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Online Appendix A. Proofs                  

A.1. Proof of Theorem 4.1 

Using Eq. (8) (the text), we have 
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Input Eq. (A1) into Eq. (9) (the text), and then, we have 
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Input Eq. (A2) into Eq. (A1), and then, we have 
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Thus, Theorem 4.1 is proven. 

 

A.2. Proof of Corollary 4.1 

Given Theorem 4.1, we have the estimates ˆ
kX  (Eq. (A2)) and ˆ

kY  (Eq. (A3). Using Eqs. (A2) 
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and Eq. (1) (the text), we have ˆ
kQ  
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Using Eqs. (3) (text), (A3) and (A4), we can derive the estimate ˆ
k  as 
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Based on Eqs. (A5) and (2) (text), we have the estimate ( ˆ
k ) of the fatigue increment in each time 

interval k  ( k ) as 
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A.3. Proof of Corollary 5.1 

Given Eq. (15) (the text) and the data regarding kA  and kY  collected through time interval k , 

the optimal estimate ( 1
ˆ

k+Φ ) of 1k+Φ  is 

1
ˆ ˆ ˆ

k k k+ = +Φ F W                                                             (A7) 

where ˆ
kF  is the linear minimum mean square (LMMS) estimate of kF . If ˆ

kW  is the LMMS estimate 

of kW  using the data regarding kA  and kY  collected through time interval k , we, then, have  

 
1

T Tˆ ( )( ) ( )( ) ( )k k k k k kE E
−

   = − − − − − +   W Y Y Y Y WW W m Y m Y m Y m Y m m     (A8) 

where Wm  is the mean of kW ; and Ym  is the mean of kY . Since k − WW m  and k − YY m  are 

orthogonal, we have 
T( )( )k k− − =W YW m Y m 0 . Moreover, =Wm 0  as kW  is a white noise vector. 
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Thus, we can derive ˆ
k =W 0  from Eq. (A8) such that 1

ˆ ˆ
k k+ =Φ F  by Eq. (A7). Thus, Corollary 5.1 is 

proven. 

 

A.4. Proof of Corollary 5.2 

Given Eqs. (15) and (26) of Corollary 5.1 (the text), we have 1k+Φ  and 1|
ˆ

k k+Φ  given, 

respectively, by  

1k k k+ = +Φ F W                (A9) 

1|
ˆ ˆ

k k k+ =Φ F                  (A10) 

Then, we have the state prediction error 
1|k k+Φ  given by 
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Using Eq. (A11), the prior prediction ( 1|
ˆ

k k+P ) for the covariance matrix of state estimation error 1k+P  is, 

thus, given by 
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Since |k kΦ  and kW  are uncorrelated, 
T T

| |[ ] [ ]k k k k k kE E =  =Φ W W Φ 0 . Thus, Eq. (A12) can be 

rewritten as 
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Thus, Corollary 5.2 is proven. 
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A.5. Proof of Corollary 5.3 

It is noted that the measurement residual 
1|k k+y  in time interval 1k +  and the measurement 

residual vector kY  collected through time interval k  are orthogonal. Moreover, 1|
ˆ

k k+Φ  can be treated as 

the LMMS estimate of the state vector ( 1k+Φ ) based on kY  (by Corollary 5.1). Utilizing the properties of 

LMMS estimation in the aspect of incorporation of orthogonal data, the LMMS estimate (
1

ˆ
k+Φ ) of 1k+Φ  

based on kY  and 
1|k k+y  are the sum of the two individual estimates. That is 

1 1| 1 1|
ˆ ˆ [ | ]k k k k k kE+ + + += + Φ Φ Φ y  , k             (A14) 

where 
1 1|[ | ]k k kE + +Φ y  is defined as the best estimate of 1k+Φ  based on 

1|k k+y . Utilizing the 

LMMS estimation, 1 1|[ | ]k k kE + +Φ y  can be written as 
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where Φm  and 
Δym  are the means of 1k+Φ  and 1|k k+y , respectively; and =Δym 0 . Let the 

Kalman gain 1k+G  be defined as  

T T 1

1 1 1| 1| 1|[ ] { [ ]}k k k k k k k kE E −

+ + + + +    G Φ y y y  , k          (A16) 

Using Eqs. (A15) and (A16), Eq. (A14) can, then, be rewritten as 

1 1| 1 1|
ˆ ˆ

k k k k k k+ + + += +  + ΦΦ Φ G y m   , k          (A17) 

Thus, Corollary 5.3 is proven. 

