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A B S T R A C T   

Origami-inspired metamaterials and structures exhibit extraordinary properties, including programmable Pois
son’s ratio and tunable stiffness. Although some research has achieved the programmability of generalized four- 
fold origami structures, the proposed formulas of Poisson’s ratio and stiffness are complex and difficult to be 
applied for inverse design of origami engineering. Here, the geometric mechanics of a generalized four-fold 
origami unit with three angles and two lengths controls are studied. The analytical formulas give a great po
tential of inverse design for in-plane Poisson’s ratio and in-plane stiffness. To realize inverse design, the tran
scendental equation with uninvertible solution is simplified by polynomial fitting method. Moreover, the results 
are verified by the classical Miura origami results, the existing Origami Simulator tools and the physical poly
ethylene models. Finally, to make the proposed inverse design applicable to non-zero thickness origami, it is 
recommended to adopt carbon fiber reinforced polymer shell as the connection of the panel.   

1. Introduction 

Origami structures have unique geometric and mechanical proper
ties uncommonly found in traditional structures, including reconfig
urable shape [1–3], negative Poisson’s ratio [4–6], and tunable 
structural stiffness [7]. They have thus been widely developed and 
applied in varieties of fields, such as biomedicine [8,9], robotics 
[10–12], aerospace [13–16], structural engineering [17–20] and meta
materials [21–23]. 

Programmability of origami structures has been extensively studied, 
including geometry [24–27], Poisson’s ratio [28,29], and stiffness 
[30,31]. Since the structure with negative Poisson’s ratio effect has 
better energy absorption performance than the traditional structure 
[32], and the stiffness has a great impact on the deformation and impact 
response of the structure [33], the Poisson ratio and stiffness of origami 
structures have always been a hot topic. Compared with traditional 
structures, an origami structure shows foldability. By programming the 
geometry and mechanics [29], the Poisson’s ratio and stiffness of 
origami structures can be accurately represented by the initial config
uration parameters and folding angle. The programmable Poisson’s ratio 
and tunable stiffness of the structures are conducive to inverse design 

[34], and also have a great role in promoting the programmability of 
origami metamaterials [35–38]. Thus, the programmability of Poisson’s 
ratio and stiffness and the inverse design of structures are important. 

Miura origami structure is one of the most common origami struc
tures, and its mechanics have been studied extensively. Xiang et al. [39] 
revealed that the arc-Miura was superior to the corresponding mono
lithic arch in terms of energy absorption. Gao et al. [40] found that 
rational design of Miura origami cells could reduce peak forces and had 
better load uniformity while maintaining good specific energy absorp
tion. Pratapa et al. [29] explored the conversion between the Miura 
origami structure and egg shell structure, as well as the change in 
Poisson’s ratio. Liu et al. [41] proposed a new method to measure the 
geometric and mechanical parameters of the noisy Miura origami 
structures. Wei et al. [34] derived analytical formulas for Poisson’s ratio 
and stiffness of Miura origami structure. Inspired by these studies, we 
intend to study the mechanical properties of a generalized four-fold 
origami structure, aiming to enrich the engineering applications of 
origami structures. 

To date, several scholars have investigated Poisson’s ratio or stiffness 
of generalized four-fold origami structures. These studies focus on the 
programmability of Poisson’s ratio and stiffness under different 
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configurations and folding angles. Misseroni et al. [6] studied the 
experimental implementation of tunable Poisson’s ratio for generalized 
four-fold origami metamaterials. Liu et al. [28] proposed a Trimorph 
origami model, including a generalized Miura origami and a generalized 
egg shell model. Fang et al. [30] showed that generalized four-fold 
origami offered new modes of deformation as well as extraordinary ki
nematic and mechanical properties, and gave the corresponding theo
retical formulas. Previous studies on generalized four-fold origami 
structures have made breakthroughs in stages. However, if this gener
alized configuration is to be applied as widely as the classical Miura 
origami structure, exact and robust analytic formulas of its geometric 
mechanics and quantitative analysis of stiffness with different variables 
are necessary. 

Therefore, we mathematically derive exact expressions to describe 
the geometric configuration, Poisson’s ratio and stiffness of a general
ized four-fold origami cell during folding. In addition, the formulas are 
verified by Origami Simulator, physical polyethylene models and clas
sical Miura origami results. Notably, the polynomial equation is much 
easier to be reversed than the transcendental equation. Thus, the poly
nomial fitting method can be used to simplify the formulas, to realize 

inverse design of generalized four-fold origami structures. The inverse 
design of geometric mechanics would make this configuration as widely 
applied in various related fields as the classical Miura origami 
configuration. 

2. Basic geometric property 

2.1. Geometry and kinematics 

Fig. 1a shows the unit cell of a generalized four-fold origami sheet in 
the two-dimensional plane. It consists of four rigid parallelogram plates 
connected by elastic hinges at the creases, where the panel O9O8O5O6 is 
equivalent to the panel O4O5O2O1, and the panel O4O5O8O7 is equivalent 
to the panel O3O2O5O6 [42–45]. In Fig. 1b, the distance between O4 (or 
O6) and O5 is expressed as l1; the distance between O2 (or O8) and O5 is 
expressed as l2; the folding angle of the crease O5O2 (or O5O8) is defined 
as φ; the angle between the crease O5O4 (O2O1 or O8O7) and the crease 
O5O6 (O2O3 or O8O9) is defined as η; the height h is the vertical co
ordinates of O7 (O8 or O9) minus O1 (O2 or O3); θ1 is the angle between 
the plane O3O2O5O6 (or O4O5O8O7) and the horizontal plane; θ2 is the 

Fig. 1. Unit cell of a generalized four-fold origami sheet. (a) Undeformed two-dimensional configuration; (b) Stereogram during folding; (c) Top view during folding.  

Fig. 2. Effective dimensionless apparent volume V = V/(2l21l2) at (a) γ = 0◦, (b) γ = 5◦, (c) γ = 10◦; (d) V of the points with α = 50◦ and θ1 = 63.54◦ are affected by γ. 
Green dotted curve θ1m(α) indicates the optimal design angle pairs that correspond to the maximum V|α. Blue dotted curve αm(θ1) indicates the optimal design angle 
pairs that correspond to the maximum V|θ1. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of 
this article.) 
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angle between the plane O9O8O5O6 (or O4O5O2O1) and the horizontal 
plane; the length l is the distance between point O4 and point O6; and the 
width w is the distance between point O5 and point O. In Fig. 1c, the line 
O4O6 is parallel to the x-axis; the line O5O locates on the y-axis; and the 
point O lies on the midpoint of line O4O6. 

