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In this work, we generalise the stochastic local time space integration introduced in [11] to the case of Brownian
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1. Introduction

The goal of this paper is three fold: we first extend the stochastic local time-space calculus introduced
by Eisenbaum [11] to the multidimensional standard Brownian sheet. We then obtain the 1t6 formula
under weaker condition on the function. Finally, we derive several estimate of the “averaging type
operator” introduced in [32] and further studied in [6].

The notion of integration with respect to space-time local time to our knowledge was introduced in
[11]. In that work, the author defined a stochastic integral of Borel measurable functions on R4 x R
with respect to the local time process of a linear Brownian motion. This allowed the author to extend the
1t6 formula to a large class of differentiable random functions with locally bounded derivatives and to
define the local time of Brownian motion on any Borelian curve. The previous result were extended in
[12] to the case of Lévy process and reversible semimartingales in [13]. This powerful tool led to many
interesting generalisations of the Itd formula (see for example [22, 14, 29] and references therein).

In order to write a local time-space integral in the two-parameter setting, we consider the local time
of the Brownian sheet with respect to the Lebesgue measure on Rﬁ_ defined by Walsh [33]. Observe
that the Lebesgue measure on Ra_ is the measure induced by the quadratic variation of the Brownian
sheet. As in [11], this local time can be expressed as the sum of a forward and a backward Itd integral.
Using a representation of the backward Itd integral, we define the stochastic integral with respect to
the local time for elements of a Banach space. This enables us to write a counterpart of Eisenbaum’s
local time-space integration formula and a generalised Itd formula for the Brownian sheet. A key step
in proving this result is the representation formula of the reversal process of the Brownian sheet in
one parameter at a fixed time obtained by Dalang and Walsh [9, Theorem 6.1]. Let us mention that
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Sanz [31] took advantage of the ideas developed in [33] to define a notion of local time for a class of
continuous two-parameter martingales with respect to the quadratic variation.

It is worth mentioning that there exists another notion of local time of the Brownian sheet
(W, (s,t) € R%_) with respect to the measure on Ra_ induced by quadratic variation (J) of the mar-

tingale J = (Js ¢, (s,t) € Ri) given by

t rs rt rs
J,t:////l AW, cdWW, .
s o Jo Jo Jo {u<v,>(¢} u,§ v,¢

This concept was introduced in [5] and led to the first results on local time for two-parameter processes.
Walsh [33] points the difference between the two definitions of local time. A complete study of local
time with respect to multi-parameter analogue of (J) for the multi-parameter R%-valued Brownian
sheet was given by Imkeller [21]. The author also established a multi-parameter stochastic calculus
and a multiparameter It6-Tanaka formulas (see [19, 20]). Nualart [25] proved existence of a local time
with respect to the measure induced by (J) for continuous fourth-power integrable (two-parameter)
martingales that vanish on the boundary of Ri.
Finally, we consider the following average type transfrom averaging transforms of type

T b)(s, 2) :/b(t,x—&—W&t)dt, V(s,) € Ry x RY, )
I

where I is a finite sub-interval of Ry, b: Ry x R? — R? is a bounded Borel measurable func-
tion and (W4, (s,t) € R%_) is a R%valued Brownian sheet given on some filtered probability space
(U F, (Fsyt, (s,t) € RZ),P). The terminology averaging operator is borrowed from Catellier and Gu-
binelli [6] (see also Galeati and Gubinelli [16]) where the authors obtain regularising estimates of the
averaging transform along the paths of the d-dimensional fractional Brownian motion (BtH ,t>0)
with Hurst parameter H defined by

t
TP [b)(2) = / bz + BH)ds, ¥ (t,) € Ry x RY
0

and take advantage of these estimates to establish existence and uniqueness of solution to the ordinary
differential equation (ODE) in Rd, deN,

#(t) = b(t, 2(8)) +(t), ¢ € R,
{z(O) 0, " @

where z,w € C([0,1],RY), b is a time-dependent vector field which may be only a distribution in the
space variable and the dot denotes differentiation with respect to time. These results are counterparts
of those obtained by Davie [10] for the ODE (2), where w is a R%-valued Brownian path and b is a
bounded Borel measurable function. One key result in [10] is that if b: [0, 1] x R% — R? is a bounded
Borel measurable function, then, for almost all R9-valued Brownian paths w, the function TtB [b] is
almost Lipschitz continuous with a modulus of continuity of the type |z|log!/2(1/|z|). To be more
precise, consider for a moment the integral form of ODE (2) given by

t
xt:x0+/ b(s,xs)ds+wy, teERL. 3)
0



Regularising properties of Brownian sheet paths 3

Setting w*® = xg + w and y; = x+ — w¢ — xg, Equation (3) can be rewritten as

¢
yt:/o b(s,ys + x0 +ws)ds = T3 °[b](y), teRy, “4)

where w?® = zg + w and y¢ = r — w¢ — xg. Any solution y of (4) is a fixed point of the map
2 — T [b](2) from C(R.y, R?) to itself. The existence and uniqueness of such a fixed point rely on
specific regularity properties of the operator Tw* [b]. Davie [10] exploited the almost Lipschitz regu-
larity of the averaging operator to prove uniqueness of fixed point for any R%-valued Brownian path w
in a set of full mass. Catellier and Gubinelli [6] took advantage of almost sure continuity of 7" [b] for
a large class of Holder-Besov distributions b and a set of fractional Brownian perturbations of full mass
to prove existence and uniqueness of fixed point. Galeati and Gubinelli [16] provided smoothness con-
ditions on 7" [b], under which the ODE admits a flow with prescribed regularity. They also establish
well-posedness for certain perturbed transport type partial differential equations (PDEs) under suitable
smoothness properties of the averaging map. Chouk and Gubinelli [7] analysed the regularising prop-
erties of fractional Brownian paths w in terms of the averaging operator 7} in the context of non-linear
dispersive PDEs modulated by an irregular signal. In particular, they obtained global well-posedness
for the modulated Non-linear Shrondinger equation with generic power nonlinearity.

The averaging transform 7" is the convolution with the curve of a Brownian sheet when one time
parameter is fixed, and can also be seen as the convolution against the measure induced by the local
time process (Ll(s,t);z € R,t € Ry) of the Brownian motion (Ws,t € Ry) (confer [6]). More
precisely, by an occupation time formula given in [33, Eq. (2.6)],

7} ) (s.0) = |

b(t,x+Ws’t)dt://b(t,:chy)dthlJ(s,t)dy,
I IJR

where I denotes a finite interval of R.

We wish to derive some regularity estimates of the averaging operator given by (1) (see Theorem
3.4 and Corollary 3.6). These estimates play a key role in the study of the path-by-path uniqueness of
solutions to the following hyperbolic differential equation

2z (s,t)
0sot

O*Ws 4

=b(t,z(s,t)) +
(t.(s.0) + 5. 5

z(0,t) = zg = z(s,0),

It can easily be shown that the path-by-path uniqueness of the above equation (5) is equivalent to that
of the following integral equation:

s rt s
y(s,t) :/0 /0 b(tl,y(sl,tl)+£E0+Wsl7tl)dt1d81 :/0 T[Ig;]o[b](y) dsy.

Such equation was studied in [3] by the same authors. More precisely, they show that the path-by-path
uniqueness of (5) is valid when the drift is componentwise nondecreasing and satisfies spatial linear
growth condition (see [3, Theorem 3.2]). In addition, since path-by-path uniqueness implies pathwise
uniqueness (confere [2, Section 1.8.5]), it follows from a Yamada-Watanabe type result for Brownian-
sheet (see for example [26]) that equation (5) has a unique strong solution (see [3, Corollary 3.3]). The
results obtained in [3] were generalised in [4] when the drift is the difference of two componentwise
monotone functions and staisfying the linear growth condition (see [4, Theorems 2.7 and 2.8]). In
addition, it was proved that the obtained solution is Malliavin differentiable; see [4, Theorem 3.4.]for
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bounded drift and [4, Theorem 3.13] for drift satisfying spatial linear growth condition). These results
constitute a big improvement in this direction since to the best of our knowledge there no results in this
direction under such conditions. The case of path-by-path uniquness of solution to (5) when the drift
b is merely measurable and bounded is at the moment still open. One difficulty relies on the choice
of a convenient Euler-Maruyama type scheme that would leads to an additional useful regularising
estimates which is key to obtaining a Gronwal type lemma (compare with [3, Lemma 3.9]). When the
noise is replaced by a fractional Brownian sheet, one of the main difficulty would be the definition of
a two-parameter Young integral, which is central in proving the regularity of the averaging operator.

