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1. Sample Fabrication 
 

 
Table SI. 1.1: Summary of the sample dimensions. The island sizes and lattice constants 
were measured using scanning electron microscopy (SEM) and averaged over 10 
different islands and lattice spacings (uncertainty of approximately 10 nm, based on the 
standard deviation of these measurements). The thicknesses reported are subject to  an 
approximately 10% uncertainty.  
 
 
Several additional samples were also measured, but those measurements had 
significantly more experimental uncertainty associated with lower statistics and systemic 
problems with the imaging system. The resulting data were consequently more noisy, and 
are therefore not included here, although the qualitative behavior was consistent with the 
reported samples.  
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2. XMCD-PEEM Experimental Methods and Additional Data  
 

 
Table SI. 2.1: Summary of the XMCD-PEEM experiments. The approximate numbers of 
imaged islands at each location were 600, 675 and 380 for Sample A, B and C, 
respectively. During the measurements, right (R) and left (L) circularly polarized X-rays 
were used for imaging and the time difference between exposures with the same and 
opposite polarizations of the X-rays were 0.5 s (detector/computer read-out time) and 6.5 
s (detector/computer read-out time + undulator switching time), respectively.  
 
The data presented in the main text were extracted from the XMCD-PEEM intensities of 
the individual tetris islands, which were converted in binary data before any quantitative 
analyses. In Figure SI. 2.1, we show all possible moment configurations on vertices of 
four islands, three islands and two islands, with coordination numbers of z = 4, z = 3 and 
z = 2, respectively. Note that the z = 2 coordination group can have parallel and 
perpendicular alignment of two-island moments. The vertex configurations represented 
in Figure SI. 2.1 are arranged in order of increasing energy in each coordination group, 
indicated by their subscripts. Note that the higher energy vertices include at least one pair 
of nearest neighbor moments that align head-to-head or tail-to-tail. The degeneracy of 
each vertex type is given by the numbers in the parentheses.  
 
In order to calculate the flipping rate of the islands, we first found the fraction of flipped 
islands between two sequential images with the same polarization and divided it by the 
total acquisition time, which is the sum of exposure and computer read-out times of the 
two images. Since the vertex fractions, order parameter, and correlations show small 
variations as a function of temperature, we averaged all quantities over the temperature 
range studied for each experimental realization. 
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Figure SI. 2.1: Vertex configurations for different vertex coordination numbers z = 2, 3, 
4, ranked in increasing energy in each coordination group. The black arrows indicate the 
magnetic moment direction of a given island and the numbers in the parenthesis 
represent the degeneracy of a corresponding vertex.  
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Figure SI. 2.2: Average vertex fractions in tetris ice as a function of temperature for 
coordination numbers (a) z = 4, (b) z = 3, and (c-d) z = 2, respectively, for Sample A with 
602 nm lattice constant and 157 nm × 433 nm island dimensions. (e) Average moment 
flipping rate as a function of temperature for all islands. (f) Average moment flipping rate 
as a function of temperature for backbone, horizontal and vertical staircase islands. The 
error bars in all panels represent standard deviations of the data collected at 10 different 
locations on the same tetris array. 
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Figure SI. 2.3: Average vertex fractions in tetris ice as a function of temperature for 
coordination numbers (a) z = 4, (b) z = 3, and (c-d) z = 2, respectively, for Sample B with 
606 nm lattice constant and 157 nm × 433 nm island dimensions. (e) Average moment 
flipping rate as a function of temperature for all islands. (f) Average moment flipping rate 
as a function of temperature for backbone, horizontal and vertical staircase islands. The 
error bars in all panels represent standard deviations of the data collected at 4 different 
locations on the same tetris array. 
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Figure SI. 2.4: Average vertex fractions in tetris ice as a function of temperature for 
coordination numbers (a) z = 4, (b) z = 3, and (c-d) z = 2, respectively, for Sample C with 
806 nm lattice constant and 178 nm × 483 nm island dimensions. (e) Average moment 
flipping rate as a function of temperature for all islands. (f) Average moment flipping rate 
as a function of temperature for backbone, horizontal and vertical staircase islands. The 
error bars in all panels represent standard deviations of the data collected at 4 different 
locations on the same tetris array. 



