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updating using the Euclidian distance is performed as preconditioner to avoid non-unique solutions. 17 
The performance of the proposed procedure is demonstrated with two exemplary applications, a 18 
simulated shear building model example and a challenging benchmark problem for uncertainty 19 
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and the Bhattacharyya distance in stochastic model updating and uncertainty characterization.  21 
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1. Introduction 26 

It has been widely accepted uncertainties should be appropriately considered in the campaign 27 
of model updating. The uncertainties can be typically classified into two categories, i.e., aleatory and 28 
epistemic uncertainties [1,2]. Aleatory uncertainty is inherent variation or randomness, and therefore 29 
cannot be reduced, but it enables to be described as precise probability models. Conversely, epistemic 30 
uncertainty is due to lack of knowledge, and is not completely avoidable, although it can be reduced 31 
through model updating using available data. 32 

The complexity of model updating depends on the presence of different level of uncertainties. 33 
Deterministic model updating generally accounts for the presence of only epistemic uncertainty, in 34 
which parameters are unknown-but-fixed constants and are described as non-probabilistic models, 35 
such as interval/convex models [3] and fuzzy set theory [4]. Deterministic model updating aims at a 36 
single set of parameter values and at generating a single model prediction with maximum fidelity 37 
with regard to the observation.  38 

On the other hand, the presence of both aleatory and epistemic uncertainties simultaneously (i.e. 39 
hybrid uncertainties) is considered by stochastic model updating. In this circumstance, parameters 40 
are described as imprecise probability models, where parameters are indeed aleatory uncertainty but 41 
their distribution parameters, e.g., mean and variance, are epistemic uncertainty. Commonly used 42 
imprecise probability models include evidence theory [5], probability-box (also known as p-box) [6], 43 
and fuzzy probability model [7]. In particular, those parameterized ones such as parametric p-box 44 
have attracted the most attentions due to their simplicity and ease of applications. Stochastic model 45 
updating aims at not the single set of parameter values but a reduced space of epistemic uncertainty 46 
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and at generating stochastic model predictions capable to represent uncertainty characteristics of 47 
multiple sets of observations. 48 

The uncertainties during stochastic model updating, i.e., the reasons of the discrepancy between 49 
the model predictions and observations, can be summarized as follows: 50 

• Parameter uncertainty. The input parameters of the numerical model, such as material 51 
properties and boundary conditions, are imprecisely determined. 52 

• Modelling uncertainty. The numerical model always contains inevitable simplifications and 53 
approximations of the physical system. 54 

• Measurement uncertainty. The measurements are driven by hard-to-control randomnesses, 55 
such as environmental noises and measurement system errors. 56 

A wide range of stochastic model updating methods has been investigated, such as perturbation 57 
method [8,9], Monte Carlo approach [10,11], and Bayesian inference [12,13]. No matter which method 58 
is performed in stochastic model updating, it is significant to define a comprehensive uncertainty 59 
quantification (UQ) metric capable to quantify the statistical discrepancy between model predictions 60 
and observations due to the above uncertainties. The Euclidian distance, Mahalanobis distance, and 61 
Bhattacharyya distance are different levels of distance metrics. These distances have been 62 
investigated as UQ metrics and the Bhattacharyya distance is demonstrated to be able to capture a 63 
higher level of statistical information from the investigating sample sets [11]. Moreover, Bi et al. [14] 64 
developed a Bayesian model updating framework, in which the Bhattacharyya distance was used as 65 
the UQ metric to define an approximate likelihood function by the approximate Bayesian 66 
computation (ABC) method [15,16]. This framework has been demonstrated to be a comprehensive 67 
updating procedure with the capability to recreate wholly the distribution of target observations. 68 

However, stochastic model updating in the literature including Bi et al. [14] is generally based 69 
on the parameterized imprecise probability models; hence, it relies upon the pre-hypothesis of the 70 
distribution format to propagate epistemic uncertainty into parameters. For instance, in the NASA 71 
UQ challenge problem 2014 [17], which has gained attentions as the real-size practical uncertainty 72 
quantification problem, prior information of the distribution format is fully provided to perform 73 
model updating. On the other hand, it is often happened that information of the distribution format 74 
is unknown due to scarce and incomplete available data for the parameters. Hence, it is desired to 75 
develop a nonparametric model updating framework, in which epistemic uncertainty is propagated 76 
into parameters without prior knowledge about the distribution format. 77 

Crespo et al. [18] recently provided a family of random variables having a bounded support set 78 
and prescribed values for the first four moments. The variables are called staircase random variable 79 
since the density function is determined as piecewise constant functions on pre-defined subintervals 80 
partitioning the support set. In addition, moment constraints for the existence of such variables are 81 
obtained as a series of inequalities conditioned upon the support set. As a consequence, the staircase 82 
random variable enables to describe a wide range of density shapes, including very peaked and/or 83 
multimodal distributions. The staircase random variable belongs to the precise probability models. 84 
Nevertheless, its combination with the non-probabilistic models has a potential to provide a non-85 
parameterized imprecise probability model, where parameters are indeed aleatory uncertainty but 86 
the first four moments are epistemic uncertainty.  87 

The objective of this work is consequently to propose a novel methodology which fulfils the 88 
challenging expectation in stochastic model updating to calibrate the probabilistic distribution of 89 
parameters without prior knowledge about the distribution format. To achieve this objective, an ABC 90 
model updating framework is developed by employing the Bhattacharyya distance and staircase 91 
random variable. At the same time, a Bayesian updating using the Euclidian distance is performed 92 
as preconditioner to avoid non-unique solutions. This framework is independent of the distribution 93 
format of investigating parameters; thus, it shows clear advantages in calibrating parameters whose 94 
probabilistic distribution cannot be defined analytically. The proposed framework is demonstrated 95 
by a simple shear building model for illustration. Moreover, it is applied to the NASA UQ challenge 96 
problem 2014. We focus on solving Sub-problem A (uncertainty characterization), where distribution 97 
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formats of the investigating parameters are given, however we redefine the problem ignoring them 98 
to demonstrate the performance of the proposed framework. 99 

The rest of this paper is organized as follows. In Section 2, we describe the theoretical and 100 
methodological bases of the Bhattacharyya distance metric and staircase random variable. Section 3 101 
outlines the novel development of the Bayesian updating with the staircase random variable, and the 102 
proposed two-step ABC updating framework. The principle and illustrative application is detailed 103 
in Section 4, using a simple shear building model for illustration, and in Section 5, concentrating on 104 
the demonstration of performance of the framework on the highly challenging NASA UQ problem. 105 
Finally, some conclusions are given in Section 6. 106 

2. Theories and methodologies 107 

2.1. Bhattacharyya distance metric 108 

In the context of stochastic model updating, the investigating system is characterized as: 109 

𝐲𝐲 = ℎ(𝐱𝐱) (1) 

where 𝐱𝐱 = [𝑥𝑥1, 𝑥𝑥2,⋯ , 𝑥𝑥𝑛𝑛]  is a column vector of 𝑛𝑛  input parameters; 𝐲𝐲 = [𝑦𝑦1,𝑦𝑦2 ,⋯ , 𝑦𝑦𝑚𝑚]  is a column 110 
vector of 𝑚𝑚 output features; ℎ(∙) is the simulator. The simulator herein is usually presented as either 111 
a sophisticated numerical analysis code, e.g., finite element model, or a metamodel.  112 

The uncertainties of the system are first characterized by input parameters described as precise 113 
probability models, non-probabilistic models, and imprecise probability models depending on the 114 
presence of different level of uncertainties (refer Section 1). The uncertainties are then propagated 115 
through the simulator into output features presenting various forms of uncertainty as well, such as 116 
probabilistic distributions, intervals, and fuzzy sets. In general, regardless of the form of uncertainty, 117 
randomly sampled values of parameters and features are used in stochastic model updating. Suppose 118 
the required sample size is 𝑁𝑁𝑠𝑠𝑠𝑠𝑚𝑚, the simulator ℎ is executed 𝑁𝑁𝑠𝑠𝑠𝑠𝑚𝑚 times to generate the sample set of 119 
the simulated features 𝐘𝐘𝑠𝑠𝑠𝑠𝑚𝑚 ∈ ℝ𝑁𝑁𝑠𝑠𝑠𝑠𝑠𝑠×𝑚𝑚: 120 