There are many results in the analysis on weak and strong-type estimates for convolutions with
deterministic curves. These operators are investigated for instance in [32], where the authors establish
strong-type (LP, L?) in the interior of a trapezoid and failure of a restricted type (LP, L?) outside the
same trapezoid, when 1 < p < q¢ < co. Futher results on estimates for convolutions with deterministic
curves may be found in [8, 17, 18, 24, 27, 28].

We now give rigourous definitions of filtered probability space and R<%-valued Brownian sheet in-
dexed by Ra_ with respect to a system of o-algebras. We endow Rﬁ_ with the following partial order

(5,t) < (s',t') when s < s" and t <t'.

We also write
(s,t) < (s',t') when s < s’ and t < t'.

The next definitions may be found in [26, Section 1].

Definition 1.1. Ler (2, F,P) be a probability space and (]—‘57,5)(5 1erR? be a system of sub-c-algebras
of F. We say that (0, F,(Fst,(s,t) € R%_), P) is a filtered probability space if
1. (2, F,P) is a complete probability space;
2. (Fsp,(s,t) € Ri) is a non-decreasing system in the sense that Fsy C F(y yy when (s,1) =
(s',');
3. F(o,0) contains all the null sets in (2, F,P),
4. (Fsy,(s,t) € Ri) is a right-continuous system in the sense that

]:s,t = ﬂ ]:s’,t’-
(s,6)=(s",t)

We call filtration any non-decreasing system of sub-c-algebras of F. We call natural filtration of a
process X = (X4, (s,t) € R%_) the system (]:)55, (s,t) € Ri) of sub-c-algebras of F given by

s
f£:U<Xu,vaOSUSS,OSUSt).

Definition 1.2. We call a one-dimensional (Fst)-Brownian sheet on a filtered probability space
(Q,F, (Fsp,(s,t) € ]R%_)JP’) any real valued two-parameter stochastic process W = (W, (s,t) €
R%_) satisfying the following conditions:

1. W is (Fs,)-adapted, i.e. Wy ¢ is Fs t-measurable, for every (s,t) € Ri.
2. Almost every sample function (s,t) — W ¢(w) of W is continuous on RE_.
3. Almost every sample function of W vanishes on 8R3_.
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4. For every finite rectangle of the type 11 =|s, s'| x|t,t'] C R, the random variable
W(H) = Ws’,t’ - Ws,t’ - Ws’,t + Wait

is centered, Gaussian with variance (s’ — s)(t' — t) and independent of Fs o V Foo t, where

Fsoo=0( U Fsw) and Fooy =0 U Fut)-

U€R+ UER+
We call a d-dimensional Brownian sheet any R%-valued two-parameter process W = (W(l), ey W(d))
such that W(i), 1=1,...,d, are independent one-dimensional Brownian sheets.

One useful caracterisation of the Brownian sheet IV is that it is the only one centered and contin-
uous Gaussian process with covariance function [(s,t), (s',t')] — E[Ws Wy ] = (s A ") (t A T).
As a consequence, if W is a Brownian sheet on a given filtered probability space, then so are the pro-
cesses (Woyst — Way,(s,t) € R?) and (671/2(Ws,a+5t —Wsa),(s,t) € ]R%_) with respect to their
natural filtrations. We mention that a rather complete analysis on multi-parameter processes and their
applications in Analysis is provided by Khoshnevisan [23].

The remainder of paper consists of two sections. In the first one, we propose a stochastic local time-
space calculus for the Brownian sheet. We then extend several formulas obtained by Eisenbaum [11]
to other classes of Brownian sheet processes. We also generalise an [t6 formula obtained by Cairoli
and Walsh [5]. The last section is devoted to an application of the local time-space calculus presented
in the previous section. More specifically, we give several Davie types inequalities for the Brownian
sheet are given and exploited to obtain regularity estimates of some averaging operators .

2. Stochastic Integration over the space with respect to Local Time

2.1. Integration with respect to local time of deterministic functions

We aim at writting the integral of a R-valued Borel measurable function on [0, 1]2 x R with respect to
the local time in the plane of the Brownian sheet. Let (Wsyt; s >0,t > 0) be a Brownian sheet given on
an equipped probability space. It is known that for s fixed, (W ¢,t > 0) is a Brownian motion, and its
local time process (L{(s,t);z € R,t > 0) is given by Tanaka’s formula (see for example [33, Section

1):
t S
/0 L, w<ay duWsu = 5 L1(s,8) = (W — )" + 2™ 6)

Moreover for any fixed s € [0, 1], let W . be the time reversal process on [0, 1] of the Brownian motion
VAVS,., ie. W&t =W 1—¢, and let (ﬁ‘f(s,t);x € R,0 <t <1) be the local time process of (Wsﬂg,O <
t <1). Then the following holds

L¥(s,t) = L¥(s,1) — L¥(s,1 —t).

It follows from Tanaka’s formula that

1
A S a _ o —
/1 l{Wg u<m}dqu,u = 5Iff(s,t) + (Wit —x)” —(Ws1—2)". @)
—t Su=
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Summing (6) and (7) yields

t 1
SLaf(S,t) :/0 1{Ws,u§m}duw5»u + A_t 1{Ws,u§x}duWS7u' ®)

Next we introduce a notion of backward stochastic integral with respect to the Brownian motion
(Wst,t > 0). Let f:[0,1]2 x R — R be a measurable function such that = +— f(s,¢,z) is lo-
cally square integrable for every s,t € [0,1] and (s,t) — f(s,t,2) is weakly continuous for every
x € R, that is (s,t) — f(s,t, ) is continuous for every 2 € R as a map from [0, 1) to LIQOC(]R). For
s,t € [0, 1] fixed, it was shown in [15, Proposition 3.2] that the limit below exists in L' (£, P):

lim Z f(87 tk+1, Ws7tk+1)(Ws,tk+1 - Ws,tk)v
SUPk ‘tk+1_tk|_>0 0<t1 < <tp<t

where (1,)1<</ is a subdivision of [0, ¢]. This limit is denoted by fOt f(s,u, Ws 4)ds W, ,, and called
a backward stochastic integral with respect to the Brownian motion (Wj,0 < ¢ < 1). In addition,
using[15, Eq. (3.19), page 153]) and [30, Chapter II, Theorem 11], we also have

t 1
/0 f(87u7 Ws7u)dZWs,u =—- ) f(s, 1—u, Ws,u)dqu,u- 9)
—t

It follows from (8) and (9) that

stf(s.n) = [

We call local time for the Brownian sheet W the process L := (Lit; x €R,s>0,t>0) defined in [5,
Section 6, Page 157] (see also [33, Section 2]) by :

t t
1{Ws,u§m}dqu,u_/0 1{Wg,u§m}dZWS,u- (10)

) 1 s prt
L?,t = lim 7/0 A 1[xfs,x+5](WS1,t1) dtids;. (11D
We deduce from (11) (see e.g. [33, Eq. (2.3)]) that
s t
/0 L¥(s1,)dsy :Lgt:/o L&(s,t)dt1, Yo €R, V(s t) € RZ, (12)

where (L5 (s,t);2 € R, s > 0) is the local time of the Brownian motion (W ¢, s > 0).
Substituting (10) into (12) yields

st AW, s b dE W,
L;E’t:/o /0 1{W€,u<x}u§£ﬂld£—/0 /0 l{Wﬁ,uSI} u§§7Ud€ (13)

Denote by (#, || -||) the space of Borel measurable functions f : [0, 7] x R? — R with the norm || - |
defined by

171l _2(/01/01/Rf2(5,t,x)exp(—i)%)lﬂ

+/1 /1/ |:L.f(8 ; $)|eX (_ﬁ) dadsdt
o Jo Jr Y PN 25t/ st v/amst




Regularising properties of Brownian sheet paths 7

22(/01 /01E|:f2(3,t,ws,t):|d8dt) 2 —|—/01 /OIIEHf(s,t,WS,t)VZ“;’t Hdet'

Then, endowed with the above norm, H is a Banach space. We show(see Proposition 2.1) that one can
define a stochastic integration over the time and space with respect to local time for the elements of .

