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Abstract. We determine the anomalous dimensions of the gluon, Faddeev-Popov ghost and
quark in the minimal MOM scheme to five loops for a general colour group when Quantum
Chromodynamics is fixed in a linear covariant gauge. The quark mass anomalous dimension is
also constructed in the same scheme.



1 Introduction.

High order loop calculations in perturbative quantum field theory are carried out with respect
to a renormalization scheme. Invariably the main scheme of choice is the modified minimal
subtraction (MS) scheme, [1, 2]. It is defined by the prescription that at the subtraction point
of a divergent n-point function in a renormalizable theory the singularities of the Laurent series
in the regularization parameter are absorbed into the renormalization constant for that Green’s
function, [1]. In addition a specific finite part, which is 4re™ where 7 is the Euler-Mascheroni
constant, is also removed, [2]. The main benefit of the MS scheme is that high order loop
calculations can be pushed to extremely high order analytically. Several impressive examples
that illustrate this in recent years are the five loop B-function of Quantum Chromodynamics
(QCD), [3, 4, 5, 6, 7], and the renormalization of scalar ¢* theory at seven loops, [8]. While
this level of precision for QCD has been crucial for phenomenology studies, the MS scheme is
in one sense a universal scheme. This is because in that scheme the choice for the momentum
configuration of the divergent n-point function where the renormalization constants are defined
is virtually free. The only places where one has to be careful are configurations which are termed
exceptional where techniques such as infrared rearrangement, [9, 10, 11, 12], have to be employed.
In other words the MS scheme is not tied to any kinematic property of the n-point function.
By contrast kinematic schemes are connected to non-exceptional momentum configurations and
information concerning specific properties of the subtraction point are reflected in the structure
of the renormalization constants. A well-known set of such schemes are those provided by
Celmaster and Gonsalves in [13, 14] for the renormalization of QCD. In the three different
momentum subtraction (MOM) schemes, each based on one of the 3-point vertices in the QCD
Lagrangian, the respective vertex functions are evaluated at the fully symmetric point. This
is where the square of each of the external momenta are all equal to each other. Then the
renormalization prescription is that at this symmetric configuration the renormalization constant
is chosen so that there are no O(a) corrections where a = g?/(167?) and g is the gauge coupling
constant. While this scheme has a phenomenological origin other schemes have been introduced
to accommodate certain issues.

One such scheme is the minimal momentum subtraction (mMOM) scheme that was in-
troduced in [15] to exploit and extend a particular fundamental property of QCD that was
originally observed by Taylor in [16]. More specifically it was proved in [16] that the gluon-ghost
vertex function is finite to all orders in the Landau gauge. One consequence is that the MS
QCD p-function can therefore be deduced from the Landau gauge values of the gluon and ghost
anomalous dimensions, [17]. However to ease the numerical and financial aspects of making mea-
surements of lattice regularized quantities in QCD the mMOM scheme was developed in such
a way that the non-renormalization of the gluon-ghost vertex was maintained for an arbitrary
linear covariant gauge, [15]. Although initially defined for lattice regularization of QCD it has
a continuum spacetime analogue which was given in [15]. In particular the mMOM S-function
was computed to four loops, [15], with the field anomalous dimensions together with the quark
mass anomalous dimension following later in [18]. These renormalization group functions were
required for studying the conformal window properties of QCD and the associated critical ex-
ponents at the Banks-Zaks fixed point that was discovered in [19, 20]. One property of a fixed
point of the S-function is that the critical exponents, derived from evaluating the anomalous
dimensions at the fixed point, are renormalization group invariants. In other words they are
scheme independent. Therefore the four loop mMOM anomalous dimensions were needed to
study the convergence of critical exponent estimates [21, 22]. Given the continued interest in
such conformal window studies for gauge theories, [21, 22, 23, 24], and theories beyond the Stan-
dard Model coupled with the extension of QCD renormalization group functions to five loops,



the aim of this article is to provide the mMOM field and quark mass anomalous dimensions to
the same order. In [25] only the five loop mMOM p-function was presented and then used to
determine the R ratio in that scheme to a new loop order. Other phenomenological applications
of the mMOM scheme were discussed in [26, 27]. However, using data provided in [25] we have
been able to determine the mMOM field and quark mass renormalization constants to four loops.
Knowledge of these will then allow us to deduce their five loop mMOM anomalous dimensions
from a particular property of the renormalization group. In addition the anomalous dimensions
are also needed for a parallel study of the fixed points of QCD, including the Banks-Zaks one,
in mMOM, [28]. That article examines the fixed point structure in a variety schemes, such as
the MOM ones of [13, 14], as well as QCD fixed in both linear and nonlinear covariant gauges.
The mMOM aspect of that work relies importantly on the separate five loop results provided
here.

The article is organized as follows. We review the basics of the mMOM scheme in Section 2
as well as outlining the renormalization group formalism we use to extract the five loop mMOM
renormalization group functions. The full results are recorded in Section 3 and concluding
remarks are provided in Section 4.

