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Abstract

We apply computations of twisted Hodge diamonds to construct an infinite number
of non-Fourier-Mukai functors with well behaved target and source spaces.

To accomplish this we first study the characteristic morphism introduced in
[BFO8] in order to control it for tilting bundles. Then we continue by applying
twisted Hodge diamonds of hypersurfaces embedded in projective space to compute
the Hochschild dimension of these spaces. This allows us to compute the kernel
of the embedding into the projective space in Hochschild cohomology. Finally
we use the above computations to apply the construction in [RVABN19] of non-
Fourier-Mukai functors and verify that the constructed functors indeed cannot be
Fourier-Mukai for odd dimensional quadrics.

Using this approach we prove that there are a large number of Hochschild
cohomology classes that can be used for the construction of [RVABN19]. Further-
more, our results allow the application of computer-based calculations to construct
candidate functors for arbitrary degree hypersurfaces in arbitrary high dimensions.
Verifying that these are not Fourier-Mukai still requires the existence of a tilting
bundle.

In particular we prove that there is at least one non-Fourier-Mukai functor for

every odd dimensional smooth quadric.
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Chapter ]_

Introduction

1.1 Background and Results

The concept of Fourier-Mukai functors generalizes the idea of a correspondence to

the categorical level.

Definition 1.1.1. A functor f : D’ (X) — D*(Y) between bounded derived

categories of schemes is called Fourier-Mukai if there exists an object M €
L

D' (Y x X) such that f = @) := Lry, <M ® Rk ()) In this case M is called

the Fourier-Mukai kernel.

In particular these functors can be understood geometrically as @), admits a
complete charactersiation by M € D° (Y x X).

It also turns out that most functorial constructions done in algebraic geometry
are Fourier-Mukai. This means that understanding the property of being Fourier-
Mukai, respectively of not being Fourier-Mukai, is essential for understanding
which functors between derived categories of sheaves may arise from geometric
constructions and which do not. Another indicator of the geometric nature of

Fourier-Mukai functors are the following results by V. Orlov and B. Toén:

Theorem. [Orl97] Let X and Y be smooth projective schemes. Then every fully
faithful exact functor Wy : D° (X) — D (Y) is a Fourier-Mukai functor for some
Fourier-Mukai kernel M € D* (X x Y).

Theorem. [Toe07] Let X and Y be smooth projective schemes. Then a functor
D (X) — Db (Y) is precisely Fourier-Mukai if it is induced by a dg-functors

between the canonical dg-enhancements.

The above results show that a lot of functors between derived categories of
smooth projective schemes are Fourier-Mukai. So Bondal, Larsen and Lunts
[BLLO4] conjectured nearly 20 years ago that every exact functor between such

derived categories admits a description as a Fourier-Mukai functor.

1



2 Introduction

This conjecture was disproven fifteen years later when A. Rizzardo, M. Van
den Bergh and A. Neeman [RVABN19] constructed the first non-Fourier-Mukai
functor

v, : D' (Qs) = D" (P*)

where Q3 denotes the smooth three dimensional quadric in P*. Shortly thereafter
V. Vologodsky constructed in a note [Voll16] another class of non-Fourier-Mukai
functors over a field of characteristic p. However, Vologodsky’s functor turns out
to be liftable to a Z,-linear dg-level, whereas the example from [RVABN19] can be
proven to not even have a lift to the spectral level if one works over the rational
numbers.

In this work we generalize the result from [RVABN19] to higher dimensions. In
particular we will work over a closed field of characteristic zero in order to show
that even in the nicest possible case there is an abundance of non-Fourier-Mukai
functors.

We then verify that in the case of a smooth odd dimensional quadric we can

apply our result to get a non-Fourier-Mukai functors in arbitrary high dimensions.

Theorem. Let Q — P?* be the embedding of a smooth odd dimensional quadric

for k > 2. Then we have an exact functor
w,: D" (Q) - D" (P")

that cannot be Fourier-Mukasi.

1.2 Proof strategy

Generally we follow the ideas from [RVABN19]. In order to conclude that we can
construct more non-Fourier-Mukai functors we include an auxiliary results on the
kernel of the push forward in Hochschild cohomology. Furthermore we will use
more general objects, degrees and indices. We need to do this as the proof in
[RVABN19] is very specialized to the three dimensional quadric and one needs to
take care when generalizing their strategy to a more general setting.

Recall that the construction in [RVABN19] proceeds in two steps:

1. First the authors construct a prototypical non-Fourier-Mukai functor between

not necessarily geometric dg-categories.

2. Using behaviour of Hochschild cohomology under embeddings this functor

is turned into a geometric functor.
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More precisely, in step (1) [RVABN19] construct a functor
L:D"(X)— Dy (X))

for a smooth scheme X and n € HHZ™XT3  where Dy (X,) is the derived

category of an A,-category arising as infinitesimal deformation in the n-direction.

In step (2) the construction of L is turned into a geometric one. In [RVABN19]
this is achieved by showing that the canonical n € HH?4m @ (Qg, wgf) is annihi-
lated by the embedding Q3 — P*, which allows the passing from the algebraic
world to the geometric world. The authors then define ¥, to be L composed with
the pushforward into the geometric category D (P4).

Although the construction in [RVABN19] is very general, it has two major

drawbacks:

The first is that although L is constructed to be prototypical non-dg it is not
obvious that the composition with the pushforward is again non-Fourier-Mukai.
One usually handles these complications by applying an inductive obstruction
theory that gets unwieldy quickly as one needs to keep track of inductively chosen
lifts. Indeed [RVABN19] only gives a single example of a non-Fourier-Mukai
functor although the construction given in step (1) and (2) is very general in

nature.

We are able to solve this issue by restricting to Hochschild cohomology classes
in degree dim (X) + 3, this leads to the first obstruction vanishing and so we do
not need to control the previous lifts in order to conclude that the pushed forward

obstruction does not vanish.

The second drawback is that the results in [RVABN19] rely heavily on the
existence of a tilting bundle in order to conclude that the prototypical functor
L cannot be dg. Furthermore in [RRVAB19] T. Raedschelders, A. Rizzardo and
M. Van den Bergh construct an infinite amount of non-Fourier-Mukai functors
using the prototypical L mentioned above. However, to do this they apply a
geometrification result by Orlov and hence lose control over the target space. In
particular the above mentioned geometrification result relies even more on the
existence of a tilting bundle. Although our concrete examples still require the
existence of a tilting bundle we study the naturality of the characteristic morphism,
which might in future allow results using more general generators. In particular
we phrase our main result such that a non-vanishing characteristic morphism

suffices, which is guaranteed for tilting objects.

Altogether this PhD improves on the construction from [RVABN19] to prove
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the existence of non-Fourier-Mukai functors
7, : D" (Q) — D" (IP’”“) ,

for @) a smooth quadric in arbitrary high dimension.

Furthermore one can use our results to calculate the dimensions of choices for
constructing candidate non-Fourier-Mukai functors as entries in twisted Hodge
diamonds. For instance, if one wants to deform a smooth degree 6 hypersurface
f: X — P! along the Hochschild cohomology of Ox (—8) in a way that might
gives rise to a non-Fourier-Mukai functor, we may pick an 7 in a 20993-dimensional

space:

2996 2099315267 917 O 0
1575 0 0 0 0
D7D 0 0 0
10395 0 0
9002 0
2996.

1.3 Structure

1.3.1 Preliminaries: A,-Structures and their Deforma-

tions

We start by collecting a few basic notions about A..-structures and their de-
formations which we will later use to deform a scheme in a non-geometric way.
In particular we focus on the definitions of A..- respectively A,-categories and
modules over them. We use these to control lifts of I'-objects to the level of equiv-
ariant sheaves. Furthermore we discuss how one can use Hochschild cohomology
to deform small k-linear categories into an A..-category by introducing a higher

composition morphism.
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1.3.2 Equivariant Sheaves and the Characteristic Mor-
phism

In this section we define the structure of equivariant objects in a category and
discuss that a Fourier-Mukai functor is compatible with equivariant sheaves and
base change. We will use this later to produce a contradiction to our functors
being Fourier-Mukai.

We then introduce the (geometric) equivariant characteristic morphism and
study a categorical incarnation of it. Using this approach we are able to prove
that it admits naturality with respect to push forwards, this may eventually be

used to weaken the assumption on the existence of tilting bundles.

1.3.3 Preliminaries: Schemes and k-linear Categories

We continue by recalling the construction of W. Lowen and M. Van den Bergh of
a k-linear category associated to a compact scheme in order to embed the derived
category of sheaves in the derived category of modules over a k-linear category
which we can then deform. Furthermore we recall that the essential image of the
direct image under the diagonal embedding corresponds under this construction to
bimodules. We will later use these constructions to pass from the geometric world
to the algebraic one, while still being able to compute the Hochschild cohomology
of certain bimodules. This allows us to later deform the constructed k-linear

category along a Hochschild cohomology class.

1.3.4 Twisted Hodge Diamonds give Kernels in Hochschild
Cohomology

We apply computations of twisted Hodge diamonds in order to compute the
Hochschild cohomology of ample sheaves on a degree d hypersurface. We then
continue by computing the Hochschild cohomology of the direct image under the
embedding of an ample sheaf. We then use these computations, together with
a long exact sequence, to compute the kernel in Hochschild cohomology of the

embedding. This we will use in order to pass back to the geometric world.

1.3.5 Non-Fourier-Mukai Functors

We follow the construction in [RVABN19] of non-Fourier-Mukai functors and then
apply the results from the previous sections in order to conclude that in the
case of a smooth degree d hypersurface we indeed we have plenty of choices for

constructing candidate functors.
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We then continue by proving that under assumptions regarding the charac-
teristic morphism and mild conditions on some Ext-groups these functors indeed
cannot be Fourier-Mukai. In particular we verify, using tilting bundles, that
there exist non-Fourier-Mukai functors for smooth quadrics in arbitrary high

dimensions.

Notation

Throughout this work we consider k to be a closed field of characteristic zero and
all schemes, algebras, A..-categories and dg-categories are considered to be over k.
We will assume all A,.-structures to be strictly unital and graded cohomologically.

Furthermore the bounded derived category of coherent sheaves over a scheme
X will be denoted by D (X) or D° (coh (X)) depending on the context, wherever
we need to pass to the category D%, v (Qch (X)) using [Huy06, Proposition 3.5]

we will indicate this.



Chapter 2

Preliminaries: A, -Structures and
their Deformations

In this chapter we will collect a few basic facts we will need later. In particular
we will focus on A.-categories, A,-modules and A,-deformations of k-linear

categories.

2.1 Modules over k-linear Categories

We start by recalling the definition of modules over a k-linear category and the
relationship between those and the classical notion of modules.

The idea of generalizing the notion of modules over rings to categories first
was introduced by B. Mitchell [Mit72]. All in all the idea is that one can interpret
a k-algebra as a k-linear category with one object and under that interpretation
a module corresponds to a functor from the k-linear category to the category of

k-vector-spaces.

Remark 2.1.1. Recall that a k-linear category C is a category such that every
morphism space C (M, N) is a k-vectorspace and composition defines a k-linear
map _o_:C(M',M)®@C(M",M') — C(M",M).

Definition 2.1.2 ([Mit72]). Let X be a small k-linear category. A X-module is
a k-linear functor
M X — Vect (k).

A morphism of X-modules is a natural transformation between two X-modules
N and M:
f:N—=> M.

We refer to the category of X-modules X —mod.

Lemma 2.1.3. Let X be a k-linear category. Then we have that the category

X —mod is a k-linear abelian category.
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Proof. By Definition 2.1.2 we have X—mod = Funy (X, Vect (k)). In particular
we have immediately a canonical k-action on the morphism spaces. As kernels
and cokernels can be computed objectwise in the target category [Wei%4, A.4.3.]
we have that Funy (X, Vect (k)) is also abelian. In particular we ger that X —mod

is abelian k-linear. O

Remark 2.1.4. Let I be a k-algebra. Then we have that a classically defined
I’-module M consists of a k-vector space V' together with a k-algebra morphism
v: I — End (V).

On the other hand, if we consider I" to be a k-linear category with one object
*, then M consists by Definition 2.1.2 also of a vectorspace V' = M (x) together

with a morphism of k-algebras (a map of morphism spaces)
I' - End (V) = Vect (k) (M (%), M (%)) .

In particular in this case the two notions of modules over I" coincide.
Similarly the notion of natural transformation captures in this case precisely

the commuting with the I" action.

Definition 2.1.5 ([Mit72]). Let X be a k-linear category. We define the derived
category of X-modules (respectively bounded, bounded below or bounded above)
derived category, to be the derived category (respectively bounded, bounded below

or bounded above derived category) of the abelian category X —mod.
D! (X) := D" (X—mod) ,

for h € {ﬂ ba _7+}

As we will later define a k-linear category corresponding to a scheme and then
model morphisms of schemes also as functors between k-linear categories we will

denote the restriction of scalar functors in the following way:

Definition 2.1.6. Let f : X — Y be a k-linear functor and let M be a }-module.
Then we define the module f, M to be the X-module defined by

fiM = Mo f.

Remark 2.1.7. We choose the notation f, over f* as we will later model the
category of sheaves on a projective scheme by modules over a k-linear category,
and under this construction the functor f, corresponds to the direct image and so
the notation turns out to be more consistent and less confusing throughout this

work.
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Lemma 2.1.8. Let f : X — Y be a k-linear functor. Then the assignment
M — fuM defines a left exact functor f,: Y—mod — X —mod.

Proof. As kernels and images are computed on the target category we do not need
to worry about left-exactness. It also defines a functor as it is just precomposition

with a functor and so it has to be functorial. O]

2.2 A,-Structures

Throughout this section we follow [KelO1] and [Sei08], in particular we will use the
sign conventions from [KelO1]. Although B. Keller only talks about A, -algebras,
the sign conventions can also be applied to A..-categories and are equivalent to
the sign conventions in the book by P. Seidel which is considering A, -categories
throughout. Furthermore K. Lefevre-Hasegawa [LHO3] covers the case of Au-
categories using the same signs as Keller, however we primarily refer to [Sei08] for

the category case, as [LH03] is in French.

2.2.1 A, -Categories and their Functors

Since we will repeatedly use dg-categories as examples for A..-categories we recall

the definition of a dg-category

Definition 2.2.1. A dg category C is a category such that we have for all M, N € C
a chain complex C* (M, N), such that the Leibnitz rule holds

d(zoy)=droy+ xody.

Definition 2.2.2 ([Kel01, 3.1.]). Let n € NU {co}. An A,-category X over
a field k consists of a class of objects obj (X') and Z-graded k-vector-spaces as

morphism spaces
X (a,b),

for a,b € obj (X), together with compositions

m; : X (a;,a,-1) @k X (a;—1,0i—2) @ ... ® X (a1, a9) = X (a;,a0)

)

of degree 2 — i for 1 <i <n and ay, ..., a; € obj (X) such that

> (=) my, 0 (Id” @m, ® 1d*) = 0 (%1)

r4+s+t=k

holds for all £ < n, where u =7+ 1+1t.
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We will sometimes denote a € obj (X) by a € X to avoid clumsy notation.

Definition 2.2.3 ([Sei08, (2a)]). An A,-category X is called unital if every object
a € obj (X) admits a unit Id € X (a,a)’ such that

my (z,1d) =z = my (Id, x)
m; (Ii,...,ld,....,l‘l) =0 27&2

Remark 2.2.4. Observe that the first few incarnations of (%) give:

k = 1: In this case (x;) gives

m; om; = 0.

This means that m; defines a differential on X (a, b).
k = 2: Here (x9) boils down to
m; o my = my (my oId + Id omy),
which is the Leibnitz rule d (x oy) = dx oy + x o dy.
k =3: And (x3) gives

my o (Id®@my —my ®Id) =
=mjomz+m3®(m; IR IA+Id@m; @Id+1d®Id @ my),

which means that m, is associative up to a homotopy given by ms. More
generally one can think of an A,,-category as a category that is homotopy-

associative up to degree n.

By Definition 2.2.2 every A,, category defines an A,,-category for all m < n just
by forgetting the higher actions.

Definition 2.2.5 ([Sei08, (1a)]). Let X be an A,-category for n > 3. Then the
category H* (X) is the graded k-linear category consisting of the same objects as

X and morphism spaces
H* (X) (a,b) := H* (X (a,b)).

Where we use Remark 2.2.4 to consider X (a, b) as a chain complex with differential

m;j.
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The k-linear category H° (X) is the category with the same objects as X' and
morphism spaces

H (X) (a,b) := H° (X (a,b)).

