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Abstract

We consider the optimal impulse control of a dynamical system defined by a fixed uncontrolled
flow. This problem is associated with two pairs of linear programs for which we prove the solvability
and the absence of the duality gaps. Finally, we show how to retrieve the optimal control strategy
from the solutions of those linear programs. The theoretical issues are illustrated by the meaningful
example on the controlled epidemic model.

Keywords: Dynamical system, Optimal control, Impulse control, Total cost, Occupation
measure, Linear programming, Duality.
AMS 2020 subject classification: Primary 49N25; Secondary 90C46, 90C05, 28A25

1 Introduction

Optimal impulse control of dynamical systems (sometimes called singular control [23] or control with
concentrations [5, 10]) attracts attention of many researchers. Note also that optimal stopping [9] is
also an example of impulse control. The underlying system can be described in terms of ordinary
differential equations, see [4, 5, 10, 13, 14, 16, 17, 23], or by a fixed flow in an Euclidean space or in
an abstract Borel space, see [9, 18, 19, 20]. An impulse or an intervention means an instantaneous
change of the state of the system. The target is to optimize an objective functional, typically having
the shape of the sum of the impulse costs and the integral with respect to time of the running cost
rate. The popular methods of attack to such problems include dynamic programming, see [9, 17, 18],
and Pontryagin maximum principle, see [14, 16]. When the total number of impulses is fixed over a
finite horizon, the impulse control problem can be treated as a parameter optimization problem, see
[13]. The linear programming approach appeared in [4, 5, 10, 19, 20].

Similarly to [9, 13, 14, 17, 18, 19, 20], we consider the uncontrolled flow, that is, the purely
impulsive control. Such a problem can be reformulated as a specific discrete-time control problem,
where one step corresponds to the choice of the interval until the next impulse, along with the impulse
itself. After that, one can use the dynamic programming method, see [18, 19], leading to the Bellman
equation similar to the optimality equation for a Markov decision process [2, Prop.9.8], [11, §4.2], and
[12, §9.5]. We call such equation ‘integral’ (see (7)). Due to its special form, this equation, under mild
conditions, is equivalent to the ‘differential’ Bellman equation [9, 18] (see (21)).

In the framework of Markov decision processes, it is known that the (integral) Bellman equation
gives rise to the so called dual linear program in the space of functions [11, (6.3.27)], [12, (12.3.22)]. The
corresponding primal linear program is in the space of what is called occupation measures [8, 11, 12].
The similar dual pair of linear programs can be introduced for the differential Bellman equation. The
target of the current article is to define and study the two above mentioned pairs of linear programs.
Note that the dynamic programming approach (and the associated dual linear programs) is widely
used in the standard optimal control problems [9, 11, 12, 17, 18], while the primal linear programs are
effective in the case of constrained control problems [8, 19, 20].



The present article, although self-contained, is the last part of the project started in [9, 18, 19, 20].
In the articles [9, 18], the dynamic programming approach to the optimal impulse control was developed
without investigating any linear programs. The so called primal linear programs in the spaces of
occupation measures and of aggregated occupation measures (see (10) and (27)) were formulated
and investigated in [19] and in [20] correspondingly for the constrained version of the optimal impulse
control. In the special cases, the primal linear program (27) can be transformed to the linear programs
introduced in [4, 5, 10]: this relationship was discussed in depth in [20]. The dual linear programs
were not introduced in [4, 5, 9, 10, 18, 19, 20].

The novelty of the present article is in the following.

(a) Based on the abstract theory of linear programs [21], we formulate the primal linear programs
as in [19, 20] and the corresponding dual linear programs (for the standard, unconstrained optimal
impulse control) in terms of the Lagrangian L. Duality in such a general aspect was not studied in
the above mentioned works.

(b) We prove the solvability of the dual programs and show that the Bellman function as in [9, 18]
provides those solutions.

(c) We show that there is no duality gap in the both pairs of linear programs.

(d) We explain how to build the optimal control strategy based on the solutions to the investigated
linear programs. As for the second primal linear program, here the reasoning is different and simpler
than that presented in [20, §7]. Note also that in [20] the more challenging constrained version of the
optimal impulse control was considered.

The rest of this article is organized as follows. The problem statement is described in Section 2.
The main conditions and preliminary observations are presented in Section 3. Section 4 provides the
background on the abstract dual pairs. The first and second pairs of linear programs are investigated
in Sections 5 and 6 correspondingly. In Section 7, we explain how to retrieve the optimal strategy
from the solutions to the investigated linear programs. Brief comments about possible numerical
methods are given in Section 8. Example in Section 9 illustrates the presented results. In Section 10,
we formulate the conclusion and mention several related open problems. The proofs of lemmas are
postponed to the Appendix.

Throughout this paper, we use the following notations. := means the equality by definition.
RY := [0,00], R} := [0,00), Ry := (0,00). The term ‘measure’ will always refer to a countably
additive I@g—valued set function, equal to zero on the empty set. P(FE) is the space of all probability
measures on a measurable space (E, B(E)). On the time axis R the expression ‘for almost all u’ is
understood in the sense of the Lebesgue measure. By default, the o-algebra on Ri is just the Borel
one. If (E,B(E)) is a measurable space then, for Y € B(E), B(Y) := {X NY, X € B(E)} is the
restriction (trace) of the o-algebra B(E). If it is obvious which o-algebra is fixed on the space Y, we
say that p is a measure on Y (rather than on B(Y)), for brevity. If b = oo then the Lebesgue integrals

f(u)du are taken over the open interval (a,00). Expressions like ‘positive, negative, increasing,
a,b
d[ecr]easing’ are understood in the non-strict sense, like ‘nonnegative’ etc. I{-} is the indicator function;

dy(dz) is the Dirac measure at the point y. For b, ¢ € [—00, +00], bT := max{b,0}, b~ := — min{b, 0},
bAc:=min{b,c}, bV c:= max{b,c}. inf() := 4+o0o0. The integrals like [, f(e)u(de) are calculated
separately for the positive and negative parts f and f—, with the convention +oco — 0o = 400;
0 x o0 :=0.

2 Impulse Control Problem

We will deal with a control model defined through the following elements.

e X is the state space, which is a topological Borel space.



e ¢(,-) : X xR} — X is the measurable flow possessing the semigroup property ¢(z,t + s) =
P(p(x, ), t) for all z € X and (t,s) € (R%)?; ¢(x,0) = x for all z € X. Between the impulses,
the state changes according to the flow.

A is the action space, again a topological Borel space.

I(,) : X x A — X is the mapping describing the new state after the corresponding ac-
tion/impulse is applied.

C9(-) : X — R is the (gradual) cost rate.

CI(-,-): X x A — R is the cost function associated with the actions/impulses applied in the
corresponding states.

All the mappings ¢,1,C9 and C! are assumed to be measurable. The initial state 2y € X is fixed.
We are going to formulate the optimal impulse control problem as a Markov decision process.
Let Xa := X U{A}, where A is an isolated artificial point describing the case that the controlled

process is over and no future costs appear: C9(A) = C1(A,a) := 0. The dynamics (trajectory) of the

system can be represented as one of the following sequences

xTo — (91,&1) — 1 — (92,&2) — .. 0; < +oo for all 7 € {1,2,...},
or (1)
xro — (91,(11) — ... = Ty — (+OO,an+1) — A — (9n+2,an+2) - A—=...,
where xg € X is the initial state of the controlled process and 6; < +oo for all ¢ = 1,2,...,n. For the

state z;—1 € X, i € {1,2,...}, the pair (0;,a;) € ]RS)r x A is the control at the step i: after 6; time
units, the impulsive action a; € A will be applied leading to the new state

| Up(wio1,0:),a5), if 0; < 4-o0;
S VN if 6; = +o0.

After 0,11 = +o00 appears for the first time, the values of an41,0n+2, Anta, ... play no role. The state
A will appear forever, after it appeared for the first time, i.e., it is absorbing, and ¢(A,t) = A. Thus,
the transition probability is defined as

| Sus@oa(dy), ifx#A, 0F+oo; , 20
Q(dyl|x,(0,a)) := { 5a(dy) otherwise, z,y € Xa; (0,a) e R x A, (2)

After each impulsive action a;_1, if 01,6s,...,0;,_1 < 400, the decision maker has in hand the
complete information about the history, that is, the sequence

xo, (01,a1), 21, ..., (0i—1,ai-1), 1.

The selection of the next control (6;,a;) is based on this information, and we also allow the selection
of the pair (6;, a;) to be randomized.
For x;_1 # A, the cost accumulated on the coming interval of the length 6; € [0, cc] equals

C($i_1, (91, az)) = [0 6) Cg(¢($i_1, u))du + H{QZ < +OO}CI(¢($Z'_1, 91), ai). (3)

The next state z; has the distribution Q(dy|z;_1, (6i,a;)) given by (2).



In the space of all the trajectories
Q = U2 [X x (RY x A) x X)™ x ({+00} x A) x {A} x (R] x A) x {A})*]
UX x ((RY x A) x X)™],

we fix the natural o-algebra F. Finite sequences h; = (xg, (61, a1),x1, (02,a2),...,2;) will be called
(finite) histories; ¢ = 0,1,2,..., and the space of all such histories will be denoted as H;; F; := B(H;)
is the restriction of F to H;. Capital letters X;,T;, ©;, A; and H; denote the corresponding functions
of w €, i.e., random elements.

Definition 2.1 A control strategy m = {m;}5°, is a sequence of stochastic kernels m; on ]RS]r X A given
H,; 1. The set of all strategies is denoted as II. A Markov strategy is defined by stochastic kernels
{mi(dO x dalx;—1)}2,. A strategy is called stationary if it is Markov and i-independent, defined by
the single stochastic kernel w(df x da|x). FEvery measurable mapping f : XA — ]Rg X A defines a
deterministic stationary strategy, which is given by m;(d0 x dalh;—1) := 05, ,)(d0 x da), and identified
with f. The values of a strategy on the histories of the form (xo, (01,a1),...,A) are of no importance.

For a given initial state zo € X and a strategy =, there is a unique probability measure P] (-) on
2 constructed using the Ionescu-Tulcea Theorem [2, Prop.7.28] and satisfying the following relations
forallie {1,2,...}, T € BRY x A), 'y € B(Xa):

Pl(XoeTx) = 6:(Tx);  Pr((0i,Ai) € [|Hi—y) = my(L|H;1);

0 ‘ yay(Tx) if X;—1 € X, ©; < 4o0;
P™(X:cTv|H;:_ A — (¢(Xi-1,0:),A:) ) i I’ )
zo(Xi € Tx[Hi1, (O3, Ai)) { a(Tx) otherwise.
This is a standard definition of a strategic measure in Markov decision processes; E7 is the corre-
sponding mathematical expectation.

The optimal control problem under study is the following one:

Minimize with respect to #  V(zg, ) (4)
= B, Y I{Xi # A} {/[oe ] CY(P(Xi1,u))du +I{O; < +o0} C($(X;1, @i)w‘li)}
i=1 Oi

Under Condition 3.1 below, this expression is well defined. In what follows, V*(z¢) := inf crr V(z0, 7).

3 Conditions and Preliminaries

We have formulated the problem as the Markov decision process
(Xa:=XU{A}, RY x A, Q, O). (5)
Below, we briefly present the dynamic programming approach.

Condition 3.1 The functions CY(-) and C1(-) are RY -valued.