We say that fa : [0, 1]2 x R — R is an elementary function if there exist two sequences of real
numbers (7;)o<i<n (fijx;0 <7 <n,0<j <m,0 <k <) and two subdivisions of [0, 1] (s;)o<j<m>
(t)o<k<p such that

fA(S?t)x) = Z fijkl(xi,.’zi+1}(x)1(8j78j+1}(S)l(tk,tk+ﬂ(t)7 (14)
(x4,55,tK)EA

where A = {(z;,55,11);0 <i<n,0<j <m,0<k </} Forsuch a given function fx, we define its
integral with respect to L as

1 1
xr . Ti+1 _ 7%+l 7 T;
/O/O/RfA(S’t’x)dLsyt_ Z fZ]k(LSj-l»latk—O—l szytk+1 L5j+17tk+1+L5jvtk+1
(mivsjatk)GA

_ 7T+l Tit1 T; 7
L5j+17tk + szvtk + L5j+1»tk sz,tk)'

Let f be an element of H and let (f,)nen be a sequence of elementary functions converging to f in .
We prove in the following result that ( fol f01 Jg fa(s,t,2)dLT t) , converge in L1(Q,P) and that
"/ ne

the limit does not depend of the choice of the sequence ( fy,)nen- This limit is called integral of f with
respect to L.

Proposition 2.1.  For any f € H, the integral [ fg fRf(g,u,x)dLgu exists and is given for any
(s,t) € (0,1]% by

(15)

e [ [ [ steumaz] <isl (16)

Proof. We first show the Proposition for elementary function. Let fa be a simple function as defined
in (14). We deduce from (13) that

Moreover, we have

Tit1 Tit1 T; T; Tit1 Tit1 x; T;
Sjtlothr1  USitkr1l U Sj1stht + sz,tk+1 - L5j+17tk + szytk + L5j+l7tk T sty
Sj+1 ftet1 dyWe Sj+1 flret1 dyWe u
:/ / 1{$¢<W§,quEj+1} ¢ d§—/ / 1{wi<W§,u§w]’+1} ¢ dg
Sj tr Sj tg
1 1 dqu,u
- o Jo Lss,8500 (O (1 1) (W s 2] (We ) dg
1 1 A=W,
uVEu
_/0 /0 1(Sj78j+1](£)1(tk,tk+1](u)llmi,riJrﬂ(vaU) de.
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As a consequence, we get

/08 /ot/RfA(f,u,x)devu

- s rt dqu,u B s rt dZW@u
- /0 /0 a6 W ) St /0 /0 (6 W) S (17

Let us now show (16) holds for such a simple function. Observe that

s ot d*W, s rl . d W,
| [ isteuwen == [ [ faer-uie) = Ftas a9
0o Jo 3 0o Ji-t 3
We also know from [9, Theorem 6.1] that W admits the following representation

Wer=W, Wou
st =Ws1+ Bs,t - 1 du, (19)
0 —Uu

where B is a standard Brownian sheet independent of (W&l, s> 0). Using (9) and (18), (17) can be
rewritten as

/O ) /0 ale W{,u)%dé

s rl R duBe¢ s rl R Wgu
_ /0 a1 = uWe,) 225t ae + /0 AT — 0, We ) om & dude.  (20)

1—t 1—t §(1—u)

Substitute (20) into (17), take the absolute value on both sides, use the triangle, take the expectation
and use the Cauchy-Schwarz inequalities to obtain

E[\ASAtAfA<s,u7m>dL§,u\}

SEH/Os/Oth(f,u,Wg,u)d“Z/57“d5H +EH/OS/Oth(g,u,Wg,u)%dgH

([ [ elicumeama) s ([ [ Bl wi]aag

+/01 /OIEHfMM —%Wau)%udud&

which means that

e [ [ [ sateumarz,]| <isal @

Thus (16) holds for simple functions. Using the above inequality, the extension of the definition of the
integral to the elements of H follows by the density of elementary functions in . Since the integrals

/08 /Otf(f,u,Wg,u)Mgfmds and /OS /Otf(f,u,Wé’u)dzzvé’“dg
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exist and are well defined, it follows that any function f in H satisfies:

/OS/[)t/Rf(f,u,m)dLgu:/Os/otf(&u,wa 5, d¢ — / / F(€u, We ) 55, de.

This gives (15). To obtain (16), we apply (21) and a limit argument. ]

Remark 2.2.
1. Forany0<s1 < s9, 0<t) <toandx) < xg, weset A=[s1,59] X [t1,t2] X [x1,z2]. Then one has

— L%

s2,t1 s1,t1

[ AL L~ L2, — L, 4 B, — L+ L3, + L2

s2,t1 S1,t1

:/ ’ {LT2 (§7t2) - LTI (f?tQ) - LTZ (gvtl) + LTI (£7t1)} dg = Adx,thf(gvt) df

By a monotone class argument,

1 1 1 1
/ / / g(svtax)dLg,t = / / / g(s,t,x)dx,tLgf(f,t) df (22)
0o Jo JR 0o Jo JR

for every bounded Borel measurable function g : [0, 1]2 X R — R. In particular, for any bounded Borel
measurable function £ : [0,1]> — R and any a € R,

1 1 1 1
/ / 05, )y L2, = / / 0(s,4)d; L9 (&, 1) de. 23)
0 0 0 0

2. Let f: [0,1]? x R — R be a continuous function in H. For a < b, let (xi)o<i<n be a subdivision of
[a,b], (8j)o<j<m be a subdivision of [0, s] and (t,)o<r<¢ be a subdivision of [0,t]. Denote by A the
grid {(s,t,%;),0 <i<n,0<j<m,0 <k <L}, Then, as |A| tends to 0, the expression

3 ) i+1 _ Ti+4+1 _ xT; xT;
Z f(SJ’tk’xl) (L5]+17tk+1 sz,tk+1 L5j+11tk+1 + sz:tk+1
0<i<n,0<j<m
0<k<?

LI LI I )

Sj+1,tk S5tk Sj4+15tk

converges in L' to fot fos f(ff(s,t, x) det In particular, when f is differentiable with respect to x
and 9, f is continuous on [0,1]% x R, we deduce from [11, Theorem 5.1 (i) ] that for any s € [0, 1],

t b
/O/CLf(s,u,x)d%uL‘f(s,u)
t t t
_ / (10001510, Wi )t + / F(5,u0)dy L8 (s,u) / £(s,u,a)dy LE(s, u).
0 0 0

Hence, integrating over |0, s, using (22) and (23) and integrating over [0, s give

/ / / f(s,tw)dLE, = — /0 /Ot(l[“’b}awf)(f’“’W&u)dudﬁ+/08 /Otf(ﬁ,u,b)dg,uLgu
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S t
- yu,a)de o Lg .. 24
/O/Of(fua)g, a (24)

Hence, letting a (respectively b) goes to —oo (respectively 0o), we obtain

/ / /f s,t,7) dLst—_/OS/Otaxf(g,%Wg’u)dudf, (25)

Corollary 2.3. Let (Ws,t = (Ws(}t), e ,Wii)); s>0,t> O) be a d-dimensional Brownian sheet

defined on an equipped probability space. Let f : |0, 1]2 x R% — R be a continuous function such that
for any (s,t) €[0,1)2, f(s,t,-) is differentiable and for any i € {1,...,d}, the partial derivative Oy, f
is continuous. Then for any (s,t) € [0,1]% and any i € {1, ...,d}, we have

(4)

s rl 4 Bé’)u s 1l R Wg(zi
- fE L - u e =St dew [ [ p(e - uWea) g S dude, 26
/0 1—t ( ) € 0 Ji—t ( g’U)f(l —u)
where Wg( - 5(? _, and B () is a standard Brownian sheet independent of (Ws(zl) ,8 > 0). Conse-
quently for any s €0, 1], the d-dimensional Brownian motion (W ¢,t > 0) satisfies
t t 4w
/0 O, f(8,u, W )du = —/ f(s,u, Wi y) v sy
1 .dy BY 1 . W
— [ flsl=uWeu)—22+ [ f(s,1—u, Wep) ——2~du. 27)
1-t s 1t s(1—u)

Proof. The proof is analogeous to [12, Section 6]. We denote by (Li?’t(W(i)); reR,s>0,t> O) the

local time on the plane of W) and we adopt the notation

g(s,t, wb)

St7'.7

i—1 i+1 d
Ws(,lt ),1;, Ws(,zt ), .. ’Wé’(,t)) =g(s,t, Ws’t)|W(kt)::r

For any measurable function g : [0,1]? x R? — R, we define the norm || - ||; by

w®
st

1 r1 1/2
ioti=2( [ [ e[t asi) s [ [ Bl w0 “2E fasae
0 JO
For any continuous function f : [0,1]2 x R = Rand any i € {1,...,d}, we note that, conditionally to
(Ws(li)v (s,t) €0, 1]2)1§k§d,k;éia f(s,t,Ws,0 < s,t <1) is a deterministic function of (Ws(lt), 0<

s,t < 1). Suppose that f(s,t,-) is differentiable for any s,t, its partial derivative d, f is continuous
and || f||; < oo for any 4. Then, using (25) in Remark 2.2, relation [15, (3.19) ], Proposition 2.1 and
[30, Chapter II, Theorem 11] we have

S t S t .
| [ onscuwenauae== [ [ [ fs.winly_, azzoov)
0 0 0 0 JR s,t
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w®

——/j/{ff(&wwg,u gud§+//f§7UW§u ;“dﬁ

e e St AL
- f(€7 U, Wf,u)idé - f(ga 1—wu, W&u) d¢€. (28)
0 Jo 3 0 Ji-t 3
Equation (26) is obtained by substituting (19) into (28). We derive (27) by differentiating both sides of
(26) with respect to s. O

2.2. Local time-space integration of two parameter random processes and a
generalized It6 formula

In this section, we derive an Itd formula for two parameter random processes.

