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Abstract

The present paper explores the feasibility of topology optimization of stochastic dynamical systems in
the framework of the probability density evolution method (PDEM). A new method is proposed for
solving dynamic-reliability-based topology optimization (DRBTO) problems by combining the PDEM,
the ground structure approach and the solid isotropic material with penalization (SIMP) model. In the
investigated optimization problems, the first-passage probability is considered as an objective or
constraint function. To obtain a clear layout of the optimized structure, the topology of the structure is
described by the ground structure approach together with the SIMP model. The PDEM is employed as
an efficient approach to assess the first-passage probability. For improved numerical efficiency, an
approximate formulation of the first-passage probability based on the important representative points
(IRPs) is implemented. On the basis of the approximate formulation of the first-passage probability, a
relationship between the sensitivity of the first-passage probability and the transient response is obtained.
The adjoint sensitivity analysis of the transient response is introduced to avoid extra numerical efforts.
Then, by incorporating the first-passage probability and its sensitivity into the method of moving
asymptotes (MMA), the investigated DRBTO problems are solved in an effective manner. The DRBTO
of a braced frame structure is presented to demonstrate the availability and effectiveness of the proposed

method.

Keywords: first-passage probability, topology optimization, probability density evolution method,

sensitivity analysis, braced frame structure

1. Introduction

Topology optimization is a powerful conceptual design methodology that can explore a complex design
space to identify the set of most efficient structural configurations fulfilling prescribed requirements [1].
Extensive research on topology optimization has been carried out in the past few decades [2]. Besides,
topology optimization has also been applied to a wide variety of structural systems, including continuum
and discrete structures under static loads and dynamic excitations. For structures under dynamic
excitations, topology optimization problems involving transient responses (e.g. peak values of dynamic
responses) or vibration properties (e.g. natural frequencies) have also been investigated [3-5].

Despite the success of topology optimization, most of the research efforts in this field have focused
on deterministic scenarios. Nonetheless, uncertainties in material properties and external excitations are
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inevitable in real-world engineering structural systems, and they usually have a significant effect on
structural responses [6]. Thus, it is of practical significance to consider uncertainties in topology
optimization. In this regard, two different frameworks have been developed. The first one is robust
topology optimization (RTO) which aims at minimizing the sensitivity of structural performance with
respect to uncertainties [7]. In the RTO framework, the objective function is usually defined as a
combination of the mean value and standard deviation of the structural response of interest [8, 9]. The
second framework is reliability-based topology optimization (RBTO), where reliability measures are
included as part of the objective or constraint functions [10, 11]. Although the two frameworks are both
instructive, RBTO is suitable for handling uncertainties in a probabilistic manner.

Under the framework of RBTO, a number of methods have been reported. In this regard, some of
the traditional approaches for general reliability-based design optimization (RBDO), such as the double-
loop method [12], the KKT condition-based single-loop method [13] and the sequential optimization and
reliability assessment method [14], have been successfully extended to RBTO in the context of static
structural systems [10, 15, 16]. Noting that most of these methods are developed based on the first-order
reliability method (FORM), the extension to RBTO under dynamic scenarios becomes troublesome due
to the inherent limitations of FORM [17].

Dynamic excitations, such as earthquakes and winds, usually play a dominant role in the structural
design phase. Thus, it is indispensable to consider RBTO of structures subjected to dynamic excitations.
Hence, dynamic-reliability-based-topology optimization (DRBTO), as a subclass of RBTO, requires
especial attention. The paramount difference between topology optimization and standard design
optimization is that the number of design variables in topology optimization is usually large [1]. This
feature hinders the application of methods for general dynamic-reliability-based design optimization
(DRBDO) in topology optimization. It is noted that, for general DRBDO problems, the number of design
variables is generally restricted to a small number [18]. On the other hand, the first-passage probability
is a commonly used measure for dynamic reliability [19], and consequently, it is usually involved in
DRBTO problems as a part of the objective or constraint functions. However, calculating the first-
passage probability has become a persistent challenge for more than half a century. A number of
approaches, such as methods based on the out-crossing rates [20], methods which solve the backward
Kolmogorov equation or the Chapman-Kolmogorov equation considering absorbing boundary conditions
[21-23], have been developed to evaluate the first-passage probability of various dynamical systems.
Nevertheless, difficulties still exist, especially for problems involving high-dimensional systems. This fact
makes the solution of DRBTO problems quite challenging.

Compared to RBTO under static loads, relatively few investigations have been reported in DRBTO.

3



90
91
92
93
94
95
96
97
98
99
100
101
102
103
104
105
106
107
108
109
110
111
112
113
114
115
116
117
118
119
120
121

122

In Xu et al. [24] and Hu et al. [25], first-passage probability measures were approximated in terms of the
out-crossing rates of the responses of interest, which assumes a Poisson distribution for the out-crossing
events [26]. Similarly, Chun et al. [27] employed FORM with the sequential compounding method to
approximate the first-passage probability. These approaches have mostly focused on linear structural
systems under stationary or nonstationary Gaussian excitation using ad-hoc procedures for reliability
sensitivity assessment. In general, their accuracy is problem-dependent due to the approximate nature
of the underlying reliability assessment techniques. On the other hand, Bobby et al. 28] implemented a
sequential optimization approach. During each optimization cycle, reliability constraints are
approximated in terms of equivalent threshold constraints using information from direct Monte Carlo
simulation (MCS). Although the technique can handle linear structures subjected to general stochastic
excitations, the associated computational efforts can be significant or even prohibitive for highly reliable
systems. From the previous discussion, available techniques for DRBTO can address different types of
problems with different levels of effectiveness. Thus, there is still room for further developments in this
area, especially regarding the integration of efficient reliability and reliability sensitivity assessment
techniques.

As previously pointed out, the dynamic reliability analyses and the corresponding sensitivity analyses
account for most of the computational efforts in DRBTO. Thus, an efficient dynamic reliability analysis
is of particular importance. In this context, the probability density evolution method (PDEM) [19, 29],
which has experienced promising developments in recent years, provides an alternative choice. In the
present paper, the feasibility of solving DRBTO problems within the framework of the PDEM is explored.
Specifically, a method for DRBTO is proposed by incorporating the PDEM with the solid isotropic
material with penalization (SIMP) [30] model and the ground structure approach [31]. The DRBTO
problem of braced frame structures is further investigated using the proposed method. The topology of
braced frame structures is implemented using the ground structure approach and the SIMP models. The
PDEM is adopted to assess the first-passage probability, and a strategy for approximate dynamic
reliability analysis is introduced based on the concept of important representative points (IRPs) [32].
The sensitivity of the first-passage probability is derived such that a class of first-order optimizer, namely,
the method of moving asymptotes (MMA) [33], can be adopted to solve the corresponding optimization
problems. In addition, the adjoint sensitivity analysis of structural transient response is introduced to
speed-up the design sensitivity analysis of the first-passage probability.

The rest of the present paper is organized as follows: Section 2 presents the general formulation of
DRBTO. The PDEM as a dynamic reliability analysis method is briefly outlined in Section 3. In addition,
an approximate formulation of the first-passage probability is derived. The sensitivity analysis of the
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first-passage probability is introduced in Section 4. In Section 5, some implementation aspects are
discussed, and an overall procedure of the proposed method is provided. In Section 6, numerical examples
are presented to verify the effectiveness of the proposed method. Some final remarks and future research

efforts are provided in Section 7.

2. Formulation of DRBTO Problem

2.1. Topology Optimization Framework

Topology optimization problems of truss or frame structures are usually formulated in terms of the
ground structure method [31]. In this approach, a set of fixed nodes are first determined and the ground
structure is given by a set of members which densely connect the fixed nodes. By allowing ground
structure members to vanish, topology optimization tries to identify the remaining members in the final
design.

Generally, topology optimization of truss structures treats the section areas of ground structure
members as design variables. By setting the section areas of some members to be zero, the topology of
the structure is changed. In this formulation, the topology optimization problem is converted into a
standard size optimization problem. Noting that the section areas of members can continuously vary in
a given range, this formulation simultaneously optimizes the size and topology of a given truss structure
[1]. Another approach is to introduce independent binary design variables controlling the existence of
the members. To avoid the difficulty of solving a large scale 0-1 integer programming problem, the design
variables are relaxed to be continuous in the interval [0,1]. Then, intermediate values of the design
variables are penalized, such that an approximate binary solution is obtained. In this context, the SIMP
model [30], which has been generally used for topology optimization of continua, can also be used for
problems involving frame or truss structures [25, 34, 35]. When the SIMP model is adopted in the
topology optimization of frame or truss structures, the section sizes of the members remain constant,
but only the existence states are switched. One of the advantages of this approach is that the optimized
structures can be easily manufactured since the remaining members are of uniform section sizes [34].