2 Background.

The defining criterion for the mMOM scheme is that the non-renormalization of the ghost-
gluon vertex in the Landau gauge observed by Taylor in [16] is preserved for a non-zero linear
covariant gauge parameter. In practical terms this translates into a condition between the
relevant renormalization constants associated with that vertex which is, [15],
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where Z,, Z 4 and Z, are the respective renormalization constants for the gauge coupling constant
g together with the gluon and the Faddeev-Popov ghost fields. Each is labelled by the scheme in
which the basic variables a and the covariant gauge parameter « are in. The MS renormalization
constants have been determined to five loops [3, 4, 5, 6, 7, 17, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38]
over many years. For the mMOM scheme the gluon and ghost renormalization constants are
defined in the same way as their counterparts in the MOM scheme of [13, 14]. As one determines
the mMOM field renormalization constants order by order in the loop expansion then Z;HMOM
is deduced iteratively via (2.1). This procedure was applied in [15] to determine the four loop
mMOM gS-function with the anomalous dimensions of the gluon, ghost and quark as well as that
of the quark mass provided in [18] to the same loop order. In practical terms to find the four
loop mMOM results the 2-point functions of the fields were computed to three loops using the
MINCER package, [39, 40]. At a technical level the 2-point functions were computed as a Laurent
expansion in the dimensional regularization parameter € where d = 4 — 2¢. Such an expansion
is necessary to ensure the correct finite part emerges as one applies the mMOM renormalization
conditions to find the renormalization constants. Once the three loop mMOM renormalization
constants have been determined then the four loop anomalous dimensions can be deduced from
a property of the renormalization group equation.

To illustrate this we recall the basic relation of the field renormalization constants to their
associated anomalous dimension in the specific scheme that they have been determined in, such
as either the MS or mMOM schemes, is
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where ¢ € {A, c,1} noting that

Yola,a) = |B(a,a)

0ln Z, 8ana}_ (2.3)
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for the renormalization of the gauge parameter in general. In a linear covariant gauge fixing
Z4 is unity whence the latter relation for the anomalous dimension of « is trivially related to
va(a, ). Our convention for the relation between the renormalized and bare, denoted by o,
parameter is

o = Z ' Zaa. (2.4)

Examining (2.3) it might appear that there is a singularity when the denominator vanishes.
This can only occur if Z, = Aa where A is an arbitrary non-zero constant. However as this
is independent of the coupling constant and does not commence with unity in a perturbative
expansion then the denominator of (2.3) will never vanish. We have taken a general position and
included « as an argument of the B-function. In the MS scheme the B-function is independent
of the covariant gauge parameter, [1]. With (2.2) and defining the conversion functions for the

two schemes of interest by
ZmMOM

_ T
¢
where the variables of the conversion functions will always be in the MS scheme, then it is
straightforward to relate the anomalous dimensions in one scheme with those in the other fol-
lowing a similar approach given in [41]. This leads to
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where we label the variables and functions by their scheme. The final stage requires one to
map the MS variables on the right side to their mMOM partners to ensure the expression is a
function of the correct variables. This is achieved by recalling that the relations between the
coupling constant and gauge parameter in each scheme are given by
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The explicit expressions can be deduced once the respective renormalization constants are avail-
able at the required order. The key property of (2.2) that allows us to determine the five
loop mMOM anomalous dimensions is that the mMOM renormalization constants are only
needed to four loops which can be seen by examining the a dependence of each term in
(2.6). More spemﬁcally the first term on the right side of (2.6) is available to O(af) as are

gMS (aszs) and Y218 (agrg, a575). However examining (2.5) and using the exphclt expressions
for ZmMOM that we will deduce at O(aL) momentarily, means that 5=— Barrs In Cy (ays, o3pg)

and 32— In Cy (agg, oyg) will be available to O(a—) and O(a—) respectively. As the leading
MS

terms of gMS (agrg) and ! (GMS’O‘MS) are O(a—s) and O(agpg) respectively then when the

combinations of the final two terms of (2.6) are compiled the O(aM—S) coefficient of each anoma-

lous dimension is known. Therefore all that remains in this exercise is to determine the four
loop mMOM renormalization constants.



