Robust risk-sensitive control
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Abstract

We introduce a risk-sensitive generalisation of the mixed Hs/H,, control
problem for linear stochastic systems with additive noise. Two criteria of
exponential-quadratic form are used to generalise the usual quadratic crite-
ria. The solutions are found in a linear state-feedback form for both the finite
and the infinite horizon formulations in terms of coupled Riccati differential
and algebraic equations. A change of measures for both criteria and comple-
tion of squares method is used to derive the solutions, and explicit sufficient
conditions for the admissibility of controls are derived. An application to
the problem of robust portfolio control in a market with random interest rate
subject to a disturbance is also given.

Keywords: Stochastic mixed Hs/H,, control; Risk-sensitive control;
Robust portfolio control.

1. Introduction

Let (Q,F,(F(t),t > 0),P) be a given complete probability space on
which a d-dimensional standard Brownian motion (W (t),t > 0) is defined.
We assume that F(t) is the augmentation of o{WW(s)|0 < s < ¢} by all the
P-null sets of F. Consider the following linear stochastic control system:

!The College of Energy and Electrical Engineering, Hohai University, Nanjing, China;
Email: Huahcl16@tsinghua.org.cn.

2Department of Mathematical Sciences, The University of Liverpool, Liverpool, L69
7ZL, UK; Email: Bujar.Gashi@liverpool.ac.uk.

3Postdoctoral Research Center, Guangdong Yuecai Investment Holdings, Guangzhou,
China; Email: moyu_zhang0728@163.com.

Preprint submitted to I. J. Robust and Nonlinear Control February 23, 2023



( da(t) = [A()z(t) + By(t)u(t) + By(t)o(t)|dt + A ()dW (t), >0,

2(t) = . V>0,

z(0) = xo € R" is given.

\

Here z(-) is the state of the system, u(-) is the control process, v(-) is the
disturbance, and z(-) is the output of the system. We assume that:

A() € L®(0,T;R™™),  By(-) € L*(0,T3R™™),  By() € L*(0, T3 R™™),

A1<-) € LOO(()’T; ]RnXd), C() c LOO(O,T;Rmcxn), D() e LOO(O,T; ]Rmdxn“),

where L>°(0,T'; E) denotes the set of all E-valued uniformly bounded func-
tions. The control process u(-) and the disturbance v(-) are assumed to
be adapted square-integrable processes, and that ensures (1.1) has a unique
strong solution. Further consider the following two quadratic criteria:

L(u(),v() = ]E[/OTZ’(t)z(t)dt}, (1.2)
B(u()o0) = E| /OTw%'(t)v(w—z'(t)z(t))dt], (13)

for some positive 6. The linear state-feedback stochastic mized Hs/Ho con-
trol problem is to find the optimal pair (u*(-),v*(:)) of the optimal control
u*(+) and of the worst case disturbance v*(-) that are a Nash equilibrium, i.e.
that satisfy the following two inequalities:

. . 1.4
(-);v()). (1.5)

Inequality (1.4) indicates that «*(-) minimizes the quadratic cost of the out-
put (i.e. the output energy) under the worst-case disturbance, and this cor-
responds to the “Hy” part of the problem. Inequality (1.5) ensures that
under the worst-case disturbance the effect of the disturbance on the output,
as measured by the quadratic cost I, is bounded, and this corresponds to
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the “H.” part of the problem. This problem was considered in [31] where
initially the case of a deterministic system was solved, i.e. the case when
Ay(t) =0 for all ¢ > 0. Such a case admits an explicit linear state-feedback
solution in terms of a pair of coupled Riccati differential equations. In [31] it
was further shown that such a solution is also the solution to the stochastic
case, which in particular means that the Nash equilibrium (u*(-), v*(+)) does
not depend on the stochastic noise intensity A;(-).

There have been many further developments on the stochastic mixed
Hy/H,, control problem. The emphasis has been on the nonlinear systems
and systems with multiplicative noise (see, e.g., [8, 32, 50, 51, 48, 49, 25])
as well as applications (see, e.g., [24, 23, 22]). However, the criteria in these
further developments have remained quadratic. On the other hand, another
well-known branch of control theory is the risk-sensitive control. Here the
optimality criterion is of exponential-quadratic form. The risk-sensitive con-
trol problem for linear stochastic systems with additive noise was introduced
by Jacobson [26] who found an explicit closed-form solution in a linear state-
feedback in the case of full observations. For risk-sensitive control with partial
observations see, e.g., [3, 7, 40|, for discrete-time systems see, e.g., [46, 47], for
connections with robust control see, e.g., [20, 44, 14, 40], for the risk-sensitive
maximum principle see, e.g., [30, 27, 35], for the risk-sensitive control of
mean-filed systems see, e.g. [35, 36, 33], for the Hamilton-Jacobi-Bellman
equation of risk-sensitive control see [37], for the risk-sensitive differential
games see, e.g., [2, 13, 21, 34, 38, 42, 43], and for more general exponential
criteria that admit explicit closed-form solutions see [9, 10, 16, 19]. The risk-
sensitive control is particularly suitable for optimal investment problems, see,
e.g., [15, 4, 11, 9, 16, 12, 19].

In this paper, we generalise the linear state-feedback stochastic mixed
H,/H, control problem by replacing the quadratic criteria (1.2) and (1.3)
with the following two exponential-quadratic criteria:

Ti(u(), () = iE{exp %/OTZ'(t)Ml(t)z(t)dtH, (1.6)

§a!

nu()00) = e fen|Z [ @ - omnswa]

V2 0

where 71,72 € R and

My (), Ma(-) € L(0, Ty ROmetmal<tmetmaly = N (.) € L2(0, T; R™>™),



are given symmetric matrices. The aim now is to find a Nash equilibrium
(u*(+),v*(+)) that satisfies the following inequalities:

Ji(u(-),v"()), Vu() € Ay (L.7)
Jo(u(+),v(+)), Vou(:) € A,. (1.8)

ININA

for some suitably defined admissible sets of linear state-feedback controls
and disturbances A, and A,, respectively. This is clearly a risk-sensitive
generalisation of the stochastic mixed Hy/H, control problem of [31] which
now appears as the special case corresponding to v; — 0, 72 — 0, and the cost
matrices My, My, N, being identity matrices. The motivation for introducing
this generalisation is that we obtain an explicit solution to the problem, and
different from [31], the corresponding coupled Riccati equations depend on
intensity A;(-) of random noise. Moreover, there are applications, such as
vehicle active suspensions [6], and optimal investment [15, 5, 4, 11, 9, 16, 12,
19], where the exponential-quadratic cost functional appears. If systems in
such applications are subject to disturbances, then our results can be used
for their control.

The problem of finding the linear state-feedback Nash equilibrium (u*, v*)
that satisfies (1.7) and (1.8) subject to (1.1, and its solution method, appear
to be new and most closely related to existing results on risk-sensitive differ-
ential games as follows. In [2], a risk-sensitive differential game was consid-
ered where two exponential criteria are used for a general nonlinear system
with a state-multiplicative noise. Certain limiting cases of such a problem are
considered which are equivalent to the risk-sensitive control problem or sev-
eral independent risk-sensitive control problems. In [21], an ezistence result
for a class of risk-sensitive differential game is given in terms of backward
stochastic differential equations, whereas in [13] and [38] a single criterion
risk-sensitive differential game is considered.In [42], [43], a risk-sensitive dif-
ferential game of several players where each uses the same criterion is con-
sidered. In [34] a maximum-principle for a risk-sensitive differential games
of a general nonlinear system with a control and state multiplicative noise
was considered which gives necessary and sufficient conditions for an open-
loop controls to be optimal. The risk-sensitive differential games in infinite
horizon have not been considered in the above mentioned papers.

