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—— Abstract

Let V be a set of n vertices, M a set of m labels, and let R be an m X n matrix of independent

Bernoulli random variables with probability of success p; columns of R are incidence vectors of label
sets assigned to vertices. A random instance G(V, E, RTR) of the weighted random intersection
graph model is constructed by drawing an edge with weight equal to the number of common labels
(namely [RTR],..) between any two vertices u,v for which this weight is strictly larger than 0. In
this paper we study the average case analysis of WEIGHTED MAX CUT, assuming the input is a
weighted random intersection graph, i.e. given G(V, E,RTR) we wish to find a partition of V into
two sets so that the total weight of the edges having exactly one endpoint in each set is maximized.

In particular, we initially prove that the weight of a maximum cut of G(V, E,RTR) is concen-
trated around its expected value, and then show that, when the number of labels is much smaller
than the number of vertices (in particular, m = n®,a < 1), a random partition of the vertices
achieves asymptotically optimal cut weight with high probability. Furthermore, in the case n = m
and constant average degree (i.e. p = %), we show that with high probability, a majority type
randomized algorithm outputs a cut with weight that is larger than the weight of a random cut by a
multiplicative constant strictly larger than 1. Then, we formally prove a connection between the
computational problem of finding a (weighted) maximum cut in G(V, E,RTR) and the problem of
finding a 2-coloring that achieves minimum discrepancy for a set system Y with incidence matrix
R (i.e. minimum imbalance over all sets in ). We exploit this connection by proposing a (weak)
bipartization algorithm for the case m = n,p = % that, when it terminates, its output can be used
to find a 2-coloring with minimum discrepancy in a set system with incidence matrix R. In fact,
with high probability, the latter 2-coloring corresponds to a bipartition with maximum cut-weight in
G(V,E,RTR). Finally, we prove that our (weak) bipartization algorithm terminates in polynomial
time, with high probability, at least when p = =, c < 1.

2012 ACM Subject Classification Mathematics of computing — Random graphs
Keywords and phrases Random Intersection Graphs, Maximum Cut, Discrepancy

Digital Object Identifier 10.4230/LIPIcs...

1 Introduction

Given an undirected graph G(V, E), the Max CuT problem asks for a partition of the vertices
of G into two sets, such that the number of edges with exactly one endpoint in each set of the
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MAX CUT in Weighted Random Intersection Graphs

partition is maximized. This problem can be naturally generalized for weighted (undirected)
graphs. A weighted graph is denoted by G(V, E, W), where V is the set of vertices, E is the
set of edges and W is a weight matrix, which specifies a weight W, ; = w; ;, for each pair of
vertices 4, j. In particular, we assume that W; ; = 0, for each edge {i,j} ¢ E.

» Definition 1 (WEIGHTED MAX CUT). Given a weighted graph G(V, E, W), find a partition
of V into two (disjoint) subsets A, B, so as to mazimize the cumulative weight of the edges
of G having one endpoint in A and the other in B.

WEIGHTED MAX CuT is fundamental in theoretical computer science and is relevant in
various graph layout and embedding problems [10]. Furthermore, it also has many practical
applications, including infrastructure cost and circuit layout optimization in network and
VLSI design [19], minimizing the Hamiltonian of a spin glass model in statistical physics [3],
and data clustering [18]. In the worst case MAX CUT (and also WEIGHTED Max CuUT) is
APX-hard, meaning that there is no polynomial-time approximation scheme that finds a
solution that is arbitrarily close to the optimum, unless P = NP [17].

The average case analysis of MAX CuT, namely the case where the input graph is
chosen at random from a probabilistic space of graphs, is also of considerable interest and is
further motivated by the desire to justify and understand why various graph partitioning
heuristics work well in practical applications. In most research works the input graphs are
drawn from the Erdés-Rényi random graphs model Gy, ,,,, i.e. random instances are drawn
equiprobably from the set of simple undirected graphs on n vertices and m edges, where
m is a linear function of n (see also [13, 7] for the average case analysis of MAX CUT and
its generalizations with respect to other random graph models). One of the earliest results
in this area is that MAX CUT undergoes a phase transition on G, 4, at v = % [8], in that
the difference between the number of edges of the graph and the Max-Cut size is O(1), for
v < i, while it is Q(n), when v > 1. For large values of v, it was proved in [4] that the
maximum cut size of Gy, ~» normalized by the number of vertices n reaches an absolute limit
in probability as n — oo, but it was not until recently that the latter limit was established
and expressed analytically in [9], using the interpolation method; in particular, it was shown
to be asymptotically equal to (3 + P \/g)n, where P, ~ 0.7632. We note however that these
results are existential, and thus do not lead to an efficient approximation scheme for finding
a tight approximation of the maximum cut with large enough probability when the input
graph is drawn from G, . An efficient approximation scheme in this case was designed in
[8], and it was proved that, with high probability, this scheme constructs a cut with at least
(1+40.37613,7) n = (1 + 0.75226%)%71 edges, noting that In is the size of a random cut
(in which each vertex is placed independently and equiprobably in one of the two sets of the
partition). Whether there exists an efficient approximation scheme that can close the gap
between the approximation guarantee of [8] and the limit of [9] remains an open problem.

In this paper, we study the average case analysis of WEIGHTED MAX CUT when input
graphs are drawn from the generalization of another well-established model of random graphs,
namely the weighted random intersection graphs model (the unweighted version of the model
was initially defined in [15]). In this model, edges are formed through the intersection of
label sets assigned to each vertex and edge weights are equal to the number of common labels
between edgepoints.

» Definition 2 (Weighted random intersection graph). Consider a universe M = {1,2,...,m}
of labels and a set of n vertices V. We define the m X n representation matrix R whose
entries are independent Bernoulli random variables with probability of success p. For £ € M
and v € V, we say that vertex v has chosen label ¢ iff Ry, = 1. Furthermore, we draw
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an edge with weight [RTR), ,, between any two vertices u,v for which this weight is strictly
larger than 0. The weighted graph G = (V, E,RTR) is then a random instance of the weighted
random intersection graphs model G, m -

Random intersection graphs are relevant to and capture quite nicely social networking;
vertices are the individual actors and labels correspond to specific types of interdependency.
Other applications include oblivious resource sharing in a (general) distributed setting,
efficient and secure communication in sensor networks [20], interactions of mobile agents
traversing the web etc. (see e.g. the survey papers [6, 16] for further motivation and recent
research related to random intersection graphs). In all these settings, weighted random
intersection graphs, in particular, also capture the strength of connections between actors
(e.g. in a social network, individuals having several characteristics in common have more
intimate relationships than those that share only a few common characteristics). One of
the most celebrated results in this area is equivalence (measured in terms of total variation
distance) of random intersection graphs and Erdds-Rényi random graphs when the number
of labels satisfies m = n®, o > 6 [12]. This bound on the number of labels was improved in
[22], by showing equivalence of sharp threshold functions among the two models for a > 3.
Similarity of the two models has been proved even for smaller values of « (e.g. for any
a > 1) in the form of various translation results (see e.g. Theorem 1 in [21]), suggesting
that some algorithmic ideas developed for Erdés-Rényi random graphs also work for random
intersection graphs (and also weighted random intersection graphs).

In view of this, in the present paper we study the average case analysis of WEIGHTED
Max CuUT under the weighted random intersection graphs model, for the range m = n®, a <1
for two main reasons: First, the average case analysis of MAX CUT has not been considered
in the literature so far when the input is a drawn from the random intersection graphs model,
and thus the asymptotic behaviour of the maximum cut remains unknown especially for the
range of values where random intersection graphs and Erd&s-Rényi random graphs differ
the most. Furthermore, studying a model where we can implicitly control its intersection
number (indeed m is an obvious upper bound on the number of cliques that can cover all
edges of the graph) may help understand algorithmic bottlenecks for finding maximum cuts
in Erd6s-Rényi random graphs.