The initial configuration of the generalized four-fold origami unit is 
parameterized by two sides, l1 and l2, and two oblique angles, α and γ. 
The folding behavior of the structure can be characterized by two 
dihedral angles (θ1 + θ2) ∈ [0◦, 180◦] and φ ∈ [0◦, 180◦], and the size of 
the unit cell during folding can be described by the unit length l, unit 
width w, and unit height h. Since the plate is assumed as rigid, the 
lengths l1, l2 and (α+γ) ∈ [0◦, 90◦] are constant during folding. Addi
tionally, the length formed by O1O7 is equal to that formed by O3O9 (or 
O2O8) (that is, plane O1O2O3, plane O4O5O6, and plane O7O8O9 are 
parallel to the plane xy), as shown in Fig. 1b. Thus, it can be obtained 
that 

θ2 =
180
π sin− 1

(
sinαsinθ1

sin(α + γ)

)

(1) 

As such, we can choose θ1/θ2 (or equivalently φ) to be the only de
gree of freedom that completely characterizes a generalized four-fold 
origami unit. The geometry of the unit cell implies that 

l = 2l1sin
η
2
, w = l1cos

η
2
, h = 2l2ξ (2)  

where ξ is the sine of the angle between the crease O5O2 (or O5O8) and 
the horizontal plane, 

ξ = sinαsinθ1 (3)  

and 

η =
180
π cos− 1( − cosαcos(α + γ) + sinαsin(α + γ)cosφ ) (4)  

where   

2.2. Apparent volume 

We explore the variations in the apparent volume of the generalized 
four-fold origami unit cell during folding. The apparent volume V can be 
determined by 

V = lwh = 2l2
1l2ξsinη

= 2l2
1l2sinαsinθ1sin

(
cos− 1( − cosαcos(α + γ) + sinαsin(α + γ)cosφ )

) (6)  

where φ is denoted by Eq. (5). 
Three different γ of 0◦, 5◦, and 10◦ are selected to plot the contours of 

apparent volume V. Because α + γ < 90◦, when γ increases to 5◦ or 10◦, α 
cannot exceed 85◦ or 80◦, as shown in Fig. 2a-c. The apparent volume 
roughly increases with the value of the variable from the bottom left to 
the top right. Note that at α = 20◦, the apparent volume of the unit can 
be changed by changing the value of γ. As shown in Fig. 2c-d, taking the 
coordinates of typical configurations A (50◦,63.54◦), B (50◦,50◦), C 
(50◦,40◦), D (50◦,30◦), E (40◦,63.54◦), F (30◦,63.54◦) and G 
(20◦,63.54◦) as examples, the influence of γ on apparent volume is 
analyzed. Under different combinations of (α, θ1), the influence of γ is 
different. When α < 40◦, the apparent volume increases with the in
crease of γ; when α > 40◦ and θ1 > 60◦, the apparent volume first in
creases and then decreases with the increase of γ; when α > 40◦ and θ1 <

60◦, the apparent volume decreases as γ increases. This intuitive rela
tionship facilitates the subsequent determination of initial size of the 
structure. In particular, it can guide the design of origami structures in 
engineering applications. 

Because the partial derivative of η is difficult to inversely solve the 
theoretical solution, the extreme value for Eq. (7) is obtained by fitting 
the tangent point of contours in Fig. 2a-c, which is used to estimate the 
maximum apparent volume and simplify the formulas. On this basis, it is 
convenient to determine the condition under which the apparent vol
ume takes an extremum at fixed angles α (θ1) and γ. This convenience 
could improve the efficiency of inverse design of origami structures for a 
specific apparent volume. 

Vmax|
◦
α = 0.0062α2 − 0.0284α + 42.5346, Vmax|θ1 = − 18.4θ1 +

341.3
̅̅̅̅̅
θ1

√
− 1501,atγ = 0◦

Vmax|
◦
α = 0.0082α2 − 0.2811α + 55.2473, Vmax|θ1 =

Fig. 3. Effective dimensionless relative density d = d/(ρ/l1) at (a) γ = 0◦, (b) γ = 5◦, and (c) γ = 10◦. Green dotted curve θ1m(α) indicates optimal design angle pairs 
associated with the maximum d|α. Blue dotted curve αm(θ1) indicates optimal design angle pairs associated with the maximum d|θ1. (For interpretation of the 
references to colour in this figure legend, the reader is referred to the web version of this article.) 

φ =
180
π cos− 1

⎛

⎝

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅[
(cosα)2

− (sinαcot(α + γ) )2 ]
(tanθ1)

2
+ 1

√

− (tanθ1)
2cosαsinαcot(α + γ)

1 + (cosαtanθ1)
2

⎞

⎠ (5)   
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0.4376θ2
1 − 196θ1 + 2276.3

̅̅̅̅̅
θ1

√
− 7397.5at γ = 5◦

Vmax|
◦
α = 0.01α2 − 0.4738α+ 64.4364,Vmax|θ1

= − 19.51θ1 + 353.7
̅̅̅̅̅
θ1

√
− 1515 at γ = 10◦ (7)  

2.3. Relative density 

We investigate the relative density of the generalized four-fold 
origami during folding. The relative density d is defined as the ratio 
between the mass of the structure and the apparent volume occupied by 
the structure. Assuming that the plate thickness is uniform and the 
surface density ρ is constant, d can be computed by 

d =
m
V
=

2ρl1l2(sin(α + γ) + sinα )

2l2
1l2ξsinη =

ρ(sin(α + γ) + sinα )

l1sinαsinθ1sinη (8) 

Fig. 3 shows the contours of the relative density at γ = 0◦, γ = 5◦, and 
γ = 10◦. The contours can intuitively reflect the variation of d with 
various angles, i.e., θ1, α, and γ. When γ is a constant, the relative density 
d decreases with the increase of both θ1 and α. Since the mass is constant 
during the structure folding, the effect of γ on d is opposite to that on V 
when θ1 and α are constant. 

Similarly, the extreme relative density d is determined by fitting the 
tangent point of contours in Fig. 3, as Eq. (9). It is manifested by the 
green (blue) dots in Fig. 3. Since the relative density is inversely pro
portional to the apparent volume, only a small amount of analysis is 
made on the relative density, and the rest can be further determined by 
combining the apparent volume analysis. 

dmin|
◦
α = 0.0049α2 + 0.0435α + 45.7948, dmin|θ1 =

0.002338θ3
1 − 0.51θ2

1 + 37.98θ1 − 895,atγ = 0◦

dmin|
◦
α = 0.0093α2 − 0.4304α + 59.0502, dmin|θ1 =

0.001411θ3
1 − 0.31θ2

1 + 23.7θ1 − 551atγ = 5◦

dmin|
◦
α = 0.0069α2 − 0.138α+ 56.7dmin|θ1

= 0.00143θ3
1 − 0.303θ2

1 + 22.46θ1 − 499atγ = 10◦ (9)  

3. Poisson’s ratio 

3.1. Formula derivation and verification 

There are three kinds of in-plane Poisson’s ratios in the three 
orthogonal directions. The Poisson’s ratios νwl involving the width w and 
length h, νhl involving the height h and length l, and νhw involving the 
height h and width w are determined by Eq. (10), Eq. (11), and Eq. (12), 
respectively. 

νwl = ν− 1
lw = −

dw/w
dl/l

=
(

tan
η
2

)2
(10)  

νhl = ν− 1
lh = −

dh/h
dl/l

=
− 2tan η

2
∂η

∂θ1
tanθ1

(11)  

νhw = ν− 1
wh = −

dh/h
dw/w

=
2

∂η
∂θ1

tan η
2 tanθ1

(12)  

where dl represents a slight change in the direction of length l, η is 
denoted by Eq. (4), and ∂η/∂θ1 represents the partial derivative of the 
ternary function η with respect to θ1. Poisson’s ratio of Eq. (10) is 
defined as the negative ratio of width contraction to length contraction, 
which describes the coupling of directional deformation in the orthog
onal long and wide directions. Poisson’s ratio of Eq. (11) and Eq. (12) is 
similar. It is assumed that the panel of the generalized four-fold origami 
structure is rigid (i.e., only deformed at the creases). Thus, the main 
deformation occurs at the creases to achieve significant transformation 
of the structure, while the influence of tensile deformation of the panel 
can be ignored [28–30,34]. 

