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The origami hyperbolic paraboloid, or the hypar, is widely known for its characteristic non-zero Gaussian cur-
vature and multi-stable states. Previous investigations have mainly considered two particular cases of the origami
hypar patterns, namely the square and the circular hypars. As a representative example of general polygonal
hypar patterns, the hexagonal origami hypar displays more desirable energy properties and subtler multi-stable
configurations, which is however, rarely studied. In this paper, we investigate the multi-stability of the hexagonal
origami hypar by combining a group-theoretic approach, a symmetry-breaking method, and a bar-and-hinge
structural model, to simplify the kinematic analysis of this highly symmetric structure . Notably, the kine-
matic path of the hexagonal origami hypar is divided into three bifurcation branches by symmetry breaking.
Each branch corresponds to two symmetric stable states according to the equilibrium loading and potential
energy simulated using the bar-and-hinge model. The non-rigid deformation of the hexagonal origami hypar is
mainly controlled by the folding of creases and the bending of facets. Moreover, the energy barrier among the
stable states becomes increasingly stronger with higher symmetry orders, thicker sheets of material, and longer
creases. This work provides a new strategy for analyzing multi-stable origami structures with high symmetry
orders, which can be useed in the design and development of novel adaptive or deployable engineering
structures.

1. Introduction Kresling configurations with different stable-state numbers [14], the

Kresling assembly [15,16], and kirigami-based metastructures [17].

Multi-stable systems possess non-trivial energy landscapes that lead
to multiple distinct stable configurations. As a result of various desirable
characteristics of such systems , in recent years, they have been
increasingly adopted in bionics [1,2], metamaterials [3,4], robotics
[5-8], engineering structures [9-11,85] and other fields. From a struc-
tural design viewpoint, many multi-stable systems are designed by
combining bistable units [12]. In general, the local properties and
method of combination of these units have a critical impact on the global
properties of a multi-stable system. For example, a well-assembled
double-layer Kresling tube can achieve the same total height in two
different stable states [13]. The rich mechanics of origami structures
provide many candidates for such bistable units and have been a main
source of inspiration for the design of multi-stable structures, such as the
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A number of multi-stable origami structures are derived from tradi-
tional origami patterns, such as the Miura-ori [18-31], Tachi-Miura
polyhedron [32,33], Waterbomb tubes [34,35], and Kresling tubes
[36,37]. By combining multi-stable origami units such as the square
twist [38,39], leaf-like origami [40], origami-inspired cellular [41,42],
and origami hypar [43], we can produce higher numbers of stable states
and richer levels of programmability in designing origami structures. To
ensure smooth deployment and transition processes, kinematic analysis
is a key consideration in the design and analysis of multi-stable origami
structures [44]. The existing methods for the kinematic analysis of rigid
or non-rigid origami can be divided into two types: (1) mechanism
analysis, and (2) structural analysis. In general, the conditions of rigid
folding are more complex than those of non-rigid folding; therefore, the
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kinematic analysis of rigid folding is simpler and more campatible with a
wide range of computational models [45]. Kinematics of rigid origami
can be simulated by means of mechanism analysis methods such as
polygonal surfaces [46] and spherical polygonal linkages [47], as well as
by structural analysis methods such as the bar-and-hinge [48] and shell
[49] models. However, non-rigid folding involves the deformations of
origami facets, which greatly increase the variables to be considered
[50]. Thus, in general, for non-rigid origami, mechanism analysis
methods are not applicable to the study of non-rigid origami structures.
The most common analytical methods for analyzing non-rigid origami
structures are as follows: (1) the bar-and-hinge model with elastic bars
for the tension and compression of facets and rotating springs for the
bending of them [51,52]; (2) the membrane-and-hinge model with
elastic membranes for the tension and compression of facets and rotating
springs for the bending of them [53]; and (3) the thin plate elements
model [54].

