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A design framework for the development of high pressure turboexpanders for use in 

waste energy recovery in natural gas extraction is proposed herein. An empirical model, 

implemented as part of this work, is used to rapidly calculate initial key geometric design 

parameters and to predict radial-inflow turbine performance characteristics, which are 

then compared to computational fluid dynamics predictions for an auxiliary power unit 

validation test case to successfully demonstrate the empirical model’s accuracy. 

Preliminary steps in the optimisation procedure using the same computational fluid 

dynamics tool enabled with adjoint based gradient computation are discussed. It is shown 

that the set-up results in accurate gradient information of a chosen cost function with 

respect to the design parameters when compared with finite differencing. Necessary 

modifications to the treatment of wall boundaries and mesh deformation within the 

optimisation loop are outlined. Finally, an overview of the entire framework is presented.  

I. Introduction 

LEAN and accessible energy, and related to this the ambition of the net-zero economy, is one of the defining 

challenges of our time facing modern engineering. Within the future energy mix, hydrogen takes a key role; 

both green and blue hydrogen are crucial for industrial decarbonisation with an ambition of 5 GW low carbon 

hydrogen production in the UK by 203011. Most hydrogen research focuses on the cleanest green hydrogen, where 

hydrogen is produced by electrolysis using power generated from renewable energy sources. Blue hydrogen is 

produced when natural gas is split into hydrogen and carbon dioxide (CO2), using either steam methane reforming 

or auto thermal reforming3, and capturing and storing the residual CO2. Similarly, grey hydrogen is produced 

without the capture of CO2. This work sits in the context of the technological developments needed to produce 

blue hydrogen (and eliminate the need for grey hydrogen), with the potential of removing the high-powered diesel 

generators at source that produce significant harmful emissions4. Specifically, we look at the aerodynamic design 

optimisation of high-pressure turboexpanders. 

Turboexpanders can be used for waste heat energy recovery in natural gas extraction operating in high pressure 

and high temperature (HPHT) wells. Such wells have significant potential energy that is currently unutilised; 

natural gas is currently extracted at 400 bar (and more) and expanded for processing. Turboexpanders can be used 

to recover energy during gas expansion that can be deployed to power the sequestration process during blue 

hydrogen production, with the aim of making this process net-zero at the source. Current commercial 

turboexpanders are limited to a maximum inlet pressure rating of approximately 200 bar5. It can be expected that 

increasing the inlet pressure can significantly increase the generated power output. Thus, the goal is to design a 

turboexpander that operates close to a natural gas well. For this goal to be achieved, there is a need to understand 

the complex fluid flow within an HPHT turboexpander.  

To study the complex fluid flow through such HPHT turboexpanders in detail, a suitable geometry needs to 

be created first. This work proposes a framework to design geometries of turboexpanders via the application of 

preliminary empirical design and subsequent geometry optimisation using industry-standard computational fluid 

dynamics (CFD) methods enabled with adjoint gradient computation. Such a framework aims to greatly decrease 

the effort required in the early design phase. Existing preliminary methods can be used to generate sub-optimal 

designs that can be enhanced using modern optimisation methods to generate improved geometries for machines 

operating in unconventional/extreme conditions. The adjoint methodology is the state-of-the-art of gradient-based 

optimisation techniques. The implementation of optimisation methods in turbomachinery design is becoming 

increasingly prevalent as a method to improve the overall efficiency. These methods offer design solutions where 

there is a lack of experimental data or design guidelines. Combined this removes the need for an overly expensive 
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early design process. Subsequently, highest-fidelity CFD methods can then be used to investigate the fluid 

phenomena present, which can help informed decision making in the design of a commercial turboexpander. 

The adjoint method is a highly efficient way to evaluate optimal values of an objective function of an 

optimisation problem with an arbitrary number of design variables6,7. Significant advances have been achieved 

over the last four decades concerning its development and implementation into modern CFD packages. The 

method was first pioneered for external aerodynamics problem8–10 but until recently has had limited application 

for turbomachinery problems due to the difficulty in deriving the internal boundary conditions. Early studies 

involved the optimisation of two-dimensional blade geometries11,12 before being expanded to study isolated three-

dimensional blades13. More recently multi-row optimisation has been performed after derivation of flow-

consistent adjoint boundary conditions, a discrete mixing plane formulation and an automatic mesh deformation14. 

The designs produced by concurrent optimisations are generally better than optimisations performed in isolation. 

Eventually, using the adjoint method, any given optimisation problem will converge to an optimum. This work 

uses the adjoint method implemented in SU2, a C++ and Python collection of software tools for the analysis of 

partial differential equations and constrained optimisation problems. 

