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Abstract: Cross-correlated random fields are widely used to model multiple uncertain parameters and/or phenomena
with inherent spatial/temporal variability in numerous engineering systems. The effective representation of such
fields is therefore the key element in the stochastic simulation, reliability analysis and safety assessment of
engineering problems with mutual correlations. However, the simulation of such fields is generally not
straightforward given the complexity of correlation structure. In this paper, we develop a unified framework for
simulating non-Gaussian and non-stationary cross-correlated random fields that have been specified by their
correlation structure and marginal cumulative distribution functions. Our method firstly represents the cross-
correlated random fields by means of a new general stochastic expansion, in which the fields are expanded in terms
of a set of deterministic functions with corresponding random variables. A finite element discretization scheme is
then developed to further approximate the fields, so that the sets of deterministic functions reflecting the cross-
covariance structure can be straightforwardly determined from the spectral decomposition of the resulting discretized
fields. For non-Gaussian random fields, an iterative mapping procedure is developed to generate random variables to
fit non-Gaussian marginal distribution of the fields. By virtue of the remarkable property of the presented stochastic
expansion, i.e., various random fields share an identical set of random variables, the framework we develop is
conceptually simple for simulating non-Gaussian cross-correlated fields with arbitrary covariance functions, which
need not be stationary. In particular, the developed method is further generalized to a consistent framework for the
simulation of multi-dimensional random fields. Five illustrative examples, including a spatially varying non-Gaussian
and nonstationary seismic ground motions, are used to demonstrate the application of the developed method.
Keywords: Cross-correlation; Random field simulation; Finite element discretization; Dimension reduction; Non-
Gaussian.

1. Introduction

In the numerical modeling of many engineering applications, the uncertainties of the propagating media may
significantly influence the stochastic solution and reliability analysis of structural systems [1-4]. This led the scientific
community to recognize the importance of a probabilistic approach to engineering problems. In a probabilistic
treatment of uncertainties in analyzing and designing physical systems, the use of random fields gained momentum
due to the continued increase in available computational resources and nowadays is commonly used in
multidisciplinary fields [5-9]. For instance, many real-life problems of interest, such as earthquake ground motions,
fluid-structure interaction, acoustic propagation, multi-scale modeling of materials, to mention a few, involve
multiple uncertain parameters and/or phenomena with inherent spatial variability. This type of uncertainty should be
modeled and synthesized by means of random fields with mutual correlations, known as cross-correlated random
fields [10-12]. The stochastic response and subsequent safety assessment of these engineering problems are often
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obtained though simulation-based approaches, which are the most commonly used among the procedures available
in the literature. Since the crux of the simulation-based techniques is the ability to accurately generate realizations of
the random fields that possess the desired probability law to a reasonable degree, it is of fundamental importance to
develop appropriate mathematical frameworks to model and simulate cross-correlated random fields effectively
[1,13].

Over the years various approaches have been developed for the simulation of non-Gaussian and non-stationary
cross-correlated random fields with specified non-Gaussian marginal distributions and second-order correlations, i.e.,
correlation functions or evolutionary power spectral density (PSD) functions. A first class of approach is the spectral
representation method (SRM), which was originally developed for the simulation of Gaussian scalar fields. Since
there is no theoretical obstacle for the extension of simulation of scalar fields to that of cross-correlated Gaussian
fields [14], the SRM has been generalized to the simulation of non-Gaussian non-stationary cross-correlated fields
by further using the translation process theory [15]. In particular, SRM has been successfully applied for modelling
phenomena with inherent spatial variability in real-life problems of interest, e.g. wind velocity, earthquake ground
motions, etc [11,16,17]. Another class of method is based on Karhunen-Loeve (KL) expansion, which was also
initially utilized for simulating Gaussian scalar fields [17]. Phoon et al. extended the KL expansion to simulate non-
Gaussian scalar fields by iteratively updating the distribution of the underlying non-Gaussian K-L random variables
[19,20]. However, the most significant challenge to generalize the method for simulating cross-correlated fields is
that the KL expansion cannot expand the cross-correlated fields into consistent expansions in a straightforward
manner, and one has to assume that the cross-correlated fields share the same auto-correlation structure and that the
cross-correlation structure can be simplified as a cross-correlation coefficient, such as those by Vorechovsky [21].
Although such assumptions facilitate the eigen-decomposition of the correlation structure, undesired spurious cross-
correlation may arise among cross-correlated random fields. In order to obviate these limitations, the cross-correlation
structure was further represented in terms of correlated random variables in [22]. Nevertheless, the extension of the
method to non-Gaussian fields is not straightforward. For this line of approach to be successful in practice, it is crucial
to have a general-purpose and highly effective scheme for the simulation of cross-correlated random fields with
arbitrary correlation structures.

The goal of the present paper is to develop a conceptually simple methodology for the simulation of non-
Gaussian and non-stationary cross-correlated random fields with arbitrary correlation structures and marginal
distributions. In order to circumvent the difficulties in representing correlation structures encountered in KL
expansion, a general stochastic expansion scheme is firstly presented to represent the cross-correlated random fields,
in which the fields are expanded in terms of a complete set of deterministic basis functions with corresponding
random coefficients. By virtue of a significant property of the presented expansion, i.e., multiple random fields can
be expanded under an identical set of random variables, both auto-covariances and cross-covariances among all
components of the fields can be simultaneously reflected. A finite element discretization scheme is subsequently
developed to further approximate the fields, so that the spectral decomposition might be readily utilized on the
resulting discretized covariance matrix of the fields. By further coupling with a dimension reduction technique, the
sets of deterministic functions associated with each component of the fields, together with the optimal number of
these functions, can be straightforwardly determined. For Gaussian cross-correlated field, uncorrelated random
coefficients are Gaussian and thereby can be completely determined by the first two order statistics. However, such
simplification does not exist in general non-Gaussian fields. For non-Gaussian cross-correlated fields, an iterative
mapping procedure is developed to fit the non-Gaussian marginal distribution of all components. In this manner, the
target fields can be synthesized on the basis of the set of obtained deterministic functions and the corresponding
random variables. The developed methodology thereby offers a unified framework for simulating non-Gaussian
cross-correlated random fields with arbitrary covariance functions, which need not be stationary. In addition, the
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developed methodology is further generalized to a consistent framework for the simulation of multi-dimensional
random fields.

The rest of this paper is organized as follows: the present non-Gaussian KL expansion for scalar non-Gaussian
fields is firstly introduced in Section 2. The developed methodology for simulating non-Gaussian and non-stationary
cross-correlated random fields is described in Section 3, followed by the extension of the method for the simulation
of multi-dimensional random fields in Section 4. Five illustrative examples are finally given in Section 5 to
demonstrate the application of the developed method.