We have by Remark 2.2.4 that H* (X') defines a graded k-linear category and
HO (X) defines an ordinary k-linear category.

Definition 2.2.6 ([Seci08, (2a)]). An A,-category is called homologically unital if
H° (X) admits a unit morphism Id € H° (X) (a,a) for all a € obj (X).

Definition 2.2.7. An A,-category is called small if its objects form a set. It is

called essentially small if the isomorphism classes of objects form a set.

Definition 2.2.8 ([Kel0l, 3.1.]). An A,-category is an A,-algebra if obj (&X)

consists of only one object for n € NU {oo}.
Example 2.2.9. There are a few obvious examples of A..-categories:

o Let X be a k-linear category, then it is an A, category via

(Jo() i=2
0 i 2.

o More generally, let X be a dg-category, then X" is an A, -category with

d =1
mi={()e() i=2
0 i¢ 11,2},

Definition 2.2.10 ([Kel01, 3.4.]). An A,-functor between two .A,-categories
f: X — Y is given by a map on objects

f :obj(X) — obj(Y)
and a set of morphisms
{fi: X (a;,ai-1) @ X (a;-1,0,2) @ ... ® X (a1, a2) = YV (f (a;), f (ag))}

of degree 1 — i for every i <n and ay, ..., a9 € obj (X) such that

S (=) f (10 @ my @ 1) = 30 (1) my (fi, @ i, ® . @ fi))  (vx)

r+s+t==k 1<I<n
k=i1+...+il
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holds, where ©u = r 4+ 1 4t and
m=00l-1)(G1—1)+0—=2)(la—1)+...+2(512— 1)+ (41 — 1).

Remark 2.2.11. Again we compute the first few incarnations of (skxy):

k = 1: In this case we have

Jiomy =myo fi,
in particular f; defines a morphism of chain complexes.

k = 2: Here we get
fiomy=myo (fi® fi)+myofo+ fo(m ®Id+Id®@m,),

so fi commutes with my up to a homotopy given by fs.

More generally one can think of an A,-morphism f as commuting with the A,,-
structure up to higher homotopies, whose information f includes in form of the
higher f;.

Definition 2.2.12 ([Kel01, 3.1.]). An A,-functor between two unital .A4,,-algebras
is called an A,,-morphism for n € NU {oc}.

Definition 2.2.13 ([Kel01, 3.1.]). An A,-functor f : A — B is a quasi-
equivalence if

[ obj(A) /= — obj (B) /=

is surjective and all f; induce isomorphisms on cohomology
H" (f1) : H" (A(a,d")) = H" (B (fa, fd')) .

Proposition 2.2.14 ([LHO03, Proposition 3.2.1]). Every homologically unital

Aso-category is quasi-equivalent to an unital one.

Definition 2.2.15 ([Kel01, 3.4.]). A quasi-equivalence between two A.-algebras

is called a quasi-isomorphism.

Theorem 2.2.16 ([Kad80]). Let X be an As-category. Then the cohomology
H* (X) has an A-category structure such that

° ml —_= 0
o there is a quasi-equivalence H*X = X lifting the identity on H*X .

Moreover, this structure is unique up to (non-unique) isomorphism of A, -categories.
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Remark 2.2.17. From now on we will assume that the cohomology H* (X') of
an A.-category is equipped with the A, -structure arising by Theorem 2.2.16
instead of just regarding it as a graded category interpreted as an A..-category.

The A..-category constructed in Theorem 2.2.16 is also referred to as the minimal
Aoo-model of X.

2.2.2 A,-Modules and their Functors

Definition 2.2.18 ([KelO1, 4.2.]). Let X be a small A,-category for n € NU{oc}.

An A,-module over X consists of a Z-graded space
M (a,b)
for every pair of objects a,b € objX and higher composition morphisms

m; : M (a;,a;1) @ X (a;_1,0;_2) @ ... @ X (a1, a9) — M (a;, ag)

%

of degree 2 — i such that the following equation holds

> (=)™ m,o0 (Id®r ®mg ® Id®t) =0, (%)

r+s+t=k

where depending on the input m; needs to be considered as the ¢th higher compo-

sition morphism of X or M.

Remark 2.2.19. We again compute a few incarnations of (x*;) to give some

intuition on the modelled structure.

k = 1: In this case we get

ml oml
So m; defines a differential.

k = 2: Here we get
mM om)! =m o (m{w@IdM—kIdM@mf‘),
which means that ms suffices the Leibnitz rule.

k = 3: For this we get similar to the A..-algebra case that the action of M induced

by ms is associative up to a homotopy, which is given by ms.

So one can think about an A4,-module as a homotopy coherent module over X.
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Example 2.2.20. We collect once more the standard examples.

o Let M be a graded module over a k-linear category X', then it is an A..-
module over X’ via
(Jo() i=2
0 i # 2.

m; =

o Let M be a dg-module over a dg-algebra X'. Then it defines an A,.-module

over X via
d i1=1

m=1()o() i=2
0 i¢{1,2}.
Definition 2.2.21 ([Kel01, 4.2.]). Let M, N be A,-modules over an A,-category

X for n € NU {oo}. A morphism of A,-modules consists of a set of morphisms:

fi: M(a3,ai-1) @ X (ai-1,0i-2) ® ... ® X (a1, a0) — N (as, ao)

7

of degree 1 — ¢ for ¢+ < n, such that we have for every k < n

S ()" fuo (I @m, @ 1d%) =37 (=) P my (f, @1d%) ()

r+s+t n=r-+s
where u =r+s+tand v =1+ s.
Example 2.2.22. We compute again (%) for small k:

k = 1: Similar to the cases above (x%;) boils down to

Jiom; =m;o fi,
which means that f; defines a morphism of chain complexes.

k = 2: Here we get
flomg—fgo(m1®1d+1d®m1):mzo(f1®1d;()—|—mlof2.

This means that similarly to the case of an A,-functor between A,,-categories
the equation (#x*q) encodes that f; is compatible with the action induced by

my up to a homotopy given by fs.

These examples are another reason one can think about A..-structure as a notion

for inductive homotopy coherent algebraic structures.
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Definition 2.2.23 ([Kel01, 4.2.]). An A,-morphism f : M — N is a quasi-

isomorphism if it induces an isomorphism on cohomology

Definition 2.2.24 ([KelOl, 4.2.]). Let f : M — M" and g : M’ — M” be
morphisms of A,-modules over a homologically unital A, -algebra X'. Then the

composition fog: M — M" is given by

(Fog), =2 (D)"Y f, (g ®1d%),

n=r-+s

where we put u =1 — s.

Definition 2.2.25 ([Kel01, 4.2.]). Let X be a homologically unital A..-algebra,
then we define the category of A.,-modules Cy, (X) to be the category consisting

of A,.-modules and morphisms given by A.,-morphisms.

Remark 2.2.26. The identity of an object in Cy, (X) is given by
Id = (Id,0,...).

Definition 2.2.27 ([Sei08, 1k]). Let f : X — ) be an A;-functor. Then the
functor

fe:Cxo (V) = Coo (X)

is given on modules by

fiM (a) == M (f (a))

for objects a € obj (X). Higher compositions are given by
Mg (ma Tp—1, ...7[E1) = Z Zml (m7 fSl (xk—17 s xk—sl) PERES fSl (a817 sy al)) .
S
On morphisms f* is given by

f*S@k (ma'xk—l) ...,1'1) = Z Z @i (m7fsl (xk’—la "'7'1:16—51) ) "'af81 (a's17 ---aal)) .
sy

Remark 2.2.28. We again choose the notation f, over f* as we will later model
the category of sheaves on a projective scheme by modules over a k-linear category,
and under this construction the functor f, corresponds to the direct image and so
the notation turns out to be more consistent and less confusing throughout this

work.
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Definition 2.2.29 ([Kel01, 4.2.]). Let X be a homologically unital small A-
category. Then we define the category

Doo (X) = Co (X) [{As — quasi-isomorphism}~"].

Remark 2.2.30 ([Kel01, 4.2.]). More generally one could consider A-categories
over commutative rings instead of a field k. In this case we would have to
distinguish between the derived category of A..-modules, as we defined it, and
the category of A.,.-modules up to homotopy. However, over a field one can prove
that actually every quasi-isomorphism of A..-modules is a homotopy equivalence
and vice versa. In particular in this case the naively derived category arising by
formally inverting quasi-isomorphisms and the category of A..-modules up to
homotopy coincide.

The interpretation of Dy, (X) as arising via A.-modules up to homotopy
immediately gives that Dy, (X') is well-defined and there are no set-theoretic issues

arising.

2.3 A, -Categories and their Deformations

2.3.1 Deformations

In this section we will recall some facts about A..-categories and their deformations

along a Hochschild cohomology class.

Definition 2.3.1 ([DVM96]). Let X be a k-linear category. Then we call a
X-bimodule k-central if the k-action induced by the left AX’-action is the same as
the k-action induced by the right X'-action.

Definition 2.3.2 ([?]). Let X be a k-linear category and M a k-central X-
bimodule. Then we denote by

Cn (X,M) I:HOIIIX@k,yop (X ®Jk ®k X,M)
——

n

dyp : C™ (X, M) —=C" ™ (X, M)
I (X®”) = M=o f(22® ... @ Tpiq)
(D) (0@ @ T @ @ Ty,)
=1
H (=D f (21 ® oo ® T) Ty

the Hochschild complex.
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A Hochschild cochain in degree > 2 is called normalized if we have
f(r1®.ld®..®x,) =0.

We denote the subcomplex of normalized Hochschild cochains by C* (X, M).
The Hochschild cohomology HH* (X', M) is the cohomology of the Hochschild

complex.

Proposition 2.3.3 ([Lod98, §1.5.7]). The inclusion C* (X, M) < C* (X, M) is

a quasi-isomorphism.

Now we may define the deformation of a k-linear category by a normalized

Hochschild cocycle:

Definition 2.3.4 ([RVdB14, 6.1]). Let X be a k-linear category, M a k-central
bimodule and n € C" (X', M) with n > 2. Then we define &, as the A-category

consisting of the same objects as X', morphism spaces given by
XT] (CL, b) =& ((l, b) ® M[n - 2] ((l, b)
and higher compositions given by:

my ((z,m), (y,n)) := (mz (,y),my (¥,n) + my (m,y))
m, ((x1,m1), ..., (Tn,my)) == (0, (21, ..., x,))

m; ;=0 i¢{2,n}
This construction comes together with a canonical A, -functor
T X, =+ X (2.3.1)
acting via the identity on objects and given on morphism spaces by
(1d,0)

&, (a,b) = X (a,b) @ M[n —2] —=5 X (a,b).

The following Theorem 2.3.5 shows that this construction indeed defines an

Ao-structure:

Theorem 2.3.5. Let X be a k-linear category, M a k-central X -bimodule and
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let n > 3. Then there is a bijective identification of the form

Isomorphism classes of Auo-structures on
¢ : HH"(X, M) = ¢ X & M[n — 2] such that m; =0 for i ¢ {2,n}
and my ((z,m), (y,n)) = (xy, zn + my)
7= &,

where we denote by X, the isomorphism class of X, and by 7 the cohomology class

of a representative ).

Proof. First we prove that the map ¢ : ker(dyp») 3 n — &, is well-defined and

surjective, and then we will show that the kernel is im(dyp).

So consider 1 € ker(dyy~). For this to induce an Ay -stucture via m,, := n and
my(z,m) @ (2',m') = (z2’, 2m’ + ma’)
we need to show that the equation (%)
S (1Ym0 (Id¥ @ m; ® 1d®') =0

holds for all j +¢+ 1 = k with ¢ = j+ 1+ (. Since only my and m,, are non trivial
we can focus on ¢,i = n and ¢,i = 2 while (xg,) immediately holds as either the

source or target space has to vanish.

So consider first j 4+ ¢ 4+ [ = 4, in this case the equation boils down to
mg(ld & mg) - ng(ﬂ'lg X Id) = 0.
This is the associator, since evaluation at (z,m) ® (', m’) ® (z”, m”) yields

(z, m)((z, m") (", m")) = ((z,m) (2, m)) (=", m")

— (ﬂf,m)($,$”, x/m/l + m/x//) _ (xx/’xm/ + mx/)(x/l’m//)

— (xx/xl/’xx/m// +$m/$l/ +m$/$”) _ (xx/x//’xx/m// + xm/x// _‘_mx/x//)

=0.

In the case of j +1i+ [ =n + 2 the equation (%) is given by:
mo(Id ® my,) + > (—1)'m, (Id® @ my ® Id** ) + (—1)"ma(m, ® Id) = 0.

1=0

Observing that my corresponds to multiplication and substituting m,, with n
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yields:
n—1 ]
zon(xy, ..., Ty) + Z(—l)ln(xo, ey Tt 1y ey X)) + (= 1)"0(20, ooy Ty )Ty, = 0,
i=0

which is literally dun(n) = 0.

To prove surjectivity let (X @& M[n — 2|, m;) be an A,.-algebra such that m;
is only nontrivial for ¢ = 2, n and my is as above. Then we get by the defining

equations of A -algebras

n—1

my(Id ® my,) + > (—=1)'m,, (1d** ® my ® Id®" 1) + (—=1)"my(m,, ® Id) = 0.

1=0

In particular we may consider m,, € C*(&X®", M) and the above equation implies

dyn(m,) = 0 and hence @ is surjective.

Now consider two isomorphic 4, -categories of the desired form
(X & Mn —2],m;), (X & M[n —2],m)).
In particular we have an A..-equivalence
fo(XeMln—2,m;) = (X & Mn' - 2], m;).

In order for f to be an isomorphism f; has to be an isomorphism of chain complexes

over k since there exists some f~! such that

(fof"n=hofi'=Id=fi"ofi=(f"o

In particular we get n = n/'.

Let g : (X @ M[n—2],m;) = (X ®M][n—2],m/) denote the A-isomorphism
such that g = f; ' and g; = 0 for i > 1 and m” := f, om,, and m? = m; for i # n.
We may interpret g o f as a morphism with (g o f), = Id and m/, = m,. Where
the latter equality holds since by the defining property of A, -functors we have:

my(f1, f1) = fi(me) +mi(fo) + fo(m; @ Id +1d @ m, )

:f1m2 1y :0:m/1
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Now g o f is an A, -equivalence. Therefore the following equation has to hold:

n—2

(go f)l (my,) + Z(—l)l((g © f)nfl (Idn_z_l ®my & Id@l) =
=m,(((g0f),®...®@((g°f))

+my((go f),_1®((gof))

+(=1)"m ((( i@ (gof)u_1)

This gives after rearranging and plugging in (g o f), = Id,

!/

n—2
= (=1 (mQ(Id ® fro1) + (=1)"my(froy @ Id) + Z(—1)J’(Idﬂ'*1 ®my @ Id"f=2>

= (_1)ndHH"*1 (fn—l)'

In particular the kernel of ¢ is precisely the module of Hochschild coboundaries. []

The following Corollaries allow us to work with A% for 17 a Hochschild coho-

mology class and to assume that & is strictly unital.

Corollary 2.3.6. The equivalence class of X, depends only on 7 € HH" (X, M).

Proof. This is just the fact that the bijection in Theorem 2.3.5 is well-defined. [J

Corollary 2.3.7. Up to quasi-isomorphism we may assume X, to be unital.

Proof. By the construction of &, it suffices for n to be a normalized Hochschild
cochain. By Corollary 2.3.6 we may choose a different representative in the same
cohomology class to get an equivalent A..-category and by Proposition 2.3.3 we

can choose a representative 1’ that is normalized. ]

2.3.2 Tensoring with a k-Algebra

Definition 2.3.8 ([RVABN19, 6.2]). Let X’ be a k-linear category, M a k-central
bimodule and I" a k-algebra. Then we define the morphism

C(X,M)—-C X[ M)
n—nuUld
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to send a Hochschild cochain 7 in degree n to the degree n morphism

(XD = (Mo
(21037)® ... @ (X, @Vn) = N (11 ® ... @) @ (Y1---Yn) -

Proposition 2.3.9 ([RVABN19, 6.2]). The morphism n — n U Id induces a
morphism
HH* (X, M) > HH* (X @ M T).