The paper continues with an overview of an empirical approach for early-stage design in Section II. The overall 

CFD framework including the adjoint approach is summarised in Section III and the first results for the test case 

of an auxiliary power unit (APU) are presented in Section IV. Specifically, we demonstrate that empirical tools 

can produce good initial designs by estimating the key geometric dimensions of the APU test case, in addition to 

the performance characteristics when compared with a CFD simulation. Then we outline the optimisation 

procedure on the APU geometry to increase the machines efficiency. Validation of the adjoint based gradients 

with respect to finite-difference evaluation is presented. Required modifications in the optimisation loop itself are 

identified and discussed. Finally, the proposed framework for the design of such HPHT turboexpanders that 

implements adjoint optimisation method within the preliminary design phase is outlined.   

II.  Empirical Model 

Preliminary design of turbomachinery takes up approximately 50% of the total project time15 and success 

relies extensively on empirical methods and the designers’ experience. Seminal work by Rohlik16 and Glassman17 

developed empirical models for use in radial turbine design and provides the basis for the model used in this work. 

With this model, viscous losses are expressed in terms of a kinetic energy loss coefficient for both the stator and 

the rotor. The two-dimensional kinetic energy loss coefficient is given by 
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where the flow angle Φ is given by 𝛼1 for the stator definition and the 𝛽2 for the rotor. Here, 𝜃 is the momentum 

thickness, 𝑙 is the blade surface length from leading to trailing edge, 𝑅𝑒 is the Reynolds number, 𝑡 is the trailing 

edge thickness and 𝑠 is the blade spacing at blade-row exit. The subscript 𝑟𝑒𝑓 refers to a reference value taken 

from experimental measurements. The factors for energy 𝐸 and form 𝐻 are defined using a velocity profile 

exponent of 0.2, with further details on this described by Glassman17,18. The ratio between the two-dimensional 

loss coefficient and its three-dimensional counterpart is assumed to be equal to the ratio of the three-dimensional 

to two-dimensional surface areas, expressed as 

�̅�3𝐷 = �̅�2𝐷 (
𝐴3𝐷
𝐴2𝐷

) 

For details on the calculation of terms and the overall procedure, the reader is directed to the work by Glassman17. 

Five losses are considered in the empirical model; disk friction, tip clearance, exit velocity, and rotor and stator 

losses. Flow analysis is assumed one-dimensional at the stator inlet and outlet and the rotor inlet, but an 

axisymmetric two-dimensional analysis is performed at the rotor outlet where there is variation in the flow field 

along the outlet radius. The calculation routine, implemented as part of this work, can be briefly described in the 

following steps: 

 

1. The model initialises a stator geometry based on user inputs and estimates the stator exit and stator inlet 

flow properties and calculates the stator loss coefficient. The inlet velocity and static flow properties are 

iteratively calculated until the respective values converge by comparing differences between subsequent 

iterations until a user-specified tolerance is achieved. 

2. Next, the rotor inlet flow properties are determined using a rotor inlet flow angle defined by a user input. 

The windage loss is then calculated iteratively until convergence is achieved. 
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3. Two-dimensional axisymmetric analysis is performed at the rotor outlet to calculate the outlet flow 

properties for varying flow field radius. The corresponding rotor loss coefficient is then calculated and 

the exit velocities, flow angles and static flow properties are recomputed. Mass flow rate at the outflow 

is calculated and compared to the input mass flow value. If necessary, the kinematic outflow variables 

are recalculated according to modification determined by a parabolic curve fitting bisection algorithm 

until continuity is achieved. If the fluid energy requirement is not fulfilled by these modifications, this 

step is repeated until the requirement is satisfied. 

4. Finally, the exit flow properties are finalised and the losses, efficiency reduction contributions and 

specific speed are calculated. For parametric studies, the code then repeats for varying user input. 

III. Methodology 

A. Governing Equations 

The flow is assumed to be governing by the Reynolds-averaged Navier-Stokes (RANS) equations coupled 

with a suitable turbulence model. The k- shear-stress-transport (SST) model is used herein to close the turbulence 

problem. Internal turbomachinery flow problems require the solution of the compressible form of the governing 

equations given as 

∂𝑼

∂t
+ ∇ ⋅ 𝑭𝑐 − ∇ ⋅ 𝑭𝑣 = 𝑸 

where the conservative variables are given by 𝑼 = {𝜌, 𝜌𝒖, 𝜌𝐸, 𝜌𝑘, 𝜌𝜔}𝑇 with 𝜌 as density, 𝜌𝒖 as momentum, 𝜌𝐸 

as energy, 𝜌𝑘 as turbulent kinetic energy and 𝜌𝜔 as dissipation rate. The convective and viscous fluxes and the 

source term are given by 

 𝑭𝑐 =
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The viscous stress tensor expressed in vector notation for this case is given by 

𝜏̿ = 𝜇eff (∇𝒖 + ∇𝒖
𝑇 −

2

3
𝐼(̿∇ ⋅ 𝒖)) −

2

3
𝜌𝑘𝛿𝑖𝑗 

The effective dynamic viscosity 𝜇eff is calculated, following the Boussinesq assumption, as the sum of laminar 

and turbulent components, whereby the laminar part follows Sutherland’s viscosity law and the turbulent part 

results from the turbulence modelling. Similar arguments apply to the coefficient of thermal conductivity 𝜅eff. For 

the turbulence model, the values for the remaining constants, blending functions and auxiliary relations follow the 

original model19,20. To ensure the accuracy of the flow solution in the optimisation procedure a validation 

simulation was performed. The results of this are presented in Section IV.B. 

