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—— Abstract

A graph is temporally connected if there exists a strict temporal path, i.e., a path whose edges have
strictly increasing labels, from every vertex u to every other vertex v. In this paper we study temporal
design problems for undirected temporally connected graphs. The basic setting of these optimization
problems is as follows: given a connected undirected graph G, what is the smallest number |A| of
time-labels that we need to add to the edges of G such that the resulting temporal graph (G, A) is
temporally connected? As it turns out, this basic problem, called MINIMUM LABELING (ML), can
be optimally solved in polynomial time. However, exploiting the temporal dimension, the problem
becomes more interesting and meaningful in its following variations, which we investigate in this
paper. First we consider the problem MIN. AGED LABELING (MAL) of temporally connecting the
graph when we are given an upper-bound on the allowed age (i.e., maximum label) of the obtained
temporal graph (G, \). Second we consider the problem MIN. STEINER LABELING (MSL), where
the aim is now to have a temporal path between any pair of “important” vertices which lie in a
subset R C V, which we call the terminals. This relaxed problem resembles the problem STEINER
TREE in static (i.e., non-temporal) graphs. However, due to the requirement of strictly increasing
labels in a temporal path, STEINER TREE is not a special case of MSL. Finally we consider the
age-restricted version of MSL, namely MIN. AGED STEINER LABELING (MASL). Our main results
are threefold: we prove that (i) MAL becomes NP-complete on undirected graphs, while (ii) MASL
becomes W[1]-hard with respect to the number |R| of terminals. On the other hand we prove that
(iii) although the age-unrestricted problem MSL remains NP-hard, it is in FPT with respect to the
number |R| of terminals. That is, adding the age restriction, makes the above problems strictly
harder (unless P=NP or W[1]=FPT).
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The complexity of computing optimum labelings for temporal connectivity

1 Introduction

A temporal (or dynamic) graph is a graph whose underlying topology is subject to discrete
changes over time. This paradigm reflects the structure and operation of a great variety of
modern networks; social networks, wired or wireless networks whose links change dynamically,
transportation networks, and several physical systems are only a few examples of networks
that change over time [23,32,34]. Inspired by the foundational work of Kempe et al. [25], we
adopt here a simple model for temporal graphs, in which the vertex set remains unchanged
while each edge is equipped with a set of integer time-labels.

» Definition 1 (temporal graph [25]). A temporal graph is a pair (G, \), where G = (V, E)
is an underlying (static) graph and X\ : E — 2N is a time-labeling function which assigns to
every edge of G a set of discrete time-labels.

Here, whenever ¢t € A(e), we say that the edge e is active or available at time t. Throughout
the paper we may refer to “time-labels” simply as “labels” for brevity. Furthermore, the age
(or lifetime) a(G, ) of the temporal graph (G, ) is the largest time-label used in it, i.e.,
a(G,\) = max{t € A(e) : e € E}. One of the most central notions in temporal graphs is
that of a temporal path (or time-respecting path) which is motivated by the fact that, due to
causality, entities and information in temporal graphs can “flow” only along sequences of
edges whose time-labels are strictly increasing, or at least non-decreasing.

» Definition 2 (temporal path). Let (G, ) be a temporal graph, where G = (V, E) is the
underlying static graph. A temporal path in (G, \) is a sequence (ey,t1), (e2,t2), ..., (€k,tk),
where (e1,ea,...,er) is a path in G, t; € A(e;) for everyi =1,2,...,k, andt; < ts < ... < tg.

A vertex v is temporally reachable (or reachable) from vertex w in (G, \) if there exists
a temporal path from u to v. If every vertex v is reachable by every other vertex w in
(G, ), then (G, ) is called temporally connected. Note that, for every temporally connected
temporal graph (G, \), we have that its age is at least as large as the diameter dg of the
underlying graph G. Indeed, the largest label used in any temporal path between two
anti-diametrical vertices cannot be smaller than dg. Temporal paths have been introduced
by Kempe et al. [25] for temporal graphs which have only one label per edge, i.e., |[A\(e)| =1
for every edge e € E, and this notion has later been extended by Mertzios et al. [27] to
temporal graphs with multiple labels per edge. Furthermore, depending on the particular
application, both variations of temporal paths with non-decreasing [6,25,26] and with strictly
increasing [15,27] labels have been studied. In this paper we focus on temporal paths with
strictly increasing labels. Due to the very natural use of temporal paths in various contexts,
several path-related notions, such as temporal analogues of distance, diameter, reachability,
exploration, and centrality have also been studied [1-3,6,8,10,11,13,15-18,20,26,27,31,33,35].

Furthermore, some non-path temporal graph problems have been recently introduced
too, including for example temporal variations of maximal cliques [7,36], vertex cover [4,21],
vertex coloring [30], matching [28], and transitive orientation [29]. Motivated by the need of
restricting the spread of epidemic, Enright et al. [15] studied the problem of removing the
smallest number of time-labels from a given temporal graph such that every vertex can only
temporally reach a limited number of other vertices. Deligkas et al. [12] studied the problem
of accelerating the spread of information for a set of sources to all vertices in a temporal
graph, by only using delaying operations, i.e., by shifting specific time-labels to a later time
slot. The problems studied in [12] are related but orthogonal to our temporal connectivity
problems. Various other temporal graph modification problems have been also studied, see
for example [6,11,13,16,33].
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The time-labels of an edge e in a temporal graph indicate the discrete units of time (e.g.,
days, hours, or even seconds) in which e is active. However, in many real dynamic systems,
e.g., in synchronous mobile distributed systems that operate in discrete rounds, or in unstable
chemical or physical structures, maintaining an edge over time requires energy and thus
comes at a cost. One natural way to define the cost of the whole temporal graph (G, ) is
the total number of time-labels used in it, i.e., the total cost of (G, ) is [A] =), c g [Ael-

In this paper we study temporal design problems of undirected temporally connected
graphs. The basic setting of these optimization problems is as follows: given an undirected
graph G, what is the smallest number |A| of time-labels that we need to add to the edges
of G such that (G, \) is temporally connected? As it turns out, this basic problem can be
optimally solved in polynomial time, thus answering to a conjecture made in [2]. However,
exploiting the temporal dimension, the problem becomes more interesting and meaningful in
its following variations, which we investigate in this paper. First we consider the problem
variation where we are given along with the input also an upper bound of the allowed age
(i.e., maximum label) of the obtained temporal graph (G, \). This age restriction is sensible
in more pragmatic cases, where delaying the latest arrival time of any temporal path incurs
further costs, e.g., when we demand that all agents in a safety-critical distributed network are
synchronized as quickly as possible, and with the smallest possible number of communications
among them. Second we consider problem variations where the aim is to have a temporal
path between any pair of “important” vertices which lie in a subset R C V', which we call
the terminals. For a detailed definition of our problems we refer to Section 2.

Here it is worth noting that the latter relaxation of temporal connectivity resembles the
problem STEINER TREE in static (i.e., non-temporal) graphs. Given a connected graph
G = (V,E) and a set R CV of terminals, STEINER TREE asks for a smallest-sized subgraph
of G which connects all terminals in R. Clearly, the smallest subgraph sought by STEINER
TREE is a tree. As it turns out, this property does not carry over to the temporal case.
Consider for example an arbitrary graph G and a terminal set R = {a,b,¢,d} such that G
contains an induced cycle on four vertices a, b, ¢, d; that is, G contains the edges ab, be, cd, da
but not the edges ac or bd. Then, it is not hard to check that only way to add the smallest
number of time-labels such that all vertices of R are temporally connected is to assign one
label to each edge of the cycle on a,b,c,d, e.g., AMab) = A(ed) = 1 and A(bc) = A(cd) = 2.
The main underlying reason for this difference with the static problem STEINER TREE is that
temporal connectivity is not transitive and not symmetric: if there exists temporal paths
from u to v, and from v to w, it is not a priori guaranteed that a temporal path from v to w,
or from u to w exists.

Temporal network design problems have already been considered in previous works.
Mertzios et al. [27] proved that it is APX-hard to compute a minimum-cost labeling for
temporally connecting an input directed graph G, where the age of the graph is upper-
bounded by the diameter of G. This hardness reduction was strongly facilitated by the
careful placement of the edge directions in the constructed instance, in which every vertex
was reachable in the static graph by only constantly many vertices. Unfortunately this
cannot happen in an undirected connected graph, where every vertex is reachable by all
other vertices. Later, Akrida et al. [2] proved that it is also APX-hard to remove the largest
number of time-labels from a given temporally connected (undirected) graph (G, A), while still
maintaining temporal connectivity. In this case, although there are no edge directions, the
hardness reduction was strongly facilitated by the careful placement of the initial time-labels
of X\ in the input temporal graph, in which every pair of vertices could be connected by only
a few different temporal paths, among which the solution had to choose. Unfortunately
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this cannot happen when the goal is to add time-labels to an undirected connected graph,
where there are potentially multiple ways to temporally connect a pair of vertices (even if we
upper-bound the largest time-label by the diameter).

Summarizing, the above technical difficulties seem to be the reason why the problem of
adding the minimum number of time-labels with an age-restriction to an undirected graph to
achieve temporal connectivity remained open until now for the last decade. In this paper we
overcome these difficulties by developing a hardness reduction from a variation of the problem
Max XOR SAT (see Theorem 12 in Section 3) where we manage to add the appropriate
(undirected) edges among the variable-gadgets such that simultaneously (i) the distance
between any two vertices from different variable gadgets remains small (constant) and (ii)
there is no shortest path between two vertices of the same variable gadget that leaves this
gadget.

Our contribution and road-map. In the first part of our paper, in Section 3, we
present our results on MIN. AGED LABELING (MAL). This problem is the same as ML,
with the additional restriction that we are given along with the input an upper bound on the
allowed age of the resulting temporal graph (G, ). Using a technically involved reduction
from a variation of MAX XOR SAT, we prove that MAL is NP-complete on undirected
graphs, even when the required maximum age is equal to the diameter dg of the input static
graph G.

In the second part of our paper, in Section 4, we present our results on the Steiner-tree
versions of the problem, namely on MIN. STEINER LABELING (MSL) and MIN. AGED
STEINER LABELING (MASL). The difference of MSL from ML is that, here, the goal is to
have a temporal path between any pair of “important” vertices which lie in a given subset
R C V (the terminals). In Section 4.1 we prove that MSL is NP-complete by a reduction
from VERTEX COVER, the correctness of which requires showing structural properties of
MSL. Here it is worth recalling that, as explained above, the classical problem STEINER
TREE on static graphs is not a special case of MSL, due to the requirement of strictly
increasing labels in a temporal path. Furthermore, we would like to emphasize here that, as
temporal connectivity is neither transitive nor symmetric, a straightforward NP-hardness
reduction from STEINER TREE to MSL does not seem to exist. For example, as explained
above, in a graph that contains a Cy with its four vertices as terminals, labeling a Steiner
tree is sub-optimal for MSL.

In Section 4.2 we provide a fixed-parameter tractable (FPT) algorithm for MSL with
respect to the number |R| of terminal vertices, by providing a parameterized reduction to
STEINER TREE. The proof of correctness of our reduction, which is technically quite involved,
is of independent interest, as it proves crucial graph-theoretical properties of minimum
temporal STEINER labelings. In particular, for our algorithm we prove (see Lemma 14)
that, for any undirected graph G with a set R of terminals, there always exists at least one
minimum temporal STEINER labeling (G, A) which labels edges either from (i) a tree or from
(ii) a tree with one extra edge that builds a Cl.

In Section 4.3 we prove that MASL is W[1]-hard with respect to the number |R| of
terminals. Our results actually imply the stronger statement that MASL is W[1]-hard even
with respect to the number of time-labels of the solution (which is a larger parameter than
the number |R| of terminals).

Finally, we complete the picture by providing some auxiliary results in our preliminary
Section 2. More specifically, in Section 2.1 we prove that ML can be solved in polynomial
time, and in Section 2.2 we prove that the analogue minimization versions of ML and MAL
on directed acyclic graphs are solvable in polynomial time.
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2 Preliminaries and notation

Given a (static) undirected graph G = (V, E), an edge between two vertices u,v € V
is denoted by wv, and in this case the vertices u,v are said to be adjacent in G. If the
graph is directed, we will use the ordered pair (u,v) (resp. (v,u)) to denote the oriented
edge from u to v (resp. from v to u). The age of a temporal graph (G, \) is denoted by
a(G,\) = max{t € A(e) : e € E}. A temporal path (e1,t1), (e2,t2),..., (e, tr) from vertex
u to vertex v is called foremost, if it has the smallest arrival time t; among all temporal
paths from u to v. Note that there might be another temporal path from u to v that uses
fewer edges than a foremost path. A temporal graph (G, \) is temporally connected if, for
every pair of vertices u,v € V, there exists a temporal path (see Definition 2) P; from u
to v and a temporal path P, from v to u. Furthermore, given a set of terminals R C V,
the temporal graph (G, A) is R-temporally connected if, for every pair of vertices u,v € R,
there exists a temporal path from u to v and a temporal path from v to u; note that P, and
P, can also contain vertices from V' \ R. Now we provide our formal definitions of our four
decision problems.

MiN. LABELING (ML) MIN. AGED LABELING (MAL)

Input: A static graph G = (V| E) and Input: A static graph G = (V, E)
akeN. and two integers a,k € N.

Question: Does there exist a temporally Question: Does there exist a temporally
connected temporal graph (G, \), connected temporal graph (G, A),

where |\| < k7 where |A| < k and a(A) < a?

MIN. STEINER LABELING (MSL) MIN. AGED STEINER LABELING (MASL)
Input: A static graph G = (V, E), Input: A static graph G = (V, E),

a subset RCV and a k € N. a subset R C V', and two integers a, k € N.
Question: Does there exist an temporally || Question: Does there exist a temporally
R-connected temporal graph (G, \), R-connected temporal graph (G, ),

where |A| < k? where |A] < k and a(\) < a?

Note that, for both problems MAL and MASL, whenever the input age bound a is
strictly smaller than the diameter d of GG, the answer is always NO. Thus, we always assume
in the remainder of the paper that a > d, where d is the diameter of the input graph G. For
simplicity of the presentation, we denote next by (G, d) the smallest number & for which
(G, k,d) is a YES instance for MAL.

» Observation 3. For every graph G with n vertices and diameter d, we have that k(G,d) <
n(n —1).

The next lemma shows that the upper bound of Observation 3 is asymptotically tight as,
for cycle graphs C,, with diameter d, we have that x(C,,d) = O(n?).

» Lemma 4. Let C,, be a cycle on n vertices, where n # 4, and let d be its diameter. Then

(Co,d) d?, when n = 2d
R{Un, =
2d> +d, whenn=2d+1.
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2.1 A polynomial-time algorithm for ML

As a first warm-up, we study the problem ML, where no restriction is imposed on the
maximum allowed age of the output temporal graph. It is already known by Akrida et al. [2]
that any undirected graph can be made temporally connected by adding at most 2n — 3
time-labels, while for trees 2n — 3 labels are also necessary. Moreover, it was conjectured
that every graph needs at least 2n — 4 time-labels [2]. Here we prove their conjecture true
by proving that, if G contains (resp. does not contain) the cycle Cy on four vertices as a
subgraph, then (G, k) is a YES instance of ML if and only if k£ > 2n — 4 (resp. k > 2n — 3).
The proof is done via a reduction to the gossip problem [9] (for a survey on gossiping see
also [22]).

The related problem of achieving temporal connectivity by assigning to every edge of the
graph at most one time-label, has been studied by Gobel et al. [19], where the relationship
with the gossip problem has also been drawn. Contrary to ML, this problem is NP-hard [19].
That is, the possibility of assigning two or more labels to an edge makes the problem
computationally much easier. Indeed, in a Cy-free graph with n vertices, an optimal solution
to ML consists in assigning in total 2n — 3 time-labels to the n — 1 edges of a spanning
tree. In such a solution, one of these n — 1 edges receives one time-label, while each of the
remaining n — 2 edges receives two time-labels. Similarly, when the graph contains a Cy, it
suffices to span the graph with four trees tooted at the vertices of the Cy4, where each of the
edges of the C4 receives one time-label and each edge of the four trees receives two labels.
That is, a graph containing a Cy can be temporally connected using 2n — 4 time-labels.

In the gossip problem we have n agents from a set A. At the beginning, every agent
x € A holds its own secret. The goal is that each agent eventually learns the secret of every
other agent. This is done by producing a sequence of unordered pairs (z,y), where z,y € A
and each such pair represents one phone call between the agents involved, during which the
two agents exchange all the secrets they currently know.

The above gossip problem is naturally connected to ML. The only difference between the
two problems is that, in gossip, all calls are non-concurrent, while in ML we allow concurrent
temporal edges, i.e., two or more edges can appear at the same time slot ¢. Therefore, in
order to transfer the known results from gossip to ML, it suffices to prove that in ML we
can equivalently consider solutions with non-concurrent edges.

» Theorem 5. Let G = (V, E) be a connected graph. Then the smallest k € N for which
(G, k) is a YES instance of ML is:

2n —4, if G contains Cy as a subgraph,
2n — 3, otherwise.

2.2 A polynomial-time algorithm for directed acyclic graphs

As a second warm-up, we show that the minimization analogues of ML and MAL on
directed acyclic graphs (DAGs) are solvable in polynomial time. More specifically, for the
minimization analogue of ML we provide an algorithm which, given a DAG G = (V, A) with
diameter dg, computes a temporal labeling function A which assigns the smallest possible
number of time-labels on the arcs of G with the following property: for every two vertices
u,v € V, there exists a directed temporal path from u to v in (G, ) if and only if there
exists a directed path from u to v in G. Moreover, the age a(G, \) of the resulting temporal
graph is equal to dg. Therefore, this immediately implies a polynomial-time algorithm
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for the minimization analogue of MAL on DAGs. For notation uniformity, we call these
minimization problems MLg;recteq and MALgirected, respectively.

» Theorem 6. Let G = (V, E) be a DAG with n vertices and m arcs. Then MLgirected(G)
and MALgirectea(G) can be both computed in O(n(n +m)) time.

3 MAL is NP-complete

In this section we prove that it is NP-hard to determine the number of labels in an optimal
labeling of a static, undirected graph G, where the age, i.e., the maximum label used, is not
larger than the diameter of the input graph.

To prove this we provide a reduction from the NP-hard problem MONOTONE MAX
XOR(3) (or MONMAXXOR(3) for short). This is a special case of the classical Boolean
satisfiability problem, where the input formula ¢ consists of the conjunction of monotone
XOR clauses of the form (z; @ x;), i.e., variables z;, z; are non-negated. If each variable
appears in exactly 7 clauses, then ¢ is called a monotone Max XOR(r) formula. A clause
(x; ® x;) is XOR-satisfied (or simply satisfied) if and only if 2; # ;. In MONOTONE MAX
XOR(r) we are trying to find a truth assignment 7 of ¢ which satisfies the maximum number
of clauses. As it can be easily checked, MONMAXXOR(3) encodes the problem MAX-CuT
on cubic graphs, which is known to be NP-hard [5]. Therefore we conclude the following.

» Theorem 7 ([5]). MONMAXXOR(3) is NP-hard.

Now we explain our reduction from MONMAXXOR(3) to the problem MINIMUM AGED
LABELING (MAL), where the input static graph G is undirected and the desired age of the
output temporal graph is the diameter d of G . Let ¢ be a monotone MAX XOR(3) formula
with n variables x1, 2o, ..., x, and m clauses C1,Cs,...,C,,. Note that m = %n, since each
variable appears in exactly 3 clauses. From ¢ we construct a static undirected graph G with
diameter d = 10, and prove that there exists a truth assignment 7 which satisfies at least
k clauses in ¢, if and only if there exists a labeling Ay of Gy, with [Ay| < £3n? + Pn — 8k
labels and with age a(G, \) < 10.