This can be achieved relatively straightforwardly from the data presented in [25]. In [25]
the expressions for the 2-point functions as well as the 3-point vertices, where there was a
nullified external momentum on one of the fields, were presented as a function of the bare
parameters. Moreover the Laurent expansion in powers of € was given to four loops. This was
determined via the FORCER algorithm, [42, 43], and formed the basis of calculating the five loop
MS renormalization group functions of QCD. Since the expressions are available in terms of
bare parameters there is sufficient data for the four loop mMOM renormalization constants to
be found through the scheme prescription described earlier. In extracting these and converting
them to the renormalization group functions in the mMOM scheme using FORM, [44, 45], we have
verified the four loop expressions given in [18]. We have carried out the same procedure for the
quark mass anomalous dimension. In this instance we made use of the four loop renormalization
of the quark mass operator provided in [46]. The operator was renormalized in that article
in the RI' scheme which is a scheme underpinning the matching of lattice field theory results
to continuum perturbation theory. In particular the operator was inserted in a quark 2-point
function at zero momentum. While the MS mass dimension has been known to five loops in the
MS scheme for several years now [36, 37, 38, 47, 48, 49, 50, 51], the finite part of the Green’s
function was not available at four loops in terms of bare parameters to high enough order in the
€ expansion to implement renormalization in schemes whose prescriptions require finite parts to
be absorbed into the renormalization constants. As this is the case for our mMOM analysis we
have used the results of [46], where the quark mass operator was inserted at zero momentum
in a quark 2-point function, to determine the four loop quark mass renormalization constant in
the mMOM scheme.

3 Results.

Having established the formalism and strategy to extract the five loop mMOM renormalization
group functions we devote this section to recording the various expressions. In evaluating Green’s
functions to higher loop order it is well-known that the number of Feynman graphs increases.
As a consequence the resulting expressions become larger in QCD due to additional colour
group factors being introduced through new graph topologies such as diagrams that involve so
called light-by-light structures. Therefore we illustrate the essence of our results by recording the
relevant expressions for the SU(3) colour group in the Landau gauge. The full gauge dependence
for SU(3) is given in the Appendix while we provide the expressions for an arbitrary colour group
in a data file associated with the arXiv version of this paper. First, we record the four conversion
functions are
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for the quark mass renormalization where (, is the Riemann zeta function and Ny is the number
of quark flavours. One minor check on the derivation of these expressions is that they are finite
with respect to e given that they derive from the ratio of four loop renormalization constants.

The conversion functions coupled with the five loop MS anomalous dimensions derived in
[5, 7, 36, 37, 38| for an arbitrary colour group mean that we can extract the corresponding
mMOM expressions to the same loop order via (2.6). Again restricting to the case of Landau
gauge and the SU(3) group we arrive at our main results which are
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where the variables are in the scheme indicated by the label on the renormalization group
function. While we have recorded the Landau gauge expressions for the field and quark mass
anomalous dimensions an independent check on our formalism and results is that we have re-
produced the five loop mMOM g-function for non-zero o and a general colour group. Although



the Landau gauge result was provided in [25] the full gauge dependent result was given in the
associated data file of the arXiv version of that publication. We have reproduced this precisely
for all & which means we have used the correct mapping of the mMOM values of a and «a to
their MS counterparts, and their inverses, in applying the equation analogous to that of (2.6)
for the S-function. The same data file contains the coupling constant map, which we have in-
dependently verified, but that for the gauge parameter was not available. For completeness we
record the SU(3) version for that mapping in the Appendix for a # 0 in our conventions. The
full colour group expression is available in the arXiv data file associated with this article.

4 Discussion.

To summarize we have derived the renormalization group functions for the gluon, ghost and
quark in QCD at five loops in the mMOM scheme as well as the quark mass anomalous dimension.
With the five loop mMOM S-function of [25] the set of core QCD renormalization group functions
in that scheme is now complete since the running of the linear covariant gauge parameter is
given by — q/glMOM(a, a). Although the S-function is ordinarily of primary importance since
it governs the running of the gauge coupling constant, with applications to phenomenology
[25], the anomalous dimensions are important for conformal window studies, [21, 22, 23, 24].
These can now be extended to higher order in relation to the known Banks-Zaks infrared fixed
point in the mMOM scheme. While the conformal window has been studied at length in the
case of the SU(3) group due to the connection with the strong force of the Standard Model,
our results for an arbitrary colour group mean that the properties of gauge groups can be
explored. Moreover, such investigations are not limited to the case where quarks are in the
fundamental representation since the properties of the conformal window can be explored for
other representations that will have applications for beyond the Standard Model physics. For
instance there have been several lattice studies of some of these issues that have relied on
the perturbative mMOM renormalization group functions, [52, 53]. In the former article the
conformal window was examined in SU(2) when there are three Majorana fermions in the
adjoint representation with the aim of understanding the scaling dimensions of bound states in
the theory. By contrast in [53] the mMOM scheme results were also of importance in exploring
ideas concerning lepton compositeness in the Standard Model. So five loop mMOM expressions
should assist with improving the precision of such analyses.
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A Gauge parameter dependent expressions.

We devote the Appendix to providing the full gauge dependence of the SU(3) anomalous di-
mensions so that the degree of the polynomial coefficients in o at each loop order is manifest.
We have
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for the three fields of the Lagrangian. The mMOM scheme quark mass anomalous dimension is
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for the field conversion functions while we have
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for the quark mass conversion function. Finally the SU(3) gauge parameter mapping is
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