𝐘𝐘𝑠𝑠𝑠𝑠𝑚𝑚 = [𝐲𝐲1,𝐲𝐲2,⋯ , 𝐲𝐲𝑚𝑚], with 𝐲𝐲𝑠𝑠 = �𝑦𝑦1𝑠𝑠 , 𝑦𝑦2𝑠𝑠 ,⋯ , 𝑦𝑦𝑁𝑁𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠�
𝑇𝑇 ,∀𝑖𝑖 = 1, 2,⋯ ,𝑚𝑚 (2) 

In addition to the simulated features, observed features collected from the campaign of 121 
experiments or measurements are also required as the target of model updating. Suppose the number 122 
of observations is 𝑁𝑁𝑜𝑜𝑜𝑜𝑠𝑠, the sample set of the observed features has a similar structure as Eq. (2), where 123 
only the number of rows is changed: 𝐘𝐘𝑜𝑜𝑜𝑜𝑠𝑠 ∈ ℝ𝑁𝑁𝑜𝑜𝑜𝑜𝑠𝑠×𝑚𝑚. The objective of stochastic model updating can 124 
be then expressed as to minimize the discrepancy between 𝐘𝐘𝑜𝑜𝑜𝑜𝑠𝑠 and 𝐘𝐘𝑠𝑠𝑠𝑠𝑚𝑚  by updating uncertainty 125 
characteristics of the input parameters.  126 

After the simulated and observed features are available, the UQ metric is defined to capture the 127 
discrepancy between 𝐘𝐘𝑜𝑜𝑜𝑜𝑠𝑠 and 𝐘𝐘𝑠𝑠𝑠𝑠𝑚𝑚. The classical Euclidian distance metric is expressed as: 128 

𝑑𝑑𝐸𝐸(𝐘𝐘𝑜𝑜𝑜𝑜𝑠𝑠,𝐘𝐘𝑠𝑠𝑠𝑠𝑚𝑚) = �(𝐘𝐘�𝑜𝑜𝑜𝑜𝑠𝑠 − 𝐘𝐘�𝑠𝑠𝑠𝑠𝑚𝑚)(𝐘𝐘�𝑜𝑜𝑜𝑜𝑠𝑠 − 𝐘𝐘�𝑠𝑠𝑠𝑠𝑚𝑚)𝑇𝑇 (3) 

where 𝐘𝐘�∎ is a row vector of means of the features. The Euclidian distance is a point-to-point distance 129 
between the centre of mass of two sample sets and is generally used in deterministic model updating. 130 
Comparatively, in stochastic model updating, it is more desirable to employ a more comprehensive 131 
metric capable to consider not only the means but also a higher level of statistical information, such 132 
as variances, covariances, and even distribution shapes. 133 

The Bhattacharyya distance is herein proposed as a stochastic metric measuring the degree of 134 
overlap between distributions of two sample sets. Its original definition is given as: 135 

𝑑𝑑𝐵𝐵(𝐘𝐘𝑜𝑜𝑜𝑜𝑠𝑠 ,𝐘𝐘𝑠𝑠𝑠𝑠𝑚𝑚) = − log �� �𝑝𝑝𝑜𝑜𝑜𝑜𝑠𝑠(𝑦𝑦)𝑝𝑝𝑠𝑠𝑠𝑠𝑚𝑚(𝑦𝑦)
𝕪𝕪

d𝑦𝑦� (4) 

where 𝑝𝑝∎(𝑦𝑦) is the probability density function (PDF) of the feature sample; 𝕪𝕪 is the 𝑚𝑚-dimensional 136 
feature space; ∫ ∎𝕪𝕪 d𝑦𝑦 is the integration performed over the whole feature space. Differently from the 137 
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Euclidian distance, the Bhattacharyya distance considers not only the means but also the variances, 138 
covariances, and even the distribution shapes. However, the direct evaluation of Eq. (4) is often not 139 
feasible because precise estimation of the PDF is generally unavailable due to the very limited number 140 
of observations. Bi et al. [14] thus proposed a so-called binning algorithm to evaluate the probability 141 
mass function (PMF) of a discrete distribution, such that the discrete Bhattacharyya distance is used 142 
instead. The PMF is a function to map possible values of a discrete random variable to probabilities 143 
of their occurrence [19]. The discrete Bhattacharyya distance is evaluated as [20]: 144 

𝑑𝑑𝐵𝐵(𝐘𝐘𝑜𝑜𝑜𝑜𝑠𝑠 ,𝐘𝐘𝑠𝑠𝑠𝑠𝑚𝑚) = − log�� ⋯� �𝑝𝑝𝑜𝑜𝑜𝑜𝑠𝑠�𝑏𝑏𝑠𝑠1,𝑠𝑠2,⋯,𝑠𝑠𝑠𝑠�𝑝𝑝𝑠𝑠𝑠𝑠𝑚𝑚�𝑏𝑏𝑠𝑠1,𝑠𝑠2,⋯,𝑠𝑠𝑠𝑠�
𝑛𝑛𝑜𝑜𝑠𝑠𝑏𝑏

𝑠𝑠1=1

𝑛𝑛𝑜𝑜𝑠𝑠𝑏𝑏

𝑠𝑠𝑠𝑠=1

� (5) 

where 𝑝𝑝∎�𝑏𝑏𝑠𝑠1,𝑠𝑠2,⋯,𝑠𝑠𝑠𝑠� is the PMF value of the bin 𝑏𝑏𝑠𝑠1,𝑠𝑠2,⋯,𝑠𝑠𝑠𝑠 . The bin has 𝑚𝑚  subscripts because it is 145 
generated under a 𝑚𝑚-dimensional joint PMF space.  146 

The binning algorithm for the PMF calculation consists of the following steps.  147 

1) Define the common interval 𝐼𝐼𝑠𝑠  of both 𝐘𝐘𝑜𝑜𝑜𝑜𝑠𝑠  and 𝐘𝐘𝑠𝑠𝑠𝑠𝑚𝑚  according to the 𝑖𝑖th feature 𝐲𝐲𝑠𝑠 , ∀𝑖𝑖 =148 
1, 2,⋯ ,𝑚𝑚, by finding the general maximum and minimum values of 𝐲𝐲𝑠𝑠 in both 𝐘𝐘𝑜𝑜𝑜𝑜𝑠𝑠 and 𝐘𝐘𝑠𝑠𝑠𝑠𝑚𝑚; 149 

2) Within the defined interval, arbitrary decide the number of bins 𝑛𝑛𝑜𝑜𝑠𝑠𝑛𝑛; 150 
3) Count the joint probability mass for each bin 𝑝𝑝∎�𝑏𝑏𝑠𝑠1,𝑠𝑠2,⋯,𝑠𝑠𝑠𝑠�. Note that, the total number of 151 

bins in the 𝑚𝑚-dimensional feature space is 𝑁𝑁𝑜𝑜𝑠𝑠𝑛𝑛 = 𝑛𝑛𝑜𝑜𝑠𝑠𝑛𝑛𝑚𝑚 . 152 

The principle of 𝑛𝑛𝑜𝑜𝑠𝑠𝑛𝑛 in Step 2) is that a larger 𝑛𝑛𝑜𝑜𝑠𝑠𝑛𝑛 leads to employing more detailed information of 153 
the distribution characteristics and to a larger value of the Bhattacharyya distance, while it also leads 154 
to a larger computational cost. In Ref. [14], 𝑛𝑛𝑜𝑜𝑠𝑠𝑛𝑛 is recommended to be 𝑛𝑛𝑜𝑜𝑠𝑠𝑛𝑛 = �max(𝑁𝑁𝑜𝑜𝑜𝑜𝑠𝑠,𝑁𝑁𝑠𝑠𝑠𝑠𝑠𝑠)

10
�, where 155 

⌈∎⌉ denotes the upper integer of the investigating values.  156 

2.2. Staircase random variables 157 

In this study, parameters with hybrid uncertainties are described as staircase random variables. 158 
The staircase random variable 𝑥𝑥 is constrained to have a bounded support set �𝑥𝑥,𝑥𝑥� and a pair of 159 
variables 𝛉𝛉𝑥𝑥 = [𝜇𝜇,𝑚𝑚2,𝑚𝑚3,𝑚𝑚4] consisting of the mean 𝜇𝜇, variance 𝑚𝑚2, third-order central moment 𝑚𝑚3, 160 
and fourth-order central moment 𝑚𝑚4. Moment constraints of the pair of variables 𝛉𝛉𝑥𝑥 to realize the 161 
staircase random variable 𝑥𝑥 associated with the support set �𝑥𝑥, 𝑥𝑥� are given as a series of inequalities: 162 
𝛩𝛩 = {𝛉𝛉𝑥𝑥: 𝑔𝑔(𝛉𝛉𝑥𝑥) ≤ 0} [21,22], and are summarized in Table 1.  163 