High-level construction

For each variable z;, 1 < i < n, we construct a variable gadget X; that consists of a “starting”
vertex s; and three “ending” vertices t¢ (for £ € {1,2,3}); these ending vertices correspond
to the appearances of x; in three clauses of ¢. In an optimum labeling A(¢), in each variable
gadget there are exactly two labelings that temporally connect starting and ending vertices,
which correspond to the TRUE or FALSE truth assignment of the variable in the input formula
¢. For every clause (x; @ x;) we identifying corresponding ending vertices of X; and X
(as well as some other auxiliary vertices and edges). Whenever (z; & x;) is satisfied by a
truth assignment of ¢, the labels of the common edges of X; and X; in an optimum labeling
coincide (thus using few labels); otherwise we need additional labels for the common edges
of X; and X;.

Detailed construction of G

For each variable z; from ¢ we create a variable gadget X, that consists of a base BX; on 11
vertices, BX; = {s;, a;,b;, ¢, d;, €;, a3, bi, G, d;, €}, and three forks F'X;, F2X;, F3X;, each
on 9 vertices, F*X; = {t¢, ff, g, hf,mf,ﬁe,ﬁe,me,ﬁé}, where ¢ € {1,2,3}. Vertices in the
base BX; are connected in the following way: there are two paths of length 5: s;a;b;c;d;e;
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The complexity of computing optimum labelings for temporal connectivity

and s;a;0,¢;d;€;, and 5 extra edges of form y;7;, where y € {a,b,c,d,e}. Vertices in each fork

F*X; (where ¢ € {1,2,3}) are connected in the following way: there are two paths of length
R

4: timihtgt ff and tim;thy gi' fi , and 4 extra edges of form y;7;¢, where y € {m,h, g, f}.

1

The base BX; of the variable gadget X; is connected to each of the three forks F*X; via two
edges e; ff and eﬁﬁé, where ¢ € {1,2,3}. For an illustration see Figure 1.

For an easier analysis we fix the following notation. The vertex s; € BX; is called
a start verter of X;, vertices t¢ (¢ € {1,2,3}) are called ending vertices of X;, a path
connecting s;, tf that passes through vertices a;b;c;d;e; ffgfhfmf (resp. ab; .. .W/) is called
the left (resp. right) s;,ti-path. The left (resp. right) s;, t{-path is a disjoint union of the left
(resp. right) path on vertices of the base BX; of X;, an edge of form e; f{ (resp. eﬁﬁé) called
the left (resp. right) bridge edge and the left (resp. right) path on vertices of the ¢-th fork
FX; of X;. The edges y;7;, where y € {a,b,c,d,e, f*,g°, h*, m*}, £ € {1,2,3}, are called
connecting edges.

>
S

<
S

Figure 1 An example of a variable gadget X; in G, corresponding to the variable x; from ¢.

Connecting variable gadgets

There are two ways in which we connect two variable gadgets, depending whether they

appear in the same clause in ¢ or not.

1. Two variables x;,z; do not appear in any clause together. In this case we add the
following edges between the variable gadgets X; and Xj:

from e; (resp. &) to ff/ and f?—[ , where ¢ € {1,2,3},
from e; (resp. &) to f{ and ﬁz, where ¢ € {1,2,3},

€j
from d; (vesp. d;) to d; and d;.
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F'X; F2X; F3X; F'X; F?X; F3X;

3 1 2 3
t; t tj tj

f!

S; Sj

Figure 2 An example of two non-intersecting variable gadgets and variable edges among them.

We call these edges the variable edges. For an illustration see Figure 2.

2. Let C = (x; @ x;) be a clause of ¢, that contains the r-th appearance of the variable x;
and 7’-th appearance of the variable ;. In this case we identify the r-th fork F"X; of
X; with the /-th fork F" X of X; in the following way:

ti =17,

{ff,gl JhT,ml}y = {f?r ,E /,fr Wj’“,} respectively, and
{fz 7gl ah/l , Ty } - {fjr ag] ,hr T/} TeSPeCtively
Besides that we add the followmg edges between the variable gadgets X; and Xj:
from e; (resp. €;) to f and fj where ¢ € {1,2,3}\ {r'},
from e; (resp. €;) to ff and fi , where ¢ € {1,2,3}\ {r},
from d; (resp. d;) to d; and d;.
For an illustration see Figure 3.
This finishes the construction of Gg. Before continuing with the reduction, we prove the
following structural property of G.

» Lemma 8. The diameter dg of G4 is 10.

» Theorem 9. If OPTI\"IONI\"[AXXOR(?)) (¢) > k then OPT]\,[AL(G¢,d¢) 13 2+ 9971 8]€ where
n is the number of variables in the formula ¢.

Before proving the statement in the other direction, we have to show some structural
properties. Let us fix the following notation. If a labeling A4 labels all left (resp. right)
paths of the variable gadget X; (i.e., both bottom-up from s; to t},t? 3 and top-down from

tl 12,3 to s; with labels 1,2...,10 in this order), then we say that the variable gadget X;
is left-aligned (rvesp. right-aligned) in the labeling A\,. Note, if at least one edge on any of
these left (resp. right) paths of X; is not labeled with the appropriate label between 1 and
10, then the variable gadget is not left-aligned (resp. not right-aligned). Every temporal
path from s; to t¢ (resp. from t¢ to s;) of length 10 in X is called an upward path (resp. a
downward path) in X;. Any part of an upward (resp. downward) path is called a partial
upward (resp. downward) path. Note that, for any ¢, ¢ € {1,2,3}, ¢ # ¢, a temporal path
from t{ to t{ of length 10 is the union of a partial downward path on the fork Ff and a
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F'X,  FXX, F%X, FX;  F%X,

fi

S; S

Figure 3 An example of two intersecting variable gadgets X;, X; corresponding to variables
xi, Tj, that appear together in some clause in ¢, where it is the third appearance of z; and the first
appearance of x;.

partial upward path on Ff/. Moreover, note that these two partial downward/upward paths
must be either both parts of a left temporal path or both parts of a right temporal path
between s; and t¢, tf/. The following technical lemma will allow us to prove the correctness
of our reduction.

» Lemma 10. Let Ay be a minimum labeling of G4. Then Ay can be modified in polynomial
time to a minimum labeling of G4 in which each variable gadget X; is either left-aligned or
right-aligned.

» Theorem 11. If OPTyaL(Gy,dg) < 22n? + 2n — 8k then OPTyiomiaxxor() (@) > k,
where n is the number of variables in the formula ¢.

Since MAL is clearly in NP, the next theorem follows directly by Theorems 7, 9, and 11.

» Theorem 12. M AL is NP-complete on undirected graphs, even when the required mazimum
age is equal to the diameter of the input graph.

4 The Steiner-Tree variations of the problem

In this section we investigate the computational complexity of the Steiner-Tree variations
of the problem, namely MSL and MASL. First, we prove in Section 4.1 that the age-
unrestricted problem MSL remains NP-hard, using a reduction from VERTEX COVER. In
Section 4.2 we prove that this problem is in FPT, when parameterized by the number |R| of
terminals. Finally, using a parameterized reduction from MULTICOLORED CLIQUE, we prove
in Section 4.3 that the age-restricted version MASL is W[1]-hard with respect to |R|, even if
the maximum allowed age is a constant.

4.1 MSL is NP-complete
» Theorem 13. MSL is NP-complete.
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length 3 _|| - length 6k 41 |

Figure 4 An example of construction of the input graph for MSL.

Proof sketch. MSL is clearly contained in NP. To prove that the MSL is NP-hard we
provide a polynomial-time reduction from the NP-complete VERTEX COVER problem [24].
VERTEX COVER

Input: A static graph G = (V, E), a positive integer k.
Question: Does there exist a subset of vertices S C V such that |S| = k and Ve € E,enS # (.

Let (G, k) be an input of the VERTEX COVER problem and denote |V (G)| = n, |E(G)| = m.

We assume w.l.o.g. that G does not admit a vertex cover of size k — 1. We construct
(G*, R*, k*), the input of MSL using the following procedure. The vertex set V(G*) consists
of the following vertices:

two starting vertices N = {ng, n1},

a “vertex-vertex” corresponding to every vertex of G: Uy = {u,|v € V(G)},

an “edge-vertex” corresponding to every edge of G: Ug = {ucle € E(G)},

2n + 12m - k “dummy” vertices.
The edge set E(G*) consists of the following edges:

an edge between starting vertices, i.e., nonq,

a path of length 3 between a starting vertex n; and every vertex-vertex u, € Uy using 2

dummy vertices, and

for every edge e = vw € E(G) we connect the corresponding edge-vertex u, with the

vertex-vertices u, and w,,, each with a path of length 6k + 1 using 6k dummy vertices.
We set R* = {no}UUg and k* = 6k+2m(6k+1)+1. This finishes the construction. It is not
hard to see that this construction can be performed in polynomial time. For an illustration
see Figure 4. Note that any two paths in G* can intersect only in vertices from N UUy UUg
and not in any of the dummy vertices. At the end G* is a graph with 3n +m(12k + 1) 4 2
vertices and 1 4 3n + 2m(6k + 1) edges.

In the full proof we prove that (G, k) is a YES instance of the VERTEX COVER if and
only if (G*, R*,k*) is a YES instance of the MSL. <

4.2 An FPT-algorithm for MSL with respect to the number of
terminals

In this section we provide an FPT-algorithm for MSL, parameterized by the number |R| of
terminals. The algorithm is based on a crucial structural property of minimum solutions for

23:11

CVIT 2016



23:12

399
400
401
402
403
404
405

406

407
408
409
410
411
412

413

414
415
416
a7
418
419
420
421
422
423

424

425

426

427
428
429
430
431

432

433

434

435
436
437
438

439

440

441

The complexity of computing optimum labelings for temporal connectivity

MSL: there always exists a minimum labeling A that labels the edges of a subtree of the
input graph (where every leaf is a terminal vertex), and potentially one further edge that
forms a C4 with three edges of the subtree.

Intuitively speaking, we can use an FPT-algorithm for STEINER TREE parameterized by
the number of terminals [14] to reveal a subgraph of the MSL instance that we can optimally
label using Theorem 5. Since the number of terminals in the created STEINER TREE instance
is larger than the number of terminals in the MSL instance by at most a constant, we obtain
an FPT-algorithm for MSL parameterized by the number of terminals.

» Lemma 14. Let G = (V, E) be a graph, R CV a set of terminals, and k be an integer
such that (G, R, k) is a YES instance of MSL and (G, R,k — 1) is a NO instance of MSL.
If k is odd, then there is a labeling \ of size k for G such that the edges labeled by A form
a tree, and every leaf of this tree is a verter in R.
If k is even, then there is a labeling A of size k for G such that the edges labeled by A
form a graph that is a tree with one additional edge that forms a Cy, and every leaf of
the tree is a vertex in R.

The main idea for the proof of Lemma 14 is as follows. Given a solution labeling A, we
fix one terminal r* and then (i) we consider the minimum subtree in which r* can reach all
other terminal vertices and (ii) we consider the minimum subtree in which all other terminal
vertices can reach r*. Intuitively speaking, we want to label the smaller one of those subtrees
using Theorem 5 and potentially adding an extra edge to form a Cj4; we then argue that the
obtained labeling does not use more labels than A. To do that, and to detect whether it is
possible to add an edge to create a C4, we make a number of modifications to the trees until
we reach a point where we can show that our solution is correct.

Having Lemma 14, we can now give our algorithm for MSL. As mentioned before, it uses
an FPT-algorithm for STEINER TREE parameterized by the number of terminals [14] as a
subroutine.

» Theorem 15. MSL is in FPT when parameterized by the number of terminals.

4.3 Parameterized Hardness of MASL

Note that, since MASL generalizes both MSL and MAL, NP-hardness of MASL is already
implied by both Theorems 12 and 13. In this section, we prove that MASL is W[1]-hard
when parameterized by the number |R| of the terminals, even if the restriction a on the
age is a constant. To this end, we provide a parameterized reduction from MULTICOLORED
CLIQUE. This, together with Theorem 15, implies that MASL is strictly harder than MSL
(parameterized by the number |R| of terminals), unless FPT=WT/1].

» Theorem 16. MASL is W[1/-hard when parameterized by the number |R| of the terminals,
even if the restriction a on the age is a constant.

Note here that, in the constructed instance of MASL in the proof of Theorem 16, the
number of labels is also upper-bounded by a function of the number of colors in the instance
of MULTICOLORED CLIQUE. Therefore the proof of Theorem 16 implies also the next
result, which is even stronger (since in every solution of MASL the number of time-labels is
lower-bounded by a function of the number |R| of terminals).

» Corollary 17. MASL is W/[1]-hard when parameterized by the number k of time-labels,
even if the restriction a on the age is a constant.
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—— Abstract

A graph is temporally connected if there exists a strict temporal path, i.e., a path whose edges have
strictly increasing labels, from every vertex u to every other vertex v. In this paper we study temporal
design problems for undirected temporally connected graphs. The basic setting of these optimization
problems is as follows: given a connected undirected graph G, what is the smallest number |A| of
time-labels that we need to add to the edges of G such that the resulting temporal graph (G, A) is
temporally connected? As it turns out, this basic problem, called MINIMUM LABELING (ML), can
be optimally solved in polynomial time. However, exploiting the temporal dimension, the problem
becomes more interesting and meaningful in its following variations, which we investigate in this
paper. First we consider the problem MIN. AGED LABELING (MAL) of temporally connecting the
graph when we are given an upper-bound on the allowed age (i.e., maximum label) of the obtained
temporal graph (G, A). Second we consider the problem MIN. STEINER LABELING (MSL), where
the aim is now to have a temporal path between any pair of “important” vertices which lie in a
subset R C V, which we call the terminals. This relaxed problem resembles the problem STEINER
TREE in static (i.e., non-temporal) graphs. However, due to the requirement of strictly increasing
labels in a temporal path, STEINER TREE is not a special case of MSL. Finally we consider the
age-restricted version of MSL, namely MIN. AGED STEINER LABELING (MASL). Our main results
are threefold: we prove that (i) MAL becomes NP-complete on undirected graphs, while (ii) MASL
becomes W[1]-hard with respect to the number |R| of terminals. On the other hand we prove that
(iii) although the age-unrestricted problem MSL remains NP-hard, it is in FPT with respect to the
number |R| of terminals. That is, adding the age restriction, makes the above problems strictly
harder (unless P=NP or W[1]=FPT).

2012 ACM Subject Classification Theory of computation — Graph algorithms analysis; Mathem-
atics of computing — Discrete mathematics

Keywords and phrases Temporal graph, graph labeling, foremost temporal path, temporal con-
nectivity, STEINER TREE.

Digital Object Identifier 10.4230/LIPIcs.CVIT.2016.23

Funding George B. Mertzios: Supported by the EPSRC grant EP/P020372/1.
Hendrik Molter: Supported by the ISF, grant No. 1070/20.
Paul G. Spirakis: Supported by the NeST initiative of the School of EEE and CS at the University
of Liverpool and by the EPSRC grant EP/P02002X/1.
1


mailto:nina.klobas@durham.ac.uk
 https://orcid.org/0000-0002-8024-5782
mailto:george.mertzios@durham.ac.uk
https://orcid.org/0000-0001-7182-585X
mailto:molterh@post.bgu.ac.il
https://orcid.org/0000-0002-4590-798X
mailto:p.spirakis@liverpool.ac.uk
https://orcid.org/0000-0001-5396-3749
https://doi.org/10.4230/LIPIcs.CVIT.2016.23

44

45

46

47

48

49

50

51

52

53

54

55

56

57

58

59

60

61

62

63

64

65

66

67

68

69

70

71

72

73

74

75

76

7

78

79

80

81

82

83

84

85

86

87

88

APPENDIX

1 Introduction

A temporal (or dynamic) graph is a graph whose underlying topology is subject to discrete
changes over time. This paradigm reflects the structure and operation of a great variety of
modern networks; social networks, wired or wireless networks whose links change dynamically,
transportation networks, and several physical systems are only a few examples of networks
that change over time [24,33,35]. Inspired by the foundational work of Kempe et al. [26], we
adopt here a simple model for temporal graphs, in which the vertex set remains unchanged
while each edge is equipped with a set of integer time-labels.

» Definition 1 (temporal graph [26]). A temporal graph is a pair (G, ), where G = (V, E)
is an underlying (static) graph and X : E — 2% is a time-labeling function which assigns to
every edge of G a set of discrete time-labels.

Here, whenever ¢t € A(e), we say that the edge e is active or available at time t. Throughout
the paper we may refer to “time-labels” simply as “labels” for brevity. Furthermore, the age
(or lifetime) oG, \) of the temporal graph (G, \) is the largest time-label used in it, i.e.,
a(G,\) = max{t € A(e) : e € E}. One of the most central notions in temporal graphs is
that of a temporal path (or time-respecting path) which is motivated by the fact that, due to
causality, entities and information in temporal graphs can “flow” only along sequences of
edges whose time-labels are strictly increasing, or at least non-decreasing.

» Definition 2 (temporal path). Let (G, \) be a temporal graph, where G = (V, E) is the
underlying static graph. A temporal path in (G, \) is a sequence (e1,t1), (ea,t2), ..., (ek, tk),
where (e1, ea,...,ex) is a path in G, t; € A(e;) for everyi=1,2,.... k, andt; < tg < ... <t.

A vertex v is temporally reachable (or reachable) from vertex u in (G, \) if there exists
a temporal path from u to v. If every vertex v is reachable by every other vertex u in
(G, \), then (G, \) is called temporally connected. Note that, for every temporally connected
temporal graph (G, \), we have that its age is at least as large as the diameter dg of the
underlying graph G. Indeed, the largest label used in any temporal path between two
anti-diametrical vertices cannot be smaller than dg. Temporal paths have been introduced
by Kempe et al. [26] for temporal graphs which have only one label per edge, i.e., [A(e)| =1
for every edge e € E, and this notion has later been extended by Mertzios et al. [28] to
temporal graphs with multiple labels per edge. Furthermore, depending on the particular
application, both variations of temporal paths with non-decreasing [6,26,27] and with strictly
increasing [15,28] labels have been studied. In this paper we focus on temporal paths with
strictly increasing labels. Due to the very natural use of temporal paths in various contexts,
several path-related notions, such as temporal analogues of distance, diameter, reachability,
exploration, and centrality have also been studied [1-3,6,8,10,11,13,15-18,21,27,28,32,34,36].

Furthermore, some non-path temporal graph problems have been recently introduced
too, including for example temporal variations of maximal cliques [7,37], vertex cover [4,22],
vertex coloring [31], matching [29], and transitive orientation [30]. Motivated by the need of
restricting the spread of epidemic, Enright et al. [15] studied the problem of removing the
smallest number of time-labels from a given temporal graph such that every vertex can only
temporally reach a limited number of other vertices. Deligkas et al. [12] studied the problem
of accelerating the spread of information for a set of sources to all vertices in a temporal
graph, by only using delaying operations, i.e., by shifting specific time-labels to a later time
slot. The problems studied in [12] are related but orthogonal to our temporal connectivity
problems. Various other temporal graph modification problems have been also studied, see
for example [6,11,13,16,34].
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The time-labels of an edge e in a temporal graph indicate the discrete units of time (e.g.,
days, hours, or even seconds) in which e is active. However, in many real dynamic systems,
e.g., in synchronous mobile distributed systems that operate in discrete rounds, or in unstable
chemical or physical structures, maintaining an edge over time requires energy and thus
comes at a cost. One natural way to define the cost of the whole temporal graph (G, A) is
the total number of time-labels used in it, i.e., the total cost of (G, ) is [A| = > .| Al

In this paper we study temporal design problems of undirected temporally connected
graphs. The basic setting of these optimization problems is as follows: given an undirected
graph G, what is the smallest number || of time-labels that we need to add to the edges
of G such that (G, \) is temporally connected? As it turns out, this basic problem can be
optimally solved in polynomial time, thus answering to a conjecture made in [2]. However,
exploiting the temporal dimension, the problem becomes more interesting and meaningful in
its following variations, which we investigate in this paper. First we consider the problem
variation where we are given along with the input also an upper bound of the allowed age
(i.e., maximum label) of the obtained temporal graph (G, ). This age restriction is sensible
in more pragmatic cases, where delaying the latest arrival time of any temporal path incurs
further costs, e.g., when we demand that all agents in a safety-critical distributed network are
synchronized as quickly as possible, and with the smallest possible number of communications
among them. Second we consider problem variations where the aim is to have a temporal
path between any pair of “important” vertices which lie in a subset R C V', which we call
the terminals. For a detailed definition of our problems we refer to Section 2.

