Energy scattering of hybrid FE-SEA model with nonlinear joints
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Abstract

Nonlinearity in structures causes energy scattering between different frequency ranges. This paper proposes
a new hybrid FE-SEA formulation to analyse complex structures with nonlinear deterministic components.
The formulation is derived in two stages. First the governing equation for deterministic components in time
domain is transformed to frequency domain using the method of harmonic balance and the Galerkin method.
Equivalent stiffness method is then applied in frequency domain to linearise the nonlinear terms. The second
process is regarded to the derivation of the hybrid model. Based on a proposed nonlinear energy transfer
model and the linearisation in the first stage, the linearised hybrid FE-SEA governing equation is derived,
and the iterative procedure is given. For validation purpose, nonlinear Lagrange-Rayleigh-Ritz method plus
Monte Carlo simulation is used as the benchmark model. Two case studies are applied for validation and
investigation of the coupling loss factor (CLF). The coupling between subsystems at different frequencies can
be reflected by the CLF. Good agreements between the benchmark model and proposed hybrid model can
be observed.
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1. Introduction

Noise and vibration predictions for complex structural systems are computationally challenging due to the
existence of uncertainties and the very large number of degrees of freedom (DoF's). In the structural dynamic
analysis of engineering systems, e.g. aircraft, ships, the use of deterministic models is not efficient and reliable
enough to calculate the response in mid- and high- frequency range. Hence, specific methods for structural
modelling with the presence of uncertainties are required. The statistical energy analysis (SEA) was presented
by Lyon to obtain very efficiently system-level responses for statistical components (subsystems) of the
complex structures in high-frequency range [I], 2]. This method assumes that the uncertainties yield absolute
overlaps between the high-frequency structural modes enabling the assumption of equivalence between the
frequency-band-averaged energy and the ensemble average energy [3, 4]. The SEA model assumes that the
energy flowing into the subsystem equals the sum of energy dissipated and transmitted to other subsystems.
The energy transmitted to other subsystems is proportional to the energy difference between the subsystems
through a parameter called the coupling loss factor (CLF) [5l [6].

Compared to the high-frequency response prediction, mid-frequency problems are different because the

uncertainty has different effects on the structural modes. Responses of some stiffer structural components
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in mid-frequency range are robust to uncertainties, and the deterministic methods, e.g. finite element (FE)
method, are more suitable for these components. But some other more flexible components are vulnerable to
uncertainties, and the SEA is more suitable to model these components. A powerful method, the hybrid FE-
SEA, was proposed to solve the mid-frequency problem for noise and vibration in complex structures [7} [§].
The subsystem is modelled by the wave approach in which the motions in direct fields and reverberant fields
meet the reciprocity relation [9]. Moreover, under the framework of the hybrid FE-SEA model, other hybrid
formulations, e.g. Wave Based-SEA, Boundary Element-SEA etc., were proposed to save computational
time or solve the problems under particular conditions [I0) [T, 1T, 12 13]. In addition to the ensemble
average energy, the variance of the energy was also discussed for both SEA and hybrid FE-SEA models
4, 14, [15, (16} [17].

The SEA and its hybrid models mentioned above are based on linear assumption. But in fact, nonlineari-
ties may be non-negligible in engineering structures and then the use of linear methods would not be suitable
and accurate. In structural vibration, the nonlinearity leads to internal resonances, sub-resonances and other
types of resonant phenomena, and even other more complex dynamics, e.g. bifurcation. Hence, consider-
ing the hybrid FE-SEA under nonlinear situations is necessary for engineering application. One approach
taking account the nonlinearity within SEA framework is the entropy-based SEA model [18 19, 20]. This
model is an analogy of thermodynamics but still limited to high-frequency range. Another approach is to
apply the equivalent stiffness method to the hybrid model where the nonlinearity is localised in deterministic
components [21], 22] 23]. These approaches essentially linearise the nonlinear stiffness in time domain, and
then apply the equivalent stiffness to frequency domain. Hence, this frequency-domain responses do not
include the frequency coupling effects, because the stiffness strengthening and reduction has been averaged
into all frequency range. However, there exists another important nonlinear phenomenon: energy scattering
(or energy cascade) [24]. Nonlinearity leads the responses at different frequencies to interact over each other,
or some of the modes are coupled because of nonlinearity. Even at the frequency point where the external
force amplitude is zero, the energy response can also be very significant due to the energy scattering. In the
reference [24] the authors investigated the energy scattering of hybrid FE-SEA, and the proposed method,
under many linearisation assumptions, enabled the construction of the trends of the response [24].

