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Abstract Shallow parabolic arches have been commonly applied in engineering structures, whereas their
structural behavior has not been fully investigated due to significant geometric nonlinearity. In general, a
shallow parabolic arch has a tendency to suddenly buckle when it is subjected to a step load. An analytical
study and a numerical simulation on the nonlinear in-plane buckling behavior of shallow parabolic arches with
tension cables and pin-joints are presented. To establish nonlinear buckling equilibrium equations for shallow
parabolic arches, motion equations are evaluated using Hamilton’s principle. Then, the law of conservation
of energy is adopted for unstable equilibrium paths, to establish the criteria for the nonlinear buckling of
these shallow arches. Closed-form solutions for the lower and upper nonlinear buckling loads of a shallow
arch under step loads are obtained. The analytical solutions show that the modified slenderness ratio is an
important parameter affecting buckling. Nonlinear buckling under step loads or static snap-through buckling
with symmetry is impossible when the slenderness ratio is out of the given interval. Moreover, nonlinear
buckling under step loads is sensitive to the stiffness of the tension cables. In comparison with an equivalent
distributed step load, a central concentrated load is much more likely to induce nonlinear buckling.

Keywords Parabolic arch · Nonlinear buckling · Pin-ended · Analytic approach · Step load · Slenderness
ratio

1 Introduction

Shallow arches have been commonly applied in engineering structures such as arch structures [1, 2], bridges [3],
long-span roofs [4], and components of aerospace [5] and impact protection [6]. For a shallow parabolic arch
with the lateral displacements and twist rotations fully constrained, in-plane oscillation about an equilibrium
position frequently occurs when the arch is subjected to a suddenly applied external load [7]. This is induced
by the kinetic energy imparted to the arch by the step load. Subsequently, in-plane nonlinear buckling needs
to be carefully considered in the design of such arches.
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As the buckling of shallow arches is a concerning problem, their in-plane nonlinear elastic stability has
attracted wide attention in recent years [8, 9]. Moon et al. [10] performed an in-plane buckling analysis on
pin-ended shallow parabolic arches under uniformly distributed loads, and further considered certain load
patterns and boundary conditions. Wang et al. [11] theoretically and experimentally studied the buckling
behavior of shallow parabolic concrete arches induced by the creep and shrinkage deformations of the con-
crete. On the basis of group representation theory, Chen and Feng [12, 13] presented a necessary stability
condition for symmetric space structures, and developed a group-theoretic approach to the buckling analysis
of these symmetric structures. Bradford et al. [14] studied the impacts of the approximation assumption on the
computational accuracy of in-plane buckling and postbuckling of shallow parabolic arches. Attard et al. [15]
numerically investigated the in-plane bucking of prismatic funicular arches considering shear deformations,
and obtained buckling solutions for the parabolic and catenary arches. Using a group-theoretic approach, Chen
et al. [16] described how the inherent symmetry is utilized to enhance the stability analysis of symmetric skeletal
structures, and developed a hybrid optimization method [17] for the form-finding of symmetric prestressable
pin-jointed structure. Approximate solutions for the classical buckling load for circular and sinusoidal arches
under uniformly distributed loads were given by Timoshenko [18]. However, the classical theory overesti-
mated both the static snap-through and bifurcation buckling loads of shallow arches. For shallow parabolic
arches with horizontal spring supports, Bradford and Pi [19] presented closed-form solutions to the in-plane
buckling and investigated their post-buckling behavior. Wu et al. [20] investigated the elastic stability of fixed
concrete-filled steel tubular parabolic arches subjected to uniform axial compression, and proposed a design
method to consider the effects of slenderness ratio and span-to-rise ratio. Cai and Feng et al. [8, 21] explored
the in-plane elastic stability of fixed shallow parabolic arches subjected to vertical uniform loads. Sabale et al.
[22] utilized the cylindrical version of the arc-length continuation method to analyze the in-plane nonlinear
buckling of parabolic arches with high slenderness ratios subjected to a concentrated load. For the analytical
solutions of the shallow parabolic arches, Bradford et al. [14] has reported that the in-plane elastic stability
theory of shallow parabolic arches is accurate only when the involved rise-to-span ratio is no larger than 0.08.
To overcome this difficulty, Hu et al. [23] proposed a strain expression of parabolic arches including curve arc
differential, and improved the accuracy of the nonlinear buckling analysis of parabolic arches with different
rise-to-span ratios. Lu et al. [24] have presented nonlinear in-plane stability for fixed shallow circular arches
subjected to a localized uniform radial load. They have pointed out that the length of localized loading segment
significantly affects the in-plane instability and post-instability responses of a general shallow arch.

