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Abstract 

The research of the noise, vibration and harshness (NVH) of the brake system of 

a vehicle has been carried out for many years. Much effort has been made to 

improve the predictability of various numerical methods to attack the problem in 

the early design stage. However, current finite element models for simulation 

and analysis are still not accurate. One of the reasons is the lack of knowledge 

of the mechanical properties of the friction pads of car brakes. 

The main focus of the research in this thesis aims at developing a more efficient 

and reliable method to identify the material properties such as the Young’s 

Modulus, Poisson’s Ratio, and Shear Modulus of the pad friction material in all 

directions. Two methods are used in this project, the Sensitivity Method and the 

optimization algorithm in MSC/Nastran solution 200. Both methods aim to 

minimize the difference between the analytical dynamic response, such as the 

natural frequencies and mode shapes, and the experimental dynamic response of 

the pad.  

The analytical dynamic response of the pad is determined using the finite element 

(FE) model built in ABAQUS software. Two dynamic experimental methods are 

proposed and compared. The experimental dynamic response is collected from 

the Acceleration/Force dynamic testing method. Furthermore, a new method is 

proposed to collect the changes in stress and strain of the friction material in all 

directions using Digital Imaging Correlation (DIC). This compression test 

method gives more accurate results compared with the conventional method for 

the friction material, which uses a strain gauge to measure the lateral strain.  

Two MATLAB programs are developed for the Sensitivity Method and the 

optimization method in MSC/Nastran solution 200 identification methods. The 

advantages of the developed programs are the user-friendliness, more functions, 

faster computation compared with the design of the experiment method, and the 

more detailed and accurate results of the updated material properties of the pad 

friction material.  

Another research topic in this project is to analyze the pad friction material as a 

Hyperelastic material instead of an elastic material in the pad FE model. Thi s 

analysis is carried out using ABAQUS software, and the compression test results 

are used to simulate the pad friction material as different types of hyperelastic 

material. A suitable type of hyperelastic material in ABAQUS software is 

determined from the static results collected from the compression test.  

The theoretical analysis of the damping of the pad friction material is also 

proposed in this thesis. However, the research is only theoretical due to the lack 

of experimental data on the damping of the friction material. This topic is worth 

studying in the future. 
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Chapter 1 Introduction 

 

1.1 Background 

 

In modern days, due to people’s demand for a faster and better travelling 

experience, many new technologies have been developed in the transportation 

industry to provide more powerful vehicles. The brake of a vehicle is the most 

important component as it ensures the safety of the passenger. Therefore, the 

braking system of a vehicle must follow the same rate of development and more 

research are put into the braking system. Nowadays, more researchers and 

engineers have shown their interest in developing the braking system.  

Two main service brakes are being used on-road vehicles: disc brakes and drum 

brakes. Emergency brakes are also equipped on almost all road vehicles, and 

antilock braking systems (ABS) are used on many modern road vehicles.  

Disc Brakes 

A disc brake consists of a rotor (disc) that attaches to the wheel and rotates with 

it. A calliper is attached to the axle of the vehicle and holds two brake pads just 

outside the rotor. While applying the brake pedal, hydraulic pressure from the 

master cylinder causes the calliper to clamp the brake pads against the disc 

surface. The friction force generated between the disc and the brake pads causes 

the disc to slow down and stop, so the vehicle decelerates as the wheel slows 

down. The friction surface of the brake pad only covers a portion (typically no 

more than 15%) of the rotor friction surface area (Day, 2014). 

There are two main designs of disc brake calliper that are commonly used today: 

fixed calliper (or dual-calliper) disc brakes and floating calliper (sliding) disc 

brakes. A fixed calliper disc brake contains two separate sets of pistons located 

on each side of the disc. When the brake is applied, both sets of pistons are 

moved towards the disc, and the actuation force is uniformly distributed on the 

friction interface on both sides. On the other hand, in a floating calliper disc 

brake, the inner and outer bodies of the calliper are fitted with two rods or pins 

and only one piston is embedded on the inner side of the calliper. The force 

applied to the inner piston generates a reaction force that s lides the outer calliper 
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towards the disc during a brake operation. The applied and reaction force are 

almost equal, with a small difference due to the friction in the sliding rods.  

Figure 1.1 shows a fixed calliper disc brake, and Figure 1.2 is a floating-calliper 

disc brake. The fixed calliper disc brakes require more space and are heavier 

compared with the floating calliper disc brakes. Therefore, fixed calliper disc 

brakes are often used in high-performance road vehicles, and floating disc brakes 

are used on small road vehicles.  

 

Figure 1.1 Fixed-caliper Disc Brake ((Day, 2014)) 

 

Figure 1.2 Floating-calliper Disc Brake (Wahlström, 2011) 

Drum Brakes 

A drum brake consists of a brake drum attached to the wheel hub and rotates with 

it. The friction material linings, known as ‘brake shoes’, are mounted on a 

backplate attached to the vehicle’s axle. While applying the brake pedal, the 
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shoes are forced outwards against the inner surface of the drum. The friction 

force between the inner surface of the drum and the brake shoes causes the drum 

to slow down; hence the wheel attached to the drum would slow down and stop. 

The friction surface of the brake linings covers most of the drum’s friction 

surface area, typically around 70% (Day, 2014). 

 

Figure 1.3 Drum brake with two brake shoes (Day, 2014) 
 

 

Emergency Brakes 

Emergency brakes are also known as hand brakes or parking brakes. Generally, 

emergency brakes are used to keep the vehicle stationary while parked. 

Emergency brakes work independently from the disc or drum brakes and are 

powered by a cable that mechanically applies pressure to the wheels.  (Day, 2014) 

 

Antilock braking systems (ABS)  

Antilock braking systems (ABS) are found on modern vehicles and are mainly 

used to prevent skidding. An antilock system requires the computational design 

to decide what to measure and how to use the measured data to prevent the wheels 

from locking up and the tires from skidding. This feature is useful when driving 

in rainy weather or on wet or slippery roads. (Orthwein, 2004)  

While applying the brake pedal, the kinetic energy of the motion of the vehicle 

is converted into heat by the friction generated between the rotor and friction 

material stators. Overheating problems must be avoided in the brake design 
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process, and the heat generated must be dissipated effectively and efficiently by 

the brake components. The design of disc brakes gives a better heat dissipation 

ability than drum brakes; however, disc brakes are more expensive in comparison 

(Day, 2014). In modern car industries, disc brakes are fitted into the f ront axles 

of the car and drum brakes are used as the rear brakes. In this project, the main 

type of brake focused is the disc brake. 

The research of the noise, vibration and harshness (NVH) of the brake system of 

a vehicle has been carried out for many years. One motivation is the 

environmental concern of the noise pollution emitted during brake operations. 

Another concern is the expectation from the customer of a better quality of the 

brake.  

Many different types of noise can be generated from the brake system; brake 

squeal from the braking system of the vehicle is one of the major concerns to the 

drivers and the car manufacturers; another major concern is the judder. Brake 

noise occurs over a wide range of frequencies, typically from 100 Hz to above 

20 kHz (which is the upper limit of human audibility), and the classic brake 

‘squeal’ noise is often in the region of 1-6 kHz, where the human ear is most 

sensitive (Day, 2014). 

Both noise and judder problems have been high-warranty problems in the 

automotive industry worldwide. Manufacturers continue to search for quiet 

brakes to reduce warranty costs until today. Various researches have been made 

to improve the predictability of the brake squeal in the early design stage, but 

the effective predictability of designing a quiet (or judder -free) brake remains a 

challenge.  

Ouyang et al. (2005) stated that theoretical and experimental methods are 

important in understanding the brake squeal. The simulation and analysis of 

brake squeal can be made by two distinct methods: time-domain analysis and 

complex eigenvalue analysis. However, current finite element models for 

simulation and analysis are still not accurate. One of the reasons is the lack of 

knowledge of the mechanical properties of the friction pads of car brakes. 

Dealing with this modelling inadequacy is the main motivation of this research 

project. 
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1.1.1 Types of Brake Pads 

 

Brakes pads were originally made from asbestos because of their fibrous nature, 

low density, thermal insulation, mild wear, and stable coefficient of friction 

(Dante, 2015), which was very suitable for the performance of the brake pads. 

However, asbestos was found to have many disadvantages over time; one of the 

main reasons to replace asbestos is toxic, and prolonged exposure can potentially 

cause cancer. As an asbestos-based brake pad wears down, the decomposed 

asbestos would be released into the air, which is unsafe to use.  

Since the mid-1980s, many uses of asbestos have been banned in several 

countries. Artificial fibres have been manufactured and used in many 

applications to replace asbestos (Soto and Salazar, 2009). Copper (powder and 

fibre) and steel fibres became two important ingredients for friction materials 

(Dante, 2015). However, lately, copper was banned by the US government under 

the enactment of the prevention of the users of copper law (Sundarkrishnaa, 

2015). Rubber is used in the brake pads formulas to provide better damping and 

reduce brake noise or judder. Rubber also provides better compressibility and 

flexibility in brake linings (Dante, 2015). 

Although different brake pad manufacturers would have slightly different 

formulas for their pads, generally, there are three classes of brake pads: the non -

asbestos, semi-metallic and low-steel pads (Day, 2014).  

 

Semi-Metallic Formula 

Semi-metallic brake pads are used in most road vehicles nowadays to replace 

asbestos pads. This type of brake pad is made up of high content of metals 

(usually greater than 50%). The metals, including steel fibre (normally larger 

than 30%), copper, copper alloys (bronze and brass), and tin and zinc in some 

cases, are mixed and compressed together with strong abrasives and lubricants 

(graphite). The coefficient of friction of the semi-metallic pads is usually around 

0.4. (Dante, 2015) 

Semi-metallic brake pads are known to last longer and perform well as their 

formulas are primarily the content of metals. They are cheaper to be replaced 

and most suitable for daily use vehicles. Heavy-duty vehicles also use semi-

metallic brake pads because they need high braking power with heavier loads. A 
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disadvantage of the semi-metallic pads is that they are heavier compared with 

types of brake pads. 

 

Low Steel and Low Metal Formula 

The friction material formula for low steel and low metal pads is very similar. 

The low steel formula contains less than 20% of steel fibres, whereas the low 

metal formula contains metals lower than 20%, including steel fibres. (Dante, 

2015) 

Generally, the average coefficient of friction for the low steel or low metal pads 

is around 0.35-0.38, which is lower than for the semi-metallic pads. The size of 

the abrasive would affect the wear rate. Round shaped particles are used in th ese 

formulas to reduce the wear rate of the pad due to abrasion. (Dante, 2015) 

The low steel formulae would have a higher coefficient of friction than the low 

metal formulae because of the higher steel fibre content. Hence, the low steel 

pads are more suitable for the front brakes, and the low metal pads are more 

suitable for the rear axles (Dante, 2015). The low steel formulae usually use 

fewer abrasives than low metal formulas, and more steel fibre would cause more 

noise and vibration. Hence, a damping system, premixing materials with rubber 

and lubricant, is used in the low steel formulae to minimise the negative effects 

of steel fibre (Dante, 2015). 

 

Ceramic (Non-Asbestos Organic ) Formulas 

Ceramic formulas, also known as Non-Asbestos Organic (NAO) formulas, tend 

to use copper instead of steel fibres in their formula to favour heat dissipation. 

The metal content in the ceramic formula is normally less than 20%. Ceramic 

friction materials have a high content of ceramic fibres such as Ca–Mg silicates, 

rock wool, and fibrous titanates (Dante, 2015). Ceramic friction pads are 

normally made of a mixture of ceramic fibres and materials such as rubber, 

carbon compounds, glass or fibreglass, Kevlar, and more and are bound together 

with resin (Day, 2014).  

These ceramic pads are lightly weighted because of their composite nature. They 

tend to have a lower friction coefficient than the other two pad formulas. They 

are quieter and less likely to cause brake squeal or judder. Ceramic pads also last 
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longer and produce less dust than other formulas. (Dante, 2015, Kumar and 

Kumaran, 2019) 

One of the biggest disadvantages of using ceramic pads is that they tend to be 

more expensive, so replacing them is costly (Day, 2014). Also, the design of 

ceramic formula is moving to a different concept because of the restraint of using 

copper in the United States recently.  

 

1.1.2 Brake Pad Components 

 

The brake pad for a disc brake may be different for many reasons: the size of the 

vehicle, different designs of the disc brake, the friction material formula, etc. 

For example, Figures 1.3 and 1.4 show two brake pads currently used in the 

Jaguar Land Rover company. Figure 1.3 shows a brake pad model with two 

friction material blocks and a slot in the middle, whereas the brake pad in Figure 

1.4 does not have a slot and the friction material is a whole part.  

Although different brake pad models may have slightly different designs, brake 

pads generally have the following components in their design.  

 

Friction Material Block 

The surface of the friction material is clamped against the disc surface, which 

generates the friction force and causes the vehicle to slow down and stop. There 

are different formulas for the friction material (shown in section 1.1.1), and the 

coefficient of friction may vary depending on the friction material formul ation. 

 

Backplate 

The backplate is one of the components required in a brake pad. They are 

generally made from steel and are used to mount the pad friction material within 

the brake calliper (Muscoplat, 2019, Newby, 2014). The backplate also provides 

support to the friction material so that it is strong enough to withstand the 

compression force applied to the pad during operation (Day, 2014).  

The piston acts directly to the backplate for a hydraulically actuated brake, and 

the pressure is distributed evenly to the friction material block (Day, 2014, 
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Newby, 2014). The backplate also transfers the heat generated between the disc 

surface and friction material surface away from the friction material block  

(Newby, 2014).  

  

Figure 1.4 Pad model FER7217 with 

ear and shim removed (Front) 

Figure 1.5 Pad model FER7217 

with ear and shim removed (Back) 

  

Figure 1.6 Pad model GA8135 

without slot (Front) 

Figure 1.7 Pad model GA8135 

without slot (Back) 

 

Underlayer and Bonding Adhesive 

An adhesive layer is applied between the friction material and the backplate to 

chemically bond the two components together (Kumar and Kumaran, 2019, Day, 

2014). It is very important to avoid debonding between the friction material and 

the backplate of the pad, so the adhesive must remain active even under extreme 

conditions and temperatures (Muscoplat, 2019, Day, 2014).  

Additional to the adhesive layer, an underlayer (also known as interlayer) of the 

friction material is also used to increase the bond strength between the friction 

block and backplate (Day, 2014, Muscoplat, 2019). This interlayer contains a 

higher percentage of resin than the friction material surface (Muscoplat, 2019, 

ZRTMotorsport, 2016).  

 

Shim 

A shim is generally made from steel and is glued onto the backplate of the pad. 

The shim acts as a damping layer to increase the stability between the actuation 

piston and the backplate. The coupling stiffness and damping between the piston 
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and the backplate is altered; therefore, the brake noise propensity is reduced. The 

viscoelastic layer between the shim and the backplate also helps to eliminate the 

brake squeal noise (Day, 2014).  

 

Slot and Chamfers 

The purpose of both chamfers and slots in the friction material block is to reduce 

the brake noise propensity. The contact surface between the disc and the pad 

friction block is changed if chamfers are included in the design; hence the 

required range of brake noise could be reduced (Day, 2014, Muscoplat, 2019).  

The slots in the friction material block change the natural frequency of the pad 

so that the brake squeal can be eliminated. The slot could also prevent the friction 

block from cracking as the flexural characteristics of the pad change (Day, 2014, 

ZRTMotorsport, 2016). Another function of the slots is to refresh the disc 

friction surface and prevent pad lift (Day, 2014, Muscoplat, 2019).  

 

Ear 

The ears on the backplate of the pad fix the pad to the calliper; hence, the brake 

pad would not move axially during a stop. (Muscoplat, 2019) 

 

 

1.2 Aim and Objectives 

 

Different pads have very different formulations and designs to match different 

operational duties and requirements, but the manufacturing processes for the pad 

friction materials can be generally classified as mixing, moulding and curing 

(stabilisation) (Dante, 2015). The pad friction materials tend to be non-isotropic, 

inhomogeneous and nonlinear.  

Currently, in industries such as Jaguar Land Rover, the brake pad friction 

materials are treated as transversely isotropic material, where the isotropic plane 

is the friction material surface of the pad. A design of experiment method is used  

to determine the material properties, such as the Young’s Modulus, Poisson’s 

Ratio, and Shear Modulus of the pad friction material.  
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In the design of the experiment method, the range for the material properties of 

the friction material is set. This range narrows as the predicted results (such as 

frequencies modes) of the pad from the Finite Element Model converge to the 

test frequencies of the pad. The material properties of the pad are found as the 

error between the theoretical modal data of the FE model and the experimental 

modal data becomes acceptably small.  

However, only the Young’s Modulus of the isotropic plane of the pad friction 

material is determined and updated in the pad FE model, whereas the rest of the 

material properties of the friction material remain uncertain. This is because 

when more than one material property needs to be determined, the computation 

cost of the design of the experiment method increases significantly.  

Another disadvantage of the design of the experiment method is that the  range 

of the material properties must be correctly set at the beginning; otherwise, the 

convergence would be slow or even unsuccessful. Additionally, this method is 

not very efficient, and the number of iterations used to find the material 

properties of the friction material is large.  

Since the material properties of the pad friction material are not determined 

accurately, the behaviour of the brake pad in the FE model is also not analysed 

correctly. Damping is not considered in the brake pad FE models, and 

nonlinearity is largely ignored.  

Considering the above disadvantages of the current design of the experimental 

method used in Jaguar Land Rover, a more suitable and reliable identification 

method is proposed in this thesis to efficiently and accurately  determine the 

material properties of the pad friction material.  

Different parameter identification methods were reviewed in Chapter 2, and two 

methods were used in this project, the Sensitivity Method and the optimisation 

algorithm in MSC/Nastran solution 200. Both methods are based on sensitivity 

analysis, which concerns the rates of change of the dynamic responses of the 

brake pad with respect to the change in the design variables (Choi and Kim, 2005, 

MSCSoftware, 2012, Maia and Montalvão e Silva, 1997). The dynamic responses 

of the brake pad can be the natural frequencies and mode shapes or the FRFs of 

the pad. The design variables, in this case, are the material properties of the pad 

friction material such as the Young’s Modulus, Poisson’s Ratio, and Shear 

Modulus of the pad. Further details of the Sensitivity Method and the 
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optimisation algorithm in MSC/Nastran solution 200 will be included in Chapter 

5.  

It is important to consider analytical and experimental methods when 

determining the pad friction material properties. Two main dynamic testing 

methods were carried out in this project, 1. Acceleration/Force testing method, 

and 2. Velocity/Force testing method. Both methods have their advantages and 

disadvantages. Further details of the dynamic testing procedure will be included 

in Chapter 3. 

The complex eigenvalue analysis (CEA) is used in the FE model to predict the 

analytical frequencies and mode shapes of the pad. The analytical modal data are 

correlated with the frequencies and mode shapes of the pad from the dynamic 

experiments.  

In this thesis, the noise reduction shim is removed and will not be considered 

part of the brake pad in the theoretical and experimental analyses. The underlayer 

of the friction material and the friction block is assumed to be a whole part of 

the pad. The friction material and the backplate of the pad is bonded together, 

but the bonding adhesive layer is not included in the FE model.  

 

1.2.1 Aim  

 

This research project aims to characterise the mechanical properties of the 

friction material of the brake pads through identification and structural analysis 

methods based on vibration tests and implement them in realistic FE models of 

disc brakes for higher prediction accuracy. For this purpose, it is also crucial to 

establish reliable testing methods to collect useful test data such as frequencies 

and mode shapes of the brake pads. Knowledge of damping of the friction 

material of the brake pads remains scarce, and its identification and modelling 

will be investigated in this project. The concept of hyper-elastic material will 

also be studied, and its validity for the friction material will be explored.  
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1.2.2 Objectives 

 

The Objectives of this project are: 

1. To determine a procedure for reliable/repeatable dynamic testing method 

for measuring more than 9 reliable natural frequencies and mode shapes 

of the brake pad.  

 

2. To measure the compressibility of pad friction materials in different 

directions at different average compressive stress (2, 4 and 6 MPa). The 

outcome will be several stress-strain diagrams. 

 

3. To determine a procedure for identifying the material properties of brake 

pad friction material as non-isotropic materials in three dimensions and 

implement the updated material properties in FE models of brake pads.  

 

4. To use the Hyperelastic material card in the FE model of the brake pad in 

ABAQUS and include the compressibility of pad friction materials in the 

pad FE simulations. 

 

5. To identify the damping coefficients of the pad friction material in three 

dimensions and include the damping effect of the friction material to the 

pad FE simulation in ABAQUS. 

 

 

1.3 Thesis Structure 

 

This thesis consists of eight chapters, and the outline of each chapter is given 

below. The overall structure of this thesis is shown in a flowchart in Figure 1.8 

below. 
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Figure 1.8 Flowchart of the thesis structure 
 

 

Chapter 1 introduces the background and motivation of this project, gives the 

aim and objectives of the research, states the original contributions and 

summarises the chapter outlines of this thesis.   

Chapter 2 provides a comprehensive literature review concerning mechanical 

properties identification of the brake pad material in different aspects: the 

fundamental of the brake squeal mechanisms including stick-slip vibration, 

sprag-slip vibration, mode-coupling vibration, and negative coefficient of 



14 

 

 

 

friction vs velocity slop; the fundamental theory of the Finite Element Method 

(FEM) and the FEM applications;  

the dynamic and static experimental investigations on the brake pad; the 

identification categories and common identification methods; the review on the 

hyperelastic material concept and applications; and the damping identification 

methods. 

Chapter 3 presents the theories of dynamic experimental analysis. The modal 

data for out-of-plane vibration of a plate is obtained using two different 

experimental methods to observe the difference between these two methods. The 

analysed test data are compared to find a more suitable dynamic experimental 

method. This selected method is then used to test a brake pad to collect reliable 

dynamic test data such as the frequencies, mode shapes and damping of the pad.  

Chapter 4 presents the theories of analysing the static test data of the pad 

friction material from compression tests. The lateral changes in the strain of the 

pad friction material specimens were measured using the strain gauges and 

Digital Imaging Correlation (DIC). The experimental setups using both 

measuring techniques are described, and the compression test results with 

different measuring methods using different test specimens are observed and 

analysed. The suitable stress-strain measuring method was used in the 

identification method in chapter 5 and chapter 6 when analysing the pad as 

hyperelastic material in ABAQUS. 

Chapter 5 proposes two methods of identifying the material properties of the 

pad friction material, which provides reliable analytical modal data, such as the 

frequencies and mode shapes, of the pad FE model. The theories of both the 

sensitivity approach and the optimisation approach are given in this chapter. The 

developed MATLAB codes are explained in detail in this chapter. Both sel ected 

model updating methods are applied to the brake pad model using the developed 

MATLAB programs. Both identification methods were used on a rectangular 

steel plate to validate the functionality of the developed program. The estimated 

analytical dynamic results from the updated pad material properties in the FE 

model were identified using both updating methods, and the dynamic and static 

tests data shown in chapters 3 and 4 could be used in the identification process. 

In the identification process, the pad friction material was assumed to be either 

orthotropic or transversely isotropic. The updated material properties of the pad 

friction material using different methods and different material types are 
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implemented in the pad FE model to determine the analytical frequencies and 

mode shapes of the pad.  

Chapter 6 presents the theories of different types of Hyperelastic materials, 

including the isotropic and anisotropic Hyperelastic materials. Firstly, a 

theoretical analysis is done by applying different types of Hyperelastic materials 

cards to the brake pad sample in ABAQUS. Then the measured stress -strain data 

of the brake pad friction material from the compressibility tests are used in 

ABAQUS to apply the pad friction material as a Hyperelastic material.   

Chapter 7 covers formulations and theories of the damping identification 

methods. The theoretical analysis of the damping coefficients of the pad friction 

material is included in this chapter. Data of the damping factors of the friction 

material collected from the dynamic experiments are shown in this chapter. The 

damping identification method is used to analyse the input damping coefficient 

of the friction material for the pad FE model.   

Chapter 8 summarises the major findings and key conclusions of this project 

and provides some suggestions for future work and improvement .  
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Chapter 2 Literature Review 

 

 

 

There have been many published studies on the brake pad friction material, 

which greatly enhances understanding of the material properties of the pad 

friction material. This chapter is dedicated to the literature review of this project 

in different aspects. 

Firstly, a review of the fundamental concepts of the disc brake squeal is carried 

out in section 2.1. Secondly, the finite element modelling theory and applications 

are presented in section 2.2. Thirdly, the dynamic and static experimental 

investigations on the brake pad in industries are reviewed in section 2.3. Next, 

different identification categories and common identification methods, 

especially for non-isotropic, inhomogeneous, and nonlinear materials, are 

presented in section 2.4. Section 2.5 reviews the hyperelastic material 

applications, and section 2.6 provides an overview of the damping methods.  
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2.1 Disc Brake Squeal 

 

Many types of research have been done to review the brake squeal mechanisms 

since the 1930s (Lamarque and Williams, 1938, Mills, 1939). Drum brakes were 

commonly used as early brake systems and therefore studied initially. However, 

nowadays, researchers are more focused on disc brakes as they are used more in 

modern road vehicles. Research on brake noise has been carried out in many 

different aspects: 

• The fundamental instability mechanisms of brake systems will be 

reviewed in this section.  

 

• The design liabilities and countermeasures are also reviewed in this 

section. 

 

• The advanced computational modelling of the brake components is 

reviewed in section 2.2 with the fundamental concept of finite element 

modelling.  

 

• A review of signal analysis and the data processing methods for the 

experimental data of the pad is given in section 2.3.  

 

• The uncertainty analysis and the dissatisfaction with the model prediction 

will be reviewed in section 2.3. 

 

2.1.1 The fundamental of brake squeal mechanisms  

 

In the literature, the occurrence of the brake squeal is generally caused by four 

mechanisms: 1) stick-slip oscillation, 2) sprag-slip oscillation, 3) mode-coupling 

instability, and 4) negative relationship between friction coefficient and velocity. 

Ibrahim (1994) and Kinkaid et al. (2003) reviewed these mechanisms. In this 

section, the main concepts of these mechanisms are explained.  
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2.1.1.1 Stick-slip 

 

Stick-slip vibration can occur in the brake system and our daily lives. 

Applications of stick-slip oscillation could contact between rubber and glass for 

car wiper blade (Koenen and Sanon, 2007), clutch engagement in powertrain 

system (Crowther et al., 2004), the stick-slip phenomenon during an earthquake 

(Brace, 1972), the stick-slip motion of turbine blade dampers, and many more 

(Pfeiffer and Hajek, 1992). 

Stick-slip oscillation was introduced by Mills (1939) as a brake squeal 

mechanism, and the effect of velocity-dependent coefficient of friction was 

investigated on the drum brakes. The occurrence of  stick-slip vibration between 

two objects is based on two discrete phenomena) two objects are in an 

equilibrium state with each other while a friction force is applied to the contact 

surface (static motion); 2) system in relative motion with each other (dynamic 

motion). 

