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ABSTRACT: We obtain the bosonic Lagrangians of vector and hypermultiplets coupled to
four-dimensional A/ = 2 supergravity in signatures (0,4), (1,3) and (2,2) by compactifica-
tion of type-II string theories in signatures (0,10), (1,9) and (2,8) on a Calabi-Yau threefold.
Depending on the signature and the distinctions between type-IIA /ITA* /TIB/IIB* /1IB’ the
resulting scalar geometries are special Kahler or special para-Kéhler for vector multiplets
and quaternion-Kéhler or para-quaternion Kéahler for hypermultiplets. By spacelike and
timelike reductions we obtain three-dimensional N = 4 supergravity theories coupled to
two sets of hypermultiplets. We determine the c-maps relating vector to hypermultiplets,
and show how the four-dimensional theories are related by spacelike, timelike and mixed,
signature-changing T-dualities.
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1 Introduction

String theory is a web of perturbatively defined theories which are related to each other
by various dualities. In particular, ten-dimensional type-II string theories, which have the
maximal amount of supersymmetry, are related to each other by T-duality and S-duality.
If one includes timelike T-duality, then besides the familiar type-IIA and type-IIB theories
there exist two further theories in Lorentz signature, type-IIA* and type-I1IB*, and there
also exist further type-II theories in all possible ten-dimensional spacetime signatures [1—
3]. The formal properties of these theories as well as their potential applications in model
building and cosmology have been investigated further in [4, 5]. Exotic type-II theories
have unusual features and their ultimate role in string theory remains to be understood.
From the point of view of symmetries and string geometry, it is natural to include them.
Timelike dimensional reduction is a valid solution-generating technique, and timelike T-
dualities exist whenever one can find an alternative dimensional up-lift. Symmetries which
become manifest in dimensional reduction give information about the hidden symmetries
of the full theory [6]. Including time in the reduction as a strategy for uncovering the full
symmetry structure underlying string theory has been advocated in [7]. In the frameworks
of doubled and exceptional geometry and field theory, type-II* theories seem to be on the
same footing as the conventional ones [8, 9]. Since type-II and type-II* theories have the
same Euclideanized version [1], it is natural to think of them as resulting from the same
underlying Euclidean partition function.

When combining timelike T-duality with S-duality, string symmetries also lead to
backgrounds with non-Lorentzian signatures. While their interpretation is challenging,
they cannot be discarded ad hoc, since string theory is believed to be a single theory with
all of its consistent backgrounds connected by physical processes. The relevant question
is therefore whether vacua with exotic signature can be generated, and evidence for this
has been presented in [4]. It has also been argued that string theories in exotic signature
can be defined holographically as duals of gauge theories based on Lie supergroups [4]. We
also note that the network of type-II string theories and of the related eleven-dimensional
M-theories realizes all possible ten- and eleven-dimensional supersymmetry algebras with
32 real supercharges [10], so that when allowing exotic signatures in string theory, all max-
imally symmetric supergravities in all signatures can be realized as limits. Finally, the
inclusion of non-Lorentzian signatures is natural from the point of view of the Euclidean
approach to quantum gravity, since complex saddle points contribute to the functional inte-
gral. Recently, the role of complex spacetime metrics in quantum field theory and quantum
gravity has been emphasised in [11-13]. As a natural extension, one can complexify all
fields, which would imply to consider all type-II theories as part of a single complex con-
figuration space. We remark that complex saddle points can contribute to Euclidean path
integrals for scalar fields, and that there are examples where actions with inverted kinetic
terms can be viewed as arising from manipulating integration contours in complexified field
space, see [14] for an elementary example.

Calabi-Yau compactifications of Lorentz signature type-ITA /B string theories give rise

to four-dimensional N = 2 supergravity theories with vector and hypermultiplets [15—



17]. This is a much studied class of theories which while not phenomenologically realistic,
has rich and complex dynamics, since the scalar geometry is not rigid but depends on
functions of the scalar fields. N = 2 supersymmetry still severely restricts the quantum
and stringy corrections that these functions can receive, so that one often can find exact
non-perturbative results. Applications range from the study of field theories, to black
holes and their entropy, and to the AdS/CFT correspondence. It is therefore interesting
to extend these studies to the Calabi-Yau compactifications of exotic type-1I theories.

The Calabi-Yau compactification of the type-ITA theory in Euclidean signature (0, 10)
has been worked out in [18]. Moreover, the vector multiplet sectors of five- and four-
dimensional supergravity in arbitrary signature have been found in [19] through an analysis
of Killing spinor equations combined with the reductions of eleven-dimensional supergravity
theories in signatures (1,10), (2,9) and (5,6) on Calabi-Yau threefolds, followed by the
reduction to four dimensions on spacelike and timelike circles.

In this paper we will obtain the bosonic actions for four-dimensional N” = 2 supergrav-
ity coupled to vector and hypermultiplets in signatures (0,4), (1,3) and (2,2) by compact-
ification of type-II string theories in signatures (0,10), (1,9),(2,8) on Calabi-Yaur three-
folds. Carrying out these reductions is straightforward since for type-ITA one can adapt the
computations of [16, 18], while the corresponding results for type-IIB are fixed by mirror
symmetry. Therefore, our main focus is the interpretation of the relative sign flips between
terms in the resulting four-dimensional Lagrangians in terms of the special geometry of
their vector and hypermultiplet manifolds. These geometries vary between signatures and
between type-II and type-II*. There is an intimate relation between these signs and the
variation of the R-symmetry groups of the underlying supersymmetry algebras between
signatures, and between standard and twisted (type-*) supersymmetry algebras.

As is well known, in signature (1,3) the scalar geometry of vector multiplets coupled
to supergravity is special Kéhler, while the geometry of hypermultiplets is quaternionic-
Kaéhler, see [20-23] for review. In Euclidean signature the scalar geometry of vector mul-
tiplets becomes special para-Kéhler, which is reflected by a change of the abelian factor
of the R-symmetry group from U(1) to SO(1,1) [24, 25]. In three Euclidean dimensions
the geometry of hypermultiplets is para-quaternionic Kahler [26]. In [27] it was observed
that there exists a twisted version of the A/ = 2 supersymmetry algebra, which has a non-
compact R-symmetry group. The vector multiplet Lagrangian differs from the standard
one by a sign flip of some kinetic terms, which is analogous to the difference between type-II
and type-II* theories. The same type of sign flip was observed in [19], when reducing five-
dimensional vector multiplets coupled to supergravity from signature (2,3) to signature
(1,3). One should therefore expect that A/ = 2 theories which realize the twisted N' = 2
algebra can be obtained as Calabi-Yau compactifications of type-II* theories. In this paper
we will verify this explicitly, as part of obtaining a complete list of scalar geometries for
four-dimensional N/ = 2 supergravity with vector and hypermultiplets for all signatures
through the dimensional reduction of type-II theories on Calabi-Yau threefolds.

In addition, we will perform all possible spacelike and timelike dimensional reductions
from four to three dimensions. After reduction, vector multiplets can be dualized into
hypermultiplets, so that one obtains a scalar manifold which is the product of two hyper-



multiplet manifolds. The map relating a vector multiplet manifold to a hypermultiplet by
reduction is know as the c-map [28, 29]. By starting in arbitrary signature and including
timelike reductions, one obtains variants of the c-map, which we describe for all possible
cases. Whenever a dimensional reduction can be combined with a different dimensional
lifting (equivalently, whenever the same three-dimensional theory can be obtained from
two different four-dimensional theories by reduction), this realizes a T-duality between the
underlying type-II string theories. We map out the complete network of spacelike, timelike
and mixed T-dualities, where mixed T-dualities combine spacelike reduction/lifting with
timelike lifting/reduction and thus change the four-dimensional signature.

We briefly mention further motivations and future application of our work. One is
the study of solutions to four-dimensional N/ = 2 theories with twisted supersymmetry
and with non-Lorentzian signature, as well as their dimensional uplifts to ten and eleven
dimensions. In particular, according to [30, 31], there is a correspondence between the
planar cosmological solutions in AN/ = 2 vector multiplet theories that can be embedded
into type-1I string theory, and planar black hole solutions in vector multiplet theories
realizing the twisted AN/ = 2 supersymmetry algebra, which, as we show in this paper, can
be embedded into type-II*. Both solutions can be related to the same four-dimensional
Euclidean partition function, which explains that their Killing horizons satisfy the same
thermodynamic relations [31]. This is consistent with type-II and type-IT* having the same
Euclideanized form [1]. For other work on solutions of exotic N = 2 theories see [32-37].

Another potential application is topological string theory. Standard Type-II Calabi-
Yau compactifications allow two topological twists, which define two topological worldsheet
theories, the A-model and the B-model, which are sensitive to the Kéhler and complex
structure moduli respectively. Since Calabi-Yau compactifications of exotic type-II theo-
ries work analogously to standard type-II theories, and given that we will show that the
geometry of the resulting moduli spaces can be determined in the supergravity approxima-
tion, we expect that a world-sheet perspective for these compactifications can be developed
too. Topological string theories encode a subsector of the full string theories, and may also
be related to a ‘topological phase’ of string theory, where more of its symmetries become
manifest [38]. We remark that in such a topological phase, the expectation value of the
spacetime metric is zero, which makes it natural that phases with non-Lorentzian signature
coexist in the theory with conventional Lorentzian phases.

The outline of this paper is as follows. We start from the classification of four-
dimensional A/ = 2 and three-dimensional N/ = 4 supersymmetry algebras and explain
how most of the qualitative features of the scalar geometries of vector and hypermultiplets
as well as their mutual relations by T-dualities can already be predicted by inspection of
the R-symmetry groups. We present the bosonic vector and hypermultiplet Lagrangians,
and explain the effects of changing the supersymmetry algebra on the scalar geometries.
This includes a brief review of special para-Kéahler and para-quaternion-Kéahler geometries,
which replace the familar special Kahler and quaternion-Kéahler geometries for certain sig-
natures. We perform all possible spacelike and timelike reductions from signatures (0,4),
(1,3) and (2,2) to signatures (0,3) and (1,2), and show that the six resulting c-maps which
map vector multiplet manifolds to hypermultiplet manifolds fall into three distinct classes,



depending on whether the resulting hypermultiplet manifold is quaternionic-Kéhler, para-
quaternionic-Kéhler with a special Kahler base or para-quaternionic-Kéhler with a special
para-Kahler base.

Then we review type-II string theories in ten dimensions and catalogue the relative sign
flips of their kinetic terms. Next, we explain how these sign flips affect compactifications
on Calabi-Yau threefolds, and obtain the corresponding sign flips of the resulting four-
dimensional vector and hypermultiplet Lagrangians. While in the main part of the paper we
just trace the kinetic terms, we provide a full derivation in the appendix. Here we use that
the reduction of all individual terms is available from the work of [16] on the reduction of
type-ITA with signature (1,9) and of [18] on the reduction of type-ITA with signature (0,10).
Combining the results from dimensional reduction with the previous results on c-maps
we obtain six types of T-dualities by identifying all possible combinations of reductions
from four to three with ‘oxidations’ from three to four dimensions. These T-dualities
organise into two orbits, one which relates type-IIA/IIB/ITA* /IIB* through ‘pure’ — that
is spatial or timelike T-dualities, the other which relates type-IIA g 10)/1IB’ o g)/TIA (25
through ‘mixed’; signature changing T-dualities. This separation coincides with the one
between worldsheet theories with Lorentzian and with Euclidean signature [2]. Both orbits
could only be related through the S-duality between type-IIB* and type-1IB’, which is not
expected to be valid for generic NV = 2 compactifications, though it may be realized for
non-generic ‘N = 4-like’ compactifications.

2 Vector and hypermultiplets in four and three dimensions

2.1 Supersymmetry algebras in four and three dimensions

Four-dimensional ' = 2 supersymmetry algebras, that is four-dimensional supersymmetry
algebras with eight real supercharges,! have been classified for arbitrary signature in [27].
They are completely characterized by their R-symmetry groups, which we list in Table
1. While the A/ = 2 algebra is unique in Euclidean signature (0,4) and in neutral signa-
ture (2,2), there are two non-isomorphic algebras in Lorentz signature (1,3).2 Besides the
standard N' = 2 algebra with compact R-symmetry group U(2) there exists a second al-
gebra with non-compact R-symmetry U(1,1), which we will refer to as the twisted N' = 2
algebra. The change of the R-symmetry group reflects itself in certain sign flips in the
bosonic Lagrangian [27], which are similar to those which distinguish type-II and type-IT*
string theories [1]. We will see later that theories realizing the twisted N' = 2 algebra
are obtained by the compactification of type-II* string theories on Calabi-Yau threefolds.
The uniqueness of the supersymmetry algebras in Euclidean and neutral signature reflects

'In Euclidean signature this is the smallest supersymmetry algebra. Our convention is to count su-
persymmetries in multiples of Majorana spinors, irrespective of whether Majorana spinor spinors exist is
the particular signature. This convention is natural if one considers supersymmetry algebras in different
signatures at the same time.

