WALL-CROSSING OF UNIVERSAL BRILL-NOETHER

CLASSES

ALEX ABREU AND NICOLA PAGANI

ABSTRACT. We give an explicit graph formula, in terms of decorated
boundary strata classes, for the wall-crossing of universal Brill-Noether
classes.

More precisely, fix n > 0 and d < g , and two stability conditions
¢ and ¢~ for degree d compactified universal (over M, ) Jacobians
that lie on opposite sides of a stability hyperplane. Our main result is a
formula for the difference between w,y(¢") and the pullback of wa(¢™)
along the (rational) identity map Id: 7z,n(¢+) - 7Z7n(q5—). The cal-
culation involves constructing a resolution of the identity map by means
of subsequent blow-ups.

CONTENTS

(L. Introductionl

[l.a. Related work]

b,

Acknowledgments|

B

Notation and preliminaries

2.a. Posets

2.b.  Graphs

B oo of s |

B.d.

Moduli spaces and graphs|

B

Compactified Jacobians and Universal Brill-Noether Classes|

13.a.

The universal stability space|

BD.

The stability hyperplanes|

|3.c.  Compactified Jacobians, universal and semistable family|

3.d. Brill-Noether classes|

78

Normal crossing stratification categories and blowups|

|4.a. Categories of resolved strata for a normal crossing stratification|
4.b.  Normal crossing stratifications|

4.c. Intersection theory tormulas

4.d. _Blow-up

. Combinatorial aspects of Wall-Crossing]

[5.a. Extremal sets, vine functions and full forests|

[5.b. The stratification categories|

|5.c.  The case of “good” hyperplanes.|

|6. Nonsingular resolution of the identity|

1

CSIENS EENIEN IES <N

Ne)

11
11
12

19
22

25
29
32
35
35
43
44
45



2 ALEX ABREU AND NICOLA PAGANI

[7. Wall-Crossing Formulasg| 48
[7.a. The case of disjoint blowups| 58
[7.b.  Wall-crossing in low codimension| 59
- Pullhacks vie Ahcl Jacohs = 60
[References 62

1. INTRODUCTION

The Brill-Noether theory of line bundles on nonsingular algebraic curves
is a classical pillar of XIX century algebraic geometry, which has been re-
discovered and reused to prove important contemporary results. Broadly
speaking, the theory is about studying the space of line bundles of a fixed
degree having a fixed number of linearly independent global sections (see
[ACGHSS] and references therein for a survey of the classical results).

For fixed integers g,n (we will assume for uniformity of notation, that
g > 2and n > 1), and d there exists a universal Jacobian chfn — Mgn, a
moduli space that parameterizes isomorphism classes of degree d line bundles
over smooth, n-pointed curves of genus g. From now on we assume d < g and
define the universal Brill-Noether class wy as the fundamental class in jg‘fn
of the locus Wy of line bundles that admit a nonzero global section. This
locus has fiberwise codimension g — d over M,,, and it is empty for d < 0.
In this paper we study extensions of this class to different compactifications
of the universal Jacobian.

The moduli space M, ,, admits a natural, modular and well-studied com-
pactification M, , obtained by adding (Deligne-Mumford) stable pointed
curves. On the other hand, there are several natural compactifications of
jg‘fn over My, In the words of Oda-Seshadri [OS79], this should not be
seen as a drawback of the theory, but rather a merit.

In [KP19] Kass—Pagani constructed an affine space of stability conditions
Vg‘fn with an explicit hyperplane arrangement, with the property that ev-

ery ¢ € Vg‘fn produces a compactification 7§’n(¢) of the universal Jacobian,
with good properties (it is a nonsingular DM stack) when ¢ is not on a
hyperplane. This space comes with a natural origin — a canonical stability
— and so far most of the attention has been devoted to compactified Jaco-
bians corresponding to this particular value (or to its perturbations when
the latter belongs to some hyperplanes), see [GZ14], [HMP™].

In this paper we study how the Brill-Noether classes, suitably extended to

classes wg(¢) on 7;,1(@, vary in ¢. What we mean by this is the following:
for different stability conditions ¢1, ¢, the identity on the common open set
Jg‘fn of line bundles on smooth curves defines a rational map

Id: 7;[7”(@) - 7§,n(¢2),
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and we can then compute the difference wg(p2) —Id*wgy(¢1). By “compute”,
we mean produce an explicit “graph formula”, as in the case of tautological
classes on the moduli space of curves Mg,n, which can all be expressed as
linear combinations of “decorated boundary strata classes” (see [Panlg§]).

While an established theory of a tautological ring for 73’71(@ is not yet
available (a large literature is available for the case of a single curve, the
case of the universal moduli space has recently been the subject of impor-
tant results in [Yinl6], [BHP™|, [HMP™]), there are several natural classes
on each compactified universal Jacobian, and “decorated boundary strata
classes”, supported on the boundary of 7;,1((]5), may be defined in complete
analogy with the case of ﬂg,’m In fact, an important underlying motivation
for our work is to develop a categorical and wall—crossing framework for a
theory of tautological classes over compactified universal Jacobians.

We now discuss what we mean by “a suitable extension” for the class
wg(¢). One possible approach is to take the Zariski closure, but this is very
hard to control, and it does not have good formal properties (for example,
it does not commute with base change). Another approach is to consider

sheaves in 7;lm(¢) that admit a nonzero global section, but that locus is,
in general, not of the expected dimension and not equidimensional. Our
extension instead is by means of the Thom—Porteous’ formula. By virtue
of its universal property, there is a tautological (or Poincaré) sheaf Liay(¢)

on the universal curve 7: Cy,, — 7§7n(¢). We define the extension as the
degeneracy class

(1.1) wa () := Cg-d(=R* T Lian(9)),

as in [Ful98, Chapter 14]. By the Thom-Porteous formula (see loc.cit.),
the restriction of wg(¢) to Jgd’n equals the (Poincaré dual of the) original
Brill-Noether class wg. We compare (1.1)) with the class of the Zariski
closure in Proposition m The class is supported on the universal
Brill-Noether locus, but in general the latter does not have the expected
codimension, hence its fundamental class does not coincide with (more
details in Proposition .

The class is the formal analogue of the \,_4 class on Mg, (the
Hodge bundle R*7.(w,) being replaced by —R*m.L). Given the important
role that the A-classes have played in the enumerative geometry of curves /
intersection theory for moduli of curves, it is legitimate to expect that the
same will be true of wq(¢). Also, as observed in Remark [3.32] the class
is independent of the choice of a tautological line bundle L,y (¢). This is not
the case for other natural classes, e.g. the first Chern class of the pull-back
of the tautological line bundle via some section, or the pushforward of a
power of the latter under a forgetful morphism.

In this paper we assume that ¢ and ¢~ are on opposite sides of a stability
hyperplane (Definition , and we give an explicit graph formula for the
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difference
wa (") — Id*wa(o™).

In order to achieve this, we first produce a nonsingular resolution of the
identity

7Z7n(¢+) 77777777777 d ” 7g,n(¢_)

by an explicit sequence of blow-ups of 7z,n(¢+)' We use this resolution to
give, in Theorem [7.4] an explicit and closed graph formula for the difference
p*(wg(9™)) — p*(wa(¢7)) in the cohomology of jg“fn(gb+, ¢~ ). Finally, we
calculate the push-forward of that formula via p to write a formula (again
a graph formula, explicit and closed) for the difference wy(¢*) — Id*wy(¢™).

Our construction of @d’n(gﬁ',qb_) and our formulas are complicated by
the fact that, for some of the hyperplanes, the locus where the identity is
undefined fails to be irreducible. In those cases, the space Jgd’n(dﬁ,(b_)
is constructed as an explicit sequence of blow ups along centers that have
transversal self-intersection, and this construction plays an important part
in our paper.

In this introduction we describe the particular case of our construction
and formula when the indeterminacy locus is irreducible (this occurs in
many cases, and in some sense in most cases as long as n > 1). Then the

indeterminacy locus 7, é C 7Z,n(¢+) generically parameterizes curves with 2
nonsingular components of genus, say, gx and gy, carrying markings S and
S¢, and joined at a certain number of nodes, say t, together with line bundles
of some fixed bidegree, say, (d—dy,dy). The locus J, é can be parameterized
by a “resolved stratum”

fo: T = Th s Toanld?)

(which we simply call “a stratum” in the main body of the paper), where
the ¢ nodes are parameterized: a general point of 73 is a triple of a (|.S|+1)-
pointed curve of genus gx, a (|S¢| + ¢)-pointed curve of genus gy, and a
line bundle of bidegree (d — dy,dy). The conormal bundle to fg has rank
t and it splits as a direct sum of line bundles, whose first Chern classes we
call Uy, ..., ¥; (see Remark for more details on how these relate to the

“classical” 1-classes in My ,,). The base change to Jj of the universal family

7 Cgn — 7Z7n<¢+) consists of two irreducible components, say mx: X —
Jg and my: Y — Jg, of genus gx and gy respectively, each carrying a
tautological sheaf Lx and Ly (obtained by pulling back Liau(6™)).

In this particular case, our main result becomes:
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Theorem. (Corollary with m = 1.) If 1 and ¢~ are on opposites
sides of a stability hyperplane (Definition and the indeterminacy lo-

cus of the identity morphism Id: 7§’n(¢+) -—» 73771(@1)_) is irreducible, the
difference wq(¢™) — Id*wy(¢™) equals

z gy —dy —j — 1Y\ fp«
g—d—j—s t!

s+j+A=g—d—t

<cs(—R°w§LX(—X NY)) cj(—R*mY Ly) - ha(¥y,. .., \Ift)>,

where hy is the complete homogeneous polynomial of degree A in t variables.

The special case d = g — 1 of the above formula, when the Brill-Noether
class is a divisor (the theta divisor), was discovered in [KP17, Theorem 4.1].
In that case the calculation was massively simplified by the fact that the
classes have codimension 1, and therefore, because the total space is non-
singular, no blowup is required.

Theorem is the main result in this paper. It computes the pull-back
to the resolution jgdn (¢T,¢7) of the difference wy(¢™) —Id*wy(¢™) in terms
of decorated boundary strata classes. The formula for the difference in

737n(¢+) is obtained by pushing the latter forward along a blow-down mor-
phism, which generates more complicated coefficients.

The starting point to construct the resolution jgcfn(dﬁ, ¢~ ) is the obser-
vation that the tautological sheaf for ¢ is not ¢ -stable, and the locus jé
where it fails ¢~ stability generically parameterizes curves with 2 nonsingu-
lar irreducible components (throughout called a “vine curve”) and a fixed
bidegree. When the locus 7, é is irreducible, the resolution is constructed by

blowing up 7;771 (¢7) at J5. The two components X' UY" of the pull-back
of the universal curve to the exceptional divisor E are now divisors (“uni-

versal twistors”) in the blowup of the universal curve, and after suitably
tensoring by one of them, the sheaf L,y (¢") becomes ¢~ -stable. The latter

sheaf defines the other morphism jgofn(dﬁ, ¢7) — 7;1771(4{)*) by the universal
property. The main technical difficulty is to suitably identify a sequence of
blowups at centers that have transversal self-intersection, which allows one
to generalize the above reasoning to the case when the base locus 7, B/ is not
irreducible.

Note that other resolutions of the identity map may also be constructed
following existing literature ([AP21], [Hol21], [MW20], [HMP™], [CGH™]),
but those constructions yield singular spaces.

In Section 3 we introduce the objects we work with, compactified uni-
versal Jacobians and Brill-Noether classes. In Section 4 we write axioms
for “resolved” strata of normal crossing stratifications, and then prove some
general intersection theory results that are valid in this context. The main



6 ALEX ABREU AND NICOLA PAGANI

geometric ideas here are not entirely new, but we could not find a suit-
able reference in this generality, and we believe that this axiomatic point of
view will prove helpful in the current research landscape. In Section 5 we
discuss the combinatorial aspects that arise from a wall-crossing situation
where there are stability conditions ¢T are on opposite sides of a given sta-
bility hyperplane (Definition . Our paper is concerned with the case of
rank 1 sheaves on nodal curves, and the combinatorics of Section 5 should
be the shadow of a theory for higher dimension and rank. The central defi-
nition is that, for each graph G and divisor D on G and choice of stability
conditions ¢ on opposite sides of a hyperplane, of a poset Ext(G,D) of
“extremal” subsets of the vertices of G. Section 6 gives the construction of
the resolution jgcfn(gﬁ, ¢~). Finally, in Section 7 we are then ready to em-
ploy intersection theory techniques and calculate the wall-crossing term. At
the end of Section 7 we explain how the pullback of the wall-crossing term
via an Abel-Jacobi section can be explicitly calculated in terms of decorated
boundary strata classes in M, ,, by employing the main result of [PRvZ20).

In the background of this work, we produce two results that we believe
are of independent interest. The first is Theorem [3.29] where we interpret

the universal quasistable family over 7Z,n(¢) (also known in the literature
as Caporaso’s family from [Cap94], see also [MMUV22] and [EP16]) as a

fine compactified universal Jacobian 7n +1(¢') with one extra point.
Secondly, as part of Proposition [3.38, we describe the collection of stabil-
ity conditions for d < 0 such that wg(¢) = 0. One can choose a suitable

Abel-Jacobi section o: Mgy, — 73’71((;5) and obtain a zero class o*wg(¢).
A different formula for the latter as a linear combination of standard tauto-
logical classes was given in [PRvZ20] by means of the GRR formula. This
gives tautological relations in M, ,, (see Remark [3.42| for the details). Note
that these relations are in degree larger than g (the degree is g — d for nega-
tive d), the same range of Pixton’s double ramification relations (proven by
Clader-Janda in [CJ18]).

l.a. Related work. An important motivation that we have not mentioned
in the above discussion, is its relation with the (possibly twisted) double
ramification cycle. For a review of the latter and related literature, we ad-
dress the reader to [BHP™] and [HMP™, Section 1.1]. We refer to [PRvZ20),
Section 3.3] for how the double ramification cycle relates to the Brill-Noether
classes discussed here. As pointed out in loc.cit., the theory on how these
classes are extended to the boundary and then pulled back to Hg,n via some
Abel-Jacobi section is trivial for nodal curves of compact type (i.e. the mod-
uli space of multidegree zero line bundles is compact) and for curves with
1 node, and the complement of the locus of all such curves is generically
parameterized by vine curves.

In [BHP™| the authors discuss the theory of a “universal double ramifica-
tion cycle” as an operational class of degree g in the Artin stack of families
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of line bundles on families of nodal curves, which correspond to “universally
intersecting with the closure of the zero section”. Our extensions could
also be described in that language, and in fact the construction of an oper-
ational class would avoid a lot of technical difficulties owing to the fact that
the classes (1.1]) obviously commute with base change.

_In this paper we do not discuss a modular description of our resolution
jgcfn(¢+a ¢~ ). We expect that one such description should be possible fol-
lowing the recent work [Mol22b] by Molcho. The same author has also
recently proved in [Mol22a] that the pull-back of the Brill-Noether classes
wq(¢) via all Abel-Jacobi rational sections is tautological in M, ,, (this was
conjectured in [PRvZ20), Section 4.1}).

1.b. Acknowledgments. To be added after the refereeing process.

2. NOTATION AND PRELIMINARIES

2.a. Posets. In this paper we will work with many posets (typically, the
one underlying some category of stratifications, and some of its subposets).
Here we recollect the relevant notation.

Definition 2.1. Let P be a finite partially ordered set (or a poset).

A subset C of P is called a chain, if the partial order on C' induced by P
is a total order on C.

A poset is ranked if for every element a, all maximal chains having a as
the largest element have the same length (called the rank of a).

The poset P is called a forest, if for every a € P the lower set {b < a} is a
chain. More generally, we say that a subset F' C P is a forest if F' together
with the partial order induced by P is a forest.

If @ > b and there exists no ¢ such that a > ¢ > b, then we say that a
covers b, and write a > b.

2.b. Graphs. By a graph we mean a finite, connected, undirected multi-
graph, decorated with a genus function and markings (see for example
[CCUW20, Section 3.1] and [MMUV22] Section 2.1] for a precise definition).

If G is a graph, we write V(G) for its set of vertices and E(G) for its set of
edges, we write g: V(G) — N for the genus function and leg: {1,...,n} —
V(G) for the markings function.

If S C V(G), we write G(S) for the complete subgraph of G on the vertices
S, and say that G(S) is the subgraph of G induced by S.

Given V1,Va C V(G), we write E(Vy,Vs) for the edges that have one
endpoint in V; and another in V5 (if the edge is a loop, we include it if and
only if its adjacent vertex is in both V; and V3).

If G is a graph and E C E(V(G)), we denote by G¥ the graph obtained
from G by adding exactly 1 vertex, denoted v, in the “interior” of each edge
e € E. We call each such v, an exceptional vertex of GF.

A graph G is stable if

29(v) — 2+ [E({v}, {v}*)| + |leg ™! (v)| > 0
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for every vertex v € V(G).

2.c. Families of curves and sheaves. A nodal curve C is a reduced and
connected projective scheme of dimension 1 over some fixed algebraically
closed field, with singularities that are at worst ordinary double points. The
(arithmetic) genus of C is p(C) = h'(C,0¢). A subcurve X of C is a
connected union of irreducible components of C. Its complement X°¢ is the
union of the other components of C.

A n-pointed curve is a tuple (C,p1,...,py) where C is a nodal curve, and
P1,-..,Pn are pairwise distinct nonsingular points of C. Its dual graph G(C')
has the irreducible components of C' as vertices, the nodes of C' as edges, the
geometric genus (resp. the marked points) of each component as the genus
(resp. the markings) decoration.

A morphism f: C' — C of nodal curves is a semistable modification if it is
obtained by contracting some subcurves, not necessarily irreducible, £ C C’
such that g(E) = 0 and |EN E¢| = 2. Every subcurve E C C’ contracted by
f is called an exceptional curve of f. A semistable modification such that
every exceptional curve is irreducible is called a quasistable modification.

A coherent sheaf on a nodal curve C' has rank 1 if its localization at each
generic point of C' has length 1. It is torsion-free if it has no embedded
components. If the stalk of a torsion-free sheaf F' over C fails to be locally
free at a point P € C, which must necessarily be a node, we will say that F
is singular at P. If F' is a rank 1 torsion-free sheaf on C' we say that F' is
simple if its automorphism group is G,, or, equivalently, if removing from
C the singular points of F' does not disconnect X.