Let h: [0,1]2 x Q x R — R be a random function. As before for a < b, consider (wi)o<i<n a
subdivision of [a,b], (s;)o<j<m @ subdivision of [0, s] and (t;,)p<k<, a subdivision of [0,¢]. Denote
by A the grid {(s;,t},7;),0 <i<n,0 <j <m,0 <k < /{}. When h is regular enough, we show that,
as |A| tends to 0, the expression

) . Tit+1 _ 7T+l N 1 x;
E h(sjvtkawaxl)(sz+17tk+1 LSj,tk+1 L5j+1,tk+1 +L8j,tk+1
0<i<n,0<j<m

0<k<{

admits a limit in L' for any w € €2, denoted by [ [£ [V h(s,t,w,z) dL%,.
The next result extends (25) to random functions and is a direct consequence of [11, Theorem 5.1]
for local times of the Brownian sheet.

_ Lx7,+1 + in+1 + L

Sj4+1,lk Sjitk Sj+1ste

Proposition 2.4. Let h: [0, 1]2 X Q X R — R be a random real valued function such that for any w €
Q, (s,t,2) — h(s,t,w,x) is continuous on [0,1)% x R, and for any (s,t,w) € [0,1]2 x Q, h(s,t,w,)
is differentiable. We suppose that the partial derivative Ozh is continuous on [0, 1]2 X R for P-a.e.
w € Q. Then for any (s,t) € [0,1]?, any (a,b) € R? with a < b, and for P-a.e. w € Q, the integral
I fO Jg & u,w,x dLg exists and we have

s rt rb s rt
/ / / B(E, w0, 2)ALE , = / / (L0l (&, 0, W o )dudé
0 JO Ja 0 Jo
s rt s t
+/ / h(g’u’w’wd@u[’g,u_/ / h(é.?uywaa)d&,u[’g’u'
0 Jo 0 Jo

Consequently, when a and b tend respectively to —oo and oo, we get

S t S t
/ / /h(&u,w,m)dL?u = —/ / Oz (&, u,w, We , )dudg. (29)
o Jo Jr ’ 0 Jo

The relation (29) provides the definition of the integral with respect to the local time L for a smooth
random function h.
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Let (Js,t,(s,t) € D) be the process defined by

t rs rt rs
T / / / / 1 AW, AW, ..,
st o Jo Jo Jo {u<v,>(¢} u,§ v,¢

where (W ¢; (s,t) € D) denotes a real valued Brownian sheet given on an equipped probability space
(Q, F,{Fst;(s,t) € D}, P). The next result is a generalised Itd formula for two-parameter Brownian
motion.

Proposition 2.5. Let h: [0, 1]2 X Q2 x R — R be a random bounded function such that, for any

Oh Oh 9*h 9%h
(s,t,z), h(s,t,-,x) is Fst-measurable, and, P-a.e., the partial derivatives — and

ox’ ds’ 022" dsox
2h

ox3
h(57t7w7WS,t) - h(07t7w O)

_/Sgh(uthut)d //ahsﬁ,,wx) 2, e L5 (u,6) — //ahuth)dqul(ut)

// ox (u, & w, W, ugdW,5+//582 (u, &, w0, Wiy g)d ¢
/// 358x + ug h}(u €,w,2)dLE .

Proof Let p: R — R4 be an infinitely differentiable function with compact support such that
Jz p(y)dy = 1. Let (hy,,n € N) be the sequence of random functions defined by

exist and are continuous. Then

hn(s,t,w,x) :/Rh(s,t,w,z - niﬂ)p(y)dy

From Theorem 5.1 (ii) and [11, Theorem 5.3 ] applied along the line £ =constant, we have
5 0%h 1[5 9h d?h
e Wo) =5 [ gt W0 + Gt b W e
u3h ué O3
+/0 Qag(uf, W) duWoy ¢ — / / 5 agnuﬁ,w z)dg o LT (u,§)

u83h h 93h

Integrating the above equality over [0, ], we obtain

t9%hy,
_,/ / (€0, ) e LF (0,6) = 5 [ 0t (0,0, Wiy )€ (30)

0
:/0 {/0 gaah;(u§, uf)du u{}dg

"/ / / 888x h"ﬂfa;fé’ }w&waw)dz,uL%(u,g)df
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t uwd3hy, 8%hy, hn 3hy, .
:/0 {/0 (u §w, Wy ¢)duWoy ¢ df—f/ / / 8883: +uf 923 }(u,ﬁ,w,x)dL%g

Hence letting n tends to infinity, the dominated convergence theorem yields

trohn
_g/ /%(ua§7w’x)d{r,£l’§(uvg) 31

:/ot{/o zgi];(“ 0, W )duWoe | dﬁ—*/// wpt sagh}w@w 2)dILE .

Moreover, applying [11, Theorem 5.3 ] along the line ¢ =constant, it holds that

S Oh S Oh
h(s,t,w,Ws)=h(0,t,w,0) + — (u,t,w, Wy ¢)ds + — (u, t,w, Wy ¢ )du Wt
0 (98 0 ax

t [* [ Oh
~3 /0 /R%(u,t,w,x)dLuL{(u,t)_ )

Using the Green formula (see for example [5, Theorem 6.3]), we have
5 Oh t 15 9n 5 9%h
—(u, t,w, Wy ) duWy t = — W, ¢)dW, dJ,
/0 a%,(ua y W, u,t) uWu,t /(J /O 81‘(”’5700’ u,&) u,§+‘/0 ) Oz 2(“ §w uf) u,&

+/ot{/o 3233(“ &, u,s>duWu,s}d£.

Substituting (31) into the above equality, we obtain

5 0h
Oz

0
[ [ P ugqug—k//SGQ (1..00, Wy ) ¢
et [ [ L

Finally, substituting (33) into (32) yields the desired formula. O]

= (u,t, 0, Wyt )du Wt (33)

3. Regularising properties of Brownian sheet paths

In this section, we use results in Section 2.1 to show regularity properties of some averaging type
operator. We first show some bounds.

3.1. Davie type Inequalities for the Brownian Sheet

The following estimate will be be used extensively.
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Proposition 3.1. Ler W := (Ws(}t)"" 7WS(’dt); (s,t) € [0, 1]2> be a Re-valued Brownian sheet
(d > 1) defined on an equipped probability space (0, F,F,P), where F = (Fsy;s,t € [0,1]). Let
gect ([0, 12,¢c! (R2d)) such that there exists k > 0 satisfying

g(s,t,x,y) <rly|, forall (s,t,z,y)€0,1]% x R*, (34)

Let (a,e) €[0,1) x (0,1) such that a + € < 1. Then there exist positive constants o and C' such that
forall (s,s,y) €]0,1]% x RY with s < s/, (s’ — s,y) # (0,0,...,0) and all i € {1,---,d}, we have

ay/es
ly| + Vs —s

where O, g denotes the partial derivative of g with respect to one component of the third variable,
| | is the maximum norm on RY, and We := (W(at’l),-~- ,Ws(i’d);(s,t) € [0, 1]2>, respectively

S,
We = (I/V(8 D
by WS(?Z) = W(Z

s,a+et’

Bfexp (-2 ]/ Ori (5.t We gy + W3, ;t)dtD}gC, (35)

. ,W(E’d) i (s,t) €0, 1]2) is the R%-valued two-parameter Gaussian process given

respectively W( e WS( 2—1—57& — Wslg forallie{l, - ,d}.
Proof. The proof is based on the multidimensional local time-space calculus formula (27) and the
Barlow-Yor Inequality. We only prove (35) when s < s’. The proof in the case where s = s’ and
y # (0,...,0) follows the same lines.