Proof. We only need to check that n U Id is compatible with the Hochschild

differential. For this observe the following:
dan (nU1d) ((z1 © 1) ® ... @ (Znt1 ® Ynr1))
= (z1®@m) (nUId) ((z2 ®72) @ ... (Tnt1 @ Y1)
+ Z "(UId) (21 ®© 1) @ oo (20 © %) (Tis1 @ Vir1) oo @ (Tn1 ® Y1)

+ (_1)n+1 (77 U Id) ((371 ® 71) ®..Q (mn ® ’Yn)) ('Tn+1 ® 7n+1)
= (1 @) (MUId) (22 ®72) ® ... ® (Tng1 @ Vns1))
+ Z "(MUId) (21 ®711) @ oo (i1 @ ViYig1) - @ (Tng1 @ Yng1))

+ (1" (nUId) (21 @ 1) @ - ® (T @ V) (Tng1 @ Yns1)
=21®7) (N (2@ ... @ Tpg1) @ V2. Ynt1)

n

+ Z (21 ® ... @ 2i%Tit1 ® ... @ Tpg1) @ V1o Vo1

+ (_1)n+1 (7] (xl ®.Q xn) 0y 71771) (mn—&—l X ’7n+1)
= (211 (22 ® ... ® Tpy1) @ V1Y2-Vns1)

+ Z (-1)177 (.’L'l ®.Q TiTi41 ®..Q $n+l) (%9 Y1 Vn+1
1=1

+ (_1)n+1 (77 ($1 ® ® xn) xn-{-l ® '71-~-'7n7n+1)
=dun (77) (1'1 X .. Q ZL'n+1) & V1. Ynt1-

So the morphism is compatible with the differential and induces a morphism on

cohomology, which is the Hochschild cohomology. O]

Definition 2.3.10 ([RVABN19, 6.2]). Let X be an A.-category and let I" be a
k-algebra. Then we define the A..-category X ®i I to consist of objects

obj (X ® I') := obj (X),
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and morphisms
X @ I'(a,b) .= X (a,b) QI
with compositions

My x®, I (1 k7)) ® ... ® (13 Rk Vi) == m; x (1 ® ... @ ;) Qk M-V,

for composable z1, ..., x;.

We will drop the subscript k if it is clear from context in order to prevent

clumsy notation.

Remark 2.3.11. Observe that since we are considering a k-algebra " every v € I

is in degree zero and so there are no signs arising.

Proposition 2.3.12. Let X be a k-linear category, M a k-central X -bimodule,
n € HH" (X, M) with n > 3 and I" a k-algebra. Then we have

X, (XaT)

nuld *
Proof. Consider the A -functor

FoX,el = (X)),

defined on objects by the identity

obj(X)zobj(Xn):obj(Xn®F)BaliQEObj(X@F) =obj (X ® I') = (objX).

nuld

And on morphisms as the distributor

X(@beMn-2(abol S xel)(ab)dMeI)n-2(ab)
(Z,9) @7~ (z®7,y®7).

Then we immediately get that this defines a bijection on objects and morphism
spaces. However, we still need to check that F' defines an A, -functor. For this
observe that on both categories we have by definition as the only nontrivial
compositions ms and m,,. In particular it suffices to check that F' preserves these

two:
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my: We have by the definition of &), and ®y the following

z,y) ®7) @ F ((,y) ®7))

T®7,Y®7)® (@' 0y, 887))

2((z@y) @@ @y)) m((zey) @y @) +m((yo7y) @ (2" ©9)))
2(r@2)@yy) my(z@y) @y +my(y@2") ®vy)

=Fom ((z®@7,y®7) @ (@' @,y 7).

my (F((
= my ((
= (my ((z®
= (ms ((z®

m,: Using the definitions of X, and ®yx we can compute

my, (F ((21,91) ©71) @ .. @ F (%0, Yn) © Yn))
=1, (1 @71,41 @ 71) @ ... ® (Tn @ Yoy Yn @ Vn))
=(0,(nU1d) ((z1 ® 1) ® ... ® (T ® 1))

=0, (21 ® ... 8 Tp) V1. Vn)

F0,n (11 ®...Q0x,)) @ V1Y)

F (my ((1,41) ® .. @ (20, Yn)) © Y1--7n)

Fomy (((z1,51) © 1) @ .. (%0, Yn) ® 7)) -

So F' respects also m,, which means that it respects every structure morphism
and hence is an A, -functor. Since it is bijective it is an equivalence.
Observe again that in the above calculations there is no sign arising as we are

working with a k-linear algebra I" and so every v € I is in degree zero. O

2.3.3 The characteristic Morphism of a k-linear Category

Definition 2.3.13 ([Low08]). Let X be a k-linear category, M a k-central X-
bimodule and let NV € D (X). Then we define the (algebraic) characteristic

morphism to be given by

ey (M) - HH* (X, M) = Extlygyor (X, M) = Exty (N, M @4 N)
n+—n Qx Idpr.

and the dual (algebraic) characteristic morphism to be

cyv (M) - HH* (X, M) = Extlygyor (X, M) = Exty (RHomy (M, N) ,N)
n — RHom (1, Idy) .

Lemma 2.3.14 ([RVABN19, 6.3.1]). Let X be a k-linear category, N € D (X),
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M an invertible k-central X -bimodule and denote its dual by MP. Then we have

the commutative diagram

Ext}y (M, M @y N)

y

HH* (X, M) P MP @y

k

Ext} (RHomy (M, N),N).

In particular this allows us to pass freely from cy to ¢y for an invertible
bimodule M.

2.3.4 Deformations of Objects

Given these notions of deformation we will now recall some results on the existence

of compatible lifts and colifts of modules.

Definition 2.3.15 ([RVABN19, 6.4]). Let X be a k-linear category, M a k-central
X-bimodule, n € HH" (X', M) with n > 3 and U € D (X).

o Assume that M is right flat, then we call a pair (V,4) consisting of an
object V' € Dy, (X,) and an isomorphism of graded H* (&;)-modules v :
H* (V) & H* (X,) @x U alift of U to X,

o Assume that M is left projective, then we call a pair (V1) consisting of
an object V € Dy (X,) and an isomorphism of graded H* (&X),)-modules
Y H* (V)= X (H* (X,),U) a colift of U to X,,.

Lemma 2.3.16 ([RVABN19, 6.4.1]). Let X be a k-linear category, M a k-central
X -bimodule, n € HH" (X, M) with n > 3 and U € D (X). The object U has a lift
to &, if and only if cyy (n) = 0 and a colift to X, if and only if c; (n) = 0.

The proof of Lemma 2.3.16 consists of trying to lift the A;-morphism given
by the action on Ext? (M, M) to the A,-level. While studying this one observes
that (xx;) for & = n is the only obstruction arising and one can compute that this

is measured by cj; (n).

2.3.5 A, -Obstructions

In this subsection we collect obstructions against lifting a morphisms or modules

from the A,-level to the A, -level. In particular we will discuss that, if we can
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find these lifts for every n > 1, then we get that the morphism is in particular
liftable to the A.-level. We follow for this the discussion in [RVABN19, §7].

Lemma 2.3.17 ([RVABN19, Lemma 7.2.1]). Let f : X — Y be an A;-functor

between two A; 1-categories. Then there exists a well-defined obstruction
oi1 (f) € HHH(H' X, HYY),

such that there exists an A;y1-functor f: X —= Y with fj = fj forj < i and
fi = fi + 6 with [m1, 6] =0 if and only if 0,41 (f) vanishes.
Furthermore 0,41 (f) is natural in the sense that if we have A, functors

g: X' —-Xand h:Y — ), then

0it1(ho fog)=H"(h)ooi (f)oH" (g).

The prove of the above Lemma 2.3.17 consists of a tedious verification that

the equation (k) for k =i+ 1 defines an element in
o1 (f) € HH™H(H'X, H'Y), .

So one can find a lift as the preimage of 0,41 (f) under the differential of
Ext* (H*X,H*Y) if and only if

0= Oj+1 (f) c I—II_IH_1 (H*Xa H*y>1—i :

All in all this is a very similar verification to Lemma 2.3.16, as that Lemma also
tries to lift an As-morphism to the A,.-level. But as the spaces are different it is

hard to compare the two obstructions directly.

Corollary 2.3.18 ([RVABN19, Corollary 7.2.4]). Let f : X — Y be an A;-functor
between A.-categories. Then there exists an Ao -functor f: X — Y with f] = f;
for 3 < i if and only if there exists a sequence of obstructions and subsequent lifts

ﬁ» such that o, (ﬁl_l) =0 for allm > 1. In particular such a sequence also gives

a lift of the desired form f.

Corollary 2.3.19 ([RVABN19, Corollary 7.2.4]). Let X be a k-linear category,
let f: X — H°(Y) be a k-linear functor and let —n < 0 be mazimal such that
H™" (YY) #0. Then

03 (f) =04(f) = .. = 0041 (f) =0

and 0,42 (f) does not depend on any choices.
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Proof. Consider the obstructions introduced in Lemma 2.3.17. Then we have
that the space Hom (H*X', H*Y) = Hom (X, H*Y),_, vanishes for i <n + 1. In
particular all obstructions and possible lifts we could choose for i < n + 1 have
to be 0. And so we only have one choice for a lift to the A, -level which is

independent of choices as it is unique up to coboundaries in Hom (X, ))". [

Lemma 2.3.20 ([RVdABN19, Lemma 7.3.1]). 1. Let X be a dg-category , let
I' be a k-linear category and let T € D (X). Then there is a sequence of

obstructions
012 € HH™? (I Exty (T, 1))

for i > 0 such that T lifts to an object in D (X @ I') if and only if all
obstructions vanish. More precisely 0,11 is only defined if o5 (T, ...,0; (T)

vanish and it depends on choices.

2. If f: X = Y is a dg-functor and f, : D(Y) — D (X) the corresponding
change of rings functor, then after having made choices for T we may make

corresponding choices for f. (T') in such a way that

fi(0i12(T)) = 012 (f+ (T) -

Remark 2.3.21. The proof of Lemma 2.3.20 similarly to the case of lift and
colift consists of trying to lift the action morphism I" — Ext% (7,7). However
as one is now in the setting of a general dg-category one needs to actually try to

inductively lift it via Lemma 2.3.17.



Chapter 3

Equivariant Sheaves and the
Characteristic Morphism

In this chapter we define I'-equivariant sheaves on a scheme X, for a k-algebra
I'. We will use this in order to study the (geometric) I'-equivariant characteristic

morphism.

3.1 Equivariant Sheaves and Fourier-Mukai Func-

tors

In this section we introduce equivariant sheaves and prove that the equivariant
structure is compatible with Fourier-Mukai functors. In particular we can use this

later to get a contradiction to being Fourier-Mukai.

Definition 3.1.1. [LVABO06, §4] Let I" be a k-algebra and C a k-linear category.

Then we define the category Cr to consist of objects
obj (Cr) := (M,v : I' = End¢ (M)),
where M € C and 1 is a morphism of k-algebras, and morphisms

Cr((M4),(N,¢) ={a€C(F.G)lac(y)=p(y)oaeC(M,N) Vyel}.

We will mostly denote (7', ) by T if the action is clear from context to avoid

clumsy notation.

Example 3.1.2. We give a few examples to illustrate the above Definition 3.1.1:

 Since C is required to be k-linear we have that Endc (=) comes with a

canonical k-action and so we have
Ck=C.

27
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o Let C be a k-linear category and M € C, then we have canonically

M = (M, Id) € CEndC(M)~

o Let F': C — C’ be a k-linear functor between k-linear categories and let I" be
a (possibly non-commutative) k-algebra. Then we can extend F' canonically

to a functor

FZCF—>C}
M s FM = (FM,F o) € Ch.

« Consider the point * = Spec (k) and a k-algebra I". Then (M, ¢) € coh ().
consists of M € coh (x) = Vecty and a k-algebra morphism ¢ : I' —
Endy (M). Which means that

coh (%) = I'—mod.

o Let T € coh (X) be tilting for X smooth projective and set I" := Endx (7).
Then we have
D' (X) = D" (I') = D’ (coh (¥),) .

We will prove in Lemma 3.2.12 that this equivalence is compatible with

products of schemes under mild conditions.

We will use the next specific version of the second example throughout this

work:

o Let F € coh (X) be a coherent sheaf on a scheme. Then we have canonically

Remark 3.1.3. The categories D (Cr) and D (C) » may seem very similar in notion,
however, they do not coincide. An object in M € D (Cr) can be interpreted as
a complex of equivariant objects, i.e. it admits an action in every degree and a
differential that is compatible with these actions. On the other hand an object in
D (C) [ can be interpreted as a complex of sheaves together with an action on the
whole complex that suffices the relations given by the I'-action up to homotopy.
The difference between these two notions essentially boils down to the difference
between commutative diagrams up to homotopy not coinciding with homotopy
commutative diagrams, which also led to the development of derivators [Groll].

For some more information on this interplay we refer to [RVdB14].
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By the above discussions there is a canonical forgetful functor

7:D(Cr)—=D(C),

(M) = (M%),

where we denote by (_) an equivalence class of (_). One can think of the above
functor as forgetting that I" acts on every degree separately. However, this functor

is neither essentially injective nor surjective in general, which we will use later.

Remark 3.1.4 ([Huy06, Remark 2.51]). Let f : A — B be a left or right exact
functor betweed derived categories. Recall that an object M € A is called
f-adapted if R f (M) = 0 respectively L'f (M) = 0 for i > 0.

Lemma 3.1.5. Let f:C — C' be a right or left exact functor between abelian k-
linear categories such that C has enough f-adapted objects and let I" be a k-algebra.

Then the canonical functor

f:D(Cr) — D*(C),
(M, 9) = (M, o 9)

admits a lift
fr:D*(Cr) = D*(Ch),

with § € {b,+,—, }. In the case fj = b, respectively § = — for left exact and
1=+ for right exact functors, we assume that every M € C admits a bounded

f-adapted resolution.

Proof. We have by Example 3.1.2 a canonical functor

prCF%C}
(M, ) = (fM, for).

Now as Cr and C}. are abelian with kernels and cokernels computed on objects
we get that fr has the same exactness as f, and as cohomology also is computed
on M only we get that every f-adapted object is also fr adapted.

Since we have enough f-adapted objects we may consider for M € D (C) an
f-adapted replacement, which by assumption is also finite for § = b respectively if
f is left exact and j = — or f being right exact and § = +. In particular we may
invoke [Wei94, Theorem 10.5.9] in order to find a well-defined derived functor:

fr: D" Cr) — D! (Cr)
(M) = (fM, fod).
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Furthermore [Wei94, Theorem 10.5.9] allows us to freely use f-adapted resolutions
to compute fr on the derived category, i.e. we will assume from now on that
every M is f-adapted.

Recall the functor from Remark 3.1.3

We now just need to verify that the diagram

Jr

Dt (Cr) ——— D

iy

o
Pﬁ\
S~—

/

commutes.

We indeed get

as claimed. O]

We will drop the I' in fp if it is clear from context, respectively from the

target or source categories.

Lemma 3.1.6. Let f : X — Y be a morphism of finite-dimensional noetherian
k-schemes, I' a k-algebra and M € D®(X). Then we have the following:

o If f is proper, then the functor f, : D (coh (X)) — D’ (coh (Y)), admits

a canonical lift

for : D’ (coh (X)) — D’ (coh (Y),).

o If f is flat, then the functor f* : D’ (coh (Y)) — D’ (coh (X)), admits a
canonical lift
fr: D" (coh (Y),) — D’ (coh (X))

o If X is regular, then the functor M @ _: D (coh (X)) — D’ (coh (X))
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admits a canonical lift

M ®p _: D’ (coh (X)) — D’ (coh (X),).

Proof. We check the cases separately:

f«: By Lemma 3.1.5 it suffices to show that every coherent sheaf M admits
an f.-adapted finite resolution in coh (X). By [Huy06, Theorem 3.22] the
object M admits an f,-adapted resolution of finite length of quasi-coherent
sheaves. By [Huy06, Theorem 3.23] these quasi-coherent sheaves can be
picked to be coherent for f proper.

So we can find by Lemma 3.1.5 a lift
fer : D’ (coh (X)) — D (coh (Y) ).

f* As fis flat f* is exact and does not need to be derived. In particular we

get by Lemma 3.1.5 immediately a lift
fi: D" (coh (Y),) = D’ (coh (X) ).

M ® (): By [Huy06, Proposition 3.26] we have that every F € coh (X) admits a
bounded locally free resolution, which is in particular M & (_) adapted. So
we get by Lemma 3.1.5 that M @ (_) admits a lift

M ®p (_) : D’ (coh (X)) — D" (coh (X))
as claimed. O

Corollary 3.1.7. Let f : D*(X) — D*(Y) be a Fourier-Mukai functor between
finite-dimensional smooth projective k-schemes and let I" be a k-algebra. Then we
have that the induced functor

f:D"(coh (X)) — D’ (coh (Y)),

admits a lift:

fr: D (coh (X)) — D’ (coh (Y),).

