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Simple Axioms for Local Properties

Philippe Balbiani Wiebe van der Hoek Louwe B. Kuijer

Correspondence theory allows us to create sound and complete axiomatizations for modal logic on
frames with certain properties. For example, if we restrict ourselves to transitive frames we should
add the axiom □ϕ →□□ϕ which, among other things, can be interpreted as positive introspection.
One limitation of this technique is that the frame property and the axiom are assumed to hold glob-
ally, i.e., the relation is transitive throughout the frame, and the agent’s knowledge satisfies positive
introspection in every world.

In a modal logic with local properties, we can reason about properties that are not global. So,
for example, transitivity might hold only in certain parts of the model and, as a result, the agent’s
knowledge might satisfy positive introspection in some worlds but not in others. Van Ditmarsch et
al. [9] introduced sound and complete axiomatizations for modal logics with certain local properties.
Unfortunately, those axiomatizations are rather complex. Here, we introduce far simpler axiomatiza-
tions for a wide range of local properties.

1 Introduction

Modal logic is a formalism used throughout computer science, artificial intelligence and philosophy to
represent various concepts including knowledge or belief (epistemic/doxastic logic, e.g., [13, 10, 6]),
time (temporal logic, e.g., [14, 3]), necessity (alethic logic, e.g., [5, 4]), obligation (deontic logic, e.g.,
[1, 12]) and more. The main operator of modal logic is usually denoted □, or, in a multi-agent setting, □a

where a is an agent index. A formula □ϕ can then be read, depending on the context, as “ϕ is known”,
“ϕ is believed”, “ϕ is true in every possible future”, “ϕ is necessarily true” or “ϕ is obligatory”.

The most commonly used kind of semantics for modal logic uses relational models, also known as
Kripke models. Such a model M consists of three parts, M = (W,R,V ), where W is a set of worlds or
states, R is an accessibility relation on those worlds (or, in the multi-agent case, a set of relations), and V
is a valuation that determines on which worlds an atomic formula is true. A formula □ϕ then holds on a
world w1 if ϕ is true on every w2 such that (w1,w2) ∈ R.

Depending on the specific concept being represented, some additional assumptions are typically
made, however. Let us consider two such assumptions as examples. Firstly, in epistemic logic knowledge
is generally assumed to be truthful, represented by the axiom □aϕ → ϕ , which can be read as “if agent a
knows ϕ , then ϕ is true”. Secondly, in alethic logic it is usually assumed that everything that is necessary
is necessarily necessary, represented by the axiom □ϕ →□□ϕ .

Each such axiom corresponds, in the precise technical sense of correspondence theory [15, 2], to
a constraint on models. The axiom □aϕ → ϕ corresponds to a’s accessibility relation being reflexive,
¬□⊥ corresponds to the accessibility relation being serial and □ϕ → □□ϕ corresponds to the relation
being transitive.

Some non-standard assumptions can be handled in the same way. Suppose, for example, that agent
b is smarter and more well-informed than agent a, and that, as a result, everything known by a is also
known by b. This can be represented by an axiom □aϕ →□bϕ and the corresponding property that the
relation R(b) for agent b is a subset of the relation R(a) for agent a.

One limitation of this approach, to use axioms and their corresponding model conditions, is that the
properties they represent are inherently global. If we assume the axiom □aϕ → ϕ , then a’s accessibility
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relation should be reflexive throughout the model. As such, not only is a’s knowledge truthful, that
truthfulness must be common knowledge. Similarly, if we take □aϕ → □bϕ as an axiom then b knows
at least as much as a in every world.

One solution to this issue was introduced in [7, 8, 9] as local properties. A local property is, as
the name implies, a “local” variant of a property such as reflexivity, transitivity, or one relation being a
subset of another. A world w is locally reflexive if w is a successor of itself, it is locally locally transitive
if whenever w1 is a successor of w and w2 is a successor of w1, w2 is also a successor of w, and b locally
knows more than a if {w′ | (w,w′) ∈ R(b)} ⊆ {w′ | (w,w′) ∈ R(a)}. On the syntax side, for a given local
property a special symbol ϑ is then introduced, that holds on a world if and only if that world satisfies
the local property.