2. Non-Gaussian Karhunen-Loeve expansion for scalar random fields

The KL expansion is a series expansion method for the representation of the random fields [23,24]. The
expansion is based on a spectral decomposition of the covariance function of the field [1]. It states that a second-
order field W(x), which is indexed on a bounded domain D, can be approximated by the following truncated KL
series

DIANBE o
where W(x)is the mean function of the field, M is the number of terms of KL series, {§n} is a set of uncorrelated

random variables with zero mean and unit variance given by

£, :ﬁuw(x)_

A,and f_ (x)are the eigenvalues and eigenfunctions of the covariance function C(x,, x, ) of the field, obtained from

x) ] £, (x)dx )

solving the following homogeneous Fredholm integral equation of the second kind:

JDC(xl,xz)fn(xl)dxlz/infn(xz) ©)
the solution of which can be determined numerically for problems of practical interests [25]. It is known that, for
fixed M , the resulting random field approximation W( x) is optimal among series expansion methods with respect to
the global mean square error [1].

If the field W(x) is Gaussian, then {§n} are independent standard Gaussian random variables. But for non-
Gaussian field, {§n} are generally non-Gaussian and, in order to determine their distributions, Eq.(2) must be solved.
The integrand in Eq.(2) is obviously unknown thus requiring iterative method to compute these unknown KL
distributions. The most used iteration algorithm, which has been proven effective in many applications, is briefly
summarized as follows. Details can be found in [19,20].

Step 1: Generate N sample functions of the non-Gaussian field using the truncated KL expansion as
M
W(x6,)=W(x)+> J2 f,(x)&¥(6,), m=1-N 4)
n=1

where Kk is the iteration number and m is the sample number, and then estimate the simulated covariance and marginal
CDF as

C¥ (3, ) = D[ (3%,6,) (%) [ (x,,0,) () | ©

and
N

"(y/x)= Z [ (x,6,) <] (6)

m=.

where y indicates the value of the empirical distribution function for a non-Gaussian realization, and ]I(A) is the
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indicator function for event A, having the value 1 if event A occurs and the value 0 otherwise. The simulated marginal
CDFF (-/x), which is the probability distribution ofW(x)evaIuated at a specific point X, does not necessarily agree
with the target marginal CDF.

Step 2: Transform each sample function to match the target marginal cumulative distribution F

" (x6,)= F-lﬁ(k)[v“v(k)(x,@m )], m=1-- N 0

and update the next generation of random variables §n("*1) (0)as
4 1 _
gl (Hm):ﬁj.in(k) (x,6,) i7" (x)] f,(x)dx 8

where 7% (x) is the mean of ) (x,6). Since & (#)is a zero mean vector by virtue of Eq.(8), one needs to
standardize §r§k*l)(¢9) to unit variance [19]. In [20], a Latin hypercube orthogonalization technique was further

employed to reduce the product-moment correlations between grﬁ"”) (9).

Step 3: Repeat step 1 and 2 until the sample functions of the field achieved the target marginal CDF.

In the non-Gaussian KL expansion algorithm, the target covariance function is maintained, while the probability
distributions of KL random variables are updated iteratively. It has been shown that good results can be achieved
when simulating highly skewed non-Gaussian random fields with the method [20].

3. Simulation of non-Gaussian and non-stationary cross-correlated random fields

Consider a cross-correlated random fields @ (x) with a set of components @, (x,),i=12,---,n, the auto/cross

correlation structures between the fields m(x):{a)l(xl),---,a)

n

(x,)} are defined by its n(n+1)/2 covariance
functions

Cij(xiyxj)zE[a’i(xi)a’j(Xj)]’ i j=12-n )
where quantity C;; (X, X;,) in Eq.(9) is the auto-covariance of field @, (x; ) . It is known that, if components of ®(x)
are mutually independent, the KL expansion can be readily applied, leading to multiple series which can be

constructed separately, i.e.,

wi(xi)zi\/f,jfij(xi);. (10)

j=1
where &; are uncorrelated random variables with zero means and unit variances, and 4; and f; (x) are the eigenvalues
and eigenfunctions of the covariance function C;; (x,, x, ) of component, (X; ), respectively, obtained from solving
homogenous Fredholm integral equation. The eigenfunctions f; (x) form a complete orthogonal set of basis functions
for the random field @, (xi ) . The importance of KL expansion stems from its optimality in the sense that, it minimizes
the total mean-square error. The reduction of a number of expansion terms from such a truncation has a significant
impact on the computational demand for probabilistic investigations. Despite its theoretical importance, the KL
expansion works only for a random field or ensembles of statistically independent random fields. Its generalization
to cross-correlated random fields is not straightforward because practical difficulties arise in the representation of
correlation structures of the fields due to its bi-orthogonal property. The inherent reason is that the sets of variables
{(;j } and {gkj } are statistically independent wheni = k , and hence the autocorrelation as well as the cross-covariances
can not be simultaneously reflected. In this context, new stochastic expansion scheme needs to be developed to

circumvent the difficulties in simultaneously representing the auto- and cross-correlation of the fields.
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3.1. General stochastic expansion of cross-correlated random fields
For a zero mean random field a;(x) , We construct a new stochastic expansion under general form

:Z::gi (X)77i (11)

where g, (x) = E[ @(x)7, |, and{g, (x)} are a set of complete deterministic functions, and 7, are a set of uncorrelated
random varlables with mean and covariance function given by

E[n]=0, B[nn,]=3, (12)
where ¢ is the Kronecker-delta function. Note that the set of deterministic functions g; (x) are not orthogonal nor
normalized. Unlike the KL expansion, the representation ofa;(x) in the context of the presented stochastic expansion
is not unique because there is no orthogonal constraint imposed on the set of deterministic functions g, (x) in Eq.(11).
This distinctive property makes it possible to represent multiple random fields in terms of an identical set of
uncorrelated random variables, which will be quite preferable in the simulation of cross-correlated random fields. As

a direct consequence of the presented stochastic expansion, covariance function C (x,, X, ) of the field w(x) yields

=E ig. 77.29
iig. XZ)E[Uiﬂj]=ggi(X1)9 (Xz)

i=1 j=1

(13)

For practical implementation, the representation ofw(x) can be obtained by truncating the presented expansion
in Eq.(11) at the M-th term:

&(x) =29 (¥ (14)
and the covariance function corresponding to the truncated series are
M
=26 (%) (%) (15)
i=1
We note that the convergence of the truncated expansion in Eq.(14) has to be affirmed so that the general stochastic
expansion could be a rational candidate in practice. The prove of the convergence can be found in Appendix.
By means of the presented general stochastic expansion, each component of the cross-correlated random field
o(x) is approximated by
o (%)=2.9;(x)n;,(i=1...n) (16)
j=1

with the resulting auto-covariance functions and cross-correlation functions given by
Ci (Xil’ Xiz ) = E[a)i (Xil)wi (XiZ )]

=E|:igij(Xil)njigik(xiz)nk 17)

j=1
0

= ~ gij (Xil)gij (Xz)

and
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Cy (%%) = E[“’i (%), (x, )]
E{igik(xi)nkigjl(xj)nl} (18)

k=1 1=1

:Zgik(xi)gjk (Xj)
k=1
As a direct consequence of Eq.(17), the auto-correlation structures of components of a cross-correlated field can be

different from each other, thus the assumption that cross-correlated fields has to share the same auto-correlation
structure in [21] is no longer needed. Correspondingly, truncated versions of such representations have the form

