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Abstract

We consider a class of nonlinear stochastic systems with square-root nonlin-
earities appearing in the diffusion terms. The optimal control problems with
indefinite quadratic criteria in both finite and infinite horizon are formulated
and solved in an explicit closed-form. It turns out that all optimal controls
are of an affine state-feedback form, despite the fact that the system is non-
linear. We use the method of completion of squares and new types of Riccati
differential and algebraic equations to find the solutions. An application to
the problem of optimal investment in a market with a stochastic interest rate
is given.

Keywords: Optimal control; Nonlinear stochastic systems; Square-root
nonlinearity; Optimal investment.

1. Introduction

Let (Ω,F ,P) be a given complete probability space and (W (t), t ≥ 0)
a one dimensional standard Brownian motion defined on this space. The
filtration (FW (t), t ≥ 0) is defined as the augmentation of σ{W (s) : 0 ≤ s ≤
t} by all the P-null sets of F . Consider the linear stochastic control system:

dx`(t) = [A`(t)x`(t) +B`(t)u`(t)]dt+ [C`(t)x`(t) +D`(t)u`(t)]dW (t), t ≥ 0,

x`(0) ∈ Rn,
(1.1)
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for some suitable deterministic matrix-valued functionsA`(·), B`(·), C`(·), D`(·)
and an FW (t)-adapted control process u`(·) such that (1.1) has a unique
strong solution. The stochastic linear-quadratic (LQ) control problem is the
optimal control problem of minimizing the quadratic cost functional

E

{∫ T

0

[x′`(t)Q`(t)x`(t) + u′`(t)R`(t)u`(t)]dt+ x′`(T )S`x`(T )

}
,

subject to (1.1). The LQ control problem has been studied extensively since
its introduction by [18] for deterministic systems (see, e.g., [1], [11]). One
of the first solutions to the stochastic LQ problem with multiplicative noise
and deterministic coefficients was given in [37], [38] (see, e.g., [41], [12], for a
texbook account). The case with random coefficients was considered by [3],
which initiated the study of backward stochastic differential equations, and
has been studied further in, for example, [28], [35], [36]. The case with a
fixed final state was solved in [14], with state-dependent weights in [15], and
for the mean-field setting see, for example, [39], [40]. A typical assumption
in the LQ control problems is that the coefficients of the cost functional have
certain definiteness properties. This assumption can be weakened further,
and it leads to indefinite LQ control, see, for example, [6], [25], [7], [32], [33],
[31], [30], [24], [16], [23], [26], [27].

In this paper we introduce a certain nonlinear generalisation to the stochas-
tic LQ control problem that retains the explicit closed-form solvability. Let
(W1(t), t ≥ 0) and (W2(t), t ≥ 0) be m-dimensional and η-dimensional
standard Brownian motions, respectively, defined on our given probability
space (Ω,F ,P). We assume that W (·), W1(·) and W2(·) are mutually in-
dependent. The filtration (F(t), t ≥ 0) is defined as the augmentation of
σ{(W (s),W1(s),W2(s)) : 0 ≤ s ≤ t} by all the P-null sets of F . Instead of
the linear system (1.1), we consider the following nonlinear stochastic system
with square-root nonlinearities in the diffusion terms:
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dx1(t) = [G1(t)x1(t) +H1(t)]dt+ Γ1(x1(t), t)dW1(t),

dx2(t) = [A1(t)x1(t) + A2(t)x2(t) +B1(t)u(t)]dt

+[C1(t)x1(t) + C2(t)x2(t) +D1(t)u(t)]dW (t)

+Γ2(x1(t), x2(t), u(t), t)dW2(t),

x1(0) = x10 ∈ Rm
+ , x2(0) = x20 ∈ Rn.

(1.2)

Thus, the linear system (1.1) has been expanded to include additional diffu-
sion terms Γ1(x1(t), t) and Γ2(x1(t), x2(t), u(t), t) which we assume to be of
square-root nonlinear form as follows:

Γ1(x1(t), t) := diag(
√
x11(t),

√
x12(t), . . . ,

√
x1m(t)), (1.3)

Γ2(x1(t), x2(t), u(t), t) := E(t)diag(
√
φ1,
√
φ2, . . . ,

√
φη), (1.4)

where diag(·) denotes the diagonal matrix; x1i(·), i = 1, ...,m, are the ele-
ments of x1(·); and

φk := x2(t)
′Qk(t)x2(t) + u(t)′Rk(t)u(t) + x1(t)

′Lk(t) + Zk(t), k = 1, 2, . . . , η.

Denoting by L∞(0, T ;Rn×m) the set of uniformly bounded matrices of di-
mension n × m (and L∞(0, T ;Sn×m) if the matrix is also symmetric) our
assumptions on the coefficients of (1.2) are:

H1(·), Lk(·) ∈ L∞(0, T ;Rm), A1(·), C1(·) ∈ L∞(0, T ;Rn×m),

A2(·) ∈ L∞(0, T ;Rn×n), C2(·) ∈ L∞(0, T ;Rm×m),

B1(·), D1(·) ∈ L∞(0, T ;Rn×nu), E(·) ∈ L∞(0, T ;Rn×η),

Qk(·) ∈ L∞(0, T ;Sn), Rk(·) ∈ L∞(0, T ;Snu),

diag(g1(·), ..., gm(·)) =: G1(·) ∈ L∞(0, T ;Rm×m).

We further assume that Qk(t) ≥ 0, Rk(t) ≥ 0, Zk(t) > 0, and the components
of Lk(t) are non-negative for k = 1, 2, ..., η. The system (1.2) can be written
in the following more compact form:

dx(t) = [A(t)x(t) +B(t)u(t) +H(t)]dt+ [C(t)x(t) +D(t)u(t)]dW (t)

+θ1(x(t), u(t), t)dW1(t) + θ2(x(t), u(t), t)dW2(t),

x′(0) ∈ R1×m
+ ×R1×n,

(1.5)
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where x′(·) := [x′1(·), x′2(·)] and

A(t) :=

[
G1(t) 0
A1(t) A2(t)

]
, B(t) :=

[
0

B1(t)

]
, C(t) :=

[
0 0

C1(t) C2(t)

]
,

D(t) :=

[
0

D1(t)

]
, H(t) :=

[
H1(t)

0

]
, θ1(x(t), t) :=

[
Γ1(x1(t), t)

0

]
,

θ2(x(t), u(t), t) :=

[
0

Γ2(x1(t), x2(t), u(t), t)

]
.