The main contributions of the present paper are as follows.



e We solve the finite-horizon risk-sensitive Hs/H,, control problem, which
is the problem of finding a Nash equilibrium (u*, v*) that satisfies (1.7) and
(1.8) subject to (1.1). The solution is of a linear-state feedback form and
depends on solutions to two coupled Riccati differential equations that are
more general than those in [31]. The change of measure for both criteria
and the completion of squares method is used to derive the solution under
two Novikov integrability conditions. Thus, this represents an expansion of
the approach used in risk-sensitive control problems that require a single cri-
terion to the current two criteria setting. We also give a general result on
the uniqueness of solution to the resulting coupled Riccati differential equa-
tions. The solution is found on the assumption of admissibility of the Nash
equilibrium, and sufficient conditions for this to hold are also derived. These
contributions are the subject of section 2.

e We solve the infinite-horizon risk-sensitive Hy/H,, control which instead
of the criteria J; and J; uses certain infinite horizon versions of average type
with a general weigh. Our solution method is similar to the finite horizon,
but with the additional difficulty of dealing with the stability requirements,
which are of exponential type under two different probability measures. The
solution method is an expansion to a two risk-sensitive criteria setting of the
approach used in [16] and [19] for the infinite-horizon risk-sensitive control
problems. The explicit state-feedback solution is obtained in terms of certain
coupled Riccati algebraic equations, and under the assumption of admissi-
bility of the Nash equilibrium. We further give sufficient conditions for the
admissibility of the Nash equilibrium which also ensure the stability of the
system. These contributions are the subject of section 3.

e We formulate an investment problem in a market with a random interest
rate that is subject to a disturbance, and an investor that uses the power util-
ity from terminal wealth as a criterion of optimal investment and requires a
robustness of expected growth. This is an expansion of an optimal investment
problem with stochastic interest rate as considered in, e.g. [16, 18, 17, 19], by
taking into the consideration the effect of disturbances on the interest rate
model. Although the stochastic control system in this problem is with mul-
tiplicative noise and non-exponential-quadratic criteria, we show that this
problem can be reformulated as an example of control problem considered in
section 2, and is solved as an application of our results. We further give two
numerical examples for both the finite and infinite horizon formulations of



this application, which in particular illustrate that our assumptions are rea-
sonable and can be satisfied. These contributions are the subject of section 4.

Finally, note that throughout the paper we have suppressed argument ¢
where convenient for notational simplicity.

2. Finite horizon risk-sensitive Hy/H,, control problem

We confine ourselves to linear state feedback controls and disturbances
(as in [31]). The sets of all such controls and disturbances are defined as:

U = {u() : u(t) = Ku(t):c(t) where Ku<) c LOO(()?T; ]Rnuxn)}7

V o= {v(): o) = Ky(t)x(t) where K,(-) € L>*(0,T;R™*")}.
Let the matrices M; and My have the following partition:

My (t)  Mia(t) My (t)  Maa(t)
ity = [ 3 g |- 0= | M |- o

where My (+), Moy (-) € L0, T R™™e), Myo(-), Mas(+) € L(0, T5 R™ ™),
Mys(+), Mas(-) € L*(0,7;R™*™4).  We make the following positivity as-
sumption.

Asssumption 1. D'(t)M3(t)D(t) > 0 and N(t) > 0 for a.e. t € [0,T].

In the special case of M3(t) = I and N(t) = I, this assumption is the same
as in [31]. We also make the following assumption on a pair of coupled Riccati
differential equations that appear in our solution.

Asssumption 2. There ezists a solution pair (Pi(-), P2(+)) to the following
coupled Riccati differential equations:

(P, + Pi[A — By(D'My3D)~' D' M;},C|

+[A — By(D'MysD)~ D' M},C]' Py

—9(P.B,N"'B,P, + P,B,N"'B|P,)

+P [’YlAlAll — BQ(D/M13D>71B5}P1

—I—C/[MH — MlgD(D/MlgD)ilD/Mlg]C =0, te [O, T],
P(T) =0,

(2.1)




(P, — Py(072BN"'B, — 1,4, A)) P,

FPR[A — By(D'MisD) "' D' MC]

(A — By(D'My3D) " D' MyCY Py — PoBy(D'MysD) " By Py
_PlBQ(D/MlgD)ilBéPQ

—l—[C/MQQD(D/MlgD)ilBé
—C'MysD(D'My3D) "' D' Myy D(D' M3 D) "' By P,

4+ P[C" My D(D' My D) ' By

—C' My D(D' My D)~VD' My D(D' My D)~ By
—P1B2(D,MlgD)ilD/MggD(D/MlgD)7lBéP1 — O/Mglc
‘I“C/MQQD(D/MlgD)ilD/M{QC + C/MlgD(D/MlgD)ilD/MéQC
—C'MysD(D'MisD)~ D' Mys D(D' My D)\ D' MlyC = 0, ¢ € [0,T],
Py(T) = 0.

(2.2)

\

Theorem 1. If a solution pair (Py(-), Py(+)) to the coupled Riccati backward
differential equations (2.1) and (2.2) exists, then it must be unique.

Proof. For notational simplicity, by defining the matrices

A = A= By(D'My3D)™ D' M},C,
Ay = mAA, — By(D'My3D) ' BY,
N = 0B N'B,
C = C'[My — My,D(D'My3D)~ D' My,]C,
A = C'MnD(D'Mi3D)"'B)
—  C'MyyD(D'MysD) ' D' Mas D(D'My3D) ' B),
C = —C/M210+C/M22D(D/M13D)_1D/M{2C
+ C'My3D(D'My3D)~' D' M3, C,
—  C'"MyyD(D'My3D) " D' Moz D(D' My3D) " D' M, C,

EQ = BQ(D/M13D>71D/M23D(D/M13D)713;,
M —- BQ(D/MlgD)_lB;,
Al = H_QBlN_lBi — ’}/QAlAll

we can write equations (2.1) and (2.2) as:

P+ P A+ AP, — PNP,— P,NP, + PAP,+C=0, tel0,T],
P,(T) =0,



PQ—P2A1P2+P2121+A/P2—P2EP1
—PINP, — PB,P,+ PLA+ AP, +C =0, t€]0,7],
Py(T) =0.

These two equations can be further be written as:

. L ~ [P R
P1+P1A+AP1+[P1 PQ}M[PQ}—FO: y tG[O,T], (23>
Pl(T):O,
P2+P2A+A/P2+PIAI+AP1
tln pjalplrc—o tepT (2.4)
2

PZ(T) = 07

where

. A, —N —By, —N
M = - M = = 1.
{—N 0 ] o {_M —Al]

We first assume that there are two solution pairs to the equations (2.3) and
(2.4), and then we prove that those are actually the same. Thus, let there
exist two solution pairs (X7, X») and (Y3, Y2) to the equations (2.3) and (2.4).
This means that the following hold:

) A - [X .
X1+ XA+ AX + [ Xy XQ}M{XJJFCZO, t e 0,7T], (2.5)
Xl(T):Oa
Vi+YViA+ AV + Vi Vo] M M=o, tepT
1 1 1 1 2 }/2 ) ) 9 (26)
Yi(T) =0,
X2+X2A+A,X2+X1AI+AX1
e xu|y]+c-o iepa) 2.7
2

Xz(T) =0,



Yo 4 VoA + A'Y, + V1A' + AV

v nuifﬂ+gza teo,7), (2.8)
Y,

Yo(T) = 0,

By defining Ay := X7 — X5 and A, := Y] — Y5, and taking the difference of
(2.5) with (2.6) and the difference of (2.7) with (2.8) we obtain, respectively:

. S L[ X+
A1+A1A+AA1+{A1 AQ}M{Xz—FYJ =0, tel0,T], (2.9)
AI(T):O,
Ay + DgA + ANy + M A + AN,
Xi+N
— 2.10
o adu [T -0 tep (210

Ay(T) = 0.

