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Abstract

The use of reliability methods in the framework of Bayesian model updating of structural dy-
namic models using measured responses is explored for high-dimensional model parameter spaces.
This formulation relies on a recently established analogy between Bayesian updating problems
and reliability problems. Under this framework, samples following the posterior distribution of
the Bayesian model updating problem can be obtained as failure samples in an especially devised
reliability problem. An approach that requires only minimal modifications to the standard subset
simulation algorithm is proposed and implemented. The scheme uses an adaptive strategy to
select the threshold value that determines the last subset level. Due to the basis of the formu-
lation, the approach does not make use of any problem-specific information and, therefore, any
type of structural model can be considered. Furthermore, no prior knowledge on the maximum
likelihood function value is required by the proposed scheme. The approach is combined with an
efficient parametric model reduction technique for an effective numerical implementation. The
performance of the proposed implementation is assessed numerically for a linear building model
and a nonlinear three-dimensional bridge structural model. The results indicate that the proposed
implementation represents an effective numerical technique to address high-dimensional Bayesian
model updating problems involving complex structural dynamic models.
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1. Introduction

Model updating of structural dynamic models using measured responses has a significant num-
ber of applications in robust structural response prediction, reliability and sensitivity analyses,
structural control, structural health monitoring, etc. Moreover, the appropriate evaluation of the
state of structures over their lifetime based on measurements is an important and challenging task
in structural engineering applications [1, 2, 3, 4, 5, 6]. For a proper assessment of updated models
all uncertainties involved in the problem need to be considered. In this regard, a fully probabilistic
Bayesian model updating approach provides a robust and rigorous framework for model updating
due to its ability to characterize uncertainties associated with the underlying structural dynamic
system and update the corresponding distribution based on available data about the structural
behavior [7, 8, 9].

For problems of practical interest, the Bayesian approach requires the evaluation of multi-
dimensional integrals which cannot be done analytically. One way to address this difficulty is
to use a Gaussian approximation to the posterior probability density function by means of the
Laplace method of asymptotic approximation [10]. This type of methods requires to identify
the point in the uncertain parameter space which yields the maximum likelihood value and to
evaluate the corresponding Hessian matrix of the likelihood function [11, 12]. Such approach has
been used in the past and it is usually valid when there is a large amount of data and the model
is globally identifiable. However, the application of this approximation faces some problems in
practical cases when the amount of data is not sufficient or when the problem is unidentifiable
based on the available information [13]. A more general approach is to use stochastic simulation
methods in which samples consistent with the posterior probability density function are gener-
ated. Some potential difficulties related to this approach are associated with the evaluation of the
so-called evidence, which requires a high-dimensional integration over the uncertain parameter
space. Moreover, the high probability content of the posterior probability density function fre-
quently occupies a very small volume compared with that of the prior probability density function.
Therefore, the required samples cannot be generated efficiently by sampling from the prior prob-
ability density function using direct Monte Carlo simulation. To tackle the previous difficulties,

Markov chain Monte Carlo (MCMC) methods have been proposed to solve Bayesian model up-
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dating problems more efficiently [14, 15]. In this framework, the most well-known MCMC method
is the Metropolis-Hastings (MH) algorithm [16, 17]. The method creates samples from a Markov
chain whose stationary state is a specified target probability density function, which corresponds
to the posterior distribution. Though this algorithm is quite general, its direct implementation is
usually inefficient since the high probability content tends to concentrate in a small volume of the
parameter space, as indicated before. To improve the effectiveness of the method, an approach
based on the MH algorithm and simulated annealing concepts was proposed in [18]. The main
idea is to simulate from a sequence of target probability density functions which converges to
the posterior distribution. For each level, a kernel sampling density based on results from the
previous level is used as global proposal distribution to simulate samples efficiently. However,
this strategy requires a prohibitively large number of samples for higher dimensions. An effective
method that adopts the idea as in [18] of using a sequence of intermediate distributions, called
the transitional Markov chain Monte Carlo (TMCMC) method, was proposed in [19]. Instead of
using kernel sampling densities, the method relies on a combination of reweighting, resampling
and random walk strategies to obtain samples during each level. The approach is more efficient
and, in addition, it allows the estimation of the evidence as a byproduct of the simulation process.
However, the TMCMC method has potential problems in higher dimensions since, in such cases,
the convergence to the target probability density function can be very slow and the corresponding
statistical estimates can be biased [20].

To handle high-dimensional Bayesian model updating problems of structural dynamic mod-
els using measured responses, sampling schemes based on fictitious dynamic systems have been
implemented [20, 21]. These methods rely on the introduction of an auxiliary dynamic system
whose potential energy function is defined in terms of the posterior distribution of the model
parameters, which allows to exploit the structure of the identification problem. The implemen-
tation of this class of algorithms involves the calibration of a number of parameters associated
with the characterization and numerical solution of the fictitious dynamic system [20, 21, 22] and,
in addition, they unavoidably require taking derivatives of the likelihood function with respect
to the identification parameters. Additional methods that have been suggested for this type of
identification problems include subspace identification techniques [23] and Kalman-filtering-based
approaches [24, 25]. Finally, another approach that in principle can handle problems involving a

large number of uncertain parameters is based on structural reliability methods [26]. In this case,
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the idea is to build an analogy between Bayesian updating problems and reliability problems. In
this context, samples following the posterior distribution in the Bayesian updating problem can
be obtained as failure samples in an equivalent reliability problem. This approach, referred to as
BUS (Bayesian updating with structural reliability methods), has been considered in [26] where
the posterior samples are obtained as the conditional samples in subset simulation [27, 28] at the
highest simulation level. One of the difficulties of this approach is the proper choice of the so-called
likelihood multiplier connected with the rejection principle [29] involved in its formulation. In this
regard, several approaches have been suggested to address this issue. They include an approach
based on a postprocessing step to correct the distribution of failure samples [30], an inner-outer
subset simulation approach [31], and an approach that adaptively modifies the limit-state function
during subset simulation [32].

The previous procedures, which are well established, have been applied to a variety of prob-
lems, including analytical problems with high-dimensional parameter spaces, nonlinear static sys-
tems, reliability-based monitoring sensitivity analysis for reinforced slopes, and structural dynamic
models with relatively few parameters [33, 34, 35]. However, studies on the effectiveness of BUS
approaches to handle structural dynamic systems have been limited to academic-type of problems.
Furthermore, high-dimensional Bayesian model updating of complex structural dynamic systems
remains a significantly important challenge in the assessment and life-cycle management of existing
structures. Thus, there is a necessity for developing not only sound theoretical algorithms to ad-
dress this class of problems, but also the appropriate techniques for implementing such procedures
in engineering practice. Given that dimension sustainability is efficiently handled by advanced
simulation techniques, it is the objective of this work to propose an effective implementation of
structural reliability methods in the context of Bayesian model updating of complex structural
dynamic models involving measured response data and multiple uncertain parameters.

As previously pointed out, this type of problems has not been addressed by previous contri-
butions in the framework of BUS. Subset simulation, a well established sampling technique, is
implemented in this work by combining some of the ideas introduced in [31, 32]. The resulting
algorithm uses an adaptive strategy to select the threshold value that determines the last sub-
set level, where samples beyond such threshold follow the posterior distribution of the original
Bayesian updating problem. In this setting, only minimal modifications to the standard subset

simulation algorithm are required. At the same time, the approach effectively avoids the neces-
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sity of prior knowledge on the maximum value of the likelihood function, the need to redefine
the limit-state function during each level of subset simulation, and the iterative solution of an
inner reliability problem during the sampling process. Overall, the proposed method represents
an effective numerical technique for the treatment of Bayesian identification problems involving
complex, realistic and practical structural models and multiple uncertain parameters.