There are many pieces of research made with respect to the stick-slip motion. 

Popp and Stelter (1990) demonstrated the stick-slip motion using a violin as an 

example (Figure 2.1). The paper observed the chaotic and rich bifurcation 

behaviour of the violin associated with stick-ship motion using a simple block 

on a belt.  

 

Figure 2.1 Simple models of violin string (Popp and Stelter, 1990) 
 

Kinkaid et al. (2005) used a four-DoF system with two-dimension friction force 

to show that the change of the direction of the friction force could cause unstable 

vibration in the system. In other words, the squeal of the brake could be caused 
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by the stick-slip motion between the pad and disc contact surface while applying 

the brake pedal.  

Behrendt et al. (2011) presented the numerical study of stick-slip oscillation in 

a brake system. A model of a brake pad with constant velocity against a rigid 

surface was set up using the FE modelling method. The paper demonstrated the 

prediction of noise and vibration generated from the brake. Assumptions were 

made to simplify the FE model and predict the underlying interface processes 

between the pad and block contact surface.  

The stick-slip oscillation of the contact surface between two objects under 

decelerative motion was reviewed (Van De Velde and De Baets, 1996, Vielsack, 

2001), and the results have shown that the stick-slip vibration can be induced 

under deceleration but would not appear when the system is in a steady  motion. 

 

2.1.1.2 Sprag-slip 

 

Spurr (1961) proposed that the geometry of the brake components could be the 

cause of the occurrence of brake squeal. He demonstrated this theory using a 

simple system of three blocks (as shown in figure 2.2). In Spurr’s experiment al 

setup, only a narrow strip of the brake pads surface was in contact with the disc, 

and the brake squeal was caused by the deformation of the contact surface due 

to the normal and tangential forces in the system.  

Jarvis and Mills (1963) further investigated Spurr’s theory by replacing the pad 

components with a cantilever beam in contact with the rotating disc surface. The 

vibration instability was not caused by the friction change relative to the disc 

velocity but by the geometrical coupling between the components.  

 

Figure 2.2 A simple model of disc brake with a disc and two pads (Spurr, 1961) 
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Fieldhouse et al. (2009) published a paper that showed the relationship between 

the position of the dynamic centre of pressure and the occurrence of the brake 

squeal. A unique design of disc brake with modified 12-piston opposed calliper 

was used in the paper to vary the dynamic centre of pressure of the disc pad 

contact surface. A few conclusions were drawn from this paper: 1) the leading 

centre of pressure is caused by ‘spragging’ of the system; 2) the leading centre 

of pressure is more likely to cause the noise between the disc/pad interface; 3) 

the occurrence of noise reduces when the pressure applied to the disc/pad 

interface increases; 4) when the pressure applied to the brake is light, the centre 

of pressure always tend to be leading, so the noise occurrence increases; and 5) 

if the centre of pressure moves radially towards the centre of the pad, the squeal 

occurs more often. 

 

2.1.1.3 Mode-coupling 

 

North (1972) used a lumped model of a disc with an eight DoF model of calliper 

and disc to illustrate the effects of the stiffness nonlinearity in the disc brake 

system. The paper proposed that the asymmetry of the stiffness matrix is a cause 

of the brake squeal. The basic mode-coupling concept was formed in North’s 

paper.  

Akay (2002) demonstrated the mode-coupling mechanisms using a rotating disk 

and a clamped beam. The numerical and experimental observation of the system 

suggested that noises were confined to the contact surfaces at light contact loads. 

This paper also reviewed the brake noise mechanisms consisting of high -

frequency squeal, low-frequency squeal, groan and judder.   

An undamped two-degree-of-freedom was used to demonstrate the mode-

coupling instability in the paper presented by Hoffmann et al. (2002), as shown 

in figure 2.3.  

In this paper, the change in the friction force affected the phase shifts between 

in- and out-of-plane motion of the system. The squeal instability occurrence 

depended on whether the friction-induced cross-coupling force of the system 

balances the corresponding cross-coupling force. 
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Figure 2.3 A minimal model of single mass 2-DoF system (Hoffmann et al., 2002) 
 

In figure 2.3, a mass m constrained by three springs k1, k2, and k3 can vibrate in 

both x and y directions. FF and FN are the friction and normal forces between the 

mass and the belt. From Coulomb’s law of friction, FF = μFN = μk3y(t), where μ 

is the friction coefficient between the contact surface.  

An EoM is derived for this system (Hoffmann et al., 2002):  

[
𝑚 0
0 𝑚

] {
�̈�(𝑡)
�̈�(𝑡)

} +

[
(𝑘1 𝑐𝑜𝑠2 𝛼1 + 𝑘2 𝑐𝑜𝑠2 𝛼2 + 𝑘3) (𝑘1 𝑐𝑜𝑠 𝛼1 𝑠𝑖𝑛 𝛼1 + 𝑘2 𝑐𝑜𝑠 𝛼2 𝑠𝑖𝑛 𝛼2) − 𝜇𝑘3

(𝑘1 𝑐𝑜𝑠 𝛼1 𝑠𝑖𝑛 𝛼1 + 𝑘2 𝑐𝑜𝑠 𝛼2 𝑠𝑖𝑛 𝛼2) (𝑘1 𝑠𝑖𝑛2 𝛼1 + 𝑘2 𝑠𝑖𝑛2 𝛼2 + 𝑘3)
] {

𝑥(𝑡)
𝑦(𝑡)

} = {
0
0
} 

                   (2.1) 

Simplifying equation (2.1) gives: 

[
𝑚 0
0 𝑚

] {
�̈�(𝑡)
�̈�(𝑡)

} + [
𝑘11 𝑘12 − 𝜇𝑘3

𝑘12 𝑘22
] {

𝑥(𝑡)
𝑦(𝑡)

} = {
0
0
} 

(2.2) 

From the EoM shown above in equation (2.2), a MATLAB script was written to 

derive the frequencies and modes of the system.  

After comparing the imaginary parts (frequencies) and the real parts (growth rate) 

of the solutions of the system at different frictional coefficients,  shown in Figure 

2.4, the mode coupling behaviour between x and y is observed.  
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Figure 2.4 Mode-coupling phenomenon 

Figure 2.4 shows that the frequencies of the system are merging together and 

coalesced at the point μ = 0.75 (critical coefficient of friction). The bifurcation 

of the growth rate of the system also appears at the same point  μ = 0.75.  

Figure 2.5 shows the time history of the system at frictional coefficient values 

of below (μ<0.75), equal to (μ=0.75) and above (μ>0.75) critical frictional 

coefficient.   

 
 

 

Figure 2.5 Time Series of the 2-DoF system 
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The top-left graph in Figure 2.5 shows that x and y oscillate at 2 (natural) 

frequencies coupling with each other as beating because the two frequencies of 

the system are different.  

The top-right graph in Figure 2.5 is a special case of mode-coupling where x is 

uncoupled from y, but y is excited by x. This type of mode-coupling is called 

one-way-coupling. As x is uncoupled from y, the EoM of x becomes the EoM of 

undamped SDoF free vibration; hence x is oscillating harmonically. 

However, y is still coupled with x, and x behaves as an excitation force acting 

on y, and y is in an undamped SDoF force vibration system. The oscillation 

of y is growing linearly with respect to t.  

For the last graph in Figure 2.5, x and y are coupled. However, because the two 

frequencies of the system coalesce into one and the growth rates of  the system 

bifurcate, oscillations of both x and y are growing exponentially.  

Chen et al. (2008) presented the contribution of time-delay of the corresponding 

friction force from the changing normal force in the system. The conclusion was 

that the change of the time delay could affect the squeal instability of the system. 

The paper did not show whether the time delay is due to the frictional force or 

the damping in the system, and this needs to be further investigated.  

In the paper published by Kang et al. (2009), a simple disc brake with two pads 

were used to study the instability of the brake system. Both mode-coupling and 

negative friction-velocity slop mechanisms were considered in this paper. The 

modal stability index was introduced, and the FE models were used to analyse 

the features of the reduced-order models shown in the paper. The results showed 

that the modal interactions of the components could be better analysed using the 

FE model instead of the conventional complex eigenvalue analysis . 

 

2.1.1.4 Negative gradient between coefficient of friction and velocity  

 

The negative coefficient of friction vs velocity slop was proposed in many papers 

(Mills, 1939, D. Sinclair, 1955, Fosberry, 1961). The negative damping of the 

system can cause dynamic instability due to the negative friction-velocity 

gradient. Many types of research have been carried out regarding the negative 

friction-velocity relationship of the system (Yuan, 1995, Chen and Zhou, 2003).  
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Ouyang et al. (1998) demonstrated the effect of the negative friction-velocity 

relationship using a simple mass-spring-damper system in contact with an 

annular disc together with a frictional force. An in-plane spring-dashpot was 

introduced, and the results showed that when the friction is constant, a 

modification to the resonances can occur, which causes the negative friction -

velocity relationship. The instabilities of the existing resonances are insensitive 

to the in-plane spring over a wide range of values.  

Chen and Zhou (2003) carried out an experiment to explore the dependence of 

friction on the frequency and the displacement of the reciprocating sliding of the 

test specimen. The paper concluded that when the coefficient of friction between 

the contact surface is below the threshold coefficient of friction, the squeal does 

not occur, and the negative friction-velocity slope mechanism cannot be used to 

interpret the dependence of squeal formation on a threshold coefficient of 

friction.   

 

2.1.2 The Design Liabilities and Countermeasures  

 

In the paper published by Ouyang et al. (2000), a generic method was proposed 

to understand and analyse the brake squeal problem considering both the 

dynamics of the calliper, pads and mounting and the relative rotation between 

the pads and disc. The finite element method was used to model the calliper, 

mounting and pads of the brake. Some assumptions were made to simplify the 

system and concentrate the problem on the squeal instability due to different 

levels of friction, rotating speed, damping and stiffness of the contact surface. 

The system’s assumptions are: the materials of the parts in this system are 

isotropic, linear, elastic and homogeneous; the disc is a thin elastic plate; the 

pads and the disc are in complete contact; the rotating speed is constant in the 

model. Based on these assumptions, a few conclusions were drawn in this paper: 

the stiffness of the pad material could affect the instability with a stiffer pad 

behaving better than a less stiff one, but the improvement is limited to a small 

range; the softer calliper could decrease instability, and the combination of 

stiffer pads and softer calliper should be considered to reduce the instability; the 

instability regions of the system is highly dependent on the damping of the pads 

and the disc; the relative rotating speed between the disc and the pads have a 

large impact on the dynamic instability and therefore must be taken into account 

accurately. These conclusions provide a better insight into the brake squeal 



25 

 

 

 

problem, and further investigations can be done based on the results shown in 

this paper. 

Stender et al. (2016) used a 4 DoF system to demonstrate how the joints could 

have a large impact on the dynamics of the system. The MATLAB built -in 

optimisation method ‘fmincon’ was used, and two parameters were considered 

in the process: the stiffness of the joint and the normal load applied to the 

structure. The results showed that both the increase in stiffness and the decrease 

in the normal load could significantly reduce the vibration level of the  structure. 

The paper presented by Ahn et al. (2021) considered improving the shape of the 

brake pads to reduce the squeal of the disc brake for an urban railway vehicle. 

Pads with three different slot and chamfer designs were used in the paper. The 

FE model of the brake component was validated with the experimental data. The 

results showed that with suitable applications of chamfers and slots in the pad 

design, the contact stress between the pads and the disc could be evenly 

distributed, and therefore, the occurrence of the brake squeal reduces. However, 

in this paper, the brake pads were considered isotropic material, whereas, in 

reality, the pad friction material has more complicated material properties 

(Chapter 1 pad formulation). Therefore whether this design of the pad shape is 

achievable in real-life manufacturing remains a challenge. 

 

2.2 Finite Element Method 

 

Finite Element Modelling plays an important role in determining the pad fric tion 

material properties. The material identification methods are normally based on 

validating the simulated dynamic data from the updated FE model with the 

experimental data of the pad. An accurate FE model of the pad is required for 

the pad material identification methods and the brake squeal simulation.  

 

2.2.1 Lumped Model 

 

Von Wagner et al. (2007) reviewed numerous publications on the minimal 

models of disc brake squeal. The paper showed that there is still a lack of a 

minimal model describing the basic behaviour of disk brake squeal. Hence, a 
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new minimal model was proposed in this paper containing a wobbling disc in 

point contact with two pads. 

Kruse et al. (2015) explored the relationship between the dynamic state of the 

joints and the stability of the system subject to friction-induced flutter. The paper 

demonstrated that joints play a very important role in the dynamics when it 

comes to the stability prediction of the system. It also illustrated the necessity of 

nonlinear analysis to develop the brake noise predictability method.  

 

2.2.2 Finite Element Theory 

 

A system with a finite degree of freedom is a discrete system, where mass, 

damping and elasticity are assumed to be present only at certain discrete points. 

For a discrete system, the mass, damping and elasticity of the system can be 

described numerically so that the eigenvalue and eigenvector can be calculated 

(Rao and Yap, 2011, Zienkiewicz et al.).  

However, there are many cases, known as a distributed or continuous system, in 

which it is impossible to identify discrete masses, dampers or springs. These 

continuous systems are known as a system with an infinite degree of freedom. 

"In general, the frequency equation of a continuous system is a transcendental 

equation that yields an infinite number of natural frequencies and normal 

modes." (Quote from (Rao and Yap, 2011)) 

The numerical approximation of the solution, frequencies or mode shapes of a 

continuous system can be determined using the Finite Element Method. In this 

method, the actual structure is replaced by several elements, and each is assumed 

to behave as a continuous structural member called a finite element. The 

elements are assumed to be interconnected at certain points known as joints or 

nodes. (Rao and Yap, 2011, Zienkiewicz et al.)  

Since it is very difficult to find the exact solution (such as the displacements) of 

the original structure under the specified loads, a convenient approximate 

solution is assumed in each finite element. The idea is that if the solutions of the 

various elements are selected properly, they can converge to the exact solution 

of the entire structure as the element size is reduced. The entire structure is made 

to behave as a single entity if both the equilibrium of forces at the joints and the 
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compatibility of displacements between the elements are satisfied (Rao and Yap, 

2011). 

An example is given in Figure 2.6 to understand the Finite Element Method better. 

The curve from the left graph can be simplified to many straight lines connected, 

as shown in the right graph. The length of the curve is represented by the straight 

lines with a small error between the true value and the estimated value. The error 

will decrease if a larger number of straight lines (elements) are used. If the error 

is small enough and is negligible (within the tolerance range), this estimated 

value can be considered as true value.  

 

Figure 2.6 FEM example (Lallement and Inman, 1995) 

A continuous system can be represented by nodal elements, with each nodal 

element written as a function of nodal position and nodal displacement. The sum 

of the nodal position of all elements is the shape function matrix N(x), and the 

sum of the nodal displacement is represented by the element nodal displacement 

vector u(t). Note that N is a function of x and u is a function of time, t.  

 (2.3) 

where  and . 

From the nodal displacement vector and shape function matrix, the Potential and 

Kinetic Energy of the discrete system can be calculated, as shown in equations 

(2.2) and (2.3). Hence the Potential and Kinetic Energy of the corresponding 

continuous system can be estimated. 

Potential Energy: 

 

(2.4) 
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Kinetic Energy: 

 
(2.5) 

𝐊e  and  𝐌e  are the element stiffness and mass matrices calculated from the 

discrete FE model. Both 𝐊e and  𝐌e are consist of shape function N.  

Since the Lagrange equation is a method to find the EoM of the system using 

energy conservation law, the EoM of the FE model would be calculated from the 

elements. Equations (2.4) and (2.5) below defines Lagrange’s Equation. 

 (2.6) 

 
(2.7) 

Equation (2.6) represents a system of n differential equations, each 

corresponding to one of the n nodal displacements. Thus, the equations of motion 

of the vibrating system can be derived from equation (2.6), provided the energy 

expressions are available. 

 
(2.8) 

 

2.2.3 Finite Element Modelling of the Brake Squeal Problem 

 

In 1989, Liles published a paper that analyses the stability of a disc brake using 

the finite element modelling method. In Liles’ paper, the complex eigenvalue 

analysis (CEA) was used to determine the squeal propensity of a disc brake.  

Ouyang et al. (2005) stated that both the numerical simulation and the 

experimental methods are important when analysing the brake noise problems, 
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and further investigations were needed to include all changing parameters into 

the brake squeal simulation. 

Trichês Júnior et al. (2008) reviewed the parameters that could influence the 

contact stiffness of the contact surface between the pad and the disc. The finite 

element software MSC. Nastran was used to simulate the dynamic behaviour of 

the disc brake. The parameters considered in the paper were the pressure applied 

to the contact surface, the friction coefficient, the temperature and the brake wear. 

The paper also mentioned determining the contact stiffness between the disc and 

pads using Young’s modulus of the friction material, but there was very little 

investment into this determination method. 

Brunetti et al. (2016) proposed a new instability index, the Modal Absorption 

Index (MAI), to compare the different unstable modes and identify the expected 

mode to become effectively unstable. A lumped model was used to simulate the 

unstable friction-induced vibration, and the results were presented using the 

transient analysis and the CEA. The MAI described in the paper compared the 

energy absorption capability of each mode, and the mode that absorbs more 

energy were found to correspond to the effective unstable frequency. Further 

development could be done to the extent of this approach to the brake FE model. 

 

2.2.4 FE Modelling Software Packages 

 

There are numerous finite element software packages available in the market; a 

few most well-known ones are listed here: ANSYS, COMSOL Multiphysics, 

ABAQUS, Altair HyperWorks, Autodesk CFD, Nastran. A limited  number of 

papers compare the simulation results and computational costs between different 

FE software packages.  

Jungwirth et al. (2010) compared the modelling and simulation methods in 

ANSYS Multiphysics 11 and COMSOL Multiphysics 3.5a regarding model order 

reduction. The simulation time between the two software was compared for non -

reduced transient FE simulation, and model-order reduced transient simulation. 

The results in the paper showed that COMSOL Multiphysics 3.5a were twice 

faster when simulating the non-reduced transient FE model, whereas ANSYS 

Multiphysics 11 were ten times faster for model-order reduced transient 

simulation.  
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Ozel et al. (2011) studied the comparison between the ABAQUS and DEFORM 

3D software in terms of 3D FE modelling for machining the nickel -based alloy 

Inconel 718. The simulation results from both software were compared with the 

experimental results. The predicted temperature,  stress, and strain values were 

similar to the ABAQUS/Explicit and DEFORM 3D software.  

FE software is becoming more powerful and accurate nowadays, and the software 

companies are putting more effort into developing and updating the software 

functionalities. A comparison between the dynamic simulation of the pad using 

ABAQUS and Nastran is made in Chapter 5.  

 

2.3 Dynamic and Static Experimental Analysis  
 

Both numerical simulation and experimental analysis are important when trying 

to understand the brake squeal problem and further investigation on the material 

properties of the pad friction material (Ouyang et al., 2005). The review of the 

dynamical and static experimental approaches are shown in this section.  

 

2.3.1 Dynamic Experimental Studies 

 

2.3.1.1 Introduction 

 

Modal testing involves three main types of measuring mechanisms: the excitation 

mechanism, the sensing mechanism, and the data acquisition mechanism. The 

fundamental concept of modal testing mechanisms is explained in Maia and 

Montalvão e Silva (1997) and McConnell and Varoto (1995). Much of this sub-

section is adapted from them. Further details of the modal testing theory are 

included in Chapter 3. 

The excitation mechanism is to apply the input force to the system, and the 

excitation device can be either a shaker which is normally used to generate 

continuous input signals such as stepped-sine, swept-sine or random signals; or 

an impact hammer which applies an impulse force to the system.  

The sensing mechanism is the transducers that measure the dynamic response of 

the structure during the experiment. The transducer can be displacement, velocity, 

and acceleration transducer.  
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Finally, the data acquisition mechanism is the analyser, which processes and 

develop the signals measured from the transducer. The most common algorithm 

used in an analyser is the Fast Fourier Transform (FFT) algorithm, which 

measures the Frequency Response Functions (FRFs).  

Figure 2.7 shows a typical process of a dynamic test with either an exciter or an 

impact hammer as the input force. 

 

Figure 2.7 Basic modal testing structure 

 

2.3.1.2 Applications 

 

There are many applications of the experimental analysis of the brake system, 

and a few of them are reviewed below. Some of these applications were selected 

to review the history of the dynamic test methods, other applications were 

selected to gain better understanding on different types of dynamic test 

procedures and their use to the brake system. 

Fieldhouse and Newcomb (1996) demonstrated an experimental method to 

examine the amplitude information of the brake system. The experiment is based 

on and extended from the classical holographic interferometry method. The paper 

showed that the directional and phase information and amplitude informatio n 

could be collected.   

Stanbridge and Ewins (1999) proposed a technique that uses a Laser Doppler 

Vibrometer (LDV) to measure the dynamic responses of a rotating disc. The out-
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of-plane mode shapes of the rotating disc were calculated from the measurements 

of the 3D operational deflection shapes of the rotating disc.  

Chen et al. (2003) published a paper that experimentally studied the squeal 

appearance of a disc brake under the influence of different variation conditions :  

- pad damping variation,  

- rotor and pad resonant frequency variation,  

- disc/pad contact area and pressure variation,  

- pad compressibility variation,  

- variation of friction coefficient of the pad friction material,  

- pad friction material elastic constants variation,  

- variation of the load and operation condition during the test.  

Different dynamic response measuring techniques were used in that paper, such 

as the accelerometer, the Laser Doppler Vibrometer, the laser holographic and 

pulse holographic interferometer, and the laser speckle pattern interferometer. 

The purpose of this paper is to minimise the influence of the diffe rent testing 

conditions between on-road brake squeal conditions (which include a brake 

suspension) and the laboratory brake testing condition (without brake 

suspension).  

They also suggested that “The parameter measurements of the brake components 

should be performed before and after the on-road and laboratory tests to avoid 

bad data points, to gauge variation, and to trace squeal origination.”  

Giannini published two papers in 2006 (Giannini et al., 2006, Giannini and 

Sestieri, 2006) in which the squeal instability was examined through an 

experimental approach. The paper set up a laboratory brake of a steel disc with 

an attached electric motor to control the disc rotating speed, together with two 

brake pads held by steel beams placed on each face of the disc. The paper showed 

that the squeal occurrence could be repeated if correctly set up the testing 

conditions. 

In 2008, Giannini and Massi further investigated the brake squeal instability 

using a similar experimental setup. The paper presented the correlation between 

the dynamic behaviour of the system and the length of the brake pad. A calliper 

consisted of two small pads with distance, d, on the same surface of the disc was 

used in the experiment, and d represented the characteristic length of one pad. A 

variable, r, is proposed in the paper, representing the ratio between the 
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wavelength of the considered mode and the dimension of the contact zone. The 

paper concluded that the occurrence of the rotating squeal is strongly correlated 

with the value of the ratio, r, and r could be used to classify the low-frequency 

(r < 0.25)and high-frequency (r  0.25) brake squeal. 

Bryant et al. (2012) presented the experimental method and results of the brake 

pad under dynamic squeal conditions. Several piezoelectric beams were used on 

the corners of the pad, and the squeal frequencies were measured. FE modelling 

of the pad was also made to analyse the theoretical modal information of the pad.  

Quan et al. (2019) reviewed the influence of the shape of the brake pad friction 

material towards the noise generated during braking. A laboratory disc brake was 

set up, and different shapes of frictional blocks (circle, triangle and hexagon) 

were used to compare the rate of squeal occurrence. The 3D accelerometer was 

used on the friction block holder to collect the normal and tangential vibration 

of the system when the friction block is compressed into the disc surface. The 

distribution of the pad wear characteristics and the disc/pad contact pressure 

were also analysed in the paper, and the conclusion was that the distribution of 

the wear characteristics and the contact pressure could largely influence the noise 

level.  

Many published papers were published on the disc brake squeal through dynamic 

experiments, and most of the researches mainly considered the friction between 

the brake components. The research of the influence of the brake pad material 

properties was limited through the dynamic experiments. Hence the static 

experimental approach was reviewed. 

 

2.3.2 Static Experimental Studies  

 

2.3.2.1 Introduction of Compression Test 

 

In 1660, Robert Hooke discovered a linear relationship between the extension of 

an elastic spring and the tension applied to it. This law is later known as the law 

of elasticity or Hooke’s law. Hooke’s law state that the change in strain 

(deformation) of an object is in relation to the stress (force) applied to the object. 

(Hooke, 1678) 
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The change in strain of an object is defined as the change in length of an object 

against the original length of the object: 휀 =
∆𝐿

𝐿
, which can be positive (in 

tension) or negative (in compression) depending on the type of static test applied 

to the object.  

As previously reviewed in chapter 1, the brake pad friction material is made of 

metal fibres mixed and compressed together with strong abrasives and lubricants. 

With such a material structure, the friction material cannot hold the tension force 

but is more suitable to withstand compressive force.  

Compression testing is one of the most fundamental types of static testing to 

determine the material properties of an object. There are many techniques to find 

the material’s behaviour under applied compressive load; using an Instron 

machine is the most common compression test method. The stress-strain diagram 

is created during the test, which is used to determine the elastic limit, 

proportional limit, yield point, yield strength, and compressive strength of the 

test specimen. (Instron) 

An Instron machine measures the change in strain of the test specimen in the 

same direction of the stress applied to the specimen. However, to determine the 

material properties of a non-isotropic material, the change in strain in the 

directions normal to the applied stress is also needed. Hence, if the stress applied 

to the specimen is assumed in the vertical direction, then the change in strain in 

the horizontal direction must be measured and the change in strain in the vertical 

direction. Many techniques could be used to measure the horizontal change in 

strain; the techniques of using a strain gauge and using a Digital Imaging 

Correlation (DIC) are demonstrated below. 

 

Strain Gauge  

The change in strain of an object can be measured with several methods, and the 

most common method is to use a strain gauge. Since the strain gauge is glued to 

the measured object (Figure 2.8), the change in strain of the object surface would 

produce a change of the electrical resistance in the strain gauge active grid (Keil, 

2017). A strain gauge can only measure the change in strain in the longitudinal 

direction of the grid. Hence for an orthotropic material, more than one strain 

gauge is needed to measure the change in strain in all directions .  
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Figure 2.8 Basic design of a standard foil strain gauge (Keil, 2017) 
 

 

Digital Imaging Correlation (DIC) 

Digital Imaging Correlation is an innovative non-contact optical technique for 

measuring the strain and displacement of an object (McCormick and Lord, 2010). 

An example of the test setup using DIC is shown in Figure 2.9. The digital 

photographs of the area of interest of a test specimen are captured using the 

digital camera, and the change in strain and displacements are compared by 

tracking the blocks of pixels from the captured surface.  