In the previous context, the design variables, interpreted as element densities, are penalized by a
power function to avoid intermediate values. In particular, the elastic modulus of the e-th element is
given by

E(z,)=FEum + 2" (Ey — Eoi) (1)

is a small positive value

min

where z, €[0,1] is the design variable, i.e., density of the e-th element; F
of the void element to circumvent singularity; p >1 denotes the penalization parameter; and FE, is the
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original elastic modulus of the material. Note that the physical material density remains constant. In
this way, the stiffness and mass matrices of the e-th element (with element density z,) are respectively
given by

k,(z,)=rk,+z"(1-kK)k, (2)

m, (z,)=rm,, +z,(1-x)m,, (3)
where k,, and m,, are the original stiffness and mass matrices of the e-th element with full
attributes, respectively; and k= F,;, / E, . Accordingly, the sensitivity of k, and m, with respect to
x, are given by

ok, (z,)
oz,

= pmcpil (1 - ’%)kc,o (4)

om,

or,

(z.)=(1—r)m, (5)

In the present implementation, the value of x is taken as 1x107*.

The global stiffness matrix K and the global mass matrix M of the structure are obtained by
assembling k, and m, of all elements as in the standard finite element procedure. In addition, the
Rayleigh damping matrix is considered as C = aqM + a,K, where q, and a, are the proportionality

coefficients.

2.2. First-Passage Probability

Consider a linear stochastic dynamical system of m degrees of freedom (DOFs):

M(©;x)Y +C(©;x)Y + K(0;x)Y = f(O,1x) (6)
where © =(6,,6,,---,0, )T is the N-dimensional vector of random variables; x = (z,z,,-+-,z, )T is the
n-dimensional vector of design variables; M, C and K are the m X m global mass, damping and
stiffness matrices of the system, respectively; Y, Y and Y are the m -dimensional displacement,
velocity and acceleration response vectors, respectively; f denotes the excitation vector; and ¢ is the
time variable. For seismic excitations, the vector f is defined by

£(©,t;x) = —M(O;x)1i, (©,1) (7)
where v is an m -dimensional influence vector, and 4, is the seismic ground acceleration. Note that,
in v, only the entries corresponding to the DOFs in the direction of the ground motion are one, while
the other entries are zero [36]. For the numerical solution of the equation of motion, the Newmark-3
method with a constant time step size is employed. In particular, the constant average acceleration
method which is unconditionally stable is used. In this setting, the time step size is denoted by h and

the discretized time series by #,t, -ty , where t, =ih, i =1,2,---,N.

6
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For stochastic dynamical systems, the first-passage probability is a common and practical measure
of reliability [19]. Hence, DRBTO problems are formulated in terms of the first-passage probability in
this work.

In this framework, denote the structural response of interest by Z which can be defined in terms of

the displacement, velocity and acceleration vectors. Then, the normalized extreme value of Z is defined

} (8)

where [0,77] denotes the time interval of analysis; and 2" is the threshold of Z. The first-passage

as

Z(0,t;x)

th

Z i (©5x) = max{
P

tel0,T]

probability related to Z , for a given design x, is given by

P (x) = Pr{Z., (©x)>1} (9)

2.3. Optimization Problem Formulation

In the present paper, two formulations of DRBTO problems are considered. In the first formulation, the
first-passage probability is minimized under a constraint on material volume. Specifically, the problem
is formulated as

min B (x)

st. x'v<v
M(©;x)Y +C(©;x)Y +K(©;x)Y = f(©,1;x)
z, €[0,1],e=12,---,n

(10)

where x is the vector of design variables (element densities); F.(x) denotes the first-passage

probability function as defined in Section 2.2; v = (v, v,,---,v, )T is the m-dimensional vector of element
volumes in which v, is the volume of the e-th element; v denotes the maximum allowable material
volume; and n is the number of design variables.

In the second formulation, the material volume is minimized while a constraint on the first-passage
probability is included. In particular, the problem is given by

min V(x)=x"v

st. B(x)< P
M(©;x)Y +C(©;x)Y + K(0;x)Y = f(©,1;x)
z, €[0,1],e=12,---,n

(11)

where V (x) is the material volume function, and PB" is the allowable probability of failure.
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3. Dynamic Reliability Analysis

The PDEM together with the equivalent extreme value distribution [37] is employed for dynamic
reliability analysis in the present paper. Thereby, for clarity, a brief introduction to the PDEM is first
outlined in this section. Moreover, in order to further enhance the efficiency of dynamic reliability

analysis, an approximate formulation of the first-passage probability is derived.

3.1. PDEM-based Dynamic Reliability Analysis

Consider a stochastic dynamical system governed by Eq.(6). If the system is well-posed, the solution of
the system uniquely exists, and it depends on the design vector x, the random vector @ , the time
variable ¢, and the initial condition. Since the structural response of interest, i.e., 7, is a differentiable
function of the solution of the stochastic dynamical system, it can also be uniquely determined.

Noting that all random factors involved in the stochastic dynamical system are characterized by the
random vector @ , the (N +1)-dimensional augmented system (Z,®) is probability-preserved. Due to
the principle of preservation of probability [38], the one-dimensional generalized density evolution
equation (GDEE) which governs the evolution of the joint probability density function (PDF) of the

augmented system takes the form

apZ@ (Z, G,t,x) + Z (O,tﬂ() 81)2(9 (Zv 97t7x)
ot 0z

=0 (12)
where 0 = (6,,6,,---,0y )T is a realization of @, z is arealization of Z;and p,q (2,0,t;x) denotes the
joint PDF of Z and © at a given time ¢ and design x. The initial condition of Eq.(12) is
Pse (2,0, t;x)lzzo =8(z—2)pe (0) (13)
where 2, is the initial value of Z, §(-) denotes Dirac’s delta function; and pg (8) is the joint PDF of
the random vector @ . Herein, z, is independent of both x and © . For the theoretical aspects and
the physical interpretation of the GDEE, readers can refer to Li and Chen [19].
The PDEM can serve as an efficient method to assess the first-passage probability when combined

with the equivalent extreme value distribution strategy [37]. In this framework, a virtual stochastic

process is defined as [33]
. (5T
W(0O,7;x) = Z,,, (0;x)sin [77] (14)

where Z,, is the normalized extreme value of Z defined in Eq.(8), and 7 is a virtual time variable.

ext

The form of the virtual stochastic process is not unique, and the basic guidelines for constructing a

virtual stochastic process can be found in Li et al. [37] and Li and Chen [19]. In principle, the form of
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the virtual stochastic process has a limited effect on the dynamic reliability. The present formulation
considers the sine-type virtual stochastic process following Li et al. [37], since validation calculations
indicate that a sine-type virtual stochastic process can usually lead to a precise first-passage probability
estimate.

Note that (W,®) forms a probability-preserved system. Similar to Eq.(12), the GDEE governing
the evolution of the joint PDF of the augmented system (W,®) is written as

Opwe (w: 0,7; X) Opwe (w’ 0,7; X)

or ow
where W(G,T;x):571'/2-ZCXt (9;x)cos(57r7'/2), and pye (w,0,7;x) is the joint PDF of W and ©.

+ W (8, 7;x) =0 (15)

Accordingly, the initial condition of Eq.(15) is

o = 5(w)pe (6) (16)

(©;x) when 7=1, the joint PDF of Z,, and ©, namely,

Pwe (w,0,7;X)
Since W (©,7;x) is identical to Z

ext

Pz e » is given by

pZmG) (Z, e,X) = Pwe (UJ =2z B,T;X) (17)

T=1

where z 1is a realization of Z

ext *
By solving Eq.(15), pye (w,0,7;x) and thereby p; e (2,0;x) are obtained. Integrating D70 (2,0;x)

over the probability space of @ ,i.e., €, yields the PDF of Z_, :

Pz, (%%) = f% Pr.0 (2,0;x)d8 (18)

Finally, the first-passage probability, i.e., the probability of failure, is given by a one-dimensional integral

of ps (%X) over the failure interval of Z, , that is
+00
B (x)= Pz (23%) 2oy (19)

For most practical systems, the closed-form solution of the GDEE is not available. Thus, the GDEE
is usually solved by numerical methods. For completeness, a general solution procedure for the PDEM-

based dynamic reliability analysis is outlined in Appendix I.

