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Abstract—In the power supply system with energy feedback system (EFS)s, the energy from EFS (WF) will flow to rectifiers, which is 

circulation flow (CF). However, the efficiency of CF between substations has been rarely studied. Besides, the relationship between the 

train operation and regenerative braking energy (RBE) utilizing efficiency is not clear. In this paper, the energy flow structure of the 

AC/DC railway power supply system including CF is established. In the double-train system, promoting CF when the trains’ distance is 

long can be beneficial to power utilization efficiency. Chengdu Metro Line 9 is analyzed as the multi-train system based on the iterative 

AC/DC power flow algorithm. The key to energy saving includes reducing the energy consumption of on-board resistance and the DC 

traction network loss. Compared with the catenary and rail system, the fourth-rail system can promote system energy efficiency by 

23.5% at most. The CF and energy fed to main substations counts for less than 2% and 8% of WF. When the headway time is short, 

RBE should be avoided feedback to EFS, while the feedback power of EFS should be advocated when the headway time is long. The 

results can help guide the operation of urban rail to save energy.  

Index Terms—Regenerative Braking Energy; Circulation Flow; Energy feedback system (EFS); AC/DC power supply system 

NOMENCLATURE 

Symbol/Abbreviation Definition 

MS Main substation 

TS Traction substation 

SS Step-down substation 

EFS Energy feedback system 

RBE Regenerative braking energy  

ETT Energy transferred between trains 

CF Circulation flow 

TN Traction network 

WM Active energy consumed by all MSs 
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WT Traction energy of TSs at DC side 

WF Energy fed at the AC side by the EFSs 

WR Energy fed to the MSs 

WS Energy consumed by all SSs 

Wres Energy consumed by the on-board resistors 

Wtrac Traction energy of all trains 

Wreg RBE of all trains 

WETT The ETT in the system 

WCF Circulation flow energy 

WConvLoss The energy loss of rectification 

WInvLoss The energy loss of inversion 

WDCLoss The energy loss on the DC side 

Wk+aux The sum of kinetic energy and auxiliary energy 

WS The energy of step-down loads 

ηT Efficiency of rectifiers 

ηF Efficiency of the EFSs 

PTi The power at the AC side of the TS 

PSi The active power of ith substation’s step-down load 

Ptraini The power of the ith train 

PReci The power of the rectifier unit at the DC side in ith TS 

PEFSi The power of EFS at the DC side in ith TS 

PConvLoss The power loss of rectification 

PInvLoss The power loss of inversion 

PDCLoss The power loss on the DC side 

I. INTRODUCTION 

In the power supply system of urban rail, there is great potential for RBE utilization because of the frequent braking of trains. 

Some devices, like the on-board resistor, consume the RBE in an unsustainable way, because they turn RBE into thermal energy. 

With the development of technology and the study of RBE utilization, EFS, energy storage system (ESS), and bidirectional 

converter device (BCD) are widely applied worldwide [1]-[3]. Other technologies include bypass DC Loop [4] and so on. With 

these devices, the RBE flow is more complicated than before. To utilize the devices better and improve system efficiency, deep 

research into RBE utilization is necessary. In this paper, only the urban rail system with EFSs is discussed. 

EFS can feedback RBE to the AC side, and there are three whereabouts: step-down loads, main substation (MS)s, and rectifiers. 

The third one is called CF. The inhibition of CF inside the TS can be realized by promoting device design [4][5] and setting feasible 

parameters. The relevant research is mature. However, the CF between TSs is difficult to avoid. [7] points out that CF between TSs 

should be minimized. The energy transfer process through CF will cause losses in both the EFS and the rectifier, and therefore be 

inefficient in theory. But it has not been studied in depth. Quantified efficiency comparison of CF and ETT is indispensable for 

RBE utilization analysis. 

Analyzing the energy flow structure is vital. In [8][9], the energy flow structure between trains is analyzed, but it only suits 

high-speed railways. In [10], the distribution of RBE is analyzed, but it does not consider the AC side. In [11], only the structure of 

energy flow between trains is analyzed, but the overall energy flow is not analyzed systematically. In [12]-[14], the energy flow 

structure including rectifiers is analyzed, but the EFSs are not considered. In [15], the energy flow path of the EFS is added, but the 

MSs and their related energy flow path are not taken into account. In [16] and [25], the energy flow structure is analyzed, but the 



IEEE Transactions on Transportation Electrification 

 

3 

energy flow of trains is not continuous with the energy flow between trains. The CF is neglected. To analyze the energy flow, 

energy flow analysis in detail is needed. 