8 
 

 
Figure SI. 2.5: (a) Schematic of a ground state configuration in which backbone moments 
are ordered both longitudinally and transversely, leading to disordered staircases. (b) 
Schematic of a ground state configuration where backbones alternate their order 
parameter only transversally, leading to ordered staircases. Note that the configurations 
in (a) and (b) are energetically equivalent. (c) Schematic of entropic attraction where two 
defects (depicted by black dots) in the same backbone attract each other (d) Schematic 
of entropic attraction where two defects in different backbones attract each other. Blue 
and red represent positive and negative backbone moments, respectively and gray 
indicates staircase moments. Only defects that reside on the backbones are shown. 
These schematics correspond to Figure 2 in the main text. 
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Figure SI. 2.6: Digitized XMCD-PEEM snapshots of tetris ice at (a) 200 K, (b) 160 K, (c) 
140 K, and (d) 120 K for Sample A with 602 nm lattice constant and 157 nm × 433 nm 
island dimensions, showing single domain ordering of the backbones while the staircases 
remain disordered. Blue and red denote the backbone islands with opposite 
antiferromagnetic ordering, and gray represents the staircases, which are pointed 
according to their magnetization direction. The black dots stand for an excited state of a 
vertex, i.e., an unhappy vertex. 
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Figure SI. 2.7: Digitized XMCD-PEEM snapshots of tetris ice at (a) 220 K, (b) 210 K, (c)  
200 K, and (d) 180 K for Sample B with 606 nm lattice constant and 157 nm × 433 nm 
island dimensions, demonstrating domain formation in the backbones. Blue and red 
denote the backbone islands with opposite antiferromagnetic ordering, and gray 
represents the staircases, which are pointed according to their magnetization direction. 
The black dots stand for an excited state of a vertex, i.e., an unhappy vertex. 
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Figure SI. 2.8: Digitized XMCD-PEEM snapshots of tetris ice at (a) 220 K, (b) 210 K, (c) 
200 K, and (d) 180 K for Sample C with 806 nm lattice constant and 178 nm × 483 nm, 
showing that the backbones form smaller domains due to the decreasing interaction 
energy. Blue and red denote the backbone islands with opposite antiferromagnetic 
ordering, and gray represents the staircases, which are pointed according to their 
magnetization direction. The black dots stand for an excited state of a vertex, i.e., an 
unhappy vertex. 
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3. Micromagnetic Simulations 
 
Micromagnetic simulations were performed with the MuMax software package [1]. The 
following standard parameters for permalloy were adopted; saturation magnetization 
µ0Ms = 860 A/m and exchange constant Aex = 13x10-12 J/m. The sample dimensions used 
in the simulations were extracted from SEM images (see Table SI.1.1). 
  
We define the average vertex energy of the system Eavg by the following expression: 
 
𝐸𝐸𝑎𝑎𝑎𝑎𝑎𝑎 = ∑𝜀𝜀𝛼𝛼𝑁𝑁𝛼𝛼 𝑁𝑁𝑡𝑡𝑡𝑡𝑡𝑡𝑎𝑎𝑡𝑡⁄ = (𝐸𝐸𝐼𝐼4𝑁𝑁𝐼𝐼4+ 𝐸𝐸𝐼𝐼𝐼𝐼4𝑁𝑁𝐼𝐼𝐼𝐼4+ 𝐸𝐸𝐼𝐼𝐼𝐼𝐼𝐼4𝑁𝑁𝐼𝐼𝐼𝐼𝐼𝐼4+ 𝐸𝐸𝐼𝐼𝐼𝐼4𝑁𝑁𝐼𝐼𝐼𝐼4+ 𝐸𝐸𝐼𝐼3𝑁𝑁𝐼𝐼3+ 𝐸𝐸𝐼𝐼𝐼𝐼3𝑁𝑁𝐼𝐼𝐼𝐼3+ 𝐸𝐸𝐼𝐼𝐼𝐼𝐼𝐼3𝑁𝑁𝐼𝐼𝐼𝐼𝐼𝐼3   

                                                      +𝐸𝐸𝐼𝐼2∥𝑁𝑁𝐼𝐼2
∥+𝐸𝐸𝐼𝐼𝐼𝐼2∥𝑁𝑁𝐼𝐼𝐼𝐼2

∥+𝐸𝐸𝐼𝐼2⊥𝑁𝑁𝐼𝐼2⊥+𝐸𝐸𝐼𝐼𝐼𝐼2⊥𝑁𝑁𝐼𝐼𝐼𝐼2⊥)/ 𝑁𝑁𝑡𝑡𝑡𝑡𝑡𝑡𝑎𝑎𝑡𝑡,                              (3.1) 
 

where the subscripts correspond to the energy 𝐸𝐸 and the number of vertices 𝑁𝑁 for different 
vertex configurations and 𝑁𝑁𝑡𝑡𝑡𝑡𝑡𝑡𝑎𝑎𝑡𝑡 is the number of all types of vertices. In order to calculate 
𝐸𝐸𝑎𝑎𝑎𝑎𝑎𝑎, we first obtained the coupling energies of the parallel and perpendicular 𝑧𝑧 = 2 
islands by 
 
