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Abstract:

Dynamic-reliability-based design optimization (DRBDO) has been a promising approach for
designing structures under dynamic excitations in the presence of uncertainties. This paper proposes
an effective scheme for solving a class of DRBDO problems. The proposed scheme is based on the
guantum particle swarm optimization (QPSO) algorithm, a quantum-inspired algorithm that utilizes
guantum mechanisms to achieve better exploration and exploitation. During the optimization
process, the probability density evolution method (PDEM) combined with the extreme value
distribution strategy is employed to evaluate the structural dynamic reliability. Due to the high
efficiency of the PDEM, the computational cost associated with reliability assessments can be
considerably reduced. Numerical examples involving linear and nonlinear structures with different
types of design variables are presented to demonstrate the effectiveness and efficiency of the
proposed scheme.
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1 Introduction

Structural optimization is widely reckoned a viable design tool for engineering structures
(Haftka and Girdal 1992). However, it has been shown that the performance of a structure is
inevitably affected by the uncertainties stemming from material properties and geometrical
parameters of the structure, as well as external excitations (Li and Chen 2009). To ensure the
optimized structure behaves as expected, the avoidable effects of the uncertainties should be
adequately accounted for in the optimization process. In this regard, reliability-based design
optimization (RBDO) constitutes an advantageous methodology (Valdebenito and Schuéler 2010),
and enormous progress has been made since the 1960s.

Early investigations on RBDO mainly focus on structural design optimization based on the
first-order and the second-order reliability methods. Representative works include the reliability
index approach (Enevoldsen and Serensen 1994), the performance measure approach (Tu et al.
1999), the sequential optimization and reliability assessment (SORA) method (Du and Chen 2004),
the sequential approximate programming method (Cheng et al. 2006), the single loop approach
(Liang et al. 2007), and the hybrid method (Jiang et al. 2017). These methods have proven practical
and effective (Aoues and Chateauneuf 2010). However, dynamic excitations, such as earthquakes,
sea waves, and wind effects, are usually the dominant causes of structural damage or collapse. This,
therefore, necessitates the development of dynamic-reliability-based design optimization (DRBDO)
(Jerez et al. 2022).

For DRBDO, a crucial issue is to evaluate the dynamic reliability. Methods for assessing
structural dynamic reliability encompass the out-crossing rate-based methods (Coleman 1959), the
stochastic simulation methods (Shinozuka 1972; Au and Beck 2001), the moment-based methods
(Zhao and Lu 2007), and the probability density-based approaches (Chen and Li 2005), etc. Based
on these methods, various DRBDO schemes have been devised. Among them, mathematical
programming algorithms and stochastic sampling-based approaches are commonly adopted as
optimizers, such as the sequential approximate programming algorithms (\Valdebenito and Schuéler
2011), the feasible direction interior point algorithms (Jensen et al. 2013), the stochastic subset
optimization algorithms (Taflanidis and Beck 2009), and the transitional Markov chain Monte Carlo
(TMCMC)-based approaches (Jensen et al. 2020, 2021). Although DRBDO can be advantageous
for achieving reliable structural designs, its application scope is hindered due to the complexity and
high computational cost of estimating structural dynamic reliability, especially for nonlinear
systems. Moreover, there exist some limitations in the reliability assessment methods mentioned

above. For example, the out-crossing rate-based methods rely on certain empirical assumptions
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(Lutes and Sarkani 2004), while the moment-based methods may struggle to handle complex
structures with small failure probabilities (Lyu and Chen 2021, 2022). Additionally, stochastic
simulation methods may not be the most efficient way to estimate the dynamic reliability of high-
dimensional systems with strong nonlinear behaviors (Li and Wang 2023). In contrast, the
probability density-based approaches exhibit notable benefits. For example, the recently developed
Wiener path integral technique can readily determine the stochastic response of high-dimensional
nonlinear dynamical systems (Petromichelakis and Kougioumtzoglou 2020), while it demonstrates
high accuracy in reliability assessment related to low-probability (failure) events (Psaros and
Kougioumtzoglou 2020). Another prominent method is the probability density evolution method
(PDEM) (Li and Chen 2004, 2008), which stands as a theoretically rigorous and pragmatic method
for structural stochastic response analysis. The PDEM distinguishes itself with its versatility and
applicability, especially for general nonlinear systems. Furthermore, the PDEM has already
showcased its efficacy in optimization processes (Chen et al. 2020; Yang et al. 2022a, b, c),
establishing itself as a powerful tool for design optimization endeavors.