This paper proposes a new hybrid FE-SEA model taking consideration of localised nonlinearity in the FE
components. Different from the previous formulations, equivalent stiffness method is applied in frequency
domain but not in the time domain, and the energy scattering under different frequencies is considered.
In order to realize the nonlinear governing equation in frequency domain, the method of harmonic balance
(MHB) combined with Galerkin method are used for the transformation from time domain to frequency
domain. Then a set of nonlinear algebraic equations (frequency domain) can be obtained. This algebraic
equation can be linearised by a technique analogous to statistical linearisation (SL) [25], by which the relation
between equivalent stiffness and the nonlinear stiffness can be established. This relation represented by a
linear equation can be used to update the equivalent stiffness in iterative steps. The new nonlinear FE-SEA
formulation is then given in this paper. It should be noted that this paper derives the formulation referred
to the nonlinear deterministic components with multi-DoFs (MDoFs). This paper only focuses on cubic

nonlinearity in the derivation process, but the formulation provides a general framework that can include
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other form of nonlinearities, e.g. quadratic nonlinearity.

The second section in this paper describes the new energy transfer model for the nonlinear system with
uncertainties, and also introduces some assumptions. The third section is devoted to derive the equivalent
stiffness equation and the governing equation for the nonlinear model. The forth section derives the governing
equation of the benchmark model of the spring-mass-plate structure, and based on this model, the fifth section

gives two case studies for validation.

2. Hybrid FE-SEA model and assumptions

This section gives the overview of FE-SEA model proposed by Shorter and Langley [7]. Basic principles
and key steps in the FE-SEA framework which are used in later derivation are introduced. Moreover, some
assumptions related to nonlinear FE-SEA model are introduced to support the derivation.

The principles used to establish the governing equation of hybrid FE-SEA model are the same as the
traditional SEA method, which are the energy conservation and the property that the energy input into a
subsystem equals the sum of the energy dissipated and the energy transferred to other subsystems. The
difference is that the deterministic components introduce the deterministic boundaries of the subsystems,
which requires different coupling relations. In the hybrid FE-SEA model, the viewpoint of the wave approach
is adopted to describe the statistical fields (subsystems) which is the superposition of direct fields and rever-
berant fields. The power transmission follows the energy conservation, which can be depicted in Fig. It
can be observed that the power input into the subsystem is transmitted to direct fields first, the reflection of
the wave due to random boundaries transmits the power from direct fields to reverberant fields. Then some
of the power is dissipated and the other is an output to other components including both deterministic and
indeterministic components. The key to construct the governing equation is to obtain the relation between

direct fields and reverberant fields, and this has also been achieved by Shorter and Langley. [9].

Random boundary

e
! Input power
: [ Direct field ] <
I Deterministic
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C D _______ __
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Figure 1: Power transmission within a subsystem.

In the cases of linear deterministic components (joints), responses (ensemble average energy) under dif-
ferent frequencies are not coupled, and the energy scattering is not considered. The energy transfer between

the statistical fields in this situation only happens at the same frequency, as shown in Fig[2] Moreover, this
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Figure 2: Energy transfer between subsystems for linear systems.

leads to the convenience that the response can be obtained at selected frequency points separately. However,
for complex structures with nonlinear deterministic joints, the nonlinearity causes internal resonances, sub-
resonances and other types of nonlinear resonance phenomena. These resonances yield interactions between
input and response in different frequency points. Hence, it is not proper to calculate the response at certain
frequencies separately. For the hybrid FE-SEA model, the energy scatters between different frequency ranges.
The energy transfer, both between modes in different frequencies and within or between subsystems, should
be considered. Hence, this paper proposes an energy transfer model for subsystems at different frequencies

as shown in Fig[3] It shows that, under the effects of nonlinear deterministic joints, subsystem 1 at a dis-
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Figure 3: Energy transfer between or within subsystems for nonlinear system.

cretized frequency point 1w is coupled with subsystem 1 from 2w to Nw and subsystem 2 from 2w to Nw.
This coupling happens only because of the nonlinearity. Even within the subsystem, the statistical fields
themselves at different frequencies are linear and uncoupled to each other, but interactions occur due to the
presence of nonlinear joints. For terminology convenience, we treat the subsystem at a certain frequency as

a stand-alone subsystem. For instance, if the original linear model has N, subsystems and the number of
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selected discrete frequency points is N, the total number of subsystems for the nonlinear model is Ng X N,.

The classic hybrid FE-SEA model is linear and built in frequency domain. Hence, the first step to solve
build the nonlinear FE-SEA governing equation is to obtain the frequency-domain governing equation for
nonlinear deterministic components. Linearisation procedure is used. The combination of MHB and Galerkin
method has shown its effectiveness in this process [26]. We apply this method in this paper. The next step is
to obtain the linearisation relation between the equivalent stiffness and nonlinear terms. Since the responses
of nonlinear components are ensemble random, a linearisation technique is used in this paper. This technique
is analogous to the SL [25], but the difference is that the SL is applied to time-domain governing equation, and
the technique in this paper is based on frequency domain. It should be noted that the SL is related to random
vibration in which the inputs are stochastic, and the response in time domain is random. But in this paper,
for just one ensemble of the structure, the response is random only if the input is assumed as rain-on-the-roof,
while it is not random if the input is harmonic. However, for a large number of ensembles, the displacement
responses in frequency domain can still be described as statistical. And the weak nonlinearity assumption
enable to assume that the probability distribution is close to those in linear cases. For linear structural
ensembles, displacement responses do not follow exact Gaussian distribution with harmonic inputs. But
massive explorations have been made to structural ensembles to show that the distribution can be Gaussian-
level. And, in this paper, the displacement responses of structural ensembles are assumed to satisfy some
Gaussian properties. This assumption is fundamental to the linearisation process in the derivation.