The main outcome of [8, 9] was a method to create sound and complete axiomatizations for logic
with any local properties that satisfy a technical condition known as r-persistence. Unfortunately, while
these axiomatizations are indeed sound and complete, they use a relatively complex introduction rule for
local properties (see Section 3 for details). Here, we introduce axiomatizations for many local properties
that instead use an introduction axiom, which is also considerably simpler than the rule from [9]. The
downside of our approach is that it is less general than the one from [9], although it does include all
commonly discussed local properties and we expect that it can be generalized.

The structure of this paper is as follows. First, in Section 2 we introduce the necessary definitions
and some background results. Then, in Section 3, we describe the axiomatizations from [9]. Following
that, in Section 4, we introduce a sound and complete axiomatization for one local property using a case
study. Finally, in Section 5, we discuss axiomatizations for other local properties.

2 Preliminaries

2.1 Modal logic

Before we define the specifics of local properties, it is useful to first define the usual semantics for modal
logic. Let A be a finite set of agents and P a countable set of propositional atoms.
Definition 1. A model M is a triple M = (W,R,V ) where W is a set of worlds, R : A → 2W×W assigns
to each agent an accessibility relation and V : P → 2W is a valuation that assigns to each atom a subset
of W .

We also write wRaw′ for (w,w′) ∈ R(a) and denote the set {w′ | wRaw′} by Ra(w).
A pointed model is a pair M,w where M = (W,R,V ) and w ∈W .
A frame is a pair F = (W,R), where R : A → 2W×W .

Definition 2. The modal formulas are given by the following normal form:

ϕ ::= p | ⊤ | ¬ϕ | (ϕ ∨ϕ) |□aϕ,

where p ∈ P and a ∈ A .
The operators ∧,→ and ↔ are defined as abbreviations in the usual way. Furthermore, we use ♢a as

an abbreviation for ¬□a¬. When |A |= 1 we omit the index a, writing □ and ♢ for □a and ♢a.
The semantics are as usual.

Definition 3. Let M,w be a pointed model. The satisfaction relation |= is given recursively by

M,w |= p ⇔ w ∈V (p)
M,w |= ¬ϕ ⇔ M,w ̸|= ϕ

M,w |= ϕ1 ∨ϕ2 ⇔ M,w |= ϕ1 or M,w |= ϕ2
M,w |=□aϕ ⇔ ∀w′ ∈ Ra(w) : M,w′ |= ϕ
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If M,w |= ϕ for every w ∈W , we write M |= ϕ . If M |= ϕ for every M we say that ϕ is valid and write
|= ϕ .

If F = (W,R) is a frame, we say that F,w |= ϕ if (W,R,V ),w |= ϕ for every V .

The usual proof system K is as follows.

Definition 4. The proof system K is given by the following axioms and rules.

T any substitution instance of a validity of propositional logic
K □a(ϕ → ψ)→ (□aϕ →□aψ)
Nec From ψ , infer □aψ

MP From ϕ → ψ and ϕ , infer ψ .

It is well known that K is sound and strongly complete for modal logic. All axiomatizations that we
discuss in this paper extend K.

Finally, we should define bisimulations, as these will become important later.

Definition 5. Let M1 = (W1,R1,V1) and M2 = (W2,R2,V2) be models. A bisimulation is a relation ∼⊆
W1 ×W2 such that the following three properties hold.

Atomic agreement If w1 ∼ w2 then for all p ∈ P , w1 ∈V (p) iff w2 ∈V (p).

Forth If w1 ∼ w2 and (w1,w′
1) ∈ R1(a), then there is a w′

2 ∈W2 such that (w2,w′
2) ∈ R2(a) and w′

1 ∼ w′
2.