2We use the mostly plus convention, so (1,3) means that the metric has 3 positive eigenvalues and 1
negative eigenvalue.



Signature

R-symmetry

VM geometry

HM geometry

(0,4)
(1,3)

(2,2)

U(2)* = SO(1,1) x SU(2)
U(2)=U(1) x SU(2)

U(1,1) 2 U(1) x SU(1,1)
GL(2,R) = SO(1,1) x SL*(2,R)

ja]

SPK
SK.
SK_
SPK

QK
QK
PQK
PQK

Table 1. Four-dimensional A/ = 2 supersymmetry algebras, their R-symmetry groups and their
scalar geometries. We use the acronyms SK = special Kahler, SPK = special para-Kahler, QK =
quaternionic Kéhler and PQK = para-quaternionic Kdhler. See Section 2.2 for further explanations.

Signature | R-symmetry HM; geometry | HMs geometry
(0,3) SO*(4) = SL(2,R) x SU(2) PQK QK
(1,2) 0O(4) = SU(2) x SU(2) QK QK

0(1,3) — —

0(2,2) =2 SL(2,R) x SL(2,R) | PQK PQK

Table 2. Three-dimensional ' = 4 supersymmetry algebras, their R-symmetry groups and their
scalar geometries. See Section 2.3 for further explanations.

the uniqueness of type-II string theories in signatures (0,10) and (2,8), from which such
theories can again be obtained as Calabi-Yau compactifications.

Three-dimensional N' = 4 supersymmetry algebras have been classified, for arbitrary
signature in [10], and are again characterized uniquely by their R-symmetry groups, see
Table 2. The embeddings U*(2) C SO*(4), U(2) C O(4), U(1,1) C O(2,2) and GL(2,R) C
0(2,2) indicate how these algebras are related to four-dimensional N' = 2 algebras by
spacelike or timelike dimensional reduction, see Table 3. There is no candidate for a
dimensional lift of the algebra with R-symmetry O(1,3). In the following sections we will
review vector and hypermultiplets, in particular, the geometry of their scalar manifolds,
and how this geometry is tied to the R-symmetry group.

2.2 Vector multiplets

We start in signature (1,3) with the standard N' = 2 supersymmetry algebra with R-
symmetry group U(2) = U(1) x SU(2). A vector multiplet contains a complex scalar z,
an SU(2) doublet of spinors, and a gauge field A,,. The scalar and gauge field are neutral
under SU(2). Under the U(1), the scalars, spinors and vectors carry charges F1, :F%,O
respectively. The scalar manifold is an affine special Kéhler manifold for rigid supersym-
metry and a projective special Kédhler manifold for local supersymmetry. We refer to [22]
for a review of special geometry which uses the same conventions and terminology as used
in this paper. Both types of special Kéhler geometries (SK geometries) have in common
that the Kahler metric gag(z, Z), a, B =1,...,ny of the scalar manifold can be expressed in



Signature | R-symmetry Geometry Reduction R-symmetry Geometry c-map
(0,4) SO(1,1) x SU(2) SPK x QK | (0,4) — (0,3) SL(Q R) x SU(2) PQK x QK | Euclidean c-map
(1,3) U(1) x SU(2) SK x QK (1,3) = (0,3) | SL(2,R) x SU(2) | PQK x QK | Temporal c-map
U(l) x SU(1,1) SK x QK (1,3) — (0,3) | SU(2) x SU(1,1) QK x PQK | Twisted temporal c-map
U(1) x SU(2) SK x QK (1,3) — (1,2) | SU(2) x SU(2) QK x QK (spatial) c-map
U(l) x SU(1,1) SK x PQK | (1,3) — (1,2) | SU(1,1) x SU(1,1) | PQK x PQK | Twisted (spatial) c-map
(2,2) SO(1,1) x SL*(2,R) | SPK x PQK | (2,2) — (1,2) | SU(1,1) x SU(1,1) | PQK x PQK | Neutral c-map

Table 3. Dimensional reduction from four to three dimensions for all inequivalent signatures: R-symmetry groups, scalar geometries, and type of

c-map.




terms of a holomorphic function F(2%), called the prepotential. Special K&hler geometry is
intimately related to the invariance of the field equations under symplectic transformations,
which generalize and contain electric-magnetic duality transformations [39, 40]. We are in-
terested in the case where the ny vector multiplets are coupled to N' = 2 supergravity. The
supergravity multiplet contains one further vector field Ag. A simple, linear action of the
symplectic group Sp(2ny + 2,R) is obtained by taking certain field-dependent linear com-
binations Af“ I1=0,1,...,ny of the vector fields Ag, Ajl. The associated field strengths
Fiw when combined with their duals Gy, form a vector (F, l{y, G|) Which transforms
linearly under Sp(2ny +2,R). The dual field strengths are dependent quantities, which are
defined as Gﬁw = aﬁ/ﬁFf,,'I, where L is the Lagrangian, and where F“i,,u and Gﬁw are the
(anti-)selfdual parts of F) lfy and G7j,,. We remark that the linear action of the symplectic
group is obvious if one uses the gauge equivalence between N = 2 Poincaré supergravity
with ny vector and ny hypermultiplets to N/ = 2 conformal supergravity with ny + 1
vector and ng + 1 hypermultiplets. In the superconformal setting AL are the vector fields
of the ny + 1 superconformal vector multiplets. The corresponding scalars X! allow a sym-
plectically covariant description of the scalar sector. In terms of the X' the prepotential is
a holomorphic function F(X) which is homogeneous of degree 2, F(AX) = A2F(X). Com-
bining the scalars X! with F; = 9F/0X! one obtains another symplectic vector (X', Fy).
The scalars z® can be recovered as ratios 2® = X%/X%. The couplings between scalar and
vector fields are encoded in a complex matrix N7; = Ry + ¢Zr;, which can be expressed
in terms of the prepotential. The kinetic terms for the scalar and vector fields are positive
definite if g, is positive definite and if 77 is negative definite (in our convention).

The Lagrangian for the bosonic degrees of the supergravity multiplet and of ny vector
multiplets takes the form

1 3 A 1
Layvv = 5 * Ry — gaB(Z’ Z)dza AN *xdzP — ZIIJFI N o + ZRIJFI N 2 R (2-1)

where A = —1.

We now turn to the modifications which occur if we change the supersymmetry algebra.
In signature (1,3) we have the twisted algebra with R-symmetry group U(1,1). For this
algebra the Lagrangian takes exactly the same form, but with A = 1, that is, the signs of
the kinetic terms for all vector fields are flipped [27].% While the scalar manifold remains
the same (for a given prepotential), we will use the notation SK4= SK+) to keep track of
the relative sign between scalar and vector fields. Note that SK, corresponds to the case
with standard kinetic terms, A = —1.

Something more drastic happens in signatures (0,4) and (2,2), where special Kéhler
geometry is replaced by special para-Kéahler geometry. We will provide a concise summary
and refer to the review [22] as well as the original papers [24, 25, 27] for details. Para-
complex geometries are modelled on the para-complex numbers (also called split complex
numbers) in the same way as complex geometries are modelled on the complex numbers.

3This sign flip had already been observed in [19] by comparing the reductions of vector multiplets coupled
to supergravity from signatures (1,4) and (2,3) to signature (1,3). See [27] for a detailed explanation how
this sign flip is related to the underlying R-symmetry groups.



The para-complex numbers are obtained by replacing the complex unit i, which satisfies
i> = —1 and 7 = —i by the para-complex unit e, which satisfies > = 1 and € = —e. This
allows one to define ‘para-analogues’ of almost complex, complex, Hermitian, Kahler and of
affine and projective special Kéhler geometry. For example, an almost para-complex struc-
ture J on an even-dimensional real manifold M is an endomorphism field J € End(TM)
which satisfies J? = Idra and has an equal number of eigenvalues 1. If .J is integrable,
M admits local para-complex coordinates 2z = x* + ey, and is a para-complex manifold.
Special para-Kahler (SPK) geometry is the para-analogue of special Kéhler geometry. All
usual formulae take the same form (assuming some care in placing factors e), with the
prepotential now a para-holomorphic function of para-complex scalar fields z¢.

The change from complex to para-complex target geometry is reflected by the change
in the abelian factor of the R-symmetry group. For special Kahler targets, the infinitesimal
action of U(1) C U(2) is given by multiplication by the complex structure I. Similarly the
infinitesimal action of SO(1,1) C U(1,1) is given by multiplication by the para-complex
structure J [24]. Thus Table 1 tells us immediately that the vector multiplet geometry
is SK for signature (1,3) but SPK for signature (0,4) and (2,2). This can also be verified
by explicit construction of the vector multiplet representations, which in addition fixes the
relative sign between the scalar and vector field terms [24, 27]. As we will review later,
SPK geometry arises when reducing Euclidean ITA supergravity on a Calabi-Yau threefold
[18]. Note that if the scalar manifold is SPK, this relative sign does not really matter, that
is we can take A = —1 or A = 1, because this sign can be flipped by a local field redefinition
[27]. This reflects that in signatures (0,4) and (2,2) the supersymmetry algebra is unique,
whereas in signature (1, 3) there are two inequivalent supersymmetry algebras, whose vector
multiplet representations are distinguished by the relative sign between scalar and vector
field terms. In Minkowski signature sign flips of the gauge kinetic term map solutions of one
theory to solutions of the other. For planar Reissner-Nordstrom-like solutions, this defines
a map which exchanges the regions inside and outside horizons, and maps cosmological to
black hole solutions [31]. In contrast, in Euclidean and neutral signature solutions with
flipped vector kinetic terms are related to one another by a field redefinition [37].

2.3 Hypermultiplets

Hypermultiplets exist in all dimensions D < 6. Their field content is four real scalars
and a doublet of spinors. The scalar geometry does not change under dimensional re-
duction. In Lorentz signature the scalar geometry is hyper-Kéhler (HK) in the rigid case
and quaternion-Kéhler (QK) in the local case. A detailed review in conventions close to
ours can be found in [21]. In both cases the scalar manifold A carries the action of a
quaternionic structure, which is spanned (at least locally) by three complex structures I;,
1 =1,2,3, which satisfy the quaternionic algebra, that is they mutually anticommute and
satisfy I;1; = Iy for 4,7,k cyclic. Hypermultiplet scalars are charged under a non-abelian
subgroup SU(2) of the R-symmetry group, and the infinitesimal action of SU(2) is given
by multiplication with the complex structures I;. The corresponding finite action is given
by the unit quaternions, al + bl + cly + dI3, where a® + b?> + ¢ + d> = 1, which form
a group isomorphic to SU(2). Three-dimensonal hypermultiplets can be obtained from



four-dimensional vector multiplets by dimensional reduction. This induces a map between
(generic) SK manifolds and (non-generic) QK manifolds. This map is known as the c-map
[28, 29]. The resulting QK manifolds contain the SK manifold they are constructed from
as a totally geodesic submanifold, and the QK manifold is a group bundle over an SK base.

Table 3 shows that in various four- and three-dimensional signatures a factor SU(2)
of the R-symmetry group is replaced by SU(1,1) relative to the standard Lorentz signa-
ture algebra. This indicates that the quaternionic structure of the HM scalar manifold is
replaced by a para-quaternionic structure. The para-quaternions (also called split quater-
nions) are obtained by replacing two of the three complex units by para-complex units.
The para-quaternionic algebra is isomorphic to the algebra R(2) of real 2 x 2 matrices,
and the group of unit para-quaternions is isomorphic to SU(1,1). The para-analogues of
hyper-Kéhler (HK) and quaternion-Kahler (QK) geometry are called para-hyper-Kéhler
(PHK) and para-quaternion-Kéhler (PQK) geometry. We refer to [26, 41] and the review
[22] for details. As we will discuss below, there are versions of the c-map which map SK
and SPK manifolds to PQK manifolds.

