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Nonlinear Vibrations in
Homogeneous Nonprismatic
Timoshenko Cantilevers
Deep cantilever beams, modeled using Timoshenko beam kinematics, have numerous
applications in engineering. This study deals with the nonlinear dynamic response in a
nonprismatic Timoshenko beam characterized by considering the deformed configuration
of the axis. The mathematical model is derived using the extended Hamilton’s principle
under the condition of finite deflections and angles of rotation. The discrete model of the
beam motion is constructed based on the finite difference method (FDM), whose validity
is examined by comparing the results for a special case with the corresponding data
obtained by commercial finite element (FE) software ABAQUS 2019. The natural frequen-
cies and vibration modes of the beam are computed. These results demonstrate decreas-
ing eigenfrequency in the beam with increasing amplitudes of nonlinear oscillations. The
numerical analyses of forced vibrations of the beam show that its points oscillate in dif-
ferent manners depending on their relative position along the beam. Points close to the
free end of the beam are subject to almost harmonic oscillations, and the free end
vibrates with a frequency equal to that of the external force. When a point approaches
the clamped end of the beam, it oscillates in two-frequency mode and lags in phase from
the oscillations of the free end. The analytical model allows for the study of the influence
of each parameter on the eigenfrequency and the dynamic response. In all cases, a strong
correlation exists between the results obtained by the analytical model and ABAQUS;
nonetheless, the analytical model is computationally less expensive.
[DOI: 10.1115/1.4051820]
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1 Introduction

The model of a nonprismatic beam is applied when a beam’s
cross-sectional dimensions vary along its length. Different beam
theories have been used to study the static and dynamic behavior
of uniform and nonprismatic beams [1–3]. However, the most
accurate theory, as long as the restrictive plane deformation of a
cross section is assumed, is that of the Timoshenko beam theory
[4]. Ever since its inception, the Timoshenko beam theory has
been used to study a variety of beam problems when aspect ratios
are such that simpler theories are rendered inaccurate [1,5,6]. The
two distinctive aspects of the Timoshenko beam theory are the
inclusion of shear deformation and rotatory inertia terms which
distinguish it from the Euler–Bernoulli beam theory. While shear
deformation is observed in static and dynamic applications,

rotatory inertia effects can only be appreciated in dynamic appli-
cations. Although Timoshenko’s beam theory is a well-trodden
area of research, there has been a recent resurgence of interest in
this topic in relation to the study of beam vibrations. The reasons
behind this are numerous; nonetheless, this is primarily due to
requirements for certain applications for which this theory is most
suitable.

Some recent works dealing with the vibration of a nonprismatic
beam are based on Chebyshev’s series approximation method [7].
It is also necessary to mention the study of beam vibrations on an
inertial elastic half-plane [7], and the study of the buckling and
vibration of nanowires with surface effects and multiwalled car-
bon nanotubes as applications in nanotechnology [8,9]. Rotating
uniform Timoshenko beams were also studied theoretically
[10,11]. Furthermore, more recently, studies of rotating tapered
Timoshenko beams with the help of the finite element method
have been conducted [11–18]. Researchers have also introduced
new basic displacement functions and used them to develop finite
element schemes for nonprismatic Timoshenko beams [19–21]. In
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most studies of this sort, small deflections are assumed and equa-
tions of equilibrium or motion are developed based on the unde-
formed geometry.

In problems dealing with vibration, when the amplitude of a
pulse load on a given beam exceeds a certain threshold, large
amplitude vibrations are expected during which the deformed
geometry deviates substantially from the undeformed state and
the equations of motion must be derived in the deformed state.
Several studies have been concerned with large-amplitude vibra-
tions and their distinct features, such as the dependence of eigen-
frequencies and natural modes on amplitude and chaos [22–24].
Nonlinear dynamic analyses were conducted on Timoshenko
beam columns on the Winkler foundation by Sapountzakis and
Kampitsis [25].

