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We introduce a general abstract notion of fine compactified Jacobian for nodal curves
of arbitrary genus. We focus on genus 1 and prove combinatorial classification results
for fine compactified Jacobians in the case of a single nodal curve and in the case of
the universal family C, ,,/M, ,, over the moduli space of stable pointed curves. We show
that if the fine compactified Jacobian of a nodal curve of genus 1 can be extended to a
smoothing of the curve, then it can be described as the moduli space of stable sheaves
with respect to some polarisation. In the universal case we construct new examples of
genus 1 fine compactified universal Jacobians. Then we give a formula for the Hodge
and Betti numbers of each genus 1 fine compactified universal Jacobian 7‘11',1 and prove

that their even cohomology is algebraic.

1 Introduction

A classical construction from XIX century mathematics associates with every nonsin-
gular complex projective curve its Jacobian, a complex projective variety of dimension
equal to the genus of the curve. A similar construction is available for singular curves,

but the resulting Jacobian variety fails in general to be compact. The natural problem
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of compactifying the Jacobian variety of singular curves has seen multiple approaches
and generated a large body of work starting from the mid-XX century.

Inspired by this literature, in the present paper we introduce a general notion of
fine compactified Jacobian for families of stable complex curves, and then investigate
the geometry and combinatorics of the objects constructed using this definition. We
focus on the genus 1 case where we produce complete classification results and an
explicit description of the topology of these objects.

Let us recall that for any fixed integer d, a nonsingular curve C admits a
degree d Jacobian, which is the moduli space Jg of degree d line bundles on C. The
construction of the Jacobian works for smooth families of curves. For all (g, n) with
2g + n > 2 and all integers d, there exists a universal Jacobian jg‘fn endowed with

a smooth fibration jgfln - M whose fibre over a pointed curve (C,p;,...,p,) is

n
Jg. The problem of extending tlie universal Jacobian to the universal family over the
Deligne-Mumford compactification ﬂg’n has a long history, beginning with Caporaso
[6], Simpson [23], and Pandharipande [19] in the n = 0 case. Since the moduli space of
line bundles of degree d on a nodal curve C is not compact as soon as C is singular, the
problem of compactifying the universal Jacobian is intimately related to the problem of
compactifying the Jacobians of nodal curves.

Here we consider compactifications whose limit points parametrise degenera-
tions of line bundles, which we will take to be rank 1 torsion-free simple sheaves (for
brevity we will just refer to them as simple sheaves in the rest of this introduction).

The moduli space of simple sheaves of some fixed degree d was constructed by
Altman-Kleiman [2] and then by Esteves [10] as an algebraic space that satisfies the
existence part of the valuative criterion of properness but that fails to be separated
and of finite type. Esteves’ construction applies to families of nodal curves over a
scheme, and by [15] also to the universal family Eg,n //ngn over the moduli stack of stable
n-pointed curves of genus g.

In Definition 2.1 we introduce the notion of a degree d fine compactified
universal Jacobian 7;,1 as an open and proper substack of the moduli stack of simple
sheaves for the universal family over ﬂg'n. The fibre 7d(X) of 7gn — mg,n over
the point representing the stable curve X is an example of what we will call a “fine
compactified Jacobian”: a connected, open, and proper subscheme of the moduli space
of simple sheaves on X. The compactifications of the universal Jacobian constructed
in [15] are examples of fine compactified universal Jacobians; the same examples were
obtained in [13] by generalising to the universal curve over Mg'n the approach used by

Oda-Seshadri [18] for the case of a single nodal curve.
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After these general definitions, we focus our attention on the first nontrivial
case, that is, the case of genus g = 1. It is a classical result that the Jacobian variety of
an irreducible nodal curve of arithmetic genus 1 is isomorphic to the curve itself, and
that the Jacobian variety of a nonsingular curve of genus 0 is a point. Something similar
holds more in general for fine compactified Jacobians.

Let us recall that every nodal curve X of genus 1 is isomorphic to a unique
necklace subcurve X’ of X with rational tails attached to it, where by a necklace curve
we mean a curve of arithmetic genus 1 that is either irreducible or consists of rational
components each glued to the next in a cyclic way. All simple sheaves in a fixed fine
compactified Jacobian have the same degree when restricted to the components of
a rational tail of X, hence rational tails contribute trivially to the geometry of fine
compactified Jacobians (Corollary 2.19). In fact, as it turns out, all smoothable fine
compactified Jacobians (see Definition 2.4) are isomorphic to the necklace subcurve X’
(Proposition 3.12).

More specifically, there is a natural bijection between the singular locus of
7d(X) and that of X’: the singular locus of 7d(X) consists of sheaves that fail to be
locally free exactly at one node of X’, and the bijection maps each such sheaf to the
corresponding node. This bijection induces a cyclic ordering on the nodes of X’, and
our first result is that this cyclic ordering essentially identifies the fine compactified

Jacobian of X:

Theorem. (Corollary 3.13) There is a natural bijection between the set of smoothable
fine compactified Jacobians of a nodal genus 1 curve X up to equivalence by translation

and the set of cyclic orderings of the nonseparating nodes of X.

Here with equivalent by translation for two compactified Jacobians of a curve X we
mean that there exists a line bundle L on X such that tensoring by L defines an
isomorphism between them.

A consequence is that each smoothable fine compactified Jacobian of a genus 1
nodal curve arises as the moduli space of simple sheaves that are stable with respect
to some polarisation, and the geometry and combinatorics of those have been studied
in [16, Section 7]. We also exhibit examples of fine compactified Jacobian, that is, of
connected, open, and proper subschemes of the moduli space of simple sheaves on a
genus 1 stable curve, which are not smoothable.

Our second result is a combinatorial classification of all genus 1 fine compacti-

fied universal Jacobians.
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Theorem. (Theorem 6.5) The degree d fine compactified universal Jacobians over M, ,,

are naturally identified with the pairs (f, g) where

1. the function g is an integer valued function on the set of all subsets of
{1,...,n} containing at least 2 elements, and

2. the function f is an integer valued function on the set of all nonempty
subsets of {1,..., n — 1} that satisfies the following mild superadditivity

condition:

0<fAuJ)—fd) —fWJ) <1foralll,JsuchthatInJg=4a.

The functions f and g encode the information of the bidegrees of all elements
(X, L) of the given fine compactified universal Jacobian 7‘1111 such that L is a line bundle
on a stable curve X with two nonsingular irreducible components. The main point of
the theorem is to show that from these data one can uniquely reconstruct the fine
compactified universal Jacobian.

As a consequence of this combinatorial description, we show in Example 6.15
that for all n > 6 there are new examples of genus 1 fine compactified universal
Jacobians that cannot be obtained using the description of [13] (or equivalently [15]).
We also observe in Remark 6.17 that for fixed n there is only a finite number of degree
d fine compactified universal Jacobians modulo translation by line bundles of relative
degree 0 on the universal curve Elyn/ﬂlyn.

Finally, we describe the rational cohomology groups of all genus 1 fine compact-
ified universal Jacobians, together with their Hodge structures. Since the symmetric
group &,, acts on every 7‘1{” by permuting the marked points, the cohomology groups
carry a structure as an &,,-representation, which we determine as well. It turns out that
all genus 1 fine compactified universal Jacobians for fixed n have the same rational
cohomology groups, and the latter can be explicitly described in terms of the rational
cohomology of the moduli spaces of stable curves of genus 0 and 1. An analogous pattern
of independence of the choice of fine compactified Jacobian was observed in [17] for fine
compactified Jacobians defined by a polarisation over a single nodal curve of arbitrary

genus.

Theorem. (Theorem 5.6) The rational cohomology of any genus 1 fine compactified
universal Jacobian J, , is described explicitly as a graded vector space with Hodge
structures and &, -representations by Formula (5.7) in terms of the known generating

functions for the Hodge Euler characteristics of M ;, Mg ., and Mg ,.
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(We stress that our main result applies to all genus 1 fine compactified universal
Jacobians, not just those that are obtained as moduli of simple sheaves that are stable
with respect to some polarisation.)

Theorem 5.6 is obtained by introducing a refinement of the stratification of
Mlyn by topological type via the forgetful map 7‘11’,1 — Ml,n' It is a consequence of
Petersen’s results in [21] that the boundary strata classes span the even cohomology of
Ml,n (in particular, the even cohomology of 'A_/ll,n is all algebraic). In Corollary 5.1 we
observe that an analogous result holds for the even cohomology of 7(1{”. We describe the
stratification of the latter moduli space in Corollary 4.4.

Finally, let us remark that, while the additive rational cohomology of 7‘1% does
not depend on the particular fine compactified universal Jacobian, we expect that there
exist nonisomorphic fine compactified universal Jacobians for fixed n. For example,
it is shown in [13, Section 6.2] that for all n > 4 there exist genus 1 fine compactified
universal Jacobians that are not isomorphic over /\_/ll,n (i.e., there exists no isomorphism

that respects the forgetful morphisms).

1.1 Notation

We work over the category of schemes of finite type over C.

A nodal curve is a reduced and connected projective scheme of dimension 1 over
C with singularities that are at worst ordinary double points. If X is a nodal curve, a
subcurve Y of X is a connected union of irreducible components of X. A subcurve Y C X
is called a rational tail if the arithmetic genus of Y equals zero and ¥ N Y€ consists of
1 point (here Y = X \ Y denotes the complement of ¥ in X, and Y€ is the closure of the
latter in X).

A coherent sheaf on a nodal curve X has rank 1 if its localisation at each generic
point of X has length 1. It is torsion-free if it has no embedded components. If the stalk
of a torsion-free sheaf F over X fails to be locally free at a point P € X, we will say that
F is singular at P. If F is a rank 1 torsion-free sheaf on X we say that F is simple if its
automorphism group is G,, or, equivalently, if removing from X the singular points of F
does not disconnect X. A family of nodal curves over a C-scheme S is a proper and flat
morphism X — S whose fibres are nodal curves. We will always make the additional
hypothesis that a family X/S admits a section in the S-smooth locus of X.

If T is a S-scheme, a family of rank 1 torsion-free simple sheaves parametrised
by T over a family of curves X — S is a coherent sheaf F of rank 1 on X x4 T, flat over T,

whose fibres over the geometric points are torsion-free and simple.
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If X,py,...,p,) is a stable n-pointed curve, we will denote by I'(X) its dual
graph, that is, the labelled graph with vertices, edges and half-edges corresponding
to the irreducible components of X labelled by their geometric genus, nodes of X, and
marked points labelled from 1 to n, respectively.

The dual graph I'(X) is an object of the category of stable graphs of genus g
with n marked half-edges (see [13, Section 2] for their definition and more details). A
morphism f: I' — IV of stable graphs is defined as a sequence of strict contractions of
edges (in the sense of [13, Section 2.2]) followed by an isomorphism of graphs. For every g
and n we will choose a representative for each of the finitely many isomorphism classes
of stable graphs of genus g with n half-edges and denote by G, ,, the full subcategory
on the chosen objects.

If F is a rank 1 torsion-free sheaf on a nodal curve X with irreducible
components X;, we denote by Fy the maximal torsion-free quotient of F ® Oy, and then

define the multidegree of F by
deg(F) := (dEg(FXi)) ¢ ZVertr()

We define the (total) degree of F to be degy (F) := x (F)—1+p,(X) where p,(X) = hl(X, Ox)
is the arithmetic genus of X. The total degree and the multidegree of F are related by the
formula degy(F) = > degy F — 8(F), where §(F) denotes the number of singular points
of F.

2 Fine Compactified Jacobians

The main topic of this paper is the study of fine compactified universal Jacobians in
genus 1. We start this section by introducing the notion of a fine compactified universal
Jacobian as a substack of the moduli stack of rank 1 torsion-free simple sheaves for the
universal family on the moduli stack of curves with marked points. A more thorough
analysis of the theory of fine compactified universal Jacobians in genus larger than 1
will be developed in [14].