Back If w1 ∼ w2 and (w2,w′
2) ∈ R2(a), then there is a w′

1 ∈W1 such that (w1,w′
1) ∈ R1(a) and w′

1 ∼ w′
2.

Famously, modal logic is the bisimulation-invariant fragment of first-order logic [2]. In particular,
modal logic is invariant under bisimulation, so if w1 ∼ w2 then the two worlds satisfy the same modal
formulas.

2.2 Local properties

Now we can define local properties, and their interaction with modal logic.

Definition 6. Let X be a set of first order variables. A local property is a formula with one free variable
in the first order language given by

Θ ::= (x,y) ∈ R(a) | x = y | ¬Θ | (Θ∨Θ) | ∀xΘ,

where a ∈ A and x,y ∈ X .

We follow [9] in this definition, by allowing only relational predicates, (x,y)∈R(a), and not valuation
predicates x ∈ V (p). This restriction is not necessary for our analysis, but it seems harmless, given that
we do not know of any interesting local properties that depend on such valuation predicates A local
property is a first order formula, so it can be evaluated on models, where we take the set W of worlds to
be the domain of quantification. Furthermore, because we restrict ourselves to relational predicates, the
valuation does not affect the value of any local property, so we can also evaluate a local property on the
frame underlying a model instead of on the model itself.

We will focus primarily on local properties that are not invariant under bisimulation. This is not
because formulas that are invariant under bisimulation are necessarily uninteresting, but because any
such property is equivalent to a formula of modal logic. Consider, for example, the property of local
seriality, Θser = ∃x(w,x) ∈ R. We have Θser(w) if and only if M,w |= ♢⊤, so if we wish to reason about
local seriality we need not introduce a special symbol ϑser but can instead reason about ♢⊤.
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If we wish to reason about a given local property Θ in modal logic, we add an extra symbol ϑ

to the language of modal logic. On a technical level, ϑ can be seen as either a nullary modality or a
designated propositional atom. In order to emphasize its special role, we denote its extension separately
in our notation for models. Specifically, we write M = (W,R,∆,V ), where ∆ ⊆ W and M,w |= ϑ iff
w ∈ ∆. If we look at multiple local properties at a time, each is represented by a different symbol,
i.e., M = (W,R,∆1, · · · ,∆k,V ), with M,w |= ϑi iff w ∈ ∆i. Because ∆ is simply a subset of W , there is
no inherent guarantee that the atom ϑ is in any way related to the property Θ. In order to force this
connection, we look at models that are in harmony.

Definition 7. A model M = (W,R,∆,V ) is in Θ-ϑ -harmony if for every w ∈ W , we have w ∈ ∆ if and
only if Θ(w).

When Θ and ϑ are clear from context we omit reference to them, and simply say that a model is in
harmony. Our goal, and the goal of [8, 9], is to find axiomatizations that are sound and complete for the
class of models that are in harmony.

Finally, we need the notion of a modal formula locally defining a first-order property.

Definition 8. Let ϕ be a schema of modal logic and Θ a local property. The formula ϕ locally defines Θ

if for every frame F = (W,R) and every w ∈W , we have F,w |= ϕ if and only if Θ(w).

Generally, the schema that we will use to locally define a property is the same one that globally
corresponds to that property. So, for example, the property of (local) transitivity is locally defined by
□ψ →□□ψ , and (local) reflexivity is locally defined by □ψ → ψ . If ϕ(p1, . . . , pn) is a modal formula
constructed from the propositional atoms p1, . . . , pn then for all modal formulas χ1, . . . ,χn, ϕ(χ1, . . . ,χn)
will denote the modal formula obtained from ϕ(p1, . . . , pn) by respectively replacing the occurrences of
p1, . . . , pn by χ1, . . . ,χn.