Here it is worth noting that the latter relaxation of temporal connectivity resembles the
problem STEINER TREE in static (i.e., non-temporal) graphs. Given a connected graph
G = (V,E) and a set R C V of terminals, STEINER TREE asks for a smallest-sized subgraph
of G which connects all terminals in R. Clearly, the smallest subgraph sought by STEINER
TREE is a tree. As it turns out, this property does not carry over to the temporal case.
Consider for example an arbitrary graph G and a terminal set R = {a,b,¢,d} such that G
contains an induced cycle on four vertices a, b, ¢, d; that is, G contains the edges ab, bc, cd, da
but not the edges ac or bd. Then, it is not hard to check that only way to add the smallest
number of time-labels such that all vertices of R are temporally connected is to assign one
label to each edge of the cycle on a,b,c,d, e.g., AM(ab) = A(ed) = 1 and A(bc) = A(cd) = 2.
The main underlying reason for this difference with the static problem STEINER TREE is that
temporal connectivity is not transitive and not symmetric: if there exists temporal paths
from u to v, and from v to w, it is not a priori guaranteed that a temporal path from v to wu,
or from u to w exists.

Temporal network design problems have already been considered in previous works.
Mertzios et al. [28] proved that it is APX-hard to compute a minimum-cost labeling for
temporally connecting an input directed graph G, where the age of the graph is upper-
bounded by the diameter of G. This hardness reduction was strongly facilitated by the
careful placement of the edge directions in the constructed instance, in which every vertex
was reachable in the static graph by only constantly many vertices. Unfortunately this
cannot happen in an undirected connected graph, where every vertex is reachable by all
other vertices. Later, Akrida et al. [2] proved that it is also APX-hard to remove the largest
number of time-labels from a given temporally connected (undirected) graph (G, \), while still
maintaining temporal connectivity. In this case, although there are no edge directions, the
hardness reduction was strongly facilitated by the careful placement of the initial time-labels
of X\ in the input temporal graph, in which every pair of vertices could be connected by only
a few different temporal paths, among which the solution had to choose. Unfortunately

3



137

138

139

140

141

142

143

144

145

146

147

148

149

150

151

152

153

154

155

156

157

158

159

160

161

162

163

164

165

166

167

168

169

170

171

172

173

174

175

176

177

178

179

180

181

182

183

184

APPENDIX

this cannot happen when the goal is to add time-labels to an undirected connected graph,
where there are potentially multiple ways to temporally connect a pair of vertices (even if we
upper-bound the largest time-label by the diameter).

Summarizing, the above technical difficulties seem to be the reason why the problem of
adding the minimum number of time-labels with an age-restriction to an undirected graph to
achieve temporal connectivity remained open until now for the last decade. In this paper we
overcome these difficulties by developing a hardness reduction from a variation of the problem
Max XOR SAT (see Theorem 19 in Section 3) where we manage to add the appropriate
(undirected) edges among the variable-gadgets such that simultaneously (i) the distance
between any two vertices from different variable gadgets remains small (constant) and (ii)
there is no shortest path between two vertices of the same variable gadget that leaves this
gadget.

Our contribution and road-map. In the first part of our paper, in Section 3, we
present our results on MIN. AGED LABELING (MAL). This problem is the same as ML,
with the additional restriction that we are given along with the input an upper bound on the
allowed age of the resulting temporal graph (G, ). Using a technically involved reduction
from a variation of MAX XOR SAT, we prove that MAL is NP-complete on undirected
graphs, even when the required maximum age is equal to the diameter dg of the input static
graph G.

In the second part of our paper, in Section 4, we present our results on the Steiner-tree
versions of the problem, namely on MIN. STEINER LABELING (MSL) and MIN. AGED
STEINER LABELING (MASL). The difference of MSL from ML is that, here, the goal is to
have a temporal path between any pair of “important” vertices which lie in a given subset
R C V (the terminals). In Section 4.1 we prove that MSL is NP-complete by a reduction
from VERTEX COVER, the correctness of which requires showing structural properties of
MSL. Here it is worth recalling that, as explained above, the classical problem STEINER
TREE on static graphs is not a special case of MSL, due to the requirement of strictly
increasing labels in a temporal path. Furthermore, we would like to emphasize here that, as
temporal connectivity is neither transitive nor symmetric, a straightforward NP-hardness
reduction from STEINER TREE to MSL does not seem to exist. For example, as explained
above, in a graph that contains a Cy with its four vertices as terminals, labeling a Steiner
tree is sub-optimal for MSL.

In Section 4.2 we provide a fixed-parameter tractable (FPT) algorithm for MSL with
respect to the number |R| of terminal vertices, by providing a parameterized reduction to
STEINER TREE. The proof of correctness of our reduction, which is technically quite involved,
is of independent interest, as it proves crucial graph-theoretical properties of minimum
temporal STEINER labelings. In particular, for our algorithm we prove (see Lemma 21)
that, for any undirected graph G with a set R of terminals, there always exists at least one
minimum temporal STEINER labeling (G, A) which labels edges either from (i) a tree or from
(ii) a tree with one extra edge that builds a Cj.

In Section 4.3 we prove that MASL is W[1]-hard with respect to the number |R| of
terminals. Our results actually imply the stronger statement that MASL is W[1]-hard even
with respect to the number of time-labels of the solution (which is a larger parameter than
the number |R| of terminals).

Finally, we complete the picture by providing some auxiliary results in our preliminary
Section 2. More specifically, in Section 2.1 we prove that ML can be solved in polynomial
time, and in Section 2.2 we prove that the analogue minimization versions of ML and MAL
on directed acyclic graphs are solvable in polynomial time.
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2 Preliminaries and notation

Given a (static) undirected graph G = (V,E), an edge between two vertices u,v € V
is denoted by wv, and in this case the vertices u,v are said to be adjacent in G. If the
graph is directed, we will use the ordered pair (u,v) (resp. (v,u)) to denote the oriented
edge from u to v (resp. from v to u). The age of a temporal graph (G, A) is denoted by
a(G,\) = max{t € A(e) : e € E}. A temporal path (e1,1), (e2,t2), ..., (€, tr) from vertex
u to vertex v is called foremost, if it has the smallest arrival time ¢; among all temporal
paths from u to v. Note that there might be another temporal path from u to v that uses
fewer edges than a foremost path. A temporal graph (G, \) is temporally connected if, for
every pair of vertices u,v € V, there exists a temporal path (see Definition 2) P; from u
to v and a temporal path P, from v to u. Furthermore, given a set of terminals R C V,
the temporal graph (G, A) is R-temporally connected if, for every pair of vertices u,v € R,
there exists a temporal path from w to v and a temporal path from v to u; note that P, and
P, can also contain vertices from V' \ R. Now we provide our formal definitions of our four
decision problems.

MiN. LABELING (ML) MiN. AGED LABELING (MAL)

Input: A static graph G = (V, E) and Input: A static graph G = (V, E)
akeN. and two integers a,k € N.

Question: Does there exist a temporally Question: Does there exist a temporally
connected temporal graph (G, \), connected temporal graph (G, A),

where |A| < k? where |A] < k and a(\) < a?

MIN. STEINER LABELING (MSL) MIN. AGED STEINER LABELING (MASL)
Input: A static graph G = (V, E), Input: A static graph G = (V, E),
asubset R CV and a k € N. a subset R C V| and two integers a, k € N.
Question: Does there exist an temporally || Question: Does there exist a temporally
R-connected temporal graph (G, \), R-connected temporal graph (G, ),

where || < k7 where |A] < k and a(\) < a?

Note that, for both problems MAL and MASL, whenever the input age bound a is
strictly smaller than the diameter d of G, the answer is always NO. Thus, we always assume
in the remainder of the paper that a > d, where d is the diameter of the input graph G. For
simplicity of the presentation, we denote next by (G, d) the smallest number & for which
(G,k,d) is a YES instance for MAL.

» Observation 3. For every graph G with n vertices and diameter d, we have that k(G,d) <
n(n —1).

Proof. For every vertex v of G = (V| E), consider a BFS tree T, rooted at v, while every edge
from a vertex u # v to its parent in 7T;, is assigned the time-label dist(v,u), i.e., the length
of the shortest path from v to v in GG. Note that each of these time-labels is smaller than or
equal to the diameter d of G. Clearly, each BFS tree T, assigns in total n — 1 time-labels to
the edges of G, and thus the union of all BFS trees T, where v € V, assign in total at most
n(n — 1) labels to the edges of G. <

The next lemma shows that the upper bound of Observation 3 is asymptotically tight as,
for cycle graphs C,, with diameter d, we have that x(C,,,d) = ©(n?).
5
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» Lemma 4. Let C,, be a cycle on n vertices, where n # 4, and let d be its diameter. Then

(. d) d?, when n = 2d
R\Un, =
2d®> +d, whenn =2d+ 1.

Proof. Let V(C,) = {v1,va,...,v,} be the vertices of C,. In the following, if not specified
otherwise, all subscripts are considered modulo n. We distinguish two cases, depending on
the parity of n.

First, when n is odd, i.e., n = 2d + 1. In this case one can observe that for each vertex
v; € V(C},) there are exactly two vertices on the distance d from it, namely v; 14 (on the right
side of v;) and v;_q (on the left side of v;). Therefore, the (v, Viyq/vi—a) and (vi1q/Vi—d, vi)-
temporal paths must be labeled using all labels from 1 to d, one per each edge. Note also
that each edge v;v;41 lies on the d temporal paths when the starting vertex v; is on the
left side of it (j € {4,i — 1,i — 2,...,7 — d}) and on d temporal paths, when the starting
vertex v/ is on the right side of it (j' € {¢,i4+ 1,9+ 2,...,%+d}). This results in edge v;v;11
admitting all labels. As this is true for any edge of C,,, each edge is labeled with all labels.
Therefore we need n - d = 2d? + 1 labels to ensure the existence of temporal paths among
any two vertices in Cog41.

Now let us continue with the case when n is even, i.e., n = 2d. In this case each vertex
v; € V(C,,) has exactly one vertex, v;_q = v;+q, on the distance d from it and two on the
distance d — 1 from it (v;_q+1 and v;1q—1). Therefore we have to label two disjoint paths
starting in v;, one of length d and the other of length d — 1. Suppose that we chose the
following labeling to label the edges of C,,. Let i € {1,2,...,d}, if the edge is of form vo;vg;11
then it is labeled with all even labels, {2,4,6,...,j}, where j < d, and if the edge is of form
V2441, U2; then it is labeled with all odd labels, {1,3,5,...,5'}, where j° < d. Now vertices
vg;—1 and vg; use the same labels (i.e., the same temporal paths), to reach all other vertices
from the cycle. Namely, the (ve;—1,v2;44—1)-temporal path is of length d, uses all labels from
1 to d and visits vertices vo;—1, V2, V2i+1,---,V2i+d—1. Lherefore vo;_1 and vy; can reach
vertices {v2;11, V242, .-, V2i+d—1 - Similarly, the (vg;, va;—q)-temporal path is of length d,
uses all labels from 1 to d and visits vertices vo;, Uo;_1,V2i_2,...,V2_q. S0 v9;_1 and vg;
can reach vertices {vo;—2,v2;—3,...,v2i—q}. This implies that that ve; and ve;_1 reach all
other vertices in the graph. This holds for any two endpoints of an edge in C,,. Therefore
we need d- 5 = d? labels to ensure the existence of temporal paths among any two vertices
in Coy. <

2.1 A polynomial-time algorithm for ML

As a first warm-up, we study the problem ML, where no restriction is imposed on the
maximum allowed age of the output temporal graph. It is already known by Akrida et al. [2]
that any undirected graph can be made temporally connected by adding at most 2n — 3
time-labels, while for trees 2n — 3 labels are also necessary. Moreover, it was conjectured
that every graph needs at least 2n — 4 time-labels [2]. Here we prove their conjecture true
by proving that, if G contains (resp. does not contain) the cycle Cy on four vertices as a
subgraph, then (G, k) is a YES instance of ML if and only if k£ > 2n — 4 (resp. k > 2n — 3).
The proof is done via a reduction to the gossip problem [9] (for a survey on gossiping see
also [23]).

The related problem of achieving temporal connectivity by assigning to every edge of the
graph at most one time-label, has been studied by Gdébel et al. [20], where the relationship
with the gossip problem has also been drawn. Contrary to ML, this problem is NP-hard [20].
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That is, the possibility of assigning two or more labels to an edge makes the problem
computationally much easier. Indeed, in a Cy-free graph with n vertices, an optimal solution
to ML consists in assigning in total 2n — 3 time-labels to the n — 1 edges of a spanning
tree. In such a solution, one of these n — 1 edges receives one time-label, while each of the
remaining n — 2 edges receives two time-labels. Similarly, when the graph contains a Cy, it
suffices to span the graph with four trees tooted at the vertices of the Cy, where each of the
edges of the Cy receives one time-label and each edge of the four trees receives two labels.
That is, a graph containing a C4 can be temporally connected using 2n — 4 time-labels.

In the gossip problem we have n agents from a set A. At the beginning, every agent
x € A holds its own secret. The goal is that each agent eventually learns the secret of every
other agent. This is done by producing a sequence of unordered pairs (z,y), where z,y € A
and each such pair represents one phone call between the agents involved, during which the
two agents exchange all the secrets they currently know.

The above gossip problem is naturally connected to ML. The only difference between the
two problems is that, in gossip, all calls are non-concurrent, while in ML we allow concurrent
temporal edges, i.e., two or more edges can appear at the same time slot ¢. Therefore, in
order to transfer the known results from gossip to ML, it suffices to prove that in ML we
can equivalently consider solutions with non-concurrent edges (see Lemma 6).

From the set of agents A and a sequence of calls C = ¢(1),¢(2),...,c¢(m) we build a
temporal graph Ge = (G, A) by the following procedure. For every agent = € A we create a
vertex v, € V(G). Every phone call ¢(i) between two agents x,y gives rise to a time edge
(vzvy, 1) of Ge. Therefore the labeling A is defined by the sequence of phone calls. Since no
two calls are concurrent, we can order them linearly: for every 1 < i < m, the phone call ¢(4)
gives the label i to the edge between the two agents involved.

» Observation 5. If the sequence ¢(1),¢(2),...,¢(m) of m phone calls results in all agents
knowing all secrets, then the above construction produces a temporally connected temporal
graph Ge = (G, \) with |A| = m.

Now note that the temporal graph Ge produced by the above procedure has the special
property that, for every time-label ¢t = 1,2, ..., m, there exists exactly one edge labeled with
t. In the next lemma we prove the reverse statement of Observation 5.

» Lemma 6. Let (G, \) be an arbitrary temporally connected temporal graph with |A\| = m
time-labels in total. Then there exists a sequence c¢(1),¢(2),...,c(m) of m phone calls that
results in all agents knowing all secrets.

Proof. Let (G, \) be an arbitrary temporally connected temporal graph. W.l.o.g. we may
assume that, for every t = 1,2,..., (G, ), there exists at least one edge e such that t € A(e).
Indeed, if such an edge does not exist in (G, A), we can replace in (G, ) every label t' > ¢ by
t’ — 1, thus obtaining another temporally connected graph with a smaller age.

Now we proceed as follows. Let ¢ € {1,2,...,a(G, )} be an arbitrary time step within
the lifetime of (G, ), and let {e;, }}_; be the edges of G such that t € A(e;,). Let ¢ = 4.
For every k = 1,...,t, we replace the label ¢ of the edge e;, by the label ¢t + ke. Finally,
we normalize the new time-labels of the edges of G such that they become the distinct
consecutive natural numbers from 1 to m (since |A\| = m by the assumption of the lemma).
Denote the resulting temporal graph by (G, \’'). Note that every temporal path in (G, \)
corresponds to a temporal path in (G, \’) with the same sequence of edges, and vice versa.

Finally we create the required sequence of phone calls as follows: for every i =1,2,...,m,
if (G, \') contains the edge e with time-label i, we add a phone call ¢(i) between the two

7
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endpoints of the edge e. Since both (G, A) aqnd (G, ') are temporally connected, it follows
that after the sequence ¢(1),¢(2),. .., c(m) of calls results in every agent knowing every secret.
This completes the proof. |

Now denote with f(n) the minimum number of calls needed to complete gossiping among
a set A of n agents, where a specific set of pairs of vertices B C A x A are allowed to make a
direct call between each other. Let Gy = (A, B) be the (static) graph having the agents in
A as vertices and the pairs of B among them as edges. Then it is known by [9] that, if G
contains a Cy as a subgraph then f(n) = 2n — 4, while otherwise f(n) = 2n — 3. Therefore
the next theorem follows by Observation 5 and Lemma 6 and by the results of [9].

» Theorem 7. Let G = (V, E) be a connected graph. Then the smallest k € N for which
(G, k) is a YES instance of ML is:

k- {Qn —4, if G contains Cy as a subgraph,

2n — 3, otherwise.

2.2 A polynomial-time algorithm for directed acyclic graphs

As a second warm-up, we show that the minimization analogues of ML and MAL on directed
acyclic graphs (DAGs) are solvable in polynomial time. More specifically, for the minimization
analogue of ML we provide an algorithm which, given a DAG G = (V, A) with diameter
dg, computes a temporal labeling function A which assigns the smallest possible number of
time-labels on the arcs of G with the following property: for every two vertices u,v € V, there
exists a directed temporal path from u to v in (G, A) if and only if there exists a directed
path from u to v in G. Moreover, the age a(G, \) of the resulting temporal graph is equal to
dg. Therefore, this immediately implies a polynomial-time algorithm for the minimization
analogue of MAL on DAGs. For notation uniformity, we call these minimization problems
MULgirected and MALgirected, respectively. First we define a canonical layering of a DAG,
which is useful for our algorithm.

» Definition 8. Let G = (V, A) be a DAG with n vertices, m arcs, and diameter d. A partition
Lo, L1,Lo,..., Ly of V into d+1 sets is a canonical layering of G if, for every 0 < i < d, the
set L; contains all the source vertices in the induced subgraph G; := G[{L;, Lit1,. .., Laq}].

An example of a canonical layering of a DAG G is illustrated in Figure 1.

LO L1 LQ Ld

Figure 1 Example of a canonical layering.

» Lemma 9. Let G = (V,E) be a DAG with n vertices and m arcs. We can produce the
canonical layering of G in linear O(n + m) time.
8
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Proof. First we initialize an auxiliary vertex subset S = (§ and a counter s, = 0 for every
vertex v. We start by computing the vertices of Ly in O(n + m) time by just visiting all
vertices and arcs of G; Lo contains all vertices u such that N~ (u) = 0. Now, for every i > 0
we proceed as follows. First we set S = (). Then, for every arc (u,v), where u € L;, we add
v to S and we increase the counter s, by 1. Then we set L;y; ={v € 5 : s, = |N~(v)|}.
Before we continue to the next iteration ¢ + 1, we reset the set S to be ), and we iterate until
we reach all vertices of G, i.e., until we add every vertex u to one of the sets Lo, L1, ..., Lq.

It is easy to check that the above procedure is correct, as at every iteration ¢ + 1 (where
1 > 0) we include to L; all vertices v which have zero in-degree in the graph induced by the
vertices in V'\ UZ:1 L. Furthermore, the running time is clearly O(n + m) as we visit each
vertex and arc a constant number of times. <

The following observations will be useful when considering the canonical layering.
» Observation 10. Fach layer L; is an independent set in G.

» Observation 11. For every i = 0,1,...,d — 1 and every u € L;, there exists an arc
(u,v) € A such that v € L.

» Observation 12. For every arc (u,v) € A, where w € L; and v € L1y for some i €
{0,1,...,d — 1}, there is no directed path of length two or more from u to v in G.

We use the canonical layering to prove the following result.

» Theorem 13. Let G = (V, E) be a DAG with n vertices and m arcs. Then MLgirected(G)
and MALgirccted(G) can be both computed in O(n(n + m)) time.