One can introduce the following set

Ve={reX: CIp(x,u)) du =0} U{A},
[0,00)
which is obviously measurable. Clearly, under Condition 3.1, as soon as X;_1 € V¢, it is reasonable
not to apply any impulses in the future, i.e., to apply the control (co,a) with the immaterial value
of & € A being arbitrarily fixed. All other actions cannot improve the objective. As the result, all

the further reasoning, conditions and equations can be for the state space having been reduced to
V.=Xa\Ve



Condition 3.2 (a) The space A is compact.
(b) The mapping (x,a) € X x A — l(z,a) is continuous.
(¢c) The mapping (z,0) € X x RY — ¢(x,0) is continuous.
(d) The function (z,a) € X x A — CI(x,a) is lower semicontinuous.

(e) The function x € X — C9(x) is lower semicontinuous.

Remark 3.1 Since the function C9(-) appears only in the integrals of the type f[o 1 CI(p(z,u))du, all
the statements in this article remain valid if C9(-) is such that, for all x € X, for almost all u € Rg’r,
C9(p(x,u)) = CI(p(x,u)), where the function CI(-) satisfies the formulated conditions.

Condition 3.3 (a) sup,cx f[o 00) [C9((@,u))|du < oo.
(b) CI(-) >8> 0.
For example, Condition 3.3(a) is satisfied in the discounted model, when X = X x RS]F,

Qb((j?U)’t) = ((;E(:E,t),u + t); l((ﬂ?>u)’a) = (Z(jva)?u); Cg((j’u)) = e—cxuég(i,)’ (6)

and sup,cx |CY(#)| < oo. Here ¢,] and C9 are similar to ¢,1 and CY, but defined on the Borel space
X; o > 0 is the discount factor.

If Conditions 3.1 and 3.3(a) are satisfied, then the positive function V*(-) is bounded because
V(zo,¢) < supgex f(O,oo) C9(p(x,u))du < oo for the deterministic stationary strategy ¢(z) = (00, )
with an arbitrarily fixed a € A.

Condition 3.3(b) means, the impulses are expensive.

If Condition 3.3(a) is satisfied, then, for each cycle such that ¢(z,7) = = for some x € X and
T € Ry, necessarily C9(¢(x,u)) = 0 for almost all u € RY.

Proposition 3.1 If Conditions 3.1, 3.2 and 3.3 are satisfied, then the Bellman function V*(-) is the
unique bounded measurable solution to the following (integral) Bellman equation

W(A) = o,

W(z) = inf {C’(m, 0,a))+

(6,a)€RY x A W (y)Q(dylz, (6, a))} Ve X, (7)

Xa

and there is a measurable mapping f*: X — RS’F x A providing here the infimum, which defines the
optimal strategy in problem (4): V*(xo) = V(xo, f*) for all zg € X . This solution to equation (7) is
necessarily nonnegative and lower semicontinuous.

The proof follows from [18, Thm.1] and from the proof of Proposition 1 of [18].
Along with the above dynamic programming approach, another method based on the linear pro-
gramming, is useful. For each 7 € II, let

> {Xi € dz, 041 € df, Aiyq € da}
=0

p"(dx x dff x da) := E7,

be the occupation measure on X x ]R?r X A: see [12, §9.4]. Then, under Condition 3.1,

V(zg, m) = /XXRO " C(z,(0,a))u™(dx x df x da). (8)

5



If Conditions 3.1 and 3.3 are satisfied, then we can ignore the strategies with p™(X x ]RS)r X A) = o0
because, for such strategies, with positive P, probability, there are infinite number of real-valued
©; < oo which leads to V(zg,m) = oo, while inf e V(zo,7) = V*(29) < oco. As a result of this
observation, the key properties of the occupation measures of our interest can be written down as
follows:

p(dz x RY x A) = 4 (dz) +/ {l(é(y,0),a) € de}u(dy x df x da);
XxRixA (9)
p(X x RY x A) < oo.

See [12, Lemma 9.4.3].
Assuming that Conditions 3.1, 3.2 and 3.3 are satisfied, the first linear program of our interest,
traditionally called ‘primal’, has the form

/ C(z,(0,a))u(dr x df x da) — inf (10)
X xRy xA K

subject to (9).

The similar linear program, for the case of the constrained impulse control, was investigated in [19].
Any finite measure p on X X R(j_ x A can be written in the form

p(dz x df x da) = pr(df|z, a)pa(dalz)u(de x R x A), (11)

where pr(-) and pa(-) are stochastic kernels on R} and A correspondingly: see [2, Prop.7.27]. The
dependence of pr and p4 on p is not explicitly indicated here. Hence, using the Tonelli Theorem (see
[1, Thm.11.28)]), straightforward calculations imply that

/ { C%qb(a;u))du} wu(dz x df x da)
X xR xA [0,0]

= [ [ ][ oot priasis, apatdalotas x RY x A)
x JA JRY J10,0]
= / / CI(p(z,w))pr([u, 0]z, a) du pa(da|z)p(dx x Rg x A).
x /A JRrY
After we introduce the following measure on X
n(dy x O) = / / 6¢(m7u)(dy) </ pr(|u, oo]|x,a)pA(da|x)> du p(dx x Rg_ X A)
x JRY A
= / / 5¢(I7u)(dy)u(d:c X [u, 00] x A)du, (12)
RY JX
we may write
/ CY(p(x,u))du p p(dx x df x da) = / CI(y)n(dy x O).
X xRY xA [0,0] X

Here O is the artificial isolated point to be added to the space A for notational convenience. Roughly
speaking, if the measure 7(dy x O) comes from the occupation measure p™, then n(I' x O) equals the
total time the process spends in the set I' € B(X) under the control strategy .



Similarly to the above, we have that

/ ) {6 < co}C!(p(x,0),a)u(dx x df x da) = / Cl(y, a)n(dy x da),
X xR xA XxA

where
n(dy x da) = / / Og(z,0)(dy)p(dz x df x da) (13)
x JRY.
is a finite measure on X x A, since the measure y is finite.
Now
/ C(z,(0,a))u(dr x df x da) = / C(z,a)n(dzx x da). (14)
X xRy xA XxAg

Here and below
C9(z), if a =0;
Cl(z,a), ifacA,

and the measure n on X x Ap is as in the following definition.

An:=Au{d}; C(z,a):= { (15)

Definition 3.1 For a measure p on X X Ri x A satisfying (9), the measure n on X X Ap defined by
nIx xTy) :=nx x (TaNA))+nlx x OO el4}, I'x € B(X), I'a € (An), (16)

where the measures n(dy x O) on X and n(dy x da) on X x A were introduced in (12) and (183), is
called the aggregated occupation measure (induced by p).

The primal linear program (10) now can be rewritten as
/ C(z,a)n(dx x da) — inf  subject to (9), (12), (13).
XXAD K

In what follows, we will characterize the aggregated measures n without references to the measures
p: see (26).

Remark 3.2 As was explained, for a strategy m with the finite objective (4), we have V(zg,m) =
fXXAD C(x,a)n™(dx x da), where n™ is the aggregated occupation measure induced by p™: see (8) and

(14)-

4 Abstract Linear Programs

There are different ways for defining abstract primal/dual linear programs. In the current article, we
follow [21], see problems (1.5) and (1.6) therein. Namely, suppose M and W are two linear spaces,
M is a convex cone in M, and L(u, W) is a well defined bilinear form on M™ x W, taking values in
(—00,400] (or in [—00,400)). This means that

VYW € W Vi, e € M Va,b € RY L(aps + bug, W) = aL(p1, W) + bL(pa, W)
and
Vi € MY YWy, Wa € WVa,b€R L(u,aWy +bWs) = aL(p, Wr) + bL(p, Wa).

Now the primal and dual linear programs look as follows:

sup L(u, W) — inf ; inf L(u, W) — sup .
Wew ( ) peM* HeEMT ( ) Wew



Note that the value of the primal program cannot be smaller than the value of the dual program:

inf sup L(u,W)> sup inf L(,u,W),
HEMT Wew weW HEM

see [21, p.3]. If the last inequality is strict, then we say that there is a duality gap in the pair of linear
programs. Sometimes, the functional L is called ‘lagrangian’ [15, Ch.§].

Lemma 4.1 A pair (u*, W*) is a saddle point of the function L(-), i.e.,
L(p* W) < L(p*, W*) < L(p, W*) Ype M", WeWw, (17)

if and only if u* is a solution to the primal linear program, W* is a solution to the dual linear program,
there is no duality gap, and the common (optimal) value of the primal and dual programs equals

L(p*,W*) = sup L(p*, W)= inf L(u,W").
Wew peEM*
For the proof, see [21, Thm.2].

Remark 4.1 Sometimes, it is problematic to embed the cone M in a linear space, but M™ is a
projection of a convex cone M™T in a linear space M, like in Subsection 6.2. Note also that the
presented above assertions are valid for an arbitrary [—oo, +o00]-valued function L(-) on arbitrary sets,

MW

5 First Pair of Linear Programs

In this section, we assume that Conditions 3.1, 3.2 and 3.3 are satisfied.

Let Mf be the space of finite measures p on X X ]RS)r x A (the positive cone in the space M; of
finite signed measures p on X X RS’F x A), Wj be the space of bounded measurable functions W (-) on
X, and

Li(p,W) = /XXRO " C(z,(0,a))pu(dx x df x da)

+W (zo) + /

 Wy)QUdyl, (6, a))u(de x d6 x da) —/ W (@)u(de x B), x A)
XxRY xA X

be the (—o0, +oc]-valued bilinear function on M{ x Wi, where the RY-valued function C(-) was
defined in (3) and the substochastic kernel ¢ on X was introduced in (2). The function L;(-) can take
value +oo if the function C!(-) is unbounded. Now the primal program (10) can be rewritten as

sup Lq(pu, W) — inf

Wew, peMf
Indeed, for each measure p € Mf, if it does not satisfy equality (9), then supy ¢y, L1(p, W) = +o0,
and for finite measures p satisfying (9), L1(u, W) = fXxRixA C(z,(0,a))u(dx x df x da).
The dual program
inf Li(pu, W) — sup

/LEMl wewr
can be rewritten as
Maximize W( 0) over W e W (18)
subject to ,(0,a) / W(y)Q(dylz, (0,a)) — W(z) >0  V(z,0,a) € X x R} x A.

Indeed, for the functions W € W; satisfying (not satisfying) the presented inequality in program (18),
infuer Li(u,W) = Li(0, W) = W(xo) (infuer Li(u, W) = —o0). Here 0 is the zero measure.



Theorem 5.1 Suppose Conditions 3.1, 3.2 and 3.3 are satisfied. Then the following statements hold.

(a) The solution to the dual program (18) is provided by the Bellman function V*(-) € Wy, which is
the unique bounded solution to the integral Bellman equation (7).

(b) There exists a deterministic stationary strategy f* (optimal in problem (4)), and p*, the occu-
pation measure corresponding to f*, solves the primal program (10).

(c) The optimal values of the primal program (10) and the dual program (18) coincide (i.e., there is
no duality gap) and equal Li(u*,V*) = V*(xo), and (u*,V*) is a saddle-point of L1(-):

Lyi(p*, W) < Li(u*,V*) < Li(u, V) for allp € Mf, W € Wy.

Proof. According to Propositon 3.1, V*(+) is the unique bounded nonnegative lower semicontinuous
solution to equation (7), and there is a measurable mapping f*: X — R} x A providing the infimum,
which defines the optimal strategy in problem (4). The corresponding occupation measure p*, satisfies
conditions (9).

Let us denote the optimal values of linear programs (10) and (18) as Val(10) and Val(18) corre-
spondingly.

For the measure p* we have

Val(10) < / C(z,(0,a))u*(dx x df x da),
X xRy xA

and for the function V*(-) we have
Val(18) > V*(xo).
But

V*(20) = V(xo, f*) = /XR  Cla (0. (do  df  da).

Since, in any case, Val(10) > Val(18), we conclude that Val(10) = Val(18) = V*(x¢), the measure
p* solves the linear program (10), and the function V*(-) solves the linear program (18).