                                               𝜖𝜖∥ = [𝜖𝜖𝐼𝐼𝐼𝐼2(∥) − 𝜖𝜖𝐼𝐼2(∥)]/2,                                               (3.2)  

 
                                               𝜖𝜖⊥ = [𝜖𝜖𝐼𝐼𝐼𝐼2(⊥) − 𝜖𝜖𝐼𝐼2(⊥)]/2,                                             (3.3)    

 
where 𝜖𝜖𝐼𝐼𝐼𝐼2(∥), 𝜖𝜖𝐼𝐼2(∥), 𝜖𝜖𝐼𝐼𝐼𝐼2(⊥), and 𝜖𝜖𝐼𝐼2(⊥)  are the energies of given moment 
configurations, shown in Figure SI. 2.1. Then, the vertex energies for each configuration 
were defined as a superposition of 𝜖𝜖∥ and 𝜖𝜖⊥, e.g., 𝐸𝐸𝐼𝐼4 =  −4𝜖𝜖⊥ + 2𝜖𝜖∥. 
 

 
Table SI. 3.1: Simulated energies for ground and excited states of the vertices with 
coordination number z=2, given in the unit of 10-18 J. Sample parameters (lattice constant, 
island size and thickness) used in the simulations were the same as experimentally 
obtained values reported in Table SI. 1.1.  
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Figure SI. 3.1: Representative micromagnetic results for Sample A with 602 nm lattice 
constant and 157 nm × 433 nm island dimensions. The arrows represent the local 
magnetization directions within a given island.   
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4. Monte Carlo Simulations 
 
Model:  
 
We have run Monte Carlo simulations of large systems using GPU-accelerated code run 
on Nvidia Quadro RTX-8000 graphics processing units. The moment configurations in the 
system were updated with trials of single spin flips, which are either accepted or rejected 
according to the Metropolis algorithm. The energy of the system was calculated assuming 
a vertex model, in which the range of interaction between pairs of spins is limited to the 
nearest neighbors that meet at the common vertex. At each vertex, the interaction 
between a pair of spins is ±𝜖𝜖∥ for parallel spins and ±𝜖𝜖⊥for perpendicular spins. In both 
cases, the sign is negative for spins that have head-to-tail alignment and positive for the 
opposite alignment. The ratio 𝜖𝜖⊥/𝜖𝜖∥ was estimated from micromagnetic simulations and 
set to 1.8 for all simulations presented in this work. The unit of energy in the simulations 
were set such that 𝜖𝜖∥ = 1 and thus 𝜖𝜖⊥ = 1.8. In experimental realizations, these values 
vary depending on the lattice spacing as well as the shape and the magnetic properties 
of the individual islands. 
 
Simulations shown in Figure 5 of the main text:  
 
Phase behavior was obtained from simulations where the system was initiated at high 
temperature and slowly cooled to zero. The system of 128 x 128 square lattice points 
which hosts 20480 spins was updated 108 times with 20480 flip trials at each time step. 
Therefore, the total simulation time was 108 trials/spin. The initial temperature of 𝑘𝑘𝐵𝐵𝑇𝑇/𝜖𝜖∥ =
30 was exponentially reduced, at a cooling rate which roughly corresponds to setting the 
temperature to 99% of the previous value at each of the 500 discretized steps. At each 
temperature step, 108/500=2 x 105 flip trails per spin were performed and using the last 
1.6 x 105 trials per spin, the heat capacity and the entropy were calculated from the 
thermal fluctuations in energy. The heat capacity 𝐶𝐶𝑎𝑎 per spin was calculated using the 
equation 
 

𝐶𝐶𝑣𝑣
𝑘𝑘𝐵𝐵

= 1
(𝑘𝑘𝐵𝐵𝑇𝑇)2

𝜎𝜎2(𝐸𝐸𝑁𝑁)
𝑁𝑁

                                                   (4.1) 
 
where 𝐸𝐸𝑁𝑁 is the total energy of the system which has 𝑁𝑁 spins, and 𝜎𝜎 is the standard 
deviation of 𝐸𝐸𝑁𝑁. The entropy per spin is calculated by 
 

 𝑆𝑆(𝑇𝑇)
𝑘𝑘𝐵𝐵

= 𝑙𝑙𝑙𝑙 2 +  ∫ 𝐶𝐶𝑣𝑣
𝑘𝑘𝐵𝐵

𝑇𝑇
∞

𝑑𝑑𝑇𝑇
𝑇𝑇

.                                              (4.2) 
 