3(4)= 38, ()1,:(i=1...n) (19)
éii(Xil’XiZ):igij(xil)gij(Xiz) (20)

AN

=z

Co (%% )= 28 (%) 8y (x)) (21)

k=1
where N is the number of expansion term which is related to the approximation accuracy. To this point, the simulation
of field c)(x) is converted to the determination of sets of deterministic functions g; (x;) and the corresponding random
variables 77;in Eq.(19) such that covariance in Eqgs.(20) and (21) could match the target one. Since all components
of the cross-correlated random fields c)(x) share an identical set of random variables, it becomes feasible to
simultaneously represent all correlation structure of the fields, and also, it is natural to firstly determine the sets of

functions g; (x; ) associated with each component of fieldsm(x) , and then the set of variables 7; in practice.
3.2. Finite element discretization of cross-correlated random fields

It is known that, even in the most used KL expansion, the set of deterministic functions are difficult to solve
analytically except for a few covariance functions defined on domains D of simple geometric shape. By relaxing the
orthogonality restriction in the presented stochastic expansion, the determination of such functions is more

challenging. In order to overcome this obstacle, we approximate g; () in terms of a set of basis functions N, (X, ) :

gij(xi):igijka(Xi) (22)

where {gijk }::1 are a set of coefficients to be determined, and N, (x) is selected as shape functions in the finite element
discretization of domain D, typically piecewise linear polynomial, having the property N, (XI ) =0, . The advantage
behind this choice is that the resulting approximation in Eq.(22) can be readily embedded into the framework of

commonly used shape function discretization scheme. By direct application of Eq.(22), each component of the cross-

correlated random fields, @, (X;) , is further written as

a)(Xi ) = iigijka (Xi )771'

=1 k=1

(23)

=z

N

ON, (%)W,

k=1

=
I

1

N
wherew, =" g7, is referred to the k-th nodal random variable of component (x). The truncated version of
j=1

Eq.(23) accordingly yields
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(%)= SN, (3 Vi, (24)

where the approximated nodal random variable becomesw,, = > gy;» and N is the number of truncation terms.
j=1

Obviously, Eq.(23) discretizes the continuous random field o, (xi ) over each finite element mesh by a combination
of the element shape functions and of the nodal random variables representing the random field at the nodes of the

mesh, leading to a nodal random vector W, ={Wik}::;1 . After approximating all components ofm(x) in the same
manner, a discretized version of the cross-correlated random fields is obtained as

W={W1,---Wn} (25)
whose covariance matrix is given by
Cy= E[VViWi ] = |:Cij (Xi i X )}NixNj

(I<i<ij<n)

(26)

where covariance matrix C; (x;, X;) with dimension N; x N is the discretized version of covariance function of the
field c)(x). We emphasize that accuracy of the approximation in both W and C;; depends on the discretization of
domain D from finite element mesh, as shown in Eq.(22). Although adaptive discretization procedure based on
iterative mesh refinement, as well as the choice of high-order shape functions can lead to a more accurate
approximation, the application of such techniques is outside the scope of this paper.

It can directly been seen that, with the aid of the finite element discretization scheme in Eq.(25), the problem is

N; . . . .
further converted to the determination of sets of coefficients{gijk}k_1 such that the discretized covariance matrix in
Eq.(26) could match the target covariance. To this end, we assemble all covariance matrices C; (I<i<j< n) of
order N; x N into matrix C , which defines the correlation structure among all components of cross-correlated random

fieldo(x),

Cll ClZ C:1n
CZl CZZ C2n

c=| S @7)
c, C, o

where elements C; are defined in Eq.(26). Note that dimension of covariance matrix C is thus Px P , where

n

P= Z N, . By definition, covariance matrix is bounded and non-negative definite. Then, matrix C has the spectral
i=1

decomposition

C=TAT (28)

where A and T are eigenvalue and eigenvector matrices of C, respectively, obtaining from the solution of matrix
eigenvalue problem. As a direct consequence of the spectral decomposition in Eq.(28), we have G = AY*T , where

matrix G is assembled by the sets of g;, (1<i<n,1< j<P,1<k <N,)as

Nl NI Nn
—— ——

O - gan A TR gilNi G o gnan
G= : : : (29)
Oy glPNl Qe glPNi  Oopy

gnPNn



238
239
240
241
242
243
244
245
246
247

248

249

250
251
252

253

254
255
256
257

258
259

260

261

262

263
264
265
266

In this way, the sets of unknown coefficients g;, associated with each component of cross-correlated random filed
c)(x) can be determined in a quite straightforward manner.

Note that the number of random variables retained in the stochastic expansion dominates the computational
demand in the simulation of cross-correlated random fields, and more importantly in subsequent probabilistic
investigation, i.e., stochastic finite element analysis. Although a larger value of N implies a better representation of
field c)(x) , the computational effort in the discretization phase and the subsequent stochastic analysis may increase
prohibitively. Therefore, the value of N in Eq.(29) should be carefully chosen such that the discretized field W in
Eq.(25) achieves sufficient approximation accuracy with the number of N as small as possible. By ordering the
eigenvalues in matrix A according to their magnitude, and accordingly adjusting the order of columns in matrix T ,

eigenvalue matrix A and eigenvector matrix T can be partitioned under the form:

AN T=[ 5 30
") el ®

which will be used for dimension reduction in the simulation of cross-correlated random fields. By Eq.(30), spectral
decomposition of matrix C in Eq.(28) is further written as
C=T/AT + T,A,T, (31)
with the property
trace(C) =trace(T, A,T, ) + trace(T; A,T,)
=trace(A, ) +trace(A,) (32)

N P
=2 At DA
i=1 i=N+1

where A,i=1,..,Nand 4,i=N +1,...,Pare elements of matrices A,and A, , respectively, ordering in a descending
manner 4, >4, >...2 4, . Since the largest eigenvalues and their corresponding eigenvectors dominate the
decomposition, the second part of the right side of Eq.(31) can be neglected in practical implementation, and the
approximate spectral decomposition of the assembled discretized covariance C reduces to

C~C=T/AT,=G" G (33)

where G = AY?T, is an N x P matrix assembled by the sets of Oy (1<i<nl<j<N,I<k<N;)as
N, N N

O - gllNl SR ¢ TR gilNi O gnan
G= : : : (34)
One o 91NN1 O glNN, 0 O gnNNn

Thus, the proper choice of value N can be achieved according the target approximation accuracy, for example,
T

% >0.95 (35)

Obviously, by retaining dominant components in the above decomposition, a large amount of computer memory can

be saved at a given level of approximation accuracy. With the above-developed dimension reduction technique, the

sets of coefficients g, , as well as the optimal number of these coefficients, can be determined to represent all

components of the discretized cross-correlated random field in Eq.(25).
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3.3. Iteration algorithm for non-Gaussian cross-correlated fields simulation

