
On the stochastic bit-rock interaction disturbances and its effects on the
performance of two commercial control strategies used in drill strings

Lobo D. M.a, Ritto T. G.a, Castello D. A.a, Batou A.b

aDepartment of Mechanical Engineering, Universidade Federal do Rio de Janeiro, Rio de Janeiro, Brazil
bMSME, Univ Gustave Eiffel, CNRS UMR 8208, Univ Paris Est Creteil, F-77474 Marne-la-Valle, France

Abstract

The vibration of drill strings is a well-known source of undesirable disturbance in drilling operation, therefore
it is important to design and evaluate active controllers to suppress it. The drill string dynamics is complex
due to nonlinear interactions with the environment, and the uncertainties related to them. This paper aims
to analyze two commercial control strategies acting at the top drive, namely stiff controller and SoftSpeed,
applied to a pure torsional drill string model that takes into account uncertainties in the bit-rock interaction.
The model is calibrated with field data and the numerical results present a good agreement with the mea-
surements. Uncertainties in the torsional vibration severity are assessed through severity maps. Finally, the
effect of the uncertainty level on the control strategies is analyzed. Although SoftSpeed gives better results,
it is clear that the controller becomes less effective in supressing vibrations as the uncertainties increases.
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1. Introduction

The drilling process is a key operation for oil and gas extraction. This process uses a drilling rig that
provides rotational speed to a very slender tubular structure (drill string) that transmits it to a drill-bit
that perforates the rock formation to create a hole in the soil. The drill string is mainly composed of
two substructures: the drill pipes and the bottom-hole-assembly (BHA). While the drill pipes are slender
regular pipes with tool joints, the BHA includes thicker pipes (drill-collars and heavy-weight drill pipes) and
a variety of downhole equipment: stabilizers, MWD (Measurement While Drilling), LWD (Logging While
Drilling), shock subs, and the drill-bit.

Due to external disturbances, vibration is always present in this kind of operation. Unless in very
particular cases, like in percussive drilling, the vibration is undesirable and considered very harmful as it
can reduce the operation efficiency (rate of penetration), damage downhole equipment (including the drill-
bit), or even induce the drill string to failure by fatigue [1]. The type of vibration in drill strings is often
classified according to the direction in which they occur: axial, lateral, and torsional. In axial vibration,
the drill string moves along to its longitudinal axis and the critical situation called bit-bounce occurs when
the bit intermittently loses contact with the rock formation. In lateral vibration, the drill string moves
perpendicularly to its axis of rotation in the annular gap. The critical situation occurs when there is an
impact between the column and the borehole. In torsional vibration, the drill string rotates irregularly
downhole and the critical situation called stick-slip is characterized by large variations of the bit speed that
can range from 0 to 10 times the speed of the top drive. This type of vibration is very harmful to drilling
operation as it can decrease the ROP by 25% [2]. Other problems can also be originated from this kind
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of vibration [3]: drill-pipe fatigue problems; drill-string components failure; wellbore instability and; bit
damage. This phenomenon can happen during as much as 50% of drilling time [4] and it is indeed a very
important subject of study.

Although the drill string itself can be described by linear models, its dynamics become complex when the
nonlinear interactions with the environment are included, i.e. shock with the borehole wall and the bit-rock
interaction due to the cutting process [5]. This nonlinear behavior has been investigated in the literature
since the 1960s by many authors [6, 7]. The mathematical models proposed to describe the drill string
are often constructed based on lumped parameter models [8–11], Finite Element Method [12–16] and the
wave equation [17–20]. Besides, the models can consider either only one vibration type (axial, torsional, or
lateral) [10] or the coupled dynamics of two or more vibration types (for example axial-torsional or lateral-
torsional) [16, 21]. Although continuum models usually provide more accurate predictions, pure torsional
lumped parameter models can furnish important insights about the problem and good approximations of the
system under analysis [11]. In this approach, the drill string is commonly modeled as a torsional pendulum
[9, 9, 22, 23] with two boundary conditions: a torque [24] or imposed velocity at the top [10]; and the bit-rock
interaction torque at the drill-bit.

The bit-rock interaction model is very important to properly describe the dynamics of drill strings. In
the case of pure torsional models, the bit-rock interaction equations are usually based on friction models
and they consider discontinuous [3, 22] or regularized relations [25–27]. Besides that, some models take into
account the axial-torsional coupling at the bit. They are usually based on the cutting mechanism [28–30]
or on empirical observations [9, 13, 31, 32]. For pure torsional models, regularized bit-rock interaction law
has demonstrated to be very useful and they are consistently used in the design and assessment of control
strategies [25, 33–35].

Experimental data are also crucial to assess the mathematical models and to help to understand the
phenomena that occur in this problem. Therefore, many experimental investigations have been reported in
the literature: some of them analyzed vibration measurements in the field [7, 36–38] and others developed
test-rigs to reproduce some phenomena in the laboratory to provide a more controllable environment [5, 39–
45]. A pure torsional model was calibrated and compared with vibration data from an experimental test-rig
in [5]. The authors concluded that the model provided good qualitative and quantitative agreements with
experiments and its computational cost is an advantage when compared to more complex models. An axial-
torsional model was also calibrated in [45] by using the Fourier transform of a complex relation between
variables measured at the bit. However, most of the works consider strictly the calibration of deterministic
models. Still, in [46], a stochastic process is used to describe variations on the torque-on-bit model, and it
is calibrated with experimental data.

