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1 Introduction

String Theory concerns itself not only with objects extended in a single dimension, the eponymous
strings, but also with objects extended in many dimensions, namely branes. These extended objects,
as well as the quantum fields that live on them, are deeply consequential to modern String Theory
research in both its most formal and most phenomenological aspects. Despite the ubiquity of branes in
String Theory and the prominent position of fermions in physics, the fermionic fields living on branes
are often less well understood than their bosonic counterparts due in no small part to their inherent
technical complexities. Nevertheless, many phenomena in high-energy physics involve fermions, and in
a large variety of string theoretic scenarios branes are crucial tools, therefore a detailed understanding
of fermions on branes is of paramount importance.

Ever since the discovery that branes are objects intrinsic to string theories [1], they have been
extensively studied in a multitude of contexts. In type II theories, D-branes provide string theoretic
realizations of gauge theories, supersymmetry breaking, and inflation, among others. In many of these
studies their worldvolume fermions play central roles in the mechanisms under investigation. Of partic-
ular interest recently is the KKLT scenario [2], a proposal to generate de Sitter vacua in String Theory,
where branes are crucial for multiple purposes. The KKLT construction was originally described at an
effective 4-dimensional level and so the viability of the proposal has now got to be scrutinized at the
10-dimensional level. This has been done from many perspectives (see e.g. [3-21]). Initially, KKLT-
related works considering fermions on branes focused on counting zero modes of brane instantons (see
e.g. [22-24]). More recently new developments in this sector have lead to an interest in higher order
fermion terms on brane actions [25-32], bringing to this context open questions first posed by Hotava
and Witten [33-35]. In the well-understood case of non-localized gauginos, supersymmetry gives rise
to a ‘perfect square’ structure in the action [36], and it is not currently known how this structure
extends to the case of localized gauginos. Shedding light on these terms has been one of the main
motivations that has led us to study higher-order fermionic couplings in Dp-brane actions. Another
feature that makes branes extremely promising tools for model building resides in the fact that they
break half of the bulk supersymmetries (this was first observed in [37, 38]). Supersymmetry breaking
is still not completely understood in String Theory proposals, but Dp-branes are good candidates to
provide ways to achieve it without spoiling the solution to the Hierarchy Problem since their fermionic
degrees of freedom can realize supersymmetry non-linearly [37-41]. This is a key reason for devoting
our interest to the topic from a very generic point of view. In [24, 42-46], the worldvolume action of
Dp- and Mp-branes in an arbitrary bosonic background has been determined up to quadratic terms
in fermions. Our aim is to understand more deeply the mathematical structure underlying the action
of a Dp-brane, independently of the fermionic order of interest, and to set the stage for a concrete
determination of the order-4 fermionic terms in the imminent future. A fundamental feature will be
the structure inherited by the Dp-branes from the more fundamental underlying theory, the M2-brane
theory, as part of the web of string dualities. It would also be possible to inherit the structure from
the Mb5-brane action, but the simplicity of the M2-brane action makes this choice more practical.

It has been understood for quite some time that the five initially distinct-looking superstring
theories are in fact limiting cases of a single fundamental theory, M-theory [47]. The five string theories
and M-theory are related to each other via a web of dualities that we sketch in Fig. 1. In this work,
we are going to concentrate on three of these related theories, the dualities which connect them, and
the fermions on the branes that the theories contain. We will be investigating the M2-brane from M-
theory and the Dp-branes from the type ITA and type IIB superstring theories (more properly, we will
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Figure 1. A schematic of the web of dualities between the five 10-dimensional string theories and 11-
dimensional supergravity (and M-theory). We will use the superspace generalization of this web to investigate
the expansion in fermions of the superfields in different theories, and the expansion in fermions of the actions
for the branes those theories contain. The parts of the web relevant for this work have been highlighted with
thicker arrows. We begin with the superspace formulation of 11-dimensional supergravity. We find the ex-
pansion in fermions of the superfields therein, and use these to find the fermionic expansion of the M2-brane
action. Compactification on S' is then performed in order to obtain the fermionic expansion of the fields in
type ITA, and of the D2-brane action. Finally, T-duality between type ITA and type IIB is used repeatedly to
obtain expansions of the fields in type IIB, and so the expansions for Dp-branes for all p.

be working with the low-energy supergravity limit of these theories, i.e. 11-dimensional supergravity,
from M-theory, and type ITA and type IIB supergravities, from type IIA and type IIB string theories).
Compactifying the 11-dimensional spacetime of M-theory on a circle transforms the M2-brane into a
D2-brane (when the circle is orthogonal to the brane), and then an arbitrary number of T-dualizations
along directions wrapped by the brane, or orthogonal to it, allow us to investigate descriptions of
any Dp-brane. Our goal when it comes to these branes is to explore how to explicitly obtain the
terms in the single-brane abelian actions corresponding to high-order couplings for the fermions. Of
critical importance to us is the requirement that our methods are, at least in principle, applicable to
arbitrary order in the fermions. As we will show, a central development consists of understanding how
to dimensionally reduce and T-dualize the theories into each other in a manifestly supersymmetric
way, by working in superspace.

We now outline the core details of the strategy that we follow in this work. Due to the existence
of the string duality web, if we have a method for obtaining the high-order fermion couplings in one
theory it can in principle be extended to the others. We start with 11-dimensional supergravity which
has a particularly simple formulation in superspace, wherein the usual dimensions of spacetime are
augmented with anticommuting dimensions with Grassman-valued coordinates. In this formulation
the usual fields are combined into superfields which contain both bosonic and fermionic degrees of
freedom. What we then require is a way of systematically extracting information about the fermionic
degrees of freedom from the superfield formulation. The technique used to do this in a complete



way is called the ‘normal coordinate’ method,! first developed in superspace in [48], and often simply
referred to as NORCOR. The question of determining fermionic couplings is turned into a question
of differential geometry in superspace in a way that is both elegant and powerful. In [49], many of
the results necessary for finding the expansion of the M2-brane action to fourth order in fermions
were developed, this is also the order up to which we will expand in the examples which accompany
our analysis. The NORCOR method can be applied to determine expansions of the superfields of
11-dimensional supergravity at all orders in fermions [50]. Nevertheless, we show that the usefulness
of the approach can be limited because the size of the formulae grows quickly as one computes terms
of higher #-order in the superfields. This is the main obstacle we find in our computations, and it
will bring us to the conclusion that unless one succeeds in combing terms obtained with NORCOR
together into simple and manageable formulae, it remains extremely challenging to extract information
valuable for physics.

After setting up the problem in M-theory we are going to use the web of string dualities to carry
the information about fermionic expansions to the type II theories. However, in order to use the
above mentioned superspace formalism when considering the web of dualities, we promote the duality
procedures to superspace as well. This circumvents some of the difficulties in applying NORCOR
directly to the type II theories by instead only requiring the explicit use of NORCOR in the relatively
simple world of 11-dimensional supergravity. In this way a circle compactification will provide us with
the superspace formulation of the D2-brane action and T-dualities will allow us to obtain the Dp-brane
actions in superspace for an arbitrary value of p, in both type ITA and type IIB string theories. We will
take advantage of the T-duality rules for fermions [51-53] and express them in a convenient formalism
for our superspace approach, spinor doublet notation.

While our motivations are certainly braney in origin, the techniques we investigate and develop
are far more broadly applicable. The actions of the single M2-brane and for single Dp-branes are
just some examples of composite superfields that can be built from the fundamental superfields of
their respective theories, although, as we have discussed, even these abelian cases are particularly
relevant and interesting. We will structure our discussion, therefore, to concentrate on obtaining the
f-expansions of certain superfields in each theory, and investigate how they can be combined in order
to obtain the brane action expansions in separate examples.

This paper is organized as follows. In section 2, we review background information about branes
which motivates the analysis of later sections. We concentrate on viewing branes as hypersurfaces
in curved superspace, and the role of the Goldstone fermions arising from the broken supersymmetry
caused by the presence of a brane. In section 3, we review the use of the ‘normal coordinate’ method to
provide an expansion in orders of fermions starting with the superspace formulation of the fields of 11-
dimensional supergravity. In section 4, we consider the application of the normal coordinate expansion
to the superspace formulation of the M2-brane action and we obtain expansions to quartic order in
fermions. In section 5, we investigate the superspace generalization of the dimensional reduction of
fields in 11-dimensional supergravity to type ITA. We use this to determine the D2-brane action to
quartic order in fermions. In section 6, we discuss the superspace generalization of the T-duality
relation between fields in type ITA and type IIB string theories. We demonstrate how this can be used
in principle to move from the action for the D2-brane at a given order in fermions, to that for any
Dp-brane at the same order, and give explicit examples at second order. We end in section 7 with a
summary of our results, our conclusions, and a discussion of future lines of inquiry. Our discussion

1We shall see in section 3 that for our purposes this name is an anachronism and that for the physics we investigate
we do not require the specific use of a normal coordinate system.



is complemented by several appendices. Appendix A summarizes our spinor conventions. Appendix
B reviews 11-dimensional supergravity. Appendix C contains details about quartic-order fermionic
expansions in superspace. Appendix D contains a catalogue of useful identities for the dimensional
reduction from eleven to ten dimensions. Appendix E is reserved for a discussion of topics related to
T-duality.

Notes on notation

Throughout this work we perform a large number of steps on a large number of quantities. Making
our full discussion as clear as possible by avoiding notational clashes therefore necessitates the use
of a large range of notation. It is worth our time to take a moment to mention a few of the most
consequential choices and changes we make in this regard.

Indices

We are going to be working with many different sets of indices through this paper. We collect details
about all of these index choices here for easy reference. For easy reading we will repeat our conventions
in the context of the sections when appropriate.

In sections 2, 3 and 4, we will be working with (11|32)-dimensional superspace. Our superspace
conventions are the following. Superspace coordinates are ZM = (2™, 0*), where upper-case letters
in the middle of the alphabet are used to denote superspace coordinates, lower-case Latin letters
denote spacetime indices, m = 0,1,...,10, and lower-case Greek letters stand for Grassmann indices,
w=1,...,32. We will use Latin and Greek indices in the beginning of the alphabet to refer to tangent
space directions as A = (a,«), with a = 0,1,...,10 and a = 1,...,32. We will use lower-case Latin
indices like i, j, k for worldvolume directions, because we work only with the M2-brane this means that
1=0,1,2.

In section 5, we will perform dimensional reduction from (11]32)-superspace to (10]32)-superspace.
All 11-dimensional spacetime or tangent spacetime indices will now receive hats such that m =
0,1,...,10 and @ = 0,1,...,10 whereas the 10-dimensional indices will not receive hats so that
m = 0,1,...,9 and @ = 0,1,...,9. Under the dimensional reduction we perform the M2-brane
gets taken to the D2-brane. Therefore in section 5, where only the D2-brane is discussed, we still have
1=0,1,2. The Grassman indices will remain unchanged.

Finally, in section 6 we perform T-duality on (10|32)-superspace. This involves singling out a
direction to take as a circle, which we will take to be the direction z°. We will then maintain the
convention that 10-dimensional indices will not receive hats so that m = 0,1,...,9, and we shall use a
dotted index if referring only to the directions transverse to the T-duality circle so that m = 0,1,...,8.
We will also shift to using double spinor notation; however a detailed explanation of this change is
given in the section itself. When dealing with Dp-branes, T-duality maps the brane content of the type
ITA theory and the brane content of the type IIB theory into one another, changing the dimensionality.
As such, the worldvolume indices k,! run over all the p + 1 worldvolume directions, whereas indices
m/,n’ span the complementary transverse directions, with p always being clear in context. If the brane
wraps the T-dual direction, we will employ a dot-notation k,l when referring to all the worldvolume
directions other than the T-dual one.

Hats

In sections 3 and 4, we will be working in eleven spacetime dimensions. Then, in section 5, we will be
reducing to ten dimensions many of the quantities from previous sections, and we will also work with
them in section 6. In order to distinguish 11-dimensional quantities from 10-dimensional ones when



performing dimensional reduction in section 5 we place hats on all 11-dimensional objects and indices.
However, because our use of 11-dimensions is implicit in sections 3 and 4, and to avoid swamping the
notation in those sections with hats, we do not use the convention of hatting 11-dimensional quantities
until section 5 itself. Similarly, in appendices A and D, where we discuss both 11-dimensional and 10-
dimensional quantities, we are sure to distinguish them from one another with the hatting convention,
however in appendices B and C where everything is implicitly 11-dimensional, we drop them.

2 Branes, fermions, and superspace

In this section we provide some general background information about both M2-branes and Dp-branes.
This will motivate our discussion in the coming sections. For concreteness we mostly focus on the case
of a single M2-brane, but the ideas apply in a similar way for Dp-branes as well. The ideas in this
section also hold for the M5-brane and the Green-Schwarz string, but as we already mentioned we will
restrict ourselves to the M2-brane and Dp-brane cases.

M2-branes and Dp-branes are solitonic solutions of M-theory and type II supergravities, respec-
tively. ‘Brane-only’ solutions are characterized by the breaking of the 11- or 10-dimensional Poincaré
symmetry group down to the Poincaré group on the directions spanned by the brane times the
group of rotations in the transverse space, i.e. ISO(1,10) — ISO(1,2) x SO(8) for M2-branes and
ISO(1,9) — ISO(1,p) x SO(9 — p) for Dp-branes. The Goldstone modes associated to the breaking of
the Poincaré symmetry become bosonic degrees of freedom living on the brane worldvolume [54]. In
these cases, the brane solution also triggers a spontaneous breaking of half of the bulk supersymmetries
and the associated fermionic Goldstone modes turn into fermionic degrees of freedom on the brane.

In this paper we are interested in the action describing these localized branes, with a particular
interest in fermionic modes living on them and their couplings in the brane worldvolumes. For this
purpose it is convenient to approach branes from a slightly different perspective, that of the superspace
formulation of the supergravity theories. In this formulation, branes can be regarded as extended
objects in curved superspace. This is the approach taken in [55, 56] to construct the action of the
M2-brane: the M2-brane is a (2 + 1)-dimensional object in (11|32)-dimensional superspace and its
action consists of a brane worldvolume term, coupling the brane to the background metric, and a
Wess-Zumino term, coupling the brane to the background gauge sector. Denoting the coordinates
that span the worldvolume as ¢*, with 4 = 0, 1, 2, this action reads

Smez = —TMz/dBC V —det (P[G](2)) +HM2/P[A](Z)’ (2.1)

where T2 is the M2-brane tension, pnvz = Tz is the brane charge, and P[G](Z) and P[A](Z) are the
pullbacks of the 11-dimensional supermetric and three-form gauge potential onto the brane worldvol-
ume respectively, with ZM representing the superspace coordinates. The pulled-back superfields are
built out of components of the supervielbein E,,4(Z) and the super-three-form Aspc(2).

The above action is a superspace generalization of the standard bosonic action of the M2-brane,
where all fields in the latter are replaced by their superfield counterparts. A product of superfields
is a superfield itself, so what we have above is the M2-brane action superfield. Of course, since all
superfields depend on superspace Grassmann coordinates 68*, so does the action, and both allow for
finite expansions in 6. Concretely, because the superfields in the action are the supervielbein E MA(Z )
and the super three-form gauge potential Aapc(Z), if one knows the -expansion of these superfields,
one can obtain the expansion of the action superfield. Both 11-dimensional supergravity, and the type
IT supergravities in ten dimensions considered in this paper, have 32 supercharges and so the fermionic



expansion of the superfields goes up to order 32 in Grassmann coordinates 6*. Note that although
we are dealing with the brane action, and the presence of the brane leads to partial supersymmetry
breaking, we construct the brane action using off-shell superfields.

We mentioned before that, from the perspective of the bulk, the presence of the brane in the brane-
only solutions only preserves half of the supersymmetries. Let us consider the bulk supercharges that
are preserved in this type of solutions separately from those that are spontaneously broken. The Gold-
stone modes associated to the latter are fermionic degrees of freedom localized on the brane, arising
from the @#-directions that the broken supercharges generate on the (off-shell) superfields. The other
supercharges are not affected by the presence of the brane, and so the brane action must be invariant
under the shifts they generate in the corresponding Grassmann directions. Combining these ideas
together, we see that the superspace Grassmann coordinates on the brane action superfield are lifted
to localized fermions living on the brane §#(¢?), with only half of them (the ones generated by spon-
taneously broken supercharges) being physical and the other half being associated to transformations
that leave the action invariant. From the brane worldvolume perspective, when we lift the Grassmann
coordinates #* to fermions living on the brane, because we use the bulk off-shell superfields to write
the action, we find that half of these fermions are physical whereas the other half are not physical and
instead correspond to redundancies. The existence of these redundancies implies a fermionic gauge
symmetry of the action, commonly known as k-symmetry. In [55] it was shown that the action (2.1)
is indeed invariant under sk-symmetry transformations. More comments about the interplay between
bulk supersymmetry and k-symmetry are in section 4.

These arguments provide a clear approach for obtaining the fermion couplings of the M2-brane
action. One needs to obtain the #-expansion of the superfields involved, plug them into the action
(2.1), and then lift the Grassmann coordinates to fermionic fields on the brane §#(¢*). We will follow
this approach in order to obtain the M2-brane action at order (§)*, and so obtain fermionic interaction
terms up to quartic order. The approach can in principle be used to obtain the action at all orders in
fermions.

Note that we used the brane-only solution to illustrate how to obtain fermion couplings on the
brane worldvolume, but our interest includes much more general solutions with the only demand being
that they include branes. Many points made above change when moving from the brane-only solution
to more general solutions with branes, for example some of the fermions on the brane can be massive
and not correspond to the goldstinos of the solution (points of this kind can be found in e.g. [57]).
Crucial for our purposes, the fermion couplings that are obtained in the superspace formulation are
completely general and do not restrict to couplings on the brane-only solution.

In the above analysis we focused on the M2-brane case, but the same ideas can be extended to
all other branes, and in particular to Dp-branes in type II supergravities. Hence, in order to obtain
the Dp-brane action superfields, one ‘only’ needs to know the superfields involved. Unfortunately,
there is no known simple approach to obtain the §-expansion of superfields that appear in any of the
theories in which we are interested. The method we will use, based on a normal coordinate expansion,
is systematic but has limitations in its current form. While effective for the expansion of the M2-brane
action, computing the expansion of all superfields using this method turns out not to be the best
strategy for all Dp-branes, as we will explain in more detail later. In fact, our strategy will be to use
the ‘normal coordinate’ method to obtain the #-expansion of the M2-brane action superfield, and then
pursue the results for Dp-branes using the superspace generalization of the duality web in Fig. 1.



3 The ‘normal coordinate’ method

In section 2 we explained that in order to obtain a fermionic expansion of the M2-brane action one
requires the f-expansions of the superfields involved. In this section we review a systematic approach
to obtain these #-expansions. Later we will specialize and apply this approach to obtain the expansion
of some superfields in 11-dimensional supergravity, but the approach discussed here is completely
general.

Supergravity in eleven dimensions [58] has a well-established formulation in superspace? [59, 60].
From this perspective, the #-expansion of the superfields is just a Taylor expansion describing the
dependence of the superfields on the superspace Grassmann coordinates 6. We will use this geomet-
ric interpretation in order to obtain the f-expansions we are after. This approach is known as the
‘normal coordinate method’, or NORCOR, because the normal coordinate system was very useful for
performing the Taylor expansion of fields in spacetime when the method was originally proposed. We
will show, however, that the superspace analysis in which we are interested does not require any spe-
cial coordinate system. The normal coordinate method is a variant of the background field method to
obtain covariant expressions in Taylor expansions of fields. Relevant literature in the development and
application of NORCOR is [48, 49, 61-65]. In particular, [49] proposed the use of this method to ob-
tain the #-expansion of the M2-brane action. In this section we provide an intuitive and self-contained
description of the method.

The purpose of the NORCOR. approach is to obtain the value of a (super)field at a point 2z in
(super)space by starting from the value of the (super)field, and its derivatives, at another point, 237,
which is close to zM, with

2 =2+ 2M (3.1)

In other words, we obtain the value of the superfield at points in the proximity of a point z}! by
performing a Taylor expansion around z}/. This approach is useful when we have plenty of information
about the value of the superfield and its derivatives at the origin 2)?, but the information available
at 2 is much more limited.