The origami hypar, as a non-rigid and multi-stable origami unit, is
composed of concentrically pleated polygons with a minimum of four
sides [55]. Among this family of patterns, two extreme cases have been
widely studied, namely, the square origami hypar [56] and the circular
origami hypar (note that a circle can be considered as a polygon with an
infinite number of sides) [57,58]. The square origami hypar has two
stable states that are macroscopically symmetric with a rotation of 90°
[43]. When transitioning from one stable state to the other, it first un-
folds to a flat state and then refolds up, going through a significant en-
ergy barrier caused by the competing folding, bending, and stretching
energies [51]. Moreover, the folding angle of the square origami hypar
can be regulated by controlling the defects of creases [59]to make the
structure reach the appropriate stable state. On the other hand, the
circular origami hypar can reach different stable states under certain
approximate conditions [60]; in the simplest condition, it forms a
saddle-like shape. Nevertheless, except for these two extreme cases, the
multi-stability of the polygonal origami hypar is still not studied in
detail. Therefore, in this paper, we will present a thorough investigation
of the multi-stable behavior of the hexagonal origami hypar.

The identification of all stable states is essential for investigating the
multi-stability of the hexagonal origami hypar, as it has been experi-
mentally observed to possess more than two stable states. Since the
tangent stiffness matrix may become ill-conditioned, simulating the
global properties of the hexagonal origami hypar by the same method as
used for solving the problem of bistability may be infeasible. Therefore,
the simulation of the global behavior needs to be simplified as the ki-
nematic bifurcation analysis of deployable structures [61]. Bifurcations
can be determined by the singular value decomposition [62]. A wide
range of numerical algorithms has been applied to the geometric, ki-
nematic, or mechanical analysis of origami structures, including the
geometric-graph-theoretic method [63], particle swarm optimization
method [64], and mixed-integer linear programming method [65].
Another part of studies has simplified multi-stability analysis of systems
by bifurcation branches, such as assuming the bifurcation parameters
[66,67] and the group- theoretic approach [68,69]. The latter is
particularly effective in solving bifurcation branches. More specifically,
for structures with highorders of symmetry, it can be simplified ac-
cording to group theory [70,71]. Based on these theories, Chen et al.
[72,73] developed a group-theoretic approach to studying the kinematic
behavior of deployable bar structures with cyclic symmetry. However,
the applications of group theory and symmetry in the field of origami
structures have been largely focused on designing innovative crease
patterns (see, e.g. [74-76]), whereas there has been little attention to
their folding kinematics and stability problems.

Here, using group theory and its methematical representation ca-
pabilities, we propose a new strategy to study the multi-stability of the
hexagonal origami hypar. The group-theoretic approach is introduced to
simplify the whole folding process of origami structures. The bifurcation
branches of origami structures with high orders of symmetry as the
hexagonal origami hypar can be solved by symmetry breaking. The

corresponding stable states can be obtained by kinematic analysis with
the bar-and-hinge models of different bifurcation branches. The bifur-
cation branches and the corresponding stable states will manifest multi-
stability during the entiredeployment process. Moreover, our work will
study the effect of material properties on the multi-stability of this
structure. This article is organized as following: Section 2 introduces the
group-theoretic method for multi-stability analysis; Section 3 demon-
strates the multi-stability of the hexagonal origami hypar in different
bifurcation branches; Section 4 discusses possible stable states and the
effect of crease parameters; finally, Section 5 provides the main
concluding remarks of this research.

2. Methodology

We utilize the equivalent bar-and-hinge model to analyze the
deformation of the hexagonal origami hypar. Using group theory, the
analysis process is simplified to studying bifurcation branches whichcan
be obtained by symmetry breaking.

2.1. Bar-and-hinge model of non-rigid origami

The bar-and-hinge model is a simplified model in the finite element
analysis of origami [77,78]. On this basis, the total potential energy I1
can be expressed as

n=uv-v (@)

where V is the external work and U is the strain energy. According to the
principle of the minimum total potential energy, the finite element
equation can be expressed as

F = KA (2

where F, K, and A donate the force vector, tangent stiffness matrix,
andgeneralized displacement vector, respectively. The internal force
vector and the tangent stiffness matrix can be assembled from equivalent
nodal loads and elementary stiffness matrices.

In comparison with rigid origami, the potential energy U of non-rigid
origami contains not only folding energy, but also facet deformation
energy [50].

U:UF+US+UB (3)

where Uf, Us, and Up represent the crease folding energy, bar stretching
energy, and facet bending or twisting energy, respectively. Then, the
tangent stiffness matrix can be calculated by finding displacement var-
iations of Eq. (3) twice [50].