3 Axiomatizations using an inference rule

In order for the method from [9] to apply for a local property Θ, we require two things. Firstly, we must
have a schema ϕ that locally defines Θ. Secondly, ϕ should be locally r-persistent. Defining this property
requires a lot of further definitions, so for practical reasons we will not give such a definition here and
instead refer the reader to [11] for details. We will note, however, that the axioms corresponding to the
usual properties (transitivity, reflexivity, etc.) are locally r-persistent.

If these conditions are satisfied, the axiomatizations from [9] work by adding an elimination axiom
and an introduction rule for ϑ to the proof system K. The elimination axiom Eϑ is quite simple.

Eϑ ϑ → ϕ ,

where ϕ is the schema that locally defines Θ. Consider, for example, local Euclidicity, formally given
by ΘEuc = ∀x,y(((w,x) ∈ R(a)∧ (w,y) ∈ R(a))→ (x,y) ∈ R(a)). This property is locally defined by the
schema ♢aψ → □a♢aψ , i.e., negative introspection. Hence the elimination axiom EϑEuc is given by
ϑEuc → (♢aψ →□a♢aψ). This, of course, is exactly as desired, since it means that in every world where
ϑEuc holds, the agent a is capable of negative introspection.

The introduction rule is more complex, and before we can formally state it we first need to introduce
pseudo-modalities. Let s = x1, · · · ,xn be a (possibly empty) finite sequence of pairs xi = (ai,χi), where
ai ∈ A and χi is a formula of modal logic. The pseudo-modality [s] is then an abbreviation, where [s]ψ
stands for χ1 →□a1(χ2 →□a2(χ3 →□a3(· · ·□an−1(χn →□anψ)).

Let k be the number of different schematic variables in ϕ . Then the introduction rule Iϑ is as follows.
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Iϑ from [s]ϕ(p1, · · · , pk), infer [s]ϑ ,

where [s] is a pseudo-modality and p1, · · · , pk are fresh atoms.
Consider again the property ΘEuc. By taking s to be the empty sequence, the rule IϑEuc allows us to in-

fer ϑEuc from ♢a p→□a♢a p. By taking a non-empty sequence s, for example s= (ψ1,b),(ψ2,a),(ψ3,c),
it also allows us to infer

ψ1 →□b(ψ2 →□a(ψ3 →□cϑEuc))

from
ψ1 →□b(ψ2 →□a(ψ3 →□c(♢a p →□a♢a p))),

as long as p does not occur in ψ1,ψ2 and ψ3.
The main result from [9] is that if Θ1, · · · ,Θn are local properties that satisfy the required conditions,

then the proof system K+Eϑ1 + Iϑ1 + · · ·+Eϑn + Iϑn is sound and complete for the class of models
that are in Θi-ϑi-harmony for all 1 ≤ i ≤ n.

4 Case study: transitivity

Here, we introduce alternative axiomatizations for local properties. We use the same elimination axiom,
but instead of an introduction rule we use an introduction axiom. Furthermore, our introduction axiom is
syntactically simpler than the rules from [9]. Our axiomatization is based on the observation that most of
the local properties that seem interesting (including, but not limited to, the examples from [7, 8, 9]) are
not merely not preserved under bisimilarity, but anti-preserved, in the sense that apart from some trivial
exceptions,1 for every M and w such that Θ(w), there are M′,w′ such that w ∼ w′ and ¬Θ(w′).

In this section we use the property of local transitivity to show how we can leverage this anti-
preservation in order to obtain a sound and strongly complete axiomatization. So take

Θtr = ∀x,y(((w,x) ∈ R∧ (x,y) ∈ R)→ (w,y) ∈ R).

Our elimination axiom for ϑtr is the same as that of [9].

Eϑtr ϑtr → (□ψ →□□ψ).

Furthermore, it is clear that when the antecedent of the implication in Θtr cannot not satisfied, Θtr trivially
holds. So if ∀x,y¬((w,x) ∈ R∧ (x,y) ∈ R), then Θtr(w). Unlike Θtr itself, this latter property is invariant
under bisimulation. In fact, it is equivalent to the modal formula □□⊥. The following trivial introduction
axiom is therefore sound.