Second, we note that the representation matrix R of a weighted random intersection
graph can be used to define a random set system X consisting of m sets ¥ = {Ly,..., L},
where L, is the set of vertices that have chosen label ¢; we say that R is the incidence
matriz of X. Therefore, there is a natural connection between WEIGHTED MaAx CuT
and the DISCREPANCY of such random set systems, which we formalize in this paper. In
particular, given a set system X with incidence matrix R, its discrepancy is defined as
disc(X) = minge(41}» Maxzex ‘ZUGL .’17U| = ||RX||0o, i-e. it is the minimum imbalance of
all sets in X over all 2-colorings x. Recent work on the discrepancy of random rectangular
matrices defined as above [1] has shown that, when the number of labels (sets) m satisfies
n > 0.73mlogm, the discrepancy of ¥ is at most 1 with high probability. The proof of the
main result in [1] is based on a conditional second moment method combined with Stein’s
method of exchangeable pairs, and improves upon a Fourier analytic result of [14], and also
upon previous results in [11], [20]. The design of an efficient algorithm that can find a 2-
coloring having discrepancy O(1) in this range still remains an open problem. Approximation
algorithms for a similar model for random set systems were designed and analyzed in [2];
however, the algorithmic ideas there do not apply in our case.
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MAX CUT in Weighted Random Intersection Graphs

1.1 Qur Contribution

In this paper, we introduce the model of weighted random intersection graphs and we study
the average case analysis of WEIGHTED MAX CUT through the prism of DISCREPANCY of
random set systems. We formalize the connection between these two combinatorial problems
for the case of arbitrary weighted intersection graphs in Corollary 4. We prove that, given
a weighted intersection graph G = (V, E,RTR) with representation matrix R, and a set
system with incidence matrix R, such that disc(X) < 1, a 2-coloring has maximum cut weight
in G if and only if it achieves minimum discrepancy in 3. In particular, Corollary 4 applies
in the range of values considered in [1] (i.e. n > 0.73mlogm), and thus any algorithm that
finds a maximum cut in G(V, E,RTR) with large enough probability can also be used to
find a 2-coloring with minimum discrepancy in a set system ¥ with incidence matrix R, with
the same probability of success.

We then consider weighted random intersection graphs in the case m = n%, a < 1,
and we prove that the maximum cut weight of a random instance G(V, E,RTR) of G, .
concentrates around its expected value (see Theorem 5). In particular, with high probability
over the choices of R, Max-Cut(G) ~ Egr[Max-Cut(G)], where Eg denotes expectation with
respect to R. The proof is based on the Efron-Stein inequality for upper bounding the
variance of the maximum cut. As a consequence of our concentration result, we prove in
Theorem 6 that, in the case a < 1, a random 2-coloring (i.e. biparition) x("*"%) in which
each vertex chooses its color independently and equiprobably, has cut weight asymptotically
equal to Max-Cut(G), with high probability over the choices of x("**® and R.

The latter result on random cuts allows us to focus the analysis of our randomized
C

algorithms of Section 4 on the case m =n (i.e. @ =1), and p = £, for some constant c (see
also the discussion at the end of subsection 3.1), where the assumptions of Theorem 6 do not
hold. It is worth noting that, in this range of values, the expected weight of a fixed edge
in a weighted random intersection graph is equal to mp? = ©(1/n), and thus we hope that
our work here will serve as an intermediate step towards understanding when algorithmic
bottlenecks for Max CUT appear in sparse random graphs (especially Erdds-Rényi random
graphs) with respect to the intersection number. In particular, we analyze a Majority Cut
Algorithm 1 that extends the algorithmic idea of [8] to weighted intersection graphs as
follows: vertices are colored sequentially (each color +1 or —1 corresponding to a different
set in the partition of the vertices), and the ¢-th vertex is colored opposite to the sign
of Zie[t_l] [RTR); sz, namely the total available weight of its incident edges, taking into
account colors of adjacent vertices. Our average case analysis of the Majority Cut Algorithm
C

shows that, when m = n and p = =, for large constant ¢, with high probability over the

choices of R, the expected weight of the constructed cut is at least 1 4+ 3 times larger than
the expected weight of a random cut, for some constant 8 = 3(c) > /522 o(1). The fact

Twed
2 was to be expected, because,
as p increases, the approximation of the maximum cut that we get from the weight of a

that the lower bound on beta is inversely proportional to ¢3/

random cut improves (see also the discussion at the end of subsection 3.1).

In subsection 4.2 we propose a framework for finding maximum cuts in weighted random
intersection graphs for m = n and p = 7, for constant ¢, by exploiting the connection
between WEIGHTED MAX CUT and the problem of discrepancy minimization in random set
systems. In particular, we design a Weak Bipartization Algorithm 2, that takes as input an
intersection graph with representation matrix R and outputs a subgraph that is “almost”
bipartite. In fact, the input intersection graph is treated as a multigraph composed by

overlapping cliques formed by the label sets Ly = {v : Ry, = 1},£ € M. The algorithm
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attempts to destroy all odd cycles of the input (except from odd cycles that are formed
by labels with only two vertices) by replacing each clique induced by some label set L, by
a random maximal matching. In Theorem 11 we prove that, with high probability over
the choices of R, if the Weak Bipartization Algorithm terminates, then its output can be
used to construct a 2-coloring that has minimum discrepancy in a set system with incidence
matrix R, which also gives a maximum cut in G(V, E,RTR). It is worth noting that this
does not follow from Corollary 4, because a random set system with incidence matrix R has
discrepancy larger than 1 with (at least) constant probability when m =n and p = £. Our
proof relies on a structural property of closed O-strong vertex-label sequences (loosely defined
as closed walks of edges formed by distinct labels) in the weighted random intersection graph
G(V,E,RTR) (Lemma 8). Finally, in Theorem 12, we prove that our Weak Bipartization
Algorithm terminates in polynomial time, with high probability, if the constant c is strictly
less than 1. Therefore, there is a polynomial time algorithm for finding weighted maximum
cuts, with high probability, when the input is drawn from ?nm’%, with ¢ < 1. We believe
that this part of our work may also be of interest regarding the design of efficient algorithms
for finding minimum disrepancy colorings in random set systems.

Due to lack of space, some of the proofs are given in a clearly marked Appendix, to be
read at the discretion of the program committee.

2 Notation and preliminary results

We denote weighted undirected graphs by G(V, E, W); in particular, V = V(G) (resp.

E = E(Q)) is the set of vertices (resp. set of edges) and W = W((Q) is the weight matrix,
ie. W, ; = w; ; is the weight of (undirected) edge {7,j} € E. We allow W to have non-zero
diagonal entries, as these do not affect cut weights. We also denote the number of vertices
by n, and we use the notation [n] = {1,2,...,n}. We also use this notation to define parts
of matrices, for example W, ; denotes the first column of the weight matrix.

A bipartition of the sets of vertices is a partition of V into two sets A, B such that
ANDB = and AU B = V. Bipartitions correspond to 2-colorings, which we denote by
vectors x such that z; = +1ifi€ Aand z; = —1if i € B.

Given a weighted graph G(V, E, W), we denote by Cut(G,x) the weight of a cut defined

by a bipartition x, namely Cut(G,x) = > (; nepicajep Wiy = iz{i,j}eE w; ;(z; — xj)%

The maximum cut of G is Max-Cut(G) = maxyc_1 41}~ Cut(G, x).

For a weighted random intersection graph G(V, E, RTR) with representation matrix R, we
denote by S, the set of labels chosen by vertex v € V, i.e. S, = {€: Ry, = 1}. Furthermore,
we denote by L, the set of vertices having chosen label ¢, i.e. Ly = {v: Ry, = 1}. Using
this notation, the weight of an edge {v,u} € F is |S, U S,|; notice also that this is equal
to 0 when {v,u} ¢ E. We also note here that we may also think of a weighted random
intersection graph as a simple weighted graph where, for any pair of vertices v, u, there are
|Sy N Sy | simple edges between them.

A set system ¥ defined on a set V is a family of sets ¥ = {Li, Lo,...,L,,}, where
Ly CV,¢ € [m]. The incidence matrix of ¥ is an m x n matrix R = R(X), where for any
¢ € [m],v € [n], Ry, =1if v € Sy and 0 otherwise. The discrerpancy of ¥ with respect to
a 2-coloring x of the vertices in V' is disc(3, x) = maxsepm] | e Re,oto| = [Rx[/. The
discrepancy of ¥ is disc(¥) = minye_1, 41 disc(%, x).