K =Kr+Ks + K =K, + Ky, 4

where the stiffness of rotational spring elements K, only affects the
folding stiffness of the crease Kp. The stiffness of bar elements Kpq-
contains in-plane stretching and shearing stiffness of the bar Kgs and the
out-plane bending stiffness of the facet Kp. Thus, the elementary stiffness
of bar elements and rotational spring elements should be calculated. The
hyperplastic model is selected to simulate the constitutive relationship
of bar elements [77,78]. The elementary stiffness matrices are obtained
by

K, = Ki=0dU; / o’ = k., do / du® do / du + Mpd*0 / du?
Ky = 0°'Uy/ou’ = kid/du® do/du+ Mpd*0/du* (5)
K = 03U /ow =k (B] + Bow) (B] +Bou)’ + B,

During the simulation of the kinematic path, the tangent stiffness
matrix near the bifurcations will be severely ill-conditioned. However, it
can be effectively avoided by utilizing group theory [79,80].



2.2. A group-theoretic approach to the global bifurcation analysis

Central to performing the global bifurcation analysis is to solve the
vector equilibrium equation

f(u, ) = 0 ®)

where u belongs to an N-dimensional real vector space and A is a real
number. Then, using the symmetry-adapted coordinate system, the
Newton-Rapson procedure can be implemented by the block diagonal-
ization method as follows

Koy 0 -« 0 AulV —f,
e S | R m
0 0 Ky Au® 0

where K represents the tangent stiffness matrix K = df/du. Decomposed
by many block matrices, the original problem can be reduced to a series
of independent problems with specific symmetry subspaces.

K,nAul) = —f, (8)

In other words, the solution of Eq. (6) can be obtained by solving Eq.
(8) associated with different subspaces. In particular, for a symmetric
structure, the symmetry subgroups are associated with different sym-
metry subspaces. Therefore, the bifurcation branches of the original
structure will consist of the bifurcation branches of the corresponding
symmetry subgroups [81].

2.3. Symmetry breaking behavior

The transformation from the primary path to bifurcation paths of
deployable structures is often accompanied by symmetry breaking
behavior [72,73]. In other words, different bifurcation paths can be
obtained by reducing the symmetry order of structures.

The Cp, symmetry group contains a total of 2n independent sym-
metry operations [82], and is represented as

Cw=1{C,qli=1,2,-,n} 9

where rotation C, represents the rotation of the original structure by an
angle 2rj/n around the symmetry axis, j € [1, n], and c; denotes the j-th
reflection along the vertical symmetry plane. Among these symmetry
operations, the one-dimensional and two-dimensional irreducible rep-
resentations are selected to describe the partial symmetry of the original
structure. The irreducible representations are expressed as

=4, 1® =4, 1® =8, ¥ =B,
n =even 5 340.5)
IO = Ey, -, TOOW = Ey5,

r=a, r®=a, One — dimensional
n = odd an

™ = E, -, r-5+0.5n

) = Eys,05 Two — dimensional

where I'® denotes an irreducible representation of the structure, and
Ay,-, By,-, Ej,--- represent the basic symmetry representations. The
number of one-dimensional irreducible representations of Cy, is 2a + 2,
whereas that of two-dimensional irreducible representations is
(n—1 —a)/2 [83]. The value of a equals 0 (or 1) when n is odd (or even).
The first and last items indicate the highest and lowestorders of sym-
metry respectively.. Then, the subgroups can be obtained from these

irreducible representations.

Ci,+,Ciy =+, Cy Cay Cy, =, Ciyy =+, Cog CCony 12)
where m represents the maximum proper divisor of n, and i includes all
the proper divisors of n. Accordingly, the affiliation and symmetry order
of these subgroups of C,, can be determined. For instance, C; is the
lowest-order symmetry group.

A kinematically indeterminate structure is mobile if the symmetry
order of the internal mechanism mode is higher than that of the self-
stress state [71]. In other words, the symmetry order of the self-stress
state has to be reduced to ensure foldability. If the symmetry order of
the mechanism mode fails to satisfy the full symmetry, the structure will
transform into a bifurcation branch with lower-order symmetry. The
bifurcation branch matches the symmetry order of the associated
constraint modes. That is, we can effectively program the symmetry
order of the structure by controlling the constraint mode.