Table 1. Moment constraints of the pair of variables 𝛉𝛉𝑥𝑥. 164 
 Moment constraints 

Mean 𝜇𝜇 𝑔𝑔1 = 𝑥𝑥 − 𝜇𝜇 𝑔𝑔2 = 𝜇𝜇 − 𝑥𝑥 
Variance  𝑚𝑚2 𝑔𝑔3 = −𝑚𝑚2 𝑔𝑔4 = 𝑚𝑚2 − 𝑣𝑣a 
Third-order 
central 
moment  𝑚𝑚3 

𝑔𝑔5 = 𝑚𝑚2
2 −𝑚𝑚2�𝜇𝜇 − 𝑥𝑥�2 − 𝑚𝑚3�𝜇𝜇 − 𝑥𝑥� 𝑔𝑔6 = 𝑚𝑚3(𝑥𝑥 − 𝜇𝜇) −𝑚𝑚2(𝑥𝑥 − 𝜇𝜇)2 + 𝑚𝑚2

2 

𝑔𝑔7 = 4𝑚𝑚2
2 + 𝑚𝑚3

2 − 𝑚𝑚2
2�𝑥𝑥 − 𝑥𝑥�2 𝑔𝑔8 = 6√3𝑚𝑚3 − �𝑥𝑥 − 𝑥𝑥�3 

𝑔𝑔9 = −6√3𝑚𝑚3 − �𝑥𝑥 − 𝑥𝑥�3  
Fourth-order 
central 
moment  𝑚𝑚4 

𝑔𝑔10 = −𝑚𝑚4 𝑔𝑔11 = 12𝑚𝑚4 − �𝑥𝑥 − 𝑥𝑥�4 

𝑔𝑔12 = (𝑚𝑚4 − 𝑣𝑣𝑚𝑚2 − 𝑢𝑢a𝑚𝑚3)(𝑣𝑣 − 𝑚𝑚2) + (𝑚𝑚3 − 𝑢𝑢𝑚𝑚2)2 𝑔𝑔13 = 𝑚𝑚3
2 + 𝑚𝑚2

3 − 𝑚𝑚4𝑚𝑚2 

  a 𝑢𝑢 = 𝑥𝑥 + 𝑥𝑥 − 2𝜇𝜇 and 𝑣𝑣 = �𝜇𝜇 − 𝑥𝑥�(𝑥𝑥 − 𝜇𝜇).  

Considering that the chosen support set �𝑥𝑥, 𝑥𝑥� is partitioned into 𝑛𝑛𝑜𝑜 subintervals of equal length 165 
𝜅𝜅 = �𝑥𝑥 − 𝑥𝑥� 𝑛𝑛𝑜𝑜⁄ , the staircase density function 𝑓𝑓𝑥𝑥(𝑥𝑥) is expressed as: 166 

𝑓𝑓𝑥𝑥(𝑥𝑥)  = �𝑙𝑙𝑠𝑠    ∀𝑥𝑥 ∈ (𝑥𝑥𝑠𝑠 , 𝑥𝑥𝑠𝑠+1], for 1 ≤ 𝑖𝑖 ≤ 𝑛𝑛𝑜𝑜
0   otherwise                                     

 (6) 

where 𝑙𝑙𝑠𝑠 is the staircase density height of the 𝑖𝑖th bin; 𝑥𝑥𝑠𝑠 = 𝑥𝑥 + (𝑖𝑖 − 1)𝜅𝜅 is the partitioning point of the 167 
𝑖𝑖th bin. Note that, 𝑙𝑙𝑠𝑠 satisfies that  𝑙𝑙𝑠𝑠 ≥ 0 for all bins and 𝜅𝜅 ∑ 𝑙𝑙𝑠𝑠

𝑛𝑛𝑜𝑜
𝑠𝑠=1 = 1. The staircase density heights 𝒍𝒍 168 

associated with 𝛩𝛩 can be determined by solving a following convex optimization problem: 169 



 5 of 20 

 

�̂�𝒍 = argmin
𝑙𝑙≥0

�𝐽𝐽(𝒍𝒍): �� 𝑥𝑥𝑙𝑙𝑠𝑠𝑑𝑑𝑥𝑥
𝑥𝑥𝑠𝑠+1

𝑥𝑥𝑠𝑠
= 𝜇𝜇

𝑛𝑛𝑜𝑜

𝑠𝑠=1

,�� (𝑥𝑥 − 𝜇𝜇)𝑟𝑟𝑙𝑙𝑠𝑠𝑑𝑑𝑥𝑥
𝑥𝑥𝑠𝑠+1

𝑥𝑥𝑠𝑠
= 𝑚𝑚𝑟𝑟

𝑛𝑛𝑜𝑜

𝑠𝑠=1

, 𝑟𝑟 = 2, 3, 4� (7) 

where 𝐽𝐽 is an arbitrary cost function. Eq. (7) can be written as: 170 

�̂�𝒍 = argmin
𝒍𝒍≥0

{𝐽𝐽(𝒍𝒍): 𝐀𝐀(𝛉𝛉𝑥𝑥 ,𝑛𝑛𝑜𝑜)𝒍𝒍 = 𝐛𝐛(𝛉𝛉𝑥𝑥),𝛉𝛉𝑥𝑥 ∈ 𝛩𝛩} (8) 

where  171 

𝐀𝐀 =

⎣
⎢
⎢
⎢
⎡

𝜅𝜅𝐞𝐞
𝜅𝜅𝐜𝐜

𝜅𝜅𝐜𝐜2 + 𝜅𝜅3 12⁄
𝜅𝜅𝐜𝐜3 + 𝜅𝜅3𝐜𝐜 4⁄

𝜅𝜅𝐜𝐜4 + 𝜅𝜅3𝐜𝐜2 2⁄ + 𝜅𝜅5 80⁄ ⎦
⎥
⎥
⎥
⎤

, and 𝐛𝐛 =

⎣
⎢
⎢
⎢
⎡

1
𝜇𝜇

𝜇𝜇2 + 𝑚𝑚2
𝑚𝑚3 + 3𝜇𝜇𝑚𝑚2 + 𝜇𝜇3

𝑚𝑚4 + 4𝑚𝑚3𝜇𝜇 + 6𝑚𝑚2𝜇𝜇2 + 𝜇𝜇4⎦
⎥
⎥
⎥
⎤

  

where 𝐜𝐜 is a column vector of the centre of the bin 𝑐𝑐𝑠𝑠 = (𝑥𝑥𝑠𝑠 + 𝑥𝑥𝑠𝑠+1) 2⁄ ; 𝐜𝐜𝑛𝑛 is the component wise 𝑛𝑛th 172 
power of 𝐜𝐜; 𝐞𝐞 is a unit vector.  173 

Regarding with the cost function 𝐽𝐽, several optimality criteria, such as maximal entropy, minimal 174 
squared amplitude, and maximal log-likelihood can be employed. The cost function used in this 175 
study is expressed as: 176 

𝐽𝐽(𝒍𝒍) = 𝒍𝒍𝑇𝑇𝐈𝐈𝒍𝒍 (8) 

where 𝐈𝐈 is the identity matrix. Employing this cost function yields a staircase random variable that 177 
minimizes the squared sum of the likelihood at the bins. Note that, while we do not investigate other 178 
cost functions, the choice of the cost function may affect the quality of model updating and thus it 179 
should be further investigated in the future work. 180 

Convexity of the optimization problem in Eq. (7) enables to very efficiently calculate the staircase 181 
densities and to solve for practically smooth probability densities. These features makes the staircase 182 
random variable well suited for stochastic model updating where its repeated calculation is required. 183 
Moreover, the staircase random variable is independent of the distribution format and can describe 184 
a wide range of density shapes, including very peaked and/or multimodal distributions. This fulfills 185 
the expectation as a non-parameterized model for the proposed model updating framework, in which 186 
the epistemic uncertainty space is calibrated without prior knowledge about the distribution format 187 
of the parameters.  188 