Even though the MHB can be used regardless of weak or strong nonlinearity, the equivalent stiffness
method in this paper is based on weak nonlinearity hypothesis. This paper assumes the nonlinear response
can be approximated by linear iteration. The weak nonlinearity assumption allows to assume that the

equilibrium points of the nonlinear joints are very close to the one for linear models which is zero.

3. Nonlinear deterministic modelling and the hybrid model

This section is devoted to the derivation of the governing equation for the hybrid model with nonlinear
deterministic components. The first step is to derive the equation for equivalent stiffness from the nonlinear
governing equation of deterministic component by deterministic modelling. Then the second step is to obtain

the hybrid model by using equivalent stiffness based on the energy transfer model in Fig[3]

3.1. Method of harmonic balance and equivalent linearisation

Nonlinear modelling for deterministic component with Ny degrees of freedoms (DoFs) can be applied and

gives following nonlinear governing equation in time domain

Ng
’ITLJU] + CJU] + k§a)uj + Z kj(zznnusumun = fjex ) (1)

smn

where m; and c; are j-th generalized mass and damping for the structural system; u; is j-th generalized
(a) (b)

displacement; k; jsmn 18 the coefficient for cubic nonlinearities. The

is the generalized linear stiffness; k

harmonic motion and input for deterministic component is assumed and hence the response and external
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force can be written as the following series form

uj= Y ayelt, (2)

N,

A YT ®
0

where w is the frequency spacing between selected frequency points; i denotes the imaginary unit; u;; is the
I-th coefficient for u; at the discretized frequency lw; N, is the number of single-side frequency points. It is
noted that these two equations introduce the responses containing both positive and negative (double-side)
frequencies. It has to be ensured that the responses of a pair are conjugate and fully correlated. For instance,
if two frequencies are opposite numbers, e.g. lw = —pw, then the amplitudes related to these two frequencies
are conjugate and share the same statistics for both real and imaginary parts. In order to make the formulas
simple and clear, the lower limit of the symbol 31 ~,, is omitted and it is simplified to Zi\b in the following

derivation. 7

Substituting Eqs. and into Eq.7 and applying the MHB yield the following residual

N, Ng N, N

H1 _ N\ o ilwt(_j2 2 - b = = = i(lprqwt T ilwt

€ = g uj e (= Fwmy +ilwey + k) + E L g U Upnpling €' HTPHO _ g fue™, (4
l smn=1 Ipq l

where 7, m and n denote the index number referring to DoFs of deterministic components, ranging from 1

to Ng; I, p, q are the integer regarding the selected frequency points whose absolute value ranges from 1 to

Na

N;. Similarly for conciseness, the lower limit of the symbol Zi\]:dl is omitted and it can be simplified to )

The Galerkin method then can be applied to obtain the least weighted residual as

éjHrg :/ eflefir“’tdt. (5)
oo

where r is the index ranging from 1 to Ny. It is noted that the above equation can also be seen as the Fourier

transform of e]H L Tt is easy to know that the residual eJH L'is a real number, while with the introduction of
basis function containing imaginary numbers, the residual ef 2 is a complex number. Substitute Eq. into

the Eq., and combine with following relation
/ etwleirwtqt — 216(1 —r) | (6)

where §() is the Kronecker Delta function as follow

1, ifl=mr,
Oir = (7)
0, ifl#£r
Then the weighted residual can be rewritten as
eﬁ? =27 [ﬁjr(fTQmej +irwe; + k]“) + djr — ?jﬂ , (8)

where ¢, is the nonlinear term for jr-th equation such that

Ng Ny
¢j7“ = Z k?smn Zﬂsl ﬂmp an 5(1 +p + q— ’I”) . (9)
smn Ipq



Removing 27 in the Eq. does not affect the derivation. The governing equation in the frequency domain

can be rewritten as

eﬁ? = ﬂjr(—r2w2mj +irwe; + k'j) + i — fj: =0. (10)

The number of governing equations of deterministic components is then 2N, x Ng. The internal entries in
the governing equation are sorted as follow which shows then entries of the response vector @ and the residual

vector €2

_ _ _ _ _ _ _ T
u= [ul(wa), <o UNG (=N )y Y1(=Ny+1)s -+ sy UN (=N +1)5 -+ - s ULNy 5 - - - 7UNde] ) (11)