Proof. For the purposes of simplicity of the proof, we denote by x(G) the optimum value
of MLgjrecteq With the DAG G as its input. First we calculate the canonical layering
Lo, L1,...,Lqgof G in O(n+m) time by Lemma 9. For simplicity of the presentation, denote
by G, the induced subgraph of G that contains v and all vertices that are reachable by v
in G with a directed path. Let d, be the diameter of G,; note that d, is the length of the
longest shortest directed path in G that starts at v. For every vertex u € V', we define the
set LY = {u} and we initialize the set S,, = N (u). Then, similarly to the proof of Lemma 9,
we iterate over all vertices v € S,, = N1 (u) and over all vertices w € N (v). Whenever we
encounter a vertex w € NT(v) N N*(u), we remove v from S,,. At the end of this procedure,
the set S, contains exactly those vertices of v € NT(u), for which there is no directed path of
length two or more from « to v in G. The above procedure can be completed in O(n(n+m))
time, as for every vertex u, we iterate at most over all arcs in G a constant number of times.

Now we define the labeling A of G as follows: Every arc (u,v) € A, where u € L;, v € L;,
and v € Sy, gets the label A((u,v)) = j. Note here that 1 < A((u, v)) < d for every arc of G,
and thus the age a(G, \) of the resulting temporal graph is equal to the diameter d of G.
We will prove that |A| = k(G). To prove that |A| < k(G), it suffices to show that every label
of A\ must participate in every temporal labeling of G which preserves temporal reachability.
In fact, this is true as the only arcs of G, which have a label in A, are those arcs (u,v) such
that there is no other directed path from u to v. That is, in order to preserve temporal
reachability, we need to assign at least one label to all these arcs.

Conversely, to prove that |A| > «(G), it suffices to show that A preserves all temporal
reachabilities. For this, observe first that, every directed path P = (a,...,b) in G can be
transformed to a directed path P’ = (a,...,b) such that, for every arc (u,v) in P’, there is
no other directed path from u to v in G apart from the arc (u,v) (i.e., there is no “shortcut”
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from u to v in G). Therefore, since every arc in P’ is assigned a label in A and these labels
are increasing along P’, it follows that A preserves all temporal reachabilities, and thus
|A| > k(G). Summarizing, |A\| = £(G) and the labeling A can be computed in O(n(n + m))
time.

Finally, since a(G,\) = d, the obtained optimum labeling for ML is also an optimum
labeling for MAL (provided that the upper bound a in the input of MAL is at least d). <«

3 MAL is NP-complete

In this section we prove that it is NP-hard to determine the number of labels in an optimal
labeling of a static, undirected graph G, where the age, i.e., the maximum label used, is not
larger than the diameter of the input graph.

To prove this we provide a reduction from the NP-hard problem MONOTONE MAX
XOR(3) (or MONMAXXOR(3) for short). This is a special case of the classical Boolean
satisfiability problem, where the input formula ¢ consists of the conjunction of monotone
XOR clauses of the form (z; & x;), i.e., variables x;, z; are non-negated. If each variable
appears in exactly 7 clauses, then ¢ is called a monotone Max XOR(r) formula. A clause
(x; @ x;) is XOR-satisfied (or simply satisfied) if and only if x; # x;. In MONOTONE MAX
XOR(r) we are trying to find a truth assignment 7 of ¢ which satisfies the maximum number
of clauses. As it can be easily checked, MONMAXXOR/(3) encodes the problem Max-CuT
on cubic graphs, which is known to be NP-hard [5]. Therefore we conclude the following.

» Theorem 14 ([5]). MONMAXXOR(3) is NP-hard.

Now we explain our reduction from MONMAXXOR(3) to the problem MINIMUM AGED
LABELING (MAL), where the input static graph G is undirected and the desired age of the
output temporal graph is the diameter d of G . Let ¢ be a monotone Max XOR/(3) formula
with n variables x1, xs, ..., x, and m clauses C1,Cs, ..., C,,. Note that m = %n, since each
variable appears in exactly 3 clauses. From ¢ we construct a static undirected graph G4 with
diameter d = 10, and prove that there exists a truth assignment 7 which satisfies at least
k clauses in ¢, if and only if there exists a labeling Ay of G, with [Ag] < 1—23712 + 9—2911 — 8k

labels and with age a(G, A) < 10.

High-level construction

For each variable z;, 1 < ¢ < n, we construct a variable gadget X; that consists of a “starting”
vertex s; and three “ending” vertices t¢ (for £ € {1,2,3}); these ending vertices correspond
to the appearances of x; in three clauses of ¢. In an optimum labeling A(¢), in each variable
gadget there are exactly two labelings that temporally connect starting and ending vertices,
which correspond to the TRUE or FALSE truth assignment of the variable in the input formula
¢. For every clause (z; @ x;) we identifying corresponding ending vertices of X; and X
(as well as some other auxiliary vertices and edges). Whenever (z; & z;) is satisfied by a
truth assignment of ¢, the labels of the common edges of X; and X; in an optimum labeling
coincide (thus using few labels); otherwise we need additional labels for the common edges
of X; and X;.

Detailed construction of G4

For each variable z; from ¢ we create a variable gadget X, that consists of a base BX; on 11
vertices, BX; = {s;,a;,b;, ¢, d;, e;, @, b;, G, d;, € }, and three forks F*X;, F2X, F3X;, each
10
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on 9 vertices, F*X; = {t¢, ff, ¢, hﬁmf,ﬁz,ﬁe,hjé,ﬁf}, where ¢ € {1,2,3}. Vertices in the
base BX; are connected in the following way: there are two paths of length 5: s;a;b;c;d;e;
and s;a;b;¢;d;e;, and 5 extra edges of form y;7;, where y € {a,b,c,d,e}. Vertices in each fork
F'X; (where ¢ € {1,2,3}) are connected in the following way: there are two paths of length

4: t'mihtgf ff and tfﬁzhjzﬁgﬁz, and 4 extra edges of form y;7;, where y € {m,h,g, f}.
The base BX; of the variable gadget X is connected to each of the three forks FX; via two
edges e; ff and eﬁﬁé, where ¢ € {1,2,3}. For an illustration see Figure 2.

For an easier analysis we fix the following notation. The vertex s; € BX; is called
a start verter of X;, vertices t¢ (¢ € {1,2,3}) are called ending vertices of X;, a path
connecting s;, tf that passes through vertices a;b;c;d;e; ffgfhfmf (resp. ab; .. .Wf) is called
the left (resp. right) s;,t-path. The left (resp. right) s;, t{-path is a disjoint union of the left
(resp. right) path on vertices of the base BX; of X;, an edge of form e; f{ (resp. eﬁ-ﬁz) called
the left (resp. right) bridge edge and the left (resp. right) path on vertices of the ¢-th fork
F'X; of X;. The edges y;7i, where y € {a,b,c,d, e, f¢, g*,h*, m*}, £ € {1,2,3}, are called
connecting edges.

Figure 2 An example of a variable gadget X; in G, corresponding to the variable z; from ¢.

Connecting variable gadgets

There are two ways in which we connect two variable gadgets, depending whether they
appear in the same clause in ¢ or not.
1. Two variables z;,z; do not appear in any clause together. In this case we add the
following edges between the variable gadgets X; and Xj:
/ —
from e; (resp. &) to fi and f; , where £ € {1,2,3},
11
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fi

Si SJ'

Figure 3 An example of two non-intersecting variable gadgets and variable edges among them.

from e; (resp. €;) to ff and ﬁe, where ¢ € {1,2,3},
from d; (resp. d;) to d; and d;.
We call these edges the variable edges. For an illustration see Figure 3.
2. Let C = (x; ® x;) be a clause of ¢, that contains the r-th appearance of the variable z;
and r’-th appearance of the variable x;. In this case we identify the r-th fork F"X; of
X; with the r/-th fork F™ X; of X; in the following way:

=17
{fr g7, hl,ml} = {f?r ,ET/,ET ,er/} respectively, and
{ﬁr7 Era ET7 WZT} = {f;“/a g_;/a h;la m;/} respectively.
Besides that we add the following edges between the variable gadgets X; and Xj:
from e; (resp. €;) to ff/ and f?—z , where ¢/ € {1,2,3}\ {r'},

from e; (resp. &) to f{ and ﬁz, where ¢ € {1,2,3}\ {r},
from d; (resp. d;) to d; and d;.
For an illustration see Figure 4.
This finishes the construction of G. Before continuing with the reduction, we prove the
following structural property of G.

» Lemma 15. The diameter dg of Gy is 10.

Proof. We prove this in two steps. First we show that the diameter of any variable gadget is
10 and then show that the diameter does not increase, when the variable edges are introduced,
i.e., vertices in any two variable gadgets are at most 10 apart.

Let us start with fixing a variable gadget X;. A path from the starting vertex s; to any
ending vertex t¢ (¢ € {1,2,3}) has to go through at least one of the vertices from {a;,@;},
then through at least one of the vertices from {b;, b;}, then through {c;, &}, {d;, d;}, {e:, &},
{ fﬂﬁﬁ, {95, 3:}, {hf,hi{} and finally through {m¢,7;*}, before reaching the ending vertex.
The shortest si,tf path will go through exactly one vertex from each of the above sets.
Therefore it is of length 10. Because of the construction of X;, there are exactly two s;, t¢
paths of length 10, which are edge and vertex disjoint, as they share only the starting and
ending vertices. One of this paths uses the vertices a;, b;, ¢;, d;, €;, ff, gf, hf, mf (i.e., the left
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fi

S; S

Figure 4 An example of two intersecting variable gadgets X;, X; corresponding to variables
xi, x;, that appear together in some clause in ¢, where it is the third appearance of x; and the first
appearance of ;.

path) and the other uses vertices @, b;, . .., 75" (i.e., the right path). A path between any two
ending vertices t¢,t¢ (where £, € {1,2,3} and £ # {'), has to go through the following sets of

R
vertices, {mf,mm'}{m{ 75"}, (b B V{hE R (ol T Aol T ) AL F O )
{ei,€;}. Similarly as before, the shortest path uses exactly one vertex from each set and is
of size 10. Even more, there are exactly two t{,#{ paths of length 10. They are edge and
vertex disjoint, as they share only the starting and ending vertices. One of this paths uses
the vertices without the line in the label (i.e., the left path) and the other uses vertices with
the line in the label (i.e., the right path). It is not hard to see that the distance between any
other vertex in X; and starting or ending vertices is at most 9, as that vertex lies on one
of the s;, tf or t¢ te,—paths, but it is not an endpoint of it. By the similar reasoning there

177
exists a path between any two vertices in X; (different than s;, tf), of distance at most 9.
Therefore the diameter of X; is 10.

Now let us fix two variable gadgets X;, X;, that share no fork (i.e., z; and z; appear in
no clause of ¢). The shortest path from the starting vertex s; of X; to the starting vertex
s; of X; has to reach vertex d; (resp. d;), which is done in 4 steps, from where it connects
to either d; or d?, using a variable edge, and continues toward s;, with 4 edges. Therefore,

d(s;, sj) = 9. The shortest path connecting vertex s; with tﬁl, uses one of the vertices e; or
€;, that are on the distance 5 from s;, then using one variable edge reaches ff/ or fijy, which
is on the distance 4 from the ending vertex t?l. Therefore, d(s;, tfl) =10, for all ¢’ € {1,2,3}.
Lastly, the shortest path between an ending vertex tf of X; and an ending vertex tﬁl uses
4 edges in the fork F*X; to reach the vertex ff or f?, from where it uses a variable edge
that connects it to the vertex e; or €j, that is on the distance 5 from the tfl. Therefore,
d(tt, t?) =10, for all £,¢" € {1,2,3}. It is not hard to see that if two variable gadgets X;, X;
share a fork the shortest path among any two vertices does not increase.

We proved that the distance among any two vertices in G4 is at most 10 and thus its
diameter is 10. <

13
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» Theorem 16. If OPTNTONl\'TAXXOR,(S) (¢) > k then OPTl\,[AL(Gg{),dg{)) S 17377,2 + 9—2971 — 8]{3,
where n is the number of variables in the formula ¢.

Proof. Let 7 be an optimum truth assignment of ¢, i.e., a truth assignment that satisfies at

least k clauses of ¢. We will prove that there exists a temporal labeling A4 of G4 which uses

[Ag| < Bn?+92n—8k labels, such that (G, ) is temporally connected and a(G, A) = dy, = 10.

Recall that, since ¢ is an instance of MONMAXXOR(3) with n variables, it has m = %n

clauses. We build the labeling A, using the following rules. For an illustration see Figure 5.

1. If a variable z; from ¢ is set to be TRUE by the truth assignment 7, we label the edges in
X; in the following way:

all three left (s;, tf)—paths, for all £ € {1,2,3}, get the labels 1,2, 3,...,10, one on each

edge,

similarly, all left (tf, s;)-paths, get the labels 1,2,3,...,10, one on each edge,

all connecting edges (i.e., edges of form y;7;, where y € {a,b,c,d, e, f*, g*, b, m’}) get

the labels 1 and 10.
If a variable x; from ¢ is set to be FALSE by the truth assignment 7, we label the edges
in X; in the following way:

all three right (s;,t{)-paths, for all £ € {1,2,3}, get the labels 1,2,3,...,10, one on

each edge,

similarly, all right (tf, s;)-paths, get the labels 1,2,3,...,10, one on each edge,

all connecting edges get the labels 1 and 10.
Labeling A, uses 10 labels on the left (resp. right) path of the base BX;, 10 labels on the
left (resp. right) path of each fork F*X;, where £ € {1,2,3} and 10 + 3 - 8 labels on the
connecting edges. All in total A, uses 74 labels on the variable gadget Xj.
We still need to prove that there exists a temporal path among any two vertices in
X;. There is a (unique) temporal path from the starting s; vertex to all three ending
vertices t¢, where ¢ € {1,2,3}, using left (in case of x; being TRUE) or right (in case of x;
being FALSE) paths of the base BX; and forks F*X;. Similarly it holds for all temporal
(tf, s;)-paths. The temporal path connecting two ending vertices tfl , tf2, uses first the left
(in case of x; being TRUE) or right (in case of x; being FALSE) path of the fork F“1 X; to
reach e; (in case of z; being TRUE) or €; (in case of x; being FALSE), using the labels
1 to 5, and then continues on the left (in case of z; being TRUE) or right (in case of x;
being FALSE) path of the F*2X; from e; or & to tf27 using labels 6 to 10. Any vertex
not on the left (in case of z; being TRUE) or right (in case of z; being FALSE) path, can
reach the starting vertex or any of the ending vertices, using a connecting edge at time 1.
Similarly it hold for the paths in the opposite direction, where the connecting edges have
the label 10. A temporal path among two vertices not on the left (in case of x; being
TRUE) or right (in case of x; being FALSE) path uses first a connecting edge at time 1,
then a portion of the left (in case of x; being TRUE) or right (in case of x; being FALSE)
path and again the appropriate connecting edge at time 10. This proves that Ay on X;
admits a temporal path among any two vertices in X;.

2. If two variable gadgets X; and X; do not share a fork, i.e., variables z; and z; are not in
the same clause in ¢, and are both set to TRUE by 7, then we label the following variable
gadgets:

the edge d;d;, connecting the left path of BX; with the left path of BXj, gets the
label 5,
three edges of the form eiff/ (¢ € {1,2,3}), that connect the left path of BX; to left
paths of FelXj, with the labels 4 and 6,
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three edges of the form e; ff (¢ € {1,2,3}), that connect the left path of BX; to left

paths of F*X;, with the labels 4 and 6.
The labeling Ay uses 74 labels for each variable gadget and 13 labels on 7 variable edges
that connect both variable gadgets. Note, the three other combinations (z;,z; are both
FALSE, one of z;,z; is TRUE and the other FALSE) give rise to the labeling A, that uses
the same number of labels on both variable gadgets and variable edges, where the labeled
variable edges are chosen appropriately.
Since labeling variable edges does not change the labeling on each variable gadget, we
know that there is still a temporal path among any two vertices from the same variable
gadget. We need to prove now that there is a temporal path among any two vertices
from X; and X;. The edge d;d;, with the label 5, connects all the vertices from the
BX; \ {e;,€} to the vertices from the BX; \ {e;,€;} and vice versa. To go from the
starting vertex s; of X; to the ending vertex tf of X; we use the following route. From s;
to e; we use the left labeled path on X; with labels from 1 to 5, then the edge eiff, at
time 6 to reach the corresponding fork F ell’ x ; of X; and from ff' to the ending vertex
tﬁl we use the left labeled path of X; with labels 7 to 10. This temporal path connects all
vertices in the base BX; to all vertices in the forks FXf/7 where ¢/ € {1,2,3}. Similar we
obtain temporal paths from vertices in the base BX to vertices in the forks F X¥, where
¢ € {1,2,3}. To go from any vertex in the fork F*X; to any vertex of the X; we use
the following route. First, we reach the vertex ff, by the time 4, using the left labeled
path of X;. Then we use the edge ffe; at time 5. Now, by the construction of Ay of X,
each vertex in X; can be reached from e; from time 5 to 10. Therefore all vertices from
F*X; can reach any vertex in X;. This is true for all £ € {1,2,3}. Similarly it holds for
temporal paths from any vertex in the fork F¥ X; (¢ € {1,2,3}) to vertices of the X;.
The only thing left to show is that the vertices {e;, & can reach all other vertices in BX.
This is true as there is a temporal path using the edge e; ff/ at time 5 and then, from
ff to any vertex in the base BXj, the left labeled path of BXj, that is labeled by A4.
This is true for all ¢ € {1,2,3}. Similarly it holds for the temporal paths from {e;,€;}
to the vertices in BX,. Therefore Ay admits a temporal path among any two vertices of
variable gadgets, that do not share the fork.

. If two variable gadgets X; and X share a fork, i.e., variables x; and z; are in the same

clause, are both set to TRUE and F"X,; = FT/XJ-, then we label the following variable

edges:
the edge d;d;, connecting the left path of BX; and BXj, gets the label 5,
two edges of the form eiff, (¢ € {1,2,3}\ {r'}), that connect the left path of BX; to
left paths of F' X, with the labels 4 and 6,
two edges of the form e; ff (¢ € {1,2,3}\ {r}), that connect the left path of BX; to
left paths of F*X;, with the labels 4 and 6.

The labeling Ay uses 9 labels on 5 variable edges that connect both variable gadgets.

Note, the three other combinations (x;,x; are both FALSE, one of z;,z; is TRUE and

the other FALSE) give rise to the labeling A, that uses the same number of labels on

variable edges, where the labeled edges are chosen accordingly to the truth values of x;

and z;. The only difference is in the labeling of the shared fork F"X; = Fr/Xj. There

are two possibilities, one when the truth value of x; and z; is the same and one when it

is different, i.e., x; = x; or x; # z;.

a) Let us start with the case when x; # x;. Without loss of generality (w.l.o.g.) we can
assume that z; is TRUE and x; FALSE. In the labeling Ay, we label all left paths in the
variable gadget X; and all right paths in X;. By the construction of the graph Gy
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(and the rules of how to identify vertices of the two forks), the left labeling of F"X;
coincides with the right labeling of F’ T'Xj. Therefore Ay uses 2 - 74 — 16 = 132 labels
on both variable gadgets.

b) Let us now observe the case when z; = x;. W.l.o.g. we can assume that both variables
are TRUE. In the labeling Ay we label all left paths of both variable gadgets. By the
construction of the graph G, (and the rules of how to identify vertices of the two
forks), the fork F"X, = F’"lXj gets labeled from both sides, i.e., all edges in the fork
get 2 labels. Therefore A4 uses 2 - 74 — 8 = 140 labels on both variable gadgets.

Identifying two forks F"X; = F' ' ; and labeling them using the union of both labelings

on each fork, preserves temporal paths among all the vertices from X; and X;. This is

true as the labeling in each variable is not changed by the labeling in the other variable.

Among forks that are not in the intersection there are still the variable edges left, which

assure that vertices from different variable gadgets can reach them or can be reached by

them. Therefore the labeling Ay admits a temporal path among any two vertices from
the variable gadgets X;, X, that have a fork in the intersection.