In our case, we want to Taylor-expand superfields in the Grassmann directions 6*: we will take
the spacetime, i.e. the subspace z}/ = (z™, 6" = 0), to be the origin, and perform the expansion along
a direction ¥M that is purely Grassmannian. So, let S = S(Z) be any superfield, and let 2}/ = (2™, 0)
be the starting point. In order to determine the value S(27), we demand that there exists an auto-
parallel curve ZM () with parameter ¢ connecting z}! and 2}, such that ZM(t = 0) = 2}! and
ZM(t =1) = 2M. The tangent vector of the curve is yM (t) = dZ*(t)/dt. This tangent vector obeys

the auto-parallel equation

dy“(t)
dat

A A
Y (OVary(t) = +yM () watpyP (1) = 0, (3:2)
where yA(t) = yM (t)E,,4(Z" (t)) is written with the tangent superspace index because the superspace
covariant derivative V comes with a superconnection w generalizing the spin-connection, but nothing
analogously comparable to the affine connection. We are expanding along a purely Grassmannian
direction, so we want the tangent vector at the origin to point in Grassmann directions, i.e. yM (t =

0) = (y™ = 0,y").

2 Appendix A reports our spinor and I'-matrix conventions. Appendix B provides notes on the supergravity constraints
and Bianchi identities necessary to carry out the analysis in this work.




Before proceeding, let us explain why our approach does not need the normal coordinate system.
The point of the normal coordinate system is to simplify the auto-parallel equation at the origin. This
is usually achieved because the (affine) connection vanishes there. In our case of interest, however, we
can use local Lorentz transformations to set some components of the superconnection to vanish at the
origin of Grassmann coordinates, i.e. w#AB (0" = 0) = 0. So the auto-parallel equation simplifies at
0 = 0 regardless of the coordinate system used because the connection term vanishes there.

Moreover, yMyN BEMA /0ZN =0 at § = 0, and so the auto-parallel equation at the origin is
simply dy™ /dt = 0. The solution we are looking for is ZM(t) = 23! + yM (¢t = 0)¢ , and it is a good
approximation at the origin and its surroundings. The point 2} = (2™, 0") is at ¢t = 1 on the curve,
and this allows us to effectively identify the Grassmann coordinate and the origin tangent vector as
yi(t = 0) < Om.

We are now ready to obtain the #-expansion of any superfield S(zp). To do so, we first use the
curve above to compute the Taylor expansion with respect to the parameter ¢ around the point at
t=0,ie.

o0

k k
SZMW),_, =Y % (%) S(ZM(t = 0)). (3.4)
k=0

Computing variations in ¢ means comparing the superfield at the origin with the superfield after
dragging it along the auto-parallel curve, so we can replace the ¢ variations with Lie derivatives,
denoted Ly, along the tangent vector field yM (¢). Because we evaluate the derivatives at ¢ = 0 the
vector y that appears in the Lie derivatives will also be evaluated at this point. From here on we
simply write it as y and drop that it is evaluated at ¢ = 0, where it only has components in Grassmann
directions. Finally, we are interested in obtaining the value of the superfield at the point zM, where
t = 1. Putting these things together we find that

= (L))"
k!

SzM(t=1)|,_, = S(ZM(t=0)) = (9)|,_,- (3.5)

k=0

This means that the f-expansion of any superfield in this approach is obtained by repeatedly acting
with the Lie derivative. This is effectively the approach followed in [48, 49, 61-65]. It is interesting to
point out that we can write the expansion using the exponential of a differential operator, because this
agrees with the fact that a product of superfields is a superfield itself: if S is a product of superfields,
using the Leibniz rule and the exponential expansion one finds that there will be an exponential acting
on each superfield involved in the product.

For applying the NORCOR procedure it is important to note that in superspace we have the
superconnection (that generalizes the spin connection), and we defined a Lorentz covariant derivative,
but we did not define the notion of an affine connection or a fully covariant derivative. For this reason
we are often interested in writing superfields with Lorentz indices. Regular Lie derivatives acting on
Lorentz tensors do not lead to Lorentz tensors. To fix this problem, we need to replace the regular
Lie derivative by the Lie-Lorentz derivative (see e.g. [66, 67] and the original reference [68]). This
is a Lorentz covariantization of the regular Lie derivative, wherein partial derivatives are replaced by

3This can be checked using the §-expansion of the supervielbein components EuA(Z ) that can be obtained e.g. using
the method described in this section. The expansion of these components is only useful at this point for our purposes,
so we omit the derivation and just give the necessary formulas here. They are

B, = —%eyag(ra)a,;(sfj +O(0%), B, =06%+0(6°). (3.3)



their Lorentz-covariant counterparts, complemented with the inclusion of an extra term that gives
an infinitesimal Lorentz transformation. The effect of this Lorentz transformation is to trivialize the
effect on the holonomy group driven by the inclusion of spin-connection terms in the covariantization.
For practical purposes we observe that in (2.1) there are no free Lorentz indices, so the extra terms
demanded by the Lie-Lorentz derivative will cancel each other in the expansions of the objects we
are interested in. For this reason we can (and will) safely ignore the presence of these extra terms.
Physics provides an alternative (and, dare we say it, more intuitive) description of the same idea: the
Lorentz-Lie derivative above is a combination of a supersymmetry transformation and a local Lorentz
transformation, and we will ignore the latter because brane actions have no free Lorentz indices. The
f-expansion is therefore obtained by repeatedly taking supersymmetry variations of the fields.

Note that we have turned a problem about worldvolume couplings on branes into a differential
geometry problem in superspace, and there is a price to pay for it. If we wish to obtain the superfield
expansion systematically using this technique we are also required to do some extra work. On the
one hand, we need the value of the superfield at the origin of Grassmann coordinates § = 0, and on
the other hand we need to be able to manipulate the outcome of the repeated application of the Lie
derivative to write the results in terms of familiar objects. This is substantially easier to accomplish
when we focus on computing the expansion of the individual superfields appearing in the action, rather
than trying to treat the full action superfield directly. We will use some examples to illustrate these
points.

As a first example consider the expansion of the 11-dimensional supervielbein that appears in the
M2-brane action. We will employ the conventions and the definitions of 11-dimensional supergravity
that are reviewed in appendix B. For the first term in the expansion one needs the Lie derivative

LyEy? = Vuy? +y°E,PTpo . (3.6)

This formula is obtained via integration by parts, and involves the (Lorentz) covariant exterior deriva-
tive, Vy4 = dy4 — yBPE w4 (where y* = yM E,,4), and the (superspace) torsion tensor 7', whose
definition is given in (B.4). Note that we wrote the torsion tensor with all indices in tangent space by
introducing a supervielbein for convenience. Obtaining the order-(#)! term in the expansion requires
evaluating this expression at # = 0, which in turn requires knowledge of the superspace torsion tensor
and the supervielbein evaluated on this subspace. We will shortly explain how to perform this evalu-
ation. For now let us point out that without the notion of e.g. the superspace torsion tensor, the Lie
derivative would be meaningless, and this makes manifest the need for extra structure to obtain any
useful information from this approach.

Let us provide some further formulae necessary to compute higher order terms of the supervielbein
expansion. In particular, we will need

L,G =y*V 4G, (3.7)
EyyA =0,
Ly(Vauy?) = —yPEyyP Ryt

The first formula indicates how the Lie derivative acts on any Lorentz tensor G. For the second
formula we used the previous one together with the auto-parallel equation. The last formula is also
obtained by using integration by parts and the auto-parallel equation, and R there is the superspace
Riemann tensor defined in (B.5). Again, we find the need of extra structure in order to make sense
of certain Lie derivatives. It turns out that the four expressions provided are enough to obtain the
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f-expansion of the supervielbein at any order. We perform computations up to order four in section
4 and appendix C.1.

Once the necessary Lie derivatives have been computed, the next step is to evaluate them at
the reference point for the Taylor expansion, that we choose to be § = 0. Again, we concentrate on
the 11-dimensional supervielbein for concreteness. The first object to evaluate at this point is the
supervielbein itself. We use local Lorentz transformations to fix the so-called Wess-Zumino (WZ)
gauge,? i.e.

By (6=0) = (ema(x) %(I)) , (3.10)

0 oy

where e,,%(x) is the 11-dimensional vielbein and % (z) the 11-dimensional gravitino. For all other
terms appearing in the derivatives, there are a few steps to follow. First we must decide which
component of the superfield we are assessing by choosing which of the free indices we would like to
be bosonic or Grassmann. Contractions over superspace indices involve both kind of indices, upon
expansion we will often find that only one of these kinds contributes. This can be for a number of
the reasons including: (1) The supervielbein in the WZ-gauge has some vanishing component. (2)
The vector tangent to the auto-parallel curve at the origin is constrained to be y™ = (0,y*) for our
particular expansion. Note that the WZ-gauge means that this is y* = (0,y®). (3) The tangent space
structure means no mixing between bosonic and fermionic indices in the superconnection (and so also
t=w, = RABvd =Rupy =0.

For the terms that survive all of these constraints, one needs to evaluate the superspace tensors
involved and write them in terms of spacetime fields. To do this we make use of the supergravity

no mixing in the superspace Riemann tensor). This means W,y

constraints and superspace Bianchi identities. It turns out that many components of superspace
tensors vanish (for example T,,° = 0) or are constant (for example T, ) all over superspace [60].
Fixing the value of the latter is a matter of conventions. The value of all other components of
these superspace tensors can be obtained from superspace Bianchi identities. A list of supergravity
constraints can be found in (B.9a - B.9d) and a list of useful formulae derived from Bianchi identities
is given in (B.11a - B.11c¢).

As a clarifying example, we evaluate some components of (3.6), at § = 0, using the ideas above.
In both cases we consider that the index M will be restricted to spacetime, and we evaluate the cases
where the tangent space index A is spacetime and Grassmann separately. We obtain,

LyE, " = Vuy" + Y E, BTy " = Vuy® +yE, Ty @ =" —iy(T) 5,95, (3.11a)

LyE, " =Vuy® +Y'E, BTy @ = Vuy® +Y'E,'T,, @ "= Vuy® +y7e, T, % (3.11b)
In both cases we first fixed as many indices as possible to be either spacetime or Grassmann, leaving
only the contraction of B with both types involved, then we got rid of vanishing contributions by using
T,," =Ts,”* = 0. Finally we evaluated the surviving terms using the WZ-gauge for the vielbein (3.10)
and our convention for the constant torsion component Ty ¢ = —i(I'*),. We left T, * untouched
here, but it is a simple combination of I'-matrices and four-form flux, as shown in (B.12a).

Once the formulae for the Lie derivatives have been evaluated at the origin of Grassmann coor-
dinates, and re-written as described above, one can write the superfield expansion. In order to do so
one must replace the tangent vector y by the Grassmann coordinate 6 (this happens when we evaluate
the auto-parallel curve at ¢ = 1). For the components of the supervielbein in the above example this

4We previously used local Lorentz transformations to set to zero the component w, 45 of the superconnection at the
origin. These two choices are compatible with one another (see e.g. section 5.6 of [69]).
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gives the expansions up to order ()1, i.e.

E.“(2) =e,"“(x) — i00 %), ()

m

E,,*(Z) = ¥y, (2) + (Din()6)"

) (3.12a)

+ ...
+ ... (3.12b)
In the first formula we wrote the fermion bilinear with the Dirac conjugate § = 7 C, with C being the
charge conjugation matrix, see appendix A for our conventions. For the second formula, we noted that
the torsion can be manipulated and combined with the covariant derivative into the supercovariant
derivative D, = V,, + T}, where Tm is related to T,, by a transposition. An alert reader will notice
that the first order terms in the expansion are (unsurprisingly) the expressions that appear in the
supersymmetry variations of the vielbein and the gravitino.

The above method gives rise to a superfield expansion in terms of familiar objects. This is not
the end of the story, however. The method relies on writing all contractions in terms of tangent
space indices. This often requires including numerous supervielbeins, and these can result in a rapidly
growing number of terms when one computes higher and higher order Lie derivatives of any superfield.
Higher-order terms, written in terms of spacetime fields, therefore involve an increasing number of
contributions. This can cause the expansion to become enormously cumbersome unless one finds a
way to put contributions at each level together into more compact and tractable combinations. As a
simple example, recall that in the supervielbein expansion we combined the covariant derivative of 8
together with the term related to the torsion into the supercovariant derivative. At higher orders it
becomes increasingly complicated to combine terms together into manageable expressions. This will
be the primary cause of the limitations we find in our computations. We will make further comments
about this when we can make more precise statements.

Finally, we will concentrate on determining expressions for the case where the background is
bosonic. Practically speaking, we do this by turning to zero all the terms involving the 11-dimensional
gravitino. This means that we also turn to zero all superspace tensors with an odd number of Grass-
mann indices, since they involve the gravitinos when written in terms of spacetime objects. This
restriction causes many more terms in the expansions to vanish. The Lie derivative applied to a
bosonic field (a superspace tensor with an even number of Grassmann indices) an odd number of
times will always vanish in bosonic backgrounds, as will the expression for the Lie derivative applied
to a fermionic field an even number of times. In order to study completely general backgrounds, one
would simply not perform this step and maintain all the gravitino terms in the discussion as well.

Now that we have explained the approach, we are ready to spell out why it is more convenient to
only use NORCOR in eleven dimensions. In ten dimensions there are more fields and more superspace
tensors involved. This means that one needs to work harder in order to obtain all the supergravity
constraints and useful formulae from Bianchi identities in each theory, and of course applying them to
re-write the Taylor expansions requires performing even more computations. Moreover, the ‘simplicity’
of 11-dimensional supergravity enables us to more clearly capture the structure of the terms involved,
and we will show later that this structure is, in a sense, ‘inherited’ by the 10-dimensional theories.
We will make this statement more precise later. Nevertheless, we already mentioned that even in
this ‘more simple’ theory we encounter difficulties when manipulating higher-order terms. Clearly
this problem does not improve for 10-dimensional type II theories. Computing NORCOR expansions
in eleven dimensions is substantially cleaner and allows us to make insights and extract information
about structure more easily. It is a better strategy, then, to obtain all expansions in this theory and
then obtain expansions in ten dimensions via the superspace duality web, as we describe below.

A final compelling reason to use the method in eleven dimensions only is that higher order expan-
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sions of the M2-brane action can be obtained with essentially just the 11-dimensional supervielbein
expansion, whereas in all other cases one must compute the expansions of more fields. In order to
explain what we mean by ‘essentially’, we can consider the M2-brane action. We can first note that in
the volume term of the M2-brane action we find the (super)metric, whose expansion follows directly
from the supervielbein. For the Wess-Zumino term, what we find is a combination of the supervielbein
and of the super-three-form gauge potential. If we compute the Lie derivative of this combination we
find

Ly(E,, E,”E,;°Aapc) = B, E,”E,“y" Hpapo (3.13)

up to total derivatives. This formula is a consequence of how the flux field-strength superfield is
defined, in (B.8). We now apply supergravity constraints (B.9c - B.9d) which tell us that the only
components of the field-strength superfield that are non-vanishing are Hgypeq and Hagapr = i(Tab)as,
which is constant. This has important consequences for expansions of the above combination, and the
M2-brane action as a whole, namely

(Ly)"(yPHpasc) =0, for n > 1. (3.14)

Hence, if we apply more Lie derivatives on the combined superfield appearing in the WZ-part of the
M2-brane action, only the terms with Lie derivatives acting on the supervielbeins survive. This means
that knowledge of the supervielbein expansion is sufficient for computing the expansion of the whole
M2-brane action. This is the final argument supporting our general strategy.

For ease of use, we summarize the computational steps of the strategy here:

1. Compute the derivatives in the superfield expansion superfield. In practice this means using (3.6
- 3.9).

2. Evaluate the expressions at the origin, 6 = 0.

3. Apply the relevant supergravity constraints from (B.9a - B.9d) and those arising as a consequence
of superspace Bianchi Identities (B.12a - B.15b) in order to write formulae in terms of familiar
fields.

4. Apply the constraints of the bosonic background if appropriate.

4 The M2-brane action

The expansion of the M2-brane action up to order four in fermions was first performed in [49]. In
this section, with the aid of appendices, we review and correct the main results; appendix B contains
a review of the 11-dimensional supergravity conventions and appendix C discusses useful superfield
expansions up to fermionic order four. Our conventions are described in appendices A and D.

Let the M2-brane worldvolume coordinates be defined as ¢?, with ¢ = 0,1, 2. The superfield action
for the M2-brane in terms of the superspace embedding coordinates ZM (¢) = (™ (¢), 6*(¢)) is given
in (2.1) which can be written as

SMQ(Z) = —TMg/d3C |: —det (Gij (Z)) — %EijkAijk(Z)], (41)

— 13 —



where, using the pullback of the supervielbein

ozM

iA(Z) = EMA(Z)a (4.2)
we wrote the Dirac-Born-Infeld (DBI) term in terms of the pullback of the metric and the Wess-Zumino
(WZ) term in terms of the three-form pullback, which respectively read

Gij(Z) = Eia(Z)Ejb(Z) Nab; (4-3)
Ai(2) = BAZ)EP(2)E,C(2) Aape(2),

We explained in section 2 that in order to obtain the #-expansion of the action we need to obtain
the #-expansions of the superfields involved. For the M2-brane we also showed that, because of
(3.13), the only superfield expansion we need is that of the supervielbein. Nevertheless, it is more
practical to work with Lorentz-invariant objects, so in what follows we will compute the expansion of
the (super)metric and the (super)three-form, that appear in the brane action. Obtaining the action
expansion from these is then simple. Working with these superfields is sufficient and is a convenient
middle-ground between dealing with the full action and dealing with the numerous supervielbeins
individually. For a large proportion of the coming sections we will compute the Lorentz-invariant
superfield expansions.

We start by applying the method to compute the metric superfield expansion. In order to write
the brane action up to order four in fermions, we need to expand the supermetric to the same order.
We write the necessary Lie derivatives acting on the supermetric in terms of Lie derivatives acting
on the supervielbeins involved and take into account the fact that we consider a bosonic background,
which means that several terms will actually vanish. With the understanding that everything outside
of Lie derivatives is evaluated at the origin, the relevant relations are

(Ly)*Gnn =2 [(ﬁy)2E(ma} en)bnab, (4.5a)
(Ly)4Gmn =2 [(Ey)élE(ma} en)b77ab +6 [(Ly)QE(ma} [(Ey)2En)b} Nab- (4.5Db)

For the WZ-term, the analysis is slightly more involved because one has both the supervielbein and the
three-form in the combination (E,;AENyPEp©Aapc)(Z). We saw in the discussion around (3.13) how
to deal with this combination, so here we simply use those ideas and then follow the same procedure
as we did for the metric. The relevant relations up to fermionic order four in bosonic backgrounds are

(Ly)* Apnp = —3iy® [EyE[mB]encep]d(l"cd)Ba, (4.6a)
(L) Ay = =31y [(£y)° By, "Jen e, (Dea) pa — 181 y* [£y By, T [(£)* BT ey (Tea)pa (4.6b)

We see that we require different components of the supervielbein expansion for the metric and the
three-form. Happily, using the supergravity constraints it can be shown that in bosonic backgrounds
these components are related by the condition, [50],

(Ey)2l+2Ema = _Zyﬁ (Fa)ﬁ’Y [(‘CY)QlJrlEm’YL (47)

where [ is a natural number. Therefore, in order to obtain the action at order four in fermions, we
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only require two terms in the expansion of the supervielbein. These are

‘C}’Ema = (Dm)ayy’yv (48&)
(‘CY)BEma = _yﬁemcyéyévé(R(scﬂa - V‘;TCBQ) - yﬁ (Dmyw)y6R5v,@a - Z(yrcDmy)yﬁTcBa : (48b)

Here the first equation involves the supercovariant derivative that was discussed around (3.12b). The
supercovariant derivative will turn out to be a very important operator for our purposes. In (4.8b)
we have left the expression written in terms of superspace components of the torsion and curvature
tensors. Manipulating this expression using superspace Bianchi identities in order to write it in terms
of spacetime fields, though important for our purposes, is a computation that does not add any insight
to the present discussion. For this reason we present the details of that analysis in appendix C.2. The
outcome of our manipulations is the expression

(L)) By = i(T*y)* (§Winbey) + (T, T"y)* (Y H g gny) (4.9)

where we have defined

7_[bmdfgh = I Haggn Dy — 6€,,,"T g [Dyg, D], (4.10a)
1 1
Ry, = — (Tp T _ 851, 1ok _ 1961467 ponl ) pr (4.10c)
be = Hr6 \ e e b] (%) dfgh .
. 1
T, Hoh = 2—88(Fcfdf 9 —126,/T79M). (4.10d)

There are some important points that need to be made about these formulae. First of all, manipulations
lead to some terms involving commutators of supercovariant derivatives. It can be seen in appendix
C.2 that these arise from the first term in (4.8b). There are also terms involving a single supercovariant
derivative and H®-flux. These contributions are the outcome of manipulating the last two terms in
(4.8b). We have so far been unable to write these parts of the expressions strictly in terms of the
supercovariant derivative. Note that this problem appears for the first time at order (6)* for the
M2-brane in bosonic backgrounds, and was therefore not observed in the order-(#)? analysis carried
out in [44-46, 70] where everything can be packaged up in a tidy and supercovariant way. The result
(4.9) agrees with [71], but there are strong indications that these formulae should allow for further
manipulation into a more compact expression where supercovariance is made manifest. We will see
later that dealing with these complicated objects is the chief source of the difficulty limiting our
computational ability when performing dimensional reduction of the M2-brane action to obtain the
D2-brane action. We conclude this section by stating plainly that our manipulation of the higher
order expansion of the supervielbein probably needs to be completed into a manifestly supercovariant
formulation that we would expect to be more compact and more manageable than the one presented
above.