B. Spatial Discretization and Time Stepping 

 A vertex-based RANS solver is implemented in SU2. The RANS equations are discretized using a finite 

volume method21 with a standard edge-based structure on a dual grid with control volumes that are constructed 

using a medial-dual based scheme22. This method allows the solver to use structured, unstructured and hybrid 

grids. The semi-discretised form of the governing equations is given by 

∫
𝜕𝑼

𝜕𝑡
𝑑Ω + ∑ (�̃�𝑖𝑗

𝑐 + �̃�𝑖𝑗
𝑣 )Δ𝑆𝑖𝑗 − 𝑸|Ω𝑖|

𝑗∈𝒩(𝑖)Ω𝑖

= ∫
𝜕𝑼

𝜕𝑡
𝑑Ω + 𝑹𝑖(𝑼) = 0

Ω𝑖

 

where 𝑹𝑖(𝑼) is the residual vector obtained via the integration of all the spatial terms over the control volume Ω𝑖 . 
A first order Roe upwind method23 is used to discretize the convective terms. The viscous terms are discretized 

using the average-gradient method and the spatial gradients of flow variables themselves are calculated using the 

Green-Gauss method. 

The turbine blades, hub and shroud enforce a no-slip boundary condition. The inlet, outlet and interface 

between blade rows use non-reflecting boundaries with a total temperature and pressure condition at stator inflow 

and static pressure condition at diffuser outlet. More details about the implementation of the mixing-plane method 

are given in the Section III.C below. 
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Time stepping for steady state convergence uses an implicit backward Euler scheme with the resulting linear 

algebraic equation 

(
|Ω|

Δ𝑡𝑛
𝛿𝑖𝑗 +

𝜕𝑹(𝑼𝑛)

𝜕𝑼𝑛
)Δ𝑼𝑛 = −𝑹(𝑼𝑛) 

where the pseudo time-step Δ𝑡 differs in each cell using a standard local time-stepping technique. For multiple 

fluid domains coupled with mixing-plane interfaces, the residuals along the boundary are also dependent on the 

solution of adjacent fluid domains. This dependency is treated explicitly meaning that the residuals at iteration 

step 𝑛 in the fluid domain 𝑗 depends on the solution of the adjacent fluid domain 𝑘 computed at iteration step 

(𝑛 − 1). This results in a slight modification of the above equation as,  

(
|Ω|

Δ𝑡𝑛
𝛿𝑖𝑗 +

𝜕𝑹(𝑼𝑛)

𝜕𝑼𝑛
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j

Δ𝑼𝑗
𝑛 = −𝑹(𝑼𝑗

𝑛 , 𝑼𝑘
𝑛−1) 

The resulting linear system for the solution update Δ𝑼𝑗
𝑛 is solved with the flexible generalized minimal residual 

method24 with preconditioning using an incomplete lower-upper factorisation. Both the outlet pressure and 

rotational speed of the rotor are linearly increased from zero over the first 500 iterations to accelerate convergence. 

A Courant-Friedrichs-Lewy (CFL) number of 20 is used for the local time-step calculation. Using the implicit 

backward Euler formulation results in an approximate Newton method for solving 𝑹(𝑼). If the solution is 

sufficiently converged, the resulting solution 𝑼 only depends on the right-hand side of the linear system, therefore 

the left-hand side can be any reasonable approximation of the Jacobian operator 𝜕𝑹/𝜕𝑼25. The solution process 

of the coupled equations, 𝑹(𝑼) = 0, is transformed into a fixed-point iteration where the feasible flow and 

turbulent solutions can be calculated from the expression 

𝑼𝑛+1 = 𝑼𝑛 − 𝑃−1(𝑼𝑛)𝑹(𝑼𝑛) =: 𝑮(𝑼𝑛) 

As there is a loose coupling between the flow and turbulent equations, the preconditioner 𝑃 can be expressed as 

𝑃(𝑼) ≔

(
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≈
𝜕𝑹(𝑼)

𝜕𝑼
 

whereby the tilde indicates a suitable approximation to the exact partial Jacobian matrices and subscripts 𝑓 and 𝑡 
indicate the equations of mean flow and turbulence model, respectively. It follows that 𝐺 is stationary only at 

feasible points, therefore 

𝑹(𝑼∗) = 0 ⟺ 𝑼∗ = 𝑮(𝑼∗) 

where 𝑼∗ is the vector of conservative variables and 𝑮 is the iteration operator of the pseudo time-stepper. 