Generally, DRBDO problems can be formulated as constrained optimization problems and
solved using mathematical programming algorithms, where the gradient information of objective
and constraint functions is required (Yang et al. 2022a). However, the gradients of the implicit
reliability constraint functions are analytically intractable for general stochastic nonlinear systems;
this is a situation often encountered in engineering practice. One may resort to numerical techniques
to approximate the gradients, such as the finite difference method. Nevertheless, selecting a proper
step size is cumbersome (Haftka and Adelman 1989). In addition, the reliability constraints may
also exacerbate the non-linearity and non-convexity of the optimization problems, which makes the
gradient-based algorithms sensitive to initial solutions, prone to get stuck in local optima, or even
divergent (fail to converge) (Zhong et al. 2022).

Given this, metaheuristic approaches, e.g., the particle swarm optimization (PSO) algorithm
(Kennedy and Eberhart 1995), can tackle challenging optimization problems without the knowledge
of gradients and achieve global solutions with a higher probability. Hence, there has been a growing
interest in synthesizing metaheuristics into the design optimization of static systems with
uncertainties. For example, Dimou and Koumousis (2009) employed binary PSO for the RBDO of
statically determinate truss structures; Yang and Hsieh (2011) solved the discrete and non-smooth
RBDO problems using an improved PSO algorithm, followed by the standard / multi-objective PSO
algorithm that was enhanced by support vector machine (Yang and Hsieh 2013; Yang et al. 2016);
Chenetal. (2013) performed the RBDO of composite structures based on PSO and the finite element
method; Hamzehkolaei et al. (2016) proposed weighted simulation-assisted PSO to solve the RBDO
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problems; Liao and Biton (2019) utilized PSO to optimize the structure whose reliability was
estimated using an equivalent single variable Pearson’s distribution system; Later, they presented a
RBDO method combining PSO and a generalized moment-based method for reliability assessments
(Liao and Biton 2020). Recent comparative studies on metaheuristics for solving RBDO problems
can be found in Meng et al. (2021). As for designing dynamical systems, a few researchers
embedded the time-dependent reliability-based methods into metaheuristics and proposed some
practical DRBDO frameworks, where the structural reliability was evaluated using the moment-
based method (Yu et al. 2019) and the stochastic simulation-based method (Zafar et al. 2020).
Nevertheless, research relevant to DRBDO that incorporates metaheuristic algorithms and effective
dynamic reliability assessment methods is severely inadequate.

Although metaheuristic algorithms are powerful and versatile, they still have some drawbacks,
e.g., premature convergence and low convergence rate. Recently, a new promising family of
guantum-inspired metaheuristics that can alleviate these issues has emerged. Different from
guantum algorithms that should be executed on quantum computers, these metaheuristics can run
on classical computers while taking advantage of quantum mechanisms such as superposition and
entanglement. Representative works include the quantum particle swarm optimization (QPSO)
algorithm based on the stochastic nature of quantum physics (Sun et al. 2004a), the quantum genetic
algorithm based on quantum state superposition (Han and Kim 2000), the quantum annealing
algorithm based on quantum tunnelling effect (Kadowaki and Nishimori 1998), etc. Among them,
the QPSO algorithm has gained great popularity among researchers spanning diverse disciplines.
Its better performance compared to the classical PSO algorithm lies in its fine search ability, reduced
requirements for parameter tuning, and decreased likelihood of premature convergence (Sun et al.
2012). Until now, the QPSO algorithm and its improvements have been widely applied to problems
on deterministic engineering design (Coelho 2010; Agrawal et al. 2021; Chen et al. 2022), image
segmentation (Li et al. 2015), text document clustering (Song et al. 2015), environmental/economic
dispatch (Yao et al. 2012; Liu et al. 2016; Zhao et al. 2020), cancer classification (Xi et al. 2016),
trajectory planning (Xue et al. 2017), and structural damage recognition (Zhang et al. 2020). The
features of the QPSO are beneficial for tackling the challenges associated with DRBDO problems,
which are time-consuming to solve and often involve the presence of numerous local optima.