Numerous advanced numerical methods are applied to study
the nonlinear vibrations of a Timoshenko beam. For instance,
Shahlaei-Far et al. [26] studied the fourth-order nonlinear free
vibrations of cantilever Timoshenko beams using the method of
homotopy. They derived analytical expressions for the nonlinear
eigenfrequencies and studied the effects of rotatory inertia, shear
deformation, and slenderness ratio on the response. Zhong and
Liao [27] used quartic B-splines in a spline-based differential
quadrature method to study the higher order nonlinear vibration of
the Timoshenko beam. They concluded that some higher order
nonlinear frequencies decrease with increasing the ratio of the
amplitude of vibration to the radius of gyration. In another study
[28], the same authors investigated tapered Timoshenko beams
and presented expressions for nonlinear fundamental frequencies
of simply supported and fully clamped beams. Torabi et al. [29]
used a variational iteration method to study nonlinear vibrations
of a Timoshenko beam and Ruta and Szybinski [30] applied dif-
ferent geometrical nonlinearity models to compare the nonlinear
dynamics of a nonprismatic Timoshenko beam. Palacios [31]
researched nonlinear normal modes of oscillation for anisotropic
beams using both intrinsic equations where velocities and strains
are primary degrees-of-freedom and Cosserat’s exact description
of the deformed geometry. On the basis of this description, nonlin-
ear normal modes were obtained through the asymptotic approxi-
mation to the invariant manifolds.

Other specific studies were focused on one or two aspects of
Timoshenko beam vibrations or on using a novel approach. For
instance, Torabi et al. [29] considered an attached concentrated
mass and studied the problem by the variational method; Radgol-
chin and Moeenfard [32] focused on a fully clamped functionally
graded Timoshenko microbeam due to its application in MEMS;
and Chakrabarti et al. [33] studied large amplitude free vibrations
of a rotating nonhomogeneous beam with nonlinear spring and
mass system. Simsek [34] studied nonlinear free vibration of a
functionally graded nanobeam on the base of the nonlocal strain
gradient theory and a novel Hamiltonian approach as well as
Hsieh et al. [35] developed and applied invariant manifold techni-
ques to study large amplitude vibration of a cantilever beam.

The study of nonlinear oscillations of structures with different
dynamic states requires utilizing high-precision computational
algorithms. Finite element methods realized in modern commer-
cial packages (ANSYS, ABAQUS, etc.) form a strong suite for simula-
tion of the static and dynamic response of structural and
mechanical systems with high accuracy. Because analytical meth-
ods and experimental data dealing with the analysis of nonlinear
structural models can rarely be applied, the only way to verify the
computational results is to use different numerical approaches to
solve the same problem. In this study, we develop a discrete
model of the Timoshenko beam to study its large amplitude
motion based on the finite difference method (FDM) as proposed
in Ref. [36]. The scheme reduces governing partial differential
equations to a system of ordinary differential equations of the first
order. The approach is applied to derive the structural characteris-
tics of the Timoshenko beam, and allows for parametric character-
ization. The objective of this study is to elucidate the discernable
natural frequencies and vibration modes for linear and nonlinear

vibrations of the beam. Another aspect to be considered relates to
the response and beam reaction to external pulse loads. The
reduced model proposed minimizes computational costs, and at
the same time, is not inferior in the accuracy of the results to the
commercial finite element (FE) software ABAQUS [37]. The paper,
therefore, is an effort to introduce a computationally moderate
model of reasonable accuracy to study large-amplitude vibration
in deep beams.

The paper is structured as follows: following this terse introduc-
tion, Sec. 2 deals with the statement of the problem where the
equations of dynamics of a geometrically nonlinear Timoshenko
beam are derived using the extended Hamilton’s principle
(Lagrange-d’Alembert principle). The numerical finite difference
scheme for solving the equations of beam motion is presented in
Sec. 3. Section 4 deals with the application of the developed
scheme to the study of structural characteristics of the Timo-
shenko beam that simulates a nonprismatic beam. In Sec. 5, the
vibrations of a nonprismatic beam simulating, e.g., a simplified
model of a composite turbine blade and the two-dimensional Tim-
oshenko beam under action of different external pulse loads are
calculated using both the MATLAB code developed on the basis of
FDM and ABAQUS. The obtained time histories of the free end of
the small beam are compared at different durations of the external
load and the comparisons are discussed. Conclusions are given in
Sec. 6.

