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Abstract  

Uncertainty quantification metrics have a critical position in inverse problems for dynamic systems as they quantify 

the discrepancy between numerically predicted samples and collected observations. Such metric plays its role by 

rewarding the samples for which the norm of this discrepancy is small and penalizing the samples otherwise. In this 

paper, we propose a novel entropy-based metric by utilizing the Jensen–Shannon divergence. Compared with other 

existing distance-based metrics, some unique properties make this entropy-based metric an effective and efficient 

tool in solving inverse problems in presence of mixed uncertainty (i.e. combinations of aleatory and epistemic 

uncertainty) such as encountered in the context of imprecise probabilities. Implementation-wise, an approximate 

Bayesian computation method is developed where the proposed metric is fully embedded. To reduce the 

computation cost, a discretized binning algorithm is employed as a substitution of the conventional multivariate 

kernel density estimates. For validation purpose, a static case study is first demonstrated where comparisons towards 

three other well-established methods are made available. To highlight its potential in complex dynamic systems, we 

apply our approach to the NASA LaRC Uncertainty Quantification challenge 2014 problem and compare the 

obtained results with those from 6 other research groups as found in literature. These examples illustrate the 

effectiveness of our approach in both static and dynamic systems and show its promising perspective in real 

engineering cases such as structural health monitoring in conjunction with dynamic analysis. 
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Acronyms 

UQ Uncertainty quantification TMCMC Transitional Markov Chain Monte Carlo 

QoI Quantities of Interest KL Kullback-Leibler  

KDE Kernel Density Estimate JS Jensen–Shannon  

ABC 
Approximate Bayesian 

Computation 
PMF Probability Mass Function  

CDF Cumulative Distribution Function    

 

1 Introduction 

During the past decades, there has been an increasing demand for risk analysis as the scale and complexity of 

modern structural and mechanical systems is continuously growing [1]. To achieve a trustworthy analysis result, the 

explicit inclusion of various uncertain factors is indispensable [2]. In terms of risk analysis, as prerequisites, model 

validation and parameter calibration are imperative yet challenging tasks, especially in presence of multi-source 

uncertainty [3], [4]. 

In comparison with common forward uncertainty quantification (UQ) problems, typical inverse problems such 

as model validation focus on estimating and calibrating certain key parameters by taking into account the governing 

equations as well as some experimental/simulated observations [5]. From a mathematical perspective, the task is to 

find those inputs (parameters) that ensure an ‘optimal’ fit between numerical and experimental results by evaluating 

the divergence between simulated samples and available observations under a predetermined physical model. Even 

though the idea is in essence straightforward, the task is made non-trivial if one considers the complexity of the 

underlying physical models (e.g. finite element models), prevailing uncertainties (e.g. imprecise probabilistic model 

with mixed uncertainty), and imperfections in test data (e.g. limited data with measurement errors). 

In the inverse research community, pioneer works [6], [7] are devoted to optimizing the target model (parameters) 

by minimizing the error between predicted results and test data. Such works are usually considered as “deterministic” 

model updating since they use measurements from a single test to calibrate the Quantities of Interest (QoIs) and 

estimate them as their corresponding nominal values. However, as the inherent uncertainty and ubiquitous variability 

arise from many sources such as geometric tolerances, manufacturing process or environment, the development of a 

more general updating framework to incorporate multi-source uncertainty is in demand. This will lead to the advance 

of stochastic model updating. In this field, Mares and Mottershead’s milestone works [8] [9] lay the foundation of 

basic theory and relevant notions for stochastic model updating. To date, extensive studies covering a wide range of 

topics have been investigated in this area: from perturbation methods [10]–[12] to response surface models [13], [14]; 

from probabilistic approaches [15], [16] to non-probabilistic methodologies like interval updating [17]–[20] or fuzzy 

techniques [21]; from classical optimization-based methods [6], [7] to modern machine learning techniques [22]–

[25]. Among them, Bayesian-based approaches are favored because they provide a flexible platform to combine 
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expert prior knowledge and collected test data in a solid statistical framework [26]–[29]. Patelli et al. compared the 

sensitivity-based updating and the Bayesian model updating in [30] where emphasis is placed on the application to 

DLR AIRMOD structure. Rocchetta et al. [31] developed an on-line Bayesian updating approach for structural health 

monitoring accounting for relevant sources of uncertainty. The merit of this approach is to identify the most probable 

crack consistent with the experimental measurements. Faes et al. [16] also provided a comparison of Bayesian 

approaches to interval model updating under low data availability. 

In the context of uncertainty quantification, no matter which methodology is adopted, the employed metric plays 

a central role in the model updating since it quantifies the discrepancy between two different sample groups (usually 

the model predicted samples and the observations) . In most existing Bayesian computation methods, Kernel Density 

Estimate (KDE) is a popular technique to formulate the designed UQ metric. In terms of likelihood construction, the 

KDE-based metric requires no strong assumptions and is applicable under extensive scenarios. However, the 

computation cost can be high since performing massive multivariate KDEs are rather time-consuming. In this sense, 

the Approximate Bayesian Computation (ABC) methods [32] have gained large attention in recent years, as such 

approaches alleviate this issue by estimating the “kernel” instead of calculating the full likelihood function.  

In this context, the Euclidean distance is the most widely used metric and is effective in model updating for 

many Bayesian inverse problems [33]. Nevertheless, the Euclidean distance may not be an ideal candidate for the UQ 

metric of an imprecise probabilistic model with mixed uncertainty. As a matter of fact, it only quantifies the absolute 

distance of two single data points and discards the dispersion information of the whole dataset [34]. Addressing this 

shortcoming, other metrics e.g. Mahalanobis and Bhattacharyya distance are considered powerful alternatives. Unlike 

Euclidean distance, Mahalanobis distance is a “point-to-population” distance that considers the correlations of two 

groups of samples and has the capacity to update both mean and variance. However, it only captures partial (one 

group of samples) dispersion information as it is a weighted Euclidean distance in essence. Besides Mahalanobis 

distance, Bhattacharyya distance is a “distribution-to-distribution” distance which makes use of full dispersion 

information embedded within both sample collections through fitting corresponding probability distributions. 

