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Abstract

Railway transportation is applied extensively in urban transportation to satisfy the

increasing travel demand as well as reduce CO2 emission from the road transportation.

However, energy consumption of the railway transportation is observed to increase due

to its boosting construction and usage. In this case, energy efficiency of the railway

transportation has become a popular research topic in the past few decades. At the same

time, as an emerging technology, the on-board energy storage device (OESD) is utilised

in many modern railway systems to help improve the energy efficiency. This thesis

focuses on the investigation of the intelligent train operation with OESD, in which the

optimal train operation strategy, OESD discharging/charging strategy, mutual influence

between the train operation strategy and OESD, and study on different types of energy

storage as OESD in train operation are given.

First, the intelligent train operation with OESD in single inter-station section is

discussed. An integrated mathematical model to optimise the train speed trajectory with

OESD to minimise the net energy consumption of the system for a single inter-station

section is established. The influence of the OESD capacity, energy status of OESD

and OESD degradation on optimal train operation solution is revealed based on the

proposed model. The results show that with a general railway case, the net energy

consumption can be significantly reduced by the intelligent management of both the

train operation mode and OESD discharging/charging process.

Second, the intelligent train operation with OESD in a service cycle is discussed. The

OESD is allowed to discharge/be charged when the train dwells at each station. A two-

step method, which overcomes the drawbacks of the originally proposed mathematical

programming model, is proposed to locate the optimal train speed trajectory, timetable

and OESD discharging/charging strategy for both inter-station running and dwelling at

stations with high computation efficiency. Beijing Yizhuang line as numerical experiment

is given in this thesis, where the reduced energy consumption is observed when compared

to other scenarios by using the optimised solution, showing the effectiveness of the
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proposed method.

Third, the intelligent train operation with OESD in a network is investigated. By

considering the train network and power network as the environment information, an

agent-environment model for the train with OESD is proposed. In the model, the

available regenerative braking energy from other trains in the railway power network

is formulated into the time-variant expectation based on the stochastic running time

distribution of the train network, which can be used by train and OESD during the

running. This further utilises the OESD to receive as much as the regenerative braking

energy in the environment to reduce the energy waste. The results shows that the

proposed method is able to improve the utilisation of the regenerative braking energy

in the power network, and also lead to the significantly reduced energy consumption.

Fourth, impact of the different types of energy storage as OESD on the optimal

train operation strategy is studied. The dynamic discharging/charging power limits

with respect to the energy status of each type of OESD, supercapacitors, flywheels and

Li-ion batteries, are taken into account. In addition, the optimal sizing problems of the

above three types of OESD are also investigated. The results show that the introduction

of different type of OESD will lead to the change of the optimal train operation strategy

and the resulted energy-saving performance. Using Beijing Changping line as numerical

experiment, it is found that choosing the right type and right sized OESD are important

due to the significantly different engineering characteristics, energy cost and monetary

cost brought to the system when introducing different OESD.

In summary, this thesis gives a systematic discussion and exploration on the intelligent

train operation with OESD in a perspective of energy saving from small operation scale

to large operation scale, and the OESD is also studied as general/no specific type to

multiple/specific type to ensure both of the academic and industrial value of the thesis.
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Chapter 1

Introduction

This chapter provides an overview of the thesis. The background information of

the research conducted in this thesis is provided at first. The rapid development of

railway transportation around the world, energy consumption issues related to railway

transportation and approaches already applied to reduce energy consumption resulting

from the railway transportation are discussed. Then, the motivation for conducting

this study is given, highlighting the research gaps and unsolved problems in the field

of study as well as the meaning of the proposed research, followed by the objectives

to be achieved in the research conducted in this thesis. The charpter also presents the

thesis outline for a quick review of the entire thesis, in which the main contents and

main outcomes of each chapter are briefly detailed.

1.1 Background

In modern society, railway transportation, especially the electrified railway system, has

become an important transportation mode around the world to mitigate the traffic

congestion in road transportation in mega or big cities, and satisfy the increasing travel

demand in cities. Nearly all countries have seen growth in railway passenger movements

in recent years. China and India each individually generated the most railway passenger

movements in 2017 compared to all OECD countries (Organisation for Economic Co-

operation and Development: 33 countries). China has experienced consistently strong

growth in railway passenger traffic, with over 1.3 trillion passenger-kilometres travelled

in 2017, which is 7% higher than that in 2016. Japan saw a 1.3% growth and European

Union railway passenger-kilometres continued to grow at a modest pace between 2016

and 2017 with growth rate being 3.2% [1].
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On the other hand, railway transportation is welcomed because it is regarded as

”green transportation” for its relatively low energy and emission intensity. Energy

demand from the transportation sector has risen significantly in the past decade, driven

mostly by growth in Asia and by demand in road transport. Nevertheless, when expressed

as final energy use per passenger-kilometre, the energy intensity of railway transportation

generally significantly outperforms other transportation modes [2], as shown in Figure

1.1. In addition, as railway transportation is the only mode of transportation that is

widely electrified today, for example, metro systems, high-speed rail, tram or maglev, it

has the advantage of less consumption of the fossil fuels, because of which it has the

lowest emission intensity among all transportation modes [3].
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Figure 1.1: Final energy use in transportation by mode, 2000-2017 [2]

Both these characteristics make railway transportation the most promising and

sustainable way to transport people and goods to cope with the energy exhaustion and

global warming issues.

1.1.1 Fast Development of Railway Transportation

Railway transportation around the world is rapidly developing nowadays in multiple

forms. According to the different usage types and rolling stocks, railway transportation

can be grouped into numerous specific types:

• Regional trains, also known as local trains and stopping trains, are the passenger

railway services that operate between towns and cities. Regional train services
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operate beyond the limits of urban areas, and either connect smaller cities and

towns, or cities and surrounding towns, outside or at the outer rim of a suburban

belt.

• Metro, also known as rapid transit, mass rapid transit (MRT), heavy rail, subway,

tube, or underground, is a type of high-capacity public transport generally found

in urban areas.

• High-speed rail is a type of railway system that runs significantly faster than

traditional railway traffic, using an integrated system of specialised rolling stock

and dedicated tracks. No single standard for high-speed rails can be applied

worldwide, and new lines in excess of 250 km/h and existing lines in excess of 200

km/h are widely considered to be high-speed rail.

• Tram is a railway vehicle that runs on a tramway track on public urban streets.

It is usually lighter and shorter than the main line and rapid transit train. Today,

most trams use electrical power, which is usually fed by a pantograph sliding on

an overhead line (catenary).

• Maglev (derived from magnetic levitation) is a system of railway transportation

that uses two sets of magnets: one set to repel and push the train up off the track,

and another set to move the elevated train ahead, taking advantage of the lack of

friction. Along certain ”medium-range” routes (usually 320 to 640 km), maglev

can compete favourably with high-speed rail and air planes.

• Freight trains, also known as cargo trains, or goods trains, are a group of freight

cars (US) or goods wagons hauled by one or more locomotives on a railway,

transporting cargo all or some of the way between the shipper and the intended

destination as part of the logistics chain.

Among the different forms of railway transportation, the railway passenger transport

activity significantly increased in the period from 1975 to 2015, soaring from the 1.8

trillion passenger-kilometres to more than 3 trillion passenger-kilometres around the

world [4]. Moreover, all types of railway transportation activities have nearly maintained

their pace with the global increase in demand for mobility, see Figure 1.2. In particular,

the global high-speed rail is expected to expand to more than 80,000 km from 2020 [4],

making it the fastest developing railway transportation mode.
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Figure 1.2: Passenger activity by railway transportation type [2]

1.1.2 Increasing Energy Consumption of Railway Transportation

Electricity and diesel are the two main energy sources for railway transportation.

Electric power constitutes 47% of railway energy use, amounting to 290 TWh (or 25

million tonnes of oil equivalent [Mtoe]) today, whereas diesel accounts for 53%, roughly

equivalent to 29 Mtoe. Approximately 55% of electricity use in railway transportation

is for passenger services, and most of the diesel (85%) is for freight services [2].

Although the energy and carbon intensity of railway transportation outperform

other transportation modes, its energy consumption has increased in Russia, China and

India since 2000 with the extension of the railway systems and their extensive use. For

instance, data from the Beijing subway show that the whole electricity consumption of all

lines added to 1.71 billion kWh in 2016, nearly three times the amount in 2010 [5], which

has given a serious cause for concern that the overall level of electricity consumption

of the metro system will continue to increase as its network continues to expand. On

the other hand, the wider electrification makes railway transportation the most green

transportation mode, whereas more than 80% of the electricity consumption of it comes

from fossil fuels, and less than 20% is from renewable, nuclear, and biofuel resources [2].

This indicates that with the increasing use of electricity, railway transportation will lead

to more greenhouse gas (GHG) emissions and resource consumption, which in turns,

will undermine its sustainability.
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Figure 1.3 shows that the energy consumption of the global railway transportation

for passenger service continuously dropped from 2000 to 2013 owing to the large scale

of electrification to replace the diesel-driven mode, while it began to increase from 2013

due to the expansion of the worldwide railway networks. Accompanied by this, the

CO2 emissions of passenger service decreased from 2000 to 2013 as well, however, a

significant increase also occurred since 2013.
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Figure 1.3: Railway transportation specific energy consumption (a) and CO2 emission
(b) from 2000 to 2015 [4]

1.1.3 Measures to Reduce Railway Energy Consumption

An Overview

To deal with the increasing energy consumption of railway transportation, several

measures have been undertaken and both the industry and academia have provided

advice to improve the energy efficiency of railway transportation. The commonly applied

measures can be divided into four classes [6], with corresponding current applications

detailed as follows:

• Measures related to the design of the infrastructure, installations, and rolling

stock:

– The design of an efficient infrastructure may reduce the use of the brake,

which may lead to a reduction in losses.

– The design of trains considering new train architectures that allow reducing

drag resistance.

– The introduction of new materials that allow decreasing, for example, the

total weight of the rolling stock, which will help reduce energy consumption.



6 Chaoxian Wu

– The use of renewable sources in non-traction loads, as workshops and stations,

may have a significant impact on CO2 emissions.

• Measures related to power traction:

– Electrification of the railway lines that are not electrified can result in electric

traction gross tons that currently are transported by diesel traction.

– The use of more advanced technologies (such as AC asynchronous traction

motors with IGBT inverters).

– The inclusion of reversible substations in the power supply system, mainly

in DC electrification lines, contributing to a higher use of the regenerative

braking energy returned to the grid by trains.

– Utilisation of alternative fuels (as liquid gas or hydrogen fuel cells)

• Measures related to ancillary systems:

– Incorporation of new technologies that allow decreasing the energy consump-

tion in both the ancillary systems on-board (as HVAC technologies or new

lighting systems) and the ancillary system of the infrastructure.

• Measures related to intelligent energy management:

– Measures related to operational procedures, such as load factors. Increasing

the load factor may entail a significant reduction in energy consumption.

– Measures related to the operation of trains (timetables, stops, traffic control,

driving techniques, etc.)., by either the introduction of eco-driving Systems

or drivers’ knowledge of the existing differences of the driving techniques, or

by using optimised timetable and train dispatch plans.

– Introducing energy storage systems in the power network, and provide them

with “intelligence” in order to manage the use of the energy.

– Introducing smart grid technologies that allow greater controllability of

electric loads (trains, auxiliaries, etc.).

The average ratio of the investment increment and energy efficiency enhancement

of each type of measure is shown in Figure 1.4. The measures related to ancillary

systems and intelligent energy management are with the highest cost efficiency because

they both lead to the largest energy efficiency improvement with the lowest investment

increase, due to which they are welcomed by operators and are more practical and

realistic in real applications.
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Figure 1.4: Comparison between the different technologies according to their relationship
with the efficiency and increase in investment [6]

Energy-Efficient Train Operation and Energy Storage Applications

Energy management of the railway system can significantly reduce the energy use, and

proper train operations and introduction of energy storage devices lead to the greatest

contribution in reducing energy cost among the other energy management strategies [6].

• Energy-Efficient Train Operations aim to find the train speed trajectory to

be traced by the driver or Automatic Train Operation (ATO) system or the

timetable plan to be followed by the operator to achieve a more energy-saving

system operation. It is known that 80% of the energy use of the train operation is

consumed by the traction and more than 60% of the regenerative braking energy

is wasted due to the improper driving strategy and the timetable which fails to

properly allocate the running time, dwell time, or headway and coordinate the

trains in the network [7]. By managing the train operation with an optimised

driving strategy (Figure 1.5-(a)) or scheduling (Figure 1.5-(b)), significant energy

reduction can be achieved without changing any infrastructure.

• Application of Energy Storage Devices aims to recover the regenerative

braking energy in the network to reduce energy waste. There are mainly two

forms of utilisation of energy storage devices: wayside/stationary energy storage

devices (WESD/SESD), see Figure 1.6-(a), and on-board energy storage devices

(OESDs), see Figure 1.6-(b). From the existing literature and industry reports,

it can be concluded that energy savings between 15% and 30% can be achieved
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Figure 1.5: Difference between the (a) optimal speed trajectory and non-optimal speed
trajectory and (b) optimal timetable and non-optimal timetable

by utilising energy storage devices [8]. Different from the wayside energy storage

devices installed in substations or near stations that focus more on the energy

recovery of all the trains in the same power supply sections, OESDs have the

following advantages:

– Lower investment cost of the installation of the OESD than wayside solutions

is observed due to its smaller size and volume, which requires no complicated

reconfiguration of the electrical devices onsite in substations or stations.

– Shaving of power peaks demanded in the supply line during acceleration of

the train, which leads to reduced energy costs and minimum resistive losses.

– Operating with higher efficiency due to the absence of line losses.

– The energy recovered and stored during the braking process can be used
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directly to power the train itself during the next acceleration.

– Operating for certain power autonomy, for instance in emergency situations,

in depot operations or in catenary-free applications such as lines going through

historical city centres with visual impact restrictions.

OESD

Motor

Catenary/Third rail

OESD

Motor

Track
Discharging mode Charging mode

SESD
Motor

Catenary/Third rail

Motor

TrackDischarging mode Charging mode

SESD

(b)

(a)

Figure 1.6: Schematic of the discharging/charging process of (a) the wayside/stationary
energy storage device and (b) on-board energy storage device

1.2 Motivations

Section 1.1.3 states that intelligent train operations and energy storage utilisation in

railway systems both contribute significantly to the improvement of the energy efficiency,

and the utilisation of the OESD is promising in many aspects when compared to the

use od WESD/SESD. Nevertheless, with the rapid development of the railway system

as a type of green transportation mode around the world and the increasing utilisation

of energy storage technologies in modern railway transportation systems, focusing on

OESD, this more promising specific form of energy storage utilisation, still leads to

many questions posed by scholars in existing works, which are summarised as follows:

• How can the OESD be fully utilised to reduce energy consumption when integrated

with railway systems because it has more restricted capacity, power, and space
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limits than wayside solutions? [8–10]

• Does the installed OESD have significant influence or no influence on train

operations due to the changes in the system, is the cooperation of the train and

OESD necessary, and can it be achieved? [10, 11]

• There are many types of energy storage technologies and the corresponding specific

products with different characteristics, how the railway operator chooses the best

type and size to save both energy and monetary cost? [9, 11]

The above questions show that systematic investigations on train operation with

OESD are necessary to fill the gap in academia and industry when the OESD is widely

introduced into the railway system. The changes that might be caused by the integration

of both subsystems (train and OESD) requires detailed exploration.

1.3 Objectives

Focusing on the train operation with OESD utilisation, to answer the questions in

Section 1.2, the objectives of the thesis are summarised as follows:

• This thesis aims to establish mathematical models to integrate both the train

operation and OESD, from a small operation scale (single inter-station section)

to a large operation scale (train network and power network), to optimise both

the train and OESD operations with the objective of minimising the energy

consumption of the system.

• This thesis aims to use the proposed mathematical models to provide insightful

discussions and investigations on the mutual influence between the OESD dis-

charging/charging strategy and train operation strategy. The intelligent energy

management of the train operation and full utilisation of the OESD considering

their respective engineering constraints are explored.

• This thesis also aims to explore the influence of the dynamic characteristics of

different types of energy storage as OESD used in railway systems. The impact of

these dynamic characteristics on the optimal train operation mode, selection of

the optimal size of OESD, system energy cost, and monetary cost is discussed.

1.4 Thesis Outline

The thesis outline is shown in Figure 1.7.
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Chapter 1
Background Information of the Thesis

 Increasing energy consumption and carbon emission of railway systems
 Methods to reduce energy consumption from railway transportation

Chapter 2
Literature Review

 Train speed trajectory, timetable and integrated solutions
 OESD applications in railway systems

Chapter 4
Intelligent Operation in Single Inter-Station Section

 Establishment of the integrated optimisation model for the train with OESD
 Consideration of different engineering constraints of train and OESD
 Presentation of the mutual influence of train and OESD on each other

Chapter 3
Applied Modelling, Optimisation and Simulation Methods

Discrete train operation model

Discrete OESD  
discharging/charging model

Mixed Integer Linear Programming Convex Optimisation
Optmisation and Simulation Methods

Monte-Carlo Simiulation
Mathematical Models Modelling Techniques

Either-Or conditions

Special ordered sets 2 (SOS2)

Logical model

Products linearisation

Chapter 5
Intelligent Operation in a Service Cycle

 Optimal train speed, timetable with OESD for multi-station operation
 OESD is allowed to discharge/be charged during train’s dwelling
 Beijing Yizhuang line as the case study is shown

Chapter 6
Intelligent Operation in a Network

 Agent-Environment model for train with OESD with network information
 Regenerative braking power with stochastic running time of train network
 Utilisation of the available regenerative braking energy in the environment

Chapter 7
Impacts of Different Types of OESD on Optimal Operation

 Supercapacitor, flywheel and Li-ion battery as OESD are investigated
 Consideration of dynamic power limits of each type of OESD
 Fully/discontinuously electrified and catenary-free railways are studied

Chapter 8
Optimal Sizing of OESD in Train Operation

 Supercapacitor, flywheel and Li-ion battery as OESD are investigated
 Energy cost and monetary cost of each type of OESD is considered
 Beijing Changping line as case study is presented

Chapter 9
Conclusions and Future Works

 Main conclusions, findings and future recommendations are drawn

Figure 1.7: The outline of this thesis
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• Chapter 1 introduces the background of the research, where the current status of

energy use and carbon emissions from railway transportation is given, followed

by an introduction of existing methods to reduce energy consumption in modern

railway systems. Moreover, the research motivations, objectives, and thesis outline

are presented.

• Chapter 2 provides the literature review regarding optimal train speed trajectory,

timetabling, applications of different types of OESD in railway systems, and the

integrated optimisation of trains with OESD.

• Chapter 3 introduces the traditional energy-efficient train control models in existing

works and the proposed discrete distance-based train operation model. Then, the

utilised modelling, optimisation, and simulation methods are shown. The main

contents of the discrete train operation model in this chapter have been published

in the following journal article:

– Z. Tan, S. Lu, K. Bao, S. Zhang, C. Wu, J. Yang and F. Xue, ”Adaptive

Partial Train Speed Trajectory Optimization,” Energies, vol. 11, no. 12, p.

3302, 2018.

• Chapter 4 proposes an integrated mathematical model to optimise the train speed

trajectory and OESD discharging/charging strategy from the viewpoint of a single

inter-station section. Mixed integer linear programming (MILP) is applied in

this chapter to determine the optimal solution, based on which the influence

of the OESD capacity, initial energy status, and degradation of the OESD on

optimal train operation are presented. The main contents of this chapter have

been published as a journal article:

– C. Wu, W. Zhang, S. Lu, Z. Tan, F. Xue and J. Yang, ”Train Speed

Trajectory Optimization with On-Board Energy Storage Device,” IEEE

Transactions on Intelligent Transportation Systems, vol. 20, no. 11, pp.

4092-4102, 2019.

• Chapter 5 firstly extends the MILP model in Chapter 4 to optimise the train

speed trajectory, running time, and OESD discharging/charging strategy (for both

inter-station running and dwelling at stations) in the scope of service cycles with

multiple inter-station sections. Then, a two-step method is proposed to solve

the problem with much higher computation efficiency by combining the MILP

model and convex optimisation together. Beijing Yizhuang line is adopted as the
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numerical experiment in this chapter. The main contents of this chapter have

been published as a conference paper and a journal article:

– C. Wu, S. Lu, F. Xue, L. Jiang, and J. Yang, ”Optimization of Speed Profile

and Energy Interaction at Stations for a Train Vehicle with On-board Energy

Storage Device,” in 2018 IEEE Intelligent Vehicles Symposium (IV), 2018,

pp. 1-6.

– C. Wu, S. Lu, F. Xue, L. Jiang, M. Chen and J. Yang, ”A Two-Step

Method for Energy-Efficient Train Operation, Timetabling, and On-Board

Energy Storage Device Management,” IEEE Transactions on Transportation

Electrification, Early Access, 2021.

• Chapter 6 proposes an agent-environment optimisation model to optimise the

train speed trajectory with OESD within the scope of the network by considering

the stochastic train network and power network information. The stochastic

regenerative braking energy from other trains in the network, formed as the

expected parameters using the Monte-Carlo simulation based on the MILP model

in Chapter 4, can be utilised further by employing the optimised solution. The main

contents of this chapter have been submitted as a journal article for consideration

to be published:

– C. Wu, S. Lu, Z. Tian, F. Xue and L. Jiang ”Energy-Efficient Train Operation

with Onboard Energy Storage Device considering Stochastic Regenerative

Braking Energy,” under review.

• Chapter 7 discusses the impact of the three popular types of energy storage, super-

capacitors, flywheels, and Li-ion batteries, as OESD in train operation optimisation.

A MILP model is proposed considering the dynamic power characteristics of each

type of OESD, and the comparisons are conducted on fully electrified railways,

discontinuously electrified railways and catenary-free railways to show the differ-

ence of energy-efficient operation strategies and their corresponding energy-saving

performance. The main contents of this chapter have been published as a journal

article:

– C. Wu, B. Xu, S. Lu, F. Xue, L. Jiang and M. Chen, ”Adaptive Eco-Driving

Strategy and Feasibility Analysis for Electric Trains with On-Board Energy

Storage Devices,” IEEE Transactions on Transportation Electrification, Early

Access, 2021.



14 Chaoxian Wu

• Chapter 8 discusses the optimal sizing problem of each type of energy storage as

OESD in train operations to minimise energy consumption. The sizing problems

of the the supercapacitors, flywheels, and Li-ion batteries are explored using the

data-based method proposed in this chapter. Beijing Changping line as a real-

world case study is investigated in this chapter, in which an insightful comparison

of energy-saving and cost-saving performance of these three types of OESD is

presented. The main contents of this chapter have been published as a journal

article:

– C. Wu, S. Lu, F. Xue, L. Jiang and M. Chen, ”Optimal Sizing of On-Board

Energy Storage Devices for Electrified Railway Systems,” IEEE Transactions

on Transportation Electrification, vol. 6, no. 3, pp. 1301-1311, 2020.

• Chapter 9 draws the main conclusions of this thesis, in which the outcomes and

findings are elaborated. The recommendations formulated based on this thesis

are also identified as future research directions.

In addition, from the perspective of the train operation scale to be studied and the

OESD types involved in the research, the outline of this thesis is presented in Figure

1.8.

Train Operation Scale

OESD Types

Single inter-station section Service cycle Network

No specific/

General type

Specific/

Multiple types

Chapter 4 Chapter 5 Chapter 6

Chapter 7 Chapter 8

Figure 1.8: Outline of this thesis in terms of train operation scale and OESD types
studied
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1.5 Summary

This chapter first introduces the background information of the thesis, where the current

status of worldwide railway transportation is discussed based on the open data of growing

passenger demand for railway transportation and its lowest energy and carbon intensity.

Railway transportation has rapidly advanced recently in terms of multiple forms of

systems, and the expansion of worldwide railway systems is given. The extensive use

and construction of railway systems have led to the increasing energy consumption and

carbon emissions of railway transportation, which undermines its sustainability. Many

measures have been taken to reduce the energy consumption of railway systems, among

which intelligent energy management by optimising train operation and applying energy

storage technologies outperforms the other methods.

Focusing on OESD, the motivations and objectives of the thesis are provided in

this chapter, followed by the thesis outline. The outline explains the entire thesis in a

chapter-by-chapter form in Figure 1.7 and a scale-oriented form in Figure 1.8, to make

the structure of this thesis more easier to follow and the contributions clearer.



Chapter 2

Review of Train Operation

Optimisation and OESD

Applications

2.1 Introduction

With the rapid development of railway transportation, intelligent energy management is

indispensable for saving energy consumed by increasing travel demand [7]. To improve

the energy efficiency of railway systems, train speed trajectory and train timetable

optimisation have become two popular and direct approaches to help reduce energy

consumption without changing the existing infrastructure [12]. On the other hand, in

the railway industry, regenerative energy has been utilised and usually consumed by

another accelerating trains around, or stored by energy storage devices. Therefore, the

application of energy storage devices, OESDs and WESDs/SESDs, have become popular

in recent years [10,13]. This chapter discusses the existing work regarding both train

operation optimisation (including train speed trajectory optimisation, train timetable

optimisation and their integrated study), OESD applications in railway transportation,

and train operation with OESD.

2.2 Train Operation Optimisation for Energy Saving

Train operation normally consists of two main aspects: train speed trajectory and train

timetable. The train speed trajectory determines how fast the train should run between

two adjacent stations at each time instant or position, which is always controlled by the

16



Chapter 2. Review of Train Operation Optimisation and OESD Applications 17

driver relying on the driver’s own experience/under assistance of Driver Advisory System

(DAS) or ATO system. The train timetable determines the time required to travel

between two adjacent stations, that is, running time, the time required for dwelling at

a station, that is, dwell time, and the time between two adjacent train services, that

is, departure/arrival headway. In this section, existing works related to train speed

trajectory optimisation, train timetable optimisation, and their integrated optimisation

are reviewed.

2.2.1 Speed Trajectory Optimisation

Optimal Control Theory

As early as 1968, Ichikawa applied the modern optimal train control theory based on

Pontryagin’s Maximum Principle (PMP) in railway systems to optimise the train control

strategy [14]. Many similar studies in this area were conducted from 1970 to 2000. Some

earlier works on the significance can be found in papers by [15–18]. Since 1990, the

Scheduling and Control Group (SCG) at the University of South Australia developed

modern theory of train control in a collection of publications [19–25]. It can be seen

from these early works that the train speed trajectory optimisation problem can involve

practical considerations on the speed limit, travel time and gradient etc. and targets

different train systems such as diesel freight trains and electric passenger trains.

In 2000, Howlett applied PMP to study the optimal control for both continuous and

discrete control cases [26]. Taking time as the independent variable in the model, this

study developed key equations to determine the optimal switch points based on the

necessary conditions for an optimal strategy. Khmelnitsky proposed a linking function

to find the optimal trajectory and presented a numerical algorithm to solve the optimal

train control problem with varying gradients and speed limits [27]. [28] proposed an

analysis method to deal with the switching point between each control strategy and

using a complementary variable to meet the speed limits constraints. In [29], the authors

proposed a new local energy minimisation principle to locate the critical switching points

for a global optimal strategy on a track with steep gradients. Based on the work [27],

in [30] the application of a numerical is to optimise the trajectory by considering both

varying gradients and speed limits. [31] studied the control operation during the varying

gradient and the coasting operation on the slope and analysed a new local optimisation

principle. [32, 33] summarised the key principles of the optimal train control developed

in the past few decades, in which different aspects of optimal train control problem

are summarised and discussed. These two papers focus on the classic two-station train
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optimal control problem, where it is proven that the optimal strategy always exists in

the proposed optimal train control model, and perturbation analysis is used to show

that the strategy is unique.

On the other hand, by modelling the train operations as a standard optimal control

problem, researchers from Delft University of Technology and University of Leeds

proposed the application of pseudospectral algorithm and non-linear programming as a

direct method in comparison to indirect methods such as PMP to solve the train speed

trajectory optimisation problem under various engineering constraints. The studied cases

can be well extended to multi-train problems and can consider more complex signalling

and operational constraints [34–38]. [34] applied both the pseudospectral algorithm

and MILP to solve the speed trajectory optimisation problem considering passenger

riding comfort. The problem was formulated as an optimal control problem and a

comparative study was conducted between the two proposed methods. [36] presented

a multiple-phase optimal control model for train trajectory optimisation to be solved

using a pseudospectral algorithm. This paper put a particular consideration on the

operational (time and speed restrictions) and signal (signal aspects and automatic

train protection) constraints for the trajectory optimisation under delay and no-delay

situations. [37] applied a pseudospectral method to optimise multi-train optimisation

by formulating the problem as a multiple-phase optimal control problem. Multiple

objectives, including minimisation of energy consumption and train delays, exist for

optimisation to locate the proper driving strategies. By modelling train operation in a

closed-form model, [38] applied non-linear programming to address the train optimal

control problem and the proposed methods were further applied to formulate a more

complex optimal train control problem for scheduling and train following. In the above

studies [36–38], undesirable fluctuations in the speed trajectory and operations spanning

short durations are presented which may hinder the direct application of these methods

if not properly addressed.

Heuristic Algorithms

In addition to the optimal train control algorithm, the speed trajectory optimisation

problem has also been solved by using different heuristic algorithms. As discussed in [39],

this is usually due to the fact that with more practical constraints considered, many

practical problems such as the speed trajectory optimisation becomes an ”NP-complete”

problem. Heuristic algorithms, usually regarded as approximate algorithms, are applied

to achieve near-optimal solutions with reduced computation time. Typical heuristic
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algorithms include the Ant Colony algorithm (ACO), Genetic Algorithm (GA), and

particle swarm algorithm etc. These algorithms can find the available solution at

an acceptable cost arising from the consumed energy and elapsed time. GA is one

of the most widely used methods in speed trajectory optimisation [40–45]. GA was

applied to design a formal method to optimise traction energy and to investigate the

relationship between the journey time and energy consumption [40]. [41] applied GA to

solve an optimisation model targeting the minimisation of net energy. In this model,

both train operation and time tabling are considered so that the integrated model can

take advantage of regenerative braking and speed trajectory optimisation during the

multi-train operations. As one of the advantages, different heuristic methods can be

easily applied to solve the same optimisation problem and conduct comparative studies

on each algorithm.

[43] used GA to solve the speed trajectory optimisation problem with a special

consideration of regenerative braking so that the net energy can be reduced. [44]

investigated the influence of the error in train positioning in the optimal speed trajectory

obtained using GA. Speed trajectory optimisation is based on a simple case with a single

speed limit and assumes that the operations of the train are designed in a preset sequence.

In a recent study [45], a simulation-based GA was applied to solve a two-phase stochastic

model considering the uncertain train mass to optimise the timetable and train speed

profile. The optimisation of the train speed profile is based on a simple assumption that

the optimal train trajectory comprises maximum acceleration, coasting and maximum

deceleration. [46] proposed an integrated optimisation model to simultaneously consider

both timetabling and train trajectories for minimum energy consumption using GA and

brute force methods. Based on Monte-Carlo simulation, [47] presented an integrated

optimisation method to incorporate the train operation and electric network power flow.

Mathematical Programming

Compared with heuristic algorithms arising from advances in computational intelligence,

mathematical programming is a more traditional optimisation method that heavily

relies on numerical iterations and mathematical modelling. With proper linearisation

and modelling of practical problems, such a method can also be robust and adaptive

with guaranteed global optimum in convex cases. Numerous studies have also utilised

mathematical programming to locate the optimal speed trajectory in different scenarios.

[48] achieved the optimal train speed trajectory in a discrete search space for a single

train using GA, ACO, and Dynamic Programming (DP) using a distance-time-speed
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model which has become a popular method of modelling problems dealing with integrated

optimisation for both speed profiles and timetabling [49]. [50] proposed an integrated

model to minimise the energy in dynamic train scheduling and control in metro rail

operations. In this study, a convex optimisation model was built to consider train

operation in terms of curve planning and scheduling in terms of journey time allocations

simultaneously. The Kuhn-Tucker conditions were applied to solve the optimisation

model to achieve a significant energy reduction. [51] applied an approximate DP to

solve the train rescheduling problem in which the speed trajectory was optimised in a

discrete search space. [52] proposed a DP method to solve speed trajectory optimisation

using an event-based decomposition to reduce the search space leading to significant

computational time reduction. [49] proposed a unified modelling approach using space-

time-speed to address the joint optimisation problem for high-speed train timetables

and speed profiles. Lagrangian Relaxation (LR) were applied to address the power

supply and safety constraints.

Since 2014, [53–55] conducted a series of studies focused on the partial speed

trajectory optimisation problem. This problem arises from the question of ”how much

regenerative braking energy can be obtained from a braking procedure of train with

given travel distance and elapsed time”. The problem was first studied by [53] using the

Bellman-Ford algorithm, that is, a DP-based graphical searching method, by modelling

the braking speed trajectory in a discrete manner and an optimum analysis based on

PMP was conducted; they demonstrated high-level agreements between the analysis

and optimisation results. [54] and [55] proposed the application of linear programming

to solve the monotonous speed trajectory problem during the regenerative braking

process. [55] applied the MILP to address non-linear constraints arising from varying

gradients along the braking route for partial speed trajectory optimisation problems.

By formulating the speed trajectory optimisation as an MILP model, [56] attempted to

optimise the speed trajectory to achieve the minimum net energy.

The selected publications for train speed trajectory optimisation in the categorisation

of the methods are tabulated in Table 2.1.

Table 2.1: Selected publications on train speed trajectory optimisation

Publication(s) Algorithm(s) Transport

mode(s)

Contribution

Optimal Control

[26] PMP R; F; M Theory proof

H=high-speed trains, R= regional trains, F=freight trains, M=metro trains.
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(Continued table from last page)

Publication(s) Algorithm(s) Transport

Mode(s)

Contribution

[27] PMP R; M Theory proof

[28] PMP R; M Theory proof

[30] PMP H 22.2% to 44.2% energy saving

compared with flat-out operation

[32,33] PMP H Theory proof

Heuristic Algorithm

[40] GA R 10.59 % energy saving for a 4.95%

increase in journey time

[48] 1GA
2ACO
3DP

M Train speed trajectories with min-

imised energy consumption using

three methods are achieved and

compared

[42] 1Brute force algo-

rithm
2ACO
3GA

H 17.9% energy saving compared

with flat-out operation

[43] GA M 3.3% energy saving in Beijing

Metro

Mathematical Programming

[34] 1Pseudospectral

method
2MILP

/ Train speed trajectories with min-

imised energy consumption using

two methods are achieved and

compared

[53] Bellman-Ford al-

gorithm

M 17.23% regenerative braking en-

ergy increment

[55] MILP R Regenerative braking energy is

maximised

[52] DP R 3.3% energy saving compared to

commercial solver

[36] Pseudospectral

method

R Signalling systems and delay re-

covery are considered

H=high-speed trains, R= regional trains, F=freight trains, M=metro trains.
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(Continued table from last page)

Publication(s) Algorithm(s) Transport

Mode(s)

Contribution

[37] Pseudospectral

method

R Multiple trains are considered

H=high-speed trains, R= regional trains, F=freight trains, M=metro trains.

2.2.2 Timetable Optimisation

Timetable is an indispensable part of train operation, and it determines the departure

and arrival time for all trains at stations which ensures both the safety constraints of

operation and travel demand.

Reducing Traction Energy Consumption

Energy consumption and service quality are two important concerns of the railway

operator that directly influence the operating cost of the railway system and the

passenger satisfaction by taking railway transportation. Improving service quality by

finding the optimal timetable under the constraints of energy consumption has always

been an important research problem. Yang et al. [57] proposed a two-objective integer

programming model to increase the reproducible utilisation of energy sources and

minimise the total waiting time of passengers. Xu et al. [58] proposed a multi-objective

approach to minimise the passenger time and energy consumption by controlling the

travel time at each interval and dwelling time at each platform, where an ideal-point

compromise approach and a linearly weighted compromise approach were respectively

employed via GA. Binder et al. [59] integrated passenger satisfaction, operational costs,

and deviation to generate a disposition timetable and formulated it as an Integer Linear

Programming (ILP) model. A three-dimensional Pareto frontier was explored to study

the relationship and trade-offs among the three objectives. Yin et al. [60] proposed

an integrated approach for solving the train timetabling problem on two-way urban

metro lines to simultaneously minimise the energy consumption and passenger waiting

time. Sun et al. [61] developed a bi-objective timetable optimisation model to minimise

total passenger waiting time and net energy consumption without ignoring time-variant

characteristics of passenger demand at each station. Mo et al. [62] developed a flexible

model to minimise energy cost and passenger waiting time, considering a variety of

system constraints such as inventory train constraints, train loading capacity constraints

and train type constraints, etc.
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Improving Regenerative Braking Energy Utilisation

In addition to setting the constraints on the traction energy consumption, timetable

optimisation also focuses on improving the regenerative braking energy utilisation in

the network. Yang et al. [57] developed a scheduling method to coordinate the arrival

and departure times of all trains that in the same power supply section to improve the

utilisation of regenerative braking energy . Tian et al. [47] demonstrated a traction

power network modelling method for multi-trains to determine the energy flow of

regenerative braking train systems. Considering the total travel time and operation

energy consumption, Huang et al. [63] proposed a multi-objective optimisation model

to adjust the headway in different lines from the perspective of system optimisation.