Given the severity of drill string vibrations, several remedies have been proposed in the literature. Many
of them aim at suppressing stick-slip oscillations and they can be mainly classified into passive and active
control strategies. The passive ones include: increase drill string stiffness; increase BHA inertia; change bit
design [47]; use smart materials [48], and; use shock subs. On the other hand, the active control approach
usually aims at controlling the top rotational speed [49–52] and the weight-on-bit (WOB) through the hook
load [26, 53, 54]. The control strategies adopted in the literature are many: sliding-mode control [55–57],
PID [19, 49, 58, 59], wave decomposition [20], Robust control [25, 60, 61], Feedback linearization [50, 56, 62].

Although many strategies have been proposed in the last decades, the commercial solutions continue to
be the stiff controller [63], the Soft-torque [64, 65], the SoftSpeed [66] and the ZTorque [67]. The design
of all these controllers is based on a proportional-integral control strategy related to the rotational speed
at the top. The stiff controller only uses high gains to obtain an almost constant speed at the top. The
SoftTorque solution uses information about the applied torque to adjust the demanded speed at the top,
dampening the torsional waves that arrive at the top. The SoftSpeed control does not demand any torque
measurements and uses a smart choice of the gains to dampen the torsional waves. The ZTorque is the
newest solution that uses the torque between the drill string and the top-drive in the feedback controller to
impose the top-drive to match the impedance of the drill-pipe [68].

It is well known that the drilling process has plenty of uncertainties, especially the ones related to inter-
actions with the environment. Therefore, many authors have included these uncertainties in the evaluation
of drill string vibration [15, 16, 21, 69–75]. Regarding the control problem, some authors considered uncer-
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tainties in the design and others performed robustness analysis. A control approach based on modeling error
compensation is proposed by [76]. It is supposed that the full state is measured, the torques are unknown
and the parameters are uncertain. Two control configurations are derived and the authors showed that the
oscillations could be suppressed in the presence of uncertainties. Two sliding-mode controllers were proposed
by Liu [77] considering uncertainties in the estimation of the parameters, using upper bounds for the errors.
The controller performed well and was robust to static changes in the WOB. In [51], a nonlinear observer-
based output-feedback controller is proposed to suppress stick-slip oscillations. A multi-modal model with
a nonlinear bit-rock interaction model in the presence of uncertainties was considered. Simulations showed
that the performance was better than with the SoftToque solution. The robustness to parametric changes
was assessed. Do [78] designed a feedback controller in the presence of uncertainties in the bit-rock in-
teraction, which were modeled by using Lévy processes to describe its parameters. The authors used a
Lyapunov-type theorem and the backstepping method to design robust and adaptative controllers. The
robustness of a sliding-mode control was assessed by Vaziri et al. [79]. First, an extensive analysis of the
open-loop system is performed. Then, the authors present a parametric analysis with the sliding-mode
controller presented in [80] for two cases: (i) with an ideal actuator without delays or constraint, and; (ii)
a realistic actuator with delay and/or constraint. It is shown that the delay affects the performance of the
controller and an experimental study supports the conclusions. A robust evaluation of stability regions in
drill string torsional vibration was performed by Trindade [24]. The PI control gains were analyzed by the
average deviation of bit angular speed and uncertainties were included in the bit-rock interaction to evaluate
the robustness of stability regions. Further, the uncertainties were considered in the optimization of control
gains and the robust control was capable of dealing with the uncertainties, although presenting a worse
nominal performance.

The above findings show that uncertainties are important in drill string dynamics and their consideration
in the design and evaluation of control strategies is a good practice to assess risks. As stated in [16], the
rock strength is a parameter that significantly affects the bit-rock interaction and it can vary up to 40%
during drilling [81, 82]. Therefore, a stochastic approach is proposed in [16] to take these uncertainties into
account, and the same strategy is used here for a pure torsional model.

A detailed review of the literature has been carried out and, motivated by the above findings, this work’s
main objectives are: (i) to propose and calibrate a stochastic model to describe the torsional dynamics of
a drill string; (ii) to assess the vibration attenuation for the Stiff controller and the SoftSpeed, and; (iii) to
evaluate the effects of uncertainties on the torsional vibration severity map. The main contribution of this
work is a procedure to analyze the robustness of control strategies in the presence of uncertainties in the
bit-rock interaction model, which are modeled as a stochastic process generated by a stochastic differential
equation calibrated with experimental data.

This work is organized as follows. In section 2, the drill string is discretized into a lumped parameter
model, the bit-rock interaction torque is included, and two commercial control strategies are considered.
Next, the stochastic model is briefly explained. In section 3, the model is calibrated. First, the procedure to
calibrate the deterministic model is explained. After, the calibration of the stochastic model is performed
by employing the maximum likelihood estimators (MLE). In section 4, the results are assessed. Firstly, the
deterministic model calibration is evaluated by analyzing the bit-rock interaction curve and the time response
of bit angular speed and torque-on-bit. Next, the stochastic model calibration is assessed by comparing the
time and frequency responses of the bit angular speed and the time response of torque-on-bit. Finally, the
deterministic and stochastic torsional vibration severity maps are analyzed for both control strategies with
the calibrated model. Then, the stochastic parameters are changed to evaluate their effect on the severity
maps. Finally, the conclusions are drawn and discussed in section 5.

2. Mathematical Model

In this section, the mathematical model is presented in detail. The objective is to model the torsional
dynamics of a drill string with 5.2 kilometers length [11]. For this purpose, the oil well is considered perfectly
vertical, and drilled by a PDC bit with top drive rotation, in the absence of any turbine or downhole motor.
More details about this drill string are given in Table 1.
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Section Description Do [m] Di [m] L [m]
DP Drill pipes 5 1/2” 0.140 0.119 4733.6
BHA 1 HWDP 5 1/2” 0.140 0.076 171.30
BHA 2 Drill collars, MWD tools & LWD tools 6 3/4” 0.171 0.071 294.90
BIT Drill-bit 8 1/2” 0.216 0.057 0.250

Table 1: drill string data adopted from [11].