A family of nodal curves over a C-scheme S is a proper and flat morphism
C — S whose fibers are nodal curves. (Throughout, all families C/S will
admit a distinguished section in the S-smooth locus of C). A semistable
(resp. a quasistable) modification of the family C/S is another family C'/S
with a S-morphism f: C’ — C that is a semistable (resp. a quasistable)
modification (as defined above) on all geometric points s € S.

If T is a S-scheme, a family of rank 1 torsion-free simple sheaves parame-
terized by T' over a family of curves C — S is a coherent sheaf F' of rank 1 on
C xg T, flat over T, whose fibers over the geometric points are torsion-free
and simple.

If F'is a rank 1 torsion-free sheaf on a nodal curve C, the (total) degree
of Fis dego(F) := x(F) — 1+ pa(C).If X C C'is a subcurve, we denote by
Fx the maximal torsion-free quotient of F'® Ox. The total degree and the
degree of F'x and F'xc are related by the formula

(22) degC(F) = degX F+ degxc F+ (SXQXC(F)a

where dg(F') is the number of points in S where the stalk of F' fails to be
locally free.
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A line bundle F’ on a semistable modification f: C' — C is called posi-
tively admissible (see [EP16]) if degy (F’) is either 0 or 1 on every exceptional
subcurve of f. The following results follow from [EP16l Section 5].

Proposition 2.3. Let 7: C — S and «': C' — S be families of nodal curves
and f: C' — X be a semistable modification. Let F' be a positively admissible
sheaf on C' and set F = f.(F").
(1) The sheaf F is a torsion free rank-1 sheaf and R'f.(F') = 0, in
particular f(F') commutes with base change. Moreover, we have
that R*m.(F) = R*w, (F").
(2) The sheaf f.(F") is invertible if and only if degp(F') = 0 on every
exceptional subcurve of f. Moreover, in this case, F' = f*f.(F").
(3) If [ is a quasistable modification and degp(F') = 1 for every ex-
ceptional subcurve, then C' = Pe(FY) and F' is isomorphic to the
tautological line bundle Op,(pvy(1).

(4) More generally, we have that f factors as X' EN Pe(FY) — X, and
O(1) 2 g« (F') and F' = g*(O(1)).

In particular, we have the following.

Corollary 2.4. LetC — S be a family of nodal curves. Taking the direct im-
age under the quasistable modification gives a bijection between isomorphism
classes of positively admissible line bundles on quasistable modifications of
C/S, and isomorphism classes of families of rank 1 torsion free sheaves on

C.

We now define the multidegree of a sheaf on a nodal curve as the multide-
gree of the unique positively admissible line bundle as in the above corollary.

A degree d pseudodivisor on a graph G is a pair (F, D) where E C E(G)
and D € Div?(GF) satisfies D(v') = 1 for each exceptional vertex v’. When
E is empty, we simply write D in place of the pair (&, D).

Given a degree-d rank 1 torsion free sheaf F' on a curve C, we define
the multidegree deg(F') of F' as the pseudodivisor (¥, D) on the dual graph
G(C) of C as follows. The set E is the set of edges of G(C) that correspond
to nodes of C where F is not locally free. The divisor D on G(C)¥ is defined
by D(v) = degg, (Fc,) if v € V(G(C)) C V(G(X)F) and D(v) = 1 for every
exceptional vertex v. By Equation , we have that (F, D) is a degree-d
pseudodivisor.

Note also that a rank 1 torsion free sheaf on C' is simple if and only if its
multidegree (E, D) has the property that E does not disconnect the graph
G(O).

2.d. Moduli spaces and graphs. Here we discuss some general notation
on moduli spaces of curves. We refer the reader to [ACG11] for more details
on nodal curves and their dual graphs.

A n-pointed curve (C,p1,...,py) is stable if | Aut(C,p;)| < oco. We will
sometimes abuse notation and write C' for (C, p;). For example, we will say
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that the genus of (C, p;) is g to mean that the h'(C, O¢) = g, the arithmetic
genus of the underlying curve C' is g.

We will denote by ﬂg,n the moduli spaces of stable n-pointed curves of
genus g. The moduli space comes admits a stratification by dual graphs,
which we now discuss.

2.d.1. Stable graphs. We denote by G, , the small category of stable, n-
pointed graphs of genus g (where we have fixed a choice of 1 object for each
isomorphism class). Morphisms G — G’ are given by an edge contraction
followed by an isomorphism. (More details in [ACGI11] and [MMUV22]).
There is a natural functor Gy 41 — Gy, that forgets the last point and
stabilizes the graph.

2.d.2. Stratification of moduli of stable curves. For G € G, there is a gluing
morphism

Jo: Ma =TI Mywne) = | TT Mot/ Aut(G)] = Mg < My
veV(Q) veV(G)

We say that G, or Mg, or fg, is a (resolved) stratum of Mg,. We re-
gard Mg as a “resolved stratum” and its image WIG as the corresponding
“embedded stratum”.

The codimension 1 strata are the following divisors generically parame-
terizing curves with 1 node:

(1) the divisor Ay, generically parameterizing irreducible curves

(2) for 0 <i < gand S C [n] (except i = 0 and |S| < 2 and ¢ = g and
|S| > n — 2), the divisor A; g = Ay_; g generically parameterizing
curves with 2 components, of which one of genus i carrying the
marked points in S.

On the (resolved) stratum the normal bundle to fg splits as a direct sum
of line bundles
D L.

e€E(Q)

We denote by ¥, = —¢; (L ) (Recall that, if e is the edge whose half edges
h(e),h'(e) are based at v,v" € V(G), then the cotangent line bundles to h(e)
and h/(e) are denoted by Ly and Ly (. and its first Chern classes ¥ c)
and 9ps(ey. We then have L, = Lx(e) XLX,(E) and 50 We = p(e) + Ypr(e), but
this will not play a role.)

In Section {4 we will define what the category of (resolved) strata induced
by normal crossing divisors on a DM stack, and will interpret the category
Gy as the category of strata of the nonsingular DM-stack My, induced
by the normal crossing divisor A = Ay U UZ ERAVECE
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3. COMPACTIFIED JACOBIANS AND UNIVERSAL BRILL-NOETHER
CLASSES

In this chapter we introduce the basic objects of study in this paper,
compactified universal Jacobians, and extensions of universal Brill-Noether
classes by means of Thom—Porteous formula. We also recall the results on
the stability space of compactified universal Jacobians that we will need
later.

3.a. The universal stability space. Here we recall the definition and first
results on the stability space of a single curve and on the universal stability
space Vg‘fn from [KP19].

Definition 3.1. For a fixed graph G, we define the space of polarizations

Vi (@) = o € RV@ . 37 g(v) =d p RV,
veV(Q)
For V' C V(G), we write ¢(V) for > i, o(v).
Every morphism f: G — G’ of graphs induces a morphism f,: Vs‘fab(G) —
V4 (G') by setting
(3:2) fo() = D o)
fo)=v'

and we define the space of universal polarizations as the limit (or inverse
limit)

d . 1; d
Vg,n T gn ‘/stab(G)v
GeGyn

i.e. as the space of assignments (¢(G) € V4, (G): G € Gy,) that are com-
patible with all graph morphisms.

We now present a simple description of the universal stability space Vgcfn
that follows from [KP19l Corollary 4.3]. The result requires that we intro-
duce some notation for graphs of “vine curves”.

Definition 3.3. A vine curve triple (i,t,S) consists of two natural numbers
i,t and a subset S C [n], such that 0 < i < g, 1 <¢t, i+t <g+1, and
such that if (i,¢) = (0,1) then |S| > 2, if (i,¢) = (0,2) then |S| > 1, if
(1,t) = (g,1) then |S¢| > 2 and if (i,t) = (¢ — 1,2) then |S¢| > 1.

A wine curve is a stable graph G(i,t,S) associated to a vine curve triple,
which consists of two vertices of genus i and g — i respectively connected by
t edges, and with marking S on the first vertex and S¢ on the second vertex.
We will always assume that S contains the first marked point.

The stability space V4., (G(i,t,S)) is an affine subspace of R%. We can
parameterize it by means one variable x;; g by taking the inverse image
under the projection onto the first factor. That means, we describe

V4 (GG, 8)) = {(2irs,d — Tirs) : Tirs € R} C R
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We now introduce the stability space of “vine curves” using the previous
definition.

Definition 3.4. We let

T;m = H ‘/s(‘fab(G(iatvS))'
(3,t,9)

a vine curve triple
Then we define:
(1) The vector space C’d as the quotient of dn obtained as the product
of all vine curve trlples of the form Vtab(G(i, 1,9)).
(2) The vector space Dg’n is the quotient of T, g,n obtained as the product
of all V2, (G(0,2,{j}) forj=1...,n
Throughout we will use the coordinates x;; s introduced in the end of Def-
inition on the spaces T;{n and on its quotients C’g}n and Dgl,n.

There are natural restriction affine linear maps:

d d d d d

Vgn = Tyny  pa: Vg — Cypn X Dy

One of the main results of [KP19, Section 3] is that the universal stabil-
ity space embeds into the “vine curves” stability space, and that pg is an

isomorphism.

Proposition 3.5. ([KP19, Lemma 3.8, Corollary 3.4]) The affine linear
map Tq s injective. The vector space homomorphism pg is an isomorphism.
Each morphism pq is an isomorphism of affine spaces.

3.b. The stability hyperplanes. We will later see in Section that for
every universal stability condition ¢ € Vg‘fn there exists a compactified uni-
versal Jacobian parameterizing ¢-stable (rank 1, torsion free) sheaves on
every (flat) family of n-pointed stable curves of genus g. Here we combina-
torially introduce the degenerate locus of ngn, which will later be seen to
be the locus of ¢’s such that there exist strictly semistable sheaves on some
stable curves. We will introduce the degenerate locus as a union of hyper-
planes (which one could think of as a finite, non-centered, toric hyperplane
arrangement). This explicit description is taken from [KP19, Section 5].

Definition 3.6. We say that a polarization ¢ € V.2, (G) is degenerate if for
some subset @ C Vp C V(G) the quantlty

E(V ,V
veEVY

is an integer.
We say that a universal stability condition ¢ € Vg‘f is degenerate if for

some G € Gy, the G-component ¢(G) is degenerate in V4, (G).
The degenerate locus is a locally finite union of affine hyperplanes, and

we will soon describe these hyperplane explicitly. Let us start with a simple
example.
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Example 3.8. (Vine curves). If G is a vine curve, after identifying V¢ , (G) =
R by projecting onto the first factor (as done in the end of Definition ,
we have that the degenerate locus is a locally finite collection of points that
only depends on the parity of the number of nodes ¢. If t is even, the de-
generate locus corresponds to the Z C R. If ¢ is odd, the degenerate locus
corresponds to the % +7Z CR.

We now give an explicit description of the degenerate locus in Vg s based
on [KP19, Section 5]. By Proposition we have that Vg‘f - T;ln, where

the latter is the stability space of vine curves (one for each topological type),
with coordinates x; ;g for each vine curve triple (7,¢,.5) (see Definition .

For each vine curve triple (i,¢,S) and integer k, define the (translate of
the coordinate) hyperplane

its =k f t,
(3.9) Tgn S H(i,t, S k) == {ziss 1} or even
7 {zits = 5 +k} for odd .

One main result of [KP19, Section 5] is that the degenerate locus in the uni-

versal stability space is the pull-back of translates of coordinate hyperplanes
in the stability space of vine curves. More precisely:

Proposition 3.10. ([KP19, Lemma 5.8]) The degenerate locus in Vg‘fn is a
union of hyperplanes. Fach hyperplane is the inverse image via the affine
linear embedding T4: Vd C Td of a hyperplane of the form H(i,t,S;k).

This description hides the difficulty that the embedding 74 has, in general,
a very high codimension.

A more explicit description of the degenerate locus can be obtained via
the isomorphism Vd = Cd X Dd When expressing the hyperplanes of
in terms of the coordlnates zi1,s and the coordinates x;j := g (51, by
[KPlQ, Theorem 2] we haveﬂ

2 2 —t -2+ t
(3.11) Tits = g-=a—r Z xj+ d— ij
29 — 2 29—2 :
i¢s
whenever t > 2. Therefore, the stablhty hyperplanes take the following form
1
(3.12) H(i,1,S;k) = {l‘i,LS =k+ 2}

for all vine curve triples (Definition of the form (4,1, 5) (the boundary
divisors in Mg ,, that generically parameterize curves with 2 components)
(3.13)

. — 21—t — 2+t
H(i,t,S;k) = 29_2 Zj 97 <d Zazj>_k+
JEs

INote that the formula in loc.cit is translated by the coordinates of a “degree-d canon-
ical stability condition” — a choice of an origin in ng,n that we do not discuss here.
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for all vine curve triples (i,¢,.5) with ¢ > 2.

Note that the degenerate locus parameterized by the hyperplanes in
and may come with multiplicities. In other words, there exist different
(il, tl, Sl; k‘l), (ig, tz, SQ; k‘g) such that H(il, tl, Sl; k‘l) == H(’ig, tg, SQ; k‘g) We
will now analyse these hyperplanes and study when they may coincide.

It is immediate to observe that a necessary condition for two hyerplanes
of this form to coincide, is that their corresponding subset of marked points
must also coincide:

Proposition 3.14. If any two hyperplanes H(i1,t1,S1; k1) and H (ia,ta, So; k2)
coincide, then S1 = Ss.

Proof. Straightforward. ([

First we deal with the hyperplanes of (3.12]), occurring on compact type
vine curves (or divisorial vine curves). Those are all simple:

Proposition 3.15. The hyperplanes in (3.12) are pairwise distinct and each
of them is distinct from any of the hyperplanes in (3.13)).

Proof. Straightforward. O

The next proposition is about hyperplanes of the form (3.13)) with S #
[n]. As we shall discuss in Section a stability hyperplane of this type
witnesses a change of stability on loci of vine curves that are disjoint.

Proposition 3.16. If S # [n] and (i1,t1;k1) # (i2,t2; k2) are such that
H(il,t1,S; kl) and H(ig,tg, S kg) are equal, then 2i1 + t1 = 2i9 + to.

Proof. Straightforward. O

The most interesting vine curves from the point of view of the stability
decomposition are those with S = [n]. Over those vine curves it can occur
that two stability hyperplanes of the form coincide. For example,
if d = 0, by fixing Zje[n} xz; = g — 1 one sees that all hyperplanes of the
form H(i,t,[n]; k) with i + [t/2] + k = ¢ coincide (note that this is a finite
collection, because of the constraints i +¢t < g+ 1,7 >0 and t > 2).

3.c. Compactified Jacobians, universal and semistable family. Here
we define, for every nondegenerate ¢ € V;]‘fn, a fine compactified universal Ja-

cobian 7Z,n(¢)’ parameterizing ¢-stable sheaves. The construction is taken
from [KPI19l Section 4], in the language of pseudodivisors from [AP20, Sec-
tion 4]. Each fine compactified Jacobian will come with a normal crossing
stratification category (an abstract definition of this notion will be given
and discussed in the next section).

We also describe (Theorem a quasistable modification of the uni-

versal curve Cg,(4) — 7Z,n(¢) as a certain (n + 1)-universal Jacobian
d

7g,nJrl (a(¢))
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Definition 3.17. For ¢ € V¢, (G) we say that a pseudodivisor (E, D) is
¢-semistable if

B0 V)] -

5 >
for every Vo C V(GF). We say that (E, D) is ¢-stable if the inequality above
is strict for every Vg such that Vg # V(GF) and Vj is not contained in the
set of exceptional vertices. Given vy € V(G), we say that (E, D) is (¢, vo)-
quasistable if the inequality is strict for every V such that Vp # V(G¥) and
v € Vp.

(3.18) ¢(Vo) — degy, (D) +

As stipulated in Section when E = @, we will simply write D for
(2,D).

Remark 3.19. By [AP20, Proposition 4.6] if a pseudodivisor (E, D) on G
is (¢, vp)-quasistable for some (¢, vp), then E C E(G) does not disconnect
G.

Remark 3.20. We have introduced the degenerate locus of V4, (G(X))
and of Vg‘fn in Definition (3.6)). We claim that, in both cases, an element ¢
is nondegenerate if and only if all semistable pseudodivisors are stable. The
“only if” is immediate. The other implication is proved in [KP19, Section 5].

We now define stability for rank 1 torsion free sheaves on curves.

Definition 3.21. ([KP19l Definition 4.2]) Let C' be a nodal curve with
dual graph G(C) and let ¢ € V&, (G(C)). A rank 1 torsion-free sheaf F' of
degree d on C' is ¢-(semi)stable if its multidegree deg(F') is a ¢-(semi)stable
pseudodivisor. o

If P € C®" is a nonsingular point of C' in the component C,,, we say that
F is (¢, P)-quasistable if deg(F) is (¢, vp)-quasistable.

If " — C is a semistable modification of C and C’ is a positively admissi-
ble line bundle on C’, we say that F”’ is ¢-(semi)stable or (¢, P)-quasistable
if so is fy(F").

For ¢ € V2, (G(C)) and P € C, we define 72713((7) to be the subscheme
of Simp?(C) parameterizing (¢, P)-quasistable sheaves.

Note that if F' is a rank 1 torsion free sheaf on C' then (1) if F' is (¢, P)-
quasistable then it is simple, and (2) the sheaf F' is simple if and only if its
multidegree (E, D) has the property that £ C G(C) is nondisconnecting.

Remark 3.22. Let ¢ € V4, (G(C)) and p € C°™ be as above. Let ¢/ €
V4 (G(0)) be a small perturbation of ¢ obtained by subtracting a small
e > 0 to ¢ on the vertex of G(C') containing P, and by subtracting a small
positive amount on all other components (so that Y ¢'(v) = > ¢(v) = d).
Then (¢, P)-quasistability coincides with ¢’-stability which in turn coin-

cides with ¢’-semistability,
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We are now ready to introduce the notion of universal polarizations and
compactified Jacobians. Each universal polarization will give rise to a fine
compactified Jacobian, and to a stratification category. Recall that, for any
1 <1 < n, we denote by o;: ﬂg,n — ég,n the i-th smooth section.

Definition 3.23. Let ¢ € Vgcfn be a universal polarization.

We define €, ,,(¢) to be the category whose objects are (G,(Eg, Dg))
where G is an object of Gy, and (Eg, D) is a ¢-semistable pseudodivisor
on G. A morphism (G, (&, Dg)) — (G, (&, D¢r)) in €4, () is a morphism
[ € Morg, ,(G,G’) such that the induced homomorphism f,: Div(G) —
Div(G") on divisors satisfies fi(D) = D’. We refer to [AP20, Section 2.1] for
the notion of a morphism (G, (Egq, Dg)) — (G',(Egr, D)) when Eg, Egr
are nonempty.