Let X/S be a family of nodal curves over a scheme S, which we always assume
to admit a section in the S-smooth locus of X. Then its generalised Jacobian J°(X/S) is
the moduli space of line bundles of fibrewise degree 0 on all irreducible components. It
is well known that 79(X/S) is a smooth, separated group scheme of relative dimension
g over S (see [5, Chapter 9.4]) that can be characterised as the connected component

containing the identity in the relative Picard variety of X/S.
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By [2] and [10], the functor that associates with every S-scheme T

.4 families of rank 1 torsion-free simple sheaves
Simp™(X/S)(T) =

of fibrewise degree d parametrised by T over X/S

is represented by an algebraic space Simpd(X/S) with the following properties:

1. it is flat of relative dimension g, and locally of finite type over S,

2. it satisfies the existence part of the valuative criterion of properness,

3. it has connected and schematic fibres over the closed points, and

4. it admits an action of the generalised Jacobian 7°(X/S), which is free when

restricted to the locus Picd(X/S) - Simpd(X/S) parametrising line bundles.

The moduli functor has a generic G,,-stabiliser and the algebraic space
Simp?(X/S) is obtained after rigidification of this stabiliser along one of the existing
sections of the family. Note that Simpd(X /S) may fail to be separated over S and it may
fail to be of finite type (so it is not necessarily universally closed over S).

For each g,n > 1, the generalised Jacobian and the moduli space Simpd(X/S) are
also defined in the case where X/S is the universal family Eg'n//\_/l over the moduli

agn
stack of stable n-pointed curves of genus g (see [15]). In this case Simpd(ag’n/ gn)

exists as a nonsingular Deligne-Mumford stack that is representable over /Vgln, and it
satisfies the additional properties (1)-(4) listed above.

We now introduce the main object of study of this paper.

Definition 2.1. Let X/S be a family of nodal curves. A degree d fine compactified
Jacobian 7d(X/S) of the family X/S is an open subspace of Simpd(X/S) that is proper
over S and such that for all closed points s € S, the fibre 7d(X/S)S is connected.

A degree d fine compactified universal Jacobian 7;,1 is a nonempty open

substack of Simpd(agln/ﬂg'n) that is proper over ﬂgln.

The compactified Jacobians in Definition 2.1 are called “fine” due to the exis-
tence of a tautological (or Poincaré) sheaf on them.

The present paper deals with fine compactified universal Jacobians in the case
g =1 (and n > 1). The problem of classifying families of fine compactified universal
Jacobians for nodal curves of arbitrary genus will be addressed in [14].

Finally, let us also recall that [16] gives a different definition of fine compactified
Jacobian of a curve X. Their definition is only given in the case of compactified

Jacobians obtained from some polarisation, but for a wider class of singular curves.
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When X is a nodal curve, their definition yields a fine compactified Jacobian in the

sense of the present paper; see Section 2.1.

Remark 2.2, It follows from the definition that a fine compactified universal Jacobian
has connected fibres over the closed points. This is why in Definition 2.1 we did not
require this property in the universal case.

In order to prove this, let us first point out that every fine compactified universal
Jacobian 7371 contains the degree d universal Jacobian jg‘%n = Simpd(Cg'n/Mg'n). This
follows from the fact that the restriction 73,1 | Mgn is nonempty for dimensional reasons,

—d . . .. .
hence jg,n|Mg,n is dense in jg‘%n because the latter is irreducible. As both spaces are

. . . —d .
proper over M we deduce from density that the inclusion jg,n|Mgn C jgd'n is an

gmn’
equality. This also implies that the morphism 7gn — Mg,n is surjective, as its image
must contain the open dense subset Mg ,.
To conclude the proof of connectedness of the fibres, let us recall from
[9, Theorem 4.17.(iii)] that the number of connected components of the geometric fibres
of a proper and flat morphism is a lower semicontinuous function. Then the claim

follows from the fact that the fibres over points of M, ,, are irreducible.

Remark 2.3. The pull-back of a degree d fine compactified universal Jacobian under a
morphism f: S — mg'n is a degree d fine compactified Jacobian for the familyf*agln/s.
Indeed, openness, properness, and having connected fibres over closed points are stable

properties under base change.

However, in general not all fine compactified Jacobians of a family of nodal
curves X/S arise by pull-back from the universal family. For instance, a single nodal
curve X may have fine compactified Jacobians that do not extend to any family with a
smooth generic fibre, let alone to the whole universal family over ﬂg,n (for some choice
of n marked points on X). We will give explicit examples of this phenomenon for X a
nodal curve of genus 1 in Section 3. This leads us to introduce the following crucial

definition.

Definition 2.4. A degree d fine compactified Jacobian 7d(X) of a nodal curve X
is smoothable if there exists a smoothing X'/T of X over T = SpecCl¢l, that is, a
nonsingular scheme X over T such that the central fibre &, equals X, together with
a degree d fine compactified Jacobian 7d(X/T) of the family X/T with central fibre
7%4x/T), equal to 7%(X).
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It is well known that fine compactified Jacobians exist. However, prior to this
paper all examples of fine compactified Jacobians in the literature were smoothable,
and they were obtained as moduli spaces of rank 1 torsion-free sheaves that are
semistable with respect to some polarisation. We will discuss their construction in the

next subsection.

2.1 Fine compactified Jacobians arising from polarisations

There is a vast literature on compactified Jacobians arising from polarisations; see
for example [18], [10], and [23]. Although the meaning of the word “polarisation” varies
in the different sources, these constructions can be adapted to produce the same fine
compactified Jacobians. We will then see in Section 6 that there exist fine compactified
universal Jacobians that cannot be obtained via any of these polarisations.

We will use the polarisation language of [18], which was adapted to the universal
case by Kass and the first named author in [13]. Let us review their constructions. We

start with the space of polarisations.

Definition 2.5. GivenT € Ggna stable n-marked graph of genus g, we define the space

of polarisations

ViD) =g eRVMD > pv)=d c RV,
veVert(I")

Then every morphism f: I' — I of stable marked graphs induces a morphism
: V4T — v4(I”) by setting
*

fp@)= > oW (2.6)
fn=v

and we define the space of universal polarisations as V¢, := lim V4(I'), that is, as
gm —>TeGgn

the space of assignments (¢(F) evéI): I'e Gg,n) that are compatible with all graph

morphisms.
We are now ready to define the polarised fine compactified Jacobians.

Definition 2.7. Let X be a nodal curve with dual graph I'(X). Given a polarisation

¢ € VHT (X)), we say that a rank 1 torsion-free simple sheaf F of degree d on X is
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¢-(semi)stable if

8x, (F) - #(T'(Xo) NT(XS)) — b, (F)

2.8
2 () 2 (2.8)

degy, ) — D>. ¢+

veVert(I'(Xp))

holds for all proper subcurves ¢ C X, C X. Here dx (F) is the number of points in X, O}Tg
where F is singular.

We say that ¢ € V(X)) is nondegenerate if every ¢-semistable sheaf is
¢-stable. For ¢ € V(X)) nondegenerate, we define 73(X) to be the subscheme of
Simpd(X) parametrising ¢-stable sheaves.

Given a universal polarisation ¢ € Vg

' we say that a family of rank 1 torsion-

free sheaves of degree d on a family of stable curves is ¢-(semi)stable if Equation (2.8)

holds on all fibres. We say that ¢ € Vg,n is nondegenerate if for all T € G, the
['-component ¢(I') is nondegenerate in ve(I). Finally, for ¢ € Vgn nondegenerate, we

define 7;,1((1)) to be the substack of Simpd(ag'n/mgln) parametrising ¢-stable sheaves

on families of stable curves.

(In [18] and [13] the moduli functors of compactified Jacobians are defined more
generally, without assuming ¢ nondegenerate, and without assuming that the sheaves
are simple. However, stable sheaves are always simple, see for example [16, Lemma
2.18)).

As observed in [13, Remark 4.6], the fine compactified (universal) Jacobians
produced by this construction are the same as those defined by Esteves and Melo [10,
15].

Next, we explain how the moduli stacks defined in Definition 2.7 are indeed fine

compactified Jacobians.

Proposition 2.9. Let X be a nodal curve with dual graph I'(X). For every nondegenerate
¢ € V4 (X)), the moduli scheme 72(X) is a smoothable degree d fine compactified
Jacobian.

For every nondegenerate ¢ € Vg the moduli stack 7Zn (¢) is a fine compactified

m'

universal Jacobian.

Proof. The fact that 7Z(X) C Simpd(X) is connected and proper follows from
[18, Theorem 12.14]. It remains to prove that ¢-stability is an open condition in

Simpd(X/S). This follows from [10, Proposition 34]. However, applying that result
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requires us to translate our notion of ¢-stability to Esteves’ stability with respect to
a vector bundle E on X, as defined in loc. cit. For the sake of completeness, we explain
how this can be achieved.

Without loss of generality we may assume that ¢(v) is a rational number for
every v € Vert(I'(X)). Let e € N be such that

e- (¢(V) — (2g(v) — 2)) =:.a, €’

2g—2
for all v € Vert(I'(X)).

Then one can check that our notion of stability with respect to ¢ corresponds to
Esteves’ E-stability for E the vector bundle of rank e(2g — 2) on X defined by

®(29—-2)

E=o2@9g0( 3 ap, o 022920, 2.10)
veVert(I'(X))

where wy is the dualising sheaf of X and p,, is the choice of one nonsingular point of the
component of X corresponding to v, for all v € Vert(I'(X)). We deduce that the moduli
space J_]Z(X) equals Esteves’ moduli space of E-stable sheaves J3.(X).

Smoothability also follows from Esteves’ construction. Indeed, let X'/T be a
smoothing of X over T = SpecCl[t] as in Definition 2.4. Then each point p, on X can
be extended to a smooth section ¢,: T — & and wy extends to the relative dualising
sheaf wy,r (and the trivial line bundle Oy can be extended to Oy). The line bundle E on
X can therefore be extended to a line bundle £ on X'/T by obvious adaptation of Formula
(2.10). By [10, Theorem A, Proposition 34] Esteves’ moduli space Jz(X/T) of £-stable
sheaves on X' /T is a degree d fine compactified Jacobian for the family X /T, and its
central fibre equals J3(X).

Finally, properness and nonemptiness of 7;,1 (¢) follow from [13, Corollary 4.4].
Openness can be deduced again from Esteves’ result as explained above for the case of

a single curve; see [13, Remark 4.6]. | |

We close this section by recalling the explicit wall and chamber description of
the stability space V4(I'(X)) for X a nodal curve of genus 1 and of the stability space
Vfl,n foralld e Z and all n > 1.

Remark 2.11. The stability space for a nodal curve X of arithmetic genus 1 was

studied in [16, Section 7]. Let us recall their results.



12 N. Pagani and O. Tommasi

Let us denote by [ (resp. by r) the number of irreducible components of X
contained (resp. not contained) in a rational tail of X. Each ordering of the components
of X induces an isomorphism V%(X) = R™! x R! (the stability assignment on the last
of the r components not contained in a rational tail equals d minus the sum of the
other assignments). Denoting by (x;,...,%,_;,¥;,...,¥;) the coordinates in R™1 x R,
by [16, Proposition 6.6, Proposition 7.4] the degenerate locus is the union of the
hyperplanes {Z:irl x;,=c:ceZjoveralll <r, <r, <r—1, and of the hyperplanes
{yk:t—i—%: teZ}overalll <k <l

From this description it can be deduced that modulo translation by some line
bundle on X, the nondegenerate locus consists of (r — 1)! connected components inside
the (r — 1)-dimensional unit hypercube in R"~!, and hence that modulo translation there
are (r — 1)! different degree d fine compactified Jacobians of X. Exactly one of these
Jacobians contains the image of the Abel map X — Simpd(X) associated with some
(equivalently all) line bundles M of degree d + 1 on X, that is, the map p — M ® I(p) for
I(p) the ideal sheaf of a moving point p € X.

In order to describe the stability space V{i’n, we will adopt the following
conventions. If I' € V{i’n is a graph with 2 vertices, we fix the coordinate on the affine
subspace V4(I') = R given by identifying any ¥ € V¢(I') with the value ¥ (v) at the vertex
v that is not incident to the nth half-edge.