However, when the two fitted distributions have little overlap, the calculated Bhattacharyya distance assumes an 

infinite value and thus is not applicable in practical Bayesian updating situations. Addressing this issue, Bi et al. [34] 

proposed a two-step approach in which the Euclidean distance is first used to update the mean value and then 

Bhattacharyya distance is employed to update the variance. This approach achieved satisfactory estimation results 

for both mean and variance but also involves additional computations. The Wasserstein distance, also known as the 

Mallows or Kantorovich distance, is a metric defined on the probabilistic space to provide quantitative measure of 

the discrepancy of two different distributions. It is shown that the calculation of Wasserstein distances is fast for 

empirical distributions in one dimension. However, the computation cost increases drastically as the dimension of the 
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space in which it has to be computed [35]. Addressing the pros and cons of above mentioned UQ metrics, a 

comparison between several distance-based UQ metrics in stochastic model updating can be found in [33]. Other 

state-of-the-art researches in this field refer to [36], [37]. Though extensive studies are devoted in relevant areas, there 

are still some critical issues have not been sufficiently addressed in a sense of UQ metrics. For example, as mentioned 

above, the Euclidean distance is not efficient in capturing the dispersion information of a dataset. Other metrics such 

as Bhattacharyya distance performs less satisfying when the two prior distributions have no overlap. In addition, the 

implementation procedure requires large-scale multivariate KDE making it less efficient in practical cases. 

Addressing these obstacles, an effective and efficient UQ metric with a wider application field is in demand given 

imprecise probabilistic models. 

Admitting the fact that most employed UQ metrics in existing studies are essentially “distance-based”, the aim 

of this research is to investigate and find an alternative metric substituting the conventional “distance-based” metric 

from an information perspective. The idea behind our work is that: since the information entropy quantifies the 

uncertainty degree of a distribution, the relative entropy of two different distributions is supposed to be a qualified 

UQ metric. Nevertheless, directly build the relative entropy into Bayesian models is problematic since it is an 

asymmetric quantity. In addition, it does not fulfill the triangle inequality which indeed hinders its application in UQ 

fields. To fill this gap, a novel entropy-based UQ metric is devised in this paper. This metric is based on an advanced 

entropy measure called Jensen–Shannon divergence, which is extended from the well-known notion of relative 

entropy. The merit of this metric is that it removes constraints in other UQ metrics such as an overlap between two 

different probability distributions and quantifies their uncertainty with a normalized measure. The contribution of this 

paper is a general UQ framework to address general inverse problems in the presence of mixed uncertainty. This 

framework incorporates well-known entropy-based metrics with ABC to enable the quantification of imprecise 

probabilities based on scarce and limited datasets. The advancement of this approach with respect to the state-of-the-

art is validated through a thorough comparison with existing UQ methods. 

We first demonstrate a typical static case study, i.e. a simply supported beam with concentrated loads, and then 

apply this approach to a more complex dynamic case of NASA LaRC UQ challenge problem. As its applicability to 

both static and dynamic cases are validated, the application to practical engineering cases in relevant fields such as 

reliability assessments and structural health monitoring are expected. 

The outline of this paper is organized as follows. Preliminary works including basic notions and theories are first 

reviewed in section 2. Section 3 formulates the imprecise Bayesian inversion model where a novel entropy-based UQ 

metric is fully embedded. The principle of our approach is illustrated and a discretized binning algorithm is developed 

for implementation. Section 4 demonstrates the illustrative example of simply supported beam. Comparisons towards 

other well-established methods are carried out for validation. Section 5 presents a practical application example of 
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NASA LaRC UQ challenge problem. We compare our estimation results with 6 other independent research groups 

[34], [38]–[42] to validate its effectiveness and show some possible improvements. As a summary, some concluding 

remarks are drawn in section 6. 

 

2 Preliminary works: Concepts and theory 

2.1 Three categories of uncertainty 

It is generally well-accepted that occurring uncertainties are primarily classified into two groups, i.e. the aleatory 

uncertainty and epistemic uncertainty. The former one stems from the inherently variable nature of physics and is 

supposed to be irreducible. On the other hand, the epistemic uncertainty attributes to a lack of knowledge that can be 

reduced or even eliminated as additional knowledge accumulated. In practical engineering, especially for imprecise 

probabilistic models, it is not rare that both aleatory uncertainty and epistemic uncertainty simultaneously exist which 

leads to a scenario of mixed uncertainty. Fig. 1 shows an intuitive illustration of the three categories of uncertainty 

models that are considered in this paper. In this figure, Category I denotes aleatory uncertainty, which is represented 

as a cumulative distribution function (CDF), whereas Category II indicates an interval, which equivalently can be 

represented as a probability-box (p-box) involving two Heaviside functions. Combining these two types of 

uncertainty gives rise to the common p-box. 

 

Aleatory uncertainty Epistemic uncertainty

Category I Category II

mixed uncertainty

Category III

Random variable Fixed but unknown value Family distributions (p-box)

1

0

p

x

1

0

p

x

1

0

p

x

 

Fig. 1  Description of three categories of uncertainty 

 

2.2 Bayesian inversion for imprecise probabilistic model 

Given the input vector nx   with n independent components  1 2, ,..., nx x x  and a forward propagating 
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model : ,n mf  x y    with y an m-dimensional output variable defined as  1 2, ,..., m
my y y y  . In a 

sense of uncertainty quantification, both aleatory uncertainty and epistemic uncertainty in the input space should be 

considered to quantify the uncertainty of output y. For a general propagating model 

 fY X          (1) 

where  ~ |X x   is the input random vector with distribution function  that is governed by a k-dimensional 

hyper-parameter vector  1 2, ,..., k   . Since  is a random vector,  becomes a random vector too. Note that 

generally  is not distributed according to . 

On the other hand, for an inverse problem, the general task focuses on the calibration of an unknown random 

vector X via their hyper-parameters θ when Nobs observations 1 2, ,...,
obs

T

obs N
   y y yY  are available. Usually, these 

observations are collected in a data matrix obsN m
obs

Y : 

1,1 1,2 1,

2,1

,1 ,

...

...

...

m

obs

Nobs Nobs m

y y y

y

y y

 
 
 
 
 
  

Y  

Employing the Bayesian rule, a hierarchical Bayesian model can be established to determine an imprecise 

probabilistic model, which is explicitly given as: 

       
     

| |
, |

| |
k

obs
obs

obs

R

L p

L p d











Y X X
X Y

Y X X

 


  
      (2) 

The terms in this equation are defined as: 

(i) π(θ) is the prior distribution representing the epistemic uncertainty components, which describes our prior 

knowledge regarding the unknown parameters θ before evidence (data) is observed. 

(ii) p(X|θ) is the probability of intermediate variable X representing the aleatory uncertainty components, 

which is a family probability conditioned on the imprecise parameter θ. 