Since Eq. (11) and Eq. (12) involve the partial derivatives of η, it is 
difficult to reverse the analytical solutions. When the precision re
quirements are not high, the formulas can be simplified by fitting a 
polynomial (see Appendix A). 

When γ = 0◦, the generalized four-fold origami structure is degen
erated into a classical Miura origami structure. For the classical Miura 
origami, the Poisson’s ratio in three directions all binary functions of α 
and θ1, where θ2 = θ1. 

Fig. 4. Relative error distributions at γ = 0◦. (a) Poisson’s ratio νwl. (b) Poisson’s ratio νhl. (c) Poisson’s ratio νhw.  

Fig. 5. Relationship between the independent variables θ1, α and γ in the case of a special Poisson’s ratio (a) when νwl = 1, (b) when νhl = − 1, (c) when νhw = 1.  
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In order to verify the accuracy of the above formulas, we calculate 
the relative errors of the degenerated Poisson’s ratio formulas (γ = 0◦) 
and the classical Miura origami formulas [34] by 

εrνwl =

⃒
⃒
⃒
⃒
νwl(θ1, α) − νwl(θ1,α, 0)

νwl(θ1, α)

⃒
⃒
⃒
⃒ =

⃒
⃒
⃒
⃒
⃒
⃒
⃒

(cotα)2
(secθ1)

2
−
(
tan η

2

)2

(cotα)2
(secθ1)

2

⃒
⃒
⃒
⃒
⃒
⃒
⃒

⩽7.8 × 10− 8

(13)  

εrνhl =

⃒
⃒
⃒
⃒
νhl(θ1, α) − νhl(θ1,α, 0)

νhl(θ1,α)

⃒
⃒
⃒
⃒ =

⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒

1 − 1
(sinαsinθ1)

2 −
− 2tan η

2
∂η

∂θ1
tanθ1

1 − 1
(sinαsinθ1)

2

⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒

⩽6.7 × 10− 11

(14)  

εrνhw =

⃒
⃒
⃒
⃒
νhw(θ1, α) − νhw(θ1,α, 0)

νhw(θ1, α)

⃒
⃒
⃒
⃒ =

⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒

1− (sinαsinθ1)
2

(cosαtanθ1)
2 − 2

∂η
∂θ1

tan η
2 tanθ1

1− (sinαsinθ1)
2

(cosαtanθ1)
2

⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒

⩽7.8 × 10− 8

(15) 

The distributions of the relative error size of the Poisson’s ratio are 
shown in Fig. 4a-c. The maximum relative errors are all less than 10-7 

and most of them are less than 10-15. Because of the truncation error in 
numerical calculations, the relative error within 10-7 can be ignored. 
Therefore, it is verified that the established formulas have high 
accuracy. 

3.2. Inverse design of programmable Poisson’s ratio 

3.2.1. Positive Poisson’s ratio 
Eq. (10) and Eq. (12) show that both νwl and νhw are positive. For 

solid structures, the Poisson’s ratio typically varies from − 1 to 1/2. 
Interestingly, when the Poisson’s ratio is equal to 1, the structure has a 
reverse amplitude expansion and contraction. As such, we take νwl = 1 
and νhw = 1 as illustrations (Eq. (16) and Eq. (18)) to explore the rela
tionship between the independent variables θ1, α, and γ. 

νwl = ν− 1
lw = −

dw/w
dl/l

=
(

tan
η
2

)2
= 1 (16)  

which gives the following result (Fig. 5a) 

θ1 =
180
π tan− 1

( ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
− cosγcos(2α + γ)

√

cos(α + γ)

)

(17)  

and 

νhw = ν− 1
wh = −

dh/h
dw/w

=
2

∂η
∂θ1

tan η
2 tanθ1

= 1 (18)  

where the partial derivative of η is difficult to find the inverse analytical 
solution. Thus, the polynomial fitting method is used to approximate it. 
We take the 80 × 80 × 80 data sets of α ∈ [20◦,50◦], γ ∈ [0◦,10◦] and θ1 
∈ [10◦,40◦] to fit Eq. (12) to a ternary polynomial, and the average 
relative error of the polynomial fitting is 2.05%. Then, we set this 
ternary polynomial as 1, and inversely find the relationship between θ1 
and the other two variables. 

The result (Fig. 5c) is given by 

Fig. 6. Negative Poisson’s ratio νhl at (a) γ = 0◦, (b) γ = 5◦, and (c) γ = 10◦. (d) The νhl of the points on the line α = 50◦ and θ1 = 63.54◦ as a function of γ.  
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θ1 = − 0.0212α3 + 0.0701α2γ + 0.1099α2 + 0.1165αγ2 − 0.1610αγ
− 0.0456α + 0.0619γ3 − 0.0131γ2 + 0.2025γ + 0.2475 (19)  

where Eq. (19) is a polynomial numerical solution when α ∈ (20◦, 50◦)

and γ ∈ (0◦,10◦). 

3.2.2. Negative Poisson’s ratio 
Eq. (11) shows that the νhl is negative. The structure with a negative 

Poisson’s ratio can co-expand or co-contract in two directions. In 
particular, when the Poisson’s ratio is equal to − 1, the amplitude of co- 
expansion or co-contraction is the same, which has remarkable research 
significance [46,47]. The following is to study the relationship between 
the independent variables θ1, α, and γ when νhl = − 1. 

νhl = ν− 1
lh = −

dh/h
dl/l

=
− 2tan η

2
∂η
∂θ1

tanθ1
= − 1 (20) 

Similarly, when partial derivatives of η which are difficult to solve 
are involved, polynomial fitting method is used for approximation. We 
take the 80 × 80 × 80 data sets of α ∈ [40◦,70◦], γ ∈ [0◦,10◦] and θ1 ∈

[30◦,70◦] to fit Eq. (11) to a ternary polynomial, and the average relative 
error of polynomial fitting is 2.76%. The result (Fig. 5b) is given by 

θ1 = 3.388α3 − 0.068α2γ − 8.7456α2 + 0.7437αγ2 + 0.7106αγ
+6.1586α + 1.734γ3 − 1.5928γ2 − 0.6744γ + 0.2103 (21)  

where Eq. (21) is a polynomial numerical solution when α ∈ (40◦, 70◦)

and γ ∈ (0◦,10◦). It should be noted that, most angles are expressed in 
degrees by default in this study, and the angles θ1 , α, and γ in Eq. (19) 
and Eq. (21) should be expressed in radians. Besides, when the variables 
located at the line of θ1 = 90◦, tan θ1 in Eq. (18) or Eq. (20) will become 
infinite. In this case, the convergence rate of the polynomial is much less 
than that of the tangent function. Thereafter, the polynomial fitting 
method cannot guarantee a certain precision for such a singular case, 

which should be avoided during origami design. Note that this study 
mainly focuses on the case of θ1≤90◦; when θ1=90◦, the dihedral angle 
θ1+θ2 approaches 180◦, encompassing all possible folding patterns. 