The model developed in this work is illustrated in Fig. 1. The drill-string is described by a lumped
parameter model in which each lumped inertia I is connected to the other through a spring with stiffness k
and a damper with a viscous damping parameter c. Each lumped inertia has only one torsional degree of
freedom (DOF), i.e. the rotation angle ϕ. Fifteen elements are considered for the drill pipes, one element
per BHA section (the last section accounts for the drill-bit as well), and one element to describe the top
rotary system. The control strategy consists of applying a torque Tt at the top to rotate the drill string.
Finally, the bit-rock interaction is taken into account by including a torque Tb at the bottom of the last
element as shown in Fig. 1.

.
φr Top-rotary systemIr

cckc

Drillpipes n

BHA 1Ic

Ipn

Fig. 1. Sketch of mathematical model. In this figure, ϕ̇ is the rotational speed; I is the moment of inertia; k and c represents
the stiffness and viscous damping parameter.

The governing equations may be represented by the following system of second-order differential equa-
tions:

[M ]ϕ̈(t) + [C]ϕ̇(t) + [K]ϕ(t) =


Tt
0
...
0

−Tb(ϕ̇b(t))

 (1)

where ϕ(t) is the vector of rotation angles; ϕb(t) is the rotational angle of the bit; [M ] and [K] are the mass
and stiffness matrices; [C] is the viscous damping matrix, which is constructed using a Rayleigh damping
model, i.e. [C] = α[M ]+β[K]; Tt is the torque applied by the top drive; and Tb(ϕ̇b(t)) is bit-rock interaction
torque. Note that the influence of drilling fluid in the torsional dynamics is taken into account by the viscous
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torque of the damping model. The stiffness and inertia matrices are calculated according to the methodology
presented in [83] and assembled as:

[M ] =



Ir 0 0 0 0 0
0 Ip1 0 0 0 0

0 0
. . . 0 0 0

0 0 0 Ip15 0 0
0 0 0 0 Ic 0
0 0 0 0 0 Ib


[K] =



kt −kt 0 0 0 0
−kt 2kt −kt 0 0 0

0
. . .

. . .
. . . 0 0

0 0 −kt kt + kc −kc 0
0 0 0 −kc kc + kb −kb
0 0 0 0 −kb kb


(2)

where the inertia Ielem and the stiffness kelem are calculated according to

Ielem = ρLelem
π

32
(D4

o −D4
i ) , (3)

kelem =
Gπ

32Lelem
(D4

o −D4
i ) , (4)

where ρ is the mass density; Lelem is the length of the element, and; Do and Di are the outside and inside
diameters of the element. The bit-rock interaction torque is modeled according to [75, 84]:

Tb(ϕ̇b(t)) = WobRbita0

(
tanh(a1ϕ̇b(t)) +

a2ϕ̇b(t)

1 + a3ϕ̇2
b(t)

)
. (5)

where Wob is the weight-on-bit; Rbit is the drill-bit radius, and; a0 to a3 are positive constants.

2.1. Control strategies

Two control strategies have been applied in this study, namely Stiff controller and SoftSpeed [63, 66]
(patented by NOV). They both apply torque at the top rotary system and uses only the rotational speed data
at the top. They were chosen because they are stable for input delays and they are commercial controllers
often used in the field. They both follow the PI control strategy, according to the following equation:

Tt(t) = KP (Ω− ϕ̇r(t)) +KI

∫ t

0

(Ω− ϕ̇r(τ))dτ , (6)

where KP and KI are the proportional and integral control gains and Ω is the set velocity. The difference
between the two strategies relies on the choice of the control gains and will be explained ahead.

2.1.1. Stiff controller

The stiff controller is applied to maintain the top rotational speed as constant as possible, and equal to
the set speed Ω. To do this, high gains are applied. In this case, the control gains were chosen to be close
to the ones adopted in [63] and they are set as:

KP = 120× 103 {Nms/rad}, KI = 120× 103 {Nm/rad}. (7)

2.1.2. SoftSpeed controller

Otherwise, the SoftSpeed control [66] uses a smarter choice of these gains to dampen the torsional waves
at the top rotary system. To do this, the drill string is modeled as a continuum waveguide of torsional
waves, and the reflection coefficient of the top rotary system is found to be

rd(ω) = −
KP − Z + i ·

(
ωJr − KI

ω

)
KP + Z + i ·

(
ωJr − KI

ω

) , (8)
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where ω is the frequency in rad/s; i =
√
−1 is the imaginary number, and; Z is the drillpipes impedance,

defined as

Z = Jp
√
ρG, (9)

in which Jp is the polar moment of inertia of the drill pipes, ρ is the density and G is the shear modulus of
elasticity of the material. The minimum reflection coefficient can be obtained to be

|rd|min=
|KP − Z|
KP + Z

= 1− 2a

1 + a
, (10)

where KP = Z/a and a is a normalized mobility factor less than 1. This minimum occurs when the imaginary
part of Eq. 8 is zero, i.e. when ω =

√
KI/Jr or KI = Jrω

2. The gains KP and KI are then calculated to
have the minimum reflection coefficient at the stick-slip frequency (ωs), which can be approximated by the
transcendental equation [66]:

ωs =

(
π − 2 tan−1

(
ωsJr
Z

)
cp
2l

)
, (11)

where cp =
√
G/ρ is the torsional wave propagation speed. In this work, the typical value of a = 0.25 is

going to be used, which leads to

KP = 4Z KI = Jrω
2
s (12)

For the drill string considered in this work, the values of the gains in this control strategy are:

KP = 1.860× 103 {Nms/rad}, KI = 0.611× 103 {Nm/rad}. (13)

Note that the gains for the SoftSpeed controller are much lower than those assumed in the Stiff Controller,
allowing the top speed to vary and dampen the torsional waves arriving at the top [66].