 More details on the optimisation procedure, where the adjoint solution resulting from solving the previous 

equation are used, are given in Section III.D below. 

C. Mixing Plane Method 

Turbomachinery simulation requires a method to model the rotating components. When the flow between 

adjacent blades is non-uniform, it is necessary to implement a method to couple the two blade zones. The mixing 

plane method performs quasi-steady multistage turbomachinery calculations. Each fluid domain is modelled as a 

steady-state problem and a pitch-wise averaging process at the interface between stationary and rotating 

components provides the boundary conditions for downstream blade zones26. For this work the fluid zones are 

coupled via a non-reflecting interface27. For each node 𝑖 along a spanwise band, 𝜁, of the interface, the 

characteristic jump consists of an average component and a harmonic component.   

𝛿𝒄𝑖,𝜁 = 𝛿�̅�𝜁 + 𝛿𝒄𝑖,𝜁  

The average component 𝛿�̅� is the characteristic contribution that ensures the flow quantities match at the 

interface28. The average characteristic jump across the given spanwise band is calculated by 
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𝑑 − �̅�𝜁
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𝑝𝑑 − �̅�𝑡)

 
 
 

𝜁

 

with superscripts 𝑑 and 𝑡 referring to donor and target, respectively. Here (�̅�, �̅�, �̅�) are averaged at each spanwise 

level. In cases where there is a different number of spanwise levels across the target and donor side a linear 

interpolation algorithm is used to determine the averaged flow quantities. This mixing plane method is 

conservative for mass, momentum and energy fluxes, if, and only if, the primitive variables are averaged using 

the mixed-out procedure27. 

The discrete form of the spatial Fourier transform of an outgoing characteristic 𝑐𝑗, modified for calculation on 

unstructured grids, is given by 

�̂�𝑗,𝑘,𝜁 =
1

𝜃pitch
∑ 𝑐𝑗,𝑖,𝜁𝑒

−(
2𝜋𝑖𝑘
𝜃pitch

)𝜃𝑖
Δ𝜃𝑖

𝑛𝜁−1

𝑖==

, with (−
𝑛𝜁

2
+ 1 < 𝑘 <

𝑛𝜁

2
− 1) 

This modification of the original work by Saxer and Giles27 is derived in the work by Vitale et al.28. Each Fourier 

decomposition of the outgoing characteristics is then linearly combined and transformed into the spatial domain 

resulting in the harmonic component 𝛿�̇�𝑖,𝜁. The two components are then converted into a primitive variable 

perturbation, which is used to determine the numerical convective flux.  

D. Discrete Adjoint Optimisation 

Following previous work29, a generic optimisation problem can be represented as 

𝑚𝑖𝑛𝑖𝑚𝑖𝑧𝑒           𝐽(𝑼,𝑫, 𝑋) 
𝑠. 𝑡.             𝑼 = 𝑮(𝑼, 𝑋) 
                    𝑋 = 𝑀(𝑫) 

where the objective function 𝐽 is a function of the flow variables 𝑼, the design variables 𝑫, and according to a 

surface deformation based on the current value of the design variables. A mesh deformation is performed using 

the linear elasticity method to create a new mesh 𝑋. The mesh deformation is formally handled in the constraint 

𝑋 = 𝑀(𝑫). Here 𝑮(𝑼) is obtained from the result in Section IIIB. To evaluate the gradients of the objective 

function with respect to the design variables, first the Lagrangian is applied such that 

ℒ(𝑫, 𝑼, 𝑋, �̅�, �̅�) = 𝐽(𝑼, 𝑋) + [𝑮(𝑼, 𝑋) − 𝑼]𝑇�̅� + [𝑀(𝑫) − 𝑋]𝑇�̅� 
                               = 𝑁(𝑼, �̅�, 𝑋) − 𝑼𝑇�̅� + [𝑀(𝑫) − 𝑋]𝑇�̅� 

where 𝑁 is the shifted Lagrangian 

𝑁(𝑼, �̅�, 𝑋) ≔ 𝐽(𝑼, 𝑋) + 𝑮𝑇(𝑼, 𝑋)�̅� 

The resulting Lagrangian is then differentiated with respect to the design variables 𝑫 using the chain rule. The 

adjoint variables �̅� and �̅� are chosen to eliminate their dependency on the flow sensitivity 𝜕𝑼/𝜕𝑫 and mesh 

sensitivity 𝜕𝑋/𝜕𝑫. This results in formulations for the adjoint variables as follows 