3. Nonparametric Approximate Bayesian computation  189 

3.1. Bayesian model updating with staircase random variables 190 

In this study, the well-known Bayesian inference is employed as the stochastic model updating 191 
methodology. The Bayesian inference is based on the Bayes’ theorem [23]: 192 

𝑃𝑃(𝛉𝛉|𝐘𝐘𝑜𝑜𝑜𝑜𝑠𝑠) =
𝑃𝑃𝐿𝐿(𝐘𝐘𝑜𝑜𝑜𝑜𝑠𝑠|𝛉𝛉)𝑃𝑃(𝛉𝛉)

𝑃𝑃(𝐘𝐘𝑜𝑜𝑜𝑜𝑠𝑠)  (9) 

where 𝑃𝑃(𝛉𝛉) is the prior distribution of adjustable parameters 𝛉𝛉, determined by the prior knowledge 193 
of the system and expert experience; 𝑃𝑃(𝛉𝛉|𝐘𝐘𝑜𝑜𝑜𝑜𝑠𝑠) is the posterior distribution of 𝛉𝛉, representing the 194 
updated knowledge of 𝛉𝛉 based on observations 𝐘𝐘𝑜𝑜𝑜𝑜𝑠𝑠; 𝑃𝑃(𝐘𝐘𝑜𝑜𝑜𝑜𝑠𝑠) is the normalization factor (also known 195 
as the evidence) ensuring that the posterior distribution integrates to one; 𝑃𝑃𝐿𝐿(𝐘𝐘𝑜𝑜𝑜𝑜𝑠𝑠|𝛉𝛉) is the likelihood 196 
function of 𝐘𝐘𝑜𝑜𝑜𝑜𝑠𝑠 for an instance of 𝛉𝛉. 197 

For the parameters with hybrid uncertainties described as staircase random variables, the first 198 
four moments 𝛉𝛉𝑥𝑥 are considered as the adjustable parameters 𝛉𝛉. Given the support set �𝑥𝑥, 𝑥𝑥�, feasible 199 
intervals of 𝛉𝛉𝑥𝑥 are determined based on the moment constraints 𝛉𝛉𝑥𝑥 ∈ 𝛩𝛩 as: 200 

𝜇𝜇 ∈ �𝑥𝑥, 𝑥𝑥�,𝑚𝑚2 ∈ �0,
�𝑥𝑥 − 𝑥𝑥�2

4
� ,𝑚𝑚3 ∈ �−

�𝑥𝑥 − 𝑥𝑥�3

6√3
,
�𝑥𝑥 − 𝑥𝑥�3

6√3
� ,𝑚𝑚4 ∈ �0,

�𝑥𝑥 − 𝑥𝑥�4

12
� (10) 
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The prior distribution of 𝛉𝛉𝑥𝑥 can be then discretely obtained as multiple sets of possible realizations 201 
of 𝛉𝛉𝑥𝑥 within the feasible intervals satisfying the moment constraints. In this manner, only the support 202 
set of the parameters is required as prior knowledge of the system, however the feasible intervals in 203 
Eq. (10) are possible to be narrower if more detailed information about the parameters is available. 204 
At the same time, the parameters with only epistemic uncertainty are also capable to be handled in 205 
Bayesian updating and the parameters themselves are considered as the adjustable parameters. In 206 
this case, the prior distribution 𝑃𝑃(𝛉𝛉) = 𝑃𝑃(𝐱𝐱) are represented as auxiliary uniform distributions within 207 
the given intervals of the parameters. 208 

One non-trivial component in Eq. (9) is the evidence 𝑃𝑃(𝐘𝐘𝑜𝑜𝑜𝑜𝑠𝑠), because the direct evaluation of the 209 
posterior PDF over the whole parameter space is quite difficult or even intractable especially for very 210 
peaked and/or multimodal distributions [24]. Hence, the well-known Bayesian inference algorithm, 211 
transitional Markov chain Monte Carlo (TMCMC) [25] is employed as an effective updating tool. 212 
TMCMC is essentially interpreted as an iterative approach sampling from a series of intermediate 213 
PDFs which will progressively converge to the true posterior distribution. The 𝑗𝑗th intermediate PDF 214 
is expressed as: 215 

𝑃𝑃𝑗𝑗 ∝ 𝑃𝑃𝐿𝐿(𝐘𝐘𝑜𝑜𝑜𝑜𝑠𝑠|𝛉𝛉)𝛽𝛽𝑗𝑗𝑃𝑃(𝛉𝛉) (11) 

where 𝛽𝛽𝑗𝑗 is the so-called reduction coefficient. Its value starts from 𝛽𝛽0 = 0 in the first iteration and 216 
progressively increases until reaching 𝛽𝛽𝑚𝑚 = 1 in the last iteration. 𝛽𝛽𝑗𝑗 is adaptively computed from 217 
samples of the previous step. Markov chains with the Metropolis-Hasting algorithm [26] propagate 218 
new samples starting from the ones with higher intermediate likelihood values, enabling to sample 219 
from the very complex posterior PDF. The readers can be referred to Refs. [25,27,28] for the details of 220 
TMCMC and its applications. 221 

3.2. Two-step ABC updating framework 222 

The likelihood function is the key component in Bayesian model updating, since it quantifies the 223 
degree of relevance of a model with a given instance of the adjustable parameters, by representing 224 
the possibility of the observations. Under the assumption of independence between observations, the 225 
likelihood function in Eq. (9) is theoretically defined as: 226 

𝑃𝑃𝐿𝐿(𝐘𝐘𝑜𝑜𝑜𝑜𝑠𝑠|𝛉𝛉) = �𝑃𝑃(𝐘𝐘𝑘𝑘|𝛉𝛉)
𝑁𝑁𝑜𝑜𝑜𝑜𝑠𝑠

𝑘𝑘=1

 (12) 

where 𝑃𝑃(𝐘𝐘𝑘𝑘|𝛉𝛉) is the PDF value of the 𝑘𝑘th observation 𝐘𝐘𝑘𝑘 conditional to the corresponding instance 227 
of the adjustable parameters 𝛉𝛉. Eq. (12) requires to estimate the PDF for each of the 𝑁𝑁𝑜𝑜𝑜𝑜𝑠𝑠 observations, 228 
which introduce considerable computation burden. Moreover, precise estimation of the PDFs is only 229 
achieved by a large number of model evaluations to generate a large number of simulated features. 230 
Hence, the full likelihood evaluation can be almost infeasible for complex simulators. 231 

The ABC method [15,16] is utilized to overcome the above issue by replacing the full likelihood 232 
function with an approximate likelihood function containing information of both the observations 233 
and adjustable parameters 𝛉𝛉. In the approximate likelihood, any types of statistics can be employed 234 
to measure the discrepancy between the model predictions and observations, and thus it is natural 235 
to define it employing the distance metrics. Various functional formulas have been investigated in 236 
the literature, including the Gaussian [29], Epanechnikov [30], and sharp [28] functions. Regardless 237 
of the functional formulas, the basic principle of the approximate likelihood is that it should return a 238 
high value when the distance metric is small, while it penalizes the 𝛉𝛉 instance when its corresponding 239 
distance metric is large. In this study, the approximate likelihood based on the Gaussian function is 240 
proposed as: 241 

𝑃𝑃𝐿𝐿(𝐘𝐘𝑜𝑜𝑜𝑜𝑠𝑠|𝛉𝛉) ∝ 𝑒𝑒𝑥𝑥𝑝𝑝 �−
𝑑𝑑2

𝜀𝜀2
� (13) 

where 𝑑𝑑  is the distance metric; 𝜀𝜀  is the so-called width factor, which is a pre-defined coefficient 242 
controlling the centralization degree of the posterior distribution. A smaller 𝜀𝜀 corresponds to a more 243 
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peaked posterior distribution, which is more likely to converge to the true value but requires more 244 
calculation for convergence. The choice of 𝜀𝜀 is hence based on specific applications and is commonly 245 
between 10−3 and 10−1 [29]. The distance-based approximate likelihood in Eq. (13) is a convenient 246 
connection between the distance metrics and Bayesian model updating with significantly reduced 247 
calculation cost. In addition, it provides a uniform framework for either deterministic or stochastic 248 
updating, simply driven by the employed metric is the Euclidian or Bhattacharyya distances. 249 