2.2. Stochastic model

Uncertainties are always present in drilling operation modeling and a major part of them comes from
the interactions of the drill string with the environment, such as the contact with the borehole wall and the
bit-rock interaction. This work focus on modeling the uncertainties in the bit-rock interaction, especially
those related to the same rock type. To this purpose, a stochastic process is used to model the parameter a0
in Eq. 5. The stochastic model adopted here was proposed in [45], with the special feature of using the bit
dynamics to obtain a more realistic behavior. This approach is summarized below, but details are omitted
as they are already provided in [45].

The stochastic process A0(t) = {A0(t), t ∈ R} replaces the parameter a0 in Eq. 5 and is written as

A0(t) = a0m (h+H(t))2 for all t ∈ R , (14)

where h is a constant such that

E{(h+H(t))2} = 1, E{(h+H(t))4} <∞. (15)

Next, we define the stochastic process H(t) used to generate A0(t). This process is more coherent to
the physics of the problem because the variation depends on the cutting rate of the drill-bit. For example,
if the drill-bit is rotating at the same speed as the top drive, this process is equivalent to the well-known
Ornstein-Uhlenbeck process [85]. Otherwise, if the drill-bit is stuck the process does not vary, as the cutter
is not facing a different rock during this time. This behavior can be observed in Fig. 2, where field data
about the torque-on-bit (TOB) are displayed [11]. Note that the TOB without stick-slip is not constant but
presents some fluctuations, and, for the case with stick-slip, the variation occurs differently when the bit is
rotating or not, i.e. it depends on the bit rotational.
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Fig. 2. Torque-on-bit experimental data for the cases with (SS) and without stick-slip (NO SS). Shaded areas indicate the
time intervals in which the drill-bit is not moving for the SS case.

To capture this phenomenon, the bit dynamics is used to generate the stochastic process; thus it is called
here coupled process (CP) because it depends on the drill string dynamical response. The CP stochastic
process H(t) is then constructed by the Itô’s stochastic differential equation (SDE) [45]:

dH(t) = −ν1Φ̇2
b(t)H(t) dt+ ν2Φ̇b(t) dW . (16)

where ν1 and ν2 are constants, W (t) is a Wiener process and Φ̇b(t) is the bit rotational speed, which also
becomes stochastic. The initial value for Eq. 16 is H(0) = 0. After some calculations and manipulations
(please refer to [45] for details), the constant h is calculated such that the first condition defined in Eq. 15
is satisfied:

h2 = 1− ν22
2ν1

. (17)

Considering that h2 and ν1 are always positive, Eq. 17 yields to the following constraints:

ν1 > 0 and 0 < ν2 <
√

2ν1. (18)

3. Model Calibration

In this section, the calibration procedure is discussed. The field data considered were obtained using a
drilling mechanics module tool (DMM) located above the drill-bit, with a sampling rate of 50 Hz [11]. For
the scenario analyzed, the axial and lateral vibrations are low, thus a pure torsional model is applicable.

Two datasets are going to be used: one with fully-developed stick-slip vibration, and another without
stick-slip oscillations. The nominal speed at the top is 120 RPM for both samples and the WOB is about
245kN for the case with stick-slip and 191 kN for the one without stick-slip [11]. The experimental data are
shown in Fig. 3.
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Fig. 3. Experimental data for the cases with and without stick-slip (SS). (a) bit speed versus time; (b) Torque-on-bit versus
bit speed.

The calibration procedure is organized in two steps. The first one is related to the calibration of the
deterministic model, concerning mainly the bit-rock interaction parameters. The second one is related to
the calibration of the drift and the diffusion coefficients of Eq. 16, namely ν1 and ν2. The calibration scheme
is summarized in Fig. 4

Calibration of 

Deterministic Model

Calibration of 

Stochastic Model

Bit-rock interaction 
parameters

a0 to a3

Parameters
 

,     and    

Fig. 4. Calibration scheme. The deterministic calibration is followed by the stochastic calibration.

3.1. Calibration of Deterministic Model

In this section, the identification of the parameters of the deterministic model, which are the bit-rock
interaction parameters a0 to a3 in Eq. 5, is discussed. For the other constants, the drill string characteristics
shown in Tab. 1 are used together with the steel properties: E = 220 GPa, G = 85.3 GPa, ρ = 7850 kg/m3.

To perform the calibration of the bit-rock interaction parameters, the TOB versus bit speed (ωbit) curve
shown in Fig. 3b is considered as it is broadly used to analyze the bit-rock interaction model [10, 11, 79, 86].

Since the experiment with stick-slip presents a wider bit speed range, this dataset is used to calibrate
the bit-rock interaction model. Besides, note that one value of bit speed may assume more than one TOB
value as the curve goes right and left for each stick-slip cycle when the bit accelerates and decelerates. To
deal with this problem, the bit speed range is divided into 100 intervals and the average TOB is calculated
and attributed to the average bit speed of each interval. Furthermore, the first interval includes values very
close to zero speed and, due to measurement errors in the bit speed, negative speeds could appear and the
noise complicates the identification. Therefore, the first interval of speeds, from 0 to 2.4 rpm, is ignored in
the calibration. The experimental points obtained after this procedure are shown in Fig.5.
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Fig. 5. Experimental data with stick-slip used in the calibration of bit-rock interaction parameters. The TOB values are
averaged in pre-defined bit speed intervals.