Similarly, we define €4, (¢,0;) to be the category whose objects are
(G, (Eq,Dg)) and (Eg, Dq) is (¢, 0:)-quasistable. (By abuse of notation,
o; gives the choice of the element leg (i) € V(G) for each stable graph G).

We say that a family of rank 1 torsion-free simple sheaves of degree d
on a family of stable curves is ¢-(semi)stable or (¢, 0;)-quasistable if that

property holds on all geometric fibers. We define 73,,1((?) to be the moduli
stack parameterizing ¢-semistable sheaves on families of stable curves. We

define 7Z,n(¢7 ;) to be the moduli stack parameterizing (¢, 0;)-quasistable
sheaves on families of stable curves.

Notation 3.24. If ¢ € Vg‘fn is nondegenerate then, by Remarkwe have
that all semistable sheaves are stable. It follows that for every 1 < i < n we
have the equalities €4, (¢) = €4, (¢, 0;) and 7j,n(¢) = 7;,1((;5, oi), where
o;: My n — Cy,p is the i-th section.

Remark 3.25. For ¢ € Vg‘fn degenerate and for all 1 < ¢ < n we can

describe €, (¢, 0;) (resp. 737,1((1), gi)) as €4 pn(@) (resp. 7n(¢£)) for some
nondegenerate perturbation ¢ of ¢. (As done in Remark for a single
curve).

In order to achieve this, we let ¢, by subtracting from ¢ an arbitrarily
small € > 0 on each curve on its irreducible component containing the section
0;, and by subtracting a small quantity on all other components (so for all
curves, the sum over all irreducible components of the values of ¢ and of
¢, coincide). The fact that such ¢, can be constructed in a way that is
compatible with graph morphisms follows by using Proposition (3.5

The following guarantees the existence of universal moduli spaces.
Theorem 3.26. ([KP19, Corollary 4.4] and [Est01]/[Mell9]) For all ¢ €

Vg‘?n and 1 < i <n the stack 7Z,n(¢70i) is a nonsingular Deligne—Mumford

stack, and the forgetful morphism 73,71(@%), o)) — My, is representable,
proper and flat.
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The moduli stacks of Theorem [3.26| are called fine compactified universal
Jacobians.

As observed in [KP19, Remark 4.6], the fine compactified (universal) Ja-
cobians produced by this construction are the same as those defined by
Esteves and Melo [Est01), Mel19].

By virtue of its universal property, the universal family 7: Cyn(¢) —

7§’n(¢) carries some tautological (or Poincaré) sheaves Fia,(¢). These are
of fiberwise total degree d and ¢-stable. They are not unique, but the

difference of any two of them is the pullback of a line bundle from 7Z,n(¢)'
One way to make a definite choice of a tautological sheaf is to assume that
it is trivial along a given smooth section.

Note that, as described in [CMKV15|, the total space Cy,(¢) is singular.
A natural desingularization of Cy,(¢), carrying a tautological line bundle
Liau(¢), was provided by Esteves—Pacini in [EP16] by using a semistable
modification of the universal family. Here we will give an alternative de-
scription of it using a compactified universal Jacobian with one extra point.

Remark 3.27. We observe that there is a natural map o: Vg‘fn — Vg‘fn 15
with image in the degenerate locus, defined as follows.

If G is the stable graph obtained as the stabilization of the (n+1)-pointed
graph G’ after the n+1 marking is removed, then there is a natural bijection
between the vertices of G’ and those of G, except possibly for 1 extra genus
0 vertex of G'. Then define a(¢) as the assignment on G’ that is defined
by this bijection and that is 0 on the extra genus 0 vertex of G’ (when that
exists). The extra genus 0 vertex could be a tail (when it is connected to the
complement by 1 edge) or a bridge (when it is connected to the complement
by 2 edges). The fact that ¢ is compatible for graph morphisms implies the
same property for a(¢).

Notation 3.28. We will slightly abuse the notation and, for ¢ € Vg‘fn, we
will simply write ¢ € V4, | in place of a(¢) € V7, ..

We now show that a quasistable modification of the universal curve can
be described as the morphism 7’: 7cglm+1(qb, 0;) — 7;”((;5, 0;) that forgets
the last point and stabilizes, thus mapping each (C',p1,...,pnt1,F) to
(C,p1y. .y Dn, [+ F), where f: C" — C is the stabilization of (C,p1,...,pn).
In order to do that, for each fixed i = 1,...,n, we define a morphism

—d _
T/Ji jg,n+1(¢7 Ui) — Cg,n(¢70i) by
(C/aplu <oy Pn+1, L) — (Cvpb <y Pn, f*L7 f(pn-i-l))

where f: C’" — C is the stabilization of the curve (C’,p1,...,pn). Then we
show that v is the stabilization of 7’.

Theorem 3.29. For each 1 < i < n, the forgetful morphism 1 defined above
is the unique positively admissible quasistable modification of the universal
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curve over 737,, A tautological line bundle on 737,#1((]5, 0;) is

(3.30) Lian = 011 (Flaw) ®@ 05 (Flat),

tau

where Floy = Fiau(@) is a tautological sheaf on the universal curve

T 6gm—H(@%‘) — 7Z7n+1(¢70i)~

Proof. We apply Proposition to show that the morphism v is a qua-
sistable modification of the universal curve.

Let us begin by proving that v is a quasistable modification of Cy (¢, 7;).
Firstly, if C = C’, then f is an isomorphism, so v is an isomorphism locally
around (C',p1,...,pnt1,L). If C # C’, then we have two cases. Either
Pn+1 belongs in a rational tail and, in this case, L = f*f.(L) so v is again
an isomorphism locally around (C’,p1,...,pnt1, L). Or, pyi1 is in a bridge
E c O’ such that no other marked points are in E. We will now focus on
this case.

If degg(L) = 0, then by Proposition we have that L = f*f.(L)
and again the map ¢ is an isomorphism locally around (C’,p1, ..., pnt1, L).
We are left with the case where degp(L) = 1. In this case, we have that
f«(L) is not locally free around f(pn4+1), which is a node. More so, we
have that ¥~ (C,p1,...,pn, f«(L), f(Pnsr1)) is isomorphic to PL. Indeed, ev-
ery L' obtained from gluing L|ge and Og(1) will have the property that
V(C\p1,-- g1, L) = (Cyp1, ... pn, fo(L), f(Pnt1)). The possible glu-
ings are paremeterized by a P!, and we are done.

Secondly we observe that degy(Liay) = 1 for each exceptional component
E contracted by . In order to show that, it suffices to construct a noncon-
stant map §: P! — E such that 6*(Liay) = O(1). Let (C,p1,...,pn, L,p)
correspond to the point in the universal curve that is contracted by E. That
means that p is a node of C' and that L fails to be locally free at p. We
construct a family X/P! by gluing two sections on two families X1 /P! and
Xy /PL. The family X is the trivial family C*» x P! (where v, denotes the
normalization at p) carrying the n trivial sections p1, ..., p, and the gluing
sections are the points qi, ¢z such that v,(¢;) = p. The family X5 is the
blowup of the trivial family P! x P! at [0 : 1] x [0 : 1] and [1 : 0] x [1 : 0]
with a further section p,; defined as the inverse image of a constant section
(different from [0 : 1] and [1 : 0]) and the two gluing sections are the strict
transforms of the sections [0 : 1] and [1 : 0]. Then we choose any line bundle
F on X with the property that F|x, = L and F|x, = O(A), for A the
strict transform of the diagonal in Xo. Then F' is (¢, 0;)-quasistable, and
so the datum of (X, F') defines a morphism é. By construction, we have
that 6*(Liau) = o5 (F) = a;fbﬂ((’)(ﬁ)), which equals O(1) because o,
intersects A at 1 reduced point.

Then we prove that the direct image . Lty of the line bundle defined
in equals Fiay ® (M) for some line bundle M. By the previous
part combined with Proposition [2.3] we conclude that 1), Liay is rank 1 and
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torsion-free. By [KP19, Appendix 7], it is enough to prove that this equality
occurs on an open subset U of Cy,,(¢) whose complement has codimension
at least 2. It is easy to show equality over the open set U that is the universal
curve over the line bundle locus in 7;[7”(@ (this follows because ¥}y-1(1
is an isomorphism over U, and because the restriction of F{,, to the open
set 71 (71(U)) C Cynt1(¢,0:) is a line bundle). This concludes the proof
that v is a positively admissible quasistable modification.

Uniqueness follows from Corollary O

3.d. Brill-Noether classes. To the data of a flat family 7: C — S of
nodal curves of arithmetic genus g over a nonsingular scheme S and a rank
1 torsion-free F on C of fiberwise degree d, we can associate the Brill-Noether
(or Thom—Porteous) class

(3.31) wq(C/S, F) := cg—q(—R*m,.F).
This class is supported on the subscheme
Wy(C/S,F)={secS: h°(Cs, Fs) >0} C S

and when the latter is of the expected codimension g — d, it coincides with
its fundamental class (with a suitably defined scheme structure— see [Ful98|
Chapter 14]). If h%(Cs, Fs) = 0 for all s € S, then the complex —R*7,F =
R'7,F is a vector bundle of rank g — 1 — d, so the Chern class wy(C/S, F)
equals zero.

Here are a couple of further basic remarks on these classes.

Remark 3.32. If [ is a line bundle on S, then we have
Wd(c/Sa ]:) = Wd(C/S,]:(X) 7T*I)
Indeed, by [Ful98, Example 3.2.2] we have

I e d—1—i -
(3.33)  ¢(-RmMFRI)=)_ (g ;.l_il >cz~(—R°mf) e (1)
=0

for all j > 0. The result follows because, for j = g — d, the binomial
coefficient vanishes unless when ¢ = j.

Remark 3.34. Let f: C' — C be a semistable modification of the family of
nodal curves w: C — S, and let £ be a positively admissible line bundle on

C (see Section . By Proposition we deduce
(3.35) R*(mo f)L = R°mi(fL).
Conversely, if F is a rank 1 torsion free simple sheaf on a family of stable

curves C/S, there exists a quasistable modification C’ of C and a line bundle
L on C such that R*f.(L) = f.£ = F and thus (3.35) occurs.

The same construction and remarks apply to the case of the semistable

modification 7: E;m(qb) — 7;”(@1)) of the universal family, and its tauto-
logical line bundle £ = Liay (see [PRvZ20]). We will denote by wg(¢) the
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corresponding universal class in Ad(jin(d))) and with Wy(¢) the subscheme
over which it is supported.

Remark 3.36. When restricted to smooth curves, the scheme Wd(¢)‘ T

is reduced, irreducible, and of relative codimension g — d (it is the image of
the d-th symmetric product via the Abel map). The closure of Wq(9), 7., in

7Z,n(¢) is contained in Wy(¢) and when the two coincide, we have wg(¢) =
(Wa(e)]-

Remark 3.37. In general, the scheme Wy(¢) fails to be irreducible and of
the expected dimension. For example, if ¢ is a stability condition such that
the line bundles of bidegree (di,dy) are ¢-stable on curves in the boundary
divisor A; g, and either d; > ¢ or do > g — i, then W;(¢) contains the

pullback of A; g in T, (¢).
We will discuss more on this matter in Proposition [3.38 and Remark [£.18]

We conclude this section by providing sufficient conditions for the Brill-
Noether class defined by the Thom—-Porteous Formula to coincide with
the class of the Brill-Noether locus. Some parts of the proof of the next two
propositions will require to employ the fact that €4, (¢) is a stratification

of 7;lvn(¢), which we will discuss in the next section. For this reason, we
postpone the proof of the next result to Section
As in Section we fix coordinates for ngn = Cg,n X Dg’n, and let

Vg(fn S5¢= ((xi7175)(,~73), (x1,...,2,)) where x; = xg 9 ; for each 1 < j < n.
Proposition 3.38. We have that Wy(¢) is the closure of Wd(¢)|~79d,n (in
particular it is reduced, irreducible and of the expected codimension, and
wa(¢) = Wa(9)) if and only if ¢ = ((%i1,5)(,5), (X1, -+, Tn)) is as follows

(1) Ifd=g—1, fori —3/2 < xj1,5 <i+1/2 for all (i,5).

(2) Ifd = g —2, fori—3/2 < xz;15 <i—1/2 for all (i > 1,85) and

-3/2 <15 <1/2 for all S, and

. 29— 21—t 21-24+¢ .
jeSs Jj¢s
for all vine curve triples (i,t,S) with t > 2.
(8) Never if 0 < d < g—3.
(4) If d <0, ford—1/2 < x;1,5 < 1/2 for all (3,S5), and the coordinates
T1,...,Ty Salisfy

29 — 2 —t 2% —2+1
Jj€eSs Jgs
for all vine curve triples (i,t,S) with t > 2. .
(5) If d = 0, for —=1/2 < z1.5 < 1/2 for all (i > 1,85), for —3/2 <
zo,1,5 < 1/2 for all S, and when the coordinates x1,...,x, satisfy
for all vine curve triples (i,t,S) with t > 2.
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We now explicitly define a stability condition that, in each of the cases
(1),(2),(4),(5) listed above, belongs to the ranges that we have identified for
Wg(¢) to equal the closure of its restriction to the open part. (This shows,
in particular, that these ranges are not empty).

Definition 3.40. For G € G, define the stabilized-canonical divisor K¢,
to equal zero at every vertex contained in some rational tai]EL and for every
other v to equal K*(v) = 2g(v) — 2 + val’(v), where val’(v) is the number of
edges at v (counting each loop twice), except the edges that are contained
in some rational tail.

Then define the stabilized canonical element ¢, (G) = 2;%2 K¢ € Vg‘fn.

Note that the above is different from the canonical stability ¢, € Vgcfn
chosen as the origin in [KP17].

3.d.1. Pull-back via Abel-Jacobi sections. Fix integers d = (k;dy,...,dy)
such that d = dy + ... + d,, and integers f = (f; s)i s for every boundary
divisor G(g9 —i,1,S) € Gg. Define the universal line bundle

n
(3.41) L=Lag=wh | D dgj+ D fise-Cise |,
j=1 i,S

where C; gc C ng is the componen‘rﬁ over the boundary divisor A,_; g =
Mgg—in,s) C Mgy that contains the sections in S¢. Then define ¢ = ¢q¢ €
Vg‘fn to be the multidegree of L.

If o7 = qS:i“f is a nondegenerate small perturbation of ¢, then we have
that the universal line bundle £ is ¢t-stable, and it defines a (Abel-Jacobi)
section o = O’(—;fi Mgy, — 7;71(@5*).

Remark 3.42. Assume d < 0, £ = 0, and d satisfies d; < 1 for all 7,
and at most one of the d;’s equals 1. Assume that f satisfies d < f; gc +
> jesdj <0 for all (¢,5). Then ¢q¢ satisfies the conditions of Item (4) in
Proposition [3:38]

By Proposition the pullback

(3.43) ohe(wg) =0 €AY M,,),

gives a relation. The LHS of (3.43) can be explicitly written as a linear com-
bination of standard generators of the tautological ring of Mg, by means
of [PRvZ20, Theorem 1] (see also Corollary 3.7 and Equation 3.9 of loc.cit).

2a rational tail is a complete subgraph whose genus is 0 and that is connected to its

complement by exactly 1 edge
3these unnatural conventions will simplify the formulas in Remark and Exam-
ple|7.40



22 ALEX ABREU AND NICOLA PAGANI

4. NORMAL CROSSING STRATIFICATION CATEGORIES AND BLOWUPS

In this section we define the axioms needed for a category of (resolved)
strata of a space stratified by normal crossing divisors that are not necessar-
ily simple normal crossing. We use this formalism to write some intersection
theoretic formulas (the excess intersection formula and the GRR formula
for the total Chern class) that we will use to derive our main result Theo-
rem[7.4] Then we define the blow-up category at a stratum with transversal
self-intersection. A construction of such strata categories starting from a
normal crossing divisor, and more generally from a toroidal embedding, is
given in [MMUV22] Definition 3.5].

The main examples we are generalizing are (a) the poset obtained by
intersecting the components of a simple normal crossing divisor and (b) the
stratification of ﬂg,n by topological type, induced by the boundary divisors
A = Ay U Ui,S A; s (see Section 2.d). In the latter case, the relevant
category is the category Gy, of stable n-pointed graphs of genus g with
morphisms given by graph contractions.

4.a. Categories of resolved strata for a normal crossing stratifica-
tion. Let € be a finite skeletal category with a terminal object e such that
every morphism is an epimorphism.

Remark 4.1. In € we have that Mor(a, ) = Aut(a). Indeed, if f €
Mor(a, o), then there exist natural numbers a > b such that f® = fb and
since f is an epimorphism we have that f*~? = Id 4, which proves that f is
an isomorphism.

If o« and 8 are distinct elements, we also have that if Mor(«, §) # @ then
Mor(f,a) = @. Indeed, assume that there exists f: o — 8 and g:  — a.
By the observation we would have that both f o g and g o f are automor-
phisms, which implies that both f and g are isomorphisms, this contradicts
the fact that € is skeletal. This means that the set Obj(€) has a natural
poset structure given by «a > § if Mor(a, ) # 9.

We say that such € is a (normal crossing) stratification category if its
underlying poset is ranked with rank function cd with minimum element
the terminal object, having cd(e) = 0 and it satisfies the following axiom:

Axiom 1. For each f: a — 3 there exist exactly cd(f) := cd(a) — cd(p)
pairs

(8, Aut(B)g) € Obj(€) x (Aut(5")\ Mor(e, 3))
such that, for each such pair, there exists i: 5/ — [ with c¢d(i) = 1 and
f =1i0g. (Note that (a) the existence of such i is independent of the choice
of the representative g in the left coset g := Aut(f’)g); and (b) since g is an
epimorphism, the morphism i is necessarily unique).

From now on we will also fix some notation on €.

(1) We write f, for the unique element of Mor(«, e).
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(2) If f;: o — fB; are morphisms for ¢ = 1,...,m, we define
Aut(fi,..., fm) :={7 € Aut(a); fioT = f; for every i = 1,...,m}.

Note that Aut(fy) = Aut(a).

(3) For each morphism f: 3 — ~ and object a € Obj(€), we define
Mor(a, f) := Aut(f)\Mor(a,3). When f = f3, we simply write
Mor (o, B) := Mor(«a, f3) = Aut(3)\ Mor(a, 3).