H2 T
€= [61(71\@), <o ENG(=NG)» E1(=Ny+1)s - -y ENg(=Ny+1)y - -+ ELINy s - - - ;GNdNW] ) (12)

where the elements 1;, and U;_,) are conjugate pair, and the real parts of them, as well as the imaginary
parts, are fully correlated. The governing equation is a nonlinear algebraic equation. It is difficult to be
directly solved when considering the hybrid model. Following the description in the introduction and second
section, the linearisation technique is applied here. The equivalent stiffness for the nonlinear terms can be
constructed and Eq. becomes

Ny N,
ﬁ?’ = U (—r?wm; +irwe; + k) + ZZI@]T S Usl — fem =0, (13)

s l

where k;r o represents the equivalent stiffness for 7y in jr-th equation. Let’s define the residual between

Eq. and Eq. as
Ejz - Z Z k]r slqu ¢j7“ . (14)

This residual which denotes the difference between nonlinear stiffness and equivalent linear stiffness should
be as small as possible, and in this paper the expectation of least square sense of the residual is chosen as

the objective function as follow [25]
. eq)|2
minE [[le|”] . (15)

where E[-] denotes the expectation. The equivalent stiffness can be obtained by applying the partial differ-
entiate as

OE[(e°1) " 7]
k!

Jriow

=0, (16)

where v is the index regarding the DoFs (1 < v < Ny); w is the index referring to discretized frequency

(=N, <w<—-1lorl<w<N,). The equation above can be transformed as

E Ny w _€eq eq eqy*
0 {Z Zl sl( ) } _E ( eq)* aﬁjr 1o 6(€jr) -0 (17)
G €ir) e T ok '
Jr,ow Jryow Jjr,vw

Substituting Eq.(14) into above equation yields

Z Zw kjeg sl %{E uSluvw]} - %{EWW‘ ]} s (18)
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where the symbol R{-} represents the real part of a complex number or a matrix; @ is the frequency-domain
response and is assumed to follow the Gaussian-level distribution.

By implementing Isserlis’ theorem (or Wick’s probability theorem), the following relation can be obtained
Elujusg...u,] = Z H Elugup] (19)
mw€P>(n) abem

where Py(n) denotes the set of all pairs in the set 1,2,....n. The term E[¢,,u;,] by applying the Isserlis’

theorem becomes

Ny N,
E[quTﬂ:;w} = Z Z E [ﬂSlﬂvw] Z(k_l])smn + k;;msn + k_l])mns Z E[ﬂmpﬂnq] 6(l + p + q— 7“) . (20)
s l m,n
The equation above contains the term E [@,,y,], but in the hybrid model, the term E [umpunq} is usually

referred. Hence, it is necessary to transform the formula of the front to the later. The conjugate pair of the
response in positive and negative frequencies has been used in Eq. , and one element of the pair shares the
same statistics with the other for both the real and imaginary part. This means E [tG,tng] = E [umpun( q)]

can be used. Substitute this equation into Eq. gives

Ny Ny,
]E[(bjTﬂ:w] = Z Z E [ﬂszﬂvw] Z(kssmn + k?msn + k?mns Z E[ﬂmpﬂj’l(—q)] 6(l +p+q— T) . (21)
s l m,n p,q

We can rewrite Eq. in the matrix form as
K R{S“"} = R{®}, (22)
where

77 = E[u;1y,]
&7 =Elp; T, ,
Ny(r+Ny)+j, ifr<o0,

Ny(r—14+N,)+j, ifr>0,

Ny(w+ Ny) + v, ifw<0,

Ng(w—14+Ny)+v, ifw>0.

and I and J are the indices of an entry in the matrix.

In fact, the equivalent stiffness K have centrosymmetric property due to the introduction of positive
and negative frequencies. It can be obtained from previous discussion that E [ﬂs(_l)ﬂzw] =E [ﬂ:lﬂv(_w)].
And from Eq. @, it can be easily shown that ¢;. and ¢;_,) are also conjugate pair. This similarly results
in Elgj(—ny,] = E[@],Uy(—w)]. These two equations lead to the centrosymmetry property of % {S“*} and
R{®} in terms of the blocks as

jroow j(=r)v(—w)

RA{®}jp 00 = R{P}

J(=r)v(-w) -
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Then it can be inferred that the equivalent stiffness matrix meets the same property as

m{Keq}jr,vw = §R{I<€q}j(—7")vU(_w) (23)

This property is important since it can be used to save the computational resources when calculating the

equivalent stiffness matrix.

3.2. Linearised governing equation and hybrid model

Rewriting Eq. in matrix form yields
(D+K*“)u=Dyu="f (24)

where D is the dynamic stiffness matrix of the deterministic linear component; K¢ is the equivalent stiffness
matrix; Dges is the linearised dynamic stiffness matrix for deterministic components. Then the entries of the

matrices and vectors in Eq.(24]) can be written as

K75 = kit o W =150, £ = .
The governing equation essentially includes all the responses within the calculating frequency range.
Hence, the order of Dj; can be tremendous if the number N, is large. But the advantage is that with a
single calculation, the response within the frequency range of analysis can be obtained.
Denoting the number of subsystems of pure linear built-up system as Ny and currently considering each
original subsystem at every selected frequency as one subsystem, the number of total subsystem becomes