As X1,Y1, Xo,Y; are assumed to be known, equations (2.9) and (2.10) are a
linear system of differential equations in A; and A, with the unique solution
Aq(t) = Ag(t) = 0 for all ¢t € [0,7]. This implies that X;(t) = X5(¢) and
Yi(t) = Ya(t) for all ¢t € [0, T7.

OJ

The main aim of this section is to show that there exists a unique Nash

equilibrium (u*(+), v*(-)) such that inequalities (1.7) and (1.8) hold, and it is
given by:

ut(t) = —(D'Mi3D) " (C'MaD + PyBy)z(t), te€][0,T], (2.11)

v (t) = —0 N'B\Pua(t), t<cl0,T]. (2.12)



If the noise v*(+) is applied to system (1.1), then for any u(-) € U we define:
0,(t) = —ma'O)P(H)A(t), te(0,T],
t 1 t
Zu(t) = exp {— / 0,(r)atv (r) — 3 / 9;(7)@(7)6#} CteloT),
0

0

P,(a) := /Zu(w)dIP’(w), Va € F.

A sufficient condition for P, to be a probability measure is the following
Novikov condition:

E {exp {% /OT 9;(t)0u(t)dt]} < 00, (2.13)

for some S, > 0. We now define the admissible set of controls as:
A, :={u(-) €U that satisfy (2.13)}.

Similarly, if control u*(-) is applied to system (1.1), then for any v(-) € V we
define:

O(t) = —ypi'(t)P(t)A;, te]0,T],

Zy(t) = exp {—/0 0. (T)dW () — %/0 QL(T)QU(T)CZT} , te[0,T],
Zv = ZU(T)a

Py(a) = / Zy(w)dP(w), Vo € F.

The sufficient Novikov condition for ]ﬁ, to be a probability measure is:

T
E{exp [%/ 0 (£)0, (t)dt } < oo, (2.14)
0
for some (3, > 0. The set of admissible disturbances is defined as:

A, :={v(-) €V that satisfy (2.14)}.
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Asssumption 3. (u*(-),v*(:)) € A, x A,.

Theorem 2. There exists a unique pair (u(-),v(-)) € A, x A, that satisfies
inequalities (1.7) and (1.8), and that pair is (u*(-),v*(+)). In this case we
have:

1 g n [T
Ji(u (+),v*(")) = —exp|=2(0)P, —i——/ tr(AjP Ay )dt |,
git 2 2
1 [ 2 n [T _
Jo(u (+),v*(")) = —exp|=2(0)P, —i——/ tr(A|PyA)d
72 _2 2 Jo |

Proof. We first consider Ji(u(-),v*(+)) with u(-) € A,. Since

0 = 2/(0)P( ) |2/ P 4 22’ Py (Az + Byu + Biv*)

0)2(0
+ tT(All.PlAl)]dt 217/P1A1dW,

T
g
0
T
“
0
we can write Jy(u(-),v*(+)) as:

A(u(),v"()) = ~Eexp

L (0) Py (0)2(0) + (A P AN
" 2(0)1()()+50W(111)t

T
+% I‘l(P1+CIM110+P1A+A/P1 —872P1B1N7131P2
0

—0?P,BIN ' B P))xdt

T
J% (W' D' My3Du + 22 (C'MysD + P, By)u)dt
0

y T
+51 2x’P1A1dW(t)] .
0

Let IEU denote the expectation under the probability measure I?Pau Due to

11



Assumption 2, for any u(-) € A, we can write Jy(u(-),v*(+)) as:

1 ~ T
Ji(u(-),v*(-) = %Eu exp %x'(O)Pl(O)x(O) + %/o tr(A} P A;)dt
no [t
+§1 o' (Pi+C' My C+PLA+ A'Pi—02P BN "B, P,

0

~02P,ByN"'B|P)xdt

T
+ 20 [ @ AL P+ o D My D+ 22'(C'M 1D + Ple)u)dt] |

0
The completion of squares gives:

' D' My3Du + 22'(C'MiosD + Py By)u

= [u+ (D'My3D)"*(C'My3D + P, By) z]

x D' My3D[u + (D'My3D) " (C'M3D + P, By) ]
—2'(C"My3D + Py By)(D'Mi3D) Y (C'M13D + P, By)'x.

Due to Assumption 1, for all u(-) € A, we have:

1 . T
To(u(),v* () = 7-1[% exp [%a:’(O)Pl(O)x(O) 4 % / tr(AL P A dt
1 0
4! r
+§ [u+(D/M13D>71(C,M12D+P132>/x]
0

X,D/MlgD[U+ (D/MlgD)_l (C/M12D+P132)/l‘]dt] s

1 oy 4! T /
> —exp |=2'(0)P(0)z(0) + —/ tr(A}PLA)dt|
M 2 2 Jo

with equality if and only if u(t) = u*(t) for a.e. t € [0,T] a.s..

We now consider Jo(u*(-),v(-)) for all v(-) € A,. For notational conve-
nience we define the matrix K* as:

K*(t) = —(D'()) Mys(1)D(£) " (C'()) Myo(t) D(1) + Pi(1) Ba(1)), 1 € [0,T).
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Since

T
0 = 2'(0)P(0)z(0) + / [/ Pyx + 22/ Py(Az + BoK*x + Byv)
0
T
+ t’f’(AllpgAl)]dt + / 2$/P2A1dW(t),
0
we can write Jo(u*(-),v(+)) as:

1w (), 0()) = ~Eexp

v 7 [T
22/(0) Py (0)z(0) + = / tr( Al PyAy)dt
Y2 2 2 Jy

72

+20

T
2'(Py+ PyA+ A'Py 4+ P,ByK* + (K*) ByPy

—C' My C — C'MypDEK* — (K*)' D' M},C — (K*)' D' My DK*)zdt
e [T 7 [T
+?2/ (QQU,NU + 2.73/P2.Blv)dt + 52/ 2]3/P2A1dW(t> .
0 0

If we denote by IEU the expectation under the probability measure IF’U, then
for any v(-) € A, we have:

1 ~ T
JQ('LL*()7’U()) = fy_EU exp %.T/(O)PQ(O)ZU(O) + fg/ ZfT’(A;PQAl)dt
2 0
n [T
+32 2/ (Py+ PoA+ APy + P,BoK* + (K*) BYPy
0

—C' My, C — C' My DK* — (K*) D' M},C

_(K*)/D/M23DK* + ’YQPQAlA/lPQ)JIdt

- T
+% / (6*0'Nv + 22’ P, Byv)dt + % / 2$/P2A1dW(t)] :
0 0

The completion of squares gives:
0*v'Nv+22'P,Biv = (v+0 2 N 'BPx)0?>N(v+ 60 >N 'BPx)
022’ P,BiN ' B, Px(t).

13



Due to our assumption on Ps(+), for any v(-) € A, we have:

1 ~ T
B (o) = 2 Boexp | o O)R0(0) + 2 / b (AL PyAy ) dt
2 0
o T
+ 32 (v+02N"'B,Px) >N (v + 02N~ B, Pyx)dt|.
0

1 Y2 Y2 4 /
> Lexp | 2220V Py (0)(0) + 22 / 1 (A PyAy )t ||
Y2 2 2 Jo

with equality if and only if v(t) = v*(¢) for a.e. t € [0,T] a.s.. O

We now give some sufficient conditions for Assumption 3 to hold, which
means sufficient conditions for (2.13) and (2.14) to hold under the pair
(u*(+),v*(+)). We define the matrix A* as:

A* := A — By(D'My3D) H(C'"My2D + Py By) — 0 >BiN"'B|P,, t€]0,7].
(2.15)
Consider the following Lyapunov and Riccati differential equations, respec-
tively:
dY = [A"E + X(A") + A Al]dt, te[0,T],

(2.16)
x(0) =0,
dQ1 = — QA"+ (A) Q1+ 201Q1 A A1 Q
+ BuPIAALP 2] dt, (2.17)
dQz = —[Q2A" + (A") Q2+ 261Q2A1 A1Q,
+ B PAIAL P2 dt, (2.18)

for t € [0,T], where oy and f3; are positive constants.