 

Figure 2.9 An example of the test setup using Digital Imaging Correlation (Ahmad 

et al., 2006) 
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The camera is perpendicular to a specimen with a black and white patterned 

measuring surface. The pattern could be naturally formed or from an applied 

speckle pattern. The change in surface displacement of the specimen is measured 

and compared with the initial undeformed specimen to build a full -field 

displacement measurement. (Seo et al., 2002, McCormick and Lord, 2010) 

Applications of measuring the stress-strain relationship of the composite 

materials are shown in section 2.3.2.2 below. 

 

2.3.2.2 Applications 

 

The ISO 6310:2009 standard for brake lining compression test set the standard 

testing procedure to measure the compressibility of the brake pad lining material. 

Four samples were used to test the braking lining of the disc brake pads and drum 

brake pads. The strain gauge for measuring the accuracy of 0.01 mm reduction 

of thickness was attached to the sample near its centreline.  

Mann et al. (2017) characterised the mechanical properties of the brake pad 

friction material from the compressive test using the DIC and the strain gauge. 

The change in strain of the specimen from the strain gauge and the DIC are 

compared to validate the test data. After validation, the DIC results were used to 

obtain the elastic and residual strain fields. The experimental data were also 

compared with the numerical data to validate the input elastic characterisation 

of the friction material. 

Kumar et al. (2021) published a paper that proposed a new brake pad material 

with an increased heat transfer rate and better manufacturability. Different static 

tests were done with this proposed pad material, including  hardness and 

compression tests. The stress-strain curve was created, showing the compressive 

strength of the brake pad sample. The thermal properties of the brake pad were 

also reviewed, and the results showed that both the mechanical and thermal 

properties in the developed brake pad were higher than the conventional 

automobile brake pads. 

Saindane et al. (2021) included the fabrication and characterisation of carbon 

fibre based polymer composite into the brake pad friction material. Two samples 

of the proposed composite were manufactured with 1) plastic mould 2) mould of 

cast steel. The compression tests and hardness tests were done for both samples. 
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The paper concluded that the carbon-based polymer composite could be used as 

an alternative to other synthetic fibre based polymer composites .  

 

2.4 Model Updating  

 

 

As previously mentioned (Chen et al., 2003), the mechanical properties of the 

friction material are one of the variations that could influence the appearance of 

the brake squeal. Mortelette et al. (2009) also state that different types of fibres 

could strongly affect the rate of squeal occurrence. Five non-asbestos organics 

(NAO) pads with different fibre types were used to observe the impact of the 

mineral fibres towards brake squeal. FEM complex eigenvalue analyses 

correlated with the squealing frequencies from experimental results.  

This section mainly focuses on identifying the determinants of non-isotropic 

composite materials. The identification method is based on the model updating 

technique, which compares the experimental data, such as the frequencies, mode 

shapes and damping, of the structure, and the analytical data from the FE model 

of the structure (Mróz and Stavroulakis, 2005). 

Dorosti (2017) summarised the model updating methods into different categories 

(Figure 2.10 below). 

There are mainly two types of model updating techniques: direct and iterative 

methods. Both methods aim to minimise the difference between the experimental 

data and the analytical results, but the direct method updates the global system 

matrices, and the iterative method updates the selected parameters (Lee, 2006).  

The iterative model updating method can be separated to the following classes 

of approaches: 

• The computational intelligence updating method (Marwala, 2010), 

• The lease-square updating method 

o Frequency Response Function updating method (Esfandiari et al., 

2010a, Sipple and Sanayei, 2014, Esfandiari et al., 2010b)  

o Modal-based updating method.  
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- Minimising the frequencies and mode shapes of the system 

(further details in section 2.4.2);  

- Minimising the real-valued resonance and anti-resonance 

frequency residuals (D'Ambrogio and Fregolent, 2003, 

Jones and Turcotte, 2002);  

- Minimising the complex-valued pole and zero residuals 

(Dorosti et al., 2018, Dorosti et al., 2017).  

 

Figure 2.10 Overview of Model Updating Methods  
 

 

Many papers were published on both direct model updating methods iterative 

model updating methods. A few of them will be selected and discussed in 

sections 2.4.1 and 2.4.2 below. 
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2.4.1 Direct Method 

 

The direct model updating methods concentrate on updating the complete 

matrices (such as the mass, stiffness, damping matrices) of the structure.  

Baruch (1978) proposed a direct updating method which updated the stiffness 

matrix of the structure while keeping the mass matrix fixed. Berman and Nagy 

(1983) further developed the method and updated both mass and stiffness 

matrices. Both methods above consists of updating one variable at a time. Wei 

(1990) improved on the method and updated both the mass and stiffness matrices 

simultaneously with the constraint of mass orthogonality and the symmetric of 

the updating matrices.  

Fuh et al. (1984) considered the direct updating method of using the damping 

matrix together with the mass matrix and the constraint of orthogonality. Friswell 

et al. (1998) developed the method based on Fuh et al. (1984) and updated the 

damping and stiffness matrices with fixed mass matrix. Kuo et al. (2006) 

presented two algorithms updating the mass, stiffness matrices and damping, 

stiffness matrices. Both Carvalho et al. (2007) and Yang et al. (2016) explored a 

direct model updating method of an undamped system with measured modal data.  

The global system matrices are needed if a direct method is used for model 

updating. However, it may not be possible to determine the global system 

matrices for a continuous system in real applications. Even if the global system 

matrices are determined using FE modelling, the size of the matrices could be 

very large, which takes much computational cost. Hence, the iterative method is 

used more often in the finite element model updating process.  

 

2.4.2 Iterative Method 

 

An iterative model updating method minimises the error between the 

experimental data and predicts data from the FE model by updating the desired 

modal parameters. The modal parameters could be physical parameters or 

generic parameters. In this project, the parameters which need to be identified 

are the material properties of the brake pad, such as the Young’s Modulus, 

Poisson’s Ratio, and Shear Modulus of the pad friction material in all directions.  
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The iteration method can be categorised into many sub-approaches, shown in 

Figure 2.10. In this section, the main focus of the updating approach would be 

using the frequencies and mode shapes to minimise the experimental -analytical 

error. 

Since the research on identifying the material properties of the brake pad  friction 

material is limited, this section mainly shows the identification of non-isotropic 

composite materials through the model updating method.  

Nagendra and Fleury (1989) used the optimiser in the MSC/Nastran software to 

determine the thickness, orientation angle and material properties with laminated 

composite material.  

Mottershead et al. (2011) published a paper reviewing the sensitivity method in 

FE model updating. The sensitivity analysis of the undamped frequency, 

undamped mode shape and input force residuals were shown in this paper. A 

two-DoF lumped mass undamped system was used to demonstrate the estimated 

results of the change in stiffness of the system using the sensitivity method. The 

sensitivity method was then used to determine the Young’s Modulus of a Lynx 

helicopter airframe. The helicopter airframe was tested using 29 response points 

and four excitation points. The elastic moduli  of the helicopter airframe were 

grouped into 147 groups of elements and the Young’s Modulus of the most 

important 36 groups were determined using the sensitivity method.  

Auzins et al. (2015) proposed a method that determined the Young’s Modulus 

and Poisson’s Ratio of a plate consisting of orthotropic composite material. The 

identified material properties were determined using the experimental 

frequencies and analytical frequencies from the FE model . 

Elhilali et al. (2021) presented an approach to determine the most suitable natural 

fibre to add to the brake pad. The approach was based on the model updating 

method and used the static experimental data with the FE model of the pad .  

 

2.5 Hyperelastic Material 

 

From the compression test results of the brake pad shown in chapter 4, it can be 

seen that the stress-strain relationship of the friction material is nonlinear. Hence, 

the pad could be considered either hyperelastic or viscoelastic. The concept of 



41 

 

 

 

hyperelastic materials will be shown in chapter 6, and this section mainly reviews 

the applications and papers concerning hyperelastic materials. The viscoelastic 

material will be reviewed in section 2.6.  

 

2.5.1 Introduction of Hyperelastic Models 

 

George Green originally proposed the concept of Hyperelastic materials, and the 

stress-strain relationship of material could be derived from a strain energy 

density function. Hyperelastic materials can be classified into different models 

depending on strain energy density functions. Isotropic hyperelastic material 

models include Arruda-Boyce, Marlow, Mooney-Rivlin, Neo Hookean, Ogden, 

Polynomial, Van der Waals and Yeoh. Non-isotropic hyperelastic material 

models include Fung-Anisotropic, Fung-Orthotropic, and Holzapfel-Gasser-

Ogden. (Hackett, 2018, ABAQUS, 2014) 

In the past decades, many strain energy density functions were developed to 

investigate the mechanical behaviour of the hyperelastic material. Nowadays, 

hyperelastic material models are mostly used in rubber or biological tissue types 

of materials.  

Mooney (1940) proposed a hyperelastic model characterisng rubber-like 

materials undergoing large strain. This model is known as the Mooney -Rivlin 

model and was further developed by Rivlin and Rideal (1948). A special case of 

the Mooney-Rivlin model is the Neo-Hookean model, which is also proposed in 

the paper published by Rivlin and Rideal (1948). Both the Mooney-Rivlin model 

and the Neo-Hookean model are special cases of the polynomial hyperelastic 

model. 

Ogden and Hill (1972) proposed a method to correlate the theoretical and 

experimental results of the incompressible rubber-like material. The strain 

energy function was developed and validated using the test results of the rubber -

like material from the tension and shear experiments. This model is later known 

as the Ogden material model.  

Yeoh (1993) further developed a model based on the polynomial hyperelastic 

model (Rivlin et al., 1951), which could be used to represent the deformation of 

nearly incompressible, nonlinear elastic materials. This model can be considered 

a reduced case of the polynomial hyperelastic model .   



42 

 

 

 

The Arruda-Boyce hyperelastic model was published by Arruda and Boyce in 

1993 (Arruda and Boyce, 1993). The deformation of rubber materials was 

successfully validated from the model and the experimental results .  

Fung (1993) developed a hyperelastic material model, which is used to determine 

the mechanical properties of the preconditioned soft tissues. Fung ’s model 

considered the hyperelastic model as anisotropic or orthotropic hyperelastic 

materials and is largely used for biological soft tissues such as blood vessels. 

The mechanical properties of the biological soft tissues were also reviewed in 

many other papers (Holzapfel, 2000, Gasser and Holzapfel, 2002, Holzapfel and 

Ogden, 2003, Gasser et al., 2006). 

 

2.5.2 Applications  

 

In recent years, more researchers have focused on developing hyperelastic 

material models and applying hyperelastic models to different applications.  

Hajhashemkhani and Hematiyan (2015) determined the material properties of 

hyperelastic materials considered both isotropic (Mooney-Rivlin) and 

anisotropic (Holzapfel) hyperelastic models. The FE model of a polyvinyl 

alcohol sample was built in ABAQUS to validate with the tension test data, and 

the material properties were determined using the inverse analysis and iterative 

process.  

Cai et al. (2016) proposed a new model determining the deformation of the 

incompressible fibre-reinforced anisotropic hyperelastic materials. The strain 

energy function was proposed and validated using the uniaxial tension and shear 

tests. The model was based on the Mooney-Rivlin model and the polynomial 

hyperelastic model. 

Rugsaj and Suvanjumrat (2018) determined the appropriate hyperelastic material 

model of the FE model of a non-pneumatic tire using ABAQUS. The tensile and 

compressive tests were performed, and the stress-strain relationship of the 

material was found. The software ABAQUS was used to predict the suitable 

hyperelastic material model of the tire from the compression and tensile test 

results. Huh et al. (2019) also used the ABAQUS FE model and static test results 

to determine the suitable hyperelastic model of aortic wall tissues.  
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2.6 Damping 

 

2.6.1 Introduction of Damping Models 

 

The vibration of a system can be classified as undamped vibration of damped 

vibration. If no energy is lost during cyclic oscillation, the system is an 

undamped vibration system. If the energy is lost or dissipated during the 

oscillation, it is a damped system (Rao, 2017).  

The main feature of a vibration system is the cyclic transformation between the 

potential and kinetic energy, which is associated with the inertial and elastic 

properties of the system. The mass and stiffness discrete elements represent the 

mathematic model of an undamped system. 

Another aspect that should be considered in the dynamic behaviour of a vibration 

system is the energy lost or dissipation in the system, which is the damping force.  

“A damper is is assumed to have neither mass nor elasticity, and damping force 

exists only if there is relative velocity between the two ends of the damper.” 

(Quote from Rao (2017), p.45)  

The damping in the system can be modelled as the following types:  

• Material Damping: The energy is dissipated and absorbed by the material. 

The material damping is also considered as the internal damping in the 

system.  

• Viscous Damping: The system is vibrating in a fluid medium such as air 

or oil, and the energy lost in the system is caused by the residence between 

the fluid and the system.  

• Coulomb Damping: The damping force is caused by the friction force 

between rubbing surfaces.  

Many different theories represent the mathematical models of the damping force 

in the vibration system.  

Bessel (1828) observed the oscillation of a pendulum in air and theoretically 

concluded that it is necessary to take the inertia of the air into account when 

calculating the motion of the pendulum (Stokes, 1850).  
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Poisson (1831) also considered the oscillation of a pendulum in the air. In hi s 

paper, the equation of motion of an elastic fluid was used and simplified by 

neglecting the insensible quantities. The found from Poisson and Bessel were 

similar, and the conclusion was that the time of vibration of the pendulum in a 

fluid is affected by the density of the fluid as well as its inertia. .  

Stokes (1850) derived the equation of motion of the pendulums, which 

considered the vis viva lost in consequence of internal friction. Stokes extended 

from Bessel’s research and considered the friction in the wire supporting the 

sphere.  

Maxwell (1866) measured the time of the torsional vibration of three disks, each 

placed between two parallel fixed disks with a small but measurable distance. 

The coefficient of viscosity of air and other gases were measured from the 

experiment proposed by Maxwell.  

In 1867, Maxwell proposed a viscoelastic material in which a purely elastic 

spring and a purely viscous damper (dashpot) are connected in series. The 

Maxwell model is generalised by Wiechert, where several Maxwell elements 

were connected in parallel (Wiechert, 1889, Wiechert, 1893). This generalised 

Maxwell model is also known as the Maxwell-Wiechert model, the most general 

form of a linear model for viscoelasticity.  

Another linear viscoelasticity model, which is often mentioned together with the 

Maxwell model, is the Kelvin-Voigt model, where the elastic spring is in parallel 

with the viscous damper instead.  

 

Maxwell Model  

The Maxwell model can be represented by a purely viscous damper and a 

purely elastic spring connected in series. The model can be represented by:  

�̇�

𝐸
+

𝜎

휂
= 휀̇ 

where σ is the stress, ε is the strain that occurs under the given stress, E is the 

elastic modulus of the material and η is the viscosity of the material.  
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Figure 2.11 Maxwell Model (Prandina, 2010) 
 

Kelvin-Voigt Model  

The Kelvin-Voigt model can be represented by a purely viscous damper and 

purely elastic spring connected in parallel. The model can be represented by:  

𝜎 = 𝐸휀 + 휂휀̇ 

 

Figure 2.12 Kelvin-Voigt Model (Prandina, 2010) 
 

Lord Rayleigh developed the damping matrix in 1878, where the coeffi cient of 

the quadratic energy dissipation function was grouped into a symmetric matrix 

(Rayleigh and Lindsay, 1898). The well-known proportional damping (or 

Rayleigh’s damping) was also proposed. The proportional damping is viscous 

damping, where the damping matrix is proportional to a linear combination of 

the mass and stiffness matrices. 

 

2.6.2 Applications 

 

Two types of damping could be considered when determining the influence of 

damping in a disc brake system: the frictional damping between the brake disc 

and pad; and the material damping of the pad friction material.  

Mottershead et al. (1997) examined and compared damping effects in the disc 

and pad using a model with a stationary angular disc and a pad rotating at a 

constant speed. Both subcritical and supercri tical speeds were considered in the 
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numerical studies, and the effects of the mass, stiffness and damping of the pad 

were examined with respect to the stability of the vibration of the system. The 

paper concluded that both disc and pad damping influence stabilising the system 

at subcritical speeds.  

Bajer et al. (2004) proposed that the inclusion of friction-induced damping have 

a significant influence on the predictions of the squeal in the disc brake system. 

A front disc brake system which consists of the calliper, rotor, pi ston, and pads, 

was used, and the numerical simulation and experimental results were analysed. 

The inclusion of the positive/negative friction-induced damping in the CEA of 

the brake can improve the over/under prediction of the brake squeal stability .  

Kirillov (2004) developed a theory that quantitatively and qualitatively 

explained the destabilisation paradox of a general non-conservation system with 

weak damping and gyroscopic forces. The destabilisation paradox means that the 

non-uniform distribution of damping can reduce the stability of the system, even 

though the general function of the damping is to stabilise the system.  

Hervé et al. published two papers seperately in (2008) and (2009) which 

observed the occurrence of the destabilisation paradox in the instability of clutch 

squeal noise. The linearised and nonlinear 2-DoF systems were considered in 

these two papers. The effect of the damping and the actions of the gyroscopic 

and circulatory were investigated.  

Úradníček et al. (2021) included material-dependent damping into the disc brake 

FE model, which analyses the system instability prediction due to damping. Both 

simplified and complex disc brake models were used. This paper proposed a 

method that defines specific damping for each component  in the brake system to 

achieve a non-proportional damping matrix. 

2.7 Summary 

 

This chapter reviewed the fundamental brake squeal mechanisms, including the 

stick-slip, sprag-slip, mode-coupling and Negative friction-velocity gradient 

mechanisms.  

The concept of finite element modelling and the FE modelling applications of 

the disc brake was presented in section 2.2.  
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The introductions and applications of the dynamic and static experimental 

investigations on the disc brake system were reviewed in section 2.3.  

Section 2.4 included different identification categories and common 

identification methods and the application of identification methods on the brake 

squeal problem.  

The introduction of Hyperelastic material and different Hyperelastic models and 

their application in recent years were reviewed in section 2.5.  

In section 2.6, the concept of different damping models and the effects of 

damping-induced instability in the brake system was reviewed.   
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Chapter 3  Dynamic Experimental Procedures and 

Data Analysis 

 

 

 

The properties of brake pad friction materials can be determined from either the 

static experimental data or the dynamic experimental data. This chapter presents 

the fundamental theory of dynamic experimental analysis , and the main theory 

in this section is adapted from Maia and Montalvão e Silva (1997).  

In Section 3.2, the modal data for out-of-plane vibration of a thin rectangular 

plate is obtained using two different experimental methods, and the difference 

between these two methods is observed. The analysed test data are compared to 

find out a more suitable dynamic experimental method. This selected method is 

then used to test a brake pad to collect reliable dynamic test data such as the 

frequencies, mode shapes and damping of the pad. These modal data are used in 

the identification methods to determine the brake pad’s material properties.  
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3.1 Introduction 

 

Experimental modal analysis plays an essential role in determining accurate 

modal test data of a specimen or a structure. There are different modal testing 

methods to acquire sufficiently accurate sets of Frequency Response Functions 

(FRFs). Using the measured sets of FRFs, modal properties such as a specimen’s 

frequencies, mode shapes and damping factors can be obtained.  

The available signal processing methods for modal analysis are:   

- Single-Input Single-Output (SISO) Analysis 

- Single-Input Multi-Output (SIMO) Analysis 

- Multi-Input Multi-Output (MIMO) Analysis 

In section 3.1.1 below, the SISO analysis is used to demonstrate the principle of 

an FRF calculation, which is used to calculate each measurement signal in a set 

of FRFs in SIMO and MIMO analysis.  

 

3.1.1 The Frequency Response Function (FRF)  

 

3.1.1.1 Fourier Analysis 

 

The Frequency Response Function (FRF) is a fundamental measurement that 

isolates an object’s inherent dynamic properties. Experimental modal parameters 

such as frequency, damping, and mode shape are also obtained from a set of FRF 

measurements. An FRF measurement describes the input-output relationship 

between a single input DOF, and a single output DOF is shown in equation (3.1) 

below. 

Consider an equation of motion of a single-degree-of-freedom (SDOF) system 

subject to a general excitation force ( )f t : 

( ) ( ) ( ) ( )mx t cx t kx t f t+ + =       (3.1) 

Where , ,m c k  are the mass, damping, and stiffness of an SDOF system; ( )x t  is 

the corresponding response of the system. Both ( )x t  and ( )f t  are time-

dependent.  
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Dynamic signals can be classified into deterministic signals, each of which can 

be described as a function of time. Since random signals cannot be described as 

a deterministic function of time, some assumptions must be made to simplify 

random signals, which can be processed in the Fourier analysis. In this paper, 

random signals will not be considered, and the assumption is that the measured 

signals are deterministic.  

Deterministic signals are divided into periodic signals and transient signals. A 

periodic signal repeats itself after a period (e.g., in a dynamic test of a system 

using a shaker as the input excitation), and a transient signal is a signal that only 

lasts for a short period (e.g., in a dynamic test of a system using an impact 

hammer as the input excitation).  

For a dynamic test that applies a periodic excitation to a system that leads to a 

periodic response, the Fourier series can present both the input and output signals . 

Equation (3.2) shows the Fourier series of any signal ( )f t :  

0

1

2 π 2 π
( ) 2 ( cos sin )n n

n

n t n t
f t a a b

T T



=

= + +     (3.2) 

where 0a  is the mean value of the signal over a period T ; na  and nb  can be 

evaluated as: 

( 2π ) ( 2π )
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2
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2
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T
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π
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2
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b f t t
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−

−

−
=       (3.4) 

From equations (3.3) and (3.4), the Fourier series from equation (3.2) can be 

written in the exponential form: 

2

2π 2
2

π1
( ) ( ( )e d )e

τ t
i

T

T

T

n

n i n
Tf t f τ τ

T

−

−

−

−
= 

=         (3.5) 



51 

 

 

 

When the input excitation applied to the system is a transient signal, it can be 

assumed that it is a periodic signal with an infinite period. As T = , 

f f1 T ω dω= → and 
f fn T n ω ω= → . Equation (3.5) is now written as:  

ff 2π f 1
( ) ( )e d ( )e d

2π

i ω t iωtf t F ω ω F ω ω
+ +

− −
= =     (3.6) 

ff 2π( ) ( )e d and ( ) ( )e di ω t iωtF ω f t t F ω f t t
+ +

− −

− −
= =    (3.7) 

where fω is the frequency in Hertz, [Hz], and can be converted to the frequency 

ω  in radius per second, [rad/s]: 
f

2π
ωω =  

Equations (3.6) and (3.7) are a pair of Fourier integrals that transforms a time-

domain signal to and from a frequency-domain signal.  

The same Fourier analysis can be applied to arbitrary output functions ( )x t  and 

form a similar equation:  

1
( ) ( )e d

2π

iωtx t X ω ω
+

−
=         (3.8) 

( ) ( )e diωtX ω x t t
+

−

−
=         (3.9) 

The FRF calculation ( )H ω of an SDOF system is obtained as:  

( )
( )

( )

X ω
H ω

F ω
=         (3.10) 

 

3.1.1.2 The Laplace Transform  
 

The Laplace transform of a function ( )x t  is defined as: 

0
( ) { ( )} ( )e dstX s x t x t t

+
−= = L       (3.11) 
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The equation of motion of an SDOF system shown in equation (3.1), the Laplace 

transform of equation (3.1) is defined as: 

{ ( ) ( ) ( )} { ( )}mx t cx t kx t f t+ + =L L      (3.12) 

2( ( ) (0) (0)) ( ( ) (0)) ( ) ( )m s X s sx x c sX s x kX s F s− − + − + =  (3.13) 

Rearranging equation (3.13)  

2( ) ( ) ( ) (0) ( ) (0)ms cs k X s F s mx ms c x+ + = + + +     (3.14) 

where (0)x  and (0)x  are the initial displacement and velocity of the system. If 

the initial conditions are assumed to be zero, then the system transfer function 

 is defined as: 

2

( ) 1
( )

( )

X s
H s

F s ms cs k
= =

+ +
      (3.15) 

If the system includes damping, then the roots of the denominator of equation 

(3.15) are 1s and 
*

1s  which are the poles of the transfer function.  

*

*

1 1

( )
( ) ( )

A A
H s

s s s s
= +

− −
     (3.16) 

A  and 
*A are the complex conjugates that are defined as the residues of the 

transfer function. The FRF is obtained by evaluating the transfer function in the 

frequency domain: 

2

( ) 1
( )

( ) ( ) i

X ω
H ω

F ω k ω m ωc
= =

− +
     (3.17) 

 

3.1.2 FRF Estimators and Coherence of the System 

 

3.1.2.1 FRF Estimators 

 

A few advantages of using multi-input excitations or multi-output responses 

when obtaining a structure’s modal properties. SISO modal testing may not 
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excite all modes if the exciting input point is close to the nodal point for some 

particular modes, whereas a number of modes can be excited with MIMO testing. 

MIMO testing can also extract the structure’s mode shapes, whereas SISO can 

only obtain the frequencies. The mode shapes of a structure are essential when 

updating a structure’s FE model.  

Extraneous noise can be presented in both the input excitation and the output 

response in the FRF measurements. Three types of estimators can be used to 

remove random noise and nonlinearities (distortion) from the FRF estimates. The 

estimators would affect how the data is fit and how much each data point is 

adjusted to create the best fit.  

- Assume noise in the output ( 1( )H ω ): This FRF estimator assumes random 

noise and distortion appear in the output signals but not in the input 

signals. The 
1H  estimator tends to underestimate the FRF if there is noise 

in the input. The measured output vector of a MIMO system that uses the 

1H  estimator would consist of the output vector and the output noise 

vector. Such vector is written as: 

m x x

1X ( ) X( ) N ( ) ( )F( ) N ( )ω ω ω ω ω ω= + = +H   (3.18) 

- Assume noise in the input (
2( )H ω ): This FRF estimator assumes random 

noise and distortion sum to the input signals, but not the system’s output 

signals. This estimator tends to overestimate the FRF if there is noise on 

the output. The measured output vector of the MIMO system that uses the 

2H  estimator would consist of the measured input vector, which consists 

of the input vector and the input noise vector. Therefore, the measured 

input vector and output vector is written as: 

m fF ( )=F( ) N ( ))ω ω ω+       (3.19) 

m m f

2 2X ( ) ( )F( ) ( )(F ( )-N ( ))ω ω ω ω ω ω= =H H   (3.20) 

- Assume noise in both the Input and Output ( ( )vH ω ): This FRF estimator 

assumes that random noise and distortion are summing into both the 

system’s input and output responses. This vH  estimator provides the best 
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overall estimate of the frequency function but requires more 

computational time than the other two. The measured output vector that 

uses this estimator would consist of the measured input vector and the 

output noise vector. 

m m f xX ( ) ( )(F ( ) - N ( )) N ( )vω ω ω ω ω= +H    (3.21) 

 

3.1.2.2 Coherence 

 

Consider a SISO measurement system, the 1( )H ω  estimator normalizes the input 

signal, and the 
2( )H ω  estimator normalizes the output signal. If there is no 

noise in the input or output during the test, the result should be the same whether 

using the 1( )H ω  estimator or the 
2( )H ω  estimator. Hence, the ratio of the 

1( )H ω  estimator and the 
2( )H ω  estimator should indicate the quality of the 

FRF analysis of a given input-output spectrum.  