TIϑtr □□⊥→ ϑtr

We will show that Eϑtr and TIϑtr suffice, so K+Eϑtr +TIϑtr is sound and complete for the class of
models that are in Θtr-ϑtr-harmony. For an informal overview of why we do not need any further in-
troduction axioms, note that for every pointed model M,w, if M,w ̸|= □□⊥ and Θtr(w) then there is a
bisimilar model M′,w′ such that ¬Θtr(w′). In particular, the tree unravelling of M will have that property.

We will show that, as a consequence, no introduction axiom χ → ϑtr can be sound unless χ contains
ϑtr (which would make it a rather useless introduction axiom) or χ implies □□⊥ (which would render
the axiom superfluous in the presence of TIϑtr). So suppose towards a contradiction that there is some
modal formula χ such that (i) ϑtr does not occur in χ , (ii) χ does not imply □□⊥ and (iii) χ → ϑtr is

1These exceptions apply when a world has no successors. For example, if ∀x¬(w,x) ∈ R, then w ∼ w′ implies that w′ is
locally Euclidean, as well as locally transitive, locally dense, et cetera.
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valid on models that are in harmony. Then there is some M,w such that M,w ̸|= □□⊥ and M,w |= χ .
Take M′,w′ to be the bisimilar model such that ¬Θtr(w′). Because χ is a modal formula, it is invariant
under bisimulation. Hence M′,w′ |= χ . Furthermore, because χ does not contain ϑtr, we can choose M′

to be in harmony. Since ¬Θtr(w′) holds this implies that M′,w′ ̸|= ϑtr, which contradicts the soundness
of χ → ϑtr on models in harmony.

From this contradiction, it follows that no axiom χ → ϑtr can be sound unless χ contains the symbol
ϑtr or χ implies □□⊥. This does not fully suffice to prove that K+Eϑtr +TIϑtr is complete for models
in harmony, but it does show why we should not expect to need any further introduction axioms.

In order to turn this informal proof sketch into a full proof, let us first introduce one further auxiliary
definition.

Definition 9. A model M is Θtr-ϑtr-nice if

1. for every w, if M,w |= ϑtr then Θtr(w) and

2. if M,w |=□□⊥ then M,w |= ϑtr.

Every model that is in harmony is also nice, but not necessarily vice versa. It is also quite easy
to see that K+Eϑtr +TIϑtr is sound and strongly complete for the class of nice models, since Eϑtr

directly corresponds to the first condition of niceness and TIϑtr corresponds to the second condition.
This completeness can be proven using the standard canonical model construction. We will show that
for every nice model, there is a bisimilar harmonious model.

Definition 10. Let M = (W,R,∆,V ) be a nice model. We define a sequence of models as follows:

• M0 = (W ′,R0,∆
′,V ′) is the tree unravelling of M.

• Mi+i = (W ′,Ri+1,∆
′,V ′), where (w1,w2) ∈ Ri+1 if and only if

– (w1,w2) ∈ Ri or
– w1 ∈ ∆ and there is a w′ such that (w1,w′) ∈ Ri and (w′,w2) ∈ Ri.

• M∞ = (W ′,R∞,∆
′,V ′), where R∞ =

⋃
i∈N Ri.

Because M0 is a tree model, no world is locally transitive (unless none of its successors have a
successor). We then add additional edges to the relation, but only where needed to make every w ∈ ∆′

locally transitive. As a consequence, we will be able to show that there is a total bisimulation between
M and M∞, and that M∞ is in harmony.

Note that all models Mi, for i ∈ N∪{∞} use the same set W ′ of worlds, and that this world was
obtained by taking the tree unravelling of M. As such, every w′ ∈W ′ has a unique original w ∈W .