In the present paper, a new DRBDO scheme is proposed. The scheme incorporates the QPSO
for solving the optimization problem and the PDEM for evaluating structural dynamic reliability
required in the optimization iterations. The design variables can be either deterministic design
parameters or distribution parameters of random variables. This study aims to investigate the

effectiveness of the proposed scheme for designing linear and nonlinear stochastic structures under
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dynamic reliability constraints, as well as to assess the computational efficiency and feasibility of
the proposed scheme under high-dimensional design variables and multiple constraint conditions.
The rest of this paper is organized as follows: Section 2 describes the general formulation of the
DRBDO problem to be solved. Section 3 briefly introduces the fundamentals and solution
procedures for assessing structural dynamic reliability based on the PDEM. The QPSO algorithm
and the proposed DRBDO scheme are presented in Section 4. In Section 5, several numerical

examples are presented. The paper closes with some concluding remarks.

2 Formulation of the DRBDO problem

The optimization problems pertinent to this study can be formulated in the following form:

min f(x)

s.t. hj(x)<0 j:l,---,nh, )
0,(x)<0 k=1,---,ng
X< <K i=Len,

where x = (x,%,,--,%, )" is the n, -dimensional vector of design variables with the i -th
component x; belonging to the interval [x,%]; f(x) is the objective function; h;(x)<0,
j=1---,n, are the reliability constraints; g,(x)<0, k=1---,n, are the standard constraints;
n., n, and n, are the numbers of the design variables, the reliability constraints, and the
standard constraints, respectively.

For the DRBDO problems, the objective function and the standard constraints are generally
related to design requirements (e.g., structural weight, geometric conditions, and construction cost).
They are assumed to be explicit and differentiable in terms of the design vector X . The reliability
constraints are defined in terms of reliability measures. A typical reliability measure for engineering
structures subjected to dynamic actions is the first-passage probability. With this reliability measure,
the reliability constraint functions in Equation (1) can be rewritten as

h () =P, () =P <0,(j=1--1,), 0
where P (x) denotes the first-passage probability evaluated at the design X for the j-th
failure mode F;, and PF‘:‘ is the corresponding threshold of the failure probability. The first-
passage probability =3 (x) of astructure during the time interval (0,T] is given by

P, () =Pr{H,(©.X) 0 ,3te (0T}, (3)
where H;(@,t;x) is the structural response of interest evaluated at the design X ;
0= (@1,@2,---,@%)T denotes the n, -dimensional random vector; Qe is the failure domain of
the failure event F;; and Pr{} is the probability operator. In particular, when a symmetrically

double-sided boundary is considered, the first-passage probability can be written as
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P. 0)=Pr{{H;(@,t)|>H]",3te(0.T]}, 4)
where H}“ >0 is the acceptable response threshold. It is noted that the design variables X can
be either deterministic design parameters or probability distribution parameters, such as the mean

values of the random variables @ .

3 Reliability analysis with the PDEM

To solve the DRBDO problem outlined in Section 2, the first-passage probability of the
structure needs to be estimated. However, this is arduous because extensive structural analyses and
a demanding high-dimensional integration are required. In this regard, the PDEM is employed due
to its high efficiency and generality. For clarity, the fundamentals of the PDEM-based dynamic

reliability assessment are elaborated in this section.

3.1 Fundamentals of the PDEM

Without loss of generality, the equation of motion of an n, -degree-of-freedom stochastic

dynamical system subjected to stochastic excitations reads

M(@;X)Y (t) +C(O; X)Y (t) + F(0,Y; x) =T§(6;t) , (5)
where Y, Y, and Y are the n,-dimensional displacement, velocity and acceleration vectors,
respectively; M and C arethe n, xn, massanddamping matrices, respectively; F denotes
the n, -dimensional linear or nonlinear restoring force vector; I' represents the n, xr loading
influence matrix; ¢ is the rx1 vector of stochastic excitations; X =(x,X,,---,x,)" is the
design vector; and ©=(6,,6,, -6, )" is the random vector containing the stochastic
parameters involved in structural properties and external excitations. The random vector @ is
described by a known joint probability density function (PDF) p,(@;x), and @ denotes a
realization of @ .

For a well-posed dynamics problem, the solution to Equation (5) exists uniquely and is a
function of the design vector X and the random vector @ . With the solution, a set of physical
quantities of interest, such as stresses and displacements, can be obtained. For simplicity, denote
themby Z=(2,,2,,---,Z, )". Note that the augmented system (Z,®) is probability-preserved,
since all randomness has been embedded in the random vector @ . According to the principle of
preservation of probability (Li and Chen 2008; Chen and Li 2009), the joint PDF of (Z,®)

satisfies the following generalized density evolution equation (GDEE):

Pro@O5X) S5 (g,1x) Pre@OLX) o (6)
ot — 0z,
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where p,, (z,0,t;x) istheinstantaneous jointPDFof Z and @ attime t andthedesign X,
and Z'i (0,t;x) is the velocity response of Zz, in the case @ =@ . The initial condition of
Equation (6) is given by

P26 (2,0, X)|, o = 6(z = 2,)Pe (6; X) , ()
where z, denotes the deterministic initial value of Z,and &() is Dirac’s delta function.