However,most of the above-mentioned studies are confined to static buckling analysis of circular or shallow
parabolic arches. In fact, very few studies concern the nonlinear buckling of shallow parabolic arches subjected
to dynamic loads. By utilizing numerical approaches and a semi-analytical model, Mallon [25] examined the
dynamic stability of shallow arches under a pulse load, and considered the effects of some key parameters,
including pulse duration, damping, and the arch shape. Using the energy method, Pi and Bradford presented
in-plane dynamic buckling studies on shallow pin-ended circular arches subjected to a central concentrated
step load [7] and a uniform radial step load [26]. On the basis of Hamilton’s principle, Chen and Feng [27]
obtained the closed-form solutions to dynamic buckling loads of shallow parabolic arches subjected to vertical
distributed step loads. These studies showed that the buckling solutions and structural behavior are significantly
affected by the load patterns.

Here, an analytical study of the nonlinear buckling of shallow parabolic arches with tension cables under
different step loads is presented, followed by numerical finite element simulations. Vertical central concentrated
step loads applied to the shallow arches are specifically considered. Closed-form solutions for the lower and
upper nonlinear buckling loads will be analytically established. Moreover, they will be compared with the
corresponding buckling loads of the same arch subjected to an equivalent distributed step load. The effect of
the modified slenderness ratio and stiffness ratio of tension cables on the nonlinear buckling loads will be
discussed.

2 Differential equations of motion

In this study, four basic assumptions are adopted for the analytical solutions for shallow parabolic arches: (a)
the Timoshenko shear deformations are not considered; (b) only in-plane deformations are considered, i.e.
lateral displacements and twist rotations are fully constrained; (c) the dynamic response of the arch under step
loads is undamped, and the rotatory kinetic energy is negligible [26, 27].
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Fig. 1 A shallow parabolic arch subjected to a sudden concentrated load: (a) the parabolic arch; (b) the step function for the
sudden load

Figure 1 shows a shallow parabolic arch with pin-joints and a horizontal tension cable, which is subjected
to a vertical central concentrated step load. Expressed in the global Cartesian coordinate system xoy, the axis
line of such a parabolic arch can be written as

y � x2 − (L/2)2

2p
, x ∈ [−L/2, L/2] (1)

where p � L2/8 f denotes the focal parameter of this parabolic arch, L is the span, and f is the rise of the
arch. Herein, f/L ≤ 0.15 for a shallow arch [10, 27]. As illustrated in Fig. 1b, F � F(t) denotes the sudden
concentrated load with infinite duration.

Further, u(x) and v(x), respectively, denote the horizontal and vertical displacements of an arbitrary point
Q(x, y) on the arch. For a shallow parabolic arch, it necessarily satisfies conditions (dy/dx)2 << 1 and
du/dx << 1. Then, the nonlinear strain–displacement relationship for such a point Q can be given by.

εQ � εm + εb, εm � u′ + v′x
p

+
1

2
(v′)2, εb � −yev′′ (2)

where εm represents membrane strain, εb represents bending strain, and ye describes the location of the point
in its local coordinate system xeoe ye (see Fig. 1a). Moreover, in Eq. (2), ( )

′ � ∂( )/∂x and ( )
′′ � ∂2( )/∂x2.

The above-mentioned basic assumption (c) indicates that both the damping and the rotary kinetic energy of
the arch are zero. Thus, the kinetic energy T of the arch under the step load can be given by

T � 1

2
mA

∫ L/2

−L/2
(u̇2 + v̇2)dx (3)

where m is the mass density of the adopted material, A � ∫
A d A is the cross-sectional area of the arch,

u̇ � ∂u/∂t , v̇ � ∂v/∂t , and t is time. On the other hand, the total potential energy U of the arch and load
system is expressed as

U �
∫ L/2

−L/2

[
1

2
E Aε2 − δ(x)F(t)v

]
dx +

kP
2
u2L/2 �

∫ L/2

−L/2

[
1

2
(E Aε2m + E Ixv

′′2) − δ(x)F(t)v

]
dx +

kPu2L/2

2
(4)