Lemma 1. Take any x′,y′ ∈W ′ and let x,y ∈W be the originals of x′ and y′, respectively. If (x′,y′) ∈ Ri

for some i ∈ N∪{∞}, then (x,y) ∈ R.

Proof. By induction on i. As base case, suppose that i = 0. Then the lemma follows immediately from
the fact that M0 is the tree unravelling of M. Suppose then, as induction hypothesis, that i ∈N>0 and that
the lemma holds for all i′ < i.

Take any (x′,y′) ∈ Ri. If already (x′,y′) ∈ Ri−1, then by the induction hypothesis we have (x,y) ∈ R,
as was to be shown.

If (x′,y′) ∈ Ri \Ri−1, then the arrow must have been added in stage i, meaning that x′ ∈ ∆′ and there
is some z′ such that (x′,z′) ∈ Ri−1 and (z′,y′) ∈ Ri−1. Then, by the induction hypothesis, (x,z) ∈ R and
(z,y) ∈ R, where z is the original of z′. Furthermore, because M0 is the tree unravelling of M, and all Mi

use the same set ∆′, it follows from x′ ∈ ∆′ that x ∈ ∆.
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From the fact that M is nice, it then follows that Θtr(w), so w is locally transitive. Because (x,z) ∈ R
and (z,y)∈ R, we then have (x,y)∈ R, as was to be shown. This completes the induction step for i ∈N>0.
Finally, if (x′,y′) ∈ R∞, then (x′,y′) ∈ R j for some j ∈ N, and therefore (x,y) ∈ R.

Now, we can take the important step of showing bisimilarity.

Lemma 2. Let ∼⊆W ×W ′ be the relation such that x ∼ y′ if and only if x is the original of y′. Then ∼
is a bisimulation between M and Mi, for every i ∈ N∪{∞}.

Proof. We show that ∼ satisfies the three conditions of bisimulation. Take any w1 ∈W and w′
1 ∈W ′ such

that w1 ∼ w′
1.

Atoms Because M0 is the tree unraveling of M, and Mi and M′ only differ from M0 by the addition of
edges, we have w1 ∈V (p) iff w′

1 ∈V ′(p).

Forth Take any w2 such that (w1,w2)∈ R. As M0 is the tree unraveling of M, there is some w′
2 ∈W ′ such

that (w′
1,w

′
2)∈ R0 and w2 is the original of w′

2 (and therefore w2 ∼w′
2). Furthermore, (w′

1,w
′
2)∈ R0

implies (w′
1,w

′
2) ∈ Ri for every i ∈ N∪{∞}.

Back Take any w′
2 such that (w′

1,w
′
2) ∈ Ri for some i ∈N∪{∞}. Then by the preceding lemma we have

(w1,w2) ∈ R, where w2 is the original of w′
2. Hence we also have w2 ∼ w′

2.

Left to show is that M∞ is Θtr-ϑtr-harmonious.

Lemma 3. If x′ ∈ ∆′, (x′,y′) ∈ R∞ and (y′,z′) ∈ R∞ then (x′,z′) ∈ R∞.

Proof. If (x′,y′) ∈ R∞ and (y′,z′) ∈ R∞, then there is some i ∈ N such that (x′,y′) ∈ Ri and (y′,z′) ∈ Ri.
As x′ ∈ ∆′, this implies that (x′,z′) ∈ Ri+1, and therefore (x′,z′) ∈ R∞.

Lemma 4. If x′ ̸∈ ∆′, then there are y′,z′ such that (x′,y′) ∈ R∞ and (y′,z′) ∈ R∞ while (x′,z′) ̸∈ R∞.

Proof. From x′ ̸∈ ∆′ it follows that x ̸∈ ∆. Because M is nice, this implies that there are y,z such that
(x,y) ∈ R and (y,z) ∈ R. Then there are y′,z′ ∈W ′ such that (x′,y′) ∈ R0 and (y′,z′) ∈ R0. As M0 is a tree
model, we have (x′,z′) ̸∈ R0. Furthermore, because x′ ̸∈ ∆′, no edge from x′ to z′ is added in any model
Mi. Hence (x′,z′) ̸∈ R∞.