A multi-objective integer programming model was developed by Yanget et al. [64] to

optimise the departure and arrival times of trains at each station, which considers

energy consumption, passenger waiting time, and robustness. Liao et al. [65] proposed

an energy-saving optimisation strategy for multi-train metro timetables to minimise the

difference between the traction energy consumption and feedback energy by applying

GA. Liu et al. [66] proposed a timetable optimisation problem by considering realistic

constraints with headway time and dwell time to further utilise the regenerative braking

energy. By controlling the headway and dwell time, Liu et al. [67] proposed a timetable

optimisation model to maximise the regenerative braking energy utilisation, which

coordinates the traction and braking trains supplied by each substation. To increase

the utilisation rate of regenerative braking energy as much as possible, Mo et al. [68]

proposed an integrated model to simultaneously obtain the optimal train timetable

and rolling stock circulation plan, thus maximising the brake-traction overlapping

time at stations. Su et al. [69] proposed an integrated train operation method that

combines driving strategies and train timetable to minimise the systematic net energy

consumption, namely the difference between the traction energy consumption and the

regenerative braking energy.

The selected publications for train timetable optimisation in the categorisation of

the methods are tabulated in Table 2.2.

Table 2.2: Selected publications on train timetable optimisation

Publication(s) Algorithm(s) Transport

mode(s)

Contribution

Heuristic Algorithm

H=high-speed trains, R= regional trains, F=freight trains, M=metro trains.
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(Continued table from last page)

Publication(s) Algorithm(s) Transport

Mode(s)

Contribution

[57] GA M Saved energy by 8.86% and re-

duced passenger waiting time by

3.22% in comparison with the cur-

rent timetable.

[58] GA M Reduced passenger waiting time and

energy consumption during peak

hours and passenger travelling time

during off-peak hours

[60] LR-based algo-

rithm

M Reduced the total passenger wait-

ing time, especially in peak-hours,

and kept relatively low energy con-

sumption in comparison with fixed-

headway timetables.

[61] GA M Reduced the total energy consump-

tion by 9.67% and the total passen-

ger waiting time by 4.72% using the

Beijing Yizhuang line as a case study

[62] 1GA
2 Prior enumera-

tion method
3 Modified tabu

search algorithm

M Energy cost of the optimised solution

is drastically reduced by 49.3% with

a 15% increase in total waiting time

using the Beijing Yizhuang line as

an example

[57] GA M Reduced energy consumption by

6.97% and saved approximately

1,054,388 CNY (or 169,223 USD)

each year

[47] Monte-Carlo sim-

ulation

M Reduced the substation energy con-

sumption by 38.6%

H=high-speed trains, R= regional trains, F=freight trains, M=metro trains.
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(Continued table from last page)

Publication(s) Algorithm(s) Transport

Mode(s)

Contribution

[63] Tabu search algo-

rithm

M 22.0% reduction of energy consump-

tion and 12.2% reduction of the total

waiting time with uneven headway,

13.7% reduction of energy consump-

tion and 8.7% reduction of total wait-

ing time with even headway

[64] Non-dominated

sorting genetic

algorithm II

(NSGA-II)

M Improve the performance of the total

energy consumption, total passenger

waiting time and robustness value by

2.10%, 15.80% and 24.81%, respec-

tively

[65] GA M Energy consumption was reduced by

23.28% using the Shanghai Metro

line 1 as a case study

[66,67] Improved ar-

tificial bee

colony (IABC)

algorithm

M Largest regenerative braking en-

ergy utilisation improvement ratio

of 34.7%

Mathematical Programming

[59] ILP R Pareto frontier for the trade-off be-

tween operational cost and passenger

satisfaction is obtained

[68] MILP M Brake-traction overlapping regions

reach up to 64.42% to 89.42% us-

ing the Beijing Yizhuang line as an

example

[69] DP M Net energy consumption can be re-

duced by 2.4% and 2.8%

H=high-speed trains, R= regional trains, F=freight trains, M=metro trains.
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2.2.3 Integrated Optimisation

Some researchers found that only optimising the train speed trajectory or timetable

is not sufficient; thus, integrated approaches that considers both speed control and

timetabling has become the a new research direction in recent years.

An iterative method is proposed to optimise both the running time and train speed

profile together to reduce the total traction energy consumption of the entire metro

line [70]. Regenerative braking energy is also considered in the integrated approach, and

in [41], the integrated optimisation of the train operation timetable was investigated by

maximising the overlapped time for traction and braking events to take advantage of

the regenerative braking energy to reduce the net energy consumption.

The analytical method is also used to deal with this combined problem. This method

is used to optimise the train speed trajectory, that is, the speed between switching points,

and schedule, that is, the departure and arrival time of each station is optimised to save

more net energy consumption [50]. High-speed railway corridor was also studied, and a

DP solution was provided. The algorithm was proposed to find the speed/acceleration

profile solutions with dualised train headway and power supply constraints [49]. A

three-dimensional space-time-speed grid networks was established to characterise both

second-by-second train speed trajectory and segment-based timetables at different space

and time resolutions. Recently, the optimal multi-train speed profile optimisation and

timetable design were considered in [71] to reduce traction energy consumption based

on a real-world case study. In addition to the DC railway systems, the integrated train

speed trajectory and timetable optimisation for AC railway systems were also explored

in [72] to achieve the minimum electrical energy consumption.

2.3 OESD Applications in Railway Systems

Energy storage devices have been utilised in modern railway systems, some of which are

used as the wayside/stationary energy storage, and the remaining are used as OESDs

on trains. There are three main types of OESD that have been tested or are utilised

nowadays, which are supercapacitors, flywheels, and batteries.

2.3.1 Supercapacitors

A supercapacitor, also called an ultracapacitor, is a high-capacity capacitor with a

capacitance value much higher than that of other capacitors, but with lower voltage limits,

which bridges the gap between electrolytic capacitors and rechargeable batteries [73].
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Figure 2.1: The structure of a typical supercapacitor

It consists of two electrodes (coated with collectors) separated by an ion-permeable

membrane (separator) and an electrolyte, which iconically connects both electrodes.

When the electrodes are polarised by an applied voltage, ions in the electrolyte form

electric double layers of opposite polarity to the polarity of the electrode, as shown

in Figure 2.1. Rather than long-term compact energy storage, supercapacitors are

used in applications requiring many rapid charging/discharging cycles, for example, in

automobiles, buses, trains, cranes, and elevators, where they are used for regenerative

braking, short-term energy storage, or burst-mode power delivery [74].

In real applications, supercapacitors are the most popular type of energy storage

device used in railway systems. Bombardier produced the MITRACTM Energy Saver

and installed it as an OESD for a prototype of a light rail vehicle (LRV) for public

transport by the German operator Rhein-Neckar-Verkehr Gmbh in Mannheim, Germany

from 2003 to 2008 [75,76]. The test onsite showed that the traction energy consumption

can be reduced by 30% and the line current peak decreases by 50%. Siemens developed a

type of OESD called Sitrasr MES (Mobile Energy Storage) and installed it on Innsbruck

tramway for energy reduction [77]. The CAF company produced a type of OESD called

ACR in 2012, and it is now still in service in Seville, Saragossa and Granada tramway

systems [8]. Alstom produced a type of supercapacitor-based OESD called STEEM

which was used in the Paris tramway from 2009 to 2010 [78], which reduced the average

daily energy consumption by 13%, with a minimum and maximum energy consumption
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of 10% and 18%, respectively.

2.3.2 Flywheels

Bearing

Rotor

Bearing

Motor/
Generator

Figure 2.2: The structure of a typical flywheel

A flywheel is a mechanical device specifically designed to use the conservation of

angular momentum to efficiently store rotational energy. The flywheel system is typically

supported by a rolling-element bearing, and its rotor is connected to an electrical machine

that can operate either as a motor or as a generator (Figure 2.2). It acts as a motor in

the charging process when an electrical supply is used to increase the kinetic energy of

the flywheel by speeding up its rotational speed [8]. The flywheel and sometimes the

motor–generator may be enclosed in a vacuum chamber to reduce friction and energy

loss.

Flywheels have already been reported as OESDs in railway systems but and are

still in an early stage of development. Only the study by [79] reported the construction

of a prototype for hybrid light rail vehicles within the ”Ultra Low Emission Vehicle –

Transport Advanced Propulsion 2 (ULEV–TAP2)” project. Developed by the Centre

for Concepts in Mechatronics (CCM), this OESD consisted of a 250-kW high-speed

carbon-fibre flywheel with an effective energy storage capacity of 4 kWh. On the other

hand, CCM has collaborated with Alstom to integrate a flywheel-based OESD in their

Citadis tramway [80]. In addition, flywheels were installed on the roof of trams for

catenary-free operations in Rotterdam in the Netherlands. The energy, power capacity,

and speed of the flywheel were 4 kWh, 325 kW and 20000 rpm, respectively [81].
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2.3.3 Batteries
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Figure 2.3: The structure of a typical battery

A battery is a device comprising one or more electrochemical cells with external

connections for powering electrical devices such as flashlights, mobile phones, and electric

cars. It stores and delivers energy via reversible electrochemical reaction occurring

between two different materials (electrodes) immersed in an electrolyte solution (Figure

2.3). Conventional lead-acid batteries have been studied and designed since a long

time. Lithium-ion (Li-ion) and nickel-metal hydride (Ni-MH) batteries are the emerging

technologies for transport applications because their energy densities are higher than

that those of lead-acid batteries [11].

Alstom developed a type of OESD based on Ni-MH batteries, called Alstom-Saft,

and it has been applied in the Citadis tramway in Nice since 2007 [78,80]. This tram

had a maximum speed of 30 km/h and was able to run catenary free over a length of

1 km [82]. Kawasali also produced a Ni-MH battery-based OESD which was installed

on a prototype vehicle called ‘SWIMO’ developed by Sapporo Municipal Transport

and Kawasaki Heavy Industry with operating voltage of 600 V from December 2007 to

March 2008 [80,83]. A type of Li-ion battery-based OESD, called LFX-300 streetcar,

from Kinki Shayro has been applied by the MTS light rail system in south Lisbon

since 2008 [84]. The on-board Li-ion battery unit was composed of 168 cells in series

and a rated capacity of 33 kWh, which was operated in public service from 2003 to

2005 in Japan [85, 86]. In February 2020, the core Merseyrail network in Liverpool,
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UK, was electrified at 750 V DC third rail, where the Class 777s have a dual voltage

capability to use 25 kV 50 Hz electrification on any extension [87]. Options also exist

for a battery-electric variant, and it is anticipated that one of the initial builds will

be equipped with on-board energy storage for evaluation. There is a space under one

vehicle to house a battery weighing up to 5 tonnes within the axle load limit. All Class

777s will be fitted with small batteries to allow independent movement around the

workshop and maintenance facilities.

2.3.4 Hybrid Systems

A combination of batteries and supercapacitors or flywheels, known as the hybrid

energy storage device (HESD), exhibits better performance than a single energy storage

device [11] owing to the mutual assistance of each type of energy storage to reconfigure the

power and energy during the operation according to each other’s specific characteristics.

Hybrid system have rarely been studied and applied in technical or academic works.

One application was proposed by Siemens, wherein a hybrid system known as Sitrasr

HES was developed. The system consists of a Sitrasr MES mobile energy storage

unit (supercapacitors) and a traction battery made of Ni-MH batteries provided by

Alstom-Saft [84]. This solution has been tested in passenger operation at the MTS

network (Metro Ligeiro da Margem Suldo Tejo) since 2008 and has shown very promising

results. On 28 December 2020, Guangzhou Huangpu Tram Line 1, designed by the

Fourth Railway Institute, was put into operation [88]. This is the first Chinese domestic

tram powered by the hybrid energy storage system, supercapacitors and lithium-titanate

batteries, without energy supply from the catenary or third rail during operation.

Figure 2.4 illustrates the current conditions of the utilisation of OESD with respect

to different energy storage types and countries. It can be found that supercapacitors are

the most popular types in real operations, and batteries rank the second. Flywheels and

hybrid systems, as mentioned in the above review, are both still in the early developing

stages, but their utilisation is still observed. European countries have almost the highest

utilisation of OESDs in railway systems in the world, except for Japan which has

employed batteries in operations, and China, where trams are equipped with hybrid

energy storage systems in operation since 2020.
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Figure 2.4: OESD utilisation in operations with respect to energy storage types and
countries

2.4 Train Operation Optimisation with OESD

Since OESDs have been put into use or tested in railway industries, it is necessary

to explore the integrated train operation with OESD considering their engineering

properties. Some researchers have conducted some early studies related to this topic.

Miyatake et al. from Sophia University, Japan, investigated the optimal train speed

trajectory with supercapacitor as OESD [89]. In this paper, the optimal train speed

trajectory was found with the modelled circuits of the supercapacitor and the application

of the Sequential Quadratic Programming (SQP). The train speed, time instant, and

state of charge (SOC) of the OESD are formulated into a mathematical programming

model to be optimised as an optimal control problem. A specific type of supercapacitor

was adopted in the case study, and the results show the effectiveness of the proposed

method. This indicates that with the initial and terminal control of the SOC of the

OESD, the utilisation of OESD has little influence on the optimal driving strategy of

trains. The work was extended in [90] to investigate the catenary-free tram operation

with OESD, where the train speed trajectory and timetable with a supercapacitor as

OESD is studied. In the research, DP was applied to solve the problem with train speed

and time instant, and SOC of OESD are regarded as the state variables to be optimised.

A 3-station route was studied in the case study, and the results show that the OESD

can be quickly charged at intermediate stations. The running time at each inter-station

section can be obtained by using the proposed method. In addition to supercapacitors,
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Miyatake et al. also proposed an MILP model to optimise the train control strategy and

timetable for a Li-ion battery-driven train [91]. In the study, the relationship among the

energy status of the OESD, running time and energy consumption of the train operation

was approximated using integer variables.

Kampeerawar et al. from the University of Tokyo, Japan, proposed an integrated

optimisation model solved by GA to design optimal train control and timetable consid-

ering the batteries as the OESD [92]. The Bangkok metro system, Thailand, and the

Jinan metro system, China, are both adopted as cases, and the results show that the

proposed integrated design can provide up to 16% energy-saving performance in the

case of the Jinan metro system and 27% energy-saving performance in the case of the

Bangkok metro system.

Using DP, Huang et al. [93] from Beijing Jiaotong University, China, explored the

energy-saving potential of supercapacitors by optimising the train speed trajectory and

running time from the viewpoint of energy flow modelling. The Beijing Yizhaung line

was the research object in this study, and the results show that the proposed method

can significantly save energy.

Ghaviha et al. [94] proposed a DP-based model to find the optimal speed trajectory

for Li-ion battery-driven trains. Unlike previous approaches, the control variable was

the speed change instead of the applied traction force in the problem.

In [95], the optimal power split and speed trajectory of a catenary-free tram equipped

with suprecapacitors were studied. A DP algorithm was presented to determine the

voltage trajectories of supercapacitors with power plant voltage limitations and dynamic

power losses. The performance of the proposed integrated method was evaluated by

numerical simulation based on the actual route of Chengdu Tramway Line 2, China.

2.5 Summary

In this chapter, a literature review of the train operation optimisation is provided at the

beginning, where methods for train speed trajectory optimisation and train timetable

optimisation are categorised. Notably, the attention on speed and timetable optimi-

sation has shifted from only minimising traction energy consumption to concurrently

maximising the utilisation rate of the regenerative braking energy. Furthermore, a rising

trend of use of the heuristic algorithm is observed, which is the most popular method

to solve problems, and mathematical programming is relatively less applied.

Current OESD applications in railway systems around the world are presented.

Supercapacitors, flywheels, batteries, and hybrid systems are elaborated using the real
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applications from technical reports and academic papers, showing the energy-saving

potential and fast developing trend of OESDs. Finally, the current status of the research

related to the optimisation of train operation with OESD is shown. Only a few works

in the field could be found, which indicates that there is a gap in the field, and the

systematic investigation of the integrated optimisation considering both trains and

OESDs in combination is necessary and promising.

OESDs are one of then emerging technologies that will help enhance the sustainability

of modern railway systems. They will be utilised increasingly in the foreseeable future.

The relevant works related to the integrated optimisation of train operation with OESD

still focus on solving the optimisation problem whereas the mechanism of the mutual

influence and further cooperation of both train control and OESD discharging/charging

strategies, which are also highlighted in Section 1.2, are not discussed.



Chapter 3

Modelling, Optimisation, and

Simulation Methods

The content of this chapter, especially the proposed discrete energy-efficient train

control model (Section 3.3), is from the author’s published article in a modified

and restructured version to fit the context of this thesis. The published article is:

Z. Tan, S. Lu, K. Bao, S. Zhang, C. Wu, J. Yang and F. Xue ”Adaptive Partial

Train Speed Trajectory Optimization,” Energies, vol. 11, no. 12, p. 3302, 2018.

3.1 Introduction

This chapter introduces the mathematical modelling and optimisation methods applied

in this thesis. First, the basic energy-efficient train control models proposed in the

existing works are introduced, followed by the train control model proposed in this

thesis. Second, the OESD charging/discharging model established in this study is

introduced. Then, the linearisation techniques adopted in the thesis are presented using

simple examples. In addition, a brief discussion on the optimisation methods, MILP

and convex optimisation, is provided. Finally, the Monte-Carlo simulation used to build

the railway environment in this thesis is introduced.

34
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3.2 Existing Energy-Efficient Train Control Models

Train movement and control modelling have been studied by numerous researchers,

especially from the perspective of energy efficiency. This section introduces the basic

energy-efficient train control models in previous works and the proposed modified model

used in this thesis.

3.2.1 Time-Based Model

The train control problem was first analysed in a mathmatical form by Milroy [17] in

his PhD thesis in 1980. The mathematical form described a train running between two

adjacent stations with minimised energy consumption, as shown in (3.1)-(3.5).

J = min

∫ T

0
F+(t)v(t) dt (3.1)

s.t. ẋ(t) = v(t) (3.2)

v̇(t) = F (t)−R(v(t)) (3.3)

x(0) = 0, x(T ) = X, v(0) = 0, v(T ) = 0 (3.4)

v(t) ≥ 0, F (t) ∈ [−Fmin(v(t)), Fmax(v(t))] (3.5)

In the model, t is the time instant, T is the given running time between two

adjacent stations, F (t) is the traction force over time t, and v(t) is the train speed

over time t. F+ = max(F (t), 0) is used to represent the positive value of the traction

force because it is assumed that braking does not cost or generate energy. x(t) is

the distance travelled over time t, and X is the total distance between two adjacent

stations. R(v(t)) = R0 +R1v +R2v
2 is the drag force given by the Davis equation [96],

where the constant and linear terms are rolling resistances and quadratic term is the air

resistance. Fmin and Fmax are the maximum braking and traction forces, respectively,

which depend on the train speed v(t).

3.2.2 Distance-Based Model

To consider the varying gradients and speed limits along the route, in 1995, Howlett

and Pudney [22] transformed the basic time-based model into the distance-based form,
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as follows (3.6)-(3.10):

J = min

∫ X

0
F+(x) dx (3.6)

s.t. ṫ(x) = 1/v(x) (3.7)

v̇(x) = (F (x)−R(v(x))−G(x))/v(x) (3.8)

t(0) = 0, t(X) = T, v(0) = 0, v(X) = 0 (3.9)

v(x) ∈ [0, vmax(x)], F (x) ∈ [−Fmin(v(x)), Fmax(v(x))] (3.10)

In the distance-based model, the external force G(x) due to the track gradient or

curvature is introduced, and vmax(x) is the speed limit in terms of the distance travelled.

Incorporating the gradient and speed limit information into the model is a practical

approach for actual industrial applications.

3.2.3 With Regenerative Braking

The introduction of the regenerative braking system in the railway system is a new

energy-saving option to maximise the generation of regenerative braking energy. This

energy can be used by other trains or stored by the energy storage device to support

the running later, and reduce the overall energy consumption of the system. In 1985,

Asnis [97] combined regenerative braking into a time-based model (3.1)-(3.5) with

an adjusted form to minimise the difference of the traction energy consumption and

regenerative braking energy generation. In 2000, Khmelnitsky [27] transformed this

time-based model into distance-based form, and the objective function of the model is

shown as follows:

J = min

∫ X

0
(F+(x)− ηF−(x)) dx (3.11)

s.t. (3.7)− (3.10)

where η is the recuperation efficiency of the regenerative braking energy based on the

characteristics of the braking system. F− = −min(F (t), 0) is used to represent the

specific braking force.
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3.3 Proposed Discrete Train Control Model

In this thesis, in contrast to the basic model in the continuous form proposed in existing

studies, the train control model in the discrete and distance-based form is proposed to

locate the optimal speed trajectory.
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Figure 3.1: An example of the discretisation of the track length in the proposed method.
The number of ∆di, denoted by N , is 8; thus, there are 9 determinant speed points,
each of which is denoted by vi, i=1,2,...,9

The entire route is discretised into a series of sections with a distance of ∆di. ∆di is

present and can be modified to be sufficiently small to ensure high calculation precision,

as shown in Figure 3.1. Each of the sections represents a part of the trajectory that

contains the travelled distance, elapsed time and consumed energy. N is used to represent

the number of sections. The products in (3.11), F+(x)dx and ηF−(x)dx, represent the

work done by the motor in both the traction and braking modes. These values are

changed to be a set of variables. The energy consumed or generated by the motor in

each ∆di is referred to as ∆E1,∆E2, · · · ,∆Ei, · · · ,∆EN in the proposed model.

In this case, the continuous form of the objective function (3.11) of the model can

be transformed into a discrete form, as shown in (3.12).

J = min

N∑
i=1

∆Ei (3.12)

Because the route is discretised into N distance segments, there are N + 1 speed

points v1, v2, v3, · · · , vi, · · · , vN+1, and N average speeds vi,ave = (vi + vi+1)/2. Thus,

constraint (3.7) can be transformed into a discrete form, i.e., ṫ(x) = ∆ti/∆di, as shown
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in (3.13).
∆ti
∆di

=
1

vi,ave
, ∀i = 1, 2, 3, ..., N (3.13)

where ∆ti is the elapsed time of ∆di.

In each ∆di, the train runs with a constant acceleration ai between two adjacent

speed points vi and vi+1. Thus, the constraint (3.8) can be transformed into the discrete

form, i.e., v̇(x) = ∆vi/∆ti · ∆ti/∆di = ai/vi,ave, without term 1/vi,ave, as shown in

(3.14).

ai =
v2
i+1 − vi2

2∆di
, ∀i = 1, 2, 3, ..., N (3.14)

Assume that the maximum acceleration rate and deceleration rate that passengers

can tolerate are aa and ad, respectively. Thus, riding comfort can be ensured by imposing

equation (3.15).

− ad ≤ ai ≤ aa, ∀i = 1, 2, 3, ..., N (3.15)

The drag force R(x) and external force G(x) are also transformed into discrete forms

in each ∆di, as shown in (3.16) and (3.17), respetively.

Ri = R0 +R1vi,ave +R2v
2
i,ave, ∀i = 1, 2, 3, ..., N (3.16)

Gi = Mgθi, ∀i = 1, 2, 3, ..., N (3.17)

where Mt is the mass of the train and θi is the gradient of each ∆di.

Similar to constraint (3.9), in the discrete model, the initial and terminal conditions

of the speed and running time constraints also need to be added, as shown in (3.18)

and (3.19).

N∑
i=1

∆ti =

N∑
i=1

∆di
vi,ave

= T (3.18)

v1 = 0, vN+1 = 0 (3.19)

The speed limit along the route and the maximum traction/braking force limits

in constraint (3.10) are also transformed into their discrete forms (3.20) and (3.21),

respectively.

0 ≤ vi ≤ Vi, ∀i = 1, 2, 3, ..., N (3.20)

− ηbFb∆di ≤ ∆Ei ≤
1

ηt
Ft∆di, −ηbPb∆ti ≤ ∆Ei ≤

1

ηt
Pt∆ti, ∀i = 1, 2, 3, ..., N

(3.21)
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where Vi is the speed limit in each ∆di, Ft and Fb are the maximum traction/braking

force of the motor, respectively, Pt and Pb are the maximum traction/braking power of

the motor, respectively, and ηt and ηb are the motor efficiency in traction and braking

modes, respectively.

The objective and constraints in the continuous form of the basic distance-based

model have been transformed into a model with discrete forms (3.12) - (3.21). The

proposed model will be modified to satisfy different problems integrated with OESD

model in later chapters.

3.4 OESD Charging/Discharging Model

The charging/discharging process of OESD is normally affected by the charging/dis-

charging power and charging/discharging time. The energy released or received by the

OESD from time instant ti to tj can be expressed in (3.22).

E(tj)− E(ti) =

∫ tj

ti

p(t)dt, p(t) ∈ [−Pd, Pc] (3.22)

where E(ti) and E(tj) are the stored energies of OESD at time ti and tj , p(t) is the

charging/discharging power of the OESD at time instant t, and Pd and Pc are the

maximum discharging and charging power of the OESD, respectively. It can be seen

that if E(tj)− E(ti) < 0, OESD discharges from ti to tj ; otherwise, OESD is charged.

Here the state of energy (SOE) is introduced to represent the energy status of OESD

at time t, and it is defined as (3.23).

SOE(t) =
E(t)

Ecap
(3.23)

where SOE(t) is the SOE of the OESD at time t, and Ecap is the capacity of the OESD.

Thus, the energy status of the OESD at time tj can be expressed in (3.24).

SOE(tj) =
E(ti)

Ecap
+

1

Ecap

∫ tj

ti

p(t)dt (3.24)

In this thesis, both the charging/discharging process of the OESD are discretised,

as shown in Figure 3.2. Therefore, (3.22) can be transformed into equation (3.25).

Ej − Ei =

j∑
t=i

pt∆ti, −Pd ≤ pt ≤ Pc (3.25)
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On-Board Energy 

Storage Device

𝑝𝑡∆𝑡𝑖 𝑝𝑡∆𝑡𝑖+1

Charging Discharging

Figure 3.2: The discrete discharging/charging process of OESD

Similarly, the energy status of the OESD in the discrete form can also be obtained as

(3.26)

SOEj =
Ei
Ecap

+
1

Ecap

j∑
t=i

pt∆ti (3.26)

The continuous charging/discharging model of the OESD is transformed into the

discrete form (3.25) and (3.26), respectively.These equations will be integrated with

the discrete energy-efficient train control model in this thesis to solve different type of

problems.

3.5 Linearisation Techniques

When dealing with complex and nonlinear systems or problems, linearisation is often

used to simplify and approximate the system with acceptable accuracy or to model

the conditions selected that cannot be expressed in an analytical form. In this thesis,

linearisation of the discrete train control and OESD charging/discharging model are

conducted by applying and modifying the well-established modelling techniques.
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3.5.1 Either-Or Conditions

Consider two conditions (3.27) and (3.28) in the problem:

J∑
j=1

a1jxj ≤ b1 (3.27)

J∑
j=1

a2jxj ≤ b2 (3.28)

Where at least one of the conditions (3.27) or (3.28) is satisfied

To realise this logical determination in the modelling, a binary variable y, and

sufficiently large upper bounds M1 and M2, which are upper bounds on the activity of

the constraints, are introduced. The bounds are chosen such that they are as tight as

possible, while still guaranteeing that the left-hand side of constraint i is always smaller

than bi +Mi. The constraints can be rewritten as in (3.29) and (3.30).

J∑
j=1

a1jxj ≤ b1 +M1y (3.29)

J∑
j=1

a2jxj ≤ b2 +M2(1− y) (3.30)

When y = 0, constraint (3.29) is imposed, and constraint (3.30) is weakened to the

following:
∑J

j=1 a2jxj ≤ b2 +M2(1− y), which will always be non-binding. Constraint

(3.30) may still be satisfied. When y = 1, the situation is reversed. Thus, in all cases

one of the constraints is imposed, and the other constraint may also hold.

3.5.2 Piecewise Linearisation

Consider a simple example with only one nonlinear term to be approximated. Figure 3.3

shows the curve divided into three pieces that are approximated by straight lines. This

approximation is known as piecewise linearisation. The points where the slope of the

piecewise linear function changes (or its domain ends) are referred to as breakpoints. This

approximation can be mathematically expressed in several ways. Two approximation

methods are used in this thesis: Special Ordered Sets 2 (SOS2) and Logical Model [98].
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Special Ordered Sets 2 (SOS2)

Special Ordered Sets 2 (SOS2) is a set of non-negative variables, in which at most two

variables can be nonzero. In addition, the two variables must be adjacent to each other

in the fixed-order list.

𝑓(𝑥)

𝑥

𝑥1 𝑥2 𝑥4𝑥3

Piecewise linearisation

𝑓(𝑥1)

𝑓(𝑥2)

𝑓(𝑥3)

𝑓(𝑥4)

Figure 3.3: Schematic of use of SOS2 for linearisation

As shown in Figure 3.3, let x1, x2, x3 and x4 denote the four breakpoints along

the x-axis, and let f(x1), f(x2), f(x3) and f(x4) denote the corresponding function

values. Note that any point between two breakpoints is a weighted sum of these two

breakpoints.

Let α1, α2, α3 and α4 denote the four non-negative weights such that their sum is 1.

Then the piecewise linear approximation of f(x) in Figure can be written as (3.31) -

(3.35).

f ′(x) = α1f(x1) + α2f(x2) + α3f(x3) + α4f(x4) (3.31)

α1x1 + α2x2 + α3x3 + α4x4 = x (3.32)

α1 + α2 + α3 + α4 = 1 (3.33)

α1 + α2 − ε1 ≥ 0, α2 + α3 − ε2 ≥ 0, α3 + α4 − ε3 ≥ 0 (3.34)

ε1 + ε2 + ε3 = 1, ε1, ε2, ε3 binary (3.35)
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where ε1, ε2 and ε3 are the binary variables, and (3.34) and (3.35) are imposed to ensure

that that at most two adjacent α’s are greater than zero. The SOS2 constraints for

all separable functions together guarantee that the points (x, f ′(x)) always lie on the

approximating line segments.

Logical Model

A logical model can be used to build the piecewise linear functions. Similarly, as shown

in Figure 3.4, let x1, x2, x3 and x4 denote the four breakpoints along the x-axis, let

f(x1), f(x2), f(x3) and f(x4) denote the corresponding function values, and let k1x+c1,

k2x+ c2 and k3x+ c3 denote the corresponding piecewise linear functions. In contrast

to SOS2, the linear coefficients k1, k2 and k3 and constants c1, c2 and c3 of each line

segment need to be calibrated based on the x and f(x) values.

𝑓(𝑥)

𝑥

𝑥1 𝑥2 𝑥4𝑥3

Piecewise linearisation

𝑓(𝑥1)

𝑓(𝑥2)

𝑓(𝑥3)

𝑓(𝑥4)

(𝑘1, 𝑐1) (𝑘2, 𝑐2)

(𝑘3, 𝑐3)

Figure 3.4: Schematic of the use of a logical model for linearisation

Using binary variables λ1, λ2, and λ3, and auxiliary variables x′1, x′2 and x′3, the

piecewise linear approximation of f(x) in the figure can be written as (3.36) - (3.39).

f ′(x) = k1x
′
1 + c1λ1 + k2x

′
2 + c2λ2 + k3x

′
3 + c3λ3 (3.36)

x′1 + x′2 + x′3 = x (3.37)

λ1x1 ≤ x′1 ≤ λ1x2, λ2x2 ≤ x′2 ≤ λ2x3, λ3x3 ≤ x′3 ≤ λ3x4, (3.38)

λ1 + λ2 + λ3 = 1 (3.39)
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It can be observed that when λ1 = 1, then λ2 = λ3 = 0. x = x′1 in the range of

[x1, x2], and the approximating function is selected as f ′(x) = k1x + c1. The logical

model formulates the selection of piecewise linear functions by adjusting the value of

different λ.

3.5.3 Linearising Products of Variables

This section details a method for linearising the products of variables that are incor-

porated in the modelling [98]. In general, a product of two variables can be replaced

by a new variable, on which a number of constraints are imposed. The extension to

products of more than two variables is straightforward, and because the lineraisation

process of products of more than three variables is not applied in the thesis, this part

mainly demonstrates the basic linearisation techniques based on two variables.

Two Binary Variables

First, we consider the binary variables x1 and x2. Their product, x1x2, can be replaced

by an additional binary variable y. The following constraints (3.40) -(3.42) force y to

take the value of x1x2.

y ≤ x1 (3.40)

y ≤ x2 (3.41)

y ≥ x1 + x2 − 1 (3.42)

Two Continuous Variables

Second, the product of two continuous variables can be converted into a separable form.

Suppose the product x1x2, where x1 ∈ [l1, u1] and x2 ∈ [l2, u2], must be transformed.

Two additional continuous variables y1 and y2 need to be introduced in the modelling,

and the following constraints (3.43) -(3.45) need to be imposed.

y1 =
1

2
(x1 + x2) (3.43)

y2 =
1

2
(x1 − x2) (3.44)

1

2
(l1 + l2) ≤ y1 ≤

1

2
(u1 + u2),

1

2
(l1 − u2) ≤ y2 ≤

1

2
(u1 − l2) (3.45)

In this case, the term x1x2 can be represented by the separable function y2
1 − y2

2,
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which can be approximated by using SOS2 or logical model detailed in the previous

section.

3.6 Mixed Integer Linear Programming

MILP problem has an objective function and constraints that are linear with integer

variables presented [99]. Different from the linear optimization problems, at least some

of the variables in MILP problems are constrained to take on integer values. The general

form of the MILP problem is shown in (3.46).

min c0 +
n∑
i=1

cixi

s.t.

n∑
i=1

Aejxi = bej , ∀j = 1, ..., le

n∑
i=1

Ainej xi ≤ binej , ∀j = 1, ..., line

xi ∈ Z, for some i = 1, ..., n

xi ∈ R, for the remaining i = 1, ..., n, (3.46)

where x1, ..., xn are the decision variables to be optimised. le and line are the numbers

of equality and inequality constraints, respectively. Thus, le+line represents the total

number of constraints. The coefficients, Aej , A
ine
j , le and line, the terms on the right-

hand sides of the constraints, bej and binej and the coefficients, co, ..., cn, in the objective

function are all constants. Because the optimal train driving strategy with OESD for

electrified railway systems is formulated into an MILP problem, the constraints and

objective of the model need to be adjusted according to the specific problem.

3.7 Convex Optimisation

Different from the objective function and constraints that are linear in MILP problem

shown in the previous section, for some complex and real systems, only the nonlinear

relationships (functions) between each variable can be found. One of the nonlinear

functions, the convex function, is well known and studied among various optimisation

methods owing to convex optimisation problems.
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The standard form of a convex optimisation problem is shown in (3.47)

min f0(x)

s.t. fi(x) ≤ 0, ∀i = 1, ...,m

aTi x = bi, ∀i = 1, ..., p (3.47)

where the objective function is f0(x), the inequality constraint f1, · · · , fm must be

convex, and the equality constraint function hi(x) = aTi = bi must be affine.

Convex functions and convex optimisation have many fundamental properties [100],

and three of which are used in this thesis, and listed as follows:

1. A function f(x) is convex if and only if its second-order derivative f ′′(x) ≥ 0 or

its Hessian matrix H ≥ 0 (positive semi-definite) in the domain.

2. If f(x) and g(x) are both convex, then h(x) = f(x) + g(x) is also convex. This

property can be extended to the sum of a limited number of convex functions.

3. For the convex optimisation problem, its local optimal point is also its global

optimal point.

Property 1 can be used to check whether the functions (including the objective

function and constraints) in the optimisation problem are convex. Based on Property

2, the combination of different functions to fit a specific problem with the convexity

remaining can be adopted. For most nonlinear optimisation problems, commercial

solvers can only find the local optimal point but not the global one. However, Property 3

offers the proof that the global optimum can be located, and the nonlinear optimisation

problem belongs to convex optimisation problems.

3.8 Monte-Carlo Simulation

Monte-Carlo simulation, also known as the Monte-Carlo Method or multiple probability

simulation, is a mathematical technique that is used to estimate the possible outcomes

of an uncertain event [101, 102]. Unlike a normal forecasting model, Monte-Carlo

simulation predicts a set of outcomes based on an estimated range of values versus a

set of fixed input values. In other words, a Monte-Carlo Simulation builds a model of

possible results by leveraging a probability distribution, such as a uniform or normal

distribution, for any variable that has inherent uncertainty. Then it recalculates the

results over and over, each time using a different set of random numbers between the
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minimum and maximum values. In a typical Monte-Carlo experiment, this exercise can

be repeated thousands of times to produce a large number of likely outcomes.

Normally, the Monte-Carlo techniques involves three basic steps:

• Set up a predictive model, identifying both the dependent variable to be predicted

and the independent variables (also known as the input, risk or predictor variables)

that will drive the prediction.

• Specify the probability distributions of independent variables. Use historical data

and/or the analyst’s subjective judgement to define a range of likely values and

assign probability weights for each value.

• Run simulations repeatedly to generate random values of the independent variables.

This is done until sufficient results are gathered to make up a representative sample

of the near infinite number of possible combinations.