Forall 1 <i <n,letI; € G, be the graph with two genus 0 vertices joined by
two edges, with the i-th marked point on one component and all other markings on the
other component. ForallI C {1,2,...,n} with |I| > 2,let ") € Gy be the loopless graph
with two vertices of genus 1 and 0, respectively, joined by one edge, with all the marked
points in the set I on the genus 0 component and the marked points in the complement

set I on the genus 1 component.

Proposition 2.12. The projection

,,,,,

[I|>2

o — (@TD1zizn 1 GTONicn, ), 122)

is an isomorphism.
Denoting by x = (x;,...,%, ;) the coordinates in R"! and by y =

(V1r---1Von_n_1) the coordinates in R?"~"~1, the degenerate locus is the union of the
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hyperplanes {3 ;.;x; = c: c € Z} over all nonempty J C {1,...,n — 1}, and of the
hyperplanes {y, =t+ 5: t€Z} overalll <k <2" —n—1.

Proof. This is the g =1 case of [13, Corollary 3.6, Theorem 2]. [ |

The following property, which is specific to the genus g = 1 case, will be used in

the proof of Lemma 6.10.

Corollary 2.13. The natural projection map Vf,n — V(') is surjective for every stable
graph T € G, .

Proof. The claim can be easily checked by expressing the map in terms of the
coordinates of Remark 2.11 for V4(I') = R™1*! and the coordinates of Proposition 2.12
for V¢, =R"-1 x RZ"-n-1, u

2.2 Some general results on fine compactified Jacobians of families

Here we collect some general results on fine compactified Jacobians that will be needed
later.

Our first observation is that in the case where the fibres are irreducible curves,
the moduli space of simple sheaves is already proper, so the only fine compactified

Jacobian is the entire moduli space of simple sheaves.

Lemma 2.14. If X/S is a family of irreducible nodal curves, then Simp%(X/S) is the
only fine compactified Jacobian for the family X/S.

Proof. From Proposition 34 and Section 1.2 of [10] we deduce that the scheme
Simpd(X/S) is proper and connected when X is irreducible. The result follows then from
the fact that fine compactified Jacobians are by definition nonempty, open, and proper
subspaces of Simpd(X/S). |

In the genus 1 case, Lemma 2.14 has the following consequence.

Lemma 2.15. Let X/S be a family of irreducible nodal curves of arithmetic genus 1 that
admits a smooth section g, and 7d(X/S) a fine compactified Jacobian. Then the Abel
map mapping a point p over s to the sheaf I(p) ® Oy _((d+1)q(s)) induces an isomorphism
x - 7%4x/s).
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The case when X/S is smooth and with a section is a well-known classical fact;

see, for example, [7, Proposition 5.3.2].

Proof. This follows from [2, Ex. (8.9, iii)] in light of the equality Simp?(X/S) = 7d(X/S)
proved in Lemma 2.14. ]

We are now going to prove a series of general results for fine compactified
Jacobians of curves of any genus. The first is that forming fine compactified Jacobians

commutes with products.

Lemma 2.16. Let X/S be a family of nodal curves, and let T be a scheme. The
operation of restricting sheaves to a fibre of the product identifies each degree d fine
compactified relative Jacobian 7d((X x T)/(S x T)) with 7d(X/S) x T for some degree d
fine compactified Jacobian 7d(X/S) of X/S.

Proof. By [10, Section 4] we may identify Simp?((X x T)/(S x T)) = Simp?(X/S) x T.
The claim follows because the map S x T — ﬂgyn factors through the projection to S,

namely S x T — S — M, . [

In the following result we prove that any fine compactified Jacobian of a curve
with a separating node is a product of fine compactified Jacobians of the two subcurves.
o1 02

LT LT
Lemma 2.17. Let&x; —— B; and &, —— B, be two families of nodal curves with

distinguished sections o; factorising through the smooth locus of &; fori =1, 2.

Let us denote by X — B := B; x B, the family of curves obtained by gluing
the fibres of X| and X, transversely along the smooth sections o; and o,. Then for any
degree d fine compactified Jacobian 7d(X/B) of X' /B, there exists a unique partition
d, +d, = d and a unique pair of fine compactified Jacobians 7di (X;/B;) fori=1,2 such

that restriction to the subcurves induces an isomorphism
—d ~ —=d —d
J X/B=J 1(-Xl/Bl) xJ Z(Xz/Bz)-

Proof. The fibres X, of X'/B consist of two curves glued together along a separating
node. Note that the restriction of a torsion-free sheaf to an irreducible component fails
to be itself torsion-free if the original sheaf is singular at some of the intersection points

of the component and the closure of its complement.
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If F is a rank 1 simple sheaf on a curve X, then its stalk F,, at a separating node
p is locally free. We deduce that restricting to (X} x B,)/B and (B; x X,)/B induces an

isomorphism
Simp?(X/B) = [1g4, 1a,—q Simp? (X, /B;) x Simp?2(X,/B,).

Our statement then follows from the fact that the Euler characteristic of the
restriction of the sheaves in a (flat) family of sheaves to the family of subcurves X; is
locally constant for i = 1,2. Hence, the total degree of the restriction of the sheaves is
also locally constant. The fact that the image 7dj(/’\,’j/Bj) of the projection 7d(X/B) —
Simp% (X;/B;) arises as the pull-back of a fine compactified universal Jacobian follows
from the fact that the gluing map at a separating node is defined at the level of moduli

spaces of curves. |

2.3 Some low genus results

In this section we recall some basic results on fine compactified Jacobians of curves of
low genus.
If X has arithmetic genus 0, then it is a tree of rational curves, hence its fine

compactified Jacobians are easy to describe from Lemma 2.17.

Corollary 2.18. If X is a nodal curve of arithmetic genus 0, every fine compactified

Jacobian 7d(X) is isomorphic to a point.

Proof. All nodes of a curve of arithmetic genus 0 are separating, so its dual
graph is a tree, and its irreducible components are nonsingular and of geometric
genus 0. The result follows by applying Lemma 2.17 with B, = B, = pt,
and by reasoning inductively on each irreducible component starting from the

leaves. [ |

Another consequence of Lemma 2.17 is that the existence of rational tails does

not contribute to the geometry of a fine compactified Jacobian.

Corollary 2.19. Assume X = ZU (Y; U...UY}) is a nodal curve such that the ¥; are
irreducible components of rational tails of X. Let 7d (X) be a fine compactified Jacobian
of X, and let d; be the degree of the restriction of an element of 7d(X) to Y;. For
d = d - > d;, there exists a unique fine compactified Jacobian 7d/(Z) such that
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restricting sheaves to Z induces an isomorphism
—d —d
J X - JTJ @.

. —d .
In particular, all elements of 7 (X) have the same degree d; when restricted to Y.
Proof. Similar to 2.18 and omitted. |

We conclude by recalling some specific properties of the moduli space of simple

sheaves in the genus 1 case.

Proposition 2.20. Let X be a nodal curve of genus 1, then:

1. If X has at least one nonseparating node, the generalised Jacobian J7°(X) is
isomorphic to the multiplicative group G,,,.

2. The nonsingular locus of Simpd(X) is the locus of line bundles. If two line
bundles L,, L, belong to the same irreducible component of Simpd(X), then
we have degL,|, = degL,|y for each irreducible component Y of X.

3. The singular points of Simp?(X) are nodes. They parametrise sheaves that

are singular at exactly one nonseparating node of X.

Proof. The first point is standard and follows from the fact that X is connected, with
arithmetic genus 1 more than the sum of the geometric genera of all its components.
(See [1, p. 90]).

The fact that the singularities are at worst nodes and that the singular points
correspond to the noninvertible sheaves is a consequence of [8, Theorem 5.10].

The other assertions follow then from analysing the action of the generalised
Jacobian J7°%(X) (introduced in the beginning of Section 2), in particular from the fact
that the action of J9(X) respects the decomposition into the nonsingular and the
singular locus of Simpd(X) and that the J%(X)-orbit of a line bundle L consists of all
line bundles with the same multidegree as L.

The second part of (3) follows from the assumption that F is simple. That implies
that the singular points of F do not disconnect the curve X (the automorphism group of F
contains an algebraic torus of dimension equal to the number of connected components
of X minus the singular points of F). Since we are assuming that X has arithmetic genus

1, a nonseparating set of nodes can contain at most 1 element. |
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3 Fine Compactified Jacobians of Necklace Curves

This section is devoted to the study of fine compactified Jacobians of nodal curves
of genus 1 without rational tails. By Corollary 2.19 this is enough to describe the fine
compactified Jacobians of all nodal curves of genus 1. It will be convenient to have the

following concise name for the curves studied in this section.

Definition 3.1. We say that a genus 1 stable pointed curve is a necklace curve if it

cannot be disconnected by resolving one of its nodes.

Remark 3.2. Necklace curves appear in the Kodaira classification of fibres of elliptic
fibrations as curves of type I;. In particular, nonsingular curves of genus 1, that is,

curves of Kodaira type I, are considered as necklace curves.

Our aim is to give a classification of the fine compactified Jacobians of a fixed
necklace curve X. Our main technical tool is Lemma 3.7, where we give a combinatorial
classification of all degree d fine compactified Jacobians of X. This will allow us to
exhibit in Remark 3.11 examples of fine compactified Jacobians that are not smoothable
(see Definition 2.4). Another consequence is Corollary 3.13, where we show that the
smoothable Jacobians of X are, up to translation, in one-to-one correspondence with
the cyclic orderings of the set of nodes of X.

One important combinatorial characterisation of the smoothable fine compact-
ified Jacobians of necklace curves, which we will use in Section 6 to classify all genus

1 fine compactified universal Jacobians, is the following:

Proposition 3.3. Let X be a necklace curve with n > 2 components. Let
Chi=U={rr+1,...,s}:1<r<s<n-1}

be the set of sequences of consecutive integers between 1 andn—1,andletf:C,_; - Z

be an integer valued function that satisfies the mild superadditivity condition:
0=<fAUD—-f)—-fJ) =1 (3.4)

whenever I and J are disjoint and all three sets I,J,I UJ belong to C,,_;.
Then for every d € Z there exists a unique smoothable degree d fine compacti-
fied Jacobian 7d(X) such that

min[Zdi D g dedn) (X)) 7d(X)} =f)
iel

holds forallI € C,,_;.
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The notation in this Proposition uses the following conventions for necklace
curves and the multidegree of simple sheaves on them, which we will adopt for the rest

of the section.

Notation 3.5.

1. Let X be a necklace curve with n > 2 components. We choose an orientation
of the dual graph of X and order the n components of X as {C; : i € Z/nZ}
according to this orientation. In particular, for each index i the components
C; and C;, intersect at 1 point, which we denote by P;. We will also choose a
distinguished marked point for each component and call it Q; € C; \ {P;_;, P;}
foreachie Z/nZ.

2. For d € 7", define J9X) of X as the moduli space of line bundles of
multidegree d on X. (The special case of 7%(X), known as the generalised
Jacobian, has already been introduced at the beginning of Section 2). In this
section, the components of the multidegree will always be ordered as in (1).

3. Let F € Simp(X) be noninvertible. Then the sheaf F is singular at a unique
node P; of X by Proposition 2.20. By work of Seshadri (see, e.g., [3, Lemma 1.5])
the sheaf F can be obtained as the direct image F = f,L' of an invertible
sheaf L' of total degree d — 1 on the partial normalisation f: }?] — X of X
at P;. Hence, if F e Simpd(X) is noninvertible, we can associate with it a
node PieX and the multidegree d' = (deg&1 @), .. .,deg&n (L)) of L', where
C’i denotes the component of 5(1- mapping to C;. We denote by 1\7]‘.1/ the sheaf
(unique up to isomorphism) that is singular at the node P; and that is the

direct image of an invertible sheaf of multidegree d’ = (d},...,d}) on 5(]

By Proposition 2.20, the nonsingular locus of Simpd(X) is the disjoint union of
the open subsets JYXx) foralld = (dy,...,d,) withd, +---+d, = d. The singular locus
of Simpd(X) consists of nodes N;l/ with d} +---+d}, = d — 1 that correspond to singular
sheaves.