In Eq. (4), E and A, respectively, denote the elastic modulus and cross-sectional area of the arch, δ(x)
denotes the Dirac delta function, Ix is the moment of inertia of the cross-section about its principal axis x,
kP � EP AP/L represents the axial stiffness of the horizontal tension cable, and EP and AP respectively
denote the elastic modulus and cross-sectional area of the cable. Note that the structure shown in Fig. 1a can
be considered to be equivalent to a shallow pin-ended arch structure, where one of the pin-joints is constrained
by an elastic spring with kP � EP AP/L . On the basis of Hamilton’s principle, the nonlinear control equation
of the shallow arch under the step load can be deduced from∫ t2

t1
δ(T −U ) � 0 (5)

where 0< t1 < t2 denotes arbitrary times. Because δu and δv are arbitrary, the differential equations of motion
are obtained by substituting Eqs. (2–4) into Eq. (5), and integrating by parts as.

mAü − E Aε
′
m � 0 (6)
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for the equilibrium along the horizontal direction, and

E Ixv
iv − E Av′′εm − E Av′ε′

m − E A
εm

p
− E A

x

p
ε

′
m + ρAv̈ � δ(x)F(t) (7)

for the equilibrium along vertical direction, and viv � ∂4v/∂x4. As shown in Fig. 1a, the boundary
condition and the initial condition for the arch are written as.

u|x�−L/2� 0, v|x�±L/2� v
′′ |x�±L/2� 0, u̇|t�0� v̇|t�0� 0 (8)

As a result, the differential equations of motion for a shallow parabolic arch under a central concentrated
step load are given by Eqs. (6–8).

3 Nonlinear buckling analyses of arches under step loads

3.1 Nonlinear equilibrium

Admittedly, when the loading process of the sudden load in Fig. 1b is fast, the dynamic buckling problem
becomes highly complex. In particular, the dynamic effects of structural materials and the whole system cannot
be ignored, which will not be discussed in this study. Nevertheless, on condition that the loading process is
sufficiently slow, the step load can be approximately taken as a static load. Thereafter, the shallow arch can
remain in a stable static equilibrium under a vertical concentrated load. Consequently, the corresponding
displacements u and v of each point on the arch are not dependent on the duration of time. Then, the membrane
strain evaluated from Eq. (6) is validated to be a constant strain, while the axial compressive force in the arch
is computed by

N � −E Aεm � − kpuL/2

cos θL/2
(9)

where the cosine value is given by cos θL/2 � √
1 + 16 f 2/L2 (refer to Fig. 1a). The analytical solution of

the vertical displacement of the arch can be established by substituting Eqs. (6 and 9) into Eq. (7) (i.e., the
differential control equation in the vertical direction). That is

v � 1

μ2 p

{
cos η − cos(μx)

cos η
+
1

2
(η2 − μ2x2) +

F

η

[
tan η cos(μx) − η + sign(x)(μx − sin(μx))

]}
(10)

Equation (10) contains two important parameters: the generalized dimensionless displacement η � μ L/2,
and the dimensionless axial force parameter μ � √

N/E Ix , where Ix � Ai2x is the moment of inertia of
the cross-section about its principal axis x, and ix is the corresponding radius of gyration. Moreover, the
generalized dimensionless load F � FpL/4E Ix and the function sign( ) are introduced to guarantee that
vertical displacements are symmetric. Subsequently, using Eq. (2), the membrane strain can be rewritten as

εm � 1

L

∫ L/2

−L/2
(u′ + xv′

p
+
1

2
v′2)dx (11)

By taking the boundary conditions u|x�−L/2� 0 and uL/2 � E Aεm cos θL/2/kP into account, and sub-
stituting Eq. (10) into (11), the nonlinear equilibrium equation for shallow parabolic arches subjected to
concentrated step loads can be established by

A1F
2
+ B1F + C1 � 0 (12)

where the coefficients are.

A1 � 1

η4

(
3

4
− 3 tan η

4η
+
tan2 η

4

)
, B1 � 1

η4

(
sec η − 1 − η tan η

2 cos η

)

and C1 �
(η

λ

)2
(1 + ψ) +

1

4η2

(
1 − tan η

η
+ tan2 η

)
− 1

6

(13)
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Fig. 2 Variation of generalized load with displacement and instability limit for different shallow arches with λ � 8

InEq. (13),λ � 2 f/ ix denotes themodified slenderness ratio of the arch, andψ represent the dimensionless
stiffness ratio for the horizontal cable, given by

ψ � k

kP
� E A cos θL/2

kP L
(14)

Notably, the arch with a very stiff horizontal cable can be simplified to a pin-ended arch [10], with stiffness
kP → ∞ and stiffness ratio ψ → 0. On the contrary, the arch with a flexible cable can be considered as an
arch structure with one end sliding and the other end pin-ended, with stiffness kP → 0 and stiffness ratio
ψ → ∞.