Niot = 2N, X Ng. In the following derivation, we define

Ng(r+ N,)+s, ifr<0,

M = (25)
Ng(r—14+Ny,)+s, ifr>0,
Ns(I+N,)+t, ifl<o0,

N = (26)

Nyl =1+ Ny)+t, ifl>0.

where r and [ represent the indices for the frequency rw and lw, and meet the conditions of — N, < r, [ < —1
or 1 <r/l<N,; s and t are the indices related to the number of original subsystems Ny, and satisfy these
inequities 1 < s,t < N,. Coupling the deterministic governing equation to the statistical fields which
are the superposition of direct fields and reverberant fields, the governing equation of the structural system

can be written as

Ntot
Dy a=f"+> £, (27)
M
Ntot
Dy, =D +K“+ Y DA (28)
M
where f(’" ]\64”) is the force vector by M-th reverberant field; D?J% is direct field matrix of M-th subsystem. It

should be noted that due to the introduction of negative frequencies, the non-zero entries of Dgﬁr)) should



have a pair which refer to frequency pairs, and the pairs are conjugate. From Eq., the equation regarding

the cross-spectral matrix of the deterministic components can be obtained as

Ntot
S“ = (Dyor)~ (sff +> sgfvy)> (Dior) 7, (29)
where
I =E[F7 @], sih =E [ &7 - (30)

According to the reciprocity relation, the cross-spectral matrix of force by reverberant field can be written
as [9]

rev 4EM i

e = Im{D{M)} . (31)

TrWng

Considering the ensemble and time average power flow in reverberant fields of the subsystems, the power
balance requires that the power into a subsystem should equal the sum of the power dissipated within the
subsystem and the power flowing out to others. The power balance in the j-th subsystem can then be written

as
P1n _ Prez)M _|_Pd1,SS , (32)

where P% is the power injected into the M-th subsystem; Pret v 1s the power flowing out of M-th reverberant

field; P{i*s is the power dissipated in M-th subsystem. Pi? is given as

Z I [wD{ipy| (8", . (33)

mn

where

W

NdXNd

WNw

Combining Eq.7 and , the input power can be rewritten as

Niot
Pyt + Z ns77MN —, (35)
where
Pt = Z Im {wa" } D1/ D] (36)
naMN = - Zlm [ D{i; } . [DED%)D@ﬂmn : (37)
The power flowing out of the reverberant field from M-th subsystem can be written as
Tev 1 rev
out,M — 5 Z Im [WDtOt]mn [Sqq,(M)]mn : (38)

10
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Substituting Eq. and into above equation gives

prev
out M =

where

S tm WD, [DiiD DL (40)

Nd,M =
TrWwng
mn

is related to the power dissipated in deterministic components. Then the power dissipated within the M-th

subsystem P reads
Pliss = |rlwna Eu (41)

where 1, is the damping loss factor.

Substituting Eq.7 and into power balance equation gives

Ntot
(Irlwnar +nanr) Exr 4+ Y narn n ( - N) = Pyt + Py (42)
~ Ng Ty

Substitute the reciprocity equation into Eq., then the response cross-spectral matrix of deterministic

component can be written as

S tot

if W [ 4By dir —H
S +Z i {D(M)} D . (43)

The procedure obtaining the ensemble average energy for subsystems and cross-spectral matrix for deter-

ministic components can be summarised as follows

1. Ignore the nonlinear terms of the governing equation and calculate the linear response.

2. Obtain equivalent stiffness matrix K by Eq.(22).

3. Substitute K¢? into the governing equation 7 and obtain the cross-spectral matrix of the determin-
istic components and the ensemble average energy of the subsystems.

4. Calculate the K¢ and its error. Substitute current K¢ into the third step if the error is larger than

the tolerance. Or terminate the iterations if the error is smaller than the tolerance.

4. Benchmark model

This section introduces a benchmark model for validation purpose. This model is similar to the one used
in previous investigations [2I]. The difference is that the deterministic components in this paper are sets
of nonlinear spring-mass systems. This model can be extended to more complex deterministic components,
which is demonstrated in following case study. In the current model, the two isotropic, homogeneous and
linear elastic rectangular plates coupled by nonlinear springs-mass structures are taken into account. The
geometry and schematic representations are shown in Fig[d] In this system, the plates are simply supported
and the upper plate is subjected to a concentrated harmonic force with a constant direction of vertical
downward. Each plate of the whole dynamic system is randomized by using lumped masses which are

randomly distributed on the plates. The LRRM based on the weak-form of governing equations of the bare

11
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Figure 4: Schematic figure for case 1

1o plate is employed as solving method [2I]. In this context, the transverse displacement w(z,y,t) can be

expanded into a Ritz sense as follows
w(z, y,t Zwmn X)gmn(t) | (44)

where the modal coordinates g¢,,, are time-dependent functions; v,,, are mass-normalized shape functions.
By applying the LRRM (the derivation can be referred to Ref. [21]), the governing equations can be obtained

as

Ni,m

.. 2 .