Summarizing all of the above we get that the labeling Ay uses 74 labels on each variable
gadget and 13 labels on variable edges among any two variables, from which we have to
subtract the following:

4 labels for each pairs of variable edges between two variables that appear in the same

clause,

16 labels for the shared fork between two variables, that appear in a satisfied clause,

8 labels for the shared fork betweel(l tw;) variables, that appear in a non-satisfied clause.

n(n—1

Altogether sums up to the 74n + 13=5— — 4m — 16k — 8(m — k) labels. Therefore, if 7

satisfies at least k clauses of ¢, the labeling Ay consists of at most 1—23712 + 92—971 — 8k labels. <«

Before proving the statement in the other direction, we have to show some structural
properties. Let us fix the following notation. If a labeling A4 labels all left (resp. right)
paths of the variable gadget X; (i.e., both bottom-up from s; to 1,7 ¢ and top-down from

tl,t2,¢3 to s; with labels 1,2...,10 in this order), then we say that the variable gadget X;
is left-aligned (resp. right-aligned) in the labeling A,. Note, if at least one edge on any of
these left (resp. right) paths of X; is not labeled with the appropriate label between 1 and
10, then the variable gadget is not left-aligned (resp. not right-aligned). Every temporal
path from s; to t{ (resp. from t{ to s;) of length 10 in X; is called an upward path (resp. a
downward path) in X;. Any part of an upward (resp. downward) path is called a partial
upward (resp. downward) path. Note that, for any ¢,¢' € {1,2,3}, £ # ¢/, a temporal path
from t{ to ¢! of length 10 is the union of a partial downward path on the fork Ff and a
partial upward path on Ff/. Moreover, note that these two partial downward/upward paths
must be either both parts of a left temporal path or both parts of a right temporal path
between s; and tf, tf/. The following technical lemma will allow us to prove the correctness
of our reduction.

» Lemma 17. Let Ay be a minimum labeling of G4. Then Ay can be modified in polynomial
time to a minimum labeling of G in which each variable gadget X; is either left-aligned or
right-aligned.

Proof. Let Ay be a minimum labeling of G that admits at least one variable gadget X;
that is neither left-aligned nor right-aligned.
First we will prove that there exists a fork F’ £X,; of X; that admits at least three partial
upward or downward paths, i.e., it either has two partial upward paths (one on each side of
16



639

640

641

642

643

APPENDIX

F'X, X, P3X, FX; = F!XX;  PF3X,
1 2 3 1 2 3
t! £ £ t! 2 3
1,10 1,10 1,10 1,10 1,10 1,10
1,10 1,10 1,10 1,10 1,10 1,10
[ L L ) ] ]
290 110 29 10 29 110 110 |29 1,10 |29 110 |29
e o——+o o—"——o o—""—+o
381 1,10 38 110 38 110 1,10 |38 1,10 |38 1,10 |38
L e BV e SV S o9, o9, o9
1,10 1,10 1,10 1,10 1,10 1,10
o < ) ]
- . 5,6
s~ >0 B8 56 5,6
' 5,6
5,6 10 110 '5,0
4 7‘ . . 10 .4,7
X, 38 10 Lo |38 Xj
o —o
290 |9 110 |29
o ]
1.10: ;1,10
S; Sj
(a) z; and z; do not appear together in any clause.
F'X; F?X; F3X; F?X; F3X,
1 2 3 J 42 J 43
1,10 1,10 1,10 1,10 .10
1,10 1,10 1,10 1,10 1,10
[ q q p 7
2,9 2,9 2,9 2,9 2,9
’ 1,1 ’ ’ s ’
< 0 p 1,10 f 1,10 1,10 > 1,10 >
381 110 38 110 38 1,10 1,10 |38 1,10 %8
4 71’—. o——O o ——O o ————o o ———0
[

(b) z; and x; appear together in a clause, where z; appears with its third and x; with its first appearance.

Figure 5 Example of the labeling A on variable gadgets X;, X; and variable edges between them,
where z; is TRUE and x; FALSE in ¢. Note, edges that are not labeled are omitted, F3X; = FlXj
and t3 = t;.

the fork) and at least one partial downward path, or two partial downward paths (one on

each side of the fork) and at least one partial upward path. For the sake of contradiction,

suppose that each of the forks F'X;, F2X;, F3X; contains at most two partial upward or

downward paths. Then, since Ay must have in X; at least one upward and at least one

downward path between s; and tf, ¢ € {1,2,3}, it follows that each fork F*X; has ezactly
17
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one partial upward and ezactly one partial downward path.

Assume that each of the forks F'X;, F2X;, F3X; has both its partial upward and down-
ward paths on the same side of X; (i.e., either both on the left or both on the right side of
X;). If all of them have their partial upward and downward paths on the left (resp. right)
side of X;, then X is left-aligned (resp. right-aligned), which is a contradiction. Therefore,
at least one fork (say F'X;) has its partial upward and downward paths on the left side of
X; and at least one other fork (say F2X;) has its partial upward and downward paths on
the right side of X;. But then there is no temporal path from ¢} to t7 of length 10 in A,
which is a contradiction. Therefore there exists at least one fork F*X; (say, F'X; w.l.o.g.),
in which (w.l.o.g.) the partial upward path is on the right side and the partial downward
path is on the left side of Xj.

Since the partial downward path of F'X; is on the left side of X, it follows that the
partial upward path of each of F2X; and F2X; is on the left side of X;. Indeed, otherwise
there is no temporal path of length 10 from ¢} to t? or ¢} in A4, a contradiction. Similarly,
since the partial upward path of F1X; is on the right side of Xj, it follows that the partial
downward path of each of F2X; and F?X; is on the right side of X;. But then, there is no
temporal path of length 10 from ¢ to 3, or from ¢3 to t? in Ay, which is also a contradiction.
Therefore at least one fork F*X; (say F3X;) of X; admits at least three partial upward or
downward paths.

W.l.o.g. we can assume that the fork F3X; has two partial downward paths and at least
one partial upward path which is on the left side of X;. We distinguish now the following
cases.

Case A. The fork F3X; has no partial upward path on the right side of X;. Then the
base BX; has a partial upward path on the left side of X;. Furthermore, each of the forks
F'X;, F?2X; has a partial downward path on the left side of X;.

Case A-1. The base BX; of X; has no partial downward path on the left side of X;; that is,
there is no temporal path from vertex e; to vertex s; with labels “6,7,8,9,10”. Then the base
BX; of X; has a partial downward path on the right side of X;, as otherwise there would be
no temporal path of length 10 from any of t},¢?,¢? to s;. For the same reason, each of the
forks F'X;, F?2X; has a partial downward path on the right side of X;.

Case A-1-i. None of the forks F' X;, F2X; has a partial upward path on the left side of Xj.
Then each of the forks F'X;, F2X; has a partial upward path on the right side of X;, as
otherwise there would be no temporal path of length 10 from s; to ¢! or t?. For the same
reason, the base BX; has a partial upward path on the right side of X;. Therefore we
can remove the label “5” from the left bridge edge e; f of the fork F3X;, thus obtaining a
labeling with fewer labels than A4, a contradiction.

Case A-1-ii. Exactly one of the forks F'X;, F2X; (say F'X;) has a partial upward path
on the left side of X;. Then the fork F2X; has a partial upward path on the right side of Xj.
Furthermore the base BX; has a partial upward path on the right side of X;, since otherwise
there would be no temporal path of length 10 from s; to t2. In this case we can modify the
solution as follows: remove the labels “1,2,3,4,5” from the partial right-upward path of BX;
and add the labels “6,7,8,9,10” to the partial left-upward path of the fork F?2X;. Finally we
can remove the label “5” from the right bridge edge eﬁ-ﬁd of the fork F3X;, thus obtaining a
labeling with fewer labels than A4, a contradiction.

Case A-1-iii. Each of the forks F'X;, F?X; has a partial upward path on the left side
of X;. In this case we can modify the solution as follows: remove the labels “10,9,8,7,6” from
the partial right-downward path of BX; and add the same labels “10,9,8,7,6” to the partial
left-downward path of the base BX;. Finally we can remove the label “5” from the right
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bridge edge eﬁ;ﬁs of the fork F3X;, thus obtaining a labeling with fewer labels than A4, a
contradiction.

Case A-2. The base BX; of X; has a partial downward path on the left side of X;; that is,
there is a temporal path from vertex e; to vertex s; with labels “6,7,8,9,10”.

Case A-2-i. None of the forks F'X;, F2X; has a partial upward path on the left side of Xj.
Then the base BX; and each of the forks F'X;, F2X; have a partial upward path on the
right side of X;, as otherwise there would be no temporal paths of length 10 from s; to
t!,t2. Moreover, as none of F1X;, F2X; has a partial left-upward path, it follows that each
of F'X;, F?2X; has a partial downward path on the right side of X;. Indeed, otherwise there
would be no temporal paths of length 10 between ¢} and ¢?. In this case we can modify the
solution as follows: remove the labels “1,2,3,4,5” from the partial left-upward path of BX;
and add the labels “6,7,8,9,10” to the partial right-upward path of the fork F3X;. Finally
we can remove the label “6” from the left bridge edge e; f of the fork F?X;, thus obtaining
a labeling with fewer labels than Ay, a contradiction.

Case A-2-ii. Exactly one of the forks F'X;, F2X; (say F'X;) has a partial upward path
on the right side of X;. Then the fork F2X; has a partial upward path on the left side of
X;. Furthermore the base BX; must have a partial right-upward path, as otherwise there
would be no temporal path from s; to t?. In this case we can modify the solution as follows:
remove the labels “1,2,3,4,5” from the partial right-upward path of BX; and add the labels
“6,7,8,9,10” to the partial left-upward path of the fork F2X;. Finally we can remove the label
“5” from the right bridge edge eﬁ-ﬁs of the fork F3X;, thus obtaining a labeling with fewer
labels than Ay, a contradiction.

Case A-2-iii. Each of the forks F'X;, F2X; has a partial upward path on the right side
of X;. Then we we can simply remove the label “5” from the right bridge edge & f; of the
fork F3X;, thus obtaining a labeling with fewer labels than Ag, a contradiction.

Case B. The fork F3X; has also a partial upward path on the right side of X;. That is,
F3X; has partial upward-left, upward-right, downward-left, and downward-right paths.

Case B-1. The base BX; of X; has no partial downward path on the left side of X;. Then
the base BX; of X; has a partial downward path on the right side of X;, as otherwise there
would be no temporal path of length 10 from any of t},t2 ¢3 to s;. For the same reason, each
of the forks F'X;, F2X; has a partial downward path on the right side of X;.

Note that Case B-1 is symmetric to the case where the base BX; of X; has no partial
right-downward (resp. left-upward, right upward) path.
Case B-1-i. None of the forks F'X;, F?X; has a partial upward path on the left side of Xj.
This case is the same as Case A-1-i.
Case B-1-ii. Exactly one of the forks F'1X;, F2X; (say F''X;) has a partial upward path on
the left side of X;. Then both the base BX; and the fork F2X; has a partial right-upward
path, as otherwise there would be no temporal path of length 10 from s; to t2. In this case,
we can always remove the label “6” from the left bridge edge e; f2 of the fork F3X; (without
compromising the temporal connectivity), thus obtaining a labeling with fewer labels than
A, a contradiction.
Case B-1-iii. Each of the forks F'' X;, F2X; has a partial upward path on the left side of Xj.
That is, each of F'X;, F2X; has a partial left-upward and a partial right-downward path.
The following subcases can occur:
Case B-1-iii(a). None of the forks F'X;, F2X; has a partial right-upward path. Then
each of the forks F'X;, F2X; has a partial left-downward path, since otherwise there would
not exist temporal paths of length 10 between ¢t} and ¢?. Furthermore, the base BX; has a
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partial left-upward path, since otherwise there would not exist a temporal path of length 10
from s; to t} and ¢?. In this case, we can remove the label “6” from the right bridge edge
eﬁ»ﬁs of the fork F3X;, thus obtaining a labeling with fewer labels than )4, a contradiction.
Case B-1-iii(b). Exactly one of the forks F1X;, F2X; (say F'X;) has a partial right-upward
path. Then the base BX; has a partial left-upward path, since otherwise there would not
exist a temporal path of length 10 from s; to 7. Similarly, the fork F!X; has a partial
left-downward path, since otherwise there would not exist a temporal path of length 10
from ¢} to t2. In this case we can modify the solution as follows: First, remove the labels
“10,9,8,7,6” from the partial right-downward path of BX,; and add the labels “10,9,8,7,6” to
the partial left-downward path of BX;. Second, remove the labels “5,6” from each of t two
right bridge edges eﬁ-ﬁl and eﬁ-ﬁg of the forks F'X; and F3X;, respectively. Third, remove
the label “5” from the right bridge edge eﬁ-ﬁl of the fork F2X;. Finally, add the five labels
“5,4,3,2,1” to the partial left-downward path of the fork F2X;. The resulting labeling Ay still
preserves the temporal reachabilities and has the same number of labels as A4, while the
variable gadget X is aligned.

Case B-1-iii(c). Each of the forks F'X;, F?X; has a partial right-upward path. In this
case, we can always remove the label “5” from the left bridge edge e, f3 of the fork F3X;,
thus obtaining a labeling with fewer labels than A4, a contradiction.

Case B-2. The base BX; of X; has partial left-downward, right-downward, left-upward,
and right-upward paths. Then, due to symmetry, we may assume w.l.o.g. that the fork F'X;
has a left-upward path. Suppose that F'X; has also a left-downward path. In this case we
can modify the solution as follows: remove the labels “1,2,3,4,5” and “10,9,8,7,6” from the
partial right-upward and right-downward paths of BX; and add the labels “6,7,8,9,10” and
“5,4,3,2,1” to the partial left-upward and left-downward paths of the fork F?X;. Finally we
can remove the label “6” from the right bridge edge eﬁﬁg of the fork F3X;, thus obtaining a
labeling with fewer labels than A4, a contradiction.

Finally suppose that F'' X; has no partial left-downward path. Then F'X; has a partial
right-down path, since otherwise there would not exist any temporal path of length 10 from
t! to s;. Similarly, the fork F?X; has a partial right-upward path, since otherwise there
would not exist any temporal path of length 10 from ¢} to t7. In this case we can modify
the solution as follows: First remove the labels “1,2,3,4,5” and “10,9,8,7,6” from the partial
left-upward and left-downward paths of BX;. Second add the labels “6,7,8,9,10” to the
partial right-upward path of the fork F'X; and add the labels “5,4,3,2,1” to the partial
right-downward path of the fork F2X;. Finally remove the label “6” from the left bridge edge
e; f of the fork F3X;, thus obtaining a labeling with fewer labels than A4, a contradiction.

Summarizing, starting from an optimum A4 of G, in which at least one variable gadget is
neither left-aligned nor right-aligned, we can modify Ay to another labeling A%, such that A%
has one more variable-gadget that is aligned and [Ay| = [A}|. Note that this modification can
only happen in Case B-1-iii(b); in all other cases our case analysis arrived at a contradiction.
Note here that, by making the above modifications of Ay, we need to also appropriately modify
the “connecting edges” (within the variable gadgets) and the “variable edges” (between
different variable gadgets), without changing the total number of labels in each of these
edges. Finally, it is straightforward that all modifications of Ay can be done in polynomial
time. This concludes the proof. |

» Theorem 18. If OPTI\’IAL(G(b’d(b) < 173712 + 9—2971 — 8k then OPTI\,1ON1\,1A)<XOR(3>(¢) > k‘,
where n is the number of variables in the formula ¢.
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Proof. Recall by Lemma 15 that dy = 10. Let A4 be an optimum solution to MAL(G4, 10),
which uses OPTyar(Gy, dg) < %nz + 9—2971 — 8k labels by the assumption of the theorem.
We will prove that there exists a truth assignment 7 that satisfies at least k clauses of ¢.
Recall that, since ¢ is an instance of MONMAXXOR(3) with n variables, it has m = %n
clauses.

Let X; and X; be two variable gadgets in Gg. First we observe that the temporal path
from a starting vertex s; of X;, to any of the ending vertices ¢, where £ € {1,2,3}, must only
go through the vertices and edges of the variable gadget X;. This is true since in any other
case the temporal path would use at least one variable edge and in this case the distance
of the path would increase by at least one. Therefore, the path would be of length at least
11, but since the diameter of the graph is 10, the largest label that is allowed to be used
is 10 and thus the longest temporal path can use at most 10 edges. Similarly it holds for
temporal paths from the ending vertices t¢ (¢ € {1,2,3}) to the starting vertex s; and the
temporal paths among the ending vertices. Even more, these temporal paths must be either
all on the left or all on the right side of X;, i.e., they have to use vertices and edges that are
all on the left or the right side of the base BX; and each fork F*X;. This holds as paths
of any other form (i.e., containing vertices and edges of both sides) are of length at least
11. Consequently, to label a (s;,t})-path in both directions any labeling must use at least
2 - 10 labels. Now, to label (s;,t?) and (s;,t?)-paths, the labels on the base BX; can be
reused, which produces additional 10 labels on each fork F2X; and F3X;. In the case when
all these labels were used on the same path of the variable gadget i.e., all labels were placed
on the left or on the right side of BX; and F?X;, there are also temporal paths connecting
all three ending vertices, without having to introduce any extra labels. The only missing
part is to assure that also all the vertices from the opposite side (i.e., if the labeling used left
paths, then the opposite vertices are on the right side, or vice versa) are able to reach and
be reached by any other vertex. Therefore, we need at least 2 more labels (one for incoming
and one for outgoing temporal paths) on the edges connecting them with the path (vertices)
on the other side. Altogether, to ensure the existence of a temporal path between any two
vertices from X;, a labeling must use at least 74 labels on a variable gadget X;.

Now, let X; and X; be such variable gadgets that do not share the fork. As observed
above, all vertices from each variable gadget can only be reached among each other, without
using the variable edges. Therefore, the variable edges must be labeled in such a way, that
they ensure a temporal path among vertices from different variable gadgets. W.l.o.g. we can
assume that X; is left-aligned and X; is right-aligned by A4 (all the other cases of aligned
and non-aligned labelings of X; and X; by Ay, are symmetric). Since the starting vertex
s; is on the distance 10 from the ending vertices of tgl (¢ € {1,2,3}) of X;, there must
be a temppral path using all labels, to connect them. This path must use the edge of the

-t
form e; f; , as any other path is longer than 10. Since the path must be traversed in both

direction each edge ei]TJ»g (¢ € {1,2,3}) must have at least 2 labels. Similarly it holds for
the (s;, t{)-paths (¢ € {1,2,3}) and the edges & ff (¢ € {1,2,3}). For a vertex s; to reach s;
we must label the edge d;d;, as any other (s;, s;)-path is longer than 10. Therefore, we need
at least one extra label for the edge d;d;. Altogether, to ensure the existence of a temporal
path among two vertices from two variable gadgets that do not share a fork, a labeling must
use at least 13 labels on the variable edges.

Lastly, let X; and X; be two variable gadgets that share a fork. W.l.o.g. we can suppose
that X; is left-aligned by the optimum labeling A, and that F"X; = FT/Xj. By the
construction of Gy, there exists a temporal path to and from all the vertices in the fork
FrX;, = FT'/XJ» to all vertices in X; and X, as there is a temporal path among all vertices
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from X; and a temporal path among all vertices in X;. As observed above, these paths do
not use the variable edges, but the variable edges must be labeled in such a way, that they
ensure a temporal path among vertices from different variable gadgets. Now if we suppose
that the variable gadget X is right-aligned by the labeling Ay, then a temporal path between
s; and s; must use the edge did? and therefore at least one extra label is used for this edge. A

temporal path between s; and t;l, where ¢ € {1,2,3} \ {r'}, must use the edge eiJT/ . Since
the edge of this form is traversed in both directions it must have at least two labels. Similarly
it holds for the temporal paths between t¢ (¢ € {1,2,3}\ {r}) and s;. Altogether, to ensure
the existence of a temporal path among any two vertices from two variable gadgets that
share a fork, a minimum labeling must use at least 9 labels on the variable edges. Similarly
we can see that also all other combinations of aligned and non-aligned labelings of X; and
X; by Ay, require at least 9 labels on the variable edges.