One case where we expect that the hypermultiplet geometry is PQK is signature (0,3).
This has been verified explicitly by dimensional reduction from signature (1,3) to signature
(0,3), which defines the temporal c-map, and form signature (0,4) to signature (0,3), which
defines the Euclidean c-map [26]. More generally the results of [26] imply the following:
suppose that My, is a (projective) SK or SPK manifold with coordinates z* = z +1, y,
metric g, 3, &, 8 = 1,...,ny and vector coupling matrix N1y =Rrj+ieZry, wheree; = —1,
i_1 =1 for SK and ¢; = 1, i; = e for SPK. In the SK case we assume that 9o 1s positive
definite and that Z7; is negative definite.? Consider the two-parameter family of bosonic
Lagrangians for ny = ny + 1 hypermultiplets,

z 1
Lglﬂf) = — go5dz® A *xdzP — Zd<p A xdp

bae® g g (G- G| e b+ 5 (o - Gract)|

— 62—26_“0 [ZIJdCI Axd¢! — eI (dfl + RIKdCK) N * <dC~I + RIKdCK)] ;

(2.2)
where €2 = £1 is a second parameter. It was shown in [26], that the resulting HM manifold
Ningy = Nipy+a is QK for (5 = —1,e2 = —1) and PQK for the other three cases. Moreover
for (e, = —1,e2 = 1) the PQK manifold is a group bundle over an SK base (the space
parametrized by the complex scalars z¢), while for (¢; = 1,e2 = £1) it is a group bundle
over a SPK base (the space parametrized by the para-complex scalars z®). Finally, the
manifolds with (e; = 1,e3 = £1) are isometric (keeping the base manifold fixed). Thus
there are three inequivalent cases: QK, PQK with an SK base and PQK with an SPK
base, see Table 4 for a summary. If we need to empasize the base we will write PQKgg
or PQKgpx. We remark that the c-maps Ma,, — Nip, +4 are maps between S(P)K
manifolds and Q(P)K manifolds, which are well defined on their own, that is without

“1f this condition is relaxed one obtains QK manifolds of indefinite signature. See [42] for special geometry
with indefinite signature SK and QK target spaces.
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Domain | Image Parameters c-map
SK QK €1 = —1,e9 = —1 | spatial
SK PQKgsx e1=—-1l,ea=1 temporal
SPK PQKgspr | €1 =1, = £1 Euclidean

Table 4. As far as the scalar geometries are concerned, there are three distinct c-maps. The
parameters refer to the hypermultiplet ‘master Lagrangian’ (2.2).

reference to supermultiplets, Lagrangians and dimensional reduction. In particular the
resulting QK/PQK manifolds are admissible (though non-generic) HM target manifolds
in all signatures for dimensions up to six, provided that they are compatible with the
R-symmetry group. We will see that QK/PQK manifolds of all of these types appear in
type-1I compactifications on Calabi-Yau threefolds.

2.4 Reduction to three dimensions

Let us consider the dimensional reduction of ' = 2 supergravity with ny vector multiplets
and ny hypermultiplets to three dimensions. The field content and scalar geometry of the
HM sector does not change, while vector multiplets can be dualized into hypermultiplets
after reduction. Moreover, the bosonic degrees of freedom of the supergravity multiplet,
that is the metric and the graviphoton, give rise to an additional hypermultiplet, so that
we end up with three-dimensional N = 4 supergravity with (ny +1)+ngy hypermultiplets.
Since the four-dimensional HMs play a passive role, we only need to consider the bosonic
Lagrangian (2.1) for gravity and ny vector multiplets. There are four different starting
points: signature (1,3) with either the standard or twisted N' = 2 algebra, signature
(0,4) and signature (2,2). The scalar geometry and relative signs are encoded in two
parameters: €; = F1 distinguishes between SK (signature (1,3)) and SPK (signatures
(0,4), (2,2)), while A = +1 encodes the relative sign between scalar and vector terms. As
mentioned earlier, the choice of this sign is only relevant in signature (1,3), since in the
other signatures it can be changed by a field redefinition. We introduce another parameter
€ = F1, which distinguishes between spacelike reduction and timelike reduction. After the
reduction, the Einstein-Hilbert term is non-dynamical, and the local degrees of freedom
of the four-dimensional metric reside in the KK-scalar ¢ and the scalar ¢ which is dual
to the KK-vector. The four-dimensional vector fields A{L decompose into scalars ¢! and
three-dimensional vector fields which we dualize into scalars (;. Together with the (para-)
complex scalars z¢, this is the field content of ng + 1 hypermultiplets. The computation is
the same as in [29] and [26], except that we now include the case A = +1. The Lagrangian
takes the form

— 11 —



e L= %Rg - i@uqﬁ(?“gb - gag(?“za(?“zg
+ e [3’)& + % (Clapff + 5]3PC1)] [(%(5 + % (Clapfl - CNIapCI>:| (2.3)
+ %e*‘b {IUBMCIWCJ — 1!’ (3’)51 — RIKBPCK) (3pC~J - RJLapCL>] :

By comparison to (2.2) we read off that \e = —eg. All of these spaces are either QK,
PQKgx or PQKpgk. Starting with four theories in four dimensions, we have six different
cases.

1. Start with VMs in signature (1,3), with the standard N/ = 2 algebra, and reduce over
space, (1,3) — (1,2). Then ¢ = —1 and € = —1, A\ = —1 which implies e3 = —1.
This is the standard (‘spatial’) c-map of [29] which maps SK; — QK.

2. Start with VMs in signature (1,3), with the standard N' = 2 algebra, and reduce over
time, (1,3) — (0,3). Then ¢; = —1 and € = 1, A = —1 which implies e = 1. This is
the temporal c-map [26], which maps SK; — PQKgk.

3. Start with VMs in signature (0,4) and reduce over space, (0,4) — (0,3). Then ¢ =1
and € = —1, A = £1 which implies ea = £1. This is the Euclidean c-map [26], which
maps SPK — PQKsprk.

4. Start with VMs in signature (2,2) and reduce over time, (2,2) — (1,2). Then ¢; =1
and € = 1, A\ = £1 which implies e = +1. This works like the Euclidean c-map,
SPK — PQKgpk, but if we want to emphasize the context of dimensional reduction,
that is, that we reduce over time rather than space, we will call it the neutral c-map.

5. Start with VMs in signature (1,3), with the twisted N' = 2 algebra, and reduce over
space, (1,3) — (1,2). Then ¢ = —1 and ¢ = —1, A = 1 which implies e = —1. This
maps SK to PQK with a SK base: SK_ — PQKgg. Thus the sign flip between
scalar and vector fields exchanges the roles of the spatial and temporal c-map. In
the case at hand we obtain a PQK manifold from an SK manifold through spatial
reduction. While this works like the temporal c-map as far as the scalar geometries
are concerned, we will call this the twisted spatial c-map if we want to emphasize the
context of dimensional reduction, that is, that we reduce over space, but start with
flipped four-dimensional gauge kinetic terms.

6. Start with VMs in signature (1,3), with the twisted N' = 2 algebra, and reduce over
time, (1,3) — (0,3). Then ¢; = —1 and € = 1, A = 1 which implies €5 = 1. This maps
SK to QK despite that we are reducing over time: SK_ — QK. While this works like
the spatial c-map as far as the manifolds are concerned, we will call this the twisted
temporal c-map if we need to emphasize the context of dimensional reduction.

See Table 5 for a summary.
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4d signature | Source | 3d signature | Image c-map

(0,4) SPK (0,3) PQKspk | Euclidean

(1,3) SK (0,3) PQKgsk | temporal

(1,3) SK_ (0,3) QK twisted temporal = spatial
(1,3) SK4 (1,2) QK spatial

(1,3) SK_ (1,2) PQKgxr | twisted spatial & temporal
(2,2) SPK (1,2) PQKspk | neutral = Euclidean

Table 5. When reducing four-dimensional vector multiplets to three dimensions, there are six
distinct cases, although there are only three distinct types of hypermultiplet manifolds that arise
from the construction.

If we start with a theory of ny vector and ny hypermultiplets in four dimensions,
with scalar manifold My, X ./\~/'4nH, reduction to three dimensions leads us to a theory
with (ny + 1) + ng hypermultiplets, where the two hypermultiplet manifolds form a direct
product:

MQnV X /\N/4nH — N4nv+4 X J\~/4nH .

If both factors are ‘in the image of the c-map’, the three-dimensional theory can be lifted
to a different four-dimensional theory with n{, = ng —1 vector multiplets and n/; = ny +1
hypermultiplets.

M2’nv X N4nH — N4’nv+4 X N4nH < N4nv+4 X MQTLH72 = N4n3_1 X MZnQ/ . (24)

In the context of string theory, the relations between the four-dimensional theories are
T-dualities, which we call spacelike, timelike and mixed depending on how they combine
spacelike/timelike reduction with spacelike/timelike oxidation. Which T-dualities exist
depends on the details of the HM sectors of the four-dimensional theories. Therefore we
will now consider the Calabi-Yau compactifications of type-II theories in signature (0,10),
(1,9) and (2,8), which give rise to four-dimensional ' = 2 theories in signatures (0,4), (1,3)
and (2,2).

3 Ten-dimensonal type-II string theories

As is well known, type-ITA and type-1IB string theory are related by T-duality. When
admitting timelike T-duality, one obtains two further theories, dubbed type-IIA*/IIB*, as
summarized in Figure 1 [1].

The difference between type-IIA and type-IIA* and between type-I1IB and type-IIB*
lies in certain phase factors, which at the level of the effective supergravity Lagrangian
manifest themselves in sign flips of the kinetic terms of the R-R fields, as well as factors

of powers of i in the fermionic terms. For type-IIB/IIB* the scalar manifolds are differ-
ent, namely SL(2,R)/SO(2) for type-IIB and SL(2,R)/SO(1,1) for type-IIB*. It was
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1IB* ¢ > ITA*

“ T “
TIA < S s 1IB

Figure 1. Diagram showing the relationship between II and IT* theories, where Tis(7r) denotes a
spacelike (timelike) T-duality.

observed that supersymmetry is realized in type-II* theories in a modified, twisted form,
which can be interpreted as a generalized O(p,q) Majorana condition [2]. In [10] the R-
symmetry groups for supersymmetry algebras in arbitrary dimension and signature were
classified, which allows to put this observation into a wider context. It was found that
in certain signatures there exist several non-isomorphic supersymmetry algebras with the
same number of supercharges (and, where applicable the same chirality properties), whose
R-symmetry groups are different real forms of the same complex Lie group. For example,
in signature (1,9), chiral supersymmetry algebras with A left-moving (or right-moving)
supercharges are real forms of a complex supersymmetry algebra with R-symmetry group
O(WN,C). Real supersymmetry algebras are obtained by imposing O(p, ¢) Majorana condi-
tions, with p+¢q = N, which leads to real supersymmetry algebras with R-symmetry group
O(p, q). For ten-dimensional chiral supersymmetry algebras with 32 real supercharges the
two possible cases are O(2) and O(1, 1) which correspond to type-IIB/IIB*. There also are
two inequivalent non-chiral algebras, which have the same discrete R-symmetry group but
differ by a relative sign in the reality condition imposed on left- and right-moving super-
charges, corresponding to type-ITA /ITA*. Similarly, N-extended supersymmetry algebras
in four-dimensions are real forms of a complex supersymmetry algebra with R-symmetry
GL(N,C) and the reality conditions defining real supersymmetry algebras in signature
(1,3) lead to R-symmetry groups of the form U(p,q), p+ ¢ = N. For N' = 2 the two
possibilities are U(2) and U(1,1). For completeness we note that for N’ = 2 the reality
conditions defining real supersymmetry algebras in signatures (0,4) and (2,2) lead to unique
algebras with R-symmetry U*(2) and GL(2,R), respectively, see [10] for details.

All type-II theories have the same NS-NS sector which consists of the graviton Gy,
Kalb-Ramond field Bysy and dilaton ®. The R-R sector of type-ITA/ITA* contains a one
form C7 and a three-form C3 while the R-R sector of type-IIB/IIB* contains a zero-form
Cy, a two-form Cy and a four-form Cy whose field strength is self-dual or anti-self-dual,
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Type Gun | Bun | @ | C1 | C3
HApg |+ |+ |+ |+ |+
MAL g |+ |+ |+]|- |-
A @010) | + — + - |+
MApg |+ |- |+|+ |-

Table 6. Relative signs for kinetic terms in ten-dimensional type-IIA theories. A + sign corresponds
to a standard kinetic term in Lorentz signature, thus discarding the overall — sign with which these
terms appear in the action when using the mostly plus convention for the metric.

Type Gun | Bun | ® | Co | Ca | Cy
MBuo |+ |+ |+ |+ |+ |+
B g |+ |+ |+|- |- |-
MBhg |+ |- |+|- |+ |-

Table 7. Relative signs for kinetic terms in ten-dimensional type-IIB theories. A + indicates the
standard sign for a theory in Lorentz signature using the mostly plus convention.