3.2. Dynamic Reliability Analysis at Perturbed Designs

Although the PDEM-based method is efficient, the repeated dynamic reliability assessments involved in
the optimization process still account for a large amount of computational efforts. Thus, an approximate
formulation of the first-passage probability based on information obtained from the PDEM results is

implemented in this work.
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Fig. 1. Representative regions and points in a 2D probability space

In the implementation of the PDEM-based dynamic reliability analysis, the probability space g is
first discretized into a series of representative regions which are specified by Voronoi cells [39]. Denote
the representative regions by V,, ¢ =1,2,---,N , where N is the number of representative regions. In
the ¢-th representative region, i.e., V,, a representative point is selected and denoted by 0,. The
assigned probability of 0, , namely, F, , is defined as the integral of p, (@) over V, (see Appendix I).
Fig. 1 schematically shows the representative regions and points in a 2D probability space.

Noting that the representative regions, {V, };vjl, form a partition of the probability space, the first-

passage probability specified by Eq.(9) can be rewritten as

N
P(x)=> Pr{Z,(©x)>1nOcV,} (20)
q=1
where
Pr{Z,. (@x)>1NOcV,}= f Y ( (21)

in which pg) (2;x) 1is the solution of the GDEE associated with the ¢-th representative region when
=1 at a given design x (see Appendix I).

Similarly, the first-passage probability at a perturbed design is cast as

Ny
P (x+A)=3 Pr{Z,(&:x+A)>1NOcV,} (22)

q=1

where A is a small perturbation of the design vector. Denote the increment of Z,_, induced by the

ext
perturbation of the design vector by D (©,x,A), that is,

D(O,x,A)= 7, (©;x+A)— Z,, (O;x) (23)
Substituting Eq.(23) into Eq.(22) yields an equivalent formulation of the first-passage probability at

x+A:

10
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PF(X+A):f:Pr{Zm(@;x)>1—D(®,X,A)ﬂ®€Vq} (24)

=1
If a sufficient number of representative points are adopted in the numerical solution of the PDEM,
the volume of each representative region will be relatively small. Accordingly, the assigned probability
associated with a representative point will also be small. Thus, it is reasonable to ignore the variation of
D(©,x,A) in a representative region. As a result, one can replace D(©,x,A) by the increment of

Z,

ext

at the associated representative point at the expense of a small error [32], that is,
V@ eV, D(©,xA)~D(0,xA) (25)
By introducing Eq.(25) into Eq.(24), an estimate of the first-passage probability at the perturbed design

is obtained:

—~ Ny
Py (x+A) =3 Pr{Z, (€;x)>1-D(8,x,A)NO V,} (26)
q=1

where P, (x+ A) is an estimate of B (x+ A).

On the other hand, note that

Pr{Z,, (®x)>1-D(0,x,A)NOcV,} = f 5x)dz (27)

(,‘((

where DY = D(0,,x,A). By substituting Eq.(27) into Eq.(26), the estimate of the first-passage

probability at the perturbed design is reformulated in the form:

B(x+A)= me)ﬂ zx)dz (28)

By combining Eqs.(20), (21) and (28), pp (x+A) is further recast as

—~ Nl(

P(x+A)= +Zf dz (29)

Validation calculations indicate that Eq.(29) can provide an approximation to the first-passage
probability with high accuracy [32]. Although p(;’)L (%), ¢ =1,2,---,N; have been already obtained in
the PDEM-based dynamic reliability analysis at x, the increments, DY, ¢ =1,2,---, Ny , remain to be
determined. Thus, the number of structural analyses involved in Eq.(28) or (29) is still Ny . Therefore,
the same number of structural dynamic analyses are involved in the full and approximate dynamic

reliability assessments.

3.3. Important Representative Points

To reduce the number of structural analyses in the approximate dynamic reliability assessment, the
concepts of important representative regions (IRRs) and important representative points (IRPs) [32] are
introduced.

11
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In the context of the PDEM, the representative points are highly scattered in the probability space
to reduce the discrepancy of the point set and consequently the numerical error in a global sense [40].
Nevertheless, only the representative points/regions which are adjacent to the limit state surface in the
probability space have relatively large influence on the first-passage probability [41]. Specifically, for a

representative point/region that is far from the limit state surface, the value of pé‘ﬁt (2;x) is generally
small around z=1. Since DY is also small when a small perturbation A is considered, for a
representative point/region which is far from the limit state surface, the value of the integral of pé‘il (z;%)
over [1— DY, 1] will be negligible. This feature allows to consider only a subset of the representative
points/regions when evaluating Eq. (28) or (29).

Clearly, the greater is the value of p!¥ (2x) at »=1, the greater impact 0, and V, have on

o~

P (x+ A). For numerical implementation, a screening parameter 7 is first introduced. Based on this
parameter, if the inequality

py (z=1Lx)>n (30)

and representative region, V,, are selected as IRP

holds, the corresponding representative point, 0 i

q>

N Ny
and IRR, respectively. The sets of IRPs and IRRs are denoted by {6*} | and {V"} ", respectively.

.
Besides, the assigned probabilities of the IRPs are denoted by {P,,IR‘};RI. Clearly, if the value of n
increases, the number of IRPs will decrease, and when the screening parameter equals to 0, all
representative points will be included in the set of IRPs, that is, Ny = Ny.

If only the IRPs and TRRs are considered in Eq.(29), the approximate first-passage probability

o~

B (x+ A) is given by

I )
B (x+A)=PF (x)+ Z Lo p, (sx)dz (31)

q€ly

where I, is the set of indexes of the important representative points. Thus, the parameter » controls
the accuracy of the estimate and the associated computational efforts. Some practical guidelines for

selecting the parameter eta are discussed in Section 5.1.

4. Sensitivity Analysis of First-Passage Probability

4.1. Approximate Sensitivity Estimation Based on IRPs

In order to solve the DRBTO problem with a first-order optimizer, the gradients of the objective and
constraint functions are required. In general, the evaluation of first-order derivatives of reliability

measures in the context of stochastic structural systems represents a challenging task from the numerical

12
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viewpoint. In this section, the sensitivity of the first-passage probability with respect to the design
variables is derived based on the approximation formulated in Eq.(31).
By introducing a perturbation A = (A, 4,, -+, A, )T to the design vector, the sensitivity of the first-

passage probability with respect to the e-th design variable at x* is rewritten as

JdP; (x) _ Ok (x*+A) (32)
0or, | ._. 0A, Ao
Replacing Eq.(31) into Eq.(32) yields an estimate of the sensitivity:
R 1
e =N Y AL (33)
Oz, | .. e LOA, J1-pt 7t Ao
Next, define an auxiliary function:
P 0) = [ (x ) (34)
then
1
S8 (i) dz = 0 () = 50 (1= D) (35)
Since ¢'? (1) is a constant, differentiating Eq.(35) with respect to A, at A =0 yields
O (' @ (g B W
o L AU I oy e ) I
B Dl (b) b (36)
ab 84 bA:TED(q)

where D' is equal to D(0,,x,A). From Egs. (23) and (25), it is noted that if A =0, DY is also

zero. Thus, Eq.(36) is reformulated as

o .
[ [P (ext)de

07, (8,:x" + A
8A€ _ @) Zext

N () I Pt 4
=p’ (z=1Lx")
ao T 04l

By combining Eq.(33) and Eq.(37), the estimate of the sensitivity of the first-passage probability is

(37)

obtained:

—

0F; (x)
oz

Zot (0,5
=300 (o= 1) e B
ext ax

x—x* gelr e x=x"

e

4.2. Sensitivity Evaluation of Extreme Response Function

Note that Eq.(38) involves the partial derivative of the normalized extreme value of the structural
response. For numerical implementation, the normalized extreme value function in Eq.(8) can be replaced
by a differentiable approximation, such as the normalized structural response at the peak time [42] or
an aggregation function of the normalized structural response [5, 43]. In the present work, the

nondifferentiable property of the normalized extreme value function is circumvented by using a class of
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aggregation function. In particular, the p -norm function

SO

=1 Z

—

Zcxt (eq 7 X) =

e~

is employed for sensitivity purposes, where Z

ext

is a smooth approximation of Z

ext 7

N, is the number
of time steps in the structural dynamic analysis; ¢; denotes the j-th discrete time instant, i.e., t; = jh;
and 1 is the aggregation parameter. Note that the p-norm function is exactly the normalized extreme
value function when 9 — 4o00. To capture the extreme value of the structural response of interest, and
avoid its nondifferentiability, an appropriate aggregation parameter value is selected. In particular, the
aggregation parameter is set as 16 in the present implementation [43].