The only thing left to study, in the case of two variable gadgets that share a fork, is what
happens in the intersecting fork. By Lemma 17 we know that the variable gadgets X; and
X are aligned by the labeling A\y. Suppose that F" X, = F’“/Xj. W.l.o.g. we can assume
that X; is left-aligned. We distinguish the following two cases.

The variable gadget X; is right-aligned. Then, by the construction of G¢, the fork

F'X, = FlXj is labeled using the same labeling, i.e., the left labeling of the variable

gadget X; coincides with the right labeling of the variable gadget X;. This “saves” 16

labels from the total number of labels used on variable gadgets X; and Xj.

The variable gadget X; is left-aligned. In this case all edges in the fork F'X; = F'X;

admit two labels. This “saves” 8 labels from the total number of labels used on variable

gadgets X; and X, since both labelings coincide on the connecting edges.

From the labeling A4 of G4 we construct a truth assignment 7 of ¢ in the following way.
If a variable gadget X is left-aligned, we set x; to TRUE and if it is right-aligned, we set x;
to FALSE. Using the results from above we deduce that the truth assignment 7 satisfies at
most k clauses. |

Since MAL is clearly in NP, the next theorem follows directly by Theorems 14, 16, and 18.

» Theorem 19. M AL is NP-complete on undirected graphs, even when the required mazimum
age is equal to the diameter of the input graph.

4 The Steiner-Tree variations of the problem

In this section we investigate the computational complexity of the Steiner-Tree variations
of the problem, namely MSL and MASL. First, we prove in Section 4.1 that the age-
unrestricted problem MSL remains NP-hard, using a reduction from VERTEX COVER. In
Section 4.2 we prove that this problem is in FPT, when parameterized by the number |R| of
terminals. Finally, using a parameterized reduction from MULTICOLORED CLIQUE, we prove
in Section 4.3 that the age-restricted version MASL is W[1]-hard with respect to |R|, even if
the maximum allowed age is a constant.

4.1 MSL is NP-complete
» Theorem 20. MSL is NP-complete.

Proof. MSL is clearly contained in NP. To prove that the MSL is NP-hard we provide a
polynomial-time reduction from the NP-complete VERTEX COVER problem [25].
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VERTEX COVER
Input: A static graph G = (V, E), a positive integer k.
Question: Does there exist a subset of vertices S C V such that |S| = k and Ve € E,enS # 0.

Let (G, k) be an input of the VERTEX COVER problem and denote |V(G)| = n, |E(G)| = m.
We assume w.l.o.g. that G does not admit a vertex cover of size k — 1. We construct
(G*, R*, k*), the input of MSL using the following procedure. The vertex set V(G*) consists
of the following vertices:

two starting vertices N = {ng, n1},

a “vertex-vertex” corresponding to every vertex of G: Uy = {u,|v € V(G)},

an “edge-vertex” corresponding to every edge of G: Ug = {ucle € E(G)},

2n + 12m - k “dummy” vertices.

The edge set E(G*) counsists of the following edges:

an edge between starting vertices, i.e., ngnq,

a path of length 3 between a starting vertex n; and every vertex-vertex u, € Uy using 2

dummy vertices, and

for every edge e = vw € E(G) we connect the corresponding edge-vertex u, with the

vertex-vertices u, and w,,, each with a path of length 6k + 1 using 6k dummy vertices.
We set R* = {no}UUg and k* = 6k+2m(6k+1)+1. This finishes the construction. It is not
hard to see that this construction can be performed in polynomial time. For an illustration
see Figure 6. Note that any two paths in G* can intersect only in vertices from N UUy UUg
and not in any of the dummy vertices. At the end G* is a graph with 3n + m(12k + 1) 4 2
vertices and 1 4 3n + 2m(6k + 1) edges.

We claim that (G, k) is a YES instance of the VERTEX COVER if and only if (G*, R*, k*)
is a YES instance of the MSL.

length 3 _|| - length 6k 41 |

Figure 6 Example of a canonical layering of a directed acyclic graph (DAG).

(=): Assume (G, k) is a YES instance of the VERTEX COVER and let S C V(G) be a
vertex cover for G of size k. We construct a labeling A\ for G* that uses k* labels and admits
a temporal path between all vertices from R* as follows.

For the sake of easier explanation we use the following terminology. A temporal path
starting at ng and finishing at some wu. is called a returning path. Contrarily, a temporal
path from some u. to ng is called a forwarding path.

Let Ug be the set of corresponding vertices to S in G*. From each edge vertex u. there
exists a path of length 6k + 1 to at least one vertex u, € Ug, since S is a vertex cover
in G. We label exactly one of these paths, using labels 1,2,...,6k + 1. Since S is of size k,
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this part uses k(6k + 1) labels. Now we label a path from each v € Ug to ny using labels
6k + 2,6k + 3,6k + 4. Each path uses 3 labels, and since S is of size k we used 3k labels
for all of them. At the end we label the edge ngn; with the label £* = 6k + 5. Using this
procedure we have created a forwarding path from each edge vertex u. to the start vertex ng
and we used 3k + m(6k + 1) + 1 labels.

To create the returning paths, we label paths from n; to each vertex in Ug with labels
0+ 1,054+ 2,0 + 3. Now again, we label exactly one path from vertices in Ug to each
edge-vertex ue, using labels ¢* +4,0* +5,... ¢* + 3 + 6k. We used extra 3k + m(6k + 1)
labels and created a returning path from ng to each vertex in Ug.

All together, the constructed labeling uses k* = 6k + 2m(6k + 1) + 1 labels, the only thing
left to show is that there exists a temporal path between any pair of edge-vertices u.,ur € Ug.
It is not hard to see that this holds, as we can construct a temporal path between two
edge-vertices as a union of a (sub)path of a temporal path from the first edge-vertex to the
starting vertex ng and a (sub)path of a temporal path from the starting vertex to the other
edge-vertex.

(«<): Assume that (G*, R*,k*) is a YES instance of the MSL. We construct a vertex
cover of size at most k for G as follows.

Let us first observe the following, a forwarding and returning path between the starting
vertex ng and the same edge-vertex u., can intersect in at most one time edge. Even more,
two temporal paths between the same pair of vertices, going in the opposite directions,
intersect in at most one time edge.

By the construction of G* each (temporal) path between ny and a vertex in Ug passes
through the set Uy . Since there are m vertices in Ug and each path between a vertex u. € Ug
and some u, € Uy is of length 6k + 1, we need at least m(6k + 1) labels to connect Ug to
Uy in “one direction”. Using the observation from above, we get that there can be at most
1 time edge in common between any two temporal paths among any pair of edge-vertices,
therefore we need at least 2m(6k 4+ 1) — 1 labels for paths in both directions. We call these
the forwarding path F,. (from u, to some u,) and the returning path R, (from some u,s to
ue) for ue. It is straightforward to check that every u, can have at most one forwarding path
and one returning path, since every additional path would require at least an additional 6k
labels and then no connection between ng and Uy would be possible.

All labeled temporal paths between N and Uy can be split into two sets, one containing
all temporal paths that are a part of (or can be extended to) some returning path, denote
them P; and the others which are a part of (or can be extended to) some forwarding path,
denote them P, . It is not hard to see that each temporal path from P; or Py starts and
ends in N U Uy, i.e., no temporal path starts/ends in one of the dummy vertices. Therefore
each temporal path in P]J\y or Py uses 3 labels. Again, using the above observation we get
that temporal paths from P]Jg and Py share at most one label. Since this part uses at most
6k + 1 labels, there are at most 2k temporal paths in Py and Py,. Suppose that | P3| < |Py|
(the case where |Py;| > |Py| is analogous). Let Us C Uy be the set of vertices in Uy such
that Pﬁ NUgs # 0, i.e., Ug consists of vertices that are endpoints of temporal paths in P]Jg.
We claim that S = {v | u, € Ug} is a vertex cover of G and |S| < k. It is not hard to see
that |Py| < k and therefore |S| < k.

We first make the following observation. We define a partial order on the set P = {F,, R, |
e € E} of forwarding and returning paths as follows. For two paths P,Q € P, we say that
P < @ if all labels used in P are strictly smaller than the smallest label used in Q. We
can assume w.l.o.g. that the defined ordering is a total ordering on P since we can order
incomparable path pairs arbitrarily by modifying the labels in a way that does not change
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the size and the connectivity properties of the labeling. Furthermore, we can observe that for
any two e, e’ € E with e # ¢’ we have that F, < R, since in order for u. to reach uer, the
path F, needs to be used before the path R... It follows that there is at most one edge e € E
such that R, < F,, otherwise we would reach a contradiction to the above observation.
Now assume for contradiction that S is not a vertex cover of G. Then there is an edge
e = {v,w} € E such that {v,w} NS = 0. To reach u. from ny there needs to be an edge
e/ = {v,w'} (or symmetrically {w,w’'}) such that we can reach wu, from n; via some path
P, then continue to u. using R/, then continue to u, using F./, finally reach u. using
R.. Notice that this requires P < R, < F.» < R.. This implies that the path from ng to
1, cannot be longer since otherwise there would be two edges €', ¢’ with R, < F, and
R < Fer, a contradiction. It also implies that edge e is the only edge in E with en .S = ().
Now consider an edge e’ = {w’,v"} # €’ such that there is no direct path from ng to
Uy, If such an edge does not exist then w’ and all of its neighbors , different than v, are in
S. Hence we can remove w’ from S and add v to S to obtain a vertex cover for G of size at
most k. Assume that edge e¢” with the described properties exists and consider the temporal
path from wes to uer. This path must start with Fes thus reaching u,. From there the path
cannot continue to some ug since for all €/ # ¢’ we have that F,. < R. hence the path
cannot continue from wue. It follows that the path has to eventually reach n; continue to
Uy from there. However, recall that P < F. which means that we cannot use P to reach
Uy from ni. Hence, there is a second temporal path P’ (using the same edges as P with
later labels) from ny to u,s with F,, < P’. This implies that |S| < k and we can add v to S
to obtain a vertex cover of size at most k for G. <

4.2 An FPT-algorithm for MSL with respect to the number of
terminals

In this section we provide an FPT-algorithm for MSL, parameterized by the number |R| of
terminals. The algorithm is based on a crucial structural property of minimum solutions for
MSL: there always exists a minimum labeling A that labels the edges of a subtree of the
input graph (where every leaf is a terminal vertex), and potentially one further edge that
forms a C4 with three edges of the subtree.

Intuitively speaking, we can use an FPT-algorithm for STEINER TREE parameterized by
the number of terminals [14] to reveal a subgraph of the MSL instance that we can optimally
label using Theorem 7. Since the number of terminals in the created STEINER TREE instance
is larger than the number of terminals in the MSL instance by at most a constant, we obtain
an FPT-algorithm for MSL parameterized by the number of terminals.

» Lemma 21. Let G = (V, E) be a graph, R CV a set of terminals, and k be an integer
such that (G, R, k) is a YES instance of MSL and (G, R,k — 1) is a NO instance of MSL.
If k is odd, then there is a labeling A\ of size k for G such that the edges labeled by \ form
a tree, and every leaf of this tree is a verter in R.
If k is even, then there is a labeling \ of size k for G such that the edges labeled by A
form a graph that is a tree with one additional edge that forms a Cy, and every leaf of
the tree is a vertex in R.

The main idea for the proof of Lemma 21 is as follows. Given a solution labeling A\, we
fix one terminal r* and then (i) we consider the minimum subtree in which r* can reach all
other terminal vertices and (ii) we consider the minimum subtree in which all other terminal
vertices can reach r*. Intuitively speaking, we want to label the smaller one of those subtrees
using Theorem 7 and potentially adding an extra edge to form a Cy; we then argue that the
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obtained labeling does not use more labels than A. To do that, and to detect whether it is
possible to add an edge to create a Cy, we make a number of modifications to the trees until
we reach a point where we can show that our solution is correct.

Proof. Assume there is a labeling A for G that labels all edges in the subgraph H of G. We
describe a procedure to transform H into a tree T’ by removing edges from H such that T
can be labeled with &k labels such that all vertices in R are pairwise temporally connected.

Consider a terminal vertex r* € R. Let H. be a minimum subgraph of H and \. a
minimum sublabeling of A for H. such that 7* can temporally reach all vertices in R\ {r*}

in (HJr

T*)

AfL). Let us first observe that H% is a tree where all leafs are vertices from R and
A\l assigns exactly one label to every edge in H.

First note that all vertices in (H;%., A1, ) are temporally reachable from r*. If a vertex is not
reachable, we can remove it, a contradiction to the minimality of H.. Now assume that H .
is not a tree. Then there is a vertex v € V(H,%) such that v is temporally reachable from r*
in (H.,\.) via two temporal paths P, P’ that visit different vertex sets, i.e. V/(P) # V(P').
Assume w.l.o.g. that both P and P’ are foremost among all temporal paths that visit the
vertices in V(P) and V(P’), respectively, in the same order. Let the arrival time of P be
at most the arrival time of P’. Then we can remove the last edge traversed by P’ with all
its labels from (H%, \%.) such that afterwards r* can still temporally reach all vertices in
R\ {r*}, a contradiction to the minimality of H .. From now on, assume that H. is a tree.
Assume that H%. contains a leaf vertex v that is not contained in R. Then we can remove v
from (H%

r*)

AfL) such that afterwards r* can still temporally reach all vertices in R\ {r*}, a
contradiction to the minimality of H.. Lastly, assume that there is an edge e = uv in H
such that A, assigns more than one label to e. Let v be further away from 7* than u in H%
AfL) with arrival time ¢. Then
we can remove all labels except for ¢ from e and afterwards r* can still temporally reach all

and let P be a foremost temporal path from r* to v in (H.%,
vertices in R\ {r*}, a contradiction to the minimality of \..

Let H,. be a minimum subgraph of H and A,. a minimum sublabelling of A for H,.
such that each vertex in R\ {r*} can temporally reach 7* in (H, -, A,.). We can observe by
analogous arguments as above that H, . is a tree where all leafs are vertices from R and A .
assigns exactly one label to every edge in H ..

We define the following sets of edges:

— B(H)\ B,

The set of edges only appearing in H.: E. = E(H2)\ E(H%).
The set of edges appearing in both H\. and H.: E.~ = E(HX) N E(H,>).
The set of edges appearing in both H% and H. that receive the same label from A
and A\ Ef ={ec EL7 | Ah(e) = A (e)}.

The set of edges only appearing in H..: Ef.

We claim that there exists a labelling A’ of size k for G such that there are two trees
H,. with the above described properties and |E(H%)| + |E(H,.)| — |Ef| = k — « for
some z > 0 and

|Ef | <x+1if kis odd, and

if k is even, then |E*.| < x + 2 and there exist two edges e™, e~ in H that each of them,

when added to H,., H., respectively, creates a Cy in H ., H, ., respectively.

H+

T

We first argue that the statement of the lemma follows from this claim. Afterwards we prove

the claim. Assume that |E"| <|E,.| (the case where |E%| > |E,.| is analogous).
Assume that |EX. | <z 4 1. Then we clearly have
2Q0EHL)| —1=2|EL|+2|EL | -1 < |[EHL) |+ |E(H.)| —1=k—a+|E.| -1 <k
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It follows that we can temporally label H;. with at most &k labels such that all vertices in
H. can pairwise temporally reach each other, using the result that trees with m edges can
be temporally labeled with 2m — 1 labels (see Theorem 7). Since we assume (G, R,k —1) is a
NO instance of MSL it follows that £ = 2m — 1 and hence this can only happen if &k is odd.

Assume that |E.
added to H ., H ., respectively, creates a Cy in H. H.

r* r*y r*y r*)

< z+2 and there exist two edges e™, e~ in H that each of them, when
respectively.. Then we clearly have

20E(H L)V et -4 =2EL |+2|EL -2 < |E(H,L)|+|E(H,.)

—2=k—z+|E.|-2<k.

It follows that we can temporally label H. together with edge et with at most k labels such
that all vertices in H. with edge eT can pairwise temporally reach each other, using the
result that graphs containing a C4 with n vertices can be temporally labeled with 2n — 4
labels (see Theorem 7). Since we assume (G, R,k — 1) is a NO instance of MSL it follows
that k£ = 2n — 4 and hence this can only happen if & is even.

Now we prove that there exists a labeling \’ of size k for G such that there are two trees
H., H. with the above described properties and |E(HL)| + |E(H%)| — |E| = k — a for
some x > 0 and |Ef| <z + 1.

Let H., H be two trees with the above described properties and |E(H )|+ |E(H>)| —
|Ef.| = k — x for some x > 0. We will argue that by slightly modifying the labeling A
(and with that A\ and .., that way ultimately obtaining \') and H., H,., we achieve
that |E(HL)| + |E(H.)| — |Ef.| = k — 2 for some 2’ > 0 and either |E%| < 2’ + 1 or
|Ef | < a2’ + 2. We will argue that in the former case we must have that & is odd, and in the
latter case we must have that k is even. Note that if |E'.| = 1 we are done, hence assume
from now on that |E}.| > 2.

We consider several cases. For the sake of presentation of the next cases, define the head
of a temporal path as the last vertex visited by the path and the extended head of a temporal
path as the last two vertices visited by the path. Furthermore, define the tail of a temporal
path as the first vertex visited by the path and the eztended tail of a temporal path as the
first two vertices visited by the path.

Case A. Assume there is a temporal path P from r* to some 7 € R\ {r*} in H. that
traverses two edges in Ef.. Let e, e’ € E*. with e # ¢’ such that there is a temporal path P
from r* to some r € R\ {r*} in H. that traverses w.l.o.g. first e and then ¢’ and a mazimum
number « of edges lies between them in P and the distance 8 between 7* and e is minimum.
Note that this implies that A (e) < Af (¢').

In the following we analyse several cases. In some of them we can deduce that the labeling
A must use labels that are not present in A, or A\ that are unique to that case. This implies
that for each of these cases we can attribute one label outside of A% and A\, to edge e or €.

In some other cases we describe modifications that do not increase |F(H,.) U E(H,.)
and either

strictly decrease 3, or

strictly decrease o and not increase 3, or

strictly decrease |E*.

and not increase « and f3,
while preserving that
H. and H. are trees with leafs in R, and
Af and A assign at most one label per edge.
Whenever a modification satisfies the above requirements it is clear that it can only be
applied a finite number of times. Whenever we describe a case that requires modifications

that do not satisfy the above requirements, we explicitly show that these modifications can
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only be applied a finite number of times as well. Overall this then shows that after a finite
number of modifications, none of the described cases will apply.

We partition the temporal path P into the part P; from r* to e, the part consisting of e
itself, the part P, between e and €', the part consisting of ¢’ itself, and the part Ps from e’
to r. Now in H_ . we can have two different scenarios. For illustrations of all variations of
Case A see Figures 7-9.

. : + /s
(a) Case A: an example of a path P from r* in H, (b) Case A-1: an efcample of P in H. and P’ in
that traverses e, e’ € EJ.. H,., that share e,e’ € E;..

P

(c) Case A-1-i: P* from 73 to 71 either uses no (d) Modification of Case A-1-i.
labels from )\:1 or no from A ..
P

(e) Case A-1-ii: P* from 71 to 72 either uses no

labels from A, or no from ... () Modification of Case A-1-ii.

Figure 7 Cases A-1 — A-1-ii, where blue color corresponds to the labeling Af. and red to A_..

Case A-1. There is a temporal path P’ from some ' € R\ {r*} to r* in H_. that traverses
both e and €’. Note that this implies that e is traversed before €’.

We partition the temporal path P’ into the part P from 7’ to e, the part consisting of e
itself, the part Pj between e and €, the part consisting of e’ itself, and the part Pj from e’
to r*.

28



1103

1104

1105

1106

1107

1108

1109

1110

1111

1112

1113

1114

1115

1116

1117

1118

1119

1120

1121

1122

1123

1124

1125

1126

1127

1128

1129

1130

1131

1132

1133

1134

1135

1136

1137

1138

1139

1140

1141

1142

1143

1144

1145

1146

1147

1148

1149

1150

APPENDIX

The analysis of each one follows from the observation that the labels in Pj are larger
than the ones in P;.