Fig. 5 is the relation diagram of independent variables obtained by 
inverse design when the Poisson’s ratio is 1 or − 1. Using the same 
method, we can derive the relationship between three independent 
variables when Poisson’s ratio νhl takes any negative value. Similarly, we 
can derive the relationship between three independent variables when 
the Poisson’s ratio νwl or νhw is positive. Thereafter, inverse design for 
origami structures with programmable Poisson’s ratio can be achieved. 

3.2.3. Cloud diagrams of negative Poisson’s ratio 
We further plot the negative Poisson’s ratio affected by three inde

pendent variables, as shown in Fig. 6. Since the absolute value of 
negative Poisson’s ratio is rather large when θ1 or α approaches 0◦, both 
independent variables are considered from 5◦. It can be noticed from 
Fig. 6 that, when γ keeps constant, the negative Poisson’s ratio νhl in
creases with the increase of θ1 and α. With constant θ1 and α, the in
crease of γ increases νhl. 

As shown in Fig. 6d, typical configurations A, B, C, D, E, F and G 
mentioned above are taken as examples, to analyze the influence of γ on 
negative Poisson’s ratio. The results show that νhl increases with the rise 
of γ. The increase is larger when α < 30◦. The programmability of the 
negative Poisson’s ratio is difficult to intuitively design through Eq. (11). 
By combining it with Fig. 6a-c, we can efficiently find the initial and 
expected configurations. For example, when a negative Poisson’s ratio 
with a large absolute value is needed, we can deliberately design the 
initial configuration by combining the cloud images with the graph in 
Fig. 6d, which can greatly improve computational efficiency. 

In engineering applications, to reduce the impact of thickness on 
inverse design, carbon fiber reinforced polymer shell [48] can be 
adopted for the connection of the whole structure, rather than thin- 
walled materials or hinged structures. They can make the actual 

Fig. 7. Verification of negative Poisson’s ratio based on Origami Simulator. (a) α = 60◦, γ = 0◦. (b) α = 50◦, γ = 10◦. (c) α = 45◦, γ = 15◦.  
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negative Poisson’s ratio more consistent with the predicted results. 

3.3. Model verifications 

3.3.1. Model verifications by origami simulator 
Since negative Poisson’s ratio has received more attention among the 

three Poisson’s ratios, only negative Poisson’s ratio is verified here. We 
setup three different initial configurations, including the configuration 
α = 60◦, γ = 0◦; α = 50◦, γ = 10◦; and α = 45◦, γ = 15◦. Sizes for each 
panel are l1 = l2 = 100 mm. 

Fig. 7 shows the negative Poisson’s ratios calculated by our formulas 
and the Origami Simulator [49] under the five states of 30%, 40%, 50%, 
60%, and 75% folding. In Fig. 7, the blue line is drawn according to Eq. 
(11) and the red points are drawn by the Origami Simulator. 

For the three origami configurations, the maximum relative error 
between the Origami Simulator and the theoretic formulas are 2.13%, 
1.03%, and 3.18%, respectively. Except for the 30% folding state, most 
of the relative errors are within 1%. The generation of relative errors is 
because the two adjacent folding states of the Origami Simulator do not 
change continuously, which are discretization by 1% folding degree 
[49]. The small errors have indicated the correctness of the proposed 
formulas. 

3.3.2. Verifications for inverse design 
Similar to Section 3.3.1, we setup three different initial configura

tions, including the configuration with α = 50◦, γ = 0◦; α = 60◦, γ = 5◦; 
and α = 60◦, γ = 10◦. Sizes for each panel are l1 = l2 = 92 mm. As shown 
in Table 1, θ1 calculated by Eq. (21) is used as the input parameter of 
Origami Simulator, and the corresponding length and width are 

calculated. Then, the corresponding Poisson’s ratio νos is calculated by 
Eq. (22). θ1 calculated by Eq. (21) is taken as the input of Eq. (11), and 
the corresponding Poisson’s ratio νfit is calculated. εr_fit is the relative 
error caused by θ1 fitted by Eq. (21), and εr_os is the relative error caused 
by Origami Simulator. 

For the configuration with α = 50◦, and γ = 0◦, θ1 calculated by Eq. 
(21) makes the folding degree in the Origami Simulator between 32% 
and 33%. The folding of the other two configurations is determined in a 
similar way. Then, the Poisson’s ratio νhl is 

νhl = −
(h’ − h’’)/h’

(l’ − l’’)/l’ (22)  

where h’ and h“ are the corresponding heights of two folded forms of the 
same configuration, respectively. Similarly, l’ and l” are the lengths 
corresponding to two folded configurations. Note that h’> h“, l’> l”. It 
can be noticed from Table 1 that, the maximum error of these three 
models is less than 2%, which further proves the reliability of Eq. (21). 

Further, we experimentally study three different origami configu
rations, to verify the reliability of Eq. (21). To better meet the hypothesis 
conditions, we choose thin polyethylene membrane to fold the physical 
polyethylene models [11]. The basic dimensions for each panel are 
similar to those in Table 1, and the thickness is selected as 0.3 mm. As 
shown in Table 2, θ1 calculated by Eq. (21) is used as the input, and the 
corresponding length and width are calculated. Then, the corresponding 
Poisson’s ratio νexp is calculated by Eq. (22). In Table 2, εr_exp is the 
relative error caused by experiment. 

The experimental errors were mainly caused by the bending of the 
panel, the cutting of physical polyethylene models, and the error of the 

Table 1 
Relative error of Poisson’s ratio based on Origami Simulator.  

Configuration l/mm h/mm νos νfit εr_fit εr_os 

α = 50◦, γ = 0◦, 32% folded  166.61  129.97 − 1.0127 − 0.9998 0.02% 1.29% 
α = 50◦, γ = 0◦, 33% folded  165.61  129.18 
α = 60◦, γ = 5◦, 53% folded  120.09  129.38 − 0.9768 − 0.9940 0.60% 1.72% 
α = 60◦, γ = 5◦, 54% folded  118.37  127.57 
α = 60◦, γ = 10◦, 55% folded  109.50  130.11 − 1.0188 − 1.0045 0.45% 1.43% 
α = 60◦, γ = 10◦, 56% folded  108.15  127.94  

Table 2 
Relative error of Poisson’s ratio based on physical polyethylene models.  

Configuration l/mm h/mm νexp νfit εr_fit εr_exp 

α = 50◦, γ = 0◦, θ1 = 67.39◦ 167.3  130.0 − 0.9841 − 0.9998 − 0.02% 1.57% 
α = 50◦, γ = 0◦, θ1 = 66.00◦ 165.6  128.7 
α = 60◦, γ = 5◦, θ1 = 54.67◦ 120.3  130.0 − 1.0059 − 0.9940 − 0.60% 1.19% 
α = 60◦, γ = 5◦, θ1 = 53.00◦ 118.0  127.5 
α = 60◦, γ = 10◦, θ1 = 54.04◦ 110.0  128.9 − 1.0240 − 1.0045 0.45% 1.95% 
α = 60◦, γ = 10◦, θ1 = 53.00◦ 108.5  127.1  

FIG. 8. Relative error distributions at γ = 0◦. (a) Tensile stiffness in the x direction. (b) Tensile stiffness in the z direction.  
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scale reading. However, the relative error εr_exp can be controlled within 
2%, which indicates that the fitting polynomial is reliable. 