Note that the PDEM-based dynamic reliability analysis do not require the extreme value function
to be differentiable. Therefore, the p-norm function is used instead of the extreme value function for
the purpose of sensitivity analysis. Furthermore, the exact extreme value function is also used in the
approximate reliability analysis as presented in Section 3.3. In other words, using the p-norm function
instead of the extreme value function do not introduce errors into the reliability objective function or
the reliability constraint function.

The sensitivity analysis of structural responses is a crucial subject in the field of structural
optimization. Therefore, a large number of researches have been carried out for response sensitivity
analysis. In this regard, the finite different method (FDM), the direct differentiation method (DDM) [44,
45], the adjoint method [46] and the semi-analytical method [47] have been developed to calculate the
sensitivity of static and transient responses of linear and nonlinear systems. In this work, an adjoint
method is employed to compute the partial derivative of Eq.(39). A detailed description of the adjoint
method, which is based on a discretized formulation of the Newmark-8 method, is provided in Appendix
II. It is noted that the adjoint method is more efficient than the FDM and the DDM for sensitivity
analysis, especially when a large number of design variables are considered. Therefore, the adjoint method
is particularly favorable in topology optimization.

In Section 4.1, no restraints have been imposed on the type of the structures. In other words, the
sensitivity estimate given by Eq. (38) can be used for both linear and nonlinear structures. Since the
present work focuses on the topology optimization of linear structures, the adjoint method described in
Appendix II is used only for linear systems. By introducing other methods for transient response
sensitivity analysis of nonlinear systems, the proposed method can be extended to topology optimization

of nonlinear structures.
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5. Implementation Aspects

5.1. Reliability and Sensitivity Analysis

Regarding the accuracy of the reliability estimates, an upper bound of the error in the context of the
PDEM has been provided in [40, 48]. This upper bound is given by the product of the discrepancy of
the representative point set and the total variation of the function that characterizes the system. Noting
that the total variation is an essential feature of the system, it cannot be changed. Therefore, the
accuracy of the PDEM-based reliability analysis can be improved by reducing the discrepancy of the
point set. The discrepancy of the representative point set is controlled by the number of representative
points and the way how representative points are selected.

Thus, it is clear that the number of representative points, Ny, is a pivotal parameter in the PDEM-
based dynamic reliability analysis. In fact, a number of factors, such as the dimensionality of the random
vector @, the required accuracy of the reliability assessment, etc., have effect on the value of Ny . In
general, a larger N, will result in a lower discrepancy of the point set, and accordingly, a higher
accuracy in the first-passage probability estimation. Note that a larger N, will help to reduce the error
in Eq.(25), which will also make the approximate first-passage probability in Eq.(31) and the
approximate sensitivity in Eq.(37) more accurate. Nevertheless, more deterministic structural analyses
have to be performed if a larger Ny is considered. In other words, N is determined by a trade-off
between the numerical accuracy and the computational efforts. In the present implementation, an
appropriate value of NN, is obtained by the GF-discrepancy minimization-based technique [49]. On the
other hand, the presentative points are selected by a GF-discrepancy minimization-based approach as
well (See Appendix I). These techniques are employed in the present work to ensure the accuracy of the
PDEM-based reliability analysis.

In the context of dynamic reliability analysis (see Section 3.2) and sensitivity analysis (see Section
4), there are two approximations involved. The first one comes from Eq.(25), and it is controlled by the
number of representative points. The second approximation is introduced by Eq.(30) where 5 is a
crucial factor. Obviously, if 7 =0, Eq.(31) will be identical to Eq.(29). In this case, there will be no
reduction in computational efforts. On the other hand, a large value of 5 will lead to a nonnegligible
error. Numerical experience indicates that setting n equal to a small positive value, e.g., 7= 0.001,
provides a reasonable tradeoff between accuracy and computational efforts, as shown in the numerical
examples (see Section 6). It is noted that the strategy for selecting the IRP suggested in [32] can also be

adopted in the proposed method. Based on this strategy, the IRPs are identified such that they account
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432  for a given percentage of the probability of failure. For details on this strategy, the reader can refer to
433 [32].

434 Finally, it is noted that in principle, the out-crossing event-based method can also be used to estimate
435  the first passage probability. However, since the transient responses of interest are not necessarily
436  Gaussian for the type of problems under consideration, estimating the out-crossing rate is quite difficult.

437  Therefore, this method is not suitable in the context of this work.

438  5.2. Optimization Procedure

439 Once the first-passage probability and its sensitivity are obtained, the DRBTO problems shown in
440  Egs.(10) and (11) can be solved by employing a first-order optimizer. In the present implementation,

441  the method of moving asymptotes (MMA) [33] is adopted.

Input an initial design x(©. Set k¥ = 0 and p = 1.

v

Perform a full PDEM-based dynamic reliability
analysis to obtain Pp(x(?), and set L = 0.

v

>{ Identify the IRPs by Eq.(30) |

v

|Estimate the approximate sensitivity by Eq.(38)|

v

|Generate a updated design vector x(*1) by the MMA optimizer |

442

Yes
Optimization converge? >
< N and Eq.(40) is
Yes satisfied? No

v \ 4
Assess the first-passage probability
Pp(x*1) by a full PDEM-based
dynamic reliability analysis

Approximate the first-passage
probability Pp(x(*t1) by Eq.(31)

L =L+1

443 k= k+1

444 Fig. 2. Flowchart of the proposed method

445
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During the optimization process, the first-passage probability has to be repetitively assessed.
Therefore, the approximate dynamic reliability is employed to reduce the computation costs. Since the
approximate formulation of the first-passage probability at x + A in Eq.(31) relies on the exact first-
passage probability P (x), a heuristic strategy to switch between the full PDEM-based dynamic
reliability assessment and the approximate dynamic reliability analysis is implemented. Assume that

P (x“") ) is calculated by a full PDEM-based dynamic reliability analysis where x* is the design vector

at the k-th optimization iteration. If the design vector at the (k + 1)-th iteration, i.e., x5 satisfies
X(L F1) XW
e <] "
=
where € is a small positive value and || denotes the 2-norm of a vector, then the approximate first-

passage probability 1/3; (x(k“)) is used instead of the exact one. Besides, to avoid accumulative errors in
the first-passage probability assessment, at most N, successive approximate dynamic reliability
analyses are allowed. In the present implementation, ¢ =0.05 and N, =5. These values provide
satisfactory results for the examples shown in Section 6.

Generally, the optimization problem, in the context of topology optimization, is nonconvex. Thus,
first-order optimizers usually converge to local optima. Moreover, the value of the penalization parameter
also has an effect on the convexity of topology optimization problems. For example, it has been pointed
out that topology optimization problem that minimize the compliance is convex if p =1 [50]. However,
an increase of the penalization factor, which is necessary for obtaining a binary design, will make the
optimization problem nonconvex [51]. Furthermore, a larger value of the penalty factor will result in
problems with higher nonconvexity. In this regard, the continuation approach has been developed to
make the optimization problem well-posed while achieving a binary design [52]. Although the
continuation approach is heuristic, it is suggested that this approach is able to alleviate the nonconvexity
of the problem and has higher probability to find a global optimum [53].

The consideration of the first-passage probability in either the objective or constraint function makes
DRBTO problems even more complicated than standard topology optimization problems. Therefore, to
improve the robustness and convergence of the optimization process, a continuation variation on the
SIMP model [53] is considered. The optimization problem is first solved with the penalization parameter
p =1. Then the penalization parameter is increased by one, and the optimization problem is solved
again with the previous solution as the initial design. This strategy is repeated until the penalization
parameter reaches p = 5. The corresponding flowchart of the proposed method is shown in Fig. 2.

Finally, it is noted that in principle, the proposed method can be applied to problems where random

excitations are modeled by stochastic processes involving thousands of random variables. Nevertheless,
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the proposed method may loss its efficiency for this class of problems since the number of representative
points will be large. A possible way to resolve this difficulty is to merge the proposed method into the
framework of the globally-evolving-based generalized density evolution equation (GE-GDEE) [54], which

is a new extension of the PDEM. This topic is a future research effort.

6. Case Studies

6.1. Structural Model

The thirty-story five-bay braced frame structure borrowed from Zhu et al. [35] is adopted to illustrate
the effectiveness of the proposed method. In particular, the topology optimization of the lateral bracing
system is considered. The corresponding ground structure is shown in Fig. 3.