The motivation for considering system (1.5) is twofold: it is a rare case of a
nonlinear stochastic control system for which we can solve an optimal control
problem in an explicit closed form, and it has the potential for applications as
illustrated in section 4. The equation for the state x1(·) is a multi-dimensional
version of the well-known Cox-Ingersoll-Ross (CIR) model, which has wide
applicability in modelling interest rates (see, for example, [9], [34], [4]). The
nonlinearities in the state x2(·) without the control variables and the linear
dependence on the state x1(·), are also known and the resulting equation ad-
mits an explicit solution in some cases (see, for example, [21]), and have been
used to model nonlinear stochastic uncertainties in the control system model
(see [5], [17]). However, the stochastic control system (1.5) where the states
x1(·) and x2(·) are coupled, and the nonlinear diffusion parts of x2(·) contain
nonlinearly the control variables, appears to not have been considered before
(for example, it does not fall within the nonlinear stochastic control systems
considered in [8], [20]).

We associate with (1.5) the following quadratic-linear functional:

J(u(·)) := E
{∫ T

0

([
x(t)
u(t)

]′ [
Q(t) L(t)
L(t)′ R(t)

] [
x(t)
u(t)

]
+x(t)′Ld(t)+u(t)′Le(t)

)
dt

+x(T )
′
H̄x(T )+L̄′cx(T )

}
,

where

R(·) ∈ L∞(0, T ;Snu), Q(·) ∈ L∞(0, T ;Sm+n), L(·) ∈ L∞(0, T ;R(m+n)×nu),

Ld(·) ∈ L∞(0, T ;Rm+n), Le(·) ∈ L∞(0, T ;Rnu), H̄ ∈ Sm+n, L̄c ∈ Rm+n.
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Our aim is in finding the solution to the following optimal control problem:
min
u(·)∈A

J(u(·))

s.t. (1.5),

(1.6)

where A is a suitable admissible set of controls to be defined precisely later.

It is thus clear that the problem (1.6) is an optimal stochastic control
problem with a general quadratic-linear cost functional, the weighting ma-
trices of which we permit to be indefinite in general, and the control system
dynamics are nonlinear with a multiplicative noise. This nonlinear general-
ization of the stochastic LQ control problem is thus a new. The solutions
to such optimal control problems in an explicit closed-form, while desirable
from the applications point of view, are scarce. Indeed, due to the square-
root nonlinearity of the problem, the usual Lipschitz type conditions for the
existence of the solution, which are essential in defining the admissible set
of controls, do not apply directly. Moreover, due to the nonlinearity of the
system, it might be expected that the solution could be a nonlinear control
law. If one is to consider an infinite horizon version of the problem (1.6),
then an additional problem is the stability of the system, which is again a
difficult problem when nonlinear systems are concerned.

In this paper, we make the following contributions to this problem:

a) In section 2 we find all solutions to the problem (1.6) in an explicit
closed-form. In order to achieve this, we first introduce a new type of a Ric-
cati differential equation with algebraic equality and inequality constraints
which have additional new terms. The introduction of this equation was
necessitated by the nonlinearities in the system dynamics, and these do not
appear in the classical LQ control problem. Moreover, a certain more in-
volved version of the completion of squares method is employed in deriving
the solutions. In turns out that although the system dynamics are nonlin-
ear, all solutions to the control problem (1.6) are of an affine state-feedback
form. We further show that under such controls the equations of the system
dynamics have unique strong solutions.

b) In section 3 we formulate an infinite horizon version of the problem
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(1.6) by using an infinite-horizon average cost functional. All solutions to
such an optimal control problem are derived as well in an explicit closed-
form. Moreover, we also address the stability problem of the system under
the optimal controls. Due to the quadratic-linear nature of the cost func-
tional and the nonlinearities in the system, the known stability results for
linear or nonlinear stochastic systems could not be applied, and we thus had
to prove this result directly.

c) In section 4 we consider one application of our results. There we con-
sider an optimal investment problem in a market with nonlinear stochastic
interest rate. This problem, in its original formulation, is not of the type
(1.6). However, after a particular reformulation, we show that it turns out to
be an example of the optimal control problem (1.6). We have thus obtained
the solution to such a fundamental problem of financial engineering as an
application of our general results.

Before we proceed further, recall the following useful facts for the Moore-
Penrose generalised inverses (see, for example, [29], [30]).

Lemma 1. Let a matrix M ∈ Rm×n be given. Then there exists a unique
matrix M † ∈ Rn×m such that:{

MM †M = M, M †MM † = M †,

(MM †)′ = MM †, (M †M)′ = M †M,
(1.7)

where the matrix M † is called the Moore-Penrose pseudo inverse of M .

Lemma 2. For a symmetric matrix S, the following hold:

(i) S† = (S†)′,

(ii) SS† = S†S,

(iii) S ≥ 0 if and only if S† ≥ 0.

Lemma 3. If L, M , and N are given matrices, then the matrix equation

LXM = N, (1.8)
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has a solution X if and only if

LL†NM †M = N. (1.9)

In this case, any solution to (1.8) can be represented as

X = L†NM † + S − L†LSMM †,

for some S of appropriate dimensions.

2. Optimal regulator in finite horizon

In this section we give the solution to the problem (1.6). The set of all
solutions is found in an explicit closed form through certain ordinary differen-
tial equations with algebraic constraints. We begin first by considering these
equations and their solvability, which also enables us to define the admissible
set A of controls. Throughout the paper, when no confusion arises, we omit
the argument t for notational simplicity.

Let M := [0′ I]′ be an (m + n) × n matrix with the identity matrix I
being of dimension n. Using the unit vectors ek of dimension η, we define
Nk(t) := ME(t)ek, ∀ t ≥ 0, k = 1, 2, ..., η. The following is our Riccati
differential equation:

Ṗ + PA+ A′P + C ′PC +

η∑
k=1

N ′kPNkMQkM
′ +Q

− (C ′PD + PB + L)(D′PD +

η∑
k=1

N ′kPNkRk +R)†(D′PC +B′P + L′) = 0,

P (T ) = H̄,

(D′PD +

η∑
k=1

N ′kPNkRk +R)(D′PD +

η∑
k=1

N ′kPNkRk

+R)†(D′PC +B′P + L′)− (D′PC +B′P + L′) = 0,

D′PD +

η∑
k=1

N ′kPNkRk +R ≥ 0, a.e. t ∈ [0, T ].