If only one stochastic response Z of the dynamical system is of interest, the GDEE is reduced

to
apw(z’a’t;x)+2(0,t;x) 0P (2,0,1;X) 0 ®)
ot 0z
with the initial condition
Pzo (z,0.1, X)lt:O =0(z~ Zo)p@ 6;x), (9)

where z, is the deterministic initial value of Z . By solving the initial-value problem (Equation
(8)) to obtain the joint PDF p,,(z,0,t; x) and then integrating the PDF over the probability space

Q,, , one can obtain the instantaneous PDF of the structural response Z , namely
p, (z,t;X) = .[Q@ P, (2,0,t;X)d0 . (10)

Since the GDEE (Equation (8)) is only analytically tractable for a few simple cases (Jiang and
Li 2016), its approximate solutions are desirable to be obtained by numerical methods for most
dynamical systems, for which the closed-form solutions of the velocity response Z are not
available. Mostly, the finite difference method (FDM) (Chen et al. 2020) is adopted for solving the
GDEE, while other methods are also acceptable. For the sake of conciseness, readers are referred to

the Appendix for further information about the solution procedures of the GDEE.

3.2 Failure probability assessment of structures

On the basis of the PDEM, the first-passage probability of a structure can be estimated by either
the absorbing boundary condition approach (Li and Chen 2005) or the extreme value distribution
approach (Chen and Li 2007). Practically, the absorbing boundary condition approach is more
applicable to time-dependent reliability problems, whereas the extreme value distribution approach
is preferable to systems with multi-failure modes. In light of this, the extreme value distribution
approach is employed herein. According to the extreme value distribution approach, for a system
with multiple failure modes, the first-passage probability can be evaluated by integrating the PDF
of the equivalent extreme-value associated with failure events of the structure (Chen and Li 2007;
Li et al. 2007a). Based on the PDEM, this PDF can be conveniently obtained by constructing a
virtual stochastic process related to the equivalent extreme-value and then solving the GDEE

corresponding to the virtual stochastic process.
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For a dynamical system involving @ as the basic random vector at the design X, suppose
that the first-passage probability is defined in terms of structural responses, which are a series of
stochastic processes denoted as  Z(@,t;x) =(Z,,Z,,+, Z,, )" . Specifically, the structure is assumed

to be failed if any component Z (@,t;x),i=1---,n, of Z(®,t;x) exceeds the corresponding

threshold Z\",i=1---,n, during the time interval (0,T.]. Thus, as defined by Equation (4), the
first-passage probability reads (e.g., a double boundary condition)
P =Pr{|Z,(0.t;X)|>Z 3te(0,T] Ji=1-,n,}. (11)

Denote the time-dependent limit state functions as

G (0,t;X)=1Z, (0,t;X)|-Z",i=1---n (12)

7

Then, Equation (11) can be equivalently written as

P. :Pr{ h ) G(o.t; x)>0}. (13)

i te(0,T;]
Define the equivalent extreme value as

G, (0;X) = min ( min]Gi (ot x)), (14)

1<i<n, \te(O,T;
then the failure probability in Equation (13) can be consequently computed by
P. =Pr{ G, (6;x) >0}, (15)

To obtain the PDF of the equivalent extreme value G

ext

(@; x) (Equation (14)) based on the

ext

PDEM, a virtual stochastic process associated with G, (@; x) should be first constructed as
W(O,7;x) =G, (0;x) -sin(o,7) , (16)

ext
which satisfies the conditions
W(O,7;x)|._, =0, a7
W(0,7;X)|._,. =Gy (0;X) sin(@,7,) = G, (O; X), (18)
where 7 is the “virtual time”, @, =2.57,and 7z, =1.
Then, deduce the GDEE in terms of the joint PDF of (©,W(@,7;x)) as demonstrated in

Section 3.1, that is

OPwe (W, 8,7; X) +V\7(0,r; X) OPuwe (W, 8,7; X) 0 (19)
or ow
with the initial condition
Pwe (W, 0,7 X)|,_o = S(W)P, (0; X) , (20)

where p,,(w,0,7;x) is the joint PDF of (@,W(@,7;x)), and W is the derivative with respect
to 7.