The accurate analysis is based on the precise algorithm. However, rectifier and inverter devices are uniformly modeled without 

considering power reversal during inversion. In [17]-[20], train movement, electrical networks, and traction substations are 

modeled, but EFS is not considered. In [21] and [22], different types of traction substations are modeled, but the EFS model was 

not mentioned. In [23], a reasonable steady-state model for a voltage source converter is created, and an alternative algorithm of the 

AC/DC hybrid system power flow is proposed. But it does not suit the urban rail. In [24]-[26], AC/DC unified power flow 

calculation considering the constant power state of EFS is proposed. For AC/DC alternative power flow algorithm, the constant 

power state of EFS is rarely added into consideration. 

Timetable optimization and energy-efficient driving are two mainly used train operation methods. The former method aims to 

maximum the utilization of RBE, and has been studied for a long time. The main differences in existing research are optimization 

objectives, models, and algorithms. Utilization of RBE is mainstream objective, while passenger travel time [27] and overlapping 

time [30] can also be objectives. As for the model, except for the integer programming model [31], there are other models, such as 

the energy-saving operation model for multiple trains considering different operation modes of the trains [28], multi-train 

trajectory optimization method is proposed to find optimal meeting locations, arrival/departure times, and speed trajectories [29], 

integrated model which includes both the timetable and the train trajectory [32]. For the algorithm, genetic algorithm (GA) is 

widely used [27][30][31]. And some modified algorithms are also effective, such as GA-PSO [32], parallelized particle swarm 

optimization based on Map-Reduce (PPSO-MR) [33] and so on. The above researches focus on optimization methods but do not 

clarify the relationship between timetable and RBE. [10] points out it is difficult to find explicitly mathematical relationships 

between timetable adjustment and utilization of RBE. To solve this problem, correlation analysis can be an effective approach. 

The main contributions of this paper can be summarized as follows: 

1) The traction power supply system energy flow structure considering CF is analyzed in detail. The key to the system traction 

energy saving includes reducing the on-board resistance energy consumption and DC loss energy consumption. The results of the 

theoretical analysis are verified by the simulation of the practical railway route, Chengdu line 9.  

2) The power utilization efficiencies are compared when trains and EFS state are different in the static system. The existence of 

CF does not always reduce the efficiency of the system. On the contrary, the power utilization efficiency is higher than that of ETT 

when the trains’ distance is long. 

3) Through simulation, the advantage of the fourth-rail system in energy saving is quantified compared with the catenary and rail 

system, which can guide the decision of system design. 

4) The energy flow component, energy efficiency, and correlation under different timetables of trains are analyzed. When 
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headway time is short, to save energy, RBE should be avoided feedback by EFSs, while ETT should be suppressed when the 

headway time is long. The rules can guide the operation institutions of urban rail such as the adjustment of running maps. 

This paper is organized as follows: Section II first analyzes the energy flow in the power supply system in detail, which contains 

the CF. Then the power of CF is defined. A simplified case analysis shows why AC cable loss can be neglected. In section Ⅲ, the 

double-train system model is first, which includes the AC equivalent circuit and four DC equivalent circuits. Then the brake train 

power and train distance are taken as parameters. The impact of trains, EFS, and step-down loads are analyzed in order. In section 

IV, the improved AC/DC iterative power flow algorithm is proposed. Then a subway case is studied. The components of RBE and 

energy fed by EFSs under different headway times are analyzed. Then the correlation between energy at MS and other energies is 

analyzed. 

II. ENERGY FLOW FOR AC/DC RAILWAY POWER SUPPLY SYSTEM 

The energy flow can reflect the energy structure and distribution in the power supply system of urban rail. Studying the energy 

flow is necessary, for it helps schedule the train operation, and set reasonable parameters for EFSs to improve the efficiency of the 

system and save energy. 

In the urban rail power supply system, the structure is shown in Fig. 1. The MSs transform AC 110kV to AC 35 kV and connect 

the AC 35 kV buses. The buses then connect to the TSs and SSs. In TSs, the rectifiers convert AC 35kV to DC 1500V and are 

connected to DC 1500V buses. The buses connect to the TN and the EFSs. EFSs can feed energy from the DC bus to AC 35 kV side. 

The step-down loads obtain energy from step-down transformers. In SSs, there are only step-down loads. The TN includes the 

feeder, up-down catenary, up-down rail, return conductor, etc. 
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Fig. 1 The structure of the power supply system in urban rail 

A. Energy Flow Structure 

The energy flow structure is shown in Fig. 2. It is assumed that power losses on the AC cables are ignored. The power starts from 

MSs as WM. In the AC network, WM flows to TSs and SSs. The receivers are rectifiers and step-down loads. For rectifiers, they 

provide traction energy for trains (Wtrac), but the process has energy losses on rectifiers and the TN, which are WConvLoss and WDCLoss. 