4.1 M2-brane at fermionic order two

In this section we review the M2-brane action at order two in fermions. We will use this ‘simple’
analysis for two main purposes. First, it is a warm-up exercise that nicely illustrates how to proceed
at higher orders. Second, we will use it to make more precise the relation between k-symmetry and
bulk supersymmetry discussed in section 2.
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Recall that we decided to perform expansions of Lorentz-invariant superfields in the action since
obtaining the full action expansion from these is simple. We begin with the metric expansion. We
ignore order-(#)! terms since they involve the gravitino and we are interested in bosonic backgrounds.
For the order-()? terms, we combine (4.5), (4.7), and (4.8) to obtain (Ly)2Gmn 6=0 —24yT(;y, Dyyyy.
We can use this to write a truncation of the metric superfield which includes only the terms relevant
for the brane action. We will use a boldface notation to refer to these truncated superfields. For the
metric, the combination is

9mn = 9Gmn (I) — Z@F(mDn)e (411)

The expansion of the three-form superfield can be similarly obtained. In fact, (4.6) and (4.8) combine
to give the order-2 correction in the combination A,,,,(Z), whose truncated expansion reads

Amnp = Amnp(ft) — %éF[mnDp]H (412)
These combinations of bosonic and fermionic fields first appeared in [44, 70] in what was called a
‘superfield-like form of the action’, allowing one to write the order-(0)? expansion of the M2-brane
action in a compact way. Similar combinations appearing in other Dp-brane actions were found and
these allowed these actions to be written in a compact way as well.

Our discussion makes it manifest that the appearance of the truncated superfields is not a mere
trick valid only for the action up to this order, but rather a consequence of how the action superfield
is built in the superspace formulation of supergravity. This means it is valid at any order in fermions.
Therefore in what follows our goal is to provide a systematic approach to compute truncated superfields
of this type appearing in all brane actions. For practical purposes we will often refer to the metric
and three form without specifying if we refer to the field, the superfield, or the truncated superfield,
as this will always be clear from context.

We are now ready to write the M2-brane action at order (#)2. Plugging the truncated superfields
(4.11) and (4.12) into the action (2.1) and then Taylor-expanding up to order (6)?, we get

1 ..
Sl(\/2[)2 = —TM2/d3< |: —det (g) — EEZ]kAijk]

1 .. _ .
- —TMg/d3C { —det (g) — gaw’fAijk} +iTM2/d3C\/—det (9) [HPEO)FZDiQ]

(4.13)

In the last line, we combined the order-(#)? terms together forming the so-called k-symmetry projector
at order (0)°, i.e.

0 1 0
PO = 5 (1~ r), (4.14)
where the I'-matrix combination defining the operator is

© _ e Ty
M2 6 /—det (g)

This allows us to see explicitly the manifestation of xk-symmetry in the M2-brane action at fermionic
order (6)?. We comment on x-symmetry in detail now.

(4.15)
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4.2 Supersymmetry and k-symmetry

We are now in a position to make more precise comments about bulk supersymmetry and x-symmetry.
As we already mentioned, it is worth taking two perspectives. First, from the bulk perspective,
the brane-only solution spontaneously breaks half of the supersymmetries, while the other half are
preserved on-shell. The corresponding goldstinos turn into the fermionic degrees of freedom on the
brane, 6#({). Alternatively, from the brane worldvolume perspective, we construct the brane action
using off-shell superfields with all 32 Grassmann coordinates, therefore only half of them correspond
to actual degrees of freedom on the brane while the rest are redundancies. This means that there must
exist a fermionic gauge symmetry, known as k-symmetry, that gets rid of these redundant directions.
The presence of such a fermionic gauge symmetry in the M2-brane action (2.1) was shown in [55]. The
Kk-symmetry variations are

(6. ZME,,*(Z) = 0, (4.16a)
(0:ZM)E*(Z) = (1 + Twa(2))° 45", (4.16b)
where the operator
gk,
'v2(2) = L (2) (4.17)

61/~ det(G(2))

is a hermitian traceless matrix squaring as (I'vz2(Z))? = 1. In the transformations,  is an arbitrary
32-component Majorana fermion in 11-dimensional spacetime. Note that these expressions are valid
all over superspace. If we evaluate them at the origin of Grassmann coordinates, using the WZ-gauge
(3.10) for the supervielbein, these variations read

dex™ =0, (4.18a)
(6:6")6% = (1 + T\ 54", (4.18b)

with the matrix 1"1(\2)2 defined as in (4.15). Hence it is possible to use k-symmetry transformations
to project out half of the Grassmann coordinates 6#. We see that the appearance of the orthogonal
projector PEO) in the M2-brane action at order ()2 is not a coincidence, but rather it is a consequence
of k-symmetry and what we did there was to write the action in such a way as to make this symmetry
manifest.

Let us now derive some bulk supersymmetry properties. We start with the M2-brane-only solution,
where the brane spontaneously breaks half of the supersymmetries. Here we use k-symmetry to
determine whether a supersymmetry is preserved by the brane or spontaneously broken, following
[72, 73]. To make this point explicit, we need some of the symmetries of the M2-brane action (see e.g.
[56]). To start, recall that superfields transform under global supersymmetry variations, and so does
the brane action. Off-shell, supersymmetry variations are shifts in any Grassmann direction(s) 6.
On-shell, in a background where the brane is present, only some of those shifts leave the background
invariant. We denote the variation generated by the surviving killing spinors in this background
0.6 = em2. The combination of surviving global supersymmetry and s-symmetry leads to a total
variation (at the origin of Grassmann coordinates in order to connect with the above discussion)

5k = ez + (1 + Tk (4.19)

In order to get rid of the fermionic redundancies on the brane, we write the x-symmetry gauge-fixing
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condition as P = 0, where P is a projector independent of background fields. This implies that the
physical fermions on the brane are such that § = (1—P)#. Once the gauge is fixed, in order to preserve
it, it is necessary that d. ,(P6#) = Pd. .0 = 0 holds, and so . .0 = 0. The latter formula, together with
(4.19) implies that the surviving global supersymmetry transformations that are compatible with this
fact must satisfy

ez = —(1+T0) & (4.20)

on the brane locus. Using this relation, one easily finds that any surviving supersymmetry must satisfy
PJ(FO)EMQ = em2 (equivalently 1—‘1(\?[)261\/[2 = epm2) on the brane locus, where PJ(FO) (1+ 1" )/2 On the
other hand, the orthogonal projector P£0 selects Grassmann coordinates generated by spontaneously
broken supercharges, the goldstinos on the brane-only solution. This is the reason why the combination

Py appears on the brane action. (4.20) also shows that preserved bulk supersymmetries are of the
same aspect as xk-symmetry transformations (they both involve P( )) and so also leave the M2-brane
action invariant thanks to the presence of P 9 in the brane action.

This physical picture is valid not only for the M2-brane, but also for all Dp-branes. In order to
study each case one must replace I'nig by the corresponding matrix I'p,,. In [45, 46] it was shown that
all Dp-brane actions at quadratic fermionic order can be written with the corresponding x-symmetry
projector. In [41] the breaking of supersymmetry by Dp-branes was shown to correspond to a non-
linear realization of supersymmetry, generalizing first results of this type [37, 38].

The brane-only solution is illuminating for deriving multiple facts regarding bulk supersymmetry
and x-symmetry, but our interest is in more general setups. In the previous configuration all fermions
on the brane are massless goldstinos and many fermionic couplings on the brane vanish. In general,
those couplings do not vanish and are physically relevant. For example, depending on the particular
solution, some (or all) worldvolume fermions will become massive and will no longer correspond to
goldstinos of the solution. The superspace approach in this paper includes all such couplings and
therefore captures all of the relevant physical features of these general solutions. Moreover, the argu-
ment above, telling which supersymmetries survive in the solutions involving branes, is also valid for
such solutions.

Finally, it is worth noting that we evaluated our expressions at the origin of Grassmann coordinates
and so formulae involved the zeroth order x-symmetry matrix T )2 and the projectors Pj([ ), that we
used to connect with what we found for the brane action at order (f)%. Nevertheless, the above
arguments work all over superspace and so the general formulas about preserved supercharges and
k-symmetry involve I'y2(Z) and Py (Z).

4.3 M2-brane at fermionic order four

In this section we apply what we learned at the second fermionic order to build the action at order four
in quite a direct way. We saw that in order to do so we need to find the metric and 3-form superfield
truncations up to order (9)4.

We already provided all of the relevant formulae to write the supervielbein expansion at order (6)
n (4.7) and (4.9). By plugging those results into (4.5) and (4.6), one finds the metric and three-form
superfields up to order ()*. The metric is

4

gmn = (mDn)e) — l(éFaD(me)(H_l““Dn)H)

~i(d
1 don 1 . (4.21)
T Ty P ) TH 1) + 15 0T (i T70) (W),
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where we used the operators defined in (4.10), and, similarly, the three-form is

3 3 .
Amnp = Amnp — 52(91—‘[,”".[);0]9) — Z(@Fa[mDnQ)(el—‘ Dp]e) (4 22)
1, - _ 1, A ’
+ O pn T, PIO)OH 14 o 0) + g(9r[mnrb 0)(OW,1c0).

In the same way as we did at second order, these expressions can be plugged into the action and then
we can perform a Taylor expansion to find the action at quartic order

1 ..
S\ = — T / d*¢ [ —det (g) — gE”kAijk}
ijk
= — Ty /d Cv/=det (g) [1__Tt()Aijk]

+ Tz / d*¢ \/—det (g) [i(@P(O)PiDﬂ)

(4.23)
+3 (HFZD 6)° — (érz-Dje) (6T°D79) — %(éripje) (61 D'9)
1(¢9r D'9) (6T D;6) — 1$(9‘r .D;0) (0T Dy,0)
8 8/ —det(g) " |

(OPOTT, 49 0) (GH 44 ,1,6) — 2(9’P£°>rirbce) (BWineH) |-

—_
N>|’_'

We see that some of the fourth-order terms, like the second-order terms, may be organized around
zeroth-order k-symmetry projectors, whereas some cannot be. Those terms which cannot be (coming
with a factor of 1/8) are related to the higher-order fermionic expansion of the k-symmetry projector
superfield. We leave the study of this for future work, and for now continue on without organising
these terms around a k-symmetry principle.

This completes the expansion of the bosonic background M2-brane action to quartic order. In the
next section we will examine the dimensional reduction of these expansions to determine the D2-brane
action up to order four in fermions.

5 Superspace dimensional reduction and the D2-brane action

We now know how to obtain the fermion couplings in the M2-brane action up to arbitrary order, and
we have calculated them explicitly up to order four. Our plan is to use this knowledge to compute
equivalent couplings on all Dp-branes. The first step in doing this is compactifying M-theory on a circle,
connecting the M2-brane in 11-dimensional supergravity to the D2-brane in type IIA supergravity.
Then, by T-dualizing the theory, move to branes of arbitrary dimension in both type ITA and IIB
theories.

Dp-branes are solutions of 10-dimensional type II supergravities and it is therefore possible to
construct their action using the superspace formulation of those supergravity theories. This is indeed
what we will do in this section and the next one. However, as we previously explained, the approach
we will use to obtain the Dp-brane action superfields will not be a direct application of the NORCOR
approach of section 4. Instead, in this section we use a superspace generalization of the dimensional
reduction relating M2-branes and D2-branes. We start by quickly reviewing the S'-compactification
of the 11-dimensional spacetime that reproduces type IIA supergravity starting from 11-dimensional
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supergravity. We then consider the M2-brane and its dimensional reduction to the D2-brane. After
revisiting the purely bosonic calculation, we then extend the compactification method to superspace.

For a detailed account of the notation employed, see appendix A. See appendix D for an overview
of the relevant dimensional reductions.

5.1 Reduction of 11-dimensional supergravity to type ITA supergravity

Type IIA string theory can be obtained by dimensional reduction of 11-dimensional supergravity. In
this subsection we quickly review the main features of this dimensional reduction.

The notation for the dimensional reduction is as follows: 11-dimensional indices are hatted whereas
10-dimensional indices are not and 11-dimensional objects are also hatted whereas 10-dimensional
objects are not; indices a,b,... are tangent space and m,n,... are spacetime indices, with explicit
number indices underlined for tangent space and unadorned for spacetime, while i, 7, ... are M2- and D2-
brane worldvolume indices; 11-dimensional spacetime coordinates are 2™ and they split as (z™, 2'0),
while worldvolume coordinates are ¢*; we will leave implicit that the pull-back to the brane of an
11-dimensional object is a different operation than the pull-back to the brane of a 10-dimensional
object, but we will keep track of this by observing whether the object is hatted or not, objects always
being pulled back in the appropriate way. Background fields are independent of x'°.

To begin the dimensional reduction, we first deal with bosonic fields. Given the 11-dimensional
metric gma = ém&éﬁi’ﬁ&i), where é,,,% is the 11-dimensional vielbein, the S'-compactification ansatz for
the vielbein leading to the type IIA action in the string frame is

6= <6%6m‘1 eﬁfm> (5.1)
0 es
a

is the 10-dimensional vielbein, ¢ is the dilaton, and C), is the Ramond-Ramond one-
form. The 10-dimensional metric i gy, = €,,%€,,* 7ap. The 11-dimensional three-form gauge potential

where e,

decomposes as

Amnp = Cmn;m (52&)
Amn 10 — an7 (52b)

where C'5 is the Ramond-Ramond three-form potential and Bs is the Kalb-Ramond potential. Notice
that our RR-field sign conventions differ from those used in [44, 45]. There are many objects for which
we need the dimensional reduction. Those calculations are crucial, but laborious, so we provide a
catalogue of the dimensional reduction results in appendix D.

Fermions are of course highly relevant for our purposes and so we need many details from the
dimensional reduction of fermionic fields. The ansatz for the 11-dimensional gravitino @m is

Y = €7 ¢/0 [wm - érmx + %efﬁcmr*x : (5.3a)
A 1
1o = e /6 {ged’r*)\}, (5.3b)

where 1, is the 10-dimensional gravitino, A is the dilatino, and I'* is the 10-dimensonal chirality
matrix. Recall that we start with 11-dimensional Majorana fermions. Upon dimensional reduction,
these will split into pairs of 10-dimensional Majorana-Weyl fermions of opposite chiralities, so each
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10-dimensional fermion above should be interpreted as a pair of Majorana-Weyl fermions of opposite
chirality, e.g. A = Ay + A_, where I'*Ay = £A.. This dimensional reduction leads to the type
ITA action in the fermionic frame of [74]. Moreover, any 11-dimensional Majorana fermion, like the
supersymmetry parameter or the fermions on the M2-brane, need to be dimensionally reduced like the
gravitino, with a rescaling involving the dilaton, and further need splitting into pairs of 10-dimensional
Majorana-Weyl fermions, so

0=e?%0, 0=0,+06_. (5.4)

Next, we are interested in the type IIA gravitino and dilatino supersymmetry variations arising
in the resulting 10-dimensional action. In 11-dimensional supergravity, the gravitino supersymmetry
variation reads

Sethin = Dié. (5.5)

In the type ITA theory, the supersymmetry variations of fermionic fields are

6ewm = Dmé, (56&)
5€A = A€7 (56b)

with the 10-dimensional supercovariant derivative D,, and the operator A being defined as,

1 1

Dy =V + Zﬂg?r* - z¢ (FPr* + FU)T,, (5.7a)
1 1

A=09¢+ §g<3>r* — g (FPT* + FU)T,,. (5.7b)

Using these definitions, the 11- and 10-dimensional operators are related as

D,, = D,, — %FmA + %e¢CmF*A + %6m¢, (5.8a)
ﬁlO = %€¢F*A. (58b)

We see that the 11-dimensional supercovariant derivative essentially splits in terms of the operators
determining the type ITA gravitino and dilatino variations. Recall that we defined these operators from
the supersymmetry variations of the type ITA gravitinos and dilatinos, which depend on the chosen
fermionic frame. Therefore if one makes a different dimensional reduction ansatz for the 11-dimensional
gravitino (or equivalently some redefinition in the fermionic sector of type ITA), the definition of these
operators will be modified accordingly.

5.2 Bosonic D2-brane action

Once we know how to dimensionally reduce the background, we can dimensionally reduce the M2-
brane action. We compactify along one direction that is not spanned by the M2-brane, therefore the
result is the D2-brane of type ITA supergravity. We start from the bosonic part of the M2-brane action
(2.1). Following our compactification ansatz, the pull-backs of the 11-dimensional metric and of the
three-form can be written in terms of pullbacks of 10-dimensional fields as

Gij = e 2%3g,; + e 3pip;, (5.9)

Aijk = Cijr — 3CBji) + 3pi By, (5.10)
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where we defined the combination p; = 9;2'°+0;2™C,,. In terms of these fields, the bosonic M2-brane
action becomes the D2-brane action and it reads

T, »
S = o [ 43¢ em0/=detlg) VIH R + 222 [ ¢ ¥ [Cop —3Cib+ 3piBa. (511

where Tpo = Tyo is the D2-brane tension. We would like to obtain the action for the D2-brane
in a fully 10-dimensional formulation. Currently, however, (5.11) contains factors of p; and so that
formulation of the action implicitly knows about the M-theory circle. We need to get rid of p;. We do
this by including a Lagrange multiplier term involving the one form p; and its worldvolume dual, the
exact 2-form Fo = dA;, where A; is the D2-brane worldvolume gauge field. This Lagrange multiplier
is T

St == [ (e (pi = Ci)F . (5.12)
A fully 10-dimensional D2-brane action follows from including this term in the action, and then
integrating out p; by plugging the solutions to its equation of motion back into the action. After doing

this, and with a little massaging, we arrive at the familiar form the bosonic D2-brane action

S5 = —Tns / d* ¢/~ det(g + f) + Tz / (Cs — Cy A f), (5.13)

where we made the definition f;; = B;; + F;;. This action, obtained from the M-theory dimensional
reduction, is in string frame. It is worth noting explicitly here that the worldvolume field f;; is built
using one field that is pulled back from the bulk, B;;, and one that specifically lives only on the
worldvolume, F;;.

We have calculated a fully 10-dimensional formulation of the D2-brane bosonic action. Our next
goal is to find fermion couplings on the brane worldvolume. Therefore we turn to the superspace
generalization of the S'-compactification we have just used.

5.3 Superspace dimensional reduction and fermions on the D2-brane

In this section we obtain the fermion couplings on the D2-brane action. Following the same reasoning
as in the case of the M2-brane action discussed in section 4, this can be done by moving to the
superspace formulation of type IIA supergravity. One must promote fields in the bosonic action to
superfields and then find the corresponding 6-expansions. From the expansions of the constituent
superfields, the expansion of the brane action superfield may then be determined.

A possible method to obtain the superfield expansions would be to construct all the necessary
superfields using the same geometrical strategy as we applied to the M2-brane, i.e. NORCOR. How-
ever this requires more hard work than is necessary and there exists a better strategy. The key
of our approach is the following observation: the superspace formulation of M-theory is in (11]32)-
dimensional superspace, and the superspace formulation of type ITA strings is in (10|32)-superspace.
It is therefore natural to expect that, as for the basic spacetime case, both superspaces are related
via an S'-compactification of a bosonic direction. This superspace compactification and knowledge of
11-dimensional superfields in the M2-brane action are all we need to obtain the expansion of the type
ITA superfields that appear in the D2-brane action.