Fix (a, ) [0,1] x (0,1) and i € {1,---,d}. Observe that for any 0 < s < s’ <1, (Wst,() <t<
1) and (W, T W§t5 0 <t <1) are independent. Then, conditionally to (W5, T W E 0 <t<1),
g(s,t Wy + W, =W, 0<t< 1) is a deterministic function of ( s1:0 <t <1). Hence,
conditionally to (Wg, , — W

(Ys1:= 5—1/2’1/17887,5; 0 <t <1) and to the function hy : [0,1]2 x R¢ — R given by

0 <t <1), we may apply (27) to the d-dimensional Brownian motion

hg(s,t,x) = g(s,t, Vea,y+ W, — §,t)-

We obtain
1
0 StW , JrW E)dt: racy/s +\/s/fs/ Op.hg (8,8, Ys)dt
ly| + /5 7—3/ z:9 Y sit fracy/sly| y O o ( 5.t)
dty() 1 dthig
= 1(s,t,Y h 1-¢Y, 1) —=
lyl+m/ 7 |y+w_s/o 177
N /1 ho(s,1— t,Y&l,t)Ys(fl)_tdt
lyl+ Vs —s o Vs(l=1)
(i)
1 Tir deYy
- LWLy +WE — WE)—2
STV y e T W= W)
1 L _ 4BY)
Ty IOVt W = W) =
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N / —t,WE Y +We i, Wse,l—t)ys(,zl)ftdt_(] Tt
ly| + Vs —s Jo Vs(1—1) S

Using Jensen inequality, one has

]E[exp( s t,We Y+ Wo s‘%)dtD}

lyl + /s _J/ “d
1
§§ (E [exp(3a|J1 \)] +E [exp(3a|J2\)] +E [exp(3oz|J3\)} ) .
Hence, to get the desired estimate, it suffices to prove that, for every k € {1,2, 3}, there exist positive

constants o, and C, such that E [exp(ay|Jg|)] < Cy. Let us start with the estimate of .J;. We consider
the martingale

(N(i) = /t 9o, Wt ¥ W = Ws) uYS(Q telo 1]).
¢ 0 ly| + Vs —s N ’

For any constant a > 0, the following exponential expansion formula holds

m=1

Elexp(a|J1|)]=E [exp (oz’Nl(i)

Applying the Barlow-Yor inequality to the martingale (Nt(i) ,t €10, 1]) (see [1]) and using (34), there
exists a universal constant ¢ (not depending on m) such that,

0<t<1
(3
- C;nmm/2E|:</1 ‘ 8 t, W t,y-I—W Ws,t) ‘th>m/2:|
lyl+ Vs —s
E
<Cevmyrmzg( [ LT Ry
lyl+ Vs —s
It follows from Holder and triangle inequalities and the definition of W that
y+Ws, m/2 y+Wa, —Wsem
(] [t ) ™) sl o [ =
ly| + Vs — s o<t<1! |y|+Vs' —s
W&‘/ _Wétm W Wt+W5a Wsam
SQmE[lJr sup st St }:QmE[lJr sup s i : ]
o<t<1t! Vs —s 0<t<1 Vs —s

d WD TG Wl Wl
(145 ol g | o e

WD - WD W —w o
<(6a" (1+§{’"/QE[0§£1 [ e ==}
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Then, since for every i € {1,--- ,d},

- i)
’—,ogtgl) and (’7,09&9)
e(s' —s Vs —s

are two standard Brownian motions starting from 0, we deduce from Barlow-Yor inequality that

D _

/ m
E[ sup St—’ } < P2
0<t<1 e(s' —s)
and
W@ @ W _ @
E[ sup |—S—" ’m] <E| sup titm <cm™2,
0<t<a s'—s o<t<i! Vs —s
Thus,
=, "B HN(Z) m} o= (6dar)™(1 4 c1)?mm™
Efexp (a| i) =1+ — <1424 — ,
m=1 m=1
L . 1 . ...
which is finite for « < —————— . Then there exist positive constants «; and C'; that do not

6dre(l+ c1)?
depend on h, a, s and s’ such that

IE[eXp (Oq |J1D] <(C.

The estimation of .J5 follows in an analogous manner. More precisely, if we consider the martingale

(ﬁ(i) ':/t g(s,1—u, WE 1— u7y+W’l = Wi duBgsz teo 1D
Yo ly| + V5" — Vs T

then we deduce from the Barlow-Yor inequality that there exist positive constants arg and C'y such that

Efexp (as | Jo|)] = E [exp (a2 ’N{")m < Cy.

Next, we estimate J3. Applying (34) and Jensen inequality, we get

] _ ()
]E[exp (ﬁ)} gE_exp (ﬁ /1 lg(s,1 -2, m(/11_;i//j_(|zf_/~_1\/;fv§’l_t)ys’l_tldt)]

I Ly + Wy 1t ng—tHYs(il)—t‘
<E ’ ’ dt
<E[ew (55 (1= OVl + V57 =5) )

r / ‘y+”f1t Wi tH Yoy ‘ dt )]
=E|exp| =
L 8 Jo ly| +Vs' —s \/s(l—t 21—t
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1 1 yJFW/l t sl t sl t dt
</ E Veeral |
/() [exp(8 ly| + Vs — s Vs(l—1) )}2\/17t

1 / SE— s)
S/o E[exp( (1—1—‘ 1\/1(;? . tm\/s 11_tt ’)]2\/?25—{

Moreover, by Cauchy-Schwarz inequality, we have

E _exp

1= WE

(3o M oy Kl

oo (o5 (1 [ it 1) )
(
(

Vs —s Vs(l—1t)

y @
W§',1ft—W§,1_t‘ ‘ Yol ‘ )}
16

VD)

‘ Woi = Wiy ’ ‘ slt ‘)}
Vie+e(l—t)s —s 161/s(1—1t)

<E|:6Xp( ’ ’lt Slt ‘ ‘ slt ‘)}
- 4\/a+51—t )s' — s Vs(l—1t)

Observe that for every ¢ € [0, 1] fixed, the random variables

k k i
wep Wt v,
Vieted—1)(s" =) s(L—1t)

are independent and normally distributed with mean 0 and variance 1. Thus

oy (3 Yoo 3y Y )
(e.k)

s d St PViifl 2 sf t
=e HE[eXp(zl‘\/ et (s’—s)‘)}E[ ( ’m‘)}

k=1

17

Hence, E [exp (J3/16k)] is finite and, as a consequence, there exist positive constants a3 and C3

(which do not depend on a, ¢, s and ") such that E[exp(as|J3|)] < Cs. This ends the proof.

O

Corollary 3.2. Letb: [0,1]2 x R? — R be a bounded Borel measurable function such that ||b||c < 1.
Let W€ be defined as in Proposition 3.1. Then for every (a,e) € [0,1] x (0,1), every (s,s’,x,2') €

10,1]2 x R?® with s < s' and (s, ) # (s',2"), we have

]E{ < an/es
ex
P |o/ — x|+ Vs —s

where o and C' are the constants in Proposition 3.1.

1
/ {b(s,t,g;’ + WS ) —b(s,t,x+ Wgt)} dtm <C,
O b b

(36)



18

Proof. We first suppose that b is differentiable and compactly supported. By the fundamental theorem
of vector calculus, we obtain

1
| / {b(s,t,a’ + WG ,) = bls,t,x + W) }dt
0

1 r1
:’ / / Vzb(S,t,IE + Wét + u(x/ — T+ Wss/’t - ng,t)) . (gj’ —x+ W§/7t — Wét)dudt‘

<Z‘/ / (s,t, W§t+x+Wsa+u(x —z+Wg, Lf’t))(xéfxiJrWse,’ifW;f)dudt‘

d
b,
SZ‘// 2 (5,4, WEy + W g2 — 2+ WE , — WE)dudt,
i—1 /0 JO Ox; ’

where for every u € [0, 1], by : [0,1]% x R?4 is the function defined by
bu(s.t,y,2) = zb(s,t.x +y + uz).