Corollary 1. The model M′ = M∞ is ϑtr-harmonious.

It now follows quite easily that K+Eϑtr +TIϑtr is sound and complete.

Corollary 2. The axiomatization K+Eϑtr +TIϑtr is sound and strongly complete for the class of models
that are Θtr-ϑtr-harmonious.

Proof. The axiomatization is sound and strongly complete for Θtr-ϑtr-nice models. Furthermore, every
nice model M can be transformed into a bisimilar model M∞ that is in harmony. It follows that the
axiomatization is sound and strongly complete for harmonious models.
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5 Axioms for local properties

Many other local properties can be given a simple axiomatization in a way similar to local transitiv-
ity. Here, we consider local reflexivity, Euclidicity, symmetry, superset, density and functionality. The
include all of the examples from [9].

Local reflexivity, given by Θref = (w,w) ∈ R, has an even simpler axiomatization than local transi-
tivity. The elimination axiom is as one would expect, Eϑref is ϑref → (□ϕ → ϕ). But unlike ϑtr, we
do not require any introduction axiom for ϑref . This is because, unlike any of the other properties that
we consider here, Θref does not contain an implication of which the antecedent can be false. As a result,
there is no modal formula ϕ such that M,w |= ϕ trivially implies that Θref (w).

Nice models with respect to Θref and ϑref are therefore simply the ones where Θref (w) holds for all
w ∈ ∆. As in the case of transitivity, we can then unravel any nice model M into a tree model M0, and
then modify that tree model into a bisimilar model that is in harmony. It follows that K+Eϑref is sound
and strongly complete for the class of models that are in Θref -ϑref -harmony.

Local Euclidity, symmetry and density are given by

ΘEuc = ∀x,y(((w,x) ∈ R∧ (w,y) ∈ R)→ (x,y) ∈ R),

Θsym = ∀x((w,x) ∈ R → (x,w) ∈ R)

and
Θdense = ∀x∃y((w,x) ∈ R → ((w,y) ∈ R)∧ (y,x) ∈ R),

respectively. The elimination axioms for these properties are as one would expect:

EϑEuc ϑEuc → (♢ϕ →□♢ϕ)
Eϑsym ϑsym → (ϕ →□♢ϕ)
Eϑdense ϑdense → (♢ϕ → ♢♢ϕ)

For each of these properties, the antecedent of the implication is trivially false when there is no x such that
(w,x) ∈ R. Hence the trivial introduction axioms are simply □⊥→ ϑEuc, □⊥→ ϑsym and □⊥→ ϑdense.
Completeness is shown as before, by turning nice models into tree models and then those tree models into
harmonious models. It follows that K+EϑEuc +TIϑEuc is sound and strongly complete for models that
are in ΘEuc-ϑEuc-harmony, K+Eϑsym+TIϑsym is sound and complete for models in Θsym-ϑsym-harmony
and K+Eϑdense +TIϑdense is sound and complete for models in Θdense-ϑdense-harmony.

The local property of R(a) being a superset of R(b) is given by Θsup(a,b) = ∀x((w,x)∈R(b)→ (w,x)∈
R(a)). Recall that this property can be read as b knowing at least as much as a. The elimination axiom
Eϑsup(a,b) is therefore, unsurprisingly, ϑsup(a,b) → (□aϕ → □bϕ). The antecedent of Θsup(a,b) is false
when there is no x such that (w,x) ∈ R(b), so when M,w |= □b⊥. The introduction axiom TIϑsup(a,b)
is therefore □b⊥ → ϑsup(a,b). The presence of the different agents a and b does not interfere in our
procedure of unraveling M and turning that unraveling into a harmonious model, so K+Eϑsup(a,b) +
TIϑsup(a,b) is sound and complete for models in Θsup(a,b)-ϑsup(a,b)-harmony.