Here, for the highly disordered initial state at 𝑘𝑘𝐵𝐵𝑇𝑇/𝜖𝜖∥ = 30, we assume that the entropy 
per spin approximately has the infinite temperature value of ln 2. Both the curve for the 
order parameter 〈𝛹𝛹〉 , and the peak in the curve for the heat capacity 𝐶𝐶𝑎𝑎, reflect that the 
ordering temperature, TC for the backbones is around 𝑘𝑘𝐵𝐵𝑇𝑇/𝜖𝜖∥ = 1.1. The collective 
moment state of the backbones above this temperature includes excitations away from 
the ground state ordering, corresponding the excited vertices in the underlying square ice 
structure. 
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Figure SI. 4.1: (a) Snapshot from the initial disordered state at high temperature of the 
simulations shown in Figure 5 of the main text. (b) Snapshot from the final ordered state 
at zero temperature of the simulations shown in Figure 5 of the main text. The color 
convention is identical to the experimental snapshots, i.e., blue and red arrows represent 
the backbone islands with opposite antiferromagnetic ordering, and gray arrows represent 
the staircase moments.  
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Correlations:  
 
For comparison with the experimental data, we also looked at the correlations between 
spins within and across backbones and staircases using the data from the same 
simulations described above (simulations shown in Figure 5 of the main text). The method 
of calculation was the same as for the experiments, which were shown in Figure 4: 
staggered antiferromagnetic correlation for the backbones and ferromagnetic correlation 
for the staircases. In Figure SI. 4.2, we show the correlations calculated at five different 
values of temperatures, above and below the ordering temperature, TC of 𝑘𝑘𝐵𝐵𝑇𝑇/𝜖𝜖∥ ≈ 1.1. 
In Figure SI. 4.2c and 4.2d, we observe that the backbones are ordered both longitudinally 
and transversely while Figure SI. 4.1a and 4.1b show that horizontal staircases are only 
ordered longitudinally with short correlation length as described in [2]. Strikingly, the 
correlations between vertical staircases are in great agreement with the experimental 
results (Figure SI. 4.2e and 4.2f) and in the simulations we observe that vertical staircases 
are disordered above TC and partially ordered below TC .These simulation results 
demonstrate that long-range interactions are not required for the transverse ordering of 
backbones, because the vertex model of spin interactions in the simulations includes only 
nearest neighbors. 
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Figure SI. 4.2: Simulated correlations (a) within and (b) across the horizontal staircases, 
(c) within and (d) across the backbones, and (e) within and (f) across the vertical 
staircases as a function of real distance in the unit of lattice constant for different 
temperatures. 



18 
 

Low temperature evolution from backbone-disordered ground state to backbone-
ordered ground state:  

 
Tetris ice has degenerate ground states. Backbones with antiferromagnetic order of either 
sign, namely  〈𝛹𝛹〉  = +1 or  〈𝛹𝛹〉  = −1, can be arranged in any configuration and the system 
has the same ground state energy. They can be all +1 or all -1 or a mixed combination 
because a minimum energy configuration is accessible for the staircase spins in any 
combination with the following constraint: a staircase between two adjacent backbones 
of the same sign must be disordered and a staircase between two backbones of opposite 
sign must be ordered, as also explained in the main text. 
 
We conducted a separate Monte Carlo simulation to explore the behavior of the system 
when it is started from a low entropy ground state. Specifically, we initiated the system in 
a state (Figure SI. 4.3a), where the backbones had alternating signs of 〈𝛹𝛹〉  and the 
staircases were ordered with head-to-tail alignment. Throughout the simulation, the 
temperature was kept constant at 𝑘𝑘𝐵𝐵𝑇𝑇/𝜖𝜖∥ = 0.4, which is ~0.3 TC. The simulation time was 
6 x 108 time steps where 1 step included as many flip trials as the number of the spins in 
the system. The system size was 128 x 128 lattice points with 20480 spins and all other 
parameters are the same as for the rest of the simulations. 
 