Proof. Observe first that X and Y being smooth projective immediately gives
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that

m X xY — X is proper,
Tt X XY — Y is flat
and X x Y is regular.

As f is a Fourier-Mukai functor it has the form m , (M ® 73 (-)) for some M €
Db (Y x X). So we get by Lemma 3.1.6 that 7, 73 and M ® _ admit canonical

lifts. In particular f admits a canonical lift

Jri=mTi.r (M ®r ™1 (7))

as claimed. O

3.2 Hochschild Cohomology and the character-

istic Morphism

As we want to study the characteristic morphism we start by recalling the definition

of the (geometric) Hochschild cohomology:

Definition 3.2.1. [Swa96] Let X be a separated scheme and M a sheaf on X.
Then the Hochschild cohomology of X with coefficients in M is given by

HH* (X, M) := Exty, y (Oa, ALM),
where A : X — X x X is the diagonal embedding.

For the definition of the (geometric) characteristic morphism below we follow
[Low08] and [BF08, §3.3].

Definition 3.2.2. Let X, Y be regular schemes, I" a k-algebra and M, T € coh (X).

Then the (geometric) characteristic morphism is defined to be

cr (M) : HH* (X, M) = Ext’y y (O, A, M) — Ext’ (T,M & T)

T (a®7r; Id)
—_—

(a:0p— S"AM) — <T "M @ T) :

where we use T' = 11, (Oa @ mT) and M @ T = 7, (AYX"M @ wiT). If we

have a I'-action on 7', i.e. (T, ) € coh (X), there also exists a I'-equivariant
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characteristic morphism

cr.r (M) - HH' (X, M) = Extl, x (Oa, A.M) = Extly, ) (T, M & T)

1% (a®7r; Id)
—

a:(Ox— Z"AM) <T "M ® T) ,

where we consider M ® T as on object in coh (X), via the functor M ® (), i.e.

: T —End(M&T)
y=1d@e(v).

To study the characteristic morphism for special T" we will define the following

functor realizing the characteristic morphism on a categorical level.

Definition 3.2.3. Let X, Y be projective schemes and let T' = (T, ¢) € coh (Y) .

Then we define the functor:

Cy : D" (X xY) — D (coh (X))
M = (11, (M @ m3T) 7y = 7. (Id @ w50 (7))
(: M — N)—Cp () =m, (a@mT) .

Remark 3.2.4. One can think of the functor C3f to send an object M €
D’ (X xY) to the image of T" under the Fourier-Mukai functor with kernel
M, equipped with the action induced by @ 1, i.e.

Cy : D" (X xY) — D (coh (X))

The functor C’%( allows us to compute cp  on a categorical level.

Proposition 3.2.5. Let X be a scheme and T € coh (X) and consider
Cy D" (X x X) — D" (coh (X),).

Then we have that the equivariant characteristic morphism cr (M) is given by

evaluating the functor C:X on the morphism space Extxyx (Oa, ALM),

cr.r (M) = Cj)w( : EXt;(xX (OA, A*M) — Ethoh(X)F (T,M ® T) .
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Proof. By Definition 3.2.3 we have

CF : Exty,x (Oa, AM) = Exteonc),. (CFF (0a), CF (A.M))

a— . (a@mT).

We now have CX (O,) 2 T and C# (A, M) = M x T. So the above turns by
Definition 3.2.2 into

crr (M) : Exty, x (Oa, AM) — EXt:oh(X)F (T,M®T)
as claimed. O]

Definition 3.2.6 ([BvdB03, §2.1]). Let C be a pointed category, i.e. a category
admitting a zero object. An object G € C is a generator if C (G, M) = 0 implies
M = 0.

Remark 3.2.7. In a pointed category C the equation C (M,N) = 0 for two
objects M, N € C means that the only morphism between M and N is the unique
morphism factoring over 0.

Furthermore we have for an object M € C that if C (M, M) = 0 means that
M = 0 as in that case 0 = Id and so the unique morphisms 0 — M and M — 0

define isomorphisms.

Proposition 3.2.8. Let f. : C — D be a faithful functor between pointed categories
with a left adjoint f* : D — C and let T € D be a generator. Then f*T is a

generator.

Proof. Let M be such that C (f*T', M) = 0. Then we have that C (f*T, M) =
D(T, f.M) = 0, in particular f,M = 0. Now D (f.M,f.M) = 0 and so
C (M, M) = 0. This can only hold if M = 0 and so f*T is a generator. ]

Proposition 3.2.9. Let C be a k-linear category that admits a generator G and
let I' be a k-algebra. Then

(G@F,¢:7’r—> <G®FM1>G®F>>

defines a generator of Cr. Where we denote by G® I the sheaf arising by tensoring

locally with the k-algebra I' as k-vectorspaces and acting exclusively on I'.

Proof. Let (X,p) € Cr and let f : G — X be a morphism. Then we have the
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following morphism in Cp,

Gl - X
gy = (7)o f(g).

This indeed defines a morphism in Cr as

e(Y)op(v)of(g)
() o f(g)
Flg®v)
fov(¥)(g@n).

e(Y)oflg®n) =

We can compute that if f vanishes then f has to vanish as well since

This means that if the morphism space Cr (G ® I, X') vanishes, that also
C (G, X) vanishes.

Now assume that Cr (G ® I, (X, ¢)) = 0. Then we have by the above discussion
that C (G, X) = 0. As G is a generator we get that X has to be a zero object.
And so (X, ) has to be a zero object as well. In particular we get that G @ I is

indeed a generator of Cr. [

Remark 3.2.10. Proposition 3.2.9 is a consequence of M ® I being the free

object in Cp over M.

Remark 3.2.11. Recall that an object T in an abelian category A is called tilting
if T is a generator and Ext’ (T, T") = 0 for all i > 0.

Lemma 3.2.12. Let X,Y be smooth projective schemes, such that X admits a
generator G € coh (X) with RHom' (G, G) finite-dimensional for all i, let Y be
such that it admits a tilting object T € coh (Y') and set I' := End (T'). Then

C7 : D" (X xY) — D’ (coh (X))

is an equivalence of derived categories.

Proof. Throughout this proof we denote by TP := R#omy (T, Oy), the dual of
T and by g : S — Spec (k) the unique projection from a scheme S to the point
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Spec (k). Observe that by [Huy06, Proposition 3.26] we have TP € D (Y) as
smooth schemes are in particular regular. Furthermore, we will use the following

diagram for flat base change twice

N
NN

T2
Y
Ty
).

».<

iz

Spec (k

Since T is tilting, it is a generator of D’ (Y) and TP is generating D (V)
by [RVABN19, Lemma 8.9.1]. So we get that G X TP generates D’ (X x Y) by
[BvdB03, Lemma 3.4.1]. Furthermore, we have by [BH13, 1.10] that I = Endy (7")

is finite-dimensional.

We first show that C3 (G X TP ) is isomorphic to G ® I:

CF(GRTP) =m. ((GRTP) @ mT) definition of C;¥
= T <7T>1k GemTP® W;‘T) definition of X
~ . (rGem (TeTP)) [Huy06, (3.12)]
= 1, (MG @ myRAomy (T,T)) definition of T
~ G @ my,m) (RFomy (T, T)) [Huy06, (3.11)]
= G @nynyRA€Comy (T,7) flat base change
=G I T has no higher Ext-groups

The above computation is compatible with the ['-action as all isomorphisms
involved are natural isomorphism. In particular replacing 737 by 757y yields

multiplication with v in I'.

As by Proposition 3.2.9 G ® I is a generator for coh (X), the functor C3*

sends a generator to a generator. So it suffices to prove that

RHomy .y (GRT”,GRTP) L5 RHomeg v, (CF (GRTP),CF (GRTP))

is an isomorphism.
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To do that we first compute the source and target spaces:

RHomy.y (GRT”,GRTP) =

= RHomxxy (WTG TP, 11G ® W;TD) definition of X
=~ RHomy .y (]G, R omx.y (m3T7, 7G @ m3T7)) [Huy06, (3.14)]
=~ RHomy xy (WTG, m G @ R omy .y (WSTD, W;TD)) ([Huy06, 3.13)]
= I'vwyRAPomyyy (WIG, TG ®@ R omy y (W;TD,W;TD)> [Huy06, p.85]
=~ m R omx .y (771G, 71G @ Rt om oy (w377, m3T")) Ty & Txxya
~ Txuys (R omx v (77G, 7 G) ® R omy oy (m3TP, m3TP))  [Huy06, (3.13)]
~ Ty (MRA omy (G, G) @ msRA omy (TP, TP)) [Huy06, (3.13)]
= Tx 4 O x (Wi‘R%OIﬂX (G,G) @ myRAomy (TD,TD)> Txxy = Tx O T
= Tx.0 (wly* (ﬂR%”OInX (G,G) @ myRAomy (TD, TD))> o is associative
=~ 1y (R omy (G, G) ® m.m3RAomy (TP, T7)) [Huy06, (3.11)]
= Ty (R%omx (G, Q) @ mxmy R omy (TD, TD)) flat base change
= 1x. (R omx (G,G) @ 5 °P) [Huy06, p.85]
= rx.RAomx (G,G) @ ['P [Huy06, (3.11)]
= RHomy (G,G) ® I'*P. [Huy06, p.85]

Now for RHomeon(x),. (G ® I',G ® I') we have

RHomcoh(X)F (G X F, G X F) = RHOHICOh(X) (G, G) X RHOIHF,mOd <F7 F)
~ RHomy (G,G) ® I'°P.

As the two spaces are isomorphic and in particular degree-wise isomorphic, it
suffices to prove bijectivity on RHom'y (G XTP GKX TD). Since

RHom',., (GRTP,GRTP) = RHom) (G,G) @ I

we know that RHom’;, y- (G XTP GRTP ) is finite-dimensional as tensor product
of finite-dimensional vector spaces. So it suffices to check that C# is surjective.
For this let

a® € RHomg,x), (G ® I,G® ') = RHom' (G, G) @ I,
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Then we can pick a X 3 € RHomyy (G XTP GX TD) and get

CX(aRp)=m., (aXB®mldr)
T % <O‘®6>
ga@ﬁERHOIIlCOh(X)F(G@F,G@F).

112

This means that C5¥ is surjective on the generating set of morphisms of the form
a®f. In particular C% is surjective and an isomorphism as it is surjective between

vector spaces of the same dimension which finishes the proof. ]

Lemma 3.2.13. Let f: X — Y be a proper morphism of schemes, I' a k-algebra
and T € coh (Y) .. We have f*T € coh (X) . Consider the two functors:

C{p D’ (X x X) — D (coh (X))
M (11, (M @ 75 f*T))
(a: M — N)— 7, (@@ ms f*T)

and

Cyo(dx f), : D"(X x X) = D"(X xY) =D’ (coh (X))
M (Id x f), M+ (71, (Id x f), M @ 73T)
(a: M —N)— (Idx f), a—mn ((Id x f), a@mT).

Then we have a natural isomorphism Cfp = O o (Id X f),.

Proof. Observe that Id x f is proper as product of proper morphisms and so by
[Huy06, Theorem 3.23]

(Idx f), :D"(X x X) = D" (X xY)

is well-defined. We will use the following two commutative diagrams in order to

construct the isomorphism

Id x f Id x f
Xx X ——XxY XxX—XxY
S
XTX X—Y,

where we distinguish between the projections from X x X and X x Y in order

to avoid confusion. This means that in this notation C5 = 7}, ((_) ® 75T and
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Clp = m () @ T).
On objects and morphisms we have the following sequence of natural iso-

mophisms

Crr () =mu((0) @mf*T) Definition 3.2.3
m =m0 (Id x f)
fom=myo(ldx f)
i, ((Id X f),(0)® W;*T) projection formula
=Cro(ldxf), (). Definition 3.2.3

~ i, (Id x f), () ® (Id x ) 75T)

Both functors also induce the same ['-action as we get analogously

7T1:7T,10<Id><f)
fom=mnho(Id x f)
X~ . ((Id x f),ld® Wé*v) . projection formula

T (ld @@y f*y) = my, (Id x f), (Id @ (Id x f)" 757)

This means that the actions match up along the same natural isomorphisms and

SO

C;{*Tgc%(()(]:dxf)*

as claimed. O]

Remark 3.2.14. The above Lemma 3.2.13 can be interpreted very naturally using
Remark 3.2.4. As % sends an M to the image of 7' under the Fourier-Mukai
functor @, and we have by [Huy06, Exercise 5.12] Draxsy,m = Paro f*.

particular the two functors C&p and CF o (f x Id), should be isomorphic.

Proposition 3.2.15. Let f : X — Y be a proper morphism of schemes and
T € coh (Y) . Then we have

crrr (M) =CF o(Id x f), : Exti,x (Oa, AuM) — Extl ). (f*T, M © f*T).
Proof. By Proposition 3.2.5 we have

cprr (M) = Cfip : Exty, x (Oa, AM) = Extl, ), (T, M @T)
and by Lemma 3.2.13 we get

cprr (M) = C;iT = Oz o(ld x f), : Exty, x (Oa, A M) — Extionx), (f'T,M @ fT)
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as claimed. ]

Remark 3.2.16. The above result could be used to compute injectivity of the
characteristic morphism if one can find an (f,Id) : X x X — X xY that is injective
on Exty, v (Oa, A.M) and such that Y admits a tilting bundle. However, the
existence of such a morphism is not straight forward. In particular a closed
immersion of a divisor f : X < P" is in general not injective on Ext’ (_,_) as by
the Grothendieck-Serre spectral sequence there might be correction terms arising

in degrees 7 > 1.



Chapter 4:

Preliminaries: Schemes and k-linear
Categories

In this chapter we collect results from [RVABN19, §8] in order to pass from
the geometric category coh (X) for a quasi-compact scheme X to modules over
a k-linear category X. We will later use this to deform the scheme X in a
non-geometric fashion.

We do this here as we will be using equivariant sheaves, which were introduced

in the previous section.

Remark 4.0.1. Recall that one denotes by D¢ (A) the full sub-category of D (A)
consisting of objects with cohomology objects in C for C a full subcategory of an

abelian category A.

4.1 Ordinary Presheaves and Sheaves

We start by discussing ordinary sheaves and presheaves, and how we can turn

them into modules over a small k-linear category for quasi-compact schemes.

4.1.1 Presheaves

We follow mostly [Low08, GS88] while using left modules instead of right modules,
so some conventions might be slightly different. The notation is set up to be
compatible with [RVABN19].

Remark 4.1.1. Recall that a presheaf of algebras O on a poset (I, <) consists of
an algebra O; for all © € I and a restriction morphism p;; : O; — O, for all i < j.

Definition 4.1.2 ([Low08, §2.2]). Let (I,<) be a poset and O a presheaf of
k-algebras on (I,<). Then define the small k-linear category O to consist of

objects

obj (0) =1

41
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and morphisms

5o JOU) i<
O (i,7) =
0 else,

with composition is given by multiplication and restriction
O (j.k) ®x O (i, j) ——*—=0 (i, k),

where we denoted by p : O (k) ® O (k) — O (k) the multiplication and by
pik : O(j) = O (k) the restriction for k < j.

Lemma 4.1.3. Let (I,<) be a poset and let O be a presheaf of k-algebras on

(I,<). Then we have an equivalence of categories
7 O—mod +— O—mod : T
Jhere ™ sends an O-module M to the functor m* M defined on objects by
i— M (i)

and on morphisms by

while m, sends a O-module M to the O-module defined by
7 M (i) = M (i)

with restriction maps given via O (i,5) = O (j). More precisely the restriction
map s
T M P . y y
piM = M (Idyry) = mM (i) = mM (5).

Proof. First observe that 7, and 7* send a morphism M (i) — N (i) to a morphism
M (i) — N (i). In particular we get that both 7, and 7* define functors that
act by the identity on morphisms of modules. Now to see that they are indeed

mutually inverse equivalences we compute their compositions

7, o *: Consider an O-module M. Then we immediately have on objects:

meom M (i) = M (i).
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Furthermore we have the restriction maps for ¢ > j

pz;-w*M ="M (Id) Definition of m,
=Ido p% Definition of 7*

In particular we get m, o 7* = Id.

7* o m,: Consider an O-module M. We again have immediately on objects
7 om.M (i) = M (7).
So we only need to check that
M= (71'* omM : O (i,j) — Vecty (m, o w*M (i), 7, o "M (]))) .