%G5 = +G5.° The difference between the bosonic actions of type-II and type-II* is a sign
flip of the kinetic terms for all fields in R-R sector, see Tables 6 and 7.5
The bosonic actions for type-ITA /IIA* take the form [2]

Sia = / d"2\/|Gle™®® (R + 4(8®)? — H? + AG3 + AG3) + - - (3.1)
where we omitted the Chern-Simons terms, and where H, Go, G4 are the field strength of
B, 4, C3, respectively. Type-ITA corresponds to A = —1 while type-IIA* corresponds to
A = 1. Taking into account that we use the mostly plus convention for the metric, this
means that all bosonic fields have positive kinetic energy for A = —1. In Table 6 this
corresponds to a row where all entries are +, that is we discard the overall minus sign that
these terms have in the action. Generally, in this and other tables, we record sign flips
relative to standard kinetic terms in Lorentz signature, which correspond to a row with
only + signs. Note that the kinetic term of the dilaton in the action (3.1) has a + sign,
since we are in the string frame. When going to the Einstein frame, this sign flips, showing
that the dilaton has positive kinetic energy.

5We will specify our choice of sign below.

5The information for type-IIA is taken from Table 1 in [2]. Note that their notation for signature is
(s,t), where s corresponds to positive eigenvalues of the metric, and ¢ to negative eigenvalues of the metric,
while we use (¢, s).
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For type-1IB/IIB* there is no simple covariant action, since the five-form field strength
is self-dual. However one can use a pseudo-action, whose variation gives the field equation
except the self-duality condition G5 = 4 * G5, which is then imposed by hand [2]:”

5(11”9?)/113* — / d"z\/|Gle ** (R+4(02)* — H* + A\GT + AG5+ \G2) +---  (3.2)

where G141 = dCp+- - - are the field strength and where again we only display the Maxwell-
like terms. Type-IIB corresponds to A = —1, where all kinetic terms have their standard
sign, while type-IIB* exhibits a sign flip for all R-R fields.

Type-1I string theories exist for all ten-dimensional signatures. We will use the notation
type-Il(; 5y for a theory where the metric has ¢ negative and s positive eigenvalues. Since
we prefer the mostly plus convention for Lorentz signature, we will usually refer to the
the ¢ directions as timelike and the s directions as spacelike. Theories where ¢ and s are
exchanged have been shown to be equivalent [2]. The unique theories in signatures (0,10)
and (2,8) are IIA theories, denoted ITA( 19y and ITA(yg). These theories are non-chiral
and have the same R-R sector as type-IIA(; gy. Their actions have the same structure as
the type-1TIA(; g) action, but with some sign flips for the Maxwell-like terms [2], which are
listed in Table 6. In both signatures the B-field has a flipped kinetic term, while in the
R-R sector either C; or C3 has a sign flip:

S0y = /dl% Gle™* (R+4(0®)* + H* + G5 —G{) + -, (3.3)
Sl = /dl% Gle ® (R+4(0®)* + H> — G5+ G3) +--- . (3.4)

Type-1I string theories in different signatures are related by what we call mixed T-
dualities, that is T-dualities which combine a spacelike/timelike reduction with a time-
like/spacelike oxidation (lifting). For this to work one needs to make use of the S-dual of
the type-IIB* theory, which is called type-1IB’. As shown in [2] Buscher T-duality along an
isometric direction X* in the target space of the worldsheet sigma model preserves the sign
of the term G0, X 19> X* if the worldsheet theory has Lorentzian signature, but reverses
it if the worldsheet theory has Euclidean signature. In the type-IIB*-theory, D-branes
are replaced by E-branes, which have a Euclidean worldvolume. If one applies S-duality,
fundamental IIB*-strings and E-strings are exchanged, so that in the resulting I1B’-theory
fundamental strings have a Euclidean worldvolume. The type-1IA 0y and type-IIA g
theories are then obtained from the type-1IB’(; gy theory by T-dualities which involve a
timelike/spacelike reduction combined by a spacelike/timelike oxidation [2]. At the super-
gravity level, S-duality exchanges the B-field and the R-R two-form Cs, resulting in the

"The sign in the self-duality relation is correlated with the sign of terms which we have not displayed
(Chern-Simons and fermionic terms), see for example [43] for a general discussion. Full bosonic type-II
Lagrangians, which however use a different notation and normalization for the bosonic fields, can be found
in [4]. In their conventions the sign is correlated with whether the worldvolume theories of fundamental
strings and D-strings are Lorentzian or Euclidean, resulting in a (4)-sign for type-1IB and a (—)-sign for
type-1IB*/1IB’.
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sign flips recorded in Table 7,
SHE _ /dl% Cle 2 (R+ 40D + H2 + G2~ G2+ G2) + - (3.5)

Note that while G5 is an S-duality singlet, ® and Cjy parametrize the indefinite signa-
ture coset space SL(2,R)/SO(1,1) on which S-duality acts non-linearly.

4 Type-II Calabi-Yau compactifications

By compactification of type-II string theories one obtains N = 2 supergravity coupled
to vector and hypermultiplets. Since we always compactify six spatial dimensions to go
from signatures (0,10), (1,9), (2,8) to signatures (0,4), (1,3), (2,2), the only essential dif-
ference in these reductions is between type-IIA and type-IIB, which are distinguished, as
far as bosonic degrees of freedom are concerned, by the field content of their R-R sectors.
Otherwise the bosonic type-ITA /ITA* actions only differ from one another by relative sign
flips that one has to follow through, and the same applies to the type-1IB/IIB*/IIB’ theo-
ries. Since the mechanics of Calabi-Yau compactifications is well known from the standard
cases of IIA(; g [16] and I1B(; g) [17], we will not go through the computational details but
highlight how the ten-dimensional sign flips modify the resulting four-dimensional actions.
More details are given in the Appendix. The reduction of the Euclidean ITA g ¢y theory
was worked out in detail in [18].

4.1 Type-ITIA Calabi-Yau compactifications

We start with type-IIA theories, where we have the cases type-IIA( g), ITA]

(1,9) IIA(O,lO)

and ITA 5 g). We first consider aspects which work the same in all cases.

The metric. In a general real six-fold compactification, the massless four-dimensional
fields resulting from the reduction of the metric Gy are the four-dimensional metric g,
vector fields, and scalar fields. Massless vector fields are on one-to-one correspondence with
Killing vector fields, and since CY3-folds (Calabi-Yau threefolds) do not have isometries,
there are no massless vectors in our case. The massless scalar fields are in one-to-one with
deformations of the six-fold metric which preserve Ricci-flatness. For CY3-folds these defor-
mations are, due to the existence of a holomorphic (3,0)-form, in one-to-one correspondence
with the deformations of the complex structure and of the (real) Kéhler form. This gives
rise to h*! complex scalars 2%, o = 1,...,h*! and hb! real scalars y4, A =1,...,hb1,
where h%J are the Hodge numbers of the CY3-fold.

p-form fields. A ten-dimensional p-form decomposes into products of four-dimensional
p’-forms and six-dimensional p”-forms, where p’ + p” = p. Massless p’-forms are in one-to-
one correspondence with harmonic p”-forms, which are counted by the Betti-numbers b,
of the compact space. For a CY3-fold the Betti numbers are related to the Hodge numbers
by by = i h¥J. Moreover, for a CY3-fold

hO’O _ h3,0 _ h0’3 _ h3,3 -1 , hl,O _ hO,l _ h3’2 _ h2’3 =0 , h3,0 _ h0’3 -1 ,

so that the only numbers that vary between CY3s are At = h>2 > 1 and h'? = %! > 0.
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10d 4d

GuN | 9w Metric
z% Complex structure moduli
y4 (Real) Kéhler moduli
Bun | by ~ q~5 Universal axion
x4 hY! real scalars
) %) Dilaton

Table 8. Massless fields in type-II Calabi-Yau compactifications, NS-NS sector.

10d 4d

Cym Ag vector

Cunp | Cunp ~ .Aﬁ hY! vectors
Cranp ~ < CNI 2h%1 4+ 2 scalars

Table 9. Massless fields in type-ITA Calabi-Yau compactifications, R-R sector.

The B-field. The B-field Byy gives rise to hb! real scalars xA, as well as a four-
dimensional B-field, which we dualize into a scalar ¢.

The dilaton. The ten-dimensional dilaton ® gives rise to a four-dimensional scalar ¢,
which differs from ® by a field-redefinition. Essentially, one absorbs a factor proportional
to the volume of the internal space, in order that the four-dimensional action acquires
standard form.

The R-R sector. The R-R one-form C}; gives rise to a vector .,42. The R-R three-
form Cysnp gives rise to h'! vectors .A;:‘ and 2h>! + 2 real scalars ¢!, (7, I =0,1,...,h%L
The massless fields originating from the NS-NS sector are summarized in Table 8, those
from the R-R sector in Table 9.

Collecting all these fields, this is the bosonic field content of the N' = 2 Poincaré
supergravity multiplet, (gW,Ag), of ny = hY! vector multiplets (yA,mA,Af}), and of
ng = h*»' + 1 hypermultiplets (2%, ¢, (5, Cl,&). The signs of the kinetic terms of the
scalar fields can be inferred from those of the higher-dimensional ones, and are listed in
Table 10.

Signs are taken relative to the standard IIA(; g) theory, where all kinetic terms have
the standard sign, denoted +. In IIAE‘LQ) half of the signs in the HM sector are flipped, so
that the HM scalar manifold has neutral signature. In the Euclidean ITA g 10y theory only
the signs of the scalars 4 which descend from the B-field are flipped, which gives the VM
manifold neutral signature. Finally in the ITA ;) case, we have signs flips for 4, ¢ ¢,
so that both VM and HM scalar manifold have neutral signature.®

8Note that in both cases the sign flip of the four-dimensional B-field b,, is compensated by a second
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y et 2 e o [ G| AL A
MAqg [+ |+ ||+ [+ ]|+ + ][+ ]|+ |+
AL ||+ |+ |+ [+]+]-|-|- |-
MAguo) |+ | = ||+ [+ |+ + |+ ]~ |+
MAgs) |+ | = |+ [+]+]|-|-|+ |-

Table 10. Signs of the kinetic terms for scalar and vector fields resulting from type-IIA CY3
compactifications. A + indicates a standard kinetic term. The fields y#, z*
scalars.

are the vector multiplet

The ten-dimensional sign flips also affect the four-dimensional vector kinetic terms.
For type—HAz‘Lg) the signs of all vector kinetic terms are flipped, whereas for type-IIA g ;o)
only the sign of ./42 is flipped, while for type-IIA gy only the signs of Aﬁ are flipped. Thus
the vector kinetic terms have signatures (+)"""+1 (=)P"' 1 (4)h1(=), and (+)(=)""",
respectively.

The interactions of these fields are encoded in certain coupling matrices that one
obtains when performing the dimensional reduction. For a four-dimensional A" = 2 theory
these coupling matrices can be interpreted as geometrical data on the scalar manifolds
M1 of the vector and Nyp2.1, 4 of hypermultiplets, which have real dimensions 2h%! and
4h>1 + 4, respectively. These are the geometries that we have reviewed in the previous
section. At this point the sign flips become relevant since they determine the signatures of
the metrics of Magp,1,1 and Nyp2.1.4.

4.1.1 The vector multiplet sector

Let us first consider the vector multiplet scalars y? and z4. In signature (1,9) their
kinetic terms come with same sign, and the manifold Mayj1,1 can be shown to be a complex
manifold. The real scalars y and z# can be combined into complex scalars z4 = y4 +iz4,
which provide holomorphic coordinates for Moyy1.1. The scalar fields y4 parametrize the
moduli space of real Kihler forms J on the CY3, while 2 parametrize the deformations of
the internal components of the B-field, which corresponds to a harmonic (1,1)-form on the
CY3. The combined moduli space parametrized by z4 can be viewed as a complexification
of the real moduli space of Kéhler forms, and is usually just called the Kéhler moduli
space. This space carries itself a Kéhler metric g45(z,2), which appears in the four-
dimensional action as the generalized kinetic term (sigma model) of the scalars z4, that is
L~ gup(z, Z)@uzAﬁ“ZB . Moreover, this Kéahler metric is not generic, but special, because
its Kéhler potential K (z,Z) can be obtained from a holomorphic prepotential F(z). Thus
9ai(z, Z) is a (projective) special Kéhler metric or SK metric for short.

Let us next look at the four-dimensional vector fields, still restricting ourselves to
signature (1,9). We have obtained h''! + 1 vector fields, of which one, .,42, belongs to

sign flip when we dualize this two-form into the scalar q~5 Dualization flips the sign of the kinetic term for
a p-form field if and only if the metric has an even number of negative eigenvalues.
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the supergravity multiplet and is called the graviphoton, while the others, .Af, belong
to the hb! vector multiplets. We denote the corresponding field strength by ]:By and
]:;‘V. As explained before, the vector fields can be rearranged into linear combinations
AE, ¥ =0,...,ny = hb! so that the field strength FEV together with their duals Gy,
form a symplectic vector. By carrying out the reduction explicitly, one finds that the
couplings between scalars and vectors are encoded by the complex coupling matrix Nsp =
Rsa + tZsa, which depends on the scalars 24 through the prepotential F (zA).