The system was initiated in the alternating backbone ground state as described above, 
and it then was allowed to evolve to a ground state with ordered backbones as shown in 
Figure SI. 4.3b. The ordering of the backbones is indicated by the evolution of the average 
order parameter 〈𝛹𝛹〉, which is plotted in Figure SI. 4.4. The system energy per spin is also 
plotted in Figure SI. 4.4 in units 𝜖𝜖∥ = 1. The black curve shows the system energy at the 
end of each of the 500 temperature steps while the red curve shows an averaged value. 
Note that the ordering is not accompanied by a reduction in the energy, which in fact 
increases slightly because of thermal fluctuations.  
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Figure SI. 4.3: (a) Simulation snapshot from the initial state where backbones alternate 
their order parameters. (b) Simulation snapshot from the final state with single domain 
ordering of the backbones. The color convention is identical to the experimental 
snapshots: blue and red arrows denote the backbone islands with opposite 
antiferromagnetic ordering, and gray arrows are the staircase moments. During the 
simulation, we kept the temperature at 𝑘𝑘𝐵𝐵𝑇𝑇/𝜖𝜖∥ = 0.4. 
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Figure SI. 4.4: Simulated order parameter as a function of Monte Carlo time step, starting 
from a state of alternating backbone moment order and evolving to uniform (single 
domain) backbone order. The red curve shows the average over the last 106 time steps 
at that temperature. We initiated the system in a configuration, in which backbones 
alternated their order parameter 〈𝛹𝛹〉  and staircases were ordered with head-to-tail 
alignment, and the energy of this configuration was defined to be zero. The initial and 
final states of this simulation are shown in Figure SI. 4.3a and 4.3b, respectively. 
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5. Comparison of tetris ice with other models of entropy-induced ordering 
 
Long-range ordering resulting from entropy considerations has been explored in different 
systems, often using slightly different terminology. The phrase “entropy-driven order” is 
generally employed for classical systems of driven particles, e.g., hard rods or colloids, 
where ordering of some degrees of freedom enables more entropy associated with other 
degrees of freedom (often in the spatial location of the constituent elements). By contrast, 
for spin systems, the phrasing “order-by-disorder” is more common to describe ordering 
that is driven by an optimization of free energy associated with thermal excitations among 
the spins, rather than by a reduction in energy; in these systems, the ground state is 
disordered, but thermal fluctuations select an ordered configuration. There have been a 
number of theoretical approaches to this issue, but a relative scarcity of experimental 
realizations. Tetris ice shares similarities with both the former (and in particular Onsager’s 
model of thin rods [3]), and the latter (Villain’s model of a two-dimensional spin system 
[4]). 
 
Onsager’s model of thin rods [3] exhibits nematic order because by lowering their 
orientational entropy, the rods attain higher translational entropy (rods can move around 
more easily if they are aligned). Though the two systems are completely different, the 
conceptual similitude with tetris ice is strong. In both systems, two ingredients lead to 
entropy-driven order. The first shared ingredient is the entropy, which in tetris ice is 
present even at very low temperatures because of the  frustration. The second shared 
ingredient is a distinction between two kinds of entropies, so that the total entropy can 
increase at the expense of the reduction of one specific entropy, leading to partial order. 
In Onsager’s model we have translational vs. nematic entropy. In tetris ice, we have the 
entropy of the staircase moments vs. that of the backbone moments.  
 
Villain’s study of a “domino system” bears structural resemblance to ours, but only to a 
degree. In Villain’s model, two kinds of alternating one-dimensional Ising systems (called 
A and B-chains) are longitudinally ordered. The A-chains are ferromagnetic, and the B-
chains are antiferromagnetic. A- and B-chains are coupled but there is no coupling among 
A-chains (much like there is no significant coupling among our backbones). In the ground 
state, there is no mutual ordering among A-chains because the antiferromagnetic order 
of the B-chain mediates no entropic interaction among A chains at zero temperature. 
However, at nonzero temperature, the A-chains become mutually ordered, because 
fluctuations in the B-chains have lower energy when A-chains order.  
 
In tetris ice, the entropy-driven order is arguably more robust and significant than in 
Villain’s model. Indeed, it is already present in the ground state, not only despite, but 
because of tetris’ residual entropy. Conversely, Villain’s model possesses no residual 
entropy, the disorder of its ground state scaling sub-extensively. There, calling L the 
number of A-chains, the entropy of the ground state is 𝑆𝑆𝐼𝐼𝑉𝑉𝑡𝑡𝑡𝑡𝑎𝑎𝑉𝑉𝑉𝑉 = 𝐿𝐿 ln 2, subextensive in 
the size of the system. The probability 𝑝𝑝𝑂𝑂𝑂𝑂𝑂𝑂 that a random configuration of minimal energy 
shows transverse order among the A-chains scales with L as 𝑝𝑝𝑂𝑂𝑂𝑂𝑂𝑂 ∝ 2−𝐿𝐿 and tends 
exponentially to zero in the limit of a large system: most configurations in the ground state 
of Villain’s model have mutually disordered A-chain orientation. The opposite is true for 
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tetris ice. There, the probability that a randomly chosen configuration in the ground state 
shows full ordering among the backbones tends to approach 1 in the large system limit. 
This is due to the fact that staircases, unlike B-chains in the Villain model, can possess a 
linear density of entropy.  
 