21

2

( )
( )

( )

H ω
ω

H ω
=         (3.22) 

The ratio 
2( )ω  is called the ordinary coherence function. It is a normalized 

correlation coefficient between the measured input force signals and the output 

response signals evaluated at each frequency. This ratio should be larger than 0 

but smaller or equal to 1. When the ratio is smaller than 1, it indicates that there 

could be extraneous noise in the input or the output signals.  

 

3.1.3 Modal Assurance Criterion (MAC) Between Mode Shapes  

 

The Modal Assurance Criterion (MAC) concept is that if a linear relationship 

exists between two arbitrary complex vectors a  and b , the MAC value will be 

1. Otherwise, if the two selected vectors are linearly independent, the MAC value 

will be small (close to 0).  
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     (3.23) 

The MAC calculation is useful in comparing two arbitrarily scaled mode shape 

vectors, and similar mode shapes will have a high MAC value. Mode shapes used 

in the comparison can originate from a Finite Element Analysis or an 

experimental modal analysis. The MAC pair modes shapes derived from 

analytical models with those obtained experimentally.  A MAC matrix is created 

that compares every mode shape vector of the FE model with every mode shape 

vector of the experimental results.  

Assume that the number of experimental mode shapes is mn  and the number of 

analytical mode shapes from the FE model is FEn . Then the experimental mode 

shape matrix 
m

Φ is obtained as: 

m

m m m m

1 2{ , ,..., }
n

=Φ φ φ φ                  (3.24) 

and the analytical mode shapes matrix from the FE model 
FE

Φ is obtained as: 

FE

FE FE FE FE

1 2{ , ,..., }
n

=Φ φ φ φ                (3.25) 

The MAC matrix that calculates 
m

Φ  and 
FE

Φ  is: 

   
(3.26) 
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A structure’s FE mode shapes are correlated to the structure’s experimental mode 

shapes using the MAC correlation method. The extracted FE mode shape nodal 

location must be close to the experimental measurement locations to calculate 

the correct MAC value. Further details of the FE model shape point 

determination is in Chapter 5. 

 

3.2 Modal Testing Procedure and Results of a Rectangular Plate 

 

An excitation source like an instrumented hammer or electromagnetic shaker 

feeds energy into the structure in the modal testing process. Then, the structure 

responds to the source according to the excitation amplitude and frequency range. 

The structure’s response may be collected as displacement, velocity or 

acceleration of measured nodes. Several sharp peaks in the FRF diagram are 

usually observed for a lightly damped structure. A higher level of damping leads 

to a flatter peak. These peaks indicate the locations of natural frequencies of the 

structure within the excitation frequency range.  

Two testing methods are used to test a rectangular plate to demonstrate both 

methods and find a suitable method to test the brake pad. These two methods are:  

1. The Accelerometer/Force FRF Test Method: to extract the out -of-plane 

modal data, one accelerometer is placed onto the plate, or the pad and the 

system are excited with an impact hammer at different points. This method 

is a MISO testing method as only one accelerometer is used, and the 

Accelerometer position remains unchanged while the excitation point 

changes.  

For the Accelerometer/Force FRF Test Method, the LMS test lab is used 

for conducting modal tests and analyses on the pad with an instrumented 

hammer as the input source and the accelerometer as the output source.  

The LMS test lab is a well known software which allows user to do 

dynamic test, analysis test data and generate reports. LMS uses a very 

well-known algorithm for post-processing of the data: Polymax. This 

algorithm fits a mathematical function on the collected data and produces 

the FRF of the test data. Polymax indicates stable poles of the fitted 

mathematical function, which are the frequencies of the structure.  

2. The Velocity/Force FRF Test Method uses the Laser Doppler Vibrometer 

to record the vibratory signal while the plate is excited with the impact 
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hammer. A Laser Doppler Vibrometer (LDV) is a scientific instrument 

used to make non-contact vibration measurements of a surface. The output 

of an LDV is generally a continuous analogue voltage that is directly 

proportional to the target velocity component along the direction of 

the laser beam. This test method is a SIMO testing method where the 

excitation point remains the same while the LDV measures each  point in 

the system that the user defines. The Velocity/Force FRF Test Method 

uses Polytec software for measuring the frequencies and deflection shapes 

of the plate and the pad. 

 

3.2.1 Experiment Setup 

 

The modal testing method was initially studied using a thin rectangular steel 

plate.  The thin rectangular plate (shown in Figures 3.1, 3.2 and 5.6) was used to 

study two types of testing methods, the Acceleration/Force FRF method and the 

Velocity/Force FRF method. The size of the plate is 153mm (height) ∗

305mm (width) ∗ 3.06mm (thickness), and the density of the plate is assumed to 

be constant throughout the plate, which is calculated from the mass and volume 

of the plate:  7885.44 kg/m3. The plate is tested under free-free conditions, and 

the number of exciting points is different for the two testing methods. The plate 

is made of mild steel which is selected because it is a similar material to the 

backplate of the pad. Hence the test results could be used to calibrate and verify 

the steel backplate. 

The first test is done using the Acceleration/Force FRF method (as shown in 

Figure 3.1). There are 77 exciting points, and a 1D accelerometer is positioned 

behind the plate at point 77 on the grid to measure the plate’s out-of-plane 

frequencies and mode shapes. Each marked point is excited three times to collect 

an average and reduce the noise of a measurement.  
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Figure 3.1 Modal test set up for the plate using an accelerometer  

 
Figure 3.2 Modal test set up for the plate using a laser vibrometer 

 

The second test was done using the Velocity/Force FRF method, a 1D laser 

vibrometer is used to measure the plate’s out-of-plane frequencies and mode 

shapes, and the number of testing points is 135. This test’s input excitation point 

is set up at the same location as the accelerometer from the previous test, and 

point 1 from this test is also at the same location as the previous test, so the 

coherence at point 1 can be compared between both tests as the input and output 
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signal location is the same. For this test, each point is also tested three times to 

reduce the negative effect of the measured signals’ noise.  

 

3.2.2 Data Analysis 

 

Table 3.1 shows the results of the frequencies of the plate from both tests. The 

plate is tested to measure the first ten frequencies after 1000Hz. This range is 

chosen to observe the plate test results, such as the frequency, mode shape and 

the coherence from both tests in the higher frequency range because the pads 

frequencies are generally 1000Hz and above. The vH  FRF estimator is used for 

the FRF measurements in both tests as there could be noise in both input 

excitation and output response during the test. The plate is excited manually with 

an impact hammer, and each point is measured three times to reduce the error in 

the test.  

Table 3.1 Comparisons between natural frequencies find from two tests  

 

 

Mode 

Number 

Natural Frequencies [Hz] 
Relative Difference 

between 

Acceleration/Force and 

Velocity/Force Methods 

Test Data [%] 
Acceleration/Force 

FRF method 

Velocity/Force 

FRF method 

1 1166 1170 0.34 

2 1308 1313 0.34 

3 1587 1588 0.03 

4 1642 1652 0.60 

5 1920 1924 0.20  

6 1989 1994 0.24 

7 2105 2119 0.69 

8 2167 2174 0.29 

9 2389 2397 0.33 

10 2420 2426 0.22 

Maximum Relative Error: 0.69 
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The difference between the plate’s test frequencies found from the 

Acceleration/Force FRF method and the Velocity/Force FRF method is very 

small (the maximum relative error is less than 1%) and can be neglected. 

However, if the noise between the two tests methods is compared, the difference 

is large. 

Figures 3.3 and 3.4 show the coherence measurement at point 1 on the grid for 

the Acceleration/Force FRF test and the Velocity/Force FRF test. The diagrams 

show that the Velocity/Force FRF test has a larger noise level than the 

Acceleration/Force FRF test. Due to the large output noise during the 

Velocity/Force FRF test, these results could occur. The Amplitude in Figure 3.3 

and 3.4 is normalised and calculated based on equation 3.16 and 3.17. Hence 

there is no unit for the Amplitude shown in these figures.  

 

Figure 3.3 FRF Analysis and Coherence of point 1 on the plate using 

Acceleration/Force FRF test method  
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Figure 3.4 FRF Analysis and Coherence of point 1 on the plate using 

Velocity/Force FRF test method 
 

The plate is in free-free condition, so it may swing as well as vibrate when a 

hammer hits it. The Velocity/Force FRF test uses a laser vibrometer as the output 

transducer, and it is a non-contact device; the laser’s measured point could vary 

when the plate swing and twists, and the laser could measure the swing as part 

of the output response. These reasons could give additional noises to the output 

signal and lead to larger coherence. In comparison, the Acceleration/Force FRF 

test uses an accelerometer as the output transducer, glued to the plate surface. 

This could reduce the effect caused by the swinging and make sure the measuring 

output location remains the same throughout the experiment.  

The Velocity/Force FRF test using the laser vibrometer is more suitable for 

modal tests using a shaker because the input force is continuous, and the noise 

caused by the plate’s swinging effect would reduce.  
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3.3 Modal Testing Procedure and Results of Brake Pad 

 

3.3.1 Experiment Setup 
 

The Acceleration/Force FRF testing method is used to test the selected brake pad 

model FER7217, as shown in Figure 3.5. The pad is placed onto a foam plate to 

provide an almost free-free testing condition. This is because the brake pad is 

very small and difficult to hang. A 1D accelerometer is placed onto the pad’s 

backplate located as shown, and the pad is excited using a robotic hammer. The 

size of the pad shown in Figure 3.5 is approximately 152mm*70mm*17mm(7mm 

backplate and 10mm friction material).  

 

Figure 3.5 Modal test set up for the pad model FER7217 using an accelerometer 

This test is a MISO test where the accelerometer’s position remains unchanged 

during the test, and the robotic hammer’s position changes to test each marked 

point on the pad. Each measuring point is repeated three times to average the 

output response measurement and reduce the input noise. The robotic hammer’s 

location remains the same when repeating the test for one point, and the force 

applied to the points is controllable and the same throughout the test. This use 

of the robotic hammer effectively reduces the possible noise from the input force 

and minimizes the noise for each measurement.  

The measuring frequency range of the pad is from 0 Hz to 20000Hz. Such a large 

range is chosen because the pad friction material is non-isotropic. There can be 

up to 9 updating parameters for characterizing its material properties in the 

identification process, i.e. if the pad is considered as an orthotropic material. The 

number of reliable test frequencies must be greater or equal to 9 for orthotopic 

material identification, and a small testing range may not cover enough reliable 
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modal data. The pad friction material can be considered transversely isotropic if 

the measured modal data is less than 9, then the minimum reliable testing 

frequencies and mode shapes required are 6.  

Figure 3.6 gives an example of the FRF diagram and coherence of a point (point 

72 indicated in Figure 3.5). The noises from both input and output signals are 

minimized, so the coherence is close to 1 in most frequency ranges.  

 

Figure 3.6 FRF Analysis and Coherence of point 72 on the pad using Velocity/Force 

FRF test method 

 

3.3.2 Experiment Procedures and Data Extraction Technique using 

Developed Matlab Programs 

 

Flowchart 1 shows the experimental procedures to collect the dynamic data such 

as the frequencies, mode shapes and damping ratios of the pad. The steps in the 

flowchart standardise the dynamic test of the pad and allow the developed 

MATLAB code to extract the experimental frequencies and mode shapes from 

the experimental data file.  

A few steps are highlighted as they are important when trying to use the 

developed MATLAB code; these steps are explained below:  
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 Figure 3.7 Flowchart of Acceleration/Force FRF testing process for the brake pad 

 

Step 1.4: The position of the first testing point must be recorded because the 

geometry of the other test points is in the relative position of Point 1 in the 

experimental data file. Hence the location of all test points can be determined in 

the FE model if the location of Point 1 is given.  

 

For example, in Figure 3.5, the location of test point 1 is on the top left corner 

of the pad. When running the MATLAB code, if the node ID of a point close to 

testing point 1 is entered (Figure 3.8), then the geometry of all test points can be 

determined and grouped as a nodal set (Figure 3.9). The analytical mode shape 

of the pad is extracted from this node set and can be compared with the 

experimental mode shape using MAC. 
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Figure 3.8 Brake pad FER 7217 FE 

model with selected estimated location 

of test point 1 

 

Figure 3.9 Brake pad FER 7217 FE 

model with selected estimated location 

of all test points 

The global coordinate systems of the FE and test models are determined and 

matched depending on the maximum length and width of the model from point 

1. For example, if the length of the pad is considered as the x-axis in the test and 

y in the FE model, they will be matched by changing the orientation of the pad 

in the FE input file. The x and y distance between each point in the FE model is 

calculated after considering the ratio between the maximum x and y distance in 

the test data and FE model.   

Step 1.7 – 1.9: The raw data of the pad from the dynamic test is analysed using 

the software LMS. Test Lab. This will be further explained in section 3.3.3.  

Step 1.10: This is not a necessary step, but it would be easier to rename the 

PolyMAX set containing the experimental data used in the material property 

updating procedure (as shown below).  

 

Step 1.11: The developed MATLAB code that reads the experimental file can 

only determine the data from the universal file. Hence a .unv type of file must 

be extracted after selecting the suitable test frequencies and mode shapes.  
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3.3.3 Data Analysis 

 

The LMS Test Lab is used to simulate the raw data of the dynamic test and extract 

the frequencies and mode shapes of the pad. LMS uses a well -known algorithm, 

PolyMAX, for the post-processing of the test data. The sum FRF of the pad 

measured by the robotic hammer and the accelerometer is analyzed using the 

build-in mathematical function PolyMAX in the LMS test lab, and its stable 

poles are shown in Figures 3.9 and 3.10 with the frequency range between 0 Hz 

and 10000 Hz; and between 10000 Hz and 20000 Hz, respectively. It is worth 

mentioning that this test has been done several times, and the best result is shown 

here.  

 

Figure 3.10 The sum FRF of the pad from 0 Hz to 10000 Hz using LMS 

 

Figure 3.11 The sum FRF of the pad from 10000 Hz to 20000 Hz using LMS  
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The reliably measured frequencies, damping and mode shapes of pad model 

FER7217 are listed in Table 3.2. These data are simulated from LMS PolyMAX 

and will be extracted to the universal file to use in the material identification 

procedure in Chapter 5. 

Table 3.2 Measured frequencies, damping and mode shapes of the pad using LMS 

software 

Mode 

Number 

Measured 

Undamped 

Frequency (Hz) 

Damping 

Coefficient 

(%) 

Mode Shape 

1 1507 0.66 

 

2 2020 0.71 

 

3 4556 0.72 

 

4 4803 0.69 
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5 6970 0.69 

 

6 7113 0.71 

 

8 8429 0.72 

 

9 8775 0.62 

 

10 10788 0.74 

 

11 11332 0.70 
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12 12140 0.62 

 
 

3.4 Summary 

 

The fundamental theories of the dynamic experimental modal analysis are 

presented in this chapter. A suitable experimental testing procedure is found by 

comparing the test results of a plate from the Acceleration/Force FRF testing 

method and Velocity/Force FRF testing method. The Acceleration/Force FRF 

testing method is found to be more reliable and therefore is used to test the brake 

pad model FEF7217. The standard testing procedure for the brake pad is 

presented in section 3.3.2, and the collected dynamic experimental data is shown 

in section 3.3.3.   



70 

 

 

 

 

 

 

 

 

 

 

Chapter 4  Static Experimental Procedures and 

Data Analysis 

 

 

 

The properties of brake pad friction materials can be determined from either the 

static experimental data or the dynamic experimental data. This chapter 

introduces the fundamental theories of the stress-strain relationship of non-

isotropic materials, the strain gauge and Digital Imaging Correlation (DIC). In 

Section 4.2, the compression test procedure and results of the brake pad using 

the glued strain gauge to measure the longitudinal change in strain. Section 4.3 

shows the compression test procedure and results of the brake pad using the DIC 

to measure the longitudinal change in strain. The reliable compression test 

results are used to estimate the Young’s Modulus and Poisson’s Ratio of the 

brake pad FER7217. 
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4.1 Introduction 

 

In this chapter, compression tests were done to measure the material properties 

of pad materials at different pressures. The mechanical properties of the brake 

pad material can be calculated from the stress-strain relationship of the 

compression test. The calculated mechanical properties, including the Young’s 

Modulus and Poisson Ratio of the brake pad, can be used as the initial updating 

parameters in the material properties identification method in chapter 5. the 

stress-strain relationship of the pad friction material is also useful in the 

simulation of the friction material as Hyperelastic material .  

 

4.1.1 Stress-Strain Relationship for Non-isotropic Materials  

 

The generalised Hooke’s Law can be written as: 

 (4.1) 

where 𝛔 is the change in stress, ℂ is the stiffness tensor matrix that provides the 

relationship between the stress and the strain of the structure , and 𝛆 is the change 

in strain of a system. For an anisotropic linear elastic material, the stiffness 

tensor matrix can be written as: 

ℂ =  

[
 
 
 
 
 
∁11 ∁12 ∁13

∁12 ∁22 ∁23

∁13 ∁23 ∁33

∁14 ∁15 ∁16

∁24 ∁25 ∁26

∁34 ∁35 ∁36

∁14 ∁24 ∁34

∁15 ∁25 ∁35

∁16 ∁26 ∁36

∁44 ∁45 ∁46

∁45 ∁55 ∁56

∁46 ∁56 ∁66]
 
 
 
 
 

  (4.2) 

where ∁𝑖𝑗  is the elastic constant of a system and can be converted to the 

engineering constants such as Young’s Modulus, Poisson’s Ratio and Shear 

Modulus. In this general stiffness tensor matrix, there are 21 independent elastic 

constants due to matrix symmetry. A sufficient number of test data (more than 

21) must be obtained to determine the material properties, which is too many. 

Hence, most of the time, the material is considered as orthotropic instead : 
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[
 
 
 
 
 
σ11

σ22

σ33
σ12

σ13

σ23]
 
 
 
 
 

=  

[
 
 
 
 
 
 C11 C12 C13

 C12 C22 C23

  C13  C23 C33

0    0    0
0    0    0
0    0    0

0    0    0
0    0    0
0    0    0

C44  0 0
 0 C55 0
 0  0 C66]

 
 
 
 
 

[
 
 
 
 
 
ε11

ε22

ε33

2ε12

2ε13

2ε23]
 
 
 
 
 

  (4.3) 

This stiffness tensor matrix in equation 4.3 consists only of 9 independent elastic 

constants, which would be much easier to determine than general anisotropic 

materials; hence this is the first option for modelling the brake pad material .   

The elastic constants 𝐶𝑖𝑗 of the orthotropic object defined in equation 4.3 can be 

calculated from the 𝐸𝑖 , 𝜈𝑖𝑗 and 𝐺𝑖𝑗 using the equations below:  

C11 =
1 − νyz ∗ νzy

Ey ∗ Ez ∗ ∆
 

 

 

(4.4) 

C12 =
νyx + νyz ∗ νzx

Ey ∗ Ez ∗ ∆
 

 

 

(4.5) 

C13 =
νzx + νyx ∗ νzy

Ey ∗ Ez ∗ ∆
 

 

 

(4.6)  

C22 =
1 − νxz ∗ νzx

Ex ∗ Ez ∗ ∆
 

 

 

(4.7) 

C23 =
νzy + νyz ∗ νzx

Ex ∗ Ez ∗ ∆
 

 

 

(4.8) 

C33 =
1 − νxy ∗ νyx

Ex ∗ Ey ∗ ∆
 

 

 

(4.9) 

C44 = Gxy 
 

 

(4.10) 

C55 = Gxz 
 

 

(4.11) 

C66 = Gyz 
 

 

(4.12) 

∆ =
1 − νxy ∗ νyx − νyz ∗ νzy − νxz ∗ νzx − 2 ∗ νyx ∗ νzx ∗ νxy

Ex ∗ Ey ∗ Ez
 

 

(4.13) 

The pad friction material can be further simplified to transversely isotropic 

materials, which reduces the number of independent unknowns in the stress -
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strain law from 9 to 6. As transversely isotropic materials (or layerwise isotropic 

material), it is assumed that the pad is a composite material -built layer by layer, 

and within each layer, the material is isotropic. The benefit of this assumption is 

that the mechanical properties can be assumed as isotropic within the layer of 

isotropic material.  

For example, if the materials alone the x-y plane is said to be isotropic, then the 

Young’s Modulus in the x-direction would equal to Young’s Modulus in the y -

direction, Ex=Ey; the Poisson ratio of the x-direction to z-direction would be the 

same as the Poisson ratio of the y-direction to the z-direction,  νxz =  νyz; and the 

Shear Modulus in the x-z plane is the same as the Shear Modulus in the y-z plane, 

Gxz = Gyz。 

After the above assumption, the reduced stress-strain relationship of the pad is:  

[
 
 
 
 
 
𝜎11

𝜎22

𝜎33
𝜎12

𝜎13

𝜎23]
 
 
 
 
 

=  

[
 
 
 
 
 
𝐶11 𝐶12 𝐶13

 𝐶12 𝐶11 𝐶13

 𝐶13  𝐶13 𝐶33

0    0    0
0   0    0
0   0    0

0    0    0
0   0    0
0   0    0

𝐶44 0 0
 0 𝐶55 0
 0 0 𝐶55]

 
 
 
 
 

[
 
 
 
 
 
휀11

휀22

휀33

2휀12

2휀13

2휀23]
 
 
 
 
 

  (4.14) 

The six unknown mechanical properties would be the Young’s Modulus in the x 

and y directions, Ex, Young’s Modulus in the z-direction, Ez, the Poisson Ratio 

in the x-y direction,  νxy, the Poisson Ratio in the x-z and y-z direction,  νxz, and 

the Shear Modulus in the x-z and y-z direction, Gxz.  

 

4.2 Compression Test With Attached Strain Gauge 

 

The stress and strain relationship of the pad friction material is useful in terms 

of understanding the mechanical properties of the pad. Compression tests were 

done to measure the change in strain of the test sample of the pad in different 

directions under different loading pressure. In this section, the compression tests 

were done using rectangular specimens from the pad model. The specimens have 

a backplate on, and the change in strain of the pad in the lateral direction is 

measured using strain gauges. 
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4.2.1 Experiment Setup 

 

An Instron machine was used to apply a compressive force to a cuboid specimen, 

and the specimen was cut from a brake pad. Figure 4.1 shows the overview of 

the Instron Machine. During the compression rate test, the top block of the 

Instron machine was pressed down to apply a compressive force onto the 

specimen. The direction of the compression force was set to be the z -direction 

of the system. 

The change in strain in z-direction could be measured from the Instron machine. 

The Strain Indicator and Recorder (Figure 4.2) was used to measure the change 

in strain determined from the strain gauges glued onto the specimen. Figure 4.3 

shows the pad specimen, and a few strain gauges were attached to the specimen 

to measure the change in strain of the specimen in x and y-direction. This 

machine included four channels and could automatically read the change in strain 

from four strain gauges. 

The compressive force was added at a rate and set up before the test. The results 

were collected at a standard time rate which would also be set up. The maximum 

force applied onto the specimen was set up to be the stopping condition of the 

test. After setup the machine, the Instron machine would apply compressive force 

at a constant compression rate; the results collected from the Instron machine 

were the time, force applied, and the change in length of the specimen.  

  

Figure 4.1 Instron Machine 
Figure 4.2 Strain Indicator and 

Recorder 

z 
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Figure 4.3 Specimen in the Instron 

Machine 

Figure 4.4 Specimen surface with 

two strain gauges 

  

Figure 4.5 Specimen surface with one 

strain gauges 

Figure 4.6 Simple Diagram of 

Specimen Surfaces with Strain 

Gauges 
 

 Length [mm] Width [mm] Thickness [mm] 

Specimen Size 20 20 7 (Backplate) 

10 (Friction Material) 

Strain Gauge Model Number Micro Measurements EA-06-031CE-350 

 

The details of the test specimen are shown in Figures 4.4, 4.5, and 4.6. Two strain 

gauges were applied on surfaces 1 and 2, and surface 1 is parallel to surface 2. 

For example, in surface 1, a strain gauge was applied to measure the change in 

strain in the x-direction, and the other was used to measure the strain in the 

vertical (z) direction. A single strain gauge was applied on the surface 3 in the 

y-direction. The vertically applied strain gauges were to validate the test results 
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of the vertical strain collected from the Instron machine and the attached strain 

gauges. 

Note that the steel backplate of the pad was kept on the measuring specimen. 

This is because the friction material itself is too thin, and it would be very 

difficult to glue the strain gauges and the terminals onto the friction material 

without the backplate. A comparison between the vertical change in strain with 

and without the backplate was made using the data collected from the Instron 

machine and the vertical strain gauges.  

By measuring the change in strain in the x, y and z-direction under stress in the 

z-direction, an estimation of the pad material’s Poisson’s Ratio and Young’s 

Modulus in x, y and z-direction could be determined. Assuming the direction of 

the compressive force is the z-direction (shown in Figure 4.1), the material’s 

Young’s Modulus 𝐸𝑥 , 𝐸𝑦 (using strain gauges) and 𝐸𝑧  (from Instron machine) 

could be calculated as well as its Poisson’s Ratio 𝜈𝑥𝑧 and 𝜈𝑦𝑧. 

 

4.2.2 Test Results – Instron Machine 

 

The compression rate was set to 1.5mm/s for this specimen; this value was 

referred to as the ISO Standard Compression Rate (ISO 6310:2009 standard for 

brake lining compression test). The time to collect each measurement is 0.1s, and 

the maximum force applied to the specimen is 3000N.  

The results of the extension of the specimen could be converted to the change in 

strain in the z-direction (Figure 4.3) from the equation 휀 =  
∆L

L
, where L is the 

thickness of the specimen. The loading force results can be converted to the  

stress applied in the z-direction of the specimen from the equation 𝜎 =  
F

A
 where 

F is the force applied onto the test specimen, and A is the cross-section area of 

the specimen. Hence, a stress-strain curve could be drawn from the Instron 

machine data, as shown in Figures 4.7 and 4.8.  
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Figure 4.7 Stress vs Strain curve in the z-direction of test 1 of the specimen 

 

Figure 4.8 Stress vs Strain curve comparison of three tests of the specimen 
 

 

Figure 4.7 shows the stress-strain relationship of the pad specimen in 

compression test 1. This is a stress-strain curve for a typical elastic material 

displaying nonlinear behaviour. The data in blue shows the stress -strain curve of 

the full test range, and the data in orange is the stress-strain relationship of the 

specimen between the testing time of 20 seconds and 80 seconds. This test data 
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range was chosen to eliminate the inaccurate results at the beginning of the test 

(where the change in strain is 0), and at the end of the test, there could be a 

possibility that the stress applied to the material has passed yield point. Now use 

the selected time range above to compare the stress-strain curves from different 

compression tests, as shown in Figure 4.8. 