Once having the deterministic part in Eq.(23) solved, approximation accuracy of the field c)(x) depends solely
on the quality of the set of random variables {77;} . If the cross-correlated random fields are Gaussian, the set of {77,- }
are independent standard Gaussian random variables. However, if the field o(x) is non-Gaussian distributed,
distributions of variables {77,-} are unknown a prior, and numerical algorithms have to be developed to approximate
these variables. In the context of the above developed methodology, the procedure for determining non-Gaussian KL
variables for a random field in [19,20] is further extended to determine non-Gaussian {qj} in cross-correlated fields.
By virtue of the property that all components of field m(x) share a set of same random variables, an effective iterative

algorithm for digitally generation of random realizations of{nj} in Eq.(23) is developed as follows:
Step 1: Generate a total of M samples of P-dimensional non-Gaussian random vectors W = [Wl,Wz,-u, w ]T ,
whose elements are calculated as

zgljkn(l) l m=1,2,"',M (36)

wherel is the iteration number, and m is the sample number.
Step 2: Estimate the simulated covariance matrix and marginal cumulative distribution functions (CDF) as

N nT \ 0 nT T
an _ W ()W (9) - WO (9)uU™W (9) an
M -1 M (M —1)

and

O (y|x)= ZH( <y) i=1,2,--n (38)

where U is a M-dimensional vector whose entries are all one, y indicates the value of empirical distribution function
for a non-Gaussian realization, and I(-)is the indicator function, having the valuelif event occurs and the value 0

otherwise. We note that the simulated marginal CDF does not necessarily agree with the target one.
Step 3: Transform each sample function to match the target marginal cumulative distribution F, (i =12, n)

" (0,)=F R W (0,)] (39)
m Zl,,M,I =1---,n

and update the next generation of random variables 772'*1) (0)as

— T
7 (6,)=[8"(6,)-8"] g, (40)
where g, is a P-dimensional vector with the form

N, N N, U

i
—_—t —_——N —_——t

9= % - gle1 O gijNi O gann (41)

Step 4: Steps 1 through 3 are repeated until the sample functions of the field achieve the target marginal CDF.
It is important to noted that, in step 3, the following relation

Y 12771 0,) > B[y, )=, (42)

holds for arbitrary two random variables ;and 7, . This means that uncorrelated random realizations of variables
772') () can be obtained only for an infinite number of sample size M , and correlation among variables 772” (6) would

arise with an finite M , which is the common case in practice. In order to overcome this difficulty, the rank
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orthogonalization scheme developed in [20] is further utilized in this step to reduce the product-moment correlation.
According to our experience, a sufficient small correlation coefficient may lead to convergence of the simulated
covariance matrix. It will be shown that, with the presented non-Gaussian iteration algorithm, cross-correlated
random fields that deviate significantly from the Gaussian case can be handled efficiently just by maintaining target
covariance of the fields, and by updating the probability distribution of random variables {77,- } iteratively.

The resulting procedure for the simulation of cross-correlated random fields is summarized in Algorithm 1,
which includes the determination of sets of deterministic functions associated with each component of the field from
step 1 to step 6, and the estimation of set of random variables shared by all components of the field from step 7 to
step 12. Specifically, the developed algorithm starts from the general stochastic expansion of the cross-correlated
random fields in step 1, followed by the finite element discretization of the resulting fields in step 2. By
implementing spectral decomposition on the assembled discretized covariance matrix in step 3 and 4, and by further
coupling with a dimension technique in step 5, the sets of coefficients g;, can be straightforwardly obtained in step
6. Note that the optimal number of coefficients g;, obtained in step 5 has significant importance for the subsequent
stochastic analysis because great amount of computational demand can be saved. After having the deterministic
coefficients g, determined, the corresponding random variables {77;} are iteratively estimated from generating
samples of non-Gaussian random vector in step 8. By estimating the covariance and marginal CDF from the generated
samples in step 9, all samples are then transformed to match the target marginal CDF so that the random variables
can be further updated to fit the non-Gaussian CDF in step 10. By repeating step 8 through step 10 until the
convergence in step 11 achieved, the set of random variables {;7 ; } can thus be iteratively determined to fit the non-
Gaussian marginal distribution of all components in the cross-correlated random fields. Once having all the
deterministic coefficients g, and the corresponding random variables {77 j} determined, the target cross-correlated
random fields can thus be represented in step 13. Since there is no requirement imposed on types of covariances, the

presented algorithm is applicable for the simulation of non-stationary fields.

Algorithm 1 Algorithm for simulating non-Gaussian and non-stationary cross-correlated random fields

1:  General stochastic expansion of fields @ (x) by Eq.(16).

Finite element discretization from e (x) to W by Eq.(23).

Calculate the discretized covariance matrix C;; by Eq.(26).

Spectral decomposition of covariance matrix C by Eq.(28).

Dimension reduction of g;; (x) by Eq.(31) to Eq.(33).

Determine g, in Eq.(34).

Repeat

Generate non-Gaussian random vector VAV(I) (0) by Eq.(36).

Calculate covariance G and marginal CDFs F" by Eq.(37) and Eq.(38).

Transform random samples to match target marginal CDFs F, by Eq.(39), and update """ (6’) by Eq.(40).

]

[
L

Employ rank orthogonalization scheme to reduce correlations of {' ™ (8),(j =1,2,---,N).

until [C-&"7|<[e]:Fe - |

[y
N
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13:  Simulate cross-correlated random fields o (x) by Eq.(24).

As mentioned above, relaxing the orthogonality of deterministic function g; (xi ) leads to the non-uniqueness of
the presented general stochastic expansion in Eq.(19), and thereby enables to simultaneously represent the auto- and
cross-correlations of all components of cross-correlated random fields. However, the optimal convergence in mean-
square sense can not be achieved due to the nonorthogonality of g (xi ) , that is, more terms N have to be retained in
Eq.(19) to reach a specified accuracy when compared with that in conventional KL expansion. The convergence of
general stochastic expansion of all components o, (xi ),i =1,---,ndepends on the property of covariance matrix C in
Eq.(27). If the decay of eigenvalues of matrix C is fast, a reasonable approximation can be achieved with only a small
value of N, while for matrix C with slowly decaying eigenvalues, for example, cross-correlated fields with wide-
banded evolutionary spectral density function, more terms are required for satisfied accuracy. It is also worth
mentioning that the total number of discretized nodes in the finite element discretization of the field, i.e., value of P,
influence the approximation accuracy of Algorithm 1. Although large values of P may lead to a better representation
of cross-correlated random fields, the computational cost of developed method will increase prohibitively, because
the spectral decomposition of resulting assembled discretized covariance matrix C in Eq.(27) can be quite challenging
due to the enormous memory and computational resources required. In this case, the state of the art numerical
strategies, such as hierarchical matrix technique for large eigenvalue problems in Eq.(33) and higher-order
polynomial based Ritz-Galerkin approach for approximating deterministic function g; (x, ) [26,27], can be introduced
to enhance the computational efficiency. In addition, adaptive mesh refinement technique with an error estimator can
be further embedded into the developed framework for large-scale engineering problems with different precision

requirement [28].
4. Extension to the simulation of multi-dimensional random fields