3. Multi-stability of the hexagonal origami hypar

Fig. 1 shows the crease pattern of a typical hexagonal origami hypar.
The blue dashed lines and red solid lines represent the valley and
mountain creases, respectively, while the black solid dots represent the
z-direction constraints. The geometric and material parameters of the
initial pattern are defined according to the square origami hypar in [51].
The fold spacing d and inner fold spacing D are d = D = 8 mm. The
number of the crease layers is n = 8, the thickness t is 127pm, the elastic
modulus E for the material is 5 GPa, and the Poisson’s ratio is 0.35. In
contrast to the square origami hypar, there are more possibilities for the
3D geometry of the hexagonal origami hypar. In this section, we will
investigate the multi-stability of the hexagonal origami hypar by
studying its stable states with different symmetry orders.

The initial planar pattern of the hexagonal origami hypar belongs to
symmetry group Cg,. To allow the structure to be foldable, the symmetry
order of the self-stress state is required to be decreased to a value less
than that of the initial pattern [71,72]. The subgroups of Cg, group can
be computed by

Ci,(y,C3,Cy, G5, G, Gy, Gy, C3,CC, (13)

According to established theorems for assigning mountain and valley
creases [84], crease assignments in the initial patterns must be sym-
metric with respect to the diagonals. In other words, the initial pattern
cannot belong to a symmetry subgroup containing only cyclic rotations,
i.e. Cg, C3, Co, and C;. Therefore, we only need to study the cases with
mirror symmetries, namely Cs,, Cay, and C,.

According to Section 2, a specific symmetry-breaking of the structure

One — dimensional

10)

Two — dimensional

is achieved by adjusting the symmetry order of the constraint mode.
Fig. 1(a) shows the three-dimensional view of the pattern, and Figs. 1(b),
(c), and (d) depict different constraint modes leading to origami con-
figurations with different symmetry groups. The mountain and valley
assignments of the innermost creases depend on the symmetry group.
Figs. 1(b), (c), and (d) corresponds to the Cs,, Cay, and C, symmetries,
respectively.

3.1. Hexagonal origami hypar with Cs, symmetry

Among the subgroups, the highest=symmetry mechanism mode is
the C3, symmetry. The initial 3D configuration can be obtained by



Fig. 1. Crease patterns of the hexagonal origami hypar: (a) Three-dimensional view of the crease pattern. (b- d) Different constraint modes and crease patterns

corresponding to symmetry groups Cs,, Cay, and C,.

Fig. 2. 3D origami configuration with Cs, symmetry. (a) Applied forces in the z-direction (the hollow circle o represents downward force F, the solid square Il
represents upward force 2.25F, the hollow triangle /\ represents downward force 4F,, the solid triangle a represents upward force 4F,, the hollow square []
represents upward force 2F,, and the solid circle @ represents constraints in the z-direction) (b) Initial 3D configuration. (¢) 3D configuration in a stable state.

loading the equivalent bar-and-hinge model in the z-direction. The
applied forces to fold the initial pattern are adjusted based on the folding
of the square origami hypar [51]. The loading in the z-direction used in
this study is shown in Fig. 2(a), which provides us with the initial 3D
configuration (see Fig. 2(b), obtained using MERLN2 _v1.1 based on the
constraints and forces depicted in Fig. 2(a)). However, it is a random
state rather than a stable state. When the external loads are relieved, the
system will recover into one of its stable states, as shown in Fig. 2(c).

In order to find other stable states with Cs, symmetry, we further
analyze the stable 3D configurations by using the bar-and-hinge model.
In Fig. 3(al), the three lower outermost vertices are constrained,
whereas downward displacements are applied to the remaining three
vertices. As displacements increase, the structure first unfolds from the
first stable state (State 1) to an approximately fully flat state (State 2).
Then, it refolds along the creases to a new equilibrium (State 3).
Importantly, the total potential energy reaches another minimum at
State 3, as shown in Fig. 3(e). According to the energy principle, the new
equilibrium is the second stable state of the hexagonal origami hypar
with Cs, symmetry.

The stored energy-displacement relation clearly manifests the bist-
ability of the structure. In Fig. 3(e), the total potential energy Er contains
the tensile and shear energy Es, the bending energy Ep, and the folding
energy Eg. During the transition from the stable State 1 to the stable State
3, Eg increases with the decrease of the folding angle and accounts for
the largest proportion of Er. This property indicates that this structure
folds preferentially at the creases. The facet deformation energy Ep + Eg
accounts for a certain proportion of the total potential energy, especially
when the structure is close to the stable states. Thus, in terms of the
folding energy, the facet deformation energy cannot be ignored. In other
words, the hexagonal origami hypar is a non-rigid origami structure the
facet deformations of which need to be considered during the folding
process.