The three curves in Figure 4.8 shows the stress-strain behaviour of the same 

specimen from Test 1 (grey), Test 2 (blue), and Test 3 (orange). Note that the 

change in strain of the specimen in each test is the same; in other words, the time 

range of the data is the same. However, as more tests were done, the change in 

strain reduced with the same stress applied to the specimen.  

There could be two possibilities for this behaviour. Firstly, the specimen would 

recover to its original thickness in time. However, the recovery time between 

each test could be too short, and the specimen did not recover to its original 

shape before the next test. Therefore extra force was needed for the specimen to 

have the same change in strain. If this case is considered as the true behaviour 

of the pad material, then the pad could be assumed as hyperelastic material where 

the response is fully path independent and reversible, and the stress is derived 

from a strain (or stored) energy potential.  

Secondly, the specimen would not recover to its original shape in time and 

energy dissipated during the test process. Due to this energy dissipation, loading 

and unloading behaviours are not identical, and loading moduli could be 

determined separately from unloading moduli.  

 

4.2.3 Test Results – Strain Gauge 

 

A Strain Indicator and Recorder was used to measure the change in strain 

determined from the strain gauges (Figure 4.2). This machine included four 

channels and could automatically read the change in strain from four strain 

gauges.  

In the beginning, the four strain gauges from Surface 1 and 2 (from Figure 4.6) 

were used. However, the measured test data were not very reliable. For example, 

in most cases, if the vertical strain gauges determined a negative change in strain, 

then the horizontal strain gauges should determine the positive change in strain 

so that the Poisson’s ratio is positive. However, the determined vertical and 
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horizontal changes in strain were both negative. Negative Poisson’s ratio is 

possible in other cases, but the pad friction material was expected to have a 

positive Poisson’s ratio.  

Another compression test was done after the horizontal strain gauge in Surface 

3 replaced the horizontal strain in surface 1. This test measured the change in 

strain measured from both the horizontal (from surfaces 3) and vertical strain 

gauges. Hence this data was used to analyse the test data.  

The vertical change in strain of the whole specimen and the friction material is 

shown in Figure 4.9 below. This Figure shows that the overall strain rate 

increases more than the strain rate in the friction material under the same 

pressure. Hence, the backplate impacts the overall change in strain, and the 

change in strain measured from the strain gauges should be used when 

calculating the material properties of the friction material.  

 

Figure 4.9 Stress vs Strain curve comparison of three tests of the specimen  

The Young’s modulus of the friction material in different directions could be 

determined from 𝐸𝑖 = 
𝜎𝑖

𝜀𝑖
 where i is the selected direction, and the stress-strain 
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relationships in different directions were measured from the compression test by 

turning the sample 90 degrees.  

However, because this particular test sample has more than one material (the 

backplate and the pad), only Young’s modulus of the friction material in z -

direction could be determined as the compression test results of the friction 

material in the x and y-direction could be affected by the backplate. Figure 4.10 

shows Young’s modulus of the friction material with respect to time. Note this 

Young’s modulus was calculated from the strain data collected by the strain 

gauge. 

 

Figure 4.10 Young’s Modulus Ez vs Time t 
 

Two trendlines were applied to the test data: a linearly fitted trendline and a 

polynomial trendline. The equations of both trendlines are shown in Figure 4.10, 

and the Least square error between the actual data and the data using different 

trendlines are shown in table 4.2 below (Definition of Least square error could 

be found in section 5.3.2.1). 

Table 4.1 Least squares error between the estimated Young’s modulus and measured Young’s modulus.  
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 Linear Trendline Polynomial Trendline 

Least Squares 

Error 

1.63E-03 1.21E-02 

 

Young’s modulus in the z-direction varies with time, and table 4.2 shows that 

the linear prediction of Young’s modulus in the z-direction is better than the 

nonlinear prediction of the friction material.  

The Poisson’s ratio in different directions could be calculated from 𝜐𝑖𝑗 = 
𝜕𝜀𝑗

𝜕𝜀𝑖
 

where 휀𝑗 is the lateral strain and 휀𝑖 is the axial strain. The lateral strain data was 

measured from the strain gauge in surface 3, and the axial strain was measured 

from the average vertical strain from surfaces 1 and 2. Figure 4.11 shows the 

variation of the Poisson’s ratio 𝜐𝑦𝑧 with respect to time t.  

 

Figure 4.11 Poisson’s Ratio 𝜈𝑦𝑧 vs Time t 

Figure 4.11 shows that the Poisson’s ratio determined from this compression test 

was very small, and the results needed further validation with other compression 

test results.  
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There are many disadvantages to using strain gauges to measure the compression 

test data of the friction material: the extra boundary conditions created by 

glueing the strain gauge on the friction material surface and the size of the strain 

gauges are too large considering the small sample thickness of the pad. Also, 

although some oil was put as a lubricant between the contact surface of the pad 

and the Instron machine, the friction between the pad surface and the Instron 

machine contact surface could still be very large because of the small specimen 

size. If the friction between the specimen surface and the Instron Machine 

contact surface is very large, then boundary conditions are applied to the edge 

of the specimen. Since the strain gauges were very close to the edge of the 

specimen, the data collected from the strain gauges could be largely affected.  

Due to the above concerns that could affect the compression test data of the 

friction material, another method was proposed using the non-contact measuring 

technique Digital Image Correlation (DIC) to determine the change in strain of 

the friction material. 

 

4.3  Compression Test With Digital Image Correlation  

 

Digital Image Correlation (DIC) are now widely used to measure the change in 

strain of a structure, and it has many advantages compared with the strain gauges. 

DIC consists of finding the transformation between the reference picture and the 

distorted picture by analysing the pixel displacement of the applied surface 

speckle pattern observed by the camera during loading.  

DIC is a non-contact measuring technique, so there are no additional mass or 

glue applied to the sample structure, and the mechanical properties of the sample 

would not be affected. DIC also provides an full field of the change in strain of 

the whole measuring surface rather than just a small part. With these advantages, 

compression tests of the friction material were set up, and the strain data were 

measured using DIC and the Instron machine.  

  

4.3.1 Experiment Setup 

 

The friction material of the pad model FER7217 is cut into three cuboid -shaped 

samples, as shown in Figure 4.12 below. 
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Figure 4.12 Sample 1, 2 and 3 used in the compression test 

Note that the samples were blocks containing the friction material without the 

backplate. The coordinate system of the experiments was set up as shown in 

Figure 4.12 in red, and the sizes of all samples were measured and listed in table 

4.3: 

Table 4.2 DIC Experiment Sample Sizes  

 

Average 

Width, x 

[mm] 

Average 

Depth, y  

[mm] 

Average 

Thickness, 

z [mm] 

Cross Section Area [mm2] 

Compress 

surface x 

Compress 

surface y 

Compress 

surface z 

Sample 1 50.23 40.04 11.45 458.46 575.13 2011.21 

Sample 2 50.24 40.09 11.21 449.41 563.19 2014.12 

Sample 3 50.16 40.04 11.39 456.06 571.32 2008.41 

 

The compression tests were done using the Instron machine, and because the size 

of each sample in the z-direction was very small, two large blocks were added 

above and below the sample to give a better side view and more accurate 

horizontal strain change measurement. Different forces were applied to each test 

sample in different directions.  

Figure 4.13 and 4.14 shows the test setup of a sample with force applied to z and 

x-direction. The force applied to the sample was controlled using the Instron 

machine, and the change in strain of the sample was measured using the Digital 

Image Correlation (DIC) technique. 
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Figure 4.13 Compression test with 

force applied in the z-direction 

 

Figure 4.14 Compression test with 

force applied in the x-direction 
 

The maximum forces applying to the samples were set up in the Instron machine, 

and different compression directions have different maximum applying loads (as 

shown in table 4.4).  Different loading forces were set up in each direction 

because of the different cross-section areas in the compressing direction. The 

general maximum pressure applied to all directions were about 6MPa. The 

compression forces were set up in different levels to observe the behaviour of 

the friction material under different pressure.  

Table 4.3 DIC Experiment Maximum Force Setup  

Direction of 

compression force 
x y z 

Maximum force 

applying on the 

sample 

2 kN 1.5 kN 3 kN 

4 kN 3 kN 6 kN 

  9 kN 

  12 kN 
 

The time increment to collect the compression test data was set as 0.02 seconds 

for the Instron machine and 1 second for the DIC camera. The changes in vertical 

strain were measured using both Instron machine and DIC, and the results from 
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both measurements were compared in Figure 4.19. The changes in horizontal 

strain were measured using DIC and shown in section 4.3.2.  

A test sample must rotate 90 degrees four times to measure the horizontal change 

in strain in all four surfaces. For example, if the force was applied in the z-

direction, at least four tests must be done to measure the horizontal change in 

strain, and the sample would rotate 90 degrees in x (or y) direction after each 

test. 

The Poisson’s ratios 𝜐𝑥𝑦 and 𝜐𝑥𝑧 could be determined when the stress was applied 

in the x-direction and the change in strain in x, y and z-direction were measured 

(as shown in Figure 4.15) 𝜐𝑥𝑦 = 
𝜀𝑦

𝜀𝑥
, 𝜐𝑥𝑧 = 

𝜀𝑧

𝜀𝑥
. The Poisson’s ratio 𝜐𝑦𝑧  is 

calculated by applying the stress in the z-direction and measuring the strain in 

the y-direction (Figure 16), 𝜐𝑦𝑧 = 
𝜀𝑧

𝜀𝑦
. 

 

 

Figure 4.15 Applying 

stress in the x-directions 

Figure 4.16 Applying stress in the z-directions 

 

 

4.3.2 Test Results 

 

Measured compression test data from the DIC camera were analysed using the 

software GOM Correlation and Figure 4.17 shows an example of the data 

collected from the DIC camera. A few points were selected on the friction 

material surfaces to observe the changes in the strain of the sample in the axial 

and lateral directions at different points. Points on the upper and lower metal 

blocks were selected to observe whether the overall changes in vertical strain 

contains the changes in the vertical strain of the blocks.  
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Figure 4.17 GOM correlate of sample 1 from DIC measurement 

The test results shown in this section were the lateral change in strain 

measurements from sample 1. There were 12 tests done with this sample, and the 

force vs displacement diagrams for each testing direction are shown in Figures 

4.18 to 4.20 below.  

Figure 4.18 presents the strain changes in x and y-directions while applying 

forces in the z-direction. Note that the strain changes in x and y-directions were 

similar under the same loading force. Hence, it could be assumed that the changes 

in strain in the x-direction are equal to the change in strain in the y-direction, 

and the Poisson’s ratio 𝜐𝑥𝑧 could equal the Poisson’s ratio 𝜐𝑦𝑧. The pad friction 

material could be assumed as transversely isotropic material, with the isotopic 

plane being the xy-plane. Figure 4.19 shows the strain changes in x and z-

directions while applying forces in the y-direction. The diagram shows that the 

average strain changes in the x-direction and z-direction were very different. The 

results from Figure 4.19 concluded that the Poisson’s ratio 𝜐𝑥𝑦 and 𝜐𝑧𝑦 of the 

friction material would be different. Figure 4.20 shows the strain changes in y 

and z-directions while applying forces in the x-direction. The conclusion drawn 

from Figure 4.10 was similar to Figure 4.19, with the Poisson’s ratio 𝜐𝑥𝑧 different 

from 𝜐𝑥𝑦 of the friction material. 
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Figure 4.18 Force vs Displacement diagrams when applying force in  the z-

direction 

 

Figure 4.19 Force vs Displacement diagrams when applying force in the y-

direction 
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Figure 4.20 Force vs Displacement diagrams when applying force in  the x-

direction 

Figures 4.21 show the stress in x-direction versus the strain in x, y and z-

directions, respectively. The strain changes shown in the Figure are the average 

change in strain in the corresponding direction from the parallel and opposite 

surfaces. The best fit lines with the corresponding equations were shown on the 

diagrams. The stress-strain relationships are shown in different colours with 𝜎𝑥 

vs 휀𝑥 shown in blue, 𝜎𝑥 vs 휀𝑦 shown in orange, and 𝜎𝑥 vs 휀𝑦 shown in black. The 

results mentioned above were measured from the DIC camera. The data collected 

from the DIC camera is a lot less than from the Instron machine and more 

randomised. Hence, the data trend from the DIC camera is less clear, and the 

stress-strain relationship was assumed to be linear.  

The comparison between the stress-strain relationship 𝜎𝑥 vs 휀𝑥 from the Instron 

machine and the DIC camera is also shown in Figure 4.21. The measurements of 

the strain in the x-direction from the Instron machine are shown in green. The 

data of the strain in the x-direction from the Instron machine correlated with the 

data from the DIC camera, and the small error between them could be caused by 

the extra blocks added above and below the sample.  
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Figure 4.21 Stress in the x-direction vs Strain in x, y, z direction for sample 1 

Figure 4.22 shows the calculated Poisson’s ratios from tests in Figures 4.13 and 

4.14, as mentioned in section 4.3.1. Poisson’s Ratio 𝜐𝑥𝑦, and 𝜐𝑥𝑧 were determined 

from the data shown in Figure 4.21 and 𝜐𝑦𝑧 is calculated from the test as shown 

in Figure 4.13. The distributions of the Poisson’s ratios shown in Figure 4.22 are 

unclear, and the linear best fit line was created to observe the trend of the data. 

From Figure 4.22, it could be seen that the best fit line of 𝜐𝑥𝑧 and 𝜐𝑦𝑧 are close 

to each other and are larger than 𝜐𝑥𝑦 , these data matched with the material 

properties identified in Chapter 5. 
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Figure 4.22 Poisson’s ratio in all directions vs time 
 

Young’s modulus in x-direction was determined from the stress-strain 

relationship when the forces were applied in the x-direction, as shown in Figure 

4.19. Young’s modulus in y and z-direction was determined by respectfully 

rotating the sample and applying compression forces in the y and z-directions. 

Figure 4.13 shows the set-up of the compression test in the z-direction, which 

was used to determine the Young’s Modulus in the z-direction. Young’s modulus 

in the y-direction was also determined by compressing the sample in the y-

direction.  
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Figure 4.23 Young’s modules in all directions vs time  
 

Figure 4.23 shows the calculated Young’s modulus 𝐸𝑥 , 𝐸𝑦 , and 𝐸𝑧  using data 

from the Instron machine and the DIC camera. Note that the trend of Young’s 

modulus calculated from the DIC camera are assumed to be linear because the 

stress-strain relationships from the DIC data were assumed to be linear. The trend 

of Young’s modulus determined from the Instron machine are nonlinear .  

In Chapter 5, the pad friction material would be assumed to be linear. The initial 

guesses of Young’s Modulus 𝐸𝑥, 𝐸𝑦, and 𝐸𝑧 and Poisson’s ratio 𝜐𝑥𝑦, 𝜐𝑥𝑧, and 𝜐𝑦𝑧 

of the friction material were the measured data from this section.  

The compression data measured from the DIC camera in this chapter would also 

be used to determine the material properties of the pad friction material as 

hyperelastic material in chapter 6.  
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4.4 Summary 

 

The properties of brake pad friction materials could be identified directly from 

the static experimental data or the model updating method using the dynamic 

experimental data. This chapter first introduced the fundamental theories of the 

stress-strain relationship of non-isotropic materials.  

Section 4.2 presented the compression test procedure and test data of the brake 

pad specimens using the strain gauge. Several strain gauges were glued to the 

measuring surface of the specimen to measure the vertical and horizontal change 

in strain while stress was applied to the specimen. The data measured from the 

Instron machine and the strain gauges were presented and analysed. The analysed 

results were discussed and needed further validation. Therefore, another set of 

tests was done using a DIC camera to measure the vertical and horizontal change 

in strain of the test sample.  

Section 4.3 showed the information of the test sample, the compress ion test 

procedure and test results of the sample measured by the Instron machine and 

the DIC camera. The graphs of stress-strain relationships of the sample in x, y 

and z-direction while applying stress in x-direction were shown in Figure 4.21. 

The Poisson’s Ratio 𝜐𝑥𝑦, 𝜐𝑥𝑧, and 𝜐𝑦𝑧 and Young’s Modulus 𝐸𝑥, 𝐸𝑦, and 𝐸𝑧 were 

estimated and shown in Figures 4.22 and 4.23, respectively. 
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Chapter 5 Identification of Brake Pad Material 

Properties 

In this chapter, the fundamental theories of the model updating methods using 

the Sensitivity method and Nastran build-in optimisation algorithm were studied. 

The main theories for the sensitivity method in this chapter were adapted from 

(Maia and Montalvão e Silva, 1997) and (Mottershead et al., 2011). The theories 

and information for the Nastran build-in optimisation method were adapted from 

the MSC/Nastran software user guildline (MSCSoftware, 2012). 

Both model updating methods compare the experimental frequencies and mode 

shapes of a structure with the analytical ones from the FE model. The Matlab 

codes were developed for the Sensitivity method and the Nastran Optimisation 

method to determine the material properties of the selected structure.  

Section 5.1 provides the fundamental theories related to the model updating 

methods, such as the Sensitivity method and the Nastran build-in optimisation 

algorithm. The procedures of implementing the Sensitivity method and the 

Nastran build-in optimisation algorithm into Matlab were presented in section 

5.2. Section 5.3 shows the implementation of different model updating methods 

using a rectangular steel plate. In section 5.4, the model updating methods such 

as the Sensitivity method and the Nastran optimisation method were applied to 

the brake pad model FER7217 with the dynamic and static tests data shown in 

chapters 3 and 4. The pad friction material was assumed to be either orthotropic 

or transversely isotropic in the identification process, and the stress -strain 

relationship of the pad material was used in the identification process. The 

updated material properties of the pad friction material using differ ent methods 

and different material types were implemented in the pad FE model to analyse 

the frequencies and mode shapes of the pad. These analysed results were 

compared to determine the material properties of the pad friction material .   
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5.1 Introduction 

 

The vibration tests were done on the pad using the accelerometer and the robotic 

hammer to detect the experimental frequencies and mode shapes of the pad 

(Chapter 3). The FE model of the same pad was created using the software 

ABAQUS to calculate the theoretical frequencies and mode shapes of the pad 

section 5.3. Matlab codes were programmed to identify the material properties 

of the pad using the theoretical frequencies, experimental frequencies with an 

initial guess of the material properties of the pad and different model updating 

methods. This section provides the fundamental theories related to the model 

updating methods, such as the Sensitivity method and the Nastran build -in 

optimisation algorithm. 

 

5.1.1 Vibration Theory  

There are usually n natural frequencies, each associated with its own mode shape, 

for a MDOF system having n degrees of freedom. The method of determining 

the natural frequencies from the characteristic equation obtained by equating the 

determinant to zero also applies to these systems. However, as the number of 

degrees of freedom increases, the solution of the characteristic equation becomes 

more complex. The mode shapes exhibit a property known as orthogonality, 

which often simplifies the analysis of MDoF systems. In this chapter, the pad 

friction material was assumed to be linear and undamped.  

The standard MDoF model of an undamped, autonomous vibrating system is 

given by the vector differential equation. 

𝐌�̈�(𝑡) + 𝐊𝐱(𝑡) = 𝟎    (5.1) 

where t denotes the time; M is an n x n mass matrix, K is an n x n stiffness matrix, 

and x is an n x 1 vector of displacements, or generalized coordinates, each 

element of which corresponds to a degree of freedom. The over dots  denote time 

derivatives so that �̈� represent the n x 1 vector of accelerations.  

The modal properties associated with equation 5.1 are determined by assuming 

a solution of the form 𝐱(𝑡) =  𝛗ei𝜔𝑡 where 𝜔 is the system natural frequency, i =
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 √−1 and 𝛗  is the mode shape vector. This substitution yields the algebraic 

equation. 

(𝐊 − 𝜔2𝐌) 𝛗 = 𝟎  (5.2) 

Equation 5.2 is called the eigenequation, which is a set of homogeneous algebraic 

equations for the eigenvector components and forms the basis for the eigenvalue 

problem. The generalised eigenvalue problem is usually stated as (𝐀 − 𝜆𝐁)𝛗 =

𝟎  where A and B are two general square matrixes, and 𝜆 is an eigenvalue.  

In structural analysis, the representations of stiffness and mass in the 

eigenequation result in the physical representations of natural frequencies and 

mode shapes. Therefore, the eigenequation is written in terms of K, 𝜔, and M as 

shown in equation 5.2 can be calculated from  

det(𝐊 − 𝜔2𝐌) = 0 (5.3) 

Which leads to n solutions of the eigenvalues, ω𝑗
2 , and eigenvectores, 𝛗𝒋 , 

where 𝑗 = {1,2, … , 𝑛} . Mode shape vectors, 𝛗𝒋 , are normally grouped into the 

modal matrix 𝛟   Through the concept of orthogonality of normal modes, the 

MDOF system can be uncoupled to n SDOF system with the following properties:   

𝛟𝐓𝐌𝛟 = [
⋱ 0 0
0 M𝑗 0

0 0 ⋱

]  where 𝑗 = {1,2, … , 𝑛} 
(5.4) 

𝛟𝐓𝐊𝛟 = [
⋱ 0 0
0 K𝑗 0

0 0 ⋱

]  where 𝑗 = {1,2, … , 𝑛}  
(5.5) 

Diagonal matrices in Equations (5.4) and (5.5) are a result of the orthogonality 

of the normal modes. These orthotropic properties uncoupled the MDOF system 

to n SDOF systems. Applying mass-normalisation to equations 5.4 and 5.5: 

�̃�𝐓𝐌�̃� = 𝐈 (5.6) 
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�̃�𝐓𝐊�̃� = [
⋱ 0 0
0 ω𝑗

2 0

0 0 ⋱

] where 𝑗 = {1,2, … , 𝑛}  
(5.7) 

where �̃� is the mass-normalised modal matrix and equation 5.2 can be solved as 

n uncoupled SDOF systems. 

 

5.1.2 Least Squares Error 

 

The Least squares error is widely used when comparing the difference between 

two data sets. The Least squares error equation is given as:  

𝐿𝑆 =  ∑𝑟𝑖
2

𝑛

𝑖=1

 
(5.8) 

where the squared residuals, 𝑟𝑖
2, are defined as the relative error between the 

selected data, in this case, would be the experimental frequencies of the pad and 

the theoretical frequencies predicted from the FE model: 

𝑟𝑖 = 
𝜔𝑖

m − 𝜔𝑖
FE

𝜔𝑖
m  

(5.9) 

where 𝜔𝑖
m is the i-th element in the experimental frequency vector 𝛚m and 𝜔𝑖

FE is 

the i-th element in the theoretical frequency vector 𝛚FE. Hence the relative error 

vector r between 𝛚m and 𝛚FE is: 

𝐫 =
𝛚𝑚 − 𝛚𝐹𝐸

𝛚𝑚
 

(5.10) 

And the Least squares error can be rewritten as the following: 

𝐿𝑆 =  𝐫′ ∗  𝐫 (5.11) 
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where 𝐫′ is the transpose vector of r.  

The equation of the Least square error between the experimental and theoretical 

frequencies of the pad friction material was used, and the error was minimised 

in the Nastran build-in optimisation method.  

 

5.1.3 Applying Constraints to Initial Parameters 

 

The idea of applying equality constraints between parameters is to specify the 

relationship between parameters and reduce the space of the domain of the 

feasible solutions in optimisation. Doing so, in theory, is more likely to find a 

suitable solution of the desired parameters. Three cases were studied and applied 

in the optimisation method: 1) applying stress-strain relationship between 

parameters; 2) implementing transversely isotropic instead of orthotropic 

material for pad via constraints; 3) combining both types of equality constraints.  

 

Applying Stress-Strain Relationship as Constraints 

The general stress-strain equation for orthotropic materials is given previously. 

Some equations (as shown in equation 5.12) are used as equality constraints 

between parameters among the six. 

[

𝜎11

𝜎22

𝜎33

] = [

𝐶11 𝐶12 𝐶13

𝐶12 𝐶22 𝐶23

𝐶13  𝐶23 𝐶33

] [

휀11

휀22

휀33

] (5.12) 

The stress-strain relationship can be found by doing static tests on the pad. The 

static testing method will be explained later. The general idea of the static test 

is to find the strain ε11, ε22 and ε33 in x, y and z-direction while applying stress 

σ11 in the x-direction.  

Hence the three equality constraints from equation 5.12 are:  

𝐶11 = 
𝜎11

휀11
−

𝐶12 ∗ 휀22

휀11
−

𝐶13 ∗ 휀33

휀11
 (5.13) 
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𝐶22 = −
𝐶12 ∗ 휀11

휀22
− 

𝐶23 ∗ 휀33

휀22
 (5.14) 

𝐶33 = −
𝐶13 ∗ 휀11

휀33
− 

𝐶23 ∗ 휀22

휀33
 (5.15) 

 

Pad modelled as Transversely Isotropic Material  

As mentioned in section 4.1.1, the three equality constraints can be specified as: 

𝐶11 = 𝐶22, 𝐶13 = 𝐶23, 𝐶55 = 𝐶66 

Some results are given below with these three additional constraints (referred to 

as Material constraints). 

Combination of All the Six Constraints  

The six equality constraints are combined as five in Nastran as the dependent 

parameters cannot be defined twice. From section 5.4.1 and Appendix A, the 

parameter C22 is more sensitive to out-of-plane frequencies than C11,  so equation 

5.13 would be updated as equation 5.16 instead. 

𝐶11 = 
𝜎11

휀11
−

𝐶12 ∗ 휀22

휀11
−

𝐶23 ∗ 휀33

휀11
 (5.16) 

𝐶13 = 𝐶23 (5.17) 

𝐶22 =
𝜎11

휀11

−
𝐶12 ∗ 휀22

휀11

−
𝐶23 ∗ 휀33

휀11

 (5.18) 

𝐶33 = −
𝐶23 ∗ 휀11

휀33
− 

𝐶23 ∗ 휀22

휀33
 (5.19) 

𝐶55 = 𝐶66 (5.20) 

Other constraints, such as the range of the updating parameters, are defined as 

±50% of the initial parameters, whereas the initial parameters are found in static 

tests. 
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5.1.4 Sensitivity Method 

 

The sensitivity method is to linearise the non-linear relationship between the 

measured outputs, such as frequencies and mode shapes of a structure and the 

selected parameters of the model in need of correction.  

Assume a system with a set of initial input  parameters, 𝛉0 and a set of target 

frequencies, 𝛚m (m denotes measured frequencies), the initial output frequencies, 

𝛚0,  are calculated from  𝛉0. The sensitivity method is an optimisation process so 

that after each iteration, the updated input parameters should reduce the error 

between 𝛚m and the updated output frequencies. Applying the sensitivity method 

allows a good estimate of the system parameters,  𝛉𝑛, after n iterations, when the 

error between the estimated final output frequencies, 𝛚n, and 𝛚m are very small 

and within a tolerance range. 