Theorem 3. Let X(t) > 0 for allt € (0,T], and let o, aa, B1, Pa, be positive
constants such that: a;* + a5 =1 and By + By 1 = 1. If there exist Q1(0),
Q2(0) € R™™ for which equations (2.17) and (2.18) have solutions Q)1 and
Q)2 satisfying:

QUT) +X7HT) /205 >0, Qu(T)+X(T)/26, > 0,
then (u*(-),v*(+)) € A, X A,.

14



Proof. Here we show that condition (2.13) holds, and similarly it can be
shown that condition (2.14) also holds. Under the pair (u*(-),v*(-)) the state
equation of (1.1) becomes:

dr = [A — BQ(D/MlzJ,D)il(C/MIQD -+ PlBQ>/ — 672BIN7131P2]37dt

Thus, the system state z(7') under the pair (u*(-), v*(+)) has the distribution

v

x(T) ~ N(u(T),%(T)), where the mean u(t) := Elz(t)], t € [0,T], is the
solution to the linear differential equation du = A*udt, u(0) = xo. From
the differential of quadratic form z’(t)Q1(t)z(t) we obtain the following (by
integrating from 0 to 7T'):

0 = —x/(T)Ql(T)x(T)+x’(0)@1(0)x(0)+/0 tr(A1Q1A)dt

T T
i [ — 1 / (—2a1x'Q1A1)(—2a1x’Q1A1)/dt - / (—20&1$IQ1A1)CZW
0 0

aq 2
T .
+ / ZE, [Ql —+ QlA* + (A*)/Ql + 2&1Q1A1A&Q1]$dt.
0
We now have:

T T 2
Pu / 0 0, dt = / B 1 p A, AL P
2 /s, . 2

—2'(T)Qy(T)x(T) + 2 (0)Q1(0)(0) + /0 tr(ALQL Ay )dt

1 ]. T Vi / !/ g /
+— [ - —/ (—2002"Q1 A1) (—2012' Q1 Ay)'dt — / (—2012'Q1A1)dW|.
0 0

(05} 2

15



Using the Hélder’s inequality, we have the following for condition (2.13):

E {exp {% /0 ' e;eudt}] < exp {x’(O)Ql(O)x(O) + /0 ' tr(A’lQlAl)dt}

1 T
X (]E [exp {—5/(; (—20(1$/Q1A1)(-2@1.1'/@1141)/(#

. /Oi_mlwﬁdwﬂ)*

x (E [exp {—azz’(T)Qy(T)x(T)}])

< exp {x’(O)Ql(O)x(O) + /OT tr(A’lQlAl)dt}

% (E [exp {~apa'(1)Q: (T)z(T)}))

— exp {w’(O)Ql(O)x(O) + /0 : tr(A/lQlAl)dt}

1

x (|200Qu(T) + 27T F3()| F)

X (exp { D) [200Q:(T) + S H(T)] S HT)p(T)

- L <T>u<T>})”‘12

< oQ.

3. Infinite horizon risk-sensitive Hy/H,, control problem

Here we consider an infinite horizon version of our problem. The deriva-
tion is similar to the finite horizon, but it is more involved due to certain
stability requirements, which are absent in the finite horizon case.

16



Asssumption 4. The matrices A, Ay, By, B, C, D, My, My, N, are con-
stant, D'My3D > 0 and N > 0.

We consider the following two functionals, which are the infinite horizon

versions of Jy(u(-),v(+)) and Jo(u(-),v(+)):

Jr(u(),v() = lim

J(u(-),v()) = lim %lnE{exp %/OT(Q%'@)NU@)

where f1(T") and fo(7) are given positive functions. Our aim is to find a
Nash equilibrium (u*(-),v*(+)) such that the following inequalities hold:

Jr( (), 0" () < JE(u),07()), Vul) € A (3.1)

Joo(u (), 07 () < (i), o), Vo() € A (3-2)

for some suitably defined sets A2° and A°. We confine ourselves only to
linear constant state feedback controls and disturbances. The sets of all such
controls and disturbances are defined as:

U :={u(-): wu(t) = K,x(t) where K, € R™*"},

Voi={uv(-): ()= K,x(t) where K, € R"™*"}.

Asssumption 5. There exists a real solution pair (Py, Py) to the following
coupled Riccati algebraic equations:

PA[A — By(D'My3D) "' D' MiyC) + [A — Bo(D' M3 D)~ D' M, Py
—072(P131N7131P2 + PQBlNilBi.Pl)

+P1[’}/1A1All — BQ(D/MlgD)ilBé]Pl

+C"[Myy — My, D(D'My3D) ' D' My5]C = 0,

(3.3)

17



( —P2(9_2BlN_lB{ - ’}/QAlAll)PQ + PQ[A - BQ(D/MlgD)_lD/M{QC]
(A Bz(D’Mljo,Dl)‘lD’M{zC’)’PQ ~ PBy(D'MysD) L ByP;
—P\B,(D'My3D) ' ByP;

_’_[C/MQQD(D/MlgD)ilBé
—C/MlzD(D/M13D>_1D/M23D(D/M13D)_1BQ]P1

+P[C' My D(D'My5D) ' Bl

—C' My, D(D' My D) D' My D(D' My D)~ By
—P\By(D'My5D) "D’ Mz D(D' MisD) " By Py — C' My, C
+C/M22D(D/M13D)71D/M{2C + ClMlgD(D/MlgD)ilD/MéQO
—C/MlzD(D/M13D>71D/M23D(D/M13D)71D/M{20 = 0.

(3.4)

\

Asssumption 6. The functions f1(T) and fo(T) are such that:

t?"(AllplAl)T —+ l’l(O)Pll'(O)

I _
s 21 (T) 9 € R,
1 — R
s 21o(T) 92 €

We show later in this section that there exists a unique pair (uf (-),v%(+))
that satisfies the inequalities (3.1) and (3.2), and is given by:

u ' (t) = —(D'MisD) H(C'MsD + P By)z(t), te€[0,00), (3.5)
Vi (t) == —0 N'BiPu(t), te€0,00). (3.6)

If the noise v’ (-) is applied to the system (1.1), then for any u(-) € U we
define:

0,(t) == —ma'(t)PA;, tel0,T]

Zu(t) = exp{—/Ote;mdvv(r)—%/Ote;(ﬂeumm], te 0,7,

Zy = Zu(T),

P.(a) = /Zu(w)d]P’(w), Va € F.

18



A sufficient condition for IF’U to be a probability measure is the following
Novikov condition:

F {exp [% /0 "o (00 (t)dt

for some B, > 0. The controls u(-) are restricted further, so that the following
stability condition holds:

} < 00, (3.7)

C[11_{1;0 ﬁ InE, {exp [—%x(T)'Plx(T)} } =h €R. (3.8)

We can now formulate the admissible set of controls as:
A2 :={u(-) €U such that (3.7) holds for all T" € (0, 00), and (3.8) holds}.

Similarly, if the control w} (-) is applied to the system (1.1), then for any
v(-) € V> we define:

9;(15) = —"}/Ql’/(t)PQAl, te [O,T],

Zy(t) = exp{—/Oteg(f)dvv(f)—%/teg(f)ev(f)df}, t e [0,7],

0

Z, = Zy(T),

By(a) = / Z,w)dPw),  VYacF.