Since X has genus 1, the moduli space Simpd(X ) is a 1-dimensional scheme
locally of finite type. For n > 2 it is neither separated nor of finite type. However, as we

will see, it still contains an infinite number of different fine compactified Jacobians.

Remark 3.6. In order to gain some intuition, let us start by considering the case of

sheaves of total degree d = 0 on a necklace curve X with n = 2 components.
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Fig. 1. Structure of Simpo(X) for X a necklace curve with n = 2 components.

Then Simp®(X) is the disjoint union of open subsets 7@ % (X) = G,, for all

Niﬁ'ﬁ_l) or Néﬁ'ﬁ_l) for all B € Z, representing sheaves

o € 7Z and points of the form
singular at P; and P,, respectively. To describe the closure of J@—0(X) in SimpO(X), we
need to describe which noninvertible sheaves arise as flat limits of invertible sheaves
of multidegree («, —«): it is easy to see that they correspond exactly to the four points
Ni"‘_l'—“), Né“_l'_“), Ni“'_“_l) and Né“’_“_l). This is summarised in Figure 1, where the
horizontal lines represent the open subsets of the form 7@~ (X) and the symbols e and
W represent sheaves singular at P; and at P,, respectively.

Using the symmetries of the curve X, one can check that the closure of 7% (X)
in Simp®(X) is a nonseparated scheme isomorphic to P! with a double origin and a
double infinity. For this reason, the irreducible components of any fine compactified
Jacobian Y c Simp®(X) are copies of P! obtained by adding to an open subset 7@~ (X)
exactly one boundary point over 0 and one over co. From the description in Figure 1 it

then follows that Y must be of the form
Y = j(a,—a)(X) U j(a—i-l,a—l)(X) U {Nia,—a—l),Néa,—a—l)}

for some a € Z.

In the next Lemma we generalise Remark 3.6, giving a combinatorial classifica-
tion of all degree d fine compactified Jacobians of a necklace curve X with an arbitrary

number of components n > 2.
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Lemma 3.7. Let X be a necklace curve with n > 2 components. If ¥ C Simpd(X) is
a fine compactified Jacobian, then Y is a necklace curve with m = pn components for

some p > 1. Furthermore, there is a sequence of m integers (j, : £ € Z/mZ) satisfying
#leZ/mZ: j,=k}=pforeveryk=1,...,n

and a multidegree D € Z™ (depending only on Y and (j, : ¢ € Z/mZ)) such that

v= | s eumpt L wptn, (3.8)

1<k<m

where we define the multidegrees d; and dj as

dp =21 <0<k(€, —€j,41),
/ L—
dk = dk — ejk,

where e; is the i'" vector of the standard basis.

Conversely, every subscheme of the form (3.8) is a fine compactified Jacobian of
X, provided that for every 1 < p’ < p — 1, all subsets (j,,; : k=1,...,p'n) consisting of
p'n consecutive indices do not contain all indices 1,...,n with the same multiplicity p’.
The sequence (j, : ¢ € Z/mZ) is unique up to shift (j, : € € Z/mZ) ~ (j,. : € € Z/mZ)
by some k € Z/mZ.

We will later show that a fine compactified Jacobian Y of a necklace curve X is
smoothable if and only if n = m holds in the description of Lemma 3.7, that is, Y has

the same number of components as X.

Proof. We start by constructing an affine open cover of the scheme Simp?(X). If L €
Simp?(X) is an invertible sheaf of multidegree d, then it is contained in an open subset
of the form J9(X) = G,,- It remains to describe a neighbourhood of the nodes N;i/ of
Simp?(X). To identify the two branches of the node 1\7]51/, we observe that the sheaves of
the form N]d/ can be obtained as flat limits both of invertible sheaves of multidegree
d+e = dy,...,di+1,d;,,,.
(d dJ/ dJ/-+1 +1,...,d},). This shows that there is an open neighbourhood of NJ‘?‘/ in

..,d}) and of invertible sheaves of multidegree d' + €41 =

Simpd(X) that is isomorphic to {xy = 0} ¢ A%, where the line {x = 0}\{(0, 0)} corresponds
to Ja+ei (X) and the line {y = 0} \ {(0, 0)} corresponds to ga+ein (X).
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Fig. 2. Boundary points of 7%(X) in Simp®(X) in the case n = 3. The type 1 boundary points are
sketched on the left-hand side and the type 2 ones are on the right-hand side.

Next, we consider the question of how to glue together the open neighbourhoods
of the singular points NJd/ along the nonsingular open subsets J9(X) of Simp%(X) to
produce a proper subscheme of Simpd(X). Without loss of generality, it is enough
to understand how to glue together two open neighbourhoods of nodes of Simp°(X)
along the generalised Jacobian 7%(X) (the other cases can be obtained from this after
tensoring with some invertible sheaf on X). By the discussion above, the Zariski closure
of the generalised Jacobian 7%(X) in Simpo(X) contains a node NJ?Y of SimpO(X) if and
only if we have either d’ = —e; (type 1) or d = —ej;; (type 2). Figure 2 exemplifies this
in the case n = 3: the type 1 boundary points are represented on the left-hand side and
the type 2 ones on the right-hand side.

Note that the boundary of J9(X) in Simp®(X) contains points representing
sheaves F that may be singular at any of the nodes P; of X. This is consistent with the
action of the cyclic group Z/nZ on Simp®(X) induced by the Z/nZ-action on X generated
by y € Aut(X) with y(P;) = P;;,¥(Q;) = Q;,, forall i € Z/nZ. It is easy to check that
y acts trivially on the generalised Jacobian [7°(X). On the other hand, the orbit of the
node N]._ej € Simp?(X) under the subgroup generated by y is {N;ei : 1 € Z/nZ} and the
orbit of l\ljfej+1 is {Ni_ei+1 : 1 € Z/nZ}. Since all boundary points of type 1 lie in the same
7/nZ-orbit, the union of J7%(X) and {Ni_e" : 1 € Z/nZ} is nonseparated and isomorphic
to an affine line with n origins. The same holds for the union of 7%(X) and the set
{Ni_ei : 1 € Z/nZ} of boundary points of type 2.

However, the two types of boundary points, as well as their affine neighbour-
hoods, are interchanged by any automorphism o of X that interchanges C; and Cj,,,
such as the one defined by o(P) = P,j,,_;, 0(Q;) = Qy;_; for all i € Z/nZ. Since this

automorphism does not respect the cyclic orientation of X, we have that o acts on 7°(X)
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Fig. 3. Gluing along T0X).

as o (L) = L™1. This means that if we want to obtain a separated scheme, we are allowed
to glue the neighbourhoods of two nodes of Simp®(X) along .7°(X) if and only if they
are of different types, as shown in Figure 3. In particular, if we consider the curve in
Figure 3 as oriented counterclockwise, every time we pass from a component J9(X) to
the next one J¢ (X), we have to pass through a point that corresponds to a sheaf that
is singular at a node P;, of X, and the multidegree of the components changes with the
formulad =d+e; —ey,;.

All fine compactified Jacobians Y C Simpd(X) will result from a sequence of m
such gluings. In particular, the components of Y will be copies of P! meeting at nodes
of Simpd(X), that is, the subscheme Y is isomorphic to a necklace curve with m nodes.
By the discussion above, we can always choose a cyclic ordering of the components
Yy,..., Y, of Y (i.e., an orientation of the dual graph of Y) such that, if we denote by d,

the multidegree of a sheaf corresponding to a general point in Y,, we have
dy,; =d, +e;, —e . foralll e Z/mZ, (3.9

where P; is the singular point of the sheaf corresponding to the intersection

{F,} =Y, ,NY,. Using thatd, =d,,,,, we obtain

> (ej,—e, 1) =0. (3.10)
teZ/mZ

Since (3.10) is equivalent to the m equalities
#He: jo=10}—-#L: j,,,=10}=0, 1€Z/mZ

we have that all indices i € Z/nZ appear the same number of times p > 1 in the

sequence (ji,...,j,,). The sequence (j, : ¢ € Z/mZ) is uniquely determined by ¥ up
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to cyclic shift, since it represents the sequence of nodes at which the sheaves in ¥
are singular.

At this point, we are ready to prove that ¥ can be expressed as in the right-hand
side of Formula (3.8). Let F € Y be a sheaf that is singular at the point P; . Without loss
of generality, we may assume that the component preceding F in the cyclic order is ¥,
and then set D := d,, to be the multidegree of Y,,. After taking the tensor product of
Y with an invertible sheaf of multidegree —D, we may assume d = 0 and D = 0. Then
(3.9) allows us to define the general multidegrees d; of the components of Y recursively.
By the discussion on the affine charts of Simpd(X ), the union defined on the right-hand
side of (3.8) is an open substack. This union is proper if and only if no multidegree
d of a component 79(X) is repeated more than once. This is equivalent to requiring
that no sequence of 0 < m’ < m consecutive indices in (j, : ¢ € Z/mZ) defines a

necklace curve. [ |

Remark 3.11. Lemma 3.7 gives a combinatorial construction of all connected, open,
and proper subschemes ¥ of Simp?(X). In Proposition 3.12 below we will show that any
fine compactified Jacobian of a necklace curve has the same number of components as
the necklace curve itself. In particular, the case p > 2 in Lemma 3.7 gives rise to fine
compactified Jacobians of X that are not smoothable.

We give below an explicit example with n = 3 and p = 2, in which the sequence

of singular nodes is (1,1, 2, 2, 3, 3).

Y= JER000) uN T u g0 A
VIO-20x) U AP U FOL D U N )
VTOCODx) U g O TP U gD oo U g0,

This example can be generalised by taking any value of n and p and an n-cycle

o € 6, and considering the sequence

,...,1,0(1),...,0(1),...,a™11),..., 6" 1 (1)).
——

p times p times p times

For n > 4 there exist also more complicated examples, in which any two
consecutive nodes of a fine compactified Jacobian of the necklace curve correspond

to sheaves that are singular at two different nodes of X. This happens in the following
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example withn =4, p = 5:

Yy — J(l'_l'z’l)(X) U j(l,O,l,l)(X) U j(Z,—l,l,l)(X) U j(Z,O,O,l)(X) U j(l,O,O,Z)(X)
Uj(l,l,fl,Z)(X) U j(l’l'o'l)(X) U j(l,Z,fl,l)(X) U j(l,Z,O,O)(X) U j(Z,l,0,0)(X)
Uj(Z,l,l,fl)(X) U j(l,l,l,O)(X) U L7(1,1,2,71)(}() U j(O,l,Z,O)(X) U j(O,Z,l,O)(X)

UJ(—I,Z,I,I)(X) U j(O,l,l,l)(X) Uj(—l,l,l,Z)(x) U j(O,O,l,Z)(X) U j(O,O,Z,l)(X)
U {N§O,—l,2,l),Nél,—l,l,l),Nil,—l,l,l),NéZ,—l,O,l)’Né(ll,O,O,l)’

N(I,O,—I,Z) N(l,l,—l,l) N(l,l.—l.l) N(1'2,—1,0) N(l.l'O,O)
2 73 rev2 73 1 4
(21,0,-1) A,(1,-1,1,—1) »7(1,1,1,-1) »+(0,1,2,—1) »7(0,1,1,0)
N3 IN4 IN3 IN4 IN2 ’

(=1,2,1,0) A7(=1,1,1,1) 7(=1,1,1,1) »7(—1,0,1,2) »-(0,0,1,1)
N4 INl IN4 INl ,N3 }l
in which the relevant sequence is (1,2,1,2,4,2,3,2,3,1,3,4,3,4,2,4,1,4,1, 3).

To complete the classification of Lemma 3.7, we show that any smoothable fine
compactified Jacobian of a necklace curve has the same number of components as the

necklace curve itself.

Proposition 3.12. Every smoothable degree d fine compactified Jacobian 7d(X) of a

necklace curve X is isomorphic to X.

For fine compactified Jacobians coming from a polarisation, this was proved in

[16, Proposition 7.3].

Proof. If X is irreducible the result follows immediately from Lemma 2.15. From now
on we assume that the number of irreducible components of X is n > 2.