The height of each floor is 4.572m and the width of each bay is 6.096m. Therefore, the total height
and width of the structure is 137.160m and 30.480m, respectively. The structure is built with steel, so

the density of the material is p = 7800 kg/ m® . All columns and beams in the structure are assigned with

identical section attributes. Specifically, the area of the column/beam section, A, is 2.581x107*m?,
and the moment of inertia of the column/beam section, I, is 1.665x10*m". In addition, the section
area of each brace, A,,is 2.581x10?m?’. The columns and the beams in the structure are modeled by
2D Euler-Bernoulli beam elements, while the braces are modeled by 2D truss elements. Thus, the finite

element model of the ground structure includes 186 nodes, 330 beam elements, 300 truss elements and

a total of 540 DOF's.

A N

Fig. 3. Ground structure of the braced frame structure

To consider uncertainties in material properties, the Young’s modulus of the structural members in

floors 1~10, 11~20 and 21~30 are specified by three normally-distributed random variables, E,, E,
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and F,, respectively. Besides, nonstructural masses are also taken into account in the model. The
additional masses in floors 1~10, 11~20 and 21~30 are characterized by three random variables, M,,,
M,, and M,,, respectively. These additional floor masses are considered by lumped masses uniformly
distributed in the nodes of each floor, and they only influence the DOFs in the horizontal direction. The

proportionality coefficients of the Rayleigh damping, i.e., a, and aq,, are set equal to 0.1641 and 0.0005,

respectively.
Table 1. Probabilistic characterization of the random variables
Random Distribution Coefficient
Physical meaning  Floor Mean value
variable type of variation
1-10 E Normal 2.1 0.05
Young’s Modulus
11~20 E, Normal 2.1 0.05
(10" Pa)
21-30 E, Normal 2.1 0.05
1~10 My, Normal 4.539 0.05
Additional floor
11~20 My, Normal 4.539 0.05
mass (10* kg)
21~30 My, Normal 4.539 0.05
Combination A, Normal 0.2¢g 0.10
coefficient (m/s?) A, Normal 0.2¢ 0.10

The braced frame structure is subjected to an earthquake excitation, which is modeled by a random
combination of the normalized acceleration records of the El-Centro earthquake in the N-S and E-W
directions:

iy (A1, Ay t) = Ay s (1) + Ayl pw (1) (41)
where A, and A, are the random combination coefficients; and 1i,xs and ,py denote the
normalized acceleration records of the El-Centro earthquake in the N-S and E-W directions, respectively.

The probabilistic characterizations of all random variables involved in the structural and excitation

model are shown in Table 1, in which g = 9.807 m/ s* denotes the acceleration of gravity. Note that the

random variables are assumed to be normally-distributed for the purpose of demonstrating the efficacy
of the proposed method. Clearly, the Young’s Modulus and the additional floor mass should be positive
from a physical point of view. Since the mean values of these random variables, which have small
coefficients of variation, are far from zero, no truncation is necessary herein. For real-world engineering
structures, the probabilistic characterization should be carefully determined such that physical

constraints on structural parameters are satisfied.
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6.2. Optimization of Outrigger Placement

6.2.1. Problem formulation

The core and outrigger structural system is a common structural configuration of high-rise buildings.
The outriggers are horizontal structural components with large stiffness connecting the core and the
outer columns to enhance the lateral stiffness [55]. Therefore, properly located outriggers can effectively
reduce the horizontal deformation of a high-rise building. In this numerical example, the optimization of
outrigger placement is considered.

The columns and beams remain invariant throughout the optimization process, while only the layout
of the braces is optimized. The structure is assumed to have an X-braced core by retaining all braces in
the third bay. In order to achieve the outrigger feature, all braces in each floor, except for those in the
mid bay, are linked to a single design variable. As a result, the optimization problem involves 30 design
variables, and each design variable controls the existence of eight brace members. Specifically, if the i-
th design variable, z;, is equal to one, all brace members in the i-th floor exist and they form an
outrigger. In this way, the number of outriggers is interpreted as “material volume”. Further, the
constraint on the number of outriggers can be quantified by a volume constraint:

x'v, <ng (42)
where n, is the allowed number of outriggers; and v, is a 30-dimensional vector in which all elements
are equal to one. The first-passage probability is defined in terms of the horizontal displacement of the
rightmost node at the roof. If the horizontal displacement of interest exceeds the threshold, z™ = 0.8m,
the structure is assumed to be failed. The objective of the optimization is to minimize the first-passage
probability of the structure under the constraint on the number of outriggers. Consequently, the
optimization problem is formulated as in Eq.(10).

Note that the roof displacement is selected herein only for the purpose of demonstration. Other
structural responses can also be considered without any change in the method.

Since the dynamic reliability analysis is the foundation of DRBTO, a reliability validation is first
carried out. The probability of failure, i.e., first-passage probability, of the optimized structure with one
outrigger is assessed by the PDEM and MCS. In MCS (reference value), the number of samples is set
equal to 10°. In the PDEM, the number of the representative points is taken equal to 700. When only
one outrigger is placed in the 14-th floor, the results obtained by the two methods are shown in Fig. 4.
Note that this case corresponds to the solution of the optimization problem when only one outrigger is
allowed (see Section 6.2.3). It is seen from the figure that the first-passage probability assessed by the

PDEM is quite accurate compared with the one obtained by MCS. However, the number of structural
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dynamic analyses involved in the PDEM is much smaller, indicating that the PDEM is rather efficient

in terms of the dynamic reliability analysis, as expected.
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Fig. 4. Validation of the dynamic reliability analysis (one outrigger)

6.2.2. Sensitivity analysis

To assess the accuracy of the reliability sensitivity analysis technique implemented in the proposed
approach, the sensitivity results obtained by different methods are compared in Fig. 5. These results
correspond to the optimized structure with one outrigger (see Fig. 6 (a) in Section 6.2.3). In the figure,
the method combining the full PDEM and the finite difference method (FDM), named PDEM-FDM, is
considered as a reference. In other words, the PDEM-FDM estimates the reliability sensitivity by

or (x)| B (x+0d)—F(x) (43)
ox,

g

where o is a step length, and 9§, denotes a n-dimensional vector where all elements are zero except
the e-th element which is equal to one. Note that both F. (x) and P, (x+09,) are calculated by the
full PDEM-based dynamic reliability analysis. Another reliability sensitivity analysis method, termed
the PDEM-IRP-FDM and developed in [32], is adopted to compare the results with the proposed method.
The PDEM-IRP-FDM also stems from Eq. (43) but employs the concept of IRP to enhance the efficiency.
For numerical implementation, a screening parameter equal to 0.001 is selected, and the step length used
in the finite difference method is set equal to 0.01. The closer the scatter points are to the diagonal
(dashed line), the closer the sensitivity result is to the reference solution. It is observed that the
sensitivity obtained by the proposed method is more accurate than the one obtained by the PDEM-IRP-

FDM for this case.
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Fig. 5. Comparison of sensitivity analysis results obtained with different methods

In the full PDEM, 700 representative points are considered as indicated before. As a result, the total
number of structural dynamic analyses required by the reference sensitivity analysis is 21000. In the
PDEM-IRP-FDM, the number of considered IRPs is 35, and the resulting number of structural analyses
involved in the sensitivity analysis is 1050. The number of IRPs identified in the proposed sensitivity
analysis is 29. Therefore, only 29 adjoint problems (see Appendix IT) are solved in the proposed sensitivity
analysis. Note that the computational effort involved in solving the adjoint problem is similar to the one
involved in a structural dynamic analysis. Thus, the proposed sensitivity analysis can accurately estimate
the sensitivity of the first-passage probability with much lower computational costs than both the
PDEM-FDM and the PDEM-IRP-FDM.