The traction energy will become kinetic energy and auxiliary energy (Wk+aux), traction loss (WTracLoss), and RBE (Wreg). There are 

three main whereabouts for RBE: consumed on on-board resistors (Wres), ETT (WETT), and fed back by EFS. The power loss 

through EFSs is WInvLoss. The energy fed to the AC side (WF) also has three whereabouts: CF(WCF), fed to MSs (WR), and consumed 

by step-down loads. For Wreg, it has two paths to flow back to traction trains: ETT and CF. The paths are shown in Fig. 2. 
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Fig. 2 The energy flow diagram  

According to [34], the power supply system without EFSs is defined as the reference system (RS). The power supply system 

with EFS installed is defined as the contradistinction system (CS). The superscript “ ' ” means the parameter in RS. The energy 

functions can be obtained as: 

M T T S F R

M T T S

T k+aux TracLoss res DCLoss F F

T k+aux TracLoss res DCLoss

/ +
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+ + + /

+ +







= + −


= +
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                                          (1) 

And the system-level energy consumption (STEC) index is defined as: 

TR T T F R

TR T T

/

/





= − +


 =

W W W W

W W
                                                                         (2) 

Therefore, the energy difference between the two systems is energy saving. It is as (3). Since the coefficient of WF is near 0, it can 

be seen that the key to the system traction energy saving includes reducing the energy consumption of on-board resistance, the loss 

of DC TN, and the energy fed to MSs. 

res DCLoss R
F

DC
T F

TR TR res FsLos T'
1 




−
 − = − + − + −W WWW W W W W                             (3) 

B. Definition of CF between TSs 

It is worth mentioning that there are mainly two kinds of CF: the CF in the TS and the CF between TSs. The former is not 

preferable for the efficient operation of urban rail, but it can be eradicated by improving the control method of converters. The latter 

is what is discussed in this paper. 
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The structure diagram of one bus in a power supply section is shown in Fig. 3. The TSs are connected to MS through cables. For 

a TS, there are two lines out. The line which is from the MS is called the incoming line, and the other is the outcoming line. The CF 

can be sequential CF (SCF) or reverse CF (RCF). For the RCF, the energy fed back by the EFS will be passed to the TSs which are 

closer to MS in topology. For the SCF, the energy fed back by the EFS will be passed to the TSs which are farther from MS in 

topology.  
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Fig. 3 Structure of CF in a power supply section 

The CF only exists when the rectifier and EFS work simultaneously in the power supply section. 
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It is assumed that the feedback energy will first flow to sequential TSs and SSs. The SCF power of TSi, PSCFi, should be 

calculated first. If the EFS of TSi is working, the PSCF is as (5). In which, (i+j1), (i+ j2),… are the numbers of TSs that have rectifiers 

in operation and farther from MS than TSi in topology. Especially, when TSi is at the end of the power supply section, the SCF 

power is 0.  
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Then calculate RCF part and PCFi can be obtained. In which, (i-k1), (i-k2),… are the numbers of TSs which have rectifiers in 

operation and are closer to MS than TSi in topology. 
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Where Pi+ is the traction and step-down loads of substations that are farther from MS than TSi in topology. N is the number of 

substations in the power supply section. (i+J) is the farthest TS from MS in topology which has the working rectifier. 

S Rec

0 1

+
N i J

i i n i n

n n j

P P P
−

+ + +

= =

=                                                                              (7) 

The total CF, PCF is as (8). The step-down loads should be calculated only once. They should be calculated by the nearest EFS if 

there are more than one EFS that can provide energy for the step-down load. 

CF

1

N

CF i

i

P P
=

=                                                                                    (8) 

C. Analysis of Losses by Circulation Flow 

To analyze the loss through the CF path, a simplified case is established with the following assumed conditions are: 

 There are 2 TSs and 2 trains. 

 The path of CF is train1→EFS in TS1→AC cable→rectifier unit in TS2→train2. 

 There is no power supplied to TS2 from the power grid. 

 The impedance between the regenerative braking train and EFS and the impedance between the rectifier unit and traction train 

are ignored. 

 The distance between two TSs is 3 km. 

R and x are the impedance per unit length of the AC side cable. b is the susceptance per unit length of the AC side cable. The 

parameter values are shown in Table I. PS1 and PS2 in this case are both 240kW. PACCableLoss is the power loss on AC cable. PInvLoss 

and PConvLoss are calculated as (9). 

Invloss F EFS2

C Tonvloss T1

(1 )

(1 )

P P

P P





= −


= −

                                                                          (9) 

TABLE I  SOME PARAMETER VALUES 

Parameter Value Parameter Value 

R/(Ω/km) 0.0529 x/(Ω/km) 0.045 

b/(S/km) 0.141×10-3 ηRec 0.98 

ηEFS 0.95   

PEFS1 is the power of EFS in TS1. The power losses are shown in Fig. 4. When PEFS1 is 8MW, the sum of PInvLoss and PConvLoss is 

567kW, while PACCableLoss loss is only 1.5kW. As the current is small at the 35kV side, the AC cable loss can be ignored, and the 

main loss occurs in the power commutation process of the converters.  
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Fig. 4 The PEFS1 and power losses 

 

III. ENERGY TRANSFER COMPARISON IN STATIC SYSTEM 

A double-train model is built for analyzing the energy flow and comparing two energy transfer ways. It is shown in Fig 2. There 

are two TSs. TS1 connects to the outcoming line of the MS after passing through several TSs and SSs. TS2 is at the end of the 

power supply partition of the MS. Train1 is in traction mode; train2 is in regenerative braking mode. The analysis in this chapter is 

for a specific moment, so it is a static system. 