The sensitivity method is derived from Taylor’s Expansion:  

𝜔𝑖
𝑘+1 = 𝜔𝑖

𝑘 + ∑
𝜕𝜔𝑖

𝜕휃𝑗
|
𝜃𝑗

(휃𝑗
𝑘+1 − 휃𝑗

𝑘 ) (5.21) 

where 𝜔𝑖
𝑘 is the k-th iteration of the i-th frequency and  𝛉𝑗 is the j-th parameter of 

the system in the k-th iteration (k denotes the number of iterations calculated for 

initial input parameters, k = 0). The sensitivity matrix  ∑
𝜕𝜔𝑖

𝜕𝜃𝑗
 is normally written 

as S and is defined as:  

𝐒 =  ∑
𝜕𝜔𝑖

𝜕휃𝑗
= 

[
 
 
 
 
 
 
 
𝜕𝜔1

𝜕휃1

𝜕𝜔1

𝜕휃2

𝜕𝜔2

𝜕휃1

𝜕𝜔2

𝜕휃2

⋯
𝜕𝜔1

𝜕휃𝑗

⋯
𝜕𝜔2

𝜕휃𝑗

⋮ ⋮
𝜕𝜔𝑖

𝜕휃1

𝜕𝜔𝑖

𝜕휃2

⋱ ⋮

⋯
𝜕𝜔𝑖

𝜕휃𝑗 ]
 
 
 
 
 
 
 

 (5.22) 

Theoretically, the sensitivity matrix can be calculated using the mass and 

stiffness matrices of the system. Each 
𝜕𝜔𝑖

𝜕𝜃𝑗
 in the Sensitivity matrix can be 
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rewritten into the mass and stiffness matrices of the system shown in equation 

5.23 below:  

𝜕𝜆𝑖

𝜕휃
=

𝛗𝑖
T(

𝜕𝐊
𝜕휃

− 𝜆𝑖
𝜕𝐌
𝜕휃

)𝛗𝑖

𝛗𝑖
T𝐌𝛗𝑖

 (5.23) 

If modes are mass-normalised, the eigenvalue sensitivity becomes 

𝜕𝜆𝑖

𝜕휃
= 𝛗𝑖

T(
𝜕𝐊

𝜕휃
− 𝜆𝑖

𝜕𝐌

𝜕휃
)𝛗𝑖 (5.24) 

However, in real-world applications, the structures are complicated, and it is 

often very difficult or inconvenient to use the mass and stiffness matrices of the 

model to determine sensitivities. So approximate sensitivities are found using 

the finite-difference. In this case, for each column of matrix S, 𝛉𝑗 is changed 

slightly by 𝛿𝛉𝑗, and the frequencies 𝛚𝑗
new at (𝛉𝑗+𝛿𝛉𝑗) are calculated. Therefore, 

the values of the i-th row and j-th column of sensitivity matrix S is calculated as:  

𝜕𝜔𝑖

𝜕휃𝑗
≅

𝜔𝑖
new − 𝜔𝑖

𝛿휃𝑗
 (5.25) 

This method to find the sensitivity matrix S is used in the following examples 

for the thin rectangular plate and the full brake pad.   

Equation 5.21 above shows that the measured frequencies  𝛚m can be written as 

a function of the theoretical frequencies, experimental frequencies and system 

parameters. Equation 5.21 can be rearranged to yield the improved system 

parameter vector, 𝛉𝑘+1 as shown in equation 5.26 below.  

𝛉𝑘+1 = 𝛉𝑘 + (𝐒T𝐒)−1𝐒T(𝛚m − 𝛚𝑘)  (5.26) 

The number of frequencies used should always be equal to or greater than the 

number of parameters to be updated. Case 1: if the number of frequencies used 

is equal to the number of parameters used, the sensitivity matrix  S would be a 

square matrix and rearranging the equation is simple. Case 2: if the number of 

frequencies used is larger than the number of parameters used, the sensitivity 
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matrix S would be a rectangular matrix with the number of rows > the number of 

columns. In the second case, equation 5.21 cannot be rearranged because the 

sensitivity matrix cannot be inverse in the same way as the square matrix. 

Therefore, equation 5.21 becomes equation 5.26, where the inverse of the 

sensitivity matrix is obtained as (𝐒T𝐒)−1𝐒T.  

 

5.1.5 Nastran Build-in Optimisation Method 

 

Another way of identifying the parameters, such as the material properties of the 

pad friction material, is to use the Nastran build-in optimisation algorithm. 

Nastran uses SOL 200 solution sequence, a powerful method mostly used for 

shape optimisation.  

An optimisation problem minimises a real function f(x) by systematically 

choosing input values from within an allowed set and computing the value of the 

function. In this case, the real function f(x) is the Least squares error between 

the theoretical frequencies and the experimental frequencies of the pad.  

 

Figure 5.1 Flowchart of Techniques used in Nastran SOL 200  
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Nastran SOL 200 solver involves the Distributed Memory Parallel (DMP) 

technique and the Automated Component Modal Synthesis (ACMS) Technique. 

As shown in the flowchart in Figure 5.1, the DMP technique can be divided into 

three types: Internal parallel for FRRE1 module, Frequency domain parallel 

Lanczos method, and DoF domain parallel Lanczos method; and ACMS can be 

divided into two types: Matrix domain ACMS and Geometry domain ACMS.   

The techniques used in the identification process for the material properties of 

the pad friction material are the Frequency domain parallel Lanczos method or 

the DoF domain parallel Lanczos method. The Lanczos algorithm is an iterative 

method that finds the m eigenvalues and eigenvectors of an n*n Hermitian matrix 

(Lanczos, 1950). The Lanczos algorithm computes an orthonormal basis 

{𝐪1, 𝐪2, …… , 𝐪𝑚} of the Krylov subspace 𝒦𝑚(𝐱).  

In general, the natural basis of the Krylov subspace 𝒦𝑗(𝐱) =  𝒦𝑗(𝐱, 𝐀)  is 

evidently {𝐱, 𝐀𝐱,…… , 𝐀𝑗−1𝐱}. Since the vectors 𝐀𝑘𝐱 converge to the direction of 

the eigenvector corresponding to the largest eigenvalue of A, the above basis is 

often badly conditioned with increasing dimension j. Hence, the Gram-Schmidt 

orthogonalisation process is applied to the natural basis of the Krylov subspace, 

as shown in equation 5.27.  

𝐲𝑗: =  𝐴𝑗𝐱 − ∑ 𝐪𝑖𝐪𝑖
∗𝑗

𝑖=1 𝐀𝑗𝐱       (5.27) 

𝐪𝑗+1 = 
𝐲𝑗

‖𝐲𝑗‖
         (5.28) 

where {𝐪1, 𝐪2, …… , 𝐪𝑖} is the orthonormal basis for 𝒦𝑖(𝐱), 𝑖 ≤ 𝑗. By normalizing 

the resulting vector as shown in equation 5.28, the orthonormal basis of 𝒦𝑗+1(𝐱) 

is determined as {𝐪1, 𝐪2, …… , 𝐪𝑗+1}, which is called the Arnoldi basis in the most 

general case. If matrix A is symmetric or Hermitian, then this basis is known as 

the Lanczos basis.  

Below is how the Krylov subspace is converted from the natural basis to the 

orthonormal basis. 

𝒦𝑗+1(𝐱, 𝐀) =  ℛ([𝐱, 𝐀𝐱,…… , 𝐀𝑗𝐱])   (𝐪1 =  𝐱/‖𝐱‖)  

𝒦𝑗+1(𝐱, 𝐀) =  ℛ([𝐪1, 𝐀𝐪1, …… , 𝐀𝑗𝐪1])  (𝐀𝐪1 =  α𝐪1 + 𝛽𝐪2 , 𝛽 ≠ 0)  

𝒦𝑗+1(𝐱, 𝐀) =  ℛ([𝐪1, α𝐪1 + 𝛽𝐪2, 𝐀(α𝐪1 + 𝛽𝐪2),…… ,𝐀𝑗−1(α𝐪1 + 𝛽𝐪2)])  
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𝒦𝑗+1(𝐱, 𝐀) =  ℛ([𝐪1, 𝐪2, 𝐀𝐪2, …… , 𝐀𝑗−1𝐪2])  

⋮  

𝒦𝑗+1(𝐱, 𝐀) =  ℛ([𝐪1, 𝐪2, 𝐪3, …… , 𝐪𝑗−1, 𝐀𝐪𝑗])  

Converting from equations 5.27 and 5.28, the component 𝐫𝑗 of 𝐀𝐪𝑗  orthogonal to 

{𝐪1, 𝐪2, …… , 𝐪𝑗}  is given by 

𝐫𝑗 = 𝐀𝐪𝑗 − ∑ 𝐪𝑖(𝐪𝑖
∗𝐀𝐪𝑗)

𝑗
𝑖=1       (5.29) 

𝐪𝑗+1 = 
𝐫𝑗

‖𝐫𝑗‖
         (5.30) 

If ‖𝐫𝑗‖ > 0 then equation 5.29 can be rewritten as  

 𝐀𝐪𝑗 = ∑ 𝐪𝑖(𝐪𝑖
∗𝐀𝐪𝑗)

𝑗+1
𝑖=1 = ∑ 𝐪𝑖ℎ𝑖𝑗

𝑗+1
𝑖=1      (5.31) 

where ℎ𝑖𝑗 = 𝐪𝑖
∗𝐀𝐪𝑗 

Suppose 𝐐𝑘 = {𝐪
1
, 𝐪

2
, … … , 𝐪

𝑘
} and 𝐇𝑘 ∈ 𝔽(𝑘+1)×𝑘, then 

𝐀𝐐𝑘 = 𝐐𝑘𝐇𝑘        (5.32) 

𝐐𝑘
∗ 𝐀𝐐𝑘 = 𝐐𝑘

∗ 𝐐𝑘𝐇𝑘 = 𝐇𝑘      (5.33) 

And 𝐇𝑘 is either symmetric or Hermitian for the Lanczos algorithm.  

The Nastran SOL 200 provides an automatic optimisation process to identify the 

desired parameters. The basic theory of the Lanczos method is presented in this 

section without further details of the procedure within the Nastran software.  

 

5.2 Matlab Programs for Model Updating Methods 

 

Two sets of Matlab programs were developed, one for the Sensitivity method and 

the other for the Nastran SOL 200 algorithm. The basic ideas and processes for 

each developed set of programs are explained in this section.  
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5.2.1 Matlab Procedures for Sensitivity Method 

 

The theory behind the Sensitivity method was explained in section 5.1.4. 

Equation 5.26 was used as the function of the iteration process in the Matlab 

program.  

Figure 5.2 shows the flowchart of the procedures involved in the Matlab codes 

for the Sensitivity method, and the steps are explained in detail below.  

Note that the blocks shown in white are the manual processes that need the user 

to operate; the blocks in green are the automatic processes computed in Matlab. 

In the procedure, MS is a short term for Manual procedures of the Sensitivity 

method and AS means Automatic procedure for the Sensitivity method. MN in 

Figure 5.3 is the short term for Manual procedures of the Nastran optimisation 

method, which are used in section 5.2.2.  
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Figure 5.2 Overview of the Matlab Procedures using Sensitivity Method 
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Figure 5.3 Manual Process to select updating FE model and test data in Matlab 
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Figure 5.3 shows the input window of the developed Matlab program, and steps 

MS1, 3, 4 and 5 are presented in the Figure. The pad friction material could be 

updated as either orthotropic or transversely isotropic materials. If the pad 

material is selected as transversely isotropic material, the isotropic plane could 

be selected depending on the global coordinate system of the pad. The 

compression test data could be entered as additional constraints of the updating 

process (section 5.1.3).  

MS1, MS2, MS4, AS1, AS2 and AS3 are explained in section 3.3.2.  

MS3: The FE model of the brake pad would be selected, and the file would be 

in .inp format, which is the input file for the ABAQUS software.  

MS4.2:  

MS5: Select the material properties that are needed to be updated. If the pad is 

said to be transversely isotropic, for example, in the xy-plane, then if C11 is 

selected for updating, C22 would be updated as C11=C22 is a constraint in this 

case. 

AS4: Call ABAQUS software within Matlab code.  

AS5: Frequencies (and mode shapes) analysed from ABAQUS would be 

summarised in the data file format .dat. Matlab reads the analytical frequencies 

and mode shapes from the .dat file automatically.  

AS5.1: If the analytical mode shapes are available, the test and  analytical mode 

shapes are matched. The frequencies with matched mode shapes are used in the 

Sensitivity method to update the selected material properties. The program will 

stop with a warning sign if the number of independent material properties 

selected is larger than the number of matched mode shapes. Users need to either 

enter constraints to reduce the number of independent updating parameters or 

collect more reliable test mode shapes for the updating process. Otherwise, the 

iteration method would proceed without matching the mode shapes and assume 

the test and analytical modes matches in ascending order.   

AS6: Equation 5.26 in section 5.14 is the equation used for the optimisation 

process. The latest updated material properties, 𝛉𝑘+1 , of the pad from the 

iteration process are calculated and compared with the material properties from 
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the previous step, 𝛉𝑘 . The stoping criteria would be the Least squares error 

between 𝛉𝑘+1 and 𝛉𝑘, smaller or equal to 0.01%.  

The size of the sensitivity matrix depends on the number of paired test and 

analytical frequencies and the selected updating material properties. If the data 

for both the test mode and FE mode shapes are collected, the frequencies would 

be paired using MAC values mentioned in section 3.1.3; this match between the 

test and analytical modes would occur in every iteration. Otherwise, the test and 

analytical frequencies and mode shapes of the same mode number would be 

matched.  

When calculating the Sensitivity matrix S, the used test, analytical frequencies 

and material properties are normalised using the analytical data from the initial 

inputted parameter. 

AS7: As mentioned in section 5.1.4 before, the mass and stiffness matr ix of a 

large FE model of a system could be difficult to find and costly for computational 

implementation. Therefore, the approximate sensitivity matrix with a small 

increment of 𝛿𝛉𝑗  was used in the sensitivity matrix (equation 5.25). Theoretically, 

𝛿𝛉𝑗 should be infinitely small, but in reality, the value of 𝛿𝛉𝑗  could be set large, 

which lead to incorrect updating results. An example is shown in Figure 5.4, 𝛿𝛉𝑗
1 

leads to an incorrect updating result whereas 𝛿𝛉𝑗
2 approach to the desired answer. 

 

Figure 5.4 Example of the effect of different 𝛿𝜽𝑗 values towards updated results 

Constraints must be applied to the parameters so the updated parameters are 

within a reasonable range. Because the updating parameters have physical 
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meanings and unsuccessful updated parameters (i.e. Poisson’s ratio larger than 

1) would fail to update the FE model.  

Therefore the process in AS7 checks whether the updated parameters are within 

the set range, which are +/- 50% of the initial parameters from the compression 

test. If the parameter exceeds the range, the value of 𝛿𝛉𝑗  reduces, and the 

updating process would repeat from the updated results determined from the 

previous iteration.  

AS8: The parameters are implemented into the pad FE model to update the 

frequencies and mode shapes of the pad.  

AS9: Updated analytical mode shapes are compared with the test mode shapes to 

avoid any shifts between analytical modes during the updating process. The Least 

squares error is calculated between matched updated analytical and test 

frequencies. The stopping criteria in the Sensitivity method is soft convergence. 

A soft convergence means that if the selected design variables have not changed 

significantly after a few iterations, the results of the variables from the previous 

analysis would be assumed as the satisfactory outcome, and the optimisation 

would stop with the currently updated variables (Mscsoftware, 2012). If the 

stoping criteria is not met, the process repeat from step AS5.1 or AS6 depending 

on whether the mode shapes matching process was used in the p revious 

procedure or not.  

AS10: Read and extract updated material properties and frequencies from the 

ABAQUS data file. Write original material properties, updated material 

properties, test frequencies, original analytical frequencies with relative error,  

and updated analytical frequencies with relative error into an excel file.  

 

5.2.2 Matlab Procedures for Nastran SOL 200 Algorithm 

 

The theory behind the Nastran SOL 200 optimisation method is shown in section 

5.1.5. Since the optimisation method is built within the Nastran software and the 

procedures are running automatically during the updating process, this section 

does not explain the optimisation method in detail. The Matlab codes developed 

for this method mainly convert the ABAQUS and Nastran input and output files 

because of the different set-up between the two software. 
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Figure 5.5 Overview of the Matlab Program Procedures using Nastran SOL 200  
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The input window of the Nastran updating procedure is the same as for the 

Sensitivity method in Figure 5.3 section 5.2.1. However, the procedures in 

Matlab are very different. The flowchart in Figure 5.5 shows the procedures 

involved in the Matlab codes for the Nastran build-in method, and the steps are 

explained in detail below. 

Note that the blocks shown in white are the manual processes that need the user 

to operate; the blocks in green are the automatic processes computed in Matlab. 

In the procedure, MN is a short term for manual procedures of the Nastran 

Method, and AN means Automatic procedure for the Nastran Method.  

MN1, MN2, MN3, MN4, MN4.2, MN5, AN1, AN2, AN3, and AN7.1 are the 

same steps with the Sensitivity Method.  

AN4: The format between the FE model input file in ABAQUS and Nastran are 

very different. ABAQUS provides a function to convert from the ABAQUS input 

file to the NASTRAN input file. However, many problems occur when using this 

function provided by ABAQUS.  

Firstly, the maximum number of digits accepted in ABAQUS is nine and in 

Nastran is 8. Hence, a problem would occur when the node IDs of the FE model 

in ABAQUS are in digits of 9. For example, if the node IDs are 100000000 and 

100000001 in ABAQUS, they would both occur as 10000000 in Nastran, which 

would be considered as the same point. Therefore, the node IDs are renumbered 

when converting the input file. If the mode shapes are considered within the 

updating process, then the node ID selected for test point 1 would be numbered 

as node ID 1 in the FE model and the estimated mode shape points in the FE 

model would be numbered regarding the test point numbers.   

Another important format difference between the two software is that ABAQUS 

allows the user to define transversely isotropic materials using the material type 

called ENGINEERING CONSTANT, which uses the Engineering constants such 

as Young’s Modulus, Poisson’s Ratio and Shear Modulus of the pad friction 

material; whereas in Nastran, the material can also be defined as transversely 

isotropic material using MAT9 but using Elastic constants (equation 4.4 -4.13). 

The ABAQUS built-in file-converting method does not transfer the 

ENGINEERING CONSTANT material card into the Nastran input file, and the 
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developed Matlab code ensured that the input material was correctly converted 

with the correct orientation system.  

The possibility of the global coordinate system difference between the two 

software is also considered in the Matlab code where the ABAQUS converting 

system did not consider. 

AN5: Call the Nastran software from Matlab code.  

AN6: Read the pad analytical frequencies and mode shapes from the FE model 

in the Nastran output .f06 format.  

AN7/AN7.1: The optimisation process in the Nastran software is automatic, but 

a few inputs must be set up before the optimisation procedure; these setups are 

shown in Figure 5.3 and explained below:  

1. The selected material properties for an update in MN5 are read from the 

input file selected in MN3, and the upper and lower updating boundary 

conditions (+/- 30%) are set up depending on the initial parameters input.   

 

2. If the constraints of the parameters are selected, for example, the 

transversely isotropic material is chosen, and the xy-plane is the isotropic 

plane, then if both C11 and C22 are selected as updating parameters, the 

updated C11 and C22 are equal.  

 

3. If a node ID is entered in MN4, then test and analytical mode shapes and matched, 

and the frequencies with matched mode shapes are used for updating. If the 

number of matched mode shapes are smaller than the number of updating 

parameters, the progress will check whether there are constraints between 

material properties, reducing the number of independent parameters. If the 

number of independent parameters is larger, the program will stop, and the user 

needs to either reduce the number of independent updating parameters or increase 

the number of reliable test mode shapes. Alternatively, users can update material 

properties without matching mode shapes by not entering the node ID in MN4.  

 

4. The Least squares error function between the test and analytical frequencies is 

written in the optimisation file, calculated in the iteration process. 

AN8: Once the optimisation file is created, the Matlab code calls the Nastran 

software and automatically determine the suitable parameters which minimise 
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the Least squares error function. The stopping criteria in the Nastran 

optimisation method is soft convergence. The explaination of soft convergence 

is in section 5.2.1 step AS9. The soft convergence is the default converging 

method in Nastran SOL 200.   

AN9: The updated parameters would be saved in the file in .csv format, extracted 

and applied to the pad FE model to determine the updated analytical frequencies. 

A final optimisation results file will be created in excel format with 

‘_Results_Comparison’ at the end of the file name.  

 

The results file would contain two sheets:  

1. Info:  The information about the selected FE model, selected test data file, 

selected pad material type, and the updated pad material properties.  

 

2. Results: This contains the original and updated material properties. The 

columns highlighted in blue are the selected material properties that are 

updated. The resulting file also shows the test frequencies, the original and 

updated analytical frequencies from the pad FE model , and the relative error 

between (matched) test and original/updated analytical frequencies. 

 

5.3 Different Material Identification Methods  

 

Vibration test data of the pad and the plate were previously collected from 

Chapter 3, and compression test data of the pad friction material were collected 

from Chapter 4. These test data are used in the model updating process in this 

chapter. 

 

5.3.1 Material Identification of Steel Plate   

 

The thin rectangular plate shown in Figures 3.1 and 3.2 is used to study two types 

of parameter updating methods, the Sensitivity method and the Nastran 

optimisation method. More information about the size and density of the plate 

can be found in section 3.2.1. Since the shape of the plate is simple , and the 
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number of testing mesh grids is limited (11*7), the FE meshing grid of the plate 

in ABAQUS is also not dense (22*14), as shown in Figure 5.6. 

 

Figure 5.6 ABAQUS FE Model of The Thin Rectangular Steel Plate 

 

5.3.1.1 Sensitivity Method  

 

It is assumed that the material of the plate is isotropic and probably made of mild 

steel. The updating material properties are the Young’s Modulus,  E, and 

Poisson’s Ratio, ν, in all directions. An initial estimation of the material 

properties of the plate was made: E = 190GPa and ν = 0.2. The sensitivity method 

was applied to the plate using equation 5.26. The first ten analytical frequencies 

above 1000Hz were determined with each set of updated parameters.   

Since the number of updating parameters is two, two or more paired analytic and 

test frequencies must be used in the identification process. The test and analytical 

frequencies were paired using the Modal Assurance Criterion (MAC) value 

mentioned in section 3.1.3. MAC values were calculated using measured and 

analytical eigenvectors, and the modes are paired if the MAC value is near 1.   

Four sets of paired frequencies were used to calculate the Sensitivity matrix and 

determine the material properties of the plate. Moreover, the analytical 

frequencies of the plate in the higher range were estimated using the updated 

material properties. The estimated analytical frequencies were compared with 

the test frequencies, and the Least squares error between the paired frequencies 

were calculated to observe the predictability of the analytical frequencies.   

Figure 5.7 shows the Least squares error using updated plate material properties 

after each iteration for 1) four paired test and analytical frequencies, 2) ten pa ired 
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tests and estimated analytical frequencies. Note that the calculated Least squares 

errors from using ten paired frequencies are larger than using four paired 

frequencies because: firstly, the error between the estimated analytical 

frequencies and the test frequencies are larger than between the paired 

frequencies used in the identification method; also, the error between the higher 

analytical and test frequencies is larger than between the lower paired 

frequencies. However, although the Least squares errors from 10 paired 

frequencies are larger in comparison, they are still within satisfactory range 

(0.0185%). Hence, the updated material properties of this plate are Young’s 

modulus, E = 211.813GPa and Poisson ratio ν = 0.271.  

 

Figure 5.7 Least Squares Error calculated using different number of frequencies 

vs Iteration Number from the Sensitivity method 

 

The identification process of the plate material properties using the Sensitivity 

method stopped at iteration five because the updating parameters have not 

changed significantly after three iterations. However, a few more iterations were 

run, which showed no significant changes in the updating parameters after the 

fifth iteration and validated the stopping criteria of the program.  
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5.3.1.2 Nastran Optimisation Method 

 

The FE model used in the Nastran optimisation method was based on the 

ABAQUS FE model shown in Figure 5.6 and converted into the Nastran readable 

format (explained in section 5.2.2). The initial estimation of the updating 

parameters was the same as in section 5.3.1.1: E = 190GPa and ν = 0.2.  

The optimisation function was defined using the Least squares error between 

frequencies. A constraint was applied to the updating parameters to ensure that 

the updated material properties would not go out of range and lose their physical 

meanings. The constraint for Young’s Modulus is that 190GPa ≤ E ≤ 220GPa, 

and the constraint for Poison’s Ratio is 0.2 ≤ ν ≤ 0.4. These constraints are 

slightly wider than their actual ranges. Six iterations were run for 2 minutes, and 

the first four paired analytical and test frequencies above 1000Hz were used to 

calculate the updated parameters from the Least squares error function. 

Furthermore, Least squares errors were calculated with all ten frequencies to 

observe the predictability of higher frequencies using this method.  

 

Figure 5.8 Least Squares Error calculated using different number of frequencies 

vs Iteration Number from Nastran Software 
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Figure 5.8 shows the calculated Least squares error for different frequencies with 

updated parameters from each iteration. The Least squares error between the 

plate’s experimental frequencies and the theoretical frequencies, including all  

the predicted higher frequencies, was found to be 0.1327%. This error is very 

small and acceptable considering the high-frequency range. Therefore the 

estimated material properties of this plate using the Nastran optimisation method 

are Young’s modulus, E = 202.073GPa and Poisson ratio, ν = 0.288 .  

 

5.3.1.3 Comparison of updated parameters from two updating procedures 

 

Table 5.1 and Table 5.2 show the comparison of results from the two updating 

methods, including the initial and updated parameters, the time and number of 

iterations taken, the test and updated frequencies and their relative Least squares 

errors.  

Table 5.1 shows the results of the chosen updated parameters based on the Least 

squares error of 4 frequencies. Nastran software ran the updating method faster, 

but the Least squares error is larger (still very small and within the acceptable 

range). 