q1,mn + Wi, mnq1l,mn + Z mg Z q1,ij¢1,ij (ka)d}l,mn (ka)
k=1 ij

Nsm

+ Z ki ZQ1,ij¢1,ij(Xj) — i | Y1mn(x5)
i

13

(45)

Nsm

+ Z ki Zqu‘ﬂ/)l,ij(Xj) —qj | Yrmn(x))
| W

= Fysin(wt + &)1 mn

165

N2 m

. 2 .

q2,mn +w2,mnq2,mn + § mg § q2,ij¢2,ij(X77Lk)¢2,mn(xmk)
k=1 ij

Nsm

Z ks Z 2,ij%2,i5(X;) = ¢j | Y2,mn(x;) (46)

L @

- 43

Nowm
D E D geitei () — g5 | Yamn(x;) =0
i i

dej + k%,j q; — Z d)l,mn(xkj)(h,mn + k%,j q; — Z 77[}2,mn(xlfj)L]Q,mn‘|
3 3 (47)
+ ki] q] - Zwl,mn(xkj)(h,mn + k%j q] - ZwZ,mn(xkj)qQ,mn] - 0

where Ny ., and Ny, represent the numbers of random masses on the plates 1 and plate 2, respectively; Ny,

is the set number of the spring-mass system; my, is the magnitude of the k-th mass; X,,, = (T, , Ym, ) is the

12
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randomised coordinate of the mass my; where w.,,, is the natural frequency of the bare plate; D is the flexural
rigidity; kij and kij correspond to the linear term and the cubic term of first spring stiffness coefficient in
j-th spring-mass system; k‘%)j and k;j correspond to the linear term and the cubic term of second spring
stiffness coefficient in j-th spring-mass system; xx; = (w;, yx,) is the coordinates of the coupling point; where
F; sin (wt + ¢) represents the sinusoidal excitation with amplitude F';, circular frequency w and phase angle
®; X, denotes the coordinate of the external force.

This paragraph presents how the deterministic components in hybrid FE-SEA model are specified. It can
be observed in Fig[] that the load in mid-frequency range and along vertical direction excites the out-of-plane
motion of plate 1. Then the spring-mass system and the motion of plate 2 also follow the vertical motion.
The out-of-plane motion fields of the plates which are vulnerable to uncertainties are considered as SEA
subsystems. The spring-mass structures in which the translational springs are assumed to have large stiffness
are deterministic joints in this model. It is easy to see that each spring-mass system yields 3 DoF's, one of
which denotes the translational motion of the mass, and the others refer to motion of connection points to
the plates (deterministic boundaries). Hence, for the structure including two spring-mass systems depicted in
Fig[4] the number of DoFs of deterministic components is 6. When constructing the dynamic stiffness D g,
for deterministic components, the spring-mass systems are blocked, which means the deterministic boundaries
are assumed as free. Denote the displacement vector of j-th spring-mass system as q; = [q15, q2;, g3;]7 in
which the displacements are referred to, respectively, the deterministic boundary point in plate 1, the mass
M;, and the deterministic boundary point in plate 2. For j-th spring-mass system under the frequency of

lw, the linear part of dynamic stiffness matrix can be obtained by general modelling process for dynamic

structures as

k%,j _k%,j 0
Dily = |—kl; —M;lPw?+ ki +k; —ki;|- (48)
0 _k%,j k%,j

The vector denoting nonlinear terms for j-th spring-mass system can be written as

k(a1 — q2.5)°
det. = | =k3 (a1 — q2g)® + K3 (g2 — a35)° | - (49)

*kg,j((h,j - (J3,j)3
To obtain the governing equation by current hybrid model, it is also necessary to give the expression for
direct field dynamic matrix. For N-th subsystem D?ﬁ) related to plate 1 (the index for plate 1 is 1, setting

as t = 1), the non-zero block in the matrix can be written as follow

idwZim 0 0
DY vxxv=| 0 0 0 (50)
0 0 0

where me = 8v/D,1p1h1 is the infinite-plate impedance related to plate 1; D,1, p; and hy are plate flexural
rigidity, density and thickness of plate 1; [ is the frequency index; [, ¢t and N satisfy the relation of Eq. .

For the direct field dynamic matrix related to plate 2 (¢ = 2). the non-zero block in the matrix can be written
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as follow

00 0
D% nxn = [0 0 0 (51)
0 0 dlwzim

where ng = 8v/D,2p2hs is the infinite-plate impedance related to plate 2; Do, p2 and ho are plate flexural

rigidity, density and thickness of plate 2.