2 Statement of the Problem

Let us consider an initially straight planar Timoshenko cantile-
ver beam of length L, the left end of which is clamped and the
right end is free, as depicted in Fig. 1(a). The beam is assumed to
be made of a linearly elastic isotropic material and vibrates in one
of the principal planes under the action of transverse load, contin-
uously distributed on the plane of vibrations. Thus, a geometri-
cally nonlinear Timoshenko beam described in Weaver et al. [38]
is considered. When deriving the beam’s mathematical model, we
will take into account the shear and bending deformations as well
as the lateral and rotatory inertia of the beam, but at the same
time, ignore the axial force and deformations which are normally
neglected in a beam theory.

A Cartesian coordinate system is defined such that axis Ox is
the intersection of two mutually orthogonal planes of inertia of
the beam as illustrated in Fig. 1(a). Note that the axis coincides
with the beam’s neutral axis. The transversal vibrations of the
beam are considered in the coordinate plane Oxy, which is com-
bined with one of its inertial planes. The origin of the coordinate
system coalesces with the clamped end of the beam. The trans-
verse displacement field of the beam is denoted by wðx; tÞ, where
x is the spatial coordinate along the beam in the undeformed con-
figuration ranging from 0 to length L and t is the time.

The transverse displacement field of the beam is denoted by
wðx; tÞ, where x is the spatial coordinate along the beam in the
undeformed configuration ranging from 0 to length L and t is the
time. Since the concept of geometric curvature is applied in non-
linear bending deformation analysis, the curvature of the beam (j)
is considered which, by referring to Fig. 1(b), is defined by the fol-
lowing equation:

j ¼ dh
ds
¼ dh

dx

dx

ds
¼ h0

dxffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dx2 þ dw2
p ¼ h0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ w02
p (1)

where h is the rotation of the beam cross section, dx and ds are the
length of the undeformed and deformed beam elements, respec-
tively, and the prime denotes derivative with respect to

x(ðÞ0 ¼ @ ðÞ
@x ). The position of a beam element during oscillation is

determined by the displacement of its neutral axis passing through
its centroid, and the slope angle u of the beam axis in the plane
Oxy. For a Timoshenko beam, the angle u depends not only on
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rotation of the beam element under the action of bending moments
but also on shear deformation angle c (see Fig. 1(b))

u ¼ tan�1w0 ¼ cþ h (2)

Since axial displacements of the beam are neglected, the mathe-
matical model describing the beam motion will include only the
effects of the shear force S and the bending moment M designated
in Fig. 1(b). The development of this model is based on the varia-
tional method assuming the following linear constitutive equa-
tions of the theory of elasticity hold, as only geometric
nonlinearity is considered here:

S ¼ aGA c and M ¼ EIj (3)

where a is the shear coefficient, which depends only on the shape
of the beam cross section; E and G are the elastic and shear mod-
uli, respectively; AðxÞ is the cross-sectional area; and IðxÞ is the
second moment of inertia of the beam cross section. As a result,
EI and GA are the shear and bending stiffness, respectively.

Taking into account Eq. (3), one can write the potential energy
of bending and shear deformations of the Timoshenko beam in the
following additive form:

U ¼ Ub þ Us ¼
1

2

ðL

0

EIj2dxþ 1

2

ðL

0

GAc2dx (4)

Similarly, the kinetic energy of transverse and rotational move-
ments of the beam add up to the total kinetic energy as

T ¼ Tt þ Tr ¼
1

2

ðL

0

qA _w2dxþ 1

2

ðL

0

qI _h
2
d (5)

where q is the density and the overdot denotes the time derivative.
In our approach, the external force acting on the beam is repre-

sented as follows:

q x; tð Þ ¼ p x; tð ÞC xð Þ cos w0 (6)

where c xð Þ is the beam breadth and may in general be a function
of variable x and p x; tð Þ is the external pressure applied on the
beam. Then the virtual work of the external force will be

dwnc ¼
ðL

0

p x; tð ÞC xð Þ cos w0dw dx (7)

The extended principle of least action is applied for valid trajecto-
ries as

dS ¼
ðt2

t1

dT � dU þ dwncð Þdt ¼ 0 (8)

where dT and dU are the appropriate variations of kinetic (5) and
potential (4) energies. From Eq. (8), performing standard transfor-
mations and taking into account the independence of variations of
dw and dh, one obtains the following governing partial differential
equations of beam vibration:

�qA €w þ EIð Þ0h02w0 þ 2EIh00h0w0 þ EIh02w00

1þ w02ð Þ2
� 4EIh02w02w00

1þ w02ð Þ3

þ
aGAð Þ0 tan�1w0 � hð Þ þ aGAð Þ w00

1þ w02
� h0

� �
1þ w02ð Þ

� 2w0w00 aGAð tan�1w0 � h
� �

Þ
1þ w02ð Þ2

þ p x; tð ÞC xð Þcosw0 ¼ 0

(9)

and

�qI€h þ ðEIh0Þ0 1þ w02ð Þ � 2w0w00ðEIh0Þ
1þ w02ð Þ2

þ aGA tan�1w0 � hð Þ ¼ 0

(10)

with natural boundary conditions at cantilever beam ends that
include the shear force

EIh02w0

1þ w02ð Þ2
� aGA tan�1w0 � hð Þ

1þ w02ð Þ

 !
dw

" #L

0

¼ 0 (11)

and the bending moment

�EIh0

1þ w02ð Þ dh

" #L

0

¼ 0 (12)

Relations (11) and (12) provide the boundary conditions for the
problem under consideration

w ¼ 0 and h ¼ 0 at x ¼ 0 (13)

EIh02w0

1þ w02ð Þ2
� aGA tan�1w0 � hð Þ

1þ w02
¼ 0; � EIh0

1þ w02
¼ 0 at x ¼ L

(14)

The initial-boundary value problem is supplemented by the initial
conditions

w x; 0ð Þ ¼ _w x; 0ð Þ ¼ h x; 0ð Þ ¼ _h x; 0ð Þ ¼ 0 (15)

The presented mathematical model should be supplemented with
input data including the beam geometry and mechanical charac-
teristics of the material which the beam is made of. We consider a
homogeneous elastic beam with the following mechanical proper-
ties: q ¼ 7800 kg/m3, E ¼ 2� 1011Pa, and � ¼ 0:3, where � is
the Poisson’s ratio of the beam material. The cross section area

Fig. 1 (a) Configuration of the beam in the coordinate system
Oxy: the horizontal solid line depicts the initial configuration of
the beam, where the dashed curve shows the deformed shape
of the beam at time t. (b) Undeformed (dx) and deformed (ds)
beam elements are illustrated, where u is the slope angle, h is
the rotation angle, and c is the shear angle of deformation. Inter-
nal forces and moments are represented by shear force S and
bending moment M.
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along the beam AðxÞ and the second moment of inertia IðxÞ are set
on the basis that the beam simulates the nonprismatic Timoshenko
beam.

3 Numerical Modeling

Due to the complexity of the partial differential equations gov-
erning the nonlinear dynamics of the Timoshenko beam, in gen-
eral, analytical solutions for the PDE’s do not exist and they will
be solved numerically. To derive the dimensionless form of
Eqs. (9) and (10), we introduce the following relations:

�w ¼ w

h
; �x ¼ x

L
; �t ¼ t

s
; where s ¼ L

c
; c ¼

ffiffiffi
E

q

s

�A ¼ A

h2
; �I ¼ I

h4
; �C ¼ C

h
; and �p ¼ L2

h2E
p

(16)

Here, h is the conditional width of the beam. It is assumed that

h ¼
ffiffiffiffiffiffiffiffiffiffi

�AðxÞ
q

, where the bar denotes the mean value (further bars

over nondimensional parameters will be omitted). Introducing the
notations

k ¼ L

h
and D ¼ G

E
¼ 1

2ð1þ �Þ (17)

and damping factor e1 ¼ eL=c for variable w, we obtain the
dimensionless equations of the beam motion, which may be writ-
ten in the following operator form:

€w þ e1 _w ¼ L1 w; hð Þ þ p x; tð Þ
C xð Þ
A xð Þ

cos
1

k
w0

� �
(18)

€h ¼ L2 w; hð Þ (19)

Here, L1 and L2 are the operators of elastic and mass forces acting
to the beam defined as follows:

L1 w;hð Þ¼ 1

k2

I

A

ðI0=IÞh02w0 þ2h0h00w0 þh02w00

1þ 1

k
w0

� �2
 !2

� 1

k4

I

A

4h02w02w00

1þ 1

k
w0

� �2
 !3

þaDk

A0=Að Þ tan�1 1

k
w0

� �
�h

� �
þ

1

k
w00

1þ 1

k
w0

� �2
�h0

0
BBB@

1
CCCA

1þ 1

k
w0

� �2

� aD
1

k

2w0w00 tan�1 1

k
w0

� �
�h

� �

1þ 1

k
w0

� �2
 !2

(20)

and

L2 w; hð Þ ¼
ðI0=IÞh0 þ h00Þ 1þ 1

k
w0

� �2
 !