(iii) L(Yobs|X) is the likelihood function which corresponds to the probability of observing the evidence 

conditioned on the input parameters. 

(iv) π(X, θ| Yobs) is the posterior distribution which reflects our updated beliefs after observing the evidence 

Yobs. 

(v) the denominator       | |
k

obs

R

L p d




 Y X X     serves as a normalizing factor and is treated as a 

constant in the inference process. The analytical solution of this high-dimensional integral is usually 

cumbersome and, sometimes, even intractable. To overcome this issue, advanced MCMC techniques such 

as Transitional Markov Chain Monte Carlo (TMCMC), Gibbs sampling, and Hamilton (or Hybrid) Monte 

Carlo have been introduced to obtain numerical solutions. For more details, refer to [43], [44].  

 



7 

2.3 Approximate Bayesian Computation 

The likelihood function plays a central role in Bayesian inferences. For multiple independent observations, the 

likelihood function is expressed as 

    
1

| |
obsN

obs i
i

L P


 yY X X          (3) 

However, calculating the full likelihood function is usually time-consuming, and sometimes even intractable. 

This is because the calculation procedure calls for multiple high dimensional KDE which becomes unaffordable in 

practical engineering cases where the dimension m could be extremely high. Addressing this issue, ABC methods 

have been proposed to reduce the expensive computational cost by estimating the “kernel” of a likelihood instead of 

obtaining its complete expression. In this manner, the approximate likelihood for a single observation yi could be 

written as Eq. (4) 

      1
|obs sim obs

d
L K d s s

 
     

，Y X Y Y       (4) 

where K( ) is the kernel function, d is the selected UQ metric which reflects the divergence between two statistics, 

and s( ) denotes some type of statistics based on the data, e.g. mean or quantile. The bandwidth ε determines the 

radius of acceptable hypersphere around the target value. In other words, a smaller ε results in more peaked posterior 

distributions with better accuracy but also leads to higher computational costs as it requires more iterations to 

converge. For the popular Gaussian kernel, Eq. (4) takes the following form 

 
2

2

1
| exp

22
obs

d
L


 

  
 

Y X        (5) 

 

3 Proposed method: Principle and implementation 

3.1 UQ metric in Bayesian computations 

The merit of an ABC approach is to define an appropriate UQ metric for the kernel K and then construct the 

associated likelihood function. Such likelihood allows the posterior distribution to progressively converge to the target 

distribution. In order to achieve such a goal, the kernel K is designed to ‘reward’ the samples of which the norm is 

small by assigning high likelihood values to them. Conversely, K penalizes those samples, of which the norm is large, 

by assigning low likelihood values to them. In other words, the better simulated samples fit the target distribution, 

the more likely those samples are chosen in the next iteration. After enough iterative steps, the generated Markov 

chains reach their stationary states and the corresponding posterior samples converge to the target distribution. 

Suppose total Nobs data points 1 2[ , ,..., ] obs

obs

N mT
obs N

 y y y Y  are collected from instance experimental 
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measurements, while Nsim samples 1 2[ , ,..., ] sim

sim

N mT
sim N

 y y y Y  are simulated via the forward model. To 

quantify the divergence between the simulated samples Ysim(θ) and the observed data Yobs, the likelihood is 

constructed using a Gaussian kernel K with a Euclidean distance-based UQ metric as: 

         
2

2
1

1
| exp

22

obsN
TE

obs E sim obs sim obs
i

d
L d



 
            

 
Y X Y Y Y Y      (6) 

This is also equivalent to set     sim sims Y Y   and  obs obss Y Y  in Eq. (4), then Euclidean distance-based 

likelihood function is presented as 

 
   

       

2

2

2

1
| exp

22

1
exp
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obs

T

sim obs sim obs

L




 
  
 
 
          
 
 

Y Y
Y X

Y Y Y Y

 

   
    (7) 

However, as a point-to-point distance measure, the Euclidean distance quantifies the absolute distance between 

two single points in Euclidean space while it discards other useful information such as the dispersion (for instance 

characterized by the variance of the distribution) of a dataset. As a matter of fact, the Euclidean distance-based UQ 

metric is only capable of capturing the position information of two observations but not the dispersion information 

of the whole dataset [33], [34]. In Bayesian inversion, the Euclidean distance-based UQ metric is effective in 

calibrating parameters that are directly related to the first-order statistic but inefficient in calibrating those parameters 

that are associated with higher-order statistics such as the variance. To tackle this issue, the Bayesian computation 

methods estimate the complete likelihood via a multivariate KDE but its computational cost grows drastically as the 

dimension increases. Addressing such challenges, an alternative UQ metric is in demand for an effective and efficient 

Bayesian inversion in presence of mixed uncertainty. 

 

3.2 An Entropy-based UQ metric for model calibration 

The Kullback-Leibler (KL) divergence (also termed as relative entropy or information divergence) is a statistical 

quantity that provides a quantitative measure of the discrepancy of two different probability distributions. The KL 

divergence has the following general form: 

          
 

|| log logp

X

p x
KL P Q E p x q x p x dx

q x

 
       

 
      (8) 

where p(x) represents the target distribution i.e. the distribution of data or observations that are precisely measured 
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and q(x) is the distribution of simulated samples or approximate models that needs to be updated. Basically, similar 

p(x) and q(x) leads to smaller KL value while two significant different p(x) and q(x) results in larger KL value. When 

the two distributions are exactly the same, it returns a zero-valued KL divergence. 

The KL divergence has been widely used in areas such as information theory, machine learning, etc. However, 

one drawback hinders its application in the UQ field. As an entropy-based measure, the KL divergence essentially 

quantifies the information loss when the target distribution is fitted by the simulated distributions and it is a 

distribution-wise asymmetric measure, namely,  

   || ||KL P Q KL Q P          (9) 

Technically speaking, the KL divergence is not a “distance-based” UQ metric since it does not fulfill the 

triangle inequality. These properties make the KL divergence a less attractive uncertainty quantification metric in 

terms of stochastic model updating. In the following, we apply a simple example to demonstrate this point. Suppose 

the true (target) distribution P(x) is formed by a mixture of two normal distribution as shown in Fig. 2. 