Since (Wﬁt,t € [0,1]) and W q are independent, it follows from Jensen inequality and (35) applied to
the function g, : (s,t,y,2) — Bu(s, t,y + C, z) that there exist positive constants « and C' such that

e (3 —x|+m‘/ s WE) bt W)}

d ~
1 av/es L ob,
- t E (3 _ t
d;/ x—x|—|— || G W Waa W = WE ! 2)dt) [ du
d
1 ady/es 1 8gu —~ ,
<*Z € € _We _ t’ P
=d = / / P |x’—x|+M‘/ Ox; (5,8 Weg G Wy = Wog +27 —2)d )] Wi o (dC)du
<C. (37)

When b is not differentiable, then, since the set of compacly supported and differentiable functions
is dense in L>°([0,1]% x R%), there exists a sequence (by,,n € N) of compactly supported and differ-
entiable functions which converges a.e. to b on [0, 1]? x R, and the desired result follows from the
Vitali’s convergence theorem. The proof is completed. O

Corollary 3.3. Letb: [0,1] x RY — R be a Borel measurable function such that |b(t,z)| < 1 every-

where on [0,1] x R% For (s,s',x,2') €]0,1]% x R?® with s < &/, (s,2) # (s',2'), 0<a < d’ <1 and
(z,2') € R%, define

p(s,x;8 2" /{bt;v—l—W/t) b(t,z + Wey)}dt.

Then, for every (s, s') €]0,1]% and every n >0,

P (\/§|p(s,x; s >nve(lr' — x|+ Vs — s)) <Ce ™, (38)
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where ¢ =a' — a.

Proof. Use the change of variable v = a + ¢ to obtain
a/
p(s,z;8,2') = / {b(v,a:’ + Wy o) —b(v,z+ Wsﬂ,)} do
a
1
= 5/ {bla+et,a’ + Wy giet) —bla+et,x+ Wsayer) } dt
0
Lo ~
= g/ {bg(t,x/ +W5,) —be(t,x+ Wﬁt)} dt,
0 b )
where ¢ =a/ — a and b : (£, ) —> b(a + et, ). Hence, by (36) and Chebychev inequality, we have

P(ﬁlp(s,x;s’,x’)l > VE(le — a4+ Vs =)

~*( =l )
|/ — x\ +Vs' —s
The proof is completed. O

be(t, 2 +Wg ) — gg(t,x+W§7t)}dt‘ >an) < Ce™on,

3.2. On the regularising properties of Brownian sheet paths

For any Bounded Borel measurable function b : Ry x R% — R such that |b(¢,2)| < 1 everywhere, any
nonnegative integers n, k, we define the averaging type operator T}:‘L/ . [b] defined by

17" [b)(s, ) :/ b(t, Wst +x)dt, VseRy,
k
where I,;, = [k27", (k + 1)27"]. Define also

pui(s,ais a') =T} [b(s',2') = T}, [b](s,2) = / {b(t, Wy g +2) = b(t, Wep +2)}dt, V(s,8") € R
k

The aim of this section is to provide a continuity property of the operator T}:‘; [b]. In particular, we
derive the following result which gives the modulus of continuity of p,,..

Theorem 3.4. Let b satisfy conditions of Corollary 3.3. Then there exists a subset Qg of 2 with
P(Qo) = 1 and a positive random constant Cy such that
Co(w)2—"/2 1
! / +
s,z;8,2 )(w)]| < —————|n+1o
a5, 35 2/) )] < R e

for all w € Qq, all (s,s',z,2") €]0,1)% x [-1,1]2¢ with s < s/, (s',2") # (s,2) and all choices of
integers m, k withn > 1, 0 < k < 2™ — 1, where Cy does not depend onn, k, s and s'.

} <|x’—x|+\/ s’—s) (39)
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Remark 3.5. The factor 1/+/s on the right side of (39) shows that the averaging operator TIW [b]
has a singularity of order —1/2 at s = 0. This is a consequence of the scaling and boundary properties
of the Brownian sheet.

Corollary 3.6. Let b satisfy conditions of Corollary 3.3. There exist 1 C Q with P(Q1) =1 and a
positive random constant C1 = C1(w) such that

T B a") — TV s )] < & ﬁ 1108 (1l £V ),

forall w e Qy, all (s,s',x,2') €]0,1)% x [~1,1]2¢ with s < &', (s',2') # (s,z), all sub-interval T of
[0, 1], where |I| denotes the length of I and Cy does not depend on n, k, s' and z'.

The next result follows immediately from (39) when s = s’ by integrating with respect to s over I,,p.

Corollary 3.7. Let b satisfy conditions of Corollary 3.3. There exist Qo C Q with P(Q9) =1 and a
positive random constant Co = Co(w) such that

/1 ) TV [b)(s,2')ds — / TV [b)(s, 2)ds

Ine

1
§C22_”<n+log+ )|m’—x|,
2" — x|

for all w € Qg, all (z,z') € [—1,1]?% and all choices of integersn, k, £, n>1, 0 <k, £ <2" — 1.

The proof of Theorem 3.4 is done in two steps. We start by proving the when (s,z) and (s’,2’)
are dyadic couples. Then the desired estimate will follow from a density property of the set of dyadic
numbers and a continuity lemma.

Lemma 3.8. For every € > 0, there exist a positive deterministic constant C, such that, for any b
satisfying conditions of Corollary 3.3, we can find Q1 C QwithP(Qe) >1—¢/2 and
C 2—n/2
(s, 258/, 2') )| < === [+ log™ [ (12" =l + Vs =)
S

1
|a/ — x|+ vs' —s

for all w € Q¢, all dyadic quadruples (s, s',z,x") €]0,1]2 x [-1,1]>¢ with s < &', (s',2") # (s,2) and
all choices of integers n, k withn>1,0< k <2"™ — 1.

Proof. Denote by Q be the set of dyadic quadruples (s, s, z,2’) €]0,1]2 x [—1,1]?% such that 5 < s
and (s,x) # (s',2'). Let us define

Om = {(s,sl,m,z/) €]0,112 x [-1,1)%¢: s <&, (s',2)) # (s,2), 4™ (s,s') € N? and 2" (z,2') € ZQd} .

Observe that Q,,, does not have more than 24d96dm elements and it holds Q = U Qm. For every
meN
n €N, § € QL, consider the sets

Es, ={weQ: thereexist k € {0,1,--- ,2" — 1}, m e N*, and (s,s",z,2") € Oy,

such that v/s|ppg (s, z; 8", 2')|(w) = 6(1+ n+m)27"2(|2' — x| + Vs’ — s)}.
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Then

2"—1 oo

Es, = U U ( U {weQ: \/§|pnk(s,x;s’7x’)|(w)25(1+n+m)2_"/2(|m’—x|+\/s’—s)}).

k=0 m=1 (s,8',z,2')€EQm

Let E;s be defined as

o0
Es:= | Esp-
n=0

We deduce from (38) that

o 2"—1 oo

PENSY. Y Y Y B(Vilbwk(saissa)| 260+ n+m)2 (0 —al + Vo —5)

n=0 k=0 m=0 (s,s',x,2')EQm
oo oo
< C24d Z Z 2n26dme—o¢5(1+n+m).
n=0m=0
In particular for § > &g := o~ 1(6d + 1), we have
oo o0

lim P(Eg5) < lim C24de=29 9=6dn=—m < jim 402%de0 = . 40

( 6)_(5—>oo ZZ T oo 40

0700 n=0m=0

Hence for every € > 0, there exists J: € Q4 such that P(Es_) < /2. Choose Q2 = Q \ Es_. Then
P(Q:) =1 —¢/2 and for every w € Q,

—n/2
pw@w#aﬁ@ﬂ<%“+nzfp (I — 2+ /5 — ) 1)

for all choices of n, k, m and (s,s",2,2') € Qp,.
Now, choose any quadruple (s, s’,z,2’) € Q and let m be the smallest nonnegative integer m such
that 271 < |2/ — x| + /s’ — 5. For v > m and for every i € {1,...,d}, define the sequences

sp=1—4"T[4"(1=s)], 55, =1—47"[4"(1 = &")], @y, = 27"[2"2;] and o} . = 27" [2" 2],

where [] denotes the integer part function. Observe that for every (o, 3) € R?, we have |[a] — []| <
1+ |a— 6,0 < [4a] — 4[a] <3 and 0 < [2a] — 2[a] < 1, then it holds

|sm — s, | <2 x47™ |zl — x| < \/(321_”1,
and for every r > m, we obtain
Syt —sp| <3 x 47771 |sh 1 — sy <3 x 47 gy — 2| < V27" and |2y 1 — 2| < Vd21,

It follows from the definition of p,,;, that

pnk(57 x; SIa xl) = pnk(sa T3 Sm;, ‘rm) + pnk(smv Tm; S;’m xlm) + pnk(S;nv x;n; S/v ‘r/)' (42)
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Moreover for every integer ¢ > m + 1, we have