If PT1 and P T2 are both positive, CF between TSs exists. The CF path and the ETT path are shown in Fig. 5. After satisfying the 

train1 and step-down loads of TS1 and TS2, the redundant CF power will flow to other step-down loads. This part of the energy is 

POther. Assume that POther is fully utilized, and the loss is ignored. 
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train1 train2

PT1
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PT2 PS2PS1

TN
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PEFS2PRec1

Ptrain2Ptrain1

CF
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Fig. 5 Schematic diagram of the double-train system 

A. Modeling Double-train System 

In the double-train model, the rectifier and EFS may not work due to the fluctuation of the TN’s voltage. Therefore, there are 

four equivalent DC circuits, as shown in Fig. 7. Four Cases are defined. The AC equivalent circuit is shown in Fig. 6. U0 is the 

no-load voltage of the rectifier. R0 is the equivalent inner resistance of the rectifier.  
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In Case A to Case C, at least one converter works. The trains are built as power sources. The power of train1 and train2 are Ptrain1 

and P train2 in Case A to Case C. In Case D, train1 is built as a voltage source, so the circuit has reasonable solutions. Its voltage is 

Utrain2. 

The unit length resistance of TN is r. The distance between TS1 and TS2 is L. l1 is the distance between train1 and TS2. l2 is the 

distance between train2 and TS2. U1~U4 are the voltages of nodes. I1~I4 are currents. IEFS and IRec are the currents of the EFS and 

rectifier. 
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Fig. 6 The equivalent AC circuit diagram of the double-train model  
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Fig. 7 The equivalent DC circuit diagram of the double-train model 

(a)Case A: Both EFS and rectifier work; (b)Case B: Rectifier works and EFS does not work; (c)Case C: the EFS works and rectifier does not work. 

(d)Case D: EFS and rectifier neither work. 

The node voltage method is applied to solve circuits in Case A to Case C. The equations are (10). G0~ G4 are the reciprocal of 

R0~ R4 and the corresponding conductance. PCF is as (11). 
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  Since there are four cases in Fig. 7, a calculation algorithm is needed to judge which one is suitable. The algorithm is based on 

Case A, which contains both the rectifier and EFS. After the first calculation of the double-train model, the current of rectifier and 

EFS can be obtained. State adjustment can take the current as the criterion. Then the updated model is applied to calculate the 

results. The calculation process is shown in Fig. 8. First, the simulation parameters of the double-train model are input. Then the 

Case A model is solved. In the results, IEFS and IRec are obtained. If they are both not negative, then the results can be output. If IEFS 

is not negative and IRec is negative, the Case B model should be applied to calculate again. If IEFS is negative and IRec is not negative, 

the Case C model should be applied to calculate again. If they are both negative, the Case D model should be applied to calculate 

again. 
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Fig. 8 Calculation Process of Case A 

B. The Power Flow and Power Utilization Efficiency 

Fig. 9 shows the power flow diagram of the double-train model. The power sources are the train2 and the power net, which 

means power from the MS. The power from the power net is PNet. The power receivers are the train1, the step-down loads of TS1 

and TS2, and other step-down loads. There are two power flow paths from Ptrain2 to P train1: ETT and CF, which correspond to two 

paths in Fig. 5. PLoss is the total loss when transferring energy. Since the model is complicated, some power paths may be zero in 

some specific cases. 
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Fig. 9 The power flow diagram of the double-train model 

The power utilizing efficiency, ηP is defined as the power of loads to the power of sources. PLoad is the power of loads. PSource is 

the power of sources. ηP is as (12). It is assumed that if PCF is greater than PT1, the redundant power can be utilized by other 

step-down loads in other TSs. 