Items (a) and (b) are proved.

To prove Item (c), note that we already showed that

Val(10) = sup Ly(p*, W) =Val(18) = inf Li(u,V*)=V*(x0).
Wew, peM

Since

sup Li(p*, W) > Li(p*, V") > inf Li(p, V),
Wew, peM;

we conclude that

Val(10) = Val(18) = Ly (p*,V*) = sup Li(p", W)= inf L;i(u,V").
Wewr peMF

Finally, for all u € M and W € Wy,

Ly(p*, W) < sup Ly(p*, W) = La(u*,V*) = inf Ly(u, V") < Li(p, V7).
Wew, peM

The proof is completed. O



Remark 5.1 The linear programs (10) and (18) can have many solutions, for example in the case
when, under an optimal strategy, a subset X C X is not reachable from the initial point xo. In such
situation, the function W(-) may be arbitrary enough on X: the only requirement is that W € W,
and the constraint-inequality in (18) is satisfied. Similarly, the measure p may be arbitrary enough on
the set {(x,0,a) € X x RY x A: C(z,(0,a)) = 0}: only condition (9) must be satisfied. Therefore,
even if the control problem (4) has a unique optimal control strategy m, there can exist many different
solutions to the linear programs (10) and (18).

6 Second Pair of Linear Programs

6.1 Additional Conditions and Preliminaries

In this subsection, we show that, under appropriate conditions, the integral Bellman equation (7) is
equivalent to another equation (see (21)) which can be called ‘differential Bellman equation’.

Recall that a function w : X — R is said to be absolutely continuous along the flow ¢ if, for
all z € X, the function ¢ — w(¢(z,t)), t € R} is absolutely continuous. It is called increasing
(decreasing), or measurable along the flow if so is the function ¢ — w(¢(x,t)), t € RY for all z € X.

If, for each x € X, there is a constant G(z) such that

[w(¢(x,71)) —wl¢(z, 7)) < G(z)(r2 =71),  VO<T1 <72 <00, (19)

then the function w(-) is absolutely continuous along the flow ¢.
Lemma 6.1 and its proof are similar to Lemma 2.2 in [6], where the authors assumed that X was
a subset of an Euclidean space. For the general case, see [20, Lemma A.1].

Lemma 6.1 Let X be an arbitrary set and ¢ : X X R(jr — X be a flow in X possessing the semi-
group property. Suppose function w(-) is absolutely continuous along the flow ¢. Then the following
assertions are valid.

(a) There exists a function xyw : X — R such that, for any © € X, the function xw(¢p(x,s)) is
Lebesgue integrable with respect to s on any finite interval [0,t] C R(ﬂr and

w(g(, 1)) — w(z) = /[0 RUCCRILE (20)

forallx € X and t > 0.

(b) If, additionally, X is a measurable space (that is, equipped with a o-algebra of subsets), the
function w(-) is measurable, and the functions ¢(-,t) : X — X are measurable for all t > 0, then the
function xw satisfying (a) can be chosen measurable.

Note that the function yw(:) in (a) is not unique, but if yw'(-) and yw?(:) are two functions
satisfying assertion (a) of Lemma 6.1, then, for each x € X, the functions xw!(é(z, s)) and xyw?(¢(x, s))
coincide for almost all s € R}. We call yw!(-) and xw?(-) ‘versions’ of the function yw(-).

Condition 6.1 (a) The Bellman function V*(-) is continuous on X and absolutely continuous along
the flow ¢.

(b) The function xV*(¢(x,-)) is integrable over [0,00) for each z € X, and
SUPgex | fig.m) XV (62, u))du] < oo.

Below, we provide sufficient conditions for this.

Condition 6.2 (a) The functions C9(-) and C'(-) are continuous.
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b) The function C9(-) is bounded, and, for each € > 0, there is T € R such that
( +

sup/ |CI(d(x,u))|du < e.
zeX J(T,00)

(¢) The mapping | : X x A — X does not depend on the component x € X.

(d) The function C1(-,a) is absolutely continuous along the flow ¢ for each fized value of a € A.
Moreover, for each a € A and x € X,

CcHp(x,t),a) — CL(x,a) = / g(z,p(x,u),a)du, Vt>0,
[0,2]

where g(+) is a fized measurable function on {(z,y,a) : = € X,y = ¢(x,u) for some u > 0,a €
A} C X2 x A, bounded for each fized x € X.

(e) The function G(z) := SUPy—_g(zu)u>0 C(Y) V SUDy—4(z u)uz0 SUP.eA 19(2, Y, a)| on X is measur-
able and such that sup,cx f[o 00) G(¢(z,u))du < oo.

_ Note that Condition 6.2(b) is satisfied, e.g., in the discounted model (6) with the bounded function
C9(-). Conditions 6.2(d,e) are fulfilled if, for example, the function CY(-) satisfies Condition 3.3(a)
and decreases along the flow ¢, and the function C’(-) does not depend on z.

Lemma 6.2 Suppose Conditions 3.1, 3.2, 3.3 and 6.2(a,b) are satisfied. Then the Bellman function
V*(-) is bounded and continuous.

The proofs of this and subsequent lemmas are presented in the Appendix.

Lemma 6.3 Suppose Conditions 3.1, 3.2, 3.3 and 6.2(a-d) are satisfied. Then the Bellman function
V*(-) is absolutely continuous along the flow ¢. If additionally Condition 6.2(e) is satisfied, then
Condition 6.1(b) is satisfied for any version of the function xV*(-).

Theorem 6.1 Suppose Conditions 3.1, 3.2, 8.3 and 6.1(a) are satisfied and the function C!(-) is con-
tinuous. Then, for a bounded measurable function W (-) on X, the following statements are equivalent.

(a) The function W (-) satisfies equation (7).

(b) The function W (-) is continuous on X, absolutely continuous along the flow ¢, satisfies equation
min { XV (8(2,1) + C7(6(, 1)
I (C7(0(a,1),0) + W6 (2, 1),0)) ~ W<¢<x,t>>}} ~0 (1)
for all x € X, for almost all t > 0,
and limy_,oo W(¢(z,t)) = 0 for all z € X.
(¢c) W(x)=V*(z) for all z € X.

Expression (21) is equivalent to the so-called ‘quasi-variational inequalities’ [7, 22]; we call it
‘differential’ Bellman equation.

Before proceeding to the proof, we formulate the following proposition justified in Subsection 3.1
of [9].
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Proposition 6.1 Suppose the integral f[o,oo) CY(¢p(z,u))du is finite for all x € X and W(-) is a
function, absolutely continuous along the flow ¢, such that lim, , W (p(z,t)) > 0 for all x € X.
Then the following statements are equivalent.

1. The function W (-) satisfies equation (7) and the infimum with respect to 0 in equation

W(z) = inf { C9(p(x,u)) du + I{0 < +oo} inf {CT(d(,0),a) + W(l(¢(x,0),a))}}, reX
o R [0,0] aEA

(22)
is attained on a nonempty set ©(x) C RY, and O(z) contains its infimum for each z € X.
2. The function W (-) is such that assertions (a), (b) and (c) below are valid.
(a) For each y € X,

. . FV(y) =0 and
either (1 ot
D | o [+ W) - W} > 0
or, if the Assertion (i) fails to hold (e.g., ]:E/(y) does not exist), then (23)

(ii) { FY(y) C [0,00] and
infaea {C1(y,a) + W(l(y,a)) = W(y)} = 0.

Here

WD =WW) 1 oy, )]

FV = lim
+ (v) ; ; 04

t—0t

provided that this limit exists;

— Iy W(y) —W(o(g,s — 1))
£W(y) = {hmt—>0+[ n
=3 <ﬂw@w+mmﬂz<@$eXxR%¢@ﬁ—y}cRu&m}
[_tvo]

If{(g,s) e X xRy : ¢(g,s) =y} =0, that is, if the point y € X is ‘singular’, we put f‘iv(y) = 0.
(b) For the set L, defined as

L:={zreX: ;g}; [Cl(ac, a) + W(l(z,a)) — W(z)] = 0}, (24)

the set {t € ]R(_)|r o @(x,t) € L}, for each x € X, if not empty, contains its infimum.
(c) For each x € X, limy_,oo W(¢(z,t)) = 0.

This proposition also appeared in [18], where a slightly stronger condition on the function W ()
was imposed.

Proof of Theorem 6.1. Equivalence of the statements (a) and (c) under Conditions 3.1, 3.2 and 3.3
was justified in Section 3.

Suppose a bounded measurable function W (-) satisfies equation (7). Then W (-) = V*(-) and hence
the function W (-) is continuous on X and absolutely continuous along the flow ¢ by Condition 6.1(a).
Moreover, the infimum with respect to 6 in equation (22) is attained on a nonempty set ©(z) C RY,
and O(z) contains its infimum by Corollary 2 of [18]. Finally, W(-) = V*(-) > 0, so that we have
Statement 1 of Proposition 6.1 leading to Statement 2: lim;_ o, W(¢(x,t)) = 0 and, for each y € X,
(23) is valid.

Since the function W (-) is absolutely continuous along the flow ¢, for each x € X, for almost all
t>0,

AW (¢(z,1))

AGO) Wt t)  and S [ oot u))du = O (62 1),

dt [O,t}
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Now (23) implies the following statement:
for each x € X, for almost all ¢t > 0, (for y = ¢(z,1)),

cither (i) { xW(é(z,1)) + C9(p(x,t)) =0 and
infaca {C*(d(2,1),a) + W(U((z,1),a)) = W(e(x,1))} > 0

or, if the Assertion (i) fails to hold, then

@ W) o) 20
infaea {C’Z(gf)(m, t)v a) + W(l(¢(x7 t)? a)) - W(¢($, t))} =0.

Therefore, statement (b) of Theorem 6.1 is valid.

Suppose statement (b) is valid and prove statement (a).

Under the imposed conditions, for the continuous on X function W (+), the function inf,ea [CY (2, a)+
W(l(z,a)) — W(z)] is continuous by [2, Prop.7.32]. Hence the set (24) is closed. Therefore, for each
z € X, the set {t € RY : ¢(z,t) € L}, if not empty, is closed and hence contains its infimum, because
the flow ¢ is continuous.

Let us show that, for each y € X, expression (23) holds. According to (21), there is a sequence
t; 1 0 such that

Fi(t) i= it (C7(6(y, 1), @) + W (U6, 1), @) ~ W(D{y, )} > 0.
The function F(-) is continuous by [2, Prop.7.32]. Thus,
Fi(0) = inf {O"(y, ) + W(i(y,0)) ~ W)} 0.

(i) Suppose
Fyly) := inf {C1(y,a) + W(l(y,0)) = W(y)} > 0.

Since again the function Fh(-) is continuous, there exists ¢ > 0 such that Fa(¢p(y,t)) > 0 for all
t € [0,¢], and hence

XW(o(y, w) + C%(¢(y, u)) = 0
for almost all u € [0,¢]. Therefore, for all ¢ € [0, ],
W(o(y,t) = W(y) - 0 CY((y, u))du,

and FV (y) = 0.
(ii) Suppose F5(y) = 0 and the point y is not singular: y = ¢(g, s) for some gy € X, s > 0. For an
arbitrarily fixed t € [0, s|, we integrate the inequality

XW(o(y,7)) + C%((y,7)) = 0,
valid for almost all r € [s — ¢, 5]:
W(¢(ga 3))_W(¢(g> S_t))+/[ i ] Cg((b(g, ’I“))dT = W(y)_W(d)(g? S_t))+ [—t 0] Cg(¢(g7 S+u))du Z 0.