Concerning the specific composition of the deformation energy, Eg
increases while Eg decreases with the flattening of the facets. Eg accounts
for the most of the facet deformation energy around the stable states

whereas Eg accounts for the most of the facet deformation energy near
the fully-expanded state. That is, the deformation of the facets is
dominated by bending near the stable states, and by tension, compres-
sion, and shear near the fully-expanded state. Moreover, Eg changes
substantially during the entire process while Eg only changes consider-
ably near the fully flattened state. This implies that the bending defor-
mation of the facets exists in the entire process while the tensile
deformation of the facets only occurs near the fully flattened state. In
addition, the proportion of Eg in Er is still small even near the fully
expanded state, whereas the proportion of Eg in Et is large near the
stable states. Therefore, it can be concluded that the facets deformation
of the hexagonal origami hypar is mainly controlled by the bending
deformation.

The equilibrium load-displacement curves further verify these two
stable states. In Fig. 3(d), these two stable states correspond exactly to
the two zero points that cross the reference line F = 0 in the positive
direction. State P1 and State P2 both reach the peak value of the equi-
librium load during folding and unfolding. Moreover, according to Fig. 3
(d), they are roughly symmetric about the center point corresponding to
State 2. Similarly, the two stable states (i.e., State 1 and State 3) are
symmetric about State 2 as the center point. Fig. 3(c) shows the
changing profile of the y = 0 section during folding. The two stable states
(i.e., State 1 and State 3) and the two peak force states (i.e., State P1 and
State P2) are mirror symmetric along x = 0. The intermediate State 2 is
mirror symmetric about the x-axis, but not fully flattened. Moreover,
except for the innermost folds, the mountain and valley properties of the
creases remain constant during the transition between the two stable
states.

3.2. Hexagonal origami hypar with Ca, symmetry

The first stable state with Cy, symmetry is obtained by the same
method described at the beginning of Section 3.1. The main difference is
that this case requires the origami pattern and constraints shown in
Fig. 1(c). The unconstrained outermost vertices are all load points in this
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Fig. 3. Multi-stability of the hexagonal origami hypar with C3, symmetry. (a) Three key states of the shape transition process. (b) A physical models in the three key
states. (c) Changing profile of the set of diagonal creases on the x-axis (i.e., diagonal AOB). (d) Equilibrium load versus displacement curves of single load point. (e)

Stored energy versus displacement curves.

case because the constraint conditions have been altered. The load size
and direction of the new load points are the same as the load size and
direction represented by the hollow square ] in Fig. 2(a). The loading
conditions for the remaining nodes are the same as those shown in Fig. 2
(a).

Here, we analyze the stable 3D configurations with Cy, symmetry by
a similar method as in Section 3.1. The two outermost vertices on an
adjacent diagonal are constrained, and upward loads are applied to the
remaining four outermost vertices on two adjacent diagonals. Then, two
lower outermost vertices are constrained, whereas the downward dis-
placements are applied to the remaining four outermost vertices, as
shown in Fig. 4(al). As displacements increase, the structure first un-
folds from the initial stable State 1 to approximately fully flattened State
2. Then, it refolds along the creases to a new equilibrium State 3. The
total potential energy at State 3 reaches another minimum, as shown in
Fig. 4(e). According to the energy principle, the new equilibrium is the
second stable state of the hexagonal origami hypar with Ca, symmetry.

Similar to the hexagonal origami hypar with Cs, symmetry, in Fig. 4
(e), the bistability of the hexagonal origami hypar with Cy, symmetry
can be directly seen from the stored energy versus displacement curves.
As can be seen from Fig. 4(e), the hexagonal origami hypar with Cy,
symmetry is non-rigid, and the deformations of its facets are dominantly
controlled by the bending deformation. Moreover, the variation ten-
dencies of equilibrium load and potential energy during the transition
between the two stable states illustrated in Fig. 4(d) and 4(e) are similar
to those shown in Fig. 3(d) and 3(e), respectively. Fig. 4(c) reflects the
same mountain and valley properties of the creases and symmetry

between corresponding states during the entire process. In contrast to
the hexagonal origami hypar with Cs, symmetry, the key states during
the entire transition of this structure are all mirror symmetric about x =
0.