Case A-1-i. Assume there is a path P, in H. starting at a vertex that is visited by Py
and ending at 7, € R\ {r*} such that 71 = ' or P, and P} intersect in a vertex. For our
analysis, we treat these two cases the same since in both cases we can assume that r’ can
reach 71, in the latter through the intersection point. If there is a path P, in H_. starting at
some 73 € R\ {r*,r'} and ending at the extended tail of Pj or P4, then the temporal path
P* in (G, )\) from 7 to 7, either uses no labels from . or no from A..

Case A-1-ii. Assume there is a path P in H,. starting at #; € R\ {r*} and ending at a
vertex that is visited by P4, such that #1 = r or Py, and Py intersect in a vertex. Again for
our analysis, we treat these two cases the same since in both cases we can assume that 71
can reach r, in the latter through the intersection point. If there is a path P, in H. starting
at the extended tail of P; or P and ending at some 72 € R\ {r*,r}, then the temporal path
P* in (G, )\) from 7 to 7 either uses no labels from . or no from A,..

Assume that one of the above two applies. We assume that there is no path Py in H..
starting at some 73 € R\ {r*,r'} and ending at the extended tail of Py or P} in Case A-1-i
and that there is no path J H. starting at the extended tail of P; or P; and ending at
some 7o € R\ {r*,r}, since in both cases we can directly deduce that we need labels outside
of Af. and A\.. Then we modify \ in the following way without changing its connectivity
properties. First, we scale all labels in A by a factor of |V].

The idea is first to essentially switch the roles of P and P; in Case A-1-i and switch the
roles of P3 and P, in Case A-1-ii. Assume Case A-1-i applies.

We remove P;’s edges and labels from H.. and \., respectively, add Pps edges to H, ..

Add the edges between the (original) tail of Py to e to H,. and add the respective labels

for those edges from Af. also to ... Add new labels for the edges of P, to A, such that

there is temporal paths from ' to r* that does use edges from P;.

We remove Pj’s edges and labels from H. and A, respectively, add Pj’s edges to H%,

and add new labels for the edges of P to A such that there is a temporal path from r*

to r’.

Now assume Case A-1-ii applies. We make analogous modifications.

We remove P;’s edges and labels from H . and A,., respectively, add Pys edges to Hﬁ'

Add the edges from the head of Py to e to H. and add the respective labels for those

edges from A\ also to A\f.. Add new labels for the edges of P to AL such that there is

temporal paths from r* to r that does use edges from Ps.

We remove P3’s edges and labels from H. and ., respectively, add Ps’s edges to H-

r*)
and add new labels for the edges of P5 to A,. such that there are temporal paths from r

to r*.
Note that after the modifications H". and H,. are still trees, and ). and A, still assign at
most one label per edge. Furthermore, we have that the modification do not increase the
sum of edges in both trees |E(H,%) U E(H,.)
increase |E}.
assume that Cases A-1-i and A-1-ii do not apply.

. Note that these modifications potentially

and «. However, note that in both cases we strictly decrease 8. From now on

We start with three further subcases. The analysis of each one follows from the observation
that the labels in P} are larger than the ones in P;.
Case A-1-iii. Assume there is a path Pin H. starting at a vertex that is visited by P;
but is different from its tail and extended head and ending at some # € R\ {r*,r}. Then
the temporal path P* in (G, A) from 7’ to # needs at least one label that is not contained in
AL or A, More specifically, P* either uses no labels from A, or no from ..
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Case A-1-iv. Assume there is a path P in H. starting at some # € R\ {r*, 7’} and ending
at a vertex that is visited by P4 but is different from its extended tail and head. Then the
temporal path P* in (G, \) from # to  needs at least one label that is not contained in A
or .. More specifically, P* either uses no labels from ;. or no from A..

Case A-1-v. Assume there is a path Py in H. starting at a vertex that is visited by P, but
is different from its tail and extended head and ending at some 7y € R\ {r*, r}. Furthermore,
assume there is a path Py in H,> starting at some 7, € R\ {r*,’} and ending at a vertex
that is visited by Pj but is different from its extended tail and head. Then, if 75 # 7; and
P, # P}, or the starting vertex of Py is by at least two edges closer to e than the starting
vertex of }52, the temporal path P* in (G, A) from 72 to 71 needs at least one label that is not
contained in AL or ... More specifically, P* either uses no labels from . or no from A..

In the above three Cases A-1-iii to A-1-v we do not make any modifications, since we can
directly deduce that we need labels outside of A, and A... For the remainder of this case
distinction, we assume that Cases A-1-iii to A-1-v do not apply.

We can further observe the following using analogous arguments as above.

Case A-1-vi. Assume there is a path P in . starting at the extended head of P;
and ending at some #; € R\ {r*,r,7’}. If there is a path P, in H. starting at some
7o € R\ {r*,r'} and ending at a vertex from Pj that is not its tail or a vertex from Pj, then,
if 79 # 71, the temporal path P* in (G, \) from 73 to 7 either uses no labels from A% or no
from A, ..

Case A-1-vii. Assume there is a path P in H. starting at some #; € R\ {r*,r,7'} and
ending at the extended tail of Pj. If there is a P, in H;% starting at a vertex from P or a
vertex from P, that is not its head and ending at some 75 € R\ {r*,r}, then, if #; # 73, the
temporal path P* in (G, \) from #; to 7 either uses no labels from . or no from ..

First, assume that Case A-1-vi or Case A-1-vii or none of them apply. Then we modify A
in the following way without changing its connectivity properties. First, we scale all labels in
A by a factor of |V].

The idea is first to essentially switch the roles of P; and Pj.

We remove P;’s edges and labels from H,‘|r and /\:.D, respectively, add P;’s edges to H, .,

and add new labels for the edges of P; to A,. such that there are temporal paths from

both endpoints of e to r* that only use the new labels.

We remove P4’s edges and labels from H,. and ., respectively, add Pj’s edges to H%,

and add new labels for the edges of P} to A such that there are temporal paths from 7*

to both endpoints of e that only use the new labels.

In both modification above, we assume w.l.o.g. that the smallest and the largest label assigned
to an edge of P; by A before the modification are equal the smallest and the largest label,
respectively, assigned to an edge of Pj by Al after the modification. Symmetrically, we
assume w.l.o.g. that the smallest and the largest label assigned to an edge of P§ by A
before the modification are equal the smallest and the largest label, respectively, assigned to
an edge of P; by A,. after the modification. Note that now there is a path from r* to r in
(H, \f.) that does not use edges e and ¢/. Furthermore, there is a path from 7’ to r* in
(H,~,\~) that does not use edges e and ¢'.

Now we have to adjust labels on e, e/, Ps, and Py, depending on whether Case A-1-vi,
Case A-1-vii or none of them apply.

If Case A-1-vi applies, then we remove e, ¢/, and the edges of Pj and their labels from

H,. and \., respectively. Furthermore, we exchange the labels of e and e’ and the edges

of P, assigned by A, in a way that there is a temporal path from r* to #; (see Case

A-1-vi) in (H5L,AL).
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(a) Case A-1-iii: P* from r’ to # either uses no (b) Case A-l-iv: P* from # to r either uses no
labels from A, or no from A,.. labels from A, or no from A..

(c) Case A-1-v: P™ from 73 to 71 either uses no

+ -
labels from A or no from A... (d) Case A-1-vi: P* from 72 to 71 either uses no

labels from )\?t or no from A_..

Py

(e) Case A-1-vii: P* from 71 to 72 either uses no
labels from )\:'* or no from Ar..

(h) Modification when none of the cases A-1-vi nor
(g) Modification of Case A-1-vii. A-1-vii apply.

Figure 8 Cases A-1-iii — A-1-vii, where blue color corresponds to the labeling Af. and red to A7,
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If Case A-1-vii applies, then we remove e, €', and the edges of P; and their labels from
H. and \I., respectively. Furthermore, we exchange the labels of ¢ and ¢’ and the edges
of Pj assigned by A_. in a way that there is a temporal path from 7; (see Case A-1-vii)
to r*in (H«, Aw).
If none of the Cases A-1-vi and A-1-vii apply, then we remove e its labels from H. and
Al respectively, and we remove ¢’ its labels from H. and A, respectively. We modify
the labels of P, assigned by . is a way that all terminals that were reachable from r*
before the modifications can now be reached via e’. We modify the labels of Pj assigned
by A, is a way that all terminals that could reach r* before the modifications can now
reach r* via e.
Note that after the modifications H,". and H,. are still trees, and ;. and A, still assign at
most one label per edge. Furthermore, we have that the modification do not increase the
sum of edges in both trees |E(H%) U E(H.)|. Lastly, and most importantly, we have that
at least one of H,. and H,. does contain both edges e and ¢’. It follows that we strictly
decrease |EZ. | without increasing a.

It follows that after exhaustively performing the above modifications we have that if Case
A-1 applies, then one of the Cases A-1-iii to A-1-v has to apply.

Case A-2. There are two temporal paths P/, P” from some r',r"” € R\ {r*}, respectively,
to r* in H,. such that P’ traverses e and P” traverses ¢. We consider several different
subcases. Let e = uv and let u be the vertex that is closer to r* in H.. Partition P’ into Pj
from 7’ to e, then e, and then Pj from e to r*.
Case A-2-i. Assume the head of Pj is v.

We remove e and its labels from H_. and A

(]
(H..,\.), we traverse Pj, then traverse P, (by modifying A. on Pj accordingly) which lets
us reach P” and then we traverse P to reach r*.

Note that after the modifications H. is still a tree and A_. still assign at most one label
per edge. However, the size of E*. changes, in particular it can increase, but the maximal
number « of edges between two edges from E;. in P decreases by one.

Case A-2-ii. Assume the head of P/ is u. Assume there is a path P in H. starting at a
vertex that is visited by P; but is different from its tail and extended head and ending at
some 7 € R\ {r*,r}, such that # = 7/ or P and P} intersect in a vertex. For our analysis, we
treat these two cases the same since in both cases we can assume that 7’ can reach #, in the
latter through the intersection point.

Case A-2-ii(a). Furthermore, assume there is a path P’ in H,. starting at some #' €
R\ {r*,r'} and ending at a vertex that is visited by Pj. Then the temporal path P* in
(G, \) from #' to 1’ either uses no labels from A or no from A_..

Case A-2-ii(b). Furthermore, assume there is a path P in H,. starting at some 7/ €
R\ {r*,r'} and ending at a vertex that is visited by P. Then the temporal path P* in
(G, \) from 7 to 1’ either uses no labels from A or no from A ..

Assume that Cases A-2-ii(a) and (b) do not apply. Then we modify A in the following
way without changing its connectivity properties. First, we scale all labels in A by a factor
of |V|.

The idea is to essentially switch the roles of P and Pj.

respectively. To obtain a new path in

We remove P;’s and P’s edges and labels from H. and A%, respectively, add Ps edges

to H.. Add the edges from the tail of P to r* to H. and add labels for those edges to

A, ) that uses the newly added labels.

We remove P;’s and Pj’s edges and labels from H,. and A, respectively, add P;’s and

P}’s edges to H ., and add new labels for the edges of P| and P, to A\ such that there
32
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Pz "

P, r’
2 v P

Py
u

(a) Example of Case A-2-i.

(d) Case A-2-ii(a): P* from #' to 7’ either uses no
labels from )\:l or no from A_..

(e) Case A-2-ii(b): P* from #" to r’ either uses no (f) Modification of Case A-2-ii when A-2-ii(a) and
labels from \f. or no from ... A-2-ii(b) do not apply.

/!
Py

/!
P2

o o v . (h) Modification of Case A-2-iii.
(g) Case A-2-iii: P* from #' to r either uses no

labels from )\jl or no from A_..

Figure 9 Cases A-2-i — A-2-iii, where blue color corresponds to the labeling )\;'; and red to A ..
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%)
Note that after the modifications H. and H . are still trees, and A\ and A, still assign
at most one label per edge. Furthermore, we have that the modification do not increase
the sum of edges in both trees |E(H.) U E(H,.)
that the path from 7* to r in H,. does not contain both edges e and ¢’. It follows that we

is temporal path from 7* to 7 in (H %

. Lastly, and most importantly, we have

decreased a.

Case A-2-iii. Assume the head of P| is u. Assume there is a path P in H. starting at a
vertex that is visited by P; but is different from its tail and extended head and ending at
some 7# € R\ {r*,r,7’}. Then the temporal path P* in (G, ) from 7’ to # either uses no
labels from A or no from A,.. Furthermore, assume there is a path P’ in H_. starting at
some 7 € R\ {r*,7'} and ending at a vertex that is visited by Py but is different from its
extended tail and head. Then the temporal path P* in (G, A) from #' to r either uses no
labels from A%, or no from A..

We again modify ) in a way that does not change its connectivity properties. First, we
scale all labels in A by a factor of |V|. We essentially switch the roles of P; and Pj.

We remove P;’s edges and labels from H,. and A\, respectively, add P;’s edges to H, .,
and add new labels for the edges of P; to A, such that there are temporal paths from both
endpoints of e to r* that only use the new labels. We remove Pj’s edges and labels from
H. and A, respectively, add Py’s edges to H,., and add new labels for the edges of P} to
)\;'; such that there are temporal paths from 7* to both endpoints of e that only use the new
labels.

Note that now there is a path from # to r* in (H,.

r*)

A, ) that does not use edge e. Further
note that after the modifications H. and H,. are still trees, and ;. and A,. still assign
at most one label per edge. Furthermore, we have that the modification do not increase
the sum of edges in both trees |E(H,%) U E(H,.)
without increasing «.

. Tt follows that we strictly decrease |E%. |

Now consider the case where we have a temporal path P from some r € R\ {r*} to
r* in H_. that traverses both e and ¢ and two temporal paths P;, P, from r* to some
r1,72 € R\ {r*}, respectively, in H. such that P; traverses e and P, traverses e’. This case
is analogous to the previously discussed case.

From now on we assume that Case A-2 does not apply.

Case B. From now on we assume that none of the above described cases apply. This means
that there is no path from r* to some r € R\ {r*} in H;. that traverses both e and ¢’ and
there is no path from some v’ € R\ {r*} to r* in H,. that traverses both e and €’. It follows
that for every e € E. we have a path in H,. from 7* to some r € R\ {r*} that only traverses
e from the edges in E. and we have a path in H,. from some v’ € R\ {r*} to r* that only
traverses e from the edges in E.. All the following cases are illustrated in Figure 10.

Case B-1. Let e,¢’ € E¥. and let P; be a path in H.%. from r* to some r; € R\ {r*} that
only traverses e from the edges in EY. and let P, be a path in H_. from some r5 € R\ {r*}
to r* that only traverses e from the edges in E*.. Let P| be a path in H.. from r* to some
r] € R\ {r*} that only traverses ¢’ from the edges in E}. and let Pj be a path in H,. from
some 5 € R\ {r*} to r* that only traverses ¢’ from the edges in E..

Consider the case where all choices of Py, Ps, P/, Pj with the above properties we have
r1 =rh or Py and Pj intersect in a vertex after they traversed e and €', respectively. Again
for our analysis, we treat these two cases the same since in both cases we can assume that
rh can reach r1, in the latter through the intersection point. The case where all choices of
Py, Py, P/, Pj with the above properties we have 1] = r5 or P| and P, intersect in a vertex
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T

SR

r
(b) Modification of Case B-1-i.

(c) Case B-1-ii(a): The edges e, €', é1,é2 form a Cy. (d) Case B-1-ii(b): e, €', é1,é2 do not form a Ci.

(e) Modification of Case B-1-ii-b. (f) Case B-2: v+ # ¢ and r~ # 7.

Figure 10 Cases B-1 — B-2, where blue color corresponds to the labeling A, and red to A_..

after they traversed e’ and e, respectively, is symmetric.

Fix temporal paths P;, Py, P/, Pj with the above properties and r; = r} or P; and P

intersect in a vertex after they traversed e and ¢, respectively. Let Py be the path segment
from e to the first vertex included in Pj (excluding e) and let 152' be the path segment from
the last vertex included in P; to €’ (excluding e’).
Case B-1-i. Assume |P;| < |Pj| (the opposite case is symmetric) and |Py| + |Pj| > 3 (not
both paths are only a single edge). We remove PQ”S edges and e and the corresponding labels
from H_. and A,., respectively, such that there is a temporal path from 74 to e that uses the
new labels.

Note that after the modifications H,. and H,. are still trees, and ;. and .. still assign
at most one label per edge. Furthermore, we have that the modification do not increase the
sum of edges in both trees |E(H.) U E(H,.)|. Lastly, and most importantly, we have that
at least one of H;%. and H. does contain both edges e and ¢’.

Case B-1-ii. Assume |P;| = |Pj| = 1, that is, both paths are only a single edge &; and és,

respectively.

Case B-1-ii(a). The edges e, €/, é1, and é; form a Cy. Then we are in the case that k is
35
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even. In this case we set é; to be e™ and we set é; to be e~. One of these two edges will
be used to close the Cy, depending on whether which of H. and H. has fewer edges. The
edges e and €’ stay in E*. and will be the only two edges for which we cannot account a label
in \ that is not present in A\, or A~.. In this case we have that |EX. | < 2/ + 2 is fulfilled.

If Case B-1-ii(a) never applies, then we are in the case that k is odd and we have to be
able to account a label in A that is not present in A, or .. for all but one edge in EZ..

Case B-1-ii(b). The edges e, €', €1, and é3 do not form a Cy. Let e = uv and €’ = u'v" and
let u and u’ be the vertices closer to r* in P; and Pj, respectively. Then this means there is
either at least one edge e* between r* and u or between r* and u’. Consider the case where
e* is between r* and u and let e* = uu* for some vertex u*. In this case e* is contained in
H.. The other case is symmetric. Let e** be the edge between r* and u in H,., that is
incident with wu.

Note that Af(e*) < Af(e) < A (e**). We now make the following modification. We
remove label A, (e*) and add a new label to é in . that is chosen in a way that allows for

a temporal path from 7* to rq via ¢’ and then é,.

Case B-2. Fix some e € E’. and let P* be a path in H. from r* to some r+ € R\ {r*} that
only traverses e from the edges in E. and let P~ be a path in H,. from some r~ € R\ {r*}
to r* that only traverses e from the edges in EZ.. For all e; € E. \ {e} let P;" be a path
in H%. from 7* to some 77 € R\ {r*} that only traverses e; from the edges in E}. and let
P be a path in H. from some r; € R\ {r*} to r* that only traverses e; from the edges in
Er.. Note that for all i # i’ we have that 7" # 7 and 7] # r;,. Now consider edge e;. If
Af (e) < Af(ei), then the temporal path in (G, ) from r;” to 7 needs at least one label
that is not contained in AL or A.. If AL (e) > Al (e;), then the temporal path in (G, \)
from r~ to r;" needs at least one label that is not contained in A, or A,.. This implies, if
Case B-1-ii(a) does not apply, that A\ contains at least |E.
in A or A\ and hence |E¥.| < 2’ + 1. If Case B-1-ii(a) applies, then \ contains at least
|E%.| — 2 labels that are not contained in A, or .. and hence |E% | < 2’ + 2.

This finishes the proof. |

— 1 labels that are not contained

Having Lemma 21, we can now give our algorithm for MSL. As mentioned before, it uses
an FPT-algorithm for STEINER TREE parameterized by the number of terminals [14] as a
subroutine. Recall the definition of STEINER TREE.

STEINER TREE

Input: A static graph G = (V, E), a subset of vertices R C V and a positive integer k.

Question: Is there a subtree of G that includes all the vertices of R and that contains at most
k edges.

Let (G, R, k) be an instance of MSL. Note that if G is Cy-free, then Lemma 21 immediately
implies that we can use an algorithm for STEINER TREE on the same input graph G with
the same terminal vertices R and check whether the resulting solution subtree has at most
k* = [(k+1)/2] edges. In the case where G contains Cys, we have to determine first whether
there is a Cy in G that can be labeled in an optimal labeling. Formally, we show the following.

» Theorem 22. MSL is in FPT when parameterized by the number of terminals.