The sufficient Novikov condition for IAPEU to be a probability measure is:

E {eXp {% /OT 0 ()0, (t)dt

for some [, > 0. We further restrict the set of permitted disturbances, so
that the following holds:

} < 0, (3.9)

li 1
im
T—oo fo(T)2

The set of disturbances that we consider can now be defined as:

InE, {exp [_%x(T)'sz(T)” — hy € R. (3.10)

A, :={v(-) €V such that (3.9) holds for all T' € (0, 00), and (3.10) holds}.
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Asssumption 7. (uf (-),vi () € AP x AF.

*

Theorem 4. There exists a unique pair (u’,(-),vi (+)) that satisfies the in-

equalities (3.1) and (3.2), and is given by (3.5) and (3.6). In this case we
have:

S (), 0" () = g1+
S (W (), 0" () = g2+ ho.

Proof. Let us first consider J{°(u(-), v’ (+)) with u(-) € A°. Since

T
0 = —2/(T)Pix(T) + 2'(0)Px(0) + / [22' Py (Ax + Bou + Byvl)
., 0
+ tT(AllplAl)]dt + / 2:E'P1A1dI/V,
0

we can write Jo(u(-),vi (+)) as:

Jr(u(), v (1) = lim

1
InEex
T—oo f1(T)n p

2 (0)Pux(0) + Str(A P AT

n

T
9 x/(C/MHC + PlA + Alpl
0

_l’_
—072P131N7131P2 — 672P231N7131P1>$dt

T
—%x’(T)Plx(T) n % / (' D' MysDu + 22/ (C' Mo D + Py By)u)dt
0

~ T
+51 24’ PLA AW (1) ]

0
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For any u(-) € A° we can write J{°(u(-),v% (+)) as:

(e o]

Jr(u(), v (1) = lim

™ Mo /
InkE, —x (0)Pz(0 —t AP A)T
T—o00 fl( )”)/1 i oXp 2 v ( ) 11.( ) 2 r< ! 1)

T
J% 2 (C'"MyC + PLA+ A'P, — 07*P,B,N"'B, P,
0

—072P2B1N7181P1)xdt

T
—|—% (ma' PLAL AL Prr + o' D' MyzDu + 22'(C" M2 D + Py By)u)dt
0

The completion of squares gives:
U/D,MlgDU + 2$,<C,M12D + PlBQ>U
= [U + (D/MlgD)il(CleD + PlBg)IQI]/
x D' My3D[u + (D'M3D)" (C'M15D + P B,)'x]
—2/(C'My3D + Py By)(D'My3D) ' (C"MyaD + P, By)

For all u(-) € A we have:

R e [%x (0)Pa(0) + Lir(AAA)T
T
— 721 ’(T)Plx(T)jL%/o (uw—u’) D'MysD(u — u?)dt|,

> g1+ hy,

with equality if and only if u(t) = u?_(t) for a.e. t € [0, 00).

We now consider J5°(u? (+),v(:)) for all v(-) € A°. For notational con-
venience we define the matrix K™ as:

KX (t) := —(D'M3D) " Y(C'M3D + P By), t € [0,00).
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Since
T
0 = —2/(T)Px(T) + 2'(0)Px(0) + / 22/ Py(Ax + Bo K™z + Byv)
0
T
+ tT(A,lpgAl)]dt + / 2$/P2A1dw<t),
0

we can write J5°(ul (+),v(-)) as:

Jo7(ug (), v(-)) = lim

T
+— .T/<P2A + A/P2 + PQBQK;O + (KzoyBéPQ

—C/Mglc - C/MQQDK;O - (K;)lD/MQQO - (K;),D/Mgg,DK;O)ZEdt

T T
—%.%,(T)PQ.I'(T) + % / (92?]/]\[7) + 233'/P281U)dt + % / QZ'IPQAldW(t)] .
0 0

If we denote by ]Ev the expectation under the probability measure ﬁ”v, then
for any v(-) € A, we have:

1 ~
J(us (4),v(+)) = lim ———1InE, exp

Jim 24'(0) P2 (0)

T T
+% tr(ALPyAy)dt + % / o' (PyA+ A'Py + BBy K" + (K™Y BLPy
0 0

—C'MyC — C' My DK, — (K3,)' D' M, C
—(K%,)' D' My DK + 72 Py A A} Py)adt

T T
—%az’(T)ng(T) + % / (0*0'Nv 4 22’ P, Byv)dt + % / 2:E’P2A1dW(t)] :
0 0
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The completion of squares gives:

0°0'Nv +22'P,Biv = (v 40 2N"'BiPx)0°N(v+ 6 >N~ B] Pyx)
022’ P,ByN "B, Px(t).

Due to our assumption on Ps, for any v(-) € A we have:

T (), 0() = Tim ———— InE, exp [ﬁx'(O)Pﬂ(O)

T
+ 2 (A PAdE — %x'(T)ng(T)

0

T
J% (v+02N"'B! Pyx)0*N(v + 02N~ B| Pyx)dt
0

> g2+ ho,

with equality if and only if v(t) = v’ _(¢) for a.e. t € [0,00) a.s.. O

We now give sufficient conditions for Assumption 5 to hold, i.e. to have
(ul (1), v5 (7)) € A2 x A%, If conditions of Theorem 3 hold for all 7" € (0, 00)
in the current case of constant coefficients and Nash equilibrium (u’_, v%),

then the requirements (3.7) and (3.9) are satisfied for all T € (0,00). In
remains to find (sufficient) conditions under which the stability requirements
(3.8) and (3.10) are satisfied under the pair (u},v% ). Note first that by the

(o ohide’e]
Girsanov theorem processes W, and W, defined as:

¢

Wy(t) = W(t)—/ylAllPlx(s)ds, t>0,
0

N t

W,(t) = W(t)—/’ylA'ngx(s)ds, t>0,
0

are Brownian motions under the probability measures @u and EDU, respectively,
where x is the solution of the state equation in (1.1) under the pair (u’_, v%,).
By substituting (u*_, v% ) in the state equation of (1.1) we obtain the following

two forms of that equation:

do(t) = Auz(t)dt+ AdW,(t), >0,
do(t) = Aux(t)dt + AdW,(t), t>0,
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where
A, = A— By(D'My3D) Y (C'MyyD + P By)
- 972BlelBip2 + VlAlAllplu
A, = A— By(D'Mi3D) ' (C'M3D + P, By)
— 0 2BN"'B|P, + 7 A AL P,
Let the mean and covariance of z(t) under the probability measures P, and
P, be defined as, respectively:

pa(t) = Eufo(t)], Su(t) = Eul(2(t) — () (@(t) = pu(t))']
polt) = Ey[z(t)],  Bo(t) := Ey[(2(t) — pa () (2(t) — ()],
These are solutions to the following linear differential equations (for ¢ > 0):
dp, = Aupudt, dX, =[AS, + 2,A + A Al dt, (3.11)
dup, = Apgpedt, d3, =[A2, +X,A, + A Al]dt, (3.12)
with 14,(0) = 1, (0) = zg, £,(0) = £,(0) = 0. For any 7" > 0 we define:
Hy(T) = BTS2+, Hy(T) = (1252 (1) RSy (T)+1] 7

Theorem 5. Let ¥,(t) > 0, X,(t) > 0, H,(t) > 0, and H,(t) > 0, for all
t > 0. The stability conditions (3.8) and (3.10) hold under (u’,,v%,) if:

In [Hy(T)| + po(T)5 (T HW(T) = 15,1 (T) (T

i, 211(T)m — )
i D T f()z%m — 12 M) (514

Proof. We only derive condition (3.13) as the derivation of condition (3.14)
proceeds similarly. Under the probability measure P, it holds that z(t) ~
N(pu(t), Xu(t)). Therefore:

e(@—nu (1) 571 (T) (@—pu(T))/2

RED O

Eu |:€7'yl:r:’(T)P1x(T)/2] :/ 67'«/130’P1x/2

[y P+ S 1)) Y2
2. (T)[1/2

exp { (D) [0 (TP + 20 (0) 15 (0) = S0 D).
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Taking the limit as " — oo of logarithm of this expression divided by 7 f1(7),
gives (3.13). However, this is just the stability condition (3.8). O

4. Robust portfolio control

Here we illustrate the application of our results to the problem of robust
investment or robust portfolio control in a market with a stochastic interest
rate that is subject to a disturbance. For background on the optimal invest-
ment problem see, for example, [29], [28]. Thus, consider a market of a bank
account with price Sp(t) and [ stocks with prices S;(t), ¢ = 1, ..., . We assume
that:

dSo(t) = So(t)r(t)dt, te€[0,T],
dS;(t) = S;(t)[u:(t)dt + ol(t)dW (t)], i=1,..l, t€]0,T] (4.1)
S;(0) >0, i=0,1,...,I, are given.