3.3. Hexagonal origami hypar with C, symmetry

The 3D configuration with C, symmetry can be achieved by the
further reduction of the symmetry order. The first stable state with C,
symmetry is obtained by the same method as explained in Section 3.1.
The origami pattern and constraints of this structure are shown in Fig. 1
(c). The only outermost free vertex is subjected to an upward load of 3F,
in the z-direction. The loading conditions for the remaining nodes are
the same as those shown in Fig. 2(a).

For this origami hypar with C, symmetry, the five outermost vertices
are constrained, and upward loads are applied to the remaining outer-
most vertex. Then, the five lower outermost vertices are constrained and
an downward displacement is applied to the remaining vertex, as shown
in Fig. 5(al). As the displacement increases, the structure first unfolds
from the first stable State 1 to an approximately fully flattened State 2.
Then, it refolds along the creases to a new stable State 3. The total po-
tential energy reaches another minimum at State 3, as shown in Fig. 5
(e). According to the energy principle, the new equilibrium is the second
stable state of the hexagonal origami hypar with C, symmetry.

Similar to the two cases studies earlier in this paper, the bistability of
the hexagonal origami hypar with C, symmetry can be demonstrated by
Fig. 5(e). It is a non-rigid origami structure with facet deformations



0.25}

N/

_ET EB+ES

(2]

EI}

®

®

[u—

(=

50 100 70

0 .
-100 -50

0
x (mm)

E (x10°])
- ©
«)

30 30

10 20
d (mm)

Fig. 4. Multi-stability of the hexagonal origami hypar with C,, symmetry. (a) Three key states of the shape transition process. (b) A physical model in the three key
states. (¢) Changing profile of the set of diagonal creases on the x-axis (i.e., diagonal AOB). (d) Equilibrium load versus displacement curves of a single load point. (e)

Stored energy versus displacement curves.

which are mainly regulated by bending. Moreover, Fig. 5(d) and Fig. 5
(e) indicate similar variation tendencies of the equilibrium load and
potential energy as those of the other bifurcation paths. Fig. 5(c) depicts
the same mountain and valley properties of the creases during the entire
process as in Fig. 3(c) and Fig. 4(c). Compared to the hexagonal origami
hypars with Cs, and Cs, symmetries, the key states of this structure show
no symmetry in the y = 0 section.

In summary, the bistability of the hexagonal origami hypar in each
bifurcation branch is the same as the square origami hypar [43]. There
are two stable states along each bifurcation branch. The two stable states
in the same bifurcation branch are approximately symmetric along the
horizontal plane. Except for the innermost folds, the mountain and
valley properties of the creases remain unchanged between these two
stable states.

4. Discussion

In this section, we discuss the differences among these three bifur-
cation branches. Several metrics are chosen to represent the energy
barrier of multistable transitions in Section 4.1, and some relevant
influencing factors are studied in Section 4.2.

4.1. Multi-stability of the hexagonal origami hypar with different
symmetries

To compare and discuss different bifurcation branches, we transform
them into a unified coordinate system, as shown in Fig. 6. Points I,, P1,,

P2, IIL,, points Iy, P1y, P2y, I}, and points I, P1., P2, III. correspond to
the key States 1, P1, P2, and 3 on the bifurcation branches with C,, Cs,
and C3, symmetries described in Section 3, respectively. To ensure the
fairness of the comparison among the different numbers of loading
points for different bifurcation branches, the total equilibrium load is
chosen as the y-axis. In Section 3, we obtained the equilibrium load
curves at a single loading point for each bifurcation branch. Therefore,
the total equilibrium load should be the sum of the equilibrium loads at
all loading points in each branch. Then, based on the symmetry of each
bifurcation branch, the equilibrium loads of all the loading points will be
identical. That is, we can obtain the total equilibrium load by multi-
plying the equilibrium load at a single load point by the number of
loading points. For the bifurcation branch with Cs, symmetry, we
applied downward displacements on the three outmost free vertices.
Thus, the total equilibrium load bifurcation branch with Cs, symmetry
will be equal to the equilibrium load at a single loading point multiplied
by three. For the bifurcation branch with Cy, symmetry, there are four
loading points. Therefore, its total equilibrium load will be equal to the
equilibrium load at a single loading point multiplied by four. For the
bifurcation branch with C, symmetry, we only applied downward
displacement on one vertex. As a results, the total equilibrium load of
the bifurcation branch with C, symmetry will be equal tothe equilibrium
load at a single loading point itself.