Proof. Assume we have access to an algorithm A for STEINER TREE that on input (G, R)
outputs the size of a minimum solution, that is, an integer k such that (G, R, k) is a YES
instance of STEINER TREE and (G, R,k — 1) is a NO instance of STEINER TREE.
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Let (G, R,k) be an instance of MSL and let k* = A(G,R). For all C4’s in G let
ke, = A(G,RUV(Cy)). If there exist an C4 in G such that ke, = k*, then (G, R, k) is a
YES instance of MSL if and only if &k > 2k* — 2. Otherwise (G, R, k) is a YES instance of
MSL if and only if k£ > 2k* — 1.

We first show correctness, then we analyse the running time.

(«): Assume there exist a C4 in G such that ko, = k*. Then there exist a subtree
of G connecting all terminal vertices and containing three edges of the Cy. We add the
missing edge of the C4 and label the subgraph using Theorem 7. This requires 2k* — 2 labels
and clearly afterwards all terminals can pairwise reach each other. Hence, we have that if
k > 2k* — 2, then (G, R, k) is a YES instance of MSL. Assume there is no Cy4 in G such that
kc, = k*. Then there exist a subtree of G connecting all terminal vertices and containing
k* edges. We label this tree using Theorem 7. This requires 2k* — 1 labels and clearly
afterwards all terminals can pairwise reach each other. Hence, we have that if k£ > 2k* — 1,
then (G, R, k) is a YES instance of MSL.

(=): Assume that (G, R,k) is a YES instance of MSL and let kopy < k such that
(G, R, kopt) is a YES instance of MSL and (G, R, kopt — 1) is a NO instance of MSL. By
Lemma 21, we have that if kop¢ is odd, then there is a labeling X of size kopt for G such that
the edges labeled by A form a tree H, and every leaf of H is a vertex in R. It is easy to see
that H is a solution for the STEINER TREE instance (G, R). Hence, A(G, R) outputs a lower
bound £* for the number of edges in H. Furthermore, since all leafs of H are terminals, we
have that every vertex in (H, A) can temporally reach every other vertex. By Theorem 7 we
know that then A needs 2k* — 1 labels. This implies that & > kqpe > 2k* — 1.

Now assume that Koyt is even. Then by Lemma 21 we have that there is a labeling A of
size k* for G such that the edges labeled by A form a graph H that is a tree H' with one
additional edge that forms a Cy4, and every leaf of H' is a vertex in R. For the Cy that is
formed we have that A(G, RUV(Cy)) outputs a lower bound k* for the number of edges in
H’. Note that we have k* < A(G, R), since otherwise 2k* — 2 > 2A(G, R) — 1, which means
by Theorem 7 that kopy < 2k* — 2. However, since all leafs of H' are terminals, we have that
every vertex in (H, \) can temporally reach every other vertex. Hence, Theorem 7 implies
that kopy > 2k™ — 2. It follows that kope < 2k* — 2 leads to a contradiction and we have
k> kopy > 2k* — 2.

Running time: We can use the FPT-algorithm for STEINER TREE parameterized by the
number of terminals by Dreyfus and Wagner [14] for algorithm A. Note that we need to
iterate over all Cys in G (there are at most n* of them). Each time we invoke A(G, RUV (Cy)),
we increase the number of terminals by at most four. It follows that overall we obtain an
FPT running time for the number of terminals as a parameter. |

4.3 Parameterized Hardness of MASL

Note that, since MASL generalizes both MSL and MAL, NP-hardness of MASL is already
implied by both Theorems 19 and 20. In this section, we prove that MASL is W[1]-hard
when parameterized by the number |R| of the terminals, even if the restriction a on the
age is a constant. To this end, we provide a parameterized reduction from MULTICOLORED
CLIQUE. This, together with Theorem 22, implies that MASL is strictly harder than MSL
(parameterized by the number |R| of terminals), unless FPT=W][1].

» Theorem 23. MASL is W/[1]-hard when parameterized by the number |R| of the terminals,
even if the restriction a on the age is a constant.

Proof. To prove that the MASL is W[1]-hard when parameterized by the combination of the
37
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number |R| of the terminals and the number k of labels, even if the restriction a on the age
is a constant, we provide a parameterized polynomial-time reduction from MULTICOLORED
CLIQUE parameterized by the number of colors, which is W[1]-hard [19].

MULTICOLORED CLIQUE
Input: A static graph G = (V, E), a positive integer k, a vertex-coloring ¢ : V(G) —
{1,2,...,k}.

Question: Does G have a clique of size k including vertices of all k colors?

Let (G, k,c) be an input of the MULTICOLORED CLIQUE problem and denote |V (G)| =
n,|E(G)| = m. We construct (G*, R*,a*, k*), the input of MASL using the following
procedure. The vertex set V/(G*) consists of the following vertices:

a “color-vertex” corresponding to every color of V(G): C = {¢;]i € {1,2,...,k} a color

of V(G)},

a “vertex-vertex” corresponding to every vertex of G: Uy = {u,|v € V(G)},

an “edge-vertex” corresponding to every edge of G: Ug = {ucle € E(G)},

a “color-combination-vertex” corresponding to a pair of two colors of V(G): W =

{ci;l,5 € {1,2,...,k},i < j, colors of V(G)}, and

2n + 4m + 5m + L (k* — 2k% — k? + 2k) + 4 (K — 3k% 4 2k) “dummy” vertices.

The edge set E(G*) consists of the following edges:

a path of length 3 (using 2 dummy vertices) between a color-vertex ¢;, corresponding to

the color ¢, and every vertex-vertex w, € Uy, where v is of color i in V(G), i.e., ¢(v) =1,

for every edge e = vw € E(G), where ¢(v) =i and ¢(w) = j, we connect the corresponding
edge-vertex u, with

- the vertex-vertices u,, and u,,, each with a path of length 3 (using 2 dummy vertices),

- the color-combination-vertex ¢; ;, with a path of length 6 (using 5 dummy vertices),

a path of length 12 (using 11 dummy vertices), between each pair of color-combination-

vertices, and

a path of length 12 (using 11 dummy vertices), between all pairs of color-vertices ¢; and

color-combination-vertices c;, where 7 ¢ {j,k}, i.e., we connect the color-vertex of color

1 with all color-combination vertices of pairs of color that do not include 1.

We set R* = CUW (note that |[R*| € O(k?)), a* = 12 and k* = 6k + 6(k* — k) + 6(k* — k) +
3(k* — 2k3 — k? 4 2k) + 12(k® — 3k? + 2k). This finishes the construction. It is not hard to see
that this construction can be performed in polynomial time. For an illustration see Figure 11.
At the end G* is a graph with 3n+10m+ 3 (k® + k) + & (k* — 2k® — k? + 2k) + 3L (k3 — 3k% 4 2k)
vertices and 3n + 12m + 3 (k* — 2k3 — k2 + 2k) + 6(k® — 3k? + 2k) edges.

We claim that (G, k, ¢) is a YES instance of the MULTICOLORED CLIQUE if and only if
(G*, R*,a*, k™) is a YES instance of the MASL.

(=): Assume (G, k,c) is a YES instance of the MULTICOLORED CLIQUE. Let S C V(G)
be the set of vertices that form a multicolored clique in G. We construct a labeling A for G*
that uses k* labels, which are not larger than a* = 12, and admits a temporal path between
all vertices from R* as follows.

Let Ug be the set of corresponding vertices to S in G*. For each v € S of color ¢ we
label the three edges connecting c¢; to u, with labels 1,2, 3, one per each edge, in order to
create temporal paths starting in ¢; and with labels 12,11, 10, one per each edge, in order
to create temporal paths that finish in ¢;. For every edge vw = e € E with endpoints in
S we label the path from both of its endpoint vertex-vertices u.,, u,, to the edge-vertex u,
with labels 4,5, 6, one per each edge, and with labels 9,8, 7, one per each edge. This ensures
the existence of both temporal paths between ¢; and ¢;. More precisely, (c;, ¢;)-temporal
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length 3 Il length 3 L length 6 ‘

Figure 11 An example of the construction of the input graph for MASL. For better readability,
some paths among the vertices in W and paths among ¢; € C and c¢jx € W (i # j # k), are not
depicted.

path (resp. (¢;,¢;)-temporal path) uses labels 1,2,3 to reach w, (resp. u,), from where it
continues with 4,5, 6 to u., then with 7,8, 9 reaches w,, (resp. u,) and finally with 10,11,12
it finishes in ¢; (resp. ¢;). Note, since S is a multicolored clique then each vertex v’ € S is of
a unique color 7’ and all vertices in S are connected. Therefore, using the above construction
for all vertices in S, vertex c; reaches and is reached by every other color vertex c; through
the vertex-vertex u,. Even more, since there is an edge e connecting any two vertices
v,w € S, there is a unique edge vertex u, (and consequently a unique path), that is used for
both temporal paths between vertex-vertices wu,, u,, and their corresponding color-vertices.
The above construction clearly produces a temporal path (of length 12) between any two
color-vertices. This construction uses 2 - 3 labels between every color-vertex ¢; and its unique
vertex-vertex u,, where v € S and c¢(c¢) = i, and 2 - 6 labels from each edge vertex wu, to
both of its endpoint vertex-vertices, where e is an edge of the multicolored clique formed
by the vertices in S. All in total we used 6k + 12(5) = 6k + 6(k? — k) labels, to connect all
edge-vertices corresponding to edges formed by S with their endpoints vertex-vertices.

Now, let ¢;; and ¢y be two arbitrary color-combination-vertices. By the construction of
G* there is a unique path of length 12 connecting them, which we label with labels 1,2,...,12
in both directions. This labeling uses 2 - 12 labels for each pair of color-combination-
vertices, hence all together we use 24% labels, since |W| = (’;) this equals to
3(k* — 2k3 — k% + 2k).

Finally, let ¢;; and ¢;; be two arbitrary color and color-combination-vertices, respectively.
In the case when i’ ¢ {i, j} there is a unique path of length 12 in G* between them (that
uses only the dummy vertices). We label this path with labels 1,2,...,12 in both directions.
This procedure uses 2 - 12 labels for each pair of such vertices, hence all together we use
24k(k§1) labels, which equals to 12(k® — 3k% + 2k). In the case when i’ € {i,j} (w.lo.g.
i’ = 1) we connect the vertices using the following path. In S exists a unique vertex of color
i, denote it v. By the definition of S there is also vertex w of color j, which is connected
to v with some edge, denote it e. Therefore, to obtain a (c;, ¢;;)-temporal path, we first
reach u, from ¢; with labels 1,2, 3, then continue to u., using labels 4,5, 6, from where we
continue to ¢; ; using the labels 7,8,...,12. The (¢;j, ¢;)-temporal path uses the same edges,
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with labels in reversed order. This construction introduced 2 - 6 new labels on the path of
length 6 between the edge-vertex u. and the color-class-vertex c;; and reused all labels on
the (¢;, u.)-temporal paths. Repeating this for every color-class-vertex we use 2 - 6|W| new
labels, since [W| = (’;) this equals to 6(k% — k).

All together \ uses 6k + 6(k% — k) + 6(k? — k) + 3(k* — 2k3 — k2 + 2k) + 12(k® — 3k? + 2k)
labels.

(«<): Assume that (G*, R*,a*, k*) is a YES instance of the MASL and let A be the
corresponding labeling of G*. Before we construct a multicolored clique for G, we prove that
the distance between any two terminal vertices from R* in G* is 12.

Case A. Let ¢;,c; € C be two arbitrary color-vertices and let e be an edge in G with
endpoints of color i and j, i.e., e = vw € E(G) and ¢(v) = i,c¢(w) = j. There are two options
how to reach c¢; from ¢;. One when the path connecting them passes through the set £ and
the other, when it passes through the set W.

Case A-1. If the path passes through the set F, we must first go through a vertex-vertex
Uy, then we go to the edge-vertex u., continue to the vertex-vertex u,, and finish in ¢;. Since
all these vertices are connected with a path of length 3, we get that the distance of the whole
(¢i,cj)-path is 12.

Case A-2. If the path passes through the set W, then we must go through the color-class-
vertex ¢;;. Since the path between any color-vertex and color-class-vertex is of length 12 (we
prove this in the following paragraph), the whole (¢;, ¢;)-path is of length 24.

Therefore, the shortest path connecting two color-vertices is of length 12 and must go
through the appropriate edge-vertex.

Case B. Let ¢;; and ¢;» be two arbitrary vertices from the color-class-vertices and color-
vertices. We distinguish two cases.

Case B-1. First, when ¢’ ¢ {i,j}. Then, by the construction of G*, there exists a direct
path of length 12, connecting them. Any other (¢, ¢;;)-path must either go from ¢;» to some
color-class-vertex c; -, which is then connected with a path of length 12 to the ¢;;, or go to
one of the color-vertices and then continue to the ¢;;. In both cases the constructed path is
strictly longer than 12.

Case B-2. Second, when i’ € {i,j}. Let ¢(v) =i and vw = e € E(G). Then there is a path
from ¢; to ¢;; that goes through the vertex-vertex u, (using a path of length 3), continues to
the edge-vertex u, (using a path of length 3), which is connected to the color-class-vertex
¢i; (using a path of length 6). Hence the constructed (c;, ¢;;)-path is of length 12. There
exists also another (c¢;, ¢;j)-path, that goes through some other ¢;;/ color-class-vertex, but it
is longer than 12.

Case C. Let ¢;; and ¢y j be two arbitrary color-class-vertices. By construction of G*, there
is a path of length 12 connecting them. Any other (c;;, ¢;/jr)-path, must use at least one
vertex-vertex, which is on the distance 9 from the color-class-vertices (therefore the path
through it would be of length at least 18), or a color-vertex, which is on the distance 12 from
the color-class-vertices. In both cases the constructed path is strictly longer than 12.

It follows that the distance between any two terminal vertices in R* is 12, hence a
temporal path connecting them must use all labels from 1 to 12. Using this property we know
that any labeling that admits a temporal path among all terminal vertices must definitely
use all labels 1,2,...,12 on the temporal paths among any two color-combination-vertices c¢;;
and ¢y ;, and among a color-vertex ¢;; and a color-combination-vertex ¢;;, where 7" ¢ {i, j}.
This is true as there are unique paths of length 12 among them. For these temporal paths
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we must use 2 - 12% labels (since |W| = (g) this equals to 3(k* — 23 — k2 + 2k))
and 2 - 12k(k;1) labels (which equals to 12(k% — 3k? + 2k)). Therefore, the labeling A can
use only 6k + 6(k? — k) + 6(k% — k) labels to connect all other terminals.

Let us now observe what happens with the temporal paths connecting remaining temporal
vertices. To create a temporal path starting in a color-vertex ¢; and ending in some other
color-vertex (or color-combination-vertex), A must label at least 3 edges, to allow ¢; to reach
one of its corresponding vertex-vertices u,. Similarly it holds for a temporal path ending in
¢;. Since the path connecting ¢; to some other terminal is of length 12, the labels used on
the temporal paths starting and ending in ¢; cannot be the same. In fact the labels must
be 1,2, 3 for one direction and 12,11, 10 for the other. Therefore, A uses at least 6k labels
on edges between vertices of C' and Uy . Extending the arguing from above, for ¢; to reach
some (suitable) edge vertex u. the path needs to continue from u, to u. and must use the
labels 4, 5,6 (or 9,8,7 in case of the path in the opposite direction). From u, the path can
continue to the corresponding color-combination-vertex c¢; ; where it must use the labels
7,8,...,12; or to the vertex-vertex corresponding to the other endpoint of e. This finishes
the construction of the temporal path from a color-vertex to the color-class-vertex and the
temporal paths among color-vertices. The remaining thing is to connect a color-class-vertex
with its corresponding color-vertices. The temporal path must go through some edge vertex
ue, that is on the distance 6 from it, therefore the labeling must use the labels 1,2, ...,6.
From u, the path continues to the suitable vertex-vertex and then to the color-vertex. Using
the above labeling we see that A must use at least 2 - 6| labels (which equals to 6(k* — k)
labels) on the edges between the color-class-vertices in W and the edge vertices in Ug and at
least 2 - 6(’;) labels (which equals to 6(k? — k) labels) on the edges between the edge-vertices
in Ug and vertex-vertices in Uy . Since all this together equals to k*, all of the bounds are
tight, i.e., labeling cannot use more labels.

We still need to show that for every color-vertex c¢; there exists a unique vertex-vertex u,
connected to it such that all temporal paths to and from ¢; travel only through u,. By the
arguing on the number of labels used, we know that there can be at most two vertex-vertices
that lie on temporal paths to or from c¢;. More precisely, one that lies on every temporal
path starting in ¢; and the other that lies on every temporal path that finishes in ¢;. Let
NOW 1, U,y be two such vertex-vertices. Suppose that wu, lies on all temporal paths that
start in ¢; and w, on all temporal paths that end in ¢;. Now let u. be the edge-vertex
on a temporal path from ¢; to ¢;, and let u,, be the vertex-vertex connected to c; and u..
Therefore the (¢;, ¢;)-temporal path has the following form: it starts in ¢;, uses the labels
1,2,3 to reach u,, then continues to u. with 4,5,6, then with 7,8,9 reaches u,, and with
10,11, 12 ends in the ¢;. To obtain the (¢;, ¢;;)-teporal path we must label the edges from u.
to ¢;; with the labels 6,7, ...,12, since the edge-vertex u. is the only edge-vertex connected
to the color-class-vertex c¢;; that can be reached from ¢; (if there would be another such
edge-vertex, then the labeling A would use too many labels on the edges between Uy and
Ug). Now, for the color-vertex c; to be able to reach the color-class-vertex c¢;;, it must use
the same labels between the u. and ¢;; (using the same reasoning as before). Therefore
the path from ¢; to u. (through) u, uses also the labels 1,2,...,6. But then for ¢; to
reach ¢; the temporal path must use the vertex-vertex u,,, even more it must use the edge
vertex u. and consequently the vertex-vertex wu,, from where it would reach ¢;. But this
is in the contradiction with the assumption that the path from ¢; to u, uses only labels
1,2,3. Therefore, every color-vertex ¢; admits a unique vertex-vertex wu, that lies on all
(¢i,cj) and (cj, ¢;)-temporal paths. For the conclusion of the proof we claim that all vertices
v corresponding to these unique vertex-vertices u, of color-vertices ¢;, form a multicolored
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clique in G. This is true as, by construction, a temporal path between two vertex-vertices
Uy, Uy corresponds to the edge vw = e € E(G). Since every vertex-vertex is connected to
exactly one color-vertex, this corresponds to the vertex coloring of V(G). In G* there is
a temporal path among any two color vertices, therefore the vertex-vertices used in these
temporal paths can be reached among each other, which means that they really do form a
multicolored clique. |

Note here that, in the constructed instance of MASL in the proof of Theorem 23, the
number of labels is also upper-bounded by a function of the number of colors in the instance
of MULTICOLORED CLIQUE. Therefore the proof of Theorem 23 implies also the next
result, which is even stronger (since in every solution of MASL the number of time-labels is
lower-bounded by a function of the number |R| of terminals).

» Corollary 24. MASL is W/[1]-hard when parameterized by the number k of time-labels,
even if the restriction a on the age is a constant.

5 Concluding remarks

Several open questions arise from our results. As we pointed out in Lemma 4, x(C,,,d) =
©(n?), while k(G, d) = O(n?) for every graph G by Observation 3. For which graph classes
G do we have k(G,d) = o(n?) (resp. k(G,d) = O(n)) for every G € G?

As we proved in Theorem 19, MAL is NP-complete when the upper age bound is equal to
the diameter d of the input graph G. In other words, it is NP-hard to compute (G, d). On
the other hand, (G, 2r) can be easily computed in polynomial time, where r is the radius of
G. Indeed, using the results of Section 2.1, it easily follows that, if G contains (resp. does
not contain) a Cy then x(G,2r) = 2n — 4 (resp. (G, 2r) = 2n — 3). For which values of an
upper age bound a, where d < a < 2r, can k(G, a) computed efficiently? In particular, can
k(G,d+ 1) or k(G,2r — 1) be computed in polynomial time for every undirected graph G?

With respect to parameterized algorithmics, is MAL FPT with respect to the number &
of time-labels?
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