Load train1 S1 S2 Other Load
P

Source train2 Net Load Loss

= =
+

P P P P P P

P P P P P


+ + +
=

+
                                                         (12) 

where PNet, POther and PLoss are: 



IEEE Transactions on Transportation Electrification 

 

13 

CF Rec1

T1 CF CF T2 S1 S2

T1 T2 S1 S2 CF

Net T1 S1

T

S

T

2

0                               if 

/              if ( )   

    if 0

                                                       

Case A

P P

P P P P P P

P P P P P

P P P P

 

=


− = − −
 − + + =

= + +

S1 S2 T2 T2 S1 S2

T2 S1 S2

S1 S2

oth

 

 

Cas

    if ( )
                  

0                        if ( )

                                                      

e B

Ca

e   

se C

Cas D       

P PP P P P

P P

P P

P

P









+ −  +


  +


+

CF Rec1

T2 S1 S2 CF

er T2 S1 S2

Loss DCLoss

T

InvLoss ConvLoss

if           in Case A
/

  or ( ) in Case C

0                                                                     other cases

P P

P

P

P P

P P P
P P P

P


=

− − −
=  +




= + +

                                              (13) 

C. Result Analysis 

To analyze the double-train model, different cases are defined in Table II. In Table II, the “On” state of EFS means EFS is in 

operation, but it will not work if the TN voltage is lower than its start voltage. The “Off” state means EFS is turned off and will not 

work in any case. The simulation parameters of the double-train model are shown in Table III. l2 and Ptrain2 are set as variable 

parameters.  

TABLE II CASES DEFINITION 

Case EFS Ptrain1 PSi 

1 On 7MW 240kW 

2 On 6MW 240kW 

3 Off 7MW 240kW 

4 On 7MW 120kW 

TABLE III SIMULATION PARAMETERS 

Parameter Value Parameter Value 

l1 0.2km L 3 km 

R0 0.05Ω UEFS 1720V 

Utrain2 1800V r 0.0373Ω/ km 

 

1) Impact of Trains 

In Case 1, l2 and Ptrain2 are variable. The difference between Case 1 and Case 2 is the Ptrain1. 

The PCF of Case 1 and Case 2 are shown in Fig. 10. The PCF is closely related to PEFS2 and PRec1. They are shown in Fig. 11. 

In Case 1, PCF exists when Ptrain2 is greater than 7.5MW and l2 is greater than 1km. When Ptrain2 rises from 7.5MW to 9MW, PCF 

first rises and then reduces. The reason for reducing is that PCF is equal to PRec1 according to (7). Fig. 11 shows that PRec1 decreases. 

When l2 increases, PCF also increases. The reason is that with the increasing of l2, the resistance between two trains increases, which 

blocks ETT and promotes CF. 
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In Case 2, the peak of PCF is less than the peak of PCF in Case1. That is because the traction power need of train1 of Case2 is less 

than the need in Case1. The variation trend of PCF with l2 and Ptrain2 is the same as the trend in Case 1. 

 

Fig. 10 PCF of Case 1 and Case 2 

  

Fig. 11  PEFS2 and PRec1 of Case 2. 

The ηP of Case 1 and Case 2 is shown in Fig. 12. The closer the two trains are, the higher the ηP is, for the shorter power 

transmission length means less power loss in the process. 

Generally speaking, ηP decreases as Ptrain2 rises in Case1. But there is a rise when Ptrain2 changes from 8.5MW to 9MW. The 

power of these two points is shown in Table IV. When Ptrain2 rises from 8.5MW to 9MW, POther increases by 0.46MW. PCF 

decreases by 0.01MW. Therefore, although PLoss rises, the ηP still increases. The influence of POther is great to ηP in this section. 

The ηP of Case 2 is higher than the η of Case 1 for most situations. The PLoad decreases and transmitted power between trains is 

less. Therefore, the ηP rises. However, when the Ptrain2 is between 7MW and 9MW, and l2 is between 0 and 0.5km, ηP of Case 2 is 

lower than the ηP of Case 1. This is also because of the influence of POther. In this situation, the equivalent circuit is Case C. The 

rectifier does not work, and POther is not 0. The POther of Case 1 is greater than the POther of Case 2, which means that there is more 

redundant WF utilized by other step-down loads. It improves the ηP. 
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Fig. 12  ηP of Case 1 and Case 2 

Table IV Power of two points in Case 1 

Ptrain1/MW 7 7 

Ptrain2/MW 8.5 9 

PDCLoss/MW 0.85 0.87 

PInvLoss+PConvLoss/MW 0.09 0.11 

PLoss/MW 0.94 0.98 

Pother/MW 0.08 0.54 

PCF/MW 0.80 0.79 

PNet/MW 0 0 

ηP 0.890 0.891 

2) Impact of EFS 

In Case 3, the EFS is off. The calculating process is as Fig. 13. First, the simulation parameters of the double-train model are 

input. Then the Case B model is solved. IRec can be obtained in the results. If it is no less than 0, the results can be output, or else the 

Case D model is applied and the calculation results are output. Case 1 and Case 3 have the same PLoad. 

Start

Input parameters

Solve Case B model

Calculate  IRec

End

Output results

Solve Case D model

IRec 0?