It is well-known that the cut size of a bipartition of the set of vertices of a graph G(V, E)
into sets A and B is given by 3 > iyep(@i — x7)?, where z; = +1if i € A and z; = —1 if
i € B. This can be naturally generalized for multigraphs and also for weighted graphs. In
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particular, the Max-Cut size of a weighted graph G(V, E, W) is given by
1
Max-Cut = — W, i(x; —x; 2. 1
ax-Cut(G) xe{lflﬁ}il}n 1 Z (@i —x5) (1)
{ijleE

In particular, we get the following Corollary (refer to Section A of the Appendix for the
proof):

» Corollary 3. Let G(V, E,RTR) be a weighted intersection graph with representation matriz
R. Then, for any x € {—1,+1}",

1 2
Cut(G,x) = I Z [RTRL,J — [|Rx|| (2)
i,j€[n]?
and so
1 T . 2
Maz-Cut(G) = 5 | Z [R™R], e min IRx|” |, (3)
i,j€[n]?
where || - || denotes the 2-norm. In particular, the expectation of the size of a random

cut, where each entry of x is independently and equiprobably either +1 or -1 is equal to
Ex [Cut(G,x)] = %Zi# ijeln] [RTRL. j» where By denotes expectation with respect to x.

Since ), jen)? [RTRLj is fixed for any given representation matrix R, the above
Corollary implies that, to find a bipartition of the vertex set V that corresponds to a
maximum cut, we need to find an n-dimensional vector in arg minge(_1 41y» |Rx|*>. We

thus get the following (refer to Section B of the Appendix for the proof):

» Corollary 4. Let G(V,E,RTR) be a weighted intersection graph with representation
matric R and X a set system with incidence matriz R. If disc(X) < 1, then x* €
arg MiNye (1, 41}n IRx||®> if and only if x* € arg minye(—1 413~ disc(3,x). In particular,
if the minimum discrepancy of ¥ is at most 1, a bipartition corresponds to a mazimum cut
iff it achieves minimum discrepancy.

Notice that above result is not necessarily true when disc(X) > 1, since the minimum of
|IRx|| could be achieved by 2-colorings with larger discrepancy than the optimal.

2.1 Range of values for p

Concerning the success probability p, we note that, when p = o (, / %), direct application of

the results of [5] suggest that G(V, E,RTR) is chordal with high probability, but in fact the
same proofs reveal that a stronger property holds, namely that there is no closed vertex-label
sequence (refer to the precise definition in subsection 4.2) having distinct labels. Therefore, in
this case, finding a bipartition with maximum cut weight is straightforward: indeed, one way
to construct a maximum cut is to run our Weak Bipartization Algorithm 2 from subsection
4.2, and then to apply Theorem 11 (noting that Weak Bipartization termination condition
trivially holds, since the set Cogq(G®)) defined in subsection 4.2 is empty). Furthermore,
even though we consider weighted graphs, we will also assume that mp? = O(1), noting
that, otherwise, G(V, E, RTR) will be almost complete with high probability (indeed, the
unconditional edge existence probability is 1— (1 —p?)™, which tends to 1 for mp? = w(1)). In
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particular, we will assume that C74/ ﬁ <p< 02\/%, for arbitrary positive constants C7, Cs;
C1 can be as small as possible, and C5 can be as large as possible, provided Cg\/—% < 1. We

note that, when p is asymptotically equal to the upper bound 02\/%7 there is no constant
weight upper bound that holds with high probability, whereas, when p is asymptotically

equal to the lower bound C4 \/% , all weights in the graph are bounded by a small constant
with high probability. Our results in Section 3 assume this range of values for p, and thus
graph instances may contain edges with large (but constant) weights. On the other hand, in
the analysis of our randomized algorithms in section 4, we assume n = m and p = © (%),
this range of values gives sparse graph instances (even though the distribution is different
from sparse Erdds-Rényi random graphs).

3 Concentration of Max-Cut

In this section we prove that the size of the maximum cut in a weighted random intersection
graph concentrates around its expected value. We note however, that the following Theorem
does not provide an explicit formula for the expected value of the maximum cut.

» Theorem 5. Let G(V,E,RTR) be a random instance of the Gy m, model with m =
n® a<1, and Ci/-+ <p< CQT%, for arbitrary positive constants C1,Cs, and let R be

nm —
its representation matriz. Then Maz-Cut(G) ~ Er[Maz-Cut(G)] with high probability, where
Egr denotes expectation with respect to R, i.e. Maz—-Cut(G) concentrates around its expected

value.

Proof. Let G = G(V, E,RTR) be a weighted random intersection graph, and let D denote
the (random) diagonal matrix containing all diagonal elements of RTR. In particular,
equation (3) of Corollary 3 can be written as

1 .
Max-Cut(G) = 1 ) Z y [RTR]Z_J_ - x€{171111’111}n x" (R"TR-D)x
17£7,1,]J€|N

Furthermore, for any given R, notice that, if we select each element of x independently and
equiprobably from {—1,+1}, then E,[xT (RTR - D) x| = 0, where Eyx denotes expectation

with respect to x. By the probabilistic method, we thus have minge_1 +13» x* (R7R — D) x <

0, implying the following bound:

i Y. [RTR],; <Max-Cut(Gpm,p) < > [R'R],,, (4)

i#4,1,5€[n] i#5,1,5€[n]

N =

where the second inequality follows trivially by observing that % > £iig€n] [RTR]M equals
the sum of the weights of all edges.

XX:7

By linearity of expectation, we have Eg [Zi#%ﬁhﬂ [RTR]M] =Egr [Zi#)i,je[n] Zle[m] R“RM] =

n(n — 1)mp? = O(n?mp?), which goes to infinity as n — oo, because np = Q (/Z) = Q(1)
in the range of parameters that we consider. In particular, by (4), we have

Eg [Max-Cut(G)] = O(n*mp?). (5)
By Chebyshev’s inequality, for any € > 0, we have

Varg (Max-Cut(G))
2nim2pt

: (6)

Pr (|Max-Cut(G) — Egr [Max-Cut(G)]| > en’*mp?) <
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where Varg denotes variance with respect to R. To bound the variance on the right hand
side of the above inequality, we use the Efron-Stein inequality. In particular, we write
Max-Cut(G) := f(R), i.e. we view Max-Cut(G) as a function of the label choices. For
¢ € [m],i € [n], we also write R(“?) for the matrix R where entry (¢,) has been replaced by
an independent, identically distributed (i.i.d.) copy of Ry, which we denote by Ry ;. By the
Efron-Stein inequality, we now have

Varg (Max-Cut(G)) <

E [(f(R) 7 (R“’“)ﬂ . (7)

DN | =

Le[m],i€[n]

Notice now that, given all entries of R except Ry ;, the probability that f(R) is different
from f (R(“)) with probability at most Pr(Re; # Rj,;) = 2p(1 — p). Furthermore, if
L,\{i} is the set of vertices different from ¢ which have selected ¢, we then have that
(fR)—f (R(“)))2 < |L,\{i}|?, because the intersection graph with representation matrix
R differs by at most |L\{:}| edges from the intersection graph with representation matrix
R (). Notice now that, by definition, |Ly\{i}| follows the Binomial distribution B(n — 1, p).
In particular, E [|[L,/\{i}|?] = (n — 1)p(np — 2p + 1), implying E {(f(R) —f (R(“)))z} <
2p(1 — p)(n — 1)p(np — 2p + 1), for any fixed ¢ € [m],i € [n].
Putting this all together, (7) becomes

Varg (Max-Cut(G)) < 2p(1 —p)(n — 1)p(np —2p + 1)
Le[m],i€[n]

= nmp(1—p)(n—1)p(np — 2p + 1) = O(n’mp®), (8)

N | =

where the last equation comes from the fact that, in the range of values that we consider, we
have p = o(1) and np = Q(1). Therefore, by (6), we get

O(ngmp3)0< 1 )

e2nim?2pt e2nmp

Pr (|Max-Cut(G) — Egr [Max-Cut(G)]| > en’*mp?) <
which goes to 0 in the range of values that we consider. Together with (5), the above
bound proves that Max-Cut(G) is concentrated around its expected value, and the proof is
completed. |

3.1 Max-Cut for small number of labels

Using Theorem 5, we can now show that, in the case m =n®,a <1, and p =0 (ﬁ), a

random cut has asymptotically the same weight as Max-Cut(G), where G = G(V, E,RTR)
is a random instance of G, . In particular, let x("4"%) be constructed as follows: for each
i€ [n], set 27" = (rand) — 41 otherwise.
The proof details of the following Theorem can be found in Section C of the Appendix.
In view of equation (3), the main idea is to prove that, with high probability over random x
and R, ||Rx]|? is asymptotically smaller than the expectation of the weight of the cut defined
by x("9"®) in which case the theorem follows by concentration of Max-Cut(G) around its

expected value (Theorem 5), and straightforward bounds on Max-Cut(G).