�̅� =
𝜕

𝜕𝑼
𝑁(𝑼, �̅�, 𝑋) =

𝜕

𝜕𝑼
𝐽𝑇(𝑼, 𝑋) +

𝜕

𝜕𝑼
𝑮𝑇(𝑼, 𝑋)�̅� 

�̅� =
𝜕

𝜕𝑋
𝑁(𝑼, �̅�, 𝑋) =

𝜕

𝜕𝑋
𝐽𝑇(𝑼, 𝑋) +

𝜕

𝜕𝑋
𝑮𝑇(𝑼, 𝑋)�̅� 

The resulting adjoint equations are fixed-point and can be solved in the same style as the flow solver detailed 

prior. Since 𝑼 = 𝑮(𝑼, 𝑋) for all values of 𝑫, 𝓛 = 𝐽 for all values of �̅�, �̅� and 𝑫. Therefore, taking the derivative 

of the Lagrangian results in the total derivative of 𝐽, resulting in 

𝑑𝐿

𝑑𝑫

𝑇

=
𝑑𝐽

𝑑𝑫

𝑇

=
𝑑

𝑑𝑫
𝑀𝑇(𝑫)�̅� 

The adjoint equation does not depend on any design variable, so the gradient of a scalar objective function can be 

determined by solving only two sets of equations. A flow chart of this generic optimisation procedure implemented 

in SU2 is shown in Figure 1. For this work the discrete adjoint method is used. For multistage turbomachinery the 

set of equations for single flow domains must be modified for application to multiple flow domains coupled by a 

steady mixing plane interface. For an objective function or a constraint 𝐽 of a multistage turbomachinery design 



 

 

Association for Structural and Multidisciplinary Optimization in the UK (ASMO-UK) 

 

problem where the flow solution is obtained by solving the RANS equations on 𝑁 flow domains; with the goal of 

this optimisation problem is to minimize the objective function. The mesh and the surface deformation are 

performed with linear elasticity equations and free-form deformation (FFD) algorithm.  

The resulting optimisation problem can be expressed as  

𝑚𝑖𝑛𝑖𝑚𝑖𝑧𝑒             𝐽[𝑼1(𝑫), 𝑿1(𝑫1), … , 𝑼𝑁(𝑫), 𝑿𝑁(𝑫𝑁)] 
𝑠. 𝑡.             𝑼𝑘 = 𝑮𝑘(𝑼, 𝑿𝑘), 𝑤𝑖𝑡ℎ 𝑘 = 1, 2, … , 𝑁 
                   𝑿𝑘 = 𝑴𝑘(𝑫𝑘), 𝑤𝑖𝑡ℎ 𝑘 = 1, 2, … , 𝑁 

with 

𝑫 = {𝑫1, 𝑫2, … , 𝑫𝑁} 
𝑼 = {𝑼1, 𝑼2, … , 𝑼𝑁} 

The resulting the Lagrangian can be expressed as 

ℒ(𝑫,𝑼, 𝑿, �̅�, �̅�) 
= 𝐽(𝑼, 𝑿) + [𝑮1(𝑼, 𝑿1) − 𝑼1]

𝑇 +⋯+ [𝑮𝑁(𝑼, 𝑿𝑁) − 𝑼𝑁]
𝑇 

+[𝑴1(𝑫1) − 𝑿1]
𝑇�̅�1 +⋯+ [𝑴𝑁(𝑫𝑁) − 𝑿𝑁]

𝑇�̅�𝑁 

After differentiation of the above Lagrangian and appropriate selection of �̅�𝑘 and �̅�𝑘 such that dependency on the 

design variables can be eliminated, there remains 𝑁 adjoint equations 

�̅�𝑘 =
𝜕

𝜕𝑼𝑘
𝐽𝑇(𝑼, 𝑿) +∑

𝜕

𝜕𝑼𝑘
𝑮𝑖
𝑇(𝑼, 𝑿𝑖)�̅�𝑖

𝑁

𝑖=1

, 

𝑤𝑖𝑡ℎ 𝑘 = 1, 2, … , 𝑁 

and 𝑁 mesh sensitivity equations 

�̅�𝑘 =
𝜕

𝜕𝑼𝑘
𝐽𝑇(𝑼, 𝑿) +

𝜕

𝜕𝑿𝑘
𝑮𝑘
𝑇(𝑼, 𝑿𝑘)�̅�𝑖  

𝑤𝑖𝑡ℎ 𝑘 = 1, 2, … , 𝑁 

When all adjoint solutions �̅�𝑘 are obtained, the mesh node sensitivity �̅�𝑘 at each flow domain is computed 

and the 𝑁 total derivatives of 𝐽 with respect to the design variables of each 𝑘th domain is given by 

𝑑𝐽𝑇

𝑑𝑫𝑘
=

𝑑

𝑑𝑫𝑘
𝑴𝑘
𝑇(𝑫𝑘)�̅�𝑘, 𝑤𝑖𝑡ℎ 𝑘 = 1, 2, … , 𝑁 

The required derivatives are computed using the reverse mode of the open-source algorithmic differentiation 

tool CodiPack. The mesh surface deformation is performed using linear elasticity30 according to the Free-Form 

Deformation procedure of Sederberg and Parry31. A flow chart of the generic procedure implemented in SU2 is 

shown in Figure 1. 