 
Fig. 2  Target distribution P(x) 

As the KL divergence provides a measure of how one probability distribution is different from a reference 

probability, we have the following two objective functions to construct a distribution Q*(x) as an approximation of 

P(x): 

 * arg min ||KLQ D P Q  or  * arg min ||KLQ D Q P        

If we use the first objective function to construct Q, i.e. minimize DKL(P||Q), the resulted Q* should look like the 

one in Fig. 3(a). Otherwise, the constructed Q* by minimizing DKL(Q||P) will look like the one shown in Fig. 3(b)  
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 * arg min ||KLQ D P Q  * arg min ||KLQ D Q P

 

Fig. 3  Approximate distribution Q*(x) constructed using (a) the first objective function (b) the second objective 

function 

It is obviously that the resulted two Q* are not the same since    || ||KL KLD Q P D P Q .  

As an interpretation, if we use the first objective function to construct the approximate distribution, the resulted 

Q* will intend to approximate those events most likely to occur (possible x values with highest density). For this 

specific case with symmetrical two peaks, the resulted Q* is a normal distribution whose peak lies in the middle. 

Alternatively, for the second objective function, the resulted Q* will intend to approximate those events least likely 

to occur (possible x values with low density) and will then lead to the distribution Q* shown in Fig. 3(b). 

Consequently, there may be multiple solutions to a single inverse problem. Also, it is counterintuitive that the 

divergence of “P(x) to Q(x)” is not the same as “Q(x) to P(x)”. In this sense, the KL divergence is not a perfect UQ 

metric for Bayesian inversion under mixed uncertainty. 

Another drawback of the KL divergence is its value would go infinite when the two distributions have little 

overlap (so does some other UQ metrics such as the Bhattacharyya distance). All these make the KL divergence 

hard to be applied in the UQ field. To tackle these issues, it is proposed to apply the Jensen–Shannon (JS) divergence 

as an alternative UQ metric for imprecise Bayesian model, which is explicitly defined as: 

             1 1
|| || ||

2 2 2 2

p x q x p x q x
JS P Q KL p x KL q x

    
    

   
    (10) 

Compared with other existing UQ metrics, the following benefits of JS divergence makes it a powerful potential 

metric to quantify imprecise probabilistic models using ABC methods: 

(1) It captures both the relative position information (mean values) and the dispersion information (variance values), 

which allows a more effective and accurate updating to all unknown QoIs. 
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(2) It is a normalized measure that always returns a normalized finite value (  0 || 1JS P Q  ) to quantify the 

discrepancy between two different distributions no matter their relative locations. This property has profound 

practical meanings since a predetermined constraint on the relative position of prior distributions is not always 

possible for real engineering cases. 

(3) It is a symmetrical measure (    || ||JS P Q JS Q P ) that is consistent with other UQ metrics and is easy to 

be embedded in existing Bayesian models for uncertainty quantification. 

For more detailed information regarding these properties, please refer [45], [46]. 

 

3.3 A discretized binning algorithm for implementation 

For practical application, computation costs could be a major concern as the complexity of forward models (e.g. 

finite element models) is continuously growing in real engineering cases. As mentioned above, the computation 

burden of calculating JS divergence for two groups of samples (the simulated samples and observations) mainly 

attributes to the estimation of PDF which requires multivariate KDEs. In a scenario of mixed uncertainty, the 

computation cost is multiplied since more simulated samples are required to address both aleatory uncertainty in input 

variables X and the epistemic uncertainty in their corresponding hyper-parameters θ. 

To deal with this issue, we employ a discretized binning algorithm to ease the numerical simulation. The idea 

behind the binning algorithm is to estimate the discretized Probability Mass Function (PMF) of the Y ensemble as an 

approximation of its analytical PDF. It is performed by binning the samples of Ysim or Yobs into predetermined Nbin 

bins to estimate the joint PMF. For a simple hypercubic binning algorithm, the total bins m
bin binN n  where m is the 

number of independent components for a single observation yobs and nbin is the number of bins along with each 

dimension. The setting of nbin is mostly empirical [34][47]. Too small or large Nbin will lead to significant bias in PMF 

estimation (see in Fig. 4). In this paper, we adopt the following empirical settings in [34]. 

 max ,

10
sim obs

bin

N N
n

 
  
 

         (11) 

where is     the floor value operator. 
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100 data points

Nbin = 3 (too small) Nbin = 9 (appropriate) Nbin = 100 (too large)  

Fig. 4  Different Nbin in discretized binning algorithm 

 

3.4 Implementation: Steps and Algorithms 

For implementation and clarity purposes, we summary the following main steps of the proposed method and 

show a flow chart in Fig. 5.  

Step 1 To initialize, Nepi samples are first generated from π(θ) for the epistemic parameter vector θ. For each 

realization of θ, Nale samples of Xsim are drawn to address the aleatory uncertainty. These samples are then 

propagated through the forward model Y=f(X) to obtain the corresponding Nale simulated samples of Ysim. 

Step 2 The derived Nale samples of Ysim together with the available Nobs observations Yobs are binned into Nbin bins 

to evaluate their probability density function p(Ysim) and p(Yobs) respectively.  

Step 3. Calculate the JS divergence for each realization of θ and then build it into the proposed UQ metric to obtain 

the required likelihood values. 

Step 4. Perform the MCMC algorithm (e.g. TMCMC) to evaluate the posterior samples of QoIs.  



13 

Generate  Nepi samples for epistemic parameter 
vector θ  from the prior distributions π(θ) 

Generate Nale samples of aleatory variable Xsim for 
parameter vector θi  

Calculate the corresponding JS divergence using Eq. (10) 

Calculate the likelihood value by employing the proposed entropy-based UQ metric using 
Eq. (4)

Run the forward model Nale times to calculate the 
corresponding simulated Ysim samples  

Estimate the distribution of p(Ysim) and p(Yobs) 
using the binning algorithm presented in section 3.3

 Perform the MCMC algorithm (e.g. TMCMC) to draw posterior samples

Transitional coefficient p=1 ?

Initialize the iteration number i = 1 

Posterior samples of QoIs

Yes

No

Nobs samples of observed Yobs  

i = N1 ?

Yes

i = i +1

 

Fig. 5  Schematic of the proposed method 

 

4 Case study: Simply supported beam 

In this section, we demonstrate a numerical case to validate the proposed method. 

4.1 Model description  

Consider a simply supported beam subjected to concentrated force F at its midspan (see in Fig. 6). The beam 

has a fixed length L and a well-known rectangular cross-section with width b and height h. Based on the Euler–

Bernoulli beam theory, the analytical expression of deflection v along the beam axis at position s is calculated as 

 2 23 4
48

Fs
v L s

EI
          (12) 

where the moment of inertia I is calculated as bh3/12 and the elasticity moduli E is the unknown QoI. Note that a 

similar case is also demonstrated in [48] and most parameters settings here are the same with that in [48]. However, 
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comparisons between estimation results should be more careful since the loading and adopted method here is different 

with that in [48]. 