Input data & 
parameters

Assumed 
distributions

A B C …

…

Take random
sample

஺ܺ ܺ஻ ܺ஼

Obtain model
output

…

ݕ ൌ ሺݕ ஺ܺ, ܺ஻, ܺ஼ ,…) 

Repeat a large 
number of times

ݕ

݂ሺݕሻ

Output 
distribution

Figure 3.5: Schematic of the Monte-Carlo simulation process

Overall, Monte-Carlo methods offer a common statistical model for simulating

physical systems and are especially useful for modelling systems with variable and

uncertain inputs, as shown in Figure 3.5.
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3.9 Summary

In this chapter, the applied modelling, optimisation and simulation methods are in-

troduced. Traditional continuous energy-efficient train control models, discrete train

control model and discrete OESD discharging/charging model are elaborated. Then,

the linearisation techniques, MILP, convex optimisation and Monte-Carlo simulation

are detailed upon.

It should be noted that the suitable application scenarios for time-based and distance-

based model rely on the specific problems to be solved, and in different scenarios they

have their own advantages and disadvantages. Time-based model is normally used in

solving the the train control optimisation problem considering temporal constraints or

variables, for example, the signalling system constraints, running time constraints or

constraints of coordination with other trains etc., which is not easy when using distance-

based model. In contrast, time-based model is difficult to model spatial constraints

or variables, such as gradient constraints, speed limit constraints and the constraints

related to the power supply section etc. whereas distance-based model is applied widely

when these constraints are considered. In this thesis, since more spatial constraints and

conditions are involved, the distance-based discrete model is employed to conduct the

studies.



Chapter 4

Intelligent Train Operation with

OESD in an Inter-Station Section

The main content of this chapter is from the author’s published article in a version

with minor reconfiguration to fit the structure and context of this thesis. The

published article is:

C. Wu, W. Zhang, S. Lu, Z. Tan, F. Xue and J. Yang, ”Train Speed Trajectory

Optimization with On-Board Energy Storage Device,” IEEE Transactions on

Intelligent Transportation Systems, vol. 20, no. 11, pp. 4092-4102, 2019.

4.1 Introduction

In this chapter, an integrated model to optimise the train speed trajectory with OESD is

established by using the MILP with the objective to reduce the net energy consumption

of the system. Based on the model, the influence of the OESD on optimal train operation

is also shown with case studies for comparisons in this chapter.

With the development of the energy storage technologies, increasing number of

OESD have been applied in the modern railway systems [10]. Some studies have been

conducted to manage the OESD system to enhance the efficiency of battery [103–105],

where the recovery rate of regenerative braking energy is increased. Some studies

indicate that OESD has evident effect on reducing energy consumption [106–108].

In addition, Miyatake et al. investigate the optimal control with OESD in several

papers [89, 90, 109, 110]. In these papers, the objective is to minimise the energy

49
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consumed by the substations considering state of charge (SOC) and [89] and [106]

conclude that the introduction of the OESD has insignificant impact on train speed

trajectory. However, the influence of OESD properties (capacity, initial SOE and

degradation) on optimal speed trajectory are not investigated. Meanwhile, the optimal

discharging/charging strategy of OESD operation is not analysed in the existing works,

which weakens the understanding of the energy-saving potential and possible impact of

the OESD on the railway systems.

In this chapter, from the perspective of the energy conversion and the law of

conversion of energy, the train operation and OESD are combined together in a general

mathematical model to achieve the energy-saving system operation. The contributions

of this chapter are listed as follows:

• The optimisation problem on train speed trajectory with OESD is solved by apply-

ing MILP. The train motion, energy conversion and OESD discharging/charging

process are linearised in an integrated mathematical form with objective to min-

imise the net energy consumption of the system.

• The influence of the OESD capacity, initial SOE and degradation on the optimal

train operation are presented based on the proposed model. The insightful

comparisons are given by the case studies with several typical scenarios.

• From a general scenario, the proposed method can bring a more than 11.6%

energy-saving rate when compared with the train without OESD. Showing the

energy-saving potential of the OESD as well as the proposed method.

4.2 Integrated Model for Train with OESD

Notation of variables

v2
i Square of train speed in the position of

∑i−1
1 ∆di [m2/s2]

∆Ei,s Energy from the substation in ∆di [kJ]

∆Ei,dch Energy discharged from the OESD in ∆di [kJ]

∆Ei,ch Energy charged to the OESD in ∆di [kJ]

∆Ei,r Energy transmitted to the resistor from the motor in ∆di [kJ]

λi Binary variables to determine the train operation mode in ∆di

αi,j ∈ [0, 1] SOS2 variable set for linearisation of nonlinear speed-related con-

straints
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(Continued from last page)

βi,j ∈ [0, 1] SOS2 variable set for linearisation of nonlinear speed-related con-

straints

µαi,j Binary variables in SOS2 variable set

µβi,j Binary variables in SOS2 variable set

Assumption

The regenerative braking energy can only be recovered by OESD or

dissipated by resistors but cannot be fed back to the substation or

used by other trains.

4.2.1 Energy Flow among Train, OESD and Substation

From Section 3.3, it can be seen that the proposed discrete train control model is

distance-based, thus the train model and OESD model both need to be modified to fit

in each step of ∆di in the integration process. For the train itself, due to the split of

the energy supply (from both substation and OESD), original ∆Ei needs to be replaced

by different variables in different situations. For the OESD, the discrete time-based

charging/discharging model in Section 3.4 also needs transformation, as shown in Figure

4.1 where the train and OESD operation are both discretised based on distance.

O

M M

O

Energy from substation       Energy from OESD          Energy received by OESD         Energy dissipated by resistor

Distance (m)

S
p
ee

d
 (

m
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)

∆𝑑1 ∆𝑑2 ∆𝑑3 ∆𝑑4 ∆𝑑5 ∆𝑑6 ∆𝑑7 ∆𝑑8

𝑣2
𝑣3

𝑣7

𝑣8

𝑣1

𝑣4 𝑣5
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Figure 4.1: A schematic of the speed trajectory and energy flow of the train with OESD
on a discretised track. The number of ∆di, denoted by N , is 8 thus there are 9 vi in
total. ”O” is the OESD and ”M” is the motor

Here ∆E+
i,m is denoted as the traction energy supplied by motor in distance segment

∆di, and ∆E−i,m is used to represent the energy generated by the motor in braking

mode. When the train conducts traction operation, ∆E+
i,m can be expressed as (4.1),

and the motor consumes both the energy from the traction substation, Ei,s, through
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catenary/third rail with efficiency ηs and the energy from the OESD, Ei,dch, with

efficiency ηo. When the train conducts braking, the regenerative braking energy ∆E−i,m
would be recovered by OESD with efficiency ηo or dissipated by resistor, which can be

expressed by using (4.2)

∆E+
i,m = ∆Ei,s · ηs + ∆Ei,dch · ηo, ∀i = 1, 2, ..., N (4.1)

∆E−i,m =
∆Ei,ch
ηo

+ ∆Ei,r, ∀i = 1, 2, ..., N (4.2)

where the ηs is to specify the total efficiency for the motor with the driving system

and energy transmission from substation to the motor through the grid; similarly, ηo

here is to specify the total efficiency for the motor with the driving system and energy

conversion from the OESD.

For OESD, its SOE can be expressed by using (4.3) based on the proposed model.

0 ≤ SOEi =
Eini −

∑i−1
1 ∆Ei,dch +

∑i−1
1 ∆Ei,ch

Ecap
× 100% ≤ 100%,

∀i = 1, 2, ..., N (4.3)

where Eini is the initial available energy in the OESD when the train departs, and a

[0,100%] range needs to be imposed to ensure a valid SOE in real applications. Ecap is

the capacity of the adopted OESD.

For the train motor, (4.4) and (4.5) are used to ensure the force and power that the

motor supplies in both traction mode and braking mode does not exceed the maximum

traction force Ft and maximum braking force Fb, and maximum traction power Pt and

maximum braking power Pb.

∆E+
i,m ≤ Ft∆di, ∆E−i,m ≤ Fb∆di, ∀i = 1, 2, ..., N (4.4)

∆E+
i,m ≤ Pt∆ti, ∆E−i,m ≤ Pb∆ti, ∀i = 1, 2, ..., N (4.5)

For the OESD, the power for the input and output energy cannot exceed the

maximum charging and discharging power, as shown in (4.6).

∆Ei,dch ≤ Po∆ti, ∆Ei,ch ≤ Po∆ti, ∀i = 1, 2, ..., N (4.6)

According to the law of the conservation of energy, if the train is in traction mode,
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in each ∆di the transformation of the energy can be expressed as in (4.7).

∆E+
i,m −

1

2
(Mt +Mo)(v

2
i+1 − v2

i )−Ri∆di − (Mt +Mo)gθi∆di −∆Ei,r = 0,

∀i = 1, 2, ..., N (4.7)

Similarly, when the train is braking, in each ∆di the transformation of the energy can

be expressed as in (4.8).

−∆E−i,m −
1

2
(Mt +Mo)(v

2
i+1 − v2

i )−Ri∆di − (Mt +Mo)gθi∆di −∆Ei,r = 0,

∀i = 1, 2, ..., N (4.8)

where Mt is the mass of the train and Mo is the mass of OESD, Ri is the drag force, g

is the gravitational constant and θi is the gradient of ∆di.

4.2.2 Selection of Operation Modes of Train and OESD

As shown in Figure 4.2, it can be easily observed that when the train is in traction

mode, ∆E+
i,m ≥ 0, the energy from both the substation and the OESD are used by the

motor and transformed into kinetic energy, heat and potential energy; when the train

conducts braking, −∆E−i,m ≤ 0, the kinetic energy is transformed into heat, potential

energy and energy recovered by the OESD.

OESD

Motor

Catenary/Third rail

OESD

Motor
Track

Traction/Discharging mode Braking/Charging mode

Figure 4.2: Schematic of different operation mode for a typical train with OESD in each
∆di

However, it should be noted that ∆E+
i,m and −∆E−i,m cannot exist at the same time

since the train is unable to conduct traction and braking simultaneously, and the OESD

is unable to be charged or discharge simultaneously as well. This also means that when

there are ∆Ei,s and ∆Ei,dch, there are no ∆Ei,ch and ∆Ei,r existing at the same time,

and vice versa. In this case, the binary variables λi are introduced to determine the

train and OESD operation modes in each ∆di. Thus, (4.7) and (4.8) are formulated as
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the Either-or conditions (see Section 3.5.1), as shown in (4.9)and (4.10).

∆Ei,s ≤ λiL1, ∆Ei,dch ≤ λiL1, ∀i = 1, 2, ..., N (4.9)

∆Ei,ch ≤ (1− λi)L2, ∆Ei,r ≤ (1− λi)L2, ∀i = 1, 2, ..., N (4.10)

where L1 and L2 are two sufficiently large numbers.

It can be seen that when λi is 1, (4.7) is imposed and (4.8) is relaxed, the train is in

traction mode, and the OESD and substation are able to jointly support the train’s

running. In contrast, when λi is 0, (4.8) is imposed and (4.7) is relaxed, the train is

braking, and the OESD can be charged to receive the regenerative braking energy.

4.2.3 Linearisaiton of Nonlinear Speed-Related Constraints

In the model, the square of train speed v2
i are regarded as the variables to be optimised,

this is convenient for establishing the linear relationship between the speed and energy

variables, while leads to the nonlinear relationships as shown in the elapsed time ∆ti

(3.13) and discrete drag force constraint (3.16) due to the nonlinear relationship among

v2
i , vi, v

2
i,ave and 1

vi,ave
. For transferring the nonlinear constraints in (3.13) and (3.16),

the SOS2 method is used (see Section 3.5.2).

𝑣𝑖
2

𝑣𝑖

𝑉1 𝑉2 𝑉𝑗 𝑉𝐽… …

Piecewise linearisation

Figure 4.3: An example to show the piecewise linearisation of the v2
i and vi using SOS2

To linearise these relationships, the speed value range is divided into J sections and

a series of breakpoints are chosen to represent the speed within the range from V1 to
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VJ , as shown in Figure 4.3 which demonstrates the linearisation between v2
i and vi. In

this case, two sets of SOS2 αi and βi are applied, as shown in (4.11) - (4.13).

v2
i =

J1∑
j=1

V 2
j αi,j , v

′
i =

J∑
j=1

Vjαi,j , ∀i = 1, 2, ..., N (4.11)

v
′
i,ave =

v
′
i + v

′
i+1

2
=

J∑
j=1

Vjβi,j , ∀i = 1, 2, ..., N (4.12)

v
′2
i,ave =

J∑
j=1

V 2
j βi,j ,

1

v
′
i,ave

=
J∑
j=1

1

Vj
βi,j , ∀i = 1, 2, ..., N (4.13)

The SOS2 series also need to satisfy (4.14) and (4.15).

J∑
j=1

αi,j = 1,

J∑
j=1

βi,j = 1, ∀i = 1, 2, ..., N (4.14)

0 ≤ αi,j ≤ 1, 0 ≤ βi,j ≤ 1, ∀i = 1, 2, ..., N (4.15)

To ensure that only the adjacent αi,j and βi,j can be nonzero and their sum being

1, additional binary variables µαi,j and µβi,j need to be imposed, as shown in (4.16) to

(4.17).

αi,j + αi,j+1 − µαi,j ≥ 0, βi,j + βi,j+1 − µβi,j ≥ 0, ∀i = 1, 2, ..., N (4.16)

J−1∑
j=1

µαi,j = 1,
J−1∑
j=1

µβi,j = 1, ∀i = 1, 2, ..., N (4.17)

As a result, the nonlinear constraints (3.13) and (3.16) are linearised by replacing

vi,ave, v
2
i,ave and 1/vi,ave with their respective linearly approximated value v′i,avg, v

′2
i,ave

and 1/v′i,ave respectively, and can be rewritten as (4.18) and (4.19).

∆ti =
∆di
v′i,ave

, ∀i = 1, 2, ..., N (4.18)

Ri = R0 +R1v
′
i,ave +R2v

′2
i,ave, ∀i = 1, 2, ..., N (4.19)
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4.2.4 Objective: Net Energy Consumption Minimisation

In the model, it is assumed that the regenerative braking energy cannot be fed back to

the substation. The energy recovered by the OESD can be used in the next journey,

which helps reduce the traction energy consumption. Thus, similar as the existing

continuous model (3.11), the objective function of the integrated model is the difference

of the traction energy consumption and regenerative braking energy recovered by the

OESD, which can also be called as net energy consumption, as shown in (4.20).

min
N∑
i=1

(∆Ei,s + ∆Ei,dch︸ ︷︷ ︸
Traction energy consumption

− ∆Ei,ch)︸ ︷︷ ︸
Energy recovered by the OESD

(4.20)

By solving this model, the optimal solution v2
1, v2

2, v2
3,...,v2

N+1 can be found, and each

vi, namely the optimal speed points, can be obtained easily. By linking them together,

the optimal train speed trajectory shown can be presented. The MILP algorithm

exploits the solution space to find the minimum net energy consumption. For achieving

the objective of minimising the traction energy and maximising the recovered energy,

the model integrates both of the train and OESD’s properties together to optimise the

train operation and the discharging/charging strategy of the OESD.

4.3 Numerical Experiments

In this section, the numerical experiments are conducted to show the effectiveness of the

proposed model in finding the optimal train and OESD operation concurrently. They

are all based on the general cases but not real-world systems in order to present the

generality of the model, in which the capacity, initial SOE, degradation of the OESD

as well as the complex route conditions are introduced to test the robustness of the

model. The experiments also give a comparison of influence of the OESD on optimal

train operation. Noted that the model is solved by using CPLEX 12.8.0 on a PC with

Intel Core i5-6500 processor (3.20 GHz) and 8-GB RAM.

4.3.1 Parameters Set-Up and Performance Test

Parameters Adopted in Experiments

As shown in Table 4.1, the running time is set to be 100 s and initial SOE and capacity

of the OESD are 0% and 8.33 kWh (30 MJ) respectively in the performance test and

without any speed limits and gradients variation. The mass of the OESD needs to be
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obtained, and a supercapacitor is assumed to be adopted thus specific energy, which is

also called energy density, can be known as in the range of 0.72-18 kJ/kg [10]. Therefore,

a specific value e.g. 18 kJ/kg is selected then the mass of the adopted OESD Mo can

be calculated as 8.3× 3600/18/1000 =1.7 t. The mass of the train Mt is assumed to

be 176.3 t, thus the total mass Mt +Mo of the train with OESD is 176.3+1.7=178 t.

Noted that the room for passengers and that for the OESD are separate. In the existing

applications, the OESD can be installed on the roof of the car/under the car, or can

be separated into several packs installed in the places that will not influence passenger

space and riding comfort or reduce the train capacity.

Table 4.1: Parameters adopted in a journey for a typical train with OESD

Mt +Mo Pt Pb aa ad Po D
(t) (kW) (kW) (m/s2) (m/s2) (kW) (m)

178 5000 5000 1.2 1.2 500 1800

ηs ηo Ft Fb R0 R1 R2

(kN) (kN) (kN) ( kN · s/m) (kN · s2/m2)

0.81 0.88 200 200 2.0895 0.0098 0.0065

As for the values of ηs and ηo in Table 4.1, in general, ηo is greater than ηs due to

its absence of line losses and the higher transmission losses of the grid [111] based on

the data from the current research. The energy from substation needs to be transmitted

to the train motor via the catenary/third rail with a transmission efficiency and this

value is normally to be 90% due to a 10% average energy loss [111]. It is known that

the state-of-the-art train motor can reach a 97% high traction efficiency [111] thus

can locate the approximate transmission efficiency of the train motor in the numerical

experiment to be about 90%. Therefore, an approximate value for ηs, 90%×90% = 81%,

can be obtained. For the OESD, the motor can use the energy from it directly with its

traction efficiency but no transmission line loss. Normally the discharging and charging

efficiency of the ESD is relatively high e.g. 90%-100% for supercapacitor [8]. Therefore,

the value for ηo is 90%× 98% = 88%, and it is chosen to be approximately 0.9. Both

values can be modified according to the field data collected from different types of

railway power supply system, different rolling stocks and different types of OESD. The

values for maximum traction/braking power in the performance test and case studies

are set to be same. The same thing to maximum traction/braking force as well as

the maximum allowed acceleration and deceleration. All of these parameters in Table

4.1 can be modified when this model is applied in the train operation optimisation for

real-world systems.
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Model Performance

The model performances are shown in Table 4.2 and Table 4.3. The ∆di can be modified

in the model and the shorter one can bring a more accurate result. In addition, the

total number of the breakpoint J in SOS2 also influences the precision of the results and

larger ones bring more precise results. It can bee seen that from ∆di = 200 m to ∆di =

100 m, the net energy consumption sees a notable decrease because the model becomes

more precise to reflect the actual optimal train operation. From ∆di = 100 m to ∆di =

10 m, net energy consumption has no significant change while the computation time

rises noticeably due to much more variables. Table 4.3 is obtained with ∆di = 100 m in

the test to check the influence of change of J on the precision of net energy consumption.

The net energy consumption sees a significant drop from J = 5 toJ = 10 while from J

= 10 to J = 45 the reduction of the net energy consumption is not significant.

Table 4.2: Performance comparison with different value of ∆di

∆di Problem Size∗ Net Energy Consumption Computation Time
(m) (kWh) (s)

200 788 / 370 / 2124 14.73 0.07
100 1535 / 721 / 4140 13.58 0.15
50 3029 / 1423 / 8172 13.60 0.88
20 7511 / 3529 / 20268 13.46 10.27
10 14981 / 7039 / 40428 13.49 25.94
∗ The number n1 in the notation n1/n2/n3 is the total variables, n2 is
the integer-valued variables, and n3 is the number of constraints.

Table 4.3: Performance comparison with different J when ∆di=100 m

J Net Energy Consumption Computation Time
(kWh) (s)

5 19.25 0.06
10 13.58 0.15
15 13.45 0.20
20 13.16 0.20
45 13.16 0.26

Therefore, the more specific experiments below are all based on ∆di = 100 m and J

= 10 due to a good balance between computational efficiency and model precision. For

real railway systems, both values can be set according to the different track conditions

e.g. gradients or block sections and running constraints e.g. speed limits.
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4.3.2 Optimal Operation with Different OESD Capacities

This section shows the optimal train speed trajectory given by the proposed model

under the varying OESD capacities, where the influence of the OESD capacity on

train operation and speed trajectory are investigated. 3 scenarios are given, where the

capacity of the OESD is set to be 0 (Scenario 1), 5.55 kWh (20 MJ) (Scenario 2) and

8.33 kWh (30 MJ) (Scenario 3) respectively with same specific energy 18 kJ/kg and the

initial SOE of the OESD are 0 for all the scenarios.

As shown in Figure 4.4 and Figure 4.5, the speed trajectories and discharging/charg-

ing operations see substantial differences when OESD’s capacity is different. When the

train runs with the OESD capacity being 0, which means that the train is without the

OESD, there is no regenerative braking energy recovered, and only resistor is available

to receive the energy in braking mode. In this situation, the train operation regimes is

similar as the results brought by the optimal control theory (acceleration with maximum

traction force, coasting and deceleration with maximum braking force [12]) and it has

the longest coasting distance, which is from 300 m to 1600 m among the 3 scenarios, to

reduce energy loss due to absence of regenerative braking energy recovery.

The optimal solution is affected when the OESD is introduced to this optimisation

model. For the train with OESD capacity of 5.55 kWh, the initial speed of the

coasting operation is raised to be slightly higher than that of the train without OESD.

Additionally, the coasting distance is shortened while the braking distance is longer.

Similarly, the speed trajectory for the train with OESD capacity of 8.33 kWh changes

and the highest operation speed of the train is raised again with the much shorter

coasting distance and longer braking distance.

Table 4.4: Results of Scenario 1-3

Scenario Mt +Mo Ecap Coasting Braking Largest Net Energy
(t) (kWh) Distance Distance Speed Consumption

(m) (m) (m/s) (kWh)

1 176.3 0 1300 200 24.0 18.26
2 177.4 5.55 800 700 24.7 13.94
3 178 8.33 400 1000 25.5 13.59

The numerical results can be found in Table 4.4. Based on the outcomes of Scenario

1-3, it implies that when there is no OESD, the optimal solution is the operation with

the longest coasting to reduce energy loss due to braking. If there is an OESD and an

increase in OESD capacity, the optimisation model will choose to shorten the train’s

coasting distance and lengthened its braking distance because the regenerative braking
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Figure 4.4: Optimal train speed trajectories for Scenario 1-3
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Figure 4.5: Optimal discharging and charging curves for Scenario 2-3

energy can be recovered by the OESD to achieve a more energy-saving operation rather

than just depends on the coasting operation. It should be noted that with an increase

of the OESD capacity, raising largest speed of the train will be observed, and the reason

might be that higher speed can result in more recovery of the energy converted from
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kinetic energy to compensate the traction energy supplied by the substation.
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Figure 4.6: Relationship between net energy consumption and OESD capacity

Figure 4.6 illustrates the detailed trend in how the OESD capacity influences the net

energy consumption of the train operation. It is easily observed that with the increase

of OESD capacity, the net energy consumption decreases with a gradually-reduced

changing rate. This implies that when the OESD capacity reaches a certain value,

the net energy consumption also reaches the minimum value that cannot be reduced

anymore. If the capacity of the OESD increases continually, the net energy consumption

even raises slightly due to the increase of the total mass resulted from the heavier OESD.

This clearly indicates that with the given running time and travel distance, the optimal

OESD capacity which brings the minimum net energy consumption is unique. Locating

this value of capacity will help reduce the unnecessary waste of OESD capacity i.e. the

capital cost of railway operators.

4.3.3 Optimal Operation with Different OESD Initial SOE

This section is aimed at exploring more on the impact of the different initial SOE, which

is another important engineering property of the OESD, on the optimal train operation.

Another three scenarios, Scenario 4 (Initial SOE=16.7%), 5 (Initial SOE=66.7%) and

6 (Initial SOE100%), are given with the OESD capacity being 8.33 kWh. When

the initial SOE of OESD is different, the optimal speed trajectory and the OESD

discharging/charging strategy might change for adjusting their own operations to meet

each other’s constraints. In Figure 4.7 and Figure 4.8, for Scenario 4, the train speed

trajectory with low initial SOE does not have notable change compared with Scenario 3

while the OESD is utilised for assisting the traction operation.

The speed trajectory changes noticeably when the initial SOE is higher, see Scenario 5

and Scenario 6 where both train’s traction distances are lengthened significantly. Higher
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Figure 4.7: Optimal train speed trajectories for Scenario 4-6
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Figure 4.8: Optimal discharging and charging curves for Scenario 4-6

initial SOE results in longer traction distance (Figure 4.7) as well as more frequent

discharging process (Figure 4.8). This might result from the different rechargeable
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capability in OESD because for recovering more energy, the OESD needs to discharge

first to make room for charging operation in the later braking operation of the train,

which forces the train to conduct more traction operation.

However, it should be noticed that when introducing OESD with non-zero initial

SOE, higher initial SOE is not always preferred as the net energy consumption could be

raised. From Table 4.5 it is easily noted that the traction distances and initial SOE both

see increase while the net energy consumption see an interesting trend, which firstly

falls and then rises. Excessive initial SOE is observed to reduce OESD’s capability of

recapturing regenerative energy due to a reduction of the rechargeable room during the

braking operation of the train. More details about this trend are illustrated in Figure

4.9. It implies that there is an unique optimal initial SOE value and a corresponding

optimal train speed trajectory which is able to jointly achieve the minimum net energy

consumption in a specific inter-station journey.

Table 4.5: Results of Scenario 4-6

Scenario Initial SOE Traction Distance Net Energy Consumption
(%) (m) (kWh)

4 16.7 300 13.42
5 66.7 600 13.13
6 100 900 13.62
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Figure 4.9: Relationship between net energy consumption and initial SOE

The optimisation results of the Scenario 4-6 tells that with different initial SOE,

both of the train operation and discharging/charging strategy of the OESD are observed

a necessity of trade-off and significant change to adjust themselves as much as possible

for saving energy. The OESD with non-zero SOE has enhanced energy-saving potential

whereas the initial energy in it should not be excessively high, otherwise the advantage
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of the OESD is undermined.

4.3.4 Scenario with Speed Limits and Gradient Constraints

The scenarios above are all under the assumption that the gradient and the speed limits

do not exist. However, when the train runs in different zones of an inter-station section,

it might be constrained by speed limits resulted from the specific safety or operational

requirements. Additionally, normally the gradients would not be zero in the entire

journey. Therefore, introducing speed limits and gradients constraints into the model is

rational and makes the model more adaptable in the practical operation.
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Figure 4.10: Altitude and corresponding gradient force in each segment

In the model, the influence of the height difference between two altitude switching

points can be converted to the change of potential energy of the train caused by gradient

force, which is the (Mt + Mo)gθi∆di, see Figure 4.10. When the slope between two

altitude points is larger, the gradient force thus the potential energy change is larger as

well. Here Scenario 7 with general speed limits and gradients variation is shown.

The optimal train speed trajectory with OESD (SOE=0) under these constraints

can be found by the model, which is plotted in Figure 4.11. Figure 4.12 shows the

corresponding discharging and charging curves for OESD under these conditions. In

Scenario 7, the running time is prolonged from 100 s to 110 s, and there are 5 speed limit

zones with different gradients along with the whole travel distance. In each speed limit

zone, except of the one between 600 m and 1300 m, the train takes cruising operations
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Figure 4.11: Optimal train speed trajectory for Scenario 7
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Figure 4.12: Optimal discharging and charging curve for Scenario 7

or nearly cruising operations for not exceeding the limit values of speed. It is not as

same as the former scenarios that, with these constraints introduced, the OESD is not

only allowed to discharge but also to be charged during the acceleration period because

under both the speed limit and gradient force, the train needs to brake in order to

maintain a constant speed or a slowly-increasing speed to satisfy the constraints of
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Figure 4.13: Optimal train speed trajectory for Scenario 8

running time. Similarly, the OESD is permitted to not only be charged during the

deceleration period since the train need to conduct traction to climb the slope, which is

able to utilise both the energy from catenary/third rail or OESD.

Although the constraints of travel distance, running time, speed limits and gradients

all exert on the train operation, which means that the speed trajectory should not

be easily changed due to smaller search space of solutions, the difference of optimal

operation with and without OESD still exists, see Figure 4.11 and Figure 4.13. Figure

4.13 shows the Scenario 8 which is without the OESD under same speed limits and

gradient constraints. In the speed limit zone from 600 m to 1300 m, the different

operation occurs when compared with the Scenario 7. From 800m to 1300m, the train

in Scenario 7 conducts braking to generate more regenerative braking energy whereas

the train in Scenario 8 conducts coasting from 700 m to 1300 m to reduce energy loss

from braking. Due to the frequent discharging and charging process during the journey

in Scenario 7, a notable reduction rate of the net energy consumption, i.e. 11.6%, is

achieved, as shown in Table 4.6.

4.3.5 A Glimpse of Degradation of the OESD

In real operation, after frequent discharging and charging process for a long period

of use, the OESD would suffer from degradation such as the decreased dishcharge-

able/chargeable capability, decreased discharging/charging power etc., leading to a lower
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Table 4.6: Results of Scenario 7-8

Scenario Ecap Initial SOE Net Energy Consumption
(kWh) (%) (kWh)

7 8.33 0 24.61
8 / / 27.86

discharging/charging efficiency which undermine its energy-saving potential. Thus, it is

an important parameters to be considered in train operation with OESD.

In the proposed MILP model, degradation of the OESD can also be considered from

the perspective of energy conversion. Since the degradation mainly results in the low

efficiency of usage of the OESD, thus, for each time when the OESD is charged or

discharging, both process will have an extra cost which can be expressed by a penalty

Cdeg [112] and [113] as in (4.21).

Cdeg =
Cc
Et
· k (4.21)

where Cc is the OESD’s capital cost in $, Et is the total dischargeable/chargeable energy

per life cycle of the OESD in kJ, and k is a price-to-energy conversion ratio in kJ/$.

Therefore, in each ∆di a new term ∆Ei,deg which represents this extra energy cost

is introduced, and it can be formulated in (4.22).

∆Ei,deg = Cdeg · (∆Ei,dch + ∆Ei,ch) (4.22)

The objective of the model considering OESD degradation is also to achieve the

minimum net energy consumption, thus can be written as (4.23)

min
N∑
i=1

(∆Ei,s + ∆Ei,dch −∆Ei,ch + ∆Ei,deg) (4.23)

Here Scenario 7 are taken as an example to see how the change in the Cdeg influences

the optimal discharging/chraging strategy of OESD. In Scenario 7, degradation of the

OESD is not considered thus its Cdeg is 0. When its Cdeg is changed to be 0.5 (Scenario

7’), it is found that the optimal speed trajectory and the optimal discharging/charging

strategy are both influenced by the degradation of OESD, see Figure 4.14 (The force,

speed limits and gradients are removed in the figure for a clear demonstration) and

Figure 4.15. From 600 m to 900 m, the optimal speed trajectory of Scenario 7’ is lower

than that of Scenario 7 while from 900 m to 1200 m the trend is inverse. The OESD
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Figure 4.14: Comparison of the optimal speed trajectories with different Cdeg
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Figure 4.15: Comparison of the optimal discharging/charging strategies of OESD with
different Cdeg

discharging and charging frequencies are reduced to be 0 times and 5 times respectively,

and the discharging/charging behaviour is avoided to some extend, as shown in Figure

4.15, to reduce energy loss due to degradation.
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The change of OESD optimal discharging/charging strategy also implies the reason

for the change of the optimal speed trajectory. In Scenario 7, the discharging behaviour

of OESD from 600 m to 700 m assists the train’s traction operation and raises the

average speed of the distance from 600 m to 900 m, resulting in a higher speed trajectory.

The charging frequency in Scenario 7 is more than that in Scenario 7’ between 800 m to

1300 m, which leads to more braking operations and reduces the average speed in this

zone, yielding a lower speed trajectory.
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Figure 4.16: Relationship between discharging/charging frequency and degradation

Furthermore, the sensitivity of the OESD discharging/charging strategy with respect

to degradation can be explored by replacing different value of Cdeg in the optimisation

process. The result is shown in Figure 4.16, and it indicates that with the increase

of degradation rate, both of discharging and charging frequencies decrease whereas

discharging frequency drops with a faster pace than charging frequency, showing that

the discharging process is more sensitive. With Cdeg increased to 0.126, the discharging

frequency decreases to 0 times as discharging energy from OESD has no advantages over

getting energy from the substation. This is because for a given energy consumption

∆Ek, its corresponding energy provided by the substation will be ∆Ek/ηs =1.25∆Ek

while the energy provided by the OESD will be ∆Ek/ηo · (1 +Cdeg) = 1.2511∆Ek, which

is higher than the one directly obtained from the substation.

Energy-Saving potential of the OESD lies more on the charging process, especially

when the OESD is not necessary to discharge itself to create rechargeable capacity. As

a result, reducing discharging frequency is preferred rather than reducing charging one

as the energy can still be recovered through charging process to achieve the optimal

energy-saving operation although with some extra cost caused by degradation. A trade-

off between discharging and charging process should be achieved when rechargeable

capacity needs to be increased through discharging. Therefore, it can be concluded

that when the OESD suffers degradation, the train operation will not be the optimal
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energy-saving one if the initial solution is still followed. Both the train operation and

discharging/charging strategy of the OESD need adjustments to make the most of the

degraded device.

4.4 Summary

This chapter aims at obtaining the optimal train operation with OESD to achieve a

minimisation of the net energy consumption by employing the MILP. Compared with

previous literature [89] and [106], the results demonstrated in this chapter, however,

show that the train speed trajectory and OESD can be linearised in an integrated

optimisation model, which also indicates that both of the OESD and train operation

would influence each other significantly.

In this chapter, different OESD capacity and initial SOE as well as degradation are

considered in the proposed model. The constraints of different capacity and initial SOE

of OESD lead to corresponding adjustments of the traction distance, coasting distance

and braking distance, which brings a notable change in optimal train speed trajectory

and a significant decrease of net energy consumption. In addition, the net energy

consumption is reduced by 11.6% when introducing OESD with on-route constraints

to model the real-world scenario. All in all, the research results present that after

introducing the OESD, both of the train and the OESD need to do trade-offs during

the running in order to further reduce energy consumption, and the OESD is also found

to be with a substantial energy-saving potential when integrated in the optimisation of

train operation.

Based on the proposed MILP model, degradation of the OESD is also studied,

and the results of which show that the occurrence of degradation changes both the

original optimal train operation and discharging/charging strategy of the OESD. Both

discharging and charging frequencies are reduced while it gives priority to reducing

discharging ones.



Chapter 5

Intelligent Train Operation with

OESD in a Service Cycle

The main content of this chapter is from the author’s published articles in a

version with minor reconfiguration to fit the structure and context of this thesis.

The published articles are:

C. Wu, S. Lu, F. Xue, L. Jiang, and J. Yang, ”Optimization of Speed Profile

and Energy Interaction at Stations for a Train Vehicle with On-board Energy

Storage Device,” in 2018 IEEE Intelligent Vehicles Symposium (IV), 2018, pp.

1-6.

C. Wu, S. Lu, F. Xue, L. Jiang, M. Chen and J. Yang, ”A Two-Step Method for

Energy-Efficient Train Operation, Timetabling, and On-Board Energy Storage

Device Management,” IEEE Transactions on Transportation Electrification, vol.

7, no. 3, pp. 1822-1833, 2021.

5.1 Introduction

This chapter mainly discusses the optimisation problem on the train operation with

OESD in service cycles containing multiple inter-station sections. Different from Chapter

4, in this chapter, the scope of the research is expanded from single inter-station section

to an increasing number of inter-station sections, which gives the opportunities of further

applications of the OESD in railway systems.

71
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Fig. 1. Illustration of the expected optimized timetable, train operation and OESD management 
with a 4-station simple case by using the proposed method. The speed and SOE profiles at the 
bottom indicate that the OESD is closely interacting with the train speed profiles and timetable. 
OESD supports the traction and receives the regenerative energy for each inter-station journey 
and it takes an active charging and discharging control on the SOE when the train dwells at each
station.

Figure 5.1: Illustration of the expected optimised timetable, train operation and OESD
management with a 4-station simple case. The speed trajectory and SOE profiles at the
bottom indicate that the OESD is closely interacting with the train speed trajectories
and timetable. OESD supports the traction and receives the regenerative energy for
each inter-station journey and it takes an active charging and discharging control on
the SOE when the train dwells at each station

In Chapter 4, the optimal train speed trajectory and OESD discharging/charging

strategy in two adjacent stations are obtained based on the proposed MILP model.