� 2

k2
w0w00h0

1þ 1

k
w0

� �2
 !2

þ aDk2 A

I
tan�1 1

k
w0

� �
� h

� �
(21)

Also, if one takes into account the facts that EI 6¼ 0 and 1þ w02 6¼
0 in condition (14), the boundary conditions at the free beam end
are obtained in the following form:

h0 ¼ 0 and tan�1 w0

k
� h ¼ 0 at x ¼ 1 (22)

In the numerical scheme, PDEs (18) and (19) are reduced to
ODEs with variable time by applying the finite difference method.
So, we transfer from the distributed-parameter system (continuous
model) to a finite dimensional lumped-parameter system (discrete
system), which greatly simplifies the problem of determining the
dynamic characteristics of the beam.

We introduce the uniform grid GN ¼
f0 � xi � 1; xi ¼ 1=N; i ¼ 0;…;Ng along the beam and use an
approximation OðDx2Þ for spatial derivatives, where Dx is the
computational step regarding the spatial coordinate. As a result,
the following system of ODEs in the internal nodes is derived:

€wi þ e1 _wi ¼ L1;Dxwi�1 tð Þ; hi�1 tð Þ;wi tð Þ; hi tð Þ;wiþ1 tð Þ; hiþ1ðtÞÞ

þ p xi; tð Þ
C xið Þ
A xið Þ

cos
1

k
wi
0 tð Þ

� �
(23)

€hi ¼ L2;Dx wi�1 tð Þ; hi�1 tð Þ;wi tð Þ; hi tð Þ;wiþ1 tð Þ; hiþ1ðtÞÞ;
�

i ¼ 1;…;N � 1 (24)

Equations (23) and (24) are transformed to 4(N� 1) differential
equations of the first order regarding variables w; h; _w; _h with
the following boundary conditions:

w0 ¼ 0; h0 ¼ 0; _w0 ¼ 0; and _h0 ¼ 0 (25)

wN ¼
2

3
k Dx tanhN þ

1

3
4wN�1 � wN�2ð Þ and hN

¼ 1

3
4hN�1 � hN�2ð Þ (26)

Note that expression (26) follows the approximation of spatial
derivative at the last grid node by the right-hand discrete operator
of the second order.

4 Eigenfrequency Analysis

Natural vibrations of the beam are described by Eqs. (23) and
(24) when p xi; tð Þ ¼ 0 and e ¼ 0 and boundary conditions are as
Eqs. (25) and (26). These equations are a finite difference approxi-
mation of the mixed initial-boundary-value problem defined by
Eqs. (9), (10), (13), and (14), which depends on the spatial resolu-
tion of the grid GN . We settle convergence of the numerical
scheme when calculating eigenfrequencies of the linear problem
for the present beam. It is described by the following equations:

€w ¼
X1

k¼�1

@L1;Dx

@wiþk

� �
0

wiþk þ
X1

k¼�1

@L1;Dx

@hiþk

� �
0

hiþk (27)

€h ¼
X1

k¼�1

@L2;Dx

@wiþk

� �
0

wiþk þ
X1

k¼�1

@L2;Dx

@hiþk

� �
0

hiþk; i ¼ 1;…;N � 1

(28)

Index “0” in Eqs. (27) and (28) means that the Jacobian of the
system (23)–(24) is calculated at wi ¼ 0; hi ¼ 0. Note also that
values of the functions AðxÞ and IðxÞ in the grid nodes xi are
estimated by the piecewise cubic Hermite polynomial
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interpolation. The problem is considered for a rectangular section
with � ¼ 0:3 and a ¼ 5=6.