Y N

 

Fig. 13 Calculate process of Case 3 

The η, PLoss, and PDCLoss of Case 1 and Case 3 are shown in Fig. 14, Fig. 15, and Fig. 16. To show the difference between Case 1 

and Case 3 more clearly, the same data for Case 1 and Case 3 are not presented in Fig. 14 to Fig. 16. 

In Case 1, EFS works. Therefore, some energy is transmitted through the AC side, which is PCF. The energy transmitted on the 

DC side in Case 1 is less than the energy transmitted on the DC side in Case 3. So, PDCLoss in Case 1 is less than PDCLoss in Case 3, 
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as shown in Fig. 14. Meanwhile, PInvLoss+PConvLoss in Case 1 is greater than PInvLoss+PConvLoss in Case 3. According to (9), PLoss 

consists of PDCLoss, PInvLoss, and PConvLoss. When l2 is more than about 0.5km and Ptrain2 is greater than 8MW, the difference of PDCLoss 

is greater than the difference of PInvLoss+PConvLoss between Case 1 and Case 3. Therefore, The PLoss in Case 1 is less than the PLoss in 

Case 3 in Fig. 15. The ηP of Case 1 is higher than the ηP of Case 3 in Fig. 16. 

 

Fig. 14 PDCLoss of Case 1 and Case 3 

 

Fig. 15 ηP of Case 1 and Case 3 

 

Fig. 16 PLoss of Case 1 and Case 3 

IV. ENERGY ANALYSIS IN MULTI-TRAIN DYNAMIC SYSTEM 

A. Modeling of the Multi-train system and Solving Algorithm 

The analysis in this chapter is for some time rather than a moment, so it is a dynamic system. The modeling of the multi-train 

system in urban rail mainly includes the TSs, TN, and trains. In this paper, the three-layer grounding network model of catenary, 
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rail, and ground is built. The rectifier unit is modeled as an ideal voltage source and a resistance in series by Thevenin equivalent 

circuit. 

In the traditional AC/DC iterative power flow calculation algorithm, there are three states for TS: rectifying state (SRec), turn-off 

state (SOff), and constant voltage state (SEFSU). According to the output characteristic of EFS, it should have two working states: 

constant voltage state (SEFSU) and constant power state (SEFSP). When in SEFSU, the EFS adopts the ideal voltage source model; When 

in SEFSP, the EFS adopts the ideal power source model. The state transition is shown in Fig. 17(b). The judge conditions between 

SEFSP and other states are: 

 SEFSP to SEFSU: The voltage is lower than UEFS. 

 SEFSP to SOff: The current of EFS is lower than 0. 

 SEFSU to SEFSP: The power of EFS is not lower than its rated power. 

To improve the accuracy of calculation, the power source model is used to model the train in this paper. Besides, on-board 

resistance is also considered in the algorithm. After cutting the regenerative braking energy of trains, the reduced energy is 

calculated as the energy consumed by the on-board resistor. The calculation algorithm flow of the AC / DC power supply is shown 

in Fig. 17 (a). First, the parameters of the multi-train model are input. Then DC power flow is calculated until DC voltage 

converges. If the voltage of any train surpasses Uon (start voltage of on-board resistance) the RBE will be cut, and jump to DC 

power flow. Then judge the states of TSs. If there are unreasonable states, they will be updated, and jump to DC power flow. After 

that, AC power flow calculation will be implemented. If AC parameters converge, the calculation ends, or the process will come to 

DC power flow again. 

The voltage of trains surpass Uon?

DC power flow 

calculation

N

Y

N

N

Cut braking 

power of trains

Y

Y

Update 

states

Input

AC power flow 

calculation

Output

AC convergence?

DC voltage convergence?

Are states of TSs reasonable?

 

(a) 
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SRec

SOff

SEFSUSEFSP

 

(b) 

Fig. 17 The calculation algorithm of AC/DC power flow  

(a) Algorithm process (b) State transition 

B. Practical Line Modeling Data 

Chengdu Metro Line 9 is studied. It has 2 MSs and 13 stations, including 11 TSs and 2 SSs. Its length is 40.45 km. The 

installation capacities of the main transformers are 2×40 MVA and 2×63 MVA. The rated power of the rectifier units is 2×3600 

kW, and the no-load voltage is 1664 V. EFSs are installed at every other traction substation. The trains are 8As marshaling, with a 

top speed of 100 km/h, and the weight of 462 t. The structure is shown in Fig. 18, and the locations of each traction substation are 

shown in Table V. The catenary resistance is 0.0173 Ω/km, and the rail resistance is 0.02 Ω/km. The auxiliary power of trains is 

300kW. 