—1 independently with probability %, and x

» Theorem 6. Let G(V,E,RTR) be a random instance of the G m,p model with m =
n® a <1, and C1\/ = <p< C’g\/%, for arbitrary positive constants Cy,Cs, and let R be

nm —
its representation matriz. Then the cul weight of the random 2-coloring x\"*"4) satisfies
cut(G, x()) = (1 — o(1))Maz-Cut(G) with high probability over the choices of x("*"D) R.
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We note that the same analysis also holds when n = m and p is sufficiently large (e.g.
p =w(™)); more details can be found at the end of Section C of the Appendix. In view of
this, in the following sections we will only assume m = n (i.e. o = 1) and also p = £, for
some positive constant c. Besides avoiding complicated formulae for p, the reason behind
this assumption is that, in this range of values, the expected weight of a fixed edge in
G(V,E,RTR) is equal to mp? = ©(1/n), and thus we hope that our work will serve as an
intermediate step towards understanding algorithmic bottlenecks for finding maximum cuts

in Erdés-Rényi random graphs G, ./, with respect to their intersection number.

4  Algorithmic results (randomized algorithms)

4.1 The Majority Cut Algorithm

In the following algorithm, the 2-coloring representing the bipartition of a cut is constructed
as follows: initially, a small constant fraction € of vertices are randomly placed in the two
partitions, and then in each subsequent step, one of the remaining vertices is placed in
the partition that maximizes the weight of incident edges with endpoints in the opposite
partition.
Algorithm 1 Majority Cut
Input: G(V, E,RTR) and its representation matrix R € {0, 1}m*"
Output: Large cut 2-coloring x € {—1,+1}"
Let vy,...,v, an arbitrary ordering of vertices;
for t =1 to en do

L Set x; to either —1 or +1 independently with equal probability;

W N

4 fort=en+1ton do

5 if Zie[t_l] [RTR]; ;z; > 0 then
6 ‘ Ty = —1;

7 else

8 L Ty = +1;

9 return x;

Clearly the Majority Algorithm runs in polynomial time in n,m. Furthermore, the
following Theorem provides a lower bound on the expected weight of the cut constructed
by the algorithm in the case m = n, p = -, for large constant ¢, and € — 0. The full proof
details can be found in Section D of the Appendix.

» Theorem 7. Let G(V, E,RTR) be a random instance of the Gy, ., model, with m = n,

and p = -, for large positive constant c, and let R be its representation matriz. Then, with

high probability over the choices of R, the majority algorithm constructs a cut with expected

weight at least (1 + B)1E [Zi;éjvi-,jG[n] [RTRLJ}, where B = B(c) > \/55 —o(1) is a

constant, i.e. at least 1 + B times larger than the expected weight of a random cut.

Proof sketch. Let G(V, E,RTR) be a random instance of the G,, ,, , model, with m = n,

and p = £, for some large enough constant c. For ¢ € [n], let M; denote the constructed

cut size just after the consideration of a vertex v, for some t > en + 1. By equation (3)
for n = t, and since the values x4, ...,z;_1 are already decided in previous steps, we have

. 2 .
My = % (Zi,je[t]2 [RTR]W, —ming, c{_1,41} ||R[m]7[t]x[t]|| ), and after careful calculation

XX:9
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we get the recurrence

M, = Moty Y [RTR], 417,
i€t—1]
where Z; = Z;(x,R) = Zie[kl] [RTR]M T; = Zee[m] Ry Zie[tfl] Ry ;x;. Observe that,
in the latter recursive equation, the term %Zie[t_l] [RTR]Z.7 , corresponds to the expected
increment of the constructed cut if the t-vertex chose its color uniformly at random. Therefore,
lower bounding the expectation of % | Z¢| will tell us how much better the Majority Algorithm
does when considering the ¢-th vertex.

Towards this end, we note that, given x,_1} = {x;,4 € [t — 1]}, and Ry j1—1) = {Rui, £ €
[m],i € [t — 1]}, Z; is the sum of m independent random variables, since the Bernoulli
random variables Ry, ¢ € [m], are independent, for any given ¢ (note that the conditioning
is essential for independence, otherwise the inner sums in the definition of Z; would also
depend on the z;’s, which are not random when 7 is large). By using a domination argument,
we can then prove that

E[ Ze||%(—1], Rjmyi—17] = MD(ZP),

where ZP is a certain Binomial random variable (formally defined in the full proof), and
MD(-) is the mean absolute difference of (two independent copies of) ZP, namely MD(ZZ) =
E[|Zf — Z;B|]. Even though we are aware of no simple closed formula for MD(ZF), we resort
to Gaussian approximation of ZZ — Z/ through the Berry-Esseen Theorem, ultimately
showing that |Z2 — Z/B| follows approximately the folded normal distribution. In particular,

we show that MD(Z2) > 4/ % — o(1), and since the right hand side is independent of
X[¢—1]» Rim],[t—1], We get the same lower bound on the expectation of |Z;|, namely, E[| Z;|] >

c(t—1)

5~ — o(1). Summing over all t > en + 1, we get

> B2l 2 5 (5 - 2) - o

t>en+1

and the result follows by noting that the expected weight of a random cut is equal to

in(n—1)mp? = %n + o(n), and taking € — 0.

<

4.2 Intersection graph (weak) bipartization

Notice that we can view a weighted intersection graph G(V, E,RTR) as a multigraph,
composed by m (possibly) overlapping cliques corresponding to the sets of vertices having
chosen a certain label, namely L, = {v : Ry, },¢ € [m]. In particular, let K*) denote the
clique induced by label . Then G = U?E[W]K (©) where UT denotes union that keeps multiple
edges. In this section, we present an algorithm that takes as input an intersection graph G
given as a union of overlapping cliques and outputs a subgraph that is “almost” bipartite.
To facilitate the presentation of our algorithm, we first give some useful definitions. A
closed vertez-label sequence is a sequence of alternating vertices and labels starting and ending
at the same vertex, namely o := vy, ¥01,v9, 00, , v, lk, V41 = v1, Where the size of the
sequence k = |o| is the number of its labels, v; € V, ¢; € M, and {v;,v;4+1} C Ly,, for all
i € [k] (i.e. v; is connected to v; 11 in the intersection graph). We will also say that label ¢
is strong if |Ly| > 3, otherwise it is weak. For a given closed vertex-label sequence o, and
any integer A € [|o|], we will say that o is A-strong if |Le,| > 3, for A indices i € [|o|]. The



408

409

410

411

412

413

414

415

416

417

418

419

420

421

422

423

424

425

426

427

428

429

430

431

432

433

434

435

S. Nikoletseas, C. Raptopoulos, P. Spirakis

structural Lemma below is useful for our analysis (see Section E of the Appendix for the
proof).?2

» Lemma 8. Let G(V, E,RTR) be a random instance of the G, ., model, with m = n, and
p =, for some constant ¢ > 0. With high probability over the choices of R, 0-strong closed
vertex-label sequences in G do not have labels in common.

The following definition is essential for the presentation of our algorithm.