According to Fig. 6(a), seven possible critical points can be found in
total, including point X, Y, Z, X, Y’, Z’, and II. Fig. 6(c) shows the
profiles of the y = 0 section of the structure in each bifurcation branche
at State 2. Since the displacements are calculated by finite element
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Stored energy versus displacement curves.

analysis, the State 2 shown in Fig. 6(c) is an approximate solution.
However, it can be judged from the folding tendency that the hexagonal
origami hypar is fully expanded in State 2 as point II in Fig. 6(d).
Importantly, point II is one of the critical points of these three bifurca-
tion branches. As for the other possible critical points, the states corre-
sponding to various bifurcation branches at the intersections are
different. In Fig. 6(d), these three bifurcation branches have no inter-
section except point II. In other words, point II is the only critical point of
these three bifurcation branches.

We select the state corresponding to the critical point II as the zero
potential energy state. Fig. 6(e) shows the total energy (Et) variation of
the hexagonal origami hypar from the stable State 1 to the stable State 3.
Critical point II represents the fully flattened state in the three bifurca-
tion branches. The energy barrier of conversion among these stable
states can be reflected by the difference between the extreme values of
the stored energy curves. In comparison with the stable states with Cy,
and C, symmetries, unfolding from the stable state with Cs, symmetry to
the fully unfolded state is the most difficult transformation to achieve.
Unfolding from the stable states with Cs, symmetry is relatively easier,
while this is the easiest for the stable states with C, symmetry. In other
words, the stable states with C3, symmetry have the greatest energy
barrier against transformations to the other stable states, followed by the
stable states with Co, symmetry; the stable states with C, symmetry have
the slightest energy barrier.

4.2. Influence of geometric parameters

To obtain more general conclusions, here we examine and discuss the
effects of different geometric parameters on the stable states of the
hexagonal origami hypar, including the thickness of material ¢t and the
fold spacing d. The geometric parameters of different numerical exam-
ples are summarized in Table 1.

4.2.1. Influence of material thickness

Various geometric parameters associated with each model are listed
in Table 1. We utilize the same method, as used for the reference model
TO, to simulate the multi-stability of models T1 to T4. Fig. 7(a), (c), and
(e) show the results corresponding to Csy, Ca, and C, symmetries,
respectively. Point TO; represents the stable State 1 in model TO, and the
point TOyy represents the stable State 3 in model TO.

Fig. 7(a), (c), and (e) show that the peak values of the equilibrium
load increase with the material thickness during the transitions of two
stable states. The absolute value of F indicates its structural height, and
the sign (positive or negative) of F indicates whether it increases along
the positive z-axis. If F increases along the positive z-axis, it is negative;
otherwise, F is positive. To make the results clearer, we have extracted
the peaks of the balanced load and marked them in Fig. 7(b), (d), and (f).
The equilibrium load versus height curves during the transition between
two stable states consists of two peaks, and the tendencies of them are
centrosymmetric along the origin point. The entire process can be
divided into two phases with the origin as the cut-off point. The first
phase, called the loading phase, is the transition from stable State 1 to a
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Table 1

Geometric parameters of numerical examples.
Model TO T1 T2 T3 F1 F2 F3 F4 F5
L (mm) 64 64 64 64 60 60 60 60 60
D (mm) 8 8 8 8 12 12 12 12 12
d (mm) 8 8 8 8 4 6 8 12 16
t (pm) 127 40 76 200 127 127 127 127 127

fully flatted state under external loads. Similarly, the second phase,
called the recovery phase, is the transition from the fully flatted state to
the other stable State 3. The peak equilibrium load in the loading phase
is F1, and the peak equilibrium load in the recovery phase is Fg. Fig. 7(b),
(d), (f) show that F;, and Fy are proportional to the third power of the
material thickness (i.e., ). The fitting plots fi, and fr in Fig. 7(b), (d),
and (f) are obtained by a linear fitting with ¢ as the independent vari-
able in MATLAB.