Dependencies of the first natural frequencies of the beam on a
number of grid nodes N are shown in Fig. 2. One can see that the
process of calculating these values at N ¼ 300 and N ¼ 600 is
convergent with the relative errors of 2.86%, 5.99%, and 7.98%
for the first x1, second x2, and third x3 eigenfrequencies, respec-
tively. In subsequent calculations, the grid G300 will be used,
which covers all the features of the input functions AðxÞ and IðxÞ,
and is a good choice between the accuracy of computing and the
economy of computational resources (see Fig. 2). Note that the
stiffness matrix of the linear problem at N ¼ 300 is positive defi-
nite. This means that the corresponding linear oscillations of the
beam are stable.

Three computed natural frequencies of the Timoshenko beam
with the specified mechanical and geometrical properties are pre-
sented in Table 1 in both dimensionless and dimensional forms.
These correlate perfectly with the results obtained from the com-
mercial software ABAQUS. The mode shapes of the displacement
w and rotation angle h corresponding to the natural frequencies
x1 and x2 are depicted in Figs. 3(a) and 3(b), respectively, which
correspond with the ones obtained from ABAQUS as shown in
Fig. 3(c).

In order to study the nonlinear eigen behavior of the Timo-
shenko beam, we introduce the initial nonzero beam deflections
wðx; 0Þ; hðx; 0Þ with zero velocities _wðx; 0Þ; _hðx; 0Þ. The spec-
trum of the free vibrations that the beam undergoes is used to
identify the frequency of its nonlinear motion. As the initial devia-
tions, the obtained modes of linear oscillations are considered

wi 0ð Þ ¼ R � wi
ðmÞ and hi 0ð Þ ¼ R � hi

ðmÞ ði ¼ 1;…;N � 1Þ (29)

where w
ðmÞ
i and hðmÞi are the mth mode of linear vibrations that cor-

responds to the natural frequency xm. Note that the linear modes
are normalized so that the displacement at node N� 1 is unity,

i.e., w
ðmÞ
N�1 ¼ 1. It follows that R is the amplitude of vibrations at

the point of xN�1. Equation (15) are supplemented by the follow-
ing conditions for derivatives:

_wi 0ð Þ ¼ 0 and _hi 0ð Þ ¼ 0 ði ¼ 1;…;N � 1Þ (30)

To calculate the eigenfrequency of nonlinear vibrations of the
beam, we will analyze time series of the transverse displacement
w in the beam point of xN�1, since the amplitude of w is maximal
there. Figure 4 illustrates the dependencies of wN�1ðtÞ for the first
(Fig. 4(a)) and second (Fig. 4(b)) modes. One can see that the per-
iodic process is stable for both the first and second modes. It is
necessary to mention that similar dependencies, but with smaller
amplitudes, occur in the case of other points of the beam and for
higher modes.

It is a well-known fact that nonlinear frequencies of a system
are amplitude-dependent, i.e., there is a frequency of beam

vibrations for each amplitude R and by changing R in a wide range
one derives the skeleton curve that demonstrates the correlation
between the eigenfrequency and the amplitude of nonlinear vibra-
tions of the beam for a given mode. Figure 5 illustrates the skele-
ton curves for variable w corresponding to the first and second
modes of nonlinear vibrations of the Timoshenko beam. It is seen
that both curves are smooth in nature and decreasing, i.e., the
eigenfrequency decreases with the rising amplitude of nonlinear
oscillations.

5 Forced Beam Vibrations

The algorithm developed was applied to the simulation of
forced vibrations of the beam in order to clarify its reaction to the
periodic transversal load oscillating with the frequency that is
close to the fundamental beam frequency x1. The external force-
is assumed to take a harmonic temporal form and be distributed
uniformly along the beam axis in accordance with the last term of
Eq. (9), thus

p x; tð Þ ¼ q0sinhxpt (31)

where q0 and xp are the force amplitude and excitation frequency,
respectively.