After obtaining the pre-processed data for the identification, the function ”fmincon” in MATLAB is used
to obtain the best parameters by solving the optimization problem disposed in Eq.19:

θ̂ = argminθ
∑
ωexp

bit

[
T̄ expb (ωexpbit )− Tb(ωexpbit ,θ)

]2
such that


0 ≤ a0 ≤ 10

0 ≤ a1 ≤ 5

0 ≤ a2 ≤ 15

0 ≤ a3 ≤ 10

(19)

where θ is the vector of parameters to be calibrated i.e., θ = [a0 a1 a2 a3]; ωexpbit is the vector of experimental
bit speeds calculated in the averaging process; T̄ expb (ωbit) is the average TOB calculated for each bit speed
ωexpbit , and; Tb(ωbit) is the TOB calculated using the deterministic model, Eq. 5, where ωbit = ϕ̇b.

3.2. Calibration of Stochastic Model

A simplification is proposed here to identify the coefficients of the stochastic differential equation. As
mentioned before, the stochastic process tends to an Ornstein-Uhlenbeck process when the drill-bit is rotating
at the same speed as the top drive. Therefore, the dataset chosen to perform this identification is the one
without stick-slip oscillations. For this dataset ωbit(t) ≈ Ω during all the time interval analyzed. This
way, the process is assumed to be Ornstein-Uhlenbeck [85] and the stochastic differential equation can be
rewritten as

dH(t) = −κ1H(t) dt+ κ2 dW , (20)

where κ1 = ν1 Ω2 and κ2 = ν2 Ω are the drift and diffusion coefficients of the Ornstein-Uhlenbeck process.
Next, the procedure based on the likelihood function discussed in [87] can be applied. However, the bias
correction proposed in [87] is not necessary as the bias did not overpass 0.2 % and the mean of H(t) is
assumed to be zero. A brief explanation of this procedure is given next.

Let H0, H1, H2, . . . ,Hn be discrete observations of the process in Eq. 20 obtained from the experimental
data at equally spaced time points t = 0, δ, 2δ, . . . , nδ, where δ is the time increment. The conditional
distribution of Hi given Hi−1 is given as:

Hi | Hi−1 ∼ N
{
Hi−1 e−κ1δ,

κ22
2κ1

(
1− e−2κ1δ

)}
. (21)

where N (a, b) denotes a Gaussian density with mean a and variance b. In this work it is considered the
Maximum Likelihood Estimator for the parameter vector θ = (κ1, κ

2
2), that is obtained by maximizing the

Likelihood function L(θ) shown next:
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L(θ) = φ
(
κ−1
2

√
2κ1H0

)
×

n∏
i=1

φ

(
κ−1
2

√
2κ1 (1− e−2κ1δ)

−1 {
Hi −Hi−1e−κ1δ

})
, (22)

where φ(x) is the density function of a standard normal distribution. Ignoring the first element in L(θ), the
maximum likelihood estimates κ̂1 and κ̂2 can be obtained explicitly as [87]:

κ̂1 = −δ−1 log
(
β̂1

)
and κ̂2

2 = 2κ̂1β̂3

(
1− β̂2

1

)−1

(23)

where

β̂1 =
n−1

∑n
i=1HiHi−1 − n−2

∑n
i=1Hi

∑n
i=1Hi−1

n−1
∑n
i=1H

2
i−1 − n−2 (

∑n
i=1Hi−1)

2 (24)

β̂2 =
n−1

∑n
i=1

(
Hi − β̂1Hi−1

)
1− β̂1

(25)

β̂3 = n−1
n∑
i=1

{
Hi − β̂1Hi−1 − β̂2

(
1− β̂1

)}2

(26)

Finally, the values of ν1 and ν2 can be obtained by using the relations below:

ν̂1 =
κ̂1
Ω2

, ν̂2 =
κ̂2
Ω

. (27)

One should notice that the points H0, H1, H2, . . . ,Hn are not directly measured. Therefore, these points
need to be calculated from the torque measurements, and a procedure to obtain these points is proposed
here. To simplify notation, consider that X(t) represents the observation of variable X at the time t = iδ.

First, the TOB is obtained by the bit-rock interaction model for the experimental bit rotational speed
ϕ̇bexp(t) using Eq. 5:

Tmodelb (t) = WobRbitâ0

(
tanh(â1ϕ̇bexp(t)) +

â2ϕ̇bexp(t)

1 + â3ϕ̇2
bexp(t)

)
. (28)

where âi represents the parameter estimated in section 3.1. After, the experimental values of TOB, namely
T expb (t), are supposed to be described by the bit-rock interaction model considering the discrepancy between
the model and the experimental data through the stochastic process A0exp(t). Therefore, the experimental
TOB is assumed to be described by the following equation:

T expb (t) = WobRbitA0exp(t)

(
tanh(â1ϕ̇bexp(t)) +

â2ϕ̇bexp(t)

1 + â3ϕ̇2
bexp(t)

)
, (29)

where A0exp(t) represents the experimental realization of the stochastic process A0(t) such that Eq. 29
assumes the actual experimental values T expb (t). Obtaining the ratio between the two torques, and using
Eq. 14, yields

T expb (t)

Tmodelb (t)
=
A0exp(t)

â0
=
a0m (h+Hexp(t))

2

â0
. (30)

whereHexp(t) denotes the experimental realization of the stochastic processH(t). Taking the mathematical
expectation of both sides in Eq. 30, using the first condition in Eq. 15, and the sample mean to estimate
the expected value, we obtain:

â0m = â0
1

n+ 1

t=nδ∑
t=0

T expb (t)

Tmodelb (t)
. (31)
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Using Eq.30, it is possible to calculate the experimental points representing (h +Hexp(t))
2, which are

shown in Fig. 6. Note that the experimental data show that (h +Hexp(t))
2 does not approach zero and,

since the mean of H(t) is zero [45], it is a good assumption that h + Hexp(t) is always positive for the
experimental data and

Hexp(t) =

√(
T expb (t)

Tmodelb (t)

)(
â0
a0m

)
− ĥ . (32)

where ĥ =
√

1− ν̂22

2ν̂1
is the estimated value of h defined in Eq. 17, and; ν̂2 and ν̂1 are the estimated values

of ν1 and ν2, respectively.