TABLE V LOCATION DISTRIBUTION OF TRACTION SUBSTATIONS OF CHENGDU METRO LINE 9 

Traction 

substation 
Location/km Traction substation Location/km 

1 2.4 7 15.0 

2 4.4 8 17.8 

3 5.9 9 19.4 

4 8.5 10 22.1 

5 10.2 11 24.0 

6 13.3   

 

MS1

TS1 TS2 TS3 TS4 TS5 TS6 TS7 TS8 TS9 TS10 TS11

MS2

 

Fig. 18 The structure of Chengdu Metro 9 

The headway time of trains is set as 150 s, 180 s, 200 s, 225 s, 300 s, 360 s, 450 s, and 600 s. To study the influence of different 

operation schedules, for each headway time, five operation schedules are set, which means the departure time difference between 

upward trains and downward trains. For example, when the headway time is 150s, the departure time difference between upward 

trains and downward trains is 0 s, 30 s, 60 s, 90 s, and 120 s. 

All simulations were run using a personal computer with an Intel(R) Core (TM) i9-9900K CPU @ 3.60 GHz and 12 GB of RAM. 

The calculation time is shown in Table VI. 
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TABLE VI THE CALCULATION TIME UNDER DIFFERENT HEADWAY TIMES 

Headway time(s) 120 180 240 300 400 450 600 

Average iteration time(s) 323 309 346 314 388 391 410 

C. Energy Flow Component Analysis 

The energy results are shown in Table VII. The values are the average values of five operation schedules, and they are energy 

consumption per hour.  

TABLE VII ENERGY RESULTS(KWH) 

Headway time(s) WT/ηT WF Wtrac Wreg Wres WR WCF 

150 17494 3754 24905 16422 1808 167 53 

180 14351 3295 20759 13357 1145 160 66 

200 12977 2688 18725 12416 1394 35 59 

225 12394 3142 16639 11035 1260 67 43 

300 9633 2525 12503 8432 1093 76 39 

360 8305 2409 10417 7002 873 184 32 

450 7008 2151 8333 5725 824 53 37 

600 6568 1255 4404 2254 3964 943 14 

To understand the relationship between RBE and the train operation timetable, the components of Wreg under different headway 

times are analyzed. The results are shown in Fig. 19. WF-S is the energy transmitted from EFSs to step-down loads. Among them, 

when Wreg flows to WF and trains, the losses on TN are difficult to calculate separately, so this part of WDCLoss is included in the 

calculation of the WETT ratio. 

In Fig. 19, when the headway time increases, due to fewer trains, Wreg decreases. The distance between trains increases, which 

causes the decrease in the energy transfer between trains but promotes the percentage of WF. The percentage of Wres in Wreg rises 

obviously when headway time increases from 450s to 600s. When headway time is great, the braking power of trains may 

overwhelm the capacity of EFSs, which increases the Wres. 

 

Fig. 19 The component analysis of Wreg 

The components of WF under different headway times are analyzed. The results are shown in Fig. 20. Although the percentage of 

WF in Wreg increases, WF decreases with the rise of headway time. The WCF counts for less than 2% of WF. The WR counts for less 

than 8% of WF. It indicates that in the multi-train system, the potential of promoting system efficiency by focusing on CF and 

energy fed to MSs is little.  
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Fig. 20 The component analysis of WF 

D. Energy Efficiency Analysis 

To study the influence of TN resistance on the system energy efficiency, the different cases are defined in Table VIII. Case 5 

represents the catenary and rail system, which is the mainstream scheme. The parameters are introduced in section IV B. 

Case 6 fits the third-rail system. Case 7 fits the fourth-rail system. Other parameters of Case 6 and Case 7 are the same as the 

parameters of Case 5. 

TABLE VIII CASES DEFINITION 

Case Positive TN Negative TN r 

5 catenary running rails 0.0373 Ω/km 

6 conductor rail running rails 0.0253 Ω/km 

7 conductor rail conductor rail 0.0160 Ω/km 

 

From Fig. 2, the final receiver of traction energy is the kinetic energy and auxiliary energy of trains. Other energy is just 

intermediate quantities. Therefore, define the system energy utilizing efficiency, ηW as  

k+aux
W

TR

 =
W

W
                                                                                      (14) 

The r can influence the system energy consumption. When studying the influence of r, the DC loss is of great importance. Define 

γDCLoss as the ratio of WDCLoss to Wtrac. It is shown in (15). 

T reg res trac F FDCLoss
DCLoss

trac trac

/
=

W W W W WW

W W




+ − − −
=                                                      (15) 

The analysis results are shown in Fig. 22 to Fig. 24. 
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Fig. 22  The WTR of different headway times 

 

Fig. 23  The γDCLoss of different headway times 

 

Fig. 24  The ηW of different headway times 

It can be seen that the WTR all increases with the decrease of the headway time. In Case 1, when the headway time decreases, ηW 

increases in the general trend, while the γDCLoss decreases in the general trend.  