Hence, FV (y) > 0, and equation (23) is proved.
According to Proposition 6.1, since Statement 2 is valid, the function W (-) satisfies equation (7).
|

Corollary 6.1 If Conditions 3.1, 3.2, 8.8 and 6.1(a) are satisfied and the function C(-) is continu-
ous, then limy_,oo V*(¢(x,t)) = 0 for all x € X.

For the proof, note that the Bellman function V*(-) is the unique bounded measurable solution to
equation (7) by Proposition 3.1.
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6.2 Linear Programs

Definition 6.1 W is the linear space of measurable bounded functions W (-) on X, absolutely con-
tinuous along the flow ¢, such that limy_,oo W (o (z,t)) = 0 for all x € X, the function xW (¢(z,-)) is
integrable over [0,00) for each v € X and sup,¢x | f[o 00) XW(p(x,u))du| < co.

Under appropriate conditions, the Bellman function V*(-) belongs to W, by Lemmas 6.2, 6.3 and
Theorem 6.1.

Definition 6.2 A measure 77 on X is called normal if
i) = [ duean )0 w)du mido), T € BX),
X JRY

where Y(-) > 0 is a measurable function on X X R(}r, m is a probability measure on X, and, for the
measure m(dx x du) :=m(dz) x du on X x RY, the following assertion holds true:

IS eRy: m({(z,u): |¢Y(z,u)| >S}) =0. (25)

A measure n on X X Ap, where Ag = A U {0} is as introduced in (15), is called normal if
n(X x A) < oo and the measure n(dx x O) is normal.
The set of all normal measures on X x Ap is denoted as M7 .

Remark 6.1 Let ¢(u) := ¢(x,u) : RY — X be a measurable mapping (for each fived x € X).
Then 7(Tylx) = fRi Oy (u)(Lx)(x, w)du is the measurable kernel on X given X, which, for each

x € X, coincides with the image of the measure ¥(x,u)du on Rg with respect to the mapping ¢, (+),
and )(Tx) = [x 7(Cx|z)m(dz).

For example, every aggregated occupation measure 7, induced by a finite measure p as in Definition
3.1, is normal. A normal measure can equal +oc0 at a stationary point z, where ¢(z,t) = x.

Note that, for every function W(-) € W, and every normal measure 77 on X, the integral
Jxx XW (x)7(dz) is well defined, independent of the version of the function W (-), and finite.

The normal measures on X are not finite, and it is problematic to embed the space M; in a linear
space. But we will show that ./\/lé|r is a convex cone, equal to a projection of a (positive) cone M* in
some linear space M. See Corollary 6.2 and Remark 4.1.

Lemma 6.4 Suppose my and mg are two probability measures on X and ¥1(+), ¥2(-) are two real-
valued measurable functions on X X Rg such that, for j = 1,2, for the measure mj(dx x du) :=
m;(dz) x du on X x RY and the function 1;(-), the requirement (25) is satisfied.

Then, for arbitrarily fired a1,as € R, there exist a probability measure m on X and a measurable
function ¥(-) on X X Rg_ such that the following assertions are valid.

(a) For the measure m(dzx x du) := m(dz) x du on X x R} and the function (), the requirement
(25) is satisfied.

(b) For each i € {1,2,...}, the finite signed measures on X x [i —1,7)
M;(dz‘ x du) :=u € [i — 1,i) }(x, u)m;j(dr x du), j=1,2,

and
M (dx x du) :=T{u € [i — 1,4) }3 (2, u)m(dz x du)

are such that ‘ ‘ ‘
M = ale + aQMé

set-wise.
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(c) The function (-) is positive if so are the functions ¥1(+), ¥2(-) and the numbers a1, as.

The sequences {M*}°,; of finite signed measures as in Lemma 6.4, associated with the probability
m and the function ¥(-), form the linear space M, and one can introduce the linear space M :=
My x ./\/12, where M is the linear space of finite signed measures on X x A. The natural positive
cone in M is denoted as M™; it contains the corresponding positive measures. Now one can see that
M7 is just a (linear) projection of the convex cone M

Corollary 6.2 from Lemma 6.4. Ifn; and no are two normal measures on X X Ag, then aini+asns
is again a normal measure on X x Ag for all ai,as € RY, that is, the space M; 1S a convex cone.

The proof is obvious.
Theorem 6.2 Suppose Conditions 3.1, 3.2 and 3.3 are satisfied and a (finite) measure p on X X

I@& X A satisfies requirements (9). Then the aggregated occupation measure n as in Definition 3.1,
induced by 1, satisfies equation

0=W(xo)+ /X XW(x)n(dx x O) / W(z)n(de x A) + - W(l(z,a))n(dz x da) (26)

for all functions W (-) € Wh. This equation is valid for any version of the function xW (-).

Proof. According to Lemma 6.1, for each fixed x € X, 0 € R(_)H

W (6, 0)) = W(x) + / AW (6(, 5))ds.

(0,6]

After we integrate this equation over X x Rg_ with respect to the measure p, represented as in (11),
we obtain the following equality, according to the definition (13):

/W n(dy x A) /W (RY |z)pu(dz x RY. x A) /W )p({oo}|z)p(dz x RS x A)

- /X /R(-)F /[079] XW(¢(£’ S))ds ﬁ(d0|$)u(d$ X RJF X A),

where p(df|z) := [, pr(df|z,a)pa(dalz). All the integrals here and below are finite.
After we apply the Fubini Theorem to the last integral, we obtain:

/W n(dy x A) = /W p(dr x RY x A) — /W )p({oo}|x)u(dz x RS x A)
+/ /RO /m XW (¢(x,8))p(d0|z) ds p(dr x RS x A)
= / W (2)u(dz x RS x A) / W (z)p({oc}|)u(dz x R) x A)
/ /RO W (d(z, 5))p([s,00)|z) ds p(dr x RY x A)
= / W (z)u(de x R x A) / W (z)p({oo}|z)u(dz x RY x A)

+ [ Wy <o) = [ [ W@l s)i{ocHa) ds o x B x A).
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The last equality is by the definition (12) of the measure n(dy x O).
Since

t—o00

lim W(¢(z,t)) = W(x) + /RO XW(p(x,s))ds =0,
we conclude that
/ W (@)p({oo} ) u(de x B x A) + / / W (@(z, 8))p({o0}|x) ds pu(dz x RS x A) = 0.
R
Finally,
/ W(y)n(dy x A) = / W (z)p(de x RS x A) + / xW (y)n(dy x O)
— Wi(ao)+ / W(1(6(,6), )y x do x da) + [ W (w)n(dy x 0
X xRY xA X

by (9), and the required formula (26) follows from the definition (13). O
If ¢(x,7) = x for some x € X and 7 € Ry, then, on the cycle {¢(x,t) : 0 <t < 7}, any function
W (-) € W is identical zero. Hence equation (26) does not provide any information about the measure
1 on that cycle.
Below, we assume that Conditions 3.1, 3.2, 3.3 and 6.1 are satisfied and the function C!(-) is
continuous. Let

Ly(n, W) = /XXACJ(m a)n(dz x da) + / CY(x)n(dx x O) + W (xo)

+/XXW( (dz x D) / W@jn(de x A)+ [ Wiz, a))n(dw x da)

be the (—o0, +o00]-valued bilinear function on M3 x Wy. This function can take value +oo if the

function C(-) is unbounded; all the other terms are finite.
The primal linear program supyy ey, L2(n, W) — inf776 Mg can be rewritten as follows:

/XXAC'I(:U,a)n(dx x da) + /XCg(sc)n(dx x O) = / C(z,a)n(dx x da) — inf

XxApg WEM;— (27)
subject to (26).

(The function C(-) was introduced in (15).) Indeed, if the equality (26) is not satisfied, then, for
some function W € Ws, the righthand side of (26) is positive (one can change the sign of W(-) if
needed) and, hence can be made arbitrarily large if we multiply W (-) by a large constant. Therefore,
supyy ey, L2(n, W) = +oo. In case the equality (26) is valid, La(n, W) = [x, o C'(z,a)n(dz x da) +
Jx C9(x)n(dxx O). The similar to (27) linear program, for the case of the constrained optimal impulse
control, was investigated in [20].

The dual linear program infnE M La(n, W) — supy ey, can be rewritten as follows:

W(zp) = sup (28)
Wews

subject to  xW(¢(z,t)) + CI(p(x,t)) > 0 for all z € X and for almost all ¢ > 0;
Cl(x,a) + W(l(z,a)) — W(zx) >0 V(zr,a) € X x A.

Indeed, suppose there is y € X such that the measurable set

Ii={t>0: xW((y,t)) + C(e(y,t)) < 0}
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has the positive Lebesgue measure. Then, after we take the normal measure n(dz x O) associated
with m(dz) := 0,(dz) and ¥(z,u) := KI{u € I} with large K > 0, we see that the expression

/ CY(x)n(dx x O) +/ XW (z)n(dz x O)
X X

can be made arbitrarily big negative. Similarly, if C7(y,b) + W (I(y,b)) — W (y) < 0 for some (y,b) €
X x A, then one can take n(dx x da) := K, ;) (dr x da) leading to the arbitrarily big negative value
of the expression

/ Cl(z,a)n(dx x da) + W(l(z,a))n(dx x da) —/ W (z)n(dz x A)
XxA X

XxA

when the constant K > 0 increases. Therefore, if the constraints in (28) are not satisfied, then
infneM; Lo(n, W) = —oo. If they are satisfied, then infne/\/l; La(n,W) = W (xp), and this infimum is
attained at n = 0.

Theorem 6.3 Suppose Conditions 3.1, 3.2, 3.8 and 6.1 are satisfied and the function C1(-) is con-
tinuous. Then the following statements hold.

(a) The solution to the dual program (28) is provided by the Bellman function V*(-) € Wh.

(b) There exists a deterministic stationary strateqy f* (optimal in problem (4)), and the aggregated
occupation measure n*, induced by the occupation measure p* corresponding to f*, solves the
primal program (27).

(¢) The optimal values of the primal program (27) and the dual program (28) coincide (i.e., there is
no duality gap) and equal La(n*,V*) = V*(x0), and (n*,V*) is a saddle-point of La(-):

Lo(n*, W) < La(n*, V*) < La(n,V*)  for alln € M3, W € Wy,
Proof. We denote the optimal values of linear programs (27) and (28) as Val(27) and Val(28)
correspondingly. The Bellman function V*(-) is bounded by Proposition 3.1; lim;_,oc V*(¢(z,t)) = 0
for all z € X by Theorem 6.1. Hence, V*(-) € W, according to Condition 6.1. All the inequalities in

(28) are valid for the function V*(-) by Theorem 6.1. For the last inequality, note that equation (21)
implies inequality

CHe(x, 1), a) + V*(U(o(z,t;),a) = V*((x, 1)) >0, i=1,2,...,

valid for all (z,a) € X x A and for some sequence t; | 0. It remains to pass here to the limit using
the continuity of the functions C(-), V*(-) and the mappings I(-), #(-). Therefore,

Val(28) > V*(x).

The existence of the strategy f* follows from Proposition 3.1. The aggregated occupation measure
n*, induced by the measure p* = p/~ (which satisfies requirements (9)), is normal and satisfies equation
(26) by Theorem 6.2. Therefore,

Val(27) < / C(x,a)n*(dz x da).
XxAp
But, according to (8) and (14)
Vi(wo) = V(xo, [¥) = / C(z,a)n*(dz x da).
XXAD
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Since, in any case, Val(27) > Val(28), we conclude that Val(27) = Val(28) = V*(z¢), the measure
n* solves the linear program (27), and the function V*(-) solves the linear program (28).
Items (a) and (b) are proved.
The proof of Item (c) coincides with the end of the proof of Theorem 5.1. O
Similarly to Remark 5.1, the linear programs (27) and (28) can have many solutions.