» Definition 9. Given a weighted intersection graph G = G(V,E,RTR) and a subgraph
GO C @G, let Coga(G®) be the set of odd length closed vertez-label sequences o := vy, {1, vs,
loy - vg, Uk, U1 = v1 that additionally satisfy the following:

(a) o has distinct vertices (except the first and the last) and distinct labels.
(b) v; is connected to viy1 in G®), for alli € [|o]].
(c) o is A-strong, for some A > 0.

Algorithm 2 initially replaces each clique K by a random maximal matching M ©,
and thus gets a subgraph G C G. If Coqq(G®) is not empty, then the algorithm selects
s Codd(G(b)) and a strong label ¢ € o, and then replaces M) in G® by a new random
matching of K©). The algorithm repeats until all odd cycles are destroyed (or runs forever
trying to do so).

Algorithm 2 Intersection Graph Weak Bipartization

Input: Weighted intersection graph G = UZe[m]K ()
Output: A subgraph of G that has only O-strong odd cycles
for each ¢ € [m] do

L Let M® be a random maximal matching of K,
3 Set GO = UL, MO ;

[

]

4 while C,qq(G®)) # () do
5 Let 0 € Coqa(G®) and ¢ a label in o with |Lg| > 3;
6 Replace the part of G(® corresponding to ¢ by a new random maximal matching

M®:

7 return G ;

The following results are the main technical tools that justify the use of the Weak
Bipartization Algorithm for WEIGHTED MAX CuUT. The proof details for Lemma 10 and
Theorem 11 can be found in Sections F and G of the Appendix respectively.

» Lemma 10. If Coqq(G®) is empty, then G®) may only have 0-strong odd cycles.

» Theorem 11. Let G(V, E,RTR) be a random instance of the G, m., model, with n =m
and p = +, where ¢ > 0 is a constant, and let R be its representation matrizv. Let also %
be a set system with incidence matrix R. With high probability over the choices of R, if
Algorithm 2 for weak bipartization terminates on input G, its output can be used to construct
a 2-coloring x(¥59) ¢ arg Minye(+13» disc(X,x), which also gives a mazimum cut in G, i.e.
x(45¢) ¢ arg maxye(+1}» Cut(G,x).

2 We conjecture that the structural property of Lemma 8 also holds if we replace 0-strong with A-strong,
for any constant A, but this stronger version is not necessary for our analysis.
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The fact that Theorem 11 is not an immediate consequence of Corollary 4 follows from the
observation that a random set system with incidence matrix R has discrepancy larger than 1
with (at least) constant probability when m = n and p = £. Indeed, by a straightforward
counting argument, we can see that the expected number of 0-strong odd cycles is at least
constant. Furthermore, in any 2-coloring of the vertices at least one of the weak labels
forming edges in a O-strong odd cycle will be monochromatic. Therefore, with at least
constant probability, for any x € {—1,+1}", there exists a weak label ¢, such that z;z; = 1,
for both 4,j € Ly, implying that disc(L,) = 2.

We close this section by a result indicating that the conditional statement of Theorem 11
is not void, namely there is a range of values for ¢ where the Weak Bipartization Algorithm
terminates in polynomial time. The proof details can be found in Section H of the Appendix.
» Theorem 12. Let G(V, E,RTR) be a random instance of the G, 1., model, with n =m
and p = -, where 0 < c <1 is a constant, and let R be its representation matriz. With high
probability over the choices of R, Algorithm 2 for weak bipartization terminates on input G

in O ((n + 2 eepm) | Lel) - log n) polynomial time.

5 Discussion and some open problems

In this paper, we introduced the model of weighted random intersection graphs and we
studied the average case analysis of WEIGHTED MAX CUT through the prism of discrepancy
of random set systems. In particular, in the first part of the paper, we proved concentration
of the weight of a maximum cut of G(V, E,RTR) around its expected value, and we used
it to show that, with high probability, the weight of a random cut is asymptotically equal
to the maximum cut weight of the input graph, when m = n®, o < 1. On the other hand,
in the case where the number of labels is equal to the number of vertices (i.e. m = n), we
proved that a majority algorithm gives a cut with weight that is larger than the weight of a
random cut by at least a constant factor, when p = = and c is large.

In the second part of the paper, we highlighted a connection between WEIGHTED MAX
CuT of sparse weighted random intersection graphs and DISCREPANCY of sparse random
set systems, formalized through our Weak Bipartization Algorithm and its analysis. We
demonstrated how our proposed framework can be used to find optimal solutions for these
problems, with high probability, in special cases of sparse inputs (m =n,p = £,¢ < 1).

One of the main problems left open in our work concerns the termination of our Weak
Bipartization Algorithm for large values of ¢. We conjecture the following:

» Conjecture 13. Let G(V, E,RTR) be a random instance of the Gy, m.p model, with m = n,
and p = -, for some constant ¢ > 1. With high probability over the choices of R, on input
G, Algorithm 2 for weak bipartization terminates in polynomial time.

We also leave the problem of determining whether Algorithm 2 terminates in polynomial
time, in the case m = n and p = w(1/n), as an open question for future research.

Towards strengthening the connection between WEIGHTED MAX CUT under the G, 1.
model, and DISCREPANCY in random set systems, we conjecture the following:

» Conjecture 14. Let G(V, E,RTR) be a random instance of the G, ., model, with m =
n% a < 1 and mp? = O(1), and let R be its representation matriz. Let also ¥ be a set
system with incidence matriz R. Then, with high probability over the choices of R, there
exists x¥5¢ € arg Minye(_1,413» disc(E, x), such that Cut(G,x%5¢) is asymptotically equal to
Maz-Cut(Q).
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s« A Proof of Corollary 3

s We first prove the following Lemma, by straightforward calculation from equation (1):

s B Lemma 15. Let G(V, E, W) be a weighted graph such that W is symmetric and W; ; =0
537 Zf {Z,]} ¢ E. Then

1
538 Maz-Cut(G) = 1 Z W, — xe{gigl}n xTWx | . 9)

s Proof. For any x € {—1,+1}", we write

540 Z Wi’j — XTWX = Z Wi’j — Z waixj
i,j€[n]? ijG[nP i,j€[n]?

Z W, ; x +x — 2x,x;)

,JG[

542 = Z W, J )

,JE[

Z Wi (z —x]) .

{i,j}€E

541

543

se By (1), this completes the proof. <

ss  Proof of Corollary 3. Notice that diagonal entries of the weight matrix in (9) cancel out,
s and so, for any x € {—1,+1}", we have

7 > [R'R] - IRx|*= > [R'R], .- > [R'R]  way

i,j€[n]? i£5,1,5€[n]? i£5,1,5€[n]?

ss  Taking expectations with respect to x, the contribution of the second sum in the above
ss0  expression equals 0, which completes the proof. |

s B  Proof of Corollary 4

1 Proof. Since disc(3,x*) < 1, then each component of Rx* is either 0 or 1, for any x* €
sz {—1,+1}". In particular, for any ¢ € [m], [Rx*], is 0 if the number of ones in the /-th row
553 1S even and it is equal to 1 otherwise. This is the best one can hope for, since sets with an
s« odd number of elements cannot have discrepancy less than 1. Therefore, |[Rx*|| is also the
5 minimum possible. In particular, this implies that, in the case disc(X,x*) < 1, any 2-coloring
s that achieves minimum discrepancy gives a bipartition that corresponds to a maximum cut
ss7 and vice versa. <

ws | C Proof of Theorem 6

so  Proof. Let G = G(V, E,RTR) be a weighted random intersection graph. By equation (2)
s of Corollary 3, for any x € {—1,4+1}", we have:

5

o

1 cut(G,x):i S [RTR],, - |Rx|?

i,j€[n]
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Taking expectations with respect to random x and R, we get

1
Exr[Cut(G,x)] = - Er > [RR],, - > [R'R],
Lé.7€[n] i€[n]
1 1
= Z.I[ER Z [RTRLJ :Zn(nfl)mpz. (10)
Li#d,i,i€ln]

To prove the Theorem, we will show that, with high probability over random x and R, we
have |Rx||?> = o (ER [% Ditiigen] [RTR]i,jD = o(n?mp?), in which case the theorem
follows by concentration of Max-Cut(G) around its expected value (Theorem 5), and the fact
that Max-Cut(G) > iZiij,i,]’E[n] [RTR]M.