The structure of the paper is as follows. In Section 2, the use of structural reliability methods
in the framework of Bayesian model updating is reviewed. The solution of the corresponding
reliability problem is discussed in Section 3. Implementation aspects of the proposed scheme
are addressed in Section 4. In Section 5, example problems involving structural dynamic models
with multiple uncertain parameters are presented to demonstrate the applicability of the proposed

implementation. Conclusions are presented in Section 6.

2. Background

2.1. Bayesian Model Updating Problem

Let 8 € ® C R™ be the set of parameters of a model class M. The objective of model updating
is to compute the posterior probability density function of the model parameters p(8|M, D) using
available data D [7, 10]. According to Bayes’ Theorem, the posterior probability density function
of @ is given by

L(DIM.6) p(6]M) "
P(D|M)
where L(D|M, ) is the likelihood function, p(@|M) is the prior probability density function of 8,

p(0|M, D) =

and P(D|M) is the evidence of model class M. The likelihood function expresses the plausibility
of observing the data D given a certain value of @, while the prior probability density function
represents the prior or initial belief about the distribution of 8. Moreover, the evidence of the

model class is written as

P(D|M) = /@L(D|M,0) p(@|M)do (2)

which can be used for Bayesian model class selection [36] and model averaging [37]. To simplify

the notation, Eq. (1) is rewritten as

p(8|D) = P(D)"'L(6) p(6) (3)

5
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where p(@|D) denotes the posterior probability density function, L(@) denotes the likelihood
function, p(@) denotes the prior probability density function, and P(D) denotes the evidence.
It is noted that the posterior distribution cannot be derived analytically for general cases and,
therefore, posterior samples are usually generated by means of stochastic simulation techniques.
Finally, in the context of the present work it is assumed that D contains input dynamic data and

output responses from measurements on the structural system.

2.2. Mechanical Modeling

The class of structural systems under consideration is characterized by a multi-degree of free-

dom model satisfying the equation of motion

Mx(t) + Cx(t) + Kx(t) + fyp(x(t), x(t), 7(t)) = £(1) (4)

where x(t) denotes the displacement vector of dimension n,, fnr(x(t),%(t),7(t)) the vector of
nonlinear restoring forces, 7(t) the set of variables which describe the state of the nonlinear
components, and f(¢) the external force vector. The matrices M, C, and K describe the mass,
damping, and stiffness, respectively. The evolution of the set of variables 7(t) is described by
an appropriate nonlinear model which depends on the nature of the nonlinearity. Note that the
previous equation of motion constitutes a dynamic system with localized nonlinearities, which can

also be extended to other cases such as the consideration of nonlinear models for the structure.

2.8. Likelihood Function

Let r,,(t;,0) denote the response of interest at time ¢; at the n'® observed degree of freedom
predicted by the structural model corresponding to the parameters 8, and 7}, (¢;) denotes the cor-
responding measured output. The prediction and measurement errors e, (t;, 0) = 7} (t;) —rn(t;,0)
form=1,...,n, and j =1,...,n;, where n, denotes the number of observed degrees of freedom
and n; denotes the length of the discrete time history data, are modeled as independent and identi-
cally distributed Gaussian variables with zero mean and variance o2 [36]. This assumption implies
stochastic independence of the errors for different channels of measurements and for different time
instants. In this regard, it is noted that alternative prediction error model classes can be used
as well [38]. Using the above probability model for the prediction and measurement errors, the

likelihood function L(0) can be expressed as [10, 13, 36|
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1
where
70) =33 (ilt) — a1, 0)) )

is a measure-of-fit function between the measured response and the model prediction at the mea-
sured degrees of freedom. In the context of the previous equation it is noted that different types

of response quantities can be used to define the measure-of-fit function.

2.4. Equivalent Reliability Problem

As previously pointed out, simulation-based Bayesian model updating techniques such as
Markov chain Monte Carlo methods provide a powerful computational tool for generating poste-
rior samples. In particular, the TMCMC method has proved to be efficient in generating sam-
ples asymptotically distributed as the posterior probability density function for low/intermediate-
dimensional Bayesian model updating problems [19, 39, 40]. However, MCMC methods may
encounter difficulties in connection with their efficiency and stability as the dimension of the
problem increases. To handle these potential difficulties, a framework that converts the genera-
tion of posterior samples into the task of obtaining failure samples associated with an equivalent
reliability problem has been suggested and explored in [26, 30, 31, 32].

The basic idea of Bayesian updating with structural reliability methods, as suggested in [26],
is to transform the identification problem into a reliability problem. To this end, define a failure

event F' in the form

F={u<cL(0)} ={cL(@) —u>0} (7)

where u is an auxiliary random variable uniformly distributed on [0, 1] with probability density
function Iy qj(u), and @ is the set of uncertain model parameters with probability density function
p(0). Note that the distribution of the model parameters associated with the failure event stated
in Eq. (7) is actually the prior distribution of the Bayesian model updating problem defined in
Eq. (1), i.e., p(@). The constant ¢ > 0 corresponds to the so-called likelihood multiplier, which
must satisfy the inequality [29]
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cL(8) <1 or ¢t > L(0), for all @ € © (8)

If failure samples distributed as p(@)Ijo 1)(u), conditional on the failure event F' can be generated
by means of any simulation technique, then such samples follow the posterior distribution p(6|D).

In addition, the evidence of the model class, P(D), can be also computed in this framework as

P(D) =c¢ 'Pp (9)

where Pr is the probability of failure event F' and ¢! satisfies Eq. (8). More details on the

derivation of the previous results can be found, e.g., in [26, 31].

2.5. Likelihood Multiplier

-1
adm>’

From Eq. (8) it is clear that the smallest admissible value of ¢!, i.e., ¢ is given by

Cadm = WX L(6) (10)
€

Generally, this value is not known in advance and it is numerically challenging to choose a

likelihood multiplier that guarantees the inequality ¢L(@) < 1 for all . On the one hand, using

-1

Lam Will give the correct posterior distribution at the expense of decreasing

a value larger than c
the efficiency of the sample generation process. On the other hand, using a value smaller than
cgdlm will lead to bias in the distribution of the samples. Thus, an appropriate choice of this
parameter is crucial as it affects the definition of the failure event F' in Eq. (7). In this regard,
several approaches have been suggested for addressing the proper selection of the multiplier.
They include an approach based on a postprocessing step to correct the sampling results [30], an
inner-outer subset simulation approach [31], and an approach that adaptively modifies the limit-
state function during subset simulation [32]. An additional discussion about these approaches
is provided in Section 3.6. Finally, it is noted that in some cases it is possible to study the
structure of L(6) and derive a value of the likelihood multiplier that guarantees cL(6) < 1 [26],
although it is not necessarily the optimal value. Clearly, the use of these approximations can
be computationally advantageous in such particular situations. Nonetheless, the optimal value

of the likelihood multiplier, which is associated with the maximum likelihood value, is difficult

to determine for general cases of practical interest, as already pointed out. In this regard, an
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alternative approach that effectively avoids the a priori definition of this quantity is described in

the next section.

3. Solution of Equivalent Reliability Problem

As indicated in the previous section, any structural reliability method can be used to solve
the equivalent reliability problem. In particular, subset simulation is of special interest since it is
efficient and effective for handling problems involving small failure probabilities. In addition, its
performance does not depend on the number of uncertain parameters involved in the problem, it
is not restricted to specific types of structural systems, and its robustness and efficiency have been
demonstrated in a wide variety of applications. This advanced simulation technique generates
samples conditional on a sequence of intermediate failure events. Such samples are generated
by MCMC and they gradually populate the target failure region, while the intermediate failure
events are adaptively defined during the sampling process. In this contribution, subset simulation
is implemented to generate failure samples associated with the equivalent reliability problem. The
proposed technique effectively avoids a priori definitions of the likelihood multiplier, the need to
redefine the driving variable during each simulation level, and the solution of inner reliability
problems during the sampling process. Finally, the reader is referred to [27, 28] for a detailed
description, from the theoretical and implementation viewpoints, of subset simulation for reliability

analysis.