(4) For each morphism f: a — 3, we let Sy denote the set of all pairs
(8',9) satisfying the condition in Axiom . Moreover, for each
(f',9) € S¢ we denote by ig ¢ :=1i: f/ — [ the morphism defined in
Axiom [} We define S, := Sy, .

Here are the most relevant examples in this paper.

Example 4.2. (Simple normal crossing). Let X be a nonsingular variety
and D = D;j + ...+ D;, be a simple normal crossing divisor. To this we can
associate a category € whose objects are the strata and morphisms are the
inclusions. This category € is finite, skeletal, has a terminal element, every
morphism is an epimorphism, it is ranked by codimension, and it satisfies
Axiom 11

The category € is simple normal crossing if in addition to Axiom [I} it
satisfies:

Axiom 2. For every «a, € Obj(€) the set Mor(c,3) has at most one
element.

Example 4.3. The second example is € = Gy, introduced in Section
The terminal object here is the trivial graph with 1 vertex of genus g carrying
all the markings, and no edges. The rank function is the number of edges.
The set Sy of a morphism f: G — G’ is naturally identified with the set of
edges of G that are contracted by f. In particular, Sg equals the edge set
E(G).

The rank 1 objects, the boundary divisors, are either graphs with two
vertices connected by one edge (corresponding to the divisors A; g, see [2.d]),
or the graph consisting of 1 vertex of genus g — 1 with 1 loop.

Example 4.4. The main example in this paper is the category € = € ,,(¢)
that we introduced in Definition an enhancement of the category G,
discussed above. The terminal object is the trivial graph endowed with the
unique function that maps its unique vertex to the integer d. The rank of an
object (G, (Eq,Dg)) equals |Edges(G)| + |Eg|. For f: (G',(Ey, Dar)) —
(G, (Ea,Dg)), the set Sy is naturally identified with the set of edges con-
tracted by f.

The rank 1 objects are (G, (Eq, D¢)) with G a rank 1 object of G, and
(Eq, D) a ¢-stable pseudodivisor (which implies Eq = @).

Example 4.5. To a nonsingular variety X (or DM stack) endowed with a
normal crossing divisor D, [MMUV22| Definition 3.5] associates a stratifi-
cation category that respects Axiom [I] above.
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Note that the construction of loc.cit in the case X = ﬂg,n and D = Ayt
> (3,9) A; g, which we discussed in Example produces the quotient of the
category Gy, of stable graphs where 2 morphisms are identified whenever
they are the same on the corresponding edge sets. (See [MMUV22| Figure 2]
for examples of automorphisms that are identified to the identity). A similar
phenomenon happens for the category of Example

In this paper we prefer instead to work with the usual category of stable
graphs (and its enhancements).

The next proposition is the analogue of the fact that the set of strata
that contain a given stratum is in natural bijection with the subsets of the
divisors that define that stratum.

Proposition 4.6. Given a morphism f: a —  and 1 < k < cd(a) —cd(),
there is a natural bijection between the set of pairs

{(~,7) € Obj(€) x Mor(a,7) : cd(y)—cd(B) =k and Ih: v — B, f = hoj}
(note that h above is unique) and the set P(k, Sy) of subsets of Sy containing

k elements.

We start by observing the following:

Remark 4.7. Given a factorization f: o = = LN 5, there is a natural
inclusion j*: Sj < Sy given by (5, 7’) (5 g oj).
Moreover, we claim that for each j € Mor(a, h) we have a well-defined
7 (Sy). Indeed, the map j* is the same as (jo7)* for every 7 € Aut(y — f).

Proof. We first observe that by Remark @ there is a natural map A s
from the set of pairs, call it X}, f, to the set P(k,S¢) of k-elements subsets
of Sf, obtained by )\ka((’y,j)) = 7*(Sh).

Then we prove that the cardinality of X} ; equals (Cd(a) ;Cd(ﬁ )), which is
also the cardinality of P(k,Sy). This is achieved by induction on cd(a) —
cd(3) and double counting. For each ¢ € Sy, let X, ;. be the subset of
X,y of elements whose image via Ay contains c. By induction hypothesis,
we have that | Xj, .| = (Cd(a);ﬂ(’g)fl). By Axiom (1| the number of elements
of {(a,b) : a € Xif,b € A s(a)} equals k- | Xy | and, it also equals
(cd(a) — cd(p)) - (Cd(a);fci(ﬂ)_l). These two equalities prove that | Xy ¢| =
(Cd(a)gcd(ﬁ))‘

Finally we prove that each A f is surjective. First we prove that this is the
case for k = cd(a) —cd() — 1 (or equivalently when cd(y) = cd(a) —1). By
the previous paragraph, A y is, for this k, a function between sets of the same
cardinality, so it is equivalent to prove that it is injective. Let aq,a2 € X} ¢
be such that Ay r(a1) = A ¢(a2) and let ¢ be the only element of SF\ i (a1).
If a; # ag, then )\;;({c}) contains at most cd(a) —cd(3) —2 elements, but in
the previous paragraph we have established that | X}, ¢ .| = cd(a) —cd(8) —
this contradicts the assumption a; # as.
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To prove surjectivity of each A ¢ we argue by induction on cd(«) —cd(f).
Let S € P(k,S¢). Choose T' O S with T € P(cd(a) — cd(B) — 1,5%).
By the previous paragraph, there exists d = (8,h) such that \g ¢(d) =
T and a factorization of f = h o g through d, so T = ¢*(T’) and S =
g*(S") for some S C T’ subsets of S,. We have cd(d) — cd(ﬁ) = cd(a) —
cd(f) — 1. By applying the induction hypothesis to A;p, we find ¢ € Xj p,
such that A p(c) = ', and so A f(g*c) = S. This concludes the proof of
surjectivity. O

We will now define some important geometric notions in the stratification
category.
Definition 4.8. Fix f;: a; — f for i = 1,...,m, and f: v — (. Let
gi: v — «; fori =1,...,m be a collection of morphisms such that f;og; = f.

We say that the collection (g;) is generic with respect to the tuple (f, (f;))
if 5y = Uiy 97 (S5,)-

We say that the collection (f,(f;)) is transversal at (g;) if g/ (Sy) N
g5 (Sy;) = f*(Sp) for very i # j.

Following the above definition, we write Int(f1,..., fi)s to denote the
set of all generic tuples (g1,...,gm).

Remark 4.9. Fix the same data of the above definition. Let (71, ..., ) be
a tuple in [[ Aut(f;) and let (g1,...,9m) be a generic collection, then (71 o
1y -+ Tm © gm) is also generic. A similar result holds for an automorphism
7 € Aut(f). Thatis: (g;) is generic if and only if (g;o7) is generic. This gives
a natural left action of [[ Aut(f;) and right action of Aut(f) on Int((f;)).

Following the remark, we define

It(fr, .o ) g o= [JAW(F\Int(f1, ., fn) s

and .
Int(fi,..., fm)r :=Int(f1,..., f) s/ Aut(f).
Elements of Int(fi,..., f;n) will be denoted by (gy,...,9,,), while the ele-

ments of Int(fi, ..., fn) will be denoted by (g1, ..., gm) Aut(f).
When fi =...= f, = f, we write SInt((f")™) s to denote the set of sets
(not tuples) {gi,...,d,,} (here the g; must be pairwise distinct) such that

(9155 gm) € Int((f')™)-

4.b. Normal crossing stratifications. We say that a category € as in the
previous section is the category of strata of a nonsingular DM-stack X, if
there exists a functor

¢ — nonsingular DM-stacks
a— X,
fra—= 8= Xp: Xo — Xp
such that
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(1) The morphisms X7: X, — X3 are proper and local complete inter-
section of codimension cd(f).

(2) The quotient stack [ﬁ?f)} is the normalization of the image of X.

(3) The normal bundle Ny of X; can be written as Ny = @eesf L.,
where, for a pair e = (8',9) € Sy, we define L := g*(N;, ;).

(4) If fi: o — B for i = 1,2 are two morphisms, then the following

diagram
Xgl
|_| [XG/ AUt(glng)] — Xy
fiy—=p
(91,92) Aut(f)€lnt(f1,f2)r <
f1
\LXQQ
X
Xa, 12 y X5

is a fiber diagram.

From now on we will abuse the notation and, for f € Mor(a, 8), we simply
write f: X, — Xp in place of X;: X, — Xjg.
Notation 4.10. We will use a prime to denote the image of a morphism
f: Xo — Xgz. In other words, X} = Im(f) € Xp and, in particular,
X! :=TIm(f,) C X,.

We also say that the objects X/, are the embedded strata and the objects
X, are the (resolved) strata.

The two main examples in this paper are that of M, ,, and that of 7;17n(¢):

Example 4.11. The category G, is a category of strata of the nonsingular
DM-stack ﬂg,n. If G € Gy, we write Mg for the corresponding stratum
and M’G for its image in Mg, (JACGII, Chapter XII, Section 10]).
Example 4.12. The category €, ,(¢) is a category of strata of the nonsin-
gular DM-stack 7;n(¢) (IMMUV22, Section 3]). If (G,(E, D)) € €4 ,(¢),
we write Jg,(E,D) forﬁ the corresponding stratum and Jé (E,D) for its image
. —d o
in 7 n(0)-

The point made in Example allows us to complete the proof of Propo-
sition The next section is devoted to completing that proof.
4.b.1. Proof of Proposition[3.38,

Proof. (1) If d = g — 1, the result of follows from [KP17, Theo-
rem 4.1].

4each such stratum also depends on ¢, but we do include this dependency to ease the

notation
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(2) Assume that d = g — 2. In order to reach our conclusion, we prove
that ¢ is in the claimed range if and only if the intersection of Wy(¢)

with the boundary of 7§7n(¢) has codimension larger than the ex-
pected codimension 2. Also, the strata that generically parameterize
curves whose irreducible components are singular can be excluded,
because the existence of a nonzero global section is equivalent if those
components are smoothened.

Firstly, we analyse the boundary divisors, which have the form
J(G(i1,5),p)- The range of ¢ in the claim is equivalent to constraining
the divisor D to equal (i—1,g—i—1). It is straightforward to verify
that the locus cut out in Jg(i,1,5),p) by the condition of admitting
a global section has codimension at least 2 in Jg(;,1,5),p), hence it

has codimension at least 3 in 7;71 (¢).

If, on the other hand, the divisor D is of the form (k—1,9g—k—1)
for k # i, then either J(;1,5),p) is contained in Wy(¢), or their
intersection has codimension 1 in J(g(;,1,5),p)- In both cases, their

intersection has codimension smaller than or equal to 2 in 7?”((;5).
Then we analyse the codimension 2 strata Jg,p. If G is a tree, the
stability condition is uniquely determined by the stability condition
on the boundary divisors, and so is the stable degree D — the problem
has been resolved in the previous paragraph. We assume therefore
that G = G(3,2, 5) is a vine curve with 2 nodes. Using the change of
coordinates , the range identified in our statement is equivalent
to requesting that the stable divisor D on G(i,2,5) equals one of
(t—2,9—1), (t—1,9g—i—1), (i,g—i—2)or (i+1,g—i—3). In all
these cases, one can check that the generic element of Jg p does not
admit a global section. Conversely, if D is not one of those 4 cases,
the stratum Jg p is contained in Wg4(¢). This concludes our proof.
(3) Assume that 1 < d < g — 3. In order to reach our conclusion, it
is enough to prove that for every ¢, the intersection of Wy(¢) with
some boundary divisor has codimension smaller than or equal to the
expected codimension g — d.
We take i = [ §| and pick any S C [n], and show that the intersec-

tion of Wy4(¢) with the preimage of A; g in 73% (¢) contains a locus

of codimension smaller than or equal to g — d in 7g7n(¢) .

The stable bidegree D such that the intersection Jg(;1,5),p N

W,(¢) has largest codimension is D = (4, 4) for d even (resp D =

(%, %) for d odd). The intersection has codimension (%‘H] +2

in 7;% (¢) and, for d < g — 3, this number is smaller than or equal
to g —d.
(4-5) Assume that d < 0.
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Assume first that ¢ is not in the given range. Then, arguing as
in the case d = g — 2 above, one can check that in some boundary
divisor or in some codimension 2 vine curve locus (depending on
which inequality ¢ fails to satisfy) the intersection with Wy(¢) has
codimension larger than the expected one (which is g for d = 0, and
by which we mean that the locus is not empty when d < 0).

Assume now that ¢ is in the given range. We will use the following
result:

Proposition 4.13. If ¢ € Vg‘fn is nondegenerate and such that the
inequality
ConN [

¢Co < ‘20‘
holds for all (C,p1,...,pn) € Mgn and for all subcurves Cy C C,
then
(a) if d =0, then F' € Wy(¢) if and only F is the trivial line bundle.
(b) if d <0, then Wy(¢) = 2.

Proof. Part (a) is [HKPI8| Lemma 8, Lemma 9]. Part (b) follows
from Lemma L5 below.
([

By applying Proposition and observing that both ¢ and
the multidegree D of line bundles are stable for graph morphisms,
and arguing as in the proof of Proposition [3.5] we conclude that
Inequality is satisfied for all curves C' and subcurves Cj if
and only if it is satisfied for all vine curves C' (and taking Cj to
be one of its irreducible components). After applying the change of
coordinates , this is equivalent to the given range.

The only remaining case to consider is when d = 0 and —3/2 <
z0,1,5 < —1/2 for some S. In that case, the intersection of the com-

ponent J(0,1,5),(—1,1) With Wy(¢) has codimension g+ 1 in 7?;7”((;5),
hence the intersection is in the closure of the restriction of Wy(¢) to
the open part.

O

In the proof of Proposition we used the following.

Lemma 4.15. Assume d < 0. Let C be a nodal curve, and let ¢ € V2, (O)
be such that Inequality (4.14) holds for all subcurves Co C C. Then every
¢-stable rank-1 torsion-free sheaf F' on C satisfies H°(C, F) = 0.

The lemma generalizes to the case d < 0 the argument given in in [Dud18),
Lemma 3.1] and [HKP18, Lemma 8§].

Proof. Let F' be one such sheaf. If F' is ¢-stable, the inequality

(4.16)

Concy

deg, (F) < 5

- 6CO(F) + ¢c,
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holds for all subcurves @ # Cy G C. The latter, combined with (4.14)),
implies the inequality

(4.17) degq, (F) < |CoNC§| — dc, (F)

for all subcurves @ # Cy & C.

The fact that the latter inequality holds on all subcurves Cj implies that
F admits no nonzero global sections. Indeed, if such a section s existed
denote by C’ its support. Note that €’ # C because the degree of F is
negative. Hence, C' # C' and we have the inequality

degC/(F) Z ‘C/ ﬁm‘ — 5CI(F),
contradicting (4.17)). O

We conclude this interlude by observing that for all degrees “in the mid-
dle”, the Brill-Noether cycle cannot be of the expected codimension.

Remark 4.18. Assume that 1 < d < g — 5. We claim that there exist
no ¢ such that Wy(¢) has the expected codimension g — d. To show this,
we argue in a very similar way to the case 1 < d < g — 3 of the proof of
Proposition We let i = %] and pick any S C [n]. In the same way as
discussed in loc.cit., for 1 < d < g — 5, the intersection of Wy(¢) with the

. . —=d . . . .
preimage of A; s in 7, ,,(¢) contains a locus of codimension strictly smaller

than ¢ — d in 73771((1)), and this proves our claim.

4.c. Intersection theory formulas. In this section we enunciate and prove
some results concerning the intersection theory of this stratification. From
now on in this section we fix X, and its stratification functor.

Since most of our computations are done using Chern classes, we will
abuse the notation as we now explain. Let pi1,p2,q be polynomials in vari-
ables x; ; such that p; = gpa. Assume that L; are elements in the K-theory
of X, and that A = pi(c;(L;)) and B = pa(c;(L;)) are formal polynomials
in the Chern classes of L;. We will write 4 to mean the class g(c;(L;)) N [X]
in the Chow group of X.

More generally, we will write % € A*(X) to mean that there exists poly-
nomials p1,p2,q and K-theory elements L; satisfying the conditions in the
previous paragraph.

The main motivation for this is [Ful98, |, which states that, for a vector
bundle N

o(L® A°N)
ek N (V)

is a polynomial in the Chern classes of L and of N.
In this language, we have the following excess intersection formula.
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Proposition 4.19. Let f;: a; — 8 for i = 1,2 be two morphisms in € and
fiz classes Ai/ceqcr,)(Ny,) € A*(Xa,), then

Ay A B e g1 A195As
A2 sy 3) = 2 Thtton a0 e (7))

(91,92) Aut(f)e
Int(f1,f2) s

where g; = 1,2 are the base change morphisms (as in Section[{.t}, Item (4)).

Proof. This follows directly from Item (4) in Section 4.bland from the excess
intersection formula (see [Ful98, Proposition 17.4.1]). O

We will also be using the following corollary of the above formula.

Corollary 4.20. Let f;: a; — B be two morphisms in € and let

A;
——— e A" (Xy,)
ced(f;) (V)

be such that A; is invariant under Aut(f;), then the following holds

fl*(cw ) 2 (Ccd(fz)(Nf2)) _
| Aut(f )I | Aut(f2)]
_ e ( 3 gi‘Awé‘Az)
N Z Aut N
fra—oB ’ h (f)| (91,92)€nt(f1,f2) CCd(f)( f)

Proof. We expand the formula in Proposition to obtain

Ay As fe 91A192A2
f * f * -
' (Ccd(fl)(Nfl)) ’ (ccd(fz)(Nf2)> f:;ﬁ \Aut(f)l(ccd(f)(Nf)>
(91,92)€nt(f1,f2) s
because |(f: v = B, (g1, 92) Aut(f))| = [Aut(f)[/| Aut(g1, g2)|. From there,

we have that

A Ag

1 _
fl*(ccd(ﬁ)(Nﬁ) )f2*(ccd(f2)(Nf2)) B

= > | Aut(f1)|[ Aut(f2)]
fiy—=B
(G1,92)€Int(f1,f2) ¢

and the result follows. O

I+ g1 A195 Ao
| Aut(f)] " cea(r)(INy)

Next, we apply the above to obtain a self-intersection formula.

Corollary 4.21. Let f: a — 3, then
( 1 ( A >>’“_ S f! ( > Hflg?(A)>
= — e
| Aut(f)| Necas)(Ny) o, I Aut(f)] (Gr)e Ced() (Ny)
t(f,,f) s
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The latter will be used to prove the following GRR formula for the total
Chern class (deduced from the usual one, involving the Chern character).