To this end, fix £ € [m] and consider the random variable counting the number of ones in
the /-th row of R, namely Y, = Zie[n] R,;. By the multiplicative Chernoff bound, for any

0 >0,

el P

Since np > C1/7- = ClnlfTa, taking any 6 > 2, we get

Pr(Y; > 3np) < (;)W —0 (;) . (1)

Therefore, by the union bound,
Pr(3¢ € [m] : Yz > 3np) = o(1), (12)

implying that, all rows of R have at most 3np non-zero elements with high probability.

Fix now ¢ and consider the random variable corresponding to the /-th entry of Rx,
namely Z, = Zie[n] Ry;x;. In particular, given Y}, notice that Z, is equal to the sum of
Y, independent random variables x; € {—1,+1}, for ¢ such that Ry; = 1. Therefore, since
Ex[Z¢] = Ex[Z|Y:] = 0, by Hoeffding’s inequality, for any A > 0,

A2

Pr(|Z¢| > A|Ye) < e 2.

~

Therefore, by the union bound, and taking A > /6nplnn,

2
Pr(|Ze| > \) < Pr(3¢ € [m] : Yy > 3np) + me o7 = o(1) + — = o(1), (13)
n
implying that all entries of Rx have absolute value at most y/6nplnn with high probability
over the choices of x and R. Consequently, with high probability over the choices of x
and R, we have ||Rx||? = 6mnpInn, which is o(n?mp?), since np = w(Inn) in the range of
parameters considered in this theorem. This completes the proof. |

We note that the same analysis also holds when n = m and p is sufficiently large (e.g. p =
w(2m)). In particular, similar probability bounds hold in equations (11), (12) and (13), for
the same choices of § > 2 and A > /6npInn, implying that [|Rx|? = 6mnplnn = o(n’*mp?)
with high probability.
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D Proof of Theorem 7

Proof. Let G(V, E,RTR) (i.e. the input to the Majority Cut Algorithm 1) be a random
instance of the gn,m,p model, with m = n, and p = £, for some large enough constant c. For
t € [n], let M; denote the constructed cut size just after the consideration of a vertex vy, for
some t > en + 1. In particular, by equation (3) for n = ¢, and since the values x1,...,2;_1
are already decided in previous steps, we have

1 . 2
My = 7| X R'R] - min R (14)
i,5€[t]2
The first of the above terms is
1 1
LY R - X RIR], 42 Y RR)HRR) ) 09)
i,5€[t]? i,5€[t—1]? i€t—1]

and the second term is
1

i 2
4 mte?113+1} HR[m],[t]X[t] H
2
1 .
IS s e Rim) 12 + ie[ztjl] Rim),ii
1
- _Z rfe?nln_t,_l} Z [RTR] -’L'zCL‘j

i,j€[t])?

1
=1 > [RTR],  wi; + 2x €?mlnﬂ} > [R'R], , wx: + [RTR] (1)
i,je[t—1]? €lt—1]

By (14), (15) and (16), we have

1 1 .
M = Miatg > [RTR],, - 5l > [RTR],,ziz,
i€t—1] i€ft—1]
1 1
= Mia+g >, [RTR], + Z [R'R],, x; (17)
i€[t—1] i€t—1]

Define now the random variable

Z,=7Z(x,R) = Z [RTR Z Ry Z Ry iz,

i€ft—1] Le[m] i€[t—1]

so that My = My -1 + 5 e q) [RTR],, + 3 |Z:|. Observe that, in the latter recursive

equation, the term 3 Dielt—1]
structed cut if the t-vertex chose its color uniformly at random. Therefore, lower bounding

[RTRL, , corresponds to the expected increment of the con-

the expectation of 1 5 |Z;| will tell us how much better the Majority Algorithm does when
considering the t- th vertex.

Towards this end, we first note that, given x_1; = {z4,7 € [t — 1]}, and Ry ;-1 =
{Ry,i, ¢ € [m],i € [t—1]}, Z; is the sum of m independent random variables, since the Bernoulli
random variables Ry, ¢ € [m], are independent, for any given ¢ (note that the conditioning is
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essential for independence, otherwise the inner sums in the definition of Z; would also depend
on the z;’s, which are not random when ¢ is large). Furthermore, E[Z;|x[;—1), Ry, i—1)] =

2
P tepm) 2icft—1) Reiti and Var(Zyxp—1), Rinp,p—1) = p(1 = P) Xpeim) (Zie[t—l] Re,m)
Given x;_1] = {x;,1 € [t — 1]}, and Ry, p—1) = {Res, ¢ € [m],i € [t — 1]}, define the
sets A = {¢ € [m] : Yict—1) Reiwi > 0f and Ay ={l € [m] : } .,y Reqwi <0} In
particular, given xj,_1) = {x,7 € [t — 1]}, and Ryp),p—1) = {Rei, £ € [m],i € [t — 1]}, Z; can
be written as

Z; = Z Ry Z Ryizi — Z Ry, Z Ryzi|, (18)

teAt i€[t—1] LeA; i€t—1]

where Ry, £ € Af UA; are independent Bernoulli random variables with success probability
p.

It is a matter of careful calculation to show that E [|Zt\ ‘X[t,l] , R[m],[tqﬂ is smallest when
the conditional expectation E [Zt |x[t,1] , R[m],[tq]] is 0, which happens when the sum of posit-
ive factors for the Bernoulli random variables in the definition of Z; is equal to the sum of neg-
ative ones, namely 3y 4+ 2 ier—1 Reawi = X pea- ‘Zze[t 1 Reitil-
that E[|Z;||x(t—1), Rim),(z—1]] does not increase if we replace ZZ€A+ Ri: >

D ovea- Ret ’Zie[tfl] Ry ;x;| in the expression (18) for Z; by independent binomial random
variables Z;” ~ B (ZéeAj’ Eie[tfl] Rmxi,p) and Z, ~ B (ZzeA; ‘Zie[td] Ry ix; ,p),
respectively.3

In view of the above, if ZP is a random variable which, given X1 = {4, 0 € [t — 1]},
and Ry i—1) = {Res, £ € [m],i € [t — 1]}, follows the Binomial distribution B (Ny,p), where

Furthermore, we note

i€[t—1] Ry i and

Ny Zmax [ YT Reawi, y | Y. Real | (19)

(A} i€[t—1] teA; |i€[t—1]
then
E[ Zel|%(—1], Rimyi—1] = MD(ZP), (20)

where MD() is the mean absolute difference of (two independent copies of) ZP. In particular,
MD(ZP) = E[|ZF - Z}P
B (N, p). Unfortunately, we are aware of no simple closed formula for MD(Z2), and so we

], where ZPB, Z/® are independent random variables following

resort to Gaussian approximation through the Berry-Esseen Theorem:

» Theorem (Berry-Esseen Theorem [23]). Let X1, X, ..., be independent, identically distrib-
uted random variables, with E[X;] = 0,E[X?] = 02 > 0, and E[|X;|*] = p < 0. For N >0,
let Fn(-) be the cumulative distribution function of )(14;7\/%)(1", and let ®(-) be the cumulative

distribution function of the standard normal distribution. Then, sup,cp |Fn(z) — ®(x)] <
0.4748p
o3vV/N °

3 This property follows inductively, by noting that, if X = Ele a; X; — Ei\f:k a;X;, and X' =
Sl aiXs + (ak — DXk + X[, — S, aiXi, where k,N,a; € N*,i € [N], and X;,i € [N], X},
are independent, identically distributed Bernoulli random variables, then E[|X|] > E[|X’|]. Indeed,

notice that, the independence of Xy, X}, implies that these random variables work against each other
(with respect to the absolute value) at least half of the time.
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In our case, we write Z2 = 25\21 zp, Z{% = 25\21 Z%, and set X; = Z[, — 7%, where
Zt%, Zt’ﬁ” are independent Bernoulli random variables with success probability p, for any
i € [Ny]. In particular, we have E[X;] = 0, E[X?] = E[|X;|?] = 2p(1 — p). Therefore, by the
Berry-Esseen Theorem, given xp_q) = {z;,4 € [t — 1]}, and Ry -1 = {Res, £ € [m],i €