Although both the proposed method and the PDEM-IRP-FDM method are based on the concept of
IRP, there are some differences in the criteria for sieving the IRPs. In fact, the PDEM-IRP-FDM is
developed for general DRBDO problems where the structural analysis is treated as a black box. Therefore,
the PDEM-IRP-FDM is based on a finite difference approximation to estimate the sensitivity of the
first-passage probability [32]. On the contrary, the proposed method is developed on the basis of the
adjoint method for transient response sensitivity analysis. These features lead to different criteria for
selecting the IRPs and the resulting numbers of IRPs in the proposed method and the PDEM-IRP-FDM
method. Besides, in order to obtain a stable estimate of the sensitivity of the first-passage probability,
especially for nonlinear systems, a relatively large step length is required for the FDM in the PDEM-
IRP-FDM. This feature of the PDEM-IRP-FDM can result in extra numerical errors in sensitivity
evaluation, while the proposed method avoids this issue. Therefore, the proposed method presents higher
accuracy than the PDEM-IRP-FDM. For a detailed description of the PDEM-IRP-FDM, the readers

can refer to [32].
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6.2.3. Optimization results

For illustration purposes, the reliability maximization problem is solved by the proposed method
with different numbers of outriggers. For all cases, the full design, i.e., the design in which all design
variables are equal to one, is used as the initial design. The optimized structures are shown in Fig. 6.
When only a single outrigger is allowed, the outrigger is located in the 14-th floor, as shown in Fig. 6
(a). When two outriggers are considered, they are located in the 11-th and 15-th floors, respectively (see
Fig. 6 (b)). As shown in Fig. 6 (c), the optimal locations include the 6-th, the 10-th and the 17-th floors
if the permitted number of outriggers is three. The corresponding probabilities of failure of the three
cases are 0.021, 0.013 and 0.005, respectively. Clearly, the probability of failure decreases when more

outriggers are allowed, which is reasonable from a structural point of view.

A A XA AA A A KA AA A A KA AA
(a) One outrigger (b) Two outriggers (c) Three outriggers

Fig. 6. Optimized structures with different numbers of outriggers

As stated in Section 5.2, the optimization problem is repeatedly solved with different values of the
penalization parameter p . Fig. 7 shows the values of the design variables obtained for different values
of p, when a single outrigger is allowed. Three different initial designs are considered. Initial design 1
is the full design, where all design variables equals to one. In Initial designs 2 and 3, all design variables
are set equal to a random number between zero and one, where a uniform distribution is assumed. It is
observed that all cases converge to the same design. For all cases, when p =1, almost all design variables
attain relatively small values. As the value of p increases, the number of nonzero design variables
decreases. When p =4, there is only one nonzero design variable, namely, z,,, and the value of this
design variable is identical to one, and therefore a binary design scheme is achieved. In fact, the

optimization process converges at the stage when p=4.
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Fig. 7. Design variable values obtained after different optimization stages (one outrigger)

To get more insight into the proposed method, the outrigger placement optimization problem with
one outrigger is also solved by the proposed method without the approximate dynamic reliability analysis
introduced in Section 3.2 by setting 7= 0. The iteration histories in terms of the value of the objective
function, i.e., probability of failure, given by the proposed method without and with the approximate
reliability analysis are presented in Fig. 8(a) and Fig. 8(b), respectively. While both cases converge to
the same result, there are some differences between the iteration histories. It is seen that the optimization
process without the approximate reliability analysis converges in less iterations. However, a full PDEM-
based dynamic reliability analysis has to be carried out in each iteration, leading to about 150 full
PDEM-based dynamic reliability analyses during the optimization process. Although more iterations are
involved in the optimization process with approximate reliability analyses, only 39 full PDEM-based
dynamic reliability analyses are conducted. Note that an approximate reliability assessment requires
much less structural analyses than an exact one. Therefore, the approximate formulation outlined in
Section 3.2 can reduce the computational efforts involved in the reliability analyses during the
optimization process in a clear manner.

It is observed that jumps of the probability of failure values occur in Fig. 8 as the value of p is
increased. The reason lies in the fact that, when the value of p is increased, the stiffness matrix of the
structure controlled by intermediate design variables also changes drastically. During the initial stages
of the optimization process, a number of design variables have intermediate values (see Fig. 7). As a
result, the magnitude of the probability of failure jump is large. On the contrary, the values of the design
variables approach zero or one during the last optimization stages. Thus, the magnitude of the jumps
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become small or even negligible. Similar interpretations of this phenomenon can also be found in [35].
To verify the optimization results obtained by the proposed method, the problem is solved graphically
for the case when only one outrigger is considered. By placing the outrigger in each floor and then
evaluating the objective function, Fig. 9 shows the values of the objective function associated with all
feasible designs. It is observed that, when the outrigger is placed in the 14-floor, the objective function
achieves its minimum. The result is consistent with the one obtained by the proposed method. Similar
results are obtained when more outriggers are allowed. Since the outrigger placement optimization
problem is constructed by the ground structure approach with the SIMP model, the real design space of
this problem is a 30-dimensional hypercube. Thereby, the 30 designs presented in Fig. 9 is a set of vertex
points in the real design space. Thus, Fig. 9 does not present the whole objective function space
considered in the topology optimization problem, and therefore Fig. 9 cannot be used to assert the
convexity of the optimization problem. Note that in general, verifying the convexity of a function in a

high-dimensional space is a nontrivial task.
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Fig. 9. Validation of the optimization result (one outrigger)

Finally, the number of IRPs identified by the proposed method in each optimization iteration is
presented in Fig. 10, when two outriggers are allowed in the structure. It is seen that the number of
IRPs is no more than 40 throughout the optimization process. Thereby, no more than 40 structural
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dynamic analyses (or adjoint analyses) are involved in the approximate dynamic reliability (or a
sensitivity analysis of the first-passage probability). In fact, the maximum number of IRPs in the three
cases considered in this section is less than 50. Noting that a full PDEM-based dynamic reliability
analysis involves 700 structural analyses, the proposed method can considerably improve the efficiency

of the solution of the previous DRBTO problem.

N
o

w
o
T

Number of IRPs
5 S

0 50 100 150 200
Iteration

Fig. 10. Iteration history in terms of the number of IRPs (two outriggers)

As mentioned above, the value of 7 is determined empirically. The numerical results in this section
show that 7 =0.001 can provide a good trade-off between the computational costs and the numerical
errors. To get more insight into the effect of 7, the number of IRPs for different values of 7 is presented
in Fig. 11. The results correspond the optimized structure with two outriggers. It is observed that, when
the value of 7 is between 1x10™* and 1x107?, the number of IRPs fluctuates within a narrow range.

This result suggests that 1 = 0.001 is a reasonable choice for the proposed method.

& 3L
&5

Fig. 11. Number of IRPs for different values of 1 (two outriggers)

6.3. Free-Form Topology Optimization of Braced System

In the second numerical example, a free-form topology optimization of the braced system is considered.
The columns and beams remain invariant throughout the optimization process, while the braces are

allowed to exist in a relatively independent manner. In particular, except for a symmetrical constraint
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on the horizontal direction, no other restriction is imposed on the form of the braced system. Thus, the
number of design variables is 150, and each design variable controls the state of two brace components
which are symmetrically distributed. As a result, the material volume measured by the number of braces
is x"v,, in which v, is a 150-dimensional vector, of which each entry is equal to two.

The first-passage probability is defined in terms of the horizontal displacement of the rightmost node
at the roof. If such displacement exceeds a prescribed threshold, 2", the structure is assumed to be
failed. In what follows, the two types of DRBTO problems presented in Section 2.3 are solved by the
proposed method to evaluate its capabilities. In both cases, the number of representative points in a full

PDEM-based reliability analysis is 700, and the screening parameter is equal to 0.001.
6.3.1. First-passage probability minimization problem

The first-passage probability is considered as the objective function and the material volume function is
considered as the constraint function, as shown in Eq.(10). In all cases considered in this section, the

design variables are set equal to one at the initial design.

KA A AAN KA A AAN
(a) 7 =20 (b) 7 =30
Fig. 12. Optimized structure with different numbers of braces when 2" = 0.8m (First-passage

probability minimization problem)

The problem is solved by the proposed method with different values of the displacement threshold,
2™, and the maximum allowable material volume, 7 . Fig. 12 shows the optimized structure for a
threshold 2™ = 0.8m with allowed number of braces equal to 20 and 30. The first-passage probabilities
of the optimized structures are 0.016 and 0.001, respectively. Clearly, the first-passage probability is

smaller when more braces are included in the final design, which is consistent from a structural design

point of view. Furthermore, it is noted that the brace layouts at the bottom sections of the two optimized
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structures show close affinity, while differences of the brace layouts are mainly observed at the middle
sections of the two optimized structures. In addition, no braces are left at the top sections of both final
designs. Thus, the braces at the bottom section of the frame structure are more significant in reducing

the first-passage probability of the structure, which is anticipated.