By employing the Bhattacharyya distance metric, the proposed approximate likelihood enables 250 
to capture comprehensive uncertainty characteristics of both the model predictions and observations. 251 
Moreover, thanks to the features of the staircase random variable, the stochastic updating procedure 252 
is theoretically applicable regardless of the distribution format of the parameters, including the one 253 
which cannot be obtained analytically. Nevertheless, multimodality of the parameters, for instance, 254 
may lead to non-unique solutions (which will be further discussed in Section 4 through an illustrative 255 
example), and thus the direct application of the stochastic updating procedure cannot be utilized.  256 

To cope with this issue, a two-step ABC updating framework is proposed as shown in Fig. 1. 257 
This framework starts from performing an outer Bayesian updating using the Euclidian distance. 258 
Step I is equivalent to a deterministic updating procedure with the target to identify all the possible 259 
solutions. The support sets of the parameters are then divided into appropriate sub-intervals, so that 260 
each sub-interval contain one possible solution. This preliminary procedure is necessary to avoid to 261 
end with a local solution in the main step. After that, comprehensive uncertainty characteristics of 262 
the parameters are further updated in step II via stochastic updating of the epistemic parameters, i.e., 263 
the first four moments of the staircase random variables, using the Bhattacharyya distance.  264 

 265 
Fig. 1. Schematic of the two-step ABC updating framework. 266 
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4. Principle and illustrative application of the ABC updating framework  267 

4.1. Problem description 268 

The proposed two-step ABC updating framework with both the Euclidian and Bhattacharyya 269 
distances metrics is demonstrated on a two degree of freedom (DOF) shear building model shown in 270 
Fig. 2(a). This model was introduced by Beck and Au [24]. The first and second story masses are 271 
assumed as deterministic values with 𝑚𝑚1 = 16.531 × 103 kg and 𝑚𝑚2 = 16.131 × 103 kg. The first and 272 
second interstory stiffnesses are parameterized as 𝑘𝑘1 = 𝑘𝑘𝑥𝑥1 and 𝑘𝑘2 = 𝑘𝑘𝑥𝑥2, where 𝐱𝐱 = [𝑥𝑥1, 𝑥𝑥2] are the 273 
adjustable parameters to be identified, and 𝑘𝑘 = 29.7 × 106  N m⁄  is the nominal value of the stiffnesses. 274 

In Beck and Au [24], the prior PDF 𝑃𝑃(𝐱𝐱) is given by uncorrelated lognormal distributions with 275 
most probable values 1.3 and 0.8 for 𝑥𝑥1 and 𝑥𝑥2, respectively, and unit standard deviations. Using the 276 
modal data, where the identified natural frequencies are 𝑓𝑓1 = 3.13 Hz and 𝑓𝑓2 = 9.83 Hz, the posterior 277 
PDF is formulated as: 278 

𝑃𝑃(𝐱𝐱|𝐘𝐘𝑜𝑜𝑜𝑜𝑠𝑠) = 𝑒𝑒𝑥𝑥𝑝𝑝 �−
𝐽𝐽(𝐱𝐱)
2𝜎𝜎2

� 𝑃𝑃(𝐱𝐱) (14) 

where 𝜎𝜎 = 1 16⁄  is the standard deviation of the prediction error and 𝐽𝐽(𝐱𝐱) is a modal measure-of-fit 279 
function given by: 280 

𝐽𝐽(𝐱𝐱) = �𝜆𝜆2
2

𝑗𝑗=1

�
𝑓𝑓𝑗𝑗2(𝐱𝐱)
𝑓𝑓𝑗𝑗2

− 1�
2

 (15) 

where 𝜆𝜆 = 1 is the weight and 𝑓𝑓𝑗𝑗(𝐱𝐱) is the 𝑗𝑗th natural frequency predicted by the model with the 281 
adjustable parameters 𝐱𝐱. Fig. 2(b) illustrates the posterior PDF in Eq. (14) and it shows bimodality. It 282 
has been already demonstrated that this bimodal distribution can be achieved by several sampling 283 
methods, including the MCMC methods. 284 

 285 
Fig. 2. (a) Two degree of freedom shear building model; (b) Posterior distribution in Ref. [24]. 286 

This problem can be interpreted as a deterministic updating of the parameters themselves using 287 
the single set of observations. However, its uncertain characteristics and observation data are hereby 288 
altered to demonstrate capabilities of the proposed stochastic updating framework with the presence 289 
of hybrid uncertainties. Both aleatory and epistemic uncertainties are involved in the model and are 290 
included by describing 𝑥𝑥1 and 𝑥𝑥2 as staircase random variables with given support sets. The natural 291 
frequencies 𝑓𝑓1 and 𝑓𝑓2 are taken as investigating features whose uncertainty is driven by the uncertain 292 
parameters 𝑥𝑥1 and 𝑥𝑥2. Their target probability distributions are assumed to be the posterior PDF in 293 
Eq. (14). In the altered problem setting, the identified natural frequencies 𝑓𝑓1 and 𝑓𝑓2 are not available, 294 
and thus the target probability distributions cannot be obtained analytically. Note that, in this case, 295 
the existing parametric stochastic updating procedures are not applicable. The support sets of  𝑥𝑥1 and 296 
𝑥𝑥2 are detailed in Table 2. 297 
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Table 2. Uncertain parameters of the 2-DOF model. 298 
Parameter Uncertainty characteristic Target distribution 
𝑥𝑥1 𝑥𝑥1 ∈ [0, 3.0] The marginal distribution of Eq. (14) for 𝑥𝑥1  
𝑥𝑥2 𝑥𝑥2 ∈ [0, 1.5] The marginal distribution of Eq. (14) for 𝑥𝑥2 

The target of the updating procedure 𝐘𝐘𝑜𝑜𝑜𝑜𝑠𝑠 is multiple sets of the features 𝑓𝑓1 and 𝑓𝑓2 obtained by 299 
assigning target probability distributions to 𝑥𝑥1 and 𝑥𝑥2, as shown in the last column of Table 2. The 300 
number of observations is 𝑁𝑁𝑜𝑜𝑜𝑜𝑠𝑠 = 100, generated by evaluating the model 100 times with parameters 301 
sampled from their assigned target distributions using the TMCMC method.  302 

A single set of initial values of the first four moments 𝛉𝛉𝑥𝑥1  and 𝛉𝛉𝑥𝑥2  is set to be their possible 303 
realizations within the feasible intervals in Eq. (10), satisfying the moment constraints 𝛉𝛉𝑥𝑥 ∈ 𝛩𝛩. These 304 
values are selected to be different from the target values, which return the staircase random variables 305 
matching with the target distributions, in order to illustrate how the imprecise model can produce 306 
outputs very different from the observations. Note that, those initial values are presented herein only 307 
for demonstration purpose as illustrated in Fig. 3 and Fig. 8. The two-step updating procedure is not 308 
really started from the initial values, but from the initial support sets of the parameters, as shown in 309 
the second column of Table 2.  310 

Suppose the sample size is 𝑁𝑁𝑠𝑠𝑠𝑠𝑚𝑚 = 1000,  𝑁𝑁𝑠𝑠𝑠𝑠𝑚𝑚 parameter samples are generated from staircase 311 
densities with the initial values of the first four moments. The corresponding initial simulated output 312 
samples of 𝑓𝑓1 and 𝑓𝑓2 are obtained and illustrated in Fig. 3, along with the observed output samples. 313 
As shown in this figure, the objective of model updating herein is no longer a single updated point 314 
with maximum fidelity to a single observation, but updated distributions of the parameters which 315 
can represent the output samples as similar as the observed ones. Such parameter distributions can 316 
be estimated as the staircase densities with the updated first four moments. To achieve this objective, 317 
both the Euclidian and Bhattacharyya distances are employed as the UQ metrics in the ABC updating 318 
procedure. 319 