(2.1)

This equation has great similarity with the Riccati differential equation of
indefinite LQ control problem of [30], but it is more general as it has the
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additional terms
∑η

k=1N
′
kPNkMQkM

′ and
∑η

k=1N
′
kPNkRk, which are due

to the nonlinearities φk.

Assumption 1. Equation (2.1) has a unique solution.

While there are no general sufficient conditions that ensure this assump-
tion holds, which is also the case for the simpler equation of LQ control
in [30], there is one important case for which we have such conditions. If
D′PD +

∑η
k=1N

′
kPNkRk +R > 0, equation (2.1) reduces to:

Ṗ + PA+ A′P + C ′PC +

η∑
k=1

N ′kPNkMQkM
′ +Q

− (C ′PD + PB + L)(D′PD +

η∑
k=1

N ′kPNkRk +R)−1(D′PC +B′P + L′) = 0,

P (T ) = H̄,

D′PD +

η∑
k=1

N ′kPNkRk +R > 0, a.e. t ∈ [0, T ],

(2.2)

Due to the terms
∑η

k=1N
′
kPNkMQkM

′ and
∑η

k=1N
′
kPNkRk, we cannot ap-

ply known results to show the solvability of (2.2), and thus need to rewrite
them in a more convenient form as follows. Let Q̄k := MQkM

′ and Λ :=
E ′M ′PME. Since the matrices Qk are assumed nonnegative, then so are
matrices Q̄k and can thus be written as Q̄k = Q̄

1/2
k Q̄

1/2
k . Denoting by Λkk the

kk’th element of Λ, which is of course Λkk = e′kΛek, we have:

η∑
k=1

N ′kPNkMQkM
′ =

η∑
k=1

Q̄
1/2
k ΛkkQ̄

1/2
k . (2.3)

Let ξkτ be a η × (m + n)-dimensional matrix in which the kτ ’th element is
1, whereas all other elements are 0. The matrix ΛkkI can be written as

ΛkkI =
m+n∑
τ=1

ξ′kτΛξkτ ,
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which when substituted in (2.3) gives

η∑
k=1

N ′kPNkMQkM
′ =

η∑
k=1

Q̄
1/2
k

(
m+n∑
τ=1

ξ′kτΛξkτ

)
Q̄

1/2
k

=

η∑
k=1

m+n∑
τ=1

Q̄
1/2
k ξ′kτE

′M ′PMEξkτ Q̄
1/2
k .

The term
∑η

k=1N
′
kPNkRk can be rewritten in a similar form. The solvabil-

ity of (2.2) now follows from the known results on Riccati equations, such
as [7], [31], under different assumptions on Q, R, and H̄ (e.g. if Q ≥ 0,
R > 0, H̄ ≥ 0, then (2.2) has a unique solution).

We now introduce another differential equation. Let εa be a unit vector of
dimension m, ba := [ε′a 0] an (m+ n)-dimensional vector, and M̃ ′ := [I 0]
an m× (m+ n)-dimensional matrix. Consider the equation:

L̇c + A′Lc + 2PH +
m∑
a=1

b′aPaa +

η∑
k=1

N ′kPNkM̃Lk + Ld − (C ′PD

+ PB + L)(D′PD +

η∑
k=1

N ′kPNkRk +R)†(Le +B′Lc) = 0, t ∈ [0, T ],

(D′PD +

η∑
k=1

N ′kPNkRk +R)(D′PD +

η∑
k=1

N ′kPNkRk

+R)†(Le +B′Lc)− (Le +B′Lc) = 0, a.e. t ∈ [0, T ],

Lc(T ) = L̄c,

(2.4)

where Paa denotes the aa’th element of P . This is thus a linear differential
equation with a certain equality constraint.

Assumption 2. Equation (2.4) has a unique solution.

Similarly to the case of Riccati equation, if D′PD+
∑η

k=1N
′
kPNkRk+R >
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0, equation (2.4) reduces to:L̇c + A′Lc + 2PH +
m∑
a=1

b′aPaa +

η∑
k=1

N ′kPNkM̃Lk + Ld − Le −B′Lc = 0, t ∈ [0, T ],

Lc(T ) = L̄c,

which has a unique solution due to its linearity and our assumptions on the
coefficients.

We can now define the admissible set of controls A. Let L0
F(0, T ;Rn) and

L2
F(0, T ;Rn) denote the set F(t)-adapted processes and square-integrable

processes, respectively, of dimension n. Also let:

ρ(x(t), u(t), t) := (2x′P + Lc)(Cx+Du),

ρ1(x(t), u(t), t) := (2x′P + Lc)θ1(x(t), u(t), t),

ρ2(x(t), u(t), t) := (2x′P + Lc)θ2(x(t), u(t), t).

These terms appear as diffusion coefficients of the differential of x′(t)P (t)x(t)+
x′(t)Lc(t). We consider only the following set of control processes:

A := {u(·) ∈ L0
F(0, T ;Rnu) : equation (1.5) has a unique strong solution on [0, T ],

ρ(x(t), u(t), t) ∈ L2
F(0, T ;R), ρ1(x(t), u(t), t) ∈ L2

F(0, T ;R1×m),

ρ2(x(t), u(t), t) ∈ L2
F(0, T ;R1×η)}.