KA A AAN KA A AAN
(a) v =30 (b) v =50
Fig. 13. Optimized structure with different numbers of braces when 2" = 0.6m (First-passage

probability minimization problem)

Similarly to the previous figure, Fig. 13 shows the corresponding optimized structures for a threshold
value z™ = 0.6m and maximum allowed material 7 =30 and v = 50. The optimization results are
shown in (a) and (b), respectively. The first-passage probabilities associated with the optimized
structures are 0.047 and 0.011, respectively. It is noted that, when the number of braces increases, the
probability of failure, i.e., the first-passage probability, decreases. Besides, the braces at the bottom
sections of the two optimized structures also show highly similar layouts, and in the case when v =50,
more braces are placed at the middle and top sections of the structure. In addition, when the number of
braces is 30, the probability of failure of the optimized structure with 2" = 0.6m is larger than the
probability of failure associated with case in which 2™ = 0.8m, as expected. These features illustrate
the consistency of the optimization results to some extent.

It is interesting to note that the probability of failure of the ground structure, i.e., the structure with
all possible braces (300 braces), is 0.004 for a displacement threshold equal to 0.8m. This value is larger
than the probability of failure of the structure shown in Fig. 12 (b), where only 30 braces are involved.
This result reveals the fact that more unoptimized braces does not necessarily result in lower probability

of failure. Clearly, the optimized structure can achieve higher reliability with less material consumption.
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Therefore, the significance of performing DRBTO in the design of stochastic dynamical systems is

evident.

Measure of discreteness

!
0 40 80 120 160 200

Iteration

Fig. 14. Tteration history in terms of the measure of discreteness (First-passage probability

minimization problem, z® = 0.8m and 7 = 30)

To quantify the extent to which the different designs obtained during the optimization process are
binary, a measure of discreteness is defined as [56]

15z, (1-1,)
_ e=1

M, (X> = (44)

n

For a real binary design, the measure of discreteness is zero. For a design with lowest discreteness, i.e.,
the design in which all design variables are equal to 0.5, the measure of discreteness is one. The
corresponding measure of all other cases is between zero and one. Evidently, the lower the value of the
measure of discreteness is, the closer the design is to a binary design. Fig. 14 shows the iteration history
in terms of the measure of discreteness for the case with displacement threshold z™ = 0.8m and the
allowable material volume % = 30. Since a binary design, namely, the design corresponding to the
ground structure, is adopted as the initial design, the measure of discreteness at the initial step is zero.
The measure of discreteness keeps increasing during the stage with p =1, which indicates that the
optimization without penalty results in designs with a number of intermediate design variable values.
By increasing the intensity of penalty, the measure is driven to a low level. At the last stage of the
optimization process, the measure of discreteness is close to zero. Therefore, the optimization leads to a

near-binary solution.
6.3.2. Material volume minimization problem

The material volume in terms of the number of braces is minimized subject to a constraint on the
first-passage probability, as shown in Eq. (11).

The example is solved by the proposed method for two different displacement thresholds, namely,
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2™ =0.8m and z™ = 0.6m. The full design is used as initial design for the two cases. The allowable
probability of failure, P:",is set as 0.01 in both the cases. The optimized structures are shown in Fig.
15. The number of brace members is 24 and 54 for threshold levels 0.8m and 0.6m, respectively.

Note that more braces are located in the bottom section of the structure as expected. Besides, no
braces are placed at the top section of the structure as well. Compared with the structure obtained with
2™ = 0.8m, more brace members are necessary for the case with z™ = 0.6m . This is reasonable from
the engineering viewpoint, since stricter performance requirements are imposed in the latter case.

Fig. 16 shows the iteration history in terms of the probability of failure with displacement threshold
2™ =0.8m. It is seen that the optimization process converges when the penalization parameter p
reaches 3 and that the probability of failure converges to 0.01. Thus, the constraint on the probability

of failure is active at the final design.

KA A AAN KA A AAN
(a) 2" = 0.8m (b) 2" = 0.6m
Fig. 15. Optimized structures for different displacement thresholds (Material volume minimization

problem)
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Probability of failure
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Fig. 16. Tteration history in terms of the probability of failure (Material volume minimization problem,

2" = 0.8m)
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The number of brace members involved in the optimized structures and the corresponding
probabilities of failure of all cases considered in Section 6.3 are listed in Table 2. The structures shown
in Fig. 12 (a) and Fig. 12 (b) are obtained by solving the first-passage probability minimization problem,
while the structures shown in Fig. 15 (a) are generated by solving the material volume minimization
problem. Although the three structures are obtained by solving different optimization problems, the
relationship between the number of braces and the probability of failure of the optimized structures
follows a consistent trend. In particular, the number of remained braces in the structure obtained by
minimizing the material volume is between the ones obtained in the two optimized structures which
minimize the first-passage probability. Accordingly, the probability of failure of the structure in Fig. 15
(a) is also between the probabilities of failure of the two structures shown in Fig. 12. Similar trend can
be observed in the three cases when z™ = 0.6m is considered. Then, the optimization results obtained

by the proposed method are reasonable from a qualitative point of view.

Table 2. Information of optimized structures for different cases

Optimized Displacement Number of Probability of
structure threshold braces failure
Fig. 12 (a) 20 0.016
Fig. 15 (a) 0.8m 24 0.010
Fig. 12 (b) 30 0.001
Fig. 13 (a) 30 0.047
Fig. 13 (b) 0.6m 50 0.011
Fig. 15 (b) 54 0.010

Finally, the effect of uncertainties on the reliability of the final designs is investigated. If all random
variables are set equal to their mean values, the extreme value of the displacement of interest without
braces is 0.39m. This value is lower than the two displacement thresholds considered in the present
example. Thus, the frame structure without braces satisfies the displacement constraint under
deterministic configurations. In other words, if no uncertainties are taken into account, no braces are
necessary in the structure generated by topology optimization. However, the probabilities of failure of
the frame structure without braces for z™ =0.8m and 2™ = 0.6m are 0.089 and 0.201, respectively.
Clearly, the probability of failure of the structure obtained by deterministic topology optimization is
unacceptably high. Therefore, the consideration of uncertainties in topology optimization is of great

significance for ensuring the safety of the optimized structure.
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7. Concluding Remarks

In the present paper, a method for dynamic-reliability-based topology optimization (DRBTO) is
proposed. Both the first-passage probability minimization problem under material volume constraint
and the material volume minimization problem under a single first-passage probability constraint are
considered. To solve the DRBTO problems, the probability density evolution method (PDEM) is adopted
to assess the first-passage probability. In addition, an approximate formulation of the first-passage
probability at perturbed designs based on the important representative points (IRPs) is derived to
enhance the efficiency of the repeated dynamic reliability analyses. The binary design variables are
treated by the SIMP model. The sensitivity of the first-passage probability with respect to the design
variables is estimated with the aid of the adjoint method and the approximate formulation of the first-
passage probability. With the obtained first-passage probability and its sensitivity, the DRBTO problems
are solved by the MMA optimizer. Finally, the effectiveness of the proposed method is illustrated by
different DRBTO problems involving a braced frame structure. Some final remarks include:

(1) The PDEM is a foundation of the proposed method. The PDEM can be employed to assess the first-
passage probability of linear or nonlinear stochastic systems under stationary or nonstationary
excitations. Due to the generality of the PDEM, the proposed method has the potential of solving
DRBTO problems of a number of stochastic dynamical systems in an efficient manner.

(2) Two different formulations of the DRBTO problem are considered in the present paper. The first
one minimizes the probability of failure and the second one minimizes the material volume under
the constraint on the probability of failure. Noting that the proposed method follows a standard
optimization procedure, the optimization problem of both formulations can be solved in a similar
manner.

(3) By introducing the concept of IRPs, an approximate formulation of the first-passage probability
based on the PDEM is obtained. The approximate formulation can help to alleviate the
computational efforts in the context of DRBTO without compromising the accuracy of the results.

(4) A relationship between the sensitivity of the first-passage probability and the transient response is
enabled by virtue of the approximate failure probability formulation. By integrating the adjoint
sensitivity analysis of transient responses, the sensitivities of the first-passage probability with
respect to the design variables can be efficiently estimated. This allows the implementation of a first-
order optimizer with reduced computational costs.