However, OESD not only should be utilised when the train runs in the inter-station

section but also should be used freely when the train dwells at the station as long

as the reduction of net energy consumption can be achieved. Therefore, this chapter

aims to concurrently find the the optimal train speed trajectory, timetable and dis-

charging/charging strategy of the OESD during running in inter-station sections as

well as dwelling at intermediate stations, the expected results of which is shown in

Figure 5.1. The proposed methods are based on MILP by extending the proposed

single-inter-station model in Chapter 4 and convex optimisation, in which the OESD is

given the freedom to interact with power system when the train dwells at the station

and the OESD can charge or discharge according to different demand for achieving an

energy-efficient operation of the whole system. The main contributions of this chapter
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are listed as follows:

• The MILP model proposed in Chapter 4 dealing with the optimisation problem

of the train operation with OESD in single inter-station section is extended into

multi-station scenario, where the OESD is given the freedom to discharge/be

charged when the train is dwelling. The results shows that the proper adjustment

of the energy status of OESD will reduce the net energy consumption of the whole

journey.

• The drawbacks of the extended MILP method is then found, and a two-step

method based on convex optimisation is proposed combined with the MILP model

in Chapter 4. The two-step method can concurrently find the optimal train speed

trajectory, the train timetable discharging/charging strategy of the OESD during

the running and at each station for a entire service cycle with large number of

inter-station sections with fast computing speed.

5.2 Optimising Multi-Station Operation with MILP

Notation of variables

v2
i Square of train speed in the position of

∑i−1
1 ∆di [m2/s2]

∆Ei,s Energy from the substation in ∆di [kJ]

∆Ei,dch Energy discharged from the OESD in ∆di [kJ]

∆Ei,ch Energy charged to the OESD in ∆di [kJ]

∆Ei,r Energy transmitted to the resistor from the motor in ∆di [kJ]

∆Es,dch Energy discharged from the OESD at sth station [kJ]

∆Es,ch Energy charged to the OESD at sth station [kJ]

λi Binary variables to determine the train operation mode in ∆di

εs Binary variables to determine the OESD operation mode at sth station

αi,j ∈ [0, 1] SOS2 variable set for linearisation of nonlinear speed-related con-

straints

βi,j ∈ [0, 1] SOS2 variable set for linearisation of nonlinear speed-related con-

straints

µαi,j Binary variables used in SOS2 variable set

µβi,j Binary variables used in SOS2 variable set

Assumption
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(Continued from last page)

The regenerative braking energy can only be recovered by OESD or

dissipated by resistors but cannot be fed back to the substation or

used by other trains during the running.

5.2.1 OESD Discharging/Charging Process at Stations

OESD

Motor

Reversible catenary/third rail

OESD

Motor
Track

Traction/Discharging mode Braking/Charging mode

OESD

Motor

Reversible catenary/third rail

OESD

Motor

Discharging mode Charging mode

During the Running

During the Dwelling

Station/

Platform

Figure 5.2: Schematic of the energy flow for a typical train with OESD considering
reversible catenary/third rail

Here the catenary/third rail is enabled to receive the regenerative braking energy.

When the train dwells at the station, the dwell time is given for passengers to board

and alight. During the dwelling, the OESD is given the time to interact with reversible

catenary/third rail, namely discharges to catenary/third rail or being charged from

catenary/third rail, as shown in Figure 5.2. The discharging/charging process of the

OESD cannot exist simultaneously, thus the discharging and charged energy of the

OESD at sth station can be shown as (5.1) and (5.2).

∆Es,dch ≤ εnL, ∀s = 1, 2, ..., S (5.1)

∆Es,ch ≤ (1− εn)L, ∀s = 1, 2, ..., S (5.2)

where εs is the binary variables to help select the OESD operation at sth station, S

is the total number of the stations, and L is a sufficient large number, the modelling
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method is based on the formulation of Either-Or conditions (see Section 3.5.1). When

εs=1, discharging process is enabled, otherwise, charging process is enabled.

At the station, the charging/discharging time cannot exceed the dwell time at sth

station, Ts,d, thus the (5.3) should be imposed to limit the maximum discharging energy

and maximum charged energy of OESD during the dwelling.

∆Es,ch
ηs,ch

≤ PoTs,d, ∆Es,dch · ηs,dch ≤ PoTs,d, ∀s = 1, 2, ..., S (5.3)

where ηs,ch and ηs,dch is the charging efficiency and discharging efficiency of the OESD

at nth station.

Different from the proposed method in Chapter 4, the running time constraint here

is extended to be limited by the total running time for the train to run from 1th station

to Sth station, with the given dwell time at each station, the constraint can be written

as (5.4)
N∑
i=1

∆ti +
S∑
s=1

Ts,d = Tt, ∀i = 1, 2, ..., N, ∀s = 1, 2, ..., S (5.4)

The net energy consumption caused by the discharging/charging process of the

OESD at each station is the transmission loss, and they are easily obtained as ∆Es,ch ·
(1− ηs,ch)/ηs,ch for charging process and ∆Es,dch · (1− ηs,dch) for discharging process.

As a result, the objective of the model considering operation with multiple stations can

be formulated as (5.5)

min

N∑
i=1

(∆Ei,s + ∆Ei,dch −∆Ei,ch)︸ ︷︷ ︸
Inter-Station net energy consumption

+

S∑
s=1

((1− ηs,dch)∆Es,dch +
1− ηs,ch
ηs,ch

∆Es,ch)︸ ︷︷ ︸
At-Station Net energy consumption

(5.5)

The model minimises the net energy consumption of traction, maximises the re-

covered regenerative braking energy, and minimises the extra energy consumption of

charging/discharging process of at station, resulting in a minimisation on the net energy

consumption of the whole journey from 1th station to the Sth station. In addition, the

running time of each inter-station section are also optimised with the constraint of the

total running time from 1th station to the Sth station.
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Inter-Station section 1 
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Motor

Reversible catenary/third rail

Inter-Station section 2

Figure 5.3: Track condition for a three-station route

5.2.2 Simple Test on A 3-Station Route

In this test, the parameters are set according to Table 4.1 in Section 4.3 with the value

for both newly added parameters ηs,dch and ηs,ch being 0.9. The track condition of the

journey is shown in Figure 5.3 and the simple service cycle for the train is assumed to

cover three stations and two inter-station sections with no gradient variation. D1 is 1800

m and D2 is 2200 m, and the whole track length is 4000 m. T1 and T2 is the journey

time for inter-station section 1 and section 2 respectively. Thus, journey time from the

initial station to terminal station is
∑N

i=1 ∆ti = T1 + T2,d + T2 = 210 s with T2,d given

as 30 s for the 2th station. The capacity of the OESD is 8.33 kWh, initial SOE when

the train departs at the 1st station is set to be 0, and the charging/discharging power

of it at each station is fixed to be the maximum value 500 kW.

For a clear demonstration on how the discharging/charging process of OESD at

stations changes the optimal train speed trajectory, running time allocation and dis-

charging/charging strategy of the OESD to reduce the net energy consumption of the

whole journey, two scenarios are given as follows:

• Scenario 1: Discharging/Charging process of OESD at stations are allowed.

• Scenario 2: Discharging/Charging process of OESD at stations are not allowed

(∆Es,dch and ∆Es.ch are both fixed to be 0).

The results of two scenarios are shown in Figure 5.4 and Figure 5.5, where red

lines are for scenario 1 and blue lines are for scenario 2. The optimal running time

allocation is T1=82.5 s and T2=97.5 s with the sum being 180 s, which guarantees the

total running time of this service cycle. Since the discharging/charging process of OESD

at each station is allowed, as long as this process contributes to the reduction of net

energy consumption of the whole journey, the specific discharging/charging process will

be given and observed. For instance, in scenario 1 when the train stops at the station,

there is a gap between the final SOE of OESD for the operation of inter-station section
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Figure 5.4: Optimal train speed trajectory for the two scenarios
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Figure 5.5: Optimal discharging/charging strategy of OESD for the two scenarios

1 and the initial SOE of OESD for the operation of inter-station section 2. It means

that the OESD is charged to raise its SOE from 62.4% to 80.3%. The time consumed

on charging process at 2th station is 10.7 s, which is less than the given dwell time

T2,d and the net energy consumption of this journey is 53.51 kWh. The net energy

consumption of scenario 2 is 56.63 kWh, which is 0.2% higher than that of scenario

1, showing that adjusting properly the SOE of OESD at station is able to reduce net
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energy consumption of the service cycle, though with an extra energy loss when OESD

is charged at station. The optimal he train speed trajectory of 2 scenarios are obtained

and it sees changes with different behaviours of OESD at stations. It can be seen that

when OESD is charged at station, the braking distance of the train is shortened in the

first inter-station section while its traction distance in the second inter-station section

is lengthened.

5.2.3 Soaring Problem Size and Sub-Optimum

It can be found that though the model extended based on MILP is able to deal with

the optimal train operation with OESD in a service cycle by adjusting the train speed

trajectory, running time allocation and discharging/charging strategy of the OESD, the

limitations of it are also evident, which are summarised as follows:
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Figure 5.6: Problem size (number of variables and constraints) of different number of
inter-station section involved with different ∆di

• The first limitation is the size of the MILP problem when dealing with the multi-

station operation. With the increasing number of the inter-station sections, the

variables to be optimised and the constraints imposed will also increase significantly.

Here 10 inter-station sections with track length being 2000 m are used as example,

and the results are plotted in Figure 5.6. It is observed that the problem size

increases when ∆di becomes smaller, as well as when more inter-section sections

are involved. Due to the soaring problem size, the computation time of the

model grows exponentially, or the problem directly becomes unsolvable due to the

memory overflow, which can be seen in Figure 5.7. This leads to the extremely



Chapter 5. Intelligent Train Operation with OESD in a Service Cycle 79

0

10

20

30

40

50

60

1 2 3 4 5 6 7 8 9 10

C
om

pu
ta

ti
on

 t
im

e 
(s

)

Number of inter-station section

Figure 5.7: Computation time of different number of inter-station section when different
∆di =100 m

limited number of inter-station operations to be optimised, which is not practical

in the real applications with the increasing number of larger railway networks

with dozens or hundreds of stations.

• The second limitation is the sub-optimum brought by the proposed method. It

can be seen from the simple test in above Section 5.2.2, the initial energy status of

the OESD is still a parameters given before optimisation process. This still leaves

a question that when dealing with the multi-station operation, if the freedom of

discharging/charging process are given at each station, what is the optimal initial

energy status for OESD when the train departs at each station? A more intelligent

model should tell the railway operator the best way to operate the OESD at each

station, even at the initial departure station.

Due to limitations of only applying MILP in solving the optimisation problem for

the train operation with OESD in service cycles, it is concluded that a more efficient

way is needed and essential.

5.3 Minimum Net Energy Consumption Approximation

and Modelling

5.3.1 Approximating Function Formulation

Here a special case is used to show the key deduction of the proposed approach by

applying the MILP model in Chapter 4 in single inter-station scenario. In the case the

parameters follow the Table 4.1, where the track length is 3000 m, train mass is 178 t,



80 Chaoxian Wu

OESD capacity and mass is 8.33 kWh (30 MJ) and 1.6 t, maximum traction/braking

force and power is 200 kN and 5000 kW, maximum acceleration/deceleration is 1.2 m/s2

and running time window is from 110 s to 210 s. The results are shown in Figure 5.8

and Figure 5.9. Noted that initial SOE of the OESD is shortened as the ISOE hereafter.
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Fig. 2. The minimum net energy consumption based on different running time in a specific inter-
station section. The trend line shows minimum net energy consumption are all monotonically 
decreasing under different given ISOE.

Fig. 3. The variation of minimum net energy consumption based on different ISOE in a specific 
inter-station section. The trend line shows that these variations drop first then rise for different 
given running time.

Figure 5.8: The minimum net energy consumption based on different running time in a
specific inter-station section. The trend line shows minimum net energy consumption
are all monotonically decreasing under different given ISOE

When the running time increases, the minimum traction energy consumption of the

train drops, which has been commonly recognised in the field of study [7, 70]. In the

research outcome based on the model proposed in Chapter 4, it is also found that even

with the OESD, the minimum net energy consumption will be reduced significantly

when the running time in a specific inter-station section increases. The minimum net

energy consumption is denoted as Emin and Figure 5.8 demonstrates the change of it

resulted from different running time under specific ISOE of the OESD. As a result, the

relationship between Emini , which is the minimum net energy consumption for specific

inter-station section i, and running time T can be firstly approximated to be in inverse

proportion with some modifications as function fi in (5.6), thus it has:

Emini ≈ fi(T ) = P1,i +
P2,i

T + P3,i
(5.6)

where P1,i, P2,i and P3,i are the constant for specific inter-station section i.

In a specific inter-station operation, the variation of minimum net energy con-

sumption ∆Emin with respect to different given ISOE under certain running time is

investigated. From Figure 5.9 it is found that when ISOE changes from 0% to 100%,

the ∆Emin is always negative and decreases first then rises again, the same results can

be found in Figure 4.9 in Section 4.3.3. This is also found in the simulation of the

operation of the train equipped with on-board batteries [91]. For all the running time
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Figure 5.9: The variation of minimum net energy consumption based on different ISOE
in a specific inter-station section. The trend line shows that these variations drop first
then rise for different given running time

assigned in this specific inter-station operation, this trend remains similar though with

slight discrepancies. As a result, the trend is approximated by a quadratic function, as

the red dash line in Figure 5.9. Therefore, the relationship between the ∆Emini , which

is the variation of minimum net energy consumption for a specific inter-station section

i, and ISOE of OESD under different running time satisfies the following function gi in

(5.7):

∆Emini ≈ gi(ISOE) = P4,i × ISOE + P5,i × ISOE2 (5.7)

where P5,i is the constant parameters for linear term and quadratic term respectively for

a standard quadratic function form in specific inter-station section i. The approximating

function has no parameter of zero order because when ISOE = 0, ∆Emini is normally 0.
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Fig. 4. An illustration of data points generated and the proposed approximating function zi(T, ISOE) 
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Figure 5.8 and Figure 5.9 are two projected planes from the direction of x-axis

being the running time T and y-axis being the ISOE of OESD for specific inter-station

operation, and the data group (Emin, T , ISOE) in general situation with the running

time window (T , T ) is shown in Figure 5.10. To find the approximating function

zi(T, ISOE) to fit the data group, (5.6) and (5.7) are summed up directly to do the

reformulation of the function, as shown in (5.8).

zi = P1,i +
P2,i

T + P3,i
+ P4,i × ISOE + P5,i × ISOE2 (5.8)

where P1,i, P2,i, P3,i, P4,i and P5,i need to be calibrated in data fitting process using

the results of specific inter-station section i.

The reason for forming (5.8) is that the Emini for one specific running time T while

ISOE=0 is regarded as the basis, when the value of ISOE is changed, it is easy to observe

that the corresponding negative ∆Emini can be simply added to Emini , showing that the

sum of fi(T ) and gi(ISOE) can approximate the minimum net energy consumption.

5.3.2 Verification of the Proposed Approximation

Fig. 5. The performance of the proposed approximating function when given different OESD 
capacity and different track length. The minimum value of R2 is observed to be 0.995.
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Figure 5.11: The performance of the proposed approximating function when given
different OESD capacity and different track length. The minimum value of R2 is
observed to be 0.995

Since only a specific inter-station section and fixed OESD properties are used to

show the deduction of the approximating function (5.8), verification of the proposed

approximation function is needed. For doing this, 9 different distances of inter-station

journey from 1000 m to 5000 m with an increment step of 500 m and different OESD

capacity from 1 MJ to 35 MJ with an increment step of 5 MJ as two components are
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selected. Different running time windows are also given to different track length.

By employing the MILP model in Section 4 based on the above different inter-station

information and energy storage information, the performance of the approximating

function can be obtained followed by the data fitting process. Figure 5.11 shows the

coefficient of determination R2 of the verification with the minimum value of 0.995 and

maximum value of 0.999. It means that though it is with some minor fluctuation of

R2, using function (5.8) to approximate the relationship among minimum net energy

consumption, running time and ISOE of OESD is reasonable, feasible and with a

satisfactory modeling precision.

5.3.3 Convexity Proof of the Proposed Approximation

In the above sections, it has been demonstrated that by using data fitting, the approxi-

mating function zi can be built up. In this section, a proof of convexity of zi will be

conducted by using basic mathematical theory. The proof of convexity will directly lead

to the global optimum of the results to be achieved by convex programming.

The Hessian matrix or Hessian is a square matrix of second-order partial derivatives

of a scalar-valued function, or scalar field. It describes the local curvature of a function of

many variables. The Hessian matrix is often used to determine the convexity of the given

functions, which is presented in Section 3.7. A function f(x) is strictly convex if or only if

its Hessian matrix H is positive definite for all of the x in the domain, see Section 3.7. The

Hessian matrix of the approximating function z = z(x, y) = P1 + P2
x+P3

+P4×y+P5×y2

is shown as below:

Hz =

[
2P2

(x+P3)3
0

0 2P5

]
The Hessian matrix is positive definite if and only if its n leading principal minors

are greater than 0, which means that the components in the matrix need to satisfy the

three conditions shown in (5.9).

2P2

(x+ P3)3
> 0

2P5 > 0

2P2

(x+ P3)3
× 2P5 − 0 > 0

(5.9)

From the property of the inversely proportional function in relationship between

Emini and T , it can be deduced that the parameter P2 is positive. The reason for this is
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Fig. 6. The property of relationship between running time and minimum energy consumption 
extracted by the generated data. The generate data can only form the curve in first quadrant but 
not the curve in third quadrant.

Figure 5.12: The property of relationship between running time and minimum energy
consumption extracted by the generated data. The generate data can only form the
curve in first quadrant but not the curve in third quadrant

because the inversely proportional function is a strictly monotone decreasing function,

the first-order derivative of it should greater then 0:

∵
∂z

∂x
= − P2

(x+ P3)2
< 0

∴ P2 > 0

In addition, another important property of the inversely proportional function is

that it contains a pair of centrosymmetric curves, as the blue curves shown in Figure

5.12. If Y = y−P1 and X = x+P3, under the realistic train operation, the fitting curve

representing the relationship between running time and minimum energy consumption

can only form the right-sided curve located in the first quadrant but not the left-sided

curve located in the third quadrant (Figure 5.12), thus it has:

∵ X > 0, Y > 0

∴ x+ P3 > 0, y − P1 > 0

∴ (x+ P3)3 > 0

On the other hand, it is easily known that P5 is always greater than 0 because the

∆Emini sees a decrease trend first then rises again (Figure 5.9), which means that this

parameter for the quadratic function is positive. As a result, Hz is positive definite,

which means the proposed approximating function zi is strictly convex. In addition, one

of a very important properties of convex function is that if z1, z2, ... zn are all convex,

the sum of them
∑n

i=1 zi is convex as well, and the convexity of the function also tells
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that this function has global minimum point (see Section 3.7).

5.4 A Two-Step Approach combining MILP and Convex

Optimisation

Notation of variables

Ti The running time of inter-station section i [s]

ISOEi The initial SOE of the OESD for the train’s journey of inter-station

section i

Assumptions

1. The regenerative braking energy can only be recovered by OESD

or dissipated by resistors but cannot be fed back to the substation or

used by other trains during the running.

2. The energy losses caused by the discharging/charging process of

the OESD at stations are ignored.

5.4.1 Step 1: Preprocessing Step

The proposed approach consists of two steps, one is the preprocessing step (Step 1) and

the other is the solving step (Step 2), as shown in Figure 5.13. Step 1 is the bottom level

which generates, collects the data and builds the approximating functions to describe

the relationships between the minimum net energy consumption, running time and

ISOE of OESD. Since each inter-station section has its own route conditions e.g. speed

limits or gradient information which usually stay fixed once the construction and rolling

stock is finished and confirmed. By inputting different journey time T from the lower

boundary T to the upper boundary T with a preset step length e.g. 5 s and different

ISOE from 0 to 100% with a preset step length e.g. 10% in the MILP model proposed

in Chapter 4 repeatedly, the minimum net energy consumption data group (Emink , Tk,

ISOEk) for specific inter-station section i can be generated and collected. After having

the data group for each inter-station operation, the data fitting can be applied by using

the proposed approximating function form shown in (5.8). The data fitting process is

repeated until this work for all of the inter-station sections are finished then all of the

approximating functions zi are obtained.
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Step 1: Approximating functions obtainment

Step 2: Problem solving 

Figure 5.13: The schematic of the proposed two-step method. In Step 1, the approxi-
mating functions zi of all the studied inter-station operations are obtained. In Step 2,
convex optimisation problem is established and solved to obtain the optimal running
time allocation and ISOE of each inter-station journey (T ∗i , ISOE

∗
i )

5.4.2 Step 2: Solving Step

After the procedure in Step 1, when the approximating functions zi for all of the inter-

station sections of the studied railway line are obtained, procedure of Step 2 is conducted.

In Step 2, allocation of the running time for each inter-station operation and management

of the ISOE of OESD of each inter-station operation with relevant constraints arising

from the operation of OESD and the train can be conducted. The total operation

time from the initial station to the terminal station needs to be determined to ensure

sufficient service capacity in real operations, and assuming that there are totally N

inter-station sections thus the constraint of which is added as (5.10)

N∑
i=1

Ti = Tt, ∀i = 1, 2, 3, ..., N (5.10)

where n is the total number of the inter-station section of the whole journey, Ti is the

running time for inter-station section i and Tt is the total running time for the whole

journey. Additionally, the running time for each inter-station operation needs to be in a

preset running time window, thus the constraint (5.11) is added as below.

Ti ≤ Ti ≤ Ti, ∀i = 1, 2, 3, ..., N (5.11)
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where Ti and Ti are the lower and upper boundaries of the running time window for ith

inter-station run. Due to the capacity limit of the OESD, for each inter-station journey,

the constraints (5.12) need to be satisfied.

0 ≤ ISOEi ≤ 100%, ∀i = 1, 2, 3, ..., N (5.12)

where ISOEi is the ISOE for inter-station operation i.

The target is to find out the optimal train speed profile, timetable and ISOE for

each inter-station operation with minimised total net energy consumption of all the

inter-station operations, Thus the optimisation problem is formulated as shown in (5.13):

min

N∑
i=1

zi

s.t. (5.10)− (5.12). (5.13)

Since both the objective function and constraints are all convex, a constrained convex

optimisation problem will be formulated based on the outcomes of Step 1.

After optimisation in Step 2, a set of optimal (T ∗i , ISOE∗i ) can be obtained and

allocated. Then (T ∗i , ISOE∗i ) can be substituted in the MILP model in Chapter 4 to

obtain the detailed optimal train speed profile and optimal discharge/charge strategy

for OESD of each inter-station section i.

5.5 Numerical Experiments

In this section, the proposed approach is firstly conducted on the general case to show

the effectiveness and flexibility of the method. After the general case study, the method

is applied on a real-world metro line: Beijing Yizhaung Line to show the robustness

of the proposed model as well as to provide a detailed illustration on how to allocate

the running time and manage the OESD well for energy reduction in a real-world case.

Noted that the case studies are conducted by using Matlab R2018b and CPLEX 12.8.0

solver on a PC with Intel Core i5-6500 processor (3.20 GHz) and 8.00 GB RAM.

5.5.1 General Case Studies

The general case studies are to present the effectiveness of the proposed method

on dealing with the optimisation problem under various conditions. The maximum

traction/braking force and power of the train vehicle used in general case studies are
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Figure 5.14: The optimal train speed trajectories, discharging/charging management
and timetable for a general single inter-station operation
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Figure 5.15: The optimal train speed trajectories discharging/charging management
and timetable for a general 3-station route with different total running time Tt (The
sudden change of the SOE at the station represents the adjustment of SOE at each
station)

set to be 200 kN and 5000 kW with the OESD capacity being 8.33 kWh (30 MJ). The

track is set to be flat without slope and speed limits.
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Figure 5.16: The optimal train speed trajectories, discharging/charging management
and timetable for a general 3-station route with different OESD capacity (The sudden
change of the SOE at the station represents the adjustment of SOE at each station)

Firstly, scenarios with different ISOE of the OESD, which are 30%, 80% and 100%,

for a general inter-station operation, are conducted and compared, as shown in Figure

5.14. The running time for this case is 105 s and the track length is 1800 m. The

black solid line is the optimal train speed trajectory obtained by using the proposed

approach. It is easily observed that train speed trajectories and discharging/charging

strategies of OESD are notably different due to the influence of the ISOE of OESD. The

OESD should be charged to reach the optimal ISOE which is 57.0% before the train

departs. When the train accelerates, the OESD is used to assist this motion, followed

by slight acceleration motion until the OESD is fully utilised then the train starts to

coast. The OESD is charged to be 100% when the train finishes the trip. As for the

scenarios with respective ISOE, the train operations see different strategies, e.g. longest

acceleration distance for case with ISOE=100% and longest braking distance for case

with ISOE=30%. The discrepancies of the running time can also be observed when

ISOE is different.

Normally different railway line has different operational requirement on timetable.

In this case, here a general 3-station route with the total running time Tt set to be

250 s and 300 s respectively is investigated to understand how the model deal with

different operational constraints. The results have been shown in Figure 5.15, and the

optimal speed trajectories and the optimal ISOE for both journeys of both scenarios are



90 Chaoxian Wu

significantly different due to the change of Tt from the initial station to the terminal

station. For instance, at the intermediate station, for scenario with Tt = 250 s the

OESD needs to be discharged to decrease its SOE by 38.3% to reach the optimal ISOE

for the next inter-station journey, which is 62.7%. For the scenario with Tt = 300 s the

optimal solution is to charge the OESD and raises its SOE by 4.3% to reach the ISOE

of 80.9%. The results indicate that different Tt brings different optimal strategies of

both train operation and OESD management when the OESD is allowed to adjust its

SOE during dwelling.

Different OESD specs will also lead to different optimal solutions, and the scenarios

on the a general 3-station route with different capacities of OESD being 2.78 kWh (10

MJ) and 8.33 kWh (30 MJ) respectively are given to show this influence. The total

running time Tt is fixed to be 300 s and the results are shown in Figure 5.16. It can be

found that the optimal running time allocation, train operation and OESD operation are

changed due to the influence of different OESD capacity. For the train equipped with

OESD whose capacity is 2.78 kWh, the optimal ISOE of both inter-station operations

are all 100% and at the end of the journey the OESD is fully charged by the regenerative

energy. As a result, the OESD does not need to discharge or be charged at station 2.

In summary, the general case studies above show that the mutual influences among

train operation, timetabling and OESD discharge/charge management exist. Addi-

tionally, it can also be told that the proposed method can deal with the systems with

different parameters and specs, which shows the effectiveness and robustness of the

approach.

5.5.2 Real-World Case: Beijing Yizhuang Line

Songjiazhuang (SJ)

Xiaocun (XC)
Xiaohongmen (XH)

Jiugong (JG)
Yizhuangqiao (YZQ)

Yizhuang.Culture Park (WH)
Wanyuanjie (WY)

Rongjingdongjie (RJ)

Rongchangdong jie (RC)

Tongjinan (TJ)

Jinghailu (JH)

Ci qu South (CQN)

Ci qu (CQ)

Yizhuang Railway
Station (YZ)

Figure 5.17: The route map of Beijing Yizhuang Line
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Table 5.1: The operational information of Yizhuang Line

Start End Track Running time Practical running
station station length (m) windows (s) time (s)

TI TI upline downline

SJ XC 2631 160 220 188 190
XC XH 1274 82 138 106 103
XH JG 2366 82 177 156 153
JG YZQ 1983 117 152 133 133

YZQ WH 992 68 120 84 84
WH WY 1539 97 123 112 112
WY RJ 1280 80 133 95 98
RJ RC 1354 83 134 101 102
RC TJ 2337 150 185 161 158
TJ JH 2265 138 171 147 147
JH CQN 2086 142 179 137 139

CQN CQ 1287 80 132 98 98
CQ YZ 1334 84 135 102 103

SUM 22728 1620 1620

Yizhuang Line has 14 stations, 1 depot and the total length of line is more than 22

km, see Table 5.1. For each inter-station section, the running time windows are different

according to corresponding track length, system capacity and passenger demand, and

the practical total running time for each direction, i.e. upline and downline, is 1620 s

(27 minutes) respectively. The gradient change, speed limits, traction/braking force

and train drag force are all are shown in Figure 5.18. Train mass is 194.3 t, maximum

acceleration/deceleration rate is 1.2 m/s2, OESD capacity is 11.1 kWh with a mass of

2.2 t and the maximum discharging/charging power being 500 kW. With the provided

information above, the preprocessing in Step 1 will be conducted for all inter-station

sections. It should be noticed that due to the different direction of movement of the

train, the optimal train operation of each inter-station section on upline and downline

will change due to different speed limits and gradients. This requires the preprocessing

work to extend to 26 inter-station operations for both directions. Table 5.2 tabulates the

results of the preprocessing work at Step 1 and the performances of the approximation

for each inter-station operation of both direction are considered satisfactory with the

minimum R2 being 0.998 for inter-station operation YZQ-WH and WH-YZQ, which

also shows the robustness of the proposed approximation in dealing with the real-world

problem.

The optimal running time allocation for the whole line and the optimal ISOE of
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Figure 5.18: The route and traction/braking conditions of Yizhuang Line

OESD for each inter-station operation are listed in Table 5.3. It is easily observed that

the optimal running time allocation yielded by the proposed approach has significant

discrepancies when compared to the practical running time, and the offsets are also

given in the parenthesis. The comparison between the optimal timetable and practical

one are presented in Figure 5.19, showing that though the total running time for

upline and downline is the same, the running time allocation is different. Similarly,

the optimal ISOE for the same inter-station section is also different for upline and

downline operation. After obtaining optimal solution of running time and ISOE for

each inter-station operation, they can be used as input of MILP model in Chapter 4

to yield the optimal train speed trajectories, optimal discharging/charging curves of

OESD as well as the minimum net energy consumption from the initial station to the

terminal station.

The total CPU time for obtaining the optimal solution is the sum of the time

consumed on finding optimal (T ∗i , ISOE∗i ) for each direction and the time consumed on

finding the optimal speed profile for each inter-station operation based on the resulted

(T ∗i , ISOE∗i ). The CPU time is 0.08+38.78 =38.86s for upline and 0.10+48.28=48.38 s

for downline, which shows the high computational efficiency of the proposed approach.

This is resulted from the proposed approach where solving step can significantly enhance

computational efficiency with much fewer decision variables and much less complex

modelling using the data from the preprocessing step. For instance, for each running

direction the optimisation problem of this real-world case only consists of 26 variables

(13 Ti and 13 ISOEi) to be optimised in the objective function, 1 equality constraint
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Table 5.2: The results of Step 1 for upline and downline of Yizhuang Line

Inter-Station section P1 P2 P3 P4 P5(×10−4) R2

SJ-XC 15.90 1470.42 -129.76 -0.06 2.15 0.999
XC-XH 4.33 613.92 -68.81 -0.05 3.85 0.999
XH-JG 4.97 2327.42 -94.88 -0.06 3.36 0.999

JG-YZQ 4.00 1747.21 -84.35 -0.06 4.01 0.999
YZQ-WH 0.37 548.51 -55.51 -0.04 3.48 0.998
WH-WY -0.31 1283.22 -70.31 -0.06 4.12 0.999
WY-RJ 1.40 807.40 -64.97 -0.05 3.91 0.999
RJ-RC 1.88 869.05 -67.62 -0.05 3.97 0.999
RC-TJ 0.54 3208.89 -81.39 -0.06 3.31 0.999
TJ-JH 3.23 2552.20 -87.06 -0.06 3.44 0.999

JH-CQN 8.33 1710.89 -90.62 -0.06 3.64 0.999
CQN-CQ 1.22 826.23 -64.91 -0.05 3.92 0.999
CQ-YZ 1.32 879.97 -66.58 -0.05 3.95 0.999

YZ-CQ 0.95 891.92 -66.45 -0.05 3.92 0.999
CQ-CQN 1.27 824.89 -65.01 -0.05 3.91 0.999
CQN-JH 8.65 1658.26 -90.77 -0.06 3.69 0.999
JH-TJ 3.69 2174.83 -91.88 -0.06 3.48 0.999
TJ-RC 7.08 2139.44 -97.89 -0.06 3.17 0.999
RC-RJ 2.03 854.84 -67.89 -0.05 3.94 0.999
RJ-WY 1.41 804.72 -65.06 -0.05 3.88 0.999
WY-WH -0.33 1286.04 -70.34 -0.06 4.13 0.999
WH-YZQ 0.21 558.43 -55.22 -0.04 3.43 0.998
YZQ-JG 3.72 1770.66 -84.09 -0.06 4.00 0.999
JG-XH 6.16 2181.99 -97.49 -0.06 3.31 0.999
XH-XC 4.18 612.30 -68.80 -0.05 3.83 0.999
XC-SJ 12.15 2064.00 -115.74 -0.06 2.72 0.999

ensuring the fixed total running time 1620 s and the lower/upper bounds of the variables

guaranteeing their effective range, leading to a fast computing speed.

Figure 5.20 shows the optimal train speed trajectories and optimal discharging/charg-

ing strategy of OESD for upline and the Figure 5.21 shows the both optimal curves for

downline, referring to the black solid line in the figure. The net energy consumption of

each station and both directions are tabulated in Table 5.3. At each station, OESD

needs to adjust its SOE, which has been shown as the gap of the SOE at each station in

Figure 5.20 and Figure 5.21. The value for the gap is the difference between the terminal

SOE of the last inter-station journey and the optimal ISOE of the next inter-station

journey.

For showing the effectiveness of the proposed approach, three scenarios: ”Fully
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Table 5.3: The optimisation results for upline and downline of Yizhuang Line

Inter-Station section T ∗ (s) ISOE∗ (%) E∗ (kWh)

SJ-XC 176 (-12) 79.5 12.10 (+1.801, +0.672, -1.183)
XC-XH 99 (-7) 71.4 6.57 (+1.361, +1.282, -0.873)
XH-JG 151 (-5) 81.3 11.95 (+0.891, +0.562, -2.073)

JG-YZQ 140 (+7) 79.8 9.17 (-1.161, -1.232, -4.023)
YZQ-WH 85 (+1) 65.4 4.53 (-0.371, -0.312, -4.023)
WH-WY 120 (+8) 75.0 6.21 (-1.461, -1.442, -3.963)
WY-RJ 99 (+4) 70.5 6.51 (-1.111, -0.992, -3.283)
RJ-RC 104 (+3) 71.7 6.65 (-0.771, -0.692, -3.043)
RC-TJ 160 (-1) 81.5 10.57 (+0.131, +0.132, -2.703)
TJ-JH 143 (-4) 81.4 12.73 (+0.951, +0.892, -1.103)

JH-CQN 143 (+6) 81.4 10.63 (-0.991, -1.082, -3.813)
CQN-CQ 100 (+2) 70.6 6.46 (-0.451, -0.382, -2.663)
CQ-YZ 101 (-1) 72.0 6.99 (+0.161, +0.212, -2.093)

SUM 1620 (0) 111.35 (-1.001, -2.422, -64.083)

YZ-CQ 104 (+1) 77.9 6.21 (-0.241, -0.712, -2.583)
CQ-CQN 100 (+2) 76.3 6.29 (-0.621, -0.552, -2.863)
CQN-JH 143 (+4) 88.7 10.50 (-0.591, -0.622, -3.423)
JH-TJ 150 (+3) 88.7 11.19 (-0.511, -0.692, -3.533)
TJ-RC 155 (-3) 89.2 11.32 (+0.421, +0.282, -2.483)
RC-RJ 104 (+2) 77.4 6.70 (-0.431, -0.382, -2.753)
RJ-WY 100 (+2) 76.1 6.21 (-0.571, -0.512, -2.803)
WY-WH 115 (+3) 81.4 7.29 (-0.651, -0.642, -3.173)
WH-YZQ 84 (0) 70.4 4.71 (-0.171, -0.112, -2.243)
YZQ-JG 137 (+4) 86.7 9.69 (-0.631, -0.632, -3.493)
JG-XH 155 (+2) 89.0 11.34 (-0.321, -0.332, -3.453)
XH-XC 100 (-3) 76.3 6.20 (+0.641, +0.642, -1.733)
XC-SJ 172 (-18) 88.5 12.42 (+2.351, +1.952, -0.453)

SUM 1620 (0) 110.17 (-1.321, -2.312, -34.953)
1 The difference between optimal strategy and fully charged strategy
2 The difference between optimal strategy and no management strategy
3 The difference between optimal strategy and situation without OESD

Charged”, ”No Management” and ”No OESD”, are selected to make comparison with

the proposed optimal strategy based on this real-world metro line, the explanations of

three scenarios are as follows:

• ”Fully Charged” is to represent that the OESD is fully charged before the train

departs from each station;

• ”No Management” is to denote that OESD is empty at the first station and no
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Figure 5.19: The comparison between the resulted optimal timetable and practical
timetable of Beijing Yizhuang line for one service cycle from 5:20 am
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Figure 5.20: The optimal speed trajectories and discharging/charging management for
upline operation (gap of the SOE represents the adjustment of SOE at each station)

discharging/charging behaviour are allowed when train dwells at station, thus the

terminal SOE of the OESD is the ISOE of the next inter-station operation;

• ”No OESD” is to denote the scenario that there is no OESD installed on the train.
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Figure 5.21: The optimal speed trajectories and discharging/charging management for
downline operation (gap of the SOE represents the adjustment of SOE at each station)

Both scenarios involving OESD have been studied in previous research [114] and [93]

and show good energy-saving performance. ”Fully charged”, ”No Management” and

”No OESD” scenarios are all conducted following the practical running time, the results

of which are shown in Figure 5.20 and Figure 5.21, referring to the gray, brown and

blue lines.. It is worth mentioning that for the ”No OESD” scenario, the regenerative

energy is not completely wasted but assumed to be utilised by the accelerating trains

around, and the average recovering efficiency is set to be 30% according to the existing

literature [7].