To show this, consider again a finite, square portion of the tetris system that contains L 
backbones and L staircases. We call 𝑝𝑝𝑉𝑉 the probability that a randomly chosen ground 
state configuration possesses n disordered staircases (that is, staircases sandwiched 
among backbones of the same mutual orientation). The number of ways it can be realized 
is proportional to �𝐿𝐿𝑉𝑉�𝑤𝑤

𝑉𝑉𝐿𝐿, where w is a number larger than 1 (because it can be written as 
𝑤𝑤 = exp (𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠), where 𝑠𝑠𝑠𝑠𝑠𝑠 is the residual entropy per spin of a disordered staircase and c 
is some positive constant related to the linear density of moments) while �𝐿𝐿𝑉𝑉� counts the 
degeneracy in assigning the disordered staircases. Thus, by normalization, we obtain the 
probability of a ground state configuration with n disordered staircases as 𝑝𝑝𝑉𝑉 = 
�𝐿𝐿𝑉𝑉�𝑤𝑤

𝑉𝑉𝐿𝐿/(1 + 𝑤𝑤𝐿𝐿)𝐿𝐿, and we see that 𝑝𝑝𝑉𝑉 has a maximum for n = L, corresponding to all 
staircases being disordered, and therefore all backbones being mutually aligned.  
 
We have therefore that the probability of an ordered state, 𝑝𝑝𝑂𝑂𝑂𝑂𝑂𝑂, is  

                                               𝑝𝑝𝑂𝑂𝑂𝑂𝑂𝑂 = 𝑝𝑝𝐿𝐿 = 𝑤𝑤𝐿𝐿2

(1+𝑤𝑤𝐿𝐿)𝐿𝐿                                                (5.1) 
 
We see therefore that 𝑝𝑝𝑂𝑂𝑂𝑂𝑂𝑂 → 1 for large L, which is the thermodynamic limit. Note that 
𝑝𝑝𝑂𝑂𝑂𝑂𝑂𝑂 would instead tend to zero if the staircases had no entropy 𝑠𝑠𝑠𝑠𝑠𝑠 = 0 leading to 𝑤𝑤 = 1, 
and returning the same 𝑝𝑝𝑂𝑂𝑂𝑂𝑂𝑂 of Villain’s model, as discussed above. 
 
 
Therefore, when randomly picking a configuration in the ground state, the probability that 
it is backbone-ordered tends to one as the size of the system grows. This differs 
substantially from Villain’s model, where, instead, thermal fluctuations must be invoked 
to induce order. It is, in fact conceptually more similar to the case of Onsager’s model for 
rods, which applies to an athermal situation.  
 
The argument can be framed entropically because, naturally, numbers of states are 
related to entropy. So the state of maximal probability, for which backbones are ordered, 
is also a state of maximal entropy.  From the above, the entropy of a configuration with n 
disordered backbones, 𝑆𝑆𝑉𝑉, is proportional to the logarithm of �𝐿𝐿𝑉𝑉�𝑤𝑤

𝑉𝑉𝐿𝐿, or 𝑆𝑆𝑉𝑉 ∝ ln��𝐿𝐿𝑉𝑉�� +
𝑙𝑙𝐿𝐿𝑐𝑐 𝑠𝑠𝑠𝑠𝑠𝑠 which is maximal for n = L when L is large enough. 
  
The fact that the ordering in tetris ice comes from counting arguments in the ground state, 
without having to invoke the energy of thermal fluctuations, suggests that its entropy-
driven order might manifest in a variety of scenarios, not necessarily at thermal 
equilibrium. Whatever mechanism produces ground state configurations in an unbiased 
way will eventually tend toward backbone ordering, because of the residual entropy. In 
that sense, tetris could be considered as an example of a more robust entropy-based 
ordering, rather than order induced by thermal fluctuations. 
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6. Explaining the vertical staircase moment “half ordered” correlations 
 
From the Ising model for the staircases as reported in [2], once the horizontal staircase 
spins are chosen, the direction of vertical staircase spins is determined by those and by 
the connectors. Note that the connectors belong to backbones and are assumed to be 
ordered in the ground state both longitudinally and transversely. Interestingly, the 
correlations among vertical staircase spins are a mix of the correlations of the horizontal 
staircases and of the connectors because they inherit features of disorder from the 
former, and order from the later. 
 