3.2 Nonlinear buckling modes

The nonlinear equilibrium equation expressed by Eq. (12) can be effectively computed by programming
with MATALB. For instance, the variation of generalized loads with displacements and instability limit for a
parabolic arch with λ � 8 is shown in Fig. 2.

3.2.1 Snap-through buckling

It can be observed from the equilibrium path shown in Fig. 2 that each arch structure is stable before reaching
the upper limit point awhen loading.When the arch is loaded in a displacement-controlledway, the generalized
load decreases along the unstable path ab with increasing displacement. Furthermore, the load increases again
along the stable equilibrium path after reaching the lower limit point b. However, an arch is commonly loaded
in a load-controlled way in practice. Thereafter, the loading cannot be decreased with increasing displacement
[28], and snap-throughbucklingwith a symmetric configuration appears [29, 30].A similar behavior is observed
during the unloading process. Because of the unstable equilibrium paths, the generalized loads corresponding
to limit points a and b are, respectively, denoted by the upper and lower snap-through buckling loads.

Moreover, Fig. 2 shows that the upper buckling load and the snap-through displacement reduce when the
stiffness ratioψ of the cable increases. In fact, the upper and lower snap-through buckling loads can be obtained
by setting dF/dv � 0. Hence, the nonlinear equilibrium equation for the snap-through buckling loads can be
established by

A2F
2
+ B2F + C2 � 0 (15)

where the coefficients are given by.

A2 � A1

2
+
tan2 η

4η4
− tan η + tan3 η

4η3
, B2 � 3

2
B1 +

1 + sin η

4η2 cos3 η

and C2 � 1

8η2

(
3

cos2 η
− 3 tan η

η
− 2η tan η

cos2 η

)
−

(η

λ

)2
(1 + ψ)

(16)
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3.2.2 Bifurcation buckling

In addition to snap-through buckling mode discussed in the previous section, a shallow parabolic arch with
initial defects might get buckled in a bifurcation buckling mode with an antisymmetric configuration [31–35].
At a buckled equilibrium point, there is necessarily a pre-buckled equilibrium configuration infinitesimally
close to the buckled configuration [7, 26]. In that case, the actual axial compressive force N∗ in the buckled
configuration gets infinitesimally close to the axial compressive force N . Thus, it satisfies

εmb � ε∗
m − εm � N − N∗

E A
.� 0 (17)

By substituting Eq. (17) into (7), the differential equation for the bifurcation buckling of shallow arches
can be expressed by

vivb � −μ2v
′′
b (18)

Again, by considering the boundary condition vb|x�−L/2� v
′′
b|x�±L/2� 0 given in Eq. (8), we can compute

the lowest positive solution of Eq. (18)

η � π (19)

Then, by substituting the above solution into Eq. (12), we obtain the nonlinear bifurcation buckling equation
for shallow parabolic arches

3F
2 − 8F − 55.1 +

4π6

λ2(1 + ψ)
� 0 (20)

Note that λb defines the lowestmodified slenderness ratio of an arch for antisymmetric bifurcation buckling.
It can be obtained on condition that a unique solution of Eq. (20) exists, given by λb � 7.96

√
1 + ψ . For further

explanation, Fig. 3 shows a series of nonlinear equilibrium paths of shallow arches affected by the modified
slenderness ratio and the stiffness ratio.

Evidently, when the modified slenderness ratio of an arch satisfies λ � λb, there is only one exact intersec-
tion between the corresponding equilibrium path and the vertical line (i.e., η � π). Antisymmetric bifurcation
buckling will not be induced if λ < λb. Nevertheless, because of the potential snap-through buckling behavior,
the bifurcation buckling will not be necessarily induced if λ ≥ λb. To describe a switch between symmetric
snap-through buckling and antisymmetric bifurcation buckling, another modified slenderness ratio, λs , is intro-
duced. Importantly, λs can be obtained by setting the generalized loads Fs and Fb associated with these two

buckling modes to be equal at η � π . It turns out that λs � 10.25
√
1 + ψ by setting Fs � Fb. Furthermore,

for a shallow arch with λ > λs , its bifurcation buckling will be inevitably induced.
Through Eq. (10) and setting x � 0, the generalized central vertical displacement vc of a parabolic arch is

vc � 1

μ2 p

[
cos η − 1

cos η
+

η2

2
+
F

η
(tan η − η)

]
(21)

Thus, the minimal value of corresponding central displacement at η � π/2 can be obtained from Eq. (21)

lim
η→π/2

vc � L2

π2 p

⎡
⎣1 +

2

π
+

π2

8
− π

2
±

√
4

π2 +
8

π
+

π2

6
− 3 − π4

4λ2
(1 + ψ)

⎤
⎦ (22)

Admittedly, the value of the central displacement vc is not real when λ < λc � 3.91
√
1 + ψ . Hence, the

in-plane buckling of a shallow parabolic arch with tension cables is impossible when λ < λc, even though
the vertical step load is relatively large. As a result, λc denotes the lowest modified slenderness ratio for the
buckling of a shallow parabolic arch.