3.1. Preliminary Observations

As previously pointed out, subset simulation is adopted to obtain samples following the pos-
terior distribution p(@|D). To this end, and following some of the ideas presented in [31, 32], the

failure event defined in Eq. (7) is first rewritten as

F = {v(8,u) >v'"} (11)
with
v(0,u) = In (#) , v =1In(c™) (12)

where In(+) denotes natural logarithm. Note that in the previous formulation, the driving variable

v does not depend on the value of the multiplier ¢. Moreover, the multiplier only affects the
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threshold level v** and, therefore, subset simulation can be performed without the necessity of
specifying the value of the multiplier beforehand. In principle, as long as the multiplier satisfies the
inequality in Eq. (8), the marginal distribution of 8 conditional on the failure event F' = {v > v'"}
is equal to the posterior distribution p(@|D) [26, 31, 32]. Thus, the minimum value of v"* beyond

which the samples theoretically follow the posterior probability density function is

v —1n (maXL(H)) (13)

6coO

This value, which is generally unknown, does not affect the subset simulation procedure. In

fact, subset simulation can be performed until the intermediate threshold of the highest level

has passed v, . This is possible since the intermediate failure events in subset simulation are
defined in terms of the driving variable values obtained during the sampling process, that is,

their definition does not require information on the target threshold level v*". An approach that

th

adaptively estimates v, based on the samples obtained during the different levels of subset

simulation is described in what follows.

3.2. Synopsis of Proposed Scheme

Following the ideas of subset simulation, the first step (level 0) consists in drawing N sam-
ples {67, uf},i = 1,..., N from the joint distribution p(0)Ijo1j(u). The likelihood function L(-)
is evaluated at each sample and the initial threshold level of the reliability problem in Eq. (11)
is selected as the logarithm of the maximum likelihood value, i.e., v = In(max;—; _n L(6?)).
Thereafter, each step is performed in accordance with the standard formulation of subset sim-
ulation with only a minor modification. At the end of each simulation level, say level k, the
threshold level is updated based on the samples {0F,u¥},i = 1,..., N, obtained during such a
level as v™ <+ max{v™ In(max,—; _n L(6F))}. Based on this updating scheme, it is clear that the
threshold v can only increase after each iteration, providing better estimates of the optimum
threshold level as the simulation continues. The iteration over the subset levels is performed until
the standard stopping criterion of subset simulation is verified, that is, until the threshold associ-
ated with the current intermediate failure event surpasses the current threshold value. It is noted
that a similar strategy is adopted in [32], but at the limit-state function level. In such approach,
all limit-state function values are updated at the end of each subset level.

1

In the previous framework it is noted that the final value of ¢=* = exp(v'™"), which is a stochas-

tic quantity, corresponds to the largest likelihood value observed during the entire simulation. For

10
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-1
adm>

1

large N, the value of ¢=" asymptotically approaches to ¢ but for finite N, this parameter is

-1

am- However, this fact does not impede the proposed scheme to produce

very likely smaller than ¢
samples that follow the posterior distribution from a practical viewpoint. In this regard, the num-
ber of samples employed in each level of subset simulation must be selected large enough to allow
an effective exploration of the entire failure domain. Note that these samples will not necessarily

identify the uncertain parameter values that maximize the likelihood function. Therefore, it is

likely that the final value of ¢!, which corresponds to the maximum likelihood value observed

-1

am> as previously pointed out. How-

during the entire sampling process, is such that ¢7! < ¢
ever, the important region of the likelihood function can be effectively explored by the proposed

approach, as illustrated in the numerical examples presented in this contribution (see Section 5).

3.3. Underlying Normal Space

Regarding the numerical implementation of the proposed scheme, the reliability problem is first
set in terms of an underlying normal space Z C R™+! of independent standard normal variables
following the standard formulation of subset simulation [27]. The mapping between the spaces
Z and © x [0, 1] can be obtained by means of several techniques [41, 42]. In fact, without loss
of generality, the transformation between the first ny components of z, denoted by (2z)1.,,, and @
can be written in terms of a transformation as @ = 0((z)1.,,). On the other hand, the uniformly
distributed random variable u can be written in terms of the last component of z, i.e., (z),,+1,
as u = DP((z)ny+1), where ®(-) is the cumulative distribution function of the standard normal
distribution. Note that, however, an implementation of the reliability problem directly in the

original space @ X [0, 1] is also possible.

3.4. Basic Procedure

In the following, a procedure that illustrates the basic implementation of subset simulation, in

the context of the present formulation, is provided.

1. Define the conditional probability of the intermediate failure events py and the number of
samples N. These parameters are chosen such that py/N is an integer number.

2. Generate N samples {(zo;),i = 1,..., N} by direct Monte Carlo according to the standard
multivariate normal distribution (the subscript 0 denotes that the samples correspond to
the unconditional level, i.e., level 0).

3. Set k=1 and Uth = max;=1,.. N 111(.[/(0071')), where 00’1' = 0<<ZO,i)1:n9)-

11
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10.

Evaluate the driving variable v to obtain {v(zx_1,),i = 1,..., N}. Arrange these values in
ascending order, where v(zg_1 ;) = In(L(Ok—1,)/tk-1,), Ok—1,; = O((Zk—1,i)1:ny ), a00d wp_1; =

P((Zh-1,i)ng+1)-

. Identify the [(1 — po)N]th largest value of the set {v(zk_1:),i = 1,...,N}. In case this

value is equal or larger than v, set m = k, v,, = v"* and go to step 9. Otherwise, set the
intermediate threshold value v, equal to the aforementioned [(1 — po) N]th largest value of
the set {v(zx-1,),i=1,...,N}.

The kth intermediate failure domain is defined as F, = {z € Z|v(z) > v}. The estimate
for P(Fy) (if k =1) or P(Fy/Fix_1) (if k > 1) is equal to pg by construction.

By construction there are po/N samples among {(zx—1),? = 1,..., N} whose driving variable
values are larger than v. Starting from each of these conditional samples, the modified
Metropolis-Hastings algorithm [27] is used to generate additional (1 — pg)N conditional
samples that lie in F}, making a total of N conditional samples {(z;;),i =1,..., N} at level
k.

Set v*™* = max;—, . nIn(L(0;)), where 0y; = 0((2x,)1.n,)- Update the threshold level as
v < max{v™" v**}. Return to step 4 with k < k + 1.

The failure probability is estimated as

N
1

PF ~ po IN ;]Fm(zm—l,i) (14)

where {z,,_1;,¢ = 1,..., N} is the set of samples generated at the last stage of subset

simulation (conditional level m — 1), and If,, (2,,—1,) is the indicator function of F,,, with
Ip, (2m—1;) = 1if 2,1, € F,, and Ip, (2,,-1,;) = 0 otherwise. The samples that lie in the
target failure domain F,, follow the posterior distribution p(8|D).

The evidence is estimated as

P(D) =~ exp(v™)Pg (15)

As indicated in step 7 of the above procedure, the modified Metropolis-Hastings algorithm [27]

is implemented to generate conditional samples during each simulation level. In this regard, each
component of the candidate sample is generated independently. A uniform distribution centered

at the lead value is selected as the proposal distribution for each component. This choice, which

12
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is commonly adopted in the implementation of subset simulation for reliability assessment of
structural dynamic systems, has proven effective to handle the numerical examples presented in
this contribution. Based on the above procedure, it is clear that the proposed approach requires

only minimal modifications to the standard formulation of subset simulation.