7 Construction of the Optimal Strategy

The dual linear programs (18) and (28) can help to obtain the Bellman function V*(-): see Theorems
5.1 and 6.3. After that, the optimal strategy comes from Proposition 3.1. At the same time, the
straightforward dynamic programming approach is more widely used, and it immediately leads to the
optimal strategy in problem (4): see Proposition 3.1.

Below, we concentrate at the primal programs (10) and (27). They are most popular in the
constrained problems of the form

Vo(zo, ™) — in£I subject to Vj(zo,m) < dj, j=1,2,...,,J, (29)
S

where the objectives V;(-) are associated with different cost functions C]g (-) and CJ[ (-), and d; are fixed
numbers. See, e.g., [8, 19].
As for the first primal linear program (10), the optimal measure p* gives rise to the stationary
strategy 7*:
p*(dz x df x da) = p*(dz x RS x A)r*(df x dalz),

which is optimal in problem (4). This is a standard reasoning for Markov decision processes with
nonnegative costs [8], see also [19, Prop.3.2].

The case of the second primal linear program (27) is more tricky. Below, we look at it more
attentively and impose some reasonable additional conditions and definitions. At the same time, some
conditions, required in Subsection 6.2, are not needed. The flow ¢ is assumed to be continuous.

Definition 7.1 For a fized z € X, the set
X = {o(z,t): te Rg_}
can be called the (partial) orbit of the point z.

Condition 7.1 For arbitrarily fized z1,2z9 € X,
o cither , XN L,X =10,
o or ,, X C X,
o or ,, X C ,X.
Definition 7.2 If Condition 7.1 is satisfied, then the set
A= XU X yeX, X C A

1s called the full orbit of the point z € X.
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Clearly, ,X = ,X for each point y € ,X, and the set of all full orbits is just a stratification of the
space X.

If the flow ¢ is continuous, then one can easily show that each full orbit is measurable. We assume
below that Condition 7.1 is satisfied, which is the usual case if the flow comes from an ordinary
differential equation. But it seems that all the proofs can be adjusted for a more general case.

At the end of a full orbit ,X, there may be a cycle, i.e., ‘cyclic’ points = such that ¢(z,t) = x for
some ¢t > 0. In this case ,X°¢ is the part of ,X excluding that cycle. Each set ,X° is measurable
(and certainly may be empty).

Definition 7.3 Suppose Condition 7.1 is satisfied and consider a particular full orbit .X.

(a) A point x € ,X° is called a predecessor of a point y € X, if there is t > 0 such that
y = ¢(x,t). In this case, a (closed) arc [z,y] is defined as {¢p(z,u) : 0 < uw < t}. Here
t = inf{f > 0 : y = ¢(x,0} in case the point y is cyclic. A particular point v € ,X°¢
is also an arc denoted as [x,x]. Open arcs, for the points x and y as above, are denoted as
(x,y) == {p(x,u) : 0 < u < t}, including the case (x,”00”) := {¢(z,u) : 0 < u < oo};
[€,700"] :={d(z,u) : 0<u<oo}. An arc [z,y] is called finite if y # " o0”.

(b) If x is a predecessor of y = ¢(x,t) on the full orbit ,X¢, then D(x,y) := t will be called the ‘time-
distance’ between x and y (and also between y and x). The time-distance between x € ,X° and
T equals zero.

(c) The ‘basic’ measure n°(dx) on ,X€ is defined by its values on the finite arcs [v,y] C ,X°:

n°([z,y]) :== D(x,y) = t, where t is such that y = ¢(x,1).

In other words, the basic measure on ,X¢ is the image of the Lebesgue measure subject to the
transformation ¢t — ¢(z,t). Here t can take negative values: ¢(z,—t) = Z, if ¢(Z,t) = z for t > 0 and

for some Z € X. Now for any arc (z,y) C .X (open or not), for a basic measure n°(dz), for any
positive measurable function f

f(S)nb(dS) - f(¢($, u))du, (30)

(z.y) [0,¢)

where t is such that y = ¢(x,t). In case the flow ¢ is continuous, for a sequence x; € ,X¢, x; —
x € ,X¢if and only if ¢;, the time-distance between z; and z, approaches zero. The measure 7’ is
well defined on each set ,X°¢ and is non-atomic.

Assume that Conditions 3.1, 3.2 and 3.3 are satisfied. According to Proposition 3.1, there exists
an optimal deterministic stationary strategy f* in problem (4). The occupation measure pf” (under
the fixed initial state zy € X) gives rise to the aggregated occupation measure nf" which is normal
and exhibits the following obvious property: the measure 5/ (dz x da) on X x A is a finite sum of
Dirac measures concentrated at the points {(y;,a;)}/_;, I > 0.

Note that I < sup,cx f[O,oo) C9(p(x,u))du/d, where § comes from Condition 3.3(b), and y; cannot
belong to a cycle because, as explained below Condition 3.3, staying in that cycle provides no future
cost, while any impulse results in the positive cost.

Following this observation, without loss of generality, we supplement the primal linear program
(27) with the following requirement:

the measure n(dz x da) on X x A is a finite sum of Dirac measures, (31)
concentrated on the finite set Y = {(yi, a;)}_, I > 0.
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Now
I
= 9(x T Loy a;) = 9(x T L. a).
/X | Cla)n(de xda) = /X CPlan(de <0+ 3 C" g /X 09 (z)(d xm>+(y§eyc (v, 0)

Roughly speaking, the optimal measure *(dz x da) in the program (27), (31), being decomposed as
n*(dy x A)m*(daly), will define the optimal feedback which will be deterministic: 7*(daly) = 6fa(y) (da).

As soon as an ‘active’ point y is reached, the impulse fa(y) should be applied. (a is not an argument,
just the notation of the function f,(:).) The set of active points Y™* is finite and also comes from the
measure n*(dz x da). The rigorous statement is as follows.

Theorem 7.1 Suppose Conditions 3.1, 3.2, 3.8 and 7.1 are satisfied. Then the following statements
are valid.

(a) The modified primal linear program (27), (31) is solvable.

(b) For any solution n* with the measure n*(dx x da) being concentrated on the set Y* := {(y;, a;) }~

N =1
denote Y* := {yl}{:1 Then all the points y; are non-cyclic, and the deterministic stationary
strategy g*, defined by

gp(x) :=nf{0: ¢(z,0) € Y*} €RY (the infimum, if smaller than oo, is attained!);

9a(x) is such that (¢(x,g5(x)), g,(x)) € V7,
(or, in case g;(x) = 00, gi(x) = a with the immaterial value of & € A),

is optimal in problem (4).

(¢) The optimal values of the modified primal linear program (27), (31) and of the initial problem
(4) coincide.

Before proceeding to the proof, we need some definitions and preliminary observations.

Let us explain why the mappings g, and g, are measurable, if the flow ¢ is continuous and the
sets V*, Y* are finite. It is sufficient to consider a particular full orbit ,X¢ IfY := Y*n X ¢, then
g5(+) equals the minimum over all y € Y of the following functions (if Y = (), then g (z) = +00):

D(z,y) if x is a predecessor of y (see Definition 7.3);

gy(x) =< 0, if x =y
o0 otherwise,

which exhibit the following properties:
(i) if 2; = « and z is a predecessor of y, then gy(x;) = gy(2);
(ii) if z; — y, then g,(y) =0 < lim; oo gy(xi);
(iii) if z; — = and y is a predecessor of x, then g,(z) = lim;_o gy(x;) = 0.

Thus, each function g,(-) and hence gj(-) is lower semicontinuous. For each a;, the set {z € ,X°:
gi(x) = a;} is the finite union of measurable parts of the full orbit ,X° of the form

{y'}U{x: z is a predecessor of y'}
and of the form

{y/}U{x: z if a predecessor of 3 and y” is a predecessor of x}
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with ¢/, y” € Y*.

Suppose a normal measure 77 on X X Ap is admissible in the modified linear program (27), (31).
Then V := {y1,y2,...,yr} is the set of active points; the corresponding actions (impulses) a; are
also known. We calculate ; = I(y;,a;), i = 1,2,...,I and denote X := {wo} U {z;}__,. Below,
X, (Y,) is the collection of all the points from X (Y), which do not belong to any cycles; similarly,
Ve i ={(yiya;) : y; € YC}. Note, there may be several identical points in X and in X, but all points
in YV are different.

Lemma 7.1 Suppose the flow ¢ is continuous, Condition 7.1 is satisfied, a normal measure n satzsﬁes
conditions (26) and (31), and the sets X., Y. are as described above. Then, on any one full orbit
the measure n(dx x O) exhibits the following properties.

(a) If XN X, =0, then n(.X¢x 0) =0 and LXeny, =0.

(b) For any finite arc [x,y] in the sense of Definition 7.3(a) with x # y, the set [z,y] N X will
be called the ‘elementary’ arc, if it does not contain points from X, UY,.. Now, the value of the
measure 1(dx x O) of each elementary arc coincides with the value of the measure kn®(dx), where
the basic measure n° is as in Definition 7.3(c) and k = kx — ky; kx (ky) is the number of
points from X, (from }76) which are the predecessors of x. The case k < 0 contradicts equation

(26).

Of course, the value of k depends on the elementary arc, but we do not indicate that dependence
for brevity. Remember, k is bounded by the total number of points in X.. Roughly speaking, each
predecessor of a point x, belonging to X, (to Y.) increases (decreases) the measure n(dz x O).

Definition 7.4 Suppose Condition 7.1 is satisﬁed and Y = {(yi,a;)}_;, € X x A is such that all
points y; are different. Denote Y= {yi},, = {zo} U {U(yi, ai)}_, and let X, (Y.) be the set of
all the points from X (Y) which are not cyclzc If k is positive for each elementary arc in any full
orbit ,X¢ with z € X, then we say that the system Y is consistent and a non-atomic measure 7(dz)
on Xg’ = U, ex, . X€ is induced by Y if it coincides with kn®(dx) on all elementary arcs. The induced
measure is always complemented by the zero measure on each full orbit ,X¢ which does not contain
points from X,.

Note that any non-atomic measure on ,X° is uniquely defined by its values on the elementary
arcs.

According to Lemma 7.1, for any normal measure 77 on X x Ag, satisfying conditions (26) and
(31), the system ) is consistent, and the measure 7n(dz x O) on X is induced by ).

If Y is a consistent system, then the induced measure 77 is undefined on the set of cyclic points
(which may be non-measurable). But the integrals [y C9(x)i(dz) and [y xW (x)7(dz) for W € W,
are well defined because there is a version of xW(-) such that xW(x) = 0 and C%(xz) = 0 if the
point z is cyclic. That is why, with some abuse of notation, we say that each consistent system )
defines the induced measure 1 on X. In particular, for any normal measure 7 on X x Ap, satisfying
conditions (26) and (31), the measure n(dz x O) is induced by the corresponding system ). Similarly,
the expression ‘the induced by ); measure 7 is set-wise smaller/equal/bigger than the induced by )»
measure 72" only corresponds to the measurable subsets of the set X \ {cyclic points}.

Remark 7.1 One can define in the similar way the consistent system (XC,YC), where Xc and YC are
the sets of non-cyclic points from X, and introduce the induced non-atomic measure on UzeXc Lxe,
equal to kn®(dz) on all the elementary arcs. In this connection, if (X}, V}) and (X2,Y2) are two
consistent systems, then the system (Xcl U Xg, Ycl U Yf) 1s consistent, and the measure, induced by it,
18 set-wise bigger than the measure, induced by ()A((}, }A/Cl), and than the measure, induced by (Xcz, }A/CQ)
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Proof of Theorem 7.1. We assume that the point xg is not cyclic. Otherwise, the situation is trivial:
the only optimal solution to the modified linear program (27), (31) corresponds to the case when I =0
n (31), and the optimal values of the program (27), (31) and of the problem (4) equal zero.

