration in evaluating the operation safety and has a direct influence on passengers’ riding experience [47]. Since many factors, such as track conditions, train velocity, and stiffness of the suspension system, have impacts on train vibration, it is impossible to eliminate the vibration of rolling stocks. In this work, the proposed VEH is used for scavenging the vibration energy of a car body and monitoring the operating condition of trains. To achieve such a goal, the vibration signal of the car body for a metro vehicle is measured using embedded sensors of an onboard smartphone. Then, a laboratory test system is set up and experimental tests are performed to estimate the performance of the harvester under field-measured vibration. Finally, test results are processed and analysed. 
[bookmark: _Hlk72946154]Figure 11(a) shows the setup of using a smartphone to measure the vibration signal of the car body on a metro vehicle. The smartphone is attached on the cabin floor above the bogie, where the proposed VEH can also be installed during its actual application. Note that the measured signals are slightly different when the smartphone is fixed at different locations. The longitudinal and lateral axis of the smartphone are parallel to the forward direction and the lateral direction of the train, respectively. The built-in accelerometer of the smartphone has a sampling frequency of 100 Hz, which can cover the dominant vibration frequency range (0-20Hz) of metro car bodies [48]. The test line has a deigned speed of 80 km/h. Figure 11(b) shows the vertical profile and horizontal alignment of the test metro line. The alignments indicate that there are two left-turn curves with a radius of 450 m in the test interval, which has the potential of undermining the running stability of trains. Besides, the track conditions would deteriorate after years of service, making the vibration problems of the car body more prominent, especially in the curve sections. 
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Figure 11. Field test on a metro train using a smartphone:(a) test setup and the surroundings; (b) vertical profiles and horizontal alignments of the test line; (c) measured longitudinal, vertical, and lateral acceleration signals; (d) power spectrum of the measured lateral acceleration. 

[bookmark: _Hlk72404110]Figure 11(c) displays field-measured longitudinal, vertical, and lateral accelerations, respectively. It can be deduced that both the vertical and lateral accelerations increase significantly when the train passes the two curve sections. According to the current maintenance rules in the railway industry of China, the lateral acceleration of a car body of a train running at a speed below 200 km/h should not exceed. However, the maximum amplitude of the measured lateral acceleration is close to , which may cause serious passenger discomfort. Figure 11(d) displays the power spectrum of the lateral acceleration signal of the car body. It shows a decreasing trend with the increase of the frequency, indicating that the energy of the lateral acceleration is mainly located in a low-frequency range.
[bookmark: _Hlk63580484][bookmark: _Hlk72400204]Limited by the in-situ environment, onboard performance tests for the proposed VEH are hard to implement. So instead laboratory tests of the VEH are conducted. The layout of the laboratory test system is shown in Figure 12(a), to reproduce the lateral vibration of the car body of a metro vehicle. As a critical part of the test system, the shake table test system, consisting of a computer, a signal generator, a power amplifier, and an accelerometer, employs a closed-loop control strategy to realize an exact reproduction of field-measured vibration. The oscilloscope (MDO4104C, Tektronix) is utilized to display experimental data and record it to a hard disk with a sampling frequency of 5000 Hz. Figure 12(b) shows the experimental setups during laboratory tests. Figure 12(c) presents the induced EMF of the VEH with one FM under the filed-measured lateral vibration of the car body of a metro vehicle. The vertical gap between the RM and the FM is . The EMF obtains its maximum voltage of 2.8 V when the train passes the curves. Figure 12(d) is the corresponding instantaneous power of the VEH under the field-measured lateral vibrations. The results show that the harvester can reach a maximum instantaneous power exceeding 4 mW under the actual lateral vibration of a car body. Besides, the instantaneous power data is segmented into 0.2-s sections and the average power of each section is calculated, as the green line shown in Figure 12(d). The peak value of the average power reaches 1.48 mW. The energy with average power around 1 mW level, through proper energy management and storage, can be used to drive the entire transportation IoT monitoring node system, including sensors and wireless transmission modules [49].
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Figure 12. Laboratory tests of the VEH using the field-measured vibration signals: (a) layout of the test system; (b) experimental setup of the laboratory test; (c) the EMF of the VEH for Setup1 under the lateral vibration of a car body; (d) the instantaneous powers of the VEH for Setup 1 under the lateral vibration of a car body.