For Case 5, Case 6, and Case 7, the headway time of maximum ηW is 180s, 200s, and 225s, respectively. The headway time of 

maximum ηW in Case 5 and Case 7 is consistent with the headway time of the minimum γDCLoss, indicating that there is a close 

correlation between DC loss and system energy consumption.  

Compared with Case 5, in Case 6 and Case 7, the r is smaller, and the γDCLoss is smaller. The WTR decreases and ηW increases. In 

Case 7, compared with Case 5, γDCLoss is reduced by 13.4% at most, and ηW is increased by 23.5% at most. 

E. Energy Correlation Analysis 

To study what factors cause the change in electricity consumption, energy correlation analysis is necessary. The Pearson 

correlation coefficient is introduced. It is used to evaluate the correlation between two variables, as shown in (16), where cov (X, Y) 

is the covariance between variables X and Y. σX and σY are the standard deviation of X and Y. The closer the Pearson correlation 

coefficient gets to 1, the higher the positive correlation of the two curves is [35]. If the coefficient is close to -1, it means X and Y 
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have a strong negative relationship. If the coefficient is close to 0, it means X and Y have a weak relationship or do not have a 

relationship.  

,

cov( , )
X Y

X Y

X Y


 
=                                                                                     (16) 

The Pearson coefficients between WTR and other energies under different headway times are calculated. The results are shown in 

Table IX. It can be seen that the correlation coefficients between WETT, WDCLoss, WF, WF-S, Wres, and WTR are high. To further explore 

the relationship between these energies and WTR, the Pearson coefficients of different upward and downward departure time 

differences under each headway time are calculated. 

TABLE IX PEARSON COEFFICIENTS BETWEEN WTR AND OTHER ENERGIES UNDER DIFFERENT HEADWAY TIMES 

WETT WDCLoss WF WF-S Wres 

1.00 0.97 0.95 0.95 0.88 

The Pearson coefficients between WTR and other energy under different headway times are shown in Fig. 21. It can be seen that 

the positive correlation between Wres or WDCLoss and WTR is high. This phenomenon is consistent with the conclusion derived from 

(3).  

When the headway time is 150s, the Pearson coefficient between Wres and WTR is 0.12. It indicates that the difference between 

upward and downward departure time has little influence on Wres. The negative correlation between WF and WTR is the highest as 1, 

indicating that the RBE should be avoided feedback to EFS through reasonable control at this time.  

When the headway time is 600s, the negative correlation between WF or WF-S and WTR is the highest. They are less than -0.7. The 

positive correlation between WETT and WTR is the highest, which is 0.73. The feedback power of EFS should be increased as much 

as possible, and the feedback power should be absorbed by the step-down load as much as possible, while the ETT should be 

suppressed. 

 

 

(a) 
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(b) 

 

(c) 

 

(d) 

 

(e) 

Fig. 21 The Pearson coefficients between WM and other energy under different headway times (a)WETT (b) WF (c) Wres (d) WF-S (e) WDCLoss 

In the operation of urban rail, WETT cannot be observed directly. From Fig. 11, it can be seen that the greater the distance of 

power transmission of ETT, the lower the efficiency. When adjusting the train running timetable, for the small headway time, the 

WETT can be increased by properly reducing the distance between the regenerative braking trains and the traction trains, to save 

energy consumption at the system level. 

V. CONCLUSION 

In this paper, RBE utilization is analyzed in different dimensions. The CF is defined. The improved iterative AC/DC power flow 

algorithm which considers the constant power state of EFS and on-board resistance is proposed. The main conclusions are: 
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1) The key to energy saving includes reducing the energy consumption of on-board resistance, the loss of DC TN, and the energy 

fed to MSs. In the CF process, the power loss on AC cables can be neglected compared with converter loss.  

2) In the double-train static system, the long distance between trains is preferable to CF but adverse to efficient energy transfer. 

Turning off EFS will decrease the efficiency because the disappearance of CF increases the DC loss. To improve partial efficiency 

of operation, promoting CF when trains are far away from each other is a feasible method. In the multi-train dynamic system, with 

the increase of headway time, the RBE will gradually transfer from ETT to EFSs. The potential of promoting system efficiency by 

focusing on CF and energy fed to MSs is little. 

3)  Compared with the catenary and rail system, in the fourth-rail system, γDCLoss reduces by 13.4% at most and ηW increases by 

23.5% at most. The TN resistance and DC Loss can influence the system energy utilizing efficiency greatly. 

4) Reducing the energy consumption of on-board resistance, and the loss of DC TN can help the system energy saving. The 

correlation analysis can prove it. In operation, when the headway time is little, RBE should be avoided feedback to EFS through 

reasonable control, while feedback power of EFS should be advocated when the headway time is large. 

Future research will focus on the optimization of the train timetable based on the results of this paper. The optimal objective may 

change due to the coefficient analysis in this paper. Reasonable control of EFSs is another research emphasis for higher system 

efficiency. 
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