Recall that the modified slenderness ratio λ and the stiffness ratio ψ of the cable are two important
parameters affecting the buckling behavior of shallow arches, as different buckling modes can be induced by
different λ and ψ . Table 1 summarizes the potential buckling behavior of a shallow parabolic arch affected
by modified slenderness ratio λ. It is worth to note that an arch with λ < λc can be taken as a curved beam
without buckling. A shallow arch is likely to get buckled by snap-through buckling mode when λc ≤ λ < λb,
while it is likely to get buckled by bifurcation buckling mode when λ ≥ λs .
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(a) 0ψ = , =7.96bλ (b) 2.5ψ = , =14.892bλ

(c) 5ψ = , =19.498bλ

Fig. 3 Different equilibrium paths with varying slenderness ratio λ and stiffness ratio ψ

Table 1 Nonlinear buckling behavior affected by modified slenderness ratio λ

Modified slenderness ratio λ λ < λc λc ≤ λ < λb λb ≤ λ < λs λs ≤ λ

Buckling mode Snap-through buckling × √ √ ×
Bifurcation buckling × × √ √

√
: Buckling is possible ×: Buckling is impossible

3.3 Nonlinear buckling loads

Nonlinear buckling analysis is useful for evaluating the critical states of shallow arches under step loads.
Nevertheless, in comparison with static stability analysis, the entire nonlinear control equations are generally
much more difficult to solve. To detect the criteria along the unstable equilibrium paths for the nonlinear
buckling of the arches, the method of conservation of energy is adopted here.

Since the damping and the rotary kinetic energy of the arch are assumed to be zero, the arch structure and
the step load constitute a conservative system [7, 26]. Then, based on the energy conservation principle, the
total energy � � T +U of the entire system is constant

� � T +U � UPR (23)

where UPR� constant denotes the total energy of the system. The shallow arch should be at rest without any
deformation before bearing the sudden applied load [26, 27]. Therefore, the total potential energyUPR is zero
regardless of the oscillation of the arch, and Eq. (23) can be rewritten as

� � T +U � 0 (24)
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Fig. 4 Nonlinear buckling loads of the arch with λ � 16 and ψ � 2

Equation (3) demonstrates that the kinetic energy T ≥ 0. Thus, the motion of the entire system is feasible
only when the potential energy U is non-positive. That is

U ≤ 0 (25)

At the critical state that the kinetic energy of the system vanishes, the potential energy U should be

U � 0 (26)

Therefore, the critical condition for nonlinear buckling of a shallow parabolic arch under step loads is that
the motion of the arch just reaches its unstable equilibrium path [7, 26]. In other words, the potential energy
given by Eq. (26) should be satisfied, and the step load must satisfy the equilibrium condition given by Eq. (12)
at an unstable equilibrium path.

By considering Eq. (26) and substituting Eq. (10) into (4), we can obtain the zero total potential energy
equation

U∗ � Up2

E Ix
� A3F

2
+ B3F + C3 � 0 (27)

where U* denotes the dimensionless total potential energy, and coefficients A3, B3, and C3 are, respectively,
given by

A3 � 4 + sec2 η

2η
− sin η cos η

2η2
− 2 tan η

η2
B3 � 4 sec η − 4

η
− sin η

cos2 η
− η

and C3 � η +
η

2 cos2 η
− 3 tan η

2
+

η5

λ2
(1 + ψ)

(28)

Under the action of a small step load F , the total potential energy U* expressed in the left side of Eq. (27)
associatedwith an unstable equilibrium is positive,U*> 0.Consequently, consideringEqs. (24–26), themotion
of the arch to the unstable equilibrium position is not allowed. As the value of the step load F increases, the
dimensionless total potential energy U* associated with an unstable equilibrium gradually decreases and gets
close to zero. Then, the nonlinear buckling load and the corresponding unstable position can be obtained, by
simultaneously solving the nonlinear equilibrium equation given by Eq. (12) and the zero total potential energy
equation given by Eq. (27). For example, Fig. 4 shows the static equilibrium path and zero potential energy
path of a shallow arch with modified slenderness ratio λ � 16 and stiffness ratio ψ � 2.