Proposition 4.22 (GRR for the total Chern class). Let f: « — [ be a
morphism and let F be an element in the K-theory of X, with rational
coefficients. Then

f+(F) ! < IT5%1 97 (e(A N]\/®]-")—1)>
=1
T =" 2 EaI\ = T a0
i Stat ((H)™) 7

(This is inspired by [Ful98, Theorem 15.3]).

Proof. We begin with the usual GRR formula
J«(F) ch(F) —1
h « td ;
N () = () 490

which, combining with the formula for the Todd class, implies

o (FF) N (AN @ F)
() = T ( a7 )

By the inversion formula to express the total Chern class in terms of the
Chern character (see e.g. [PRvZ20, Equation 3.9]), we deduce

CEF o fe (S S dn(ATNY @ F)
(Tauer) = & (Runr )\( ceatr) (V) ))-

)nl

Setting A := anl chn,(A* NY ® F), we will then compute

* = exp (yAut(f)\ <Ccd(f)(Nf))>

k
*_1+Z<\Au‘c ( 1)4(Nf))>li!

[T, 9:(4) 1
N 1+Z Z ]Aut f/ ( Z Ccd(fll)(Nf/) g)

k2l f':0=8 (F1or-F0) EE((F)F) o
i 1%, gi (A 1
= 1 + - = 7 7 . —
f’%;,b’ | Aut(f)] < mz;l Cea(ry(Nyr)  (i2a ’fi)!>
{?17"'7§m}ESInt((f)m)f/
k1yeeskm>1
[1i2 (exp(g; (A)) — 1)
=1 —+ 1= 7
Z |Aut f’ ( mz>:1 Ced(f! )(Nf/) )

{gl,.._7§m}€§1nt((f)m)f/
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The claim is then obtained by applying again the inversion formula in the
form

exp(4) = ¢(/\ Ny @ F).
[l

4.d. Blow-up. Starting from a category € as in [{.a] here we define the
blow-up category at a stratum with transversal self-intersection. Then for
a fixed stratification functor X, we interpret the blow-up category as the
stratification of the blow-up of the nonsingular DM-stack X at that stratum.

Definition 4.23. We say that an object 6 € Obj(€) has transversal self-
intersection if for every pair gi1,g2: v — 6, the sets gj(Ss), g5(Ss) are either
equal or disjoint.

Remark 4.24. If gj(S5) = g5(Ss), then g; = g, € Mor(v, ). See Proposi-
tion

Example 4.25. Let € = Gojy1,1 for some £ > 1. We claim that the vine
curve graph G = G(k,2,{1}) does not have transversal self-intersection.
Indeed, let G’ be the “triangle” graph with 2 vertices of genus k and
a third vertex of genus 0 carrying the marking. There are two different
morphisms g1, g2: G' — G and g7 (Sa) N g5(Sa) consists of 1 edge.

Definition 4.26. Let ¢ be an object of € with transversal self-intersection.
We define the blowup category Bls € of € at & as follows.

First consider the following category. Its set of objects consists of pairs
(7,m) where 7 is an object of € and m is a function Mor(y,d) — P(S,)
such that
(4.27) @ #m(g) C g"(S5) for every g€ Mor(y,0).

Its morphisms (71, m1) — (72, mg) are morphisms f: v3 — 2 such that
for every g, € Mor(71,6) we have that one of the conditions hold

(1) there exists gy € Mor(v2,6) such that g; = g2 o f and m;(g;) C
f*(m2(g5)),
(2) or my(gy) N f*(5,,) = 2.
We then define Bls € as a skeleton of the above category.

Proposition 4.28. The category Bls € is naturally ranked, and it satisfies
Aziom (1) from Section[{.d,

Proof. Straightforward. O
Remark 4.29. The rank of (y,m) is
k()= ) |m(g)l.
geMor(7,9)
Moreover, the set S(, ;) (the codimension 1 strata that contain a fixed
stratum (7, m)) is naturally identified with S, \(Uyerfor (.6 m(9))UMor (7, 6).



WALL-CROSSING OF UNIVERSAL BRILL-NOETHER CLASSES 33

Recall Notation We define h: )Nfﬁ — X3 to be the blow up of Xpg
at the union of the images X ;1 C Xj for every gi: v — 3 such that there
exists go: v — 0 satisfying (g1, g2) € Int(fs, f5)z,- We define Xz, to be

I1 IP( D Le).

geMor(v,8)  e€m(g)
Proposition 4.30. The functor
Bls € — nonsingular DM stacks
(v, m) = Xy m

is a stratification of BlXé Xo.

Proof. This follows from [MPS23|, Section 4.5] (see also [KKMSDT73|, The-
orem 6, p.90]) where the nonsingular DM stack is constructed as the star
subdivision of the cone stack associated to the stratification. ([

Remark 4.31. When there exists no morphism ~ — ¢, there exists a unique
m such that the pair (7,m) € Bl; €. The latter is the stratum that corre-
sponds to the strict transform of the image X; C Xo.

Remark 4.32. Suppose that J is a stratum with transversal self intersection
and f:~ — [ is a morphism such that Mor(3,§) = &. Let (v, m) be an
object in Bly €. Then the morphism f lifts to a morphism (y,m) — (53, 2)
in Bl; € if and only if f*Sg N Ujerpor(y,6) m(9) = @. (That is, when X is
contained in the strict transform of X é in Bl X} Xa).

In this paper, the main example of the above construction is going to be
the case where € is the category €4, (¢) of Example or a blowup of
the latter. We now describe the example of 1 blowup of €, ,(¢) at one of
the centers that will be relevant for our main result.

Example 4.33. Let ¢ € Vg‘fn and (G,D) € €;,(¢) be the lift of a vine
curve G = G(i,t,S) by some ¢-stable divisor D.

Morphisms f: (G', (E', D)) — (G, D) correspond to subsets Ty C V(G'*")
such that the complete subgraphs G(Ty), G(T¥) in G'F" are connected and
of genus i, g — i — ¢t + 1, the markings S are on G(7y) and the markings S¢
are on G(T¥), and D'(G(Ty)) = D(v1) and D'(G(T§)) = D(v2) (for vi,vs
the two vertices of G). We let E(Tf) C E(G'F") be the subset of t edges
that separate G(T) from G(T7F).

Assume that (G, D) is a stratunﬁ with transversal self-intersection. The

category Bl(g p) €g.n(¢) defined above stratifies the blowup Bly ¢ p 757,1(@.

We can describe more explicitly its objects as tuples (G, E', D', «) such
that (G',(E',D")) € Obj(€y,(4)) and « is a choice, for each morphism

Shecause of Lemma in this paper we will never need to blowup any strata of the
form (G, E, D) with E # @
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f: (G, D" = (G,D) (up to automorphisms of (G, D)), of a subset & #
a(Aut(G, D)) € B(Ty).

We now define the psi-classes associated to a given stratum v € €. Recall
that each e € S, corresponds to a morphism j.: v — B where the latter
has rank 1. Then define the psi-classes

(4.34) \Ifge = —Cl(]Le) = —Cl(NXﬁeX.), "Lﬂ% \Ifgc

(see Item (3) in the beginning of Section for L)

We will now state and prove a pushforward formula for monomials in
psi-classes under the blowdown morphism. We begin by introducing some
notation.

Recall Remark For an object (v,n) in Bls € we define the sets
Sne =5y \ U

Jry—4
FUs(v,m) == | 4*(Ss) \ n(j),
Jry—4
CUs(y,m):= [ J n(j).
Jry—4

(The symbols FU and CU will acquire some meaning in Section (7] as cer-
tain collection of edges, see Equation (7.19).) Note that the unions can
equivalently be taken over Mor(v,d) instead of over all morphisms. (See
Remark .

We define Hij’n((gé,)e/esmn) as the set of tuples ((ac)ees,,(ge)ecs,) of
non-negative integers satisfying a. = 0 for every e ¢ FUs(7y,n),

Yot =gi+1+ > a

e€n(5) e€j*(Ss)\n(4)

for every j € Mor(v,6) C Sy p, and g. = g, for every e € S, \ CU;s(v,n) C
S’Yvn‘

For a morphism h: (y,n) — (f,m) and a tuple (gé/)e'esﬁ,m we define
h*(g.,) as the tuple

« g, if €= h*(€) for some €’
(g e = 1% HEZHE)
-1 ifeeSyn\r*(Sgm).

We define Ms(7y) to be the set of all function m: Mor(y,d) — P(S5)
satisfying Equation (4.27)).

Corollary 4.35. Let p: Blx,, Xe = Xo be the blowdown morphism, and fix
integers (gl, > O)GIGSﬁ’m. Then the pushforward

p*\AufJﬂn,)* ( H \Il)

e GSE
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equals

Z |Afv* ( 3 R (Z) q,g> ,

neMs ('7) (ae,ge)e
hEMor(('y,n),(B,m)) Hg,n(h* (g;/))

Proof. Follows from [BLO05, Theorem 4.8] (or [Alul(, Theorem 4.2]). O

5. COMBINATORIAL ASPECTS OF WALL-CROSSING

In this section we fix two stability conditions ¢+ and ¢~ “on opposite
sides of a stability hyperplane H” (Definition , and give a description
of what will turn out to be the stratification category ¢ = €(<;5+ ¢~) of
the resolution jg‘fn(qb+,¢_), which we will formally construct in the next
section.

Objects of this category are defined in Definition as triples (G, D, «)

where (G, D) is an object of 7n(¢+) and « is a certain “vine function”
to be introduced in Definition This generalizes the case of 1 blowup,
described in Example Then we study the subcategory €5 = €(¢™, ™)
of the strata that are in the intersection of the exceptional divisors — this
is the category appearing in our main result Theorem [7.4 The condition
that singles out objects of €g C € is that the function a should be full, as
defined in Definition We then see in Proposition that the datum
of a full vine function is equivalent to that of a full forest, and this gives a
simpler description of the objects of €g, which is the one that we will use
in Theorem [7.4l

Recall fromthat there are 3 types of hyperplanes. If H is as in ,
then no blowup is required and €, ,(¢) = ¢. The second case is when H
is as in (3.13) and S # [n]. That case will be discussed in The most
difficult case is when H is as in and S = [n].

Definition 5.1. Let ¢™, ¢~ be nondegenerate, and let H be a sta-
bility hyperplane (see Sectlonﬁ We say that the polarizations ¢+ are on
opposite sides of the hyperplane H if ¢° = % € H is the only degenerate
point of the segment [¢F, ¢~] C V;’ln

In other words, H > ¢g-semistability implies ¢ or ¢~ stability, and ¢+
are small perturbations of ¢g. Throughout we fix H, ¢* and ¢ as in the
above definition.

5.a. Extremal sets, vine functions and full forests. In this section we
prove some of our bulk combinatorial results that have to do with wall-
crossing, focusing on the “extremal” multidegree, i.e. those multidegrees
that are ¢ -stable but are not ¢-stable. We shall fixt a n pointed graph G
of genus g and a divisor D on G throughout. (We are not imposing stability
conditions here, but the cases we are interested in are either G = G'®' for
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some E' C E(G) where G’ is stable, or G is obtained by forgetting the last
marking on a stable (n + 1) pointed graph.)
For a subset V C V(G) we deﬁneﬁ

B*(V) := —deg(Dl|v) + ¢*(V) + ’E(VQ’VC)',

Note that D is ¢*-semistable (Definition [3.17) if and only if *(V) > 0
for every V' C V(G). Moreover, we have the following relation for 5* (see
[AP20, Lemma 4.1])

(5.2) (V) + B W)= [E(V\WWA\V)|=5(VAW)+ 5 (VUW).

From now on in this chapter we will assume that D is ¢ semistable on
G. A subset V' G V(G) is called extremal (with respect to ¢+, ¢~ and D) if

(5.3) BH(V)>0and B~ (V) <0

In particular, this implies

for *=+,—,0.

(V) > ¢ (V).
Note that if V is extremal, then (V) = 0.
We are now ready to define the main object of study in this section.

Definition 5.4. We define the poset Ext(G, D) = Exty+ 4 (G, D) as
{V C V(G);V is extremal, connected and with connected complement }
with the ordering given by inclusion.

Remark 5.5. If .: (G, D) — (G’, D’) is a specialization and V' € Ext(G’, D’),
we have that (=}(V’) € Ext(G, D).

Remark 5.6. Each element V' of Ext(G, D) corresponds to a morphism
from G to an extremal vine curve stratum (G’, D) (up to automorphisms
of (G', D")) obtained by contracting E(V,V) and E(V¢,V°).

We have the following results for extremal subsets.

Proposition 5.7. Let V; and V5 be two extremal subsets. Then V1NV, and
ViUV, are either empty, extremal or equal to V(G). Moreover, we have that
E(Vi\ Vo, Vo \ V1) = @ in all cases.

Proof. Write Hy=ViNV,, HH =W, \H(], Hy =V, \H(] and Hy = Vvlc N VQC
(see Figure[l)). Define o = |E(Hy, Ho)| = |[E(Vi \ Va, Vo \ V).
Since 3~ (HoUH1), 8~ (HoUH>) < 0 we have that 8°(HoUH;) = °(HoU
Hy) = 0. By (5.2)) we have
B°(Ho U Hy) + B°(Ho U Hy) — oo = 8°(Ho) + 8°(Ho U H1 U Hy),
and, because 3°(H) > 0 for every H, we deduce that a = 0, and 5°(Hp) =
/BO(HO UH; U H2) =0.

6We note that the existing definition of (V) in [Est0I] and [AP20] are based on a
different sign convention, however all relevant properties remain the same.
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oS0
G0

FIGURE 1

If Hy # @, then ,8+(H0) > 0 and if HoU Hy U Hy # V(G), then ﬂJr(HO U
Hy U Hs) > 0. Since 8° = W%’W, we have that 57 (Hy) < 0 (respectively,
B_(H() UH U HQ) < O) if Hy # @ (respectively, if HhU Hy U Hy # V(G))
This finishes the proof. O

Proposition 5.8. Let V be an extremal set.

If Vv =Vi UV, with E(V1,Va) = @ and V1,V # &, then Vi and Vs are
extremal. Similarly, if V¢ = WiUWy with E(W1, Ws) = @ and Wy, Wy # &,
then W{ and W3 are extremal.

Proof. For the first part, we have that 8°(V) = B°(V1) + B°(Va), since
Bo%(V) = 0, then (V1) = B°(Va) = 0 as well. So, 5~ (V;),5~(V2) < O.
The second part is proven similarly. O

In what follows we will also need an additional hypothesis.
Hypothesis 1. If V C V(@) is extremal, then leg(1) € V.

In particular, by Proposition we have that if V' C V(G) is extremal,
then G(V) is connected. From now on in this chapter we will always assume
Hypothesis [T}

Hypothesis fixes the following convention on ¢, ¢~ :

Remark 5.9. If V is an extremal set in Ext(G, D) then ¢+ (V) > ¢~ (V).
In particular, if we set S := leg™ (V) and i := g(V) and t = |E(V,V°)|,
then

x;?s > m;t,s.
for fixed coordinates ¢t = (a:lit $)it,s) € Vg‘fn as discussed in Section .
Also, since ¢ and ¢~ are on opposite sides of a hyperplane H = H (i, to, Sp),
Hypothesis [1] is always satisfied upon possibly switching ¢ and ¢~.

Remark 5.10. The results in this section hold more generally for when ¢+
and ¢~ lie on opposite sides of a higher codimension stability plane (not
necessarilly a hyperplane, as in Definition , in which case Hypothesis
becomes restrictive.

Here are some important properties of Ext(G, D) that follow from Hy-
pothesis [T}
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Corollary 5.11. Let V4, Vs € Ext(G, D), then either V1 U Vo = V(G) or
there exists V € Ext(G, D) such that V1 UV, C V.

Proof. Assume that V1UV, # V(G). Then, by Proposition we have that
V1 UV, is extremal. By Hypothesis |l we have that V3 UV5 is also connected.
Let W be a connected component of (V; U V2)¢. By Proposition we
have that W€ is extremal. Moreover, since V; U V5 is connected (and G is
connected), so is W€ This proves that W¢ € Ext(G,D) and V; UV, C
we. O
Corollary 5.12. Let V1, Vs be elements of Ext(G, D) such that V1,Vo CV
for some V € Ext(G, D). Then Vi N'Va € Ext(G, D).

Proof. By Proposition we have that V3 N Vs is extremal and by Hypoth-
esis [I] we have that V4 N V4, is nonempty and connected. All that is left is
to prove that (V1 NVa)¢ =VeU (V\ V1)U (V \ V2) is connected. But this
follows from the fact that V¢, VI = VU (V \ Vi) and Vi = VU (V\ 13)
are connected. O

We are now ready to introduce a key notion to describe the blowup cat-
egory of €, ,(¢) at some vine curve strata.

Definition 5.13. For each (G, D) and lower set L C Ext(G, D), we say that
a function a: L — P(E(G)) is a vine function if the following conditions
hold

(1) a(V) C E(V,V°) for every V € L.

(2) For all V' € L we have a(V) = @ if and only if there exists V' &V

with V' € Ext(G, D) such that o(V') N E(V,V¢) # &.

We usually think that L is part of the datum of «, and write L, for the
domain of a vine function a. We also define [a| = {Jyc; (V) C E(G).

Definition 5.14. Given a specialization ¢: (G, D) — (G', D’) we say that
the vine functions o and o' are compatible with ¢ if
(1) .7 1(V') € Lq for every V' € L.
(2) if o/(V') # @, then a(t=H(V")) # @.
(3) if €' ¢ || then tg(e) ¢ |-
In that case we write ¢: (G, D,a) — (G',D’,a’) and say that the first
triple specializes to the second.
We will also need to introduce some subcategories of the stratification
category of €4, (¢), which will use only some vine functions which we call

“full”. We now introduce those, and then discuss how this notion is equiv-
alent to the combinatorial notion of a full forest.

Definition 5.15. We say that « is full if Lo, = Ext(G, D), and |a| = E(G).

We will show in Proposition how full vine functions are equivalent
to the following notion.

Definition 5.16. A forest V, C Ext(G, D) is a full forest in Ext(G, D) if
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(1) it contains all maximal elements of Ext(G, D), and
(2) the edge set satisfies E(G) = Uy ¢y, E(V,VC).

We first prove some intermediate results in that direction. For a forest
Ve C Ext(G, D), and for each V' € Ext(G, D), we define

(5.17) next(V') = nexty, (V') := ﬂ 14

VICVEVL
(with the usual convention that the intersection over the empty set equals
V(G)).
Lemma 5.18. Let Vo C Ext(G, D) be a full forest and let Vi and Va be two
incomparable elements in Vo. Then Vi UVa =V (G) and E(VE,Vy) = 2.