According to Proposition 3.1, there exists an optimal deterministic stationary strategy f* in prob-
lem (4). It gives rise to the aggregated occupation measure n/", which is normal and satisfies conditions
(26) and (31). Suppose a normal measure 7 satisfies conditions (26) and (31) and

/ C(z,a)n(dx x da) < / C(z,a)n’ (dz x da). (32)
XxAqn XxAp

We will show that this inequality cannot be strict.

Let X, }7, X cs Y, and Y, be as described above Lemma 7.1. According to Lemma 7.1, the system ),
associated with 7, is consistent, and the measure 7(dz x O) is induced by . We construct consecutively
the new systems Y2 C V., j = 0,1,..., according to the following algorithm.

(0) yco = @7 }A/co = Q)v J=0.

1) 0j41 :=inf{0 € R : ¢(z;,0) € 1 ARZAY

2) If 641 = oo, then stop.

(1) 6
(2)
(3) Otherwise, calculate yj1 := ¢(z;,0j41).
(4) If the point y;41 is cyclic, then stop.

(5)

5) Otherwise, let a;11 be the point associated with y; 1 in the system Y.; put Vit =viu {yjs1},

ARV EY {(yj+1,a541)}, calculate x; 1 := I(y;+1,a;41) and increase j by one.

6) If the point z; is cyclic, then stop.
J
(7) Otherwise, go to step (1).

The final value of j, denoted as J, equals the number of points in the last sets YCJ and yg . The
number of points in the set Xg , coming from )’/ and including z¢, can equal J, if the algorithm
terminated at step (6), or J + 1, if the algorithm terminated at step (2) or (4). On each step
j=0,1,...,J, the system )? is consistent and all the points {y]} _, are non—cychc

The poss&ble results of the presented algorithm look like on Flg 1, and it will be shown that the
algorithm cannot terminate on step (4).

Let us explain, why the induced by Y/ (equivalently, induced by (176‘] , f’CJ )) measure 7j(dz) is set-
wise smaller than n(dz x O). As mentioned above, the measure n(dm x O) is induced by the system
Y which is consistent (equivalently, induced by the system (XC,Y) which is consistent as well: see
Remark 7.1). Consider the system Y :=Y\YV/, the corresponding sets X = {l(y,a): (y,a) €V},
Y = ={y: (y,a) € y} and X,,Y, (the sets of points in X,Y, excluding all cyclic points). Clearly,
X=X N\X/, Y, =Y, \Y/.

Firstly, we show that the system (X.,Y,) is consistent. Assume for contradiction that there is an
elementary arc [z, y]N » X¢ with k < 0 for the system (XC, Y.). If X7 e =0, then }A’Jﬂ ,X¢ = () and
the original system (Xc, Y) is not consistent. Suppose X‘] N .X°# 0 and let 2!, y", 22,92, ..., 2L y"
be the full ordered list of the points on ,X¢ generated by the algorithm. If the algorithm terminated

on step (2) or (4), then y* :="00” in case ¥ = ;. Now we have the collection of arcs on ,X°¢

[yl (22,97, . .., 21, o). (33)

(We are not sure at the moment that these arcs are disjoint.) All the points from Y, N ,X¢ can be
ordered: g;+1 = ¢(¥;, 7;) with 7, > 0. Suppose 7 is the last one among the predecessors of z: ¢ exists
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“orbits 4 | BN
/ ? \‘j\xz

Figure 1: In case a, J = 4 and the algorithm terminated on step (2); here 3 = 0. In case b, J = 2
and the algorithm terminated on step (6).

because k < 0. The point § cannot belong to any of the introduced arcs [z!,4'], 1 = 1,2, ..., L. Thus,
it belongs to one of the open arcs (y!, 2!*!), 1 <1 < L, or to (yL, "00”) if y¥ # "00”. One can build a
(small enough) elementary arc [ := ¢(7, 1), d(7, €1 +2)] C (¥, 2"+1) with 1,9 > 0, which does not
contain any points from Y,. (Recall that all points in Y, are different.) Let kx (ky) be the number
of predecessors of & from the set X/ (Y‘] ) and kx (ky) be the number of predecessors of Z from the
set X, (Y;). Since kx = ky and kx < ky (because initially we assumed that k < 0 for [z,y] N X C)
the total value of k for &, calculated using the full orlgmal system (Xc, Y) equals kx + kx —ky — ky
and is negative, which contradicts the fact that (XC, Y) is consistent.

According to Remark 7.1, the induced by Y/ (equivalently, by (X7, Y./)) measure 7j(dz) is set-wise
smaller than 7(dz x O), the measure induced by ) (equivalently, by (X, Y.)). Therefore, if Y/ is the
proper subset of )V, then

/ CY(x)n(dx) + Z Cl(y,a / CY(x)n(dx x O) Z Cl(y,a) :/ C(z,a)n(dx x da) :
X (y.0) D! (y.0)€Y XA
(34)
recall that C!(y,a) > 6 > 0. Clearly, we have equality here, if Y7/ = ).
Suppose the arcs (33) on a full orbit ,X¢ intersect: [z!',y"] N [2%2,92] # 0, where I; < I» and
y'2 # 700”. According to the algorithm (0)—(7), y'* is a predecessor of 2 and

; l l
e g = { S0 )

or [zf2, "]

We have a loop in the algorithm: the point 4! appeared again at a later step as the point on the arc
[2'2,92]. Let j+1 be the number of the point ¢!, as it was enumerated on step (3) of the algorithm. We
eliminate the loop by deleting the points (y"' = y;41,a;4+1), (Yj+2, @j+2)s - -, (Yj+ K, aj+K), up to and
excluding the end of the loop 2, from the system ). Simultaneously, the points Tjp1, Ty, Tjp K =
#'2 also disappear. The algorithm will provide the shorter sequence of points (J decreases), and in
(33) we will have

[yt (22,7, [, g2,
instead ot
e A T A N L PO
In the case 32 = 700", we do the same and obtain the sequence
[zt yY, [22, 47, . .., 21, 7 00”).
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After we eliminate all the loops in this way, we finish with the new system 2) C Y/, which is also
consistent. The measure Y, induced by 2), is set-wise smaller than 7 — the measure, induced by Y.
Therefore, if at least two arcs as in (33) intersect, then

/Cg(x)T(dxxD)—i— 3 cf(y,a)</ Cl@yild) + Y C(y,a). (35)
X (y,a)€D X (.a)eY?

We have equality here if all arcs in (33) are disjoint (there are no loops) and 9 = V7.
Consider the deterministic stationary strategy g as in the statement (b) of Theorem 7.1, coming
from the system 2). The corresponding aggregated occupation measure n? is such that

nd(dx x O) = Y(dz), n?(dz x da) = Z Oy a;) (dr X da).
(yi,0:)€Y
Since the strategy f* is optimal in problem (4), we have the following relations, based on the inequal-

ities (35),(34) and (32):

V(an f*)

IN

V(zo,9) = /X><A C(z,a)n?(dz x da) < /XxA C(x,a)n(dx x da) (36)

< / Clz,a)n!" (dz x da) = V(o, f*).
XxAg

The equalities are valid according to Remark 3.2.

We have shown that strict inequalities in (34) and (35) are excluded, i.e., 2) = Y = ). Moreover,
the strict inequality in (32) is also excluded, i.e., nf" is a solution to the modified primal linear program
(27), (31).

If n* is any solution to the program (27), (31), then it transforms (32) to equality and, for the
described in part (b) deterministic stationary strategy g*, we have

V(wo,g") = /X  Claa)(da x da) = /X  Claa)n’ (dn x da) = V(ao 1),

All the statements (a),(b) and (c) are proved. O

8 Computational Methods

Although numerical algorithms are beyond the scope of the present paper, we give some relevant
comments.

First of all, under Conditions 3.1, and 3.2 the integral Bellman equation (7) can be solved by
iterations

Woni(e) = inf {ou, (60.a)) +

f Wa(y)Q(dyl, <e,a>>}, e X
(0,0)eRY x A

Xa
starting from Wy(x) = 0: Wy(-) T V*(-). For details, see [18, Thm.1]. The optimal strategy is as in
Proposition 3.1. Note, this method gives the optimal strategy for all possible initial states xg € X.

In case the initial state x¢o € X is fixed, working with primal linear programs is computationally
advantageous. Assume that Conditions 3.1, 3.2, 3.3 and 7.1 are satisfied and the initial state xg € X
is fixed. Then the total number of finite intervals 6; (i.e. the total number of impulses a; € A) up to
the absorption at the state A is not greater than

f[O,oo) CI(¢(z,u))du
1)

J (integer part of the ratio) .
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Below we explain how the linear program (27),(31) can be solved numerically.
The reasonable measures 7(dzx x da) as in (31) can have I < I unit atoms at points from

Y ={(y1 = ¢(x0,6h),a1), (y2 = o(l(y1,a1),62),a2),...,(yr = ¢l (yr-1,ar-1),01),ar)}.

Due to Theorem 7.1, one can require that all the points from V = {yi}i[:1 are not cyclic. Accord-
ing to the notations introduced above Lemma 7.1, z; = l(y;,a;), i = 1,2,...,I, and all the points
X, T1,...,27—1 are not cyclic, too.

After these observations, one can try I = 0,1,...,I and minimize the objective (27) which has the
form

{6i,a: Y,
The sequence {6;, a;}_, defines the sets Y = {y;}/_, and ¥ = {(yi, a;)}_, as described above, and

/X CY(x)n(dx x O) = /(myl) CY(n(de x O) + /(mm) CI(n(de x O) + ... —|—/ CY(n(dz x O)

(II ’77 00” )

1
O({6;,a:}1_)) ::ZCI(yi,ai)—i—/ CI(x)n(de x O) —  inf . (37)
i=1 X

due to Lemma 7.1(a). Here (z;_1,y;) are arcs in the full orbits ,, , X: see Definitions 7.1 and 7.2. One
can take open arcs because the measure 7(dx x O) is normal, hence n({z} x O) = 0 for all singletons
{z} with non-stationary z. Note that only z; can be stationary, but in this case C9(x;) = 0 and the
last term in the formula above vanishes. According to Lemma 7.1(b), if, e.g., an arc (z;—1,¥;) does
not overlap with all other arcs, then

[ cmtaaxm = [ oot o)

(zi—1,¥3) [0,0)

because the measure 7(dz x 0O) = n(dz) is basic in the sense of Definition 7.3(c): see (30). Here

k = 1. In general, the arcs can overlap leading to k > 1 for some elementary arcs, but, in any case,
I+1

/X CY(x)n(dz x O) = C9(p(wi_1,t))dt,

i=1 7 [0,6)

where 0711 = co. Note that the measure

I
p(de x df x da) :=Y " 6y, _, (dz)dp,(d6)6a, (da) + dx, (dx)dee(d6)S
=1

ars (da)

satisfies equation (9). (The value of ary; is of no importance.) The objective (37) coincides with
the objective (10) meaning that, after solving the linear program (27), we also obtain the solution to
the linear program (10). Quite formally, the program (27) is less dimensional than (10) because the
component 6 is absent.

Now, under the introduced conditions, the objective (37) is a continuous function of the controls
{(0i,a;)}_, and, e.g., in case A C R¥ with the Euclidean topology, the problem (37) is a smooth
finite-dimensional minimization problem for which standard numerical methods can be applied. After
it is solved for all I = 0,1, ..., I, one has in hand the optimal I* and {6}, a} ZI; providing the absolute
infimum

inf O({0;,a:}1_y).
16{0,1,.,,,11?7{91.7%}{:1 ({0i,a:};—1)

The sequence {07, a}}!_, defines the set Y* = {(y;,a;)}._,, and the optimal control strategy can be
built as is shown in Theorem 7.1(b). The sequence

(91(’ (IT), (953 a;)a SRR (0?*7 a?*)? (+OO, a[*-l-l)a v

defines the optimal dynamics as in (1). The values of ar«y1,ar<42,... and 07+49,07+13, ... are of no
importance.
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9 Example

The main goal of this section is to illustrate the introduced concepts including the form of the measures
p* and n* and the Bellman function V*(-).