Finally, let us consider local functionality, Θfunc = ∀x,y((R(w,x)∧R(w,y))→ x= y). The elimination
axiom Eϑfunc is ϑfunc → ((♢ϕ ∧♢ψ)→ ♢(ϕ ∧ψ)), and the trivial elimination axiom TIϑfunc by □⊥→
ϑfunc. As with the other properties we can then unravel any nice model M into a tree model M0, and turn
M0 into a harmonious model M∞. The only difference is that in this case it does not suffice to merely add
edges in order to obtain Mi+1 from Mi. Instead, for every world w′ ̸∈ ∆′, if there is only one x′ such that
(w′,x′) ∈ Ri then we need to create a copy of the sub-tree rooted in x′, the root of which we will call x′′.
Then we add this tree to Mi+1, as well as an edge (w,x′′) ∈ Ri+1. The result of this procedure will be a
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harmonious model M∞ such that M∞,w′ is bisimilar to M,w. It follows that K+Eϑfunc+TIϑfunc is sound
and complete for models in Θfunc-ϑfunc-harmony.

In summary, we have the following elimination and introduction axioms.

Property Elimination axiom Introduction axiom
Θtr ϑtr → (□ϕ →□□ϕ) □□⊥→ ϑtr

Θref ϑref → (□ϕ → ϕ) -
ΘEuc ϑEuc → (♢ϕ →□♢ϕ) □⊥→ ϑEuc

Θsym ϑsym → (ϕ →□♢ϕ) □⊥→ ϑsym

Θsup(a,b) ϑsup(a,b) → (□aϕ →□bϕ) □b⊥→ ϑsup(a,b)
Θdense ϑdense → (♢ϕ → ♢♢ϕ) □⊥→ ϑdense
Θfunc ϑfunc → ((♢ϕ ∧♢ψ)→ ♢(ϕ ∧ψ)) □⊥→ ϑfunc

Unfortunately, while this method does yield simple and elegant axiomatizations for these local prop-
erties, it is not as general as the method from [9]. For one thing, we do not have a general technique
that allows for the automatic generation of axiomatizations for large classes of local properties. Further-
more, unlike [9] adding the axioms for multiple local properties does not necessarily yield a sound and
complete axiomatization for the class of models that are in harmony for each property.

For example, K+EϑEuc +TIϑEuc +Eϑref is not sound and complete for the models that are in both
ΘEuc-ϑEuc and Θref -ϑref -harmony. This is because if ΘEuc(w1) and (w1,w2) ∈ R then we also have
Θref (w2). Hence we would need the additional introduction axiom IϑEucϑref , namely ϑEuc → □ϑref .
With that additional axiom, we can once again use the same construction to turn every nice model into a
harmonious model, so K+EϑEuc +TIϑEuc +Eϑref + IϑEucϑref is sound and complete for the models in
ΘEuc-ϑEuc and Θref -ϑref -harmony.

Such additional axioms are not always needed. For example, K+Eϑtr +TIϑtr +Eϑref is sound and
complete for the models in Θtr-ϑtr and Θref -ϑref -harmony. Furthermore, where needed the extra axioms
seems relatively easy to find. Yet we do not currently have a systematic way of determining whether an
additional axiom is required and, if so, which axiom.

6 Conclusion

We have presented an alternative way to create axiomatizations for local properties. In contrast to the
existing axiomatizations from [9], our approach uses introduction axioms, as opposed to introduction
rules. Furthermore, our axioms are simpler and, in our opinion, more elegant than the rules from [9].

The price we pay for this simplicity is that we do not, as of yet, have a general way to create ax-
iomatizations for further local properties, or for combinations of multiple local properties. Given the
extremely strong similarities between the completeness proofs for the axiomatizations that we consid-
ered, we expect that some kind of generalization is possible, but we have not found it yet.

As such, the main direction for further work would be to find such generalizations.
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