The resulting bosonic Lagrangian for the supergravity multiplet and ny vector mul-
tiplets has the form (2.1), and the only difference between type-IIA and type-IIA* is the
overall sign flip for the vector fields AE‘. Since we use a convention where Zy A is negative
definite, type-IIA corresponds to A = —1, while type-IIA* corresponds to A = 1:

LU AIIAITAT _ L Ry — Gun(z )2 A xdzB — AT FE A RPN 1 LR 5 A A
+VM 2 AB\*~» 4 4 )
(4.1)
where A,B = 1,...,ny = hb! and A, = 0,...,ny = AbY. For A = —1 this is the
standard result of [16]. For the type-IIA* the sign flips in the ten-dimensional Lagrangian
induce a sign flip in the four-dimensional Maxwell term.

In signatures (0,10) and (2,8) Table 10 shows that the metric of Myj,1,1 has neutral
signature. The four-dimensional N' = 2 supersymmetry algebra requires SPK geometry for
the vector multiplets in these cases. The case (0,10) — (0,4) has been worked out in full
detail in [18]. As far as the vector multiplet sector is concerned, the only difference between
this and the case (2,8) — (2,2) is an overall sign flip of the Maxwell term. Note that in
both cases the vector kinetic terms have Lorentz signature and therefore are indefinite. As
mentioned before, the overall sign of the Maxwell term is conventional in the sense that it
can be flipped by a field redefinition. Therefore we can take either value of A = +1 in the
following Lagrangian:

1 A 1
LEWATT = 5% Ra = 9ap(z.2)de? Asdz? + JTsn Y AsFN 4+ TRap FEAFY . (42)

Compared to (4.1) the scalar geometry is now SPK and the scalar fields 24 are para-
complex fields. The couplings g, 5, Zs:n and Ryp are determined by the standard formulae
of special geometry, but using a para-holomorphic instead of a holomorphic prepotential,
see [18, 24, 25] for details.

4.1.2 The hypermultiplet sector

The scalars 2%, « = 1,...,h%! parametrize the deformations of the complex structure
of the CY3 metric. They provide coordinates on a special Kahler submanifold of the
hypermultiplet manifold, with metric g,5(2, z) and prepotential F(2%).

The additional scalars ¢ (dilaton), ¢ (axion) and ¢!,(;, I = 0,...h%" (R-R scalars)
extend this SK manifold either to a quaternion-Kéhler manifold (QK manifold) or to a
para-quaternion-Kéhler manifold (PQK manifold). Which case is realized depends on the
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10 d 4d

C c scalar
Cun Cw ~a scalar

Cron ~ u? hb1 scalars
Cunpg | Chuvmn ~ v4 hY! scalars

Crmnp ~ ./42, Aﬁ 1+ h?! vector fields

Table 11. Massless fields in type-IIB Calabi-Yau compactifications, R-R sector.

signs of the kinetic terms of the R-R scalars. The HM Lagrangian takes the form
~ 7 1
Lifir = — Gozdz® A*dz® — Ll A xdyp

(¢t - c}dcf)} (43)

—e 2 [d& + % (gfdg} - g}dgfﬂ A *x [d& + %

- %e*v’ [II Jd¢T AwdC? + T (dg} + RygdcK ) Ax (dg} + RygdcK )} ,

where A\ = —1 for type-ITA(; gy [16] and type-IIA 0y [18] and A = 1 for type-HA’(kl,g)
and type-IIAyg). The coupling matrices Zy; and R;; depend on the complex scalars
z% and are determined by the prepotential F(z%) by the same formulae as vector field
couplings for vector multiplets. This reflects that the HM manifolds resulting from CY3
compactifications are not generic, but of a special type, which can be obtained from a SK
manifolds by the c-map. In the case at hand the SK manifold is the complex structure
moduli space, and the c-map is either the standard c-map or the temporal c-map. These
c-maps can be defined using the reduction of a Lorentz signature VM Lagrangian to three
dimensions either of space or over time. That the same types of HM manifolds occur in
CY3 compactifications is no coincidence, but related to the fact that T-duality of type-II
CY3 compactifications exchanges VMs and HMs, as we will see later. The HM geometry is
QK for type-IIA(j gy and type-IIA (g 19) (and positive definite, since in our convention Zy;
is negative definite), and PQK for type—HA’(kl’g) and type-1IA(pg). Note that in all cases
the submanifold parametrized by the scalars z¢ is an SK manifold.

4.2 Type-IIB Calabi-Yau compactifications

We now turn to type-IIB compactifications. The NS-NS sector is the same as for type-ITA.
In the R-R sector the zero form Cjy gives rises to a scalar ¢. The two-form Cy gives rise to
a two-form C),, which we dualize into a scalar a, and to hY1 scalars ut, A =1,..., hbL.
Taking into account the self-duality of the five-form Gjs, the four-form Cjy gives rise to
hb! two-forms C’;‘V which we dualize to scalars v, and 1 + h%! vectors .Ag and Ajj. The
first vector is associated to the harmonic (3,0)-form of the CY3, while the other vectors
correspond to the harmonic (2,1)-forms. See Table 11 for a summary.

Together with the NS-NS fields, these fields are the bosonic content of the supergravity
multiplet, (guy,Ag), of h?! vector multiplets (2%, A7), and of hY! 4+ 1 hypermultiplets
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2llyd |zt o | d|e |a|ud]|va AL
B |+ |+ |+ |+ |+ |+]+ + || +
ImB* |+ |+ |+ |+ |+ | —=|—|— |- | —
B> |+ ||+ | = |+ ||| +|+ | = | -

Table 12. Signs of the kinetic terms for scalar and vector fields resulting from type-IIB CY3
compactifications. A + indicates a standard kinetic term. The fields z% are the vector multiplet
scalars.

(yA, x4, o, (5, ud, vl e, a). The vector fields can be rearranged into linear combinations A{L
with field strength Flﬂ, which together with the dual field strength Gy, form a symplectic
vector. The relative signs between the kinetic terms are determined by those between the
ten-dimensional fields and are listed in Table 12.

While one can perform the reduction of type-IIB theories explicitly, see for example
[17] for 1IB(1,9), we can infer the result by using mirror symmetry and tracing sign flips.
As is well known, type IIA(j gy compactified on a CY3 with Hodge numbers (hb1, h21)
is equivalent to IIB(;g) compactified on the mirror CY3 with Hodge numbers (R =
h%t 21 = pbl). Both theories have ny = h''l = h?! vector multiplets and ny =
h?! +1 = /b1 +1 hypermultiplets. In ITA compactifications complex structure module sit
in hypermultiplets and K&hler moduli in vector multiplets while in IIB compactifications
it is the other way round. We would like to compactify the IIB theory on the same CY3
as the IIA theory, but this is the same as compactifying the IIA theory on the mirror. The
resulting theory has ny = h%! vector multiplets and ng = k%! + 1 hypermultiplets, and
the action can be brought to our preferred standard form of a vector and hypermultiplet
action. To adapt results from type-IIB to type-IIB* and type-IIB’, we then only have to
trace the effect of the ten-dimensional sign flips.

As a result, the bosonic Lagrangian for the supergravity multiplet and the ny = ho 1
vector multiplets takes the form

Ly BB /TE % * Ry — Gog(z, 2)dz" A xdz” — %IUFI AxFT + iRIJFI NFT
(4.4)
where A = —1 for IIB, and A = 1 for IIB* and IIB’. The geometry is SK, with the two
cases distinguished by an overall sign flip of the gauge fields.
In the hypermultiplet sector we can rearrange the scalars into linear combinations

¢!~ ¢,v? and {; ~ a,u?. The IIB HM Lagrangians take the form
" y ~ 5 1
LHBIIBIE _ G ode? A xdzP — Jdp A xdo
~ 1 - ~ - 1 - -
e [d¢ +5 (¢"dCr - cfdcf)] Ax [cw + 5 (¢"dCr - gdd)]

_ %26*%0 [IUdgf Axd¢? — e, T (dg} + RIKdgK) A% (dg} n RIKdg(?]) .
5
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For type-IIB the scalars 24 = y# + iz? are complex and parametrize an SK submanifold.
The parameters €1,€2 take the values (e1,e2) = (—1,—1), the HM manifold is positive
definite and QK. For type-IIB* the signs of all R-R scalars are flipped, and (€1, €2) = (—1,1).
The scalars z# are again complex and span an SK submanifold, and the HM manifold is
PQK. When going from IIB* to IIB’, the signs of 24, ¢ and of (; ~ a,u” are flipped. The
scalars y and 2! now combine into para-complex scalars z4 = y+ex? which parametrize
an SPK submanifold. We now have (e1,e3) = (1,1). This is again a PQK manifold, but
with a PSK submanifold instead of an SK manifold. Thus the S-duality relating type-1IB*
to type-1IB’ changes the HM manifolds in a significant way, while keeping it consistent
with the same supersymmetry algebra.

Comparing type-ITA with type-IIB compactifications on the same CY3, we see that,
loosely speaking, vector and hypermultiplet get exchanged. A type-IIA compactification
has ny = k! vector and ng = h®! + 1 hypermultiplets, while a type-IIB compactification
has nj, = h?1 vector and ny = hY! 4+ 1 hypermultiplets. As indicated by the Hodge
numbers, complex structure moduli of the CY3 metric end up in HMs for type-ITA and in
VMs for type-1IB, while (para)-complexified Kéhler moduli end up in VMs for type-I1IB and
in HMs for type-IIA. In both cases there is a universal HM which contains the dilaton, axion
and two R-R fields. Moreover, in both cases all model dependence, that is the dependence
on the choice of the CY3, is encoded in two functions, the holomorphic prepotential of
the complex structure moduli space and the (para)-holomorphic prepotential of the (para)-
complexified Kéhler moduli space.” The complex structure moduli space is of course always
complex, but the Kéhler moduli space becomes para-complex for type-IIA g 1) and type-
ITA(p8) as well as type-1IB’(; g) due to the sign flip of the Kalb-Ramond field. The HM
manifolds are completely determined by their distinguished S(P)K submanifold through a c-
map. This structure is consistent with certain pairs of compactifications being ‘on the same
moduli’ after compactification to three dimensions. As a result, type-II compactifications
are mutually related by T-dualities transverse to the CY3. This will be studied in detail
in the next section.

5 T-duality

We can now combine the results about c-maps with those about CY3 compactifications to
determine how the four-dimensional theories resulting from type-II CY3 compactifications
are related by T-duality. Type-IIA( g) string theory compactified on a circle of radius
R, measured in string units v/o/, is equivalent to type-1IB(; 9) compactified on a circle of
radius 1/R [45, 46]. Moreover, type-1IB; gy string theory on ten-dimensional Minkowski
space can be obtained as an alternative decompactification limit R — 0 of the circle
compactified type-IIA(j g) theory, with winding modes playing the roles of momentum
modes, and vice versa. This is what is meant when saying that the uncompactified theories
‘are T-dual to each other.” T-duality extends to backgrounds which include a compact

9To see that the two prepotentials are on the same footing one must go beyond a simple dimensional
reduction and include the o’-corrections to the Kéhler moduli space. We refer to [44] for a review of string
theory on Calabi-Yau manifolds.
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factor transverse to the circle. In particular type-ITA( gy compactified on X x ST, is
equivalent to type-IIB(; gy compactified on X x Sll/R, where X is the same CY3. By
taking the alternative decompactification limit R — oo, one can map the four-dimensional
effective field theories for type-1IA; g) and type-IIB(j ), compactified on the same CY3 X,
to one another, and the relation between the respective vector and hypermultiplet sectors is
given by the c-map and its inverse [28]. Timelike T-dualities and mixed T-dualities which
combine spacelike/timelike reduction with timelike/spacelike oxidation, together with S-
duality, relate all ten-dimensional type-1I theories to one another [1, 2]. In this section we
extend these T-dualities to CY3 compactifications. We remark that it is straightforward
though somewhat tedious to work out the explicit relations between the fields of two T-dual
four-dimensional effective field theories. T-duality operates naturally in the string frame,
and therefore we would need to convert our actions from the Einstein frame to the string
frame, perform the reductions of T-dual theories over circles of radii R and 1/R, and then
read off the relations between the fields. While the explicit map between fields is needed
for some applications, in particular for mapping solutions from one theory to solutions of a
T-dual theory, we will only be interested in how the various type-II CY3 compactifications
are related to each other by T-duality and S-duality. For this it is sufficient to match the
hypermultiplet manifolds that we get after reduction to three dimensions, as this show that
both four-dimensional theories reduce to the same three-dimensional theory. All that we
need for this comparison was worked out in section 2. Explicit maps between the fields will
be given in a future publication where we will study the action of T-duality on solutions
of the four-dimensional effective field theories.