4. Tensile rigidity 

4.1. Formula derivation and verification 

We further derive exact analytical expressions for in-plane stiffness 
in the × and z directions, i.e., Kx and Kz. The potential energy of the 
generalized four-fold origami unit under a uniaxial force fx in the ×
direction is determined by 

H = U −

∫ θ1

θ1,0

fx
dl

dθ’
1

dθ’
1 (23)  

where the unit length l is given by Eq. (2). As the elastic energy U is only 
at the elastic hinges, the U can be determined by 

U = kl1
(
θ1 + θ2 − θ1,0 − θ2,0

)2
+ kl2(φ − φ0)

2 (24)  

where θ1,0, θ2,0 and φ0 = φ (θ1,0, α, γ) are the initial angles at the un
deformed state, k is the hinge spring constant. From δH/δθ1,0 = 0, the 
external force fx at the equilibrium state can be obtained by 

fx =
dU/dθ1

dl/dθ1
(25)  

where l is given by Eq. (2), U is given by Eq. (24). Thus, we obtain the 
stretching stiffness in the x direction  

Kx
(
θ1,0, α, γ

)
≡

dfx

dθ1

⃒
⃒θ1,0

= 2k

⎛

⎜
⎝1 +

sinαcosθ1,0
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(sin(α + γ) )2
−
(
sinαsinθ1,0

)2
√

⎞

⎟
⎠

2

−

l2

l1

(
∂η

∂θ1,0
sinη

)2

(cosη + cosγ)(cosη + cos(2α + γ) )

∂η
∂θ1,0

cos
η
2

(26)   

Fig. 9. Effective dimensionless stiffness Kx = Kx/k at (a) γ = 0◦, (b) γ = 5◦, and (c) γ = 10◦. The green dotted curve θ1m(α) indicates the optimal design angle pairs 
that correspond to the maximum Kx|α. The blue dotted curve αm(θ1) indicates the optimal design angle pairs that correspond to the maximum Kx|θ1. (d) The Kx of the 
points on the line θ1 = 63.54◦ as a function of γ. (e) The Kx of the points on the line α = 50◦ as a function of γ. (For interpretation of the references to colour in this 
figure legend, the reader is referred to the web version of this article.) 
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of which the contours are shown in Fig. 9a-c. In Eq. (26), ∂η
∂θ1,0 

is obtained 

by replacing the variable θ1 in the derivative ∂η
∂θ1 

with the parameter θ1,0. 
Similarly, we can obtain the uniaxial force fz in the z direction 

fz =
dU/dθ1

dh/dθ1
(27)  

and the stretching stiffness in the z direction is   

of which the contours are shown in Fig. 10. 
There are three kinds of in-plane stiffness along the orthogonal di

rections. Since the stiffness in x and z directions are representative [34], 
only these two kinds of in-plane stiffness are studied. The stiffness of Eq. 
(26) is defined as the ratio of the small change in axial force in the x 
direction to the small change in folding angle θ1. The stiffness of Eq. (28) 
is similar. They describe the relationship between axial external force 

Fig. 10. Effective dimensionless stiffness Kz = Kz/k at (a) γ = 0◦, (b) γ = 5◦, and (c) γ = 10◦. (d) The Kz of the points on the line α = 50◦ and θ1 = 63.54◦ as a function 
of γ. 

Table A1 
The relative errors of every key index of unit cell in 3th-5th degree polynomial fitting.  

εr l w V νwl νhl νhw Kx Kz 

εr,3  0.33%  5.15%  5.13%  9.59%  48.49%  60.91%  7.61%  27.86% 
εr,4  0.25%  5.25%  5.23%  9.77%  51.61%  56.75%  8.31%  28.61% 
εr,5  0.05%  1.98%  1.97%  3.87%  8.90%  9.94%  5.01%  8.09%  

Kz
(
θ1,0, α, γ

)
≡

dfz

dθ1

⃒
⃒θ1,0

= k

l1

l2

⎛

⎜
⎝1 +

sinαcosθ1,0
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(sin(α + γ) )2
−
(
sinαsinθ1,0

)2
√

⎞

⎟
⎠

2

−

(
∂η

∂θ1,0
sinη

)2

(cosη + cosγ)(cosη + cos(2α + γ) )

sinαcosθ1,0

(28)   
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and axial length variation when the generalized four-fold origami 
structure is stretched or folded in-plane. Due to the rigid panel 
assumption of the structure, the large deformation capacity of the 
structure can be realized by the deformation at the creases. The panel is 
assumed to be rigid, independent of material properties [30,34]. 

In the classical Miura origami structure, the stiffness in the x and z 
directions are both binary functions of α and θ1,0, where θ1,0 = θ2,0. To 
compare and analyze with the classical Miura origami structure, l1 = l2 is 
taken in the degraded stiffness formulas here. In addition, in the process 
of deriving the formulas, we take the derivation of the variable θ1. While 
the classical Miura origami structure directly takes the overall deriva
tion of the variable (θ1 + θ2). Therefore, in terms of error analysis, the 
proposed formulas need to be multiplied by a coefficient of 0.5. 

Since involving partial derivatives of η, Eq. (26) and Eq. (28) are 
extremely complicated. If a certain margin of error is allowed, the for
mulas can be simplified by fitting a polynomial (see Appendix A). To 
verify the correctness of the formulas above, we calculate the relative 
errors of the degraded stiffness formulas (γ = 0◦) and the results of the 
classical Miura origami structure [34]:  

of which the plots are shown in Fig. 8a-b. The maximum relative errors 
are all less than 10-7 and most of them are less than 10-15. It is verified 
that our established formulas can provide satisfactory accuracy. 

4.2. Inverse design of tunable stiffness 

4.2.1. Cloud diagrams of tensile stiffness in x direction 
The change of in-plane stiffness in the x direction with the inde

pendent variables is shown in Fig. 10. The stiffness Kx roughly decreases 
with the value of the variable from the bottom left to the top right. Under 
different combinations of (α, θ1), the increase of γ in a certain range will 
reduce the stiffness. As shown in Fig. 9d-e, point A (50◦, 63.54◦) is 
selected according to the third expression of Eq. (31), and the same 

coordinates mentioned above are taken as an example to analyze the 
influence of γ on the stiffness Kx. The results show that when θ1 > 60◦, Kx 
decreases with the increase of γ, and the smaller α is, the more obvious 
the decrease is; when α ≥ 50◦ and θ1 < 60◦, Kx first decreases and then 
increases with the increase of γ, and for smaller θ1, the ascending 
segment will be more obvious. In addition, when θ1 < 60◦ but α < 50◦, 
there may be no ascending segment, due to the decrease of α can make 
the ascending segment of Kx disappear. 

In particular, with the increase of γ, the contour twists slowly. 
Especially, when the folding angle θ1 is>60◦ in the range of α = 25◦-70◦, 
the in-plane stiffness along the x direction decreases significantly as γ 
increases. Consequently, a wide range of origami configurations with 
relatively weak stiffness can be obtained. 

In engineering applications, it is frequently difficult to evaluate the 
change of stiffness with different angles only from Eq. (26). However, it 
can be easy to find out the independent variables under the corre
sponding stiffness more intuitively by using several groups of contour 
cloud figures. 

Since the partial derivative of η is difficult to inversely solve the 

theoretical solution, the extreme value Eq. (31) is obtained by fitting the 
tangent point of contours in Fig. 9a-c, to estimate the minimum stiffness 
and simplify the formulas. We can determine the condition that the 
stiffness takes an extremum under a fixed angle α (θ1) and γ. This could 
improve the efficiency of inverse design of origami configuration for a 
desired stiffness. 