In engineering applications, many environmental loads need to be modeled as multi-dimensional random fields
to consider spatially correlated vector time histories of motion occurring simultaneously at different locations. Since
there exists an intrinsic relationship between the multi-dimensional fields and cross-correlated fields, as mentioned
in [30], we further extend our method to a consistent framework for the simulation of multi-dimensional random

fields in this section.

yn

X X X; Xy X
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Fig.1. Relationship between domain D, ij and D

We will conceptually present our method from a two-dimensional random field, and then generalize the method
to a multi-dimensional case. Consider a two-dimensional random field a)(x, y) indexed on a bounded domain D, as
shown in Fig.1. Without loss of generality, we assume that the field has a zero mean and a finite covariance function
C (X, %Y, Y, ), which is bounded for all x,y € D . It is known that the KL expansion of the field @(x, y)is written
as

o(xy) =37 1 (xY)& (43)
where the eigenvalues {ﬂ,,}iil and eigenfunctions{fi ()Fly))m=1 are the solution of the following multi-dimensional

Fredholm integral equation:
[ COu Y% ¥,) i (%, v, ) dxdly, = 4 (%, 1,) (44)

Since it is generally not feasible to obtain the numerical solution of the Fredholm integral multi-dimensional
eigenvalue problem, the KL expansion mostly applied in the simulation of one-dimensional random field in the last
few years.

In order to overcome this difficulty, we firstly define a sub-domain D, e D by fixing a coordinate x; on x-axis,
such that the two-dimensional field w(x, y ) could be reduced to a one-dimensional random field &(x,, y)fory € D, .
Similarly, the two-dimensional field a)(x, y) can be further converted to a set of one-dimensional fields a;(xj , y)for

yeD, by fixing corresponding coordinates X; on x-axis. In this manner, the original two-dimensional random field
a)(x, y) can be discretized to a cross-correlated random fields

o(x,y) < {o(X,y) - o(X,y)., - o(X. ) (45)
whose components are a set of discretized one-dimensional random fields. Obviously, with the increasing of the
number of discretized coordinates X, , the resulting cross-correlated random fields better represent the two-
dimensional random field a)(x, y) . The second-order correlations between arbitrary two components of the produced

cross-correlated fields, i.e., »(x,y)and (x;, y), are defined by
C, (yl,yz)zE[a)(xi,yl)w(xi,yz)]
C,, (Y ¥2) =E[0(x;, ¥ )0(%.,) ] (46)
Coy (12) =E[@(x, 1) 0(X,..) |

Once the two-dimensional field a)(x, y) is converted to the cross-correlated random field as defined in Eq.(45) and
Eq.(46), Algorithm 1 presented in Section 3 can be readily employed for simulating a)(x, y).

The above method can be straightforwardly extended for the simulation of a multi-dimensional random field,
which is summarized in Algorithm 2. Suppose a)(x1 xn) is an n-dimensional random field indexed on a bounded
domain D . By application of the above procedure, the original n-dimensional random field w(xixn) is firstly
converted to a cross-correlated random field whose components are a set of (n-1)-dimensional random fields
(X, X, ) FOr (X,,...,X,) € D, ,where D, isasub-domain of D. Itis seen that dimension of the field is reduced by
one in this round of discretization process. Next, each obtained (n-1)-dimensional componenta;(x1i xn) is further
converted to a new cross-correlated random field whose components are a set of (n-2)-dimensional random fields
a)(x1i s Xgjeee X ) for (x,,...,x,) € sz,. , Where DXZJ_ is a sub-domain of DXli . Obviously, the dimension is further reduced
by one after this round of discretization process. By further repeating the above dimension reduction process until

the cross-correlated random field with a set of one-dimensional components is obtained, Algorithm 1 is then readily
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utilized to simulate the resulting cross-correlated random field. It can be deduced that, by multiple application of the
method presented in Section 3, the sets of intermediate cross-correlated random fields and thereby the original n-

dimensional random field &(x,, .., X, ) can be successively simulated in a consistent framework.

Algorithm 2 A unified framework for simulating multi-dimensional random fields
1. DefineW=y

2: For ii=1ltoN, do
3 For i,=1to N, do
4:
5 For i,=1toN; do
6 W= Wuo(x,, X, |
7 end for
8:
9: end for
10: end for

11:  Simulate W by using step 3 to step 12 in Algorithm 1.
12:  Approximate multi-dimensional field &(x,,---, X, ) by W .

5. Numerical examples

Five illustrative examples demonstrating the application of the proposed method to the synthesis of non-
Gaussian and non-stationary cross-correlated random fields, as well as the multi-dimensional random fields, are
presented in this section. The first two demonstrate the applicability of the method to stationary cross-correlated
random field whose components possess different correlation structures. In the former, the marginal distribution of
components of the field are weakly non-Gaussian, while the latter considers a highly non-Gaussian case. These two
examples are deliberately chosen to represent the approximate range of non-Gaussian characteristics that are typically
met in real-world problems. The third example shows the application to a non-stationary and strongly non-Gaussian
cross-correlated random fields. We note that existing KL-based methods, e.g. [21,22], are incapable of simulating
these three non-Gaussian cross-correlated fields. In example 4, a two-dimensional random field is used to
conceptually illustrate the extension of the developed method in the simulation of a multi-dimensional random field.
In the last example, a spatially varying non-Gaussian and nonstationary seismic ground motions is investigated to
illustrate the application of proposed method in engineering practice. In all examples, the number of discretized nodes
in the finite element discretization of each component of the field is chosen as 100, and the number of expansion
terms is chosenas N =10, if not mentioned. In addition, the sample size M for the generation of non-Gaussian random
variables is adopted as10* . To implement, all computer programs have been run on a notepad (core i5-6300HQ CPU
and 16GB RAM).
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5.1. Stationary and weakly non-Gaussian cross-correlated random field with same marginal
distribution

In practical engineering implementations, random fields characterized by covariance kernels decaying
exponentially is commonly encountered. Unfortunately, this type of covariance kernel has low efficiency with respect
to the KL expansion of random fields. In addition, the exponential kernel is not differentiable at its origin, which is
not necessarily dictated in experimental data. Therefore, in this section the modified exponential covariance kernel
exhibiting enhanced computational efficiency is chosen as auto-correlations of the cross-correlated field [29].