5.1 Signature (1,3) and spacelike/timelike T-duality

To start exploring the web of relations between four-dimensional theories we begin with
the CY3 compactification of the type-IIA g) theory.

e Type-IIA(j g) string theory on a Calabi-Yau threefold has ny = hY1 vector and
g = h®! hypermultiplets. It realizes the standard N’ = 2 algebra with R-symmetry
U(2) 2 U(1) x SU(2) and the scalar manifold has the form
SK
ML = MG e 4h2 144 -
Upon spacelike reduction the scalar manifold becomes the product of two QK mani-
folds

MI2) = QK QK

ahtipq X Ngp214g

If one swaps the roles of the two factors and lifts back over space, one obtains
IIB SK,
M N4h1 g X Myl

as required for a Calabi-Yau compactification of type-1IB string theory. This is the
standard, spatial T-duality between type-IIA and type-1IB, extended to their Calabi-
Yau compactifications. It employs the standard, spatial c-map in both directions.
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e If we start again with type-IIA, but perform a timelike reduction, we obtain a theory
in signature (0,3) with scalar target

MO = NEAK s K

4hb 144 h2144 >

where the first factor is now PQK rather than QK. Swapping the two factors and
lifting back over time we obtain a scalar manifold of the form
MO = N S

Note that after the oxidation we have flipped gauge field terms (recorded as SK_)
since we need such a sign in order to obtain a QK manifold by timelike reduction.
The resulting four-dimensional theory realizes the twisted Lorentz signature algebra
with R-symmetry U(1,1) =2 U(1) x SU(1,1). Thus we obtain the timelike T-duality
between type-ITA and type-1IB*, extended to their Calabi-Yau compactifications.
It employs the temporal c-map for reduction and the twisted temporal c-map for
oxidation.

o If we start with type-ITA* the initial scalar manifold is

ITA* _ SK_ PQKsk
M Mo x Nysa i

Upon space-like reduction this becomes

1,2) PQKg PQKg
( N4h1 1+f N4h2 1+f ’
which lifts back to
11B* PQK, ~ SK_
M N4h1 lff Moz -
This realizes the spacelike T-duality between type-IIA* and type-IIB*, extended to

their Calabi-Yau compactifications. Here we employ the twisted spatial c-map in
both directions.

e If we start with type-IIA* and reduce over time we obtain instead
(0,3) PQKsk
M Nh11+4 Nh21+4 )

which lifts back to

SK.
X M2h2 -

MIIB N

4hb144

and we realize the timelike T-duality between Calabi-Yau compactifications of type
ITA* and type IIB. Here we use the twisted temporal c-map for reduction and the
temporal c-map for oxidation.

The relations between the four-dimensional theories are summarized by the lower face of
the cubic diagram in Figure 2.
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IIB* < > TTA*
Tr Tr
Ts
ITA < > 11B
T CY3 T CY3
CY3 1 cY3 1
Cs
CT CT
A < > B
Cs

Figure 2. The spacelike and timelike T-dualities T's, T between the four type-II string theories
in ten-dimensional Minkwoski space induce relations between the four-dimensional supergravity
theories, denoted A, B, A*, B* obtained by compatification on the same Calabi-Yau threefold.
The number ny of vector multiplets and ny of hypermultiplets is related to the Hodge number
of the Calabi-Yau threefold by (ny,ng) = (m,n) = (h1,1,h21 + 1) for type-A and (ny,ng) =
(m’,n') = (ha1,h1,1 + 1) for type-B. The theories denoted A*, B* have the same structure, but a
modified supersymmetry algebra with a non-compact R-symmetry group which results in sign flips
in the Lagrangian and modifications of the scalar geometry. The maps relating the four-dimensional
theories are denoted C's, Cr, depending on whether they use a spacelike or timelike reduction and
oxidation.

5.2 Mixed T-dualities and signature change

Let us now mix spacelike/timelike reduction with timelike/spacelike oxidation in order to
relate four-dimensional theories across signatures. If we start with the CY3 compactifica-
tion of type-IIA g 19) we have a scalar manifold which is the product of an SPK and a QK
manifold:
QK
MIAOD = MEEE < NP3 L,

Upon spacelike reduction to signature (0, 3), the scalar manifold becomes

MO3) — igﬁqu % /\751544 ’
where the first PQK manifold has an SPK base. This step involves the Euclidean c-map.
We now need to identify a IIB theory that gives rise to the same scalar manifold upon
timelike reduction. To obtain the QK manifold Nﬁ§1 44 by timelike reduction we need
to start with vector multiplets which have SK geometry and a sign flip between scalar
and vector term, denoted SK_. This could be either the CY3 compactification of IIB* or

IIB’. The map ./\;l“;gj - N 4%51 44 8 the twisted version of the temporal c-map. The HM

,26,



manifold of the partner theory must match A Af;?{if L, that is, it must be a PQK manifold

with an SPK base. Therefore we need to choose 1IB’, which has a scalar manifold of the

type
IIB’ _ PQKSPK ~SK_
MITE = NfQfseicse Mo E

This shows the existence of a mixed T-duality relating the CY3 compactifications of type-
ITA 0,10y and type-1IB’(; gy, which uses the Euclidean c-map for reduction and the twisted
temporal c-map for oxidation.

If we reduce the IIB’ theory over space, the resulting scalar manifold is

(1,2) _ ArPQKspk \PQKsKk
M — N4h2’1 X N4h1’1+4 Y

where /\;lglﬁ] N ﬁgfiff is the twisted version of the spatial c-map.
By lifting this back over time we obtain the scalar manifold of the CY3 compactification
of IIA(2,8) s

IT1A,(2,2) _ 4SPK PQKsK
M = M5 11 X /\/'4,1271+4 .

This step involves the inverse of the neutral c-map which maps SPK to PQK through
a timelike reduction. In summary we have shown the existence of a mixed T-duality
relating the CY3 compactifications of type-I1IB’(; gy and type-IIA ; g) which uses the twisted
spatial c-map for reduction and the neutral c-map for oxidation. We summarize the six
T-dualities which relate type-IIA and type-IIB theories in four dimensions in Table 13.
Note that under T-duality the compactifications organise into two orbits: the orbit of
‘pure’ T-dualities relating ITA/ITA*/IIB/IIB* in signature (1,3), and the orbit of mixed
T-dualities relating type-IIA theories in signatures (0,4) and (2,2) to the type-IIB’ theory
in signatures (1,3). In order connect these two orbits to one another we would need to
use the duality between IIB* and IIB’, which is an S-duality. Since CY3 backgrounds
only preserve four-dimensional N’ = 2 supersymmetry, there is not good reason to expect
that S-duality is valid, and therefore we should expect that there are two distinct classes of
compactifications. The relation of the backgrounds within each orbit relies on T-duality for
backgrounds of the form CY3 x S! which is an established perturbative symmetry of string
theory. Note however, that there are special, non-generic N' = 2 compactifications which
are ‘N = 4-like’ and exhibit S-duality. For this class all type-II CY3 compactifications
should form a single orbit at the non-perturbative level by combining pure T-dualities,
mixed T-dualities and S-duality. Note that for S-duality to work, there has to exist, for the
HM manifolds of these special models, an isomorphism of PQK manifolds, which replaces
an SK base with an SPK base. Such an isomorphism can only exist in special case when
the structure of the prepotential for the S(P)K base is very simple.

Let us finally point out that considering the other ten-dimensional signatures will
add nothing new. The type-II(5 5) theories cannot be compactified on CY3 folds, and the
theories 11A 10,0y, 9,1y, ITA(g2) are related to those we have considered by an overall
sign change of the metric, which maps (¢,s) — (s,t). Theories related in this way have
been shown to be equivalent [2]. The type-ITA (4 ) and type-IIA g 4) reduce to theories
in signature (4,0) and (0,4) which are equivalent to those we have considered. From the
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IIA in 4d | Scalar mfd. | 3d sig. | Scalar mfd. | 11B in 4d | Scalar mfd.

MA@ | SPK x QK (0,3) | PQKspx x QK B3 | PQKspx x SK_
A3 | SKy x QK (0,3) | PQKskx x QK 1B, 5 | PQKsk x SK_
ITA7 5 | SK- x PQKsk || (0,3) | QK x PQKsk B3 | QK x SK;
Az | SKy x QK (12) | QK x QK B3 | QK x SKy
AL 5 | SK- x PQKsk || (1,2) | PQKsk x PQKsk | TIBf 5 | PQKgx x SK_
MA@ | SPK x PQKsk || (1,2) | PQKsprx x PQKsk || 1B’ 13 | PQKspx x SK_

Table 13. Summary of T-dualities between type-IIA and type-IIB Calabi-Yau compactifications
for all (inequivalent) four-dimensional signatures. In the middle we specify the three-dimensional
theory to which the T-dual four-dimensional theories reduce.

higher-dimensional point of view the chain of mixed T-dualities is projected onto the chain
we have described. Since the four-dimensional theory in signature (0,4) is unique, the
difference between type-1IA g 109) and type-IIA(4¢) is lost from the four-dimensional per-
spective. Similarly the type-1IB3 7) and type-IIB(7 3) reduce to theories in signatures (3,1)
of (1,3), which are of the type-IIB’ type, and the distinction between type-1IB’(3 7) and
type-1IB’(1 g) is lost from the four-dimensional perspective.' We have already pointed out
that in order to relate such a theory to type-IIB*, and thus to the other T-duality orbit,
we need to use S-duality, which can only be expected to be a symmetry for non-generic
N = 2 compactifications. Signatures (3,7) and (7,3) have a unique theory of type-IIB’,
but they can be related through mixed T-dualities to signatures (1,9) and (9,1) where by
using S-duality they can be related to type-IIB* and from there by T-dualities to type
ITA/ITA* and type-IIB. Thus for N' = 2 compactifications which preserve S-duality, we
can connect the CY3 compactifications of all type-II theories in signatures (0,10) , ... (4,6)
to one another (and the same applies to signature obtained by an overall sign flip). For
generic NV = 2 we have to expect two disjoint T-duality orbits.

6 Outlook

In this paper we have obtained the CY3 compactifications of all ten-dimensional type-11
string theories and analyzed how they are related to one another by T-duality and S-duality.
At the level of symmetries and effective supergravity, we get a full and satisfactory picture
which is consistent with the idea that exotic string theories and their compactifications fit
into an extended string theory landscape and allow one to realize all maximally supergrav-
ity theories in all signatures as limits. Of course, admitting backgrounds with multiple
time directions, as well as inverted kinetic terms in the effective action raises conceptual
questions. Instead of repeating the arguments of [1, 2, 4, 5], let us ask what new insights

and future directions result from our work.

0The actions of IIB’(1,9)/(9,1) and IIB’(3 7)/(7,3) differ by an overall sign flip of the R-R fields [2, 4]. Upon
compactification on a CY3, this results in a flip of the parameter e2 in the hypermultiplet sector, but the
resulting hypermultiplet manifolds are isometric.
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Apart from symmetry considerations, a reason to consider the inclusion of exotic string
theories into the string theory landscape is string universality, and the observation that
bubbles of exotic spacetime signature can be generated [4]. One future direction is to
explore in more detail whether and how dynamical signature change can be realized as a
physical process in string theory. It would be interesting to relate this to the recent work
[11-13] on complex spacetime metrics, which was in part motivated by earlier work [47] on
topology change. Gravity with a dynamical signature has recently been discussed in [48]
within the framework of Einstein-Cartan gravity.

To make a preliminary remark on this topic, we note that the T-duality orbit along
which spacetime signature can change in type-II CY3 compactifications is connected to
the orbit of the standard ITA/IIB compactifications and their ITA*/IIB* partners by S-
duality, which we cannot expect to be valid in generic N' = 2 compactifications. This
suggests that in backgrounds with less than ' = 4 supersymmetry, there is, generically
(with the exception of special ‘N’ = 4 like’ backgrounds), a separation between a phase
with Lorentzian string worldsheets and fixed Lorentzian spacetime signature, and a phase

' Thus signature

with Euclidean string worldsheets and arbitrary spacetime signature.
change may only be relevant cosmologically if the universe goes through a phase of high

unbroken supersymmetry.'?

Based on the results of this paper, solutions of exotic string theories can now be
explored systematically from a four-dimensional N/ = 2 perspective in addition to the ten-
dimensional perspective. Future work will include how solutions transform under dualities,
whether solutions of different theories can be connected to one another, including the ques-
tion of dynamical signature change. Staying within the class of theories with Lorentzian
string worldsheets, there are interesting questions regarding the relation between solutions
in type-II and type-II*. The results of our paper imply that the dual pair of planar cos-
mological and black hole solutions described in [30, 31] lifts to a ‘dual pair’ of solutions
in type-IIA and type-IIA*. This raises the question whether these ‘dual solutions’ can be
related by T-duality (which is not obvious). Both solutions have horizon thermodynamics
that can be related to the same Euclidean thermal partition functions, and one can now ask
whether the type-II embedding provides insights into the underlying microscopic physics.
One could also study whether these solutions correspond to admissible saddle points, in
the sense of [11-13], of the Euclidean path integral.
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"1 orentizan string worldsheets are also possible in neutral signature (5,5), but this signature does not
give rise to CY3 compactifications. Also, to connect it to the standard IIA/IIB theories, one needs to use
S-duality.