The optimal control problem to be solved (1.6) is now fully defined and we
can proceed to its solution. It is convenient to first define the following
matrices:
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R̄(t) := D(t)′P (t)D(t) +

η∑
k=1

Nk(t)
′P (t)Nk(t)Rk(t) +R(t),

X̄(t) := 2(D(t)′P (t)C(t) +B(t)′P (t) + L(t)′),

Ȳ (t) := Le(t) +B(t)′Lc(t),

S̄(t) := Ṗ (t) + P (t)A(t) + A(t)′P (t) + C(t)′P (t)C

+

η∑
k=1

Nk(t)
′P (t)Nk(t)MQk(t)M

′ +Q(t)

T̄ (t) := 2P (t)H(t) +
m∑
a=1

b′aPaa(t) +

η∑
k=1

Nk(t)
′P (t)Nk(t)M̃Lk(t)

+L̇c(t) + A(t)′Lc(t) + Ld(t),

Z̄(t) :=

η∑
k=1

Nk(t)
′P (t)Nk(t)Zk(t) + L′c(t)H(t),

ζ(t) :=

η∑
k=1

Nk(t)
′P (t)Nk(t)Zk(t) + L′c(t)H(t)

−1

4
[Le(t) +B(t)′Lc(t)]

′[D(t)′P (t)D(t) +

η∑
k=1

Nk(t)
′P (t)Nk(t)Rk(t)

+R(t)]†[Le(t) +B(t)′Lc(t)].

If Y (·) ∈ L2
F(0, T ;Rnu×(m+n)) and z(·) ∈ L2

F(0, T ;Rnu) are two given pro-
cesses, we define:

Ψ1(t) := Y (t)− R̄†R̄Y (t),

Ψ2(t) := z(t)− R̄†R̄z(t),

u∗(t) := −
(

1

2
R̄†X̄ + Ψ1(t)

)
x(t)−Ψ2(t)− 1

2
R̄†Ȳ . (2.5)

Theorem 1. If the processes Y (·) and z(·) are such that u∗(·) ∈ A, then
u∗(·) is a solution to the optimal control problem (1.6). The corresponding
optimal cost is

J(u∗(·)) = x′0P (0)x(0) + Lc(0)′x0 +

∫ T

0

ζ(t)dt.

Moreover, any optimal control is of the form (2.5).
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Before we give the proof to this main result, let us emphasize that the
solution to the optimal control problem (1.6) is not unique in general. In-
deed, for any pair Y (·) and z(·) that satisfies the requirement of u∗(·) ∈ A,
we obtain one solution. In the special case of R̄ > 0 the processes Ψ1(t) and
Ψ2(t) are zero. This means u∗(·) is independent of Y (·) and z(·) and it thus
represents the unique optimal control process, which is an affine function of
state.

Proof of Theorem 1. For any u(·) ∈ A the following holds:

E[x(T )′P (T )x(T )] = x′0P (0)x0 + E
[ ∫ T

0

{
x′Ṗ (t)x+ 2x′P (t)[A(t)x+B(t)u+H(t)]

+ [C(t)x+D(t)u]′P (t)[C(t)x+D(t)u] + tr[θ1(x, t)
′P (t)θ1(x, t)]

+ tr[θ2(x, u, t)
′P (t)θ2(x, u, t)

]}
dt

]
.

The trace terms contain quadratic forms of the nonlinearities θ1 and θ2 and
can be written as:

tr[θ1(x, t)
′P (t)θ1(x, t)] = x′

m∑
a=1

b′aPaa.

tr[θ2(x, u, t)
′P (t)θ2(x, u, t)] = x′

(
η∑
k=1

Nk(t)
′P (t)Nk(t)MQk(t)M

′

)
x

+ u′

(
η∑
k=1

Nk(t)
′P (t)Nk(t)Rk(t)

)
u

+ x′
η∑
k=1

Nk(t)
′P (t)Nk(t)M̃Lk(t)

+

η∑
k=1

Nk(t)
′P (t)Nk(t)Zk(t).
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We can thus write E[x(T )′P (t)x(T )] as:

E[x(T )′P (t)x(T )]

= x′0P (0)x0 + E
[ ∫ T

0

{
x′
[
Ṗ (t) + P (t)A(t) + A(t)′P (t) + C(t)′P (t)C(t)

+

η∑
k=1

Nk(t)
′P (t)Nk(t)MQk(t)M

′

]
x+ 2u′[D(t)′P (t)C(t) +B(t)′P (t)]x

+u′

[
D(t)′P (t)D(t) +

η∑
k=1

Nk(t)
′P (t)Nk(t)Rk(t)

]
u

+x′

(
2P (t)H(t) +

m∑
a=1

b′aPaa(t) +

η∑
k=1

Nk(t)
′P (t)Nk(t)M̃Lk(t)

)

+

η∑
k=1

Nk(t)
′P (t)Nk(t)Zk(t)}dt

]
. (2.6)

For any u(·) ∈ A, the following holds:

E[Lc(T )′x(T )] = Lc(0)′x0 + E
∫ T

0

[(L̇′c + L′cA)x+ L′cBu+ L′cH]dt. (2.7)

Be combining (2.6) and (2.7), we obtain:

E[x(T )′H̄x(T ) + L̄′x(T )] = x′0P (0)y + Lc(0)′x0 + E
∫ T

0

Θ(t, x(t), u(t))dt,
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where

Θ(t, x(t), u(t))

:= x′{[Ṗ (t) + P (t)A(t) + A(t)′P (t) + C(t)′P (t)C

+

η∑
k=1

Nk(t)
′P (t)Nk(t)MQk(t)M

′]}x

+2u′[D(t)′P (t)C(t) +B(t)′P (t)]x+ u′[D(t)′P (t)D(t)

+

η∑
k=1

Nk(t)
′P (t)Nk(t)Rk(t)]u+ u′B(t)′Lc(t)

+x′[2P (t)H(t) +
m∑
a=1

b′aPaa(t) +

η∑
k=1

Nk(t)
′P (t)Nk(t)M̃Lk(t)

+L̇c(t) + A(t)′Lc(t)] +

η∑
k=1

Nk(t)
′P (t)Nk(t)Zk(t) + L′c(t)H(t).

The cost functional J(·) can now be written as:

J(u(·)) = x′0P (0)x0 + Lc(0)′x0 + E
∫ T

0

[Θ(t, x(t), u(t)) + x(t)′Q(t)x(t)

+ 2u(t)′L(t)′x(t) + u(t)′R(t)u(t) + x(t)′Ld(t) + u(t)′Le(t)]dt.(2.8)

By the completion of square we obtain the following for the integrand:

Θ(t, x, u) + x′Q(t)x+ 2u′L(t)′x+ u′R(t)u+ x′Ld(t) + u′Le(t)

= u′R̄u+ u′X̄x+ u′Ȳ + x′S̄x+ x′T̄ + Z̄

=

[
u+

1

2
R̄†X̄x+

1

2
R̄†Ȳ

]′
R̄

[
u+

1

2
R̄†X̄x+

1

2
R̄†Ȳ

]
− 1

4
x′X̄ ′R̄†X̄x

−1

2
x′X̄ ′R̄†Ȳ − 1

4
Ȳ R̄†Ȳ + x′S̄x+ x′T̄ + Z̄.