Now we have to determine those 10-dimensional superfields. Same as in the M2-brane case, at
zeroth order in the #-expansion, the superfields are simply the bosonic fields. Those 10-dimensional
bosonic fields are related to the bosonic fields of 11-dimensional supergravity by the dimensional reduc-
tion ansatzes (5.1) and (5.2). The spacetime dimensional reduction is described by those equations,
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and it is natural to interpret all fields appearing there (both 11- and 10-dimensional fields) as the
leading-order terms of the corresponding superfield f-expansions. The superspace dimensional reduc-
tion must be described by the superspace generalization of those equations. Our method to compute
the 10-dimensional superfields of interest will therefore be to use this superfield generalization together
with knowledge of the 11-dimensional superfields we already gleaned in the previous section. Before we
write the superspace compactification ansatz, recall that in eleven dimensions we did not compute the
whole expansion of superfields, but rather we restricted to even 6 powers because we were interested
in bosonic backgrounds and we considered truncations to quartic order in the fermions. The same
holds in ten dimensions, namely we are interested in explicitly obtaining the same type of restricted
and truncated superfield expansions. We promote (5.1) and (5.2) to the superfield level and use bold
notation to indicate that in practice we will expand and truncated them. We obtain the promoted
11-dimensional metric

. e_2¢/3(gmn +e2?C,,C,) ete/3C,,
9ma = ( A3, edd/3 > (5.14)

and the promoted 11-dimensional three-form®

Ay = Cl (5.15)
Apn10 = B, (5.16)

where g,,,,, is the truncated 10-dimensional supermetric, ¢ is the truncated dilaton superfield, B, is
the truncated Kalb-Ramond superfield, and C/,, and C;,mp are the truncated Ramond-Ramond one-
and three-form superfields, respectively.

With these relations in hand, we are ready to obtain the #-expansions of the 10-dimensional
superfields. We are going to first compute the expansions of the 10-dimensional superfields up to
order (0)? as an illustrative example. We will do this in detail. Then we will plug the expressions
we find into the expression for D2-brane action superfield, expand, and compare our findings with
previous results for the D2-brane in bosonic backgrounds at second order in fermions obtained with
alternative methods. The results match, confirming the validity of our approach. Finally, we will
compute the order-(6)* terms of the truncated superfields. We will use these results to support the
point we made in previous sections, i.e. that combining the terms in #-expansions into a more compact
and manifestly supercovariant formulation is crucial. We argue strongly that this is the cornerstone of
plausible methods for making the calculation of high-order fermionic couplings in brane actions viable
in the future.

5.3.1 Order-(0)2? terms

The superfield relations in (5.14 - 5.16) can be Taylor-expanded, and these expansions can be truncated
at a desired fermion order. This will lead to relations between 11- and 10-dimensional fields. We will
use the number of fermions (both in eleven and ten dimensions) as an ordering principle to relate
those 11- and 10-dimensional fields. At leading order, one finds the original bosonic ansatz, which
does not have any new information. For the bosonic backgrounds we are considering, at next order, in
eleven dimensions one finds fermion bilinears with I'-matrices and the 11-dimensional supercovariant

5For future convenience, we place a prime on the 10-dimensional RR three-form superfield here. We ask that the
reader indulges us in doing this for the time being and promise that the reason will be made clear. The motivation of
this choice is explained in (6.33).
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derivative in which several bosonic fields appear. It is natural to expect a similar behaviour in ten
dimensions, namely that at this order each superfield involves a bilinear in 6 as well as ['-matrices
and operators involving 10-dimensional fields. We can therefore make an ansatz for each truncated
superfield involving a (for now) unknown fermion bilnear, i.e.

¢ =9+p, (5.17b)
B = Bmn + B, (5.17¢)
;,mp = Crnp + a:,mp. (5.17e)

We now need to obtain expressions for the unknown 10-dimensional bilinears. Our procedure is
to take each component of the 11-dimensional fields in (5.14) - (5.16) and then perform a Taylor
expansion in fermions. We do this by NORCOR for the 11-dimensional left-hand side and by plugging
in the ansatzes (5.17) for the 10-dimensional right-hand side. Then we identify the corresponding
11-dimensional bilinears with the unknown 10-dimensional ones. At that stage one has relations
between fermion bilinears in different theories. The equations indicate expressions for the unknown
10-dimensional bilinears in terms of 11-dimensional fields. In order to write the results for the 10-
dimensional bilinears in terms of 10-dimensional fields, we are required to dimensionally reduce the
11-dimensional expressions. To properly elucidate this procedure, which is critical to our overall
method, we will provide several examples at varying levels of technical complexity by calculating the
bilinear terms for some of fields in (5.17).

Example 1: dilaton

The simplest example case is that of the dilaton, for which we will provide every detail. We read from
(5.14) that it is related to the (10, 10)-component of the 11-dimensional supermetric as g, = ¢*®/°.
We Taylor-expand both sides of this relation. For the 11-dimensional left-hand side we use the result
(4.11) from the NORCOR procedure. For the 10-dimensional right-hand side we use the expansion
ansatz for the dilaton superfield in (5.17b). Equating the fermion bilinear terms from each side, we
find that

— iéf‘loﬁloé = €4¢/3%, (518)

In order to determine an expression for p in terms of 10-dimensional fields we are required to dimen-
sionally reduce the 11-dimensional bilinear. All the necessary results are given in appendix D. We can
eventually write

— iéf‘loﬁloé = %264¢/3éA9, (519)
which means the dilaton superfield fermion bilinear contribution is
p= —iéM. (5.20)

We have found an expression for the bilinear p that is associated to the operator A which appears in
the supersymmetry variation of the dilatino. This was to be expected: recall that we obtain the -
expansion by taking supersymmetry variations. In the first supersymmetry variation of the dilaton one
finds the dilatino and so the supersymmetry variation of the dilatino appears when we take a second
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variation (on the dilaton). It is also worth remembering again at this point that, in ten dimensions, 6
represents a pair of Majorana-Weyl fermions of opposite chirality.

Example 2: Ramond-Ramond one-form

For this next example we will move through the steps a little faster. We read from (5.14) that the
Ramond-Ramond one-form superfield in ten dimensions is related to the (m, 10)-component of the 11-
dimensional supermetric as §,, ;o = ¢*?/2C,,. Taylor-expanding both sides using (4.11) and (5.17d),
and keeping fermion bilinear terms, we obtain

— 01y D1y = €2¢/31,,, — %e4¢/3(9A9)Cm. (5.21)

Note that because the superfield relation involved both the dilaton and the Ramond-Ramond one-form,
we were obliged to use (5.20). After a little work for the dimensional reduction of the 11-dimensional
bilinear (again, all the relevant results are given in appendix D), we arrive at

PO ; _ 1 ; _
— 0T (s D1y = —%ewb’ or* (Dm - 5rmA)e - §e4¢/3(9A9)Cm, (5.22)
which indicates that the bilinear 7,,, must be
i g 1
T = =500 (Dm - §rmA)9. (5.23)

Example 3: metric

The most complicated superfield relation is that of the (m,n)-component of the 11-dimensonal super-
metric. We read from (5.14) that it is related to the 10-dimensional supermetric, the Ramond-Ramond
one-form, and the dilaton as §,,,, = e~ 2#/3(g,,, + ¢?*¢C,,C,,). With the ansatz (5.17a) and the pre-
vious results (5.20) and (5.23) for p and 7,,, Taylor-expanding in exactly the way we have in previous
examples yields

_Zéf‘(mf)n)é =—i 6_2¢/3 |: - %(éAe) (gmn + 62¢Cmcn) + Ymn
5.24

2(Lgne ~ogr SWNY/ e
+ 2 ( 5(626)C,,Cr + Cppe™* 6T (Dn) - 5w ) .

Once more applying the results of appendix D, the dimensional reduction of the 11-dimensional bilinear
can be determined to be

—i00 (D) = —i =203 { —~ %(M@) (gmn + €*°CrnCy) + 0T (1, D)0

(5.25)
20 1~ —¢ pp* 1
+ 2 ( 5(66)C,,Cy + Clppe™ 6T (Dn) - Ern)A)o .
By comparison, we are immediately able to discern the result
Ymn = —10T (1 Dy 0. (5.26)

One should observe that the metric superfield expansion takes on the same shape for the 11- and the
10-dimensional metrics. In each case the fields and operators involved are not the same, but equivalent
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objects appear in the same place. This is once again to be expected. The first-order #-expansion of the
metric involves the (corresponding) gravitino, and we obtain the expansion by taking supersymmetry
variations. Upon a second variation we are therefore not surprised to find the supersymmetry operator
on the gravitino variation.

Application of our approach to the case of the relations (5.15) and (5.16) connecting the 11-
dimensional three-form superfield to the 10-dimensional superfields is essentially straightforward and
we leave the details of the calculation to the interested reader.

Full results

At the end of the day, the expansions of the 10-dimensional superfields for type ITA supergravity up
to quadratic order in fermions are

b=¢— i ) (5.28)
Bin = Brn — i 00T, D, (5.29)
o _ Y o —eam 21
Cin = C — 57400 (Dm 2FmA)9, (5.30)
' =C : —%0(30,,,D 1r A)6 —3iC,, 6T°T,,D,;0 5.31
mnp — Cmnp — 5 e ( [mntp] — 5 mnp ) — 9t Um nt/plV. ( . )

All bilinears involve one or both of the operators appearing in the supersymmetry variation of the type
ITA gravitino and dilatino, i.e. the supercovariant derivative D,, and the operator A, respectively. The
Ramond-Ramond potential C(!) is also present in the expansion of C"(S). We asked earlier that the
reader indulge us in defining the three-form superfield with a prime for the moment. The reason for
this is that it will later become advantageous to consider the three-form superfield expansion restricted
to that bilinear which does not come multiplied with C"), and for notational convenience it will be
this restricted expansion which we shall call C () We will say more on this in the next section.

Our results precisely match with those used in [44],° where, however, the approach followed
was morally quite different. They used the results of [45], where all Dp-brane actions at order (6)?
were computed using a brute-force approach, and noticed that all Dp-brane actions could be written
in a particularly compact and convenient way using field combinations like the ones above. The
authors there labelled their observation a ‘superfield-like’ formulation. Using our more conceptually
sophisticated approach we can now confidently remove the ‘like’. We can see clearly that the reason
these particular field combinations proved to be so useful to previous authors is that they are indeed
born out of superfield considerations, namely the use of truncated superfield expansions as we have
developed here. Moreover, the brute force approach is very complicated to manage at higher orders in
6. Our approach, though still somewhat complicated, does allow such computations to be performed.

D2-brane action at order ()2

What bosonic fields do, the superfields do better. Or rather, the superfields do morally the same thing
but carry with them all of the information about the fermion terms. So it went for the dimensional
reduction of individual (super)fields, and so it goes for manipulations of the (super)field quantities
built from these constituent (super)fields. The composite quantity we are concerned with now is the
D2-brane action.

6What we give as ngk here is denoted Cﬁ;zndard there.
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In section 5.2 we provided many details of the dimensional reduction of the bosonic M2-brane
action to the bosonic D2-brane one. Now its usefulness is apparent: we are going to interpret the
bosonic action as the zeroth-order fermionic expansion of the corresponding superfield. Based on this
idea, we start with the M2-brane superaction (4.13) and write it in terms of 10-dimensional superfields
by using the superspace dimensional reduction ansatzes (5.14) and (5.15, 5.16). The appearance of
pullbacks works exactly as in the bosonic case, and so the outcome is the D2-brane super action written
as

T g
S2 = —1y, /d3< e~?\/—det (g) /1 + e2¢p2 + % /d% g”’f[ ik —3CiBjx+3p;Bji|, (5.32)

where p, = 9;x'° + 9;2™C,,. Once again we would like to write this action in a fully 10-dimensional
formulation, and so need to get rid of the explicit dependence on p, (which knows about the M-theory
S1). We do this by once again introducing the Lagrange multiplier (5.12). Notice that the bilinears
in the truncated expansions of p, and C; cancel in the Lagrange multiplier which depends on the
difference (p, — C;) and so in effect we can promote these bosonic fields to truncated superfields for
free. Integrating out p, proceeds in formally the same way as integrating out p; did in the bosonic
case. After doing so, we are arrive at the D2-brane action superfield

SC) = —Tpy /d3< e~/ det(gy; + fi;) + % /d3< e (Cly, — 3Cif 1), (5.33)
where we have defined f,; = B;; + F;;. Note the worldvolume flux F2 = dA; remains purely bosonic
because it is a brane worldvolume field, not a superfield.

Let us once again stress that this procedure is valid at any order in . The right-hand side of
(5.33) is the correct structure from which to obtain the D2-brane action to any order. All one needs
to do is plug in the expansions of the superfields truncated at a given order in 6. The problem of
obtaining the D2-brane action up to a given order in € has been reduced to the problem of determining
the expansions of the individual superfields involved. Once these superfield expansions are known, the
D2-brane action can be written down immediately.

To elaborate further on this claim, we reproduce the familiar form for the D2-brane action at
second order in fermions. Starting with (5.33), in order to obtain explicit couplings we need only plug
in the truncated superfields (5.27 - 5.31). We successfully reproduce the quadratic D2-brane action

S®) = —Tpy, / a3¢ M[ —det(g + f) {1 — P (MijriDj - %A) 9] —(C5—Cy A fg)] . (5.34)

where M% is the inverse of the combination M;; = (gi;; + ['*B;;) and we defined the (zeroth order)
D2-brane k-symmetry projector

1
PO = 5(1-Tn2), (5.35)
where
r ! i (Lp Lpep f (5.36)
= ¢ =Lk — = it . .
T e+ ) \6 P T

Notice that this is slightly more involved than in the M2-brane case because of the inclusion of
worldvolume flux fs. The outcome is the full D2-brane action at second order in fermions, and it
matches exactly with the results in [45, 46]. This completes the fermionic second-order analysis to
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exemplify our alternative approach to obtain the D2-brane action at any fermion level.

5.3.2 Order-(0)* terms

We have developed an improved approach for determining superfield fermionic expansions of fields in
type IIA supergravity. We did this via NORCOR in 11-dimensional supergravity and the string duality
that gives the type ITA theory via an S'-compactification. In the above subsection we demonstrated
in detail how our approach can be used to obtain the known results at second order in fermions with
much less hassle than previous approaches. In this section we move to use our approach to calculate
the quartic 0 terms for those same type ITA superfield expansions.

As we discussed above, using our approach, the problem of determining the D2-brane action super-
field expansion gets reduced to the problem of determining the fermionic expansion of the constituent
superfields. Once these expansions have been found, the D2-brane action follows immediately from
plugging them into (5.33). All of the necessary details for this to work function at fourth order just
as well as second order, and indeed at every order.

Since our method is applicable at every fermion order, to find the superfield expansions of the
type IIA fields we can proceed in the same way as we did for the quadratic case above. To start, we
make ansatzes for the order-four terms in the truncated expansions of the 10-dimensional superfields.
We have already determined the bilinear terms and so can include them immediately. We use the
same symbols as we did for the ansatzes in the order-two case, but now label the unknown quantities
with their fermion order. We have

Gonn = Gmn — 100y Dy + 252 (5.37a)
¢=¢- % 00 + p™, (5.37b)
Byn = By — i 00T, D0 + B, (5.37c)
Cypp = Cyy — %e*fﬁ ar* (Dm - %FmA)H ), (5.37d)
Clrnp = Connp — %e—¢ 7 (3r[mnD,,] - %FijkA)H — 3iCly 1T, D0 + 0! . (5.37¢)

Once again, we must determine the expressions for these unknown shifts by Taylor-expanding both
sides of (5.14) and (5.15, 5.16), now to quartic order in #. Again, we appeal to the results of the
NORCOR procedure to Taylor-expand the left-hand side, whereas we plug our quartic ansatzes in
to Taylor-expand the right-hand side. Upon rearrangement, this will result in expressions for the
unknowns which contain both 10- and 11-dimensional fields. We must then once again dimensionally
reduce the 11-dimensional quantities that appear in order to determine expressions for the unknowns
that are entirely in terms of 10-dimensional quantities.

The mixing of the 10-dimensional metric, the dilaton and the Ramond-Ramond one-form in (5.14)
causes the expressions for the quartic ansatzes to be quite complicated to deal with practically. For
ease of notation, let us denote the quartic terms in the truncated expansion of the 11-dimensional
supermetric (4.21) as *Ayfszl Now, Taylor-expanding the relation §,q,, = ¢*®/3 and keeping only the
terms up to quartic order in fermions allows us to find that

_ 3 _ N
p = 7 (080)° + T340 (5.38)

1
24

Determining a 10-dimensional expression for p(*) now requires us to perform dimensional reduction on
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%3)10. Before that though we also note the results of Taylor-expanding and rearranging the relations

that allow us to determine expressions for 7'7(;1 ) and %(,;17)1. First, expanding both sides of the equation

dmio = €**/3C,, yields that the quartic shift on the 10-dimensional Ramond-Ramond one-form
superfield is given by

e?r(d) = %(éAH)(él“*Dme) (0A0)(OT*T,, A0) + 1—;&(%9)2%

_ 1
12 A (5.39)

_ ~(4
—§€¢P(4)Cm +e7500.

As with the quadratic case, the mixing of 10-dimensional superfields in the right-hand side of the

supermetric relation in (5.14) means we are required to use the expressions for the dilaton superfield

expansion in this calculation. Second, we Taylor-expand the relation §,,,, = e~ 2%/3(g,,,, +¢*?C,,C.,)

in order to determine an expression for the quartic fermion term of the expansion of the 10-dimensional
supermetric, obtaining

2 1, - 1

&) = 2 g™ + = (677 D, 0) (0T D, 6) — ~

3 4 4

1 - _
+ 6 (HI‘*I‘(mAH) (HI‘*I‘H)AH)

(" D(,6) (AT°T,y AG)
— L(66) (A0 D1 8) + = g (300)?
) 6 . 2 (5.40)
= 2% C(myy) + 560l (FA0) (T D)) — 2e”Cln (FAR) (1T, AG)

4 1 7
_ §€2¢C(mcn)p(4) + 1_862¢C(mcn) (9A9)2 + 62(;5/3/3/1(37)1'

The mixing of 10-dimensional superfields in the relation for the 11-dimensional supermetric has again
meant that we must include the previously calculated quartic terms for the dilaton and the Ramond-
Ramond one-form when making this expansion. Already we can see that the relative complexity of
the relation of the 11-dimensional supermetric to the 10-dimensional superfields results in expressions
of some length even before we turn our attention to the dimensional reduction step of our procedure.

As with the quadratic case, the initial Taylor expansion and rearrangement of the relations in
(5.15, 5.16) concerning the 11-dimensional three-form at quartic order are essentially straightforward.
Denoting the quartic terms in the NORCOR expansion of the 11-dimensional super three-form (4.22)
as d;g:lfzﬁ, it is clear that the quartic terms in the truncated expansion of the 10-dimensional Ramond-
Ramond three-form superfield is given by ai%“,%,, = diS‘,Z,,, and for the 10-dimensional Kalb-Ramond
form superfield we have Bl = d;giz 10°

At this point, ‘all’ that is left to do in order to obtain expressions for the quartic terms in the
expansions of the 10-dimensional superfields is to dimensionally reduce the 11-dimensional quantities
that appear, namely the components of ﬁfs% and dg%ﬁ. The calculation is very lengthy, so we provide
all of the necessary tools and results in appendix D. Despite their cumulative length, all the steps
are the simple application of the dimensional reduction procedure we are now very familiar with. For
this reason, we place an example of the calculation in the case of the dilaton in appendix D.5, but

otherwise just report the results of the calculations here.
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Quartic O-terms for type ITA superfield expansions

In order to simplify the statement of the results, it is convenient to first make a few definitions. Along
with the familiar D,,, and A, we will use the combinations

1
S (5.41)
K, = [Dy, T*A] + (9,6)T" A, (5.42)
1
Kpg = [Dy, Dy] + §e¢FI§§)F*A, (5.43)
as well as
1

R = o7 (Do (¢?E@ + HOT*) = 2T, (?F D + HPTY) + (“E L), + HE,T)|

12 (5.44)
Ro = 5 [Pmr*e¢ﬂ<4> + r*&gﬁ;&].