3.5. Potential Enhancements

Several additional enhancements can be implemented to improve the performance and com-
putational efficiency of the proposed method. For example, the acceptance rate of the sampling
process, in the framework of the modified Metropolis-Hastings algorithm, can be controlled by
using adaptive proposal distributions [43]. Similarly, to decrease the dependency of the gen-
erated samples and, consequently, increase the overall performance of the scheme, resampling
strategies for the auxiliary variable associated with the rejection sampling scheme can be consid-
ered [32]. Actually, the previous techniques have been implemented in the present formulation.
Additionally, alternative definitions of the proposal distribution, in the context of the modified
Metropolis-Hastings algorithm, can improve the performance of the sampling procedure for cer-
tain applications. Finally, variants of the basic formulation of subset simulation have also been
proposed to improve its efficiency, e.g., [28, 44]. Certainly, such variants can also be considered in

the framework of the present contribution.

3.6. Remarks on Proposed and Alternative BUS Implementations

Several approaches in the framework of BUS have been proposed. A direct implementation
[26] and a postprocessing step to correct the final results [30] have been previously reported. Both
methods require an initial choice of the likelihood multiplier, ¢, which can significantly affect their
performance [30]. Alternatively, the approach presented in [31] iteratively updates the value of
¢ in terms of the intermediate thresholds of subset simulation. The sampling process continues
until the probability of the likelihood function exceeding the current value of ¢! is smaller than a
user-defined tolerance. In practice, then, this approach indirectly defines the likelihood multiplier
in terms of a certain quantile of the likelihood function. Besides, its formulation requires to solve
an inner reliability problem in each stage of subset simulation. Finally, the approach presented
in [32] iteratively updates the driving variable function, in the context of subset simulation, using
the maximum observed likelihood value. The process continues until sufficient failure samples
are obtained. Hence, the final value of ¢ is defined using the effective support of the likelihood

function instead of specifying it beforehand.

13
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To avoid an a priori characterization of the likelihood multiplier, this work follows the strat-

1'is equal to the maximum likelihood value

egy presented in [32]. That is, the final value of ¢~
observed throughout all subset simulation stages. However, to circumvent the iterative definition
of the driving variable, the failure event is explicitly defined as in [31]. As previously pointed out,
only minimal modifications to the standard subset simulation algorithm are needed and the iter-
ative solution of inner reliability problems is avoided. Overall, the resulting method represents an
alternative BUS approach which provides an effective treatment of the likelihood multiplier while
maintaining simplicity in its formulation and implementation. This feature is particularly attrac-

tive from a practical viewpoint, especially in the context of Bayesian model updating problems

involving structural dynamic systems with multiple uncertain parameters.

4. Implementation Aspects

4.1. Initial Remarks

The solution of the equivalent reliability problem involves a large number of model evalua-
tions associated with the repeated evaluation of the likelihood function. In fact, this process is
computationally very demanding due to the large number of dynamic analyses (in the order of
thousands) required for populating the failure region. This is especially important when the com-
putational time for performing a single dynamic analysis is significant. To cope with this difficulty,
a number of strategies based on meta-modeling techniques have been considered [45, 46]. In the
context of Bayesian updating using structural reliability methods, strategies based on surrogate
models [47, 48] have been proposed at the limit state function level. It is noted that the pre-
vious approaches have been demonstrated in applications involving structural dynamic systems
with relatively few model parameters. In general, the effective integration of surrogate models
for higher-dimensional parameter spaces remains one of the main challenges in Bayesian model

updating applications.

4.2. Parametric Model Reduction Technique

Considering that the focus of this work is on Bayesian model updating of structural dynamic
models with multiple uncertain parameters and measured responses, an effective numerical im-
plementation of the proposed method is essential. In the present formulation, a very efficient
parametric model reduction technique is considered. In particular, a model reduction technique

based on substructure coupling for dynamic analysis is adopted [49, 50]. The method involves
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dividing the structure into a number of linear and nonlinear substructures, obtaining reduced-
order models of the linear substructures and then assembling a reduced-order model of the entire
structure. The dynamic behavior of the linear substructures is described by a set of dominant
fixed-interface normal modes along with a set of interface constraint modes that account for the
coupling at each interface where the substructures are connected [49]. Based on these modes, the
corresponding reduced-order matrices can be derived.

While the use of reduced-order models alleviates part of the computational effort, their repet-
itive generation during the solution of the reliability problem can be computationally expensive
due to the substantial computational overhead that arises at the substructure level. In this regard,
an efficient model parametrization scheme is implemented. To this end, the division of the original
model is guided by a parametrization scheme which assumes that the substructure matrices for
each of the introduced linear substructures depend on only one of the model parameters. Based
on this assumption, a direct parametrization of the reduced-order matrices associated with the
linear substructures is obtained and, consequently, a drastic reduction in computational effort is
achieved [50, 51]. In other words, the different quantities involved in the reduced-order model
can be directly updated for different values of the model parameters 8. Thus, the potentially
time-consuming step of computing the reduced-order matrices for different values of the model
parameters is completely avoided. Moreover, the above formulation guarantees that the reduced-
order model is based on the exact substructure modes for all values of the model parameters 6.
The equation of motion of the reduced-order model together with the equation for the evolution of
the set of variables 7(t) can be integrated efficiently by any appropriate step-by-step integration
scheme. A detailed derivation and formulation of the parametric model reduction technique can
be found in [50].

Finally, it is noted that the use of parametric reduced-order models has also important impli-
cations from a practical viewpoint. In fact, the use of this technique opens the door to applications
involving real structural dynamic systems and, therefore, the proposed implementation can con-
tribute to the enhancement of the safety and reliability of practical engineering systems. Moreover,
the consideration of surrogate models at the likelihood function level [40, 52] combined with the
previous parametric model reduction technique can also be implemented to improve further the
efficiency of the proposed scheme for solving the reliability problem. Such approach is currently

under development and it will be reported in a future contribution (see Conclusions).
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5. Examples

It is noted that validation calculations have shown that the different available BUS tech-
niques and the proposed approach provide very similar results for the academic-type of problems
presented in previous contributions. In this work, two examples comprising involved structural
dynamic systems are presented. The first example comprises a benchmark system introduced in
[20], which involves a linear ten-story shear building model subject to ground excitation. In this
regard, this example allows to demonstrate the effectiveness of the proposed approach in predicting
different types of responses as well as in identifying the spectral properties of the structural model.
Additionally, a statistical performance analysis of alternative BUS approaches is provided for this
example. On the other hand, the second example considers a realistic finite element model of a
nonlinear three-dimensional bridge structure to demonstrate the applicability of the identification
method in a complex structural system. In both examples, a large number of model parameters
are considered. Additionally, it is assumed that noisy simulated acceleration data are available

for updating purposes.

5.1. Example 1: Illustrative Problem

5.1.1. Identification Problem

The ten-story linear shear-building model shown in Figure 1, which has been borrowed from
[20], is considered in this first example problem. The corresponding model class is characterized
by the mass m;, damping coefficient c;, and stiffness parameter k; for each story i = 1,...,10. The
identification process is based on simulated acceleration data. In particular, the input ground ac-
celeration history to generate the measurements, shown in Figure 2, corresponds to the El Centro
ground-motion record. The input acceleration values have been scaled so that the peak ground
acceleration is equal to 0.6 m/s?. The measured response is simulated by first calculating the ab-
solute acceleration response of the actual structure at the first and tenth floors. Thus, the number
of observed degrees of freedom is n, = 2. Then, a Gaussian discrete white noise sequence with
standard deviation o equal to 10% of the root-mean-square value of the corresponding acceleration
time histories is added. Ten seconds of data with sampling interval At = 0.01 s are used, giving
a total of n, = 1000 time steps. The corresponding measurements are shown in Figure 2. The
nominal model used to generate the measured data is defined in Table 1. This system may be

interpreted as the actual or target structural system in a Bayesian model updating framework.
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Figure 1: Ten-story linear shear building model.