Equations (23) and (24) with boundary conditions (25) and (26)
along with zero initial conditions (15) are considered for the fol-
lowing fixed parameters: q0¼ 0.0015, xp/x1¼ 1.05, and
e ¼ 0:02. Figure 6 illustrates the time history of the transverse dis-
placement w in the beam axis points at dimensionless coordinates
x¼ 1 (Fig. 6(a)), x¼ 0.75 (Fig. 6(b)), x¼ 0.5 (Fig. 6(c)) and
x¼ 0.25 (Fig. 6(d)). It is seen that the beam points oscillate in dif-
ferent manners depending on their position. The points located
near the free end are subject to almost harmonic oscillations and
the free end vibrates at a single frequency close to the external
force frequency. When a point approaches the pinched end of the
beam, the nature of its forced oscillations becomes much more
complicated. We deal with two-frequency oscillations here and
oscillations of the points located closer to the pinched end are lag-
ging in phase compared to oscillations of the free end due to vis-
cous damping.

Viscous damping and specific distribution of the external force
along the beam axis lead to a change of the mode at which the
beam oscillates with the effect of the former demonstrated in
Fig. 7. This figure depicts the beam shapes at two time instances.
The first corresponds to the maximum amplitude of oscillations of
the free end (green dashed line) and the second lies near the mid-
dle of the period (blue solid line). These instances are shown with
red markers on the graphs of function wðx; tÞ in Fig. 6. It follows
from Fig. 7 that near the first frequency x1, the beam oscillates
similarly to the second natural beam mode.

Further vibrations of the small two-dimensional cantilever
beam under the action of different external pulse loads are calcu-
lated using both the MATLAB code developed on the basis of FDM
and the finite element software package ABAQUS. The geometric
and physical parameters of the beam are as follows: length L ¼ 1
m, thickness varies linearly from 0.1 m at x ¼ 0 to 0.05 m at
x ¼ L, q ¼ 7800 kg/m3, E ¼ 2� 105MPa, � ¼ 0:25, a ¼ 5=6,
and e ¼ 0. The uniform grid G300 is used in the calculations by
FDM. Initially, a linear analysis of this beam was performed using
both FDM and ABAQUS. It was obtained that the natural period of
the fundamental mode of the beam is equal to 11.3067 msec as
obtained by FDM and 11.2994 msec as calculated by ABAQUS. One
can see that the natural periods of the beam’s fundamental mode

Fig. 2 Evaluation of convergence of the numerical scheme for
the natural frequencies of the beam

Table 1 Computed natural frequencies for the Timoshenko
beam

Mode number 1 2 3
Frequency 0.029 (1.3 Hz) 0.106 (4.7 Hz) 0.250 (11 Hz)
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derived by the two methods are almost the same. In subsequent
simulations, the duration of the rectangular pulse load will be
related to this period to cover the entire spectrum of the regime of
loading. The impulsive regime with the pulse load duration of 2.2
msec, the dynamic regime with the duration equal to 11.3 msec,
and the quasi-static one corresponding to a duration of 34 msec
will be considered.

Figure 8 shows the resistance curves for the beam obtained
through linear and nonlinear analyses conducted using ABAQUS.

The curves depict the point at which geometric nonlinear phenom-
enon emerges and as deformations grow larger this effect becomes
more significant. In Figs. 9 and 10, the time histories of the
beam’s endpoint are denoted for different amplitudes of the exter-
nal load which is equal to 8 N/mm in Fig. 9 and 12 N/mm in Fig.
10. These are amplitudes which are large enough to allow for non-
linear effects to be pronounced. Figure 9 demonstrates a good cor-
relation between results obtained by the MATLAB code and ABAQUS

especially at the initial stage of the calculations. The difference is

Fig. 3 Computed modal shapes of (a) the transversal displacement and (b) the angle of axial rotation
for the first and second natural frequencies of the beam obtained by FDM. (c) Natural modes of vibra-
tion for the first four modes of the beam from ABAQUS. (d) Finite element mesh of the model (converged
mesh size is 0.005 m).

Fig. 4 Dependencies of wN21(t) with nonlinear beam vibrations for (a) the first mode, and (b) the second mode
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further due to the fact that the calculations with FDM do not take
into account the internal diffusion of the beam, which is especially
evident at the higher load (Fig. 10). One can see in Figs. 9 and 10
that for moderate displacements, a better correlation is obtained;
however, even for large displacements, a reasonable correlation
exists. Figs. 11(a) and 11(b) demonstrate the dependence of the
maximum displacement on the pulse duration and the maximum
pressure, respectively. As can be seen from these figures, the non-
linear effects emerge at higher displacement levels.