We will use Kodaira's classification of elliptic fibrations (see, e.g., [4, Section
V.7]) to conclude. By assumption we have that X is a curve of type I,, and by Lemma 3.7
we know that 7d(X) is a curve of type I, for m = pn some integer multiple of n.

Let T = Spec C[t] and consider a 1-parameter smoothing X /T of X over T (which
we always assume to have nonsingular total space) such that 7d(X) extends to a fine
compactified Jacobian 7 (X/T).

We claim that 7d(X/T) is nonsingular. Indeed, let 7 be a point of 7d(X/T) and
let us denote by F € 7d(X) its central fibre. Then by [8, Theorem A, (ii)], a sufficient
condition for 7d(X/T) to be nonsingular at F is that the singular points of the sheaf F
are nodes of X that are independently smoothed in X'/T. Hence, the claim follows from
the fact that, since X has genus 1, by Proposition 2.20 the sheaf F is singular at most at
1 point of X.



Geometry of Genus One Fine Compactified Universal Jacobians 25

We have then two elliptic fibrations X'/T and 7d(2( /T) with nonsingular total
space and isomorphic generic fibres. By Kodaira's classification of elliptic fibrations,
we conclude that the central fibres, respectively X and 7d(X), are isomorphic, that is,

n=m. |

We can then combine the results of Proposition 3.12 and Lemma 3.7 to give
an explicit combinatorial description of the smoothable fine compactified Jacobians
of necklace curves. In the case of a fine compactified Jacobian, the cyclic sequence
Gi+Jor---+Jp) of Lemma 3.7 can be identified with the n-cycle o = (,j, ---j,) € 6,
and the multidegree D is the general multidegree of the component of Y = 7d(X) that

contains both a sheaf that is singular at P, and a sheaf that is singular at P,1y,.

Corollary 3.13. For every smoothable degree d fine compactified Jacobian 7d(X) of
a necklace curve there exist a unique multidegree D = (D,,...,D,) € Z" and a unique
n-cycle o € G, such that ¥ = 7d(X) is of the form (3.8), where we set j; := ok=1(1) for
all k € Z.

Remark 3.14. Itis easy to check that a fine compactified Jacobian 7d(X) contains the
image of a translate of the Abel map X — Simpd(X), p +— I(p) ® M for some line bundle
M on X of degree d + 1, if and only if the n-cycle corresponding to 7d(X) via Corollary
3.13is0 =(12 --- n).

We are ready to prove that all smoothable fine compactified Jacobians of genus

1 curves are defined by a polarisation.

Proposition 3.15. Let 7d(X) be a smoothable degree d fine compactified Jacobian of
a necklace curve X with n > 2 components. Then 7d(X) = 7;(X) for the polarisation
¢ € V4(I') = R" given by

¢ = éZd (3.16)

deS

for S = {d ez": 7d(X ) contains a line bundle of multidegree d}.

Remark 3.17. Formula (3.16) is also valid when X is an arbitrary nodal curve of genus

1 (i.e., it is not necessarily a necklace curve), because the degree of the line bundles in
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Table 1. Smoothable fine compactified Jacobians of a curve of type I4.

Permutation d; dy ds dg ¢
(1234) (1,-1,0,0 (1,0,-1,0) (1,0,0,-1) 0,0,0,0) (3-1-1-1)
(1243) (1,-1,0,0 (1,0,-1,0) 0,0,-1,1) 0,0,0,0 (3-1-%1)
(1324) (1,-1,0,0) (1,-1,1,-1) (1,0,0,-1) 0,0,0,0) (3-%%-3)
(1342) (1,-1,0,0) (1,-1,1,-1) (0,-1,1,0) 0,0,0,0) (3-3-%-1)
(1423) (1,-1,0,0 0,-1,0,1) 0,0,-1,1) 0,0,0,0 (3-3-%13)
(1432) (1,-1,0,0 0,-1,0,1) (0,-1,1,0 0,0,0,0 (3-%13)

7d(X) is constant on the rational tails. By [16, Proposition 7.4], the polarisation in (3.16)
is the only polarisation ¢ defining 7d (X) such that n¢ € Z™.

Proof. If X is a necklace curve with n > 2 components, then 7d(X) can be described

as in Corollary 3.13. Then it is easy to check that if we define ¢ € R™ by

we have that 7d(X) contains a line bundle of multidegree (d,,...,d,) if and only if

<1

D (¢ —dy)

i=r

0<

holds forall 1 < r < s < n. This implies that the condition (2.8) for ¢-stability is satisfied
for all line bundles in 7d(X), so that by properness we have 7d(X) = 7:;(X). [ ]

In Table 1 we illustrate the correspondence between n-cycles, smoothable fine
compactified Jacobians and the polarisation ¢ in Proposition 3.15 in the case of total
degree d = 0, number of nodes of the necklace curve n = 4. We assume there that the
fine compactified Jacobian contains the generalised Jacobian—the moduli space of line
bundles of multidegree D = (0, 0, 0,0). This can always be achieved up to translation by
a line bundle of total degree 0 on the necklace curve.

The combinatorial characterisation in Proposition 3.3 comes from the study of

the stability cell containing ¢.
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Proof of Proposition 3.3. We start by showing that every fine compactified Jacobian
7d(X) on a necklace curve X with n components arises from a function f: C,,_; — Z
that satisfies Condition 3.4. Let us recall that we have 7d(X) = 7;(X) for the stability
condition ¢ given by the average of the multidegrees of line bundles in 7d(X), as
described in Proposition 3.15. Consider the stability cell containing ¢. After identifying
V(' (X)) with R*~! by forgetting the last component of ¢, the stability cell containing
(¢1,...,¢,_;) is defined by the inequalities

N
CT,S <qu <Cr,s+17 (318)
i=r
where the integers ¢, ¢ correspond to the values f?‘i(X) ({r,r+1,...,s}) of the following
function:
fjd(X)l Choy — L

By using the explicit characterisation in Corollary 3.13, one can check that fjd ®
satisfies Condition (3.4) (mild superadditivity).

Furthermore, by induction on n it is possible to show that there exist exactly (n—
1)! functions f: C,,_; — Z that satisfy (3.4) with prescribed values f({1}),...,f({n — 1}).
Since by Corollary 3.13 there exist exactly (n — 1)! smoothable fine compactified
Jacobians of degree d up to translation, this yields that every f must give rise to a

fine compactified Jacobian. |

4 A Stratification of Genus 1 Fine Compactified Universal Jacobians

In this section we fix n > 1 and d € Z and study the topology of each genus 1 fine
compactified universal Jacobian 7‘11,,1. The main result is Lemma 4.3, where we stratify
each such fine compactified universal Jacobian into strata that are isomorphic to strata
of C, ,,, the universal curve over M ,.

Let us recall from Corollary 2.19 that the Jacobian of a stable curve of genus
1 is the same if we remove its rational tails. This leads us to introduce the following
substack of M, ,.

Definition 4.1.  We denote by MJ'X the constructible substack of M, , consisting of

necklace curves (defined in 3.1).
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(The superscript in /\/lll\rfi is motivated by the fact that among the stable curves
of genus 1, necklace curves are precisely those that do not have any rational tails).

Any stable n-pointed curve X of genus 1 can be obtained by attaching rational
tails to the marked points of a necklace curve X’. This corresponds to the fact that M, ,

can be stratified as the disjoint union of constructible subsets

k
NR v
My x HMO,IjU{*} (4.2)
j=1
for any partition of {1,...,n} into nonempty subsets I}, ..., I;. We can avoid repetitions
in the stratification (4.2) by stipulating an ordering convention on the subsets I, ..., I,

for example maxI;, < maxl, < --- < maxI;. We also adopt the convention that MO,{m,*}
is a point, so that the case where one of the I; is the singleton {m} corresponds to the
case where the mth marked point lies on the necklace curve X'. Let us recall that for
each choice of (k;I,...,I;), the corresponding constructible subset (4.2) is a union of
strata of the stratification by topological type.

The main result of this section is a decomposition of each genus 1 fine

compactified universal Jacobian into easier pieces:

Lemma 4.3. Let 7‘11,,1 — M, , be a fine compactified universal Jacobian, and let S
be a stratum of the stratification by topological type of ml,n consisting of a necklace
curve with k maximal rational tails attached to it, that is, S C Mlﬁé X ]_[]’-‘:1 MO,IJ-U{*}‘
Then the restriction 7‘11'n| g of 7‘11'n to S is isomorphic to the pull-back of the universal
family C}' — M)} under the forgetful map § — M'%.

Our proof will depend upon the number of components of the necklace curve
of each stratum. When the number of components is at most 2, our isomorphism
will be given by an Abel map. In the other cases the isomorphism is obtained
from Proposition 3.12 and it is for that reason noncanonical, even after ordering the

components of the necklace curve.

Proof. Let S C M} x HJI?:HVO,IJ»U{*} be a stratum of M, , corresponding to a
fixed topological type. If we denote by NV C Mll\n,z the stratum corresponding to the
topological type of the necklace subcurve and by 7; C MMJ.U{*} forj=1,...,k the strata

corresponding to the topological type of the rational tails, we have

k
SN <[]
j=1
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Since the fine compactified Jacobian of a rational tail is a point, the fibre of
7‘f’n|8 — S at some [X,p,,...,p,l is isomorphic to the fine compactified Jacobian, for
some degree d’, of the unique necklace subcurve X’ C X. By Lemma 2.17 this description

.4 . . .
extends to the whole family J, ,|s, so that there is an isomorphism

Trals 274wy <7

J

for some d’ € Z and some fine compactified Jacobian 7d/(UN/N) for the restriction
Uy — N of the universal family C, k/./\/ll « to the stratum A. To conclude we need to
exhibit an isomorphism U, /N — j (Upr/N).

From now on we let r be the number of irreducible components (necessarily
rational) of X’. To simplify the notation, we will relabel the marked points on X’ and call
them g, ..., g, and we will assume that the first r of them lie on different components
of X'.

If the necklace subcurve X’ is irreducible, then an isomorphism U,//N —
7dl(UN//\/) is given by an Abel map as shown in Lemma 2.15.

The case r = 2 is settled in a similar manner. A direct analysis shows that for
each fine compactified Jacobian 7d/ (X') there exist integers d,,d, with d, +d, =d'+1,
such that the Abel map

p > Ox(d q; +dyq7) ® I(p)

induces an isomorphism X’ — 7d, x.

We still have to deal with the case when X’ consists of r > 3 irreducible com-
ponents. In this case the pointed curve (X', q,, ..., q,) has no nontrivial automorphisms,
so each fibre of Uy, — A admits a unique isomorphism to (X’,q,,...,q,) that respects
the sections, and this exhibits Uy, — A as the trivial family. By Lemma 2.16 the family
7d/(UN/N ) is also trivial and given by the product of A/ and some smoothable fine
compactified Jacobian 7d/ (X’') of X'. The proof is then concluded by observing that, by
Proposition 3.12, the fine compactified Jacobian 7d, (X’) is isomorphic to X'. |

Lemma 4.3 allows to introduce a noncanonical refinement of the stratification
of each fine compactified universal Jacobian J, ,, by topological type of the underlying

moduli space of stable pointed curves.
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Corollary 4.4. Each fine compactified universal Jacobian 7?,1 can be stratified,
using the isomorphisms of Lemma 4.3, into a refinement of the inverse image of
the topological type strata of M, , under the forgetful map. Each stratum of 7an
corresponds to a stratum of C; , = M, ., given by curves (X,p,,...,p,,,) such that
the stabilisation of (X, p,,...,p,) has a fixed topological type and the point p,, , ; lies on
either of the following:

(a) an irreducible component of X that is not contained in any rational tail, or

(b) an irreducible and maximal rational tail of X containing only one other
marked point p;, or

(c) omne of the maximal rational tails, on the unique component of that rational

tail that intersects the necklace subcurve.

Proof. This is the stratification by topological type of M, ,,.,, induced on J, ,, via the
isomorphisms of Lemma 4.3 on each restriction 7in|5, for S a topological type stratum
of M, ,. u

To conclude, we observe that the above stratification is a noncanonical refine-

ment of a canonical one.