Based on the laboratory test system, the potential of the harvester to monitor the operating conditions of a metro vehicle is also investigated. The field-measured vibration varies in a relatively small acceleration, but knowledge of the responsive characteristics of the harvester under excitations outside this range is also desirable. Thus, the amplitude of the field-measured lateral acceleration is scaled from 0.25 times to 3.0 times to overcome such an issue. A series of laboratory tests are conducted using these scaled vibration signals, and the vibration signals and corresponding electromotive force data obtained are split into one-second segments. The RMS of the acceleration in each segment and the maximum value of the electromotive force in the corresponding segment is presented as a dot in Figure 13. The colours of these dots indicate the acceleration amplitudes of excitations as different multiples of the field-measured acceleration amplitude. The data sets of the RMS of acceleration and the maximum value of the electromotive force have a Pearson correlation coefficient of r =0.97 and a P-value of 0, indicating that the two variables have a strong linear relationship. 
[bookmark: _Hlk62570981]Through the linear regression of these dots, the black line in Figure 13 is obtained as the best fit, the expression of which can be given as . The coefficient of determination  has a value of 0.93, illustrating an excellent fit. According to the linear relationship between the electromotive force and the RMS of acceleration, the vibration level can be predicted via the induced EMF of the harvester. That is to say, the lateral acceleration of the car body can be monitored using the EMF of the VEH. Using the harvested energy to power wireless transmitters and the measured electromotive force signal to monitor the lateral acceleration of the car body, the proposed harvester promises to make a self-contained onboard monitoring node for ride comfort evaluation.
 [image: ]
Figure 13. The relationship between the output electromotive force of the harvester and the acceleration amplitude of the excitations.
[bookmark: _Hlk72929916]6. Potential for powering electronics
[bookmark: _Hlk73105859]During the above experiments, resistive loads are employed. However, most of the commercial electronics are not pure resistive load in practice, and the energy harvesting system may present different behaviours. Thus, a digital thermal hygrometer (1.5 V) is selected to learn about the actual performance of the VEH for powering an electronic device. Under excitation, this VEH will generate an alternating current (AC) within a closed circuit. However, most electronics require a direct current (DC) in practice. Thus, a regulation circuit to convert the AC into DC is needed. In this study, a regulation module, mainly composed of a full-wave rectifier and a capacitor, is employed to realize such a conversion. Its electrical diagram is shown in Figure 14(a). 
According to the results of the frequency sweeping test, the harvester with one FM will reach its optimal performance under excitations with 0.2 amplitude at 8 Hz. Using such an excitation, the energy harvesting system, consisting of the VEH and the regulation circuit, can be driven. The digital thermo-hygrometer can be successfully activated, sensing the temperature and humidity of the environment and displaying them on the liquid-crystal display (LCD) screen, as shown in Figure 14(b). This test demonstrates that the energy harvesting system can drive commercial low-power electronic devices, confirming the potential for being developed into self-powered transportation IoT monitoring nodes.
[bookmark: _Hlk73105788][image: ]
Figure 14. Verification of the capability of the VEH for powering electronic devices: (a) the electrical diagram of the regulation circuit; (b) a digital thermo-hydrometer powered by the energy harvesting system.

7. Conductions
This paper proposes an electromagnetic VEH (vibration-based energy harvester) for train vibration using a diametrically magnetized cylindrical magnet. Modelling, parameter characterisation, theoretical analysis, and experimental tests are conducted to investigate the structural and electrical characteristics and performances of the system. The results indicate that the proposed VEH has an excellent energy harvesting capacity. Using the harvested energy to power wireless transmitters and the measured electromotive force signal to monitor the lateral acceleration of a train car body, the proposed harvester promises to make a self-contained onboard monitor node. The conclusions of this paper are drawn as follows:
(1) A theoretical model of the VEH is established. It is found that the DMM (dipole-moment method) is unsuitable for VEHs based on rotation-translation magnets since the DMM cannot consider the influence of magnet dimensions. A position-varying factor is derived and employed to realize the electromagnetic coupling of the system.
(2) Theoretical analysis on the difference between the rolling and sliding effects and the occurrence conditions of the RM (rolling magnet) slips are performed. The results indicate that the RM can generate a larger EMF (electromagnetic force) than a sliding magnet, and generate considerable EMF not only at the two ends but also inside the coil. Slips between the RM and the sandpaper for Setup 1 (one fixed magnet, referred to as FM) are easier to occur than those for Setup 2 (three FMs). 
(3) Frequency-sweeping tests are carried out to validate the suitability of the theoretical model and understand the actual energy harvester capacity of the harvester. The simulated and experimental results exhibit a similar trend, demonstrating the suitability of the theoretical model. The one-FM setup reaches its maximum instantaneous power of 40.6 mW at 8.0 Hz (9.8 mW at 7.5 Hz for the three-FM setup) under 0.2- excitations.
(4) An application of the VEH for metro vehicles is explored. The harvester can reach a maximum instantaneous power exceeding 4 mW under the real lateral vibration of a metro car body. The induced EMF and the RMS (root mean square) of acceleration show a strong linear relationship, whereby the vibration level can be identified via the electromotive force of the harvester, indicating a feasible approach of a self-powered system for ride comfort monitoring.
(5) The capability of the proposed VEH for driving low-power electronics is confirmed through an experiment. 
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