0 20 40 60 80 100 120 140

time [s]

0

0.2

0.4

0.6

0.8

1

1.2

1.4

(h
 +

 H
e
x
p
(t

))
2

Fig. 6. Stochastic process (h+ Hexp(t))2 obtained from the experimental data without stick-slip. The value of h used in this
graph is calculated using already the calibrated values of ν1 and ν2.

One should notice that ĥ depends on ν̂1 and ν̂2, and the estimation of ν̂1 and ν̂2 need the observations
obtained from experimental data, which depends on ĥ. Hence, an iterative procedure is performed according
to Fig. 7. The convergence is achieved when the variation of the parameters ν̂1 and ν̂2 is less than 0.1%.

11



Fig. 7. Iterative scheme for the calibration of the stochastic model.

4. Results

This section is divided into 3 subsections. The first one will discuss the estimation of the parameters of
the deterministic model, shown in Eq. 1, and present a comparison between the experimental data and the
deterministic results. The second subsection will present the estimation of the parameters for the stochastic
model, where the similarity with the experimental data will be explored. It should be emphasized that
both cases considered experimental data obtained with the Stiff controller as shown in [11]. Finally, two
controllers are going to be compared in terms of the torsional vibration through severity maps based on
numerical simulations.

4.1. Calibration of the deterministic model

The bit-rock interaction parameter identified are displayed in Tab. 2. The calibrated function is plotted
in Fig. 8 for both values of Wob, i.e. 191 kN (no stick-slip: NO SS) and 245 kN (stick-slip: SS). It can
be noticed that the curve could capture well the experimental data with 245 kN, which was used in the
calibration. In the case with Wob = 191 kN, the curve is placed a little higher than the experimental data,
but the fitting is still satisfactory. This behavior will influence the calculation of a0m as will be discussed in
the next subsection.

Parameter Value Unit
a0 0.2290 [-]
a1 0.4687 [s/rad]
a2 8.0031 [s/rad]
a3 4.2250 [s2/rad2]

Table 2: Bit-rock interaction parameters identified from experimental data.
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Fig. 8. Torque-on-bit (Tb) as a function of the bit rotational speed (ωbit = ϕ̇b). Lines are the bit-rock interaction function.
Black dots are the experimental data when stick-slip takes place and green dots are the experimental data when no stick-slip
takes place.

After the estimation of the bit-rock interaction parameters, the damping coefficients were set to α = 0.25
and β = 0.01 in order to fit the experimental time response. These values correspond to a damping rate
of around 12 % for the first natural mode. The time response is obtained by using the solver ”ode45”
of MATLAB, which applies a time variable step Runge-Kutta scheme. The solver was chosen because it
provided a good convergence and it is available in the MATLAB library.

The bit rotational speed is shown in Fig. 9 comparing model and experimental data with Wob = 245 kN.
The vibration frequency seems to have been fitted well and the amplitude of the model is a little higher than
the experimental data. The cause of this behavior could be other phenomena that are not being modeled
here, such as the lateral contact of the drill string with the borehole wall or the axial-torsional coupling.
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Fig. 9. Bit rotational speed (ωbit = ϕ̇b) along the time for the deterministic model and experimental data with Wob = 245
kN.

In Fig. 10, the TOB is plotted for the model and the experimental data. Note that the model could overall
describe the experimental data. However, in the time intervals in which the bit is stuck, the experimental
data and the model behave a little differently. While the model increases the torque, which makes sense
because the drill string is accumulating deformation energy, the experimental data begin with constant
torque and only a few moments later it increases. Again, maybe some unmodeled phenomena could be
the cause of this difference. One example would be unmodeled contact points of the drill string with the
borehole wall. This can momentarily prevent the transmission of the torque from drill string deformation
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to the drill-bit and cause the TOB to be temporarily constant, as observed in experimental data.
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Fig. 10. Torque-on-bit (Tb) along the time for deterministic model and experimental data with Wob = 245 kN.

4.2. Calibration of Stochastic Model

The identified parameters for the stochastic model are shown in Tab. 3. Note that the parameter a0m is
a little lower than its deterministic counterpart a0, shown in Tab. 2. It happens because the dataset used to
calibrate the stochastic model is the one with Wob = 191 kN to allow the simplification discussed in section
3.2. As seen in Fig. 8, this dataset was placed a little lower than the deterministic bit-rock interaction curve,
therefore the parameter a0m is also a little lower than a0.

Parameter Value Unit
ν1 0.3220 [s2/rad2]
ν2 0.0368 [s/rad]
a0m 0.2150 [-]

Table 3: Stochastic parameters identified from experimental data.

It is worth comparing the time responses obtained with the stochastic model and the experimental data.
To do this, the stochastic model is simulated using a Modified Euler’s scheme [45]. Note that deterministic
integration schemes cannot be heuristically generalized to integrate SDE [88]. Thus, the Modified Euler’s
scheme was implemented as it provided a good relation between complexity (easiness of implementation)
and convergence. Also, the deterministic result is used as the initial value for the stochastic simulation and
the stochastic process is simulated alone for 15s before plugging into the model to achieve stationary [45].