[t — 1]},the distribution of ZP — Z/B is approximately Normal N(0,2p(1 — p)N;), with
0.4748

V2r(1-p)N;

Notice that the latter approximation error bound becomes o(1) if Ny = ©(n),p = £
and ¢ — oo. Therefore, we next show that, with high probability over the choices of R,
N; = 0O(n), for any ¢ > en + 1, where ¢ is the constant used in the Majority Algorithm. In
particular, even though we cannot control the variables x; € {—1,+1},i € [t — 1], in the
definition of N;, we will find a lower bound that holds whp by using the random variable

approximation error

Yi=Y,R,x) = [telm]: Y Ryisodd|,

i€[t—1]
and employing the following inequality
N> (21)
Indeed, (21) holds because, for any i € [t —1],if > ;1) Re,i is odd, then ‘Zie[t_l] Ry;xi| >
1, no matter what value the z;’s have. Therefore, Zie[tiu Ry ;x; will contribute at least 1
to one of the two terms in the maximum from the right side of (19), and thus (21) follows.
Notice now that, for any fixed i and ¢ > en + 1, we have Pr(}_,c;,_ Re; is odd) =

t—1 1 —1—4 1 — 1 — — 1 —
2joaa (P A=p) ™ =5 (1= (1 =2p)7") 2 5 (1= e#70) = 5 (1 —e7%), where
in the last inequality we set p = . Taking ¢ — oo, the latter bound becomes % —o(1).
Therefore, by independence of the entries of R, Y; stochastically dominates a binomial
random variable B(t — 1, %) Furthermore, by the multiplicative Chernoff (upper) bound, for

any 0 > 0,

(<0050 <)

Taking 6 = % and noting that ¢t > en + 1, we have

t—1 e\~ %
Pr(y, <™= (7> ,
I'<t< 6 )< B

which is o(1/n), for any constant ¢ > 0. By the union bound,

t—1
Pr(Elt:tZenJrl,Yt<6> = o(1).

By inequality (21), we thus have that, with high probability over the choices of R, N; >
% > %, for all £ > en + 1, as needed.

Combining the above, by the Berry-Esseen Theorem, given x[;_1j, Ry, t—1), the distribu-
tion of ZP — Z/B is approximately Normal N (0,2p(1 — p)N;) with approximation error o(1)
as ¢ — 0o, with high probability over the choices of R.. In particular, given xj;_1), R [1—1],

|ZB — Z!B| follows approximately (i.e. with the same approximation error o(1)) the folded

normal distribution with mean value (at least) \/%Var(ZtB — Z{P|xp—1), Ry [t—1])- Notice

now that, by inequality (21), we have
Var(ZF — Z{P [x—1y, Rpmyi-1)) = p(1 — p)Ys.
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6 n
Zt’B|x[t_1], R jt—1]) = % — o(1), with high probability, where the o(1) comes from the
approximation error given by the Berry-Esseen Theorem. Consequently, by inequality (20),
with high probability over the choices of R (which is 1 — o(1)),

Since ¥, > &1 > % with high probability, and also p = =, we get that Var(ZP —
)

c(t—1)
3mn

E[Z|=E || > [RTR], & >

1€[t—1]

—o(1).

Summing over all t > en + 1, we get

Z E[|Zt\]2’/3ﬁin2\/i—o(n):’/3ﬁ% Z\/%—en en | —o(n).

t>en+1 t>en t>1

Using the fact that 3°,-, Vt = 2n3/2 4 o(n), we thus have that

S B[z ;(5—63/2)%0(71).

t>en+1
On the other hand, we have that the expected weight of a random cut is equal to
2
in(n — 1)mp? = $n + o(n) (see e.g. equation (10)). The proof is completed by taking
e —0. <

E Proof of Lemma 8

Proof. We will use the first moment method and so we need to prove that the expectation
of the number of pairs of distinct O-strong closed vertex-label sequences in G that have
at least one label in common goes to 0. To this end, for j € [min(k, k') — 1], let A;(k, k")

denote the number of such sequences o,0’, with k& = |o|, k' = |o’|, that have j labels in
common. In particular, for integers k, k', let o := vy, 41,09, 02, - , Vg, L, Vg1 = v1, and let
o' =y, 0, v, 0y, v, £, vy = v1. Notice that, any such fixed pair o, 0’ has the same

probability to appear, namely p2(k+* =) (1 — p)(n=2)(:+F=3): indeed, p2*(1 — p)("=2)* is the
probability that o appears (recall that o has k labels and it is O-strong, i.e. each label is
only selected by two vertices) and p2(K'=3) (1 —p)("_Q)(kl_j) is the probability that ¢’ appears
given that o has appeared. Furthermore, the number of such pairs of sequences is dominated
by the number of sequences that overlap in j consecutive labels (e.g. the first j), which is at
most nFmknk —i—lm —i (notice that j common labels implies that there are at least j’ + 1
common vertices). Overall, since n = m and p = £, we have

/ 1 '—j n— '—j
E[A4;(k, K] < (1+0(1))5(np)2(k+k D(1 = p) =2 k=)

= (1+ 0(1))% (FQ-p)"?)

Since n — oo and p = -, by elementary calculus we have that c?(1 — p)"~2 bounded by a
constant (which depends only on ¢) strictly less than 1. Therefore, the above expectation
~Inn=0M)(k++~j)  Therefore, summing over all choices of k,k’ € [n] and
j € [min(k, k") — 1], we get that the expected number of pairs of distinct O-strong closed

k+k'—j

is at most e

vertex-label sequences that have at least one label in common is at most

Z Z eflnnfe(l)(kJrklfj) = 0(1)7

k,k'€[n] j€[min(k,k’)—1]
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and the proof is completed by Markov’s inequality. |

F Proof of Lemma 10

Proof. For the sake of contradiction, assume Codd(G(b)) =0, but G® = Uzre[m]M(z) has an
odd cycle Cf that is not 0-strong and has minimum length. Notice that C}, corresponds to a
closed vertex-label sequence, say o := vy, {1, va, 0o, -+ , Uk, bk, Vg1 = U1, where {v;,v;41} €
M) for all i € [k]. Furthermore, by assumption, conditions (b) and (c) of Definition 9 are
satisfied by o (indeed {v;,viy1} € M%), for all i € [k], and o is A-strong, for some A > 0).
Therefore, the only reason for which ¢ does not belong to C,qq(G*)) is that condition (a)
of Definition 9 is not satisfied, i.e. there are distinct indices i > ¢’ € [k] such that ¢; = ¢;/.
Clearly, such indices are not consecutive (i.e. i’ # i + 1), because ¢; is strong and step
6 of our algorithm implies that M“) is a matching of K(¢). But then either the vertex-

label sequence v1,...,v;, 4, V41,8741, Vir42, ..., Vkr1 = U1 Or the vertex-label sequence
Vit1,Lit1, Vita, .., Vi, Uiy 0,41 corresponds to a shorter odd cycle, which is a contradiction
on the minimality of Cf. <

G Proof of Theorem 11

Proof. By construction, the output of Algorithm 2, namely G, has only 0-strong odd
cycles. Furthermore, by Lemma 8 these cycles correspond to vertex-label sequencies that are
label-disjoint. Let H denote the subgraph of G(*) in which we have destroyed all O-strong
odd cycles by deleting a single (arbitrary) edge ec from each 0-strong odd cycle C' (keeping
all other edges intact), and notice that ec corresponds to a weak label. In particular, H is
a bipartite multi-graph and thus its vertices can be partitioned into two independent sets
A, B constructed as follows: In each connected component of H, start with an arbitrary
vertex v and include in A (resp. in B) the set of vertices reachable from v that are at an
even (resp. odd) distance from v. Since H is bipartite, it does not have odd cycles, and thus
this construction is well-defined, i.e. no vertex can be placed in both A and B.