 320 
Fig. 3. Observed and initial simulated output samples. 321 

4.2. Step I: determinisitic updating with the Euclidian distance metric  322 

As shown in Figs. 2(b) and 3, the target distributions of the parameters show bimodality but the 323 
observed samples show unimodality; hence, it leads to non-unique solutions. In this circumstance, 324 
the direct application of the stochastic updating procedure may end with a local solution. To avoid 325 
the local solution, a deterministic updating of the parameters themselves is herein performed with 326 
the Euclidian distance metric to identify the possible solutions. There are two parameters 𝑥𝑥1 and 𝑥𝑥2, 327 
whose prior distributions are set to be uniform within the support sets in Table 2. When the Euclidian 328 
distance is taken as the metric, the geometric distance between a simulated sample and the centre of 329 
mass of the observed samples is measured, while the dispersion information of the observed samples 330 
cannot be considered.  331 
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In this section, the width factor in the distance-based likelihood is set as 𝜀𝜀 = 0.1, and totally eight 332 
TMCMC iterations are executed to reach convergence. Updated samples of the parameters from the 333 
posterior distribution are presented in Fig. 4, along with the target distributions. As shown in this 334 
figure, the updated samples clearly capture bimodality of the target distributions as same as the result 335 
in Ref [24]. It fulfils that deterministic updating focuses only on the means of the parameters and they 336 
are much easier to be properly updated compared with the higher moments. However, orientation 337 
and dispersion of the updated samples remain different from the target distributions. Hence, a more 338 
comprehensive metric is required in the second step to further reduce the discrepancy between the 339 
samples in Fig. 4 and the target distributions.  340 

Based on the updated distributions of the parameters, their given support sets are divided into 341 
two sub-intervals, such that each sub-interval contain single possible solution. Table 3 presents the 342 
defined sub-intervals of the parameters. 343 

 344 
Fig. 4. Updated samples of parameters with Euclidian distance. 345 

Table 3. Sub-intervals of parameters for stochastic updating. 346 
Sub-interval Uncertain 

characteristic 
Epistemic parameters 

I 𝑥𝑥1 ∈ [0, 1.0] 𝜇𝜇1 ∈ [0, 1.0],𝑚𝑚21 ∈ [0, 0.25],𝑚𝑚31 ∈ �−
1

6√3
,

1
6√3

� ,𝑚𝑚41 ∈ �0,
1

12� 

 𝑥𝑥2 ∈ [0.5, 1.5] 𝜇𝜇2 ∈ [0.5, 1.5],𝑚𝑚22 ∈ [0, 0.25],𝑚𝑚32 ∈ �−
1

6√3
,

1
6√3

� ,𝑚𝑚42 ∈ �0,
1

12� 

II 𝑥𝑥1 ∈ [1.0, 3.0] 𝜇𝜇1 ∈ [1.0, 3.0],𝑚𝑚21 ∈ [0, 1.0],𝑚𝑚31 ∈ �−
4

3√3
,

4
3√3

� ,𝑚𝑚41 ∈ �0,
4
3� 

 𝑥𝑥2 ∈ [0, 0.5] 𝜇𝜇2 ∈ [0, 0.5],𝑚𝑚22 ∈ �0,
1

16� ,𝑚𝑚32 ∈ �−
1

48√3
,

1
48√3

� ,𝑚𝑚42 ∈ �0,
1

192� 

4.3. Step II: stochastic updating with the Bhattacaryya distance metric  347 

This section presents the stochastic updating procedure with the Bhattacharyya distance metric. 348 
There are eight epistemic parameters in the updating procedure, i.e., 𝛉𝛉𝑥𝑥𝑠𝑠 = {𝜇𝜇𝑠𝑠 ,𝑚𝑚2𝑠𝑠,𝑚𝑚3𝑠𝑠 ,𝑚𝑚4𝑠𝑠}, for 𝑖𝑖 =349 
1, 2, whose feasible intervals are computed by Eq. (10) for each sub-interval, as shown in the last 350 
column of Table 3. Prior distributions of 𝛉𝛉𝑥𝑥1  and 𝛉𝛉𝑥𝑥2  are discretely obtained as multiple sets of their 351 
possible realizations within the feasible intervals, satisfying the moment constraints 𝛉𝛉𝑥𝑥 ∈ 𝛩𝛩. 352 

The width factor in the likelihood is set as 𝜀𝜀 = 0.01 in this section. In addition, the numbers of 353 
bins in the binning algorithm and in staircase density estimation are set to be 𝑛𝑛𝑜𝑜𝑠𝑠𝑛𝑛 = 10 and 𝑛𝑛𝑜𝑜 = 50, 354 
respectively. After 16 TMCMC iterations, the finally updated posterior distributions of the epistemic 355 
parameters are estimated for each sub-interval of the parameters, as illustrated in Figs. 5 and 6. In the 356 
figures, the third and fourth central moments are normalized as 𝑚𝑚3 𝑚𝑚2

3 2⁄⁄  and 𝑚𝑚4 𝑚𝑚2
2⁄  (those values 357 

are also known as the skewness and kurtosis, respectively). In addition, the target and updated values 358 
of the epistemic parameters are given in these figures. The target values are computed by samples 359 
generated from the target distributions in Fig. 2(b), and the updated values are obtained by estimating 360 
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most probable values (MPVs) of the posterior distributions. As shown in these figures, the posterior 361 
distributions of all of the epistemic parameters are significantly updated compared with the prior 362 
feasible intervals. Moreover, the updated values show almost good agreement with the target values, 363 
except for the kurtoses, implying the Bhattacharyya distance metric is capable to capture not only 364 
mean information but also dispersion and distribution information of both the model predictions and 365 
observations. 366 

 367 
Fig. 5. Posterior distributions of epistemic parameters for sub-interval I. 368 

 369 
Fig. 6. Posterior distributions of epistemic parameters for sub-interval II. 370 
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Tables 4 and 5 present the target and updated values of the epistemic parameters. The updated 371 
values of the means and variances are quite close to the target and those of the skewnesses are also 372 
almost close to the target, even though those of the kurtoses still remain differences compared with 373 
the target. This fulfils the general experience in stochastic updating that the higher level of statistical 374 
information of is much more difficult to be precisely updated compared with the means. However, 375 
the proposed procedure enables to quantify even the higher level of statistical information, such as 376 
the variances and skewnesses. 377 

Table 4. Updated epistemic parameters for sub-interval I. 378 
Parameter Mean 𝜇𝜇 Variance  𝑚𝑚2 Skewness 𝑚𝑚3 𝑚𝑚2

3 2⁄⁄  Kurtosis 𝑚𝑚4 𝑚𝑚2
2⁄  

𝑥𝑥1     
Target value 0.4957 0.0019 -0.0086 2.7313 
Updated value 0.5006 0.0020 -1,2150 16,550 
𝑥𝑥2     
Target value 0.9080 0.0053 -0.0531 3.0972 
Updated value 0.9028 0.0041 -0,1150 8,9700 

Table 5. Updated epistemic parameters for sub-interval II. 379 
Parameter Mean 𝜇𝜇 Variance  𝑚𝑚2 Skewness 𝑚𝑚3 𝑚𝑚2

3 2⁄⁄  Kurtosis 𝑚𝑚4 𝑚𝑚2
2⁄  

𝑥𝑥1     
Target value 1.8344 0.0162 0.0695 2.9410 
Updated value 1.8162 0.0164 -0.0900 11.450 
𝑥𝑥2     
Target value 0.2446 0.0005 -0.0984 3.8560 
Updated value 0.2450 0.0005 -0.6400 9,4200 

The updated samples of the parameters are generated from staircase densities with the updated 380 
values of the first four moments and illustrated in Fig. 7. It can be seen that the updated epistemic 381 
parameters for each sub-interval give the staircase densities providing accurate estimation of each 382 
mode of the parameters. More attention is paid to orientation and dispersion of the updated samples, 383 
which show good agreement with the target distributions, although some higher moment values are 384 
not precisely updated, as shown in Tables 4 and 6. It indicates that estimated errors in the higher 385 
moment values do not significantly affect to the sample distributions of each mode of the parameters 386 
obtained via staircase densities, compared with the means and variances. For comparison purpose, 387 
cumulative distribution functions (CDFs) of 𝑥𝑥1 and 𝑥𝑥2 are plotted in Fig. 8 for both the updated and 388 
target distributions. The CDFs for the updated distributions are obtained by combining the updated 389 
samples for both sub-intervals. The CDFs for the updated distributions exhibit a good match with 390 
those for the target distributions. 391 