Notably, the solid curve shown in Fig. 4 describes the static equilibrium path of the arch, and the dashed
vertical line at η � π represents the unstable equilibrium path for bifurcation buckling. Besides, the thin and
dashed curve describes the zero total potential energy path, whereas the potential energy in the area surrounded

8
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Table 2 Shallow arches with different values of and ()

Case 1 2 3 4

dr(m) 0.05 0.075 0.10 0.15
(Apm2) 1.9635 × 10−3 4.4179 × 10−3 7.8540 × 10−3 1.7671 × 10−2

ψ 6.5034 2.8904 1.6258 0.7226
F I – 1.562 1.844 2.324
vcI / f – 0.7384 0.6331 0.5834

by the dashed curve satisfies U < 0. Points a and b denote static snap-through buckling loads, while points
c and d designate static bifurcation buckling load. Owing to the non-positive potential energy U, nonlinear
in-plane buckling can be potentially induced along the unstable equilibrium path ab. Then, by using Eqs. (12
and 27) simultaneously, we can obtain the upper nonlinear buckling load (i.e., point e). Meanwhile, we detect
the lower nonlinear buckling load, point f, through combining the bifurcation condition given by Eq. (19) with
the zero total potential energy equation given by Eq. (27).

On condition that the step load F is applied to the shallow arch very slowly, the load can be taken as a
static load. Then, the arch might exhibit a static buckling mode. Correspondingly, static buckling points should
satisfy

d2U

dx2
� 0 and

dU

dx
� 0 (29)

Solving both equations in Eq. (28) yields the static buckling load, which is higher than the nonlinear
buckling load.

3.4 Finite element analysis of the snap-through buckling of shallow parabolic arches

To verify the analytical findings obtained in this study, we conducted a finite element analysis using Abaqus
to obtain the nonlinear equilibrium solutions for the arches under step loads. To solve the problem of snap-
through buckling of the parabolic arch with a horizontal cable, the modified Riks method [36] was adopted. To
simulate the buckling behavior of these shallow arches, the Euler–Bernoulli beam element B23 (2-node cubic
beam in a plane) was selected, and for the cable, the 2-node linear truss element T2D2 was used. The parabolic
arch was divided into 20 finite elements of the same length. The single truss finite element was chosen to
simulate the cable. For the analytical model developed above, one element is sufficient to describe the tensile
response of the deformed cable. To avoid nonlinear behavior of materials, the conventional steel material (with
Young’s modulus E � 210 GPa) is adopted for the members. The arch was meshed with the pipe section of the
following dimensions: the axial moment of inertia of the section Ix � 6.2672 × 10−4 m4, the sectional area
A � 1.1856× 10−2m2, and the corresponding radius of gyration ix � 0.2299m. To consider the effect of the
stiffness ratio shown in Eq. (14), the tension cable was meshed with a cylindrical steel rod (wire) of variable
diameter.

To induce the potential buckling of the arch structure, a vertical concentrated load was applied at the central
point of the structure. At the left and right ends of the arch, the boundary conditions corresponding to Eq. (8)
were considered (i.e., horizontal and vertical displacements were constrained at the left end, while vertical
displacement was constrained at the right end).

To verify the simulated model developed and ensure a satisfactory computational accuracy, we tested it first
using the buckling problem of the arches with the span L � 10 m and height f � 0.9197 m (λ � 8) for different
stiffness ratios ψ � 0, 1, 2 considered above in Sect. 3.2. The obtained results are presented in Fig. 5, where
the dimensionless displacement is vc/ f and the generalized dimensionless load is F � FpL/4E Ix . It can be
observed that the FEM results are in an excellent agreement with those obtained analytically, shown in Fig. 2.

Furthermore, numerical computations were carried out for a similar parabolic arch with the span L � 10 m
and height f � 1 m (). To investigate the effect of the stiffness contributed by the tension cables, a few tension
cables with different values of were analyzed. The obtained results are presented in Table 2 along with the
corresponding values of and.