For this we compute

T omM (v) = m.M (v) o p: M) Definition of 7*
=M (y) o M (Id) Definition of
=M(7)

So we get 7* o, = Id.

So
7 O—mod +— O—mod : T,

defines an equivalence of categories. m

Definition 4.1.4. Let O and O’ be two presheaves of rings on a poset (1, <).
Then we define the category of bimodules over O and O’ to be

Bimody (0, Q') := O @, O"P—mod.

Lemma 4.1.5 ([LVdB11, Lemma 5.2]). Let O,O’ be presheaves of rings on a
poset (I,<). Then there exsits a fully faithful functor

IT : D (Bimody (0, 0)) — (Bimodk <@, 5’))
such that
M) i<

0 else.

"M (i, j) =
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Lemma 4.1.6 ([RVABN19, Lemma 8.2.1]). Let O, O’ be preasheaves on a poset
(1,<), let U € D(O') and let M € D (Bimody (O, O’)). Then there is a natural
isomorphism in D ((5)

T (M@e U) = IT" (M) @5 m*U.

4.1.2 Sheaves

We continue following [RVABN19] in order to construct a k-linear category corre-

sponding to a quasi-compact k-seperated scheme.
Remark 4.1.7. Recall that by [BN93] we have for a quasi-separated scheme X
D (QCh (X)) = DQch (OX—mod) .

We will now improve on this and pass for a quasi-compact scheme X from

D (Qch (X)) to the derived category of modules over a small k-linear category.

Definition 4.1.8 ([RVABN19, § 8.3]). Let X be a quasi-compact seperated

k-scheme with an affine covering

iel
Define the following:
o For I' C I the set
U[/ = ﬂ Ul
il

e The poset (Z, <) of subsets of I ordered such that
I'<!" < I'>TI.
o The presheaf of rings (7);[ on (Z, <) associated to Oy, that is
—] y
Ox (I') :== Oy,
with the canonical restriction morphisms:

7 ——1
prar = pu, v, Ox (I')=0p = Op =0x (I")

as I" < I’ implies Uy C Up via I” D T'.
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o Let
€:D(X)—D (@I—mod>
be the functor induced by sending a quasi-coherent sheaf M to its corre-
sponding presheaf ¢*M.

We will drop the [ for legibility whenever it does not impact the discussion.

Lemma 4.1.9 ([LVdB05, Theorem 7.6.6]). Let X be a quasi-compact separated

k-scheme. Then there is an adjunction
€ :D(X) <—>D((5}1) D Ex

such that €, o €* = 1d. In particular €* is fully faithful and its essential image is
D e+ con(X) (6}1), i.e. objects M such that H' (M) € ¢*coh (X).

Lemma 4.1.10 ([RVABN19, Lemma 8.4.2]). Let X be a quasi-separated quasi-
compact scheme and let M, N € Qch (X). Then

€ (M®o, N)=e'M ®6}I €°N.

Definition 4.1.11 ([RVABN19, § 8.3]). Let X be a quasi-compact separated
scheme. Then we denote by the corresponding curly letter the associated k-linear
category, that is -

X = 6)\([.

This comes together with a fully faithful embedding by Lemma 4.1.3 and
Lemma 4.1.9

*
™

w:D(X) S D (@I—mod> S D(X). (4.1.1)

Lemma 4.1.12 ([RVABN19, Lemma 8.7.1]). Let f : X — Y be a closed immersion
of quasi-compact separated schemes and Y = U;c; U; an affine cover. Then there

exists an affine covering X = U;e; f~2U; f such that f induces a k-linear functor
f: Y-

making the diagram

commute.
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n

", f7'U; = X is an affine covering as well.

In particular we can define the functor f: Y — & on objects to be the identity

Proof. Since f is a closed immersion |

and on morphism spaces we can define it by f := f# : Oy (U;) — Ox (Ur). Now
we just need to verify that this indeed defines a functor, but as f# is a morphism
of ringed spaces it is in particular a morphism of rings. Since composition in X
and ) are defined via restriction composed with multiplication the compatibility
of f# with these structures gives that f is a k-linear functor.

Now for the diagram

As all functors are induced from functors on abelian categories, it suffices to check
the commutativity on the level of sheaves:

Let F be a sheaf on X, then we have that wF is the module associated to
I~ F (f~'Ur) and in particular f,wF is the Y-module defined by I — F (f~'U;)
with action of ) via f := f#. On the other hand f,F is the sheaf over Y defined by
F (U) = F(f'U), which after applying w gets sent to the module I — F (f~1U;)
with action Y via f# : OyU; — Ox (f~1U;). In particular the two compositions

coincide and the diagram indeed commutes. ]

Definition 4.1.13 ([RVABN19, § 8.3]). Let X be a scheme. Then define A,D (X)
to be the full subcategory of D (X x X) consisting of objects isomorphic to A, M
for M € D (X), where we denote by A : X — X x X the diagonal.

We will use the above defined notation even though it is not closed under
cones and A, is not full, however it makes the following diagrams and concepts

clearer.

Proposition 4.1.14 ([RVABN19, § 8.3]). Let X = U;c; U; be an open covering

of a quasi-compact seperated scheme X and set

Z:=JU;xU;CX xX.
el
Then
vy ADY(X) — D (Z)

is fully faithful.
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Proof. Since X is seperated we have that
A X —»ZCXxX

is a closed embedding and so all objects in A,DP (coh (X)) are supported on Z

and we can restrict to Z and get that the functor
Lot ADY(X) — D" (2)

is fully faithful. O
Lemma 4.1.15 ([RVdBN19, Lemma 8.4.5]). Let X be quasi-compact separated
and let M, N € D (X). Then we have

e AM =1 €N =" (M®o, N). (4.1.2)
X

Lemma 4.1.16 ([RVABN19, § 8.3]). Let X be a quasi-compact separated scheme.
Then there is a fully faithful embedding

W:ADX) % D(2) iD(@}[@@}I) LD (X x X). (4.1.3)

Proof. By Proposition 4.1.14 and Lemma 4.1.5 we have that A, and IT* are fully
faithful embeddings, in particular we only need to worry about ¢*, but for this it
suffices to observe
T 1 1
0O; =20x ®0x .
So W is a fully faithful embedding as a composition of fully faithful embeddings.
O

Corollary 4.1.17. Let X be a separated scheme and let M be a sheaf on X. Then
we have

HH* (X, M) = HH* (X, W (M)). (4.1.4)

Proof. By Lemma 4.1.16 we have that W is fully faithful. In particular
W :HH" (X, M) = Exty, x (Oa, AuM) = Exth, 1 (X, WM)

is an isomorphism. O

4.2 Equivariant Sheaves

We apply the above discussion on passing from sheaves to modules to the case of

I'-equivariant sheaves, for a k-algebra I".
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Lemma 4.2.1. Let X be a quasi-compact scheme and let I' be a k-algebra. Then

we have an embedding
w:D’(coh (X)) =D(XRT).

Proof. By Lemma 4.1.3 we have an embedding Qch (X) — @I—mod. In par-
ticular if we restrict the embedding to coherent sheaves we get an embedding
coh (X)) — @I—mod.

So we get for quasi-compact schemes an embedding coh (X)), — @I—mod r

which turns after deriving into
D (coh (X),) = D (@I—modp> ~p <(5}I ® F> .
Now we can finally apply Lemma 4.1.9 to get an embedding

D (coh (X)) = D (@/1?69/F> .

Since the construction of C) actually just translates the local data on a poset to
the data of a k-linear category this is compatible with tensoring with a k-linear

category. In particular we get a functor
w:D(coh (X)) =DX®I),

where we used Definition 4.1.11 (7);[ =X. O

4.2.1 Actions of Bimodules
We will now recall that under the equivalences w and W the functor

@ (1) : A.D (Qch (X)) x D’ (Qch (X)) — D’ (Qch (X))
(M,N) — @y (N)

corresponds to
Rx DX XXP)xD(X)—=>D(X),

where @, (_) denotes the Fourier-Mukai functor with kernel M.

Lemma 4.2.2 ([RVABN19, Lemma 8.4.1]). Let X be a smooth quasi-compact and
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separated scheme. Then we have the following commutative diagram

¢ ()

AD"(Qch (X)) x  D(Qch (X)) D (Qch (X))
LA |
D(X @ XP)  x D (X) - D(X).

Corollary 4.2.3. Let X be a smooth quasi-compact and separated scheme. Then

we have the following commutative diagram

®_()
AD(coh (X)) X D (coh (X)) D (coh (X))
D(X @ XP) D(X) . D(X).

Proof. We have by [Huy06, Proposition 3.5] an embedding D (X) < D (QchX).

In particular we can restrict the diagram from Lemma 4.2.2 to D (X). O

Lemma 4.2.4 ([RVABN19, (8.3)]). Let X be a smooth quasi-compact and separated

scheme and I a k-algebra. Then we have the following commutative diagram

b ()

AD(Qech (X)) x  D(Qch(X)p) D (Qch (X)r)
o |
DX @ X®) x DXel) o D(X @ ).

Corollary 4.2.5. Let X be a smooth quasi-compact and separated scheme and I

a k-algebra. Then we have the following commutative diagram

b ()
AD(coh (X)) x  D(coh(X),) D (coh (X))
D(X@k.)([)p) X 'D(X@kp) 7®X7 D(X@kf)

Proof. Similar to Corollary 4.2.3 we can embed D (coh (X)) — D (Qch (X),).

So we can again restrict the diagram from Lemma 4.2.4. O]
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Chapter 5

Twisted Hodge Diamonds
Kernels in Hochschild Cohomology

We will show how twisted Hodge diamonds, and in particular their interior, can be
used to understand the pushforward of Hochschild cohomology under the closed
embedding of a smooth projective hypersurface of degree d.

Throughout this chapter we will follow Briickmann‘s paper "Zur Kohomologie

von projektiven Hyperflaichen” [Brii74] for computations.

Definition 5.0.1. Let X be a projective scheme of dimension n and let Ox (1)
be a very ample line bundle. Then we define the twisted Hodge numbers of X to
be

hi/ (X) = dim H (X, 2% (p)).

Similarly to ordinary Hodge numbers the twisted Hodge numbers can be arranged

in a twisted Hodge diamond:

hnn
h;bO hOn
hOO

We will drop the X if the space is clear from context.

Lemma 5.0.2. Let X be a smooth projective scheme of dimension n with canonical

sheaf of form Ox (t). Then we have

HH™ (X, Ox (p EBHZ e (X, 0% (t=p)).

=0

51
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In particular this gives

dim HH™ (X, Ox (p Zh” R

Proof. We compute, using wx = Ox (t) and the Hochschild-Kostant-Rosenberg
(HKR) isomorphism [Swa96]

HH™ (X, Ox (p @Ext (2%, 0x (p) HKR
= @ Exty ™+ ( x (p), 2% (t))* Serre Duality
= @ Extly ™" ((’)X, Q% (t— p))* twisting on both sides

> @H (X, (t-p)t Extk (Ox,) 2 B (X))

=0

Applying dimension on both sides gives
dim HH™ (X, Ox (p Zh” R

as desired. ]

Remark 5.0.3. By Lemma 5.0.2 one can compute dim HH™ (X, Ox (p)) as the

sum over the m-th column in the ¢ — p twisted hodge diamond,
hi" hi""

/

hn,2n—m

hy" hy"

/ by
AN
h?f;, hg’—np
AN /
hﬁ;n 0 hO,n—m
\h0,0 h0,0 /
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5.1 The Hochschild Cohomology of a smooth
Hypersurface

We will use the computations in [Bri74] and Lemma 5.0.3 to compute the
Hochschild cohomology of X.

Lemma 5.1.1. Let X < P be a smooth degree d hypersurface. Then
hy? (X) =0

if (i,7) is not of the form (i,0),(i,n), (i,n — 1), (i,i), with 0 < i < n. And we
have for (i,7):
.. . n
h' (X)) =0d,0 ifi ¢ {O, 2’”}'
Moreover we get

b5 (X)) = %2 (—1) <” * 2) (‘p Fid = (p—1){d - 1>> 46,000 (5.1.1)

=0 " n+1

Proof. First of all we can assume 0 < 7,7 < n as outside of that range we have
2% (p) = 0, respectively H? (X, 2% (p)) = 0 for dimension reasons.

By [Brii74, Satz 2,(42),(40),(38) and (39)] we have for 0 <i <n

() (Ch) + 2 ”1< A (F) ) iti=n
Zn+2 (—1)" (n:2)( p+id— n+1 ) + 6,001, ifitj=n
b () = () () oA - (n ()it =0
510 ifi=j¢{0,n}
0 else.

So only the cases for i € {0,n} remain. Now [Brii74, Lemma 5] gives for j ¢ {0,n}
h%9 (X) =0 =h" (X)),

Which finishes the claim. O

Remark 5.1.2. By Lemma 5.1.1 the p-twisted Hodge diamond of a smooth degree
d hypersurface has the shape:
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by
0 i 0
n,0 ! : 0,n
hy ; h,
0o 0
: 60,p
00
R0,

In particular the only non-trivial entries appear along the indicated lines. More
precisely we have along the blue lines the values for h*" (X), along the red lines
the values h®"~* (X) and along the green line h*? (X). Furthermore the dashed
line disappears if p # 0 as these are the Kronecker deltas d,.

Proposition 5.1.3. Let X < P be the embedding of a smooth degree d
hypersurface. Then the following formulas hold.

by (X) = by (X) i ¢ {010}, p#£0
byt (Pr) = bt (P = B (X) + hy g™ (X) i¢{0,1,n}
B0 (B 1) — byl (P) = 00 (X) + by (X) i¢{0.1,n}.
Proof. We compute for the first equation:

b (X) = dim H (X, 2% (p)) definition

= dim Ext’ (Ox, 2% (p)) Ext* (Ox, ) 2 H* (X, )

= dim Ext" (2% (p) , 2% ) Serre Duality

= dim Ext” (Ox, 25" (-p))
= dimH" (X, 2% (-p)) Ext” (Ox, ) = H* (X, )

=h"(X). definition
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For the second equation we we have by (5.1.1) the following identity

hj;"‘i(X):gf(—l) <n+2> (—p—irid—(u—l)(d—l))

= 0 n+1
:’123(2)(_1)(n:?)(—p—l—d—d—i-;d;l(/l—l)(d_l))
L (n+2\(—ptd+(i-1)d—(p—1)(d—1)
_E_‘;( 1)< p )( n+l )

And for the last two Briickmann gives the formula [Brii74, (31)], which together
with [Bri74, Satz 2| gives both

by (X) = hyg™ (B ) — it (Pt — vt (X)
W0 (X) = (P — b0 () — by = (X).

After rearranging, these are

by (X) + Dt (X) = bty (B7) — hittn (P
B0 (X) +hj ) (X) = hi® (B"1) — hi® (1)

Index shifting in the first equation gives

by (B41) = g (1) = B () + 1 ()
hi (P) — by, (P = hi® (X) + by~ (X)),

as claimed. O

We can use Lemma 5.1.1 together with Lemma 5.0.2 to compute the dimensions
of HH™ (X, Ox (p)):

Corollary 5.1.4. Let X be a smooth n-dimensional hypersurface of degree d and
lett =d—mn—2. Then we have that dim HH™ (X, Ox (p)) is given by

hy™ (X) form =0

hy ™ (X) + ht%,’;,%% (X) +hi") (X) + (n—2) 80, for 0 <m < 2n even
hﬁ;n’o (X) + 0 (X) + (n— 1) 0t pOn for 0 <m < 2n odd
hi? (X) for m = 2n

0 else.
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Proof. Observe that we have Ox (t) = wx and that we can assume 0 < m < 2n

for dimension reasons. By Lemma 5.0.2 we have

t—p

dim HH™ (X, Ox (p)) = >_hy"," " (X)) .
=0

So we can use Lemma 5.1.1 to compute every summand. In particular we get for

n=0and n=2n

dim HH® (X, Ox (p)) = h{™, (X)
dim HH*" (X, Ox (p)) = hi"", (X)

as there only one summand appears.
Now for 0 < m < 2n we can use Lemma 5.1.1 to get for m # n

dim HH™ (X, Ox (p)) = Y_hy’ "™ (X)

t—p

- Z hiﬁp (X)
i—j=m—n

2n—m

hy " (X) +h,2 2 (X) +hi") (X) for m even
hy" "M (X) + hytr (X)) for m odd.

m
2

For m = n all the above calculations still hold, however, we get for all (i,1%)

with 0 <4 < n and (i,7) # (g, g) an additional dg;—, = 0;,, which means that

dim HH" (X, Ox (p)) is given by

D% (X) + 022 (X) + b (X) + (n — 2) 6, p0mn  for m even
hy® (X) + 0y (X) 4+ (n— 1) 6;p0m.n for m odd

as claimed. O

5.2 The Hochschild Cohomology of the direct
Image
Since we want to control the pushforward in Hochschild cohomology we will use

computations by [Brii74] to understand the Hochschild dimensions of the direct

image of a line bundle under a smooth embedding.