E

L
b

h

vv

F

 
Fig. 6  Simply supported beam 

Eq. (12) serves as the forward propagation model and our goal is to calibrate the material parameter E by taking 

into account available data of v. It is assumed that the material parameter E follows a lognormal distribution E ~ 

Lognormal(μE, σE) with imprecise parameter μE and σE. To imitate a non-informative scenario, we assign diffuse 

prior distributions μE (GPa) ~ Uniform(0, 100) and σE (GPa) ~ Uniform(0, 30) as we only roughly know their lower 

and upper bounds. A multi-level hierarchical Bayesian model is then formulated as 

       , | | , | , ,E E E E E ED L D E p E          v s      (13) 

where the likelihood function is constructed as 

   
2

2
| , | , expobs sim sim JS

JSL D E P E



            
v s v v s  

and the UQ metric δJS is expressed using the proposed JS divergence 

   , ||obs sim obs sim
JS JS p p v v  

The detailed settings of input parameters are listed in Table 1 

Table 1  Parameter settings for numerical case study 

Parameters Value Uncertainty characteristics 

b 10cm Deterministic 

h 10cm Deterministic 

L 1m Deterministic 

F 30kN Deterministic 

E E ~ LogNormal(μE, σE) Aleatory variability 

μE μE ~ Uniform(μE, σE) Epistemic uncertainty 

σE E ~ LN(μE, σE) Epistemic uncertainty 
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4.2 Bayesian inversion for parameter calibration 

In this numerical case, 100 samples of E are first generated from the “true” distribution  * *~ ,E EE LN    

where * *15 3E EGPa GPa    are the nominal values of μE and σE. These samples are then propagated through 

the forward model shown in Eq. (12) to calculate the corresponding output values of v for position s = (0.25, 0.5). 

The simulated data of v will be used in the Bayesian inversion to calibrate the unknown hyperparameters, i.e. μE and 

σE. 

To carry out the simulation, TMCMC [49] along with the MH algorithm are employed to generate samples 

from posterior distributions of QoIs. After 30 iterations, the transition coefficient p approaches 1 indicating the 

updated samples have converged to the target distribution. Fig. 7(a) shows the joint prior and posterior samples of 

(μE, σE), where the predetermined true value of μE and σE are marked in the black dot for reference. As a comparison, 

the marginal distributions along with two-dimensional joint samples are presented in Fig. 7(b). It is found that the 

posterior samples have converged to the target value given non-informative prior distributions, which suggests a 

considerable uncertainty reduction in epistemic space. To further investigate the updating procedure, generated 

samples for two intermediate iterative steps are indicated in Fig. 8. It is observed that more updated samples 

converge to the target distribution with respect to the growth of transition coefficient p, suggesting a progressive 

convergence procedure. 

 
Fig. 7  (a) prior and posterior samples of (μE, σE)           (b) marginal distributions of μE, and σE 
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Fig. 8  Updated samples of (μE, σE) in intermediate iterative steps 

On validation of the ability of an updated model in the replication of simulated test data, the PDF of elasticity 

moduli E is estimated using KDE. Fig. 9 shows the fitted PDF curves for prior, posterior as well as the observations 

of E. It is found that the posterior distribution of E fit the PDF curve of observations E well, suggesting a high 

fidelity with regard to the simulated test data. Note that the prior distribution of E is weak informative but not flat 

even though we assign uniform distributions to its hyperparameters μE and σE. We also present the PMF of deflection 

v for observed data and simulated samples at position s = 0.25 and s = 0.5 in Fig. 10. The two PMFs approximately 

match each other but show some bias due to the irreducible aleatory variability embedded with E. 

 
Fig. 9  Fitted distributions of the elasticity moduli E           Fig. 10  PMF of the deflection v 
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4.3 Robustness of the proposed entropy-based method 

It is interesting to explore how the proposed entropy-based method is performed under imperfect scenarios. To 

carry out this study, two subcases, i.e. given biased prior distributions and insufficient observations, are considered. 

4.3.1 Biased prior 

In this subcase, informative (but biased) prior distribution μE (GPa) ~ Normal(30, 3) and σE(GPa) ~ Uniform(5, 

05) are assigned while other settings remain unchanged. In this scenario, the updating process requires 11 iterations 

(62.5s) to converge, which suggests a slightly lower computation cost than using a flat prior distribution. Fig. 11(a) 

shows a comparison between the initial sample points and the final posterior samples. The posterior samples 

converge to the true values (marked in red) notwithstanding that the prior information is quite misleading. Fig. 11(b) 

shows the corresponding marginal distributions. Meanwhile, the updated samples in intermediate iterative steps are 

presented in Fig. 12. 

 
Fig. 11  (a) prior and posterior samples of (μE, σE)     (b) marginal distributions of μE and σE 

 
Fig. 12  Updated samples of (μE, σE) in intermediate iterative steps 

 



18 

On validation of the posterior fidelity, 2-dimensional posteriors of the deflection v at position s = 0.25 and 0.5 

are presented in Fig. 13(a). It is found the posterior distribution of simulated samples is very similar to that of 

observed data (shown in Fig. 13(b)), which suggests the calibrated model successfully replicates the given 

observations. 

 
Fig. 13  Samples of deflection v at position s = (0.25 vs. 0.5) of (a) updated model (b) observations 

4.3.2 Limited observations 

It is also interesting to see how the proposed method is performed given insufficient test data. Hereto, four 

datasets with different sample size are used to conduct this study. For each dataset, the proposed methods are 

employed to perform the Bayesian updating for repeated five times. The averaged results (mean values of μE and 

σE) are presented in the following Table 2  

Table 2  Statistical results μE and σE for different datasets 

Sample size Parameters Maximum Mean Minimum Standard deviation Target value RMSE

100 
μE 15.34 15.053 14.685 0.245 15.035 0.0593

σE 3.602 3.1698 2.923 0.275 2.971 0.0758

50 
μE 15.128 14.8234 14.35 0.264 14.796 0.1327

σE 3.426 3.1032 2.419 0.360 2.859 0.0973

20 
μE 15.919 15.438 14.636 0.494 15.109 0.5492

σE 4.469 3.09 2.169 0.935 3.26 0.2126

It is not surprised to find that the standard deviation and root mean square deviation grows with respect to the 

decrease of sample size for 5 runs. As less observations are included in the updating process, the constructed 

likelihood becomes weaker and less effective to generate posterior samples with high fidelity. However, it is also 

observed that the estimated μE still keeps acceptable precision even the sample size is relatively small. By contrast, 

the accuracy of estimated σE drops quickly with the decrease of sample size. When the sample size falls below 20, 

the computation time grows drastically while the estimation result for σE is significantly biased. In general, more 

data points are required to estimate higher-order parameters since extracting dispersion information from limited 

observations are challenging for imprecise probabilistic models. 
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4.4 Comparisons with other well-established Bayesian methods  

To highlight the benefits of the proposed method, we further carry out a comparative study where three other 

Bayesian techniques, i.e. a Bayesian computation method using KDE, a Euclidean distance-based approximate 

Bayesian computation method, and an approximate Bayesian computation method using CDF matching are taken 

into consideration. 