Table 1: Target values of the model parameters. Example 1.

Parameter Value Parameter Value Parameter Value
Min 1.92 x 10* kg Cin 7.70 x 10* Ns/m kin 2.16 x 10" N/m
Mo, 1.97 x 10* kg Con 7.78 x 10* Ns/m ko, 1.74 x 10" N/m
Man, 1.95 x 10* kg Can 7.86 x 10* Ns/m k3, 2.04 x 10" N/m
Man 2.06 x 10* kg Can 7.28 x 10* Ns/m Kan 1.99 x 10" N/m
Msn 2.05 x 10* kg Csn 7.19 x 10* Ns/m ksn 1.74 x 10" N/m
Men, 1.98 x 10* kg Cén 7.37 x 10* Ns/m ken 1.68 x 10" N/m
Mo 1.94 x 10* kg Crn 7.10 x 10* Ns/m kon 1.87 x 10" N/m
Man 2.06 x 10* kg Csn 7.11 x 10* Ns/m ks, 1.77 x 10" N/m
Moy, 1.90 x 10* kg Con 6.90 x 10* Ns/m kon 1.84 x 10" N/m
Mion 2.01 x 10* kg Clon 7.57 x 10* Ns/m k1on 1.72 x 10" N/m
o 3.74 x 1072 m/s?

For identification purposes, 31 model parameters are selected. They correspond to the masses
m;,t = 1,...,10, damping coefficients ¢;,2 = 1, ..., 10, stiffness parameters k;,7 = 1,...,10, and
the standard deviation of the prediction and measurement errors ¢. It is noted that this problem
can be regarded as high-dimensional from a Bayesian model updating point of view. Moreover, the
mass, damping, and stiffness parameters can be uniformly scaled without changing the acceleration
response of the structural model. For reference and comparison purposes, the properties of the
actual structural system as well as the prior distribution of the uncertain parameters are defined

as in [20]. The prior probability density functions of the model parameters m;, ¢;, and k;, i =
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Figure 2: Input ground motion and measurement data. Example 1.

1,...,10, correspond to Gaussian distributions with means equal to m = 2 x 10* kg, ¢ = 6 x 10*
Ns/m, k = 2 x 107 N/m, and coefficients of variation of 10%, 30%, and 30%, respectively. On the
other hand, o follows a lognormal distribution with median equal to 0.1 m/s*> and a logarithmic
standard deviation of 0.3, which leads to a coefficient of variation of approximately 30%. It is
seen that the mean values of the uncertain parameters do not match the corresponding target or
nominal values (exact values) of the model parameters (see Table 1).

For illustration purposes, the following user-defined parameters are considered for the numer-
ical implementation of the proposed approach: number of samples per stage N = 10000, and
conditional probability po = 0.1. Note that a relatively large sample size is considered in order to
focus on the effectiveness of the proposed scheme in a high-dimensional case and not on the effect
of the number of samples per stage. In any case, additional validation calculations show that the
number of samples per stage can be significantly reduced without affecting the performance of
the identification process. Actually, around 2000 samples per stage are sufficient for the problem
under consideration. Finally, due to the simplicity of the structural system, a reduced-order model
is not considered in this example problem. Therefore, all analyses are performed using the original

unreduced model.

5.1.2. Results
Figures 3, 4, 5 and 6 show the posterior marginal histograms associated with the mass, damp-

ing, stiffness and standard deviation parameters, respectively. For presentation purposes, the
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model parameters have been normalized with respect to their target values (see Table 1) as

B, = my/min,i = 1,..,10, 6; = ¢;i10/Cliropm,i = 11,...,20, 8; = k;_a0/ki_20ym,i = 21, ..., 30,

and 05, = o/o,. It is seen that the posterior samples tend to be concentrated relatively close to
the target values, i.e., 6; = 1,7=1,...,31. Compared with the prior uncertainty in the structural
model parameters, the posterior uncertainty is significantly reduced since the data provide relevant

information about these parameters. The same result is obtained for the parameter associated

with the standard deviation of the prediction and measurement errors, o, as shown in Figure 6.

300 300 300 300 300
g g g g g
& 200 & 200 & 200 & 200 S 200
g 100 é 100 g 100 é 100 é 100
S 3 S 3 S}
4 Z 4 Z Z
0 0 0 0 0
0.5 1.0 1.5 0.5 1.0 1.5 0.5 1.0 1.5 0.5 1.0 1.5 0.5 1.0 1.5
0, 02 03 04 05
300 300 300 300 300
g g g g g
& 200 & 200 ) 200 & 200 & 200
é 100 é 100 é 100 é 100 é 100
3 S} S S S}
Z Z Z 4 Z
0 0 0 0 0
0.5 1.0 1.5 0.5 1.0 1.5 0.5 1.0 1.5 0.5 1.0 1.5 0.5 1.0 1.5
b6 b7 Os by t10
Figure 3: Posterior marginal histograms corresponding to the normalized mass parameters.
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Figure 4: Posterior marginal histograms corresponding to the normalized damping parameters.
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Figure 5: Posterior marginal histograms corresponding to the normalized stiffness parameters.
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Figure 6: Posterior marginal histogram corresponding to the normalized standard deviation of the prediction and

measurement errors.

The posterior mean values of the normalized variables are shown in Table 2. It is observed
that there are larger deviations between the target and posterior mean values of the damping
parameters than of the mass and stiffness parameters. In fact, this is expected from a structural
viewpoint since the modal contributions to the response are more sensitive to the mass and
stiffness than to the damping. The corresponding estimation error is less than 10% for the mass
and stiffness parameters and less than 20% for the damping parameters. These deviations from
the target values are reasonably small and, as shown in what follows, they marginally affect the
quality of the identification results in terms of the updated spectral properties of the structural
system and of the updated response prediction.

Based on the information from the posterior samples of the model parameters, the correspond-
ing spectral properties of the structural model can be computed and compared with the exact

values. In Table 3, the sample mean (with sample c.o.v. inside the parenthesis) of the natural
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Table 2: Posterior mean values of the normalized parameters. Example 1.

Parameter Value Parameter Value Parameter Value

6, 0.958 611 0.940 fa1 0.968
05 1.014 015 1.192 Oas 0.955
05 0.956 015 1.076 Oas 1.045
0, 1.008 014 1.038 Oos 1.041
05 0.906 015 0.900 Oas 1.098
f6 1.072 b1 0.862 Oa6 1.052
6+ 1.088 017 0.953 0o 0.914
Os 0.938 015 0.868 Bog 1.022
Oy 0.965 019 0.951 Oag 1.081
610 1.073 fs0 1.046 fs0 0.939

Oy, 1.022

frequency and damping ratio for each mode along with the target values of the natural frequency
and damping ratio are shown. Note that the model has nonclassical damping and, therefore, it
has complex modes. It is observed that the relative errors are quite small. Actually, the maximum
relative error is around 3%, which is observed for the higher-order modes. Moreover, the estimates
of the first modes are much better than those of the higher-order modes. In fact, the maximum
relative error for the five first modes is below 0.5%. This is because only the first complex modes
of the model are excited significantly by the ground acceleration, so it is this information from
the first modes that is utilized in estimating the model parameters.