The speed trajectories and discharging/charging behaviours of these three scenarios

and the optimal solution are significantly different. One thing should be noticed is

that the optimal running time for WH-YZQ of the downline remains the same with

the practical running time while the net energy consumption of the proposed optimal

strategy is still lower than that of ”Fully Charged” and ”No Management” scenario,

which shows the effectiveness of the proposed approach on OESD management to help

reduce the energy consumption. Though for some inter-station operation, the proposed

optimal strategy raises the net energy consumption, the total net energy consumption

of each direction is minimised further, as shown in Table 5.3. For the upline the net

energy consumption is reduced by 1.00 kWh, 2.42 kWh and 64.08 kWh, which is 0.89%,
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Figure 5.22: The optimal SOE adjustment value for OESD at each station, where the
positive values mean that the OESD needs to charge the corresponding SOE when
dwelling and negative values mean that the OESD needs to discharge the corresponding
SOE

2.12% and 23.43%, and for the downline it is reduced by 1.32 kWh, 2.31 kWh and

34.95 kWh, which is 1.18%, 2.06% and 24.10% , compared to the ”Fully charged”, ”No

Management” and ”No OESD” situations respectively. Therefore, for a service cycle of

a single train, the net energy consumption can be saved by 1.04%, 2.09% and 23.77%.

It can be seen that the energy consumption of the ”No OESD” scenario is the highest

among the optimal solution and other two scenarios, which implies that the installation

of OESD has the most significant impact on the energy-saving effect. Also, by managing

the ISOE and OESD power properly, the energy consumption can be reduced further

by a relatively small but still effective value.

Figure 5.22 shows the adjustment value for the OESD at each station and it should

be noticed that for upline and downline though at the same station it sees different

management strategy i.e. charge by 4.0% SOE for upline operation and discharge by

4.3% for downline operation at RC, and different adjustment value i.e. charge by 34.5%

SOE for upline operation and charge by 24.3% SOE for donwline operation at TJ.

Additionally, it can be noticed that when each train begins the first service cycle from

SJ the OESD needs to be charged to 79.5% of capacity assuming that the OESD is

empty before the journey starts. Nevertheless, for the later service cycles, the OESD

just needs to keep SOE to be 19.8% because the OESD has been charged by regenerative

energy from the downline operation. Therefore, there are two special stations, SJ and

YZ at both ends of the line, at which the OESD only has unique strategy regardless of

the running directions.



98 Chaoxian Wu

Fig. 17. The average mass of the passengers for all of the inter-station sections during ”off-peak 
hour” and ”peak hour”.
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Figure 5.23: The average mass of the passengers for all of the inter-station sections
during ”off-peak hour” and ”peak hour”

5.5.3 Considering Dynamic Passenger Demand

It can be observed that in real-world operations the passenger demand of the metro

system is time-variant, which will lead to the different optimal solution for different time

in one day. In the above case, only the optimal solution for off-peak time of Yizhuang

Line from 5:20 am is investigated, for showing the flexibility and robustness of the

proposed method, in this section the case with consideration of dynamic passenger

demand is conducted.

It has been found that though the passenger demand of the metro system is time-

variant in one day, its daily pattern is similar for each day, thus the real-world metro

operation of one day will be divided into ”peak-hour” and ”off-peak hour” operations.

As shown in Figure 5.23, the average mass of passenger for Yizhuang Line with respect

to all of the inter-station sections are investigated [45], the data of which will be used in

Step 1 of our proposed method to generate the approximations of energy consumption.

As an example, Figure 5.24 illustrates the change of the approximation in different

period for SJ-XC inter-station operation. It can be found that consideration of the

passenger demand will not influence the proposed modelling and solving procedure, and

the only difference for the approximation of ”peak hour” and ”off-peak hour” lies on

increment of the minimum net energy consumption resulted from the varied total mass

of the train with in-vehicle passengers.
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Fig. 18. An SJ-SC example for showing the change of the approximation of minimum net energy 
consumption when considering the different passenger demand.
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Figure 5.24: An SJ-XC example for showing the change of the approximation of minimum
net energy consumption when considering the different passenger demand

0 500 1000 1500 2000 2500 3000 3500
Time (s)

SJ

XC
XH

JG

YZQ
WH
WY
RJ
RC

TJ

JH

CQN
CQ
YZ

Off-peak hour timetable
Peak hour timetable

Figure 5.25: The optimal timetable for both ”off-peak hour” and ”peak hour” operations
and the corresponding comparison for upline and downline

The optimal solution of the train timetable of the upline and downline, speed

trajectories for each inter-station operation and OESD discharging/charging strategies

during each inter-station journey/at each station are obtained for both ”peak hour” and
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Figure 5.26: The optimal train speed trajectories and OESD discharging/charging
management for both ”off-peak hour” and ”peak hour” operations and the corresponding
comparison for upline

”off-peak hour” operations. Due to the difference of the passenger demand, the optimal

solutions see difference in both period. The comparison between optimal timetable of

each inter-station for ”off-peak hour” and ”peak hour” are presented in Figure 5.25,

which shows that the proposed method reallocates the running time considering the

impact of the passenger demand. Correspondingly, the optimal train speed trajectories

for both directions and OESD discharging/charging strategies change as well when

comparing both operation period, as illustrated in Figure 5.26 and 5.27.

The case shows the robustness of the proposed method when dealing with the

dynamic passenger demand of the railway system, and the modelling and solving process

of two steps guarantee the efficient and effective obtainment of the optimal solutions.

5.6 Summary

By extending the proposed model in Chapter 4, the optimal operation of the train with

OESD for a service cycle is firstly studied in this chapter. From the perspective of

energy interaction among train, substation and OESD, the energy-efficient management

on energy stored in OESD and the optimal train speed trajectory can be integrated in
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Figure 5.27: The optimal train speed trajectories and OESD discharging/charging
management for both ”off-peak hour” and ”peak hour” operations and the corresponding
comparison for downline

the optimisation process. A simple three-station route is used to test the method, and

the results show that the method can concurrently optimise the train speed trajectory,

timetable and OESD discharging/charging strategy during the running and at the

stations.

However, the extended MILP method is found to be with serious limitations due to

the soaring number of the variables and constraints when dealing with large number of

inter-station operations, which implies that the new method needs to be adopted if the

intelligent energy management of both the train and OESD are achieved in real-world

railway systems with large number of stations.

Therefore, a two-step approach combining both of the MILP and convex optimisation

to concurrently optimise the train speed, timetable and energy management strategy of

the OESD to minimise the net energy consumption of the whole system is proposed.

The drawbacks of the MILP are overcome by applying this new method, which is able

to effectively address the up-rising challenging but also important issues when OESDs

are deployed in the large-scale railway system operations. The real-world case, Beijing

Yizhuang line, is adopted in case study by using the two-step approach, and the resulted

optimal train operation, timetable and energy management strategy of OESD is found
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to reduce the net energy consumption by 1.04%, 2.09% and 23.77% of a service cycle for

a single train when compared to ”Fully Charged”, ”No Management” and ”No OESD”

scenario respectively. The proposed approach is also computationally efficient since the

CPU time for obtaining the optimal solution for multiple inter-station sections of the

entire metro line is less than 1 min, namely 38.86 s for the upline and 48.38 s for the

downline.



Chapter 6

Intelligent Train Operation with

OESD in a Network

The main content of this chapter is from the author’s submitted article in a

version with minor reconfiguration to fit the structure and context of this thesis.

The submitted article is:

C. Wu, S. Lu, Z. Tian, F. Xue and L. Jiang ”Energy-Efficient Train Opera-

tion with Onboard Energy Storage Device considering Stochastic Regenerative

Braking Energy,” under review.

6.1 Introduction

This chapter aims to continuously extend the scope of the thesis, from the optimisation

of operation in single inter-station section (Chapter 4), optimisation of operation in a

service cycle (Chapter 5), to the optimisation of operation in the network (this chapter).

In this chapter, the train operation with OESD is studied with the power network and

train network involved.

It can be seen that some researchers have explored the area to optimise the train speed

trajectory considering OESD and some have studied the utilisation of the regenerative

braking energy by adjusting train timetable or operation mode. However, in the existing

research the regenerative braking energy that cannot be recovered by the OESDs are

assumed to be dissipated by the resistors as heat, as shown in Figure 6.1. Additionally,

the regenerative braking energy utilisation is normally achieved by adjusting only the

103
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Figure 6.1: The schematic of the energy split for the train operation with OESD in the
existing works

timetable or the train speed trajectory while the OESDs, as an efficient mean to absorb

the regenerative braking energy, are not involved in these works. In this case, it can be

found that these assumptions undermine the energy-saving potential of the OESD as

well as the regenerative braking energy utilisation for the train with OESD, showing that

the intelligent energy management of the train with OESD considering the utilisation

of regenerative braking energy needs to be further explored.
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Figure 6.2: Relationship between various running time and the corresponding regenera-
tive braking power in one inter-station operation

On the other hand, in real applications, uncertainties exist all the time, especially

the stochastic train network with number of trains running at the same time across

different power supply sections. One of the uncertainties is train’s running time at each

inter-station section, and the fluctuations of the train running time always occurs in the

daily operations [117–120], as shown in Figure 6.2, which influences the regenerative
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Figure 6.3: A schematic illustration of two power supply sections where the power is
supplied from different traction substations. Most of power interaction is assumed to
occur within one section, e.g. the regenerative braking energy generated in power supply
section 1 can only be used by the trains running within the same section, i.e. Train 1,
Train 2 and Train 3, but not by the trains running in other supply sections, i.e. Train 4
and Train 5 in power supply section 2 [57,115,116]

braking power in the environment of the power network. The uncertainty of the running

time brings the stochastic characteristic on both the value and distribution of the

regenerative braking energy in each power supply section (see Figure 6.3) along a period

of time then the whole railway power network, which also leads to difficult applications

of the solution given by the traditional timetable and trajectory optimisation methods

based on deterministic parameters arising from static environment. Thus it can be seen

that the stochastic characteristic of the system is not discussed yet by other relevant

research in the field.

Given the above discussions, this chapter is mainly to tackle both of the problems

related to the OESD’s further applications in electrified railway systems as well as the

utilisation of the stochastic regenerative braking energy in the environment. In this

chapter, an agent-environment interface model as shown in Figure 6.4 is proposed to

describe the relationship between the train and the network. Monte-Carlo simulation as

the ”perception” method is firstly applied to generate the expected regenerative braking

power that cannot be absorbed by the OESDs from the viewpoint of long-term operation.

This expectation is regarded as the environment to be perceived by each single train

running in the network, as shown in Figure 6.4. Then based on the simulation results,

an integrated MILP model is proposed to optimise the train trajectory with OESD to

minimise the net energy consumption by taking into consideration of the stochastic

regenerative braking energy in the railway power network. In summary, the main

contributions are highlighted as follows:
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Figure 6.4: An agent-environment model between the train and railway power network.
The train is the intelligent ”agent” to perceive the environment using Monte-Carlo
simulation to obtain the information of stochastic regenerative braking power and take
optimal action to minimise the long-term expected energy cost via actuation such as
ATO systems to offer an impact to the environment

• Different from most of the previous train operation optimisation methods de-

pending on the deterministic information of power supply and precise control

of multiple trains at the same time, including the proposed model in Chapter

4 and Chapter 5 in this thesis, this chapter adopts a agent-environment model

and achieves the optimal solutions for each single-train operation in the network

considering the environment information of other trains to realise a long-term

expectation optimisation of the total energy cost.

• A new method is proposed to find the optimal train trajectory with OESD consid-

ering utilisation of regenerative braking energy, where the optimal catenary/third

rail power, OESD power and utilised regenerative braking power is obtained to

minimise the net energy consumption and maximise the expected utilisation of

the available regenerative braking energy.

6.2 Trains with OESD in Stochastic Environment

Notation of variables

v2
i Square of train speed in the position of

∑i−1
1 ∆di [m2/s2]

∆Ei,s Energy from the substation in ∆di [kJ]

∆Ei,dch Energy discharged from the OESD in ∆di [kJ]
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(Continued from last page)

∆Ei,ch Energy charged to the OESD from motor in ∆di [kJ]

∆Ei,r Energy transmitted to the resistor from the motor in ∆di [kJ]

∆Ei,reg,o Energy transmitted to environment from the motor in ∆di [kJ]

∆Ẽi,reg Expected energy from the environment to the motor in ∆di [kJ]

∆Ẽi,ch,reg Expected energy from the environment to the OESD in ∆di [kJ]

λi,1, λi,2, λi,3 Binary variables to determine the train operation mode in ∆di

t′i,x Auxiliary variables to build the linear relationship of the expected

regenerative braking power and time instant in ∆di from tx to tx+1

αx Binary variables to build the linear relationship of the expected regen-

erative braking power and time instant in ∆di from tx to tx+1

αi,j ∈ [0, 1] SOS2 variable set for linearisation of nonlinear speed-related con-

straints

βi,j ∈ [0, 1] SOS2 variable set for linearisation of nonlinear speed-related con-

straints

µαi,j Binary variables in SOS2 variable set

µβi,j Binary variables in SOS2 variable set

yi,1, yi,2 Auxiliary variables used in linearisation of the product of power and

time in ∆di

αyi,j ∈ [0, 1] SOS2 variables used in linearisation of the product of power and time

in ∆di

βyi,j ∈ [0, 1] SOS2 variables used in linearisation of the product of power and time

in ∆di

σαi,j Binary variables in SOS2 variable set

σβi,j Binary variables in SOS2 variable set

Assumptions

1. Running time variation follows a certain distribution based on the

real data.

2. Dwell time at each station follows the scheduled timetable without

fluctuation.

3. Energy interaction among trains can only happen when they are in

the same power supply section.

4. The expected available regenerative braking power is from all the

trains in the network who are conducting the optimal speed trajectory

with OESD.
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In this section, the detailed procedure to optimise the train speed trajectory with OESD

considering the stochastic regenerative braking power of the railway network is given.

The Monte-Carlo simulation (see Section 3.8) is used to obtain the expected regenerative

braking power distribution, the MILP model integrating the energy transmission among

each resource and main objective of the proposed approach are elaborated.

6.2.1 Stochastic Time-Variant Regenerative Braking Power

Scenario Simulation of the Stochastic Running Time

For obtaining the expected regenerative braking energy distribution in the environment,

the stochastic running time scenarios need to be found firstly. The detailed procedure

has been shown as the flowchart in Figure 6.5. The running time for the certain

run w of inter-station section s in one specific day q is denoted as Tw,s,q. Based on

the data collected from the industry, running time between two adjacent stations are

stochastic due to the unexpected influence of the status of passengers, operators or rolling

stocks. In many papers related to the performance of the train timetable, most of the

theoretical distribution models, such as Normal, Exponential, Weibull, and Log-normal

distributions, have been used to fit statistical models to train running times [118–120].

In this case, the running time variation of each inter-station section s is assumed to

follow specific distribution based on the performance analysis of the field running time

data. In addition, it is assumed that there are totally S inter-station sections, WS

journeys for each inter-station s and Q days in the simulation of the studied railway

network.

After the running time of all inter-station sections for Q days are obtained, the

running time matrix for each day T q can be constructed. Here the T q with exact same

elements are marked as a specific scenario γ with corresponding number of occurrence

day q′γ . The total number of the scenario is denoted as Γ, then scenario T γ from 1 to

Γ can be obtained. In this case, the probability πγ of each specific scenario γ can be

calculated by q′γ over the total number of days Q, as presented in Figure 6.5.

Obtain the Expected Regenerative Braking Power

In the above running time simulation by using Monte-Carlo simulation, all scenario

T γ and the their corresponding probability πγ from 1 to Γ have been obtained. Then

the T γ can be assigned to form the simulated timetable following the base timetable of

the studied railway system, as shown in Figure 6.6-(a). Note that in the research the

departure headway for the first train of initial station and the dwell time at each station
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Calculate the probability      of each scenario Tγas follows:
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Figure 6.5: The flowchart of the Monte-Carlo simulation by sampling the running
time for all of the inter-station operations and conducting the statistics analysis of the
generated scenarios
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Figure 6.6: The procedure to obtain the expected time-variant regenerative braking power distribution of the railway system:
(a) Simulate the timetable of each scenario using T γ following the base timetable of the studied system; (b) Simulate the
power distribution of each scenario of the studied system; (c) Calculation of the time-variant net power values of all scenarios
for all power supply sections; (d) Time-variant available regenerative barking power distribution of all scenarios for all power
supply sections; (e) Calculation of the expected value based on all scenarios for all power supply sections; (f) Expected
time-variant available regenerative braking power distribution for all power supply sections
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are assumed to remain unchanged as the scheduled base value. After the simulated

timetable of all scenarios are made, the power distribution of each scenario can be

produced by using the model proposed in Chapter 4 based on each T γ , as illustrated

in Figure 6.6-(b). The model proposed in Chapter 4 is able to obtain the traction

power outstripping the OESD discharging power and the regenerative braking power

outstripping the OESD charging power. Here the regenerative braking energy is positive

and the traction power is negative. Assuming ρ is used to index each power supply

section in the studied railway system, as shown in Figure 6.6-(c), the time-variant net

power distribution can be obtained by summing all of the negative and positive power

on same time instant in same power supply section since some released regenerative

braking energy would be used instantly by the train in traction mode. By eliminating

the negative part of the net power distribution, the rest of the regenerative braking

power forms the time-variant available regenerative braking power distribution Preg,γ,ρ

in the environment for each scenario in each power supply section, as presented in

Figure 6.6-(d). As shown in Figure 6.6-(e), the next step is to calculate the expected

value by multiplying the power distribution of each scenario with its corresponding

probability πγ , then the expected available regenerative braking power for each power

supply section P̃reg,ρ can be gained, as presented in Figure 6.6-(f).

6.2.2 Energy Transmission in Stochastic Environment

During the journey, the train can consume the energy from the substation ∆Ei,s, the

energy discharged by the OESD ∆Ei,dch and the expected regenerative braking energy

from other trains ∆Ẽi,reg when the train is in traction mode. Here the work of the train

motor, denoted as ∆E+
i,m, can be expressed in (6.1).

∆E+
i,m = ∆Ei,sηs + ∆Ei,dchηo + ∆Ẽi,regηr, ∀i = 1, 2, 3, ..., N (6.1)

where ηs, ηo and ηr is the energy transmission and conversion efficiency for the corre-

sponding energy supply source.

When the train is braking, the motor is in braking mode and part of the energy can

be delivered to the OESD, which is denoted as ∆Ei,ch here. Some of the energy will be

transmitted to other trains through catenary/third rail, denoted as ∆Ei,reg,o, and the

rest of the energy will be dissipated by resistor, denoted as ∆Ei,r. Thus, during the
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braking mode, the work of the train motor, denoted as ∆E−i,m, is represented in (6.2).

∆E−i,m = −
∆Ei,ch
ηo

−∆Ei,reg,o −∆Ei,r, ∀i = 1, 2, 3, ..., N (6.2)

According to the law of conservation of the energy, the conversion of the energy can

be expressed in (6.3).

∆E+
i,m −∆E−i,m −

1

2
(Mt +Mo)(v

2
i+1 − v2

i )−Ri∆di − (Mt +Mo)gθi∆di −∆Ei,r = 0,

∀i = 1, 2, ..., N

(6.3)

Since the OESD is able to receive the regenerative braking energy from the environ-

ment all the time, variables ∆Ẽi,ch,reg is used to represent the expected regenerative

braking energy charged to the OESD from other trains. Additionally, the train cannot

conduct traction and braking at the same time, the traction energy in (6.1) and regen-

erative energy in (6.2) of the train cannot exist simultaneously in one ∆di. Similarly,

OESD cannot discharge or be charged at the same time but the OESD can receive the

regenerative braking energy in the environment whenever the train is running on the

track, just as shown in Figure 6.3. In this case, the binary variables λi,1, λi,2, λi,3 and a

large number L need to be imposed into the model to determine the train and OESD

operation mode in each ∆di, as shown in (6.4) - (6.8).

0 ≤ ∆Ei,s ≤ λi,1L, 0 ≤ ∆Ẽi,reg ≤ λi,1L, ∀i = 1, 2, 3, ..., N (6.4)

0 ≤ ∆Ei,ch ≤ (1− λi,1)L, ∀i = 1, 2, 3, ..., N (6.5)

0 ≤ ∆Ẽi,ch,reg ≤ (1− λi,2)L, ∀i = 1, 2, 3, ..., N (6.6)

0 ≤ ∆Ei,dch ≤ λi,3L, ∀i = 1, 2, 3, ..., N (6.7)

λi,3 ≤ λi,1, λi,3 ≤ λi,2, λi,3 ≥ λi,1 + λi,2 − 1, ∀i = 1, 2, 3, ..., N (6.8)

To make it clearer, the value selection of these 3 binary variables and the resulted

train operation mode with different energy flow have been shown in Table 6.1. It can

be seen that when λi,1=1, the substation, OESD and regenerative braking energy in

the environment can be transmitted to the train jointly. At the same time, if λi,2=1,

then λi,3=1, the train is in traction mode and discharging process of the OESD is able

to happen; if λi,2=0, then λi,3 =0, discharging process of OESD does not happen and it
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Table 6.1: The value selection of the binary variables λi,1, λi,2 and λi,3 and the resulted
train operation mode with corresponding energy flow illustration

Value Operation Energy flow
selection mode illustration

λi,1=1,
λi,2=1,
λi,3=1.

Traction
O

M

Catenary/Third rail

Track

O

M

O

M

O

M

O

M

Motoring

Braking

Coasting

O OESD Motor
Regenerative braking energy Energy from traction substation/OESD
Energy dissipated by resistor

M

Catenary/Third rail

Track

Catenary/Third rail

Track

ࢍࢋ࢘,࢏ࡱ
࢙,࢏ࡱ

ࢎࢉࢊ,࢏ࡱ

ࢍࢋ࢘,࢏ࡱ࢙,࢏ࡱ
ࢍࢋ࢘,ࢎࢉ,࢏ࡱ

ࢍࢋ࢘,ࢎࢉ,࢏ࡱ

	ࢎࢉ,࢏ࡱ	ࢎࢉ,࢏ࡱ

࢙ࢋ࢘,࢏ࡱ

ࢍࢋ࢘,ࢎࢉ,࢏ࡱ

࢕,ࢍࢋ࢘,࢏ࡱ

Catenary/Third rail

Track

Catenary/Third rail

Track

~

λi,1=1,
λi,2=0,
λi,3=0.

Traction
O

M

Catenary/Third rail

Track

O

M

O

M

O

M

O

M

Motoring

Braking

Coasting

O OESD Motor
Regenerative braking energy Energy from traction substation/OESD
Energy dissipated by resistor

M

Catenary/Third rail

Track

Catenary/Third rail

Track

ࢍࢋ࢘,࢏ࡱ ࢙,࢏ࡱ

ࢎࢉࢊ,࢏ࡱ

ࢍࢋ࢘,࢏ࡱ࢙,࢏ࡱ
ࢍࢋ࢘,ࢎࢉ,࢏ࡱ

ࢍࢋ࢘,ࢎࢉ,࢏ࡱ

	ࢎࢉ,࢏ࡱ	ࢎࢉ,࢏ࡱ

࢙ࢋ࢘,࢏ࡱ

ࢍࢋ࢘,ࢎࢉ,࢏ࡱ

࢕,ࢍࢋ࢘,࢏ࡱ

Catenary/Third rail

Track

Catenary/Third rail

Track

~
~

λi,1=0,
λi,2=1,
λi,3=0.

Braking

O

M

Catenary/Third rail

Track

O

M

O O

M

O

M

Motoring

Braking

Coasting

O OESD Motor
Regenerative braking energy Energy from traction substation/OESD
Energy dissipated by resistor

M

Catenary/Third rail

Track

Catenary/Third rail

Track

ࢍࢋ࢘,࢏ࡱ ࢙,࢏ࡱ

ࢎࢉࢊ,࢏ࡱ

ࢍࢋ࢘,࢏ࡱ࢙,࢏ࡱ
ࢍࢋ࢘,ࢎࢉ,࢏ࡱ

ࢍࢋ࢘,ࢎࢉ,࢏ࡱ

	ࢎࢉ,࢏ࡱ
M 

 ࢎࢉ,࢏ࡱ

࢙ࢋ࢘,࢏ࡱ

ࢍࢋ࢘,ࢎࢉ,࢏ࡱ

࢕,ࢍࢋ࢘,࢏ࡱ

Catenary/Third rail

Track

Catenary/Third rail

Track

λi,1=0,
λi,2=0,
λi,3=0.

Braking

O

M

Catenary/Third rail

Track

O

M

O

M

O

M

O

M

Motoring

Braking

Coasting

O OESD Motor
Regenerative braking energy Energy from traction substation/OESD
Energy dissipated by resistor

M

Catenary/Third rail

Track

Catenary/Third rail

Track

ࢍࢋ࢘,࢏ࡱ ࢙,࢏ࡱ

ࢎࢉࢊ,࢏ࡱ

ࢍࢋ࢘,࢏ࡱ࢙,࢏ࡱ
ࢍࢋ࢘,ࢎࢉ,࢏ࡱ

ࢍࢋ࢘,ࢎࢉ,࢏ࡱ

	ࢎࢉ,࢏ࡱ	ࢎࢉ,࢏ࡱ

࢙ࢋ࢘,࢏ࡱ

ࢍࢋ࢘,ࢎࢉ,࢏ࡱ

࢕,ࢍࢋ࢘,࢏ࡱ

Catenary/Third rail

Track

Catenary/Third rail

Track

~

λi,1=1, λi,1=0,
λi,2=0, or λi,2=0,
λi,3=0. λi,3=0.

Coasting

O

M

Catenary/Third rail

Track

O

M

O

M

O

M

O

M

Motoring

Braking

Coasting

O OESD Motor
Regenerative braking energy Energy from traction substation/OESD
Energy dissipated by resistor

M

Catenary/Third rail

Track

Catenary/Third rail

Track

ࢍࢋ࢘,࢏ࡱ ࢙,࢏ࡱ

ࢎࢉࢊ,࢏ࡱ

ࢍࢋ࢘,࢏ࡱ࢙,࢏ࡱ
ࢍࢋ࢘,ࢎࢉ,࢏ࡱ

ࢍࢋ࢘,ࢎࢉ,࢏ࡱ

	ࢎࢉ,࢏ࡱ	ࢎࢉ,࢏ࡱ

࢙ࢋ࢘,࢏ࡱ

ࢍࢋ࢘,ࢎࢉ,࢏ࡱ

࢕,ࢍࢋ࢘,࢏ࡱ

Catenary/Third rail

Track

Catenary/Third rail

Track

~

∗In all of the figures in the table, the green boxes with ”O” inside represent OESDs,
and the blue boxes with ”M” inside represent motors.

represents 2 possible scenarios: (1) the train is in traction mode and the regenerative

braking energy in the environment can be charged into the OESD during the traction;

(2) the train is coasting and the regenerative braking energy in the environment can

be charged into the OESD when energy from substation and environment to motor

are both assigned to be 0. Contrarily, when λi,1=0, then λi,3 is always 0, ensuring

that the discharging process would not happen at the same time. The train motor

is enabled to regenerate the energy, and the OESD can receive the energy from the

motor and environment. At this time, if λi,2=1, the train is braking, and the OESD

can only be charged by the regenerative braking energy from the train’s own motor;

if λi,2=0, it represents two possible scenarios: (1) the train is braking, and the OESD
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can be charged by the regenerative braking energy from the train’s own motor and the

environment together; (2) the train is coasting and the regenerative braking energy in

the environment can be charged into the OESD when energy from train’s own motor is

assigned to be 0.

As the the motor has its own traction/braking characteristics, thus, in each ∆di,

the maximum force the motor can conduct should follow the limitation of its maximum

traction force Ft and maximum braking force Fb. Also, it needs to be limited by the

maximum traction power Pt and maximum braking power Pb. Thus, these can be

expressed as shown in (6.9) and (6.10).

0 ≤ ∆E+
i,m ≤ Ft∆di, 0 ≤ ∆E−i,m ≤ Fb∆di, ∀i = 1, 2, 3, ..., N (6.9)

0 ≤ ∆E+
i,m ≤ Pt∆ti, 0 ≤ ∆E−i,m ≤ Pb∆ti, ∀i = 1, 2, 3, ..., N (6.10)

For OESD, the discharged and charged energy cannot exceed the maximum value

determined by the maximum charge and discharge power Po, as expressed in (6.11).

0 ≤ ∆Ei,dch ≤ Po∆ti, 0 ≤ ∆Ei,ch + Ẽi,ch,reg ≤ Po∆ti, ∀i = 1, 2, 3, ..., N (6.11)

There are N + 1 SOEi during the journey with N ∆di. SOE for OESD when the

train passes ∆di, denoted as SOEi+1, can be expressed in (6.12).

0 ≤ SOEi+1 = SOE1 +
−
∑i

1 ∆Ei,dch +
∑i

1 ∆Ei,ch +
∑i

1 ∆Ẽi,ch,reg
Ecap

≤ 100%,

∀i = 1, 2, 3, ..., N (6.12)

where SOE1 is the initial stored energy in OESD, and Ecap is the capacity of the OESD.

The relationships among the speed-related variables, vi, v
2
i , v

2
i,ave and 1/vi,ave, are

not linear. These relationships can be linearised by using the proposed method discussed

in Chapter 4. The riding comfort of the passengers and the operational limit of the train

can follow the constraints of maximum allowed acceleration/deceleration maximum

given in Chapter 4. Similarly, the punctuality can be ensured by adding the constraint

of total journey, see Chapter 4 also.

6.2.3 Modelling the Utilisation of Regenerative Braking Energy

As shown in Figure 6.7-(a), the black solid line is the gained expected available time-

variant regenerative braking power distribution in power supply section ρ, and it can be
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expressed with the function shown in (6.13).

P̃reg,ρ = f(t) (6.13)

where t is the time instant in one day.
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Figure 6.7: (a) The obtained expected time-variant available regenerative braking power
in the environment formed by the sampled trains; (b) The piecewise linear approximation
of the recalculated expected available regenerative braking power from the viewpoint of
the studied train by compensating and eliminating the expected regenerative braking
power affected by the sampled trains

It needs to be clarified that P̃reg,ρ is formed by the trains following simulated

timetables (Referred to as the ”sampled trains” below). In order to integrate P̃reg,ρ

with the proposed single-train model above, the available regenerative braking energy

that can be utilised by single train operation need to be extracted. The gray square

in Figure 6.7-(a) represents the running time of a specific inter-station train service to

be optimised (Referred to as the ”studied train” below). In this running time horizon,

the expected generated and consumed regenerative braking energy by sample trains

serving the same inter-station section for same service cycle as the studied train need
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to be deducted from/compensated back to the P̃reg,ρ as these sampled trains are not

supposed to directly contribute to the environment from the viewpoint of the studied

train and their impacts need to be off-set by the deduction or compensation procedure

as demonstrated by Figure 6.7-(b).

As shown in Figure 6.7-(b), P̃reg,ρ excludes the expected used regenerative braking

power by the sampled trains, thus this part needs to be compensated to the environment

since the studied train can still use it, shown as the orange area in Figure 6.7-(b). In

addition, P̃reg,ρ also contains the expected regenerative braking power from the sampled

trains, this part should be eliminated since the studied train cannot use it, as the

gray area shown in Figure 6.7-(b). After the recalculation procedure of the expected

regenerative braking power distribution in the environment from the viewpoint of studied

train, P̃ ′reg,ρ, can be obtained. Then the piecewise linear approximation is introduced,

shown as the red dashed lines in the figure, to approximate P̃ ′reg,ρ. Assuming that there

are K piecewise linear sections for the approximation, thus it can be represented by

using (6.14).

P̃reg,ρ ≈



f ′1(t) = a1t+ b1, for t0 ≤ t ≤ t1
f ′2(t) = a2t+ b2, for t1 ≤ t ≤ t2

...

f ′x(t) = axt+ bx, for tx−1 ≤ t ≤ tx
...

f ′K(t) = aKt+ bK , for tK−1 ≤ t ≤ tK

(6.14)

where t0, t1, t2, ... , tx, ... , tK are the time instant for the piecewise linear sections, f1,

f2, ... , fx, ... , fK are the approximated linear functions, a1, a2, ... ax, ... , aK and b1,

b2, ... bx, ... , bK are the coefficient for the piecewise functions.

As the approximation of expectation of the regenerative braking power are obtained,

the utilisation of it through adjusting the train operation can be conducted. The gray

square in Figure 6.7-(a) represents the running time of a specific inter-station operation

to be optimised, which is also enlarged in Figure 6.7-(b). In one specific inter-station,

except the energy from the traction substation and OESDs, the regenerative braking

energy can also be used by the train. The expected regenerative braking power has

been approximated by several time-variant piecewise linear functions, k − 1 piecewise

sections, from time instant tx to tx+k with the corresponding linear functions f ′x+1 to

f ′x+k, are assumed to be covered by the running time of the studied train operation.

The expected regenerative braking power the train can utilise in each ∆di depends
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on the corresponding time instant. Due to the discretisation of the proposed model, the

time instant, denoted as t′i, of the train from departure to any ∆di can be calculated

using (6.15).

t′i = tx +
i−1∑

1

∆ti +
1

2
∆ti, ∀i = 1, 2, 3, ..., N (6.15)

Here the 1
2∆ti is the midpoint of the elapsed time of each ∆di that is used to approximate

the time instant together with the accumulated value of the previous journey. It can be

observed that this approximation is more accurate with the shorter ∆di.

Here P̃ ′i,reg,ρ is used to represent the maximum expected regenerative braking power

that can be used by the train in each ∆di in certain power supply section ρ. To

piecewisely linearise the relationship between P̃ ′i,reg,ρ and time instant, the binary

variables αx, and the auxiliary variables t′i,x are introduced to reformulate the original

functions as shown in (6.16) - (6.19).

P̃ ′i,reg,ρ =

x+k∑
x

axt
′
i,x + bxαx, ∀i = 1, 2, 3, ..., N (6.16)

αxtx ≤ t′i,x ≤ αx+1tx+1, , ∀x = x, x+ 1, ..., x+ k, ∀i = 1, 2, 3, ..., N (6.17)

x+k∑
x

αx = 1 (6.18)

t′i =

x+k∑
x

t′i,x, ∀i = 1, 2, 3, ..., N (6.19)

(6.16) - (6.19) are used to build the linear relationship of the time-variant expected

regenerative braking power and time instant by introducing the logical determination

process, as shown in Section 3.5.2. It can be observed that in each ∆di, the corresponding

t′i will be automatically allocated to a certain piecewise linear section.

In this case, the expected regenerative braking energy utilised by the studied train

operation in each ∆di depends on the product of P̃ ′i,reg,ρ and ∆ti which is expressed by

(6.20).

0 ≤ ∆Ẽi,reg + ∆Ẽi,ch,reg ≤ P̃ ′i,reg,ρ∆ti, ∀i = 1, 2, 3, ..., N (6.20)

In (6.20) the product of the power and time can be linearised by conducting the

method in Section 3.5.3. The auxiliary variables yi,1 and yi,2 are introduced, as shown
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in (6.21).

yi,1 =
1

2
(P̃ ′i,reg,ρ + ∆ti), yi,2 =

1

2
(P̃ ′i,reg,ρ −∆ti), ∀i = 1, 2, 3, ..., N (6.21)

In this case, it has the relationships represented by (6.22).

P̃ ′i,reg,ρ∆ti = y2
i,1 − y2

i,2, ∀i = 1, 2, 3, ..., N (6.22)

Here one preset series of piecewise points Yj is used to represent yi,1 and yi,2. In

this case, (6.22) can be reformulated into (6.23).

P̃ ′i,reg,ρ∆ti =
J∑
j=1

Y 2
j α

y
i,j −

J∑
j=1

Y 2
j β

y
i,j , ∀i = 1, 2, 3, ..., N (6.23)

where αyi,j and βyi,j are 2 sets of SOS2 variables for each type of OESD in ∆di, and J is

the number of the corresponding piecewise points. As a result, they also need to follow

the (6.24).
J∑
j=1

αyi,j = 1,
J∑
j=1

βyi,j = 1, ∀i = 1, 2, 3, ..., N (6.24)

To ensure that only the adjacent αyi,j and βyi,j can be nonzero and their sum being 1,

binary variables σαi,j and σβi,j need to be imposed, as shown in (6.25) and (6.26).