Table 5.2  shows the results of the chosen updated parameters based on the Least 

squares error of 10 frequencies. The calculated Least squares errors from using 

ten paired frequencies are larger than four, as explained previously in section 

5.3.1.1. The Sensitivity method takes longer to run but gives more accurate 

predictability of the frequencies in the higher range. The Least squares error of 

10 paired frequencies from the Nastran optimisation method is about seven times 

larger than from the Sensitivity method, but the computation time is also 

decreased by six times. 
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Table 5.1 Comparison of results from two updating methods considering only 4 frequencies 

Parameters 

Engineering 

Constant 

Initial 

Parameters 

Updated Parameters 

Sensitivity Method Nastran software 

E (GPa) 190 211.813 202.073 

ν 0.2 0.271 0.287506 

Iteration Number 5 4 

Total Run time (Minutes) 12 2 

Frequencies 

Mode 

Number 

Test 

Frequencies 

Frequencies Estimated 

from Sensitivity Method 

Relative Error between 

Test and Estimated 

Frequencies 

Frequencies Estimated 

from Nastran Software 

Relative Error between 

Test and Estimated 

Frequencies 

1 1165.903 1173.3962 6.43E-03 1168.378 2.12E-03 

2 1307.999 1307.19895 -6.12E-04 1313.882 4.50E-03 

3 1587.405 1578.86356 -5.38E-03 1585.075 -1.47E-03 

4 1642.384 1641.83579 -3.34E-04 1653.818 6.96E-03 

Least Squares Error using 4 Frequencies 7.07E-05  7.54E-05 
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Table 5.2 Comparison of results from three updating methods considering 10 frequencies  

Parameters 

Engineering 

Constants 

Initial 

Parameters 

Updated Parameters 

Sensitivity Method Nastran software 

E (GPa) 190 211.796 202.073 

ν 0.2 0.273 0.287506 

Iteration Number 5 4 

Total Run time (Minutes) 12 2 

Frequencies 

Mode 

Number 

Test 

Frequencies 

Frequencies Estimated 

from Sensitivity Method 

Relative Error between 

Test and Estimated 

Frequencies 

Frequencies Estimated 

from Nastran Software 

Relative Error between 

Test and Estimated 

Frequencies 

1 1165.903 1173.369 6.40E-03 1168.378 2.12E-03 

2 1307.999 1306.979 -7.80E-04 1313.882 4.50E-03 

3 1587.405 1578.831 -5.40E-03 1585.075 -1.47E-03 

4 1642.384 1642.26 -7.55E-05 1653.818 6.96E-03 

5 1919.936 1914.78 -2.69E-03 1938.812 9.83E-03 

6 1989.356 1988.947 -2.06E-04 1965.283 -1.21E-02 

7 2104.627 2112.88 3.92E-03 2106.961 1.11E-03 

8 2167.463 2170.975 1.62E-03 2231.129 2.94E-02 

9 2388.614 2397.166 3.58E-03 2416.976 1.19E-02 

10 2420.473 2399.426 -8.70E-03 2425.304 2.00E-03 

Least Squares Error using 10 Frequencies 1.85E-04  1.33E-03 
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Hence, the advantage and disadvantages of both methods are observed using this 

thin rectangular steel plate.  

The Sensitivity method: 

- Advantages:  

o The updated parameters calculated give a better prediction of the 

analytical frequencies of the system.  

o The updating process allows pairing between test and analytical 

frequencies and mode shapes. 

- Disadvantages:  

o Larger computational cost  

o More time-consuming. 

o When the number of updating parameters increases, the updated 

parameter could be out of the given range. This disadvantage could 

either cause longer computation time and cost or be unable to 

calculate suitable updating parameters with physical meaning.  

The Nastran optimisation method: 

- Advantages:  

o Less iteration to approach the final updated parameters.  

o Less time-consuming and less computational cost.  

o The method is processed automatically within Nastran software, so 

the updated parameters are always within the given range.   

- Disadvantages: 

o Less accurate prediction of the analytical frequencies from the 

updated parameters. 

o Unable to pair between test and analytical frequencies and mode 

shapes within the updating process could lead to larger errors or 

inaccurate updated variables. 
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5.3.2 Material Identification of Full Brake Pad 

 

5.3.2.1 Parameter Sensitivity 

 

The pad could be treated as an orthotropic material in the general case with nine 

independent updating parameters in the optimisation method. These nine 

independent parameters are 𝐶11, 𝐶12, 𝐶13, 𝐶22, 𝐶23, 𝐶33, 𝐶44, 𝐶55 and 𝐶66 where 

𝐶𝑖𝑗 represents the elastic stiffness tensor in the i-j direction. For example, 𝐶12 is 

the elastic stiffness tensor in the x-y direction. Figure 5.9 shows the FE model of 

the pad and the local coordinate system of the friction material. 

 

Figure 5.9 The local coordinate system of a brake pad.  

Appendix A shows the sensitivity of each parameter to out-of-plane frequencies. 

Note that the y axis range is the same for all nine graphs. Therefore, the 

comparison of the sensitivities can be observed clearly between parameters.  

The sensitivity analysis of each material property of the brake pad shows that 

the out-of-plane frequencies of the pad to some material properties of the pad are 

less sensitive. The insensitivity of these material properties means that it is 

difficult to identify these parameters using the optimisation method that 

compares the theoretical and experimental out-of-plane frequencies. 
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5.3.2.2 Sensitivity Method  

 

As mentioned previously, the pad friction material can be assumed as orthotropic 

material or transversely isotropic material. The updating procedure could include 

the experimental results from the compression test in chapter 4 to further reduce 

the number of independent updating parameters.  

The updating parameters are the engineering constants of the pad friction 

material, including the Young’s Modulus, Poisson’s ratio, and Shear Modulus in 

x, y and z-direction, E𝑥, E𝑦, E𝑧 , νxy, νxz, νyz, Gxy, Gxz, Gyz.  

Figure 5.3 shows the pop-up window from the Matlab program of the Sensitivity 

and Nastran optimisation methods. Note that the selection of the updating 

material properties in Figure 5.3 is shown in the form of elastic constants such 

as C11. The convergence from the engineering constants to the elastic constants 

is only necessary if the Nastran optimisation updating method is used. Further 

details are previously explained in sections 5.2.1 and 5.2.2.  

Since the engineering constants can be directly used in the Sensitivity updating 

method, the updating material properties are shown in Figure 5.3 state for C11 =

E𝑥, C12 = E𝑦, C13 = E𝑧, C22 = νxy, C23 = νxz, C33 = νyz, C44 = Gxy, C55 = Gxz, C66 =

Gyz. Note that due to the different formats in the ABAQUS and Nastran input 

files, the order of the material properties in the engineering constants format is 

important.  

The dynamic and static experimental measurements of the pad are shown in 

chapters 3 and 4, and the analytical dynamic results, such as the frequencies and 

mode shapes, are determined from the pad FE model using ABAQUS (Figure 

5.9). 

Appendix B shows the updated parameters and frequencies from using the 

Sensitivity method. These results are summarised in section 5.3.2.4 and 

compared with the updated results from using the Nastran optimisation method. 

Table B.1 shows the updated material properties in the form of  engineering 

constant, the test frequencies, the updated analytical frequencies, and the relative 

Least between the test and updated analytical frequencies. The pad material type 

is selected as transversely isotropic material, the mode shapes were not 
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matched during the optimisation process, and only dynamic test data were used 

in the updating process.  

Table B.2 shows the updated material properties in the form of engineering 

constant, the test frequencies, the updated analytical frequencies, and the relative 

Least squares error between the test and updated analytical frequencies. The pad 

material type is selected as transversely isotropic material, the mode shapes were 

matched during the optimisation process, and only dynamic test data were used 

in the updating process.  

Table B.3 shows the updated material properties in the form of  engineering 

constant, the test frequencies, the updated analytical frequencies, and the relative 

Least squares error between the test and updated analytical frequencies. The pad 

material type is selected as orthotropic material, the mode shapes were 

matched during the optimisation process, and only dynamic test data were used 

in the updating process.  

Table B.4 shows the updated material properties in the form of  engineering 

constant, the test frequencies, the updated analytical frequencies, and the relative 

Least squares error between the test and updated analytical frequencies. The pad 

material type is selected as transversely isotropic material, the mode shapes were 

matched during the optimisation process, and both dynamic and static test 

data were used in the updating process.  

The compression (static) test data of the relationship between the stress in the x-

direction and the strain in the x, y, and z-directions for the pad friction material 

was shown in Figure 4.21. The linear stress-strain relationships are used with 

equations 5.16 to 5.20 to apply extra constraints to the parameters and reduce 

the number of independent updating parameters in the identification process.  

The procedures that convert the constraint equations 5.16-5.20 from elastic to 

engineering constants are shown below. 

Known equalities when assuming pad friction material is transversely isotropic: 

E𝑥 = E𝑦, νxy = νyx, νxz = νyz, νzx = νzy, Gxz = Gyz,    νzx = 
E𝑧

E𝑥
νxz 

From the above equalities, the convergence from elastic constants to engineering 

constants are: 
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E𝑥 = E𝑦 =
C33(C11

2 − C12
2 ) − 2C13

2 (C11 − C12)

C11C33 − C13
2  

(5.34) 

E𝑧 = C33 −
2C13

2

C11 + C12
 

(5.35) 

νxy = νyx =
C33C12 − C13

2

C11C33 − C13
2  

(5.36) 

νxz = νyz =
C13(C11 − C12)

C11C13 − C13
2  

(5.37) 

νzx = νzy =
C13

C11 + C12
 

(5.38) 

Combining equations 5.16 to 5.20 with equations 5.34 to 5.38, the constraint 

equations applying to the pad friction material in terms of engineering constants 

using the transversely isotropic material constraints and the stress-strain 

relationship are: 

E𝑥 =
E𝑧νxz(νxz휀11 − νxz휀22 + νxz휀33 + 휀33)

√1 +
νxz(1 + νxz)(휀11 + 휀22)

휀33
휀11 − 휀22

 

 

 

(5.39) 

E𝑦 =
E𝑧νxz(νxz휀11 − νxz휀22 + νxz휀33 + 휀33)

√1 +
νxz(1 + νxz)(휀11 + 휀22)

휀33
휀11 − 휀22

 

 

 

(5.40) 

νxy = √1 +
νxz(1 + νxz)(휀11 + 휀22)

휀33
 

 

 

(5.41) 

νyz = νxz 
 

 

(5.42) 

Gyz = Gxz (5.43) 

 
 

 

5.3.2.3 Nastran Optimisation Method  

 

The dynamic and static experimental measurements of the pad are in chapters 3 and 4, as 

mentioned in section 5.3.2.2. The analytical dynamic results of the pad are determined 

from the FE model using Nastran (Figure 5.9). 
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The convergence from the engineering constants to the elastic constants is necessary as 

the Nastran optimisation updating method is used. Further details are previously 

explained in sections 5.2.1 and 5.2.2. The convergence from the engineering constants to 

the elastic constants is explained in section 4.1.1.  

Appendix C shows the updated parameters and frequencies using the Nastran 

optimisation method. These results are summarised in section 5.3.2.4 and compared with 

the updated results from using the Sensitivity method. 

Table C.1 shows the updated material properties in the form of elastic constant, the test 

frequencies, the updated analytical frequencies, and the relative Least between the test 

and updated analytical frequencies. The pad material type is selected as transversely 

isotropic material, the mode shapes were not matched during the optimisation process, 

and only dynamic test data were used in the updating process.  

Table C.2 shows the updated material properties in the form of elastic constant, the test 

frequencies, the updated analytical frequencies, and the relative Least squares error 

between the test and updated analytical frequencies. The pad material type is selected 

as transversely isotropic material, the mode shapes were matched during the optimisation 

process, and only dynamic test data were used in the updating process.  

Table C.3 shows the updated material properties in the form of  elastic constant, 

the test frequencies, the updated analytical frequencies, and the relative Least 

squares error between the test and updated analytical frequencies. The pad 

material type is selected as orthotropic material, the mode shapes were 

matched during the optimisation process, and only dynamic test data were used 

in the updating process.  

Table C.4 shows the updated material properties in the form of  elastic constant, 

the test frequencies, the updated analytical frequencies, and the relative Least 

squares error between the test and updated analytical frequencies. The pad 

material type is selected as transversely isotropic material, the mode shapes were 

matched during the optimisation process, and both dynamic and static test 

data were used in the updating process. The compression (static) test data were 

used to apply extra constraints to the parameters, explained in detail in section 

5.3.2.2 above. 
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5.3.2.4 Results and Discussion 

 

Appendix B and C shows the updated material properties and analytical 

frequencies using different updating criteria.  

The results from table B.1, B.2, B.3, and B.4 shows that:  

- Comparing Table B.1 and B.2: If the test and analytical frequencies are 

not paired in the updating process, the Least squares error between the 

two sets of frequencies are larger than the paired frequencies. This 

increase in relative error is largely due to mode 13, and a few reasons 

could cause this; i) the accuracy of the test frequencies and mode shapes 

decreases in the high frequency range; ii) the analytical frequency and 

mode shape in mode 13 could be the in-plane mode, which does not match 

with the out-of-plane test frequency and mode shape. 

  

- Comparing Table B.2 and B.3: If pad material is considered as orthotropic 

material, the error between the paired updated test and analytical 

frequencies is smaller. Therefore, if the reliable test frequencies and mode 

shapes are enough (more than 9), it is better to consider the pad friction 

material as an orthotropic material.  

 

- Comparing Table B.2 and B.4: If the pad friction material is considered 

transversely isotropic material, then the error from the updated results 

with additional stress-strain constraints is smaller than the error from the 

updated results using dynamic test data only. The number of independent 

updating parameters is reduced with the additional stress-strain 

constraints.  

The conclusion is drawn from the results in table C.1, C.2, C.3, and C.4 are 

similar to table B.1, B.2, B.3, and B.4. From the comparison between the error 

calculated from tables in Appendix B and Appendix C, it is also noticeable that 

the updated analytical frequencies determined from the Sensitivity method are 

better than from the Nastran optimisation method. This observation matches with 

the discussion in section 5.3.1.3.  
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5.4 Summary 

 

The fundamental theories of the model updating methods, such as the Sensitivity 

method and the Nastran Optimisation method, were studied. The developed 

Matlab program was discussed with the step-to-step explanation of the used 

model updating method in the code.  

The isotropic material properties of a thin rectangular steel plate were 

determined in which the experimental frequencies and mode shapes were 

compared with the analytical data from the FE model. This is to validate the 

model updating methods. 

The material properties of the friction material of the brake pad were identified 

using the given FE model and the experimental data. The pad friction material 

was considered as orthotropic material or transversely isotropic material. The 

model updating results from two material identification methods were shown and 

discussed in section 5.3.2.4, and the Least square error between the paired test 

frequencies and FE analysed frequencies were compared. 
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Chapter 6 Hyperelastic Materials 

 

 

 

This chapter presents the fundamental theories of different types of Hyperelastic 

materials, including the isotropic and anisotropic Hyperelastic materials. The 

equations and theories are mainly adapted from (ABAQUS, 2014) and (Hackett, 

2018).  

Firstly, the concept of the hyperelastic material is presented, and the formulas of 

different strain energy potential functions are used in ABAQUS.  

Then, the measured stress-strain data of the brake pad friction material from the 

compressibility tests are used in ABAQUS to apply the pad friction material as 

a Hyperelastic material.  
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6.1 Introduction  

 

The concept of elasticity must be understood before understanding the concept 

of hyperelasticity. A fundamental property of elastic materials is that the stress 

depends only on the current level of the strain. The perfect elasticity exists in 

theory where the material is reversible, path independent and not accompanied 

by any energy dissipation during the loading and unloading process.  

If the loading and unloading stress-strain curves are identical and the original 

shape of the material is recovered upon unloading, then the strains are said to be 

reversible. If the stress state in a material is independent of the history of the 

material point, the behaviour of the material is said to be path independent. In a 

purely mechanical theory, reversibility and path independence also imply the 

absence of energy dissipation in the process of deformation(Hackett, 2018). 

The concept of finite strain elasticity is that finite elasticity is a theory of elastic 

materials capable of undergoing large deformations (Hackett, 2018). The finite 

strain theory (also called large strain theory or large deformation theory) deals 

with deformations in which strains and/or rotations are large enough to invalidate 

assumptions inherent in infinitesimal strain theory. 

Many different constitutive relationships have been developed for multiaxial 

elasticity in the finite strain elasticity. The widely accepted finite strain elasticity 

formulations can be classified into three formats—algebraic, integral, and 

differential (Hackett, 2018).  

 

• Algebraic format – Cauchy Elasticity: 

𝛔 = 𝐟(𝛆) 

Cauchy elasticity is limited to rate-independent and history-independent 

material behaviour. In Cauchy elasticity, the stress is path independent, 

but the energy is not. Cauchy elasticity has a non-conservative structure, 

i.e., the stress is not derivable from a scalar potential function (Hackett, 

2018). 

 

• Integral – Green elasticity (or hyperelasticity): 

𝛔 = 
𝜕𝑊

𝜕𝛆
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For hyperelasticity, the response is fully path independent and reversible, 

and the stress is derived from a strain (or stored) energy potential (Hackett, 

2018). 

 

• Differential – Hypoelasticity: 

𝜕𝛔 =  𝐸𝑡 ∶ 𝜕𝛆   or   �̇� = 𝑔(𝛔, 𝐝) 

where d = rate-of-deformation tensor. 

Hypoelasticity is used to model materials that exhibit nonlinear but 

reversible stress-strain behaviour even at small strains. Hypoelasticity is 

defined by equations based upon objective time rate tensors, which, unlike 

hyperelasticity, require incrementally objective solution formulations 

(Hackett, 2018). 

Therefore, generally speaking, hyperelastic material models are most suitable for 

the modelling problems within the widest range of finite strain elasticity.  

The strain energy function is introduced into the concept of elasticity by George 

Green, and elastic materials with such a function are said to be Green elastic or 

hyperelastic. Drozdov gave a formal definition of hyperelasticity in 1996 as the 

constitutive theory that describes the mechanical behaviour of elastic solids with 

the use of (only) one material function is called hyperelasticity. The spectrum of 

materials, the behaviour of which can be classified as being hyperelastic, 

includes vulcanised rubber, solid propellant, polymeric foams, and soft 

biological materials (Hackett, 2018).  

It is well known that pad materials are anisotropic, inhomogeneous, moderately 

nonlinear, and thus very complicated. In industries, the pad materials of friction 

brakes in FE models are treated as elastic materials. Industries recognise that the 

nonlinearity of these complex composite materials should be explored in the 

analysis of these materials. One idea is to treat the pad friction material as a 

hyperelastic material and include that strain energy function into the material 

analysis. 
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6.1.1 Strain Energy Functions 

 

Hyperelastic materials can also be classified as isotropic and non-isotropic. The 

most known isotropic hyperelastic model is probably the Mooney-Rivlin model 

and its reduced case Neo-Hookean model, which are used to describe the 

deformation of rubber.  

The isotropic hyperelastic model could be described as  

𝑈 = 𝑓 (𝐼1̅, 𝐼2̅, 𝐼3̅)        (6.1) 

Where U is the strain energy density and 𝐼1, 𝐼2, and 𝐼3 are the three invariants of 

the Cauchy-Green deformation tensors given as:  

𝐼1̅ = 휃1
2 + 휃2

2 + 휃3
2        (6.2) 

𝐼2̅ = 휃1
2휃2

2 + 휃2
2휃3

2 + 휃3
2휃1

2       (6.3) 

𝐼3̅ = 휃1
2휃2

2휃3
2         (6.4) 

in which 휃𝑖 are the principal extension ratios.  

In 1951, Rivlin specified the power series from equation 6.1 which is also 

considered as the polynomial hyperelastic model.  

𝑈 = ∑ 𝐶𝑖𝑗𝑘(𝐼1 − 3)𝑖(𝐼2 − 3)𝑗(𝐼3 − 1)𝑘∞
𝑖+𝑗+𝑘=1     (6.5) 

However, if the material is considered to be incompressible, then 𝐼3̅ = 1 and 

equation 6.5 becomes 

𝑈 = ∑ 𝐶𝑖𝑗(𝐼1 − 3)𝑖(𝐼2 − 3)𝑗∞
𝑖+𝑗=1       (6.6) 

The Mooney-Rivlin model is a special case of equation 6.6 where only the first 

two terms of equation 6.6.  

𝑈 = 𝐶10(𝐼1 − 3) + 𝐶01(𝐼2 − 3)       (6.7) 

And Neo-Hookean considers only the first term of equation 6.7  

𝑈 =  𝐶10(𝐼1 − 3)        (6.8) 
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If the material is considered to be almost incompressible rather than completely 

incompressible, a hydrostatic term could be added to equation 6.7: 

𝑈 = 𝐶10(𝐼1 − 3) + 𝐶01(𝐼2 − 3) + 𝑈𝐻(𝐼3)      (6.9) 

To uncouple the volumetric response and the deviatoric response in equation 6.9, 

the reduced invariants are considered:  

𝐼1̅ = 𝐼1𝐼3
−1/3

         (6.10) 

𝐼2̅ = 𝐼2𝐼3
−2/3

         (6.11) 

𝐽𝑒𝑙 = √𝐼3         (6.12) 

And  

𝑈𝐻 = 𝐷1(𝐽𝑒𝑙 − 1)2        (6.13) 

Hence, equation 6.9 can be rewritten as: 

𝑈 = 𝐶10(𝐼1̅ − 3) + 𝐶01(𝐼2̅ − 3) + 𝐷1(𝐽𝑒𝑙 − 1)2    (6.14) 

Apart from the Mooney-Rivlin and Neo-Hookean models, many other 

hyperelastic models depend on the strain energy functions. Table 6.1 shows the 

strain energy functions that are popular and being used in ABAQUS.  

One model that is also well know but not included in ABAQUS is the Gent model 

(Gent, 1996) where 

𝑈 = −𝐺
𝐽𝑚

2
ln (1 −

𝐼1−3

𝐽𝑚
)       (6.15) 

Where G is the shear modulus, and the value of 𝐽𝑚 corresponds to the maximum 

extension ratio 휃𝑚and represents the limit state of the rubber-like material (Gent, 

1996). 
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Table 6.1 Strain energy potential functions (ABAQUS, 2014) 

Energy 

Function 
Function Form 

Isotropic Hyperelastic Material 

Arruda-Boyce 

Form 
𝑈 =  𝜇 (

1

2
(𝐼1̅ − 3) +

1

20휃𝑚
2

(𝐼1̅
2 − 9) +

11

1050휃𝑚
4

(𝐼1̅
3 − 27)

+
19

7000휃𝑚
6

(𝐼1̅
4 − 81) +

519

673750휃𝑚
8

(𝐼1̅
5 − 243))

+
1

𝐷
(
𝐽𝑒𝑙
2 − 1

2
− ln 𝐽𝑒𝑙) 

where U = strain energy per unit of reference volume,  

𝜇, 휃𝑚, 𝐷 =  temperature dependent material parameters 

Marlow 𝑈 =  𝑈𝑑𝑒𝑣(𝐼1̅) + 𝑈𝑣𝑜𝑙(𝐽𝑒𝑙) 

where 𝑈𝑑𝑒𝑣 = the deviatoric part of strain energy 

𝑈𝑣𝑜𝑙 = the volumetric part of strain energy 

Mooney-Rivlin 𝑈 = 𝐶10(𝐼1̅ − 3) + 𝐶01(𝐼2̅ − 3) + 𝐷1( 𝐽𝑒𝑙 − 1)2 

where  

𝐶10, 𝐶01, 𝐷1 =  temperature dependent material parameters 

Neo Hookean 
𝑈 =  𝐶10(𝐼1̅ − 3) +

1

𝐷1
( 𝐽𝑒𝑙 − 1)2 

Ogden 

𝑈 = ∑
2𝜇𝑖

𝛼𝑖
2 (휃̅1

𝛼𝑖 + 휃̅2
𝛼𝑖 + 휃̅3

𝛼𝑖 − 3)

𝑁

𝑖=1

+ ∑
1

𝐷𝑖
( 𝐽𝑒𝑙 − 1)2𝑖

𝑁

𝑖=1
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where N is a material parameter 

𝜇𝑖 , 𝛼𝑖  , 𝐷𝑖 = temperature dependent material parameters 

The particular material models described above—the 

Mooney-Rivlin and neo-Hookean forms—can also be 

obtained from the general Ogden strain energy potential 

for special choices of 𝜇𝑖 and 𝛼𝑖. 

Polynomial 

𝑈 =  ∑ 𝐶𝑖𝑗𝑘(𝐼1̅ − 3)𝑖(𝐼2̅ − 3)𝑗(𝐼3̅ − 1)𝑘

𝑁

𝑖+𝑗+𝑘=1

+ ∑
1

𝐷𝑖
( 𝐽𝑒𝑙 − 1)2𝑖

𝑁

𝑖=1

 

where 𝐶𝑖𝑗 = temperature dependent material parameters 

For cases where the nominal strains are small or only 

moderately large (< 100%), the first terms in the 

polynomial series usually provide a sufficiently accurate 

model. Some particular material models—the Mooney-

Rivlin, neo-Hookean, and Yeoh forms—are obtained for 

special choices of 𝐶𝑖𝑗. 

Reduced 

Polynomial 𝑈 = ∑𝐶𝑖0(𝐼1̅ − 3)𝑖

𝑁

𝑖=1

+ ∑
1

𝐷𝑖
( 𝐽𝑒𝑙 − 1)2𝑖

𝑁

𝑖=1

 

Van der Waals 

𝑈 =  𝜇 (−(휃𝑚
2 − 3)(ln(1 − 휂) + 휂) −

2

3
𝑎 (

𝐼 − 3

2
)

3
2

)

+
1

𝐷
(
𝐽𝑒𝑙
2 − 1

2
− ln 𝐽𝑒𝑙) 
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where 𝐼 = (1 − 𝛽)𝐼1̅ + 𝛽𝐼2̅ 

휂 =  √
𝐼 − 3

휃𝑚
2 − 3

 

𝑎 is the global interaction parameter 

𝛽 is an invariant mixture parameter 

D governs the compressibility 

Yeoh 𝑈 =  𝐶10(𝐼1̅ − 3) + 𝐶20(𝐼1̅ − 3)2 + 𝐶30(𝐼1̅ − 3)3

+
1

𝐷1
( 𝐽𝑒𝑙 − 1)2 +

1

𝐷2
( 𝐽𝑒𝑙 − 1)4

+
1

𝐷3
( 𝐽𝑒𝑙 − 1)6 

where 𝐶10 , 𝐶20 , 𝐶30 , 𝐷1 , 𝐷2 , 𝐷3 =

temperature dependent material parameters 

Anisotropic Hyperelastic Material  

Generalised 

Fung (Fung-

Anisotropic/ 

Fung-

Orthotropic) 

𝑈 = 
𝑐

2
(exp(𝑄) − 1) +

1

𝐷
(
𝐽𝑒𝑙
2 − 1

2
− ln 𝐽𝑒𝑙) 

where 𝑐 , 𝐷 =  temperature dependent material parameters 

𝑄 =  �̅�𝐺: 𝐛: �̅�𝐺 = 휀�̅�𝑗
𝐺  𝑏𝑖𝑗𝑘𝑙휀�̅�𝑙

𝐺  

𝑏𝑖𝑗𝑘𝑙

=  dimensionless symmetric fourth

− order tensor of anisotropic material constants 

휀�̅�𝑗
𝐺 =  the components of the modified Green strain tensor 
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Holzapfel-

Gasser-Ogden 
𝑈 =  𝐶10(𝐼1̅ − 3) +

1

𝐷
(
𝐽𝑒𝑙
2 − 1

2
− ln 𝐽𝑒𝑙)

+ 
𝑘1

2𝑘2
∑(exp(𝑘2〈�̅�𝛼〉2) − 1)

𝑁

𝛼=1

 

where �̅�𝛼 ≝  𝜅(𝐼1̅ − 3) + (1 − 3𝜅)(𝐼4̅(𝛼𝛼) − 1) 

𝐶10 , 𝐷 , 𝑘1 , 𝑘2 , 𝜅

=  temperature dependent material parameters 

𝑁 =  the number of families of fibers (𝑁 ≤ 3) 

𝐼4̅(𝛼𝛼) =   pseudo invariants of 𝐂 and 𝐀𝜶 

The strain-like quantity �̅�𝛼 characterizes the deformation 

of the family of fibres with mean direction 𝐀𝜶. 