Here r is the interest rate, p; is the appreciation rate, whereas the d-dimensional
vector process o; is the volatility of stock, and must be such that equations
(4.1) have unique strong solutions. We make further assumptions on these
coefficients below.

In this market consider an investor with an initial wealth of yo > 0. Let
n;(t), i = 0,...,1, denote the number of shares the investor holds in asset ¢ at
time t. The value of investor’s portfolio of assets is thus:

l

y(t) ==Y ni(t)S;(t), te[0,T].

i=0
This portfolio is called self-financing if (see, e.g. [29], [28]):

l
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After substituting the differentials of S;(¢) into this equation, and defining
w;(t) = ni(t)S;(t), t € [0,T],i=1,...,1, we obtain:

dy(t) = [r(t)y(t) + H(t)a(t)]dt + @' (t)o(t)dW (t), te€0,T], (4.3)

where 4(t) := [ty (t), ..., u(t)], o'(t) := [01(t), ..., 00(t)], and H(t) := [p1(t) —
r(t), ..., i (t) —7(t)]. It is clear that portfolio (4.3) is an example of a stochas-
tic control system with state y being investor’s wealth.

A typical optimal portfolio control problem is the following maximization
of expected power utility from terminal wealth problem:
max E [yA(T)] ,

a()edy
: (4.4)

s.t. (4.3) and y(t) > 0 for all t € [0,7] a.s.,

for some A € (0, 1) and a suitable admissible set of controls A,. This problem
is well studied when the coefficients are bounded processes (see, for exam-
ple, [29], [28]), and it admits a linear state-feedback solution. For the case
of unbounded coefficients see, e.g., [18], and for other optimality criteria see,
e.g, [9], [16].

We consider a market with o(-) € L*°(0,T;R*?). The n-dimensional
factor process T is the solution to the following linear stochastic differential
equation with the added disturbance v:

7 (t) = [Z(t)f(t)+§(t)@(t) dt + A, (H)dw(t), te[0,T],
(4.5)

z(0) € R",
Here A(-) € L®(0, T; R™*"), B(-) € L=(0, T; R™™), Ay(-) € L*=(0, T; R"*4),

whereas the disturbance 9(+) is assumed to be an adapted and square-integrable
process. The interest rate is defined as:

r(t) == F)Q)E(t), tel0,T],

for some non-negative Q(-) € L>=(0,T; R™*™). Moreover, similarly to [4], [5],
we assume that:

H'(t) = T'(Oit), tel[0,T],
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where L(-) € L*(0,T; R*"). Our interest rate model without the distur-
bance is the so-called quadratic-affine term-structure model (QATSM) (see,
e.g., [9]). The inclusion of disturbance ¥ in our model is a generalization of
QATSM that enables taking into consideration uncertainties in the model.

We are thus faced with the problem of controlling investor’s wealth in
a market with random interest rate subject to a disturbance. This prob-
lem has not been considered before. Note that the wealth equation (4.3) is a
stochastic control system with multiplicative noise and unbounded coefficients
(due to r and H), there is a positivity constraint on the state (the wealth is
required to be positive), and the typical optimality criterion in (4.4) is not
quadratic. This means that existing methods, such as those in [8] and [51],
that consider systems with multiplicative noise and disturbances, cannot be
applied. On the other hand, although this appears to be a different problem
from our finite-horizon risk-sensitive Hy/H,, control problem of section 2, it
can be reformulated as an example of such a problem, as shown below.

As the control process @ is confined to ensure y(t) > 0 for all £ > 0 a.s.,
the logarithm of y(t) is well-defined, and its differential is:

dlogy(t) = — [r(0u() + H((O)dt — 5 —
—Fﬁ%WWWMW@.

By defining c(t) := a(t)/y(t) for t € [0,T] as a new control process, we have:

<

<

dlogy(t) = [r(t) + H{t)e(t) — ) (t)o’ ()e(t)/2]dt + ¢ (£)o()dW (t).

Integration of both sides from 0 to 1" gives:
y(T') = exp { /0 [r(t) + H(t)e(t) — ¢ (t)o(t)o’ (t)e(t) /2] dt

+ lﬁﬁp@mwﬂ, (4.6)

where we have taken gy, = 1 for simplicity. The expected power utility from
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terminal wealth can thus be written as:

B[] = Blew | [ AF0Q00 +FOL00)
— o) (B)e(t) /2]t + / )\c’(t)a(t)dW(t)}}. (4.7)

0

In order to write (4.7) in the form of criterion (1.6), we introduce the following
change of measure:

0, = —Xo'(t)c(t), tel0,T),

B,(a) = / Zu(w)dP(w), Yac F.

«

The expected power utility from terminal wealth (4.7) can now be written
as:

E[yNT)] = E{p [ / [ (OAQOF (1) + A& ()L ()elt)
A1 = N B ()elt) /Q]dt] }

— ]Ec{exp {—%/OT 5’(t)M(f)5(t)dt] }v

where ]EC is the expectation under probability measure ]13(; and

) () ; SAOW)/2 AL
(1) ;{ ] M(t)::[ v A(l_A)U@)U,(t)], te0.7].

The process W, defined as:
t
W.(t) == / 0.(s)ds +W(t), tel0,T],
0
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is a standard Brownian motion under ]?C by Grisanov theorem. The equation
of factor process (4.5) can be written as:

([ di(t) = [A(t)3(t) + Ao’ ()elt) + E(t)@(t)] dt

+ A, () dW,(t), teo,T], (4.8)

z(0) € R",

\

For the purpose of robust portfolio control, we introduce the following two
criteria:

Jo(c(),8(-)) = §]Ec{exp {%/OT [é?a’(t)m(t)—z'(t)m(t)z(t)} dt}},

for given symmetric matrices

M,y (), My(+) € L0, T; ROHDX0HDy - N (1) € L20(0, T R™ ™),
If My(t) = M(t) for t € [0,7], then the minimization of Jy(c(-),d(-)) is
equivalent to the maximization of the power utility from terminal wealth.
The interpretation of Jy(c(:),o(+)) depends on the particular choice of its

coefficients. Once such a choice is the following. The solution of the wealth
equation (4.6) under the probability measure P, is:

y(T) = oxp [ | wwaws + # Lo

+ (20 = D) (Bo(t)o (t)ct)/2]dt + /0 c'(t)a(t)dwc(t)].

The expected growth rate of investor’s wealth is thus:

G(c(-),0() = E{/O (& (OQ1)(t) + &' (1) L(t)e(t)

b2 — D)oo (elt)/2dt
.- [ /0 z’(t)M(t)z@)dt] |
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where

TG L(t)/2
M(t) = { L()/2 27— Dolt)o'(1))2 } - tel0T).

As investor’s wealth y is subjected to disturbance v (through the factor pro-
cess T), we can require that the ratio of expected growth rate and expected
energy of disturbance be greater than some pre-specified value n? for all pos-
sible disturbances. This suggests the consideration of criterion:

. [ om0 + creo.o0)
= E, { /0 ' (120 (1)0(t) + Z'(£) M () 2(t)] dt} :

which is to be minimized. This corresponds to the criterion Jy(c(-), 9(-)) with
the following coefficients:

5 =0T, 02=n% N()=I,xn, Mf(t)=-M(t), tel0,T].