In Fig. 6, the variations of generalized load versus displacement for these cases are presented. The results
of the computations show that for the large values of stiffness ratio the arch deformation occurs without loss
of stability (dash-dotted line in Fig. 6). For all other cases, the values of critical load F I at the buckling
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Fig. 5 Variations of generalized load with displacement for λ � 8 and ψ � 0, 1, 2 computed by Abaqus

Fig. 6 Generalized load versus displacement for an arch with L � 10 m and f � 1 m

Table 3 Different shallow arches with

Case 1 2 3

(m) 0.03 0.05 0.075
(m2) 7.0686 × 10−4 1.9635 × 10−3 4.4179 × 10−3

18.0649 6.5034 2.8904
F I 1.488 2.271 3.446
vcI / f 0.8530 0.5949 0.5595

points and corresponding displacements at the central point of the arch vcI were evaluated using the quadratic
interpolation of the computational data. It should be reminded that the dimensionless results have been reported
in the last two rows of Table 2.

To investigate the influence of the arch slenderness ratio, finite element computations were performed for a
geometrically similar arch with L � 20 m, f � 2 m, and the same cross-sectional dimensions as in the previous
case (the slenderness ratio is twice larger, i.e.).

The results of computations for these cases are presented in Fig. 7. The values of critical load at the
buckling points and corresponding displacements at the central point of the arch are listed in the last two rows
of Table 3.

The computational data also show that if the arch is loaded in a displacement-controlled way after the loss
of stability, the external load F decreasing along the unstable path may become negative (this takes place for
the increasing displacement) and preserve this sign for a certain interval of displacement (see the solid line in
Fig. 7).
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Fig. 7 Generalized load versus displacement for an arch with L � 20 m and f � 2 m

4 Discussions

4.1 Comparison with nonlinear buckling under an equivalent distributed step load

The proposed analytical method is applicable to the nonlinear buckling analysis of parabolic arches under
different types of step loads. For example, in order to investigate the nonlinear buckling of arches under a
uniform distributed step load, we can replace the expression for the concentrated load δ(x)F(t) in Eqs. (4 and
7) by the equivalent distributed load q � F(t)/L , and re-evaluate the nonlinear buckling analysis. Then, the
nonlinear equilibrium equation is expressed as

A1qq
2 + B1qq + C1q � 0 (30)

where q denotes the generalized dimensionless distributed load

q � qp

N
− 1 (31)

and the coefficients A1q , B1q , and C1q in Eq. (30) are, respectively, given by

A1q � 1

η2

(
1 − 5

4

tan η

η
+
1

4
sec2 η +

η2

6

)
, B1q � 1

η2

(
1 − tan η

η
+

η2

3

)
and C1q � η2

λ2
(1 + ψ) (32)

Similar to Eq. (27), the zero total potential energy equation associated with the equivalent distributed load
q is established as

U∗ � Up2

E Ix
� A3qq

2 + B3qq + C3q � 0 (33)

where the coefficients are given by

A3q � 7

2
η − 9

2
tan η +

η

2
tan2 η +

2

3
η3, B3q � 2η3

3
+ 2η − 2 tan η and C3q � η5

λ2
(1 + ψ) (34)

Subsequently, the values of the modified slenderness ratios λc, λb and λs are evaluated and shown in Fig. 8.
Figure 8 shows that each of the three modified slenderness ratios, which distinguish the nonlinear buckling

modes of an arch, has a slight change because of different forms of step loads. Subjected to the central concen-
trated step load and the equivalent distributed load, the generalized nonlinear buckling loads,FpL/4π2E Ix ,
of a series of shallow arches with different slenderness ratios λ have been evaluated and shown in Fig. 9.

It can be noticed from Fig. 9 that nonlinear buckling loads significantly increase with increasing the
slenderness ratio. More importantly, a central concentrated step load is much more likely to induce nonlinear
buckling of shallow arches, as the nonlinear buckling loads associated with the central concentrated loads are
much lower than those associated with the equivalent distributed loads.

11
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Fig. 8 Different modified slenderness ratios with varying stiffness ratio: (a) λc-ψ ; (b) λb-ψ ; (c) λs -ψ

2/4 xFpL EIπ

Modified slenderness ratio λ

Fig. 9 Variations of generalized buckling loads with increasing slenderness ratio (ψ � 1)

4.2 Influence of static pre-applied loads on nonlinear buckling

A practical structure is usually subjected to some static loads (such as its self-weight and certain permanent
loadings) before applying the step loads [5, 37–39]. Hence, this section discusses the influence of static pre-
applied loads on nonlinear buckling.