Consider Figure SI 6.1 as a reference for the symbols used below. As we prove later, for 
two vertical staircase spins 𝜎𝜎𝑉𝑉 ,𝜎𝜎𝑘𝑘 in the same staircase, the following exact formula 
applies: 
 
〈𝜎𝜎𝑉𝑉𝜎𝜎𝑘𝑘〉 = 1

16
〈𝑣𝑣𝑉𝑉𝑣𝑣𝑘𝑘〉(9 − 6〈𝑆𝑆𝑉𝑉𝑆𝑆𝑉𝑉+1〉 + 〈𝑆𝑆𝑉𝑉𝑆𝑆𝑉𝑉+1𝑆𝑆𝑘𝑘𝑆𝑆𝑘𝑘+1〉)  + 1

16
(2〈𝑆𝑆𝑉𝑉𝑆𝑆𝑘𝑘〉 + 〈𝑆𝑆𝑉𝑉+1𝑆𝑆𝑘𝑘〉 + 〈𝑆𝑆𝑉𝑉𝑆𝑆𝑘𝑘+1〉)   

 
(6.1) 
 
In the limit of distances 𝑘𝑘 − 𝑖𝑖 bigger than the horizontal staircases’ correlation length, we 
have 〈𝑆𝑆𝑉𝑉𝑆𝑆𝑘𝑘〉~0. Because in the ground state 〈𝑣𝑣𝑉𝑉𝑣𝑣𝑘𝑘〉 = (−1)|𝑘𝑘−𝑉𝑉|, the formula reduces to the 
sign-alternating 
 
                                   〈𝜎𝜎𝑉𝑉𝜎𝜎𝑘𝑘〉 ≈ � 9

16
− 6

16
〈𝑆𝑆𝑉𝑉𝑆𝑆𝑉𝑉+1〉� (−1)|𝑘𝑘−𝑉𝑉|                                           (6.2) 

 
where 〈𝑆𝑆𝑉𝑉𝑆𝑆𝑉𝑉+1〉~0.17 in a vertex model, while 〈𝑆𝑆𝑉𝑉𝑆𝑆𝑉𝑉+1〉~0.4 experimentally from previous 
work [2], as we also show in Figure 4b in the main text. 
 
Longitudinal Correlations: Consider first the pure vertex-model, simulated by our Monte 
Carlo algorithm. We know that spin correlations are very small, or  〈𝑆𝑆𝑉𝑉𝑆𝑆𝑘𝑘〉 ≈ (0.172)|𝑘𝑘−𝑗𝑗|, 
and therefore the first term of Eq. (6.1), or  
 
 
                                                  〈𝜎𝜎𝑉𝑉𝜎𝜎𝑘𝑘〉 ≈ � 9

16
− 6

16
〈𝑆𝑆𝑉𝑉𝑆𝑆𝑉𝑉+1〉� 〈𝑣𝑣𝑉𝑉𝑣𝑣𝑘𝑘〉               (6.3) 

 
dominates. Then in the ground state we know that connectors alternate and thus 〈𝜎𝜎𝑉𝑉𝜎𝜎𝑘𝑘〉 ≈
0.499(−1)|𝑘𝑘−1|, explaining the constant alternation seen in our simulations. Above the 
ordering transition, instead, 〈𝑣𝑣𝑉𝑉𝑣𝑣𝑘𝑘〉 ≈ 0 and the alternating correlations among vertical 
staircase spins disappear because connectors are no longer ordered, as also seen in our 
simulations (Figure SI. 4.2e and 4.2f).  
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Figure SI. 6.1 Schematic of spin labeling used in this section. Spins pointing leftward 
(rightward) and upward (downward) were defined to be positive (negative). For instance, 
𝑆𝑆𝑉𝑉 = 1, 𝑢𝑢𝑉𝑉 = −1, 𝑣𝑣𝑉𝑉 = 1, and  𝜎𝜎𝑉𝑉 = 1. Blue and red correspond to the backbone spins with 
opposite antiferromagnetic ordering, and gray represents the staircase spins. Black dots 
are the excitations. 

In the case of the real material, 〈𝑆𝑆𝑉𝑉𝑆𝑆𝑘𝑘〉 is in generally larger, for reasons explained and 
computed in the previous publication [2], and as we see in Figure 4b in the main text. 
However, we have in general 〈𝜎𝜎𝑉𝑉𝜎𝜎𝑘𝑘〉 ≤ 〈𝜎𝜎𝑉𝑉𝜎𝜎𝑉𝑉+1〉 ≈ 0.4. Therefore, all the terms except the 
first, alternating one, in Eq. (6.1), contribute less than 0.1. Nonetheless, they show up in 
a slight dependence on the distance |𝑘𝑘 − 𝑖𝑖| that can be detected in the data. Then, in the 
ground state, at large distance |𝑘𝑘 − 𝑖𝑖|, where the horizontal staircase spin correlations are 
zero, the alternating correlation of Eq. (6.2) survives, or 〈𝜎𝜎𝑉𝑉𝜎𝜎𝑘𝑘〉 ≈ 0.41(−1)|𝑘𝑘−1|.   
 