 

4.4.1 Applied methods 

1. Bayesian Computation using KDE (BC-KDE) 

The Bayesian computation method estimates the complete likelihood function via a multivariate KDE and 

employs no strong assumptions. The likelihood function in BC-KDE is constructed as  

   -
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kp E  v v s  is estimated through a multivariate KDE as Eq. (15) 
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2. Approximate Bayesian Computation method with Euclidean Distance-based UQ metric (ABC-ED) 

Compared with a BC-KDE method, Approximate Bayesian Computation methods only estimate partial 

likelihood function i.e. the kernel of the likelihood function. For a Gaussian kernel with Euclidean distance-based 

UQ metric, the likelihood function is given as 
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2
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where the UQ metric δED is formulated as Eq. (18) in this scenario 
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3. Approximate Bayesian Computation method using CDF-matching (ABC-CDF) 

In ABC-CDF, the discrepancy of two datasets is measured and quantified by the difference of their 

corresponding fitted CDF curves. In terms of CDF matching, the likelihood function is constructed as 
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where the UQ metric δCDF is formulated as    | ,obs sim sim obs
CDF sim k obs kF E F    

 v v s v  and the tilde F  here is 

used for referring to KDE-based CDFs 

 

4.4.2 Results analysis 

The statistics of estimation results for all considered methods are summarized in Table 3 below 

Table 3  Statistical results of 4 applied methods 

Methods 

Updated values (target value) Absolute error 

Iterations CPU time(s)μE (mean of E 

samples) 

σE (std of E 

samples) 
μE σE 

BC-KDE 15.03(15.01) 3.31(3.10) 0.01% 0.68% 11 1257.88 

ABC-ED 14.54 (15.19) 0.15(3.44) 4.3% -- 14 12.34 

ABC-CDF 14.65(14.71) 2.14(2.73) 0.41% 21.6% 17 260.52 

ABC-JS 14.99(14.92) 2.99(3.09) 0.47% 3.3% 30 80.8 

Fig. 14 shows the comparison of posterior marginal distributions of QoIs between all considered methods. 

Generally, all methods achieve better estimation results for the mean μE with high precision other than the standard 

variance σE, indicating the challenges in exploiting the dispersion information for stochastic model updating in 

imprecise probabilistic models. It is not surprising to find that the ABC-ED method failed to estimate the true value 

of σE. This is because the Euclidean distance is not efficient in capturing the dispersion information of two different 

datasets. On the other hand, BC-KDE and ABC-CDF are both capable of estimating μE and σE. However, the 

drawback of these two approaches is the low efficiency in the computation for a multi-level hierarchical Bayesian 

model with imprecise parameters. The high computation burden should attribute to the enormous number of calls 

for KDE in inner Monte-Carlo loop. In general, multivariate KDE is time-consuming for high dimension problem. 

Even for this simple 2 dimension case, the computation cost is over 1200s. Taking account multiple runs of the 

forward model in engineering cases, the total computation time will be consequently unaffordable in a high 

dimension case. 

 
Fig. 14  posterior distributions for different applied Bayesian methods (a) μE (b) σE 
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By contrast, the proposed entropy-based method achieve satisfactory estimation results with relatively cheap 

computation cost. This advantage has the following three possible interpretations: (i) in the proposed Bayesian 

inversion framework, we simplify the likelihood construction process by replacing the full likelihood function with 

an approximate kernel function. (ii) we adopt the proposed JS divergence as an alternative UQ metric instead of 

using a multivariate KDE (iii) discretized binning algorithm is employed to estimate the PMF instead of calculating 

the analytical expression of JS divergence. Benefiting from a flexible trade-off between estimation accuracy and 

computation cost, it is expected our approach is effective and efficient in other real engineering cases. To 

demonstrate this point, we consider the following NASA UQ challenge problem. 

 

5 Practical application example: NASA UQ challenge problem 

In 2014, NASA Langley Research Center released a series of UQ challenge problems that originate from a 

multidisciplinary design process for dynamic systems of a twin-jet aircraft [50]. The posed questions cover a wide 

range of UQ fields and are categorized into five subproblems: (i) Uncertainty Characterization, (ii) Sensitivity 

Analysis, (iii) Uncertainty Propagation, (iv) Extreme Case Analysis, and (v) Robust Design. These featured topics 

have attracted extensive attention from academic researchers to engineering practitioners in communities. 

5.1 Problem description  

In this paper, we focus on the first question (subproblem A) in the posed UQ challenges. This question has been 

investigated in dozens of publications [38]–[42], [47], [51]–[53]. Hence, it is beneficial to cite it as an application to 

validate the proposed method as well as to carry out some comparative studies. The original physical model, i.e. the 

forward model is protected in MATLAB p-code files and is presented as a “black box” model. What we know is that 

the mathematical forward model h1 has a scalar output x1 and 5 input parameters with 8 hyperparameters. These input 

(hyper)parameters contain either aleatory or epistemic (or both) uncertainty. Fig. 15 shows a schematic of the 

addressed UQ problem and the available information is presented in Table 4. 