The aim now to find the linear state-feedback pair (¢*(-),9*(-)) such that
the following two inequalities hold:

S (), 07() < Ale(), 07(),
Jo(¢"(),0°() < La(e7(), 0())-

However, this is an example of the control problem considered in section 2
with the following coefficients (for all t € [0, TY):

((A(t) = A(t), By(t) = \o'(t), Bi(t) = B(t),
Ai(t) = Ai(t), C(t) = Luxn, D(t)=I1x

Mi(t) = My(t), Ms(t) = Ma(t), N(t)=N(t) = In,xn,,

yi=-1, yw=7—=0" 06=n

If assumptions of section 2 hold for the above coefficients with M, (t) = M(t)
and My(t) = —M(t) for all t € [0,7], which implies that we must have
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o(t)o’(t) > 0 for all t € [0, T, then the required pair (¢*(-),0*(+)) is given by
Theorem 2 as:

c(t) = 7 i /\(00')_1(/\0P1 — \Li(t), telo,T],

v*(t) = —0:NB'Pyi(t), tel0,T)

where P;(t) and P»(t) are solutions to Riccati equations in Assumption 2
corresponding to the coefficients (4.9). This implies that investor’s trading
strategy, i.e. the number of shares held on each asset at time ¢ should be:

ni(t) = w)/Si(t) =c(y(t)/Si(t), te[0,T], i=1..1

no(t) = y(t) =Y ni()Sit), te[0.1]

i=1

As the trading strategy is of a linear-feedback form with respect to investors
wealth y, the solution to equation (4.3) under such a trading strategy is
strictly positive, as required.

4.1. Numerical example in finite horizon

Here we give a numerical example illustrating that all assumption of sec-
tion 2 are satisfied in the the case of the robust portfolio control problem.
We assume the following numerical values:

L(t) =0, Q(t)=0.02, N(t)=1,

7€(0,0.1), n?=025(1-83), T=1.

This gives:



In the notation of section 2, we thus have: A(t) =0, Ba(t) = 0.5, By (¢ ) 1,
At)=v2,Ct)=1,Dt) =1,y = -1, € (0,0.1),072 = 0 25( 872),

T=1,
—802 —0.02 0

It is clear that Assumption 1 holds. We now show that Assumption 2 also
holds by finding the explicit solutions to the coupled Riccati differential equa-
tions (2.1) and (2.2), which in this case are:

Pi(t) — 2072 Py(t) Py(t) — 3P2(t) — 0.005 =0, Py(1) =0, (4.10)

Py(t) — (772 = 23)P2(t) — 2P5(t)Pi(t) 4+ 0.02 =0, Py(1)=0. (4.11)

If we define Z(t) := Py(t)/4, t € [0,1], then these two equations can be
written as:

Pi(t) — 872 Z(t)Py(t) — 3P%(t) — 0.005 =0, Py(1) =0,
Z(t) —4(n~2 = 27)Z%(t) — 2Z(t)P(t) + 0.005 = 0, Py(1) = 0.

Let V(t) :== Pi(t) + Z(t), t € [0,1]. By adding the above two equations, we
obtain the equation of V as:

V() = V(OBP(t) +4(n % = 29)Z(t)] =0 V(1) = 0.
As this is a linear equation in V, its unique solution is V(¢) = 0, t € [0, 1].
This implies that it is necessary to have:

Pu(t) = —2(t) = —}lpg(t), teo1].

By substituting P»(t) = —4P;(t) in (4.10), we obtain the following uncoupled
Riccati differential equation:

Py — (1+167)P? —0.005 =0, Py(1)=0.

The explicit solution to this equation is:

0.005
1+ 165

Pi(t) = tan [—(1 — $),/0.005(1 + 161)] . telo1],
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from which we obtain the solution to equation (4.11) as

0.005
Py(t)=—4 t —(1 —=1%)+/0.005(1 + 16~ tel0,1].
5 (1) 16 b [~ DVOBI 6|, v e (o.1]

The graphs of these two solutions for 4 = 1/15 are given in Figure 1.

0.025

0.02 -

0.015 -

0.005 -

-0.005

-0.01

Figure 1. Solutions P; and P>.

We now focus on the corresponding Lyapunov differential equation (2.16)
and the Riccati differential equations (2.17) and (2.18) and show that the
sufficient conditions of Theorem 3 hold. For the matrix A* in (2.15), which
in this example is a scalar, we have:

A*(t) = =87 P (t).
The Lyapunov differential equation (2.16) in this case becomes:
dX(t) = [-165 P (t)X(t) + 2] dt, X(0) = 0.

From the explicit solution to this equation
t
X(t) = 2/ el —16YP(s)ds g 4 e [0, 1],
0

it is clear that (1) > 0. The Riccati differential equations (2.17) and (2.18)
in this case are:

dQ, = —[2Q,A*(t) +40,Q7 + Bu(Pi(t))?]dt, (4.12)
dQs = —[2Q2A%(t) +45,Q5 + B,A16(Pi(t))?]dt. (4.13)
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By choosing 5 = «a; and 3, = (3, /167, which is possible, we see that equation
(4.13) becomes the same as equation (4.12. Thus, we only focus in showing
that there exists a @1(0) such that (1) = 0, which will imply that there
exists a (2(0) such that Q2(1) = 0, and these, together with the fact that
¥(t) > 0, are sufficient for the requirements of Theorem 3 to hold. We seek
the solution to equation (4.12) in the form:

Q1(t) = e X =Y (1), (4.14)

for some positive constant X and a differentiable function Y with Y (1) =
e=X, yet to be determined. By substituting (4.14) in (4.12), we obtain:

Y+ [24%() + 8are XY — 4oy Y2 + e X Qy (t) = 0 (4.15)
where
Qy(t) =X - QA*(t) — 40(1672)“ - ﬂu€2Xt(P1(t))2, t e [O, 1]

As we are considering only positive X, the following holds (for any 5 €
(0,0.1)):

X —2A%(t) — daje™ " > X —24%(t) — 4y
> X +16P; — 4ay,

0.005
Pr =/ t [— 0.005(1 + 167)] .

As P} <0, we choose X such that (for some a; > 1)):

where

X > —16P; + 4a;.
By also choosing 3, such that:
X 4+ 16Pf — 4oy < X —2A*(t) — dage™ X1
eX(PP)? T eXt(Pi(t))?

we ensure that Qy (t) > 0 for all ¢ € [0,1]. The Riccati backward differential
equation:

(4.16)

0<fB,<

Y+ [24%(t) + 8are XY — 4oy Y2+ e XQy(t) =0, Y(1)=e 7,
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has a unique solution Y (¢) > 0 for all ¢ € [0, 1] (see, for example, [1]). Thus,
by choosing 1(0) = 1 — Y'(0), we conclude that there exists a solution to
equation (4.12) such that @;(1) = 0. As this implies the existence of Q2(0)
such that Q2(1) = 0, we conclude that the conditions

Q1) +X71(1)/200 > 0,  Qo(1) +X7(1)/28, > 0,

of Theorem 3 hold. By Theorem 2 and Theorem 3 it now follows that ¢* and
v* are:

() = &tan[ 1—t\/()0051+167)] (1), telo1]

0.005
() = (1-89)/5 167tan (1 — #)/0.005( 1+167]”*() te0,1].