We are now ready to list the quartic terms in the superfield expansion of the 10-dimensional superfields
using only 10-dimensional operators. The quartic fermionic terms in the dilaton are given by

_ 1 B
=~ ﬁwrmmexermn&qm + 57 0T 70) (B30T Koy — D, 0]
mn ) * [y mn 0 *
+ @(W rmng) [9 (80" Ky — 21, K] 9} + 25 (O T""0) (0 Ry I A0)

4

) (5.45)
0T, T* AG)(OT"T*Af) — — |f[2*e? FY — T, H®]9|(0T™T*Ab

4 576 m

— (A6)?

L Tar 5@ _on®rgla
+48 n [e[eﬁ 2H F]@}(@A@).

576

The quartic fermionic terms in the Ramond-Ramond one-form superfield are

i) =+ % [0, T719] [8[3 7T Ky — Ty K, 6]

+ % [r*r7rag) [9‘ (Do Kopg + Tp Komg] 9}

+ % [0r,,Tr0) [9‘ (30K, — 2T, K, 9} + % [00,,,0776] [AR,,, [ AG]

s [0 T26] [0[00 Koy + 27 Ko 6] + o[0T T76) [6R, D]

+ f [0, DT 0] [0 K, 0] + i [érmr”r*e} (R, AY] (5.46)
%[HAH] 07D, 0] — —[6A9] 07T, AG] — 2 L1ar, 1" 20] [ar"D,,0]

+ % [9 [€¢E( ) _ 2@(3>r*]9] (00D, 0] + el [él"ml'\* [6¢E(4) _ 2ﬂ(3)1ﬂ*}9] [9A6]

+ % 0[0 Due? ED 4+ T, B — 317 F 4>]9} 0T D,,0)]

- % |0 [BEIT ~ Ty D + 32 F(D — T, BT 6] [A1"T* A6].
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The quartic fermionic terms for the 10-dimensional metric expansion read

(4)

TYmn =

1 ) TS %) 1z T n
@g n(0TP17°0) (01 g K rs0) + 96 [HF(mIqu 9] {9 [Pln)quT + I‘qu|n)r} 9}
+ 553 L ) 0128y Ky + T Ky + 8Ty T g — 6,1 K6

1 NT* n * 1 NT* n *
+ 2= Gmn (61" T70) (037" Ky — 2T, K, 6] + =5 9mn (O T790) (O, T A0)

1. . 1. _
+ 5 [9F<m|F”"9} |01 K + 205Ky 6] + 75 (6T i T776] [0Rp D]
+1 4 1 [T (1 TPT0)] [é L)y Kp + Ty K|y — 307Ky, | 9} + %[ér(mrpr*o} [6R, D)0

1 N * N * 1. 0
= =5 9mn (0TI AG) (OT7TAG) — 6T, D(,,,0] [T D, 6] (5.47)

4 %(ér*r(mAe)(e‘r*rn)Ae) _ 1(9r*r(mAe)(9‘r*Dn>e) - %(H_AH)(H_P(mDn)H)
1 _

_ *,0(4) _ (3) PT*
864gmn [9[2P e’F,Y —T,H ]9} (67T AG)

[HF o BT = Tye? B — T, HOT" 4 3¢ (V10 (077 D)0]

144
- [9r T [2HOT* = 2 ED1] [07* D]
1
_ o (4) (3) =

+ 864gmn(9A9) [6‘[6 F 2H®IT ]9},

The quartic fermionic terms for the Kalb-Ramond two-form are
) — L grer, TP 0) [T K, 0] — (8T T T29760) (60 Ko + g K]0
Fmn 34( " [P pa K0 96( [m| )|0[TnipKar + Tpg Ky
— (0T, T'P90)
+ 576

) [0[30" Ky — 20, K,)6] + %(éanI‘PqQ) (0R,, I A0]
- —(9r T T90) [0y Ky + 2T K gy 0] — %(ér[m‘r*rme) [6R,qDy6]
]2

(0T T796) (6201, Ky + Ty Ky + 3Ty D Ky — 6T, K]

28

+1 4 1 — (0T, IPT0) [0T* K 0] + %(érmnrpr*o) [OR,I*A6] + g(ér[m‘rpo) [6R,D),,)0]

] . 1 S—
1 4 7 (O T76) 6[T 4y FSy + T Ky = 3T K13, )] — 75 (0T, Dy 0)(OT"T A0)

(5.48)
- Z(erpr*p[me)(érppn]e) + %(érpr[mr*w)(érppn]e) - %(ér*r[mpn]e)(me)

- %(ér[mAe)(ér*Dn]e) - 1—12(§1—‘*A9)(9F[m'2)n]9) - %(ép[me)(érn]r*Ae)

2
- 1714 Oy [T Ty ED 4 T, H = 377 EL — 3H(]0] (77D 6]
+ 8_é4 Hrmn [Fpe¢E(4) + Fpﬂ(3)1"* . 3&;3)1—‘* . 36¢E§)4)]9} [éFPP*AH}
1 . -
- T _9F[m|F [efT* FY 2&“’@9} [0 D), 0]
+ %4 —HI‘mn [F*e¢E(4) 4 2@(3)} 9} [éAH],
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Finally, the quartic fermionic terms for the Ramond-Ramond three-form superfield can be written as

np

), = a4+ 3800 ¢, (5.49)

(4 . . .
where am(nz, is given by the expression,

1 1
[ 4) _ rst
efalit) = — 3 < 4(9Pmnprq 0) [T g K 18] — =

(9F[mn|1“q”9) (O[T s+ Dar K]0

e (0T T T0) | 0T K = 3TT K]0

+ 2 9 5 (O T T0) 620, K, + T Ky + 3T DK — 6T T,
T 0 [ T 0

+ —(9F[mn|Fq 0) |00 Kar + 20K 33, ]0] + 2 (0T 77 6) [6R,, D 6] (5.50)

n * 1~ * ) '

—6(91“[mn|1“q1“ 0) {9 [P‘p]Kq + FquD] —3r K|p]q} 9} + Z(@F[mn‘l—‘ql—‘ 6‘)(9qu|p]9)

) 3 = %) 3 = * NT*
(0T 4L} D) (OTDy0) — £ (0D00) (T Dyy6) — 5 (07T D) (61 D6

yplc,ow

L1
96
17 . -

+ o | Ot (2 + D722 0] (61D 6].

(00 [T D 4+ T BT = 3¢? (Y — 3HT]0) [079D16]

A few comments are due, as in the above formulae the 10-dimensional quartic fermionic terms look
complicated and have an enormous length. With current understanding, the quartic fermion expan-
sions of type ITA superfields seem unavoidably lengthy, as also seen in [75]. We will discuss some
promising avenues for improving this quality of these results in what follows. On the other hand, the
most prominent feature of these results is their completeness. The robustness and systematicity of the
methods we have employed guarantee that these are the full and complete quartic fermion terms for
the type IIA superfield expansions. This is the first time that some of these terms have been calculated
and our results will serve as a foundation for future understanding of such expansions.

Avenues to simplification

Our current expressions for the results for the quartic order fermion terms in the type IIA super-
field expansions are unwieldy. It is therefore worthwhile to discuss how they might be made more
manageable.

The first thought that might occur is to try and tidy up the large number of ‘loose’ flux terms in
the expansions. One would do this by attempting to package these terms up using the operators D,,
and A (or combinations thereof) just as everything at second order was packaged neatly. Indeed, this
idea is met with some initial success, for example, with a little effort, one can see that three of the
terms appearing above in the dilaton shift come together to give

i(ér*rmne) (6T Kpnf) + 4%(%9)2

i + == |0[e?EW —2HT*]0] (020) =

576

X (5.51)
N ) (ér* (D, D] 9) + =5 (626)2.

128(

However, reorganizations along these lines often require spotting tricks in the calculations, for example
with I'-matrix identities, with the symmetry properties of bilinears, and potentially with Fierz iden-
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tities. It rapidly becomes utterly impractical to hope to significantly reorganize these shifts as they
currently stand in this way. We must try and find a better strategy.

We can see in the quadratic and quartic cases that the process of dimensional reduction sharply
increases the number and complexity of terms in the expansions. However, dimensional reduction will
not generate the capacity for any significant recombination or reorganization of terms all by itself. Any
game-changing reorganizational principle for the 10-dimensional quartic terms should be identifiable in
the simpler quartic terms in the 11-dimensional description. The most promising line, therefore, is not
to try and massage the many terms appearing in ten dimensions, but to return to 11 dimensions and fix
them there. The quartic fermion terms in the expansions of the supermetric and super three-form in
11-dimensional supergravity are given in (4.21) and (4.22). We saw in our discussion of the M2-brane
that in actuality the only 11-dimensional superfield we need to expand using NORCOR in order to
obtain the expansions required for the brane action is the supervielbein E MA(Z ). All the components
of the expansion of this superfield that we require to get to quartic fermion order for the M2-brane
are given in (4.8) in conjucture with (4.7). Recall that we also performed significant manipulation of
the higher-order expansions using Bianchi identities until we arrived at (4.9). We can see then that
it is the relative unwieldiness of these expressions for components of the NORCOR expansion of the
11-dimensional supervielbein where the vastness of the quartic 10-dimensional terms has its origin.
Meaningful rearrangement or simplification of the quartic terms in the type IIA superfield expansion
will be identifiable at the level of improvements of (4.9). These improvements have the potential to
come from a couple of different lines of reasoning. The most obvious is by improving the application
of the Bianchi identities (and litany of other subtle identities that emerge in their combination) when
moving from (4.8) to (4.9). Another direction might be to improve the NORCOR procedure itself, or
making significant geometrical insight there, such that the left-hand side of (4.9) can be made more
and more amenable.

Crucial to note, however, is that even with these improvements to the treatment of the 11-
dimensional supervielbein, the best subsequent method for obtaining the type ITA quartic terms is
still the one we have presented here, when applied to the improved formulation. We will say some
more about how the quartic results might be improved once we have explored the next step in our
procedure and obtained information about both type II supergravities.

6 Superspace T-duality and Dp-brane actions

In this section we complete the task initiated in section 5 and provide a systematic method to compute
fermion couplings on all Dp-branes. The method is based on ideas analogous to the ones in section 5,
and for this reason we will make reference to explanations there when possible to avoid repetition.

Let us briefly summarize the approach. Our proposal relies on two facts. First, Dp-branes are
solutions of type II supergravities related by T-dualities. Second, fermion couplings on Dp-brane
actions arise naturally in the superspace formulation of the corresponding supergravity theory. For
reasons analogous to the ones in the previous section, here we combine those two facts and extend
the relation between the T-dual geometries to the superspace level. Using this generalization we
find relations between superfields in curved superspaces that are T-dual to each other. We use those
relations to find the f-expansions of superfields appearing in Dp-brane actions. We already explained
that this is equivalent to finding fermion couplings on all Dp-brane actions.
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6.1 T-duality toolkit

With the general picture in mind, we can move into the details. In type II theories,” T-duality
represents the equivalence of type ITA strings on a background with an isometry along a non-trivial
circle S! of size R and type IIB strings compactified on another background also with an isometric on a
non-trivial circle S', this time with size R = 12/ R (in our conventions, the string length is I, = 27v/a’).
We are interested in this underlying structure that connects the two theories. The relations for Neveu-
Schwarz fields were first given by Buscher [76, 77] and expanded to Ramond-Ramond fields in [78],
and then they were extended to fermionic fields in [51-53].

6.1.1 Bosons

Analogously to the dimensional reduction, we begin with a reminder of the standard T-duality relations
for bosonic fields. We take the T-duality S*-direction to be z?. Our notation will be the following: the
indices m,n = 0,...,9 run through all spacetime directions, and the indices m,n = 0,...,8 through
all but the circle S, that we take to be 2° ~ 2 + R. We indicate which fields belong to each theory
by introducing a tilde for fields in one theory and no adornment of symbols for fields in the other one.
All fields are independent of the T-duality direction. We start by providing the well-known Buscher

rules®
p=¢- %lnggg, (6.1a)
Grivi = Grii — 999 (99 gno — BinoBro)., (6.1b)
Gin9 = Goo Bings (6.1c)
G99 = 9og » (6.1d)
Bini = Grivis — oo (Biogno — gimoBio), (6.1¢)
Byo = gg_glgmg. (6.1f)
The Ramond-Ramond gauge potentials are related by the mutually implicative expressions
CSm) o = Ol — (= 1) g9 9o0sins Of;",;?“m], (6.2a)
CS i = Comi i =1 Bopyn, O ) (1 = 1) gg! Gogsns Boprns oy - (6.2b)

6.1.2 Spinors, supersymmetry operators, and spinor doublet notation

When fermions are involved, T-duality becomes somewhat more subtle and complicated. The ground-
work for the treatment of fermions under T-duality is represented by the Hassan rules [51-53].

The intricate world of fermion T-duality begins with making an observation concerning the T-
duality rules for fields in the Neveu-Schwarz sector: there are two different vielbeins that are dual to
the original one. Properly dealing with this fact requires the introduction of some extra structure. We
denote the ‘initial’ vielbein as e,™, and the two possible ‘final’ dual vielbeins as (é4),™ and (é_),™.
Both choices give the correct T-dual metric. The initial and final vielbeins are related according to

7T-duality is a more general concept in String Theory and it also relates heterotic strings, but here we are interested
in type II theories only.

8Notice that fields are dimensionless in this setup, e.g. goo = (R/ls)?. Forms therefore have length dimension
with the string length [s as a reference length. Integrals such as fo da? /999 = R give dimensionful volumes with the
appropriate dimension.
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the T-duality rules

(€+)," =€, (Q+)n", (6.3a)
(E4)," = (Qx"),n e, (6.3b)
where we have defined
" 5. :F(ggm:thm)>
— m , 6.4
R (6.42)
1y on_ (60" —9a9 (99m £ Bgm)>
L 3 . 6.4b
@ = (" g (6.4b)

Notice that (Q1'),,” = (Q+),,". The two vielbeins (¢, ),,% and (¢_),,* are related to one another by
a local Lorentz transformation as (é4),,* = A% (é-),,°, with A%, = ebm(Q,)mP(Qll)p”ena. This is

irrelevant for the Lorentz-invariant quantities in the bosonic analysis, but it plays a vital role when
considering fermions. For example there are now two choices for I'-matrices in the dual theory, i.e.

(Ct)m = (Q:")m"Tn = (&) T (6.5)

These are naturally related by a spinorial representation €2 of the Lorentz transformation A, defined

via QT, Q7! =T (A~H?,, as
QT ) Q=T )m. (6.6)
It can be determined that this matrix reads (also notice it squares as Q? = —1)
. 1,
Q=0= I'*Ty. (6.7)

/999

The extra complication when T-dualizing objects that are sensitive to the difference between the two
choices of vielbein, such as spinors and I'-matrices, is that for self-consistency it is necessary that all
Lorentz tensors in the dual theory are computed with respect to the same vielbein. We will choose
(e_)," as our reference dual vielbein. Let us point out that this does not imply that we will write all
duality relations using Q_: we will often find it convenient to transform objects using ()4 and then
perform Lorentz transformations.

With these tools in hand, we are in principle ready to provide all of the rules for fermion T-
dualization introduced by Hassan. Before doing so, however, we introduce a new notation that allows
us to perform computations in a clean and compact way: the spinor doublet notation. The spinor
doublet notation we introduce has differences to the ones found in the literature, e.g. in [19, 44-46, 79].
These differences will make performing the necessary T-duality computations cleaner. The motivation
for this new notation is the following: in type II theories spinors come in doublets of Majorana-Weyl
spinors. In type ITA theese have opposite chirality whereas in 1IB they have the same chirality, which
we take to be positive for the gravitinos and supersymmetry parameters, and negative for dilatinos.
It is therefore convenient to use spinor doublet in the latter in order to write most combinations, such
as fermion bilinears, in a compact way. We define the IIB doublets

_[&a _ Uim o A
eB—(Q), w,‘i—(wzm>, /\B_(/\2>. (6.8)
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It is also convenient to do the same in the type IIA theory. In this case, we must bear in mind that
chirality plays a crucial role in organizing fermion bilinears in this theory, and so we need to use
chirality as an organizing principle. Our convention will be to have positive chirality fermions on the
top of type ITA fermion doublets. We can now define

a=(0) =) =) o

Given these doublets, the natural matrices that act on them can always be written in terms of the

203, This also comes with further implications.

2-dimensional identity 15 and the Pauli matrices o', o
For instance, chirality matrices in type IIA theory can always be replaced by ¢ in our conventions,
for instance as in I'*e® = o3¢*. Also, to account for the fact that multiplications by a I'-matrix
flip chiralities, one must introduce a ¢! matrix for each I'-matrix when moving to the spinor doublet
notation from the one in the previous section. The appearance of multiple Pauli matrices in this
notation change can make fomulae more complicated to read. In order to make them more readable,
we compute the product of Pauli matrices and just give the resulting one, such that all other operators
appearing in the expressions now come with 1s. For example, the type ITA product I',,I'*¢ leads to
(0! @Tp)oded = (13 @ Ty)(—io?)e® = (—io?) @ T)pe® in our doublet notation. We will omit ‘®’
symbols from now on. Hence operators implicitly come with 15. We will also write [, = 12 ®T'),. In
type IIB strings, chirality cannot be used as an organizing principle, instead the Pauli-matrix structure
is inherited from type IIA.

As clarifying examples, and because they will be useful for later purposes, we provide here the
second-order truncated superfields (5.27 - 5.31) that appeared in the D2-brane action with fermion
bilinears written in this notation. These are

Gonn = Gmn — 1020 T (, Dy 0%, (6.10)
b=0— %éAAAeA, (6.11)
B = B — 10%(i0®)T [, Dy 6%, (6.12)
_ _ 1 —¢ pA 3 A 1 1 A\ pA
Crn = Cn— 50" (IDm 50" T )9 , (6.13)
iy 1 o
tnp = Counp = 5 7 0 (3[r[mnu>;§] - Eal[rmn,,/AA)eA — 31 Oy 02 (0T, D0 (6.14)

In order to write the superfields, we used the operators appearing in the type ITA gravitino and dilatino
supersymmetry variations, that in the spinor doublet notation are

St = Dipe?, (6.15)
S = pReR, (6.16)
with
DA =1,V,, + i P H®) — é e? [i0?F® + o' FW]T,,, (6.17)
M = o0'9¢ + %iazﬂ(?’) - % e?T™ [0* F® 4+ 1,FY]T,,. (6.18)
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We also need to define the equivalent operators in type IIB. For doing so we first give the supersym-
metry variations in the spinor doublet notation

Sctby, = Dy e, (6.19)
S AB = ABeB, (6.20)
and this time
DB = 1,V,, + % oSH® 4+ é e? [ia2 (E” n E(5>) n alﬂ?’)}rm, (6.21)
AP = o'9¢ + % io?H®) + é e ™ [03 (E“) + E(5>) + 12E(3>] T (6.22)

Now we have to express the basic T-duality relations in this spinor doublet notation. The exten-
sions of @+ and Q can be simply achieved by defining

(Qs)" = <(Qj5)mn (Qf)m") (6.23)

(5 0) (6.21)

These definitions allow us to extend the T-duality rules for many objects to the spinor doublet notation
which will be used later on. For instance, once we take (€_),,°
theory, the I'-matrix rule can be manipulated to give

and

as the reference frame in the dual

I, =(Qh), "Yr,r 1. (6.25)

Adapting the notation of [44, 45, 51-53] to our conventions, spinors in type ITA and type IIB theories
are related to each other by the T-duality rules

B =Teh, (6.26)
U = Q7). T, (6.27)
AB = (o' T ) M = 2g59'0' T v5] (6.28)
Related to the above formaulae, it is convenient to define the Dirac conjugate doublets because these
appear in fermion bilinears. Based on chirality arguments above this is e* = (€—,€4) for type ITA

and we extend the structure to IIB by defining é® = (€3, ). The T-duality relation between them is
B =erolr 1o,

A point worth making here is that if we invert the relations above, the outcome is similar but
involves Y1, instead of Y itself, so there is a slight difference between going from type ITA to type IIB
or taking the opposite route. This did not happen for bosonic fields above, where the relations found
worked the same regardless of the direction taken to perform the duality. To conclude, the T-duality
rules between the supersymmetry operators read

Dy, = (@71, YD T, (6.29a)
AP = ™Yol [A — 2 go9 o' ToDy | T, (6.29b)
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The above results are in precise agreement with the existing literature. As should be apparent, the
spinor doublet notation approach we have employed here is highly successful in compactly capturing
the T-duality relationships for the fermions and supersymmetry variations in type ITA and type 11B
supergravity.