αyi,j + αyi,j+1 − σ
α
i,j ≥ 0, βyi,j + βyi,j+1 − σ

β
i,j ≥ 0, ∀i = 1, 2, 3, ..., N (6.25)

J−1∑
j=1

σαi,j = 1,
J−1∑
j=1

σβi,j = 1, ∀i = 1, 2, 3, ..., N (6.26)

6.2.4 Objective of the Proposed Model

The optimisation objective of the proposed model is to minimise the net energy con-

sumption of the train operation from the energy sources, substation, OESD and other

trains in the network. The net energy consumption can be expressed by the difference

of the traction energy consumption and the recovered energy by OESD, which can be

formulated as (6.27).

min

N∑
i=1

(∆Ei,s + ∆Ei,dch + ∆Ẽi,reg︸ ︷︷ ︸
Energy consumed for traction

−∆Ei,ch −∆Ẽi,ch,reg︸ ︷︷ ︸
Energy recovered by OESD

) (6.27)
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By conducting the optimisation, it can be seen that the traction energy consumption,

∆Ei,s + ∆Ei,dch + ∆Ẽi,reg, can be minimised with support of the energy from OESD

and expected utilisation of regenerative braking energy, and the expected recovered

energy ∆Ei,ch and ∆Ẽi,ch,reg by OESD can be maximised.

1
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Train 1 Train 2 Train 3 Train 4 Train 5
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Figure 6.8: The first-hour scheduled timetable of the railway system used in the
numerical experiment. There are four stations with six inter-station operations (red
solid lines) in total

6.3 Numerical Experiments

In the above sections, detailed simulation methods for obtaining the expected available

regenerative braking power of the railway network and the MILP model for train

operation optimisation are both proposed and integrated. In this section, the proposed

method is tested to show its feasibility.

6.3.1 Parameters Set-Up

Here a generic railway network with four stations supplied by one traction substation

are used in the numerical experiment. Since there are 4 stations in the studied railway

system, the number of the inter-station operation is six including both the up-directional

and down-directional ones, as shown in Figure 6.8 with its first hour’s timetable. The

scheduled headway is set to be 240 s for each run thus there would be 15 runs for

each inter-station per hour since its first train service. The track length and scheduled

running time for each inter-station operation are listed in Table 6.2. Assuming there are

18 hours’ operation for a day q, the total number of the operations WS is 15× 18 = 270.
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Table 6.2: The parameters for the studied route

Inter-station Track Scheduled WS Q (µs, σ
2
s)

section length (m) running time (s)

1 1500 105 270 365 (105, 4.42)
2 1600 110 270 365 (110, 4.42)
3 2000 120 270 365 (120, 4.42)
4 2000 120 270 365 (120, 4.42)
5 1600 110 270 365 (110, 4.42)
6 1500 105 270 365 (105, 4.42)

Table 6.3: The parameters for the rolling stock and the OESD used in the numerical
experiment

Parameter Value/Type

Train mass (t) 176
Max traction/braking force (kN) 310

Max traction/braking power (kW) 4000
R0 (kN) 2.0895

R1 (kN·s/m) 0.0098
R2 (kN·s2/m2) 0.0065

Max acceleration/deceleration (m/s2) 1.2
ηs 0.81
ηo 0.90
ηr 0.85

OESD type Maxwellr 125V HEAVY
TRANSPORTATION MODULE

OESD max power (kW) 1034
OESD mass (t) 0.61

OESD capacity (kWh) 1.4

The running time variation for each inter-station operation is assumed to obey the

normal distribution Nor(µs, σ
2
s), and the mean value µs and the variance σ2

s of each

inter-station operation are also preset in Table 6.2. µs is assumed to be the scheduled

running time of each inter-station operation, and σ2
s is assumed to make the most of

running time variation range from -10 s to 10 s. The parameters for the train vehicle and

OESD used in both simulation and optimisation are tabulated in Table 6.3. The size of

the OESD follows the similar value used in [93, 109]. Additionally, though the proposed

model is flexible enough to take into consideration of the varied slope and speed limit

of the journey, the track of this numerical experiment is set to be flat, and there is no

speed limit for all of the inter-station sections in order to avoid the interference of other
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Figure 6.9: The heat map of the expected net power for the first hour in the studied
railway system after the Monte-Carlo simulation. The sparks, including both positive
and negative ones, in the figure represent the expected net power that accumulated due
to departure or arrival following the stochastic timetable

factors and highlight the direct influence of the energy interaction among train, OESD

and regenerative braking energy in the environment on train trajectory changes in the

later sections.

Following the parameters shown in Chapter 4 and Chapter 5, the energy transmission

efficiency from substation to the motor is set as 90% due to a 10% average energy loss

and the energy conversion efficiency of electric motor is set as 90% for most typical

engineering applications [111]. Therefore, the approximated value for ηs is 81% = 90%

× 90% in this study. On the other hand, energy can be directly transmitted between

the motor and OESD with a negligible transmission loss [8], thus, the value for ηo

is set as 90% considering only the discharging/charging efficiency resulted from the

OESD’s internal resistance. From [35] and [116], the efficiency for the utilisation of the

regenerative braking energy from other trains ranges from 0.65 for inter-city railway

systems and 0.95 for urban rail transit systems, thus here ηr in this study is set as 85%.

These three values can be modified according to the field data collected from different

types of power supply system, different rolling stocks and different types of OESD.
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Figure 6.10: The expected available regenerative braking power distribution in the first
hour of the studied railway system based on the results of Monte-Carlo simulation.
Similar pattern can be found when the train services become stable

Note that this experiment is conducted by using Matlab R2020ar and Gurobir

9.0.1 solver on a PC with Intel Corer i5-6500 processor (3.20 GHz) and 8.00 GB RAM.

6.3.2 Monte-Carlo Simulation of the Regenerative Braking Power

As shown in Figure 6.11, the running time distribution for all the inter-station sections

is generated based on the information listed in Table 6.2 and Table 6.3.Since Q is set

to be 365 to represent the 365 days in one year, the total running time generated for

each inter-station operation is 15× 365 = 5475. Due to difference of the service cycle

for each train, some of the inter-station sections see less than 15 operations in the first

hour since the first train departs from the initial station, e.g. inter-station section 3

with 14 operations, inter-station section 4 with 13 operations, inter-station section 5

with 12 operations and inter-station section 6 with 12 operations, which is usual in daily

operations and does not influence the results of the proposed method.

Due to the fluctuation of the running time of each inter-station operation, the

practical timetable for any day in a year is different. This leads to the number of

scenarios being 365 and the same probability for each scenario being 1/365=0.0027.

Based on the simulation results, the heat map for the expected net power of the studied

railway network with regard to the distance and time is shown in Figure 6.9. It can

be seen from the figure that the value of the net power is different at different position

and time instant. The heat map looks like a timetable since only when the train is

braking can the regenerative braking power be generated, and this normally happens

near the arrival station. The more trains are braking at the same time, the higher

regenerative braking power in this power supply section it will be at that moment.

Figure 6.10 shows the time-variant expected available regenerative braking power in
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Figure 6.11: The sampled running times for inter-station sections 1-6 of the first hour of
the studied railway system, where (a) is the sampling histogram for inter-station section
1, (b) for inter-station section 2, (c) for inter-station section 3, (d) for inter-station
section 6, (e) for inter-station section 5 and (f) for inter-station section 4

the environment. Though the practical timetable is stochastic and fluctuated, it can be

seen that the expected available regenerative braking power in the first hour’s operation

follows similar patterns with respect to the time when the train service cycles are stable.

6.3.3 Train Speed Trajectory Optimisation

After the obtainment of the expected available regenerative braking power in the

environment, each of the specific inter-station operation can be optimised by using the

proposed MILP model. Here the service cycles for Train 1 (see Figure 6.8) in the first

hour from the initial station to the terminal station are selected to show the optimisation

results. The running time for each inter-station is fixed to be scheduled running time,

as shown in Table 6.2.

The results are illustrated in Figure 6.12 and Figure 6.13 which show the approxima-

tion of the expected available regenerative braking power in the environment, optimal

train speed trajectories, power profiles and OESD discharging/charging profiles for the

1st and 2nd service cycles of Train 1. From the figures it can be observed that the

energy from substation, OESD and regenerative braking energy from other trains are

all utilised during one service cycle, shown as the red, blue and green dashed lines.

The train speed trajectories for all of the inter-station operation are obtained, and the

OESD discharging/charging power profiles also change frequently and notably, which
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Figure 6.12: The optimal train speed trajectory, catenary/third rail power, OESD power and expected utilised regenerative
braking power from other trains for the 1st service cycle of Train 1
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Figure 6.13: The optimal train speed trajectory, catenary/third rail power, OESD power and expected utilised regenerative
braking power from other trains for the 2nd service cycle of Train 1
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Figure 6.14: The optimal train speed trajectory, catenary/third rail power, OESD power
and expected utilized regenerative braking power from other trains for the inter-station
operation 3 of the 1st service cycle of Train 1

shows the OESD releases the energy or receives energy from the studied train and the

other trains. Since the track is flat and there is no speed limit, the optimal train speed

trajectory between two adjacent stations of its both directions (inter-station section

1 and 6, 2 and 5 and 3 and 4) should be the same. However, due to the influence of

the regenerative braking energy in the environment, the train speed trajectory for each

inter-station section changes accordingly to adjust the train operation status, which

results in the different adaptive train speed trajectories. For instance, the train speed

trajectory for the inter-station section 1 is less fluctuated than that for the inter-station

section 6 since the regenerative braking energy from other trains in the environment is

less. Similar observations can also be found when comparing the train speed trajectories

for inter-station section 2 and 5 and 3 and 4. On the other hand, when comparing the

running in same inter-station section in different time, the influence of the regenerative

braking power in the environment on the the optimal train operation, referring to the

optimal speed trajectories for inter-station section 1, 2 and 4 in two service cycles in

both Figure 6.12 and Figure 6.13.

To clearly demonstrate how the energy interaction happen among the train, OESD

and the available regenerative braking energy in the environment, the optimal solutions
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Figure 6.15: The optimal train speed trajectory, catenary/third rail power, OESD power
and expected utilised regenerative braking power from other trains for the inter-station
operation 2 of the 2nd service cycle of Train 1

for inter-station operation 3 in Figure 6.12 and the inter-station operation 2 in Figure

6.13 are enlarged here as examples for a more detailed discussion.

Figure 6.14 presents the optimal solution of the inter-station section 3 of the 1st

service cycle of Train 1, and it can be seen that the train firstly uses the energy from

the traction substation and the energy stored in the OESD to support its traction at

the beginning of the journey. After the traction, the train begins to coast, and during

the coasting, the regenerative braking energy from other trains is charged into the

OESD, which raises its SOE to nearly 100%. Then the train begins to conduct traction

again and only uses the energy from the OESD. The OESD’s process of receiving the

regenerative braking energy from the environment and releasing the energy occurs back

and forth during the journey, showing the effectiveness of the proposed method on

utilisation of the available regenerative braking energy by adjusting both the train and

OESD operations accordingly. It can also be observed that the OESD power equals

to the expected regenerative braking power when charging, and it rises first as the

expected regenerative braking power rises as well.

Figure 6.15 presents the optimal solution of the inter-station section 2 of the 2nd

service cycle of Train 1. It can be found that due to the occurrence of the regenerative
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Figure 6.16: The comparison between the optimal speed trajectory resulted by the
proposed method (Optimal case) and the base trajectory from the case without utilisation
of regenerative braking energy of other trains (Base case)

braking energy from other trains at the beginning of the journey, the studied train

utilises the energy from substation, OESD and other trains together in its traction

process. During the traction mode of the train (from 1335 s to 1366 s), the available

regenerative braking energy in the environment can be used to charge the OESD and

replace part of the energy from substation. It is observed that during the later period

of the traction mode, regenerative braking energy becomes the main power source of

the train. The change of the expected utilised regenerative braking power follows the

trend of the variation of the power in the environment, which illustrates the proposed

method can help utilise the energy from other trains as much as possible.

Figure 6.16 compares the difference between the optimal train speed trajectory with

OESD taking into account the expected available regenerative braking energy in the

environment (Optimal case) and optimal train speed trajectory with OESD but without

regenerative braking energy in the environment (Base case). It can be found the train

speed trajectories for both situations are significantly different. For the base case, fewer

fluctuation of the speed trajectory is found, and more coasting is preferred to save energy
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Figure 6.17: The expected utilisation of the available regenerative braking power in
the environment for the studied railway system after the application of the proposed
method in the first hour

consumption. While for the optimal case obtained in this study, slight acceleration

with lower speed at the beginning of the journey and traction process in the middle

of the journey happen frequently. The traction phase is observed to be postponed to

the later operation stages, in order to adapt the expected time of the occurrence of

regenerative braking energy from other trains to utilise more of it. It also should be

noted that the optimal results does not impose much impact on the obtained expected

regenerative braking energy as the same full braking operation (”FB” in Figure 6.16)

occurs only at the end of each inter-station section, which keeps the same trend with the

base case, before some slightly different or even same partial braking operation (”PB”

in Figure 6.16) compared with base case. This indicates that the proposed method does

not generate much new regenerative braking energy to the environment.

6.3.4 Energy-Saving Performance

Following the optimisation method mentioned in the above sections, the optimal train

operations for the whole one hour’s time can be obtained, and the performance of which
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is demonstrated by using the expected utilised regenerative braking power in Figure 6.17.

The figure presents the expected utilised regenerative braking power in one hour’s time

horizon, and it can be found that at most of the time the regenerative braking energy

in the environment is expected to be fully utilised, and 68.8% of available regenerative

braking energy is expected to be utilised by using the OESD and adjusting train speed

trajectory following the optimal solution.

Figure 6.18 shows the energy-saving rate of the optimal train speed trajectory

resulted from the proposed method (optimal case) and its comparison with the solution

without the consideration of the regenerative braking energy utilisation (base case). It

can be seen that the energy released by the OESD during each journey of the optimal

case reaches 278.1 kWh, which is the 145.3% of that of the base case (113.4 kWh). The

reason for this large discrepancy is that for the base case without consideration of the

regenerative braking energy utilisation, the OESD is normally used at the beginning

and the end of the journey without the discharge/charge processes back and forth like

the optimal case in the middle of the journey. When the OESD is able to receive the

energy from the environment, it can support the train repeatedly, making the most of

the OESD and available regenerative braking energy together. As a result, it can be

seen that the regenerative braking energy utilisation rate is expected to see an 136.4%

increase compared with the base case, and the energy dissipated by resistors is expected
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to drop by 68.8%. The energy from traction substation is expected to see a 22.0%

reduction, showing the energy-saving potential of the proposed approach.

6.4 Summary

By adopting an agent-environment model, this chapter proposes a new approach to

optimise the train speed trajectory with OESD taking into account the utilisation of

the regenerative braking energy in the environment of the network i.e. train network

and power network.

Different from most of previous studies to simultaneously optimising the operation

of all trains in the network, this chapter considers the stochastic available regenerative

braking energy as the environment information to be fed into the smart decision making

process using MILP for each single-train operation in the network. By employing the

Monte-Carlo simulation based on the field data of the stochastic timetable, the expected

time-variant available regenerative braking power in the environment can be obtained.

Then, by integrating the energy support from substation, OESD and regenerative

braking energy from other trains, a MILP model combined with the uncertain network

information is established to find the optimal train speed trajectory with the objective

of minimising the expected net energy consumption.

A generic railway system with four stations in one power supply section is used in the

numerical experiments in the chapter, and the results show that the proposed method

can give an optimal solution on minimising the expected net energy consumption by

adjusting the train speed trajectory and the operation of the OESD to make the most of

available regenerative braking energy. In this case, from the results it can be seen that

the energy consumption from substation is expected to be reduced by 22.0%, and 68.8%

of regenerative braking energy in the environment is expected to be further utilised for

one hour’s operation by applying the optimal solution.



Chapter 7

Impacts of Different Types of

OESD on Train Operations

The main content of this chapter is from the author’s published article in a version

with minor reconfiguration to fit the structure and context of this thesis. The

published article is:

C. Wu, B. Xu, S. Lu, F. Xue, L. Jiang and M. Chen, ”Adaptive Eco-Driving

Strategy and Feasibility Analysis for Electric Trains with On-Board Energy

Storage Devices,” IEEE Transactions on Transportation Electrification, vol. 7,

no. 3, pp. 1834-1848, 2021.

7.1 Introduction

This chapter mainly aims to discuss the impact of the different types of OESD on train

operation, including the optimal speed, energy consumption and the advantages/disad-

vantages of each type of energy storage when involving energy-saving operations. Three

main types of OESD, supercapacitors, flywheels and Li-ion batteries are investigated in

this chapter based on the proposed mathematical model. The research does not focus

on specific product in each energy storage type, but in an average level to represent the

average influence and performance of different types of OESD applied.

In the previous chapters of this thesis, Chapter 4, Chapter 5 and Chapter 6, general

models of train operation with OESD are established to study the optimal running and

discharging/charging strategy of OESD in different scopes from small scale to large

132
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scale. However, the OESD involved is regarded as a general energy supplier and receiver

without dynamic characteristics resulted by the specific energy storage type, which

undermines the practicality of the model.

In fact, the discharging/charging process of different types of OESD is strongly

shaped by their own dynamic power limits which is related to their current status [128].

Figure 7.1 shows the dynamic power limits of the three main types of OESD. It can

be noted that the discharging/charging power limits of different types of OESD are

closely related to their energy status (for supercapacitors and electrochemical batteries)

and motion status (for flywheels), but few reports can be found in the literature. In

the literature review (Chapter 2), it can be seen that train operation problem with

supercapacitors as OESD have been studied by some researchers [89, 93, 95, 109, 129]

while flywheels and electrochemical batteries are still rarely investigated. A systematic

study and comparison on the influence of different types of energy storage devices on

the train operation and its comparison is still missing. Also, in the existing works the

dynamic discharging/charging characteristics of the OESD are not considered, which

undermines the models’ applicability in real-world applications. Since these dynamic

discharging/charging power limits may have further influences on the optimal train

operation and result in different control strategies for both train and OESD, a systematic

investigation is needed. In this case, this chapter aims to develop a new MILP model to

find the optimal driving strategy, namely the speed trajectory, of the train equipped

with three popular types of OESD, i.e. supercapacitor, flywheel and Li-ion battery

to minimise the net energy consumption by taking into account their corresponding

dynamic discharge/charge limits. The contributions of the chapter are outlined as

follows:

• This chapter provides a comprehensive comparative study on the energy-saving

performance of three popular types of OESD considering the investment constraints

and dynamic power limits using the proposed MILP model. It is an extension of

the model proposed in Chapter 4.

• The optimal driving strategy of the train and the discharging/charging behavior

for three types of OESDs are located, where the corresponding train speed, SOE

and power of OESD are all obtained.

• The optimal train operation with OESD on fully electrified railways, discontin-

uously electrified railways and catenary-free railways are found, and insightful

comparisons of the energy-saving and feasibility of different types of OESD are

given.
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Figure 7.1: The illustration of the maximum discharge/charge power for (a) supercapacitors, (b) flywheels and (c) Li-ion
batteries. For the supercapacitor, the maximum discharge/charge power limit of it has linear relationship with its real-time
energy status, namely state of energy (SOE), where the maximum discharge power decreases linearly from SOE being 100%
to 0 and maximum charge power also decreases linearly from SOE being 0 to 100% [121, 122]. As for the flywheel, its
maximum discharge/charge power increase linearly with its angular speed ω until ω reaches the half of the maximum angular
speed ωmax then becomes a constant value [123, 124]. For the electrochemical batteries, such as lead-acid batteries,
Ni-Cd batteries, NiMH batteries, Li-ion batteries and so on, the dynamic power limits of them is also related to its real-time
SOE, where the maximum discharge power decreases with an increasing gradient from SOE being 100% to 0 and its maximum
charge power decreases with an increasing gradient from SOE being 0 to 100% [125–127]
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7.2 Train Operation with Different Types of OESD

Notation of variables

v2
i Square of train speed in the position of

∑i−1
1 ∆di [m2/s2]

∆Ei,s Energy from the substation in ∆di [kJ]

∆Eki,dch Energy discharged from the k-type OESD in ∆di [kJ]

∆Eki,ch Energy charged to the k-type OESD from motor in ∆di [kJ]

∆Ei,r Energy transmitted to the resistor from the motor in ∆di [kJ]

λi Binary variables to determine the train operation mode in ∆di

αi,j ∈ [0, 1] SOS2 variable set for speed-related constraints linearisation

βi,j ∈ [0, 1] SOS2 variable set for speed-related constraints linearisation

µαi,j Binary variables in SOS2 variable set

µβi,j Binary variables in SOS2 variable set

yki,1, y
k
i,2,

yki,3, y
k
i,4

Auxiliary variables for product linearisation on discharging/charging

process of k-type OESD in ∆di

αk,chi,j ∈ [0, 1] SOS2 variables for product linearisation on charging process of k-type

OESD.

βk,chi,j ∈ [0, 1] SOS2 variables for product linearisation on charging process of k-type

OESD.

αk,dchi,j ∈ [0, 1] SOS2 variables for product linearisation on discharging process of

k-type OESD.

βk,dchi,j ∈ [0, 1] SOS2 variables for product linearisation on discharging process of

k-type OESD.

µk,chαi,j Binary variables for product linearisation on charging process of

k-type OESD.

µ
k,chβ
i,j Binary variables for product linearisation on charging process of

k-type OESD.

µk,dchαi,j Binary variables for product linearisation on discharging process of

k-type OESD.

µ
k,dchβ
i,j Binary variables for product linearisation on discharging process of

k-type OESD.

ukj Binary variables for piecewise linearisation of the relationship be-

tween maximum discharging/charging power and SOE for k-type

OESD.
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(Continued from last page)

SOEki,j Auxiliary variables to represent the SOE in different piecewise sec-

tions for k-type OESD.

Assumptions

1. The regenerative braking energy can only be recovered by OESD

or dissipated by resistors but cannot be fed back to the substation

or used by other trains.

2. The long-term or life-cycle factors that might influence the per-

formance of OESD are ignored.

7.2.1 Approximating OESD Dynamic Power Limits

In this chapter, three different types of energy storage devices, namely the supercapacitor

(k=1), flywheel (k=2) and Li-ion battery (k=3) as OESD are modelled. From [8,130,131],

the energy and power density and capital cost of each type of OESD can be obtained,

as shown in Table 7.1. From Table 7.1 the average capital cost of three OESD types can

be calculated to be 200 $/kW for supercapacitor, 300 $/kW for flywheel and 1875 $/kW

for Li-ion battery respectively. For making a general comparison, a constant investment

for each OESD is set to be 150 k$. As a result, the maximum power of each OESD

can be obtained and shown in Table 7.2, where the capacity and mass for OESD with

corresponding maximum power are also tabulated. In this chapter, the listed OESD

will be adopted for our case study.

Table 7.1: The energy density per unit mass/volume, power density per unit mass and
capital cost per unit power for three types of OESD [8,130,131]

OESD Energy Power Capital
type density density cost

(kWh/t) (kWh/m3) (kW/t) ($/kW)

Supercapacitor 2.5-15 10-30 500-5000 100-300
Flywheel 5-100 20-80 1000-5000 250-350

Li-ion battery 75-200 150-500 100-350 1200-4000

As shown in Figure 7.1, the dynamic discharging/charging power limits of the OESD

is mainly determined by its current SOE and motion status during the whole journey.

There are N + 1 SOEki during the journey with N ∆di. SOE for k-type OESD when
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Table 7.2: The maximum power, capacity and weight of the adopted OESD with an
investment of 150 k$

OESD type Maximum power Capacity Mass
(kW) (kWh) (t)

Supercapaitor 750 1.87 0.85
Flywheel 500 3.50 0.50

Li-ion battery 80 13.88 0.08

the train passes ∆di, denoted as SOEki+1, can be expressed in (7.1).

0 ≤ SOEki+1 = SOEk1 +
−
∑i

1 ∆Eki,dch +
∑i

1 ∆Eki,ch
Ekcap

×100% ≤ 100%, ∀i = 1, 2, 3, · · · , N

(7.1)

where SOEk1 is the initial stored energy in k-type OESD.

Supercapacitor

Empirical charge power limit 

Empirical discharge power limit 
Approximated discharge power limit 

Approximated charge power limit 

Figure 7.2: The empirical and linear approximation of the relationship between the
power limits and SOE of the adopted supercapacitor, where the maximum power is 750
kW for both discharging and charging and power limits change linearly with respect to
SOE

For supercapacitor, from [121,122] it is shown that the empirical real-time maximum

power and SOE is linear correlated, as shown in Figure 7.2. The maximum discharging

power and the maximum charging power for each ∆di, denoted as P 1
i,dch and P 1

i,ch, can
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be expressed by (7.2) and (7.3).

P 1
i,dch = c1

1SOE
1
i + b11, ∀i = 1, 2, 3, · · · , N (7.2)

P 1
i,ch = c1

2SOE
1
i + b12, ∀i = 1, 2, 3, · · · , N (7.3)

Flywheel

For flywheel, since it is known from [123,124] that in theory its maximum discharg-

ing/charging power increase linearly with its angular speed ω until it reaches the half of

the maximum angular speed ωmax, then it becomes a constant value. Thus, in each ∆di,

the relationship between flywheel’s maximum discharging/charging power P 2
i,dch/P 2

i,ch

and its current angular speed ωi can be shown in (7.4).

P 2
i,dch = P 2

i,ch =

{
cωi 0 ≤ ωi ≤ ωmax/2

cωmax/2 ωmax/2 ≤ ωi ≤ ωmax
, ∀i = 1, 2, 3, · · · , N (7.4)

where c is the parameter for the linear relationship before the ωi reaches 1
2ωmax.

Theoretical discharge/charge power limit 
Approximated discharge/charge power limit 

Figure 7.3: The theoretical and linear approximation of the relationship between the
power limits and SOE of the adopted flywheel, where the maximum power is 500 kW
for both discharging and charging and power limit is pieced into three linear sections
with respect to SOE

Since the flywheel transforms the electrical energy to kinetic energy, the real-time
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energy status can be expressed by using (7.5).

SOE2
i E

2
cap =

1

2
M2
o qω

2
i , ∀i = 1, 2, 3, · · · , N (7.5)

Thus, the relationship between the discharging/charging power limits of flywheel

and its SOE can be established in (7.6).

P 2
i,dch = P 2

i,ch =

 c

√
2×SOE2

i E
2
cap

M2
o q

0 ≤ SOE2
i ≤ 25%

cωmax
2 25% ≤ SOE2

i ≤ 100%

, ∀i = 1, 2, 3, · · · , N

(7.6)

It can be easily observed that when the flywheel stores one-fourth (25%) the maximum

capacity, it would reach the maximum discharging/charging power limitations, as

illustrated in Figure 7.3.

To approximate this relationship, the curve is pieced into three parts, a shown in

Figure 7.3, where the breakpoints are chosen to be SOE2
i = 10% and SOE2

i = 25%. As

a result, (7.6) can be reformulated in (7.7).

P 2
i,dch = P 2

i,ch =


c2

1SOE
2
i + b21 0 ≤ SOE2

i ≤ 10%

c2
2SOE

2
i + b22 10% ≤ SOE2

i ≤ 25%

c2
3SOE

2
i + b23 25% ≤ SOE2

i ≤ 100%

, ∀i = 1, 2, 3, · · · , N (7.7)

Li-ion Battery

According to [125–127], it is shown that Li-ion batteries’ discharging/charging power

limits are related to its current SOE as well, but it performs quite differently with the

supercapacitors and flywheels, where the charging power limit decreases when SOE

increases while its discharging power limit decreases as SOE decreases. This relationship

of the adopted Li-ion battery in this chapter is shown in Figure 7.4. To model this

feature with the approximation, similar as the flywheel, the dynamic power limits for

both discharging and charging process, P 3
i,dch and P 3

i,ch, are segmented into three parts

respectively, and the formulations of which are shown in (7.8) and (7.9).

P 3
i,dch =


c3

1SOE
3
i + b31 0 ≤ SOE3

i ≤ 15%

c3
2SOE

3
i + b32 15% ≤ SOE3

i ≤ 40%

c3
3SOE

3
i + b33 40% ≤ SOE3

i ≤ 100%

, ∀i = 1, 2, 3, · · · , N (7.8)
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Empirical charge power limit

Empirical discharge power limit 
Approximated discharge power limit 

Approximated charge power limit 

Figure 7.4: The empirical and linear approximation of the relationship between the
power limits and SOE of the adopted Li-ion battery, where the maximum power is 80
kW for both discharging and charging and power limits are pieced into three linear
sections with respect to SOE respectively

P 3
i,ch =


c3

4SOE
3
i + b34 0 ≤ SOE3

i ≤ 70%

c3
5SOE

3
i + b35 70% ≤ SOE3

i ≤ 90%

c3
6SOE

3
i + b36 90% ≤ SOE3

i ≤ 100%

, ∀i = 1, 2, 3, · · · , N (7.9)

From the above modelling process, it can be seen that the parameters (ckj ,b
k
j ) for

the linear approximation of the power limits curve needs to be calibrated, especially for

flywheel and Li-ion battery, and the results of which are tabulated in Table 7.3.

Table 7.3: The parameter (ckj , b
k
j ) calibration of the approximation for three types of

OESD adopted in this study

Piece-wise Discharge
section Supercapacitor Flywheel Li-ion battery

1 (7.5, 0) (31.62, 0) (1.768, 0)
2 / (12.25, 193.67) (0.93, 12.58)
3 / (0, 500) (0.50, 29.58)

Charge

1 (-7.5, 750) (31.62, 0) (-0.44, 80)
2 / (12.25, 193.67) (-1.24, 135.85)
3 / (0, 500) (-2.425, 242.5)
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7.2.2 Modelling OESD Dynamic Power Limits

As in Section 7.2.1 the dynamic discharging/charging characteristics of three types of

OESD, supercapacitor, flywheel and Li-ion battery, have been approximated and elabo-

rated, this section is aimed at discussing the linearisation of the relevant relationships

among variables by using SOS2 as well as the binary variables.

In (7.7), the relationship between the power limits and SOE of the flywheel has

been formulated into a piecewise function with three parts. To control the SOE in each

piecewise part, in each ∆di, binary variables are imposed to linearise these functions

(see Section 3.5.2), as shown in (7.10) - (7.12).

P 2
i,dch = P 2

i,ch = c2
1SOE

2
i,1 + b21u

2
i,1 + c2

2SOE
2
i,2 + b22u

2
i,2 + c2

3SOE
2
i + b23u

2
i,3,

∀i = 1, 2, 3, · · · , N (7.10)


0 ≤ SOE2

i,1 ≤ 10%u2
i,1,

10%u2
i,2 ≤ SOE2

i,2 ≤ 25%u2
i,2,

25%u2
i,3 ≤ SOE2

i,3 ≤ 100%u2
i,3

, ∀i = 1, 2, 3, · · · , N (7.11)

u2
i,1 + u2

i,2 + u2
i,3 = 1, ∀i = 1, 2, 3, · · · , N (7.12)

where SOE2
i,1, SOE2

i,2 and SOE2
i,3 are the auxiliary variables to represent the SOE2

i in

three piecewise sections.

In (7.8) and (7.9), the relationships between the discharging/charging power limits

and SOE of the Li-ion battery has been formulated into a piecewise function with three

parts respectively. Similarly, to control the SOE in each piecewise part, in each ∆di,

integer logical variables are imposed to linearise these functions, as shown in (7.13) -

(7.18) for discharging power limits.

P 3
i,dch = c3

1SOE
3
i,1 + b31u

3
i,1 + c3

2SOE
3
i,2 + b32u

3
i,2 + c3

3SOE
3
i,3 + b32u

3
i,3,

∀i = 1, 2, 3, · · · , N (7.13)

P 3
i,ch = c3

4SOE
3
i,4 + b34u

3
i,4 + c3

5SOE
3
i,5 + b35u

3
i,5 + c3

6SOE
3
i,6 + b36u

3
i,6,

∀i = 1, 2, 3, · · · , N (7.14)


0 ≤ SOE3

i,1 ≤ 15%u3
i,1,

15%u3
i,2 ≤ SOE3

i,2 ≤ 40%u3
i,2,

40%u3
i,3 ≤ SOE2

i,3 ≤ 100%u3
i,3

, ∀i = 1, 2, 3, · · · , N (7.15)
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
0 ≤ SOE3

i,4 ≤ 70%u3
i,4,

70%u3
i,4 ≤ SOE3

i,4 ≤ 90%u3
i,4,

90%u3
i,5 ≤ SOE2

i,5 ≤ 100%u3
i,5

, ∀i = 1, 2, 3, · · · , N (7.16)

u3
i,1 + u3

i,2 + u3
i,3 = 1, ∀i = 1, 2, 3, · · · , N (7.17)

u3
i,4 + u3

i,5 + u3
i,6 = 1, ∀i = 1, 2, 3, · · · , N (7.18)

where SOE3
i,1, SOE3

i,2 and SOE3
i,3, SOE3

i,4, SOE3
i,5 and SOE3

i,6 are the auxiliary vari-

ables to represent the SOE3
i in three piece-wise sections for discharging behaviour and

charging behaviour respectively.

In each ∆di, the maximum discharged or charged energy of each type of OESD,

∆Eki,dch and ∆Eki,ch, should follow the limitation of its maximum discharge and charge

power and the elapsed running time. Thus, it can be expressed as shown in (7.19).

∆Eki,dch = P ki,dch∆ti, ∆Eki,ch = P ki,ch∆ti, ∀i = 1, 2, 3, · · · , N (7.19)

It is easily observed that that the maximum discharged/charged energy of OESD is

determined by a product of two variables, P ki,dch (and P ki,ch) and ∆ti. In this case, the

linearisation on this product needs to be conducted and the method can be found in

Section 3.5.3. The auxiliary variables yki,1, yki,2, yki,3 and yki,4 are introduced, as shown in

(7.20) and (7.21).

yki,1 =
1

2
(P ki,dch + ∆ti), yki,2 =

1

2
(P ki,dch −∆ti), ∀i = 1, 2, 3, ..., N (7.20)

yki,3 =
1

2
(P ki,ch + ∆ti), yki,4 =

1

2
(P ki,ch −∆ti), ∀i = 1, 2, 3, ..., N (7.21)

In this case, it has the relationships as shown in (7.22) and (7.23).

∆Eki,dch = P ki,dch∆ti = (yki,1)2 − (yki,2)2, ∀i = 1, 2, 3, ..., N (7.22)

∆Eki,ch = P ki,ch∆ti = (yki,3)2 − (yki,4)2, ∀i = 1, 2, 3, ..., N (7.23)

Here 2 series of piecewise points Y k,dch
j and Y k,ch

j are used to represent yki,1, yki,2, yki,3
and yki,4. In this case, (7.22) and (7.23) can be reformulated into (7.24) and (7.25).

∆Eki,dch
′
=

J2∑
j=1

(Y k,dch
j )2αk,dchi,j −

J2∑
j=1

(Y k,dch
j )2βk,dchi,j , ∀i = 1, 2, 3, ..., N (7.24)
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∆Eki,ch
′
=

J3∑
j=1

(Y k,ch
j )2αk,chi,j −

J3∑
j=1

(Y k,ch
j )2βk,chi,j , ∀i = 1, 2, 3, ..., N (7.25)

αk,dchi,j , βk,dchi,j , αk,chi,j and βk,chi,j are 4 sets of SOS2 variables for each type of OESD in

∆di, and J2 and J3 are the number of the corresponding piece-wise points. As a result,

they also need to follow the (7.26) - (7.29).

J2∑
j=1

αk,dchi,j = 1,

J2∑
j=1

βk,dchi,j = 1, ∀i = 1, 2, 3, ..., N (7.26)

J3∑
j=1

αk,chi,j = 1,

J3∑
j=1

βk,chi,j = 1, ∀i = 1, 2, 3, ..., N (7.27)

0 ≤ αk,dchi,j ≤ 1, 0 ≤ βk,dchi,j ≤ 1, ∀i = 1, 2, 3, ..., N (7.28)

0 ≤ αk,chi,j ≤ 1, 0 ≤ βk,chi,j ≤ 1, ∀i = 1, 2, 3, ..., N (7.29)

To ensure that only the adjacent αk,dchi,j , βk,dchi,j , αk,chi,j and βk,chi,j can be nonzero and their

sum being 1, 0-1 variables µk,dchαi,j and µ
k,dchβ
i,j , µk,chαi,j and µ

k,chβ
i,j need to be imposed, as

shown in (7.30) - (7.33).

αk,dchi,j +αk,dchi,j+1−µ
k,dchα
i,j ≥ 0, βk,dchi,j +βk,dchi,j+1 −µ

k,dchβ
i,j ≥ 0, ∀i = 1, 2, 3, ..., N (7.30)

αk,chi,j + αk,chi,j+1 − µ
k,chα
i,j ≥ 0, βk,chi,j + βk,chi,j+1 − µ

k,chβ
i,j ≥ 0, ∀i = 1, 2, 3, ..., N (7.31)

J2−1∑
j=1

µk,dchαi,j = 1,

J2−1∑
j=1

µ
k,dchβ
i,j = 1, ∀i = 1, 2, 3, ..., N (7.32)

J3−1∑
j=1

µk,chαi,j = 1,

J3−1∑
j=1

µ
k,chβ
i,j = 1, ∀i = 1, 2, 3, ..., N (7.33)

7.2.3 Energy Transmission with Different Types of OESD

During the journey, the train can consume the energy from the substation ∆Ei,s and

energy discharged by the OESD ∆Eki,dch when the train is in traction mode, thus it has

(7.34).

∆E+
i,m = ∆Ei,sηs + ∆Eki,dchηk, ∀i = 1, 2, 3, ..., N (7.34)

where ηk is the efficiency of k-type OESD.