Remark 4.5. If X is a necklace curve, then we have proved in 3.12 that every
smoothable fine compactified Jacobian 7d(X) is isomorphic to X. The curve X can
be naturally stratified by its irreducible components and singular locus. While the
isomorphism X = 7d (X) is in general noncanonical, the induced stratification of 7d X)
is canonical.

IfIX,p,,...p,l € Ml,n' then the stratification given in Corollary 4.4 induces a
stratification of 7d(X) that noncanonically refines the one described in the previous
paragraph. The stratification from Corollary 4.4 contains n additional strata of type (b).
These additional strata depend upon the choice of an isomorphism X = 7d (X), and that

choice is noncanonical whenever n > 3.

5 Cohomology of 7%

In this section we fix n > 1 and d € Z and use the results of Section 4 to calculate
the rational cohomology of every genus 1 fine compactified universal Jacobian 7?,1. As
expected, the result only depends on n—it is independent of d and of the particular fine

compactified Jacobian. This is analogous to the main result of [17], which states that
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the cohomology of polarised fine compactified Jacobians of a single curve of any genus
is independent of the polarisation.

Our main tool will be Lemma 4.3. An important role will be played by the fact
that every fine compactified universal Jacobian is nonsingular as a Deligne-Mumford
stack, a fact that follows from the fact that it is open in the nonsingular moduli stack
Simp?(C, ,/ M, ,)-

We start by explaining how the even cohomology of genus 1 fine compactified

universal Jacobians admits a geometric interpretation with the strata of Corollary 4.4.

Corollary 5.1. The classes of the cycles of Corollary 4.4 span the even cohomology of

7‘1111. In particular, the even cohomology of 7(3,” is all algebraic.

Proof. The proof is completely analogous to the proof that the even cohomology of
Mm is generated by cycle classes of strata, given by Petersen in [21, Section 1]. In both
cases, the claim follows from the fact that the total space—in Petersen’s case Mlyn,
in our case 7in—is complete and nonsingular (as a Deligne-Mumford stack), so that
its rational cohomology satisfies Poincaré duality, combined with a Hodge-theoretic
analysis of the cohomology of the strata, ensuring that the only cohomology classes
in the even cohomology of each stratum with Hodge weight equal to the degree are in
degree 0. Since the strata of 7?” are isomorphic to certain strata of M, ,,,, this Hodge-

. . . —d
theoretic analysis applies to the strata of 7, ,, as well. |

We now aim at calculating the cohomology of any fine compactified universal
Jacobian 7?,1, using Lemma 4.3. Let us recall that, by definition, the complex Deligne-
Mumford stack 7(1iln is smooth and proper. In particular, it satisfies Poincaré duality
and as a consequence, we have that the Hodge structures on Hk(7‘11,n) are pure of
Hodge weight equal to k. This means that we can recover the structure of graded
Q-vector space and the Hodge structures on H‘(?‘liyn) from its Euler characteristic in
the Grothendieck group K,(HSy) of rational Hodge structures. Let us recall that the
G,,-action on 7(5” — Mm by permuting the n marked points endows the cohomology
of 7‘11,,1 with a structure of &,,-representation. To keep track of this as well, we introduce

the following definition.

Definition 5.2. Let X be a complex quasi-projective variety. We define the
G,,-equivariant Hodge Euler characteristic eSé‘@(X) of X as the alternating sum of

the class of the ith cohomology of compact support of X in the Grothendieck group of
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rational Hodge structures with a compatible structure as &,,-representation, that is,

era, (0 = D (—DIHL®] € Ky " (HSp) = A, ®g Ko(HSy),
1€Z

where A, is the space of symmetric functions of degree n, with rational coefficients.
If X is a constructible subset with an &, -action, we can define its

6,,-equivariant Hodge Euler characteristic additively as

end, () = D et (X)),

jeJ

where {Xi}es is any stratification of X into &, -invariant quasi-projective varieties X;.
If X is a constructible subset of a Deligne-Mumford stack with a quasi-

projective coarse moduli space, then if there is an &, -action on X we can define the

6,,-equivariant Hodge Euler characteristic of X to be esél@(X) where X is the coarse

moduli space of X.

Hodge Euler characteristics are often used to describe the cohomology of Mgln
One of their advantages is that they allow to use operations on the ring A = @, A,
of symmetric functions. For instance, this is the foundation of Getzler's formula for the
cohomology of ./len. Before we proceed, let us set up some notation for the generating
functions of the &, -equivariant Hodge Euler characteristics of moduli spaces of curves

in genus g = 0,1 and for the locus of necklace curves in genus 1:

g = Z eHSQ(Mgn) by = Z eHsQ(Mgn)
n>3-2g n>3-2g
NR ._
by ‘_ZeHS@
n>1

Let us recall Getzler's result on the cohomology of M, ,:

Theorem 5.3 ([11, Theorem (2.6)], [20]). In genus 1, the generating functions for the
Hodge Euler characteristic of the moduli space of necklace curves and stable curves are

given respectively by:

(5.4)

NR_, L0 ag(1 +ay) + 7V,(ag

n>1
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b, = bR o (p; +by), (5.5)

where for a symmetric function f, we write f' = and f= 3f for its derivatives with
respect to the power sums p; and p,, respectlvely, and for all k > 0 we define the kth

Adams operation by ¥ (f) := py o f.

Theorem 5.6. Let 7‘111n be a fine compactified universal Jacobian over M, , for all
n > 1. Then the generating function for the &, -equivariant Hodge Euler characteristic

of 7‘11,,1 is given by

> e, @i = (A +p0®™) o oy +bp), (5.7)

n=1
where bR is given in (5.4).

In Tables 2 and 3 we show the &, -equivariant Betti numbers of genus 1 fine
compactified universal Jacobians for low n.
Let us recall from (4.2) that A_/ll,n can be stratified according to the number k of

rational tails of the curves into constructible subsets of the form
k
1 kX HMo,zju{*}r

where we choose to interpret marked points on the necklace subcurve as rational tails

with a single marked point by setting Mg ,, ., := Mg , = {point}.

Proof. Our statement follows from Lemma 4.3 combined with Theorem 5.3. We
therefore start by recalling Formula (5.5). Let us recall that the expression p; + by is

the generating function

Z ehs, (Mo 11, mjus)

n>1

where M, {1,...njufx) is considered with the natural action of the symmetric group &,,.

.....

Since the &, -representation on H°(ﬂo,{1,.._,n}u{*}) is given by restriction of the &, ;-
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representation on H*® (Mo,n +1), we have
Vi 0 ki
[H* (Mo 1, mpupp] = E[H (Mg Dl

where by convention we have WOI{L*}I =p;.

Thus, taking the plethysm of bY'® with p; + by gives as a result the generating
series of the &, -equivariant Hodge Euler characteristic of the space parametrising
necklace curves with any possible number of rational tails attached. For instance, by
definition of plethysm the summand e (M )o (p, +by) gives the generating series of
the equivariant Hodge Euler characterlstlcs of the strata consisting of curves of genus

1 with exactly k maximal rational tails attached:

k
Sé@(M 1) o (py +bg) = >, eHS lkXH

n>k
Luhu--Ulxy={1,...,n}

Now that we understand why Getzler's Formula (5.5) holds, all we need to do
is to adapt the idea behind Formula (5.4) to keep track of all possible compactified
Jacobians in 7?”. Since Hodge Euler characteristics are additive, it is enough to work
stratawise under the stratification (4.2) of Mlyn. Hence, let us fix a stratum S = Mlﬁé X
H};l Mo,lju{*} of M, ,. Then, by Lemma 4.3, the preimage 7 ~*(S) of S under 7‘11',1 - My,
is isomorphic the moduli stack parametrising (k + 1)-tuples (C, 7}, ..., 7;) where

- C=(Cty,...,t,p) is a fibre of the universal family over Mlﬁlfé, that is, a
necklace curve C of genus 1 with k distinct ordered marked points ¢;,..., ¢
and an additional point p which can lie anywhere on C;

- forallj =1,...,k, the stable rational curve ’7; = (TJ-, (pi)ielj,p*) € /\_/lo,lju{*}
represents the rational tail attached to C at the point ¢; € C by identifying
p, € T; with t; € C.

Hence, to obtain a formula for the generating function of the Hodge Euler
characteristics of 7‘11,”, we need to replace bY® in Formula (5.5) with the generating

function
011\1 —eHSQ(C B)

of the universal family CI'} — M. Here, we have to distinguish between two cases.

The first case is the general one and defines an open substack U C C%\Tﬁ. It corresponds
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to the case in which the point p is distinct from the marked points ¢;,...,t; at which
the elliptic tails are attached. Then U can be identified with the point (C,t;,..., ., p) €

M7'%;, and its contribution to ¢I'* is exactly

opIR
ap;

= (bY'Ry.

The other case is the case in which p coincides with one of the other marked
points. This gives rise to a closed substack of Cfrf, which is the disjoint union of k copies
of Mll\”]z indexed by j =1,..., k. To obtain the contribution of C{\Tﬁ\ U to ¢}, we need first
to consider k copies of /\/lll\“,z‘ with the action of &;_; and then extend the corresponding
representations from &;_; to &;. In terms of Schur polynomials, this means that we get

the additional contribution

by ™ NR
=p,; (b))
b op, p1 (b7 ™)
Combining all information obtained so far yields the claim. |

For the convenience of the reader, we exhibit in Tables 2 and 3 the &, -
equivariant Hodge Euler characteristic of 7iin for all n < 8. Observe that the Hodge
Euler characteristics have the same coefficients for Hodge weight (and degree) k and
2n—k, in accordance with Poincaré duality. One can compare them with the cohomology
of M, 41, which is in Table 4. All tables were obtained by implementing in Sage [22]

the formulas in Theorems 5.6 and 5.3.

6 Classification of Genus 1 Fine Compactified Universal Jacobians

In this section we give an explicit combinatorial classification of all genus 1 fine com-
pactified universal Jacobians of some fixed degree d € Z building on Proposition 3.3,
the analogous statement for necklace curves. From this description we deduce that
not all fine compactified universal Jacobians can be constructed from some universal
polarisation as in [12] or in [15]; see Definition 2.7.

Our classification is based on associating with each degree d fine compactified
universal Jacobian a pair (f, g) of integer-valued functions. Along the way we will prove
in Lemma 6.11 that the function g describes the restriction of the multidegree of each

element of the fine compactified Jacobian to the rational tails of the curve, and that
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Table 2. Hodge Euler characteristic of 7‘11n and M 41 forn <5.

—d
n Py (e, (T 1) 1)

L2 +2L+1

I3 +3L2+3L+1

12 +1

L4 + 413 + 712 + 4L + 1

213 + 412 + 2L

L% + 504 + 1313 + 1312 + 5L+ 1
3L* +10L3 + 1012 + 3L
L*+413 +412 + 1

I3+ 12

L8 +6L5 + 2114 + 3113 + 2112 + 6L + 1
415 + 20L% + 34L3 + 2012 + 4L
214 + 413 + 212

2I5 + 1214 + 2113 + 1212 + 2L
314 4+ 713 + 312

—

—

—

NN -
—

CAJCAJN»PCHN!\)OJ»PNW»—'NH
— N =

—

n 2 (e, M1n),s)

IZ4+2L+1

I3 +3L%2+3L+1

IZ2+1

L* + 413 + 712 + 4L+ 1

213 + 412 + 2L

I3+212 41

L5 +5L% + 1213 + 1212 + 5L+ 1
3% + 1113 + 1112 + 3L

2L% + 713 + 712 + 2L

13 +12

I3 +12

L8 + 6L° + 20L* + 29L3 + 20L2 + 6L + 1
415 + 20L* + 33L3 + 20L2 + 4L
315 +18L% + 3113 + 18L2 + 3L
41% 4+ 9138 4+ 412

LS +6L4 + 1113 + 612 + L

414 + 813 + 412

L4+ 213 +12

—

N = N = N =
—

NN W N -

—

NWWPrPAONWWPHARANWEADNWN
N =

the function f encodes the information about the multidegrees of line bundles on all
necklace curves.