A final remark concerning simulation times is in order. While a
direct comparison of the two models of the same mesh size is not
possible due to the dimensionality difference between the two
models (1D mathematical/MATLAB model and 2D ABAQUS model),
it is possible to compare the simulation times for the converged
models in each case. As far as linear perturbation analyses are
concerned for a given natural mode the simulation time for MAT-

LAB code is 90 s on a PC with a 3.5 GHz core, which is comparable
to the 40 s it takes to run a similar ABAQUS simulation. As for
the dynamic response, it takes around 100–150 s to run the simple
model in MATLAB, whereas it takes up to 8 min to run a similar

Fig. 5 Skeleton curves matching (a) the first mode and (b) the second mode of the Timoshenko beam

Fig. 6 Time histories of the transverse displacement of the beam points under the action of the same periodic
loading

Fig. 7 The shapes of the transversal displacement during the
period of forced oscillations
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simulation using ABAQUS/EXPLICIT. It is further found that introduc-
ing damping at the level assumed has minimal effect on the simu-
lation time in each case.

6 Conclusions

In this study, the mathematical model of the nonprismatic Tim-
oshenko beam considering shear and bending deformations is
developed. The nonlinear equations of the beam dynamics are
derived using the extended Hamilton’s principle (Lagrange-
D’Alembert’s principle) under the condition of finite angles of
rotation of the beam’s neutral axis. The beam is also assumed to
be made of an isotropic linear elastic material for which Hooke’s
law is valid.

The discrete model of the beam motion is evolved. It is based
on the finite difference method that reduces partial differential
equations to the system of ordinary differential equations of the
first order. The PDEs, converted to ODEs, are then numerically
solved to derive the structural response and eigenfrequencies of
the nonprismatic Timoshenko beam. The natural frequencies and
vibration modes are computed for linear as well as for nonlinear
beam vibrations of the type expected in the problem. These results
demonstrate decreasing the beam eigenfrequency with raising the
amplitude of nonlinear oscillations. It is obtained that the nonlin-
ear mode shapes are homomorphic with those of linear modes.

The numerical analyses of forced vibrations of a given beam in
the field of external pulse loading are carried out. The beam points
are observed to oscillate in different manners depending on their
relative positions along the beam. Points close to the free end of
the beam are subject to almost harmonic oscillations, and the free
end vibrates with a frequency equal to that of the external force.
When a point approaches the clamped end of the beam, it oscil-
lates in two-frequency mode and lags in phase from the oscilla-
tions of the free end. Some damping was introduced in this work
to stabilize the response and the results of analyses at each stage
were compared with those obtained by the commercial FE soft-
ware, ABAQUS 2019.

The reliability of the developed numerical method was tested
through the calculations of the dynamic reaction of a special two-
dimensional Timoshenko beam subject to external pulse loads.
Moderate and large amplitudes of pulse were selected and impul-
sive, dynamic, and quasi-static loading regimes, defined purely
based on the ratio of loading duration to the natural period of the
vibration, were considered. Under these circumstances, the evolu-
tion of the displacement of the free end of the beam calculated by
the FDM was compared with similar data obtained by the

Fig. 8 Reaction force versus tip displacement curve, showing
the emergence of nonlinear behavior in the beam

Fig. 9 Correlation of displacement time histories between ABA-

QUS and the MATLAB code for (a) small, (b) medium, and (c) large
deflections due to rectangular pulse load of magnitude 8 N/mm
and durations 2.2 msec (impulsive), 10.1 msec (dynamic), and
34 msec (quasi-static). The full range of loading regimes is
considered.

Fig. 10 Correlation of displacement time histories between
ABAQUS and the MATLAB code for (a) small, (b) medium, and (c)
large deflections due to rectangular pulse load of magnitude
12 N/mm and durations 2.2 msec (impulsive), 10.1 msec
(dynamic), and 34 msec (quasi-static). The full range of loading
regimes is considered.
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commercial FE software, ABAQUS 2019. In all cases, a strong corre-
lation exists between the two sets of results at the initial stage of
the calculations, which is weakened as time elapses due to the fact
that FDM does not take into account viscous damping.
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