disc) by setting x(dwc) +1if7 € A and :C(dwc) +1ifi € B. Let
M, denote the set of weak labels corresponding to the edges removed from G in the

construction of H. We first note that, for each ¢ € My corresponding to the removal of
(disc)

We now define x!(

= 2. Indeed, since ec belongs to an odd cycle in G,

an edge e, we have ‘Zieu

C
its endpoints are at even distance in H, which means that either they both belong to A
or they both belong to B. Therefore, their corresponding entries of x(%5¢) have the same

sign, and so (taking into account that the endpoints of ec are the only vertices in Ly, ),

we have ’ZzeL; {dise)l — 9 Second, we show that, for all the other labels £ € [m]\Mo,

(disc
‘ZiELe T )
let M® denote the part of G® corresponding to a maximal matching of K®, and note that

will be equal to 1 if |Ly| is odd and 0 otherwise. For any label ¢ € [m]\ Mo,

all edges of M) are contained in H. Since H is bipartite, no edge in M® can have both its
endpoints in either A or B. Therefore, by construction, the contribution of entries of x(%5¢)
corresponding to endpoints of edges in M®) to the sum Y., = 2 {4i59)
(dz sc)

is 0. In particular, if

= 0, otherwise (i.e. if |Ly]|

|L¢| is even, then M® is a perfect matching and ‘ZzeLl

is odd) there is a single vertex not matched in M® and ‘Zieu xz(.disc)' =1.

To complete the proof of the theorem, we need to show that Cut(G,x(#*¢)) is maximum.
By Corollary 3, this is equivalent to proving that ||[Rx(¥5¢)|| < |Rx|| for all x € {—1,+1}".
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Suppose that there is some x(™"™) € {—1,+1}" such that |Rx(¥9)|| > |Rx(™™)|. As
mentioned above, for all £ € [m]\ Mo, we have [Rx(#*9)], < 1, and so [Rx(#9)], < [Rx(m")],.
Therefore, the only labels where x("™) could do better are those corresponding to edges
ec that are removed from G® in the construction of H, i.e. o € My, for which we have
[Rx(disc)} to = 2. However, any such edge ec belongs to an odd cycle C, and thus any
2-coloring of the vertices of C' will force at least one of the 0-strong labels corresponding
to edges of C' to be monochromatic. Taking into account the fact that, by Lemma 8, with
high probability over the choices of R, all O-strong odd cycles correspond to vertex-label
sequences that are label-disjoint, we conclude that |[Rx(459)|| < ||Rx(™")||, which completes
the proof. |

H Proof of Theorem 12

We first prove the following structural Lemma regarding the expected number of closed
vertex label sequences.

» Lemma 16. Let G(V, E,RTR) be a random instance of the G, model. Let also Cy
denote the number of distinct closed vertex-label sequences of size k in G. Then

1 nl! m)!
E[Cy] = —- 2k, 22
O = T = ? (22)
In particular, when m =n — oo, p= <,¢> 0, and k > 3, we have E[Cy] < Zc?F.

Proof. Notice that there are %(n”i'k), ways to arrange k out of n vertices in a cycle. Further-

more, in each such arrangement, there are et m! 1 Ways to place k out of m labels so that

there is exactly one label between each pair of vertlces Since labels in any given arrangement

must be selected by both its adjacent vertices, (22) follows by linearity of expectation.
Setting m = n and p = £, and using the inequalities 2 tie " < nl < entie ",

ECY - ;wwzr'f

< 1 eZn®ntle— (0)2’c 1e? n O\ (C)Qk
- k2n(n-— k)%*zk*le%*% n k2m —k e

< i#e - (2n—2k) ( )2]’“ i#c%
~— 2rk(n—k) e 2 k(n — k)
When n goes to oo and k > 3, then the above is at most 5-c c?* as needed. |

We are now ready for the proof of the Theorem.

Proof of Theorem 12. We will prove that, when m =n — oo, p = ~,¢c <1, and k > 3,
with high probability, there are no closed vertex-label sequences that have labels in common.

To this end recalling Definition 9 for Cogq(G®)), we provide upper bounds on the following

cvents: A & {Hk >logn:Cy > 1}, B et {|Coaa(G®)| > logn} and c {30 # 0 €

Coaa(G®) 3 c ol €0’}
By the union bound, Markov’s inequality and Lemma 16, we get that, whp all closed
vertex-label sequences have less than logn labels:

2logn

PrA)< 30 EG]< 30 oot =T g =0 (@) = o)), (23)

k>logn k>logn
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where the last equality follows since ¢ < 1 is a constant. Furthermore, by Markov’s inequality
and Lemma 16, and noting that any closed vertex-label sequence in Codd(G(b)) must have at

least k > 3 labels, we get that, whp there less than logn closed vertex-label sequences in
Codd(G(b)):

Pr(B) <
r( )_logn

1 e 1 e c° 1
E[Cy] < —c* = — =0 . 24
Z [Ck] = lognZQWC logn 271 —¢c? (logn> (24)

k>3 k>3

To bound Pr(C), fix a closed vertex-label sequence o, and let |o| > 3 be the number of
its labels. Notice that, the probability that there is another closed vertex-label sequence that
has labels in common with ¢ implies the existence of a vertex-label sequence ¢ that starts
with either a vertex or a label from o, ends with either a vertex or a label from o, and has at
least one label or at least one vertex that does not belong to o. Let |5| denote the number
of labels of ¢ that do not belong to . Then the number of different vertex-label sequences &
that start and end in labels from ¢ is at most ||?n/%1+1m!?l; indeed & in this case has |7
labels and |5| + 1 vertices that do not belong to o. Therefore, by independence, each such
sequence & has probability p2l91+2
sequences & that start and end in vertices from o is at most |o|?n/%I=1ml! and each one

to appear. Similarly, the number of different vertex-label

has probability p2/! to appear. Finally, the number of different vertex-label sequences &
that start in a vertex from ¢ and end in a label from o (notice that this also covers the case
where & starts in a label from ¢ and ends in a vertex from o) is at most |o|?n/?lm/! and

25 |+1

each one has probability p to appear. Overall, for a given sequence o, the expected

number of sequences & described above that additionally satisfies |F| < logn, is at most

logn—1 logn—1 logn—1 1ogn
2 k+1, k, 2k+2 2 k—1__k, 2k 2, kK, 2k+1 < 2 9

Z|o|n m°p +Z|0|n mp+Z|a|nmp < ¢lo| n,(5)

k=0 k=1 k=1
where in the last inequality we used the fact that m = n,p = £ and ¢ < 1. Since the existence
of a sequence & for o that additionally satisfies |§| > logn implies event A, and on other
hand the existence of more than logn different sequences o € |Codd(G(b))\ implies event B,
by Markov’s inequality and (25), we get

Pr(C) < Pr(A)+Pr(B)+cM =0 (2"5")+0 ( ! >+o ((log”)4> =0 ( ! ) .

n logn n logn

We have thus proved that, with high probability over the choices of R, closed vertex-label
sequences in Coqq(G®)) are label disjoint, as needed.

In view of this, the proof of the Theorem follows by noting that, since closed vertex
label sequences in Cogq(G®)) are label disjoint, steps 5 and 6 within the while loop of the
Weak Bipartization Algorithm will be executed exactly once for each sequence in Coqq(G®),
where G is defined in step 3 of the algorithm; indeed, once a closed vertex label sequence
S Codd(G(b)) is destroyed in step 6, no new closed vertex label sequence is created. In
fact, once o is destroyed we can remove the corresponding labels and edges from G| as
these will no longer belong to other closed vertex label sequences. Furthermore, to find a
closed vertex label sequences in Codd(G(b)), it suffices to find an odd cycle in G, which
can be done by running DFS, requiring O(n + 3¢ () [Le]) time, because G® has at most
> vepm) [Le| edges. Finally, by (24), we have |Coad(G™®)| < logn with high probability, and
so the running time of the Weak Bipartization Algorithm is O((r+ 3_c(,) [L¢[) log n), which
concludes the proof of Theorem 12. <
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