By Lemma 1, Lemma 2-(ii), and Assumption 1 we have: R̄Ψγ(t) = R̄†Ψγ(t) =
0, and X̄ ′Ψγ(t) = 0, where γ = 1, 2. Hence, the integrand (2.9) can be written
as:

Θ(t, x, u) + x′Q(t)x+ 2u′L(t)′x+ u′R(t)u+ x′Ld(t) + u′Le(t)

=

[
u+

(
1

2
R̄†X̄ + Ψ1(t)

)
x+ Ψ2(t) +

1

2
R̄†Ȳ

]′
R̄

[
u+

(
1

2
R̄†X̄ + Ψ1(t)

)
x

+Ψ2(t) +
1

2
R̄†Ȳ

]
+ x′

(
S̄ − 1

4
X̄ ′R̄†X̄

)
x+ x′

(
T̄ − 1

2
X̄ ′R̄†Ȳ

)
+ Z̄ − 1

4
Ȳ ′R̄†Ȳ .
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Due to Assumption 1 and Assumption 2 we have S̄ − 1
4
X̄ ′R̄†X̄ = 0 and

T̄ − 1
2
X̄ ′R̄†Ȳ = 0. Thus for any u(·) ∈ A the cost functional becomes:

J(u(·)) = x′0P (0)x0 + Lc(0)′x0 +

∫ T

0

ζ(t)dt

+E
∫ T

0

[
u+

(
1

2
R̄†X̄ + Ψ1(t)

)
x+ Ψ2(t) +

1

2
R̄†Ȳ

]′
×R̄
[
u+

(
1

2
R̄†X̄ + Ψ1(t)

)
x+ Ψ2(t) +

1

2
R̄†Ȳ

]
dt (2.9)

≥ x′0P (0)x0 + Lc(0)′x0 +

∫ T

0

ζ(t)dt.

If u(t) = u∗(t) for a.e. t ∈ [0, T ] a.s., this lower bound is achieved. This
proves that u∗(·) is an optimal control.

We now show that any optimal control process uo(·) ∈ A must be of the
form (2.5) for some Y (·) and z(·). As the representation (2.9) holds for any
admissible control process, it implies that it is necessary to have:

R̄1/2

[
uo +

(
1

2
R̄†X̄ + Ψ1(t)

)
x+ Ψ2(t) +

1

2
R̄†Ȳ

]
= 0.

This further implies (after multiplication from the left by R̄1/2):

R̄

[
uo +

(
1

2
R̄†X̄ + Ψ1(t)

)
x+ Ψ2(t) +

1

2
R̄†Ȳ

]
= 0,

R̄uo +
1

2
R̄R̄†(X̄x+ Ȳ ) = 0.

From Lemma 3, it is clear that this last equation with uo as the unknown is
of the type (1.8), it satisfies condition (1.9) and thus has a solution, and all
solutions are given as:

uo = −1

2
R̄†(X̄x+ Ȳ ) + z − R̄R̄†z,

which indeed has the form (2.5). 2

Theorem 1 provides an explicit analytical solution to the considered stochas-
tic optimal control problem. It is notable that the optimal controls turn out
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to be of affine linear state-feedback form. In order to apply the previous
theorem, one needs to check if u∗(·) ∈ A for the particular Y (·) and z(·), i.e.
one needs to check if equation (1.5) has a unique strong solution with suffi-
cient integrability under such a control.The following result gives a sufficient
condition for the admissibility of u∗(·).

Theorem 2. If R̄†(·) and Y (·) are uniformly bounded, then u∗(·) ∈ A.

Proof. The state equation x1(·) is a set of decoupled CIR stochastic differ-
ential equations. Each of such equations has a unique positive solution with
any degree of integrability (see, for example, [9], [34]). Therefore, under the
control u∗(·), the equation for the state x2(·) is a stochastic differential equa-
tion with the process x2(·) as the only unknown, i.e. the state x1(·) appears
only as a known process in such an equation. Moreover, such an equation,
due to the process Y (·) is with a random generator (see, for example, section
1.6.4 of [41]). We now focus in showing that such an equation has a unique
strong solution with the required integrability. According to Theorem 1.6.16
of [41]), it is sufficient to show that the drift and the diffusion terms in the
equation of x2(·) satisfy a uniform Lipschitz condition. Since the drift term
in that equation is linear, and Y (·) is assumed bounded, this condition is
satisfied. In order to show that the same holds for the diffusion term, and
since the matrix Γ2 is diagonal, it is sufficient to consider one of the terms√
φk. We now show that these are indeed uniformly Lipschitz, which then

implies that u∗(·) ∈ A by Theorem 1.6.16 of [41]). Let us define first the
following:

K1(t) := −
(

1

2
R̄†(t)X̄(t) + Ψ1(t)

)
, t ∈ [0, T ],

K2(t) := −Ψ2(t)− 1

2
R̄†(t)Ȳ (t), t ∈ [0, T ],

Q̃k(t) :=

[
0 0
0 Qk(t)

]
, t ∈ [0, T ],

Z̃k(t) := x′1(t)Lk(t) + Zk(t), t ∈ [0, T ],

ψk(t, y) :=
{
y′Q̃ky + [K1(t)y +K2(t)]

′Rk(t)[K1(t)y +K2(t)] + Z̃k(t)
}1/2

,

t ∈ [0, T ], y ∈ Rm+n.