The time response of bit rotational speed is shown in Fig. 11 for the stochastic model and the experimental
data with Wob = 245 kN (SS) and Wob = 191 kN (NO SS). Note that the numerical results are very similar to
the experimental ones for both values of Wob. When Wob = 245 kN, a higher frequency vibration with small
amplitude starts to occur. One can observe that the stick time for the model is generally shorter than for
the experimental data, and the numerical result also achieves higher speeds. This could be explained by the
simplifications done in the model construction, disregarding, for example, other friction torques acting along
the drill string. On the other hand, the deterministic response with Wob = 191 kN would present a constant
rotation speed (120 RPM) for the steady-state, but it does not occur in the stochastic model because of
the uncertainties in the bit-rock interaction. This behavior is more compatible with the experimental data
and it is interesting to evaluate how this behavior can affect other features, as the efficiency of different
controllers. It is worth mentioning that Fig. 11 presents one realization of the stochastic model, but it is
qualitatively representative of all realizations. Statistical analyses are done in the sequel.
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Fig. 11. Bit rotational speed for the experimental data and one realization of the stochastic model with Wob = 245 kN and
Wob = 191 kN.

The identification of the parameters in the stochastic model was performed by using the data with
Wob = 191 kN, as mentioned before. Furthermore, the bit-rock interaction uncertainties are the only ones
responsible for this vibration in the numerical model for the situation where no stick-slip takes place. Thus,
it is important to compare the responses also in the frequency domain, as shown in Fig.12, to evaluate the
calibrated model. Here, one can note that the model could overall describe well the experimental data.
However, the model could not capture a peak near 0.9 Hz, which can be associated with some phenomena
that are not being modeled in this work. For higher frequencies, the model is considered satisfactory to
describe the phenomena happening in the drill string.
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Fig. 12. Power Spectrum density of the bit rotational speed with Wob = 191 kN for the experimental data and stochastic
model.

Figures 13 and 14 compare the torque-on-bit for the two values of Wob. In Fig. 13, the torque presents
a behavior very similar to the experimental data. Note that the variations in TOB are intensified when
the bit is rotating. Furthermore, the peak amplitude just before the bit is released changes from one cycle
to another. In Fig. 14, the variations in torque amplitude are also compatible between the two results.
It is worth mentioning that one realization of the stochastic model is presented, but it is qualitatively
representative of the general behavior observed in all realizations.
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Fig. 13. Torque-on-bit for the experimental data and stochastic model with Wob = 245 kN.
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Fig. 14. Torque-on-bit for the experimental data and stochastic model with Wob = 191 kN.

4.3. Severity map analysis

Finally, as mentioned above, the model was calibrated in order to present a behavior with stick-slip for
Wob = 245 kN and without for Wob = 191 kN. To illustrate this, a map of torsional vibration severity is
shown in Fig. 15. This map plots the torsional vibration severity index for each pair of top rotational speed
Ω and Wob. This index represents the amplitude of variation in the bit speed compared to the top drive
speed and it is calculated according to Eq. 33. Usually, the torsional vibration is considered severe for values
above 0.8. The pairs of points of the experimental data are shown as red dots. As shown in the graph, we
can see that the conditions of the experimental data are respected.

SSS =
max(ϕ̇b(t))−min(ϕ̇b(t))

2Ω
, (33)
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Fig. 15. Torsional vibration severity map for stiff controller using the deterministic model. Red dots represent the points in
which the experimental data are provided.

The severity map for the SoftSpeed controller is now presented in Fig. 16. Note that the region with
low torsional vibration, i.e. SSS ≈ 0, increases. Furthermore, with this controller, we would expect to have
no severe vibration for both experimental points. Besides, for the domain analyzed, the maximum severity
index calculated in the map is lower than the one with the stiff controller.
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Fig. 16. Torsional vibration severity map for SoftSpeed controller using the deterministic model. Red dots represent the
points in which the experimental data are provided.

Finally, the severity maps are going to be compared for the deterministic and stochastic models. In
the stochastic model, the severity index is a random variable. Therefore, a statistical measure is needed to
evaluate the severity map. In this work, the 95-percentile is chosen, i.e. the severity index for which 95% of
the results are below this value. The statistics were calculated based on 400 realizations, which were enough
to achieve convergence in the 95-percentile.

To compare the severity maps, they were translated into contour plots. Figure 17 shows the contour
plot for the stiff controller considering the deterministic and stochastic models. Note that the lines of
the stochastic model (dashed) move right and down comparing to the deterministic model (continuous),
indicating that a larger region of the map presents higher severity (see, for instance, the contour related to
1.4). However, the transition between severe and non-severe vibration (contour of 0.8) remains at the same
location. It indicates that the variation in rock strength was not enough to trigger stick-slip oscillations
when the system does not present severe vibration but worsened the severity when the vibration was already
severe.
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Fig. 17. Contour plot of the torsional vibration severity map for the deterministic and stochastic models with the Stiff
Controller.

In Fig. 18, the contour plot is for the case with the SoftSpeed controller. Note that the same behavior
is observed, the contour lines move right and down when uncertainties are considered, but the transition of
severe vibration (contour of 0.8) remains at the same location. Also, the severe vibration region remains
much smaller comparing with the Stiff Controller. Therefore, the SoftSpeed solution remains efficient on
preventing stick-slip although the severity of vibration increased for the cases already in stick-slip.
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Fig. 18. Contour plot of the torsional vibration severity map for the deterministic and stochastic models with the SoftSpeed
Controller.

To perform a numerical analysis for a different case, the stochastic parameters are changed to amplify
the uncertainties. The new values of the parameters are given in Tab. 4. According to Eq. 21, the stationary
variance is given as ν22/(2 ν1). Note that before this variance was approximately 0.0021 and now it is 0.0044
with the new values disposed in Tab. 4.