Lemma 5.2.1. Let f : X < Y be an embedding of a smooth n-dimensional degree
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d hypersurface and sett =d —n — 2. Then we have

dimY
HH™ (Y, £.0x (p)) = €@ H" ™™ (X, £ (t—p)).

=0

Proof. We can compute, using wx = Oy (t) and the Hochschild-Kostant-Rosenberg
Isomorphism (HKR) [Swa96]

dimY

HH™ (Y, £.0x (p)) = €D Exty™ (24, £.0x (p)) HKR
i=0
dimY

P Exty ™ (£, 0x (0)) £
=0

dimY

@ Exty ™+ ( x (p), 8% (t)>* Serre Duality

I

12

dimY

=~ P Ext’ ™" ((’)X, [ (t— p)) twisting on both sides
i=0
dimY ) ) N ) )

~ @ H (X, £ (t—p)) Ext) (Ox, ) = H/ (X, )

i=0
as desired. [

Lemma 5.2.2. Let f : X < P! be a closed embedding of a smooth degree d hy-
persurface. Then we have for (i,7) ¢ {(0,0),(0,n),(0,n+1),(n,1) (n,n),(n,n+1)}

hE0 (X) +hy—° (X)  if j=0
him (X) +h, " (X) ifj=n

dim B (X, £*Qbnss (p)) = 6,0 ifi=j¢{0,n}
Op.d ifi—1=j¢{0,n}
0 else.

Moreover, we get

dim H° (X, f* Qi (p)) = W00 (X) + W3 (X) — Wyt (X)
dim H" (X, f*Qpi (p)) = by (X) + 17 (X) =1y (X)
dim H (X, f*28.1 (p)) = 02 (X)

dim H" (X, f*028%.1 (p)) = h§™ (X)

dim H (X, 02814 (p)) = by, (X)

dim H" (X, f*02854 (p)) = by (X).

Proof. First observe that 25,., = 0 for ¢ > n+ 1 and ¢ < 0. In particular we
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can assume 0 <7 < n+ 1 and for dimension reasons we can additionally assume

0 < j < n. Furthermore, [Brii74, Lemma 5 and Lemma 6] give for 0 < j <n

dim B/ (X, f*02° (p)) =0
dim B/ (X, 02"+ (p)) = 0.

By [Brii74, Satz 1, Lemma 6, (21) and (25) | we have for 0 <7 <mn+ 1

hi0 (Prl) — 1l (P if j=0
dim H (X, f*Qher (p)) = { im0 (B+1) — L™ (BP41) if j = n
5p,05i,j + 5p,d52>1,j if j ¢ {07 n} .

Which gives after applying Proposition 5.1.3 for i ¢ {1,n}

hi0 (X) + 023" (X)) if j=0
dim B (X, £*Qhnis (p)) = A him (X) +hiZb" (X)) if j = n
5p,05i,j + 5p,d5i—1,j lf] ¢ {0, n} .

Now for the special cases:

We start with the case of i € {1,n}. By the discussion above we have

dim H® (X, f* Qs (p) = b0 (P"1) = b0, (P1)
dim H" (X, f* Qs (p)) = by (P4) — hpmf ().

This turns, using [Bri74, (31), (33), Satz 2 and Lemma 5] into

dim H (X, f* Qs (p)) = b (X) + 173 (X) = 3 (X)
dim H" (X, f*2pes () = Iy (X) + )7 (X) = by~ (X).

So only the cases for ¢ = 0 and ¢ = n + 1 remain:

For i = 0 we have f*(20..1 (p) = Ox (p), so we can apply Lemma 5.0.1 to get:

dim H° (X, Ox (p)) = h2° (X)
dim H" (X, Ox (p)) = ho" (X).
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Now for i = n + 1 we have
FE (p) = f*Ox (p—n—2)
=0x(d—n—2+p—d)
=0 (p—d).

And so we get by Definition 5.0.1

dim HY (X, 2% (p — d)) = 0%, (X)
dim H" (X, 2% (p — d)) = hy"y (X)

as claimed. O]

Remark 5.2.3. If we arrange the computation of the cohomology dimensions
from Lemma 5.2.2 analogously to a twisted hodge diamond, we get that it is of

the shape

h™ (X, f*Q" (p)) = wrm )

TN

™ (X, f*!?”( )

I T
: : U
w0, ) =h" (X, f*2"H1 (p)) Opd ? : h™ (X, f*021 (p)) = nb (0 +127, () —nbm " (x)
h;]""(X)Jrh;’:(;*O(X) —h;71 L —ho (X from ( )) E E 6;0,0 // h" (X, f*_QO (p)) = h:’_od (X)
bt (X, f702" (p))
0.0 0 : 0
00 x) =h? (X, f*02° (p)),

O (X, £ s (p) = B0 () W51 () — B (X)
(X S 2pnia (p)) = hzljn (X) + hgfd (X) — plrot (X)

p—d
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the only non-trivial entries are along the indicated lines. There we have

h? (X, £*Qpuis) = h3® (X) + by~ (X)

) p—d

W (X, £ Qi) = ™ (X) + Dy~ (X)
and along the two vertical diagonals we have
hi (X’ f*»QIiPn+l) - p’O
b (X, f) =0y

Observe that this has the shape of the p and p — d twisted hodge diamond for X
laid on top of each other with the interior middle line removed.

Since we will focus on the case p > d we will be able to ignore the dashed lines.

Proposition 5.2.4. Let f : X < P! be a smooth n-dimensional hypersurface
of degree d and sett =d —n — 2. Then we have for m ¢ {1,2n}:

dim HH™ (PnJrla f*OX (p)) =
= 07 (X) + 0T (X)) + 0 (X) 4 b (X) 4+ (n = 1) (BapOmnt1 + 00,p0mn)

and form =1, m = 2n:

dim HH' (P"*!, £.0x (p)) = h¢, (X) + 0y, (X) = 07y (X)
dim HH>" (P!, £,0x (p)) = by, (X) + by (X) = hi 1 (X) .

Proof. We will compute the cases separately using Ox (t) = wx:

We can use Lemma 5.2.1 to get for m ¢ {1,2n}

dim HH™ (P"*!, £.0x (p)) =
= Zn: dim H " (X, [ i (t — p))
=0

=> dimH’ (X, f Qi (¢ —p))

i—j=m—n

=y (X) + by () + b (X) + h T (X) + (n = 1) (SapOmantt + GopOmn) -



5.2. The Hochschild Cohomology of the direct Image 61

For m = 1 we similarly get

dim HH' (P"*!, £.0x (p)) = %1 dim H" M (X, f* Qs (t — p))

=0

= dim H" (X, [ g (2 —p))
= Iy (X) + 0"y (X) = by (X))

And for m = 2n

dim HH*" (P"*!, £,0x (p)) = nfjl dim H™" " (X, f* Qs (£ = p))
=0

= dim H° (X, f* 0255 (t — p))
= by, (X) + by, (X) = b (X)

which finishes the claim. O]

Remark 5.2.5. Since we will be able to assume p ¢ {0,d} in the next section
we will exclude these cases. However, all of the following proofs and arguments

still hold in these cases, one just needs to keep track of the Kronecker deltas in

dim HH" (X, Ox (p)).

Proposition 5.2.6. Let f : X < P! be a smooth n-dimensional hypersurface
of degree d, let t = d —n — 2. Then we have for all p € Z such that t — p ¢ {0,d}
that dim HH™ (P"*!, f,Ox (p)) is given by:

dim HH® (X, Ox (p)) m =0
dim HH' (X, Ox (p)) + dim HH® (X, Ox (p + d)) — by ' (X) m =
. . 1 m g, m 1<m<2n
dimHH™ (X, Ox (p)) + dimHH™ " (X, Ox (p+d)) —h2, * (X)
even
. . , mil o, mil I<m<2n
dim HH™ (X, Ox (p)) + dimHH™ ™ (X,O0x (p+d)) - h, %" 2 (X)
odd
dim HH*" (X, Ox (p)) + dim HH*" " (X, Ox (p + d)) — hi"," (X) m = 2n
dim HH*" (X, Ox (p + d)) m=2n+1
0 else.

Proof. For dimension reasons we immediately get dim HH™ (P"*! f,Ox (p)) =0

for m < 0 respectively 2n + 1 < m. Now for the computations:
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m = 0:

1 <m<2n:

m = 2n:

m = 2n + 1:

We compute

dim HH (P"*, £.0x (p)) = b, (X) Proposition 5.2.4
= dim HH" (X, Ox (p)). Corollary 5.1.4

: We get by Proposition 5.2.4 and Corollary 5.1.4

dim HH' (P"*!, £,0x (p)) =
= ", (X) + 07, (X) —he” (X))
= dim HH (X, Ox (p)) + dim HH (X, Ox (p + d)) — hys ™ (X).

In this case we have by Corollary 5.1.4 and Proposition 5.2.4

dim HH™ (P!, £.Ox (p)) =
= by, (X) + b7 (X) 4 b (X) + hy =g (X)

t—p—d

= 077" (X) + by (X)) + 10 (X) + by (X)

t—p—d

m—+1

dim HH™ (X, Ox (p)) + dim HH™ " (X, Ox (p+d)) — b2} 2 (X)  m even
dim HH™ (X, Ox (p)) + dim HH™ " (X, Ox (p+ d)) — b0 2 (X) m odd.

Here we get by Proposition 5.2.4 and Corollary 5.1.4

dim HE*" (P"*, £,0x (p)) =
= 1, (X) + 0 (X) = by (X)
= dim HH*" (X, Ox (p)) + dim HH** " (X, Ox (p + d)) — hi"" ", (X).

We compute

dim HH*"+! (]P”+1, f+Ox (p)) = hff;fd (X) Proposition 5.2.4
=dimHH" (X,0Ox (p+d)) Corollary 5.1.4.

So we covered all cases and the statement holds. O]

Proposition 5.2.7 ([RVABN19, Proposition 9.5.1]). Consider the embedding of

a smooth n-dimensional degree d hypersurface X ‘—f> P+l Then we have a long

exact sequence of the form:

- HH (X, Ox (p + ) = HH' (X, Ox (p) £ HE (P, £.Ox (p)) = -
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Theorem 5.2.8. Let f : X < P""! be the embedding of a smooth degree d
hypersurface and set t = d —n — 2. Then we have for all p € 7Z such that

t_p¢ {Ovd}

mogom 0<m<2n
htfp (X)
even

dimker (f, : HH" (X, O (p)) — HH" (B, £.Ox (p))) ={
WL (0 m =2

0 else.

Proof. For dimension reasons we may assume 0 < m < 2n. In the diagrams
for this prove we will denote Oy by O and P**! by P in order to avoid clumsy

notation.

We will proceed by induction over [ with 2/ = m using the long exact sequence

from Proposition 5.2.7:
<= HH™ 2 (X, Ox (p + d)) — HH™ (X, Ox (p)) £ HH™ (™ £.0x (p)) — -+

This way we can cover the odd case 2l — 1 and even case 2[ in the induction step

simultaneously:

We will start with [ = 1 as induction start and include the case of m =0 to

cover the cases for m = 0,1, 2:

We compute all the dimensions in the long exact sequence in Proposition 5.2.7
using Proposition 5.2.6 and proceed by diagram chase. Consider the following
diagram, where we denote the spaces on the left and their dimensions on the right.
We will use the arrows on the right-hand side to indicate that the dimensions to

the right of their tail are the dimensions to the left of their tip.
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0 0
!
HH® (X, O (p)) 0 + dimHH (X, O (p))
Lo /
1 /
HH ! (X,0 (p +d)) 0+0
1 /
HH! (X, 0 (p)) 0 + dimHH' (X, 0 (p))
Lo /
HH! (P, £.0 (p)) dimHH! (X, 0 (p)) + dimHH® (X, 0 (p+d)) — ", "
1 /
HH? (X, O (p + d)) dim HH® (X, 0 (p+d)) — by + by
l
HH? (X, 0 (p)) bt = by 4 dim HE? (X, O (p)).

By the above diagram chase we get that the image of the last arrow on the left has
dimension hy™ " (X). So by the exactness of the sequence from Proposition 5.2.7

we get that this is also the dimension of the kernel of
fo  HH? (X, Ox (p)) — HH? (P", £,Ox (p)).

And so we get:

dimker (f. : HH’ (X, Ox (p)) — HH® (P", £.Ox (p))) = 0
dimker (f. : HH' (X, Ox (p)) — HH' (P", £.Ox (p))) = 0
dimker (f. : HH” (X, Ox (p)) = HH* (P", £.0x (p))) = hy”, ' (X)

as expected.

For the induction step we will cover the cases m = 2[ — 1 and m = 2l

simultaneously. Assume that

dimker (f, : HH2 (X, Ox (p)) — HH*"2 (P", £.Ox (p))) = h{ "7 ().

We compute again the dimensions in the long exact sequence from Proposi-
tion 5.2.7 using our computations in Proposition 5.2.6. We write the long exact
sequence on the left and the dimensions on the right. We draw the arrows on the
right hand side from left to right to indicate that the dimensions to the right of
their tail are the dimensions to the left of their tip.
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ker (£)%7 by

/
/
/
/
A

HH2-2 (X,O(p)) hi:;,n—l-‘rl _/ hi:}l),n—l—&-l —|—dimHH21_2 (X,(’)(p))

/

Fa /
/
A

HE 2 (P, £,0 (p)) b= " + dim HHY2 (X, O (p)) + dimHE* 2 (X, 0 (p + d))

/
/
/
A

23 (X,0(p+d)) dim HH2—2 (X,0(p+d) +0
2! (X,0(p)) 0 + dim HHZ! (X,0(p))
u ,’/
HEZ1 (B, 1,0 () dim HH?~ (X, 0 (p) + dim HE?~ (X, 0 (p+d)) — b

/
/
/
A

HE*' 2 (X,0(p—d)) dimHH* (X, 0 (p+d)) -7, " + ”, " (X)

/
/
/

HH2 (X, 0 (p)) et — w4 dim HE? (X, O (p)) -

By the exactness of the sequence this means that

dimker (£, : HH*™ (X, O (p)) — HE* ™ (B, £,Ox (p))) = 0
dimker (f, : HH? (X, Ox (p) — HH? (", £,0x (p))) = b2 (X).

Now finally for the case of [ = n:

By the above induction we have

dim ker (f* cHH* 2 (X, Ox (p)) — HH*" 2 (P", £.Ox (p))) = hgz;_l (X).

We apply again diagram chase along long exact sequence from Proposition 5.2.7
using the computations in Proposition 5.2.6. We continue to write the long exact
sequence on the left and the dimensions on the right. The diagonal arrows on
the right again symbolize that the dimensions to the right of their tail are the
dimensions of the kernel to the left of their tip:
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— -1,1
r ’
/

/

HH>"2 (X, 0 (p)) b, = B+ dim HH? 2 (X, 0 (p)

/

I« /

/

HH?""2 (P, .0 (p))  —hy" 0! + dim HH* 2 (X, O (p)) + dimHH*"* (X, O (p + d))

/
/
/
A

HH2n73 (X, O (p + d)) dim HHZn—Q (){7 O (p + d)) + 0
HH21 (X, 0 (p)) 0 + dim HH*" ! (X, 0 (p))
fx ///
H2r—1 (]P), 1.0 (p)) dim HH27 1 (X7 10 (p)) + dim HH?2"—2 (X, @) (p + d)) — h;n:plal

/
/
/

HH*"2 (X, 0 (p — d)) dim HH*" 72 (X, 0 (p+ d)) = by + b7

/
/

HE" (X0 (p)) b7+ dimHE (X, 0(p) ~ i)

This diagram gives us

dimker (f, : HE"™ (X, Ox (p)) — HE" ™ (", £.0x (p))) = 0
dimker (£, : HH?' (X, Ox (p) — HH™" (B", [.0x (p))) = b, (X).

So we covered the case for m = 2n and are done as for m < 0 and m > 0 the

source space is trivial. O

We now finally state the following in order to guarantee the existence of

non-trivial kernels of pushforwards of Hochschild cohomology.