Here z* is the solution to the stochastic differential equation

di*(t) = o (t)dt +V2dW (t), 7*(0) € R,

which corresponds to the factor process (4.5) under the worst-case-distrbance
(WCD) o(t) = 0*(t). The robust trading strategy n§ and nj is thus:

ni(t) = @y ()/Si(t), no(t) =y (t) —ni(0)Si(t), ¢ €[0,1],

where the equations for the stock price S7 and investor’s wealth y* under the
WCD are:

dSi(t) = S;()[0.02(z*(t))%dt + dW (t)], S;(0) >0, te][0,1],

dy*(t) = 0.02(2"(1)%y" (t)dt + c*(t)y" ()W (t), y"(0) =yo, t€[0,1].
We choose ¥ = 1/15, yo = 1, S(0) = 1, and 7*(0) = 1 for illustration. We
also consider the investor’s wealth under an example of the not the worst
case disturbance (NWCD) o(t) = 22*(t) with 2*(¢) being the solution to the
equation

dE*(t) = o*(t)dt + V2dW (t), Z*(0) = 1.

The stock price under NWCD and the wealth of the investor who applies the
control designed for the WCD in the case of a NWCD, i.e.

0.005
1+ 165

F(t) = tan [—(1 — #),/0.005(1 + 167)| #*(1), te[0,1]
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are:

dSH(t) = SE(£)[0.02(*(£))%dt + dW ()], S:(0)=1, teo,1],
dy(t) = 0.02(3*(1)2y*(W)dt + (O)y* (1) dW (t), y*(0)=1, te[0,1].

In the graphs below we have given one realisation of the above processes
under the WCD and NWCD as follows: in Figure 2 the factor process, in
Figure 3 the logarithm of the stock price, and in Figure 4 the logarithm of
the investor’s wealth. As can be expected, the investor’s wealth under the

NWCD is larger then under WCD.

0 0.1 02 03 04 05 06 07 08 09 1

Figure 2. The factor process under WCD (z*) and under NWCD (z*).
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Figure 3. The logarithm of the stock price under WCD (S7) and under
NWCD (7).

0.8 7
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Figure 4. The logarithm of the investor’s wealth under WCD (y*) and
under NWCD (y*).

4.2. Numerical example in infinite horizon

Here we consider an infinite horizon version of the robust portfolio control
problem, where we assume that all coefficients are constant and instead of
J1 and Jy we use their infinite horizon versions:

T i) = Jim ot {ew [ [ 20zl ),

() = Jim B {ew | [ [N

- 2’(t)M22(t)]dt] }

We assume f1(T) = fo(T') = T and the following numerical values: ¢ = 1,
d=1,n=1\A=11/12,6 =3/11, A=0, B=1, A, = V165, L = 0,

Q=1 N=1,n=+22, 4 =1. This gives:

- - ~oq - - -1 0
M1:M=[024 1|, My=-M= 0 _15|-
176 484
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In the notation of section 3, we thus have: A = 0, By = 1/4, By = 1,
A =v165,C=1,D=1,0=v22, m=—1,7m=1N=1,

—u 0] [—1 0}
M1:|: 24 y MQI .
0 17 0

The Assumption 4 clearly holds. We now show that Assumption 5 also holds
by finding real solutions to the Riccati algebraic equations (3.3) and (3.4),
which in the current case are, respectively:

11
—44P Py — 27.5P? — T 0, (4.17)
—5.5P; —22P P+ 60Pf +1 = 0. (4.18)

By multiplying both sides of equation (4.18) with —11/24 and defining Z :=
—11P,/24, we can rewrite the above two equations as:

11
96P, Z — 27.5P} — 5 = O (4.19)

121 11
1272 - — P, 7 —275P> — — = 0.
121! [y 0

The difference of these two equations is:
121
1277 — (E + 96) P Z =0. (4.20)

The two possible solutions in Z of this equation are:

697
Zl = O, ZQ - le

Substituting Z; in (4.19) gives:

11
—27.5P? — ST 0,

which has no real solutions. Substituting Z; in (4.19) gives:

697 11
96— — 275 | P2 — — =0.
( 72 ) Loy

Its two possible solutions, denoted P;" and P, , are:

P = 40.006797.
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Through Z,, this gives the following two values for P;:
PjF = F0.14411.

In summary, the real solutions to the coupled Riccati algebraic equations
(4.17) and (4.18) are:

(0.006797, —0.14411),  (—0.006797,0.14411),

and thus Assumption 5 holds. Due to our choice of functions f; and fs, the
Assumption 6 clearly holds.

Next we show that the conditions of Theorem 3 can be satisfied for
(P, P,) = (—0.006797,0.14411) and all T" € (0,00). The corresponding
matrix A*, which in this case is a scalar, is A* = —3.16419. The Lyapunov
differential equation (2.16) becomes:

dS(t) = [6.32845(t) + 16.5] dt, t € [0,00),

Its explicit solution is:
t
Y(t) = 16.5 / e 63T qr ¢ € [0, 00),
0

form which it follows that 3(7") > 0 for all 7' € (0,00). The corresponding
Riccati differential equations (2.17) and (2.18), respectively, are:

dQ:i(t) = —[—6.3284Q:(t) + 3301 Q7 (¢) + 8.258, PF dt,  (4.21)
dQs(t) = —[—6.3284Q1(t) + 335:Q5(t) 4+ 8.255,P5] dt,  (4.22)
for t € [0, 00), where a; and [ are positive constants. It is sufficient to seek
constant solutions to these two equations. Thus, by assuming that ¢); and

()2 are constant, equations (4.21) and (4.22) become the following algebraic
equations, respectively:

0 = —6.3284Q; + 330, Q5 + 8.253, P}, (4.23)
0 = —6.3284Q, + 333,Q5 + 8.253,P5. (4.24)
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If we choose oy = 2, 1 = 2, B, = 398.0113, 3, = 0.8854, then the solutions
to equations (4.23) and (4.24) are:

Q1 = Q2 = 0.0479.

As these are both positive, by choosing as = 2 and Sy = 2, it follows that
conditions of Theorem 3

QUT) +X7HT) /202 >0, Qo(T)+ X HT) /2B, > 0,

hold for all 7" € (0, 00).

It remains to show that the stability conditions of Theorem 5 hold. In the
current example we have A, = —3.052 and A, = —0.786375. The solutions
to the corresponding equations (3.11) are:

Al

pa(t) = ™3 (0), Pult) =

(1) >0,

Since A, is negative, it follows that:

In | H, (T)] + pi(T) 5 (T)[Hu(T) — 1]

lim

T—o0 =2T

o WP+ RSP D-PSU) 1 -
- T—o0 9T - Y

and thus the asymptotic relation (3.13) holds with h; = 0. As A, is also
negative, the proof that the asymptotic relation (3.14) also holds with hy = 0
proceeds very similarly to the above.

It now follows from Theorem 4 that the solution to our infinite horizon
robust portfolio control problem is given by:

¢t (t) = 0.299068%(t), o5 (t) = —3.17042%(t), ¢ >0,

o0 o0

where T is the solution to the following stochastic differential equation
dz(t) = v (t)dt + V16.5dW (t), t >0,

z(0) € R.
The optimal trading strategy ng and nj is thus:

ni(t) = . (Oy(0)/Si(t),  ng(t) = y(t) —ni(1)5:(t), =0
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5. Conclusions

We introduced a risk-sensitive generalisation to the mixed Hy/H, control
problem for linear stochastic systems with additive noise. Both the finite
and infinite horizon cases are considered, and explicit solutions in terms of
coupled differential and algebraic equations of Riccati type are obtained.
An application to a robust portfolio control problem is given. There are
many possibilities for further research in this direction, and these include
the consideration of nonlinear systems (as in [9], [17]), more general risk-
sensitive criteria (as in [9], [10], [19]), or systems with multiplicative noise
and random coefficients. This case appears to be particularly challenging
as the current solution method breaks down (note that after the change of
measure in this case one ends up with z* terms rather than 22 terms, and
thus the completion of squares method does not apply). Another approach
would be the use of other criteria as in [16]), where non-quadratic terms
appear is the cost functional.
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