Due to the assumptions on R̄†(·) and Y (·), the process K1(·) is also uniformly
bounded. Moreover, under control u∗(·), it holds that

√
φk = ψk(t, x(t)).
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Therefore, it is sufficient to show the uniform Lipschitz property for ψk(·, y):

|ψk(t, y1)− ψk(t, y2)|
= |ψ2

k(t, y1)− ψ2
k(t, y2)|[ψk(t, y1) + ψk(t, y2)]

=
∣∣(y1 − y2)′Q̃k(y1 + y2) + [K1(y1 − y2)]′R̃k[K1(y1 + y2) + 2K2]

∣∣
×[ψk(t, y1) + ψk(t, y2)]

≤
[
|Q̃1/2

k ||y1 − y2||Q̃
1/2
k (y1 + y2)|+ |K1||R̃1/2

k ||y1 − y2||R̃
1/2
k [K1(y1 + y2) + 2K2]|

]
×[ψk(t, y1) + ψk(t, y2)]

≤ K∗|y1 − y2|

for some constant K∗, t ∈ [0, T ], and all y1, y2 ∈ Rm+n. 2

Notably, checking if equation (1.5) has a unique strong solution with
sufficient integrability under u∗(t) in (2.5) is a challenging task. In general,
this in not easy even if the system is linear, since in general the process Y (·)
can be unbounded and leads to a system with unbounded coefficients (see,
e.g., [13] for some sufficient conditions for the solvability in such a case). The
problem becomes even more difficult due to the nonlinearity of the system.

3. Infinite horizon regulator

Here we consider an infinite horizon version of the optimal control problem
(1.6). As is typical in infinite horizon problems, we assume that all coefficients
are constant:

H1, Lk ∈ Rm, A1, C1 ∈ Rn×m, A2 ∈ Rn×n, C2 ∈ Rm×m, B1, D1 ∈ Rn×nu ,

E ∈ Rn×η, Qk ∈ Sn, Rk ∈ Snu , diag(g1, ..., gm) =: G1 ∈ Rm×m.

We further assume that Qk ≥ 0, Rk ≥ 0, Zk > 0, and the components of Lk
are non-negative, for all k. The cost functional is of average type give as:

J∞(u(·)) := lim
T→∞

1

T
E
{∫ T

0

([
x(t)
u(t)

]′ [
Q L
L′ R

] [
x(t)
u(t)

]
+x(t)′Ld+u(t)′Le

)
dt

}
,

with the following constant coefficients

R ∈ Snu , Q ∈ Sm+n, L ∈ R(m+n)×nu , Ld ∈ Rm+n, Le ∈ Rnu .
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The optimal control problem to be solved is:
min

u(·)∈A∞
J∞(·)

s.t. (1.5)

(3.1)

for some suitable admissible set A∞. The solution to this problem proceeds
similarly to the previous section, however, a further difficulty is the consider-
ation of stability under the optimal controls, which places further constraints
on the given coefficients. The analog to the differential equation (2.1) is the
following Riccati algebraic equation:

PA+ A′P + C ′PC +

η∑
k=1

N ′kPNkMQkM
′ +Q

− (C ′PD + PB + L)(D′PD +

η∑
k=1

N ′kPNkRk +R)†(D′PC +B′P + L′) = 0,

(D′PD +

η∑
k=1

N ′kPNkRk +R)(D′PD +

η∑
k=1

N ′kPNkRk

+R)†(D′PC +B′P + L′)− (D′PC +B′P + L′) = 0,

D′PD +

η∑
k=1

N ′kPNkRk +R ≥ 0,

(3.2)

The algebraic equations, different from differential equations, can have more
than one solution. We later place further constraints on the solution of (3.2),
due to stability requirements, but for the moment we require a solution to
exist.

Assumption 3. There exists a solution P ∈ R(n+m)×(n+m) to equation (3.2).

The analog to the differential equation (2.4) is the following linear alge-
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braic equation:

2PH +
m∑
a=1

b′aPaai +

η∑
k=1

N ′kPNkM̃Lk + Ld + A′Lc − (C ′PD

+ PB + L)(D′PD +

η∑
k=1

N ′kPNkRk +R)†(Lei +B′Lc) = 0,

(D′PD +

η∑
k=1

N ′kPNkRk +R)(D′PD +

η∑
k=1

N ′kPNkRk

+R)†(Le +B′Lc)− (Le +B′Lc) = 0,

(3.3)

Assumption 4. There exists a solution Lc ∈ Rm+n to equation (3.3).

We now define the admissible set of controls A∞. Let L0
F(0,∞;Rn) and

L2
F(0,∞;Rn) denote the set of real n-dimensional processes that are F(t)-

adapted and square-integrable in the interval [0, T ] for all T ∈ (0,∞), re-
spectively. The following is our stability requirement:

lim
T→∞

1

T
E[x(T )′Px(T ) + x(T )′Lc] = Ĉ ∈ R, ∀x′0 ∈ R1×m

+ ×R1×n. (3.4)

Similarly to the previous section we define the processes:

ρ(x(t), u(t), t) := (2x′P + Lc)(Cx+Du),

ρ1(x(t), u(t), t) := (2x′P + Lc)θ1(x(t), u(t), t),

ρ2(x(t), u(t), t) := (2x′P + Lc)θ2(x(t), u(t), t),

where now P and Lc are solutions to (3.2) and (3.3), respectively. We consider
only the following set of control processes:

A∞ := {u(·) ∈ L0
F(0,∞;Rnu) : equation (1.5) has a unique strong solution on [0,∞),

ρ(x(t), u(t), t) ∈ L2
F(0,∞;R), ρ1(x(t), u(t), t) ∈ L2

F(0,∞;R1×m),

ρ2(x(t), u(t), t) ∈ L2
F(0,∞;R1×η), and condition (3.4) holds}.

Before we state the solution to the optimal control problem (3.1) we introduce
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the following convenient notation:

X̄ := 2(D′PC +B′P + L′), Ȳ := Le +B′Lc, R̄ := D′PD +

η∑
k=1

N ′kPNkRk +R,

S̄ := PA+ A′P + C ′PC +

η∑
k=1

N ′kPNkMQkM
′ +Q,

T̄ := 2PH +
m∑
a=1

b′aPaa +

η∑
k=1

N ′kPNkM̃Lk + A′Lc + Ld,

Z̄ :=

η∑
k=1

N ′kPNkZk + L′cH. Ō := Z̄ − 1

4
Ȳ ′R̄†Ȳ .