In addition, in order that the structure can still conform to the above 
inverse design after reciprocating folding, the generalized four-fold 
origami sheet can be made of copolymer Elvaloy [50]. The Elvaloy is 
easier to fabricate origami sheet by compression molding compared to 
traditional materials (such as aluminum, paper and prepreg sheet of 
carbon fiber), and origami sheet is expected to withstand large and 
repeated deformation without destroying pattern [51–53].  

εrKx =

⃒
⃒
⃒
⃒
Kx(θ0,α) − 0.5Kx

(
θ1,0,α, 0

)

Kx(θ0,α)

⃒
⃒
⃒
⃒ =

⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒

4k

(
1 −

(
sinαsinθ1,0

)2
)2

+ (cosα)2

cosα(sinα)2sin2θ1,0

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

1 −
(
sinαsinθ1,0

)2
√ − 0.5 × 2k

4 −

l2

l1

(
∂η

∂θ1,0
sinη

)2

(cosη + 1)(cosη + cos2α)
∂η

∂θ1,0
cos

η
2

4k

(
1 −

(
sinαsinθ1,0

)2
)2

+ (cosα)2

cosα(sinα)2sin2θ1,0

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

1 −
(
sinαsinθ1,0

)2
√

⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒

⩽3.9 × 10− 8

(29)  

εrKz =

⃒
⃒
⃒
⃒
Kz(θ0,α) − 0.5Kz

(
θ1,0, α, 0

)

Kz(θ0,α)

⃒
⃒
⃒
⃒ =

⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒

2k

(
1 −

(
sinαsinθ1,0

)2
)2

+ (cosα)2

sinαcosθ1,0

(
1 −

(
sinαsinθ1,0

)2
)2 − 0.5 × k

4
l1

l2
−

(
∂η

∂θ1,0
sinη

)2

(cosη + 1)(cosη + cos2α)
sinαcosθ1,0

2k

(
1 −

(
sinαsinθ1,0

)2
)2

+ (cosα)2

sinαcosθ1,0

(
1 −

(
sinαsinθ1,0

)2
)2

⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒

⩽3.9 × 10− 8

(30)   
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4.2.2. Cloud diagrams of tensile stiffness in z direction 
The change of in-plane stiffness in the z direction with three inde

pendent variables is shown in Fig. 10. The stiffness Kz decreases with the 
variable from the top left to the bottom right. As shown in Fig. 10c-d, the 
increase of γ can reduce the stiffness. Under different combinations of 
(θ1, α), the smaller α is, the more obvious the influence of γ increase on 
the stiffness is. However, the smaller θ1 is, the less obvious is the effect of 
increasing γ on it. Consequently, it becomes much easier to intuitively 
find out the value of the three independent variables under the corre
sponding stiffness, by using several groups of contour cloud figures. 

5. Conclusion 

We have derived the exact expressions for the Poisson’s ratio and 
stiffness of a generalized four-fold origami, which are neatly determined 
by three independent variables. Two independent variables, α and γ, 
determine the initial configuration. The independent variable θ1 de
termines the folding state. Based on the exact expressions, we have 
realized the inverse design of Poisson’s ratio and stiffness. 

In addition, formulas for Poisson’s ratio and stiffness have been 
verified. Under the condition that the parameter γ = 0◦, the indexes are 
compared with the corresponding ones of the classical Miura origami 
structure, and the correctness of each formula is effectively verified. In 
particular, the negative Poisson’s ratio in Eq. (11) is further verified by 
the results obtained from the origami simulator. The inverse design 
accuracy of Eq. (21) is verified by numerical and physical polyethylene 
models. In general, the correctness is verified not only when γ = 0◦, but 
also when γ ∕= 0◦. Additionally, error analysis of η is carried out through 
the analytical and numerical formulas. 

Generalized four-fold origami has been investigated in terms of 
Origami Simulator, experiments and theoretical formulas. The Poisson’s 
ratio and stiffness of generalized four-fold origami are designed using 
the derived formulas and cloud image analysis method. Further, CFRP 
shells and copolymer Elvaloy can make the Poisson ratio and stiffness of 
the structure achieve inverse design for much more specific needs. We 
have utilized the polynomial approximation method to simplify 
computation (e.g., the approximation of key index η in Appendix A, and 

the maximum stiffness in the x direction). They can effectively simplify 
formulas in a certain precision range, which is conducive to application 
in origami engineering. 
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Appendix A. . Simplified design using polynomial fitting 

Although the apparent volume, relative density, Poisson’s ratio and tensile stiffness of the generalized four-fold origami cell, can be expressed by 
an accurate ternary function (θ1, α, γ). The formula has high complexity and is mainly suitable for theoretical research with high-precision. 

In this appendix, we discuss a polynomial approximate fitting method for the key indexes that is consist of angle η in the cell. All indexes can be 
roughly estimated by polynomial when the size of each index is roughly predicted or the simplified calculation within a certain error range is allowed. 
It greatly simplifies the complexity of calculating the partial derivative of the formula. In addition, it is easy to get numerical solutions in differential 
and integral calculus, which is difficult to achieve with complex formulas. Especially, sometimes there is no analytical solution when solving a variable 
at a certain value. 

The expression of η is given by using Eq. (4) and Eq. (5) 

η = cos− 1( − cosαcos(α + γ) + sinαsin(α + γ)cosφ ) (A1)  

where 

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

Kx,min|α = 0.0083α2 − 0.4030α + 50.4829, at γ = 0◦.

Kx,min|α = 8.4281 × 10− 5α3 − 0.0266α2 + 7.8904α − 78.8228
̅̅̅
α

√
+ 275.7879, at γ = 5◦.

Kx,min|α = − 1.851 × 10− 4α3 + 0.0554α2 − 4.4111α + 169.4562, at γ = 10◦.

Kx,min|θ1 = 248.93θ1 − 13120
̅̅̅̅̅
θ1

√
+ 52013

̅̅̅̅̅
θ1

4
√

− 58063, at γ = 0◦.

Kx,min|θ1 = 263.53θ1 − 13500
̅̅̅̅̅
θ1

√
+ 52763

̅̅̅̅̅
θ1

4
√

− 58063, at γ = 5◦.

Kx,min|θ1 = 296.26θ1 − 14319
̅̅̅̅̅
θ1

√
+ 54340

̅̅̅̅̅
θ1

4
√

− 58063, at γ = 10◦.

(31)   
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φ = cos− 1

⎛

⎝

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅[
(cosα)2

− (sinαcot(α + γ) )2 ]
(tanθ1)

2
+ 1

√

+ (tanθ1)
2cosαsinαcot(α + γ)

1 + (cosαtanθ1)
2

⎞

⎠ (A2) 

Using polynomials to approximate η(θ1, α, γ), we can give a series of 80 × 80 × 80 arrays of (θ1,α,γ). α and γ describe the initial configuration 
characteristics of the cell, and θ1 describes the degree of folding. When θ1 ∈ (0◦,70◦), α ∈ (10◦,40◦) and γ ∈ (0◦, 10◦) are considered, the maximum 
relative errors of η(θ1,α,γ) after 3-5th polynomial fitting are 0.81%, 0.35% and 0.12% respectively, which are less than 1%. 