When the train is braking, the motor is in regenerative braking mode and part of
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the energy can be delivered to the OESD. Thus, the energy that can be charged to

OESD, demoted as ∆Eki,ch, is represented in (7.35).

∆E−i,m =
∆Eki,ch
ηk

+ ∆Ei,r, ∀i = 1, 2, 3, ..., N (7.35)

Since the train cannot conduct traction and braking at the same time, the traction

energy in (7.34) and regenerative energy in (7.35) of the train cannot exist simultaneously

in one ∆di. In this case, the 0-1 variables λi need to be imposed into the model to

determine the train operation mode in each ∆di, as shown in (7.36) - (7.37).

0 ≤ ∆Ei,s ≤ λiL, 0 ≤ ∆Eki,dch ≤ λiL, ∀i = 1, 2, 3, ..., N (7.36)

0 ≤ ∆Eki,ch ≤ (1− λi)L, 0 ≤ ∆Ei,r ≤ (1− λi)L, ∀i = 1, 2, 3, ..., N (7.37)

It can be seen that when λi is 1, the train is in traction mode and the OESD and

substation can supply the train together. In contrast, when λi is 0, the train is braking

and the OESD can be charged to recover the regenerative energy.

According to the law of conservation of the energy, the conversion of the energy can

be expressed in (7.38).

∆E+
i,m −∆E−i,m −

1

2
(Mt +Mk

o )(v2
i+1 − v2

i )−Ri∆di − (Mt +Mk
o )gθi∆di −∆Ei,r = 0,

∀i = 1, 2, 3, ..., N

(7.38)

In addition, the power limit of the motor and OESD should be added as the

constraints respectively. For the motor, (7.39) - (7.40) are used to ensure the force and

power that the motor supplies in both traction mode and braking mode does not exceed

the maximum allowed value.

∆Ei,sηs + ∆Eki,dchηk ≤ Ft∆di, ∆Ei,sηs + ∆Eki,dchηk ≤ Pt∆ti, ∀i = 1, 2, 3, ..., N

(7.39)
∆Eki,ch
ηk

≤ Fb∆di,
∆Eki,ch
ηk

≤ Pb∆ti, ∀i = 1, 2, 3, ..., N (7.40)

For k-type OESD, the discharged and charged energy cannot exceed the maximum

value determined by the maximum charge and discharge power, as expressed in (7.41).

∆Eki,dch ≤ ∆Eki,dch
′
, ∆Eki,ch ≤ ∆Eki,ch

′
, ∀i = 1, 2, 3, ..., N (7.41)
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The objective functions of the model for all three OESDs are the same but with

different constraints. The objective function is defined to minimise the net energy

consumption which is the total traction energy consumption deducted by the total

regenerative energy received by OESDs. Here the models for finding the optimal driving

strategy for the train with supercapacitor, flywheel and Li-ion battery are given in

(7.42).

min

N∑
i=1

(∆Ei,s + ∆Eki,dch −∆Eki,ch), ∀k = 1, 2, 3 (7.42)

The proposed MILP model can be solved by a commercial solver e.g. CPLEXr,

Lingor or Gurobir etc. to efficiently determine the optimal driving strategy of the

train with OESD. The optimal speed trajectory can be chosen by the model itself

when inputting the relevant parameters of the railway system and OESD used as the

constraints. In this case, the speed trajectory, including traction/coasting/braking

behaviours, can be chosen freely as long as the net energy consumption is minimised for

the whole journey.

7.3 Numerical Experiments

In this section, the case studies for various scenarios are conducted by using the proposed

model. There are four scenarios in the case studies and listed as following:

• Train operation with OESDs without the varied route conditions (runs on flat

track and no speed limits).

• Train operation with OESDs with the varied route conditions (runs on sloping

track and varied speed limits).

• Train operation with OESDs on partial discontinuously electrified railway.

• Train operation with OESDs on catenary-free railways.

The results of these case studies show the adaptive eco-driving strategy of the train with

different types of OESD adopted in the research, as well as their respective influence

on train operations. In the case studies, mainly the generic urban railway systems,

e.g. metro systems, tram systems with relatively short distance and short journey time

between adjacent stations, are used to test the proposed model. However, the journey
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time or track length can also be prolonged according to the real operational requirement,

such as the metro ad tram systems with short-time operation or even the high-speed

railways with long time operation.

The train traction/braking characteristics and the drag force used in the case studies

are shown in Table 4.1. The mass of the train Mt in the case studies is 176 t without the

OESD and the maximum acceleration a and deceleration a are both set to be 1.2 m/s2.

The track length D is equally divided to be 100 m for all of the scenarios. The average

energy efficiency ηs and ηk can be set based on literature from long-term viewpoint.

Specifically, the energy transmission efficiency from grid to the motor is set as 90% due

to a 10% average energy loss and the energy conversion efficiency of electric motor is

set as 90% for most typical engineering applications [111]. Therefore, the approximated

value for ηs is 81% = 90% × 90% in this study. On the other hand, energy can be

directly transmitted between the motor and OESD with a negligible transmission loss [8],

thus, the value for ηk is set as 90% considering only the discharge/charge efficiency

resulted from the OESD’s own resistance. Both values can be modified according to the

field data.

Note that the case studies are conducted by using Matlab R2020ar and Gurobir

9.0.1 solver on a PC with Intel Corer i5-5200U processor (2.20 GHz) and 8.00 GB

RAM.

7.3.1 Without/With Varied Route Conditions

Since the case study is for the train running between two adjacent stations, the track

length is set to be 1800 m and the initial speed v1 and the terminal speed vN+1 of the

train should be 0. Each kind of OESD is assumed to be fully charged, namely SOEini=

100%, before the departure of the train.

Scenario 1 of the case study is to explore the optimal eco-driving strategy for train

with different types of OESD on the flat track without speed limits, and the running

time T is limited at 100 s. The optimal speed profiles, train operation mode, OESD

power and SOE profiles are illustrated in Figure 7.5, and it is evident that the optimal

eco-driving strategies of the train with different types of OESD are significantly different.

For the train with supercapacitor, the SOE and power profiles show that its SOE

and power limit drop/soar fast during the journey resulted from its highest maximum

power and lowest capacity among the three types of OESD. This in turns results in the

shortest motoring distance/braking distance and longest coasting distance. For the train

with flywheel, the OESD always works at its power limits due to its larger capacity of
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Figure 7.5: Scenario 1: The optimal train speed, OESD SOE and power profiles for the train with (a) supercapacitor, (b)
flywheel and (c) Li-ion battery on a 1800-metre-long flat track without speed limits. Different traction and braking distribution
resulted from different OESD, where 300-metre-long traction and braking distance for supercapacitor, 400-metre-long traction
distance and 900-metre-long braking distance for flywheel and 500-meter-long traction distance and 900-metre-long braking
distance for Li-ion battery. Also, the OESD power is limited by their own dynamic power limits with a slight violation due to
the modelling precision, which is to be explained in Section 7.3.4
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Figure 7.6: Scenario 2: The optimal train speed, OESD SOE and power profiles for the train with (a) supercapacitor,
(b) flywheel and (c) Li-ion battery on a 1800-metre-long sloping track with speed limits. Different traction and braking
distribution resulted from different OESD, both of the optimal speed and OESD discharging/charging power are limited by
the speed limits and dynamic power limits respectively during the journey



Chapter 7. Impacts of Different Types of OESD on Train Operations 149

and lower maximum power, leading to the longer discharge/charge process and longer

traction/braking distance than supercapacitor. As for the train with Li-ion battery, due

to its largest capacity and lowest maximum power, the discharge/charge process of it is

the most frequent among the three, leading to the constant traction/braking to make

the OESD release and recover as mush energy as possible.

Scenario 2 is to see the flexibility of the proposed method, where the varied route

conditions e.g. gradient change and speed limits are introduced to make the case

studies more practical, and the running time T is prolonged to be 120 s here since

the maximum train speed is constrained by speed limits. The results are shown in

Figure 7.6, which shows that due to the introduction of the complex route conditions

the train speed, SOE and power profiles see significant difference compared to scenario

1. Different optimal eco-driving strategies for the train with different types of OESD

can be found to meet the real operational requirements, where the discharging/charging

process for three types of OESD still follow the corresponding dynamic power limit.

Discharging/charging processes are more frequent than Scenario 1 resulted from the

introduced route conditions. The train switches the traction and braking modes back

and forth to finish the journey, where the SOE and power profiles for supoercapacitor

and flywheel are more fluctuated than the Scenario 1 while SOE of Li-ion battery still

changes mildly.

7.3.2 Discontinuously Electrified and Catenary-Free Railways

Though railway electrification prevails in some region and country in recent years, in

some special locations, e.g. tunnel or bridges, installing the catenary or other power

supply systems might be economically or technically impractical. On the other hand,

some of the railway systems are too old to be fully electrified, e.g. the TransPennine

route between Leeds and Manchester built in Victorian times [132]. In addition, the

future projects should ensure that all options for traction power supplies are considered,

including distribution and energy storage options on the discontinuous electrification,

where the operating and maintenance costs and the resilience of the alternatives should

also be considered [133]. When the train is equipped with OESD, if well designed,

the train can always secure adequate energy supply and operate on railway sections

without temporary or permanent electricity supply from substations. In this section, the

potential of each types of OESD applied in discontinuously-electrified and catenary-free

railways is investigated. In Scenario 3, the train is running on a 2000-m track with

a non-zero initial speed and a 1000 m non-electrified section at the beginning. The
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total running time T is assumed to be 160 s and the new speed limits and gradients

information are also introduced. In scenario 3, the initial speed v1 and the initial SOE

of OESD SOEk1 when entering the non-electrified section is assumed to be 15 m/s and

60% respectively.

Since the train running in the first 1000 meters cannot be powered by the substation,

thus, the 1st to 10th Ei,s need to be set as 0. The results of scenario 3 are shown

in Figure 7.7, it can be observed that the train can safely passes the non-electrified

section under the support of OESD, and the speed profiles with different types of

OESD are noticeably different. The traction and braking process together with the

discharging/charging process of OESD occur repeatedly along with the journey. In

addition, it can also be noted that the SOE change of Li-ion battery is still much more

mild than that of supercapacitor and flywheel.

On the other hand, trains running on the catenary-free railway is also common in

city trams or light rail systems. The proposed method can be used to evaluate the

feasibility of each type of OESD in catenary-free railway lines using time-saving driving

strategy. To achieve this, scenario with the track length being 2500 m with speed limits

and gradient information is given. The objective function of the model needs to be

revised to be (7.43), with the constraint of the total running time relaxed and all of the

Ei,s set to be 0.

min

N∑
i=1

∆ti (7.43)

By changing the objective function to minimise the total running time, the time-saving

potential of the train with each type of OESD can be obtained, and the optimal speed

trajectory, SOE profile, OESD power profile and corresponding time-distance paths are

shown in Figure 7.8. It can be noted from the results that the train with flywheel can

run faster than the other two because it makes the shortest total running time. Though

with the highest maximum power, the small capacity of the supercapacitor undermines

its time-saving driving strategy very much, resulting in the longest running time among

the three. On contrary, due to the largest capacity of the Li-ion battery, the train with

it can have constant but lowest power supply. This ensures that the train with it can

constantly motor to accelerate for reducing the journey time, just as shown in Figure

7.8-(c). Also, from the change of the SOE and OESD power profile, though each of the

3 sees significant difference, the similar trend is to power the train as much as possible

to raise the speed rather than recovering the regenerative braking energy.
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Figure 7.7: Scenario 3: The optimal train speed, OESDs’ SOE and OESD power profiles for (a) supercapacitor, (b) flywheel
and (c) Li-ion battery with non-electrified sections (The double arrow with ”X” represents the non-electrified section).
During the running in the non-electrified section, the train with different OESD conducts more traction than braking, e.g.
600-metre-long motoring VS 200-meter-long braking for supercapacitor, 400-meter-long traction VS 200-meter-long braking
for flywheel and 500-meter-long traction VS 400-meter-long braking for Li-ion battery
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Figure 7.8: Scenario 4: The optimal train speed profile, SOE profile and OESD power profile and corresponding time-distance
path for (a) supercapacitor, (b) flywheel and (c) Li-ion battery on the catenary-free railway section (The double arrow with
”X” represents the non-electrified section). Different shortest journey time resulted from different OESD are shown, where
the flywheel can bring the fastest arrival, Li-ion battery ranks the second and supercapacitor ranks the last
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7.3.3 Results Comparison on Different Types of OESD

For a comprehensive evaluation and comparison, the net energy consumption, energy-

saving rate and the energy-saving rate per k$ for all scenarios are given in Table 7.4.

Noted that the unit in kWh is used to reduce the digit numbers when using unit kJ

of the variables. From the result of scenario 1, it can be seen that except of Li-ion

battery, both supercapacitor and flywheel have ran out of their stored energy since

their supplied energy equal to their capacity. For scenario 2 and scenario 3, due to

the more frequent discharge/charge process during the journey resulted by the more

complex route conditions, the supplied energy and recovered energy by supercapacitor

and flywheel are higher than their capacity. The net energy consumption of scenario 3

for both supercapacitor and flywheel is negative. This is resulted from the non-zero

initial speed of the journey, where the energy consumption of the previous running

is not counted in the results, and also due to the more energy recovered than energy

supported of both type of OESD in this journey.

It can be seen that from Scenario 1 to Scenario 3, the train with flywheel are always

with minimum net energy consumption on the same route when compared to the train

with the supercapacitor and Li-ion battery. Flywheel can also supply and recover the

most energy during the journey, resulting in the least dissipated energy by resistor.

On the other hand, the Li-ion battery brings the least energy-saving effect, with the

highest net energy consumption from Scenario 1 to Scenario 3. Li-ion battery can only

supply and recover few energy due to its limited power capability, resulting in the most

dissipated energy among the three types of OESD.

For Scenario 4, it should be noted that the objective of it is not on energy saving

but on feasibility analysis. With the catenary-free railways, it is observed that Li-ion

battery supplies the most energy and recovers the most energy during the journey.

This is resulted from its largest capacity which enables it to have continuous traction

and braking to save the running time of the journey. In contrary, due to the smallest

capacity of the supercapacitor, though it can supply the highest power in short time,

the train still has limited traction ability which undermines the time-saving effect.

In summary, based on the optimisation results of the 4 scenarios shown above, the

technical advantages of these three types of OESD can be analysed on the average term.

From the results tabulated in Table 7.4, it can be seen that the flywheel can bring the

least energy consumption from substation and net energy consumption with the highest

energy-saving rate, ranging from 22.32% to 129%, and also the most cost-effective

for its highest energy-saving rate per k$. Though the supercapacitor and the Li-ion
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Table 7.4: Results of the case studies

OESD Energy supplied Energy recovered Energy dissipated Energy from NEC* Energy-Saving Energy-Saving
type by OESD by OESD by resistor substation rate rate per k$

(kWh) (kWh) (kWh) (kWh) (kWh) (%) (%/k$)

Scenario 1: without varying route conditions (1800-metre-long track and 100-second journey time)

S 1.87 1.87 9.60 15.76 15.76 13.55 0.09
F 3.50 3.50 8.18 14.46 14.46 22.32 0.15
L 0.16 0.75 10.63 18.64 18.05 0.99 0.01

Scenario 2: with varying route conditions (1800-metre-long track and 120-second journey time)

S 2.94 2.94 14.24 2.49 2.49 59.24 0.39
F 4.82 4.82 12.93 1.42 1.42 76.76 0.51
L 0.22 0.97 15.95 6.58 5.83 4.58 0.03

Scenario 3: partially electrified railway (2000-metre-long track and 160-second journey time)

S 3.86 4.61 2.17 0 -0.75 115 0.77
F 4.54 5.94 1.29 0 -1.40 129 0.86
L 1.15 1.16 5.89 2.91 2.90 39.71 0.26

Scenario 4: catenary-free railway (2500-metre-long track)

S 1.87 0.86 0 0 1.01 / /
F 3.50 0.24 1.89 0 3.25 / /
L 5.35 0.96 2.73 0 4.38 / /

S: Supercapacitor; F: Flywheel; L: Li-ion battery. NEC*: Net energy consumption.
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battery bring less energy-saving rate than the flywheel, under the same capital cost the

supercapacitor can provide the highest power output in a short time while the Li-ion

battery is with the largest capacity for the long-term operation. It also implies that the

proper combination of them will make the most of each type of OESD, which might

help reduce more energy consumption.

7.3.4 Error Analysis of the Proposed Model

In this section, the error analysis of the proposed method is elaborated by focusing on

power limits P kidch and P kich and the running time T based on the results of the case

studies.

In section 7.2, linear approximation of the train movement and the dynamic power

characteristics of three types of OESD are conducted, which leads to the difference

between the approximated value and actual value. This can be observed in the results

that there are slight discrepancies between the OESD power profile and the corresponding

power limits. For scenario 1, in Figure 7.5-(c), it can be seen that the discharge power

of Li-ion battery slightly exceeds its power limits. For scenario 2, it can be observed

in Figure 7.6-(a) and Figure 7.6-(c) that the discharging and charging power for both

supercapacitor and Li-ion battery are slightly higher than their respective limits in

some ∆di. Also, the discharge power of supercapacitor in scenario 3, as shown in Figure

7.7-(a), sometimes goes beyond the power limits a bit during the journey.
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Figure 7.9: The error rate for dynamic power limits approximation of each types of
OESD from the case studies

The dynamic power limits with respect to the current SOE of OESD for different

types of OESD are approximated by using piece-wise linearisation and SOS2 method

in the modelling process. As a result, the error analysis of it is needed to see the

performance of the proposed approach. The error rate of the discharge/charge power
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limit, edchi,P and echi,P , can be obtained by using (7.44).

edchi,P =

∆Eki,dch
′

∆ti
− P ki,dch

P ki,dch

× 100%, echi,P =

∆Eki,ch
′

∆ti
− P ki,ch

P ki,ch

× 100% (7.44)

Note that the error data when P ki,dch or P ki,ch equals to 0 are eliminated in the results

due to the infeasible calculation. The results of the error rate is plotted in Figure 7.9.

From the figure, it can be seen that the most of the points are located between ±5% in

error rate data for all of the ∆di of the case studies. Additionally, the average error rate

for supercapacitor, flywheel and Li-ion battery is 2.04%, 1.84% and -0.71% respectively,

showing that the proposed method preforms satisfactorily on modelling the dynamic

power limits of each types of OESD.

On the other hand, the relationships among the speed-related variables are linearised

by using SOS2, and the approximated values 1
v′i,ave

but not the real reciprocal of average

speed of each ∆di are used in calculating the running time T , which influences the

accuracy of it. Since punctuality is important in real operation, the accuracy of it in the

proposed model is also essential, which indicates that the error analysis of the running

time is necessary. Here the error rate of the running time T is denoted as eT , and it

can be calculated by dividing the difference of the approximated values and real values

by the real values, as shown in (7.45).

eT =

T − (
∑N

i=1
∆di√

v2i+
√
v2i+1

)∑N
i=1

∆di√
v2i+
√
v2i+1

× 100% (7.45)
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Figure 7.10: The error rate for running time modeling for each OESD in various case
studies

Based on the obtained optimal speed trajectories, the eT for 4 scenarios of these
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three types of OESD can be calculated, the results of which are illustrated in Figure

7.10. It can be observed that the error rates of the running time for 4 scenarios of

three types of OESD are all small, the range of which are only between -0.91% and

-3.78%, while the average error rate being -1.8%. This error rate is relatively small when

comparing with the error rate 5% in [134] and 2% in [34] dealing with the train speed

optimisation using mathematical programming. This confirms the acceptable modelling

accuracy of our method on controlling the running time of the journey.

7.4 Summary

This chapter investigates the optimal driving strategy of the train equipped with three

popular types of OESD: supercapacitors, flywheels and Li-ion batteries, to minimise

the net energy consumption by taking into account their corresponding dynamic dis-

charging/charging characteristics.

The dynamic power limits of different types of OESD of the fixed investment cost

together with the train operation are formulated as a MILP problem. The case studies

are conducted by using the proposed method to investigate the train operation on fully

electrified railways, partially electrified railways and catenary-free railways. Based on

the results, insightful comparisons of the speed trajectories, SOE and power profiles of

OESDs and energy-saving effect for the train with different type of OESD are given. It

can be seen from the results that flywheel offers the best performance on saving the

energy consumption with the highest energy-saving rate ranging from 0.15 %/k$ to 0.86

%k/$ under various scenarios. Supercapacitor ranks the second and can save the energy

consumption from 0.09 %/k$ to 0.77 %/k$. Li-ion battery sees the poorest performance

since it can only bring a energy-saving rate from 0.01 %/k$ to 0.26 %/k$ for all of the

scenarios. In addition, from the error rate analysis it can be told that the proposed

method can solve the problem with acceptable modelling accuracy, which shows the

effectiveness and practicality of the approach.



Chapter 8

Choosing Right Size of OESD-A

Data-Based Method

The main content of this chapter is from the author’s published article in a version

with minor reconfiguration to fit the structure and context of this thesis. The

published article is:

C. Wu, S. Lu, F. Xue, L. Jiang and M. Chen, ”Optimal Sizing of On-Board

Energy Storage Devices for Electrified Railway Systems,” IEEE Transactions

on Transportation Electrification, vol. 6, no. 3, pp. 1301-1311, 2020.

8.1 Introduction

This chapter discusses the optimal sizing problem of the OESD for energy-saving train

operations. In Chapter 4, it is found that the excessive capacity of the OESD will not

bring more energy reduction, but might lead to the increase of the energy consumption

due to the heavier mass, see Figure 4.6. Therefore, based on the characteristics of the

train operation, finding out the best capacity of the used OESD will effectively guide

the operators to do the smart decision on selecting the most suitable OESD to achieve

the best energy-saving performance as well as reduce the unnecessary capital cost.

Locating the suitable capacity for energy storage systems has been a popular research

topic in the field of electrical engineering, and it has been investigated in the microgrid

(MG) [135–137] and electric vehicle (EV) applications [138–140]. The main focuses

of these papers are to determine the appropriate size of the energy storage systems

158
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to reduce or minimise the system’s operating cost and investment cost of the energy

storage devices. On the other hand, sizing problem of the energy storage in electrified

railway systems is still a new research direction for both stationary energy storage

and OESD [11]. Optimal sizing problem for stationary and substation-based energy

storage has been studied with no constraints on weight and volume of the energy storage

devices. In [13], energy storage technologies for Auxiliary-Battery-Based Substations

are investigated, in which a Techno-economic model for battery sizing, locating and

controlling are proposed to minimise the system’s operating cost. For recuperation of the

regenerative energy, study on the optimal sizing problem of a stationary hybrid energy

storage system combining the batteries and supercapacitors is conducted [141], where

the train power profiles, battery cycles and depth of discharge (DOD) are considered. To

minimise the trade-off between stationary energy storage capacity and charging power,

a sizing methodology is proposed and a barrier method combined with a Newton’s

method is applied to find the optimal solution [142].

Along with the stationary energy storage systems, OESDs on the other hand are

also fast developing and widely applied in railway transportation. It has been argued

that oversizing of the OESD might unnecessarily increase mass and volume of the

system, whereas undersizing might lead to considerable energy waste [8]. By developing

a specific simulation tool to simulate the train vehicle movements, power profiles and

OESD control, the OESD sizing problem taking into account the railway traffic volumes

is studied in [143], which helps shave peak power, reduce voltage drop and line losses.

In [144], the numerical simulations and experimental tests are conducted to investigate

the problem, where the size of the OESD is reduced to help shave the voltage peak

of the overhead contact line as well as to save the energy consumption. In [145], the

optimal sizing problem for a light railway vehicle with an OESD combining batteries

and supercapacitors are studied by applying GA. The target of it is to minimise the cost

of the energy from catenary as well as the initial investment and cycling cost of OESD.

It is noted that the above optimal sizing studies are conducted by using simulations,

hardware experiments and heuristic algorithms, which would result into an issue of

sub-optimum and undermine the energy-saving potential of OESD.

It can be found that further studies are still needed on the optimisation method to

address the OESD’s optimal sizing problem considering both characteristics of OESD

and train operations. In this case, this chapter aims to develop a mathematical model to

be solved to determine the optimal capacity of different types of OESD which minimises

the energy consumption for practical electrified railway operations. The contributions

of the chapter are outlined as follows:
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• three types of popular energy storage, supercapacitors, Li-ion batteries and fly-

wheels, are investigated. The characteristics of OESD e.g. power density and

energy density, and the industry-concerned factors e.g. capital cost and volume,

are all taken into account in the model.

• By modelling the energy flow of the traction system, the discharging/charging

process of the OESD, train operation status, complex route conditions and en-

gineering properties of OESD are formulated into a mathematical programming

model, in which the global optimal capacity of OESD can be obtained.

• The real-world train operation data from Beijing Changping line is adopted in this

chapter, which shows the effectiveness of the proposed method in real application.

Comprehensive compare and contrast studies are performed between different

types and different size of OESD based on the results of the model, offering an

inside view on their influences on energy-saving effect to the train operation.

8.2 Data-Based Modelling

Notation of variables

Ecap Capacity of the OESD [kJ]

∆Ei,j,s Energy from the substation in ∆di,j [kJ]

∆Ei,j,dch Energy discharged from the OESD in ∆di,j [kJ]

∆Ei,j,ch Energy charged to the OESD in ∆di,j [kJ]

∆Ei,j,r Energy transmitted to the resistor from the motor in ∆di,j [kJ]

λi,j Binary variables to determine the train operation mode in ∆di,j

Assumptions

1. The regenerative braking energy can only be recovered by OESD

or dissipated by resistors but cannot be fed back to the substation or

used by other trains.

2. The long-term or life-cycle factors that might influence the perfor-

mance of OESD are ignored.

8.2.1 Data Collection from the Discretised Route

The inter-station sections in railway line are separated by different stations along with

the whole track. The track length Di for ith inter-station section is first discretised and

divided into several distance segments with the value ∆di,j respectively, the sum of
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which satisfies (8.1).
Ni∑
j=1

∆di,j = Di (8.1)

where Ni is the total amount of the divided distance segments for ith inter-station

section.
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Figure 8.1: Schematic illustration of discretisation process of the one typical inter-station
section. Black solid line is the practical train speed trajectory, black dash lines are
the basic division without considering the gradients information, red dash lines are the
division imposed by specific gradient change and circles are the corresponding speed
points

∆di,k can be modified with different value according to practical track conditions

e.g. different track length and gradients so that the track length can be fitted. Within

one distance segment, there is no change of the gradient. For example, as shown in

Figure 8.1, the whole track length for the ith inter-station journey is 1960 m and the

gradient changes occur at 47 m, 380 m, 1510 m and 1805 m. Di is first divided into

20 distance segments with 19 100-metre segments and 1 60-metre segment without

considering the gradient information, shown as the black dash lines in Figure 8.1. This

means that ∆di,j for j = 1, 2, 3, ..., 19 is 100 metres and ∆di,20 is 60 metres in length.
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Followed by this, we insert the division lines in gradient switching points mentioned

above to do the reconfiguration of ∆di,j , shown as the red dash lines in Figure 8.1.

After the reconfiguration, the number of ∆di,k increases from 20 to 24 with ∆di,1, ∆di,2,

∆di,3 ∼ ∆di,4, ∆di,5, ∆di,6, ∆di,7 ∼ ∆di,17, ∆di,18, ∆di,19, ∆di,20 ∼ ∆di,21, ∆di,22,

∆di,23 and ∆di,24 assigned with 47 m, 53 m, 100 m, 80 m, 20 m, 100 m, 10 m, 90 m, 100

m, 5 m, 95 m, 60 m respectively. Both Di and ∆di,j have no minimum or maximum

limits as they are determined by the studied railway systems and field data of the speed

trajectories. Also, the shorter the ∆di,j is, the more speed data to be collected, and the

more precise result it will be.

After the discretisation of the route, the practical train speed of both ends of each

∆di,j can be collected, shown as the circles in Figure 8.1. As there are Ni distance

segment ∆di,j , there will be Ni + 1 collected train speed points Vi,1, Vi,2,...,Vi,j ,...,

Vi,N1+1. Therefore, the average speed Vi,j,ave of each ∆di,j can be calculated by using

the collected Vi,j as shown in (8.2).

Vi,j,ave =
Vi,j + Vi,j+1

2
, ∀j ∈ 1, 2, ..., Ni, ∀i = 1, 2, ..., I (8.2)

where I is the total number of the investigated inter-station sections.

After having the average speed for each ∆di,j , the elapsed time ∆ti,j for each ∆di,j

for the inter-station journey can be calculated by using (8.3). Additionally, the drag

force Ri,j for each ∆di,j can be calculated by Davis equation as shown in (8.4).

∆ti,j =
∆di,j
Vi,j,ave

, ∀j ∈ 1, 2, ..., Ni, ∀i = 1, 2, ..., I (8.3)

Ri,j = R0 +R1Vi,j,ave +R2V
2
i,j,ave, ∀j ∈ 1, 2, ..., Ni, ∀i = 1, 2, ..., I (8.4)

As we can see, through collecting the practical train running speed based on route

discretisation, the related parameters of this speed trajectory including running time

and drag force can be obtained as well by simple calculation, which are the important

inputs of the later modelling and optimisation process.

8.2.2 Relationship between OESD Capacity and Energy Conversion

It can be found in [8, 130] and [131] that the performance of the energy storage is

commonly expressed by using energy density, power density, capital cost in the unit

of ”energy per unit mass”, “energy per unit volume” and ”power per unit mass”. In

this case, the linear relationships among the capacity, mass, maximum discharge/charge
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power, volume of each type of OESD can be established. As a result, different capacity

of the OESD Ecap leads to different mass of the OESD Mo, and the relationship between

the capacity and the mass can be represented in (8.5).

Mo =
Ecap
Xm

(8.5)

where Xm is the energy density with respect to the mass and it is a constant determined

by the feature of different types of OESD.

Since in the Section 8.2.1 the Vi,j are collected, the kinetic energy change ∆Ei,j,k of

the train in each ∆di,j can be calculated by using (8.6).

∆Ei,j,k =
1

2
(Mt +Mo)(V

2
i,j+1 − V 2

i,j) =
1

2
(Mt +

Ecap
Xm

)(V 2
i,j+1 − V 2

i,j),

∀j = 1, 2, ..., Ni, ∀i = 1, 2, ..., I (8.6)

The work done by the drag force ∆Ei,j,f in each ∆di,j can also be obtained as shown

in (8.7).

∆Ei,j,f = Fi,j,drag∆di,j , ∀j = 1, 2, ..., Ni, ∀i = 1, 2, ..., I (8.7)

The potential energy change of the train ∆Ei,j,p resulted from the gradient change

of the route is calculated by using (8.8).

∆Ei,j,p = (Mt +Mo)g∆di,jθi,j = (Mt +
Ecap
Xm

)g∆di,jθi,j ,

∀j = 1, 2, ..., Ni, ∀i = 1, 2, ..., I (8.8)

where θi,j is the gradient for the interval of ∆di,j .

According to the law of conservation of the energy, the conversion of the energy can

be expressed in (8.9).

∆E+
i,j,m −∆E−i,j,m −∆Ei,j,k −∆Ei,j,f −∆Ei,j,p −∆Ei,j,r = 0,

∀j = 1, 2, ..., Ni, ∀i = 1, 2, ..., I (8.9)

where ∆E+
i,j,m and ∆E−i,j,m are both extended from ∆E+

i,m and ∆E−i,m in the previous

chapters in order to deal with multiple inter-station sections. Since motoring and

braking cannot occur at the same time, to distinguish different train operation modes,

the binary variables λi,j and large number L are introduced to ensure that when there

are ∆Ei,j,s and ∆Ei,j,dch, there is no ∆Ei,j,ch existing at the same time, and vice versa.
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In addition to the energy restriction, the power limit of the motor and OESD should

be added as the constraints respectively, and the work done by the motor also need to

be restricted by the maximum traction force provided by the motor. Additionally, the

maximum discharging and charging power Po of OESD is related to the mass of it, thus

we have the relationship as shown in (8.10).

Po = Y ×Mo = Y
Ecap
Xm

(8.10)

where Y is the power density with respect to the mass and it is a constant determined by

the feature of different types of OESD. Thus the power for the discharged and charged

energy cannot exceed the maximum charge and discharge power.

∆Ei,j,dch ≤ Po∆ti,j = Y
Ecap
Xm

∆ti,j , ∀j = 1, 2, ..., Ni, ∀i = 1, 2, ..., I (8.11)

∆Ei,j,ch ≤ Po∆ti,j = Y
Ecap
Xm

∆ti,j , ∀j = 1, 2, ..., Ni, ∀i = 1, 2, ..., I (8.12)

The state of energy (SOE) defines the amount of stored energy relative to the

capacity Ecap of the OESD, it is accumulated with the train’s running from the first

station. It can be expressed based on the proposed model in the study in the equation

(8.13).

0 ≤ SOEi,j =
Eini −

∑J
j=1 ∆Ei,j,dch +

∑J
j=1 ∆Ei,j,ch

Ecap
× 100% ≤ 100%,

∀j = 1, 2, ..., Ni, ∀i = 1, 2, ..., I (8.13)

where Eini is the initial available energy in the OESD when the train departs from the

first station. In addition, J = j, when i = 1 for the running at the first inter-station

journey; J = N1 + N2 + ... + Ni−1 + j, when i ≥ 2 since the status of the OESD in

previous inter-station journeys needs to be accumulated together.

The objective function of the entire model is the net energy consumption which is the

difference of the total traction energy consumption (The sum of total energy consumption

from substation and total discharged energy from OESD) and the total regenerative

energy received by OESD, as shown in (8.14). By conducting this optimisation to

minimise the net energy consumption, energy consumption from the substation is also
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minimised.

min
I∑
i=1

Ni∑
j=1

(∆Ei,j,s + ∆Ei,j,dch −∆Ei,j,ch), (8.14)

8.3 Numerical Experiments

In this section, the effectiveness of the proposed approach is demonstrated by using a real

case study based on the data from Beijing Changping line. The Changping line covers

21 kilometres distance and has 7 stations. The route map for the Changping line is

shown in Figure 8.2 and Figure 8.3 illustrates the traction/braking characteristics, basic

drag force of the train and gradient information of the route [146]. The practical train

speed trajectory for each inter-station section of the Changping line and corresponding

distance interval for speed data collection follow the literature [147]. These information

has been integrated and tabulated in Table 8.1.

NANSHAO (NS)

SHAHE Univerisity Park (SUP)

SHAHE (SH) 

GONGHUACHENG (GHC)

ZHUXINZHUANG (ZXZ)

Life Science Park (LP)

XI’ERQI (XRQ)

Figure 8.2: The route map for Beijing Changping line

Table 8.1: The inter-station length and the distance interval used in speed data collection
for Beijing Changping line

Inter-Station section Length (m) Distance interval (m)

XRQ-LP 5441 200
LP-ZXZ 2368 100

ZXZ-GHC 3810 200
GHC-SH 2037 100
SH-SUP 1967 100
SUP-NS 5364 200
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Figure 8.3: The traction/braking characteristics of the train motor, drag force, gradient
information and practical train speed trajectory of the Changping line

Similar as Chapter 7, the case studies mainly focus on the three types of OESD,

namely supercapacitor, battery and flywheel due to their most popular applications. In

addition, Li-ion battery is selected to represent the other types of chemical battery. The

OESD data used in the case studies can be found in Table 7.1 in Chapter 7. It should

be noted that for the purpose of a general investigation, the halfway point of these

ranges is selected e.g. the power density for supercapacitor used in the case studies

is set to be (500 + 5000)/2 = 2750 kW/t. This halfway point value is considered as

one of the reasonable presentations of the general characteristics of one type of energy

storage. This value needs to be updated to reflect the technical development of energy

storage technology and maintain a high level of modelling accuracy. With the fast

development of energy storage technologies, the general performance of these three types

of OESD will see substantial progresses and this halfway point will definitely change in

the foreseeable future. The proposed model still can be used to obtain the corresponding

new optimal size of the OESD based on the new values of these parameters.

Note that the case studies are conducted by using Matlab R2018br and CPLEXr
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12.8.0 solver on a PC with Intel Corer i5-6500 processor (3.20 GHz) and 8.00 GB RAM.

8.3.1 Without the Constraints of Capital Cost and Volume

This section introduces the optimal results regardless of the capital cost and volume

of the OESD, and the reference train speed trajectories for the Changping line and its

optimal discharge/charge curves represented by OESDs’ SOE are shown in Figure 8.4.

The optimal capacity of each type of OESD and respective energy consumption from

substation are tabulated in Table 8.2, and the corresponding resulted volume, capital

cost, maximum power and mass are also given in Table 8.3.
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Figure 8.4: The reference train speed trajectories and discharging/charging curves for
different optimally sized OESD without constraints of capital cost and volume

From the Table 8.2 it is observed that without any constraints on capital cost and

volume, with the same reference speed trajectories, supercapacitor, Li-ion battery and

flywheel with respective optimal capacity can bring the similar energy-saving effect,

reducing energy consumption from substation by 23.6%, 22.9% and 23.7% respectively.