Proof. By Corollary we have that either V4 UV, = V(G), or there
exists V' € Ext(G, D) such that V;,V, C V. If the latter holds, Part (1) of
Definition [5.16| implies that V7 and V5 are comparable, a contradiction. So
ViUV, = V(G). The fact that E(Vf, Vy) = @ follows from Proposition

O
Proposition 5.19. Let V, C Ext(G, D) be a full forest. Let V' € Ext(G, D)
be a nonmaximal element and let Vi, ...,V be the elements of Vo that are

minimal among those containing V'. Then:
(1) For everyi=1,...,m,
E(next(V)\ V', V) + @.

(2) next(V') £ V'.

(3) G(next(V")) is connected.

(4) If V! € Vs, then E(next(V')\ V' next(V)\ V') = &

(5) If V€ Ext(G, D) is such that next(V') C V, then there exists i €
{1,...,m} such that V; C V.

(6) all minimal elements of Ext(G, D) belong to V.

(7) We have E(G) = ||, ¢y, E(V,next(V)\ V).

Proof. For (1), we first notice that V;, V; are inconparable if i # j, because
of the minimality condition. By Lemma we have that E(VS, V) = @
for all @ # j. Since V' = (next(V') \ V') UJ", V¢ and V'¢ is connected,
we must have that E(next(V') \ V', V) # @. Item (2) follows immediately
from (1).

For (3), just notice that next(V”’) is an extremal element by Proposi-
tion then it is connected by Hypothesis

The existence of an edge between vertices of next(V’) \ V/ would witness
the failure for V4 to be full. Indeed, let V' € V, be an element. If V is in-
comparable with V’, by Lemma 5.18] we have that VUV’ = V(G), and that
implies that next(V’)\ V' C V and hence E(next(V')\ V' next(V')\ V")) N
E(V,V¢)=@. If V! CV, then V; C V for some 4, and hence next(V') CV
which implies that E(next(V)\V’, next(V))\V'))NE(V,V¢) =@. IV C V’,
then it is clear that E(next(V’')\ V', next(V/)\V'))NE(V,V°¢) = @. By the
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condition that V4 is a full forest, we have that E(next(V’) \ V' next(V”') \
V")) N E(G) = @ and this completes the proof of Item (4).

Item (5). This follows from the fact that V(G) = next(V') UL, V¢ and
hence V¢ = |JiL; VCNVF. Since G(V*) is connected and E(V, V) = & for
j # i (Lemma [5.18), so we have that there exists i € {1,...,m} such that
VeNVy = o for every j # . This means that V; C V.

Item (6). Let V) be a minimal element of Ext(G, D). If Vj is also maximal,
there is nothing to do. So we can assume that Vj is nonmaximal. Assume
by contradiction that Vo ¢ Ve. From Items (2) and (3) we deduce that
E(Vo, next(Vp)\Vo) # @. Let V € V, we will prove that E(Vp, next(Vp)\Vo)N
E(V,V¢) = @ and get a contradiction. If Vj C V, then next(Vp) C V (recall
that Vo # V because V ¢ V,), then E(Vp, next(Vp) \ Vo) N E(V,V°¢) = @.
If Vo £ V, we have that Vo NV ; Vo is extremal by Proposition by
the minimality of Vp in Ext(G, D) we have that (Vo N V)¢ = VU V®is
not connected. Since V7, V¢ are connected, we have that Vi NV¢ = & and
hence Vo UV = V(G). By Proposition we have that E(V{,V¢) = @.
Hence E(Vo, V) N E(V,V¢) = @, indeed E(Vp,Vy) = E(Vo NV, V{) and
E(V,V¢) = E(V,NnV,V°). In particular E(Vp, next(Vp)\Vo)NE(V, V) = @.

Item (7). Let e be an edge of G and let V' be an element in V, that is
maximal among those with the property that e € E(V',V’). For each V' &
V € V,, we must have that e € E(V, V), so we have that e € E(V/, next(V’)\
V).

([
Proposition 5.20. Let o be a vine function and define
Vo :={V € Ext(G,D): (V) # @} C Ext(G, D).
Then the following hold.
(1) For every Vp € Ext(G, D), we have that VeNExt(G, D)cv, is a chain.
(2) The poset Vy is a forest.
(3) a(V) C E(V,next(V)\' V) for every V € V.

Proof. Let Vi, Va € V4 be such that Vi, Vo C Vy and V4 and Vs are incompa-
rable. By Corollary we have that Vi NV, € Ext(G, D). Moreover, we
have that

E(WViNnVz, (VinVe)) € E(Vi, Vi) U E(Va, V).
By the fact that « is a vine function, we have that there exists V/ C V1 NV5
such that a(V') N E(V3 NV, (Vi N V5)¢) # @. This means that either
a(VYn E(V,VE) # @, or a(V') N E(Va, V) # &, which contradicts the
fact that « is a vine function and «a(V}),a(Va) # @. This concludes the
proof of Item (1). Item (2) follows directly.

We now prove (3). If next(V) = V(G) there is nothing to prove. Other-
wise, we have

E(V,VO\E(Vnext(V)\V)C | ] EWV', V"),
VGV'eV,
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so a(V)N(E(V,VO\E(V,next(V)\V)) # @ would imply a(V)NE(V', V'¢) #£
@ for some V' € V, with V' G V', thus contradicting the assumption that o
is a vine function.

O

We are now ready to prove the equivalence of full vine functions and full
forests.

Proposition 5.21. For each (G, D), the mapping defined in Proposition|5.20)
induces a natural bijection between full vine functions and full forests in
Ext(G, D).

Proof. Assume that « is a full vine function and define V, = V& as in
Proposition By loc.cit we have that Vi, is a forest and that a(V) C
E(V,next(V) \ V) for every V. The condition

Uev)= U av)=E@)

Veve VeExt(G,D)

implies that | J E(V,next(V)\V) = E(G), which implies | J E(V,V¢) = E(G).
This proves that V, is a full forest.
We now study the inverse mapping. For a full forest V,, define

%) it Vo ¢ Vs,

a:=ay, (V) = {E(Vo,next(vo) \ Vo) if Vp eV,

We claim that « is a vine function. Condition (1) in Definition follows
from the fact that E(Vp, next(Vp) \ Vo) C E(W, Vi) for every V € V.

Let us prove Condition (2). First, we see that ay, (Vy) = @ if and only if
Vo ¢ Vs. By the definition of « it is clear that if Vj ¢ V4, then a(V)) = .
On the other hand, if o(Vy) = @ and Vj € V4, then E(Vj, next(Vp)\ Vo) = @,
but this is a contradiction with the fact that next(Vp) induces a connected
subgraph of G and next(Vp) \ Vo # @ (see Proposition [5.19).

Now we show that if a(Vp) = &, then we can find V' € Ext(G, D) with
V' C Vp, such that a(V') N E(Vy, Vi) # @. By the previous paragraph, we
have that Vo ¢ V,. Since V, contains all minimal elements of Ext(G, D)
(by Proposition , we have that there exists V' € V, contained in V.
Let V' be the maximum such element. This maximum exists because V,
is a forest that contains all maximal elements of Ext(G, D). By Item (5)
of Proposition and the maximality of V’/, we have that next(V') ¢
Vo. Moreover, by Item (4) of Proposition we have that F(next(V’)\
Vo,next(V')NVy \ V') = @. Since next(V’) induces a connected subgraph
(this is Item (3) of Proposition[5.19), we have that E(V’, next(V')\ Vp) # @,

and since
E(V next(V)\ Vo) C E(V' next(VH\V')NEVo, V§) = a(V)NEVoy, Vp)
we have that a(V’) N E(Vp, V) # @ as needed.
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We now prove that if there exists a V' € Ext(G,D) with V! & 1}
such that a(V') N E(Vy, V) # @, then o(Vp) = @. Assume by con-
tradiction that there exist Vp,V’ € Vi such that a(Vh) # @, and that
V'S Vo and a(V') N E(V, V) # @. Since a(Vp),a(V') # @, we have
that Vo, V' € V,. Since V' & Vo, we have that next(V’) C Vj as well, so this
means that E(V' next(V') \ V') N E(V, V) = @, a contradiction (recall
that E(V/,next(V’) \ V') = a(V’)). This concludes the proof that « is a
vine function.

The fact that « is full follows from Item (7) of Proposition [5.19]

(]

Definition 5.22. A morphism ¢: (G, D,V,) — (G', D', V]) is a morphism
t: (G, D) — (G',D') such that :=Y(V') € V, for every V' € V/. This is
equivalent of saying that ¢ is compatible with ay, and ay;.

Given morphisms ¢;: (G, D, a) — (G, D, o) for i = 1,. .., k, we say that
the collection (¢1,...,tx) is generic if
(1) for every edge e € E(G) \ |af there exists some i € {1,...,k} and
some € € E(G;) \ |a;| such that e = ¢; g(€');
(2) for every V € L, such that a(V) # @, there exists i and V' € L,
with «;(V’) # @ such that :=1(V') = V.

Remark 5.23. We will see in the next section how this definition of “generic”
matches the one given in Definition

Proposition 5.24. Let i;: (G, D, o) — (Gi, D;, o) be a generic collection.
If all oy are full, then « is full as well.

Proof. This follows directly. O

The next result will imply that all the strata that we blow-up have
transversal self-intersection.

Proposition 5.25. Assume (G, D, «) is such that G is a vine curve and
Ly, =@. Let fi: (G',D',d') = (G,D,«a) fori = 1,2 be generic. Assume
that for all V' € Ext(G’, D') such that V' C f{(vo)N f3(vo), we have V € L.
Then (f1, f2) is transversal.

Proof. Denote by V; = f*({vo}). Assume that V3 UVs # V(G). This means
that V3 NV € Ext(G, D) and hence in L,/. Since E(Vi N Va, (V1 N V3)¢) C
E(V1,VE)UE(Va, V), that would mean that there exists V' € L, such that
a(VYNEWVLNVa, (ViNV2)°) # @, and in turn, if e € (V') C E(V4, VY)
we would have a contradiction with the fact that if e ¢ |a| but ff(e) € |¢/|.

So V1 UV, = V(G), which means that E(V1, V) N E(Va, Vy) =@ O

The next proposition will be used to prove that the category Ey, defined
later, is a simple normal crossing stratification (as in Example |4.2]).

Proposition 5.26. Let (G, D) be a stable, (n + 1)-marked vine curve such
that vp41 € V' for every V. € Ext(G,D). Let Vo be a full forest, and
fi, fo: (G', D', V]) = (G, D, Vs) be morphisms. Then f; € Aut(G, D, V,) fa.
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Proof. Upon further contraction of (G, D', V), we can assume that fi, fo are
generic. This means that either (G', D', V) = (G, D, V,) or V] = {V{,Vj}.

We have two cases, either V] C VJ (up to swapping V{ and Vi) or V] and
Vy are incomparable. In the latter case, we have that V] UV, = V(G’) by
Corollary but that contradicts the fact that v,41 ¢ V{ U V3.

In the former case, we have that g(V{) = g(V3), |E(V{, V{%)| = |E(V;, V5|,
leg (V1) = leg 1 (V) and D(V;) = D(V5). But that means that all the ver-
tices in V5 \ V{ have genus 0, there are no marked points and the degree of D
equals 0. This is a contradiction with the fact that (G’, D’) is ¢T-stable. [

We conclude this section by observing that the existence of a full func-
tion/forest rules out the presence of exceptional vertices.

Lemma 5.27. If Ext(G, D) admits a full forest, then G is stable.

Proof. Because D is ¢+ semistable, if G fails to be stable, it contains an
exceptional vertex v (meaning that v has genus 0, no marked points, it has
valence 2 and D(v) = 1). Let e1, ez be the two edges of G that contain v.

If (G,D) admits a full forest V4, then there are Vi, V5 such that e; €
E(V;,Ve) for i = 1,2. If v ¢ V; for some i, then 87, (V;) = g*(V; U {v}) + 1,
in particular 87,(V;) > 0, a contradiction. This means that v € V1 N V2. On
the other hand, we have that e1,eq € E(Vi N Va, (Vi N V3)¢), that Vi N Vs
is extremal (by [5.7), hence connected, and leg(1) € (V4 N V3). This is a
contradiction.

O

Recall that, as stipulated in Section [2.c) when E is empty, we simply write
(G, D) in place of (G, (@, D)).

5.b. The stratification categories. In light of the results of the previ-
ous section, we are now ready to define the stratification category E, and
some other categories Cp and €y that will play an important role in our
proof of Theorem In the next chapter we will interpret these cat-
egories as stratification categories of the resolution of the identity map

ld: T (67) > T (7).

Definition 5.28. We define ¢ = E(¢+, ¢~ ) as a skeleton of the category
whose objects are triples (G, D, a) such that (G, D) is an object of €, ()
and « is a vine function with the property that L, = Ext(G, D). Morphisms
are given as in Definition N

We define € as the full subcategory of € whose objects (G, D, ) with «
full. Equivalently (Proposition objects are triples (G, D, V,) with V, a
full forest in Ext(G, D).

We then define the category Ey as a skeleton of the category whose objects
are triples (G, D,V,) where G is a n + 1 pointed stable graph of genus g,
the divisor D is (¢T,leg(1))-quasistable, and V, is a full forest such that
leg(n+1) ¢ V for every V € V,. (By Lemma this implies that V4 is a
chain). Morphisms are specializations as in Definition
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These categories will be interpreted geometrically in Remark Note
that the rank 1 objects (the divisors) of €g are the triples (G, D, V,) such
that G is a vine curve and V, contains a single element (by Hypothesis
the vertex containing the first marking).

5.c. The case of “good” hyperplanes. In this section, we fix a hyper-
plane H = H(i,t,S;k) that satisfies S¢ # @. In this case, we prove that
the corresponding exceptional vine curves loci in the compactified universal
Jacobian have pairwise empty intersections. The main result here is:

Proposition 5.29. The objects of ¢ are triples (G, D, Vs) satisfying either

(1) G has no edges and Vy is empty. This is the terminal object.
(2) G is a vine curve and Ve has a single element V = {leg(1)}.

By Proposition each vine curve as in (2) above is necessarily of the
form G(i — j,t + 24,5), for all j satisfying —t/2 < j < min(i,g +1 —t —i).

Proposition 5.30. Let V € Ext(G, D), thenleg 1 (V) = S.

Proof. Let G' :== G/(E(V,V) U E(V¢,V°)) be the vine curve associated to
V. If leg 1 (V) # S, then (¢o)¢ is nondegenerate by Proposition This
contradicts the assumption that V is extremal. O

For our next result, recall that the canonical divisor K g)g of a graph G is
defined by Kgg(v) =2¢g(v) — 2+ |E()| + |leg (v)| for all v € V(G).

Lemma 5.31. If Vi, Vs € Ext(G, D), then K58(Vi) = K58 (Va).

Proof. We have that Kgg(V) =29(V) =2+ |E(V,V)| + |leg ! (V)|. By
Proposition we have that |leg”'(V1)| = |leg*(V2)|. By Proposi-
tion we conclude that 2g(V1)—2+|E(V1, V)| = 29(Va) —2+|E(V2, V).

O

Proposition 5.32. If (G, D) is a ¢™-stable pair, then | Ext(G, D)| < 1.

Proof. Assume that we have V] # V3 elements of Ext(G, D). By Proposition
m we have that leg™ (V1) = leg ™1 (Vo) # @, so Vi N Vo # @. Moreover,
leg (V7€) = leg ' (Vi) # @, so V4 UV, # V(G). By Propositions
and we have that V4 NV, € Ext(G, D).

This means that we can assume V; C V5. By Lemma [5.31| we have that
KQ8(Vi) = K98(Vh), which implies that K398(Va \ V1) = 0, which is a
contradiction with the fact that G is stable. O

Corollary 5.33. We have that (G, D) has a full forest Vy if and only if G
is a vine curve and [1,({leg(1)}) < 0.

Proof. By Propositionwe have that Ext(G, D) has at most one element.
Since Vo must be nonempty, we have that V, = Ext(G, D). Since Vo, = {V'}
is a full forest, we must have that E(G) = E(V,V*¢), and that G(V) and
G(V*¢) are connected. This means that both V' and V¢ are singletons and
hence that GG is a vine curve. ]
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Proof of Proposition[5.29. Let (G',D’) be a pair with different specializa-
tions

L1 (G, D) — (Gl,Dl) and t9: (G,D) — (GQ,DQ)
to extremal pairs. By Remark [5.5 we have that

Ext(G’, D) D iy {(Ext(G1, D1)) U 15 ' (Ext(G2, D2)),

which means that Ext(G’, D’) has at least 2 elements, contradicting Propo-
sition [5.32) |

6. NONSINGULAR RESOLUTION OF THE IDENTITY

Let =, 9T € Vg‘fn be on opposite sides of a stability hyperplane H (Defini-
tion . In this section we construct a nonsingular resolution jg‘fn(q5+, o7)

of the identity map Id: 7‘;7”((]#) -—> 73,11(?25_)- We construct jgd’n(qﬁ, )

as an iterated blow up of 7j7n(¢+) at certain strata (G?, D?) of vine curves
with extremal bidegrees.

To define the order in which we blow up the vine curves, we first introduce
a partial order. Let (G;, D;), for i = 1,2, be a pair where G; is a vine curve
and D; is an extremal bidegree, we also set v; to be the vertex of G; such that
Bgi({vi}) < 0 (i.e., it is the vertex with the first marked point, in particular
¢T ans ¢~ satisfy Hypothesis . We say that (G1, D1) < (G2, D2) if there
exists (G,D) € €;,(¢") and morphisms f;: (G, D) — (G;, D;) such that
firt(v1) € fyY(v2). Note that, in particular, f;'(v;) € Ext(G, D) (see
Remark .

The next proposition guarantees that this preorder is indeed a partial
order.

Proposition 6.1. Assume (G1,D1), (G2, D2) are vine curve strata with
extremal bidegrees for ¢T,¢~. Then (G1,D1) < (Ga,D3) if and only if
legai(vl) - legay;(vg) and ga,(v1) < gg,(v2) and gg,(v1) + |E(G1)| <
9a, (v2) + | E(G2)].