120ur universe could still be a brane world embedded into a higher-dimensional universe with multiple
time directions, an option that has been explored in [5].

,29,



A Calabi-Yau compactifications

In this appendix we provide some more details on Calabi-Yau compactifications of type-ITA
theories. Since this has been worked out in detail for IIA(; g in [16] and for ITA g 10y in [18]
all we need in order to include the additional cases of HA’{LQ) and IIA(yg), is to trace the
ten-dimensional sign flips through the computation. The results from the reduction of the
individual terms is taken from [18] whose conventions and notation we follow. We refer to
[22, 49, 50] for further background on CY3 compactifications and special geometry.

A.1 Calabi-Yau threefolds

A Calabi-Yau threefold (CY3) X is a compact complex manifold of (complex) dimension
three which admits a Ricci-flat K&hler metric. This condition is equivalent to the existence
of a nowhere vanishing holomorphic (3,0)-form 2. We denote local real coordinates on X

by 4% a =1,...,6 and introduce complex coordinates &, i =1,2,3
&= i) €= +iyh), &= —=(+ir)
V2 V2 V2

The components of the Kéhler metric in complex coordinates are g;;, and the volume form

1S
vol, = /g d®y = i/g d*¢d’¢ .

Therefore the volume of X is
Y= / vol, = / Vg dly = / i/gdiEdiE .
X X X

The scalar product between differential (p, ¢)-form is

(W) Mpg)) = /X W(p,g) N *T(p,q) »

where * is the Hodge operator with respect to the Kahler metric g;;. For reference we note
that

*0(3,0) = —P(3,0); O(2,1) = 10(2,1) -
The massless spectrum of a CY3 compactification is determined by the harmonic (p, )-
forms. On a compact Kéhler manifold, harmonic (p, ¢)-forms represent elements of the
Dolbeault cohomology groups H“(X, C). The Hodge numbers h»? = dim H;(X,C) of a
CY3 are

hO’O — h3,0 _ h0,3 _ h3’3 -1 hl,O _ hO,l _ h3,2 _ h2’3 =0
RRL 221 pl2—p2lsg.
We introduce a basis for harmonic forms representing Dolbeault cohomology classes:
(1,1)  VA=Vidg ndd, A=1,...,h,

(2,1) @, £de A dET A dEF, a=1,...,has

1
= 5‘1)(1@']'

1 . )
(3,00 Q= 5Qijkdgl AdET A deF
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For the harmonic three-forms we also introduce a real basis oy, 37, where I =0, ..., ha1,
which is dual to a canonical basis of third homology group Hs(X,Z):

/ aJ:/af/\ﬂ‘]:é}]:AI-BJ / BJ:/ﬁJ/\QI:—éf:—BJ-AI.
Al X By X

Here ‘-’ denotes the intersection product of three-cycles. Observe that Hs(X,Z) and
H3(X,R) carry a natural symplectic structure.

Since X is a Kahler manifold, once we have fixed a complex structure the metric is
determined by the choice of a Kihler form. This is a harmonic (1,1)-form J = MAVA4
which satisfies the positivity requirements

IC:/J/\J/\J:6V>O, / J/\J:/VA/\J/\J>O, / J:/VA/\J>0,
X DA X Ca
(A1)

where C4 and D# are generators of Hy(X,7Z) and Hy(X,Z) and Vy, VA, ar the dual
generators of H*(X,R) and H?(X,R). Thus the positivity conditions ensure that the
volumes of X as well as those of all surfaces and curves in X are positive. The Kéhler form
is related to the metric by
J = ig;det A dET .
Since the metric g;; is Kéhler, its deformations split up into two types.

1. Deformations of the form dg,;; preserve the complex structure. When imposing in
addition that Ricci flatness is preserved, the independent deformations (after taking
into account reparametrizations) can be parametrized as

Bl
i0g;; = Z SMAVA
A=1
where M4 are real parameters and V4 is our basis for the harmonic (1,1)-forms.
Thus these deformations correspond to deformations of the Kéahler form.

2. Deformations of the form dg;;,dg;; = @ change the complex structure. Inequivalent
changes of the complex structure are parametrized by elements of H'(X,TX) =
H?1(X), where we used that the holomorphic top form can be used to identify
vector-valued (0,1)-forms with (2,1) forms:

l
Piji = Qijivy,
The inequivalent complex structure changing deformations of the metric can be

parametrized using harmonic (2,1)-forms:

h2,1
a 1 ci cj
59;3 = Z 0z baf} , where ba = §b0ﬁ}d£ A d£] =
a=1

1

2[|QP?

Q; qu)akljdg NdET

where z% are complex parameters, where

1 o
12> = gQiﬂcQ”k

and where ®,, is our basis for the harmonic (2,1)-forms.
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In CY3-compactifications the parameters M4, 2* become scalar fields, which appear in
the action through sigma models whose target spaces are the moduli spaces of Kahler
structures and of complex structures, equipped with their natural metrics, about which we
will report next. The so-called Weil-Peterson metric on the space of complex structures
can be expressed through scalar products of harmonic forms as follows:

1, - 1 _ —i [x Pa AP
3— 1, ba,b7 = q)aaq)7 - . =
9a5 = 3 (b b5) = 1155 (e ) i [ QAQ

The metric g, is a Kéhler metric, in fact a projective special Kéhler metric of precisely the
same type as appears for the target spaces of four-dimensional vector multiplets coupled to
supergravity. To make this structure explicit, one notes that the complex structure of X is
encoded by the ‘direction’ of Hg’O(X, C) inside H3(X,C). To parametrize the choice of a

complex structure one can use the periods of the holomorphic top-form 2 € HS’O(X ,C) C

H3(X,C):
Aj BYJ

The top form can be expanded as
QO=X'a;—Fp.

The periods X!, F; are not independent. Without loss of generality, we can assume
that the periods X! are independent and parametrize the inequivalent choices of a holo-
morphic top-form €2 among the three-forms. Then the periods F; are, at least locally,
functions of the coordinates X', and for a generic choice of a basis, they form the gra-
dient F; = OF/0X” of a function F(X'), the prepotential, which is holomorphic and
homogeneous of degree two.'> Holomorphic top forms which differ by a complex scalar
factor, Q — AQ, A\ € C* define the same complex structure. Therefore the X! are projec-
tive coordinates on the space Moyj2,1 of complex structures. So-called special coordinates
on Map2,1, which parametrize inequivalent complex structures, are provided by the ratios
2% = X*/XO. The space parametrized by the periods X' is the space of holomorphic
top-forms, which forms, at least locally, a complex cone CMyy2.1,9 over the moduli space
of complex structures. Here we see the same type of special geometry arising which also
characterizes the scalar geometry of four-dimensional vector multiplets. CMsp2145 is a
conical affine special Kéhler (CASK) manifold, while Myj,21 is the associated projective
special Kahler manifolds. The special Kdhler metrics on both spaces can be expressed
using the prepotential F(X') = (X°)2F(z4). The associated Kihler potentials Kcasx, K
and metrics Nyj, g are

_ - 0’K
EYEYS | B I _ CASK _
KCASK = Z(X Fr— X ) = N]J 78}(’18@ QIHIF]J s (A2)
K = —log (—i(X'F; — F{X")) = g K (A.3)
1 1 af 920058 . .

13This generic situation can always be obtained by applying a symplectic transformation.
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Note that since F(X7) is homogeneous of degree two, its derivatives Fy, Fr, ... are homo-
geneous of degrees one, zero, .... This allows one to rewrite formulas in various ways, for
example K = —log(X!N;;X7).

These are generic expressions for special Kahler geometry, which are valid without
any reference to CY3-folds. In CY3 compactifications the special geometry data can be
expressed in terms of CY3 data. In particular:

(Q,Q) = 2/ QAQ = [[QI2V = —i(X'F, — F,X1) = ~N, X! X7 |
X

where Ny is the CASK metric on CMogp1,2,5. The Kéhler potential can be expressed in
terms of the top form:

_ _ 52 _
K=—1og(Q,Q)=-log(i [ QAQ)=g.3=—(-log(i | QAQ])]) .
ox.9) =t (1 [ 219 = a0y = 5 s (s (1 [ 209

Let us now consider deformations of the Kéahler form. Following [16], we define the
following integrals

K= JANJINT, ICA:/ VANIAT,
CYs CYs3

ICAB:/ VAANVEAT, ICABC:/ VAANVEBAVC .
CY3 CYS

We remark that I is proportional the volume V, K = 3!V, while K4 pc are the triple
intersection numbers of homology four-cycles. The Hodge dual of a (1,1) has the form [50]

3
*VB:—J/\BB+—J/\J</ VB/\J/\J>.
26K ovs

This allows us to evaluate the inner product of two (1,1) forms:

1 Kag %KA/CB>

2V Joy,

M) : A B _ _ —
Gap(M) VANKV 3 ( e 5 K2
Using the expansion J = MAV4 of the Kéhler form, we obtain

K =KapeMAMBMC = (KMMM), Ki=KapcMBMC = (KMM), ,
Kap = KapcM® =: (KM)ag ,

so that

(’CM)AB g(’CMM)A(/CMM)B> (A.4)

Gap(M) = -3 ((ICMMM) T2 (KMMM)?
This shows that the metric Gap(M) is a conical affine special real metric with Hesse poten-
tial JC, which implies that its pullbacks to hypersurfaces K = const. are projective special
real metrics. These are the general target spaces of five-dimensional vector multiplets,
which reflects that spaces of Kdhler moduli with overall volumes fixed appear as the vector
multiplet moduli spaces of eleven-dimensional supergravity compactified to five dimensions

on a CY3 [51]. We refer to [22] for more details on special real geometry.
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In type-II CY3 compactifications the Kahler moduli space, which naturally is a real
space with a Hessian metric, is extended to a special Kéhler or a special para-Kéahler space
once the B-field moduli are taken into account. In theories of closed oriented strings, the
metric Gy is accompanied by the Kalb-Ramond field Bysn. For CY3 compactifications
the B-field contributes hl'! real scalars associated to harmonic (1,1)-forms, which combine
with the Ab! K&hler moduli M4. If the B-field has a standard kinetic term, as is the
case for type-IIA/TTA*/IIB/IIB* in signature (1,9), then including the B-field leads to a
complexification of the Kéhler form and of the Kahler moduli space. The resulting moduli
space is projective special Kahler, and completely determined by the underlying real Kahler
moduli space by the supergravity r-map, which maps projective special real manifolds to
projective special Kahler manifolds. If the the sign of the kinetic term of the B-field is
flipped, as it happens for type-I1A g 10y, type-1IB” and type-IIA(;g), this induces a sign
flip for the h''! B-field moduli. As a result, the Kihler moduli space is para-complexified
rather than complexified. The resulting projective special para-Kéahler manifold is obtained
from the real Kahler moduli space by the para-r-map, which maps projective special real
manifolds to special para-Kéhler manifolds.

Thus by combining the scalar fields descending from the metric and the B-field, we
end up either with two SK manifolds or with one SK and one SPK manifold, with all
couplings encoded by two prepotentials. The remaining scalar fields extend one of these
manifolds into a QK or PQK manifold. These extensions are unique, in the sense that
the (P)QK manifold is obtained from an underlying S(P)K manifold by a c-map. Type-
ITA and type-IIB differ in that in type-IIA the vector muliplets contain the (complexified
or para-complexified) Ké&hler moduli, while in type-IIB the vector multiplets contain the
complex structure moduli. The ITA hypermultiplets contain the complex structure moduli
together with the dilaton, the axion, and the R-R scalars. In type-IIA 0y and type-
ITA(1,9) this leads to a QK manifold, while for type—HA?Lg) and for type-IIA(2®) a sign
flip for the R-R scalars leads to a PQKgx manifold. Type-IIB hypermultiplets contain
the complexified Ké&hler moduli for type-IIB/IIB*, which then extends to a QK/PQKgx
manifold, respectively. For type-IIB’ the K&hler moduli space is para-complexified, and
extended to a PQQKgpx manifold. See Table 13 for a summary.

A.2 Ten-dimensional Lagrangians

In Section 3 we used the string frame parametrization of [1] to display the various type-IIA
Lagrangians.'* In order to use the results of [16] and [18] on CY3 compactifications, we
use the following Einstein frame parametrization:

1 9
Spp4= / = 4 Rio — —dlog ¢ A xdlog é — “LoTdV A xdV
i 2 16 1

- %w%H?,A*Hg - %ﬁ (Fy+dV ABo) Ax(Fy+dV ABs)  (A.5)

2 2
—g(F4+dV/\B2)/\F4/\B2—%dV/\BQ/\dV/\BQ/\BQ.