Consider a zero-mean cross-correlated random field ® = {a)(x)w(y)} . The covariance function of component

o(x) is given by
Coe (X, %)= gt (1+ dlx - x2|), X € [Oﬂ (47)

where d is a parameter that is used to adjust the distance |, — x,| of null correlation between (X, )and (X, ) . In this
example, d is adopted as two. The marginal non-Gaussian CDF ofa)(x) is Beta distributed, with the CDF given by
I'(p+q
F (xp.g) =2 r ) [
r(p)r(a)
where U = (X = X, )/(Xpex = Xmin ) With upper and lower bounds x,,, and x

Rl (1-2)""dz (48)

0

and the I"(-) is the Gamma function. The
distribution parameters are chosen as p =4 and q = 2 so that the mean is zero and the variance is one. Note that the

realizations of this distribution are bounded between X, =—-3.74and X, =1.87 . According to [19,20], the target
Beta distribution is considered as weakly non-Gaussian and the correlation distortion of this Beta distribution is small.
Another component of the field, a)(y) is a stationary random field with modified exponential covariance given by

max !

C,, (%, %) =€ (1+4]x - x,|), % <[0]] (49)
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Fig.4. Exact correlations, simulated results and absolute error. (Top: C,, (x;,X, ) ; middle: C,, (Y1.,) ; bottom: Cy (x,¥).)

= -simulated = =simulated //
¢ —target | 91 | —target /

(a). Marginal CDF of @(x)(x =0.25) (b). Marginal CDF of &(y)(y =0.5)
Fig. 5. Exact and simulated marginal CDFs of cross-correlated field o .
The marginal non-Gaussian CDF ofco(y) is also Beta distributed, with distribution parameters the same as those in

o(x) . Cross-covariance of the two components, @(x) and @(y), is given by

Co (x0%;) =4 (14 2] -1 (1+ 4]y -1) (50)
where x, €[0,3/2], y; €[0,1].

Fig.2 and Fig.3 describe the first ten deterministic functions g, (x)and g; (y) associated with the stochastic
expansion of a)(x) and a;(y) , respectively. The exact auto-covariance and cross-covariance, the approximated
covariances, and the associated errors are shown in Fig.4. It is seen that the approximations of both auto-covariance
and cross-covariance agree well with the exact ones although the two components of @ have the different correlation
structure and the different correlation length.

The program converges after two iterations, which only needs 0.48s. Fig.5a and Fig.5b further compare the exact
and the approximated marginal CDFs for both components of @ at x=0.25and y = 0.5, respectively. It is found that
the approximated marginal CDFs are in good accordance with the exact ones for both &(x) and e(y), illustrating the
proposed method could accurately simulate the weakly non-Gaussian cross-correlated fields. No wonder, with the
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increase of the values of N and P, the approximation accuracy can be further improved.
5.2. Stationary and strongly non-Gaussian cross-correlated random field with different marginal

distributions

The second example considers a zero-mean cross-correlated random field & = {@(x), ('y)} . The covariance function

of component w(x) is given by

Cxx (Xi’ X2)=(1—|X1 - X2|)’ X = [0'1]

(51)

The marginal non-Gaussian CDF ofa)(x) is shifted exponential distributed, with the CDF given by

Ci(z1, 2)

Cylun, y2)

Coyl, u)

Ol x2)

Cylun.uz)

£

3 4 5

(a). Marginal CDF of o(x)(x=0.5)
Fig. 7. Exact and simulated marginal CDFs of cross-correlated field o .
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(b). Marginal CDF of &(y)(y =0.5)

(52)
0
A
1 (53)
/12

In this example, the distribution parameters A =1and u =—1are selected to produce zero mean and unit variance.
Another component, a)(y) is described by the following exponential covariance kernel
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C, (Y y,) =",y =[0,1] (54)
The marginal non-Gaussian CDF ofw(y) is selected as shifted lognormal distribution, whose CDF is given by

F(X;,u,a,é')zcb[w) (55)
O
with mean and variance
Hy :5+exp£y+a—2)
2 (56)
ol =exp(2u+0° )[exp(a2 ) —1]
Distribution parameters 4 =0.7707, 0 =1and § = 0.7628 are selected such that the non-Gaussian CDF has zero mean
and unit variance. According to [19,20], the distribution function of both shifted exponential distribution and shifted
lognormal distribution deviate significantly from the Gaussian case, and thus can be considered as strongly non-
Gaussian. Cross-correlation between (x) and (y) is defined by
C,(xy)= g v (l— |x —]4) (x,y)e[0,1]x[0,1] (57)
The program converges after four iterations, which only needs 1.02s. The exact covariances, the approximated
covariances, and the associated errors are compared in Fig.6. Similar observations can be found as Example 1, the
approximations of both auto-covariance and cross-covariance generally agree well with the exact ones, illustrating
the effectiveness of the proposed method in the representation of correlation structures for cross-correlated random
field . Fig.7 depicts the exact and the approximated marginal CDFs for both components of @ at x =0.5and y = 0.5,
respectively. Similar as the results in Example 1, the approximated marginal CDFs once again achieve very good
match with the exact ones even for strongly non-Gaussian marginal distributions. Results of the above-two examples
indicate the success of the proposed method in the simulation of strongly non-Gaussian cross-correlated fields with
different marginal distributions.

error

error
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error

v T

Fig.8. Exact correlations, simulated results and absolute errors.(Top: C,, (X, X, ) ; middle: C,, (y,,Y,) ; bottom: C, (X, Y) )
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Fig. 9. Exact and simulated marginal CDFs of cross-correlated field o .

5.3. Non-stationary and strongly non-Gaussian cross-correlated field
In order to further examine the capacity of the proposed method in dealing with non-stationary cross-correlated

random fields, which is the common case in practice, the third example considers a zero-mean cross-correlated
random field o = {a)(x)a)(y)} . Covariance functions of both components of the field are given by
Cu (X, %,)=0.5min(x,X,), X =[0,1] (58)

and
Cy (Yur¥z)=min(y.,y,), ¥ =[01] (59)
Cross-correlation between two components of the field, &(x) and &(y), is defined by
C,, =min (0.5x,y), (xy)e[01]x[0,1] (60)
::Z- simulatec ’t U::- —.- .»-Hr.luhrfrr‘{ o
y —target ‘,' |

[ 0.1 02 02 04
r

Fig.10. Exact variance v.s. simulated variance of cross-correlated field @ . Left: o(x) . Right: o(y).
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y L
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Fig.11. Description of example 4: L-shaped spatial domain Q
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Since both auto-covariances and cross-covariance are of the type of Wiener-Levy fields, this example can be used to

investigate the performance for simulating a non-stationary cross-correlated field. The marginal non-Gaussian CDF
of &(x) is shifted log-normal distributed, with the CDF given by

F(X;,u,a,é‘):q)(

'“(y—f?(X))—#(X)] 1)

o

where the shape parameter o is chosen to be one, the scaling parameter and the position parameter are respectively

chosen as u(x) = % In(0.5x) —0.7707 and 5 (x) = +/0.291x , so that the target mean of the distribution is zero, i.e.,
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Fig.12. The first nine approximated eigenfunctions of K(x, y) .
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02
Uy =0 +exp ,u+7 =0 (62)
In such a case, the target variance of the distribution becomes
1 1
ol =exp(2y+az)[exp(az)—1]=ECXX(x,x)=§x (63)