Both f and g are defined by looking at all possible pairs (X,L) € 7fn where L is
a line bundle and X is a curve with two components. In the case of f, one considers
all stable necklace curves X with two rational components and the values of f are

given by the minimal degree of the restriction of a line bundle L to the component not
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Table 3. Hodge Euler characteristic of 7‘11,1 for6 <n <8.

—d
n A (05, (T 1) s1)

L7 + 718 + 3115 + 63L% + 6313 + 31L2 + 7L + 1

516 + 3315 + 821* + 8213 + 3312 + 5L

3L6 + 2615 + 711* + 7113 + 2612 + 3L

7L5 + 27L* + 2713 + 712

L8 +91° + 26L% + 26L3 + 912 + L

6L + 23L* + 23L3 + 612

L* +13

L5 +41% + 413 + 12

L+ 13

18 +8L7 4+ 4215 + 110L° + 154L% + 110L3 + 4212 + 8L + 1
6L7 + 50L8 + 167L5° + 247L% + 167L3 + 50L2 + 6L

417 + 4415 1+ 168L5 + 26214 + 168L3 + 4412 + 4L

1218 + 67L5 + 11214 + 67L3 + 1212

2L7 + 26L° + 108L5 + 172L* + 108L3 + 2612 + 2L

1418 + 83L5 + 146L% + 8313 + 1412

6L° + 14L% + 6L3

518 + 33L° + 58L* + 33L3 + 512

318 + 2015 + 371% + 2013 + 312

6L° + 141% + 6L3

215 + 414 + 213

L9 + 918 + 55L7 + 17718 + 32215 + 322L* + 17713 + 55L2 + 9L + 1
7L8 + 69L7 + 293L8 + 596L° + 596L* + 293L3 + 69L2 + 7L
5L8 + 68L7 + 337L% + 739L° + 739L* + 337L3 + 68L2 + 5L
19L7 + 13918 + 34215 + 34214 + 13913 + 1912

318 + 48L7 + 267L8 + 618L5 + 618L* + 26713 + 48L% + 3L
2417 + 199L° + 530L° + 530L* + 199L3 + 2412

1618 + 6215 + 62L* + 16L3

I8 +19L7 4+ 109L° + 257L° + 2571 + 10913 + 1912 + L
16L7 + 14515 + 40115 + 401L* + 145L3 + 16L2

7L7 + 6915 + 202L5 + 202L* + 69L3 + 712

25L% + 100L® + 100L* + 25L3

215 + 21%

3L7 4+ 34L% + 103L° + 103L* + 34L3 + 312

10L8 + 4215 + 421* + 10L3

916 + 3715 + 3714 + 913

215 4+ 214

L8 +415 +41% +13

I® +14

NMNNMNFDNWHDN-

—

—

— N =
—

MNNMNMNWEDNDWHEDND-

—

—

N = N = =

—

NNNNWW'—‘N\[\)W%'—‘NWF—‘NP—‘

— —
—

NN HDNFDNFHHDNH

— =
—

NNWWOWWOWORAPRPRRARRPLPITITTODINONWWWARDITITDINNDNDWW®W R AITO®

—_ N
—

—

containing the last marked point p,,. In the case of g, one considers all curves X with
two components separated by one node; the values of g are then obtained as the degree

of the restriction of L to the rational component.
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Table 4. Hodge Euler characteristics of ﬂl,n for7 <n <9.

n A (e, M), 51)
7 7 L7 + 718 + 2815 4 56L* + 56L3 + 28L% + 7L + 1
6, 1 518 + 3415 4 81L* + 8113 + 34L2 4 5L
5,2 418 + 3215 4 85L% + 8513 + 3212 4 4L
51,1 8L5 +291.% + 2913 4 812
4,3 215 + 20L% + 56L* + 5613 + 20L? + 2L
4,2,1 1115 + 412% + 4113 4+ 1112
4,1,1,1 21% + 213
3,31 415 + 16L* 4 1613 + 412
3,22 305 + 1114 + 1118 4 312
3,2,1,1 2r% + 213
2,2,2,1 L4 +13
8 8 L8 +8L7 4 3918 + 9815 + 136L* + 98L3 + 3912 + 8L + 1
7,1 6L7 + 4915 + 15915 + 232L* + 159L3 + 49L% + 6L
6, 2 5L7 4+ 53L8 + 193L5 + 294L* + 193L3 + 53L2 + 5L
6,1,1 1418 + 7315 + 11914 4 73L3 + 14L2
5,3 3L7 + 38L8 + 15515 + 24314 + 155L3 + 38L2 + 3L
5,21 20L8 + 115L% + 195L% + 115L3 + 2012
51,1,1 8L% + 17L* + 8L3
4,4 L7 +16L° + 66L5 + 105L* + 66L% + 1612 + L
4,3,1 1418 + 8715 + 150L% 4 87L3 + 14L2
4,22 7L8 + 4515 + 80L* + 45L3 + 712
4,2,1,1 14L5 + 30L* + 14L3
3,3,2 3L8 + 2215 + 39L.% + 2213 + 3.2
3,3,1,1 6L5 + 13L* + 613
3,2,2,1 6L5 + 12L* + 613
2,2,2,2 L5 +21% + 18
9 9 L9 + 918 4 50L7 + 157L8 + 27815 + 278L* + 157L3 + 50L2 + 9L 4 1
8,1 7L8 + 69L7 + 27918 + 55415 + 554L* + 27913 + 69L2 + 7L
7,2 6L8 + 76L7 + 364L° + 775L% + 775L* + 364L3 + 76L% + 6L

7,1,1 21L7 +147L% + 351L° + 351L% + 147L3 + 21L2




Table 4. Continued.
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n A (e5d, Min),s2)
6,3 418 + 65L7 + 348L° + 77915 + 779L* + 348L3 + 65L2 + AL
6,2, 1 33L7 + 259L° 4 657L5 + 657L* + 25913 + 33L?
6,1,1,1 2115 4 7415 + 7414 + 2118
5,4 218 + 3717 + 21418 + 49715 4 4971% + 21418 + 3712 + 2L
53,1 27L7 4 24215 4 647L% 4 647L* 4 24213 4 2712
5,22 1217 + 116L5 + 320L5 + 320L% + 11613 + 1212
5,2,1,1 4215 + 15515 + 15514 + 4213
51,1,1,1 315 4 314
4,4,1 1217 +109L8 + 29315 + 2931% + 10913 + 121.2
4,3,2 10L7 +109L8 + 315L5 + 315L% + 10913 + 1012
4,3,1,1 3518 4 132L° 4 132L* 4 35L3
4,2,2,1 2515 4 96L5 + 9614 + 2513
4,2,1,1,1 6L% + 614
3,33 L7 4+ 1518 + 4515 + 451% + 1513 + 1.2
3,321 1318 + 511% 4 5114 4+ 13L3
3,31,1,1 3L° + 314
3,2,2,2 418 + 1515 4 1514 + 413
3,2,2,1,1 3L5 +31%
2,2,2,2,1 5 +14
Notation 6.1.
1. For every n > 1, we denote the set of all nonempty subsets of {1,...,n—1} by
73;{_1 and the set of all subsets of {1,...,n} containing at least 2 elements by

Q.

2. We say that a function f: P, ; — Z is mildly superadditive if it satisfies

0<FfIUJ) —fFfD) —fU) <1foralll,JCc{l,....n—1},InT=0. (6.2)

If 7?,1 C Simpd(glln//\_/llln) is a fixed fine compactified universal Jacobian, we

denote by 7d(X) its fibre over the point [X] € ﬂl,n representing the stable n-pointed

curve X. We can use the multidegrees of the line bundles in 7d(X) to define a pair of

functions (f, g) as we described above:
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Definition 6.3. For every T € Qj, let us fix a curve (X(T),p;,...,p,,) € /\_/lm with two
components Y(T) and Z(T) of genus 1 and 0, respectively, where the rational component
Z(T) contains exactly the marked points in T. Analogously, for every I € P} | we choose
an n-pointed stable curve X; = ¥; U Y} consisting of two rational components meeting
at two nodes, where the component Y; contains exactly the marked points in I.

If 7‘11',1 is a fine compactified universal Jacobian, we define the associated

function gjiln: Q) — Z by setting g?fn(T) to be degy ) L where L is any line bundle

in 7d(X(T)). We then set fjfn : P7_| — Z to be the function defined by

f7¢11 (I) = min{degy, L: L line bundle in 7d(XI)}. (6.4)

We can now state the main result of this section.

Theorem 6.5. For every d < Z, the map that associates with every 7‘11',1 C
Simp?(C, ,,/Mj ,) the pair of integer-valued functions (f?(lzn , gj,ljn), defined in Definition
6.3, is a bijection between the set of all degree d fine compactified universal Jacobians
over ﬂl,n, and the set of pairs of functions f: P;lll - 7Z,9: Q;; — Z, such that f is

mildly superadditive (as defined in (6.2)).

This explicit combinatorial description allows us to construct in Example 6.15,
for every n > 6, a genus 1 fine compactified universal Jacobian that is not equal to
7‘11’n(¢>) for any choice of a nondegenerate ¢ € Vﬁn. (See Section 2.1 for the notion of
¢-polarised fine compactified Jacobians).

As a first step towards the proof of Theorem 6.5, we consider the discrete data
associated with the fibres 7d (X) of 7iln over any stable curve X, where 7iln is a fixed
fine compactified universal Jacobian. It follows from Corollaries 2.19 and 3.13 that
7d(X) is a necklace curve with r components (where r is the number of components
of the curve X’ obtained from X by contracting all its rational tails) and that each
component J; of 7%x) is identified by the multidegree d := degL e ZVe"*T'® of some
(equivalently all) line bundle(s) L € J;.

Since 7?,1 is flat over /\_/llln, if X and X' are stable curves with the same
topological type, then the collection of multidegrees of line bundles in 7d (X) is the same
as the collection of multidegrees of line bundles in 7d (X’). This motivates the following

definition:
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Definition 6.6. Let 7iln be a fine compactified universal Jacobian. Then for each
stable graph I' € G, ,,, denote by Sr(jf,n) = {dy,...,d,p)} C ZV"D the collection of
multidegrees of line bundles in 7(11,,1 on curves of type I', where r(I') is the number of

vertices of I" that are not contained in any rational tail.

The above definition assigns to every degree d fine compactified universal
. —d
Jacobian J ,, the datum

{0,850 @101 T € G ST < 2V 6.7)

of subsets of ZVe™D) for every stable n-pointed graph I" of genus 1.

We will now show how every degree d fine compactified universal Jacobian
can be reconstructed from an assignment {(I', Sp): " € G, ,,, Sy C ZV*™"D)} of line bundle
multidegrees that satisfies two constraints that we are now going to describe.

The first constraint is that, for every I' € G, ,, the set S € ZV™"(") should satisfy
the conditions described in Corollaries 2.19 and 3.13 to be the collection of line bundle
multidegrees of some degree d fine compactified Jacobian of some curve (equivalently
all curves) of topological type I'.

The second constraint is imposed by the fact that 7‘11,1 parametrises flat families
of sheaves. For this reason, the assignment (I',Sp) of line bundle multidegrees on
curves with dual graph I' should be compatible with curves degeneration, that is, with
morphisms between dual graphs. Specifically, if y: I' — I’ is a morphism in G, ,,, then
the datum of (6.7) satisfies

Sp=1dw):= > dv):deSp¢. (6.8)

vey~l(w)

The two constraints on line bundle multidegrees are summarised in the follow-

ing definition.

Definition 6.9. Let {(I',Sp): I' € G ,,Sp € ZV*""1)} be an assignment, for each topo-
logical type I', of the degree d line bundle multidegrees of a fine compactified Jacobian
of a stable curve of topological type I'. We say that the assignment is compatible if (6.8)
holds for all morphisms I' — I'" in G, ,,. The same condition can be required of any full
subcategory of G, , such as the subcategory Glﬁ of genus 1 of stable graphs without

rational tails.
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The notion of compatibility is analogous to the compatibility that was required
in Definition 2.5 for elements of Vg’n.

We are now ready to discuss the inverse of the correspondence described in (6.7).