Proposition 5.2.9. Let f : X < P? be an embedding of a smooth odd dimen-
sional degree d > 1 hypersurface of dimension n = 2k — 1 for k > 2 and let
p=—kd—d. Then we have

ker (HH™* (X, Ox (p)) — HH"™® (P™, £.0x (p))) = k.
Proof. By Theorem 5.2.8 we have

t—p

dim ker (HHn+3 (X,0x (p)) — HH"3 (Pn+1, F.Oy (p)>) — pETLR2 ()
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witht=d—-—n—-2=d—-2k—1.

So it suffices to compute that hfj;’k_Q (X) =1, witht —p = kd + 2d — 2k — 1.
By (5.1.1) this is

W (X)) =

—%i+2(—1)” 2k =142\ [(—kd—2d+2k+1+(k+1)d—(p—1)(d—1)
= m 2k —1+1
2kl u(2k+ 1\ [(—kd—2d+2k+1+kd+d—pd+d+p—1
=Y (- o
u=0 K
2k+1 9 1 o2 —
ZZ(—1>”<k+ )(k ud+u>
=0 1 2k
_ (2k+1\ (2k
L0 2k
=1

Here we used that for 4 > 1 we have 2k — ud + u < 2k as d > 1, which means

that the terms (2’“;1) (2k+2“kd+“) vanish for p > 1.

So we get
dim ker (HH"** (X, Ox (p)) — HH"™ (P!, £,0x (p))) = 1

as claimed. O]

5.3 Examples

We collect a few examples of twisted Hodge diamonds that were computed using
the Sage package by Pieter Belmans and Piet Glas [BG].

The first two examples illustrate the general shape as given in Lemma 5.1.1

and the third will be an explicit example of Proposition 5.2.9.

Example 5.3.1. Let f : X < P% be a smooth degree 7 hypersurface then the
8-twisted hodge diamond is
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2996 20993 15267 917 0 0
1575 0 0 0 0
5775 0 0 0
10395 0 0
9002 0
2996.

And so we have by Theorem 5.2.8, since t — 8 = —8,

dimker (. : HH* (X, Ox (=8)) = HH* (X, £,0x (=8))) = 917
dimker (f. : HH (X, Ox (=8)) = HH® (X, £,0x (=8))) = 15267
dimker (f, : HH® (X, Ox (=8)) — HH® (X, £.0x (=8))) = 20993.

Example 5.3.2. Let f : X < P® be smooth degree 5 hypersurface then the
—T-twisted hodge diamond is

6390
0 20511
0 0 25704
0 0 0 16840
0 0 0 0 4950
0 0 0 0 0 720
0 0 0 0 0 0 36
0 0 0 486 1305130276 8451 165
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And so we have by Theorem 5.2.8, since t + 7 = 3,

dimker (£, : HH? (X, Ox (3)) — HH® (X, £.0x (3))
f. : HH* (X, Ox (3)) — HH* (X, £.Ox (3))
( (3)) ( (3))
( (3)) (X, (3))

a

dim ker

o

f. - HH® (X, Ox (3)) — HH® (X, f.Ox
f.: HH® (X, Ox (3)) — HH®

dim ker

TN N N

dim ker

The next example illustrates a case of Proposition 5.2.9:

Example 5.3.3. Let f : X < P!% be a smooth degree 5 hypersurface and consider

Ox (—30). Then we can compute, using Theorem 5.2.8
dimker (f, : HH™ (X, Ox (—30)) - HH™ (X, f.Ox (—30))) .
To do this we need to compute the t — p = 24 twisted Hodge-diamond

0

0 0 0 0 0 0 0 0 0
11979044 1002982882 1 0 0 0 0 0 0
107439618 0 0 0 0 0 0 0 0
523445109 0 0 0 0 0 0 0
1580020794 0 0 0 0 0 0
3149538513 0 0 0 0 0
4236318471 0 0 0 0
3815626243 0 0 0
2209626573 0 0
744650346 0
111098130.

And as expected by Proposition 5.2.9 we get

dimker (f. : HH'" (X, Ox (—30)) — HH" (X, £.0x (=30))) = 1.



70 Twisted Hodge Diamonds give Kernels in Hochschild Cohomology




Chapter 6

Non-Fourier-Mukai Functors

In this chapter we follow the ideas from [RVABN19] to construct candidate non-
Fourier-Mukai functors for hypersurfaces of arbitrary degree. We then verify that
under assumptions on the characteristic morphisms and some concentrated Ext-
groups these indeed cannot be Fourier-Mukai. We finish the chapter by computing
that these assumptions are satisfied when the source category is the derived
category of an odd dimensional quadric, which gives concrete non-Fourier-Mukai
functors between well behaved spaces in arbitrary high dimensions.

Since we follow the approach from [RVABN19] we will consider functors of a

similar form:

L Y, }v* n
W, D (X) 5 Dby (A57) 225 Dy () 25 DY (P, (6.0.1)

wcoh

where ng denotes the dg-hull of &, and vy . is the induced comparison functor.

6.1 Constructing candidate non-Fourier-Mukai

Functors

We start by collecting a few results from [RVABN19], which are central for our
construction. We refer the interested reader to [RVABN19] for an in depth
discussion.

In order to apply the construction from Definition 4.1.11 we fix for every
quasi-compact scheme a finite affine covering X = U;¢; U;.

We use the following construction from [RVABN19] as the core of our candidate

functors:

Proposition 6.1.1. Let X be smooth projective of dimension n and let n €
HH="" (X, M) for M a coherent sheaf. Then there exists an exact functor

D" (X) 5 Dhonix) (A1)

71
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such that RHomy, (X, L (-)) = w, where RHom denotes the derived internal Hom

functor.

Proof. First observe that by Lemma 4.1.16 we have an isomorphism
HH* (X, M) = HH" (X, WM)

and so we may consider € HH="" (X, W M).

By [RVdBN19, Lemma 10.1] and since Qch (X)) has global dimension n and
H’ (X,) vanishes in the right degrees we can apply [RVABN19, Proposition 5.3.1]
with A = wQch (X) and ¢ = &, to get a functor

L': D" (Qeh (X)) = D (wQehX) = Dhqunx) (Xe7) -
Now we can use [Huy06, Proposition 3.5] to turn this into a functor
~ L/
L: D (X) < Dlyyx) (Qeh (X)) 55 D* (&)

with the desired property.
Finally, by [RVABN19, Corollary 10.4] we know that the essential image of

this functor is contained in DY, v (X)) O

Remark 6.1.2. Similarly to the notation X we will denote the k-linear category

corresponding to P+ by Pntt

We will also use the following notation from [RVABN19] for f.

Proposition 6.1.3. [RVABN19, Proposition 7.2.6] Let f : P"*1 — X be a functor
of k-linear categories and n € HH (X, M) such that f.n = 0. Then there exists

an A.o-functor f making the diagram

Xn
T \\ f
X anJrl
f
commute. In particular we have
Tof=F (6.1.1)

Now we construct a candidate functor ¥, for n € HH="** (X, Ox (p)).
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Construction 6.1.4. Let X < P"! be the embedding of a smooth n-dimensional
scheme with n > 3 and let

04 n € ker (£, : HH" (X, Ox (p)) — HH™ (B™), £,Ox (1))

for m > n + 2.
Then a functor of the form (6.0.1) is constructed to be,

Dl concx) (Xy) 2 D (coh (P™1)),

1/))(77 *

W, : D" (coh (X)) % Doy (A7) —

where we have the functor L by Proposition 6.1.1, ¥, . is the comparison functor
between the A,-category A, and its dg-hull X#g constructed in [RVABN19, § D.1]
and f* exists by Proposition 6.1.3.

Now we may use the results from Chapter 5 to construct candidate functors.
Observe that these are just candidate functors, for verifying that they are not
Fourier-Mukai we will need to assume that a equivariant characteristic morphism

of n does not vanish and that m =n + 3.

Corollary 6.1.5. Let f : X — Prt! be the embedding of a degree d hypersurface
and let m > n + 2 then we have a hp % (X)-dimensional space of choices to

construct a candidate functor
v, : D' (X) — D" (P1).
Proof. In order for Construction 6.1.4 to work we need
0 1 € ker (f. : HH" (X, Ox (p)) = HH" (B"*, £.Ox (p)))

By Theorem 5.2.8 ker (f. : HH™ (X, Ox (p)) — HH™ (P", f.Ox (p))) has dimen-
sion hp 7 (X) which finishes the claim. O

Now we can state our main Theorem, which we will prove throughout § 6.2.

Theorem 6.1.6. Let f : X — P be an embedding of a smooth degree d

hypersurface of dimension n > 3 and let

0 #n € ker <f* cHH"" (X, Ox (p)) — HH"? (P"H, 1:O0x (p)))
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such that there exists a k-algebra I' and G € D° (coh (X)) with

car(n) #0
Ext’y (G (—p),T) =0 fori#n
Ext’y ' (G,G (p+d)) 2 Ext’y *(G,G (p+d)) 0.

Then we have that the functor
@, : D’ (coh (X)) — D° (coh (P”+1>)

is well-defined and not a Fourier-Mukai functor.

6.2 Proving Theorem 6.1.6

We fix for the rest of this section an embedding of a smooth degree d hypersurface
f: X < P"*! anon-vanishing Hochschild cohomology class n € HH" ™ (X, O (p)),
such that f.n =0, I" a k-algebra and G € D (coh (X)) such that

ce,r(n) # 0 (6.2.1)
Ext’y (G (—p),T) =0 for i #n (6.2.2)
Exty ' (G,G (p+d)) 2 Ext" (G, G (p+d)) 0. (6.2.3)

Observe first that by Construction 6.1.4 ¥, is well-defined and even unique up
to a choice of f. So we may focus for the rest of this section on verifying that ¥,
cannot be Fourier-Mukai.

We follow mostly the ideas from [RVABN19].

We start by using the assumptions on G to prove that the negative part of
Exty, (LG, LG) is concentrated in degree —1 which allows us to control which
Ao-obstruction does not vanish. This obstruction we will then push forward to
prove that ¥, cannot be Fourier-Mukai. In order to avoid clumsy notation we

start by setting
G :=wG € X—mod and G := L (G). (6.2.4)

Remark 6.2.1. We have by [RVABN19, § D.1] an equivalence ¢y, : X9 = X,
and by Definition 2.3.4 a canonical functor 7 : X, = X. So we will denote the

functor
Urt, 0 i D(X) = Do (X)) — D (1)
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simply by 7, and
Y. 07 D (X)) = Do (X,) = D (X)

by 7* to avoid clumsy and confusing notation.

Definition 6.2.2. Consider the distinguished triangle in D (X,;ig) [RVdABN19,
Lemma 10.3]:
G565 2 'gouwox (—p) 5 X6, (6.2.5)

where G is considered as an X%-module via m, : D* (X) — D (X;lg). Then define
the morphism ¢ by:

Y Ext}+1+z' (G(-p),G) — Exti(gg (6, Q~)
(g L DTG (—p) = G) —aom, (w(g)o XA (E‘ig — C;) :

Lemma 6.2.3. For: < 0 the morphism
o Exti (G (—p) . G) = Extly, (G.0)
n

is an isomorphism.

Proof. We will check that for ¢ < 0 the morphisms involved in the definition of

o BXXET (G (=p), G) = Bxtiy, (G,0)
(9: 277176 (=p) = G) = (aom) (w(9) 0 578 (¥7'G — G)

are isomorphisms.

w: By (4.1.1) w: D’ (X) — D°(X) is a fully faithful embedding, in particular,
using G = wG (6.2.4) we have

w : Extiy™ (G, G) & Exty (G, 6) .
aom, (_): We have by [RVABN19, Corollary 5.3.2] an adjunction:
RHom y (Q QR wOx (—p), Q~) = RHomy (G @ wOx (—p),G)
This isomorphism can be computed explicitly to be:
aom, : RHom ya (g @ wOx (—p) ,QN) =~ RHomy (G @ wOx (—p),G),

see [RVABN19, (11.6)].
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_o f3: Consider the distinguished triangle (6.2.5) in D (X#g):
G2G¢5 v g euwoy (—p).
Apply RHom .46 (,, Q~) to get the distinguished triangle:
RHomX#g (2—"—19 ® wOx (—p) ,é) ﬂ RHome]zg (&, QN) — RHome]zg (g, ,C’j) .
Now we may use [RVABN19, Corollary 5.3.2] and Proposition 4.1.11,
RHom ., (G.G) = RHomy, (¢,G) = RHomy (¢,G) = RHomx (G, G),
to get

RHom 4, (5771 @ wOx (~p).G) =B, RHom (6,G) = RHomx (G, G).

dg
Xﬁ

Applying H® turns this into the long exact sequence:

= ExtT (G, G) — Exth (g ® wOx (—p) ,g~) SN Exti(;]ig (G, g~) —

dg
Xy

And as G is a sheaf on X, specializing to ¢ < 0 yields the long exact sequence:

coo = 0 — Bxt™ht (Q@w@x(—p),g) ﬁ)Ext;gg (Q,G) —0—=---.

dg
X’H

In particular

_of3: Ext}:;gl” (g ®@wOx (—p), g) = EXti(gg (g, g)
is an isomorphism for ¢ < 0.
So altogether we get that
o Exty (G (=p), G) = Extly, (G.G)
(g L XTI (—p) — G) — (a om, (w(g)) o X7Ip: X7IG — Q~>
is indeed an isomorphism for ¢ < 0 as it is a composition of isomorphisms. ]

Corollary 6.2.4. Letp < —n—1 andi > 1. Then Ext}z ((j, C;) =0.

Proof. By (6.2.2) we have that Ext (G (—p),G) is concentrated in degree n and

so we have by Lemma 6.2.3

Bxtyi (G.6) = Exty (G (-9),G) 2 0
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for 7 > 1.

And since we have a quasi-equivalence X, = X;lg we get
Extz! (6.0) = Ext ™ (G (-9). 0)
as claimed. O]

Definition 6.2.5 ([RVABN19, Lemma 11.4]). Let X’ be a k-linear category, I" a k-
algebra and let M be a k-central X'-bimodule. Then we have for a ['-equivariant
X-module G jie. G € X—modr, the (algebraic) I'-equivariant characteristic

morphism

cg,r - HH* (X, M) = Extlygyor (X, M) = Extyor (G,G @ M)
n—GGRxn

Observe that this morphism factors naturally as
cg.r  HH* (X, M) 2L HH (X @ I, M @ T) 5 Extlyop (G,G @ M),

where ¢g : HH* (X @ ' M ® I') — Extygr (G,G ® M) is the (algebraic) charac-
teristic morphism for G € D (X ® I'), see Definition 2.3.13.

Lemma 6.2.6. There is a commutative diagram.:

Ca,r na3

HH"™ (X, Ox (p)) Exteon(x),. (G5 G (p))

Cg7F

HH"* (X, wOx (p)) Extyir (9,9 @ wOx (p)),

where cg r is the (geometric) equivariant characteristic morphism discussed in § 3

and cg,r is the (algebraic) characteristic morphism from Definition 6.2.5.

Proof. By [RVABN19, (8.13)] we have the commutative diagram

71 % (7 ® W;G)

AD(X) D (coh (X))
2w w2
D (X @ X°P) DXx®lI,

Ry
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where we denote by A, D (X) C D (X x X) the essential image of the direct image
along the diagonal embedding A : X — X x X.

Considering the induced diagram on morphism spaces for
HH" (X, 0 (p)) = Extix (0a,04 (p)) = Ext’s 5 x) (04,04 (p))

gives that the diagram

ca,r n+3

HH"+3 (X7 OX (p)) EXtcoh(X)F (G7 G (p))

HH"" (X, wOx (p))

Extver (G, G @ wOx (p))

commutes. O
Since G € DY (coh (X)) we get a I'action on G and G via the functors w and

L ie. GeD (X#Q)F. So Lemma 2.3.20 gives well-defined obstructions against

GED (X)), =D (ng?)F admitting a lift to an A-module in Dy, (X, ® I'):

0i (G) € HH' (I Ext% " (G,G)) fori>2.

Remark 6.2.7. The next Lemma will use the obstruction obtained from the
equivariant characteristic morphism (6.2.1) in order to conclude that the first
Ao-obstruction against an equivariant lift of G cannot vanish. We do this by
observing that a colift of G to X, would also give an equivariant lift of 5 . The
control of o3 (g~) is necessary as we want to push forward the obstruction from A}
to P! which cannot be done with the obstruction arising by the characteristic

morphism.