6.1.3 T-duality and bosonic Dp-branes

We will now review how bosonic Dp-brane actions are related to each other under T-duality. This
is instrumental in explaining our superspace approach below. In general, the basic idea is that T-
dualising a theory with a Dp-brane produces a theory with a D(p &+ 1)-brane, depending on whether
the original brane wraps the T-duality circle S' or not. This is consistent with the fact that type
ITA and type IIB theories are exchanged, as the former only admits even-p branes and the latter only
odd-p ones. Starting from the bosonic D2-brane action, one can repeatedly T-dualise the theory to
infer that the bosonic action of a generic Dp-brane is

Sty = —Toy / AP e P/~ det (g + f) + TDp/ Ce/, (6.30)

where the brane tension is Tp, = 27 /1?1, All bulk fields are pulled-back onto the brane worldvolume.
The WZ-term contains a formal sum C =Y q C(9 over forms of all degrees and we let the integral
pick out the appropriate forms each time.

In order to show in some detail how the machinery of T-duality works for Dp-branes, we consider a
bosonic Dp-brane wrapping the T-duality circle S! in the direction 2 and, with simple manipulations,
we integrate its action over the circle S to obtain the action of the dual D(p—1)-brane that is localized
on the dual circle. The initial Dp-brane wraps a (p + 1)-cycle ¥, that is an S'-fibration over X,
which is the cycle wrapped by the final D(p — 1)-brane. Indices k = 0,...,p — 1,9 span the Dp-brane
worldvolume and indices k = 0, . . ., p — 1 are parallel to the D(p — 1)-brane, excluding the direction
x°. For simplicity, we fix the static gauge for the brane embedding, with all fields independent of the
S'-direction. For clarity, we manipulate the DBI- and the WZ-terms of the action separately. The
presentation here is sketchy and we refer the interested reader to [80, 81] for further details.

First, we deal with the DBI-action. Integrating over the circle S' goes as

SpP! = —TDp/ dPri¢ e*fb\/— det [(g + )]
Sp+1

— —TDP/E dpg/dgf’ e /9o \/— det [(g+ f)ii — 999 (9 + Fio(g + Foi] (6.31)

= ~Togy [ @¢e?y/=der[(a+ P

To achieve this, we express the determinant of the block matrix singling out the S!-direction. Orga-
nizing the resulting formula as shown, one can identify the combinations appearing in the Buscher
rules (6.1), so the integrand after this manipulations has the appropriate shape to be the DBI-part of
the D(p — 1)-brane in the dual background to the initial one. Also, the result of the integration over
the circle transforms the Dp-brane tension leading to the D(p — 1)-brane tension, i.e. Tpyls = TD(p_l).
So the outcome of these manipulations is the DBI-term in the resulting D(p — 1)-brane action, also
in the static gauge, as expected. For later purposes, we emphasize that this computation provides an
alternative derivation of the Buscher rules (6.1).
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We can proceed analogously for the WZ-term. One can observe that the S'-integration gives

ptl

(p+1)! (©ne i, i,

SIV)‘;Z:TDP//dggAddlA~-~Adcip
ST (6.32)

~ ; 1~ oz
:j_'D(p—l)/E dCll/\"'/\dclp H(O/\e j)ll

p

iy

To achieve this, we expand the integrand and upon performing the integral over ¢° we recognize in it
the D(p — 1)-brane WZ-term with the appropriate charge. Similarly to the case of the Neveu-Schwarz
sector, we note that this reduction provides an alternative approach to obtain the T-duality rules for the
Ramond sector written as (C 67§)g722.,.mn =(C 673)5;1;.1%” and (C e*B)gz___mn =(C e’B)gz:f)mn,
that can be manipulated to give (6.2).

This completes our review of the behaviour of the bosonic brane actions under T-duality. One
should notice a fundamental fact: T-duality maps the DBI- and WZ-actions of a Dp-brane into the
DBI- and WZ-actions of a D(p — 1)-brane, respectively, and there is no mixing among the two in the
transformation. A similar calculation to the one above may be engineered to move from a Dp-brane

to a D(p + 1)-brane.

6.2 A useful rearrangement

We just showed how to obtain all the bosonic Dp-brane actions by T-dualizing the bosonic D2-brane
one. Moreover, in the superspace formulation, the structure of the D2-brane action is formally the same
both at zeroth order and in superspace at any fermionic order. Therefore, the structure of fermion
couplings on all Dp-branes just follows from the D2-brane one. Because our goal is to compute
these fermionic couplings for all Dp-branes, here we present a useful rearrangement that simplifies
the computation of such couplings. In fact, because the fermion couplings are inherited from the
superfield expansions appearing on the brane, the rearrangement is a smart manipulation of the
superfields appearing on the D2-brane action that will simplify the computation of those appearing in
the rest of Dp-branes.

In section 5, we defined the promoted Ramond-Ramond three-form field in type ITA with a
prime symbol. That is the standard three-form superfield obtained from dimensional reduction of
11-dimensional supergravity. Rather than working with that superfield, it will be convenient to work
with a related one. We define a new unprimed three-form superfield as

Crnp = C;nnp -3 C[m (Bnp] - Bnp])' (6.33)
From here on we will work using this unprimed three-form rather than the standard one. This new
superfield is such that the last term in the superfield C/,,,. in (6.14) is removed, and at order ()2 it

mnp 10
reads

' ~ 1
Cmnp = Cmnp - % €7¢ 9A (3”—[mn[D£] - §Ul|]—mnpAA) 9A. (634)

The reason why we defined this rearrangement is easily explained: the super-D2-brane action now

reads
T .
Spa = ~Tn» / ECem?y/=det(g+ f) + = / ECeVH(Cign —3Cifu).  (6.35)

In other words, we have engineered a superspace action where the Neveu-Schwarz fields appear as
superfields in the DBI-term but only as bosonic fields in the WZ-term. Ramond-Ramond fields instead
appear as superfields in the WZ-term. From the discussion in section 6.1.3 we conclude that this
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combination of fields and superfields will hold for any Dp-brane if we obtain the brane superspace
actions by T-dualizing this one.

6.3 Superspace T-duality and fermions on Dp-branes

We will once again be following the reasoning of the example already laid out with dimensional
reduction in section 5. We interpret the bosonic T-duality relations (6.1) and (6.2) as the zeroth-order
terms in the fermionic expansions of superspace T-duality relationships and extend them to superspace
relations. T-duality in the context of full superfields was also discussed in [82].

Now, since T-duality maps the DBI-action of Dp-branes into the DBI-action of D(p + 1)-branes,
and since this mapping allows one to derive the Buscher rules (6.1), one can simply conclude that the
Buscher rules for the Neveu-Schwarz fields in superspace read

¢=0¢- % Ingqy, (6.36a)
Goivir = Ginis — 999 (91999 — BioBio), (6.36b)
Gy = 9og Brig, (6.36¢)
oo = 9o9» (6.36)
Bt = @i — 999 (BinoGno — GunoBino). (6.36¢)
Biio = 9o9 G- (6.36)

Some of these rules partially appeared in [70], where they found the T-duality relation between Green-
Schwarz superstrings in type ITA and type IIB with fermionic expansions up to quadratic terms.
Similarly, T-duality maps the WZ-action of Dp-branes into the WZ-action of D(p + 1)-branes and
this mapping allows one to derive the T-duality rules for Ramond-Ramond fields (6.37). Because in
the WZ-action of (6.35) the Neveu-Schwarz field appear only bosonically and the Ramond-Ramond
fields appear as superfields, we conclude that the Ramond-Ramond T-duality rules we will use are

= (n) n—1 — n—1

Copy i, =Co 0 —(n - 1)999199[m20|(9\m3),,,mn], (6.37a)
= (n) n n— — n—

Crny iy = CS ) s =1 Bopn, €Y m(n = 1) 99! Gopun, | Bojins Cos - (6.37b)

This mechanism was used in [45] for the quadratic fermionic action and we have extended that ob-
servation to any fermionic order. Note that without our manipulation on the super-three-form, one
would have obtained similar results involving Neveu-Schwarz superfields rather than fields. Those are
the actual superspace T-duality rules for Ramond-Ramond superfields, but for our purposes it will be
more convenient to use (6.37).

6.3.1 Order-(0)2? terms

In the following, we will use the promoted T-duality relations (6.36) and (6.37) to calculate the
second-order fermionic expansions of all the superfields that appear in type IIA and type IIB under
repeated T-dualizations. Just as in section 5.3.1, we will provide illuminating examples of the necessary
calculations before listing the full results.
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Example: type IIB metric

We will now use the simplest superspace T-duality relationships in order to provide an example of
how to obtain the fermionic expansions of type IIB operators from type ITA description by using
the conventional T-duality rules applied to quadratic fermionic quantities. We will focus on the
supermetric.

Consider the superspace T-duality rule (6.36d), i.e. §gg = gggl. Starting from the type IIA
supermetric g,,,,, in order to determine an expression for the quadratic fermionic expansion of the
type IIB supermetric g,,,,, we Taylor-expand both sides, concentrating on the components of interest.
On the type 1IB left-hand side, we set the ansatz ggg = §gg + 799, whereas on the type IIA right-
hand side we use the result of the dimensional reduction (6.10). Using the spinor doublet notation and
keeping only the second-order fermion terms from both sides (as the zeroth-order terms just reproduce
the bosonic identities), one determines an expression for the type IIB shift 499 in terms of type ITA
quantities, i.e.

Hog = igee 0 ' oDy 6™, (6.38)

We are now required to perform conventional T-duality on the term on the right-hand side in order to
determine an expression for the expansion ansatz of the type IIB metric in terms of type IIB quantities.
We can use the basic T-duality rules in spinor doublet notation in subsection 6.1.2 to write

Yoo = zggg @Bt rol) o [(QT1) P Y T, Y] [(Q;l)qu_lquBT]T_lﬁB
= igay 0°0" (R ) P(Qy )q[r Dy 6"
229999 ot (=g )(999 g )”—9|DB9B

R

(6.39)

The result is exactly as expected. The quadratic terms in the expansions of the type IIB metric take
precisely the same form as the type ITA metric, just with all of the operators and spinors being the type
IIB ones and not the type IIA versions. One can proceed analogously to get the generic second-order
shift of the type IIB dilaton and Kalb-Ramond superfields.

Example: Ramond-Ramond two-form

The superspace promotion of the dimensional reduction from 11-dimensional supergravity to type IIA
supergravity allowed us to determine the fermionic expansions for the Ramond-Ramond superfields of
degrees one and three. Now that we are considering T-duality between type IIA and type 1IB, we must
confront the requirement that we calculate the fermionic expansions of Ramond-Ramond superfields
of any degree.

Our strategy will be to take the promoted Ramond-Ramond T-duality rule (6.37a), expand in
orders of fermions and keep only the quadratic contribution. Writing c9=c@ 4 x'9, where (@
is the corresponding fermion bilinear, we are interested in obtaining x(®. Following our standard
procedure, from (6.37a) we find

2 1 — 1
X = xéﬁi — Gaogornxs”

B B 1 B (6.40)
= _5 e 0% ([D;?m - ggglggm[DgA) -3 (ﬂ—m - 999199m”_9)01AA 64

where for the one-form shift we have made use of (6.13). We now need to manipulate the right-hand
side in order to obtain an expression for the type IIB Ramond-Ramond two-form superfield in terms
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of type IIB operators. We will use identities similar to (6.25)

Y (DZ — 959 90mD5 )Y ™" = DE, — Gog' Gorin DY, (6.41)
Y (T — gog gornT0) T ™" = Trin — Gog Gonnl o (6.42)

and y/Ggo 01 Yolo3 Y1 = I™*[y. Splitting the first and the second term in (6.40), using (6.41) and
(6.42), we find

e™? 00" (D5, — gg9 gorn Dy ) 0™ = €2 0BT (ToDE, — Gog' Gornl oDF )67, (6.43)
e ?0%0% 0 (Tyn — gog gomnl o) 220" = e~ gBr* {UlfgmAB + 2 Gog (Todimo — Thndoo)D5 |08, (6.44)
Therefore, putting together the expressions we have

o -
2 LledgB [2 FoDf) — 50 Tomd®| 6. (6.45)

[\]

One can proceed analogously to obtain all the type ITA and type IIB bilinears in Ramond-Ramond
superfields, going up in the degree of the T-dualized form one at a time. Alternatively, a generalised
discussion of the Ramond-Ramond superfields in appendix E demonstrates that all of these expansions
can be calculated together.

Full results

To conclude, we list all the relevant superfields up to quadratic order both in the Neveu-Schwarz and
Ramond-Ramond sectors.

The expansions for the Neveu-Schwarz superfields at order (6)? look same in both theories in our
spinor doublet notation. They are

Goin = Gmn — 100" T, D 0™, (6.46)
b=¢— 29‘1%19“, (6.47)
Biun = By — 0" (i0®)T [, Dy 0", (6.48)

where the superscript '’ indicates that one must introduce the appropriate object in each theory.

The order-(6)? terms in the Ramond-Ramond superfields in type IIA and type IIB theories can also
be written compactly

) = n 1
c() — Cgl)...mn _ =% pll [(_1)71(03)1%5@ [n H’[mllD.I.I.mn] 3 ﬂ'ml...mnglﬁll 9117 (6.49)

my...Mp 2

where the parity of n determines whether the spinor doublet and the supersymmetry operators are
the type ITA or type IIB ones.
Dp-branes

Now that we have determined the fermionic expansion of the all the fundamental superfields in type
ITA and type IIB theories, we can turn our attention to the composite superfields of greatest interest,
namely the worldvolume actions of a Dp-brane for arbitrary p.
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Since the formal structure of purely bosonic Dp-brane is equivalent to the structure of the action
in superspace, the T-duality mechanism is also the same as the one leading to the bosonic action
(6.30). The only precaution one needs to take regards the fact that the starting point, i.e. the
superspace D2-brane action (6.35), and consequently the T-duality rules, are such that the Neveu-
Scwharz T-duality rules see all fields in superspace whereas the Ramond-Ramond ones only contain
the Ramond-Ramond fields in superspace, as exemplified in (6.36) and (6.37). At the end of the day,
the action of any Dp-brane in superspace takes the form

Spp = —TDp/dp+1C e ?/—det(g+ f)+ TDp/ Ce 7/, (6.50)

where g,; is the supermetric pullback, f,; = B;; + F;; is the natural superspace combination of the
Kalb-Ramond field with the worldvolume flux term, with f;; = B;; + F;; being its bosonic component,
and where we have defined the formal sum C =3 g C9 over promoted Ramond-Ramond ¢-form
pulled-back superfields C'?. Once again, this result holds at all orders in fermions. In order to
determine the expansion of the Dp-brane action superfield to an arbitrary order in fermions, one needs
to plug the expansions of the fundamental superfields from the corresponding type II supergravity into
(6.50). The second-order expansions in spinor doublet notation are in (6.46) - (6.49) for both type II
theories.

6.3.2 Order-(0)* terms

We have already made some comments in section 5.3.2 regarding the unwieldy size of the expressions
obtained for the quartic fermionic couplings after dimensional reduction. There we also discussed
how these expressions might be improved and simplified going forward, in order that they become
more manageable. In their current formulation the calculation necessary for their full T-dualization
is impractically lengthy. Important to note, however, is that there is no technical impediment. Just
like the quadratic fermionic couplings, the quartic couplings may in principle be T-dualized using the
techniques and results we have reviewed and developed in this section. Actively pursuing this full
calculation is better delayed until such a time that the possible simplifying procedures for the quartic
terms have been implemented.

Nevertheless there are some observations that can be made concretely at quadratic fermion level
that we can fully expect to also happen at quartic level. Firstly, the NS superfield expansions take on
the same shape in both type II supergravities. The same holds for the expansion of the 11-dimensional
supermetric, that at order two has the same structure as the 10-dimensional supermetrics. This is not
a coincidence: the supervielbein expansion looks schematically the same in all these theories (even
though in each theory there is a different notion of what the gravitino or the supercovariant derivative
are) and the outcome of manipulations at quadratic order makes this point manifest. Moreover, the
existing relations go beyond that. The type ITA metric and By superfield expansions came from
different 11 dimensional superfields but at quadratic order turned out to be very similar. If it were
not for this, it would have been impossible to find again this structure in type IIB upon T-duality.
This extends to the whole NSNS sector, that allowed us to write those superfields up to quadratic
order at once both for type ITA and type IIB (6.46 - 6.48). In principle there is no argument against
the structure extending to all levels in 6, but unfortunately, the current form of quartic terms did not
quite allow us to make this point manifest. For example, the 10 dimensional metric expansion and
the 11-dimensional one do not seem to allow for such comparisons in their order (6)* terms. On the
other hand, there are indeed many similarities between the metric and the Bs-field order (6)* terms
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(modulo (anti)symmetry of indices and chirality matrices), which is a positive observation, but there
are also differences on certain terms (that maybe could be manipulated to make them similar to each
other). These ideas could also be used e.g. to obtain quartic terms of NSNS fields in type IIB by
‘simply’ writing type ITA formulae (5.45), (5.47), and (5.48) in spinor doublet notation. It would be
nice to compare that with the outcome of performing the computation using the Hassan rules.

Finally, something that might be possible given the current formulation of the quartic order
fermionic couplings for the D2-brane is to identify those parts of the expressions which would lead to
particularly sought-after terms in Dp-brane actions. For example, the work in [32] posits a particular
quartic term in the action of the D7-brane. It could be possible to hunt for this term via T-dualization
without laboriously T-dualizing everything appearing after dimensional reduction, however we leave
this possibility for future study.

7 Conclusions and future work

In String Theory, branes are just as important as the strings themselves. The quantum field theories
living on their worldvolumes teem with rich dynamics that is both mathematically intriguing and
phenomenologically impactful. While the bosonic fields in these theories have received plentiful atten-
tion, the fermionic degrees of freedom are more challenging to study and are less well understood as a
result. We have drawn our primary motivation from the fact that the current level of knowledge about
the fermions living on branes requires significant improvement. One of the core reasons that fermions
on branes are under-studied is that obtaining their couplings explicitly turns out to be surprisingly
difficult. Higher-order couplings of fermions in brane actions have been invoked recently [25-31], how-
ever the impracticality of the existing methods used to obtain these terms limited their use. Very
recently, a proposal for obtaining specific quartic couplings on D7-branes that can be pertinent for
understanding KKLT has also been put forward [32]. In this work we have made significant progress
in improving both the conceptual understanding and the practical techniques needed to pursue these
terms. Furthermore, the insights we have had and connections we have made are applicable far be-
yond the calculation of specific couplings in brane worldvolume theories. In fact we have presented the
calculation of these terms as a single, if pertinent, example of a place where our more general methods
come into use.

Summary

The structure at the heart of this work is the web of string dualities given in Fig. 1. The approaches
that we have developed, and used to obtain brane actions, rest upon the generalizations of the con-
nections in this web. Such connections allowed us to take advantage of the elegance of techniques
applicable to a theory in one part of the web in order to achieve progress in others. More concretely,
the connections we have concentrated on are the circle compactification linking 11-dimensional to
type IIA supergravity and the T-duality relating type IIA and type IIB theories to each other. The
generalization we have explored is the promotion to a superspace formalism for the connections in the
web. Fig. 2 presents a map of the concepts used.

The reasons for which this particular generalization has proved to be so useful are twofold. Firstly,
our starting point, 11-dimensional supergravity, has a particularly elegant formulation in (11]32)-
superspace. Secondly, we have access to a systematic, complete, and manageable geometrical method
for determining explicit fermionic expansions of this theory’s superfields, namely NORCOR. The
small number of superfields in 11-dimensional supergravity in conjuction with NORCOR means we
can readily obtain the fermionic expansions of all the fundamental superfields in the theory. Obtaining
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Figure 2. A schematic map of the procedures investigated in this work. We work in superspace, and in order
to do so profitably we generalize the string duality web to superspace. We generalize the S* compactification
from 11-dimensional supergravity to type IIA, and we generalize the T-duality procedure connecting type ITA
and type IIB to superspace. This allows us to carry the elegant geometric treatment of the ‘normal coordinate’
(NORCOR) method in 11-dimensional supergravity over to type II supergravity, circumventing the difficulty
in applying that treatment directly in those theories. This method allows us to calculate the expansion of
actions of branes in orders of the worldvolume fermions. We have presented example calculations up to quartic
order in fermions for the M2-brane and the D2-brane in this work, although the methods we have presented
are in principle applicable to any order in fermions.

the fermionic expansions for composite superfields built out of these fundamental superfields is then
a simple matter. The example composite superfield we have chosen to concentrate on in this case is
the action for a single M2-brane. This action is constructed using the pullbacks of the supervielbein
and super three-form in 11-dimensional supergravity.