(5) The results of the example problems indicate that the proposed method represents a practical and
useful numerical tool for the solution of a class of optimization problems.
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Future research efforts include the consideration of more complex stochastic excitation models, for
example, models characterized by thousands of random variables, and the application of the proposed
method to structures with nonlinearity. The extension of the proposed method to the topology

optimization of continuum structures represents another potential research direction.
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Appendix |: Procedure of the PDEM-based dynamic reliability analysis

A general and brief numerical procedure for the PDEM-based dynamic reliability analysis is summarized

as follows:

Step I.1: The probability space € is partitioned, and a set of representative points are selected [39].
The representative point set is selected by a GF-discrepancy minimization-based approach [40,
48]. The number of the representative points is also determined with the aid of the GF-
discrepancy [49]. Denote the representative point set by {9,1}531, in which 0, = (6,,6,,---,0y )T

is the ¢-th representative point, and N} is the total number of representative points. The

assigned probability of 0, is defined as
F = |, ve(6)a0 (45)

where V, is the representative region of 0, and it is characterized by a Voronoi cell. For more
details about the GF-discrepancy and the point selection strategy, readers can refer to Chen
and Chan [40].

Step 1.2: Carry out the deterministic structural analysis at each representative point, namely,

®=60,9=12---,N; by the Newmark-3 method. The structural response of interest,

Z(8,,t;x), and consequently its normalized extreme value Z,, (0,;X), are obtained. Then, the

virtual stochastic process at each representative point, W(eqﬂ';x), and its velocity process,
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W (8,,7;x), are generated as indicated in Eq.(14).
Step L.3: For ¢ =1,2,---, Ny, substitute W(0,,7;x) with W (@©,7;x) in the GDEE, i.e., Eq.(15), and a
set of discretized GDEE are obtained:

oy (w, 73x)
or

opy (w,7x)

—I—W(Bq,T;x) 5
w

:0;q:1727"'7NR (46)
where p? (w,T;x) = f‘ Pwe (w,0,7;x)d0 . Subsequently, the partial differential equations are

solved by a finite difference method with total variation diminishing (TVD) scheme with the
discretized initial condition pjf (w,7;x)| _, =8(w)PF,. For a detailed numerical scheme of the
finite difference method, the readers are referred to Li and Chen [19].

Step 1.4: Assess the PDF of the normalized extreme value of the structural response of interest by

synthesizing the solutions of the GDEE at all representative points. In fact, the integral in

Eq.(18) is calculated in the manner of summation:

Ny
Pz, (%)= py (%x) (47)
g=1

where p(Zq‘)‘ (z;x) = pi¥) (w = 2,7 = 1;x), according to Eq.(17).

Step L.5: Finally, evaluating the one-dimensional integral in Eq.(19) by a numerical scheme, for instance,

the trapezoidal rule, yields the first-passage probability.

Appendix Il: Adjoint method for sensitivity analysis of structural response

The adjoint method is widely adopted in topology optimization, especially when structural analyses are
time consuming. There are two different adjoint approaches for sensitivity analysis of dynamical
structural systems [46], namely, the “differentiate-then-discretize” approach and “discretize-then-
differentiate” approach. In this contribution, the “discretize-then-differentiate” approach [3, 57] is
utilized.
Consider the dynamical system at a given representative point 0, :
M(BQ;X)Y+C(9q;x)Y—I—K(9q;x)Y:f(9q,t;x) (48)
of which the initial condition is
Y(0,t=0x)=0; Y(8,¢=0x)=0 (49)
As previously pointed out, the Newmark-3 method is used to solve the equation of motion. A discretized

recurrence formula of the Newmark-3 method is cast as [58]

RY,,, =8r'f,,, +(0.5+~—23)0*f, + (0.5 — v+ B)h’f, , —PY, —QY, , (50)
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where A is a constant time step size; [ and ~ are two parameters in the Newmark-3 method; Y, ,,
Y, and Y,,, are the m-dimensional displacement vectors at time instants t, , =(j—1)h, t;, = jh
and t;,, =(j+1)h, respectively; f,,, f;, and f,,, are the load vectors at time instants t;,, ¢, and

t;11; and the coefficient matrices, R, P and Q, are respectively defined as

R =M + ~vhC + Gh°K (51)
P=-2M+(1-27)hC+(0.5+~—20)°K (52)
Q=M+ (y—-1)hC+(0.5—7+ B)W’K (53)

As mentioned previously in Section 2.2, a special case of the Newmark-3 method, the constant average
acceleration method is adopted. In other words, 3 and ~ are set equal to 0.5 and 0.25, respectively.

Differentiating Eq.(50) with respect to design variable 2z, yields

Y, oY, Y,
8_RYj+1 + a—PYJ + a—QY];l + R Jj+1 + P J + Q Jj—1
o, oz, oz, oz, oz, or,
of ., of, of (54)
—Bh? == —(0.5+~7—28)h* —L—(0.5— v+ B)h* ——=10
e 8 e 8‘Te
where
8_R:a_M+7h£+Bh28_K (55)
Jz, Oz, oz, oz,
oP oM 0C , 0K
—=-2"—4(1-29)h—+(0.5+v—208)h" — 56
g = 2, HUm2hI S 05y - 20 (56)
0Q oM oC JK
—=——4(y-1Dh—+(05—vy+8)h*— o7
P M L SRt L, o7

As indicated in Section 2.2, the structural response of interest, 7, is a differentiable function of the
displacement vector. Therefore, the sensitivity of the p-norm function in Eq.(39) with respect to design

variable z, is

— . Yo-1 5

07, (8,5%x) 1 (2 ' 1 9L 07, 9Y,

I A Z, 7. —J 7k 58
et VSO D CARD Y v (58)

in which Z; =Z(0,,t;;x). If Z is the displacement of the s-th DOF,ie., Z;, =Y, where Y}, is the

s-th element of Y, Eq.(58) is reduced to

- l/z;“)—l N
07, (0,;%) 1 (= v i { 1 1 0Y,
—_—t = }/z s Y, s s — 59
P VORI D o R )

where e, isthe s-th standard basis vector in an m- dimensional Euclidean space, whose all components
are zero except the s-th component which is equal to one. By multiplying Eq.(54) by an m- dimensional
adjoint vector Ny ;. for j=1,2,--- N, and adding them to the right side of Eq.(59), the sensitivity

is equivalently expressed as
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0Z..(0,;x) Ju[ . 9y, [ oY, Y, 6Y-_2]
Oliexs Vg X) T +NT R plict 4 j
oz, ;‘ R S PR S
90,  OP 0Q
N[ g B (60)
—Z Bh? == o, +(0.5+7-28 w8y 05—+ gy Lo
Nyt S4y )8_xe+(' gl )8_958
where
1 (M . Yol -
L ) (61)
i—1

Noting that the initial condition in Eq.(49) is independent of the design vector, then JY, / Oz, =0.1In

Eq.(60), Y , and its gradient with respect to z, are also required. In fact, Y , is computed by a
central difference scheme using Y, and Y, [3, 57]. Due to the initial condition given in Eq.(49), both,

Y , and Y, / Oz, are zero vectors. In addition, both, of; / Oz, and Of | / Oz, are zero vectors as well.

When the structure is subjected to earthquake excitations, the load vector is also a function of x.
According to Eq.(7), the partial derivative of the load vector is given by

£ M(6, .t
of, _ _OM(6,tx) ’X)Lag 0,,1) (62)
8:10 oz

e

To eliminate 9Y, / dx,, j=12,---,N; from Eq.(60), the adjoint problem is derived as follows:
R\, = —cy, €]

RN, + PN, = —¢,_e! (63)
RN, +PX\, . +QX\,, = _CNT—]‘HeIa Jj=34, Ny
By solving Eq.(63), the adjoint vectors, X\;, j=12,---,N, , are obtained. Substituting X\, ,

J J

j=12---,N;,into Eq.(60) gives the sensitivity:

Ny
aze"‘( s )_Zx:'f’la_RY/ 6PY,I‘i‘a_Q j—2
axf? 1 Mot 8:66 ’ aaj‘ ax J
2 of of (64)
_Z Nyt ﬁhz o +(05+7 2B) 8—’;+(0.5—y+5)h2_8;2

It is noted that Eq.(63) consists of N; systems of linear equations, and the size of each system is
equal to the number of DOFs of the considered stochastic dynamical system, i.e., m . Therefore, the
numerical cost for solving Eq.(63) is identical to the one associated with the solution of the equation of
motion, Eq. (6), at a given realization of the random vector. In the adjoint method, Eq.(63) is solved
once, while the FDM and the DDM need to solve the equation of motion n times. Noting that the
number of design variables, i.e., n ,is usually large in topology optimization, the adjoint method adopted
herein is much more efficient than the FDM and the DDM. Thereby, the adjoint method is particularly

suitable for topology optimization problems.
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