 392 
Fig. 7. Updated samples of parameters with Bhattacharyya distance. 393 
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 394 
Fig. 8. Updated cumulative distribution functions of parameters. 395 

Finally, Fig. 9 illustrates the final simulated output samples of 𝑓𝑓1 and 𝑓𝑓2, obtained by assigning 396 
the estimated staircase densities to 𝑥𝑥1 and 𝑥𝑥2, along with the initial simulated and target observed 397 
output samples. The updated simulated samples show a distribution identical to the target observed 398 
samples, implying the Bhattacharyya distance has the capability to recreate wholly the distribution 399 
of the target observations. 400 

 401 
Fig. 9. Updated simulated output samples. 402 

4.4. Summary  403 

This example presented the combined application of the Euclidian and Bhattacharyya distances 404 
as the metrics in the two-step ABC updating procedure. Staircase random variables are employed in 405 
stochastic updating to calibrate the epistemic uncertainty space without prior information about the 406 
distribution format of parameters. The stochastic model updating procedure with the Bhattacharyya 407 
distance metric is demonstrated to be capable to estimate the detailed distributional properties of the 408 
parameters. However, a significant drawback of the updating procedure is revealed in situations, e.g., 409 
in Figs. 2(b) and 3, where the target distributions show multimodality but the observed features show 410 
unimodality. In this situation, the direct application of the stochastic model updating procedure may 411 
end with a local solution. 412 

Consequently, the two-step procedure is proposed to overcome this drawback by performing 413 
deterministic updating with the Euclidian distance metric in the first step to identify every modes of 414 
the target distributions, and then to capture their detailed distributions in the second step. As a result, 415 
this example demonstrated that deterministic updating should be performed as a precondition of any 416 
stochastic updating procedure.  417 
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5. NASA UQ challenge problem 2014 418 

5.1. Problem description 419 

The NASA UQ challenge problem 2014 [17] is investigated herein to demonstrate the capabilities 420 
of the proposed updating framework for complex applications. The schematic in Fig. 10 illustrates 421 
the general structure of Sub-problem A, including the investigating parameters, outputs, and the UQ 422 
metric. As shown in Fig. 10, the simulator is provided in a black-box, which evaluates a scalar output 423 
𝑦𝑦 using five parameters: 𝑝𝑝𝑠𝑠 , for  𝑖𝑖 = 1,⋯ ,5.  424 

 425 
Fig. 10. Schematic of the NASA UQ challenge 2014 Sub-problem A. 426 

Table 6 summarizes the detailed uncertainty characterization of the parameters in the original 427 
problem setting.  𝑝𝑝1, 𝑝𝑝4, and 𝑝𝑝5 are parameters with hybrid uncertainties, 𝑝𝑝2 is a parameter with only 428 
epistemic uncertainty, and 𝑝𝑝3 is a parameter with only aleatory uncertainty represented by a fully 429 
prescribed uniform distribution with explicit mean and variance. During model updating, only 𝑝𝑝1, 430 
𝑝𝑝2, 𝑝𝑝4, and 𝑝𝑝5 are considered and 𝑝𝑝3 is omitted as it involves only irreducible aleatory uncertainty. 431 
More importantly, the distribution formats of 𝑝𝑝1, 𝑝𝑝4, and 𝑝𝑝5 are fully provided, such that 𝑝𝑝1 follows a 432 
unimodal beta distribution and 𝑝𝑝4 and 𝑝𝑝5 follow Gaussian distributions. Recently, true values of the 433 
epistemic parameters are released as shown in the last column of Table 6. 434 

Table 6. Uncertain parameters of Sub-problem A in the NASA UQ challenge problem. 435 
Parameter Uncertainty characteristic True value 
𝑝𝑝1 Unimodal beta, 𝜇𝜇1 ∈ [0.6, 0.8], 𝑚𝑚21 ∈ [0.02, 0.04] 𝜇𝜇1 = 0.6364, 𝑚𝑚21 = 0.0356 
𝑝𝑝2 Constant, 𝑝𝑝2 ∈ [0, 1.0] 𝑝𝑝2 = 1 
𝑝𝑝3 Uniform, 𝜇𝜇3 = 0.5, 𝑚𝑚23 = 1 12⁄  – 
𝑝𝑝4, 𝑝𝑝5 Gaussian, 𝜇𝜇𝑠𝑠 ∈ [−5.0, 5.0], 𝑚𝑚2𝑠𝑠 ∈ [0.0025, 4.0], 𝜌𝜌 ∈

[−1.0, 1.0]a, 𝑖𝑖 = 4,5 
𝜇𝜇4 = 4, 𝜇𝜇5 = −1.5, 𝑚𝑚24 = 0.04, 
𝑚𝑚25 = 0.36, 𝜌𝜌 = 0.5 

  a 𝜌𝜌 is the correlation coefficient.   

On the other hand, in this study, the uncertainty characterization of 𝑝𝑝1, 𝑝𝑝4, and 𝑝𝑝5 are redefined 436 
by ignoring distribution information to demonstrate the performance of the proposed framework. 437 
Table 7 presents the redefined uncertainty characteristics of these parameters. The support set of 𝑝𝑝1 438 
is based on the definition of the beta distribution. While only the support set is required to perform 439 
the updating framework, prior information about the mean 𝜇𝜇1 and variance 𝑚𝑚21 is remained to make 440 
the feasible intervals in Eq. (10) narrower. The support sets of 𝑝𝑝4 and 𝑝𝑝5 are set to cover more than 441 
99.99 % confidence intervals of their true Gaussian distributions. The feasible intervals of the means 442 
and variances for these support sets are already narrower than the given intervals in Table 6. Note 443 
that, while these support sets can also be set to cover the p-box obtained from the original uncertainty 444 
characteristics, this leads too wide support sets to be precisely updated. Furthermore, the correlation 445 
between 𝑝𝑝4 and 𝑝𝑝5 is ignored, since the staircase random variable is a univariate random variable and 446 
thus cannot consider the correlation. However, this assumption is still reasonable because the target 447 
output is insensitive to the correlation coefficient 𝜌𝜌, which has been investigated by the previously 448 
published works [29-31] in other sub-tasks of the NASA UQ challenge problem 2014.  449 
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Table 7. Redefined uncertainty characteristics of 𝑝𝑝1, 𝑝𝑝4, and 𝑝𝑝5. 450 
Parameter Uncertainty characteristic 
𝑝𝑝1 𝑝𝑝1 ∈ [0, 1], 𝜇𝜇1 ∈ [0.6, 0.8], 𝑚𝑚21 ∈ [0.02, 0.04] 
𝑝𝑝4, 𝑝𝑝5 𝑝𝑝4 ∈ [3, 5], 𝑝𝑝5 ∈ [−4, 1] 

There are two observation sets 𝐲𝐲1 and 𝐲𝐲2, both containing 25 values respectively. Note that, in 451 
the original NASA UQ challenge problem, there were different tasks in Sub-problem A, where the 452 
first observations (𝐲𝐲1) are supposed to be used for model updating in Task 1, and the remaining (𝐲𝐲2) 453 
for model validation in Task 2. And in Task 3, all the 50 observations are used for model updating to 454 
improve the result. However, in this work, only Task 3 is addressed, because the comparison of the 455 
results using 25 or 50 observations is not our focus. As a consequence, totally 13 epistemic parameters, 456 
such as 𝛉𝛉𝑝𝑝𝑠𝑠 = {𝜇𝜇𝑠𝑠,𝑚𝑚2𝑠𝑠 ,𝑚𝑚3𝑠𝑠,𝑚𝑚4𝑠𝑠}, 𝑖𝑖 = 1,4,5 and 𝑝𝑝2 using the 50 observations.  457 

5.2. Results assessment 458 

The stochastic updating procedure with the Bhattacharyya distance metric is executed. Note that, 459 
the true distributions of all the parameters are unimodal; thus, an outer Bayesian updating with the 460 
Euclidian distance metric is not performed. The width factor in the likelihood is set as 𝜀𝜀 = 0.01 and 461 
the numbers of bins in the binning algorithm and in staircase density estimation are set to be 𝑛𝑛𝑜𝑜𝑠𝑠𝑛𝑛 =462 
25 and 𝑛𝑛𝑜𝑜 = 50, respectively.  463 