Lemma 6.10. Let {(T',Sp): T' € G, ,,, Sp- C ZV*""1)} be a compatible assignment of line
bundle multidegrees of degree d fine compactified Jacobians on each topological type
of stable n-pointed curves of genus 1. Then there exists a unique fine compactified
universal Jacobian 7?n - Simpd(alyn/mlyn) such that S = Sy (7(11,,1) holds.

Proof. Uniqueness follows immediately as a consequence of the description in
Corollaries 2.19 and 3.13. Indeed, the collection of line bundle multidegrees of a
fine compactified Jacobian 7d(X) of a stable curve X of genus 1 contains enough
information that from it we can recover the multidegrees of all points of 7d X).

To show existence we will prove that the moduli space Y C Simpd(alyn/ﬂlyn)
of sheaves corresponding to the assignment {(I', Sp): T' € G, ,, Sp C ZV*™ ()} is open and
proper. We will achieve this by showing how ) can be defined by gluing together the
restriction of fine compactified universal Jacobians of the form 7(11,;1(‘75) to certain open
subsets of M, ,.

Let T, , C G, , be the subset of graphs with n edges. Then the stratum of M, ,
corresponding to each I' € T, ,, consists of a single curve (modulo isomorphism), which
we denote by X.. For all I' € T} ,,, define U C Ml,n as the open substack obtained
by taking all curves X that specialise to X}, that is, those whose dual graph admits a
morphism I'(X) — T'. Since the curves X are the deepest strata of the stratification of
M ,, by topological type, the set {Ur}rer, , is an open cover of My,

For each T € Ty ,,, by Proposition 3.15, there exists a nondegenerate ¢r. € ver)
such that the collection of multidegrees of line bundles in 72} (Xr) equals Sp. By
Proposition 2.13, we can choose a nondegenerate ¢ € Vﬁn that extends ¢[.. Since
{(T", Sp)} is a compatible assignment, we have that for every curve X in - the collection
of multidegrees of line bundles in 7<(Zr(F(X))(X) equals Sy x,. Hence, we define )|, as the
restriction 7?,n(¢r)|ur- This immediately implies that ) is open in Simpd((_illn JM ).
Moreover, since Vi = 7(11,n(¢1“)|l/{r — Ur is proper, by [24, Lemma 29.41.3] we obtain

that the representable morphism Y — M, ,, is proper as well. |

In order to prove Theorem 6.5, we next tackle the problem of finding a combina-
torial description of the restriction of each compatible assignment (6.7) to the rational

tails of each topological type I'. We will do this by associating with each assignment the
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function g: Q9 — Z obtained by taking the degree on the genus 0 component of every

2-component curve with 1 node, as described in Definition 6.3.

Lemma 6.11. The map
Tin— ([(F,SF(JLn)): I'e Gll\rlﬁ] 197 )

defined using Definitions 6.6 and 6.3 gives a bijection between the set of all degree d

fine compactified universal Jacobians 7‘11,,1 over M, , and the set of pairs
({r.sm: T e 6%, 50 c 20} g: 0F - 7)),

where the first component is a compatible assignment of line bundle multidegrees over

all topological types of necklace curves and the second an arbitrary function.

Proof. We want to show that compatibility allows to uniquely reconstruct the
collection of line bundle multidegrees of an arbitrary graph I' € G, , from the line
bundle multidegrees over the graph I'" obtained after contracting the rational tails of
I, and the assignment g.

The argument to show that the values on the rational tails can be uniquely
reconstructed from the function g is the same as the argument in [12, Lemma 3.9].
We want to show that there is a unique extension of each assignment d’ of a line
bundle multidegree over I to an assignment d of a line bundle multidegree over
' that is compatible with the assignment of line bundle bidegrees over all curves
with 2 nonsingular components and 1 node (which is the information encoded in the
function g).

If [ is the number of vertices of I contained in some rational tail, extending d’
corresponds to determining the value of [ extra integers. A set of [ affine linear con-
straints is obtained by imposing that the total degree equals d (1 constraint) and from
compatibility by considering the I— 1 morphisms each of which contracts all except 1 of
the edges contained in the rational tails (I — 1 constraints). The proof of [12, Lemma 3.9]
shows that this linear system has determinant +1. This implies that there exists a
unique extension of each line bundle multidegree d’ for I'” to a line bundle multidegree

d for I" that is compatible with g, which proves our statement. |

We are now ready to prove the main result.
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Proof of Theorem 6.5. After Lemma 6.11, it only remains to study the combinatorial
data needed to define the restriction of a degree d fine compactified universal Jacobian
to the moduli stack Mllvﬁ of stable curves of genus 1 without rational tails, that is,
necklace curves. Equivalently, it is enough to understand how to construct a compatible

NR
Gl,n’

assignment {(F,SF): e Sp C Zvert(r)} of line bundle multidegrees on necklace
curves.

Let T)'r C G'n be the subset of graphs with n edges, that is, stable necklace
graphs with n vertices and n labelled half-edges. By compatibility, the restriction of a
fine compactified universal Jacobian 7‘1{” to curves without rational tails is uniquely
determined by the assignment {(F,SF): IeTNR S, C Zvert(r)] for all necklace graphs

1n’
I' e T}'%, subject to the compatibility condition that for every pair I', " € T{'%

of necklace
graphs with n components and every two morphisms I % 17 £ 17 with the same target,

we have that for every d € Sy there exists a d’ € Siv such that

Z dv) = Z d' (v) for all w e Vert(I'”). (6.12)

vea—l(w) vea' "L (w)

Let us review the results of Section 3 on how to describe a collection Sy ¢ ZVer«)
of line bundle multidegrees of a degree d fine compactified Jacobian on a stable curve
of topological type I' € T{'x. Since each graph I' € T{'y has exactly 1 half-edge on each
vertex, we have an identification ZVer*") = 7" Moreover, each I' corresponds to a cyclic

ordering of the labels 1,...,n of the half-edges.

NR

L5+ corresponding to a cyclic

Consider a necklace curve C in M, , of type ' € T

ordering
Ig<i;<---<l,_;<i, =i

of the half-edges of T, that is, the marked points that identify the irreducible compo-
nents of C. (Choosing > rather than < would give rise to an equivalent construction).
Proposition 3.3 provides a bijection between the degree d fine compactified Jacobians

of C and the functions
C

fjd(c)i n-1< — Z
defined on the set Cn—1,< ={I = {ir,irH,...,iS} :1 <r <s < n-— 1} of sequences of
integers that are consecutive for the ordering < that are mildly superadditive in the
sense of (6.2) for all disjoint sequences I,J of <-consecutive integers such that TUJ €

C

n—1,<-
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By the previous paragraph, the datum of an  assignment
{(F,Sr): [e T}\fﬁ,sr C ZV‘m(F)} can be encoded in the datum of an assignment of
functions f for all T € T}\fﬁ or, equivalently, for all cyclic orderings < of the set
{1,...,n}. Comparing the compatibility condition (6.12) with the formula for f}. :f7d(C)
given in Proposition 3.3 yields that for every subset I € {1,...,n — 1}, the value f(I)
should be the same for all I" for which it is defined, that is, for all cyclic orderings
< for which the elements of I can be ordered in a consecutive way. This happens if
and only if the dual graph I' admits a morphism to the dual graph of a curve X; as in

Definition 6.3. As a consequence, we can glue together the functions f.: C — Z to

n—1,<
a unique function f defined on all nonempty subsets of {1,...,n — 1}, which satisfies
(6.2) since for every two disjoint subsets I,J € 73:{_1 we can find a cyclic order < such
thatI,J,IUJ € C

compatibility after contracting all edges of a graph I" € Tflﬁ joining either two vertices

n_1,<- The characterisation of f given in Definition 6.3 is obtained by

in I or two vertices in I¢. [ |

Analogously to the situation for fine compactified Jacobians of a single genus
1 curve, one may wonder if every fine compactified universal Jacobian of genus 1
can be defined by some universal polarisation ¢ € Vﬁn (as defined in Section 2.1).
Below we give examples to show that this is not always the case. In prepara-
tion for that, we recall the notation for universal polarisations and describe how a
universal polarisation ¢ determines the mildly superadditive function f associated

with 7% ,(9).

Remark 6.13. The function f arising from a fine compactified universal Jacobian of
the form 7‘1i,n(¢>) for some nondegenerate ¢ € Vf,n has a specific form in terms of the

coordinates

¢=&Xy, Xy 1 V1r 1 Yon_p_1)

introduced in Proposition 2.12 on the space of universal genus 1 polarisations. For each
1 <i <n — 1 our choice of coordinate was fixed so that ¢(I'(X;)) = (x;,d — x;), where
X; is any necklace curve with two components, and the first component is the one that
carries the i-th marking alone.

By the compatibility of ¢ with graph morphisms (Definition 2.6), this generalises
to any nonempty subset I C {1,...,n — 1}. Namely, if we consider the necklace curve X;
with two components C; ; and C; ,, where C; ; is marked exactly with the points in I, then
we have ¢(TCXD)g,, = > ic1 X;. By Definition 6.3, the two degrees fjin (I) and fjil,n H+1
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are ¢-stable on the component C; ; of X;, which by Definition 2.7 can be rephrased as

Tt 0@ < Z}Xi <f7t DT (6.14)
le

We are now ready to produce examples of fine compactified universal Jacobians

that are not arising from ¢-stability for any universal polarisation ¢ € V{in.

Example 6.15. Fix integers d € Z and n > 6 and set g: Q) — Z to be any sum zero

function (for example, the zero function). Let f: P,;[l — Z be the function defined by

f(I):[ 1 if{1,3,5)CIor{2,4,5CI 6.16)
0 else.

It is straightforward to check that the function f is mildly superadditive as
prescribed in (6.2). We claim that for the fine compactified universal Jacobian 7‘11',1
that corresponds to the pair (f,g) via Theorem 6.5, there is no ¢ € an such that
7(li,n = 7?,11((]5)

Indeed let ¢ € Vﬁn and fix coordinates as in Proposition 2.12 so that
¢=,.... Xy_1, V1,1 Yon_p_1). Then if we consider the constraints imposed by (6.14)
with I = {1, 3,5} and with I = {2, 3, 5}, we obtain

X] + X3 +x5> 1
= X; > X,,
X2 +X3 +X5< 1

whereas for I = {1,4,5} and I = {2, 4,5}, we obtain

X +Xx,+x5<1
= X] < Xy,
X+ X4 +X5> 1

which together yield a contradiction.
In Figure 4 we show the degree d = 2 polarisations on necklace curves with
. =2 . .
n = 6 components that appear in J; g, up to the action of the subset of the symmetric

group S generated by the permutations (1 3), (2 4), and (1 2)(3 4).

We conclude with an observation on the problem of classification of fine
compactified universal Jacobians modulo isomorphisms in light of the constructions
of [13, Section 6.2].
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4 1 3 i 3 1 2 3 3 2
o 1 51 o 1° 6 1 %  1°
4 1
PRl TR S04 23 B2
6 6 6 6 6 6 6 6 6 6
3 1 1 3 3 1 3 2
66 16 66 6 66 16 66 16
1 ( ) 3 3 ( ) 1 1 ( ) 3 2 ( ) 2
A2 2 5 A5 B 5
6 6 6 6 6 6 6 6

Fig. 4. Assignments of stability conditions on necklace graphs in Example 6.15 ford = 2, n = 6.

Remark 6.17. The collection of mildly superadditive functions f: P/, — Z can be
interpreted, via Theorem 6.5, as the equivalence classes of degree d genus 1 fine
compactified universal Jacobians modulo isomorphisms that extend the identity map
jl‘?n — jl‘?n and that commute with the forgetful morphisms. This follows from the
same argument given in [13, Corollary 6.14].

Another natural question is to ask for the number of equivalence classes of
degree d genus 1 fine compactified universal Jacobians modulo translation by some line
bundle on (_len //Vlln of relative degree 0. Theorem 6.5 gives a bijection between these
equivalence classes and the collection of mildly superadditive functions f: P, — Z with
the additional property that f({i}) = 0 for all 1 < i < n — 1. Computing the number of

these functions appears to be a challenging combinatorial problem.
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