However, the optimal OESD capacity sees substantial differences when compared

among different types of OESD. For achieving the minimum energy consumption from

substation, the optimal capacity for Li-ion battery is extremely high, which reaches

923.8 kWh, and for supercapacitor is the lowest being 10.1 kWh. In addition, results
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Table 8.2: Optimisation results of energy consumption from substation and OESD
capacity for case without constraints of capital cost and volume

OESD Optimal Minimum energy consumption Energy-saving
type capacity from substation rate∗

(kWh) (kWh) (%)

Supercapacitor 10.1 157.3 23.6
Li-ion battery 923.8 158.9 22.9

Flywheel 32.0 157.2 23.7
∗The energy-saving rate of catenary energy consumption with optimally sized OESD in

reference to the scenario without OESD.

Table 8.3: The volume, capital cost, maximum power and mass of the optimally sized
OESDs for case without constraints of capital cost and volume

OESD type
Supercapacitor Li-ion battery Flywheel

Volume (m3) 0.5 2.8 0.6
Capital cost (k$) 11.6 1385.8 96.1

Maximum power (kW) 877.5 419.9 508.2
Mass (t) 0.32 1.87 0.17

shown in Table 8.3 also bring some valuable information about each OESD under this

optimal capacity. For example, among the three types the Li-ion battery is the heaviest

and the most space-consuming, which needs much space for installation even though its

division into several sets, and flywheel is the lightest and supercapacitor is the most

space-efficient in this case. Though the optimal capacity of Li-ion battery is the highest,

maximum power of it is still the lowest among the three types, showing the low power

support which is the commonly recognised drawback of the chemical battery. The capital

cost for Li-ion battery becomes the most significant factor with an extremely high value

of 1385.8 k$, which is also impractical in the real operation. In short, adoption of Li-ion

battery demands higher economic cost and larger space to achieve the optimal capacity.

From Figure 8.4, it can also be seen that the discharge/charge curves for these

three types of OESDs are also different. The maximum gradient of SOE curves for

supercapacitor is much higher than the other 2 types of OESDs, depicting a much

steeper curves than the other. The SOE curve for Li-ion battery is enlarged for a

clear view in the figure since the change of it is hard to be observed. The maximum

increment or decrement of SOE in each ∆di,j , notated as ∆SOEi,j,max, is determined

by the equation (8.15).

∆SOEi,j,max = Po∆ti,j/Ecap (8.15)
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Figure 8.5: The ratio among ∆SOEi,j,max of each type of OESD regarding supercapacitor
as base value for the case without the constraints of capital cost and volume

Table 8.4: The energy-saving rate with respect to the capacity, volume and capital cost
of optimally sized OESDs for case without constraints of capital cost and volume

OESD type
Supercapacitor Li-ion battery Flywheel

Energy-saving rate per
2.35 0.02 0.74

unit capacity (%/kWh)
Energy-saving rate per

2.05 0.02 0.25
unit capital cost (%/k$)
Energy-saving rate per

47.07 8.04 37.01
unit volume (%/m3)

From Table 8.3 it is seen that supercapacitor is with the highest discharge/charge

power, flywheel ranks the second and Li-ion battery is with the lowest maximum

power while the trend for their respective capacity is exactly contrary. As a result,

this leads to the different ∆SOEi,j,max when different type of OESD is investigated.

If the ∆SOEi,j,max for supercapacitor is regarded as the base value, the ratio of

∆SOEi,j,max for supercapacitor, Li-ion battery and flywheel can be obtained as 1:

0.005: 0.182, as shown in Figure 8.5, clarifying the reason for the significantly different

discharging/charging curve for each type of OESD. It also should be noted that due

to the low power density of the Li-ion battery, the obtained optimal solution results

in a relatively high maximum power for it while with a extremely large capacity. In

this case, though using Li-ion battery can bring the similar energy-saving effect as the

supercapacitor and flywheel do, there is still more than 90% of the capacity of it not

being used.
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Figure 8.6: The radar chart for comparison among the energy saving rate with respect
to the optimal capacity, volume and capital cost for the case without constraints of
capital cost and volume

Since the optimal capacity, volume and capital cost of three types of OESD are

obtained, the energy-saving efficiency from the industry viewpoint related to these three

important factors can be studied. Here three terms, energy-saving rate per unit capacity

in %/kWh, energy-saving rate per unit capital cost in %/k$ and energy-saving rate per

unit volume in %/m3, are proposed and obtained, as shown in Table 8.4. Additionally,

the comparison among each value of them are made into a radar chart illustrated in

Figure 8.6. From the figure, it can be observed that supercapacitor is the most efficient

in reduction of energy consumption from substation in terms of the above three aspects

while Li-ion battery seems to be with low efficiency to save energy consumption. In

terms of energy-saving rate per unit volume, performance of flywheel is close to that of

supercapacitor.

8.3.2 With the Constraints of Capital Cost and Volume

In Section 8.3.1, it can be found that without the constraint of capital cost ad volume,

Li-ion battery, supercapacitor and flywheel can bring a very similar energy-saving effect

through the optimised capacity. However, this also leads to an impractical capital cost

for Li-ion battery and even for flywheel who reaches 96.1 k$. In addition, the resulted

volume for Li-ion battery is also with large value. In real business, railway operators
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Figure 8.7: The reference train speed trajectories and discharging/charging curves for
different optimally sized OESD with upper limit of capital cost being 10 k$

Table 8.5: Optimisation results of capacity, energy saving rate, volume, capital cost,
maximum power and mass for different OESDs with an upper limit of capital cost of 10
k$

OESD type
Supercapacitor Li-ion battery Flywheel

Optimal capacity (kWh) 8.7 6.7 3.3
Energy-saving rate (%) 22.5 0.5 8.3

Volume (m3) 0.44 0.02 0.07
Capital cost (k$) 10 10 9.9

Maximum power (kW) 758.7 3.0 52.9
Mass (t) 0.28 0.01 0.02

need to take into account the company budget and left space on the rail vehicles when

applying OESD, and normally different companies have different requirements. As a

result, in this section the upper limits of the cost being 10 k$ and volume being 0.25 m3

are selected firstly for showing the practicality and flexibility of the proposed method.

This case study with the constraints of capital cost and volume shows that the proposed

method can meet different needs of varies of operators with different investment and

installation requirements.



172 Chaoxian Wu

XRQ 5 LP ZXZ 10 GHC SH 15 SUP 20 
NSDistance (m)

0

10

20

30

Sp
ee

d 
(m

/s
)

XRQ 5 LP ZXZ 10 GHC SH 15 SUP 20   NS
Distance (km)

0

20

40

60

80

100

St
at

e 
of

 E
ne

rg
y 

(S
O

E)
 %

Supercapacitor 
Li-ion Battery 
Flywheel

NS

Figure 8.8: The reference train speed trajectories and discharging/charging curves for
different optimally sized OESD with upper limit of volume being 0.25 m3

Table 8.6: Optimisation results of capacity, energy saving rate, volume, capital cost,
maximum power and mass for different OESDs with an upper limit of volume of 0.25
m3

OESD type
Supercapacitor Li-ion battery Flywheel

Optimal capacity (kWh) 5.0 81.3 12.5
Energy-saving rate (%) 16.9 5.8 19.9

Volume (m3) 0.25 0.25 0.25
Capital cost (k$) 5.8 121.9 37.5

Maximum power (kW) 436.5 36.9 198.4
Mass (t) 0.16 0.16 0.07

The optimal results for both scenarios are tabulated in Table 8.5 and Table 8.6,

and the discharge/charge curves are demonstrated in Figure 8.7 and Figure 8.8. It

can be observed that when the upper limit of capital cost is set to be 10 k$, the

most energy-saving OESD is supercapacitor as it has the highest optimal capacity and

maximum discharging/charging power in this case. Li-ion battery sees the highest

energy consumption from substation as well as with the low maximum power which is

only 3.0 kW. Flywheel is with least optimal capacity since it is more expensive than
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Figure 8.9: Traction energy supply split between substation and OESD in the optimisa-
tion results under different constraints. (a) No constraints of capital cost and volume
imposed; (b) With a capital cost upper limit of 10 k$; (c) With a volume upper limit
of 0.25 m3 (The orange value in parentheses is the total traction energy consumption
which is the sum of catenary energy consumption and discharged energy from OESD

other. When the upper limit of volume is 0.25 m3, the most energy-saving OESD

becomes flywheel which has the largest optimal capacity. Though Li-ion battery is

still with the worst energy-saving effect, the optimal capacity is highest among the

three, which indicates a high energy density of its kind. Supercapacitor is with the least

optimal capacity, implying its low energy density with respect to the volume constraint.

Similar to the case without the constraint of capital cost and volume, the change rate of

discharging/charging curves for Li-ion battery in both scenarios here are not significant

due to the relatively low maximum power and capacity.

The energy supply split for each type of OESD is shown in Figure 8.9, in which

the scenarios investigated above are all compared and contrasted. From the figure, it

is shown that in different scenario, the energy supply split varies. For the scenario

without the constraints of capital cost and volume (Figure 8.9-(a)), it can be found that

though the train equipped with Li-ion battery uses the most energy consumption rom

substation, Li-ion battery supplies the most energy. From Figure 8.9-(b) for scenario

with an upper limit of capital cost being 10 k$, it is clear that supercapacitor supplies
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Figure 8.10: The energy consumption from substation for different types of OESD under
varying upper limits of capital cost and volume

the most energy to train while Li-ion battery hardly support the train due to the low

discharging/charging power. The performance of flywheel is also influenced passively by

its low capacity. When given the upper limit of volume at 0.25 m3, flywheel brings the

most energy-saving effect and supply the most energy for traction, as shown in Figure

8.9-(c). The orange values in parentheses are their corresponding total traction energy

consumption and it can be seen that in terms of one specific type of OESD, the more

energy supplied by OESD, the less total traction energy consumed. This is due to the

higher efficiency of using the energy supplied by OESD than using the energy from

substation, which also cuts the energy consumption in turn.

Based on the proposed model, Figure 8.10 depicts further on the relationship between

the energy consumption from substation and capital cost and space of OESD, which

are industry-concerned factors. In Figure 8.10, the range of the upper limit for capital

cost is from 0 to 90 k$ with an increment step of 3 k$ and the range of the upper limit

for volume is from 0 m3 to 1 m3 with an increment step of 0.2 m3. From the figure, it

should be noted that Li-ion battery always gives the highest energy consumption from

substation among the three. As for the supercapacitor, the energy consumption from

substation for it is the most sensitive with respect to the upper limit of capital cost

among the three since it can be noted from the figure that the energy consumption
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substation with respect to upper limits of volume and capital cost (The dominated area
of both supercapacitor and flywheel is demonstrated on a projected plane of Figure
8.10 from the top with x-axis being the volume and y-axis being the capacity cost. By
dominating area, it means that adoption of the specific type of OESD will consume the
minimum energy consumption from substation among the three types)

from substation of it drops faster than others when upper limit of capital cost rises.

The energy consumption from substation for flywheel is more sensitive and in some

space it brings the least energy consumption. The dominated area for minimum energy

consumption from substation of supercapacitor and flywheel with respect to capital cost

and volume is illustrated in Figure 8.11 which is a projected plane of Figure 8.10 from

the top. It can be told that with capital cost limited below 20 k$ and volume limitation

relaxed to be higher than 0.6 m3, supercapacitor with optimised capacity brings the

minimum energy consumption from substation. When the upper limit of volume is

set below 0.6 m3 and maximum capital cost is allowed to go higher, flywheel with the

optimised capacity saves the most energy consumption among the three types of OESD.

This result clearly shows that when the installation room is limited, flywheel will be

the better choice and if the limitation of the capital cost is tight, supercapacitor is

more economic and able to achieve less energy consumption from substation. The result
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provides a clear guide on how appropriate OESD can be selected for real engineering

applications.

8.4 Summary

This chapter discusses the optimal sizing problem of the three popular types of energy

storage, supercapacitors, flywheels and Li-ion batteries, as OESD in train operation.

In Chapter 4 of this thesis, the energy consumption of train operation is found to

drop firstly then increase when OESD capacity continuously increase, which also shows

the existence of the optimal size of the OESD in train operation. Motivated by this

finding, this chapter proposes a MILP model to optimise the capacity of the OESD

to minimise the energy consumption from substation in train operation. three types

of OESD, supercapacitor, Li-ion battery and flywheel, are investigated with different

engineering characteristics including energy density, power density and capital cost.

From the results of the real-world case study, it is found that supercapacitor, Li-ion

battery and flywheel can bring similar energy-saving effect, with a reduction rate of

energy consumption from substation by 23.6%, 22.9% and 23.7% respectively, without

the constraint of capital cost and volume. In cases with constraints on the capital cost

and volume, it is found that the energy saving rate for Li-ion battery is significantly

reduced compared with supercapacitor and flywheel. When the volume is limited below

0.6 m3 and capital cost is allowed to be higher than 20 k$, optimally sized flywheel

can bring the minimum energy consumption from substation. If the capital cost is

constrained below 20 k$ while the volume can be relaxed beyond 0.6 m3, supercapacitor

with optimal capacity brings the most reduction of energy consumption. All in all,

based on the proposed method, the optimal capacity of the OESD can be obtained

to achieve the minimum energy consumption from substation, the industry-concerned

factors that influence the reduction of energy consumption can also be studied, which

reveals the impact of different types and different size of OESD on energy-saving effect

in electrified railway systems.



Chapter 9

Conclusions and Future Works

9.1 Summary of the Thesis

On-Board energy storage device (OESD), as an emerging technologies utilised in modern

railway systems in the few decades, has contributed much to the reduction of the energy

consumption from the railway transportation, making the railway systems greener

and more sustainable. When more subsystems are integrated in railway systems, it

becomes important to locate the intelligent energy-saving solution by considering the

cooperation of each subsystems with different engineering properties. By integrating

train and OESD, this thesis proposes a series of methods to achieve intelligent train

operation with OESD to reduce the energy consumption of the system from small scale

(single inter-station section) operations to large scale (train network and power network)

operations. In the thesis, the engineering characteristics of the train and OESD are all

taken into account. General railway systems and specific real-world railway systems as

case studies with multiple scenarios are all investigated in the numerical experiments of

the thesis to show the effectiveness and robustness of the proposed methods.

The brief contents of each chapter are summarised as follows:

• Chapter 1 introduces the background of the research, where the current status

of the carbon emission from the transportation sector, especially the railway

transportation, is given followed by the introduction of the existing methods

utilised to reduce energy consumption in railway systems. Moreover, the research

motivation, objective and thesis outline are also presented.

• Chapter 2 gives the literature review regrading optimal train speed trajectory and

timetabling, applications of different types of OESD in railway systems and the
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integrated optimisation on train with OESD.

• Chapter 3 introduces the traditional energy-efficient train control model and the

proposed discrete distance-based model. The utilised modelling, optimisation and

simulation methods are also shown.

• Chapter 4 proposes an integrated mathematical model to optimise the train speed

trajectory and OESD discharging/charging strategy in the scope of single inter-

station section. MILP is applied in the chapter to find the optimal solution, based

on which the influence of the OESD capacity, initial energy status and degradation

on optimal train operation are presented.

• Chapter 5 firstly extends the MILP model in Chapter 4 to optimise the train

speed trajectory, running time and OESD discharging/charging strategy (for both

running and dwelling) in the scope of service cycles with multiple inter-station

sections. Then a two-step method is proposed to solve the problem much more

efficient by combining the MILP model and convex optimisation together. Beijing

Yizhuang line as the case studies are given in this chapter.

• Chapter 6 proposes an agent-environment optimisation model to optimise the

train speed trajectory with OESD in the scope of network considering stochastic

train network and power network information. The stochastic regenerative braking

energy from other trains in the network, formed as the expected parameters by

using the Monte-Carlo simulation based on the MILP model in Chapter 4, can be

utilised further by employing the optimised solution.

• Chapter 7 discusses the impact of the three popular types of energy storage,

supercapacitors, flywheels and Li-ion batteries as OESD in train operation. A

MILP model is proposed considering the dynamic power characteristics of each

type of OESD, and the comparison is conducted on fully electrified railways,

discontinuously electrified railways and catenary-free railways to show the difference

of the energy-efficient operation strategies and the corresponding energy-saving

performance.

• Chapter 8 discusses the optimal sizing problem of each type of energy storage as

OESD in train operations to minimise the energy consumption. Sizing problem of

the the supercapacitors, flywheels and Li-ion batteries are explored by the data-

based method proposed in this chapter. Beijing Changping line as the real-world

case studies are investigated in the chapter, in which the insightful comparison
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of energy-saving and cost-saving performance of these three types of OESD are

presented.

All in all, it can be easily observed that the main contents of the above chapters

in this thesis all focus on the intelligent train operations with OESD from small scale

operations to the large ones to reduce the energy consumption of the system. Finding

the optimal train speed trajectory, timetable, energy management of the OESD and the

optimal decision on selecting suitable type of energy storage for further energy saving

form the skeleton of the whole thesis.

9.2 Main Conclusions and Findings

In thesis, a series of problems with train operation with OESD are explored by applying

multiple mathematical modelling, optimisation and simulation methods together. Based

on these approaches, the intelligent management of the train and OESD to achieve the

minimum energy consumption can be conducted, the conclusions and findings of which

are summarised as follows:

• Intelligent Train Operation with OESD in an Inter-Station Section:

An integrated mathematical model is established based on MILP, where the

engineering properties of both the train and OESD are considered with the

objective to minimise the net energy consumption.

– MILP Model: The relationship between the operation of the train and

OESD in single inter-station section is formulated into the linear form by

applying several approximating techniques, e.g., SOS2 and logic models.

Based on the established linear relationship, the real-word and complex

on-route constraints all can be involved in the model, and the case study for

a general inter-station section show a 11.6% energy-saving rate compared

with the train without OESD, presenting both the energy-saving potential of

the OESD as well as the effectiveness of the proposed model.

– Influence of OESD Size: Based on the proposed model, it is found that

with the increase of OESD capacity (size), the net energy consumption

decreases with a gradually-reduced changing rate. This implies that when

the OESD capacity reaches a certain value, the net energy consumption

also reaches the minimum value that cannot be reduced anymore. If the

capacity of the OESD increases continually, the net energy consumption even
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raises slightly due to the increase of the total mass resulted from the heavier

OESD. This clearly indicates that with the given running time and travel

distance, the optimal OESD capacity which brings the minimum net energy

consumption is unique.

– Influence of OESD Initial SOE: Based on the proposed model, it is

found that Excessive initial SOE is observed to reduce OESD’s capability of

recapturing regenerative energy due to a reduction of the rechargeable room

during the braking operation of the train. It implies that there is an unique

optimal initial SOE value and a corresponding optimal train speed trajectory

which is able to jointly achieve the minimum net energy consumption in a

specific inter-station journey.

– Influence of OESD Degradation: It is found that when the OESD suffers

degradation, reducing discharging frequency is preferred rather than reducing

charging one as the energy can still be recovered through charging process

to achieve the optimal energy-saving operation although with some extra

cost caused by degradation. A trade-off between discharging and charging

process should be achieved when rechargeable capacity needs to be increased

through discharging. The train operation will not be the optimal energy-

saving one if the initial solution is still followed. Both the train operation

and discharging/charging strategy of the OESD need adjustments to make

the most of the degraded device.

• Intelligent Train Operation with OESD in a Service Cycle: The train

operation with OESD for service cycles, i.e. multiple stations, are explored,

where the optimal train speed trajectory, train timetable and discharging/charging

strategy of the OESD during the running and dwelling are all obtained concurrently

to minimise the net energy consumption.

– Building Convex Optimisation Problem: Due to the limitations of the

MILP methods in solving the train operation with OESD in service cycle scope,

the convex function is used to fit the relationship among minimum energy

consumption, running time and OESD initial SOE (ISOE). By building

this convex relationship, the train operation with OESD in the scope of

service cycle is formulated into a convex optimisation problem with high

computational efficiency in finding the global optimum.

– OESD Discharging/Charging Process At Stations: The optimisation

considering the discharging/charging strategy of the OESD at each station is



Chapter 9. Conclusions and Future Works 181

conducted, where the OESD is allowed to discharge or be charged when the

train dwells at each station to adjust its energy statues i.e. SOE during the

multi-station operation in a service cycle. It is found that proper adjustment

of the SOE at each station brings further energy saving due to the reconfig-

uration of the energy supply from each supplier during the running and at

station through optimising the train operation, OESD operation and running

time allocation of each inter-station section concurrently.

– Further Reduced Energy Consumption: The general cases and real-

world case based on Beijing Yizhuang line is adopted in numerical experiments,

and it is found that by applying the proposed method, the net energy

consumption is further reduced when compared with three other scenarios, i.e.,

(1) OESD fully charged at each station, (2) No management and (3) No OESD.

This shows the high energy-saving potential of the concurrent optimisation

on train speed trajectory, timetable and OESD discharging/charging process.

• Intelligent Train Operation with OESD in Network: Train operation

with OESD considering the network information is studied, where the stochastic

characteristics of the train network, i.e., the uncertain running time for other

trains, and power network, i.e., the uncertain regenerative braking energy in the

environment, are integrated into the model to reduce the energy consumed from

station and maximise the utilisation of the regenerative braking energy in the

network.

– Stochastic Train Operation Environment: In daily operations, trains

face the uncertain environment due to the stochastic events. In this thesis,

the expected regenerative braking energy in the environment can be found

based on the stochastic train timetable extracted from the sampled running

time data by using Monte-Carlo Simulation. It can be seen that the though

the timetable is stochastic, the expected value of the regenerative braking

energy released into the network follows a rather stable pattern with respect

to time.

– Change of Optimal Train Operation: Optimal case (case with network

information) and base case (case without network information) are compared

in the thesis. It can be found the train speed trajectories for both situations

are significantly different. For the base case, fewer fluctuation of the speed

trajectory is found, and more coasting is preferred to save energy consumption.
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While for the optimal case obtained in this thesis, slight acceleration with

lower speed at the beginning of the journey and traction process in the middle

of the journey happen frequently.

– Further Utilisation of OESD: In the environment with available regenera-

tive braking energy form other trains, the OESD is further utilised to recover

the energy not only from the own motor but also from the environment

(other trains). By using a general 4-station railway system in 1 power supply

section, it can be found that at most of the time the regenerative braking

energy in the environment is expected to be fully utilised, and 68.8% of

available regenerative braking energy is expected to be utilised by using the

OESD and adjusting train speed trajectory following the optimal solution.

• Explorations on Different Types of OESD: There are usually three types of

energy storage, supercapacitors, flywheels and Li-ion batteries, used in modern

railway systems as wayside/stationary energy storage device or OESD. The thesis

explores the impact of these three types of energy storage as OESD on train

operations.

– Adaptive Driving Strategy with Different Types of OESD: Super-

capacitors, flywheel and Li-ion batteries as OESD are investigated by taking

into account their specific dynamic discharging/charging power limits. It is

found from the numerical experiments that by applying different types of

OESD, the optimal train speed trajectories will change accordingly to best

fit each type’s specific power capability. based on the optimisation results of

the 4 scenarios shown above, the technical advantages of these three types of

OESD can be analysed on the average term. it can be seen that the flywheel

can bring the least energy consumption from substation and net energy con-

sumption with the highest energy-saving rate, ranging from 22.32% to 129%,

and also the most cost effective for its highest energy-saving rate per k$.

Though the supercapacitor and the Li-ion battery bring less energy-saving

rate than the flywheel, under the same capital cost the supercapacitor can

provide the highest power output in a short time while the Li-ion battery is

with the largest capacity for the long-term operation. It also implies that

the proper combination of them will make the most of each type of OESD,

which might help reduce more energy consumption.

– Optimal Sizing of OESD: Since there exists the uniqueness of optimal

OESD capacity to bring the minimum energy consumption, these three
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types of energy storage as OESD are investigated with consideration of two

industry-concerned factors: capital cost and volume of the OESD. It can

seen from the numerical experiments that supercapacitor, Li-ion battery

and flywheel can bring similar energy-saving effect, with a reduction rate of

energy consumption from substation by 23.6%, 22.9% and 23.7% respectively,

without the constraint of capital cost and volume. In cases with constraints

on the capital cost and volume, it is found that the energy saving rate for

Li-ion battery is significantly reduced compared with supercapacitor and

flywheel. When the volume is limited below 0.6 m3 and capital cost is allowed

to be higher than 20 k$, optimally sized flywheel can bring the minimum

energy consumption from substation. If the capital cost is constrained below

20 k$ while the volume can be relaxed beyond 0.6 m3, supercapacitor with

optimal capacity brings the most reduction of energy consumption.

9.3 Future Works

With the demand of more intelligence in transportation systems operation and smart

energy management to deal with the energy exhaustion issue, energy-efficient train

operation and OESD applications are expected to be the key roles to help reduce the

energy consumption from the railway transportation. Based on the research outcome of

this thesis, some recommendations for the future works are summarised as follows:

• Optimal Solutions with Hybrid Energy Storage Systems: In this thesis,

though three main types of the OESD, supercapacitors, flywheels and Li-ion

batteries, are investigated, the combination of them in railway systems can still

be studied further. The combination of different types of the energy storage as

OESD is expected to bring the promising energy-saving effect as it allows full play

of different types of energy storage with specific dynamic characteristics to form

the mutual cooperation when supporting the train’s running and recovering the

energy. This might leads to the change of the optimal train operation mode as

well as the deployment/management of the OESD for railway operators, which is

an interesting topic with both academic and industrial values.

• Energy Transmission Efficiency Accuracy: Energy transmission efficiency

is a very important factor which influences the energy or power split hence the

optimal solutions in the real railway system. In the thesis, the values for energy

transmission efficiency of the among the train, OESD, substation and regenerative
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braking trains in the network are set to be the long-term empirical constant, which

leads to the accuracy issue of the model to simulate to real physical systems. In

fact, these efficiencies is distance-variant or status-variant in real applications.

In the future, the modelling process should take into account the more accurate

approximation methods or utilise more advanced tool to obtain their dynamic

values.

• Timetabling for Trains with OESD in Network: In this thesis, only the

optimisation on speed trajectory for trains with OESD considering the regenerative

braking energy in the network is conducted. This leads to a suboptimum since the

timetable still follows the practical one but is not the variables to be optimised.

In the future, the integrated optimisation to find the optimal train speed and

timetable is necessary for further utilisation of the OESD and regenerative braking

energy in the environment, achieving a more intelligent energy management of

the railway system.

• The City/Region-Wide Network Optimisation: In this thesis, the largest

scale for optimisation is the train network and power network in a single railway

line. It is known that the main substations in a city or region supports several

traction substations of different railway lines. This indicates that the energy

consumption of the railway system contains the spatial and temporal information

in the whole city/region-wide train network and power network containing multiple

railway lines and substations. In the future, the wider scope can be explored

since the railway network or metro systems should be studied as a whole, and the

cooperation of the train operation, OESD and wayside/stationary energy storage

devices might be achieved, which is likely to improve further the energy efficiency

of the system in larger scale and management the operation of the train, OESD

or other subsystems in a higher level.

• Smart Grid Technologies in Train Operations: Since the OESD is regarded

a container for the train to store or release the energy during the running or

dwelling at stations, it also enables the train to consume or supply other subsystems

in the railway system or the systems beyond to management the energy to enhance

the efficiency. The more energy interaction between difference kind of energy

systems can be explored, and demand response operation can also be introduced

into the railway system with OESD. Also, renewable energy utilisation can also

be integrated to reduce the carbon intensity of both the train network and power
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network.

• Decentralised Operation Optimisation: In recent years, the development of

the artificial intelligence in railway operation and concept of decentralisation of

the train control attract the attention of the academia and industry. Trains with

OESD, to some extent, can also be regarded as a special Electric Vehicle (EV)

or Electric Bus running on the track. In this case, how to management the train

fleet with OESDs (EV fleet) to ensure the operation with high energy efficiency

and safety might be a very interesting problem in the future.
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J. O’mahony, and D. Gethin, “Large-area printed supercapacitor technology for

low-cost domestic green energy storage,” Energy, vol. 118, pp. 1313–1321, 2017.

(Cited on page 27.)

[75] M. Steiner and J. Scholten, “Energy storage on board of dc fed railway vehicles

pesc 2004 conference in aachen, germany,” in 2004 IEEE 35th Annual Power

Electronics Specialists Conference (IEEE Cat. No. 04CH37551), vol. 1. IEEE,

2004, pp. 666–671. (Cited on page 27.)

[76] M. Steiner, M. Klohr, and S. Pagiela, “Energy storage system with ultracaps on

board of railway vehicles,” in 2007 European conference on power electronics and

applications. IEEE, 2007, pp. 1–10. (Cited on page 27.)

[77] B. Maher, “Ultracapacitors provide cost and energy savings for public transporta-

tion applications,” Battery Power Product & Technology, vol. 10, no. 6, 2006.

(Cited on page 27.)

[78] J.-P. Moskowitz and J.-L. Cohuau, “Steem: Alstom and ratp experience of super-

capacitors in tramway operation,” in 2010 IEEE Vehicle Power and Propulsion

Conference. IEEE, 2010, pp. 1–5. (Cited on pages 27 and 29.)

[79] U. Henning, F. Thoolen, M. Lampérth, J. Berndt, A. Lohner, and N. Jänig, “Ultra

low emission vehicle–transport advanced propulsion,” in 7th World Congress on

Railway Research, 2006. (Cited on page 28.)

[80] M. Ogasa, “Application of energy storage technologies for electric railway ve-

hicles—examples with hybrid electric railway vehicles,” IEEJ Transactions on

Electrical and Electronic Engineering, vol. 5, no. 3, pp. 304–311, 2010. (Cited on

pages 28 and 29.)

[81] F. L. ote, “Alstom : future trends in railway transportation,” Japan Railway

Transport Review, 2005. (Cited on page 28.)



198 Chaoxian Wu

[82] A. Rufer, “Energy storage for railway systems, energy recovery and vehicle

autonomy in europe,” in The 2010 International Power Electronics Conference -

ECCE ASIA -, 2010, pp. 3124–3127. (Cited on page 29.)

[83] X. Liu and K. Li, “Energy storage devices in electrified railway systems: A review,”

Transportation Safety and Environment, vol. 2, no. 3, pp. 183–201, 2020. (Cited

on page 29.)

[84] M. Meinert, “New mobile energy storage system for rolling stock,” in 2009 13th

European Conference on Power Electronics and Applications, 2009, pp. 1–10.

(Cited on pages 29 and 30.)

[85] O. Masamichi, “Onboard storage in japanese electrified lines,” in Proceedings of

14th International Power Electronics and Motion Control Conference EPE-PEMC

2010, 2010, pp. S7–9–S7–16. (Cited on page 29.)

[86] M. Ogasa and Y. Taguchi, “Power electronics technologies for a lithium ion battery

tram,” 2007 Power Conversion Conference - Nagoya, pp. 1369–1375, 2007. (Cited

on page 29.)

[87] “Merseyrail class 777 arrives in liverpool,” https://www.railwaygazette.com/

uk/merseyrail-class-777-arrives-in-liverpool/55686.article, accessed: 2021-04-25.

(Cited on page 30.)

[88] “Guangzhou huangpu tram line 1 is fully operational,” https://www.seetao.com/

details/54756.html, accessed: 2021-04-25. (Cited on page 30.)

[89] M. Miyatake and K. Matsuda, “Energy saving speed and charge/discharge control

of a railway vehicle with on-board energy storage by means of an optimization

model,” IEEJ Transactions on Electrical and Electronic Engineering, vol. 4, no. 6,

pp. 771–778, 2009. (Cited on pages 31, 49, 50, 70, and 133.)

[90] M. Miyatake and H. Haga, “Optimization of speed profile and quick charging

of a catenary free train with on-board energy storage,” in Electrical Systems for

Aircraft, Railway and Ship Propulsion, 2010, pp. 1–6. (Cited on pages 31 and 49.)

[91] T. Sato and M. Miyatake, “A method of generating energy-efficient train timetable

including charging strategy for catenary-free railways with battery trains,” in Rail-
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and Analysis (ICROMA), Norrköping, Sweden, June 17th – 20th, 2019, no. 69,

2019, pp. 995–1010. (Cited on pages 32 and 80.)

https://www.railwaygazette.com/uk/merseyrail-class-777-arrives-in-liverpool/55686.article
https://www.railwaygazette.com/uk/merseyrail-class-777-arrives-in-liverpool/55686.article
https://www.seetao.com/details/54756.html
https://www.seetao.com/details/54756.html


Bibliography 199

[92] W. Kampeerawar, T. Koseki, and F. Zhou, “Efficient urban railway design inte-

grating train scheduling, onboard energy storage, and traction power management,”

in 2018 International Power Electronics Conference (IPEC-Niigata 2018 -ECCE

Asia), 2018, pp. 3257–3264. (Cited on page 32.)

[93] Y. Huang, L. Yang, T. Tang, Z. Gao, F. Cao, and K. Li, “Train speed profile

optimization with on-board energy storage devices: A dynamic programming

based approach,” Computers Industrial Engineering, vol. 126, pp. 149 – 164, 2018.

(Cited on pages 32, 96, 120, and 133.)

[94] N. Ghaviha, M. Bohlin, and E. Dahlquist, “Speed profile optimization of an

electric train with on-board energy storage and continuous tractive effort,” in

2016 international symposium on power electronics, electrical drives, automation

and motion (speedam). IEEE, 2016, pp. 639–644. (Cited on page 32.)

[95] Z. Xiao, X. Feng, Q. Wang, and P. Sun, “Eco-driving control for hybrid electric

trams on a signalised route,” IET Intelligent Transport Systems, 2019. (Cited on

pages 32 and 133.)

[96] W. J. Davis, The tractive resistance of electric locomotives and cars. General

Electric, 1926. (Cited on page 35.)

[97] I. Asnis, A. Dmitruk, and N. Osmolovskii, “Solution of the problem of the

energetically optimal control of the motion of a train by the maximum principle,”

USSR Computational Mathematics and Mathematical Physics, vol. 25, no. 6, pp.

37–44, 1985. (Cited on page 36.)

[98] J. Bisschop, “Linear programming tricks,” AIMMS-Optimization Modeling, pp.

63–75, 2006. (Cited on pages 41 and 44.)

[99] R. Sioshansi and A. J. Conejo, Mixed-Integer Linear Optimization. Cham:

Springer International Publishing, 2017, pp. 123–196. (Cited on page 45.)

[100] S. Boyd and L. Vandenberghe, Convex optimization. Cambridge university press,

2004. (Cited on page 46.)

[101] C. Z. Mooney, Monte carlo simulation. Sage, 1997, no. 116. (Cited on page 46.)

[102] S. Raychaudhuri, “Introduction to monte carlo simulation,” in 2008 Winter

Simulation Conference, 2008, pp. 91–100. (Cited on page 46.)



200 Chaoxian Wu

[103] F. Ciccarelli, A. D. Pizzo, and D. Iannuzzi, “Improvement of energy efficiency in

light railway vehicles based on power management control of wayside lithium-ion

capacitor storage,” IEEE Transactions on Power Electronics, vol. 29, no. 1, pp.

275–286, Jan 2014. (Cited on page 49.)

[104] H. Xia, H. Chen, Z. Yang, F. Lin, and B. Wang, “Optimal energy management,

location and size for stationary energy storage system in a metro line based on

genetic algorithm,” Energies, vol. 8, no. 10, pp. 11 618–11 640, 2015. (Cited on

page 49.)

[105] H. Kobayashi, J. Asano, T. Saito, and K. Kondo, “A power control method to

save energy for wayside energy storage systems in dc-electrified railway system,”

Electrical Engineering in Japan, vol. 196, no. 2, pp. 56–66, 2016. (Cited on

page 49.)

[106] M. Dominguez, A. Fernandez-Cardador, A. P. Cucala, and R. R. Pecharroman,

“Energy savings in metropolitan railway substations through regenerative energy

recovery and optimal design of ato speed profiles,” IEEE Transactions on Au-

tomation Science and Engineering, vol. 9, no. 3, pp. 496–504, July 2012. (Cited

on pages 49, 50, and 70.)

[107] A. M. Gee and R. W. Dunn, “Analysis of trackside flywheel energy storage in

light rail systems,” IEEE Transactions on Vehicular Technology, vol. 64, no. 9,

pp. 3858–3869, Sept 2015. (Cited on page 49.)

[108] R. Takagi and T. Amano, “Optimisation of reference state-of-charge curves for

the feed-forward charge/discharge control of energy storage systems on-board dc

electric railway vehicles,” IET Electrical Systems in Transportation, vol. 5, no. 1,

pp. 33–42, 2015. (Cited on page 49.)

[109] M. Miyatake and H. Ko, “Optimization of train speed profile for minimum energy

consumption,” IEEJ Transactions on Electrical and Electronic Engineering, vol. 5,

no. 3, pp. 263–269, 2010. (Cited on pages 49, 120, and 133.)

[110] Y. Noda and M. Miyatake, “Methodology to apply dynamic programming to

the energy-efficient driving technique of lithium-ion battery trains,” in 2016

International Conference on Electrical Systems for Aircraft, Railway, Ship Propul-

sion and Road Vehicles International Transportation Electrification Conference

(ESARS-ITEC), Nov 2016, pp. 1–6. (Cited on page 49.)



Bibliography 201
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