Fig. 11 illustrates the posterior histograms of the epistemic parameters. Those are converted to 464 
distributions with kernel density estimation (KDE) and the estimated distributions are also illustrated 465 
in this figure. It can be seen that all the epistemic parameters are successfully updated compared with 466 
their initial intervals.  467 

 468 
Fig. 11. Posterior histograms and PDFs estimated via KDE. 469 
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The updated values and intervals of 𝛉𝛉𝑝𝑝1 , 𝛉𝛉𝑝𝑝4 , 𝛉𝛉𝑝𝑝5 , and 𝑝𝑝2  are estimated from their posterior 470 
distributions, and their accuracy is assessed according to their true values as shown in Table 8. The 471 
posterior distributions are normalized so that their maximums are equal to one, as shown in Fig. 12. 472 
With this procedure, the posterior distributions are interpreted as Fuzzy sets [7], such that different 473 
levels of confidence will result to interval values of increased width. The crisp updated values of 𝛉𝛉𝑝𝑝1, 474 
𝛉𝛉𝑝𝑝4, 𝛉𝛉𝑝𝑝5, and 𝑝𝑝2 are obtained as the MPVs, i.e., the values corresponding to the alpha-level of one.  475 

Table 8. The updated results of the epistemic parameters. 476 
Epistemic parameter Initial interval True value MPVs 0.9-level intervals 
𝜇𝜇1 [0.6, 0.8] 0.6364 0.6824  [0.6793, 0.6933] 
𝑚𝑚21 [0.02, 0.04] 0.0356 0.0369  [0.0366, 0.0386] 
𝑚𝑚31 𝑚𝑚21

3 2⁄⁄  �−
1

6√3
,

1
6√3

� -0.3840 -0.3560 [−0.3963,−0.2400] 

𝑚𝑚41 𝑚𝑚21
2⁄  �0,

1
12� 

2.4886 2.4360 [2.4007, 3.0787] 

𝜇𝜇4 [3, 5] 4 3.8780  [3.6517, 3.9517] 
𝑚𝑚24 [0.0025, 1] 0.04 0.0488 [0.0480, 0.1236] 
𝑚𝑚34 𝑚𝑚24

3 2⁄⁄  �−
4

3√3
,

4
3√3

� 0.0068 -0.2620 [−0.5241, 0.0499] 

𝑚𝑚44 𝑚𝑚24
2⁄  �0,

1
12� 

2.9780 4.0560 [3.7298, 4.7558] 

𝜇𝜇5 [−4, 1] -1.5 -1.7000 [−1.7204,−1.4554] 
𝑚𝑚25 [0.0025, 4] 0.36 0.7920 [0.6070, 0.8940] 
𝑚𝑚35 𝑚𝑚25

3 2⁄⁄  �−
4

3√3
,

4
3√3

� 0.0068 -0.0910 [−0.4172, 0.0208] 

𝑚𝑚45 𝑚𝑚25
2⁄  �0,

1
12� 

2.9780 3.6840 [3.6830, 3.9185] 

𝑝𝑝2 [0, 1] 1 0.9050 [0.8580, 0.9410] 

By employing the crisp updated values of 𝛉𝛉𝑝𝑝1 , 𝛉𝛉𝑝𝑝4 , and 𝛉𝛉𝑝𝑝5 , the corresponding crisp updated 477 
distributions of 𝑝𝑝1, 𝑝𝑝4, and 𝑝𝑝5 are estimated as staircase density functions. Fig. 13 plots the CDFs of 478 
the updated distributions, along with those of their true distributions. It can be seen that the updated 479 
CDFs show almost good agreement with their true distributions, while some differences still remain 480 
for 𝑝𝑝4 and 𝑝𝑝5. These differences are mainly due to no consideration of the correlation between 𝑝𝑝4 and 481 
𝑝𝑝5. Nevertheless, the proposed updating procedure is demonstrated to be capable to estimate the 482 
probabilistic distributions of unknown parameters regardless of their distribution formats. 483 

A more comprehensive assessment of the result is performed by estimating the p-boxes of the 484 
output. The initial intervals of 𝛉𝛉𝑝𝑝1 , 𝛉𝛉𝑝𝑝4 , 𝛉𝛉𝑝𝑝5 , and 𝑝𝑝2 result in a large p-box of the output, representing 485 
a large epistemic uncertainty space. The objective of model updating in this problem is to reduce the 486 
epistemic uncertainty space, so that the p-box of the output is accordingly reduced. In the ideal case, 487 
when the true values of the epistemic parameters are achieved form a perfect updating process, the 488 
resulting p-box of the output would be reduced to a single CDF, which perfectly coincides with the 489 
CDF of the observations. Based on the above motivation, three alpha-levels, namely 0.5, 0.75, and 0.9, 490 
are set for the normalized PDFs as shown in Fig. 12. The 0.9-level intervals are presented in the last 491 
column of Table 8, which are significantly reduced compared with the initial intervals. Along with 492 
the p-boxes, the updated crisp CDF with 1-alpha level is also estimated by employing the updated 493 
distributions of 𝑝𝑝1, 𝑝𝑝4, and 𝑝𝑝5 as shown in Fig. 13 and the crisp updated value of 𝑝𝑝2.  494 

The p-boxes with the three alpha-levels and the updated CDF are illustrated in Fig. 14. The initial 495 
p-box with the original epistemic uncertainty space is significantly reduced through the updating 496 
procedure with different alpha-levels. An integrative comparison of Figs. 12 and 14 shows that the 497 
higher the alpha-level, the smaller the input epistemic intervals, and furthermore, the narrower the 498 
resulting p-box of the output, even though the differences in the three p-boxes are very small. The 499 
narrowest p-box with 0.9-alpha level can still envelop the target CDF of the observations. More 500 
importantly, the updated CDF shows good agreement with the CDF of the target observations. This 501 
outcome clearly demonstrates feasibility of the combination of the Bhattacharyya distance metric and 502 
staircase random variable in stochastic model updating and uncertainty characterization. 503 
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 504 
Fig. 12. Three truncation levels of the normalized posterior distributions. 505 

 506 
Fig. 13. Updated cumulative distribution functions of 𝑝𝑝1, 𝑝𝑝4, and 𝑝𝑝5. 507 
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 508 
Fig. 14. Updated p-boxes with different alpha-levels. 509 

6. Conclusions 510 

The combined application of the Bhattacharyya distance metric and staircase random variable 511 
is demonstrated as key ingredients of the proposed ABC model updating framework. The application 512 
to the NASA UQ challenge problem reveals the feasibility of the Bhattacharyya distance and staircase 513 
random variable for stochastic updating and uncertainty characterization. The staircase densities act 514 
as a nonparametric connection between the epistemic uncertainty space and investigating outputs. 515 
In addition, the distance-based approximate likelihood function serves as a convenient connection 516 
between the Bayesian updating procedure and UQ metrics. By employing the Bhattacharyya distance, 517 
the proposed approximate likelihood enables to capture comprehensive uncertainty characteristics 518 
of both model predictions and observations. As a consequence, the proposed updating framework 519 
fulfills the challenging expectation in stochastic updating to calibrate the probabilistic distributions 520 
of parameters without prior knowledge about their distribution formats.   521 

Despite the advantage on uncertainty characterization, the combination use of the Bhattacharyya 522 
distance metric and staircase random variable is not appropriate in an exclusive manner as revealed 523 
in the shear building model example. It needs to be complemented by the Euclidian distance metric 524 
in a two-step approach to avoid non-unique solutions in stochastic updating. That is to say, Euclidian 525 
distance-based deterministic updating should be the precondition before performing the stochastic 526 
updating procedure. 527 

One of the perspectives of the proposed Bayesian updating framework is to be combined with 528 
structural health monitoring (SHM). In SHM, uncertainties not only in the input parameters but also 529 
in measurements need to be considered, because the measurements are driven under hard-to-control 530 
randomnesses, such as environmental noises and measurement system errors. Another challenging 531 
perspective focuses on uncertainties in modeling. The numerical model always contains unavoidable 532 
simplifications and approximations, such as the linearized representation of the nonlinear behaviors. 533 
These uncertainties make the updating procedure significantly difficult, and hence it should aim at 534 
robust calibration to achieve the maximum allowable uncertainty, while providing acceptable fidelity 535 
to the measurements. This extension of the proposed Bayesian model updating framework to cope 536 
with SHM will be addressed in the future work. 537 
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