To illustrate the predictive power of the previous identification scheme, the exact time histories
of the displacement, drift response, and total acceleration of some unobserved floors are compared
with the corresponding posterior predictions in Figures 7, 8, and 9, respectively. The solid-black
line shows the exact values of the response and the dashed-red line shows the corresponding
posterior mean prediction. In addition, the posterior 95%-confidence interval, denoted by dotted-
blue lines, is also presented in the figures. The curves for the exact and the mean responses are
indistinguishable. Likewise, the 95%-confidence interval is almost indistinguishable from the other
two curves. Thus, the Bayesian analysis is able to provide a high-quality updated prediction of

the response even at unobserved degrees of freedom.
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Table 3: Natural frequencies and damping ratios associated with the target parameter values and with the posterior

distribution of the model parameters.

Target model Bayesian updating

Complex Natural frequency Damping ratio Natural frequency  Damping ratio

mode (Hz) (%) (Hz) (%)
1 0.7343 0.92 0.7345  (0.04%) 0.94  (0.21%)
2 2.1568 2.71 21562  (0.01%) 2.67  (0.32%)
3 3.5585 4.45 3.5603  (0.05%) 4.20  (0.33%)
4 4.8896 6.03 49027 (0.09%) 6.05  (0.44%)
) 6.0470 7.65 6.0526  (0.11%) 743  (0.42%)
6 7.1032 9.11 72022 (0.11%) 9.06  (0.22%)
7 8.0466 10.14 7.9530  (0.07%) 10.52  (0.28%)
8 8.6097 11.12 8.8519  (0.08%) 11.05 (0.22%)
9 9.2989 11.58 9.3704  (0.15%) 10.77  (0.55%)
10 9.6355 11.92 9.8938  (0.10%) 12.11  (0.31%)

4™ floor 6™ floor 8™ floor

214 floor

9 10

Figure 7: Exact value (solid-black), posterior mean prediction (dashed-red), and posterior 95%-confidence interval

(dotted-blue) of the displacement (in m) at floors 2, 4, 6 and 8.
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Figure 8: Exact value (solid-black), posterior mean prediction (dashed-red), and posterior 95%-confidence interval

(dotted-blue) of the drift response (in mm) at floors 2, 4, 6 and 8.

>
=
]
% 0.0
~

1.5 T T T

0.0

22 story

| | |
0 1 2 3 4 5 6
Time (s)

Figure 9: Exact value (solid-black), posterior mean prediction (dashed-red), and posterior 95%-confidence interval

(dotted-blue) of the total acceleration (in m/s?) at floors 2, 4, 6 and 8.
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5.1.8. Performance of Proposed and Alternative BUS Approaches

To study the performance of available BUS approaches, a statistical analysis of the log-evidence
estimates is carried out. This quantity is selected since its computation involves the likelihood
multiplier and the failure event of the equivalent reliability problem, two key aspects of BUS formu-
lations. Along with the proposed approach, the following methods have been considered: adaptive
driving variable-based BUS (A-BUS) [32], inner reliability problem-based BUS (I-BUS) [31], stan-
dard BUS with a priori definition of the likelihood multiplier (S-BUS) [26], and postprocessing-
based BUS (P-BUS) [30]. Rejection sampling has been implemented in P-BUS with a target
number of failure samples equal to 1000. The rest of the methods consider subset simulation
with NV = 10000 samples per stage and conditional probability po = 0.1. For each method, 30
independent runs are performed. Two cases for the tolerance value associated with the stopping
criterion of I-BUS are implemented, i.e., P,y = 107® and P,,; = 1072, For comparison and ref-
erence purposes, the maximum values for In(c™!) obtained in these two cases are considered in
S-BUS. Additionally, P-BUS considers the maximum value of In(¢™!) obtained for I-BUS with
P,o1 = 1072 in order to illustrate the effect of the postprocessing step on the quality of the results.

Table 4: Statistical performance across 30 independent runs of different BUS methods. Example 1.

Method User-defined Number of Average Maximum
parameter function calls log-evidence In(c™!)
This work — — 4.2 x 103 3.58 x 103 3.78 x 103
A-BUS [32] - 4.4 % 10° 350 x 10°  3.78 x 103
IBUS [31] P =108 5.1 x 10° 322 x 10 3.38 x 103
[-BUS [31] Py =1073 1.5 x 10° 2.34 x 103 2.38 x 103
S-BUS [26] In(c™')=3.38 x10® 1.1 x 10° 3.36 x 10° -
S-BUS [26] In(c™!) =2.38 x 10* 4.0 x 10* 237 x 100 —
P-BUS [30] In(c!) =2.38 x 103 1.2 x 10° 3.03 x 10°  —

Table 4 presents the average number of function calls, average log-evidence and maximum
values for In(c™!) obtained by the different methods across 30 independent runs. Note that the
maximum values for In(c™!) are not given for S-BUS and P-BUS, since the likelihood multiplier is
defined a priori in these methods. In addition, the user-defined parameters required by the different

methods are also presented in the table. Several observations can be made from these results. First,
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the evidence tends to be more underestimated for smaller values of In(c¢™!). Such a behavior is
consistent with the relationship between the evidence estimate and the likelihood multiplier, as
discussed in previous contributions [30, 31]. Further, it illustrates the significant effect that this
parameter can have on the performance of BUS formulations. Second, the maximum values for
In(c!) obtained by I-BUS are smaller than those computed by A-BUS and the proposed approach.
Third, the evidence estimates obtained by S-BUS (In(¢™!) = 2.38 x 10%) and I-BUS (P, = 1073)
are similar, as expected. Analogous results are observed in the cases of S-BUS (In(c¢™!) = 3.38x10?)
and I-BUS (P, = 107®). At the same time, the computational efforts are higher in I-BUS due to
the iterative solution of the inner reliability problem. Fourth, the average log-evidence estimates
of P-BUS are higher than of S-BUS for In(¢™!) = 2.38 x 103. Thus, the postprocessing strategy
proposed in [30] appears to be effective in improving the quality of the evidence estimates for this
example. Fifth, the computational efforts of P-BUS, which involves the use of rejection sampling,
are around two orders of magnitude higher than of S-BUS for In(c™!) = 2.38 x 10®. This shows
an additional strength of adopting subset simulation as reliability analysis technique, since it can
efficiently handle small failure probabilities. In this regard, the adaptation and evaluation of
alternative structural reliability methods for Bayesian model updating represents an interesting
research venue. Finally, the performances of the proposed approach and A-BUS are very similar,
which is reasonable since both methods select the final likelihood multiplier based on the maximum
observed likelihood value. Nonetheless, as already pointed out, the formulation presented in this
work is simpler since there is no need to redefine the driving variable function at each iteration.
As a result, only minimal modifications to the standard subset simulation algorithm are required
by the proposed approach. Overall, the proposed updating technique can be regarded as a viable
alternative BUS approach which is attractive for practical applications due to the simplicity of

both its formulation and implementation.

5.2. Example 2: Application Problem

The objective of this application is to evaluate the performance of the proposed approach in
an identification problem involving a realistic nonlinear structural model with multiple uncertain

parameters and noisy seismic response data.
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5.2.1. Description of Structural Model

A three-dimensional bridge finite element model with more than 10000 degrees of freedom is
considered as application problem. The bridge model, which has been taken from [53], is shown
in Figure 10. It is curved in plan and has a total length of 119.0 m with five spans of lengths
equal to 24.0 m, 20.0 m, 23.0 m, 25.0 m, and 27.0 m. Four piers of 8.0 m height support the
girder monolithically, where each pier is founded on an array of four piles of 35.0 m height. The
piers and piles are modeled as column elements of circular cross-section with diameters of 1.6 m
and 0.6 m, respectively. In addition, the deck cross section is a box girder modeled by beam and
shell elements. The deck girder rests on each abutment through two sliding bearings which are
composed of an upper steel plate with a housing cap for the slider, a bottom plate with a concave
semi-spherical stainless steel surface, and a steel slider.