/ 2 Y N / I
pnk(qurlvqurl,smvxm) - Z pnk(3r+1’xr+175rax'r) and

r=m
q
Pnk(smaxm§5q+laxq+1) = Z Pnk(sraxr§3r+la$7‘+l)a
r=m
from which we deduce that
o0
Pnk(S o 75m’ m Z Prk(s r75;~+17x;*+1) and pp (Sm, Tm; s, ) = Z Pk (Sr41,Tr41; 87, Tr).
r=m

The above equalities come from the fact that for some integer ¢ > m + 1, we have s/r =4, s =s,

2, =z and 2}, = 2’ for all 7 > q. Using (41), (42) and the fact that s/. > s, > s for r > m, we obtain
that for every w € €,

22| g (s, ') (w)]
r=—m r—m

o0
<on/? <|pnk<sm,xm,s¢mxm> 1+ S Iome(sranarsnisma)@)] + 3 |pnk<s;,z;;s;ﬂ,x’r+l><w>)

(1+n+m)__ = (24n+r) ., (24+n+7r) 1
<AVds.~————L27™ 1 4/d6 el AV, Yy S ——27
e S E,,,;n Srrl €

T' m 'f'

§4\/355(1+n+m 2_ 8f(s n+l 22_7, 1 8\/>(S Z( +1)2_7,._1
Vs Vs Vs =
o0 o0
Using the facts that >, 277 =2"™ Y 217" = (2 4+ m)21=™ and 2771 < |2/ — 2| +
r=m+1 r=m+1

Vs — s <27, we obtain

36/ dd, 1

2n/2 ‘pnk(sl,x/;s,xﬂg \/>5(\n/;_m+ )2—m
108dde 1
< 1+n+log™ ](x/—a: —l—\/s’—s).
Vs & |a' — x|+ Vs —s | |

The result follows by taking C. = 108d/.. O

Subsequently, 1;; denotes the indicator function of a given Borel set U and |U| denotes the Lebesgue
measure of U, when there is no confusion.

Lemma 3.9. For all € > 0, there exists 1z > 0 such that, if U C (0,1) x R is open and satisfies
|U| < ne, then

IP’({\/E/; 1y (8, Wey +2)dt <e, ¥ (s,2) €]0,1] x [-1, 1]d}) >1 e
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Proof. For every n € N*, let

On={(s,s",2,2") € Q: |2’ — 2|+ Vs —s< Vida2l—ny,
It follows from Lemma 3.8 that for every € > 0, there exists a deterministic constant C, such that for

any Borel measurable real valued function ¢ on [0,1] x R? satisfying || < 1, we can find Q. with
P(Qe) >1—¢/2and

V1o (5,26 o) ()] =5 / [o(t, 2!+ Wy 1) — otz + Wag) b dt
Ink

_ 1
<C.27"/? (n +log™ oot m)ﬂx’ —z|+ Vs —s)

<2VdC: (1 +log™ (|2 — 2| + Vs — 3)1/3712_7”/6 < K.n2-™/6

=)
|a' — x|+ Vs —s

for every w € Q, every (n,k) € N2, 0 <k < 2" — 1 and every (s,s',x,2') € Oy, where K. =

o0
2VdC: sup [1+log™(1/¢)] ¢1/3. Now, take m such that K. 5 n27"/6 < £/2. Let us consider
CE]OJ] k=m
the set of dyadic numbers
d
T ={k4™ k=0,1,...,4™} x {—1+£2—m 0=0,1,2, - 72m+1} .

Let 6 be small enough. Then for any bounded Borel measurable function ¢ : [0, 1] x R% — R such that
||Q0||L2d([0,1]><]1§d) < 5, it holds that

e
]P’(‘ f k\/§<p(t,:c+Ws,t)dt‘z T2

5
) = Qm—i-l#(jm)

for some k and (s, ) € Jpm, where #(J,) denotes the number of elements in Jy,. Indeed, if we set
g(s,t,y) = (2mst)~ % 2= 1yl?/2st then by Markov inequality and Holder inequality, we have

9

§(2m+2/5)]EH /1 Vs <p(t7:c+Ws,t)dtH

1
<@/ [ et latet) dya

1—L

§(2m+2x/§/€)(/01 /RdIw(t,m+y)l2ddydt>21d(/{)I/Rdg(sat,y)ﬁdldydt) “

<(2"+2e(d) /)|l 20 1] ey < (27 F2e(d) 2)6,

2d ___d
since [pa g(s,t,y)24-1 dy = c(d)(st) 24-1), where ¢(d) is a constant that depends on d.
Hence, it suffices to take & such that § < €227 73 /¢(d)#(Jm) to get the above claim. Therefore, we
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have

]P’(’/I Vst o+ Wsy)dt <2m%,\1k6{0,1,...,zm,1},\1(s,x)ejm) <1-—¢/2.

mk
Let U C [0,1] x R? be an open set such that |U| <n:= 6%¢ and consider a non-decreasing sequence
(¢r)ren of continuous nonnegative functions on [0, 1] x R¢ that converges pointwise to 177. Observe
that for every r € N, <,07~HL2d([0 1]xRe) < 0 since 0 < ¢, < 1p. Let r € N and define the events A,
and B, by
Ay = {

Vsor(t,x + W57t)dt‘ < Zm%’ Vk,V(s,x)€ jm}

‘ Imk
and

Beim{ | V5 [prlt,a! + W) = or(t,z+ Wig)] dt < Ken2 ™5, Vi € N*, Wk, ¥ (5,5, 2,2) € On }.
I

nk

Then P(4,) >1—¢/2,P(By) >1—¢/2,P(A, N By) > 1 —¢ and for any w € A, N By,

1 om 1
’/ Vagr(t e+ W)@ < Y ‘/ Vaon(ta+ Weg)@)di] <e/2, V(s.2) € Ton,
0 k=0 Imk
(43)

and

1
‘ /0 Vs{pr(t, 2 + Wy 1) — or(t,x + Ws,t)}(w)dt’ (44)

2" —1
< Z ‘/ \/E{cpT(t,x/ + Wslyt) —or(t,z+ Ws,t)}(w)dt‘ < K5n2_”/67 V(s,s/,x,x/) € O,.
k=0 71

nk

For a fixed s €]0, 1], let (sp,n € N) and (2, n € N) be given respectively by s, =1 —47"[4"(1 — s)]
and x; , = 27" [2"x;] forevery i € {1,--- ,d} and n € N. Since (S, Zm) € Tm» (Sn41,5n: Tn, Tnt1) €
Oy, and s, > s, we deduce from (43) and (44) that for any w € A, N By,

’\/E /01 otz + Ws,t)(w)dt‘

1 © 1
V3| [ orltsmm+ W)@+ 3 V5| [ {ortnrs & W) = orltian + Wa 0} )
0 n—m 0
1 el 1
<V [ erltam+ W )@l + Y VEr | [ er(tane + War ) = erltn+ W, 0} )]
n=m

(o]
<e/2+ K. Z n2—n/6 <e/2+¢e/2=¢.

n=m

Define the set D,. by

D, := {w c0: \/E/Ol or(t,x + Wi i) (w)dt < e,V (s,z)€]0,1] x [—1, l}d}.
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Then, one sees that A, N B, C Dy and thus P(D;) > 1 —e. We set D = (), oy Dy Since (07)ren

is non-decreasing, (Dy),cn is non-increasing and as a consequence, P(D) > 1 — . Moreover, by the
Beppo-Levy theorem

1 1
lim \/E/ gpr(t,x+Ws,t)dt=\/§/ 1y (t, x4+ Wsyg)dt
0 0

r—00
and then
1
Dc {w €Q: \/E/ 1y(t,x+ Wsyg)dt <e, VY (s,z) €]0,1] x [—1, l}d},
0
which yields the desired result. O

The next result shows that the two-parameter Wiener process regularises the averaging operator
T[‘(/)V” [b] for any bounded Borel measurable function b.