The marginal CDF ofco(y) is also shifted log-normal distributed, with the distribution parameters given by
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o=1
y(y):%ln(y)—OJ?O? (64)

5(y)=+/0.582y
Thus the target mean of the distribution is zero, and the target variance can be obtained as
ol =exp(2,u+az)[exp(az)—l]=Cw(y, y)=y (65)
The program converges after five iterations, which only needs 1.57s. The exact covariances, the approximated
covariances, and the associated errors are compared in Fig.8. Although the approximation accuracy is not as good as
that in the stationary cases (i.e., results in Example 1 and 2), quality of the approximation is sufficient for simulating
non-stationary covariance kernels in practice. If higher accuracy is desired, one can increase the number of N and P
in the stochastic expansion. Fig.9 shows the exact and the approximated marginal CDFs for both components of ® at
x=0.5and y =0.5, respectively. Again, the approximated marginal CDFs are in good accordance with the exact
ones for strongly non-Gaussian marginal distributions. Since variance of the marginal CDF depends on its argument
in a non-stationary case, we further compare the exact variance and the approximate one of marginal CDF of the two
components in Fig.10, respectively. It can be found that there is a small deviation between the approximated variance
and the exact one for both cases. Nevertheless, the approximation accuracy is satisfactory for the whole distribution,
demonstrating the high accuracy of the proposed method in the simulation of non-stationary and strongly non-
Gaussian cross-correlated random fields.

—target

== simulated

Fig.14. Target CDF v.s. simulated CDF (x=0.4,y =0.7).

5.4. A two-dimensional random field with exponential covariance

In this example, a two-dimensional random field is considered to illustrate the extension of the proposed method
in the simulation of a multi-dimensional random fields by conceptually establishing the relation between cross-
correlated field and multi-dimensional field. We note that this field can also be directly discretized by combining
two-dimensional shape functions with corresponding nodal random vector. Consider a classical stationary heat
diffusion problem defined on a L-shaped spatial domain Q (see Fig.11). Volumic heat source is imposed onQ . The
conductivity parameter x is modeled as a two-dimensional random field K(X, y) with the exponential covariance

given by

(% —%,) :Z(yl—yz)} )

C (X Xy ¥ yz)=e><p[—

where L =0.5 for(X;, y;) € Q. The marginal CDF of «(X, y) is Gamma distributed, with the CDF given by
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a-1,-2/p

F(X;a,,ﬁ’)zj.xz ¢

. —dﬂ“l“(a) z (67)

where distribution parameters are selected asa =4, and f = 0.5, and symbol I" denotes the Gamma function.

As described in Algorithm 2, the proposed method needs to convert a n-dimensional random field to a cross-
correlated random field whose components are a set of (n-1)-dimensional random fields. In this example, the 2-
dimensional conductivity field K(X, y) is discretized at a set of equally spaced coordinates y, on y-axis, i.e.,
Ay =Yy, -V, =0.05, leading to a cross-correlated field

k(xy) e {x(xy)} (68)
with components being one-dimensional fields. The correlation of the resulting cross-correlated random field is then

21
i=1

defined by a total of 21(21+1) / 2 =231 covariance functions which is specified by Eq.(66). Once having the multi-
dimensional field converted to the cross-correlated field, the proposed method can be readily used for the simulation
of cross-correlated field derived in Eq.(68), and thereby the conductivity field K(X, y) . In this context, finite element
approximation is used to discretize each componentzc(x, yi)with step size AX=Ay =0.05, so that the resulting
dimension of the problem becomes 341. The program converges after three iterations, which only needs 0.93s. The
approximated first nine eigenfunctions of the 2-dimensional conductivity field K(X, y) are depicted in Fig.12. The
exact covariances, the approximated covariances, and the associated errors are compared in Fig.13. Similar
observations can be found as the previous examples, the approximations of covariance functions are in very good
accordance with the exact ones, validating the proposed method in the simulation of multi-dimensional fields. Fig.14
shows the exact and the approximated marginal CDFs at point(0.4,0.7) (red star in Fig.11). The high approximation

accuracy once again demonstrates the developed non-Gaussian iteration algorithm even in a multi-dimensional case.
5.5. A spatially varying non-Gaussian and nonstationary seismic ground motions

Consider the seismic ground motions which occur at three locations on the ground surface along the line spatially
located at 0, 100 and 200m. The acceleration time histories are modelled as a tri-variate nonstationary process
X(t)=(X,(t), X, (t), X, (t)) with the same evolutionary spectrum, i.e., the Kanai-Tajimi acceleration spectrum with

Clough-Penzien correction possessing both frequency and amplitude modulation

1+44 (oo, ) (o)

S(w,t)=M?(1)S,(t) — - — - (69)
[1—(50/609)} +4§gz(a)/a)g) [1—((0/@)} +4§f2(a)/a)f)
where
(t/t)’ o<t<t
M(t)=41 t,<t<t, (70)
exp[-A(t-t,)] t=1,
o (72)

%= 7@, []/(2§g)+2§g]

where o is the standard deviation, and o, and ¢, are characteristic frequency and damping of the ground, respectively.
@, and ', are the filtering parameters of the Clough-Penzien correction, which are typically taken to be w; =0.1w, ,
¢ =4, - The parameters definitions used in the example are o :1100m/33/2 , Wy = 30—1.25t(rad/s) ,

¢, =0.5+0.005t,t, =2s,t, =10s ,and A = 0.4 .The correlation feature between the ground motions is characterized
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by following coherency model
|75 (@)= Aexp[ -2d,, (1- A+ aA)/ab(o) |+ (1- A)exp[ -2d, (1- A+ aA) /6 ()] (72)

—1/2
where (@) = K| 1+ (@/27 1, |, and A=0636 , @=0.0186 , K =31200, f, =151and b=295. The wave

velocity of seismic ground motion is set to be 500m/s . The corresponding auto/cross-correlation functions can be

determined by
Cltut,) =] S(at)S(at,)e"" “do (73)

For illustration, Fig.15 shows the auto evolution spectrum along with the corresponding correlation, and Fig.16 shows

the module of cross evolution spectrum S,, (@, t) and the corresponding cross-correlation C, (1,,t, ).

C{t1,t2)

Fig.15 Clough-Penzien spectrum with amplitude and frequency modulation and corresponding non-stationary
auto-correlation function: left: evolution spectral; right: auto-correlation function.