Epistemic space

Category II
 θ3

Category III
  θ1, θ2, θ4, θ5

θ6, θ7, θ8

Aleatory space

Category I
 p3

Category III
  p1, p4, p5

“black box”forward model
x1 = h1(p1, p2, p3, p4, p5)

Simulated 
output x1

Hierarchical Bayesian model

Input (hyper)parameters Observed output x1

      1 1 1 1 2 2 3 3 4,5 4 5 6 7 8~ | , , , , , , , ,X f x p p p p       

 

Fig. 15  Schematic of the NASA UQ challenge for uncertainty characterization 
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Table 4  Available information in NASA UQ challenge problem 

Category Variable Aleatory component Epistemic component 

III p1 p1 ~ Unimodal Beta(α, β) 
θ1 = E(p1) 

θ2 = V(p1) 

II p2  θ3 = p2 

I p3 p3 ~ Uniform(0,1)  

III p4, p5 

p4, p5 ~ MultivariateNormal(E45, COV45) 

 
 

 
 

4 45 4 54
45 45

5 45 4 5 5

,
V p V VE p

E p V V V p





  
    

    
Ε COV  

θ4 = E(p4), θ5 = E(p5) 

θ6 = V(p4), θ7 = V(p5) 

θ8 = ρ45 

 

5.2 Bayesian inversion for parameter calibration 

5.2.1 Hierarchical Bayesian Model 

By encoding the available information presented in Table 4, a multilevel hierarchical Bayesian model is 

constructed and shown below 

 

Hierarchical Bayesian model 

      1 1 1 1 2 2 3 3 4,5 4 5 6 7 8~ | , , , , , , , ,X f x p p p p         

Aleatory variability 

 
    2 2

1 2 1 1 1 2 1 1

1
2 2

1
~ , 1 1p Beta where

       
   

 

    
      

 2 ~ 0,1p U  3 3p     4 8 6 74
4 5 45 45 45 45

5 8 6 7 5

, ~ ,p p MVN where
   

    

  
    

    
Σ Σ   

Epistemic uncertainty 

   1 2~ 0.6, 0.8 , ~ 0.02, 0.04U U   3 ~ 0,1U  

         4 5 6 7 8~ 5,5 ~ 5, 5 ~ 0.0025, 4 ~ 0.0025, 4 ~ 1,1U U U U U        

The aim of our task is to improve the uncertainty model by refining epistemic uncertainty in θ1 to θ8. NASA 

provides two datasets, each containing 25 observations of x1, that are generated from the “true” model from which 

all epistemic uncertainties are eliminated. In its original task, the first set of observations serves as the training data 

while another 25 observations are used to examine how the number of observations affects the estimation results. 

However, since our goal herein is not to compare the estimation results of using 25 data points or 50 data points but 

to validate our method, we use all available data for Bayesian inversion. To be clear, the two groups of observations 

are shown in Fig. 16 
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Fig. 16  Two groups of observations used in the Bayesian inversion 

5.2.2 Implementation and results analysis 

The full Bayesian updating process calls for 7 iterations to converge. However, the total computation time is 

around 500s for routine programs running in the MATLAB (R2017b) on a modern CPU (Intel Core i7-4790). Fig. 

17 shows the posterior distributions of eight hyperparameters of interest. It is observed that θ2, θ5, and θ7 have rather 

peaked posterior distributions indicating significant uncertainty reductions. The posterior distributions of θ1 and θ4 

also show notable refinements. However, the posterior distributions of θ6 and θ8 show no obvious changes compared 

with their uniform prior distributions. It seems that the given dataset offers limited information regarding the mode 

of p4 as well as the correlation between p4 and p5. Similar remarks are also drawn by Patelli et al. [38] Safta et al. 

[47] and Nagel et al. [51]. It is interesting to observe that the posterior distribution of θ3 is bimodal. In general, much 

more iterations are required by a multi-modal variable to converge. It causes much more computation burdens in 

the Bayesian inversion though the calculation of the forward model is quite cheap in this case. 

 

Fig. 17  Posterior distributions of eight (hyper)parameters 
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5.3 Validation and comparison 

5.3.1 Comparisons with other Bayesian methods with different UQ metrics 

To investigate the role of proposed JS divergence in the UQ metric and demonstrate its superiority towards 

some existing UQ metrics, a comparative study is carried out where two well-established Bayesian methods (with 

different UQ metrics), i.e. the ABC-ED method and the BC-KDE method are considered. 

Given “perfect” data, no residual model is introduced in the numerical simulation. In the implementation 

procedure, the TMCMC algorithm is employed to generate samples from the posterior distributions in all considered 

Bayesian methods. After multiple trials, the Bayesian inversion using ABC-ED approach costs 18 iterations to 

converge in around 600 seconds. For BC-KDE, as discussed in the previous section, it adopts no strong assumptions 

in the likelihood construction, and herein serves as a benchmarking model. Since detailed parameter tuning is not a 

focus of this study, we directly employ Nagel’s settings in [51], i.e. the sample number K is set as 104 and the 

bandwidth is set as 0.002. Using the constructed likelihood function, joint samples of QoIs are drawn from the 

generated Markov Chains. The calculation process requires 40 iterations to converge and the total computation time 

exceeds 3000 seconds. The corresponding statistics of estimation results are summarized in the following Table 5. 

For comparison, we present the histograms of posterior distributions for all eight (hyper)parameters in Fig. 18 

as well as the corresponding fitted curves in Fig. 19. It is found that the ABC-ED failed to estimate the posterior 

distributions of θ2, θ3, θ4, θ5, θ7. This is because the Euclidean-based UQ metric is not easy to capture the dispersion 

information embedded within the provided dataset. In comparison, the proposed entropy-based (i.e. the ABC-JS) 

has the capacity to account for both first order and second order information with relatively cheap computational 

costs. Instead of using KDE in the likelihood formulation, the proposed method adopts the JS divergence as an 

alternative UQ metric which makes the calculation of likelihood function more efficient. Basically, it performs better 

than the ABC-ED method and suffers much less computation burden compared with the benchmarking BC-KDE 

method. 

Table 5  Estimation results for three different Bayesian methods 

QoI 
90% Credible interval MLE point estimates 

True value
ABC-ED ABC-JS BC-KDE ABC-ED ABC-JS BC-KDE 

θ1: E(p1) [0.68, 0.73] [0.63, 0.73] [0.62, 0.74] 0.7029 0.6684 0.6810 0.6364 

θ2: V(p1) [0.02, 0.04] [0.03, 0.04] [0.03, 0.04] 0.0308 0.0371 0.0355 0.0356 

θ3: p2 [0.04, 0.95] [0.11, 1] [0.08, 1] 0.4639 0.7417 0.6442 1 

θ4: E(p4) [-4.35, 4.55] [-2.02, 4.62] [-2.71, 4.5] 0.1782 2.0488 1.3654 4 

θ5: E(p5) [0.21, 4.85] [-4.91, -0.8] [-4.93, -1.43] 2.8308 -3.8740 -4.1008 -1.5 

θ6: V(p4) [0.35, 3.81] [0.06, 3.36] [0.29, 3.76] 2.2563 1.2358 2.0979 0.0025 

θ7: V(p5) [0.22, 3.87] [0.06, 3.53] [0.16, 3.72] 2.3290 1.0389 1.5451 0.36 

θ8: ρ45 [-0.91, 0.88] [-0.74, 0.87] [-0.7, 0.97] -0.0412 0.2385 0.3055 0.5 
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Fig. 18  Histograms of posterior distributions for eight (hyper)parameters 
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5.3.2 Comparisons with other related works 

The presented NASA UQ challenges have been studied and discussed in many publications [38]–[42], [47], 

[50]–[53]. For a more solid validation, a summary of the estimation results of our study as well as 6 other research 

groups are presented in Table 6. 