 

 

 

Figure 1 Flow chart of SU2 generic adjoint optimisation procedure 
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IV. Results 

A.  Auxiliary Power Unit Test Case 

The APU test case is a high-pressure ratio single-stage radial turbine test case based on the experimental 

campaign using the Sundstrand Power Systems T-100 Multipurpose Small Power Unit32. Full reconstruction of 

the turbine geometry for the purpose of academic validation was enabled by the work of Sauret33 33 – and it is the 

most prevalent publicly available test case for radial machines. This test case has been used extensively in the 

literature as a validation case for preliminary design tools and CFD codes. Herein a design pressure ratio of 5.7 

 

 

Table 1: APU test case 

 

𝑻𝒕𝒐𝒕,𝒊𝒏 477.6 K 

𝒑𝒕𝒐𝒕,𝒊𝒏 413.6 kPa 

𝜷𝒊𝒏 0.0° 
𝒑𝒐𝒖𝒕 72.4 kPa 

𝜴 71700 rpm 

𝑰𝒕𝒖𝒓𝒃,𝒊𝒏 0.05 

𝝁𝒕𝒖𝒓𝒃/𝝁𝒍𝒂𝒎 100.0 

 

 

 

 

 

 

 

 

 

 

 

 

Table 2 Meridional channel and flow quantities comparison to empirical model 

 

Meridional Channel Geometry Flow Quantities 

Dimension Present Empirical Property CFD Empirical 

𝑅𝑖𝑛,𝑛𝑜𝑧𝑧𝑙𝑒 

[mm] 

74 73.15 𝑝𝑖𝑛,𝑟𝑜𝑡𝑜𝑟  

[Pa] 

212072 215681 

𝑅𝑜𝑢𝑡,𝑛𝑜𝑧𝑧𝑙𝑒  

[mm] 

63.5 63.1 𝑀𝑜𝑢𝑡,𝑠𝑡𝑎𝑡𝑜𝑟 

[m/s] 

0.922 0.961 

𝑅𝑖𝑛,𝑟𝑜𝑡𝑜𝑟 

[mm] 

58.2 57.8 𝜌𝑖𝑛,𝑟𝑜𝑡𝑜𝑟 

[kg/m3] 

1.820 1.864 

𝑅𝑜𝑢𝑡,𝑟𝑜𝑡𝑜𝑟
𝑡𝑖𝑝

 

[mm] 

36.8 36.6 𝑝𝑜𝑢𝑡,𝑟𝑜𝑡𝑜𝑟  

[Pa] 

66000 66206 

ℎ𝑠𝑡𝑎𝑡𝑜𝑟  

[mm] 

6.35 6.33 𝑀𝑛,𝑜𝑢𝑡,𝑟𝑜𝑡𝑜𝑟  

[m/s] 

0.433 0.421 

ℎ𝑟𝑜𝑡𝑜𝑟,𝑒𝑥𝑖𝑡 
[mm] 

21.6 20.7 𝜌𝑜𝑢𝑡,𝑟𝑜𝑡𝑜𝑟 

[kg/m3] 

0.7501 0.7732 

(a) 

(b) 

Figure 2 Blade geometry 



 

 

Association for Structural and Multidisciplinary Optimization in the UK (ASMO-UK) 

 

was use with the remaining relevant parameters shown in Table 1. A mesh was constructed based on the detailed 

geometry14 using the open-source blade parametrisation tool Parablade34 and the commercial automated 

turbomachinery meshing software ANSYS Turbogrid. Conformal meshing across the blade tip was ensured by 

using hybrid structured and unstructured mesh elements. Hexahedral elements were chosen from the leading edge 

of the rotor blade to enforce a conformal mapping until the interior angles become two large and the elements 

become too distorted, following which wedge elements were used. A normalised wall spacing of 𝑦+ ≤ 1.0 at the 

wall boundaries was enforced to ensure the viscous sub-layer of the flow is properly captured. The resulting grid 

contained 3.5 million elements. Insufficient information is provided in the literature regarding the shape of the 

spinner so a spherical shape was chosen as this facilitates convergence and prevents distorted mesh elements 

through the growth of the diffuser. Only one blade passage was meshed and was simulated using rotational 

periodic boundaries. An overview of the geometry is shown in Figure 2. 

 

B. CFD Validation 

A parametric study was performed to investigate the variation of total-to-static efficiency with varying specific 

speed and compare the flow solver predictions to experimental data and previous CFD studies. The rotational 

speed of the turbine was varied between 85% and 110% of its nominal value, which corresponds to a specific 

speed of 𝑢/𝑣𝑎𝑥 = 0.7 where 𝑣𝑎𝑥 is the spouting velocity and 𝑢 is the rotational speed of the rotor.  The results 

shown in Figure 4 demonstrate good agreement between both experimental results and numerical studies 

conducted by other authors28,33. After discussion with the author28, the significant variation between results 

obtained in this validation study and other work conducted using SU2 is expected to be due to a variation in the 

treatment of the mixing-plane between the rotor and the diffuser. The computational predictions match the trend 

of the experimental results; however, the peak efficiency is at the nominal design speed, but it still reduces with 

Figure 3 Comparison of numerical predictions and experimental data of total-to-static efficiency for the APU turbine at 

varying rotational speed 

Figure 4 Comparison of absolute flow angle at the outlet for SU2 and experimental results 
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both increasing and decreasing specific speed. There is a sharp decrease in efficiency when increasing the specific 

speed past the point of peak efficiency.  