Proof. The “only if” part follows immediately from the existence of a com-
mon degeneration (G, D), and the fact that for V4 C V5 then if V1, V5 €
Ext(G, D) or if Vf, Vi € Ext(G, D), then g(V1) < g(V2). (Because elements
of Ext(G, D) and complements of elements of Ext(G, D) are connected).
For the “if” part, consider the graph G with 3 vertices wy, weo, w3 with
|E(w, w3)| = A and |E(wy, wp)| = [E(G1)| = A and |E(wg, w3)| = [E(G2)| -
A Set g (w1) = ga, (v1) and ga(wz2) = gg,(v2) — ga, (v1) + A — |E(G1)| + 1,
and gg(ws) so that g(G) = ¢g. The numerical assumptions in the claim
guarantee the existence of A such that F(w;,w;) > 1 for all i # j and
g(w2), g(ws) > 0. It is then straightforward to check that the given graph
G admits a morphism to Gy (by contracting E(wa,ws)) and to G2 (by
contracting E(wi, ws)).
O
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We are now ready to construct our resolution of the identity map.

Construction 6.2. Take any extension to a total order of the partial order

defined above on the set of pairs of vine curves with an extremal bidegree,

and denote this extension by (G*,D') < (G?,D?) < ... < (G™,D™).
Define J; inductively as follows: Jo = J(¢T) and

Ji = BL] Jz‘_l)

Gi,Di o (
where o' is the only vine function on (G', D') with Ly = @, and Jg p 4 is
the strict transform of Jgi pi C 7Z7n<¢+)' Following this, let jg”fn(qﬁ, ¢7) =
Im.-

Similarly, let GY(P) be the same vine curve G* with an additional marked
point P on the vertex that is not legg, (1), and denote by D'(P) and o'(P)
the obvious lifts. Then define J;(P) inductively, starting from Jo(P) =
jg,nJrl (¢+7 P); and then

Ji(P) =Bl

Gi(P),D¥(P),at(P) (Jifl)a
and finally jgd,n+1(¢+7¢_; P) = Jn(P).

The first point to observe is that this blowup does not depend upon the
chosen extension to a total order.

Proposition 6.3. Let (G;, D;), fori = 1,2, be two pairs where G; is a vine
curve and D; is an extremal bidegree. Set a; to be the unique vine function
on (Gi, D;) such that L, = @. If fi1, fa are morphisms f;: (G,D,a) —
(Gi, D;, o;) where Ly contains

{V € Bxt(G, DV S £ 4w,
then f{(E(G1)) N f3(E(G2)) = 2.
Proof. This follows from Proposition [6.1]and from a straightforward analysis

of the possible common degenerations of two pairs (G1, D) and (G2, D2)
that satisfy the two inequalities given in loc. cit. U

We immediately deduce:

Corollary 6.4. The blowup jg‘fn(dfr, ¢7) — 7;lyn(¢+) is independent of the
chosen extension to a total order. (It only depends on the partial order).
The same is true of jgcfn+1(¢+7 ¢ ; P).

Proof. By Proposition [6.3] if two vine curves are incomparable under the
partial order, their intersection is transversal, hence swapping the order of
the two blowups does not change the result. O

We let € be the category whose objects are (G, D, «), where « is a vine

function with L, = Ext(G, D). The morphisms of € are given in Defini-
tion [5.141
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blowing up €,,(¢") (as in Definition |4.26) at (G, D'), then at (G?, D?),

.., and finally at (G™, D™). The case m = 1 was discussed in Exam-
ple and the general case follows in the same way. The category Cp is
the subcategory of ¢ generated by the exceptional divisors only.

The category Ey is the subcategory of the stratification category of the
stack jjnﬂ((?ﬁ(bﬂp) (same as €, but with an extra marking), whose
elements are the intersection of the components over the exceptional divisors
that do not contain the first marking.

Remark 6.5. The category ¢ defined in is the category obtained by

Our main result in this section is then

Theorem 6.6. The stack jgd’n(qﬁ"r, ¢~) is nonsingular and the category ¢=
€(¢+, @) is its blowup stratification from 7§’n(¢+). The same result holds
for jgcfnﬂ(gb“', ¢~ ; P). Moreover, the forgetful morphism jg”fnﬂ(gbﬁ o P)—

«Z;Cfn(¢+, ¢~ ) is the quasistable modification of the universal curve.
This follows as a combination of results in Section [£.dl and Section [5.al

Proof. To prove the first statement we apply Proposition to the cate-
gory €4 n(¢) of Example The fact that each stratum (G*, D%, a’) has
transversal self intersection in J;_1 is Proposition (see also Remark.

The second part follows from Theorem [3.29] and the fact that blowup
commutes with flat base change. O

Remark 6.7. Note that the vine curve strata G' that are part of the da-
tum of our blowup, do not necessarily have themselves transversal self-
intersection (see Example j in ﬂg,n, so the procedure of Section
cannot be applied to blow up the strata G',...,G™ in ngn to produce a
nonsingular DM stack with a stratification.

Moreover, similarly to Example one can also see that the strata

(G*, D) do not themselves have transversal self-intersection in 7Z,n(¢+)‘

In our construction each stratum (G?, D?) only acquires a transversal self-
intersection once lifted to a stratum of J;_1 by means of the function «o'.

Let Y’ be the Cartier divisor in jgdm 1+1(¢T,¢7; P) given by the sum of all
strata that correspond to (G, D, «), where (G, D) is a simple vine curve:

m
/ } : /
Y' = J i Di i
=1

Let £ be the sheaf in \z;fn-;-l(ngr’ ¢~ ; P) obtained by pulling back a tau-

tological sheaf in 737,1 41(¢T, P) (see Theorem [3.29). We have the following
result.

Theorem 6.8. The line bundle L(—Y") is ¢~ -stable. In particular, the
stack jg‘fn(qﬁJr, ¢~ ) comes with two morphisms that resolve the identity map
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7g7n(¢+) --» 7;%((1)_). The first is the blow-down morphism (also defined
by L), and the second is the morphism defined by L(—=Y").

Proof. By Proposition and Remark it is enough to check that
L(=Y") is ¢~ stable on all vine curves.

This follows from Construction The divisor Y/ C jgd,nﬂ(éffr, ¢~ ; P)
is supported on the strata (G, D¢, a') of 7;“((;3*'), which are exactly the
vine curves where £ fails to be ¢T-stable. Moreover, over each ']/Gi, pi» the
divisor Y’ fiberwise intersects its complement at t; = |E(G*)| points. Thus
tensoring by O(—Y") has the effect of modifying the bidegree of £ on each
stratum (G?, D%, a') by (—t;, +t;) (where the first element of the pair is the
degree on the component of the vine curve that contains the first marking).
Thus, because the bidegree D is extremal on G, the line bundle £(—Y") is
¢~ -stable on (G, D!, a?) for alli =1,...,m. O

We conclude with the following observation.

Corollary 6.9. The Cartier divisor Y' C jgd’nﬂ(ﬁﬁ, ¢~ ; P) is simple nor-
mal crossing, and the stratification category it generates (as in Example
18 Q:y.

Proof. The first part follows from Proposition [5.26] The second part follows
directly from the definition of Y. O

7. WALL—CROSSING FORMULAS

Let ¢T,¢ € Vg‘fn be on opposite sides of a stability hyperplane H (Def-
inition . In this section we find a formula for the wall-crossing along
H of Brill-Noether classes in terms of push-forward of boundary strata
classes. We first give a formula in Theorem [7.4] on the nonsingular reso-
lution jgd’n(qb‘k, ¢~) of the identity map

—d —d ., ,_

Id: jg,n(¢+) - jg,n(¢ )
that we defined in Section [l Then we write a second formula in Corol-
lary by taking the push-forward of that difference along the blow-down

morphism p: jg‘fn(d)“‘, o) — 7z,n(¢t)' _
The universal quasistable family jgd,n (T, 075 P) — jgd’n(gifr, ¢~) car-

ries two line bundles: the pullback £ of a tautological line bundle on 7Z,n(¢+)

and its modification £(—Y"), the pullback of a tautological line bundle on

73771((;5_) (see Theorem .

Our main result in Theorem [7.4]is a formula for the difference of the total
Chern classes of the derived pushforward of —£(—Y”) and that of —L as an
explicit pushforward of classes supported on the boundary. Because on the
(unprimed) “resolved” strata the normal bundles split as a direct sum of
line bundles, our formula is better written on the “resolved” strata instead
of the embedded ones.



WALL-CROSSING OF UNIVERSAL BRILL-NOETHER CLASSES 49

Before stating the main results, let us fix some notation, for Theorem [7.4]
and for Corollary

For each pair (G, D) € €;,(¢"), denote by 7¢.p: Ca,p — Ja,p the pull-
back to Jg p of the universal quasistable family 7;% (@ P)— 7g7n(¢+)
. The total space Cy,, ;, has one irreducilbe component C, +:=Cgq py for each
vertex v of G. We denote by 7, := mg.p % :CF — Jap the induced map.
Also, for each V C V(G), we denote by 7y Uvev C; — Ja.p the induced

and X1t = X+tnct

map on the union. We write X+ = XgD =CF {eg(1)}e"

leg(1)
We also write Y{I = Cif. for every V C V(G).

We can extend these notations to jgd,n(dfr, ¢~ ). Let us recall the geometry
of %‘%n(¢+,gb_) from Sectionﬁ For each 1 < ¢ < m set ; := (G;, D;)
to be the vine curves strata from Construction so Jp, are the strata
of 7Z,n(¢+) whose strict transforms of the images are blown-up, in the
given order, in 7Z7n(¢+)’ to obtain jg‘%n(qbﬂqﬁ_). Recall that € is the
category of the (resolutions of the closed) strata of jgcfn(dﬁ, ¢~) that are in
the intersection of the exceptional divisors E..

Objects are triples (G, D, V) for (G, D) € €4,(¢). Each stratum jG,D,V.
admits a forgetful morphism pg p v, to Jg p, and we define m,, 7y, X, X
and Yy as the pullbacks via pg p.v, of the corresponding items defined in
the previous paragraph for (G, D). Also, we set Yg pv, := ﬂVEV_ Yy, note
that, by Proposition Ye p,v, is nonempty if and only if Vj is a chain (as
in the definition of Ey in Definition , and in that case, we have that

YG,D,V. = Ymax(V.)'
Also, for some triple (G, D, V,), we define

(7.1)
FY = —R(r) LT (=S ) xes By = —R*(mve)uL ;s HY :=F}f = Y F},
v

V'ev,,
Vs>V

and

(7.2)

FY = —R*(rx).L(-X)x; Fy = —R*(mve).Lyy,; and Hy :=Fy— Y Fy.
V'eV,,
V>V

Note also that £ is the pullback of £1, hence FX, Fy, and Hy are the
pullback via pg, p,v of Ff , F{f and H‘J} respectively.

Let E; be the exceptional stratum of the blowup morphism jg‘%n(¢+, o) —
7Z7n(¢+)’ so that E; — E] C jg‘fn(gbﬂqﬁ_) is the exceptional divisor, and
each E! is contracted to J, éﬁ Following the notation in the previous para-
graph, we let then X/ UY; denote the two irreducible components of the
restriction to E/ of the universal quasistable family Jgd’n @07 P) —
jgcfn(qb“‘, ¢~ ), where X/ is the component containing the first marked point
and Y/ is the other component, and denote by X; and Y; the base change

)
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to E; of X/ and Y/. Recall that the divisor Y’ in Theorem is precisely
Y7

We now define psi-classes following (4.34]). Each edge e € E(G) defines
a morphism f.: Jg.p — Jo,pr to some codimension one stratum (G’, D’),
and we set

7d %
(7.3) Ve pri=—c1 (NJG,,D,JW@JF)) v Ve = fo(Yer pr).

In Remark we will discuss how these compare to the usual psi-classes
on My .

Similarly, for a triple (G, D, V,) in ¢, we have that Sc.p,ve = Ve (recall
the definition of S¢ p,v, in Section Item (4)) and each V' € V, defines a
morphism fg pv: j(;p’v. — FE; for some ¢ = 1,...,m. As in Section
Item (3), we set Ly := fg;,D,VNEi(\Zyd,n(gbt ¢~ ) and define the psi-classes

V= —c (NEi(jgd,n(¢+,¢_)> . Yy = [fgpv(¥i)=—a(ly)
on F; and on j(;, D.,V, Tespectively.

Finally, define the coefficient

kv +gv —dv = yisy v+ (kv +1)
ky +1

ba,p,v((v)veve; (kv)ven) = —(

for each vectors (jy > 0)yey, and (ky > 0)yey, of nonnegative integers.

Theorem 7.4. The difference of total Chern classes

(7.5) ct(—R°m L) — ci(—R*m L(=Y"))
in A* (jgcfn(dﬁ, gb_)) equals the boundary class
(7.6)
> |A_u{:1(ﬂl>:)< > B I by (v, kv)v)-e, (ﬁv)"l’f/‘/),
F:(G,D,V.)E (.jVZO)VGVo! Veve
Cr\{e} (kVZ(;)(\)/eV.

where the sum runs over all resolved strata I' € éE (intersection of excep-
tional divisors) of jg‘%n(¢+,¢_) (see Section @, except the terminal object
(the open stratum).

Note that Formula gives a total Chern class from which one can im-
mediately deduce the difference of the Brill-Noether classes on ‘fon(gb*', ¢7).
This is a more direct formula than e.g. the main result of [PRvZ20], where
an explicit formula is given for the Chern character, which then requires
inversion to obtain the desired Cher class.

Proof. We start our calculation by making use of the short exact sequence

(7.7) 0— L(-Y')—= L — Ly —0.
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on the quasistable family jg‘fn (0T, 07 P) — @‘fn(qb"",qb_). For conve-
nience, define

F:=—R'm, (L), F:= R (Lyyr).

We then apply Whitney’s formula

(7.8) ci(—Rm(L(=Y"))) = etr(—R* (L)) = (er(F) = 1) - c4(F)

for the total Chern class of the three terms in (7.7). This computes the

opposite of (|7.5). From now on, we will mostly work on the term ¢;(F') — 1.
For each IV € ¢ we let

We now apply the following

Lemma 7.9. (Inclusion-exclusion principle for a simple normal crossing
stratification.) Let D be a simple normal crossing divisor in X, and let €
be its category of strata. Then the following equality holds in the rational
K-theory of X:

Llp =Y (1)1 g|p,

a€el

By combining Lemma with Lemma (the fact that the Y are in-
deed simple normal crossing), and the multiplicativity of the total Chern
class, together with the fact that Yr — Y{ is étale of degree | Aut(T")| (by

Corollary , we obtain

(7.10)

c (=14 ¢(F)) =c o - e | (= CdF'M
e ey =a) (2 1 IRy

where €y C € is the image in jgd’n(qb*, ¢~) of the stratification induced by
Y{,...,Y,) (and in the product we have removed its terminal object), and

froo Jor = Jh(ot 7)== J

is the (resolution of the closed) stratum jli,
For a fixed I, we now aim to write each factor of the product in the

RHS of (7.10) as a pushforward via the corresponding stratum. We apply
Formula (4.22) (GRR for the total Chern class) to obtain that each factor

cd I fl—"*FY/'
‘ (H’ " rAut<rF'>\>
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equals
(7.11)

k * *NY T ()4 Y —
1+ Z fF* Z Hj:l (f] Ct((/\ NJFJ®( ].) FF’) ]_)
Aut(r)] {f1, fr}e ctopN 7.J
e St ((fr)*) sy,

Note that intersections in Cy are not necessarily objects of the latter cate-
gory, so the product is taken over Cp D Cy.
After that, to continue our derivation from Formula (7.10), we aim to

calculate the product of the terms in ((7.11)) for varying IV. We apply the
excess intersection formula Proposition to the product ([7.10]), to deduce

that it equals

1
(712) Y T ( >

recp\{e} Iy,..,.[,€Cy
Q:CMor(I,Ty) for all t=1,...,k
such that U:Q: is generic

ct(Fr) - [Lj=1,.. .k, (f*ct((/\. NL’V7“ Je® (_1)Cd(rj)F12;> N 1)
feQ; R )

Ctop N Tr J

Now we focus on simplifying the term inside the pushforward fr.. Fol-
lowing Proposition [4.6|for fixed I' = (G, D, V4), there is a natural bijection
between the set of morphisms

{{Qt C Aut(I")\ Mor(I', IT'y) }4=1,. ks for T'y,..., Ty € éy s.t. Up Qy is generic}
and the set

{{t1,...,€m} C chains(V,) such that V, = Uij\il&}
with M = |Q1| + ...+ |Qx|, given by

k
{Q1,...,Qr} — U{f*(VFj,.)}fer'
=1

Moreover, if fy,: I' — I'; is a contraction that corresponds to the chain
¢ C V,, then ff*(FIYt) = Fpmax(e) (In particular, the latter only depends
on max({) € Vs, and not on the whole chain). Furthermore, the pullback
fi(N T, J ) equals a direct sum of line bundles, which allows us to expand

the wedge product

A5, ) = ALy = X% @ L

Vel St ves
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In light of this, we rewrite the numerator inside the pushforward via fr

in (7.12) as
Z ct(Fr) - H (f*ct (/\ N}F‘j@) (—1)CdFJ'FI¥;,> — 1>,
Iy,..TkeCy j=1,..k, J
Q:CMor(I,Ty),t=1,....k feqQ;

s. t. Ug Q¢ is generic

which equals
(7.13)

M
ct(FF)' Z H H Ct (_1)‘S| ® L% ® (_1)|ei‘FF,max(€i) -1

{fl,...,fM}g 1=15CY; Vel;
chains(Ve) s.t.
01U...Ulpr=Ve

Next, we apply the inclusion-exclusion principle in the form

oy, ... ly) = (=D&l ey, ... )
> > X

{€1,...,£as }Cchains(Ve) KCVe  {l1,...00}C
chains(V4) s.t.
Zlu...uéM:V.\K

for any function ¢: chains V, — Z, to eliminate the condition that Ui‘i 1=
Ve in the last set of indices of ((7.13]). We thus obtain that (7.13) equals
(7.14)

Z (_1)|K|Ct(FF)' H Ct ( ® L\\§® Z <_1)S+|€|Ff,max(€)>
)

KCV, Séechains(Ve\ K ves ¢echains(Ve\ K)
such that SC/

We now apply Lemma to simplify (7.14)), so it becomes

(7.15) ST (-)Ele (Fx) - T] Ct( X L¥®HK,VU>-
KCV, VOoEVL\K VEVL\K
V<V

After all these simplifications, we now go back and replace (7.15)) as the
numerator of the term in (7.12)) that is pushed forward via fr, to obtain

that (7.12]) equals
fF*
(7.16) Z Rt (D)
recp\{e}
Y v (Dl e (Fx) - Tlypevax ¢ <®V§VO Ly ® HK,VO)
CtopNij ‘

Our final step to conclude repeatedly uses Formula (3.33) for the total
Chern class of the tensor product of a K-theory element times a line bundle,
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and then divide by

(7.17) cropN 7 T = H — Uy

Veve
After combining the binomial coefficients by means of Vandermonde’s iden-
tity, we obtain that Formula equals the final formula . (One way
to obtain the formula is to consider only the case K = @ in , then
expanding as a polynomial in {Uy }yev,, and considering only the monomial
containing [ [y <y, WY for all ay > 1, and then lowering the exponents ay

by one because of the division by the term in (7.17)). O
We now prove the ancillary results used in the proof of Theorem [7.4]

Lemma 7.18. Let V, be a rooted forest, and let (zv)vev, be formal vari-
ables. Let S C V, be a chain in Vo. Then

Z <_1)|S|+M|$max(€)

Lechains(Ve)
such that SCL

equals
(1) 72V6min(\/.) TV, ZfS =g
(2) 0, if there is V € Vo \ S such that V < max(S) and SU{V} is a
chain, and
(3) Tmax(s) — 2. VveVe Tv, in all other cases.
V>max(S)

Proof. Assume that S is nonempty and that there exists V' € V4 \ S such
that V' < max(S) and S U {V'} still is a chain. Then we can write

> (IO ey =

Céechains(Ve)
ScC

= > (g o) + (DI oy
Cé&chains(Ve)
SCCVEC

since max(C') = max(C U {V'}), we have that the sum is 0.
Assume that S is nonempty and denote by max(S) = Vj. Also assume
that S ={V e V, : V < Vj}. Then we can write

Z <_1)‘S‘+|Cl_lxmax(0) = Z v Z (_1)‘S‘+|C|_1

Céechains(Ves) Veve Cechains(Va)
SCccC SCCmax(C)=V

If V. =V}, then the condition S C C' and max(C) = Vj is equivalent to

C=25,so
Z (_1)|S|+|C\—1 - 1.