5. Numerical results

This section targets the validation of the proposed formulation by implementing two case studies. The
first case which refers to the geometry model in Fig. [4] has a relative simple coupling relation between two
subsystems (plates). The second case is more complex than the first case. The number of subsystems is
increased to three, and the connection between first and second plates is related to two nonlinear spring-
mass systems in which the masses are coupled by an nonlinear spring. The geometry model is shown in
Fig[8l These two cases respectively including simple and complex coupling relation can not only validate
the proposed formulation, but also provide remarkable understanding about energy transfer by nonlinear
joints. In these two cases, translational springs and Kirchhoff plates are used to construct the structure.
The materials of the plates are assumed to be homogeneous, and isotropic with Poisson’s ratio » = 0.3 and
damping loss factor 0.01. The dimensions, mass densities and Young’s modulus are referred in Tab[l] Some
of the translational springs are nonlinear. The stiffness parameters for both linear and nonlinear cubic terms
are in Tab[2] For validation purpose, 100 MCS samples are used to calculate the ensemble average energy
for the nonlinear systems. 20 lumped masses each of which has 2% of the mass of the plate are randomly
distributed on the plates in order to obtain every energy ensemble. For both case studies, the input loads
are set to be vertical to the plates. The amplitude for the harmonic load is 1000N, the excitation frequency

is set to be 2400 rad/s.

Table 1: Parameters of plates.

Structure Dimensions Mass density ~ Young’s module
Plate 1 1.35mx1.20mx0.005m  2700kg/m3> 70 GPa
Plate 2 1.05mx1.20m x0.008m 2700kg/m? 70 GPa
Plate 3 1.00m x 1.05m x0.005m 2700kg/m? 70 GPa

The first case resembles the benchmark model in Fig But the number of the mass-spring set (determin-
istic component) is one. Applying the current nonlinear FE-SEA and benchmark formulations, the ensemble
average energy of subsystems and the spectra of the deterministic component can be calculated. Figures
[f(a)(b) show both linear and nonlinear results for plate 1 and plate 2, and Figs[5|c)(d) show the linear and
nonlinear spectral response of the mass(M;). The responses (ensemble average energy or cross-spectral re-
sponse) by linear and nonlinear analysis are nearly the same in the frequency range 0 - 4700 rad/s. But for

higher frequency range 4700 - 10000 rad/s, the nonlinearity causes obvious scattering in which the responses
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Table 2: Parameters of springs.

Spring  Parameter (linear term) Parameter (cubic term)

K11 1 x 10°N/m 1 x 109N/m?
Ki2 2 x 10°N/m 2 x 1019N/m3
Ko 1 x 10°N/m 1 x 10°N/m?
Koz 2 x 10°N/m 1 x 1019N/m3
K. 0 5 x 109N/m3
Ks 2 X 10°N/m 0

Ky 2 X 10°N/m

within the frequency range are larger than the responses by pure linear analysis. The responses between the
LRRM+MCS and nonlinear FE-SEA analysis have good agreements in most frequency range, except some
local peak points. Figure @(a) shows the CLF in linear case. It is obvious that the coupling between plate
1 and plate 2 only happens at the same frequency, which conforms to the energy transfer model in Fig[2]
Figures [6[b)(c)(d) are the nonlinear CLF within the plates or between the plates. A feature can be observed
that several ridges exist in the figures. These ridges essentially reflect the energy scattering between frequency
ranges, and it is caused by nonlinearity and can be reflected in Eq. (the Kronecker Delta functions in
this equation show the relation between certain frequencies). The data is collected from iteration shown in
Fig. [7] points of which are selected at two local peaks with frequency equalling 7200 rad/s and 8600 rad/s.
It shown that for proposed formulation, it only takes two iterations to converge. And in current case study,
the energy scattering prediction is good for the second peak (frequency at 8600 rad/s) since the error for
nonlinear results is very small. But the error at the local peak (7200rad/s) is large, around 10 dB.

The second case as shown in Fig[8 has two coupled sets of mass-spring systems connecting plate 1 and
plate 2. Additional nonlinear spring connects the mass M; and M5 in vertical direction. All these springs are
nonlinear. Plate 2 and plate 3 are coupled by two linear translational springs. Applying the proposed formu-
lation and LRRM+MCS analysis, both linear and nonlinear results can be seen in Fig[d] Good agreements of
results between proposed formulation and benchmark model can be observed in most frequency range. There
exist large energy response or frequency error in the local peak in higher frequency range. Figures|10[(a)(b)
are the CLF from nonlinear FE-SEA analysis. Figure (a) denotes the coupling between plate 1 and plate
2. It has the same features observed in the first case. But in Figb) the coupling between plate 2 and
plate 3 happens in the same frequency, which means the coupling is nearly linear, and nonlinear connection
between plate 1 and plate 2 has little effects on the coupling between plate 2 and plate 3. Figures [11] show
the response at selected frequencies of 7200 rad/s and 8600 rad/s. It can be seen that at the peaks caused
by energy scattering, relative large errors (around 10 dB) happened in this case study. We can obverse that
the responses by proposed formulation agree with those by benchmark models, except the peak by nonlinear
analysis at 7200 rad/s. In fact, if we look at the MCS samples in Fig@, some samples at these peaks have
larger energy level(almost equal to those by nonlinear FE-SEA), but some other samples which are immersed
by MCS sample clouds are much smaller. Then the average of all the samples causes a "middle peak”. We

could guess that at the peak point, the ensemble systems demonstrate different energy scattering features,
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Figure 5: Ensemble average response for the plates and the mass Mi; (a)(b) linear and nonlinear average energy for plates;

(c)(d) linear and nonlinear spectral response for the deterministic component M.

and our proposed formulation catches some but not all of them.