Pier
Deck box (8 m height) -

L] e
| e ===

l Pile (35 m height)

Figure 10: Isometric view of the finite element model of the bridge structure with friction-based devices at the

abutments.

An experimentally validated model that takes into account the main sources of performance
degradation that friction-based devices experience during seismic events is implemented in the
structural model [54]. The major effects related to the frictional performance of these devices
include: the load effect related to the reduction of the friction coefficient as the vertical load
increases, the velocity effect that takes into account the variation of the friction coefficient with
the velocity of motion, and the cycling effect which is responsible for the degradation of friction
characteristics due to temperature rise. The reader is referred to [54, 55, 56] for a detailed de-
scription and implementation of the experimentally validated model. For illustration purposes, a
typical displacement-restoring force curve of these devices is shown in Figure 11.

The interaction between the piles and the soil is modeled by a series of translational springs
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Figure 11: Typical displacement-restoring force curve of the sliding bearing. Left: x direction. Right: y direction.

along the height of the piles with a nominal linear stiffness profile varying from 11200 T/m
at the bottom of the piles to 560 T/m at the surface. The net effect of these springs is to
increase the translational stiffness in the x and y direction of the column elements that model the
piles. Nominal material properties of the structural model have been assumed as follows: Young’s
modulus F = 2.0 x 10'° N/m?; Poisson ratio v = 0.2, and mass density p = 2500 kg/m?. A 3%
of critical damping is added to the model. It is assumed that the structural components such as
the piers, piles and the deck girder remain linear during the analysis while the nonlinearities are

localized in the sliding bearings response.

5.2.2. Parametric Reduced-Order Model

In order to improve the numerical efficiency of the updating procedure, a parametric reduced-
order model of the bridge structure is implemented. In particular, the structural model is sub-
divided into sixteen linear substructures and two nonlinear substructures as shown in Figure
12. Substructures S;,7 = 1,...,5 are related to the five spans of the bridge deck, substructures
Si;, i =06,...,9 are associated with the four piers, while substructures S;,7 = 10, ..., 13 comprise
the four arrays of piles and the corresponding pile footings. In addition, the translational springs
that model the interaction between the piles and the soil are included in three substructures,
ie, S;,i = 14,...,16 as shown in the figure. Finally, the sliding bearings at each abutment are
considered in substructures S;,7 = 17,18. Thus, substructures S;,7 = 1,...,16 are linear while
Si7 and Sig are nonlinear.

The reduced-order model is characterized in terms of interface constraint modes and a set of

dominant fixed-interface normal modes (see Section 4.2). In this regard, 400 interface degrees
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Figure 12: Linear and nonlinear substructures of the finite element model.

of freedom are present at the interfaces of the finite element model. Additionally, five fixed-
interface normal modes are kept for each substructure S;,7 = 1,...,5, three for each substructure
Si,i = 6,...,9, and three for each substructure S;,7 = 10,...,13. Note that substructures
Si,i = 14,15, 16 compress interface degrees of freedom only. As a result, the number of general-
ized coordinates is equal to 449, which corresponds to a reduction of more than 95% with respect
to the total number of degrees of freedom. Thus, the reduced-order model provides a signifi-
cant dimension reduction with respect to the original unreduced finite element model. Validation
calculations show that the selected reduced-order model is able to capture the dynamics of the
unreduced model with great accuracy. In this regard, Figure 13 shows a 3-D representation of the
matrix of modal assurance criterion (MAC) values [57] between the 10 first modal vectors com-
puted from the full finite element model and the reduced-order model. For comparison purposes,
only the linear components of the undamped structural model are considered in the computation
of mode shapes and natural frequencies. It is seen that the off-diagonal terms are almost zero and,
hence, both models are consistent in terms of their mode shapes. Moreover, additional computa-
tions show that the errors for the ten lowest natural frequencies fall bellow 0.5%. The comparison
in terms of the ten lowest-order modes seems reasonable since the contribution of higher-order
modes in the dynamic response of the model is negligible in this case. From the practical point
of view it is important to note that the selection of the fixed-interface modes per substructure,
necessary to achieve a prescribed accuracy, is done offline, before the updating process takes place
[50].

Eighteen parameters associated with structural properties of different sections of the structure

are considered to characterize the finite element model, which are denoted as (;,i = 1,...,18.
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Figure 13: Modal assurance criterion (MAC) values between the mode shapes associated with the full and reduced-

order models.

They are related to the modulus of elasticity of each span of the bridge deck (¢;,i =1,...,5), the
modulus of elasticity of each pier ((;,7 = 6,...,9), the modulus of elasticity of each pile (¢;,i =
10,...,13), the stiffness constants of the springs along the height of the piles ((;,i = 14, 15, 16),
and the friction coefficients of the sliding bearings at the abutments ({;,7 = 17,18). Thus, based
on the subdivision of the finite element model, it is seen that each substructure is associated
with a single parameter. Furthermore, the parameters are defined such that (; = 1,7 =1,...,18,
corresponds to the nominal or reference values for the different structural properties. Using this
information, the reduced-order matrices associated with the linear substructures can be efficiently
parametrized as indicated in Section 4.2.

Numerical validations indicate that the implementation of the parametric reduced-order model
allows to obtain a speedup factor of more than 10 for the computation of the structural response
in this case. In this context, the speedup factor corresponds to the ratio between the execution
time by considering the full finite element model and the proposed parametric reduced-order
model. Since most of the computational efforts involved in the updating procedure are associated
with the solution of the equation of motion for different values of the uncertain parameters, the
parametrization scheme under consideration provides significant computational savings for the

overall identification process.

5.2.3. Simulated Data
Synthetically generated measurements are considered for identification purposes. The corre-

sponding ground excitation is the El Centro ground-motion record, which is applied at 50° with
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respect to the x axis (see Figure 10) and has been scaled to a peak ground acceleration of 5 m/s?.
Acceleration responses along the x and y directions at the midpoints of the five spans of the deck
are considered for identification purposes. In addition, 20 s of response with a sampling interval
of At =0.01 s are considered. Thus, the identification data comprise n, = 10 observed degrees of
freedom and n; = 2000 time steps. As in the previous example, the measurements are generated
by contaminating the actual acceleration responses with a Gaussian discrete white noise sequence
whose standard deviation is equal to 10% of the root-mean-square value of the responses. Table
5 shows the actual values of the parameters that are used to generate the measured data, where
Cin,@ = 1,...,18 are the actual parameter values associated with the different substructures and
0, is the actual standard deviation (in m/s?) of the prediction and measurement errors. For il-
lustration purposes, the input ground motion as well as the measurements at the midpoint of the

bridge’s deck along the x and y directions are presented in Figure 14.

Table 5: Actual values of the model parameters. Example 2.

Parameter Value Parameter Value Parameter Value
Cin 0.87 Crn 0.98 Cisn 1.06
Con 1.07 Csn 1.14 Clan 1.05
Gan 0.93 Con 0.94 C15n 0.90
Can 0.98 Cion 1.06 Ci6n 0.89
Gon 1.01 Ciin 0.95 Cirn 1.12
Gon 1.13 Ci2n 1.04 Cisn 0.90

On 8.01 x 1072

5.2.4. Results

For identification purposes, all structural parameters are considered as uncertain, i.e., 6; =
G, © = 1,...,18 (see Section 5.2.2). In addition, the standard deviation of the prediction and
measurement errors is also considered in the set of uncertain parameters as 619 = o. Thus,
the Bayesian model updating problem comprises a total of ny = 19 parameters to be identified.
Note that this is a high-dimensional problem from the identification point of view. The prior
probability density function of each structural parameter 6;,7 = 1, ..., 18, is taken as uniform over

the interval [0.5,1.5], while the prior distribution of ;9 is lognormal with median equal to 0.1
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Figure 14: Input ground motion and acceleration measurements (in m/s?) at the midpoint of the deck’s central

span. Example 2.

m/s? and a logarithmic standard deviation of 0.3. According to this definition, the prior means
of the uncertain parameters differ from their corresponding target values.