If Y (·) ∈ L2
F(0,∞;Rnu×(m+n)) and z(·) ∈ L2

F(0,∞;Rnu) are two given pro-
cesses, we define:

Ψ1(t) := Y (t)− R̄†R̄Y (t),

Ψ2(t) := z(t)− R̄†R̄z(t),

u∗∞(t) := −
(

1

2
R̄†X̄ + Ψ1(t)

)
x(t)−Ψ2(t)− 1

2
R̄†Ȳ . (3.5)

Theorem 3. If the processes Y (·) and z(·) are such that u∗∞(·) ∈ A∞, then
u∗∞(·) is a solution to the optimal control problem (3.1). The corresponding
optimal cost is J∞(u∗∞(·)) = −C̄ + Ō. Moreover, any optimal control is of
the form (3.5).

Proof. The proof follows closely that of Theorem 1 and we include it for
completeness. Thus, similarly to the proof of Theorem 1, for any u(·) ∈ A∞,
the following holds:

E[x(T )′Px(T )] + E[L′cx(T )] = x′0Px0 + L′cx0 + E
[∫ T

0

Θ(x(t), u(t))dt

]
,
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where

Θ(x(t), u(t))

:= x′{[PA+ A′P + C ′PC +

η∑
k=1

N ′kPNkMQkM
′]}x+ 2u′[D′PC +B′P ]x

+u′[D′PD +

η∑
k=1

N ′kPNkRk]u+ u′B′Lc

+x′[2PH +
m∑
a=1

b′aPaa +

η∑
k=1

N ′kPNkM̃Lk + A′Lc] +

η∑
k=1

N ′kPNkZk + L′cH.

Since all admissible controls satisfy condition (3.4), we have:

0 = −C̄ + lim
T→∞

1

T
E
[∫ T

0

Θ(x(t), u(t))dt

]
,

By adding this to the cost functional and completing the square, we obtain:

J∞(u(·)) = −C̄ + Ō + lim
T→∞

1

T
E
{∫ T

0

[
u+

(
1

2
R̄†X̄ + Ψ1

)
x+

1

2
R̄†Ȳ + Ψ2

]′
R̄

[
u

+

(
1

2
R̄†X̄ + Ψ1

)
x+

1

2
R̄†Ȳ + Ψ2

]
dt

}
≥ −C̄ + Ō.

If u(t) = u∗∞(t) for a.e. t ∈ [0,∞) a.s., this lower bound is achieved, which
shows that u∗∞(t) is an optimal control process. The proof of the claim that
any optimal control process is of the form (3.5) proceeds as in the proof of
Theorem 1. 2

Theorem (3) provides a solution to the optimal control problem stated
in (3.1). The problem of deriving conditions that ensure u∗∞(·) ∈ A∞ is
more involved than in the finite horizon case due to the stability require-
ment (3.4), which places further constraints on the solution P to the alge-
braic Riccati equation (3.2). It follows from Theorem 2 that under control
u∗∞(t) = K̄1x(t) + K̄2 there exists a unique strong solution to equation (1.5)
with any degree of stability. We thus focus on showing that the stability
requirement (3.4) is also satisfied.
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Let the processes Y (·) and z(·) be constant and define: K̄1 := −Ψ1 −
R̄†X̄/2, K̄2 := −Ψ2 − R̄†Ȳ /2, which means u∗∞(t) = K̄1x(t) + K̄2. We
further define the following for notational convenience:

Ā := PA+ A′P + C ′PC +

η∑
k=1

N ′kPNkMQkM
′, B̄ := D′PC +B′P,

C̄ := D′PD +

η∑
k=1

N ′kPNkRk, D̄ := 2PH +
m∑
a=1

x′b′aPaai +

η∑
k=1

N ′kPNkM̃Lk,

Ē :=

η∑
k=1

N ′kPNkZk, F̄ := Ā+ K̄ ′1B̄ + B̄′K̄1 + K̄ ′1C̄K̄1,

Ḡ := 2B̄′K̄2 + 2K̄ ′1C̄K̄2 + D̄, L̄ := K̄ ′2C̄K̄2 + Ē.

Theorem 4. If the processes Y (·) and z(·) are constant and such that As-
sumption 3 and Assumption 4 hold with the following further constraints: (i)
the matrix A + BK̄1 has negative eigenvalues; (ii) P ≥ 0; (iii) F̄ < 0 ; (iv)
L̄− Ḡ′F̄−1Ḡ/4 < 0; then u∗∞(·) ∈ A∞ with Ĉ = 0.

Proof. Under the control u∗∞(·) the following holds:

dE[x(t)] = {(A+BK̄1)E[x(t)] +H}dt.

Since the matrix A+BK̄1 is assumed to have negative eigenvalues, we know
that E[L′cx(T )] converges to a constant as T →∞, and thus E[L′cx(T )]/T →
0 as T → ∞. For any 0 ≤ s ≤ T , due to conditions (iii) and (iv), we also
have:

E[x(T )′Px(T )]

= x′(s)Px(s) + E

[∫ T

s

[x′(t)F̄ x(t) + x′(t)Ḡ+ L̄]dt

∣∣∣∣F(s)

]
= x′(s)Px(s)

+E

[∫ T

s

{[
x(t) +

1

2
F̄−1Ḡ

]′
F̄

[
x(t) +

1

2
F̄−1Ḡ

]
− 1

4
Ḡ′F̄−1Ḡ+ L̄

}
dt

∣∣∣∣F(s)

]
≤ x′(s)Px(s),

which implies, due to condition (ii), that E[x(T )′Px(T )] is at most bounded
for any x′0 ∈ R1×m

+ ×R1×n, and thus E[x(T )′Px(T )]/T → 0 as T →∞. 2
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4. Application to optimal investment

Here we given an application of the finite-time horizon results to the
optimal investment problem with stochastic interest rate. Thus, consider a
market of two assets: a bank account B(·) and a stock S(·) the equations of
which are

dB(t) = B(t)r(t)dt, t ≥ 0,

dS(t) = S(t)[µ(t)dt+ σ(t)dW (t)], t ≥ 0

B(0) = B0 > 0 and S(0) = S0 > 0 are given.