Consider the susceptible-infected-removed (SIR) model of epidemics described by the following
differential equations

o a 2(t)y()

M= .
0= g OO

Y o) +yt)

Here x(t) > 0 and y(¢) > 0 denote the numbers of susceptible and infective individuals in the closed
population of the size N at time ¢; the initial values x(0) = g, y(0) = yo are fixed; 8,7 > 0. The
number of removed (dead or recovered with immunity) individuals at time ¢ equals N — x(t) — y(¢).
Similar models were considered in [3, 17, 18]. The flow ¢ on the space {(z,y) : = >0, y >0, z+y < N}
comes from (38). At any moment, the decision maker can isolate all infectives, so that A = {1} is a
singleton. As the result, the epidemic terminates, that is, the system moves to the isolated absorbing
cemetery m with no future cost. The state space is

X={Z=(z,y): >0, y>0, 2 +y <N} U {m};

the topology in X N R? is just the trace of the standard Euclidean topology. The generic elements
of X are denoted as ¥; ¢(m,t) = m and [(Z,a) = m for all ¥ € X. The costless cemeteries A and m
have different meaning: m means that the process was stopped at a finite time moment, and A is the
fictitious state meaning that no impulses will be applied, and the process will never be stopped.

The gradual cost rate is the infection rate

C9(ay) = B for (e,y) €R% - Co(m) =0,

which, after integration along the flow, results in the total number of new infectives. Here and below
we omit one pair of brackets in the expressions like C9(%) = C9((x,y)) for ¥ € R2. The cost function
associated with impulses, also called ‘interventions’, equals

Cl(z,y,a) =6 +cy for e R,

where 6 > 0 is the cost of the initialization of the isolation process, and ¢ > 0 is the cost of the
isolation of one unit of infectives. For consistency, we put C!(m, a) = 4.

The complete solution to this optimal impulse control problem can be found in [17], where it
was allowed to isolate any number of existing infectives. But the optimal solution prescribes at any
moment either do nothing, or isolate ALL infectives immediately.

Below, we consider the most interesting case 5 < 7, ¢ < 7% If there are no impulses, then

_B_ _B_
(1 + %ge—(w—ﬂ)t> s (1 + %26—(”/—5)1&) v

(e2)™

B8/(v=8)
: —0N- : _ Lo . L y(t) _ Yo —(v-p)t
tlgglo y(t) = 0; tlggo z(t) = zg <1‘0 n yo) ;o w(t) = o0 —xoe .

z(t) = o ; (39)

_B_
<1 + %g) T (=Bt

~—
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Conditions 3.1, 3.2 and 3.3 are satisfied:

B/(v=5)
Y [ Y 2.
C9(H(F, u))du = ”’(1 (x+y) >, if 7= (oy) €RY _

[0,00) 0, if 7= m

The optimal control strategy and the shape of the function V*(-) are illustrated on Fig.2.

4.5

area ll - arealll area IV

n
)
I

y, infectives

\V}
I

0.5

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35
X, susceptibles

Figure 2: Susceptible-Infective dynamics under optimal control with ¢ = 0.05, § = 0.1, 8 = 0.05 and
v = 0.1. Dotted lines separate the areas I,II, and III; vertical dashed lines indicate the impulses.
According to the introduced notations, after each one impulse the state is m, the unique stationary
point with no future cost.

The critical area L (denoted in the previous sections as L), where the impulses are optimal, is
defined as follows:

L:= {(x,y): z>0,y>0, x+y <N, xzmaX{G(y), i}},

w*
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where w* := 'Bﬂziﬁ{‘” and G(y) is the solution to the equation

6+cy:x[1—<1+i)_7§ﬁ]

with respect to z. The points H (%, y) and H*(z*,y*) have coordinates
. ) o ( 3 >”Wﬁ X
7= — D =3 | — —-1];

= 7 Yy =wat
1—cw*—(1+w*) +-8

The trajectory I* is defined in the parametric form by equalities (39), where o = z*, yg = y* and

t € (—o0,+00), z(t) + y(t) < N. Cf. Definition 7.2: I* is the full orbit of the point H*. By the way,

in this example, Condition 7.1 is satisfied. All the above presented expressions were justified in [17].
Now in the areas I, II and III, which form one open set, no impulses are needed, so that

o \B/-B)
Vi(x,y) = CY(p(Z,u))du = x (1 — < > ) )

[0,00) Tty

Similarly, if # = m, the process is over (stopped), no more impulses are needed, and V*(m) = 0.
In the critical area L
V*(z,y) =0 +cy.

In the area IV, which can be represented as
T =B
x> xk; w*x<y<a:[(1+w*) (—*) 7 —1}; x+y <N,
x

one has to wait until the trajectory touches the critical area L, that is, the time interval up to the

impulse/intervention is
1
6, = In (y/”“") (40)

=87 \w
Further,
: ) : 1+ w7
V¥(z,y) = o) CY(x(t),y(t))dt + 6 + cy(6) = x + (cw* — 1)z 1+ ¢ +9, (41)
sU1 T
122
where z(t) and y(t) are given by (39) with o =z, yo = y. Here x — x [11112 } "% is the total number

1+w*
1+

_B_
of the new infectives over the time interval 61; y(61) = w*z [ } "% is the number of infectives to

be isolated at the moment of intervention.
The optimal strategy is deterministic stationary:

(00,1), if Zis in the areas I, II, or III or & = m;
[*(@) =< (0,1), if Zis in the critical area L;
(01,1), if Zis in the area IV.
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Conditions 6.2(a,c,d) are satisfied, but Conditions 6.2(b,e) are not. Nevertheless, Condition 6.1 is
satisfied. Explanations are in [17]; note also that V*(x,y) < x < N for (z,y) € R? because no more
than x susceptibles can become infected, and the positive Bellman function V*(-) is smaller.

All the theorems and propositions from the previous sections hold.

The above presented Bellman function V*(-) belongs to W; and also to W, and provides a solution
to the dual linear programs (18) and (28).

As for the primal programs (10) and (27), the optimal measures p* and n*, coming from the
optimal strategy f*, depend on the initial condition Zy.

(a) If Zy = m, then the process is over (stopped), no more impulses are needed, and p*(dz x df x
da) = om(dZ)600(dB)1(da); n*(mx O) = oo; n*(mx A) = 0; n*((X NR?) x Ag) =0.

(b) Suppose Zy = (zo,yo) belongs to the open set represented on Fig.2 as the union of the areas
I, IT and III. Then the optimal strategy prescribes not to isolate any infectives at all, because the
amount of susceptibles xy is not large, and preventing their infection is not profitable compared with
the cost of the isolation. The key expressions are as follows:

H(dT x df x da) = 63, (dF)60(d)5) (da),

N
/ C(, (0, a))p* (di x 6 x da) = zo [ 1 — ( )
X xR xA Zo + Yo

and

because

O(&, (00, 1 C9(H(#,u))d 1 0 R R R?
@ o) = [ cfoumim=s(1- (3] or 7= (2,3 € B2

For the measure n*, induced by p*, we have n*(X x A) = 0; the component n*(dz x O) is
concentrated on the trajectory of the system (38) starting from Z

70X = {(z(u),y(u)) : u>0, 2(0) = z0, y(0) =yo} = {¢(To,u) : ueRL}:

see Definition 7.2. It is defined by its values on the arcs: if 1 = ¢(Zp, u); T2 = ¢(Z1,t) = ¢(Zo,u+1),
then
n*({P(Zo,s): u<s<u+t}x0O)= D@, 7)) =t

is the ‘time-distance’ between #; and #. See Remark 6.1, where m(dZ) = dz,(dZ) and (&, u) = 1:
the measure n*(dZ x O) on z,X is the image of the Lebesgue measure with respect to the mapping
(Zo,u) : RY — z X. See also Definition 7.3: the measure n*(dZ x O) is basic.

dzx
*d:fxD:/ [—]dt
;" ( ) 0oy |

2o \P/0=P
= :(:O—tligloa:(t):xg 1_<:c0—|—y0> .

(c) Suppose Zy = (z0,yo) belongs to the critical area L. Then the optimal strategy prescribes to
isolate immediately all the infectives. The key expressions are as follows:

/ C(7 )y (dF x da) = 3
X xAg

Ty
g X T+

P (dZ x df x da) = 6z,(d¥)o(d0)d1(da) for T € R?;  p*(mx df x da) = 6o0(d6) x &1(da),

and
/ C(Z,(0,a))p™ (dZ x df x da) = § + cyo
X xR xA
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because
C(z,(0,1) =Cl# 1) =64 cy for = (z,y) € R%.

For the measure n*, induced by p*, we have
n*(XNRY) xO) =0; n*(di x da) = 6z,(d¥)d1(da) for T € R*; n*(mx0)=o00; n"mxA)=0:

the process spends infinite time in the cemetery m, and no impulses are applied;
/ C(Z,a)n*(dZ x da) = 6 + cyp.
XXAD

(d) Now suppose Ty = (xg,yo) belongs to the area IV. Then the optimal strategy prescribes to
wait and to apply the impulse 61 time units later. The key expressions are as follows:

W (dE x dO x da) = 63,(dT)dp, (d0)51(da) for & € R: 1 (mx df x da) = 6(d0)61 (da),

and
B
y—B

1 *
+w 4§

1+ 2

/ C(Z,(0,a))u*(d¥ x df x da) = xo + (cw* — 1)z
X xRy xA

because
e e
oo 1) = [ [~ i a0, 0000,

where z(t) and y(t) are given by the equalities (39), so that
C(Zo, (01,1)) = o — 2(61) + 6 + cy(b1),

where
_B_ _B_
¥—8 =8

14 w* N
; y(91) = w xo

1+ 2

see also (41). Below, Z(01) := (x(61),y(01))-
For the measure n*, induced by u*, we have

14 w*
1+2

.%‘(91) = X0

9

n"(dZ x da) = 6z, (dZ)d1(da) for T € R?* n*mx0O)=o0; n*(mxda)=0:

the process spends infinite time in the cemetery m, and no impulses are applied. The component
n*(dZ x O), considered on R?, is basic, concentrated on the part of the trajectory 7, X from Ty up
to (61), cf. (b). It coincides with the image of the Lebesgue measure on [0, #;] with respect to the
mapping ¢(Zo,u) : [0,601] = zX. Therefore,

/ C(Z,a)n*(dZ x da) = / [— dm(t)} dt + 6+ cy(6r)
Xx Ao oo L dt

= o —x(01) + 6 + cy(br).

In each case the occupation measure uf = p* satisfies the characteristic equation (9) and solves
the first primal program (10). The aggregated occupation measure n*, induced by p*, satisfies the
characteristic equation (26) and solves the second primal program (27). As for the Bellman function
V*(+), it can be modified arbitrarily enough outside the trajectory z X (e.g., one can put it there equal
to zero); the resulting function will still solve the dual linear programs (18) and (28). See Remark 5.1.
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10 Conclusion and Discussion

Linear programming proved its effectiveness in many optimal control problems. In this article, we
investigated two pairs of linear programs coming from the optimal impulse control with total cost.
The dual programs (18) and (28) actually represent the dynamic programming approach in its integral
and differential form: see equations (7) and (21) correspondingly.