In the context of the proposed identification scheme, a sample size equal to N = 2000 and a
conditional probability of py = 0.1 are considered. Table 6 shows the posterior mean values of the
uncertain parameters obtained at the end of the sampling process. For presentation purposes, the
parameters haven been normalized by their target values (see Table 5) as 0; = 0, [Cinyi=1,...,18
and 0;9 = 619 /o,. Relatively small differences with respect to the target values are obtained for
the parameters associated with the deck (6;, i = 1,...,5), bearings (#;7 and 6,g), and standard
deviation of the prediction errors (fy9). Validation calculations suggest that these parameters
have a significant effect on the system response. On the other hand, deviations with respect to
the target values are observed for the parameters associated with the piers (6;,7 = 6,...,9) and
piles (0;,7 = 10,...,13). This can be attributed to the interaction between these parameters. In
terms of the substructures associated with the soil springs, it is seen that the posterior mean of
the parameter associated with the superficial soil layer (614) matches its target value, whereas
the posterior mean estimates corresponding to the lower soil layers (015 and 64) present larger
deviations with respect to their target values. This is reasonable from the engineering viewpoint
and can be presumably attributed to a higher sensitivity of the deck acceleration response with

respect to the stiffness of the superficial soil layer (014), as it affects the horizontal stiffness of the
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entire foundation system to a greater extent. It is noted that similar results are obtained when

considering different runs of the proposed approach.

Table 6: Posterior mean values of the normalized model parameters. Example 2.

Parameter Value Parameter Value

0, 0.956 011 1.247
0, 1.011 O12 0.751
05 0.982 015 1.192
b, 1.029 014 1.003
05 1.043 015 1.322
b6 1.146 016 0.894
65 1.149 017 1.003
b5 0.811 O1s 0.996
0o 0.843 f19 1.008
610 0.891

The predictive capabilities of the proposed method in terms of the system response are shown
in Figure 15. This figure presents the target responses (solid-black line) of the horizontal displace-
ments at the abutments, as well as the mean predictions (dotted-red line) and the 95%-confidence
intervals (grey area) associated with the prior (left plots) and posterior (right plots) distributions.
Note that the prior mean predictions present some deviations with respect to the target responses
and, in addition, the uncertainty in such predictions is considerable. However, the incorporation of
available measurement data allows to improve the predictive capabilities of the model class. Recall
that, according to Eq. (5), the likelihood function is defined in terms of a measure-of-fit function
between the measured responses and the model prediction. Hence, the objective and goal of the
proposed method is to find a set of parameters that provides high-quality updated predictions of
the response. In this regard, the different lines in the right plots, which are associated with the
posterior distribution, are indistinguishable between each other. That is, the target and expected
responses agree very well and, moreover, the uncertainty in the response prediction is significantly
reduced. Thus, the results indicate that the proposed approach is able to update the information
on the system response in an effective manner for this case.

Figure 16 shows the evolution of the threshold level, v*", during the different stages of subset
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Figure 15: Target response (solid-black line), mean predictions (dotted-red line), and 95%-confidence intervals (grey
area) of the horizontal displacements at the abutments. Left: Prior distribution. Right: Posterior distribution.

Example 2.

simulation. Recall that this variable corresponds to the maximum log-likelihood value observed
until the current stage. The results show that the method requires 20 stages to meet the stopping
criterion. Nonetheless, the threshold level is stabilized roughly after 15 stages and it marginally
increases during the final simulation levels. In this regard, the simulation process can be potentially
stopped during an intermediate stage to retrieve samples that follow a truncated version of the
posterior distribution [30]. However, the validity of such approach is problem-dependent and,
therefore, the accuracy of the corresponding results must be assessed for each application. Finally,
Table 7 shows the log-evidence estimates obtained across ten independent runs of the proposed
simulation scheme. Rather stable estimates are observed in this case. Thus, the method is able

to provide robust evidence estimates for this high-dimensional model updating problem involving
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Figure 16: Evolution of threshold level. Example 2.

Table 7: Log-evidence estimates obtained in ten independent runs of the proposed scheme. Example 2.

Run No. Log-evidence Run No. Log-evidence

1 2.19 x 10% 6 2.19 x 10%
2 2.18 x 10* 7 2.19 x 10*
3 2.19 x 10* 8 2.20 x 10*
4 2.18 x 10* 9 2.19 x 10
5 2.19 x 10% 10 2.19 x 10%
ss3 6. Conclusions
684 An effective numerical implementation for Bayesian model updating of structural dynamic

635 systems involving multiple uncertain parameters and measured responses has been presented in
s this contribution. The proposed scheme is based on the use of structural reliability methods,
es7  where samples following the posterior distribution are obtained as failure samples corresponding
68 10 an equivalent reliability problem. In this framework, an estimate of the evidence is obtained
s0 as a byproduct of the sampling process. Subset simulation, a well known and widely applied
e0 stochastic simulation technique, is adopted to generate the required failure samples. A strategy
s1 that adaptively determines the threshold level beyond which the corresponding failure samples

sz follow the posterior distribution is implemented. Furthermore, only minimum modifications to
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the standard subset simulation algorithm are needed and no prior knowledge about the maximum
likelihood value is required. These features are beneficial from a practical viewpoint. For an
efficient numerical implementation of the proposed approach, an effective parametric reduced-
order model formulation based on substructure coupling for dynamic analysis is considered. The
resulting approach represents an alternative Bayesian identification technique based on structural
reliability methods which provides an effective treatment of the maximum likelihood value while
maintaining simplicity in its formulation and implementation.

Two examples have been studied to demonstrate the effectiveness and robustness of the pro-
posed implementation, including a realistic model of a bridge structure equipped with nonlinear
devices. Noisy acceleration measurements are synthetically generated for identification purposes.
The important modal properties and the system response prediction are properly updated in
both cases. In general, relatively few stages in the framework of subset simulation are required
to stabilize the threshold level. This indicates the validity of the proposed method, since it is
able to explore effectively the important region of the likelihood function. Similarly, the evidence
estimates obtained across independent runs of the approach are rather stable for the problems ana-
lyzed in this contribution. Finally, the parametric reduced-order model strategy allows substantial
computational savings without compromising the quality of the identification results. Overall, the
results suggest that the proposed implementation is an effective and direct tool to address Bayesian
model updating problems involving complex structural dynamic models, measured response data
and high-dimensional parameter spaces. Furthermore, these developments open the door to ap-
plications involving real structural dynamic systems, which can in turn contribute to enhance the
safety, reliability and life-cycle management of existing structures.

Future research efforts involve the integration of surrogate models at the likelihood function
level, which can allow additional computational savings by reducing the number of calls to the
parametric reduced-order model. Another research direction corresponds to the assessment of
alternative techniques for generating the conditional samples at each simulation level, such as the
implementation of different proposal distributions or methods based on auxiliary dynamic systems.
Further, a thorough comparison between alternative BUS formulations as well as between differ-
ent structural reliability methods, in the framework of complex structural dynamic systems, is an
interesting and important topic for future work. Also, the characterization of complex posterior

distributions associated with the identification of involved structural dynamic systems with mul-
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tiple uncertain parameters as well as the consideration of measured response data, i.e., field data,
are additional aspects of practical relevance. Finally, the assessment of the proposed scheme for
Bayesian model class selection and model averaging problems, i.e., updated prediction of response
quantities based on different model classes, in the context of high-dimensional parameter spaces is

an additional subject for future research. Some of these topics are currently under consideration.
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