A.1 Cubic polynomial 

a3
→= [ − 0.0546, − 0.2303, − 2.9277, 0.7983, − 0.5582, − 0.3278, 0.2701, 1.9629, − 0.2400,

− 0.8125, 0.0974, 0.2884, 0.3394, 0.2519, 0.1445, 0.0184, − 0.0632, − 2.1201, − 1.0407, 3.1593] (A3)  

X3
̅→

=
[
θ3

1,α3, γ3, θ2
1α, θ2

1γ, α2θ1, α2γ, γ2θ1, γ2α, θ1αγ, θ2
1,α2, γ2, θ1α, θ1γ,αγ, θ1,α, γ, 1

]
(A4)  

η3 = a3
→⋅ X3
̅→ (A5)  

where the angles η3, θ1, αand γ should be expressed in radians. 
(1) Relative error of size and apparent volume 

εrl =

⃒
⃒
⃒
⃒
l(η) − l(η3)

l(η)

⃒
⃒
⃒
⃒ =

⃒
⃒
⃒
⃒
⃒

2l1sin η
2 − 2l1sin η3

2
2l1sin η

2

⃒
⃒
⃒
⃒
⃒
⩽0.33% (A6)  

εrw =

⃒
⃒
⃒
⃒
w(η) − w(η3)

w(η)

⃒
⃒
⃒
⃒ =

⃒
⃒
⃒
⃒
⃒

l1cos η
2 − l1cos η3

2
l1cos η

2

⃒
⃒
⃒
⃒
⃒
⩽5.15% (A7)  

εrh =

⃒
⃒
⃒
⃒
h(η) − h(η3)

h(η)

⃒
⃒
⃒
⃒ =

⃒
⃒
⃒
⃒
2l2ξ − 2l2ξ

2l2ξ

⃒
⃒
⃒
⃒ = 0 (A8)  

εrV =

⃒
⃒
⃒
⃒
V(η) − V(η3)

V(η)

⃒
⃒
⃒
⃒ =

⃒
⃒
⃒
⃒
2l2

1l2ξsinη − 2l2
1l2ξsinη3

2l2
1l2ξsinη

⃒
⃒
⃒
⃒⩽5.13% (A9) 

Annotation: the comparison interval is θ1 ∈ (0◦,70◦), α ∈ (10◦, 40◦) and γ ∈ (0◦,10◦). 
(2) Relative error of Poisson’s ratio 

εrνwl =

⃒
⃒
⃒
⃒
νwl(η) − νwl(η3)

νwl(η)

⃒
⃒
⃒
⃒ =

⃒
⃒
⃒
⃒
⃒
⃒
⃒

(
tan η

2

)2
−
(
tan η3

2

)2

(
tan η

2

)2

⃒
⃒
⃒
⃒
⃒
⃒
⃒

⩽9.59% (A10)  

εrνhl =

⃒
⃒
⃒
⃒
νhl(η) − νhl(η3)

νhl(η)

⃒
⃒
⃒
⃒ =

⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒

− 2tan η
2

∂η
∂θ1

tanθ1
−

− 2tan η3
2

∂η3
∂θ1

tanθ1

− 2tan η
2

∂η
∂θ1

tanθ1

⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒

⩽48.49% (A11)  

εrνhw =

⃒
⃒
⃒
⃒
νhw(η) − νhw(η3)

νhw(η)

⃒
⃒
⃒
⃒ =

⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒

2
∂η

∂θ1
tan η

2 tanθ1
− 2

∂η3
∂θ1

tan η3
2 tanθ1

2
∂η

∂θ1
tan η

2 tanθ1

⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒

⩽60.91% (A12) 

Annotation: the comparison interval of νwl is θ1 ∈ (0◦,70◦), α ∈ (10◦, 40◦) and γ ∈ (0◦,10◦). The comparison interval of νhl and νhw is θ1 ∈ (8◦,70◦), 
α ∈ (10◦,40◦) and γ ∈ (0◦,10◦). Since partial derivatives of η are involved in νhl and νhw, the errors in νhl and νhw exceed tens of thousands when θ1 
approaches 0◦, which is trivial and should be excluded. 

(3) Relative error of tensile stiffness 
The relative error of tensile stiffness in x direction is as follows: 

εrKx =

⃒
⃒
⃒
⃒
Kx(η) − Kx(η3)

Kx(η)

⃒
⃒
⃒
⃒⩽7.61% (A13)  

where 
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Kx(η3) = 2k

⎛

⎝1 +
sinαcosθ1,0̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(sin(α+γ) )2 − (sinαsinθ1,0)
2

√

⎞

⎠

2

−

l2
l1

(
∂η3

∂θ1,0
sinη3

)2

(cosη3+cosγ)(cosη3+cos(2α+γ) )

∂η3
∂θ1,0

cos η3
2

(A14) 

Note that all the η in Kx(η) has been replaced with η3 to get Kx(η3). 
The relative error of tensile stiffness in z direction is expressed by 

εrKz =

⃒
⃒
⃒
⃒
Kz(η) − Kz(η3)

Kz(η)

⃒
⃒
⃒
⃒⩽27.86% (A15)  

where 

Kz(η3) = k

l1
l2

⎛

⎝1 +
sinαcosθ1,0̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(sin(α+γ) )2 − (sinαsinθ1,0)
2

√

⎞

⎠

2

−

(
∂η3

∂θ1,0
sinη3

)2

(cosη3+cosγ)(cosη3+cos(2α+γ) )

sinαcosθ1,0
(A16)  

Note that all the η in Kz(η) has been replaced with η3 to get Kz(η3). 
Annotation: the comparison interval of εr(Kx) is θ1 ∈ (15◦,70◦), α ∈ (10◦,40◦) and γ ∈ (0◦,10◦). The comparison interval of εr(Kz) is θ1 ∈ (18◦,70◦), 

α ∈ (10◦, 40◦) and γ ∈ (0◦,10◦). Since partial derivatives of η are involved in εr(Kx) and εr(Kz), the errors in εr(Kx) and εr(Kz) exceed tens of thousands 
when θ1 approaches 0◦, which is of no significance and should be excluded. 

A.2 Quartic polynomial 

The relative error of each index obtained by the quartic polynomial fitting results is similar to that obtained by the cubic polynomial fitting. There 
is no advantage compared with the cubic polynomial fitting, and thus it will not be repeated here. 