This paragraph discusses the performance of the proposed formulation. In the calculating process EI, only
two iterations are needed for both two case studies to converge to the final results. This good convergent
performance is due to two reasons. The first one is that the weak nonlinearity assumption keeps most linear
features of the models. One obvious feature which can be seen in the figures 5 and 9 is that the linear and
nonlinear energy responses in lower frequency range are very close. The second one is that only when it
comes to higher frequency range, the energy scattering by nonlinearity significantly affects the energy level.
This means not all the frequency calculation point need complex iteration and calculation. The algorithm

based on proposed formulation naturally focuses on the higher frequency range but not all the calculating

LComputer specifications: processor(Intel(R) Core(TM) i5-8300H CPU); RAM(8.00 GB); system(64-bit Windows 11 system);
software (MATLAB R2020b)

16



10 log,,(CLF)

10 log, ,(CLF)

10 log,(CLF)

-500 -400 -300 -200 -100

10 log, ((CLF)

50

40

10 ot w Gadls}.

0| ’ 4
pate ! 10 20 j5), pate 2

0
jw (rad

-500 -400 -300 -200 -100 -500 -400 -300 -200 -100

(c) (d)

Figure 6: (a)CLF between plate 1 and plate 2 by linear analysis; (b) CLF between subsystems within plate 1 by nonlinear

analysis; (¢) CLF between plate 1 and plate 2 by nonlinear analysis; (d) CLF between subsystems within plate 2 by nonlinear

analysis.
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Figure 7: (a) Linear and nonlinear comparison for energy response of plate 2 at selected frequency equalling 7200 rad/s and
8600 rad/s; (d) Linear and nonlinear comparison for cross-spectral response of the mass M at selected frequency equalling 7200

rad/s and 8600 rad/s.

Plate 3

Figure 8: Schematic figure for case 2.
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Figure 9: Ensemble average response for the plate 2, 3 and the mass Ma; (a)(b) linear and nonlinear average energy for the

plates; (c)(d) linear and nonlinear spectral response for the deterministic component Ma.
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Figure 10: (a)CLF between plate 1 and plate2; (a)CLF between plate 2 and plate 3.
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Figure 11: (a) Linear and nonlinear comparison for energy response of plate 2 at selected frequency equalling 7200 rad/s and
8600 rad/s; (d) Linear and nonlinear comparison for cross-spectral response of the mass M at selected frequency equalling 7200

rad/s and 8600 rad/s.

frequency range. Table [3|shows the computational time for both case studies. It can be observed that when
the number of calculating frequency points (V) is small, this algorithm demonstrates very fast performance
compared to those obtained by LRRM-MCS. But if the number of frequency points increases, the consumed
time increases very significantly. This is because the updating step by Eq. contains too many nested
loops, and every layer of loops is related to calculating frequency points N,. This means linearly increasing
N, brings the exponential growth of computational resources. It has been tested in the cases that 40 or 50

frequency points can be the compromise to keep the algorithm efficient and effective enough.

Table 3: Computational cost for case studies; ”Nonlinear FE-SEA (30)” refers to N, = 30; ”Nonlinear FE-SEA (50)” refers to
N, = 50; LRRM(100) uses 100 MCS samples.

Time(s) Nonlinear FE-SEA (30) Nonlinear FE-SEA (50) LRRM(100)
Case 1 55 324 4386
Case 2 152 2562 8953

6. Conclusion

This paper is devoted to a new hybrid FE-SEA formulation for nonlinear joints. The energy scattering is
considered, and this leads to more accurate results in nonlinear cases. This paper proposes a new model for
energy transfer between SEA subsystems. And based on this model, the linearisation is realized in frequency
domain by MHB plus Galerkin method. This linearisation gives the equation of equivalent stiffness targeting
the updating for iterative steps. Two case studies have been given for validation and investigation of the
CLF. Good agreements between the benchmark model and proposed hybrid model can be observed.

The formulation in the current paper can be further extended to other types of nonlinearity. The forms

of the equivalent stiffness with different nonlinear mathematical forms can be derived in further research.
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»5  Previous research of nonlinear hybrid model is limited to simple deterministic components with a very few
DoFs. The current nonlinear model is applicable to complex system with MDoF deterministic components.
It is noted that the current formulation is limited to weak nonlinearity. But the framework in this paper can
be extend to cases with relative larger nonlinearity. But before this extension, some other cases should first
be considered; (1) the equilibrium points are not close to zeros; (2) several stable/unstable equilibrium points
x0  exists; (3) response distribution with existence of strong linearity (non-Gaussian distribution). Future work

relating nonlinear FE-SEA model could focus on these cases.
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