The CFD predictions were subsequently compared to the empirical model to validate the empirical model’s 

accuracy. Using an initial geometry with inputs taken from Jones32 and Sauret33, and the boundary conditions 

shown in Table 1, the calculated meridional channel geometry is compared to the present geometry and predicted 

flow quantities compared to the CFD results in Table 2. The empirical model predicts the meridional channel 

geometry well, with the largest variation between the present sizing and prediction is 1.1%. The flow quantities 

are also well predicted. The empirical model consistently gives higher density (>2.5% error) at blade zone 

boundaries than SU2, which is suspected to be due to the averaging process in the mixing plane present in the 

CFD results. The normal Mach number is presented at the outlet as the empirical model does not account for blade 

sweep so incorrectly predicts absolute velocities at the rotor outlet.  

The performance characteristics are also well predicted. The empirical model results in a total-to-static efficiency 

of 86.4% at the nominal design point, a <1% difference to SU2. Additionally, the empirical tool can calculate the 

contributions to efficiency loss from five sources. The model predicts that 42% of the contribution to efficiency 

reduction will be generated through losses due to viscous losses in the rotor. A comparison between the absolute 

flow angle at the rotor outlet is presented in Figure 4. The trend of the flow angle is agreeable with the experimental 

results, while the location of the mixing-plane and the averaging process is suspected to cause the discrepancy in 

flow angle observed. Figure 5 shows the entropy contour through the rotor blade. The largest fluid losses are 

present on the suction side of the blade, agreeing with the empirical model prediction. 

C. Optimisation  

Shape optimisation of the APU test case is studied here to demonstrate how the adjoint method can be used to 

improve the performance of a turbomachine (as well as how empirical models can be used to work alongside 

adjoint optimisation). The objective function to be minimized for this study is entropy generation, defined as 

𝑠𝑔𝑒𝑛 =
𝑇𝑡𝑜𝑡,𝑖𝑛

𝑣𝑠𝑝𝑜𝑢𝑡
2 ∑(𝑠𝑜𝑢𝑡 − 𝑠𝑖𝑛)𝑘

3

𝑘=1

 

The optimisation is also constraint to the relative flow angle leaving the rotor 𝛽2 < 56°. The design variables for 

this optimisation problem are defined using a free-form deformation box of degree six, i.e. six divisions along 

Figure 5 Entropy contour through APU turbine 
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each of the hexahedron FFD box’s box along each vertex, in each Cartesian direction around the rotor blade for a 

total number of 216 control points. The six ranks along each vertex compromising the FFD box intersect with the 

rotor blade for a total of 3904 intersection points. To ensure the mesh deformation algorithm does not produce 

unfeasible designs, the FFD box in the z-plane corresponding to the trailing edge was fixed. This resulted in 180 

design variables. The preliminary optimisation study is conducted using a coarser mesh with a reduced cell count 

of 1 million elements and a first wall-normal spacing of 𝑦+ < 5.0. The sequential lest squares programming 

(SQLSP) implemented in the Python toolbox SciPy is used as the optimisation algorithm. 

Gradient Validation 

Adding to the CFD validation detailed above, it is also necessary to perform a gradient validation to ensure 

that the gradients calculated via the adjoint method are accurate. To do this a finite difference algorithm is used 

to deform the mesh individually along the design variables, solve the flow field for each deformation, and then 

the resulting gradients for each design variable are calculated. These gradients are then compared to the adjoint 

gradient calculations. Due to the large computational cost required to solve the flow field for every design variable 

a reduced degree FFD box is used for the validation. An FFD box of degree one in each cartesian direction is 

chosen. The FFD box is again fixed in the final z-plane to prevent unfeasible trailing edge deformations. 

Additionally, the gradient calculation and resulting deformation is only performed in the x-radial direction. A 

nondimensional deformation step size of 1 × 10−5 was chosen for this study. 

As shown in Figure 6 the gradients calculated due to adjoint method agree excellently with the gradients 

calculated using the finite differences routine. This demonstrates that the adjoint system detailed in Section III.D 

is being solved correctly. 