 

 

6.2 FE Model of Compression Test Sample in ABAQUS 

 

The compression tests of the brake pad friction material are done in chapter 4 

using both the strain gauges and the DIC to measure the lateral change in strain. 

The measured compression test data using the DIC is used in this chapter to 

analyse the pad friction material as isotropic Hyperelastic material.  

ABAQUS is a well-known FE analysing software that could simulate the 

compression test results of the pad specimens. The compression rate test results 

were used as the material properties of the sample block of the pad friction 

material in ABAQUS at the beginning. The FE model of the sample block is 

shown in Figures 6.1 and 6.2, where the size of the block is 50mm×40mm in 

cross-section area and 11.45mm thick for the friction material. The element type 

of the block sample was C3D20H, which are 20-node hybrid quadratic bricks. 

The collected compression test data from the DIC test can analyse the isotropic 

hyperelastic material in ABAQUS. The analysed compression test data sho wn in 
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Figure 4.21, section 4.3.2 provided the nonlinear relationship between the stress 

in the x-direction and the strain in the x-direction, measured using the Instron 

machine. The equation of the best fit line (in blue) estimates the stress changes 

with the strain variation. 

𝑦 = (−1.01 ∗ 1010) ∗ 𝑥3 + (1.27 ∗ 107) ∗ 𝑥2 + (4.66 ∗ 103) ∗ 𝑥  (6.16) 

where y = stress applied in the x-direction, x = change in strain in the x-direction. 

The range of x is set to be 0>x>6E-04, the number of x values is set to be 100, 

so the incresing increment of x at each step is 6E-06.  

  

Figure 6.1 Brake Pad Sample Block 

for Compression Rate Test 

Figure 6.2 Meshed Brake Pad Sample 

Block for Compression Rate Test 

 
 

6.3 Evaluate Compression Test Data in ABAQUS  

 

As mentioned previously, the compression rate test data of the pad sample block 

was used in the isotropic hyperelastic material card. The evaluation of all types 

of strain energy potential is shown in Figure 6.3 below. 

Figure 6.3 shows the trend of analytical stress-strain relationships calculated 

from all strain energy potential types against the compression test data. The 

bottom right corner in Figure 6.3 shows the label of each line. Note that the red 

cross-line in Figure 6.3 represents the test data. 
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6.3.1 Evaluation of Isotropic Hyperelastic Models by Observation  

 

There are two methods to evaluate the most suitable isotropic hyperelastic model 

from ABAQUS with the given compression test data. One method is to observe 

from Figure 6.3 and find the line that best matches the test data. The advantage 

of this method is that it is easier to operate, and the evaluation time would be 

small. The disadvantages are: firstly, the method is not very accurate because the 

conclusion is made by observation, and there could be a considerable human 

error in the conclusion; secondly, some of the lines could be very close to each 

other, and it would be very difficult to tell which is the best fitting line.  

Figures 6.4 and 6.5 show the evaluation of the suitable isotropic hyperelastic 

model from the observation method. In Figure 6.4, the number of suitable 

isotropic hyperelastic models is reduced to three, and the three selected curves 

overlay each other. Since the three selected isotropic hyperelastic models in 

Figure 6.4 are Ogden models with different strain energy potential orders, the 

Ogden model with strain energy potential order N = 3 is selected as the most 

suitable isotropic hyperelastic model (Figure 6.5).  

Figure 6.6 shows the coefficients of the Ogden N3 model calculated from 

ABAQUS. The isotropic hyperelastic models in ABAQUS can be defined from 

both the static test data and the defined strain energy potential coefficients. 

  

6.3.2 Evaluation of Isotropic Hyperelastic Models by Calculation 

 

Another method to evaluate the most suitable isotropic hyperelastic model would 

be comparing the relative error between the test and analytical data for all strain 

energy potential types and finding the method that gives minimum average or 

least-squares error between the test and analytical data.  

However, some evaluation can be done using observation to reduce the isotropic 

hyperelastic models, which are unsuitable, for example, the model Ogden N1 in 

Figure 6.3.
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Figure 6.3 Evaluate Compression Test Sample With All Isotropic Hyperelastic Material Models in ABAQUS 
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Figure 6.4 Evaluate Compression Test Sample With Selected Isotropic Hyperelastic Material Models in ABAQUS 
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Figure 6.5 Suitable Isotropic Hyperelastic Material Model Against Compression Test Data in ABAQUS, Ogden_N3 
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Figure 6.6 Coefficients of Ogden_N3 Determined In ABAQUS
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Table 6.2 shows the evaluation of the isotropic hyperelastic models using the 

observation method first and the calculation method afterwards (Figure 6.4).   

Table 6.2 Compare the Average and Least-Squares Error Using Different Strain 

Energy Potential Method 

 Average Relative error Least Squares Error 

Ogden_N3 0.086% 0.671% 

Ogden_N4 0.087% 0.678% 

Ogden_N5 0.087% 0.674% 

 

6.4 Applying Suitable Isotropic Hyperelastic Material Properties 

to the Full Pad 

 

The Ogden N3 model is selected as the suitable isotropic hyperelastic model for 

the pad friction material (section 6.3). The FE model of the full pad is shown in 

Figure 5.9. The Ogden N3 isotropic hyperelastic model can be defined from 

either the static test data, the stress and strain input values or the calculated strain 

energy potential coefficients.  

The element type for the pad FE model is C3D10H, where H stand for Hybrid 

formulation. Note that the simulation of the pad frequencies using the isotropic 

hyperelastic material card is only successful if the meshing of the FE model is 

set to be hybrid. 

Table 6.3 shows the comparison between the test frequencies and the analytical 

frequencies with the elastic FE model and the hyperelastic FE model of the pad 

friction material. Note that the analytical frequencies using the elastic material 

card is determined in section 5.3.2 and shown in table B.3 in Appendix B.  

From table 6.3, it can be observed that the error between the dynamic test data 

and the analytical frequencies calculated using the Ogden N3 material card are a 

lot larger than using the conventional transversely isotropic material card. 

Hence, using the transversely isotropic material card in the pad FE model is more 

suitable. Further investigation is needed to find more suitable isotropic 

hyperelastic material properties for the FE model of the pad friction material.  
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Table 6.3 Comparison of Dynamic Test Frequencies with Analytical Frequencies Using 

Transversely Isotropic Elastic Material  and Using Isotropic Hyperelastic Material 

Mode 

Number 

Test 

Frequencies 

(Hz) 

Mode 

Number 

Elastic 

Simulation 

(Hz) 

Relative 

Difference 

Mode 

Number 

Hyperelastic 

Simulation 

(Hz) 

Relative 

Difference 

1 1507 1 1551 2.91% 4 1421 5.71% 

2 2020 2 2015 0.24% 5 1759 12.90% 

3 4556 3 4552 0.09% 6 3948 13.34% 

4 4803 4 4831 0.58% 7 4093 14.77% 

5 6970 5 6900 1.00% 8 5963 14.44% 

6 7113 6 7172 0.82% 9 6299 11.45% 

8 8429 8 8387 0.51% 10 7329 13.06% 

9 8775 9 8778 0.03% 12 7985 9.01% 

19 10788 19 10739 0.45% 13 9458 12.33% 

11 11332 11 11426 0.83% 14 10006 11.70% 

12 12140 12 12152 0.10% 15 10974 9.60% 
 Average relative error 0.69%   11.66% 

 

6.5 Summary 

 

The fundamental theories of different types of Hyperelastic materials, including 

the isotropic and anisotropic Hyperelastic materials, were reviewed in section 

6.1. The concept of hyperelastic material was presented, and the formulas of 

different strain energy potential functions were used in ABAQUS.  

The evaluation analysis was done by applying the compression test data with 

different types of isotropic hyperelastic materials cards to the FE model of the 

pad specimen in ABAQUS.  

The selected suitable isotropic hyperelastic materials were applied to the full 

brake pad FE model, and the analytical frequencies were simulated and compared 

with the results from the material identification method previously shown in 

table B.3.   
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Chapter 7 Damping Identification of Pad Material 

 

 

This chapter covers the formulations and fundamental theories of the damped 

vibration theory and the Rayleigh damping model. Rayleigh damping 

coefficients are used in the pad FE model and the sensitivity of the constan ts 

𝛼 and 𝛽 are presented in table 7.2. 

The identification method such as the Sensitivity method is used to determine 

the Rayleigh damping coefficients. Data of the damping factors of the friction 

material collected from the dynamic experiments are used in this chapter.  

The analytical complex eigenvalues and damping factors from the pad FE model 

is compared against the test complex eigenvalues and damping coefficient. The 

trend of the updated analytical damping coefficients using Rayleigh damping 

coefficients are plot against the trend of the test damping coefficients in Figure 

7.1 and table 7.3.  
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7.1 Introduction 

 

This Chapter reviews some damping models which can be used to determine the 

damping factor of the pad friction material theoretically.  

Chapter 5 reviewed the equation of motion of an undamped vibration system. 

Often in vibration analysis, it is useful to model energy dissipation, or damping, 

by including the term C, where C is an n x n matrix of damping coefficients and 

�̇� is an n x 1 vector of velocities.  

The general equation of motion of a Multi-Degree-of-Freedom (MDoF) system 

is defined as 

𝐌ẍ(𝑡) + 𝐂ẋ(𝑡) + 𝐊x(𝑡) = 𝐟(𝑡) (7.1) 

where f(t) is the force vector in function of time.  

Assuming the solution of the system is in the form of 𝐱(𝑡) =  𝛗e𝜆𝑡, equation 7.1 

can be rewritten into equation 7.2 below.   

(𝜆2𝐌 + 𝜆𝐂 + 𝐊)𝛗 = 0  (7.2) 

where λ is the eigenvalue of the system, which can be calculated 

from  det(𝜆2𝐌 + 𝜆𝐂 + 𝐊) = 0 . The mode shape vector corresponding to each 

eigenvalue of the system would be ϕ and Φ is the modal matrix with each column 

being a mode vector of the system.  

From the general EoM of the system, an EoM with modal vector coordinates, q 

rather that physical vector coordinates, x was derived as shown in equatiob 7.3.  

𝛟T𝐌𝛟�̈� + 𝛟𝐓𝐂𝛟�̇� + 𝛟T𝐊𝛟𝐪 = 𝛟T𝐟 (7.3) 

Where 𝐱 =  ∑ 𝛗j𝑞j
𝑛
𝑗=1 = 𝛟𝐪.  

This chapter studies two methods which determine and implement the damping 

coefficient of the pad, the Lancaster method and the Rayleigh damping 

coefficient.  
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7.2 Rayleigh Damping Coefficients 

 

7.2.1 Introduction 

 

The orthogonality of normal modes is not applicable for damped system with 

EOM shown in equation 7.3. However, if the damping is assumed to be 

proportional damping, then the orthogonality of the normal modes can be applied 

to the damping matrix, C. For an MDoF system with proportional damping, the 

complicated EoM can be simplified and converted into a set  of SDoF systems in 

modal coordinates.   

The proportional damping is also know as Rayleigh damping, which was 

introduced by Lord Rayleigh in 1878.  Proportional damping means that C is 

simultaneously diagonalisable with M and K. In terms of Rayleigh damping 

model, C is a function of M and K. 

𝐂 =  α𝐌 +  β𝐊  (7.4) 

where α and β are mass and stiffness proportional Rayleigh damping coefficients. 

Equations 7.3 and 7.4 gives: 

𝛟T𝐌𝛟�̈� + 𝛟𝐓(α𝐌 +  β𝐊)𝛟�̇� + 𝛟T𝐊𝛟𝐪 = 𝟎 (7.5) 

Applying orthogonality of normal modes and mass-normalisation to equation 

gives: 

�̈� + [
⋱ 0 0
0 α𝜔𝑗

2 + 𝛽 0

0 0 ⋱

] �̇� + [
⋱ 0 0
0 𝜔𝑗

2 0

0 0 ⋱

] 𝐪 = 𝟎 
(7.6) 

which leads to n uncoupled SDOF mass-normalised equations: 

�̈�𝑗(𝑡) + (α𝜔𝑗
2 + 𝛽)�̇�𝑗(𝑡) + 𝜔𝑗

2𝑞𝑗(𝑡) = 0 (7.7) 
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�̈�𝑗(𝑡) + 2휁𝑗𝜔𝑛𝑗
�̇�𝑗(𝑡) + 𝜔𝑛𝑗

2𝑞𝑗(𝑡) = 0 (7.8) 

Hence, the damping matrix can be reduced to  

2휁𝑗𝜔𝑛𝑗
=  𝛼 +  𝛽𝜔𝑛𝑗

2 (7.9) 

휁𝑗 = 
𝛼

2𝜔𝑛𝑗

+
𝛽𝜔𝑛𝑗

2
 

(7.10) 

where 𝜔𝑗  is the j-th eigenvalue of the system and  휁𝑗 is the damping ratio of the 

j-th eigenvalue. Equation 7.9 is rearranged from equation 7.10.  

Assume two test natural frequencies ω𝑎, ω𝑏 and their corresponding damping 

factors 휁𝑎 , 휁𝑏  are determined. Then equation 7.10 can be rearranged to the 

following equations: 

𝛼 = 
2 ∗ ω𝑎 ∗ ω𝑏 ∗ (ω𝑎휁𝑏 − ω𝑏휁𝑎)

𝜔𝑎
2 − 𝜔𝑏

2  
(7.11) 

𝛽 =
2 ∗ ω𝑎 ∗ 휁𝑎 − 2 ∗ ω𝑏 ∗ 휁𝑏

𝜔𝑎
2 − 𝜔𝑏

2  
(7.12) 

From equation 7.10, it can be seen that when the undamped natural frequency of 

the system is relatively small, the damping ratio is dominated by 𝛼. However, as 

the undamped natural frequency increases, the damping ratio of the system is 

dominated by the constant 𝛽.  

Using the natural frequencies and damping factors from mode 1 and 2 from the 

dynamic test data in table 3.2, the initial guess of Rayleigh damping constants 𝛼 

and 𝛽 are shown in table 7.1. 

 

 

 



149 

 

 

 

Table 7.1 Initial Estimation of α and β Using Mode 1 and 2 From Dynamic Test Data  

Dynamic Test Data 

Mode Number Undamped Frequencies (Hz) Damping Coefficient (%) 

1 1506.59 0.66 

2 2019.57 0.71 

Rayleigh Damping Coefficient 

𝛼 8.8558 

𝛽 4.86e-6 
 

 

Table 7.2 shows the sensitivity analysis of the Rayleigh damping constants 𝛼 and 

𝛽. It is clear that 𝛽 is much more sensitive to the natural frequency of the system 

comparing with 𝛼.  

Rayleigh damping model is selected because it can be easily implemented into 

the FE modelling softwares such as ABAQUS whereas other damping models 

may not be applicable to some Finite Element Softwares.  
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Table 7.2 Sensitivity of α and β values 

  Changes in Rayleigh Damping Ratio: 

Changes in 

Resultant 

Eigenvalues: 

Mode 

Number 

Original  

(α=8.8558,  

β=4.86e-6) 

α*10 

Relative 

Difference 

α/10 

Relative 

Error 

β*10 

Relative 

Difference 

β/10 

Relative 

Difference 
88.558 0.88558 4.86e-5 4.86e-7 

1 0.0406 0.0406 0.00% 0.0405 0.21% 0 100.00% 0.00415 89.79% 

2 0.0448 0.0448 0.00% 0.0447 0.19% 0 100.00% 0.00456 89.82% 

3 0.0918 0.0918 0.00% 0.0918 0.04% 0 100.00% 0.00921 89.97% 

4 0.10025 0.10025 0.00% 0.10021 0.04% 0 100.00% 0.01005 89.98% 

5 0.11589 0.11589 0.00% 0.11586 0.03% 0.4137 257.00% 0.01160 89.99% 

6 0.13215 0.13215 0.00% 0.13212 0.02% 0.4582 246.74% 0.01321 90.00% 

7 0.16594 0.16594 0.00% 0.16592 0.01% 4.9167 2862.94% 0.01656 90.02% 

8 0.1861 0.1861 0.00% 0.18608 0.01% 1.0313 454.16% 0.01855 90.03% 

9 0.23713 0.23713 0.00% 0.23712 0.00% 1.156 387.50% 0.02357 90.06% 

10 0.25798 0.25798 0.00% 0.25797 0.00% 1.4168 449.19% 0.02560 90.08% 
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7.2.2 Applying Rayleigh Damping Formula  

 

The theoretical implementation and validation of the Rayleigh damping model 

in ABAQUS is presented in section 7.2.2. The Rayleigh damping constants 𝛼 

and 𝛽 are determined using the Sensitivity method as shown in chapter 5. The 

procedures to validate the Sensitivity method against the determination of the 

Rayleigh damping constants are: 

- Setup pad FE model with the initial guess 𝛼1 = 10  and 𝛽1 = 5 ∗ 10−6 

based from the test data. The complex eigenvalues, complex eigenvectors 

and damping coeffieicnts of each mode are analysed from ABAQUS and 

used as the ‘theoretical test data’ collected.  

- The material properties of the pad FE model will not be updated and the 

determined material properties in table C.4 is used in this section.  

- Note that since the complex eigenvalues are very sensitive to  𝛽, the range 

of 𝛽 is set as ±30%. 

- Further details of the updating process is explained in section 5.2.1.  

Figure 7.1 and table 7.3 shows the comparison between the test and updated 

damping coefficients between each mode using the 𝛼 and 𝛽 values updated from 

the Sensitivity method from different iteration steps. It is clear that the trend of 

the updated damping ratios  are dominated by the updated 𝛽 value and the trend 

of the pad test damping ratio is different from the trent of the analytical damping 

ratio from ABAQUS. Further investigation is needed on more  reliable damping 

testing method as well as analytical method. 
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Figure 7.1 Calculated damping factors for each mode using conventional Rayleigh Damping formula  

Table 7.3 Damping Factors Simulation using conventional Rayleigh Damping formula  

Mode 

Number 
Methods: 

Damping 

from Test 

data 

Alpha and 

Beta set with 

minimun Least 

Squares 

Difference 

Alpha and 

Beta set with 

minimun Root 

Mean Square 

Difference 

Sensitivity 

Iteration = 1 

Sensitivity 

Iteration = 2 

Sensitivity 

Iteration = 7 

 alpha  1.02E+02 1.47E+02 1.24E+02 1.22E+02 1.09E+02 

 beta  2.17E-06 2.07E-06 2.17E-06 2.17E-06 2.17E-06 

1 
Damping, 

zeta 1 
6.4E-03 6.4E-03 8.74E-03 7.59E-03 7.45E-03 6.80E-03 

2 
Damping, 

zeta 2 
7.1E-03 5.39E-03 7.10E-03 6.27E-03 6.17E-03 5.68E-03 

3 
Damping, 

zeta 3 
7.2E-03 4.88E-03 5.52E-03 5.28E-03 5.23E-03 5.01E-03 

4 
Damping, 

zeta 4 
7.0E-03 4.96E-03 5.55E-03 5.33E-03 5.29E-03 5.09E-03 
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5 
Damping, 

zeta 5 
6.2E-03 5.91E-03 6.20E-03 6.17E-03 6.14E-03 6.00E-03 

6 
Damping, 

zeta 6 
5.0E-03 5.99E-03 6.26E-03 6.24E-03 6.21E-03 6.07E-03 

7 
Damping, 

zeta 7 
7.4E-03 6.70E-03 6.86E-03 6.92E-03 6.89E-03 6.78E-03 

8 
Damping, 

zeta 8 
6.9E-03 6.90E-03 7.02E-03 7.11E-03 7.08E-03 6.97E-03 

9 
Damping, 

zeta 9 
7.5E-03 8.10E-03 8.08E-03 8.27E-03 8.25E-03 8.16E-03 

 Least Squares 

Error 
 3.03E-01 3.06E-01 2.54E-01 2.53E-01 2.73E-01 

 Root Mean 

Square Error 
 1.26E-03 1.18E-03 1.10E-03 1.11E-03 1.18E-03 
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7.3 Summary 

This chapter covers the formulations and fundamental theories of the damping 

identification methods. The pad material is considered as viscoselastic material 

and the Rayleigh damping formula is reviewed and applied to the brake pad FE 

model. The sensitivity of the constants 𝛼 and 𝛽 are presented in table 7.2. 

The identification method such as the Sensitivity method is used to determine 

the Rayleigh damping coefficients. Data of the damping factors of the friction 

material collected from the dynamic experiments are used in this chapter.  

The analytical complex eigenvalues and damping factors from the pad FE model 

is compared against the test complex eigenvalues and damping coefficient. The 

trend of the updated analytical damping coefficients using Rayleigh damping 

coefficients are plot against the trend of the test damping coefficients in Figure 

7.1 and table 7.3.  

It is found that the trend of the analytical damping factors from the updated 

Rayleigh damping coefficients does not match with the experimental damping 

factors measured from the dynamic test. Further investigation is needed on 1) 

the testing method to collect reliable experimental damping factors; 2) different 

damping models which is most suitable to the trend of the experiment damping 

factors of the pad. 
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Chapter 8 Conclusion and Further Work 

 

8.1 Conclusions  

 

In this research, the main conclusions can be summarised as in the following 

aspects: 

• The comparison of the results from two dynamic test methods shown that 

when testing the pad in free-free condition using impact hammer, the 

measured data from the Acceleration/Force dynamic test gives less noise 

comparing with using the Velocity/Force dynamic testing method.  

• A MATLAB proram was developed to automatically calculate the 

analytical mode shape of the pad in the FE model if the measured mode 

shape is given in the extracted universal file.  

• The results from the compression test measuring the change in strain of 

the pad in all direction using DIC are more accurate and reliable than 

using the strain gauges. The DIC measurements give a better observation 

of the behaviour of the whole pad surface whereas the strain gauges only 

measures the local change in strain. Furthermore, the DIC method is easier 

to apply and more cost effective than using the strain gauges. 

• The static test results shown that the pad is behaving similar as a 

viscoelastic material. Results in Figure 4.8 demonstrated that when 

repeating the compression test on a sample that is viscoelastic material, 

sufficient time must be give to allow the sample to restore to its original 

shape. 

• The comparison between the Sensitivity identification method and the 

Nastran Optimisation method shown that the Sensitivity method gives 

more accurate identification results but the computation cost is la rger. The 

Nastran Optimisiation method is more cost effective but the identified 

parameters are give less accurate prediction of the pad natural 

frequencies. 

• It can be observe from identification results using different updating 

conditions (Appendix C) that the dynamic behaviour of the pad is most 

accurate if the pad is considered as orthotropic material, the test and 

analytical mode shapes are matched during the updating method, and the 

updating method is the Sensitivity method. The conditions such as 
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considering the pad as transversely isotropic material, not matching mode 

shapes, ot using Nastran optimization method, would give less accurate 

results.  

• The pad friction material is considered as both elastic and hyperelastic in 

the thesis. The determined results shown that when the pad is under free-

free condition, considering the pad as elastic material gives a must better 

prediction than considering the pad as hyperelastic material. Hence, the 

conclusion can be drawn that when the pad is under free-free condition, it 

is better to assume the pad is elastic material rather than hyperelastic 

material. 

The conclusions of the thesis are shown above. Further research could be carried 

out about the brake pad and details of further work is shown below.  

 

8.2 Further Work 

 

Regarding the brake pad mechanical properties, the following work could be 

carried out in the future. 

 

- The research of the experimental studies of brake systems showed 

during a brake application, plenty of heat can be generated. Therefore, 

thermal effects play a significant role in triggering brake squeal noise 

in these situations. Thermal effects of the material properties of the pad 

friction material and thermal deformation should be considered in future 

researches. Similarly, humidity can also be influential in certain 

situations and thus can also be considered.  

 

- The pad condition in this paper were assumed to be new. However, in 

real life, the pad surface would wear out over time. The effect of surface 

wear on the tribological properties of the friction material and contact 

status was not considered and should be further investigated.  

 

- Damping has attracted a large number of investigations and influences 

greatly the predictability of theoretical models. However, a reliable 

technique for measuring and modelling of damping of the friction 
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material is still lacking. An extensive study is needed to characterise 

damping of the friction material in FE models of brake systems.  
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Appendix A: Sensitivity Analysis for the Elastic Properties 

of the Pad with respect to Out-of-plane Frequencies 

 

Figure A.1 Sensitivity analysis for elastic property C11 with respect to out -of-

plane frequencies 

 

Figure A.2  Sensitivity analysis for elastic property C12 with respect to out-of-

plane frequencies 
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Figure A.3  Sensitivity analysis for elastic property C13 with respect to out -of-

plane frequencies 

 

Figure A.4  Sensitivity analysis for elastic property C22 with respect to out -of-

plane frequencies 
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Figure A.5  Sensitivity analysis for elastic property C23 with respect to out -of-

plane frequencies 

 

Figure A.6  Sensitivity analysis for elastic property C33 with respect to out -of-

plane frequencies 
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Figure A.7  Sensitivity analysis for elastic property C44 with respect to out -of-

plane frequencies 

 

Figure A.8  Sensitivity analysis for elastic property C55 with respect to out -of-

plane frequencies 
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Figure A.9  Sensitivity analysis for elastic property C66 with respect to out -of-

plane frequencies 
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Appendix B: Updated Pad Material Properties Using Sensitivity Method 

Table B.1 Sensitivity Method, Transversely Isotropic Material, No Matching Mode Shape, Dynamic test data only  
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Table B.2 Sensitivity Method, Transversely Isotropic Material, Mode Shape Matched, Dynamic test data only  
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Table B.3 Sensitivity Method, Orthotropic Material, Mode Shape Matched, Dynamic test data only  
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Table B.4 Sensitivity Method, Transversely Isotropic Material, Mode Shape Matched, Dynamic and Static test data  
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Appendix C: Updated Pad Material Properties Using Nastran Optimisation Method 

Table C.1 Nastran Optimisation Method, Transversely Isotropic Material, No Matching Mode Shape, Dynamic test data only 
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Table C.2 Nastran Optimisation Method, Transversely Isotropic Material, Mode Shape Matched, Dynamic test data only  
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Table C.3 Nastran Optimisation Method, Orthotropic Material, Mode Shape Matched, Dynamic test data only 
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Table C.4 Nastran Optimisation Method, Transversely Isotropic Material, Mode Shape Matched, Dynamic and Static test data  
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