1 Complete bosonic string frame (pseudo-)Lagrangians for all type-II theories can be found in the ap-
pendix of [4].
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Type ar | as | a3
MAgg | 1] 1] 1
HAE‘LQ)
MAgg | —1] -1 1

MApg | 1| -1|-1

Table 14. Relative signs for kinetic terms in ten-dimensional type-ITA theories. A plus sign
corresponds to a standard kinetic term in Lorentz signature, as realized in ITAj o).

Note that the dilaton has been redefined according to ® o log ¢. Moreover we now use the
same notations for form-fields as in [16] and [18]: V is the RR one-form, while F} is the
four-form field strength. The three parameters «;, ¢ = 1,2, 3 encode the various sign flips,
see Table 14.

As a quick check, note that this action is consistent with Table 6. We also note that the
three signs are not independent, since ag = ajg. This reflects that the three signs encode
four independent theories, rather than six. For type-IIA g 1) and type-IIA(j g) it was shown
in [18] that these Lagrangians arise from dimensional reduction of eleven-dimensional su-

pergravity with signature (1,10). For signature (1,9) one recovers the Lagrangian of [16].1

*
(1,9)
starting from the Lagrangian for eleven-dimensional supergravity in signature (2,9) given

The Lagrangians for type-I1TA and type-1IA y g) are obtained by a similar computation
in [1]. Since these Lagrangians only differ by relative signs, and since in all cases we reduce
on the same manifold, we can use the results of [16] and [18] for the individual terms, and
afterwards assemble them into four distinct four-dimensional Lagrangians.

A.3 Reduction of the graviton-dilaton sector

Since the Einstein-Hilbert and dilaton term are the same for all cases we can discuss them
at once.
Following [16] and [18] the reduction of

1 9
SEH+¢:/ —x Rig — —dlog ¢ A xlog ¢
Mo 2 16
results in
1 1 A B_ 1 N1 N B
SEH+e = 3 *x Ry — §GAB(U)dU A xdv® — Zdap Axdp — g,5(2,2)dz" Nxdz” . (A.6)
My

Here 2z are the complex structure moduli with their special Kahler metric g,g and v
are the real Kéhler moduli with their special real metric G4p(v), related to the previously
introduced M# by the field redefinition

MA =243/ (A7)

'5As remarked in [18] the second term in the third line is absent in [16], but present in [15]. Tt is
straightforward to check that this term is generated by the field redefinition described explicitly in [18].
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The four-dimensional dilaton ¢ is related to the ten-dimensional dilaton ¢ by

p = log (2V¢_3) .
Further details are given in [18].

A.4 Contribution of the B-field to the vector multiplet sector

Next we turn to terms descending from the B-field kinetic term, which arise from taking
the internal part of the B-field to be a harmonic two-form. Following [16] and [18] we
say that terms which arise from harmonic two-forms belong to the H?-cohomology sector.
These are precisely the terms which contribute to the gravity plus vector multiplet sector
of the four-dimensional theory. The ten-dimensional term takes the form
L 3
SHQ(BQ) = 9 —§¢ Hs N\ xHj
Mo H?
where the sign depends on which theory we start with. We denote the projection of terms
AvA

onto the H?-cohomology sector by |g2. Decomposing Bs| 2 =0 and integrating over

the CY3, we obtain
1
SHQ(BQ) = ag/ ——GAB(U)daA A *da® ,
My, 2

A

where a“* are four-dimensional scalar fields. We can combine this term with one of the

terms obtained from the reduction of the Einstein-Hilbert term to obtain

1
/ —§GAB(’U) (dvA A *dvP + aada® A *daB) .
My

Making the field redefinition

A 1 A A 1 A

vt = Wy = —WI' s ,CABC = CABC , (A8)

we can rewrite this contribution as

/ —gap(y) (de? A xdz? + aady® A xdy®)
My

where we have defined the new coupling matrix by

1 3 <(cy)AB 3(ny)A(cyy)B>_ (A.9)

gap = —aoGap = ——
gAB a2An 2\ (eyy) 27 (cymy)?

2 2

A.5 Contribution of R-R-kinetic terms to the vector multiplet sector

Next we consider the contribution of the kinetic term of the R-R three-form, including its
Chern-Simons like improvement term, to the HZ?-sector, that is to the four-dimensional
vector multiplets. Depending on which theory we start with, the ten-dimensional term is

1
Sp2(A3) :ag/ §¢3/4 (Fy +dV A By) Ax (Fy +dV A By)
Mo H?
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Following [18] we decompose Fy and Bz as
Byl = FANVA By, = aVA, (A.10)

where F4 are four-dimensional field strengths, F4 = d.A4. Inserting this into the above
action, we obtain an action ready to integrate over:

Si2(As) = as /

%¢3/4 (FA +a®aV) Ax (FB +aPdv) / VANKVE
My

CY3

Performing the integral we obtain

Sp2(As) = Oés/

y @/c(v)a A () (FA+adV) Ax (FB +aPav) ‘

H2

Similarly, the reduction of the kinetic term of the R-R one-form
19
Sy :al/ —padV N xdV
Mo 4

becomes

Sv—a1/ 23' 0)FO A *FO

after integration over the CY3, where we have set F° = dV and used the field redefinition
(A.7).
Using that ag = ajas, we can combine terms as
1
v2(3

S2(A3) + Sy = / (Kovvw) + %(ICUUU)GABQACLB> FOAxFO

v 12
2 2
+ \/;)OQ (Kvow)GapaP FA A FO + \/_6042 (Kvov)GapFAN+FP

where (Kvvv) := KapcvAvBuC. Rescaling the gauge fields
A _ A
F by /6 F
as well as the scalars, and using (A.9), we can express the above as

Sir2 (Ag) + Sy 2041/

1 1 2
~(cyyy) (— + —(gm)> FO N *F°
i, 2 6 3

2 1
- g(cyyy)(giﬂ)AFA A*F0 + g(cyyy)gABFA AxFB

A.6 Contribution of the topological terms to the vector multiplet sector

The final contribution to the gravity plus vector multiplet sector comes from the topological
terms

V2 V2

SHQ(tOp) = —7 (F4 +dV A Bg) NFy N\ By — —dV A By ANdV N By A By
Mio H2

According to [18], after reduction and field redefinitions this takes the form

1
St(top) = /M 6 3(cx)apFA* NFP = 3(cax)aF* A FO + (cawa) FO N FO].
4
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A.7 Final result for the gravity and vector multiplet sector

Combining everything obtained so far gives us the bosonic Lagrangian for the gravity
multiplet and the vector multiplets:

1
Scivm = 3 * Ry — gan(y) (da:A A *dzB + asdyd A *dyB)
My
1 1 2
—ay|=(eyyy) | = + = (gzx) FOAxFO
2 6 3
2

1
- g(c’y’yy)(gﬁﬂ)AfA A*FO + g(cyyy)gAB}'A A *FB

1
+ 8 [3(0:6),43]5A AN FB —3(cax) sFA N FO + (caxzz) FO A FO.

As shown in [25], one can introduce complex fields z4 = z4 4 iy? if ay = 1 and para-
complex fields z4 = 24 + ey if ay = —1. Then the second term in the first line becomes
a sigma model

/ —gap(2, 2)dz A xdZP
My

with a target space which is projective special Kahler for s = 1 and projective special
para-Kéahler for ag = —1. More generally, the results of [25] imply that the full Lagrangian
can be rewritten into the form

1 5 1
Saivar = 3 * Ry — Gap(z, 2)dz AxdzP + %IgAFZ AxFDN + ZRgAFZ AFM
My
where ¥,A = 0,1,...,ny = hy1, and where the vector coupling matrices Zyx; and Rax

can be expressed by a holomorphic or para-holomorphic prepotential through the standard
formulae of special geometry. This completes the derivation of the bosonic gravity plus
vector multiplet Lagrangians for the four type-IIA theories. Our result indeed matches
(4.1) and (4.2). For signature (1,3), where ap = 1 and a1 = a3 = —\ = +1 we obtain a
complex, (projective) SK scalar manifold, and the sign of the Maxwell term distinguishes
between type-ITA and type-ITA*. For signatures (0,4) and (2,2), where g = —1, we obtain
a para-complex, (projective) SPK manifold, and both signatures differ by the sign of the
Maxwell term, which is controlled by a; = —a3 = —A. However, in these signatures the
supersymmetry algebra is unique and the sign can be changed by a field redefinition [27].

A.8 Contribution of the kinetic R-R-terms to the hypermultiplet sector

We now turn to contributions from terms where the internal part is a harmonic 3-form. So
far we have discussed one such term, which arises from the reduction of the Einstein-Hilbert
term. This results in the sigma model —éag(z, Z)dz" A *dZB, where z% parametrize the
deformations of the complex structure of the CY3, with (projective) SK metric g,5(z, 2).
The R-R one-form does not contribute, but there are contributions for the R-R three-form
and from the Kalb-Ramond field.

We start with the contribution of the kinetic term of the four-form field strength
Fy = dAs,

Sps(As) = / _T%¢3/4F4 N *Fy
M-,0 H3
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It has been shown in [16], [18] that
Fylps = dA =2Y44¢" nap + 244G A B =PI A® + QA Q +hee. (A.11)

where the complex one-forms P!, Q € Q'(M,) ® C can be expressed in terms of special
geometry data associated with complex structure moduli as

I olja (47 K\ AlJ S oia X! z J
P =142 (dCJ—i-NJKdC )N , Q= —i2 (XNX) <dC[ + Npd¢ ) (A.12)

While the four-dimensional hypermultiplet scalars ¢/, CN 7 are defined through the ex-
pansion of dA in terms of ay, 3’, the expansion of dA in terms of ®7, is used to carry
out the integration over the CY3:

Sy (As) =/ —043q§3/4PI /\*PJ/

q)[/\*(fj—i-/ a3¢3/46_2/\*Q QA .
My CYs

My CYs

Following [18] this can be evaluated and ultimately brought to the form
Spya(Az) = / %e_“" [II Jd¢T A xd¢? + 11 (dg} n RIKd§K> A x (df 4R JKdgKﬂ :
My
where ¢ is the four-dimensional dilaton.

A.9 Contribution of topological terms and of the B-field to the hypermultiplet
sector

The topological contribution to the H3-sector comes from

V2
SH3 (top) = / —7F4 N Fy N\ By
Mo

H3
Inserting in the expansions of these fields, we obtain

SH3(top) :/ —\/582/\]3[/\]5‘]/
My C

Following [18] this can be evaluated and ultimately be brought to the form
SH3(top) = — / 2By ANd¢T A dCr = / 2Hs A Cldlr (A.13)
My My
where Hz = dB, is the field strength of the four-dimensional Kalb-Ramond field Bs.
To this we add the contribution from the reduction of the kinetic term of the ten-

cI)I/\<I>J+/ V2Ba AQ A Q ONQ .
My

Y3 CY3

dimensional Kalb-Ramond field. (Here the internal part is a zero-form, so this belongs to
the ‘H sector.”)

Sus(top) T SHO(By) = /M 2H3 A CTdlr — ane®Hg A xHs .
4

Following [18] we dualize the four-dimensional Kalb-Ramond field B; into a scalar field ¢.

~ 1 ~ ~ ~ 1 ~ ~
St (top) + Soz) = - /M4 o [d¢ o (X <d<f)] Ax [dqb o (e <d<f)] .

Note that ag has cancelled, because in signatures (0,10) and (2,8), where ap = —1, the
Hodge dualization generates an additional sign compared to signature (1,9), where ag = 1.
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A.10 Final result for the hypermultiplet sector

By collecting all terms contributing to the hypermultiplet sector we obtain
~ 7 1
Sy = / — Gogdz™ Nxdz” — —dp N xdep
My 4
-1 - | .
=2 Ly I T I
: [d¢+ 5 (¢ddr — G )] Ax [dm 5 (¢dlr — G )}
+ e [Tradc! nxd? + T (dlr + Rysedc™ ) A (s + RysedcS) |

where a, 8 = 1,...,hg1 =ny —1and I,J = 1,...,ny = ha1 + 1. This indeed agrees
with (4.3) upon identifying a3 = —A. This completes the derivation of the four type-
ITA hypermultiplet Lagrangians from dimensional reduction. For type-IIA( gy and type-
1A (¢,10), where a3 = —\ = 1, the geometry is QK (a3 = 1), while for type-IIA*(1,9) and
type-I1IA(2,8) where a3 = —\ = —1, the geometry is PQK. In both cases the distinguished
submanifold is the SK manifold provided by the complex structure moduli space.
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