Lemma 3.10. Let b satisfy conditions of Corollary 3.3 and let (sy,, xn)nen be a sequence in |0, 1] x
[—1,1)% that converges to (s, x), where s > 0. Then

n—o0

1 1
lim / b(t,xn +Ws, ¢)dt = / b(t,x + Wsy)dt, P-a.s. (45)
0 0

Remark 3.11. Notice that the above result which is key to prove the regularisation by noise is not
valid if one replaces the Brownian sheet by any two dimensional continuous function. For example,
consider the function w : [0,1]? — R defined by

1 —exp ( - ﬁ) if (s,t) € [0,1[x]0, 1],

1 otherwise.

w(s,t) =

Then w is continuous. Let b be the usual integer part function on [0,1] and consider the sequence
(sn,n € N) defined by sp, =1 — 1/n. Then li_>m sn=1and
n—oo

1 1
lim b(w(sp,t))dt=0#1= / b(w(1,t))dt.
0

n—oo 0

Proof of Lemma 3.10. For every r € N, set ¢, = 27" and consider the corresponding 7, := 7., of
Lemma 3.9. By Lusin’s theorem applied to each r € N, we can find a function b, € C([0, 1] x R%) and
an open set U, C [0,1] x R such that

16rllco <1, |Up| <np, br(t,z)=0b(t,x) forall (¢,z)¢ Up,.

By Lemma 3.9, there exists a subset €2, of © with P(,.) > 1 — &, such that for any (s,z) €]0,1] x
[_17 1]d’

Er

\/g?

1
/ 1y, (t,x + Ws’t)dt < on .
0
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Next, observe that for any » € N,

1 1 1
/ b(t, T+ Ws,t)dt = / blUT (t, T+ Wsﬂg)dt + / b]-Uﬁ (t7 T+ Ws’t)dt
0 0 0

and

1

1 1
/ by (t, T+ Wsﬂg)dt = / brlUT (t, T+ Ws,t)dt + / brlU?g (t, T+ W57t)dt,
0 0 0

where U¢ = ([0,1] x R%) \ U,.. Hence, we have

1 1 1
/br(t,x+Ws,t)dt—2/ 1Ur(tw+Ws,t)dt§/ bt,z + Wsz)dt
0 0 0
1 1
g/ br(t,x+Ws7t)dt+2/ 1y, (¢, + W ¢)dt.
0 0
(46)

Now, let (s, & )nen be a sequence in [0,1] x [—1,1]¢ that converges to (s,z). We deduce from (46)
that, on €.,

1 % 1
/btm+WSt dt——</ br( tm—|—W5t)dt—7<hm1nf/ b(t, xn + W, ¢)dt
0

n—-+0o

1

1 1
4 2
/ b(t, o + Wi g)dt + —L > / be(t, + Wi g)dt + == >Timsup [ b(t,zp + Wi, ¢)dt
0 \/g 0 \/g n—+oo J0

Define

(o) o0
Qoo 1= liminf QO = U ﬂ Q.
g=1r=q

[ee)

Then since P(2,) > 1—¢, and Y &, =1, it follows from the Borel-Cantelli lemma that P(Qoo) = 1.
r=1

Moreover, on {2+, one has

1 1 1
limsup [ b(t,xn + W, ¢)dt < / b(t,x + Ws4)dt < liminf [ b(t,zn+ W, )dt
0

n—+oo J0 n—+oo Jg
This completes the proof. O
Proof of Theorem 3.4. We deduce from Lemma 3.8 that for every r € N, there exist a positive deter-

ministic constant C;. such that for any Borel measurable function b satisfying conditions of Corollary
3.3, one can find V. C Q with P(A;.) < 277! and

Cr2—"/? 1
s,z 8 2 ) (w) < —————|n+log™T ](m'—x —|—\/s’—5),
Prk( )(w) < 7 Y | |
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for every w € Q \ NV;., every (n, k) € N2,0 < k < 2" — 1 and every (s, ', z,2') € Q. We define

Noo = h,fiso%er = ﬂ U N

r=1/0=r

o0
Since > P(N;) < 1, then P(Noo) = 0 and for any w € Qo = Q \ N, there exist r,, € N such that
r=0
w € Q\ Ny, for all £ > r,,. In particular for a given Borel measurable function b satisfying conditions
of Corollary 3.3,

C 2—n/2
pnk(8,$;8/7$/)(0.)) < % n+10g+
S

) @

for every w € Qg, every (s,s',z,2’) € Q and every (n,k) € N2, 0 <k < 2" — 1. Now, fix w € Qo, n €
N, k€ {0,1,---,27 1}, (s,8',z,2") €]0,1]2 x [-1,1]% with s < &/, (s,2) # (s',2'). Let (8¢, T¢) gen
(respectively (sg,2q,q € N)) be a sequence of dyadic numbers in [0,1] x [~1, 1] that converges to

(s,z) (respectively (s',2’)). Suppose without loss of generality that for every ¢ € N, 0 < s¢4 < Sg+1
and 551-1-1 < sfl. Using (47), we have

Cyp, 27?2 1

V3q

pnk(Sanq;slqvx/q)(w) S [n+10g+

\/T} (15 = zal + /s = 54)

|2y — xql + /84 — 8¢

for any ¢ € N, any w € g, any b and any (n, k). We deduce from Lemma 3.10 that there also exists
Qoo C Q with P(Qso) = 1 such that for any w € Qoo

i puk(sg, 243 5, 04) (@) = pk 52/ ().

Hence for any w € Qg = Qo N Qoo

Pk (S, T; Sla x/)(w) = qll{go Pnk(sq, Lqs S:p xil)(w)

27 1/2 1
< gm L[n+log+ }(\ngzq|+,/sflfsq>
o0 y/Sq |z — gl + /54 — 8¢
—M[TL+IO+ 1 :|<“T/*(£|+ /3/78)
Vs 8 |2/ — x|+ Vs —s .
The proof is then completed by taking Cp(w) = C., since P(Qp) = 1. O

Proof of Corollary 3.6. Let I = (a,a’), with 0 < a < a’ < 1. For every v € [0,1], set T;/V = T[‘(/)VW].

Suppose first that (a,a’) is a couple of dyadic numbers. Let n be the smallest non-negative integer such
that 27"~ < |a’ — al. For every £ > n, choose a; (respectively ajy) to minimise |a — ay| (respectively
la’ — aj|) under the constraint 2a, € Z (respectively 2‘a) € Z). Then (an,a},) is a couple of real
numbers that are either equal or dyadic neighbours. A similar assertion is valid for (agp,apy1) and

(ap,ay,,)- Since (ag, £ > n) (respectively (aj,¢ > n)) converges to a (respectively a’) as ¢ goes to
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infinity, we have

T bl 2" TV bl (s, )| =

T [Bl(s'2") = Ty [b(s,2) = 0" [b)(s, ") + T, [b](s’w)’

a

<TI0 = T b)) = TaY (s o)+ TY ) s, )|
55
{=n

5

{=n

We deduce from Theorem 3.4 that

T )’ 2') = Ty [Bl(s, @) — Tor [B(s', ") + Ty, [b) (s, x)‘

a an
x|+ \/s’—s)

Tay [B1(s'2") = Tgy [bl(s,2) = Tay,, [0)(s", ') + Tay.,, (0] (s, x)‘

T;,: [b](s',2") — T;Z/[b](s,x) - TV,VH [b](s',2") + TV’VH [b](s,m)’ .

002—71/2
< 0=
S NG

and, for every £ > n,

[n—&-log"' ! }<|x'—
|a' — x|+ Vs —s

Tay D), 2") = Ty [B)(s,2) — Toy 0], a) + Ty, [B) (s, J;)‘

[

002—(f+1)/2
= —

R

{+1+log™ !
[—i_ s |/ — x|+ — s

and

TV b)(s',2") — T;/‘,Z/ [b](s,2) =T [b](s',2") + TaVQV+1 [b](s, @‘

@y Gpy1
N NG |a' — x|+ Vs —s

Thus, as f 2742 = (2 +1)27"/2 and f (C+1)2782 = (24 1) 3+ V2 +n)2~ /2
l=n+1 l=n+1

[€—|—1+10g+

|x'—x|+\/s’—s>.

Tl 0~ T (s, )|

Cp2-1/2 i 1 ,
<0 _ r_
<= st s (el V)
+ @Ox/ —z|+ Vs — s) i2_(€+1)/2 {f—&— 1+log™ ! }
Vs — |2/ — x|+ Vs —s
31Cy2~ /2 1
<= |1+4n+logh ' —z|+Vs —s
Vs { 5 |x’—x|+\/s’—s}(| | )
64Cy |a'fa|[ 1 1
<—V = |l+logm —— +1log™ }(m'—x —|—\/5’—s).
B Vs S —a |2/ — x| + Vs —s | |
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The desired inequality follows by taking C1 = 64CYy. The result in the general case follows from the
continuity of the map v — T;/V [5]. O
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