Lemma 6.2.8. We have:
0# 05 (G) € HH (I Exty! (G.G)).

Proof. Assume o3 (é) vanishes. Then by Corollary 6.2.4 Ext}z (C:, QN) = 0 for

1> 1 and so:
0i (G) € HH' (I Ext3 " (G,G)) = 0

for all ¢ > 2.

So G would admit a lift, i.e. an object

GeD(XEQ) =Dy (X, @7)
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with G 2 G in D (&X,) .

Consider the triangle (6.2.5) in D, (X,) = D (X#g)

G—=G2G— X"Gouwoy (—p) = X6,
where we use the shorthand G for 7,.G. This gives:
H*(G) =G o £""'G @ wOx (—p).

By the construction of the triangle (6.2.5) in [RVABN19, § 10|, the above isomor-
phism is compatible with the X,-action. So by Definition 2.3.15 G is a colift of
GeD(X @) to De (X @i 1), y)-

By Lemma 2.3.16, the obstruction against such a colift is the image of n U 1

under the characteristic morphism
HH" (X @ T, wOx (p) ® I') = Extlyir (6.6 ® wOx (p)).

However, this obstruction cannot vanish. As if we consider the equivariant

characteristic morphism cg r:
HH" (2, wOx (p)) *2%% HH" (X © ILuwOx (p) @ I') % Exty} (6,6 © wOx (p)),

we have the commutative diagram from Lemma 6.2.6:

cG.r n+3

HHN+3 (X7 OX (p)) EXtcoh(X)F (G, G (p))

| |

Cg.r
HH" (X, wOx (p)) Extytr (9,6 ® wOx (p)).

By assumption (6.2.1) we have that cg () # 0. So ¢g (n U 1) # 0, which means
that such a colift of G to (X ® I' )yur cannot exist. Now by the discussion above
this means that a lift of G to D, (X, ® I') cannot exist and so o3 (é) cannot be

Zero. O

Lemma 6.2.9. There is a commutative diagram

Ext} (G (-p).G) : Exty, (6.9)

f*l J]?*O?ﬂx,,,*

ExtZs (fo (G (=p)), f. (G) o Extpin (£ (G). 1. (9)).
*P

(6.2.6)
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where the lower morphism is given by

fup  Extiunr (LG (=p), 1.G)) = Extini (£., £.0)
ng*aow( )o f*ﬁ

Proof. Recall that by Definition 6.2.2 the morphism ¢ is given by

@ Exti (G (=p) . G) = Ext i, (G.6)
(g L XTI (—p) — G) > (a om, (wg)of: YiG — C;) ,

where « and 3 are the first and second morphisms in the distinguished triangle
(6.2.5) in D (X9

Applying the exact functor f, ot x,,+ gives the distinguished triangle in D (P"*1)

7.6 2% F.G L5 5 LG @ wOy (—p) I TG,
which is a shorthand for

fw*gf*afg 2 G @ wOy (— )ﬂlzﬁmg.

So we may use o f = f to get

1.6 5% 1.6 55 511G @ w0y (—p) £ 216 (6.2.7)

In particular

Fop : Exthon (£, (wOx (0)  9)., £, (9)) — Extyhas (7. (6) . 7. (€))
g favowgo f.8

is well-defined.
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Now we compute

feop(g) = fu(aom, (wg) o B) Definition of ¢
= f.ao (f; o 7r*> (wg) o 1.3 f. is a functor
= faao(foow)(g)o f.5 foom (9) = fg
= fiao(wo f.)(g)o f.8 [RVABN19, Lemma 8.7.1]
= ~*‘P(f*9) Definition of f,¢
and the diagram indeed commutes. O

Corollary 6.2.10. The right map in the diagram (6.2.6)
foothy: Bxtyhy (G.G) = Extonn (£ (G) . . (9))

is an isomorphism.

Proof. Since G, G (—p) are coherent sheaves on X and f, is exact we have

Extpon (fo (277G @ wOx (—p)) . £ (9)) =

= Exthon (fo (877G ® Ox (—p)) . . (G)) (4.1.1)
= Extpii (. (G (=p)), [+ (G)) Ext' (277, ) 2 Ext™ ()
=0. dimP"t =n+1

So in the distinguished triangle (6.2.7)

1G5 1.6 I8 511 6 @ w0y (—p) I D16

f+7 vanishes, and we have:

L(9) 2 19 & f. (37 wOx (—p) @x G)

via the splitting morphisms f,av and f. 3.

This means that both, the top morphism, by Lemma 6.2.3, and the lower
morphism, by splitting, in (6.2.6) are isomorphsims. So by Lemma 6.2.9 it suffices
to prove that

fo  Ext% (Ox (=p) @ G, G) — Extpas (f« (Ox (—p) @ G), f« (G))

is an isomorphism.
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As tensoring with Ox (p) is an autoequivalence this is equivalent to

fe: Bxtx (G, G (p)) = Extpa (/.G f.G (D))

being an isomorphism. Consider the long exact sequence associated to a divisor
[RVABN19, (9.13)]:

o Ext2 (GG (p+ d) = Ext (G, G (p) L5 Extl (£ (G), £,G (p) — -+
By assumption (6.2.3) we have
Exty? (G,G(p+d) =20 and Exty ' (G,G(p+d)) =0,
so the long exact sequence has the shape
o 0= Ext} (G, G (p)) &5 Extln (£ (G), LG (D)) =0 — -+ .
By exactness that immediately gives that
fe  Exty (G (=p), G) = Extpun (.G (=p), fuG)

is an isomorphism, which finishes the proof. O

Lemma 6.2.11. The obstruction o3 (¥, (G)) € HH? (F, Extpi (¥ (G),¥ (G)))
against lifting to D (P"™ @ I') from Lemma 2.5.20 does not vanish.

Proof. By part (2) of Lemma 2.3.20 we have
03 (¥ (G)) = (f. 0 th, ) 03 (G) € HH (I’ Extples (7 (G), ¥ (G))) .

Furthermore, as o3 is the first obstruction we do not need to keep track of
any choices. So we can use Corollary 6.2.10 to get that f* o )y, « induces an

isomorphism in degree —1 and by Lemma 6.2.8 we have 0 # o3 (Q) So altogether

0# (footvn,)o0s (G) =03 (¥ (G)) € HH® (I Extyliy (¥ (G), ¥ (G))). O
Now we can finally finish the proof of Theorem 6.1.6.

Proof. Assume ¥, is Fourier-Mukai. Then by Corollary 3.1.7 ¥, admits a lift
@, : D* (coh (X)) = D” (coh (B"*') ).

This means that ¥, (@) € D° (P"*!) . has alift to D° (coh (P"!) ) < Dy, (P" @4 I).
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Since we have by Lemma 6.2.11

03 (¥, (G)) #0

such a lift cannot exist.

So ¥, cannot be Fourier Mukai. O]

6.3 Application: odd dimensional Quadrics

We will show that the tilting bundle GG for an odd dimensional quadric hypersurface
and its endomorphism algebra I satisfy the assumptions of Theorem 6.1.6. For
this we start by recalling that quadrics admit an exceptional sequence, which

gives rise to a tilting bundle.

Theorem 6.3.1 ([B05, Corollary 3.2.8]). Let Q — P?* be the embedding of a

smooth quadric. Then ) admits an exceptional sequence:
(S(—2k+1),09(—2k+2),....,0q(—1),0q),

where S denotes the spinor bundle.

In particular we may consider for the embedding of a smooth quadric f : Q) —
P?* the tilting bundle:

—2k+2
G:=S8(-2k+1)® @ Oq(-I) and I' := End (G).
=0

Now we need to verify the assumptions on the concentration of Exty, (G(—p), G))

and Extg, (G, G (p+d)). We will use p = —2k — 2 and
0 #n € ker (f. : HH"™ (X, Og (—2k — 2)) — HH"™ (P*, £.0 (~2k — 2)))
as we know by Proposition 5.2.9 that
fo HH'™(Q, 0 (~2k — 2)) — HH" (P"*!, £,0 (—2k — 2))

has one-dimensional kernel.

For the Ext-calculations we will need the following statement which also holds
for even quadrics. However, as in the even case we would need to track the different
spinor bundles depending on the equivalence class of the dimension modulo four,

we will restrict to the odd case for legibility.
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Lemma 6.3.2. Let Q — P%* be a smooth odd dimensional quadric and let S be
the spinor bundle. Then the following hold:

1. We have fori ¢ {0,1,n}

Extg, (S, S (m)) = Extg ' (5,5 (m +1)).

2. If m < —1 we have additionally

Extg, (S, 5 (m)) = Extg ' (S, S (m + 1))
Extg, (S, 5 (m)) = Extg ' (S, S (m+1)).

Proof. Consider the short exact sequence [Ott88, Theorem 2.8]
2k+l

0= S—=05 —S5(1)—0

which gives after applying Extg, (-, S (m -+ 1)) the long exact sequence

D Exty ' (03, S (m 4+ 1)) - Exty ! (S, S (m + 1))

Extfy (S (1), S (m+1)) » Extg, (05, S (m+1)) ————— -
In particular we have
Ext{, (S, S (m)) = Extf, (S (1), S (m + 1)) = Extiy* (S, S (m — 1))

if we have for j € {i,i — 1}

2k+1 2k+1
Ext/ (03", S (m+1)) = @ Ext/ (0g, S (m +1)) = @ H (X, S (m+ 1)) = 0.
1=0 1=0

By [Ott88, Theorem 2.3] we have H’ (X, S (m + 1)) = 0 for j ¢ {0,n} which
implies 1.

If m < —1 we have m + 1 < 0 and so we get by [Ott88, Theorem 2.3]
H°(X,S (m+ 1)) =0, which gives 2. O
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Proposition 6.3.3. Let i # 2k — 1. Then we have

Extg (G (2k +2),G) =0

Proof. Since G is a sheaf we may assume 0 < ¢ < 2k — 2 for dimension reasons.
By definition of G and additivity of Ext we have

Extg, (G(2k +2),G) =

= Exty <<S (—2k+1)@ 2&@2 Og (—1) 2k + 2)) S(=2k+1) @ 25_92 ) (—l)>

=0 =0
2k—2

~ P Ext, (Oq (2k +2 —1),0q (—h))
h,1=0
2k—2 .

& P Exty (Oq (2k+2—1),5(—2k + 1))
=0
2k—2

O P Exty, (S (2k+2—2k+1),0q (1))
=0
® Exty (S (=2k+ 1+ 2k +2),5(=2k + 1))

In particular we can compute these Ext-groups one by one.

We start with Extg, (Og (2k 42 — 1), Og (—h)) for which we get

Extg, (Og (2k +2 —1),0q (—h)) =

=~ Ext’é (Og,0q (I —h —2k —2)) twisting on both sides
~ Y (Q, 0 (I~ h— 2k —2)) Ext), (Og, ) 2 H'(Q, )
=~ 0. l—h—-2k-2<0

Since we have [ — 4k — 1 < 0 we get

Exty, (Og (2k +2—1), S (—2k+1)) =

= Exty, (Og, S (I — 4k — 1)) twisting on both sides
= (Q, 5 (1— 4k — 1) Ext), (Og, ) = H'(Q, )
=~ (. [Ott88, Theorem 2.3]
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y [Ott88, Theorem 2.8] we have S¥ = S (1) which we may use to compute

Extg, (S (3),0q (—1)) = Extg, (S,0q (=3 — 1)) twisting on both sides

=~ Extg, (0g, SY (=3 - 1)) dualizing
=~ Extg, (Og, S (=2 1)) SY >~ S (1)
=~ H’ (Q> S (_2 - l)) EXté) (OQv *) =~ H (Qa *)
>~ (). [Ott88, Theorem 2.3]

We may use i < 2k — 1 to get

Extg, (S (3),5 (—2k + 1)) = Extg, (S, S (—2k — 2)) twisting on both sides
= Exte, (5,5 (—2k — 3 + 1)) Lemma 6.3.2
= Extg' (5,5 (—2k — 1+1)) Lemma 6.3.2
=0. S is a sheaf

So every direct summand vanishes, and in particular
Exte, (G(2k +2),G) =0 for i #n

as desired. ]
Proposition 6.3.4. Let i ¢ {0,2k — 1}. Then we have
Extg, (G, G (—2k)) = 0.

Proof. Since () has dimension 2k—1 and G is a sheaf we may assume 0 < ¢ < 2k—1.
By definition of G and additivity of Ext{, (-, -) we have:

Extg, (G, G (—2k))

2k—2 2k—2
= Bxty (S(—2k+1)@ P Oq(-1),S(—4k+1) & EB Og ( 2k—h)>
=0
2k—2 ‘
= P Extq (0q (=1),0q (Oq (—2k — h)))
1,h=0
2k—2 A
& P Exty (Og (—1), S (—4k + 1))
=0
2k—2 '
@ P Extg (S (—2k+1),0q (—2k — 1))
=0

@ Ext, (S (—2k+1),5 (—4k + 1))
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As above we can compute the cases separately.

We start with Ext’é (Og (—1),0¢ (—2k — h)). For this we get:

Extg, (Og (—1),O0q (—2k — h)) =

=~ Extg, (Oq, Og (I — 2k — h)) twisting on both sides
>~ (). i ¢ {0,2k — 1}

For Extg, (Og (—1), S (—4k + 1)) we get

Extg, (Og (1), S (—4k + 1)) =

>~ Ext’ (Og, S (I — 4k + 1)) twisting on both sides
= HY(Q,S(I—4k+1)) Extg (Oq,-) = H'(Q, )
=) i ¢ {0,2k — 1} [Ott88, Theorem 2.3]

While for Extz2 (S(—2k+1),0¢ (—2k — 1)) one can compute:

Exte, (S (—2k +1),0q (—2k — 1)) =

= ExtQ (5,00 (—1-1)) twisting on both sides
= ExtZ (0g, SY (-1 -1)) dualizing
= Ext’ (Og, S (1)) [Ott88, Theorem 2.8
~ 1 (Q, 5 (~1) Ext) (O, ) 2 H(Q, )
= 0. i ¢ {0,2k — 1} [Ott88, Theorem 2.3]

Finally for EXté? (S(—2k+1),S(—4k+1)) we get

Extg, (S (—2k +1),5 (—4k + 1)) =

=~ Exty, (9,5 (—2k)) twisting on both sides
> Extg, (9,5 (—=2k +1i— 1)) Lemma 6.3.2(1)
=~ Extg (5,5 (—2k — 1)) Lemma 6.3.2(2)
> Extg' (5,5 (—2k + 1 —1)) Lemma 6.3.2(2)
=0, S is a sheaf

where we used ¢ < 2k — 1 and so —2k + ¢ < —1, respectively =2k +1+1 < —1

for the last two lines.

So all the direct summands of Extg, (G, G (—2k)) vanish for i ¢ {0,2k — 1} as

claimed. 0
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So altogether we can now phrase the following Theorem 6.3.5 which also
recovers the result from [RVABN19] when specialized to the case k = 2.

Theorem 6.3.5. Let Q — P?* be the embedding of a smooth odd dimensional

quadric for k > 2. Then we have an exact functor:
¥, : D’ (Q) — D" (P")
that cannot be Fourier-Mukas.

Proof. We want to apply Theorem 6.1.6.
First of all we have by Proposition 5.2.9 for £ > 2 an

0 # 7 € HH*(Q, Oq (—2k - 2))

that is in the kernel of f, : HH™3 (Q, O (=2k — 2)) — HH™3(P* /:0(=2k-2))
For k = 2 we get that the top Hochschild cohomology is HH"™ (Q, O (—2k — 2)),
and so by Theorem 5.2.8 we have

dimker (£, : HH"" (Q, 0 (=6)) — HH"™* (P!, £,0 (=6))) = h}" (Q).

Using the formula (5.1.1) we compute

S o O [ R

= f
-0 o))
=1,

where we used that (42“) only can be nonzero if u = 0. In particular we get a
one-dimensional kernel from which we may pick an n # 0.

We now collect the other assumptions which we verified above.

By Theorem 6.3.1 @) admits a tilting bundle G and by Lemma 3.2.12 we know
that for I" := End (G) the functor Cg} r is an equivalence. In particular we get
by Proposition 3.2.5 c¢.r (n) # 0, which is assumption (6.2.1). Now finally we
need to verify that the corresponding Ext-groups are suitably concentrated, which

is verified in Proposition 6.3.3 for assumption (6.2.2) and Proposition 6.3.4 for
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assumption (6.2.3).
So we may apply Theorem 6.1.6 to get a non-Fourier-Mukai functor ¥,. [
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