Parameter Value Unit
ν1 0.0317 [s2/rad2]
ν2 0.0167 [s/rad]
a0m 0.2290 [-]

Table 4: Stochastic parameters for a severer situation.
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Figure 19 shows the new contour plot for the parameters in Tab. 4 with Stiff Controller. Note that the
transition line (contour fo 0.8) changed its location and the region with severe vibration has increased. All
the contour lines moved right and down for the stochastic case, which worsens the index for every pair of
Ω and Wob. This result shows that a disturbance in the bit-rock interaction can induce stick-slip in regions
with no severe vibration and worsens severity where it was already present.
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Fig. 19. Contour plot of the torsional vibration severity map for the deterministic and stochastic models with the Stiff
Controller and uncertainties are intensified.

With the SoftSpeed Controller, the Fig. 20 shows that the transition has moved significantly, being now
much closer to the one with Stiff Controller. It shows that the efficiency of this controller worsens when high
uncertainties are present in the problem. Besides, all the contour lines have moved right and down when
uncertainties are considered.
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Fig. 20. Contour plot of the torsional vibration severity map for the deterministic and stochastic models with the SoftSpeed
Controller and uncertainties are intensified.

5. Conclusions

In this work, a mathematical model was proposed to describe the torsional vibration of a drill string,
and the bit-rock interaction function was identified using field data. The bit-rock interaction model was
capable of overall describing the experimental behavior. The time response of the deterministic numerical
model was compatible with the experimental data.
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Besides the deterministic model, a stochastic process is proposed to model the uncertainties in rock
strength during the drilling. This process is a coupled process [45] and it is used to describe the parame-
ter that pre-multiplies the bit-rock interaction function, as the model adopted does not present a cutting
component in its formulation. Further, the parameters of the stochastic model were calibrated and the time
responses were compared. The time responses showed that the calibration could retrieve parameter values
which resulted in good compatibility between the numerical and experimental data.

Finally, the soft speed and stiff controllers are compared in terms of the torsional vibration severity map,
which plots the severity by the Wob and top rotational speed Ω. The SoftSpeed controller produced results
much better than the Stiff controller. When uncertainties are introduced in the model, the low vibration
region decreases, although the transition to safe operation does not change. When uncertainties increase,
the transition to safe operation moved right and down in the graph, reducing the region of safe operation
and making the severe region even more severe. Furthermore, the SoftSpeed controller, although better than
the Stiff controller, lost efficiency, meaning that the safe region has been reduced significantly.

To conclude, the authors believe that the consideration of stochastic processes in the model is important
to design and evaluate the robustness of controllers that intend to reduce the stick-slip problem. These
stochastic processes can describe the variations we expect in the rock strength during the drilling and bring
more confidence to the decision-making process about the controller.
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[55] E. M. Navarro-López, D. Cortés, Sliding-mode control of a multi-DOF oilwell drillstring with stick-slip oscillations, Pro-

ceedings of the American Control Conference (2007) 3837–3842doi:10.1109/ACC.2007.4282198.
[56] Q. Z. Zhang, Y. Y. He, L. Li, Nurzat, Sliding mode control of rotary drilling system with stick slip oscillation, Proceedings

- 2010 2nd International Workshop on Intelligent Systems and Applications, ISA 2010 (60871080) (2010) 10–13. doi:

10.1109/IWISA.2010.5473281.
[57] M. Ghasemi, X. Song, Control of a vertical drilling system using a cascade sliding mode controller, in: Proceedings of the

American Control Conference, 2017. doi:10.23919/ACC.2017.7963864.
[58] M. Karkoub, Y. Abdel-Magid, B. Balachandran, Drill-String Torsional Vibration Suppression Using GA Optimized Con-

trollers, Journal of Canadian Petroleum Technology 48 (12) (2009) 32–38. doi:10.2118/132161-PA.
[59] J. Tian, Y. Zhou, L. Yang, S. Hu, Analysis of stick-slip reduction for a new torsional vibration tool based on PID control,

Proceedings of the Institution of Mechanical Engineers, Part K: Journal of Multi-body Dynamics 234 (1) (2020) 82–94.
doi:10.1177/1464419319876397.

[60] A. F. Serrarens, M. J. Van De Molengraft, J. J. Kok, L. Van Den Steen, H Control for Suppressing Stick-Slip in Oil Well
Drillstrings, IEEE Control Systems 18 (2) (1998) 19–30. doi:10.1109/37.664652.

[61] T. Vromen, C. H. Dai, N. Van De Wouw, T. Oomen, P. Astrid, A. Doris, H. Nijmeijer, Mitigation of Torsional Vibrations in
Drilling Systems: A Robust Control Approach, IEEE Transactions on Control Systems Technology 27 (1) (2019) 249–265.
doi:10.1109/TCST.2017.2762645.

[62] S. Al-Hiddabi, B. Samanta, A. Seibi, Non-linear control of torsional and bending vibrations of oilwell drillstrings, Journal
of Sound and Vibration 265 (2) (2003) 401–415. doi:10.1016/S0022-460X(02)01456-6.

[63] A. Kyllingstad, A Comparison of Stick-slip Mitigation Tools, in: SPE/IADC Drilling Conference and Exhibition, no.
March, 2017.

[64] D. J. Runia, S. Dwars, I. P. Stulemeijer, A brief history of the shell ”Soft Torque Rotary System” and some recent case
studies, SPE/IADC Drilling Conference, Proceedings 2 (2013) 1492–1501. doi:10.2118/163548-ms.

[65] K. Javanmardi, D. T. Gaspard, Application of Soft-Torque Rotary Table in Mobile Bay, SPE/IADC Drilling Conference
(1992) 645–650doi:10.2523/23913-MS.
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