Subjected to pre-applied loads, the shallow arch holds a nonzero value of the total potential energy U0,
which can be obtained from the static equilibrium state. For example, under the static central concentrate load
F0, the generalized potential energy can be obtained through Eqs. (12) and (27)

U∗
0F � U0F p2

E Ix
� A0

3F0
2
+ B0

3 F0 + C0
3 (35)

whereU∗
0F denotes the dimensionless total potential energy induced by pre-applied loadF0, F0 � FpL/4E Ix ,

and the coefficients A0
3, B

0
3 , and C

0
3 are given by

A0
3 � 4 + sec2 η0F

2η0F
− sin η0F cos η0F

2η20F
− 2 tan η0F

η20F
, B0

3 � 4 sec η0F − 4

η0F
− sin η0F

cos2 η0F
− η0F

and C0
3 � η0F +

η0F

2 cos2 η0F
− 3 tan η0F

2
+

η50F

λ2
(1 + ψ)

(36)
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Fig. 10 Influence of static pre-applied loads on the nonlinear buckling of a shallow arch with λ � 15 and ψ � 0.6

In Eq. (36), the parameter η0F can be computed from the static equilibrium condition by substituting
F � F0 into Eq. (12), as the pre-applied load F0 is known. In a similar way, under static uniform distributed
load q0, the nonzero potential energy can be obtained through Eqs. (30) and (33)

U∗
0q � U0q p2

E Ix
� A0

3qq0
2 + B0

3qq0 + C0
3q (37)

in which U∗
0q denotes the dimensionless total potential energy induced by the pre-applied distributed load

q0, q0 � q0 p
N0

− 1, and the coefficients A0
3q , B

0
3q , and C

0
3q are given by

A0
3q � 7

2
η0q − 9

2
tan η0q +

η0q

2
tan2 η0q +

2

3
η30q , B0

3q � 2η30q
3

+ 2η0q − 2 tan η0q

and C0
3q � η50q

λ2
(1 + ψ)

(38)

Notably, the parameter η0q can be evaluated by substituting the known load parameter q � q0 into the
nonlinear equilibrium equation given by Eq. (30). Based on the principle of energy conservation [7, 8, 16], the
zero potential energy condition for the nonlinear buckling of a shallow arch can be updated. Under a central
concentrated step load, the condition in Eq. (27) is rewritten as

U∗ � A3F
2
+ B3F + C3 �

{
U∗
0F arch with a pre - applied load F0

U∗
0q arch with a pre - applied load q0

(39)

Similarly, under an equivalent distributed step load, the condition in Eq. (33) is rewritten as

U∗ � A3qq
2 + B3qq + C3q �

{
U∗
0F arch with a pre - applied load F0

U∗
0q arch with a pre - applied load q0

(40)

By simultaneously solving the updated zero potential energy condition in Eq. (39) (or Eq. (40)) and the
nonlinear equilibrium equation in Eq. (12) (or Eq. (30)), we can obtain the nonlinear buckling load of a shallow
arch affected by the pre-applied load. Taking the arch with λ � 25 and ψ � 0.6 as an example, the pre-applied
central concentrated step loads and the evaluated nonlinear buckling loads are shown in Fig. 10.

Figure 10 shows that the static pre-applied loads significantly affect the nonlinear buckling loads of the
shallow arch. With the rise of the pre-applied loads, the corresponding nonlinear buckling load is gradually
reduced. However, the sum F0 + F of the pre-applied load and the nonlinear buckling load first increases

slightly and then remains constant. However, it rises in some extent. For all the cases, the value of F0 + F
is lower than the dimensionless static buckling load F � 6.096. As expected, the static buckling of the arch
would have been induced under preloading [26, 27] if the static pre-applied load is no less than the static
buckling load.
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5 Conclusions

In this study, based on Hamilton’s principle and the law of conservation of energy, an analytical and numerical
investigation on the nonlinear in-plane buckling behavior of shallow parabolic arches with horizontal cables
was carried out. For arches subjected to vertical concentrated step loads and uniformly distributed step loads,
the corresponding closed-form solutions for the lower and upper buckling loads were evaluated and compared.
The influences of slenderness ratio λ, stiffness ratio ψ of the cables, and the static pre-applied loads (i.e., F0

or q0) on nonlinear buckling were considered.
The results demonstrate that the modified slenderness ratio λ is an important parameter affecting buckling.

Buckling is impossible when λ < λc, antisymmetric bifurcation buckling is impossible when λ < λb, and
symmetric snap-through buckling is impossible when λ > λs . In addition, the buckling loads under step loads
decrease with increasing the stiffness ratio ψ of the horizontal cables. A shallow parabolic arch is much more
likely to buckle suddenly under a central concentrated step load, rather than an equivalent distributed step
load. Furthermore, the static pre-applied loads would significantly reduce the nonlinear buckling loads of the
shallow arches.
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