Chalty, ta)

Fig.16: The module of cross evolution spectrum S,, (@,t) and the corresponding cross-correlationC,, (t;,t, ) .left:

Sy, (e0,t)]; right: Cy, (1,.,).
The non-Gaussian marginal distribution of seismic ground motions is the Students’s t-distribution

c+1

e

where a = 0 such that the distribution has zero-mean and skewness. The constant ¢ is adopted as ¢ = 6 such that the
constant b can be determined by b*> =(c—2)o? /c. In this example, a total of 16s seismic ground motions are

simulated, and the time is discretized as At = 0.04s . The number of expansion terms in Eq.(19) is chosen as N =806
such that 99% energy are retained.
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Fig.17 Simulated non-Gaussian seismic ground motions. (Top: X, (t) ; middle:

X, (t); bottom: X, (t).
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The program converges after two iterations, which only needs 4.38s. Fig.17 depicts one sample of the simulated non-
stationary non-Gaussian seismic ground motions X(t):(xl(t),xz(t), X3(t)). Fig.18 shows the target and the
approximated auto/cross-correlations at some typical time points. It is evident that the approximations of both auto-
covariance and cross-covariance generally agree well with the exact ones, illustrating the effectiveness of the
proposed method in the representation of correlation structures for spatially varying seismic ground motions. Fig.19
depicts the target and the simulated non-Gaussian marginal CDFs of process X (t) :(Xl(t), X, (1), X3(t))at some
typical time points, the simulated marginal CDFs once again achieve very good match with the exact ones. Since
variance of the marginal CDF is time dependent in non-stationary seismic ground motion, we further compare the
target and the simulated variances of the three components in Fig.20. It can be found that there is a small deviation
between the approximated variances and the exact one. Nevertheless, the approximation accuracy is satisfactory for
the whole distribution and can be further improved by retaining more terms N in Eq.(19), demonstrating the high
accuracy of the proposed method in the simulation of spatially varying non-Gaussian and nonstationary seismic

ground motions.

6. Conclusion

A practical framework has been developed for the simulation of non-Gaussian and non-stationary cross-
correlated random fields. The developed methodology firstly represents the cross-correlated random fields by means
of a general stochastic expansion scheme, in which all components of the fields are expanded under an identical set
of random variables. A finite element discretization scheme is subsequently developed to further approximate the
fields so that spectral decomposition might be readily utilized on the resulting discretized covariance matrix of the
field. By further coupling with a dimension reduction technique, the sets of deterministic functions associated with
each component of the fields, together with the optimal number of these functions, can be quite straightforwardly
determined. For non-Gaussian identical fields, by virtue of the remarkable property of the general expansion, i.e., all
components of the field can be represented under a set of same random variables, an iterative mapping procedure is
then developed to fit the non-Gaussian marginal distribution of all components of the field. In this manner, the target
field can be efficiently simulated from the presented stochastic expansion scheme, and the developed methodology
thereby offers a unified framework for simulating non-Gaussian cross-correlated random fields with arbitrary
covariance functions, which need not be stationary. In addition, we further generalize our method to a consistent
framework for the simulation of multi-dimensional random fields. Five illustrative numerical examples, including a
spatially varying non-Gaussian and nonstationary seismic ground motions, are utilized to demonstrate the
effectiveness and range of applicability of the method. In addition to being suitable for simulating cross-correlated
random fields, the new method is highly desirable for implementation with the non-intrusive stochastic finite element
analysis as well as reliability analysis to a wide class of problems involving multi-correlations.
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Appendix

In this appendix, we prove the convergence of the presented general stochastic expansion presented in Section
3.1. In general, global error measures are applied to compare the random field discretization methods and to quantify
the overall quality of a random field approximation. In case of the truncated general expansion, the mean square error
can be derived by application of the orthogonality of random variables 77, as

& =8| (0(x) - 6(x)) | = B[ ()]~ 2B[0(x)a(x)]+ B[4 (x)]

=3 36.099, (5[] 23 30,099, ([ ]+ 5 0,098, (0% ] 9
-3 (0-220: 00+ 28 (9= ¥ 64

On the basis of the mean square error as derived in Eq.(75), the convergence of the general stochastic expansion in
Eqg.(11) is further investigated. To this end, we assume that{gl(x),--',gM (x)} are a set of linearly independent
deterministic functions defined on a bounded interval D , which span a M-dimensional subspace
S= span{gl(x),m,gM (x)} of L*(D). The following propositions summarize essential features of the presented
expansion.

Proposition 1. Given a finite set of orthonormal basis {f,(x),--- f, (x)} on the subspace S , then
{gl(x),---,gM (x)} and{fl(x),-u, fu (X)} are related by

X)=iﬁqij f; () (76)

where g; are elements of an orthogonal matrixQ , and 4, are elements of a diagonal matrix A .
Proof. By application of property of orthonormal functions, we immediately have

Zau | (7)
where o, = =<gi (x), f; (x)> , equipped with the inner product( ), such that for u(x) and v(x) in L* (D),

<u(x),v(x)>=jpu(x)v(x)dx (78)
Multiplying both sides of Eq.(77) by g, (x) , and integrating over the domain D with respect to x, yields

M M

_[Dgi (x)g, (X)dx=>">"a; ak,j ) f, (x)dx= Zauakj (79)

j=11=1

which can be rewritten in a concise form as:

G=AA' (80)
whereG =[G, |, ., is defined by G, = LJgi (x)g, (x)dx, and Ais an M x M matrix with elements ¢; . Obviously,
G is a symmetric and positive definite matrix with real-valued elements. Then, there must exist an orthogonal matrix
Q= [qij JMxM and a diagonal matrix A =diag (4, 4, ), such that relation G = QAQ" holds. That is

0= 3 E0 1 (x) Gy
This completes the proof. = O
Proposition 2. Sequence of random field representation{c?)M (x),M :1,2,~~} converges in mean square (m.s.) to
o(x), ie., E[(a)(x) -y, (x))zJ —0,asM — o, where @, (x) denotes the M-th truncated series.
Proof. By substituting the relation between{gl(x),--',gM (x)} and{fl(x),---, f, (x)}given in Proposition 1 into
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Eq.(14), we have

(82)

M
where variable &; is defined by &; = un’?i . Further, by virtue of the orthogonality property of Q , we readily have
i=1

Zq” Oy =5 (k, i =1,2,---,M). Then, with the aid of this relation and the orthogonality of random variables 77, leads

to

E[f;]=®[iqum}=0 (83)
E[£& )= Eﬁq”mzq.km } = iiq.kqulﬁl[n.m

i 1=1 i=1 I=1 (84)

M M
zzqukqu il qukqu kj

i=1 I=1 =1
illustrating that random variable &; has zero mean and unit variance. Consequently, the covariance function

corresponding to the truncated series in Eq.(82) becomes

X,) = iiﬁ% f; (Xl)iﬁqik fi (%)= ii\/’?\/ﬂfj (%) f (%, )iqijqik

i=1 j=1 k=1 j=1 k=1 (85)

M

D) NCRERNCAINCALAED WRNCHLNCH

=1
By comparing the truncated series representation in Eq.(82) and the resulting covariance function as derived in Eq.(85)
with those in KL expansion, the convergence of the presented stochastic expansion directly follows from the Mercer

theorem [31]. By the propertyE[(co(x) - @, (x))zJ — 0, the truncation error can be made as small as desired. [
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