 

A.6. Proof of Corollary 5.4 



5 
 

Given Corollary 5.3 and Eq. (19), we have 
1|k k+y  given by 
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Using Eq. (A18), we can have 
T

1| 1|[ ]k k k kE + + y y  (shown in Eq. (A16)) given by 
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Since 1|k k+Φ  and 1k+ε  are uncorrelated, 
T T

1| 1 1 1|[ ] [ ]k k k k k kE E+ + + + =  =Φ ε ε Φ 0  in Eq. (A19). Using 

the definition of the prior prediction ( 1|
ˆ

k k+P ) for the covariance matrix of state estimation error, we have 

1|
ˆ

k k+P  given by 

T

1| 1| 1|
ˆ [ ]k k k k k kE+ + +  P Φ Φ   , k            (A20) 

Then, Eq. (A19) can be rewritten as 
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where 
T

1 [ ]k k kE+ Λ ε ε . 

Similarly, utilizing the definition of the state prediction error, we have 1 1|[ ]k k kE + +Φ y  (shown in 

Eq. (A16)) given by 
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Since 1|
ˆ

k k+Φ  and 
T

1|k k+y  are uncorrelated with each other; and moreover, 1|
ˆ

k k+Φ  and 1|k k+Φ  are 

orthogonal, we have 
T

1| 1|
ˆ[ ]k k k kE + + =Φ y 0 . Accordingly, Eq. (A22) can be rewritten as 

T T

1 1| 1| 1|[ ] [ ]k k k k k k kE E+ + + + =  Φ y Φ y   , k           (A23) 
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Input Eq. (A18) into (A23), we have 
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But 
1|k k+Φ  and 

T

1k+ε  are uncorrelated, indicating 
T

1| 1[ ]k k kE + + =Φ ε 0 , and thus, Eq. (A24) can be 

rewritten as  

T T T T
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ˆ ˆ[ ] [( )]k k k k k k k k k k kE E+ + + + + + +
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By Eqs. (A16), (A21), and (A25), we, therefore, have the Kalman gain 1k+G  given by 
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where 
T

1 [ ]k k kE+ Λ ε ε . Thus, Corollary 5.4 is proven. 

A.7. Proof of Corollary 5.5 

First, let the state estimation error vector 
1| 1k k+ +Φ  be defined as 1| 1 1 1

ˆ
k k k k+ + + +  −Φ Φ Φ . 

Using Eq. (A17), 1| 1k k+ +Φ , then, becomes 
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Therefore, using Eq. (A26) we have 1| 1
ˆ

k k+ +P  given by 



7 
 

( ) ( )

T

1| 1 1| 1 1| 1

T

1 1 1| 1 1 1 1 1| 1 1

T T T T

1 1 1| 1| 1 1 1 1 1| 1 1

1

ˆ [ ]

ˆ ˆ( ) ( )

ˆ ˆ ˆ( ) [ ]( ) ( ) [ ]

ˆ(

k k k k k k

k k k k k k k k k k k k

k k k k k k k k k k k k k k

k

E

E

E E

+ + + + + +

+ + + + + + + + + +

+ + + + + + + + + + +

+

  

  = −  − − −  − −
  

  = −   − − − 

− −

Φ Φ

P Φ Φ

I G H Φ G ε m I G H Φ G ε m

I G H Φ Φ I G H I G H Φ ε G

I G
T

1 1|

T T T T T

1 1 1| 1 1 1 1 1 1 1 1

T T T T

1| 1 1 1 1

) [ ]

ˆ[ ]( ) [ ] [ ]

ˆ[ ]( ) [ ] ,

k k k

k k k k k k k k k k k k

k k k k k k

E

E E E

E E k

+ +

+ + + + + + + + + + +

+ + + + +



−  − + +

−  − + + 

Φ

Φ

Φ Φ Φ Φ

H Φ m

G ε Φ I G H G ε ε G G ε m

m Φ I G H m ε G m m

  (A27) 

Since 
1|k k+Φ  and 1k+ε  are uncorrelated; and moreover, 

1| 1[ ] [ ]k k kE E+ + = =Φ ε 0 , Eq. (A27) can be 

rewritten as 
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But from Eq. (A25), we have 
T T 1
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  = +G P H H P H Λ . Let Eq. (A25) be inputted into 

Eq. (A28), and then, we have 
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Thus, Corollary 5.5 is proven. 

 

 