Basically, the estimation results of our study align well with most related works. The refined intervals of QoIs 

(i.e. from θ1 to θ8) successfully include the true values (released by problem moderators) and are consistent with 

estimation results in most existing studies. Visual inspection of the fitted PDF curves (see in Fig. 19) also validates 

this point. For example, the posterior distributions of θ1~θ3, θ6~θ8 in our estimation results are consistent with Fig.4-

7 in [51] and Fig. 3, 4 in [47]. However, the posterior distribution of θ4 is more similar to [51][47][52] other than 

that presented in [40] [39]. Meanwhile, the fitted PDF curve of θ5 is in correspondence with that in [51][47][53] but 

not with that in [52][39][34]. These inconsistencies may be due to the scarce of given data which provides 

insufficient information to calibrate certain parameters. As a matter of fact, this issue has been reported and 

discussed in many publications [34], [38], [47], [51] that tackle this UQ challenge. Generally speaking, the 

simulation results validate the effectiveness of our approach, especially its robustness under mixed uncertainty. It 

calibrates the unknown QoIs of an imprecise probabilistic model by exploiting mean and variance information 

simultaneously. 

6 Summary and concluding remarks 

In this paper, we propose a novel entropy-based UQ metric for imprecise Bayesian inverse problems. This 

metric is based on the Jensen–Shannon (JS) divergence and has the following useful properties. 

(1) It is a “distribution-to-distribution” metric and is capable of capturing full dispersion information of 

involved data points, which makes it outperforms classical Euclidean and Mahalanobis distance-based metrics in 

presence of mixed uncertainty. 

(2) The devised JS divergence is a normalized measure, namely, its value always falls within the interval [0, 

1]. Requirements such as overlap between initial probability distributions for Bhattacharyya distance-based metrics 

are not necessary. This property has significant engineering meanings since it is impractical to place a predetermined 

constraint on the relative position of two prior distributions. 

(3) The JS divergence could be considered as an extension of KL divergence while its limitations in the UQ 

field have been eliminated. In a sense of uncertainty propagation, it is a qualified symmetrical measure and fulfills 

the distance triangle inequality. 
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Fig. 19  Fitted posterior distribution curves for eight (hyper)parameters 

Table 6  Comparisons for NASA UQ challenge 

Hyperparameter Initial interval Proposed method Bi et al.[34] Patelli et al.[38] Srivastava et al.[40] Liang et al.[39] Chaudhuri et al.[42] Ghanem et al.[41] True value 

θ1: E(p1) [0.6, 0.8] [0.63, 0.73] [0.68, 0.71] [0.62, 0.79] [0.58, 0.76] [0.68, 0.79] [0.63, 0.77] [0.62, 0.75] 0.6364 

θ2: V(p1) [0.02, 0.04] [0.03, 0.04] [0.039, 0.04] -- -- [0.021, 0.039] [0.023, 0.039] [0.031, 0.039] 0.0356 

θ3: p2 [0, 1] [0.11, 1] [0.94, 0.99] -- -- [0.142, 0.962] [0.093, 0.99] [0.061, 0.95] 1 

θ4: E(p4) [-5, 5] [-2.02, 4.62] [3.45, 4.58] -- -- [-3.6, -0.28] [−4.81; 4.44] [−3.89, 4.19] 4 

θ5: E(p5) [-5, 5] [-4.91, -0.8] [-1.53, -0.91] [−5.00, 4.45] [−4.87, -0.62] [-0.88, 4.88] [−4.44, 0] [−4.8, 0.12] -1.5 

θ6: V(p4) [0.0025,4] [0.06, 3.36] [0.42, 2.72] [0.1, 3.9] -- [0.06, 3.82] [0.22, 3.83] [0.29, 3.68] 0.04 

θ7: V(p5) [0.0025,4] [0.06, 3.53] [0.22, 0.69] -- [0.0031, 4] [0.74, 2.27] [1.51, 3.93] [0.33, 3.72] 0.36 

θ8: ρ45 [-1, 1] [-0.74, 0.87] [-0.44, 0.70] -- -- [-0.75, 0.78] [−0.89; 0.89] [-0.84, 0.86] 0.5 

Adopted method 
Bhattacharyya 

distance metric 

Bayesian updating 

with KDE 

Bayesian hybrid 

modeling 
Bayes factor CDF-matching 

Bayesian 

updating 
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Addressing challenges in Bayesian inversion for the imprecise probabilistic model, we then develop an ABC 

approach where the devised JS divergence-based UQ metric is fully embedded. A discretized binning algorithm is 

introduced as a substitution of multivariate KDE to simplify the calculation. We validate the proposed method 

through a case study of simply supported beam. Comparisons are made towards three other well-established 

Bayesian methods (i.e. BC-KDE, ABC-CDF and ABC-ED) and indicate our approach has achieved satisfactory 

results with relatively cheap computation cost. To further validate its effectiveness and efficiency in practical 

engineering case, we apply our method to NASA UQ challenge problems and make comparisons with research 

works from 6 other independent groups. These comparisons validate the robustness of our approach in real cases 

in a scenario of mixed uncertainty. 

Though the proposed entropy-based approach seems to be promising in Bayesian inversion for imprecise 

probabilistic models, there are still a few issues that need to addressed in our future work. In practical engineering, 

efficiency and robustness are two major concerns. In the proposed method, we use a binning algorithm to estimate 

the PMF instead of its analytical PDF. It is proved to be computational save compared with a multivariate KDE. 

However, as we set the same bin number for all input components, the calculation is still time-consuming when 

dimension is high. Tackling this issue, designing an adaptive binning algorithm with changeable bin number will 

be one of our future works. Also, in this study, we use “perfect” data (without measurement error) as benchmarks 

to calibrate the unknown QoIs. A study taking into account data uncertainty in hierarchical Bayesian models is 

another consideration for our future works since it makes much more sense for practical engineering. 
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