A.3 Quintic polynomial 

a5
→= [ − 0.0421, − 0.1442, − 101.8076, − 0.1363, − 0.0338, − 0.0300, 0.5474, 56.7800, − 43.1213, 0.8607,

2.9709, − 0.1724, 1.9336, − 18.6780, − 3.2144, − 0.9544, − 0.9183, 12.6643, 0.4285, 1.8311, − 3.0893, 0.1311,
0.3094, 44.4385, − 0.2464, − 0.2046, − 0.1693, − 1.1325, − 12.1396, 14.8679, − 1.1573, 1.6215, − 0.6151,

− 0.0815, 1.8677, − 3.0337, − 0.1001, − 0.2182, − 7.7518, 1.4474, − 0.2479, 0.3865, 0.5565, 1.7137, − 1.2305,
− 0.6880, − 0.0016, 0.0522, 0.5292, − 0.1695, − 0.0240, − 0.0421, 0.0142, − 2.0006, − 1.0081, 3.1410]

(A17)  

X5
̅→

= [θ5
1,α5, γ5, θ4

1α, θ4
1γ, α4θ1, α4γ, γ4θ1, γ4α, θ3

1α2, θ3
1γ2,α3θ2

1,α3γ2, γ3θ2
1, γ3α2, θ3

1αγ, θ1α3γ, θ1αγ3,

θ2
1α2γ, θ2

1αγ2, θ1α2γ2, θ4
1,α4, γ4, θ3

1α, θ3
1γ, α3θ1, α3γ, γ3θ1, γ3α, θ2

1α2, θ2
1γ2,α2γ2, θ2

1αγ, θ1α2γ, θ1αγ2,

θ3
1,α3, γ3, θ2

1α, θ2
1γ, α2θ1, α2γ, γ2θ1, γ2α, θ1αγ, θ2

1,α2, γ2, θ1α, θ1γ,αγ, θ1,α, γ, 1]
(A18)  

η5 = a5
→⋅ X5
̅→ (A19)  

where the angles η5, θ1,α, and γ should be expressed in radians. 
(1) Relative error of size and apparent volume 

εrl =

⃒
⃒
⃒
⃒
l(η) − l(η5)

l(η)

⃒
⃒
⃒
⃒ =

⃒
⃒
⃒
⃒
⃒

2l1sin η
2 − 2l1sin η5

2
2l1sin η

2

⃒
⃒
⃒
⃒
⃒
⩽0.05% (A20)  

εrw =

⃒
⃒
⃒
⃒
w(η) − w(η5)

w(η)

⃒
⃒
⃒
⃒ =

⃒
⃒
⃒
⃒
⃒

l1cos η
2 − l1cos η5

2
l1cos η

2

⃒
⃒
⃒
⃒
⃒
⩽1.98% (A21)  

εrh =

⃒
⃒
⃒
⃒
h(η) − h(η5)

h(η)

⃒
⃒
⃒
⃒ =

⃒
⃒
⃒
⃒
2l2ξ − 2l2ξ

2l2ξ

⃒
⃒
⃒
⃒ = 0 (A22)  

εrV =

⃒
⃒
⃒
⃒
V(η) − V(η5)

V(η)

⃒
⃒
⃒
⃒ =

⃒
⃒
⃒
⃒
2l2

1l2ξsinη − 2l2
1l2ξsinη5

2l2
1l2ξsinη

⃒
⃒
⃒
⃒⩽1.97% (A23) 

Annotation: the comparison interval is θ1 ∈ (0◦,70◦), α ∈ (10◦, 40◦) and γ ∈ (0◦,10◦). 
(2) Relative error of Poisson’s ratio 

εrνwl =

⃒
⃒
⃒
⃒
νwl(η) − νwl(η5)

νwl(η)

⃒
⃒
⃒
⃒ =

⃒
⃒
⃒
⃒
⃒
⃒
⃒

(
tan η

2

)2
−
(
tan η5

2

)2

(
tan η

2

)2

⃒
⃒
⃒
⃒
⃒
⃒
⃒

⩽3.87% (A24)  
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εrνhl =

⃒
⃒
⃒
⃒
νhl(η) − νhl(η5)

νhl(η)

⃒
⃒
⃒
⃒ =

⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒

− 2tan η
2

∂η
∂θ1

tanθ1
−

− 2tan η5
2

∂η5
∂θ1

tanθ1

− 2tan η
2

∂η
∂θ1

tanθ1

⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒

⩽8.90% (A25)  

εrνhw =

⃒
⃒
⃒
⃒
νhw(η) − νhw(η5)

νhw(η)

⃒
⃒
⃒
⃒ =

⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒

2
∂η

∂θ1
tan η

2 tanθ1
− 2

∂η5
∂θ1

tan η5
2 tanθ1

2
∂η

∂θ1
tan η

2 tanθ1

⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒

⩽9.94% (A26) 

Annotation: the comparison interval of νwl is θ1 ∈ (0◦,70◦), α ∈ (10◦,40◦) and γ ∈ (0◦,10◦). The comparison interval of νhl and νhw is θ1 ∈ (13◦,70◦), 
α ∈ (10◦,40◦) and γ ∈ (0◦,10◦). Since partial derivatives of η are involved in νhl and νhw, the errors in νhl and νhw exceed tens of thousands when θ1 
approaches 0◦, which is of no significance and should be excluded. 

(3) Relative error of tensile stiffness 
The relative error of tensile stiffness in x direction is as follows: 

εrKx =

⃒
⃒
⃒
⃒
Kx(η) − Kx(η5)

Kx(η)

⃒
⃒
⃒
⃒⩽5.01% (A27)  

where 

Kx(η5) = 2k

⎛

⎝1 +
sinαcosθ1,0̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(sin(α+γ) )2 − (sinαsinθ1,0)
2

√

⎞

⎠

2

−

l2
l1

(
∂η5

∂θ1,0
sinη5

)2

(cosη5+cosγ)(cosη5+cos(2α+γ) )

∂η5
∂θ1,0

cos η5
2

(A28) 

Note that all the η in Kx(η) has been replaced with η5 to get Kx(η5). 
The relative error of tensile stiffness in z direction is 

εrKz =

⃒
⃒
⃒
⃒
Kz(η) − Kz(η5)

Kz(η)

⃒
⃒
⃒
⃒⩽8.09% (A29)  

where 

Kz(η5) = k

l1
l2

⎛

⎝1 +
sinαcosθ1,0̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(sin(α+γ) )2 − (sinαsinθ1,0)
2

√

⎞

⎠

2

−

(
∂η5

∂θ1,0
sinη5

)2

(cosη5+cosγ)(cosη5+cos(2α+γ) )

sinαcosθ1,0
(A30) 

Note that all the η in Kz(η) has been replaced with η5 to get Kz(η5). 
Annotation: the comparison interval of εr(Kx) is θ1 ∈ (8◦,70◦), α ∈ (10◦, 40◦) and γ ∈ (0◦,10◦). The comparison interval of εr(Kz) is θ1 ∈ (12◦,70◦), 

α ∈ (10◦, 40◦) and γ ∈ (0◦,10◦). Since partial derivatives of η are involved in εr(Kx) and εr(Kz), the errors in εr(Kx) and εr(Kz) exceed a few thousand 
when θ1 approaches 0◦, which is of no significance and should be excluded. 

A.4 Brief summary 

Table A.1 shows the relative errors brought by the 3-5th polynomial fitting to each indicator of the crystal cell. According to the relative errors of 
the polynomials, the 4th-order polynomial is more complex than the 3rd-order polynomials. However, the accuracy is similar. Therefore, the 4th 
degree polynomial is not adopted. By comparing the 3rd-order polynomial with the 5th polynomial, it can be found that the accuracy of the 5th-order 
polynomial is significantly improved. However, in terms of computational complexity, the 3rd-order polynomial is much lower than that of the 5th- 
order polynomial. Therefore, when the accuracy is high, it is more reasonable to use 5th-order polynomial for simulation. Thereafter, the relative error 
of all indexes for analytical solution is less than 10%. 

Admittedly, since the Poisson’s ratio and tensile stiffness indexes involve partial derivative, the relative error between the numerical results and the 
theoretical formulas will be large when θ1 close to 0◦. θ1 is considered from a specific angle >0◦ (e.g., 5◦, 8◦, or 13◦), which could effectively reduce the 
truncation error. 
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