With our starting point of 11-dimensional supergravity and the M2-brane firmly in hand, we
then pursued the superspace generalization of the S'-compactification to type ITA supergravity and
the D2-brane. Our goal was to use the expansion of the 11-dimensional superfields together with this
connection in the web to determine the expansion of the type ITA superfields. The regular dimensional
reduction ansatz relates the 11-dimensional vielbein and three-form to the 10-dimensional vielbein,
dilaton, Ramond-Ramond one-form, Kalb-Ramond two-form and Ramond-Ramond three-form. We
took the view that these bosonic relations represented the ‘zeroth-order’ fermionic expansion of the
corresponding superfield relations. As such, we promoted the dimensional reduction ansatz relations to
superfields, taking the fermionic expansions of the 10-dimensional superfields (to some desired order)
as unknowns to be determined. We then used the NORCOR results of the Taylor expansion of the
11-dimensional fields to determine explicit expressions for these 10-dimensional unknowns in terms
of 11-dimensional fields. Finally we dimensionally reduced the 11-dimensional fermionic terms and
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compared the results with the expansion in terms 10-dimensional unknown fermionic terms in order
to read off the desired results. We demonstrated how known second-order results for fundamental
superfield expansions in type IIA can be recovered painlessly using this method. Furthermore we
demonstrated how labourious manipulations of the D2-brane action can be completed almost trivially
in this superfield paradigm, and how the form for the quadratic fermion terms on the D2-brane can
be recovered, again relatively painlessly. Finally we calculated the fermionic expansion of the type
ITA fields relevant for the D2-brane all the way up to order four in fermions. Unfortunately these
terms, while systematic and complete, are unwieldy in their present formulation. We discussed some
promising lines of research regarding their simplification, something we will come back to in a moment.

Finally we turned our attention to the second strand on the web of dualities that we sought to
generalize to superspace. This was the T-duality relation between type ITA and type IIB theories.
The structure of work mirrored that of the generalization of the dimensional reduction just discussed.
We first observed what relations the T-duality demanded of the bosonic fields in either theory. These
were the Buscher rules and the Ramond-Ramond field rules. We once again interpreted these relations
as representing the ‘zeroth-order’ fermionic expansion of the corresponding superfield relations, and
as such promoted these T-duality rules to superfields. This required observing that the discussion of
the Ramond-Ramond sector can be substantially simplified by conveniently arranging the D2-brane
action. Then it was the repeated application of these promoted rules which we used to determine
the fermion terms in the superfield expansions for all the superfields in both type II supergravities.
When we performed the T-duality transformations, we had to become familiar with precisely how
fermions behaved. This transpired to be an area of much subtle complexity, but one which we greatly
streamlined by moving to spinor doublet notation. Once again, we chose as a crucial example case the
calculation of the fermionic expansion of brane actions. In this case repeated T-duality transforma-
tions allowed us to leverage the knowledge we had built about the D2-brane in the previous stage to
determine features of the Dp-brane actions in general. We once again wrote down a form of the action
which will yield the fermion couplings on the Dp-brane to any order if provided with the expansions
of the fundamental fields of the type II supergravity in which the brane lives. We noticed that in
this formulation Ramond-Ramond fields of every degree are used implicitly, yet the first dimensional
reduction step had furnished us with only degree 1 and 3. This is where the careful study of fermions
under T-duality became invaluable as explicit T-dualization of these two superfield expansions allowed
us to determine the expansions for all the fields we desired to quadratic order. The only remaining
impediments to a full calculation at quartic order for all Dp-branes are then of a practical nature. The
expressions we have obtained, since they represent all couplings of the brane fermions to an arbitrary
bosonic background, have many terms, and the calculation for each term is non-trivial. There is no
technical impediment to T-dualization and we provide all the necessary tools, however we consider
it prudent to first make a proper investigation of how the expressions we have obtained for type ITA
fields and D2-brane might be improved. We discuss this, and other future lines of work, next.

Future directions

The directions in which this work will progress in the future come in two main classes: those directions
that improve and build upon the work and those that use it.

The most obvious direction in which the present work might be improved is in seeking to simplify
the results at quartic order in fermions. We have already discussed at the end of section 5.3.2 how sig-
nificant simplifications of the current formulation of the complete quartic order terms for the superfield
expansions in type II supergravities will have their roots in a better treatment of the 11-dimensional
supervielbein expansion. This might be achieved via something as simple as a more adroit rearrange-
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ment and application of the constraints imposed by Bianchi identities than we have managed here, or
it could require an improvement at a higher level in the set-up of NORCOR. Pursuing such a better
treatment is an obvious and tantalising direction of future study.

For the brane actions specifically, these results might be improved by getting a firmer grasp of how
to arrange higher order fermionic expansions around a k-symmetry organizational principle. As early
in our process as our expression for the M2-brane action in (4.23), we neglected to explicitly organize
all our terms around such a principle. When calculating the quartic terms in the M2 brane, one can
interpret all of the different terms as arising from the variation of different parts of the quadratic
fermionic term. Those quartic terms that came with the same, ‘zeroth-order’ projector as in the
quadratic term are interpreted as arising from varying the supercovariant derivative that appeared
in the quadratic term. The remaining quartic terms (coming with a factor %) can be interpreted as
arising from further variations of the projector, inverse metric, etc, appearing at quadratic order. The
higher-order expansion of the kappa symmetry projector may be calculated directly by expanding the
superfield projector (4.17). Better understanding of the structure here could then be carried over to
type II theories using the duality promotion method we have presented. At second order the Dp-brane
actions were able to be organized into a similar form as the M2-brane, that is, a bilinear containing
a kappa projector and some operators. The expectation would be that whatever further structure is
found in the M2-brane should provide analogous arrangements of the Dp-brane action through the
promoted duality web.

With more agile control over Dp-brane actions, it becomes natural to revisit the D7-brane quartic
gaugino couplings and compare them with the existing literature, among other things. This would be
instrumental in shedding further light on gaugino condensation in the stabilization of volume moduli
a la KKLT. A proposal for the specific quartic gaugino terms on D7-branes necessary to achieve this
was recently put forward in [32], and hunting for the specific terms which that proposal requires within
our results is a promising line of inquiry. In a different area, a further result that is now in reach is
the determination of the Fl-string action at arbitrary fermionic order. In fact, once the M2-brane
action is known at a given order, a circle compactification along a direction wrapped by the brane (a
double dimensional reduction) gives the Green-Schwarz-string action [70] in a similar way to the com-
pactification along an unwrapped direction, which gave the D2-brane action. Finally, we have worked
in bosonic backgrounds. To do so we simply set to zero those terms proportional to the gravitino in
the expansions of the superfields of 11-dimensional supergravity. By keeping these terms, however,
the methods we employed in this article can also be used to explore more general backgrounds than
purely bosonic ones. In this way, one would obtain the M2-brane couplings to the 11-dimensional
gravitino and hence, upon dimensional reduction and T-dualization, the Dp-brane couplings to the
10-dimensional gravitino and dilatino. Finally, we have concentrated in this work on obtaining the
fermion couplings on brane actions in the abelian case of a single brane. Expanding this work to
the non-abelian case of multiple branes, or to even more complicated brane set-ups, is yet another
promising line of inquiry.

Progress in an area as central to so many discussions as the fermionic couplings on brane world-
volumes is necessarily complex. What we have presented here is both an important step in this long
story, and a clear and insightful guide to what is known, and what remains to be investigated, in this
exciting and consequential line of research.
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A Spinor conventions

We summarize the conventions that we use in the main text regarding spinors defined in 11- and
10-dimensional spacetime. Here we denote terms intrinsically living in 11-dimensional spacetime with
a hat in order to distinguish them from the ones defined in 10-dimensional spacetime (with no hats).
This is also the case in appendix D, which explains the details about dimensional reduction. In the
main text we often drop hats for the sake of clarity, as the spacetime dimension is always clear from the
context, only using hats for 11-dimensional objects at the point of performing dimensional reduction.
In the 11-dimensional spacetime, we use real Majorana anticommuting 32-component spinors
denoted as é“, with p representing spinor indices in the curved superspace manifold and « representing
spinor indices on the corresponding tangent space. Spinor indices can generally be suppressed without
loss of clarity. Explicitly, Dirac conjugation is defined in terms of the antisymmetric conjugation

matrix C = Cug, with Cog = —Cgq, as
05 = 0°Cirp. (A1)

More generally spinor indices are raised and lowered by the conjugation matrix and its inverse C~! =
C*P, with C’aﬁCﬁ’Y = 47, according to the rule

M, P = CoyM75C%P. (A.2)

In the index-free notation, one can write § = 0TC and ME = éaMo‘ﬁ 55 = éO‘MQBéﬁ. We work with
the mostly-plus Minkowksi metric 7),;, with signature (—1, (+1)*°) and indices running as @ = 0, . . ., 10,
and employ I'-matrices ra fulfilling the Clifford algebra

(1%, 0} = 2790 (A.3)

The antisymmetrized I'-matrix products are defined as

Tavasan = i Lay -+ - Tay - (A.4)

The combinations (I's,4,..4, )as are symmetrical in their spinor indices for n = 1,2 mod4 and anti-
symmetrical otherwise, i.e.

(Cayas..an)ap = +(Laray.an)gas  n=1,2mod4; (A.5a)

(Caras..an)ap = —(Taras.an)gar 1 =0,3mod4. (A.5b)
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The Majorana nature of the anticommuting fermions 6 means that éf‘fllflz...dn 6 =0forn = 1,2 mod 4.
The master equation for practical I'-matrix manipulation (in any number of dimensions) is

min(m,n)
a1...am T m o\ clam Gmg1—r AL B )
m. . — | +1 1
plrinfy o= Z rl < . ) (T> Y AL (A.6)
=0
After the dimensional reduction to a 10-dimensional space spanned by indices a = 0, ...,9, where
10

the direction z'° is compactified, it is necessary to introduce a chirality matrix. In tangent spacetime,
the first ten I'-matrices are the same because the Clifford algebra reads {f‘“,f‘b} = 27% = 2peb =
{T%, I‘b}, sole = ', where 14, = 7qp is the 10-dimensional Minkowski metric; the last 11-dimensional
I'-matrix defined to be the 10-dimensional chirality matrix [0 = r*. All the other rules on spinor
indices are unchanged. Because in ten dimensions there is a notion of chirality, we split 11-dimensional
Majorana spinors into pairs of 10-dimensional Majorana-Weyl spinors as 6 = 04 + 6_, where [0 =
+6.. For type IIB strings, we relate the previous pair of Majorana-Weyl spinors to another pair of
Majorana-Weyl spinors, but this time with equal chirality, i.e. 812 with I'*6; o = +6; 2. In this case
it is convenient to rearrange these fermion pairs into a Pauli matrix-valued spinor

o (§> (A7)

which is acted on by the 2-dimensional identity 15 and the three Pauli matrices o', 02 and 2. All
the I'-matrices and the chirality matrix that need to act on the spinor 6 can be redefined by means of
a tensor product with the 2-dimensional identity 15 in such a way as to act appropriately on the two
spinor components 6 .

Note on spinor indices

In dealing with spinor contractions, we often find it useful to rearrange expressions by moving spinor
indices. Given a matrix M,g acting on the splnor space, we define its transpose as the matrix
M5 = Mpg,. As an example, consider the torsion Ty and its transpose T,

&M 1 bede béde
s (Do + 8OLT) .

° _ 1 bede béde

o= 5 (I‘ — 8abT )Hb o

<3
|

Notice that it is not the position of the spinor indices that is used to make the distinction between
T& and T,: both are defined as in the main text and the position of the indices can be changed
with the charge conjugation matrix Cyg and its inverse C*B. 1In fact, we can write for instance
(Tin)o” = =(Ti)?

o

B 11-dimensional supergravity

Here we summarize the set-up and conventions for 11-dimensional supergravity [58-60], including the
field content, the constraints on the torsion which are equivalent to the equations of motions, and the
Bianchi identities [83].

In 11-dimensional supergravity, let us consider the (11]32)-dimensional supermanifold spanned
by coordinates ZM = (2™, 60"), where M is a generalized superspace index, with m = 0,...,10
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representing the original spacetime directions and p =1, ..., 32 representing the corresponding spinor
directions. In this formalism, one defines the supervielbein as

EA(z,0) = dZME,, A (x,0), (B.1)

where the index A corresponds to the tangent space, with the possibility to introduce local coordinates
yA = (y*,y®), with a = 0,...,10 and o = 1,...,32. Let us also introduce a superconnection, i.e. the
super-one-form w AB, with Lorentzian structure group, in terms of which we define the superspace
covariant derivative,

VXAL”BI,,, — dXAlmBl,,, + XDAZWBl...ECwCDAl N XAlmDBg...ECwBch o (B2)

The superconnection is comnpatible with the structure of the tangent space Lorentz group, and it is
related to the spin connection according to

1
wl =gt =0, W, = Jw ), (B.3)

We can then define the supertorsion 74 and the supercurvature RBA as
1
T4 =VE* =dE* + EBupt = 5ECEBTCBA, (B.4)
1
Rp® = dwg? + wpCuc? = §EDECRDCBA. (B.5)

Finally, we define the super-three-form

1
A= gECEBEMCM, (B.6)

along with its field-strength, i.e. the super-four-form

1
H=dA = EEAEBECEDHDCBA, (B.7)

whose components explicitly read

Hpcpa = Z VpAcpa+Tpe " Arpa, (B.8)
(ABCD)

where V4 = (E71) ,MV .

In this formulation, 11-dimensional supergravity has only two dynamical superfields, namely the
vielbein E,,4(x,6) and the super-three-form Aprnp(x,0). The equations of motion can be shown to
be equivalent to constraints placed upon the components of the supertorsion and the super-four-form
[59, 60, 83]. These supergravity constraints read

T,5" = —i(l)yp, (B.9a)
T,5® =T, = T,y =0, (B.9b)
Hsypo = Hsypa = Hscva = 0, (B.9¢)
Hesypa = i(Tba)sr - (B.9d)
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Using this superspace formulation, the physical fields of 11-dimensional supergravity only appear
through their covariant field strengths, namely the top component of the supercurvature Rabcd, the
supertorsion component T, %, and the four-form Hgpeq. To see exactly how this is the case, we must
use the Bianchi identities.

It is possible to observe that the supertorsion and the supercurvature obey the Bianchi identities

VT4 = EBRA, (B.10a)
VRg* =0. (B.10b)

These, along with the closure relationship dH = 0, can be expressed more explicitly as

Z (Rapc” = VaTpe? = Tap"Tpc”) =0, (B.11a)
(ABC)
Z (VaRpep® +Tap" Rpep®) =0, (B.11b)
(ABCD)
Z (VaHpepe +Tag " Hrepr) = 0. (B.11c)
(ABCDE)

Starting from these identities, we can determine expressions concerning the remaining components of
the supertorsion, i.e.

e 1 [e3% [e3%
T, = 2_88(1—\Cdfgh + Ségl“fgh)ﬂ Hygon = (T, dfgh)ﬂ Haggn, (B.12a)
Tw" = é(FCd)aﬁ Vg Habed, (B.12b)
(Fabc)a,@Tbcﬂ =0. (B12C)

and the remaining components of the supercurvature, i.e.

R&’yba =—2 (Fbj; dfgh)((;,y)deghu (B13a)
) . .

R6cba = 5 [(FC)5€Tba + 2(F[a)6eTb]c ]7 (Bl?)b)

Ryep™ = 2VaT5" + 2T105 T g™ + Vs Tu.”, (B.13c)

Note that the Riemann tensor is built from the superconnection and obeys

1

TRpena (T3 (B.14)

Rpe.’ =Rpes®=0  ,  Rpes =

The I'-matrix combination 7 is defined in (B.12a) and 7 is its transposition. Finally, the Bianchi
identities also give the expressions

VaHpcae = =6i(Tpe)as Ty, (B.15a)

vOl‘Rbcde = 2v[b\Ro¢|c]de + 2T[b|avRv|c]de - TbcvRﬂade' (B15b)
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C Order-4 vielbein manipulations

Expansion of the M2-brane action only requires knowledge of the expansion of the supervielbein.
Therefore we record the expansion of the frame super-form to quartic order.
C.1 Normal coordinate expansion of frame super-form

Using the expressions for the behaviour of the Lie derivative £, along the tangent field y = y™ | it can
be established that the repeated action on the supervielbein E4 gives [49]°

LyEA = Vy? +yCEP Ty, (C.1)
2
(ﬁy) B4 = _yBECyDRDCBA + YCEBYDVDTBCA +y¢ (VYB + yEEDTDEB)TBCAv (C.2)

(ﬁy)gEA =—yP (VYB + yFEGTGFB)yCRCBDA - YDEBYCYFVFRCBDA
+ 2y (VP +y BT p P )yPVpTpe ! +y EPyPyPVpVpTpe?
+yy(VYP +yEPE Top P)Tpe P Tae A yYPENYERpppP Tt
+yCyF EPyF (VETDF B)TBC A

(C.3)

(L) EA =+ 3yCyF (VyP +y B Ty P) T Py PV p T
+ 3y (Vy? +yF ECT 1 B)yPyEV EV p Tt
—y“yP (Vy" + yGEHTHGF)yEREFDBTBCA
+2yyT (VyP +yPECT 5 P )y (VuTpp?) Tpe?
—yPyF (VyE +y?ESTqy E)TEFBYCRCBDA
— 2P (Vy® +yF ECT, 0 B)yCyPV p Ry
+yCy“y? (VW' +y B Ty )T P T " Te 4
+yPYPEFY R p sy Ropp™ —yPy  E9Y® (VeTor ®)yC Ropp™
—yPEPYOYyEY VeV ERopp® + Y EPyPyPy VeV eV T
—yOYPEFYEYE (VR umpP) Tao ™ — 3yCyP EFyE Ry ByOV o T
Y EYT Ry P Tog "Toe ™ + YOy Yy  EXy (VuTrp P ) Tpe P Tpe

+yOy EPYEYE (VeVeTpp P) Tee ™ + 3yCy  EPYP (VETpp B )y VT .

(C.4)

Notice that many terms can be rearranged in terms of the supercovariant derivative. However, while
the order-1 variation can be written entirely in terms of this (in a bosonic bacgkround, one has
Viny® +y? e g® = D,,y®), higher orders contain components of the super-Riemann tensor and
operators involving the torsion that are difficult to rearrange in compact ways.

C.2 Rearranging the expanded supervielbein using Bianchi identities

Starting from the order-4 term in (4.8) and using (B.14) to perform some straightforward rearrange-
ment while making use of I'-matrix symmetries, we may write

4 a i €\ (T abe S STaT
(Ly) E," = Z(yéRéebcDmy )(yI' b y) + (yFmeY)(yF 7;; dfgh}')degh

i e c a
+Zy5yxem ylsyfvf (Réebc(rb )XB - 4v5TeX,8) (F )ﬁ’)"

9Note that (C.3) corrects (4.7, [49]), in which there is an erroneous extra term.
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Now we will use (B.13a) in the first term and (B.12a, B.13b, B.15a) in the third term, and we also
split the third term. We also use the spinor index symmetry properties of I'-matrices to write

S 1 . .
(7Y 00 = 355 (I‘bcfdf oh — 85 Ty DI — 124/%5] th])éeﬂdfgh = 2R, V" Hypon,

so we eventually arrive at
4 a — —1Tabc = —TaT
(L) B, = [J(Ry T" Hapgh Dy (GTy) + (3 Hag g T* Dimny) (50T, Vo)
1 STaoc € o o
+§(yf Y)enm Y’ [(Te)soY VeTy.” + 2(T)s0y VeT,. 7|
—6 (50T, Y9"y)e by (Tap )soy* Vel

We see that a number of previously nasty-looking curvature and torsion terms are all reducible to
expressions involving gamma matrices and the spinor derivative of the supercovariantized gravitino
fields strength VT, 7.