(4.1)

Here r(·) is the interest rate of the bank account B(·), whereas µ(·) and σ(·)
are the appreciation rate and the volatility of the stock S(·), respectively.
In this market we consider an investor endowed with the initial wealth y0.
Let vB(t) and vS(t) denote the number of shares that the investor holds in
B(t) and S(t), respectively, at time t. Then the investors wealth at time t is
y(t) := vB(t)B(t) + vS(t)S(t). If u(t) := vS(t)S(t) denotes the amount of the
investor’s wealth invested in the stock, then the equation of the self-financing
portfolio is (see, e.g., [22],[19]):

dy(t) = [r(t)y(t) + (µ(t)− r(t))u(t)]dt+ σ(t)u(t)W (t), t ≥ 0,

y(0) = y0 > 0.
(4.2)

Let µ(t) be a given process and σ(t) a deterministic function, whereas for
the interest rate r(t) we assume that it follows the Cox-Ingersoll-Ross process
(see, e.g.,[34]): dr(t) = [ar(t) + b]dt+

√
r(t)dW11(t), t ≥ 0,

r(0) = r0 > 0,

(4.3)

for some constants a and b. Moreover, we assume that q(t) := µ(t)− r(t) is a
deterministic function (note that this is typical assumption in a market with
stochastic interest rate, see, e.g. [39]). The problem of optimal investment
with a logarithmic utility is the following optimal control problem:

max
u(·)∈A`

E[log(y(T ))],

s.t. (4.2),

, (4.4)
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where A` contains only the control process that ensure (4.2) has a unique
positive strong solution. In this formulation, this problem is different from
the ones we have considered in the previous sections as both the control sys-
tem (4.2) and the cost functional E[log(y(T ))] are different. However, we
now show that it can be reformulated as an example of the control problem
considered in section 2.

For any u(·) ∈ A` it holds that y(t) > 0 a.s. ∀t ∈ [0, T ], and in this case
the differential of y`(t) := log[y(t)] is:

dy`(t) = [r(t) + q(t)v(t)− σ2v2(t)/2]dt+ σ(t)v(t)dW (t), t ≥ 0,

y`(0) = x0 := log(y0),
(4.5)

where v(t) := u(t)/y(t). In we define the state variables as:

x1(t) := r(t), t ≥ 0,

x2(t) := y`(t) +

∫ t

0

1

2
σ2v2(s)ds, t ≥ 0, (4.6)

their equations are
dx1(t) = [ax1(t) + b]dt+

√
x1(t)dW11(t), t ≥ 0,

dx2(t) = [x1(t) + q(t)v(t)]dt+ σ(t)v(t)dW (t), t ≥ 0,

x1(0) = r0, x2(0) = log(y0),

(4.7)

which is clearly an example of system (1.2). From (4.6) it follows that the neg-
ative value of the logarithmic utility from terminal wealth, i.e. −E[log(y(T ))],
can be written as:

J`(v(·)) := E

[∫ T

0

1

2
σ2v2(s)ds− x2(T )

]
. (4.8)

Thus, the optimal investment problem (4.4) is equivalent to the optimal
control problem of minimising (4.8) subject to (4.7) which is an example of
the control problem (1.6), the solution of which is given by Theorem 1.
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5. Conclusions

We have introduced a certain nonlinear generalisation of the stochastic
LQ control problem, where the controlled system contains square-root non-
linearities. The general case permitting indefinite cost matrices is considered
and all optimal controls within a specified admissible set are found in an ex-
plicit closed-form through new differential and algebraic Riccati equations.
The optimal controls turn out to be of affine linear state-feedback form. An
application to the problem of optimal investment in a market with random
interest rate is also given. Here we have considered one of the most basic
versions of this problem where the system is driven by Brownian motions.
This problem has a great potential for further extensions. Formulating it in
more general settings (e.g. with random coefficients, other driving noises,
with constraints on control variables) is possible and the closed-form solv-
ability is likely to be retained.

For our future research, we would like to extend this work into a more gen-
eralized version, in which the system nonlinearities appear both in drift term
and diffusion term. A similar nonlinear stochastic system has been reported
in [17], in which robust control problems have been studied, and an applica-
tion to energy Internet system voltage control has been explored. Inspired
by this, attention can be drawn to solve optimal control problems based on
such more generalized nonlinear stochastic system, and the research outputs
can be used in new generation energy management and control system.
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[8] T. Çimen and S. P. Banks, Stochastic optimal control of partially ob-
servable nonlinear systems, IFAC Proc. Vol., 38 (2005), 687-692.

[9] J. C. Cox, J. E. Ingersoll and S. A. Ross, A theory of the term structure
of interest rates, Econometrica, 53 (1985) 385407.

[10] P. Date and B. Gashi, Risk-sensitive control for a class of nonlinear
systems with multiplicative noise, Systems & Control Letters, 62 (2013),
989-999.

[11] J. J. D’Azzo and C. H. Houpis, Linear control system analysis and de-
sign: conventional and modern, Third Edition, McGraw-Hill, 1988.

[12] V. Dragan, T. Morozan, and A.-M. Stoica, Mathematical methods in
robust control of linear stochastic systems, 2006, Springer.

[13] L. I. Gal’chuk, Existence and uniqueness of solution for stochastic equa-
tions with respect to semimartingales, Theory Probab. Appl., 23 (1978),
751-763.

[14] B. Gashi, Stochastic minimum-energy control, Systems & Control Let-
ters, 85 (2015), 70-76.

[15] B. Gashi, Optimal stochastic regulators with state-dependent weights,
Systems & Control Letters, 134C (2019), 104522.

26



[16] Y. Hu and X. Y. Zhou, Indefinite stochastic Riccati equations, SIAM J.
Control Optim., 42 (2003), 123-137.

[17] H. Hua, J. Cao, G. Yang, and G. Ren, Voltage control for uncertain
stochastic nonlinear system with application to energy internet: non-
fragile robust H∞ approach, J. Math. Analy. Appl., 463 (2018), 93-110.

[18] R. E. Kalman, Contributions to the theory of optimal control, Bol. Soc.
Mat. Mex., 5 (1960), 102-119.

[19] I. Karatzas and S. E. Shreve, Methods of mathematical finance, Springer,
1998.

[20] S. Kilicaslan and S. P. Banks, A separation theorem for nonlinear sys-
tems, Automatica, 45 (2009), 928-935.

[21] P. E. Kloeden and E. Platen, Numerical solution of stochastic differential
equations, Springer, 1991.

[22] R. Korn, Optimal portfolios: stochastic models for optimal investment
and risk management in continuous time, World Scientific, 1997.

[23] H. Li, Q. Qi, and H. Zhang, Stabilization control for Itô stochastic sys-
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