Cé&chains(Vs)
SCC,max(C)=V
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If V> Vj, then the condition S C C' and max(C) = Vj is equivalent to

C=SU{V} so
Z (—p)IsIHCI=1 =,

Céechains(Vs)
SCCmax(C)=V

If V < Vy, then the sum is empty, and so it is 0.
If V> Vj, choose V' such that Vy < V/ <V, and then

S (cnsiHe 2 SO (—1)SHICLL (g ISHOUY -

Céechains(Vs) Céechains(Vs),
SCC,max(C)=V SCC,max(C)=V
V'¢C

which equals 0.
The case S = & is similar. O

And now the inclusion-exclusion principle:

Proof. (of Lemma [7.9)). It is enough to prove the statement for the case of
the structure sheaf £ = O. Assuming that D = Dy + D, we have the short
exact sequences

0—O(-D1—D3) > O — Op,4p, >0
0— O(=D1 — D3) = O(—=D3) = Op,(=D3) = 0
0—O(-D3) - O — Op, =0
0 — Op,(—D32) = Op, = Op,np, — 0.

By combining these, we obtain the equality

OD1+D2 = OD1 + ODQ - O'Z)lﬂDQ'

The statement is then obtained by repeatedly decomposing D until all sum-
mands are irreducible. (]

Our next task is to take the push-forward of Formula (7.6 via the blow-
down morphism p: chfn(¢+, ¢7) — 7;71((;5*), to produce an explicit graph
formula for the difference of the Brill-Noether classes. Recall the notation
for the strata Jg,p that was set in the beginning of this section.

For V € V,, we define the “close upper edges” and “far upper edges” as

(7.19) CU(V):= E(V,next(V)\ V) and FU(V) := E(V,next(V))
so there is a decomposition
E(V,V¢) =CU(V)UFU(V).
For every collection (gyv)vey, of nonnegative integers, define the class

ce.ovo((gv)ven) € A(T .p))
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to equal

Je,k(e)=>y S(e)aev
(7.20) > Il Yoo

(Ae,v)VevVe,ceFUV) ecE(G)

(ge,V)VeV.,eeCU(V)
such that, for all VeV,,

Z(ge,V+1)7zae,V:gV+1
@ Ge k(e ZV’GS (e)s Ae, v’
H (—=1)%V vev
VeS(e) Qe,V

where, the a.y and g.y vary over the nonnegative integers, and for e €
E(G), we let k(e) € V4 be the unique (by Proposition element such
that e € CU(k(e)), and we let S(e) :={V € V,: e € FU(V)}.

For a given specialization h: (G', D', V]) — (G, D, V,), we define the pull-
back h*((gv)) = h*((9v)vevi)vrevy by:

. gy if V' =h7YV) for some V € Vq;
7.21 h /=
(7.21) ((gv)veva)v { "1 othermise.

We have then the following pushforward result.
Proposition 7.22. The following pushforward formula holds

(7.23) p. (|A§GGD1V)' Al <H \Ilg")) _

Veve

2 mf:f(cf};)\( > c<cf,Df,v;>(h*<<gv>>>>

(G",D")eCqn (o) Vi a full forest in Ext(G’,D’),
heMor((G',D',V"),(G,D,V))

Proof. Follows from Corollary O

Our final step is to take the pushforward of our formula in Theorem[7.4] via

the blowdown morphism p: J4, (¢+,¢7) — 7Z7n(¢+)' Note first that the K-
theory elements defined in are pull-backs via p of similar classes, which
we will denote with the same name in the next result. The pushforward via
p is then obtained by combining Theorem and Proposition

Corollary 7.24. The difference wq(¢p™) — Id*wgy(¢™) in A9~ d( gn(01))
equals

1
(7.25) — Z mf(ap)*

(G,D)eCq,n(9)

( Z as, (jV)>(ge))'CS(FJ)r()' H CJV(H )H\I’?E‘De)>

Ve a full forest in Ext(G,D), Veve e
s+ v v+ ge=g—d—|E(G)
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where each coefficient (s, (jv)vevs, (9e)ecE(q)) 18 defined by

(7.26) Z (=1)IVl H H (_1)%7‘/(96+ZV"/§&9$)7%,V/>.

(@ev) () c€B(Q) VES(e) e,V

<(ngﬂ (rk H{/F/ - jV’)) - (ZeGCN(V) (ge + 1+ vicy, ae,V’)))

e€FU(V")

ZeGCU(V) ge + 1+ ZeECU((V)) Qe, v’ — ZeeFU(V) Ge,V
Vv'eS(e

[I

Veve

where CN(V') := E(next(V'), next(V)), each a(.,) ranges over the integers,
and the indices (e, V') range over all V € V4 and over all e € E(V,FU(V)).

(Note that, because of the last binomial, the summand is zero except for
finitely many natural number values of a.y, Also, note that H{ﬁ depends
on V).

Proof. First observe that the result amounts to taking the degree g — d part
of the pushforward via p of Formula ([7.6)).

The calculation that we are attempting has the form
(7.27)

f(G,D,V.)* .
Dx Z |[Aut(G, D, V)| Z p(G,D)(»B(gV)VGV.) H 1444
(G,D,Vo)EEE T (gv)veve VeV

for suitable classes B(4,,),, .y, € A*(j((;’D)) as in (7.6)). Since FX and Hy are
pullback of Ff and H‘J}, by the push-pull formula, and by Proposition
we obtain that (7.27)) equals

f(c'.py
D D (]
(G",D")eCy,n(9)

( > W Bavyy e, - C(G”,D’,V./)(h*((g\/)))> :

VJ a full forest in Ext(G’,D’);
hem((G/7D/»V:)7(G7D’V.))

(gv=>0)vev,
For a tuple (gy > —1)yrey; we define h: (G, D', V]) = (G, D,V,) as the
unique contraction with the property that gy > 0 if and only V' = h=1(V)
for some V € V,. That is, we contract each collection of vertices V'’ such
that gy = —1 (see . We then define S

Formula ([7.28)) can then be simplified to

(7.29)
J(G',pn«
Z |Aut(G’ D’)| Z ”B(gv’)v/ev,’ 'C(G’,D’,V.’)((QV/)) .
(9) ’

(G",D")eCy n V' a full forest
in Ext(G',D');

(QV/Z*l)v/ev.’

vivievy T h*(ﬁ(gv)vev.)'
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Now to obtain the final result, we rename (G’, D’) and V[ into (G, D) and
Ve. Then we eliminate the indices (gy) by means of the equality

gv =—1+ Z(ge,v +1) - Z e,V s

and we replace the indices (ge,v) with indices (ge) defined by ge := ge p(e) —
ZVGS(@) Qe,V - O

As promised earlier, here we compare the ¢ classes on Jacobians with the
classical ones on moduli of curves.

Remark 7.30. Denote by f: Jap — Mg the forgetful morphism. For
every e € E(G), we have:

Vg pe) = Vet AgDe
Where Vg, = —ci(Le) is the first Chern class of the normal line bundle
corresponding to the node e on the stratum Mg — Mg,na and Ag pe is

the divisor in Jg p corresponding to pointsrepresent sheaves that fail to be
locally free at the edge e.

7.a. The case of disjoint blowups. Our main results, Theorem and
Corollary[7.24 massively simplify in the case when the m vine curves g1, . .., B,
are disjoint. This is for example the case for all hyperplanes on divisorial (or
compact type) vine curves (Proposition —in this case m equals 1
and no blowup is required—, and for all hyperplanes of the form with
S # [n] (Proposition [5.29)).

In each of these cases, the category &E only contains the terminal object
and the resolved strata (3;, V) where Vi = {V;} contains only the one vertex
set V; = {legg (1)} for all i = 1,...,m (Proposition .

Recall the notation from the previous section. We set X ;r ) Yﬁ (respec-
tively, X;, Y;) as the two components over §3; (respectively, over (3;, V).
We denote by gy; the genus of the fiber of Y; and by dy, the degree of the
universal line bundle on Y;. We also set F}: = Fy; tand FYi = = Fy,. Let ¢; be
the number of nodes of a general curve in 3;, so ]Aut(ﬁz)| =t;l.

Then we have:

Corollary 7.31. When the hyperplane H = H(¢™, ¢™) is such that the vine
curves ﬁl, ooy Bm are pairwise disjoint, Formula (7.6|) simplifies to

— 31 | | |

1=1 s4,5;,ki>0

Proof. Follows immediately from Theorem Note the simplification of
the minus sign in the definition of bg p v ((jv); (kv)) and the minus sign

before fr, in Equation (7.6)). O

We can also recast the main result of by simply taking the pushfor-
ward along each P! bundle p;: E; — ;. Note that the K-theory elements
FXi and FYi are pull-backs of corresponding elements Ffl and F}:Z on ;.
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For each i and 1 < r; <t;, let ¥;,, be the first Chern class of the conormal
bundle to the r;-th gluing on the resolved stratum g;.

Corollary 7.33. When the hyperplane H = H(¢™, ¢™) is such that the vine
curves B, . .., Bm are pairwise disjoint, the formula in Corollary[7.24 equals
(7.34)

1 (gy, —dy, —ji—1 , ,
E : o <g ’ . ’ 'fﬁi,*(csi (F—s)-(b)'cji (F}-/L)'h/\i(\ll%l? EER \I/iati,))
i g N g —d =i s

itiitAi=g—d—t;
for all i=1,..., m

where hy, is the complete homogeneous polynomial of degree \; in its entries.

Proof. This follows from Corollary or, more directly, by applying the
push-pull formula to Corollary combined with the fact that the push-
forward of \I'fl along E; — B equals hg,—¢,41(Wi1, ..., Uy,). O

We now analyse some even more special cases of this, already special,
formula.

Remark 7.35. (The “compact type” hyperplanes). A special case of Corol-
laries and occurs when H(¢™, ¢~ ) is a hyperplane of the form (3.12)).

In this case the generic locus where ¢* differs from ¢~ is a compact type
boundary divisor. In particular, m equals 1 and jq‘fn(qﬁ, ¢7) — 7;,1((;5*')
is the identity. The unique vine curve 8 = (1 consists of a boundary divi-
sor Ag_gy .5 C ﬂg,n decorated with a unique pair of ¢*-stable bidegrees,
say (d — dy,dy). In this case the degree g — d part of the formula in [7.31]
coincides with the formula in and they equal to

(7.36) > (gy —dv—j- 1) o (s (FY) - e (FY) - 0.

—d—j—s
s+j+A=g—d—1 9 J

7.b. Wall-crossing in low codimension. We now analyse the first few
cases of our main result, ordered by codimension.

7.b.1. Codimension 1. Let d = g — 1. In this case the classes wy_1(¢) are
divisors, also known under the name of theta divisors. This case was the
main result of [KP17].

Because each wy_1(¢) is a divisor class and 7Z7n(¢+) is nonsingular, the
wall-crossing term equals zero across any hyperplane not of the form (3.12]).

Assume that the hyperplane crossed is H = H(g — gy,1,S;d — dy + 3).
Then Formula collapses and it gives

Wg—1(¢+) —Id*wy_1(¢7) = (9y —dy — 1) - [Ts]

for p = (G(9 —gv,1,S),(d — dy,dy)). This recovers [KP17, Theorem 4.1]
after observing that the divisor J3 C 7Z,n(¢+) is the pullback of Ag_g, 5 C

My
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7.b.2. Codimension 2. When d = g — 2, the classes wy_(¢) have codimen-
sion 2. There are 2 types of hyperplanes where the wall-crossing term is not
Z€ero.

If the hyperplane has the form (3.12), the vine curve (8 is a boundary
divisor. Assuming that H and 8 are as in the previous paragraph, then
Formula [7.36] reads

gy —dy —1 X gy —dy —2 Y gy —dy —1
F F v .
fﬁ*(( g—d—1>cl(+)+<g—d—1 alF )+
If the hyperplane is of type (3.13]), then the only cases when the formula
is nontrivial is for H = H(g—gy —1,2,S,d—dy —1). While this hyperplane
might witness a change in stability on more than 1 vine curve, the intersec-
tion of any 2 would occur in codimension > 2 and hence not be relevant.

We can read the wall-crossing term off Formula (7.33)):

m
gvi —dy, =1
> (™)
i=1 g

Here g; for i = 1,...,m is a vine curve of the form (G(g —gy, — 1,2, 5), (d—
dy,,dy;)) where the stability condition changes. (If S¢ is not empty, then
m=1).

7.c. Pullbacks via Abel-Jacobi sections. Fixintegersd = (k;dy,...,d,),
f = (fis)is, and let £ = Lq ¢ be the line bundle on the universal curve 69771
defined in Section Let then ¢t and ¢~ be on opposite sides of a
hyperplane H (Definition , and such that £ is ¢ stable. This defines
an Abel-Jacobi section o = oq¢: My, — 7Z,n(¢+)' We now compute the
pullback of Formula via o.

For every G € Gy, define the divisor D = Dg ¢ on G as the multidegree of
L on any curve whose dual graph equals G. We then have a poset Ext(G) =
Ext(G, D), depending on ¢+, ¢, defined in Section

The total space C¢ — M has one irreducilbe component C, := Cg,,
for each vertex v of G. We redefine m, = mg: Cy — M. Also, for each
V C V(G), we denote by my: [J,ey Co — Mg the induced map on the
union. We write X = Xg = Cjeg(1) and X = X N Cyieg(1)ye. We also write
Yy = Cye for every V C V(G).

We then define the following K-theory elements in Mg

F(ff = —R.(Wx)*ﬁ(—x)‘x; Fg’f = —R.(ﬂ'vc)*(ﬁ‘yv); Hg’f = Fy— Z Fyr.

V'eV,,
V>V

The line bundle £ also defines a section, possibly rational, o~ : Hg,n -
d

Tgn(d7)-
Corollary 7.37. The difference
0" (wa(¢")) — o™ (wa($7))
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equals
1
(738) = > rafor
e | Aut(G)|
( Z Oé(S, (jV)? (ge))'cs(Fd)ff)' H 1% (H37f) H W?&g)
Ve a full forest in Ext(G), Veve e

s+ 0y v+ ge=g—d—|E(G)|
where the coefficient « is defined in Equation (7.26)).
Proof. Follows directly by pulling back (|7.25)) via o. O

When the hyperplane H is such that the vine curves that fail ¢~ -stability
are disjoint, the latter can be simplified, as for Formula ([7.34]).

Remark 7.39. The pull-back of Formula via the Abel-Jacobi section
o4,¢ can be explicitly computed via [PRvZ20, Theorem 1].
For a full forest V4 in Ext(G), recall the definition of the next element

from (5.17). Defining Zy := Cpext(vy\v and set Ly = Zy N Uy, Cyre and
¥, = Zyv NCy, we have

HY' = =R (mv)-((Ca )iz, (=2v)),
and the line bundle (Lqf)z, (—3v) equals

wév/ﬂg (kZ’V—i—(k—l)EV—i— Z d]Pj—l— Z fi,SCCi,SC’ZV>-
leg(j)€ leg(S¢)Cnext(V)\V
next(V)\V
We note that Zy is the disjoint union C, for v € next(V) \ V (see Proposi-
tion [5.19). Moreover, the line bundle above, restricted to each one of these
components, is precisely the pullback via the projection Mg — Mg, val(v)
of a line bundle as in [PRvZ20, Formula 0.1].

Example 7.40. As an illustration of Remark we write the simpler
case where H corresponds to changing the stability condition on a single
vine curve  with ¢ nodes, components of genus gx and gy, with markings
Sp and 5§ respectively. Then Mg = M 5,44 % ng7|52|+t and we denote
by px and py the projections. In this case we have that

F7 =pk ( — R*(x)) (w’;“(((k —DS+ ) AP+ Y fisas: Cf,(sﬁ\s)>)

JESE iSgx
1eSCSg
F}/ =py ( — R'(wf) (wf/(kﬁ + Z d; P; + Z fi,sg\s : CZSE\S)))
JESS 1<gy

SCSG
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Formula ([7.38)) for the difference o*(wgy(¢")) — o* (wg(¢ ™)) in this case be-

comes

>

s+j+A
=g—d—t

The Chern

[ACG11]
[ACGHS5]

[Alul0]

[AP20]
[AP21]
[BHPT]

[BLOS]
[Cap94]
[CCUW20]

[CGH*]

[CJ1§]

[CMKV15]

[Dud18]
[EP16]
[Est01]

[Ful9g]

gY_dY_j_l fﬁ*
( gd— s ) g e (FL) e (FL) - Ia(P, o, )

classes above are computed in [PRvZ20, Theorem 1].
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