In the simulation process, the stiffness of the creases and the bending
stiffness of the facets are related to £, whereas the tension-compression
stiffness of the facets is related to t [77]. Similar to the results presented
in Section 3, we can conclude that the folding of the structure is mainly
realized by the folding of creases and the bending of facets, and the
tension and compression deformations of facets only account for a small
part.

As for the height of the structure, we refer to the height at which the

structure reaches a stable state as the stable height H. Fig. 7(a), (c), and
(e) show that the stable height increases with material thickness. Similar
to the peak equilibrium load, each equilibrium load-height curve has
two stable heights corresponding to the two stable states. The stable
height corresponding to stable State 1 is called H; and the stable height
corresponding to stable State 3 is called Hyy. The absolute value of H is
its height and the plus or minus sign indicates whether H increases along
the positive z-axis. If H increases along the positive z-axis, it is positive.
Otherwise, H is negative. Thus, for the equilibrium load versus height
curve, the farther the stable state from H = 0, the higher the stable
height will be.

In summary, the peak equilibrium loads and the stable heights with
the same symmetry, all increase with material thickness. In particular,
the magnitude of the peak equilibrium load is positively related to the
third power of the material thickness.
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Fig. 8. Crease patterns with different values for parameter d. Sub-figures (a) to (e) correspond to models F1 to F5, respectively.

4.2.2. Influence of crease length

We adjust the geometric parameters of the reference model to the
variation of d while keeping L constant. Parameter n varies with d as
models F1 to F5 (see Table 1). The outermost creases are kept at peak
and various patterns are generated as shown in Fig. 8. Then, the bist-
ability of models F1 to F5 can be simulated. Fig. 9(a) to (c) show the
results corresponding to Csy, Cay, and C, symmetries, respectively. Point
F1p; represents State P1 in model F1, and point F1py represents State P2
in model F1.

In Fig. 9, the peak equilibrium loads increase with creases spacing
d during the transitions of two stable states with the same symmetry.
Since L does not change, the change of d will directly lead to the change
of n. For simplicity, we unify these two variables as the total length of all
creases, called crease length (denoted by I). The relationships between
the crease length and the peak equilibrium loads are shown in Fig. 9(d).
For the three different symmetry cases, the peak equilibrium loads in
both the loading and recovery phases increase with crease length. In
other words, hexagonal origami hypars with longer crease lengths are
more difficult to be folded. As for the stable height, it is related to the
crease spacing, crease layers number and crease length. The details of
their influence need to be further studied.

In summary, the magnitudes of peak balanced loads increase with
increasing the crease length. In other words, the stable states of

hexagonal origami hypars with longer crease lengths have more signif-
icant energy barriers. The effects of different spans L and the number of
initial polygon sides on the stable states of the hexagonal origami hypar
can be further studied. The obtained data can be analyzed using deep
learning [85] methodsto develop a more precise numerical model, and
could facilitate the design of novel programmable metamaterials [86,
87] based on the hexagonal origami hypar.

5. Conclusions

In this work, we utilized a bar-and-hinge model, a group-theoretic
approach, and a symmetry breaking process for exploring the multi-
stability of the hexagonal origami hypar. The bar-and-hinge model
was applied to simulating the entire folding and unfolding process of the
structure. Concurrently, the group-theoretic approach was exploited to
avoid singularities in the stiffness matrix near the bifurcations. The
symmetry subgroups obtained by symmetry breaking were introduced
to trace the corresponding bifurcation branches. The multi-stability of
the structure was demonstrated by analyzing the multi-stability of all the
bifurcation branches. The main conclusions of this study can be sum-
marized as follows:
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1) The hexagonal origami hypar is always non-rigid during folding. Its
non-rigid deformation is mainly realized by the bending deformation
of each facet.

2) The exagonal origami hypar has three distinct types of bifurcation
paths, including Cs,, Ca,, and C, symmetries. All the bifurcation
branches exhibit bistability. Thus, the hexagonal origami hypar has
six independent stable states.

3) These stable states can be converted to each other only through the
fully flattened state. The initial state with the greatest energy barrier
is the stable states with Cs, symmetry, and the slightest one is the
stable states with C, symmetry. The energy barrier increases with
increasing the material thickness or the crease length.

Furthermore, the method proposed in this study can be extended for
the multi-stability analysis of origami structures with higher-order
symmetries. It can systematically describe the transitions among their
stable states by converting the original folding analysis into a collection
of multi-stability investigations in different bifurcation branches.
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