Transverse Correlations: From the way it is deduced (see below), Eq. (6.1) also applies 
to the transverse correlations, for moments defined as in Figure SI. 6.1, when now 𝑖𝑖,𝑘𝑘 
denote not the position of the vertical staircase spins within the staircase, but rather 
numbers the vertical staircase itself transversely.  
 
There too the same considerations above apply. Except now the alternation of connectors 
〈𝑣𝑣𝑉𝑉𝑣𝑣𝑘𝑘〉 = (−1)|𝑘𝑘−𝑉𝑉| is due to transversal ordering of the backbones.  
 
Proof of the equation: Starting from 〈𝜎𝜎𝑉𝑉𝜎𝜎𝑘𝑘〉 the crucial point is to express 𝜎𝜎𝑉𝑉 in terms of 
nearby horizontal staircases 𝑆𝑆𝑉𝑉 and connectors 𝑢𝑢𝑉𝑉 , 𝑣𝑣𝑉𝑉 as illustrated in Figure SI. 6.1. We 
will consider spins positive if they point left or up (any convention is equivalent). 
 
Note that when both 𝑆𝑆𝑉𝑉, 𝑣𝑣𝑉𝑉  and 𝑆𝑆𝑉𝑉+1,𝑢𝑢𝑉𝑉+1 are antiferromagnetic, then 𝜎𝜎𝑉𝑉 has the same sign 
of 𝑣𝑣𝑉𝑉. If they are ferromagnetic and 𝑆𝑆𝑉𝑉+1,𝑢𝑢𝑉𝑉+1 are antiferromagnetic, then 𝜎𝜎𝑉𝑉 has the same 
sign of 𝑢𝑢𝑉𝑉+1. If they both 𝑆𝑆𝑉𝑉, 𝑣𝑣𝑉𝑉 and 𝑆𝑆𝑉𝑉+1,𝑢𝑢𝑉𝑉+1are ferromagnetic, this means that the vertical 
staircase spin 𝜎𝜎𝑉𝑉 has two unhappy vertices at its’ ends and it is thus a stochastic variable 
𝜎𝜎𝑉𝑉 = 𝜃𝜃𝑉𝑉 equal to +1 or -1 with equal probability. We can therefore write  
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                                        𝜎𝜎𝑉𝑉 = 1−𝑎𝑎𝑖𝑖𝑆𝑆𝑖𝑖
2

𝑣𝑣𝑉𝑉 + 1+𝑎𝑎𝑖𝑖𝑆𝑆𝑖𝑖
2

1−𝑢𝑢𝑖𝑖+1𝑆𝑆𝑖𝑖+1
2

𝑢𝑢𝑉𝑉+1 + 𝜃𝜃𝑉𝑉                                     (6.4) 
 
where 𝜃𝜃𝑉𝑉 is different from zero if and only if both the first two terms are zero, thus implying 
an unhappy vertex at both ends of the vertical staircase spin. Now, assuming we are in 
the ground state, using 𝑣𝑣𝑉𝑉 = 𝑢𝑢𝑉𝑉+1 and 𝑢𝑢2 = 𝑣𝑣2 = 1 we obtain from Eq. (6.4) 
 
                                     𝜎𝜎𝑉𝑉 = 3

4
𝑣𝑣𝑉𝑉 −

𝑆𝑆𝑖𝑖+𝑆𝑆𝑖𝑖+1
4

− 𝑣𝑣𝑉𝑉
𝑆𝑆𝑖𝑖𝑆𝑆𝑖𝑖+1
4

+ 𝜃𝜃𝑉𝑉                                              (6.5) 
 
Plugging Eq. (6.4) into 〈𝜎𝜎𝑉𝑉𝜎𝜎𝑘𝑘〉 and remembering that: a) free vertical staircase spins are 
uncorrelated and therefore 〈𝜃𝜃𝑉𝑉𝜃𝜃𝑘𝑘〉 = 〈𝜃𝜃𝑉𝑉〉 =0, b) horizontal staircases are disordered and 
therefore 〈𝑆𝑆𝑉𝑉〉 = 0, we obtain general formula Eq. (6.1). Naturally, if we are not in the 
ground state, its expression is altered by additional terms associated with the presence 
of excitations among the moments. 
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