To assess this we step back to superspace momentarily. Using the superspace covariant derivative

B B c B c, B
Vmva” =0mvys” +vg wye” —wya Ve
we have [VM,VN]UA = —RMNABUB, and so

[EsMVar, EgV Voo = (ExMEp™ [Var, V] = 2E,M Eg/™ (VM EN")VD)ve

D D
= _RABC UD _TAB VD’Uc.

This means that we have Rabyé = —[Va, Vs],° =T,,"(V,),°, which in bosonic backgrounds is Rabv‘s =
—[Va, Vb]v‘s. Using Bianchi identity results, we have in bosonic backgrounds,

5 5 5 o 5 g
VT’ = Ry’ =2V 1oy, 0 = 2T100, " T * = = [Va + Ta, Vs +Tb]7 .

. I . 5
In terms of the supercovariant derivative Dy, we can eventually write V,T,,° = e,"€," D, Dy] »
Applying this result we see that the two objects defined in (4.9) arise naturally by combining terms,
as we have

4 a —1mabe — df gh 1 e 1
(6)" Bt = 579 3Ry Hipn Dy + {T, e 11Dy D] + 4T [0 D))y
g7 YN 1§ (Hypon TP D,y — 6e, 'Tyre. Pe, 9D, D
+TT, T7y) |y (Haggn T Do — 6€,,°Tage,Pe, [Dy, Dyl)y|

which means
4 a —1abe )\ (o rag df S
(L)) B = GTY) §Wansey) + TTT, YO y) GH g gny)- (C.5)

D Catalogue of dimensional reductions

In this appendix we catalogue the details of the dimensional reductions of all the terms appearing in
the main text.
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Notation

In the M-theory formulation, we consider the 11-dimensional spacetime to be spanned by the coor-
dinates ™. This is reduced to a 10-dimensional string background via the split 2™ = (2™, z10).
Unless differently stated, 11-dimensional indices are hatted whereas 10-dimensional indices are not;
11-dimensional objects are also hatted and 10-dimensional objects are not. So vectors in the 11- and
10-dimensional spacetimes read & = @y, d2™ and w = w,, dz™, respectively, and similarly for tensors
of arbitrary rank. Indices d,f) and a,b are 11- and 10-dimensional tangent spacetime indices, respec-
tively, with explicit number indices being underlined for tangent space and unadorned for spacetime.
Background fields are always independent of the extra M-theory coordinate x'°.

The M2- and D2-brane 3-dimensional worldvolumes are spanned by the coordinates £°. Pulling an
object back from eleven dimensions and pulling an object back from ten dimensions are different ma-
noeuvres: for ease of notation, instead of writing these pullbacks explicitly, we shall keep track of which
is being used by noting whether the object itself it hatted or not. For instance, denoting for a moment
the pullback from the 11-dimensional spacetime to the 3-dimensional M2-brane worldvolume with ¢,
and the pullback from the 10-dimensional spacetime to the 3-dimensional D2-brane worldvolume with
b4, for two vectors Wy, and w,, we will write @; = (p,@); = 02"y, and w; = (Psw); = T Wy,

The n-dimensional Levi-Civita symbol €, . .. is normalized as €;..,, = +1 and the Levi-Civita
tensor is defined as €, ., = (—det g)'/? €ur...un» Where g, ., is the associated n-dimensional metric.
Similarly, we define the symbol e#1~#n = —¢,, ,and e/1-Hn = (—det g)~1/2 ghr-tin,

Antisymmetric and symmetric combinations of a number n of indices are denoted by square
brackets and parentheses, respectively, and include a normalization factor 1/n!. For instance, we have
Pp...Top=2scs, 880(0) Loy ... Loy /n!, where o € Sy, are the permutations of n elements.

D.1 Basic dimensional reductions

We report details about the dimensional reductions of the essential quantities that are needed in the
analysis of M2- and D2-branes.

Metric
In terms of 10-dimensional quantities, the 11-dimensional vielbein splits according to the standard
ansatz . 2o
X %o a H 0O
éma _ <€ 3€, € 32¢m> , (Dl)
0 es
where e,,* is the 10-dimensional string frame vielbein, ¢ is the dilaton, and c = dz™C,, is the

Ramond-Ramond one-form. The vielbein is invertible and its inverse reads

2 m _ 2
é&ﬁz — <63 €a 632ga> ) (D2)

0 e 3

The 11-dimensional metric is defined in terms of the vielbein as g, = €.
11-dimensional Minkowski metric, so it reads

7,5, Where 7). is the

¢ 49
63On es

~ (eggmn‘i'e%cmcn G%Om>
Imn = )
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where the 10-dimensional metric is defined as g,,, = em“enbnab, with 143 the 10-dimensional Minkowski
metric.
Three-form field

We describe the dimensional reduction of the 11-dimensional three-form A = dz™ Adx™ A dIﬁAﬁﬁm /3!
in terms of two 10-dimensional form fields C®) = dz™Ada™ AdxP Cppm /3! and B® = dz™Adx" By /2!
defined as

Amnp - Omn;m (D3a)
Amn 10 = an7 (D?)b)

The 11-dimensional flux is defined as H = d/i, while in the 10-dimensional formulation we have
F® =dC® and H®) = dB®), so the 10-dimensional form field strengths are such that

Hmnpq = anpq; (D4a)
ﬁmnp 10 = Hmnp- (D4b)

An analysis of the dimensional-reduction ansatz shows that the tangent-space 11-dimensional flux
is related to the 10-dimensional field-strength tensors as

2 k4

Hapero = €3 e, ey el Hpnp, (D.5a)
Tuea = €5 ¢, ™e,"e e f1(F, 4 HypnpCop) = €3 e, eye Pe JF) D.5b
abed = €3 €5 € €. €4 ( mnpq [mnptq ) =€3 €, € € ¢y mnpq? ( . )

where we defined the combination F® =dc® — oMW A HG),

I'-matrices

In tangent spacetime, the first ten I-matrices are the same, i.e. [e = I'®, since the Clifford algebra is
the same as a consequence of the equality 7q, = 74p; the last I'-matrix defined as the chirality matrix
I'9 = T'*. In curved spacetime, the 11-dimensional I'-matrices and 10-dimensional I'-matrices are then

related as
Do =5 (T + €20 l™), (D.6)
Tio = eI (D.7)
One also finds,
12‘lmn = 672‘% (an -2 e¢0[mrn]r*)a (D.8)
Connp = € (Tonnp + 3€?Crn L T7). (D.9)

For contractions of the components of a form field w, with a number n of 10-dimensional curved-
spacetime I'-matrices I'™", we employ the underlined notation

1

e P1-..D
Y1 q2.qm = n|w‘Z1~~~¢ZmP1~~PnF i (DlO)
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D.2 Supercovariant derivatives
Spin connection

The 11-dimensional spin connection is defined in terms of the anhomology coefficients as
(Qai)é = Q1 e — Q;,fﬁédﬁaé), (D.11)

where the latter read

6 _smasn(A s ¢& A s &
Qa& =€,"€; (&neﬁ — 0pép, )

These allow us to express the 11-dimensional spin connection in terms of 10-dimensional operators as

G = {wabc + 20,00 - %a%nba] (D.12)

Doyt = %e%Fab, (D.12b)

0100° = War0” = _%e%Faa (D.12c¢)

Drga = —ge% s (D.12d)

D1010° = ;6%3%’, (D.12e)
where all the remaining combinations are vanishing, i.e. @alom =W 1 L _o.

Torsion
The 11-dimensional torsion term that appears in the M2-brane action is the I'-matrix valued term

o 1
"= gl

R L e U2 (Y (D.13)

In terms of 10-dimensional operators, the 11-dimensional torsion components can be seen to split as

¢ 1
T, = ﬁe% [Fa(e¢E(4) + HOT*) —3e,™(e?F P + ﬂﬁi’r*)], (D.14a)
¢ 1

0 = Ee% [T*(e?FY — 2HG)T)]. (D.14b)

Supercovariant derivative

In dealing with the M2-brane action, the spinor kinetic term contains the worldvolume pullback of the
11-dimensional spacetime operator
Dy, =V — T, (D.15)

where @m is the 11-dimensional spinor covariant derivative and T is the 11-dimensional torsion,
which are defined in the tangent spacetime as

1 £an
Vo =0+ @, "T g, (D.16a)
¢ 1 . 1.5, £ AaTay A
"= 58 (T,00%€ — 8821 H; ;.- (D.16b)
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Using the above relations one can dimensionally reduce the 11 dimensional supercovariant derivative
and write it in terms of 10 dimensional operators (5.7), recovering the relations (5.8).

D.3 Pullbacks

We report details about the relationships between pullbacks onto M2- and D2-brane worldvolumes.

Metric

Defining the combination
pi = 0z 4+ 92" Cpp, (D.17)

which is the dual to the world volume flux on the D2-brane, we can express the metric pullback as
~ _2¢ ¢
gij = € 3 Gij +e73 pipj- (D18)

Equivalently, the pullback of the vielbein is

&' =e e, (D.19a)
e — e Fp,. (D.19b)

Since the pulled-back metrics are 3-dimensional, using the shorthand ¢g¥p;p; = p?, we get the
exact relationship

det(gi;) = e 2 det(gi;) (1 + ewpz), (D.20)
To conclude, the relationship between the inverses of the pulled-back metrics can be seen to be
2¢ )i
~ij 2 i ©PP
g7 =e’ (g 714_62(%2). (D.21)
Three-form field

For the three-form field, we can write
Aijk = Cijk — 3CBjx) + 3 piiBjr)- (D.22)

I'-matrices

The relationship between the 11-dimensional [-matrix pullbacks and 10-dimensional I'-matrix pull-
backs is

[y = e 5Ty +e?p,T™). (D.23)
Starting from this, we can then express the antisymmetric combinations of [-matrices as

2¢

ij=e" 7 (ij —2e” ppll™), (D.24)
Cijp = e ? (Tiji + 3€? L T™). (D.25)

>

Matrices with upper indices are defined by use of the metric pullback inverse, i.e. I = g f‘j and
I'" = g¥T;, and they are related as

. , ePpt
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Supercovariant derivative pullback

The operator that appears in the M2-brane action is the 11-dimensional spinor covariant derivative
pullback D;f. By making use of the results above, we can determine that in terms of the D2-brane
operators this reads

L 1 1
D =e 5 |D; — LA+ 2e’pil"Al6. (D.27)

D.4 Order-4 combinations

In the order-4 fermion expansions we find combinations of the operators that appear at second order.
These are discussed in detail below.

I'-matrices and fluxes

We now treat the term

1

5 _ r o pdfah _ ged it pfah d 5f pahy f
R;, = %(F%F Joh — oLy TR — 12620, D) H g g, (D.28)

Upon dimensional reduction, this allows us to define

. 1

Ry = ¢ 3Ry, = ol {rbc (e?EW+ HOT*) — 20y (e? £+ HYT) + (e BfY + ﬂfj’r*)}, (D.29a)
. 1

Ry=e $Ryy = —57 T [rbﬂ‘l) - Eg4>]. (D.29b)

Supercovariant derivative commutator

An operator appearing frequently in the order-4 fermionic expansion is the commutator of superco-
variant derivatives on which we must perform dimensional reduction. First of all, we have

. N . 1
[Dp, D1oly = 3¢ e?K,0,
where we have defined the operator
1 * *
K,=|D,— EFPA’F Al + (0p)T*A. (D.30)

The other non-zero commutator reads
AR 1. _9 2 _¢
[Dp, Dy]y = €75 Kpgf — 3¢ 66qéc[qu]v

where we have defined the operator

1

1 1
Kypq = [DP - EFPAa Dy — EF‘IA} + §e¢Fz§§)F*A' (D-31)

To conclude, we notice that ¢, ﬁéloé [ﬁﬁ, f)é]y = 6101080 [ﬁlo, ﬁlo}}? = 0. From these results, one
can immediately derive
Pe, 1K pq0, (D.32a)

PK,0. (D.32b)



D.5 Dimensional reduction of the quartic 11-dimensional shifted fields for the dilaton

In this appendix we provide an example of the dimensional reduction calculation for the quartic
fermionic terms. We will concentrate on the dilaton as these terms are the least formidable, however
the approach is fundamentally the same for the dimensional reduction for all the quartic fermonic
terms in 11 dimensions. We will make heavy use of the results in appendix D.

The relationship between the quartic fermionic expansion of the 11-dimensional metric g,,; and
the quartic fermionic expansions of the 10-dimensional metric g,,,,,, Ramond-Ramond one-form C, (1)
and dilaton ¢ is (5.14). The expansion of the 11-dimensional metric is (4.21). Plugging in (4.10) we
can write the 11-dimensional shifted metric as

Amn = — 1(9 aD )(9F Dln)e)
(615

i abco) 5
96 y (D.33)

A AT A o A~ ~ ~ A ~ ~ A~ 3 FaDN ~ A DA A A A
1ol#0) (9 (10[Da, D3] + 204D, Dg])e) - =% (014 D1of) (074 D1of)

1T 6) (B D1of) + = e (F,076) (4R, Drof) + i(me)

We will demonstrate the dimensional reduction of these terms in detail. The dimensional reduction
of the terms involved in the quartic shifts of the other type ITA fields follows in a very similar way, so
we will forgo spelling these out. Let us tackle the dilaton shift one term at a time. We will variously
require, (D.7), (D.14a), (D.14b), (D.29a), (D.29b), (D.32a), and (D.32b), at different stages of the
calculations. In the order in which the terms appear, we have from the first term

1 aA&AéAA PN A~
— = (O0%%%9) (0T ,;[Ds, D 5)0) =

768
1 abed ) N 10 1 10bcd j N
T — (A7) (T [ D.., D)) — 192 —(frie 9)(9F[10b[DcaDd]]9)
1 mn * T mn n *
= — = (07 0) (T Ky 6) — 1152(9I‘ g [9 37T Ky — Do K] 9}.

In moving to the final line we used many of the results derived previously, and we move vielbeins
around in order to write everything with spacetime indices rather than tangent space. In the second
term, we have
1 44 2a
3

B (9F10f&i’éé)(§(f10a [f)g, Da] + fai)[ﬁlo, f)é])é)

e (BT T70) [ (3T T Koy — T ),

384
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where the term with abé — 10bc vanishes by symmetry of the first bilinear. Next, we have

1 19
3

1
128 €

(éA 10f1{1i;é) (é(f‘w[f)&’ [)g] + 2f& [Dlou DE])é) = 384

(T Tg) [é (80" Koy — 20, K] 9} ,

where symmetry considerations of the first bilinear causes the ab — 10b terms to vanish. Moving to
the fourth term, we have

3 46 ~
3

— (004 D10) (004 D1of) = _%(érmrme)(érmrmo) (0A0)2.

3 €
16 18
The fifth term gives us

_67

16

17, _ 17 i
- _ * ¢ (4) _ (3) myx dp(4) _ B
= — = [0[2r"e? B — T D) 6] (01T 20) + = [0[e*E® — 2H1*]6] (820),

1 _40
3

(6710T, 6) (1% Dyof) =

where we have once again been able to use the symmetries of the I'-matrices to combine some terms
together. Finally, we have

1 _1s 50 5ab A\ [ ~ A_lf*mn n *

1—66 3 (9 10" 9)(973,&31)109) = 13 (6‘1—‘ T 9)(6‘Rmn1—‘ A6‘)

We also must not forget the final term (§A#)2/24 in the dilaton shift, which was already built out of
10-dimensional fields. If we combine everything together, we obtain the dilaton quartic order shift

1 i 1 i
(4) — _ mnpq * T mnp * _
p =g (BD796) (O, K ) + == (AT T™"70) [9 37Ty Ko — Ty K] 9}
+ - (grrmng) [9’ 3T K — 2T K] 9] + L @™ 0) (R A)
384 18 (D.34)
1 - 7 1 (s i '
- * my* - x ¢ (4) (3) miy*
1500 A6 (T A0) — — [9[2r P oI ]9} (G0 T*Af)
L anoz + L [aresp@ _og®rl(a
+ 5(020) + — [9[6 F® _2fg®p ]9} (GA0).

This is the shift given in the main text for the dilaton.
For the sake of completion, let us also note here that the expanded expression for the quartic
terms in the expansion of the three-form superfield, obtained by plugging (4.10) into (4.22), is

(D.35)

E Further comments on T-duality

Here we discuss the T-duality calculation for the general Ramond-Ramond superfield expansions at
second order in fermions. Notice that all three of the quadratic shifts so far calculated have been of
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the form

) — 1
" - %€_¢ HAan |:7’Lﬂ—[m1mnl[D2n] — §H—m1...mn01AA:| 9A7 n = 2p — 1,
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mi...Mp myq... My, Z _q; B _ B 1 _ 1B B
3 e ?60°b, n[r[ml,,,mnfllen] — §[rm1___mna A" |67, n = 2p,

where the a,, and b,, are some Pauli matrix combinations that need to be determined. We will show
that this is the form for all the quadratic RR shifts, and determine a,, and b, for all n, starting
from the known results for n = 1,3. The key equations to T-dualize these superfields into each
other is the Ramond-Ramond superfield T-duality rule (6.37). In particular, defining the quadratic
Ramond-Ramond superfield expansions as c =cm 4 x(™, one can write
~érrlnt%.).mn+1 = ngz)...mnﬂ - n99_9199[m2X\(g|),m,,,mn+1]' (E.1)
Let us first concentrate on the terms outside of the square brackets. For now we will neglect to
write what appears inside the square brackets after applying (E.1), instead we shall just label it [ITA]
or [IIB] to keep track of whether it has yet been T-dualized. Under T-dualization, moving from type
ITA to type IIB we can write,

—% e ? 0 ag, 1 [TTA]0 = _% e=?\/Goo (BB YoV )az,_1 T T[IIA] T 168
- _% e 6By, T T[IIA]Y 65,
We will see shortly that we will require 9 when T-dualizing the terms inside the square brackets, so

write it separately in line two and treat that part in a moment. Moving from type IIB to type IIA,
instead, we can write

1

=% GBb,, [IIB]9° = _% e /Gos (02T LoV )bop TY L[IIB] YHA

[\]

_ _% e 02 gy 1 [oY L IIB]TOA.

We know from the expansions in (6.49) that a; = 0® and a3 = 1. We also know from the def-
initions of the T-duality operators in section 6 that \/Ggg o' Yo o3 Y1 =T*[y, which allows to
conclude that éBbQ[Nrg = éBF*fg, meaning that by = —15. Similarly, from the series of conditions
0%aslg = \/@éAolT_lalbgT = —\/EéAalT_lalT = 02Ty, we recover ag = 1,. Going on, from
6Bb4T g = /Gog B Yolas Y1 = —g36BTy, we find by = —o®. Finally, from the chain of relationships
02asTy = /oo 2! Y Lol by Y = — /o9 020 Y ~1ol 03T = 030 T g, we obtain a5 = 0. In conclusion
we have

a1 :0'3, b2:—12, a3:12, b4:—0'3, a5:O'3. (E2)
The pattern continues, multiplying by —1, when moving from IIB to IIA and by —¢® when moving
from ITA to IIB.

Now let us concentrate on the expressions [IIA] and [IIB] inside the square brackets. Here we
will look at moving from type IIA to type IIB, however moving from type IIB to type ITA employs
an essentially identical structure. More specifically, when we use (E.1) to determine the shift on
cm+h) from the shift on CS:;I) . to move from ITA to IIB, we have to consider ToY[IIB]Y 1,

my...Mn41 .m
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and vice versa. The explicit terms are

)Z(”Jrl) ~ A - A
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After a little work and using (—1)”*1719979199%2 T ing..oin1]Do = ng&glgg[mn+1[rm2mmn]”)9, this can be
written as
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At this point, we can use (6.41) and (6.42) to T-dualize almost everything immediately, obtaining
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where in the final step we combined some I'-matrices, distributed the final term and eventually rear-
ranged some indices. A further use of useful I'-matrix identities and a little further massaging results
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in some more cancellations, to give
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which is exactly the desired result. Note that while powers of (—1) depending on n appeared, nowhere
did we rely on n being odd for the specific case of moving from type IIA to type IIB, and indeed the
derivation moving the other way has precisely the same structure. Thanks to this procedure, one can
verify the general second-order Ramond-Ramond shifts in (6.49).
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