Figure 7 Convergence plot of the RANS adjoint solver 

Figure 6 Comparison of entropy generation gradients calculated using a finite difference method and discrete adjoint 

method 
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Geometry Optimisation 

The adjoint solver setup requires further development to be successful. The plot in Figure 7 shows the 

convergence history for the adjoint solver as implemented using the method described previously. The geometry 

sensitivity is calculated as 

𝜙 =∑||�̅�𝑘,𝑏𝑙𝑎𝑑𝑒||

3

𝑘=1

 

𝑤𝑖𝑡ℎ 𝑘 = {1,2,3} 

Within the turbine, the largest entropy generation gradients occur near the wall boundaries due to viscous drag. 

In this optimisation procedure the hub wall is not considered in the design variables. After the mesh deformation, 

cells at the boundary between the blade and the hub become significantly distorted, as shown in Figure 8. This 

results in the following CFD simulation to crash. To resolve this, future work can either consider the hub as a 

Euler wall in the flow solver boundary conditions, even though this would be less physical and would result in 

less accurate results, or consider the hub in the design variables and allow for simultaneous optimisation of hub 

and blade surfaces. Due to the nature of the adjoint formulation this will not affect the computational cost of the 

optimisation. Furthermore, the use of a mixing plane between the rotor and diffuser in this problem setup leads to 

the averaging out of significant entropy generating secondary flow structures that would be present in the diffuser 

if the flow were modelled to develop naturally.  

V.   Turboexpander Design Framework 

The results in the previous sections demonstrate the steps required to complete the design of a radial inflow 

turboexpander. Using an empirical model, rapid initial geometry can be created. Through comparison to the APU 

test case, it is demonstrated that empirical methods produce excellent estimates for geometry and performance 

characteristics. Blade parameterisation and automated meshing tools can be used to generate quality geometry 

and grids based on the meridional channel geometries. High fidelity CFD is then used to solve the fluid domain 

modelled using RANS equations. Rotor motion is accounted for using the mixing-plane method with non-

reflecting interface to produce a steady state solution. Coupling the CFD solver with an adjoint optimisation 

framework enables efficient, relatively fast calculation of optimum designs. The flowchart of the proposed design 

framework is shown in Figure 9. The steps detailed in this work enable the necessary steps for semi-automated 

design of future turboexpanders beyond current pressure limits. While for the test case described in this paper the 

adjoint solver and subsequent optimisation failed, the design framework is still feasible upon improvements to the 

Figure 9 Flowchart of the proposed design framework 

Figure 8 Distorted cells after deformation procedure between hub and blade near leading edge 
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building blocks. Numerous authors have demonstrated that adjoint optimisation can be used for turbomachinery 

design11–14,28. The main advantage of this framework is the robustness of the adjoint optimisation method. If the 

flow solver can produce sufficiently accurate flow data, the method will eventually produce an optimum design. 

Also, the number of CFD simulations, and thus computational cost, is significantly reduced using this method. 

Deng et al.35 developed a similar framework, using genetic algorithm, differential evolution, nondominated sorting 

genetic algorithm, and simulated annealing optimisation algorithms and applied it to the same test case detailed 

in this work. Their method required up to 1020 CFD simulations for the nozzle optimisation. This framework is 

capable of simultaneous multi blade row optimisation with a significantly reduced number of CFD simulations 

required. However, while the optimisation method is robust, the adjoint solver is less so and effort is still required 

to develop a model that will solve the adjoint equations accurately. For the design of future HPHT turboexpanders 

beyond the current pressure limit, there is a need for the understanding of the complex fluid flow present. This 

will require high-quality, large cell-count meshes which would be unsuitable for previous design methodologies. 

Additionally, while the focus of this work is a turboexpander design, the generic workflow presented in Figu could 

be applied for any turbomachinery case. 

 

VI. Conclusion and Outlook 

This work proposes a design framework for the design of future HPHT turboexpanders for energy recovery 

during natural gas extraction. The framework involves the generation of an initial geometry using empirical 

modelling, geometry parameterisation, automated mesh generation, CFD simulation and adjoint optimisation to 

create a near-optimum design. This approach allows for the integration of high-fidelity CFD-based optimisation 

in the early design phase of a turboexpander. In addition to the necessary modifications to the adjoint solver setup, 

some future improvements could be made to this framework. The empirical model could be expanded to include 

non-ideal equations of state, HPHT turboexpanders will operate in the supercritical fluid regime where the ideal 

gas relation assumed in this work will not be valid. SU2 is already capable of solving fluid flow problems in non-

ideal conditions. The CFD solver could be extended to solve an unsteady problem, e.g. previous work has 

demonstrated the effectiveness of the harmonic balance method to overcome unsteady fluid dynamic design 

problems cost effectively36. The CFD model could also be improved by modelling the boundary between the rotor 

and diffuser as a matching interpolation, rather than a mixing plane. This modification prevents the averaging out 

of entropy generating secondary flow structures and will lead to better performance improvement than a mixing-

plane approach. Finally, further study could couple the framework with a response surface model to prevent the 

optimisation procedure from tending towards a local optimum rather than a global optimum. The next step for this 

project is to apply this framework to the design of a HPHT turboexpander. 
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