The primal linear programs (10) and (27) are useful in the case of constrained optimization (29)
which was not discussed in this article. In this case, the dynamic programming approach is problem-
atic, but the primal linear programs (10) and (27) remain the same: one simply has to supplement
them with inequalities

/ Cj(z, (0,a))pu(de x df x da) < dj;
X xR xA
/ Cj(z,a)n(dz x da) < d;

XxAn

correspondingly (5 =1,2,...,J).

The conditions imposed on the primitives of the model are not very restrictive. Several of them
probably can be relaxed without much efforts. For example, instead of Condition 3.3(a), one can
require that, after applying a bounded number of impulses, one can reach, from any initial state xg,
such a point & € X that f[O,oo) |C9(p(Z,u))du| < co. As mentioned in Section 7, it seems that one can
omit Condition 7.1.

As for Conditions 3.1 and 3.3(b), the situation, when the cost functions can be positive and
negative, is more challenging. Investigation of such models is an interesting open problem.

11 Appendix

Proof of Lemma 6.2. According to Proposition 3.1, the Bellman function V*(-) is bounded and lower
semicontinuous. To show that it is upper semicontinuous, we consider +oo € RQ as the isolated point.
The action space R x A in the Markov decision process (5) is not compact, but the original transition
probability (2) is continuous.

Let us show that the cost function C(z, (6, a)) given by (3) is continuous on X x R} x A. The
second term 1{f < co}C!(4(z,0),a) is continuous because so are the function C!(-) and the flow ¢.
(Remember, § = 400 is the isolated point in REL.)

Consider the first term f[o,e} C9(¢(z,u))du and suppose z; — x and 0; — 6 < co. Then

‘ Cg(qﬁ(x,u))du - Cg(d)(xjau))du
(0,6] [0,65]

<

CI(p(z,u))du — CI(p(xj,u))du

| + sup |CY(y)| x |§ — ;] — 0.
[0,0] [0,0]

YeX

Here the first term approaches zero by the dominated convergence theorem.
Suppose 0 = 0o and x; — x. Then, for an arbitrary € > 0, for T" such that

I3
sup [ 1070l u)du <
yeX J(T,00)
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we have

CI(p(z,u))du —/ CI(p(zj,u))du

[0,00) [0,00)
< || e [ o+ <
0,7] [0,7] 2
for all z; close enough to x: for fixed T,
lim CY(p(x,u))du — CI(p(zj,u))du| =0
3= 1J[0,1 [0,7]

by the dominated convergence theorem, as above. Therefore, the cost function C(-) is continuous.
Now we approximate the solution to equation (7) as follows:

Wn(A) = 0

Wo(z) = CYp(x,u))du, z€X;
[0,00)

Wan) = it {c@0.a)+ [ Wi @) cex
(6.0)€RY x A XA

As usual, the stochastic kernel @ is given by (2), and, as mentioned above, it is continuous. The
sequence W, (-) > 0 decreases point-wise and, for each n = 0,1, .. ., the function W,,(-) is bounded and
upper semicontinuous by the inductive argument. (See [2, Prop.7.31;7.32].) Therefore, the function
Woo(z) = limy, 00 Wy (2) = infef0,1,...} Wn(x) on X4 is bounded and upper semicontinuous according

to [2, Prop.7.32].

It remains to show that the function Wy () satisfies equation (7) for all x € X. Since, for all

n=0,1,...,z € X,

Woaa(s) =  inf {c<x,<07a>>+ /. Wn<y>cz<dyrx.<e7a>>}

(0,a) Gﬂ_{g_ XA

> inf {C(m, (6,a)) + /

(0,a)eRY x A Xa

Wae (4)Qdyl2. (6, a>>} ,
we conclude that

Wole) = Jim Wia(0) = | inf {0@:, (0,0)) +

Wae ()Q(dyl, (0, a))} |

Xa

On the other hand, for alln =0,1,..., z € X,

Weo(2) < Wi (x) < C(x, (0,a)) + . Wa(y)Q(dylz, (0, a))

for all (A,a) € RY x A. After we pass to the limit as n — oo, by the dominated (or monotone)
convergence theorem, we obtain:

Weo(2) < C(z,(0,a)) + . Wee (y)Q(dylz, (0, a))
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for all z € X, (0,a) € R x A. Therefore,

Walz) < inf {c<x, (0,0)) +
(0.0)€RY X A

Wels)Qldylo,6.0)}.
Xa
and the bounded function W(-) satisfies equation (7). Since the bounded solution to equation (7) is
unique according to Proposition 3.1, we conclude that the Bellman function V*(-) = W(+) is upper
semicontinuous.
The proof is completed. O
Proof of Lemma 6.3. According to Proposition 3.1, there exists a measurable mapping f*: X —
RY x A providing the infimum in (7) and defining the optimal strategy in problem (4), which is
presented below as (fy (), fa(y)) for y € X.
Let z € X be arbitrarily fixed. We will show that inequality (19) holds for the Bellman function
V*(-), for the constant

G(z):= sup Cy)V sup l9(z,y,a)l.
y=¢(x,u):u>0 (y,a)€{d(z,u):u>0}x A

Suppose y1 = ¢(z, 1) and yo = ¢(x, T2) are two arbitrarily fixed points with 0 < 71 < 7 < 0.
(a) If (12 — 71) < f§(y1), then

= [ Ot wdn s Vi)

by Corollary 1 of [18]. The same equality holds also in case 70 — 71 = f;(y1), because the function
V*(+) is continuous by Lemma 6.2: one should pass to the limit as ¢ 1 (72 — 71) in the equality

Vi) = o ]Cg(¢(y1,u))du +V((y1,1)).
t
Therefore,
Vi (y1) = V' (y2)| < G(z)(m2 — 71).
(b) Suppose now that (72 — 71) > f5(y1). Here 0 < f5(y1) < oo.
According to (7),

Vi) < / CY(p(yr,u))du+  inf C9(d(y2, u))du + {8 < +00}C! (6(y2,6), a)
[0,7’277‘1] (G,G,)GR(_)FXA [079]

- /[0 . ]Cg(¢(y1,u))du+v*(yz) < V*(y2) 4+ Ga(m2 — 71). (42)

Furthermore,
V¥(y2) < Cly2, fa(y1) + V*(Uya, f1 (1))

This inequality holds because we substituted specific values (6 = 0, f2(y1)) in the formula (7) for ys.
Since

V*(y1)=/[of*( ) C(yr, u))du + CH(d(yr, f5 (1)) [ (yn)) + VU, £ (1) fa (v1)))

and l(y2> f;(yl)) = l(¢(y17 fék(yl))7 f;(yl))¢ by Condition 6'2(C7d)7 we see that

V¥(y2) < Clya, fi(yn)) + V(1) — / C9((y1, u))du — CH(p(yr, f5 (1)), fir (1))
[0,f5 (y1)]
< Vi) +1CH oy, 2 — 1), fi(n) — CHe (s 5 (1)), ()]
< V[ et L)l
o \Y1),T2—T1
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Here, the semigroup property of the flow ¢ was used several times.
Therefore, V*(y2) < V*(y1) + G(z)(72 — 1) and, taking into account (42), we see that again

V*(y1) = V*(y2)| < G(z)(12 — 71).

Thus, the Bellman function V*(+) is absolutely continuous along the flow ¢.

For the last statement, note that, for all z € X, [xV*(¢(z,u))| < G(¢(z,u)) for any version of the
function xV*(-), for almost all u > 0. O

Proof of Lemma 6.4. The case a; = as = 0 is trivial: it is sufficient to fix an arbitrary probability
m on X and put ¢ (z,u) = 0. In case a3 # 0, ag = 0, one should take m = m; and put ¥ (z,u) :=
a11(z,u). The case a; = 0, ag # 0 is symmetric.

Suppose a1 # 0 and ag # 0.

We take

|a1|m1 (dx) + |az|ma(dx)
lai| + |as|

m(dx) := and Y (z,u) := a191(z, u)di(x) + agha(z, u)da(x),

where d;(-) := % is the Radon-Nikodym derivative (j = 1, 2).

(a) For an arbitrarily fixed S € R4, denote
D% = {(z,u) : |(z,u)] > S} C X x RY.
Since [¢(z,u)| < |ayyr (z,u)|di(z) + |agtpe(x, u)|da(x) for each (z,u) € D° we have

S

S
either a9y (x,u)|dy(z) > 3 or |aga(z,u)|da(x) > 3

hence D° C DS/2 U DS/2 where

S/2 S
Dj/ ={(z,u) : |ajvj(z,u)|d;(x) > 5}, j=1,2.
Note that, for j = 1,2, m({z € X : |a;]d;(x) > |a1]| + |a2|}) =0 because otherwise, for the set E; :=
{x e X : |ajldj(x) > \a1|+ag]} we would have had m;(E fE m(dx) > (la1]|+|az2])m(E})/|aj]
which is impossible. Furthermore, for each x € DS/ 2 , dj ( ) > 0 because S > 0. Thus,

D < ol a1 M@ 0l @) > 82
A0 = [ [ HO< )< (ul + el los) Fhes du dm; ()

(laj + laz]) | (z,u)| > S/2}
dj(x)

IN

[ HO< ) < (arl + loal) oy} nj{de x du).
X><R+

The last expression equals zero if

/XXRO ]I{|¢j(x,u)| S/Q}mj(dxxdu)zg

|a1] + [az]

Let S; > 0 be a constant in (25) corresponding to the measure m; and the function v;(-) (j = 1,2).

Then m(Df/2) =0 as soon as S > 25;(|ay| + |az|) and, for the constant S := 251 v Sy)

for [ Flaa] W€ have

m(D%) < m(DY) + m(DS?) =0,

that is, the requirement (25) is satisfied for S € R.
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(b) The proof of this part is straightforward: for each i =1,2,..., ' € B(X x [i — 1,17)),
MYT) = /[ )/ {(z,u) € T}Harv1(x,u)dy (z) + agpe(x, u)de(x)m(dz) du
i—1,) JX
= al/ / {(z,u) € T} (z,u)my(dx) du
li—1) JX
+a2/ / I{(2,u) € T}o(x, u)ma(dr) du = a; M;(T) + agM4(T).
li—1,i) JX

All three functions, integrated here, are bounded m-a.s., mi-a.s. and meo-a.s. correspondingly.
(c) This assertion is obvious. O
Proof of Lemma 7.1. (a) For an arbitrarily fixed arc [z,y] C ,X¢ with y # 700", take the following
function W (-) € Wh:

—D(z,y), if zis a predecessor of x on X
W(Z) = _D(Z’y)’ if z € [xvy]a
0 otherwise,

where D is the time-distance. (See Definition 7.3(b).) Now

1, ifze(ryl;
XW(z) = { 0  otherwise,

and equality (26) implies that n([x,y] x O) = 0, because W (-) <0, W(zo) = 0, and W (i(y,a)) = 0 for
all points (y,a) € Y. Hence n( ,X¢ x O) = 0, because ,X° can be represented (up to a finite number
of points, where 1 = 0) as a union of arcs [z,y] C ,X¢ with z,y from the countable set, everywhere
dense in X.

Assume for contradiction that there is € ,X°NY,. Since x is non-cyclic, one can repeat the
presented above construction for a (small enough) arc [z, ¢(x,e)] C ,X¢ with ¢ > 0. In equality (26)
we will obtain the strictly positive value on the right-hand side.

(b) The proof follows from the same analysis of the similar functions W(-) € W,. The only
difference is that the elementary arc can be half-closed: [z,y) = {¢(z,u) : 0 < u < t}, where
t = D(z,y), and the point y is cyclic. Now, like previously, equality (26) implies that

— / XW (z)n(dx x O) —/ W (y)n(dy x A)
X X

([, ])

b T
W+ [ Wty < do| = Deptis -1 = E{ B0

XxA
O
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