Subsequently, the initial-value problem (Equation (19) and (20)) is solved with the numerical
procedures presented in the Appendix to obtain the joint PDF p,, (w,8,7;x), whose marginal

distribution p,, (w,7; x) is exactly the PDF of the virtual stochastic process W (@, 7; X) , namely
Py, (W,7;X) :JQ Pue (W, 0,7; X)d0 . (22)
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According to Equation (18), one can directly get the PDF of the equivalent extreme value
G..(®;x) as
Ps,, (95 %) = Py (W, 75 X) | oo, - (22)
Finally, the first-passage probability (Equation (15)) can be easily evaluated through a one-
dimensional integration, i.e.,

P-(<) =" s, (6:X)dg . (23)

4 Optimization strategy

The QPSO algorithm is employed to solve the DRBDO problem in this study. In this section,
the principles of both the QPSO and its classical version, PSO, are elaborated. Then the DRBDO
scheme integrating the PDEM and the QPSO is proposed.

4.1 The PSO algorithm

The PSO algorithm is a population-based optimization algorithm and has been studied
extensively (Freitas et al. 2020). The canonical PSO starts by randomly selecting a population of
N, particles, with the position of each particle representing a candidate solution. In the n, -
dimensional search space, the position and the velocity of each particle in the particle swarm are
updated based on the best individual positions of particles and the optimal position of the swarm
during  the  optimization  process.  Denote  Xx®7=(x"?x{",.-,xM)" and
v =(Vl(i’”,Véi'[),'",Vﬁi’f))T as the position and the velocity of the i -th particle at the ¢ -th
iteration, respectively. Then, the position and the velocity can be updated using the standard
formulae given by (Shi and Eberhart 1998)

VO = g v e X, x ( pbest) — x“"))
+¢, xT ,, % (gbest - x7) (24)
XDy 0 s
where c, and c, represent the cognitive learning rate and the social learning rate, respectively;
@, is the inertia weight decreasing with the generation; r,, and r,, are two independent
random numbers uniformly distributed over the interval [0,1]; pbest™” is the individual optimal
position of the i -th particle; gbest” denotes the global best position of the particle swarm; and
£ is the number of generation. Note that the parameters c,, c, and @, should be carefully

selected to ensure the stability and the convergence of the PSO.
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4.2 The QPSO algorithm

The PSO determines the movement of a particle by its position and velocity (Equation (24)).
In the view of classical mechanics, the movement follows a deterministic trajectory if the effects of
the random numbers in the algorithm are ignored. Unlike the PSO, the QPSO (Sun et al. 2004a)
describes the position of a particle with a wave function, which is inspired by quantum mechanics
theories. In quantum mechanics, the state of a physical particle can be fully depicted in a
probabilistic way by its wave function. Assuming w(x,t) is the wave function of a particle in a
one-dimensional space, then the probability that the particle appears at position X attime t can
be obtained from the PDF |y(x,t) | (Griffith and Schroeter 2018).

In the QPSO, the wave function wy(x,t) of a particle is obtained by solving the time-
independent Schrélinger equation related to a physical particle that moves in a Delta potential well

V(x) =—p5(x—n) with the center 7 . Consequently, the wave function takes the form as follows:

_Ix-n|

ww=j%eL, (25)

where L is the characteristic length of the Delta potential well and € is the natural exponential

base. The corresponding PDF of the particle’s position in the algorithm is then
_2x=n|

qukqu=%eL. (26)

By employing the Monte Carlo simulation method, one can update the position of the particle

according to the following equation:
(i.0)
XD = g0 i—‘z In(@/uf"), 7)

where x{"“?" represents the j-th component of the position of the i -th particle at the (¢ +1) -th

(i) if)

iteration; u;"" is a random number distributed uniformly within the interval [0,1]; 77]( is the
J -th component of the local attractor of the particle’s position and is defined by
(i.0) (0 0.0 0
i _ 9 pbest}” + ¢, gbest] (28)

i o 4 g0
where ¢{"? and ¢{"” are random numbers distributed uniformly within the interval [0,1]; The
characteristic length L") is given as
L = 20| X0 — 0], (29)
where « is the contraction-expansion coefficient controlling the convergence rates of particles.
The control of the characteristic length L is crucial to the convergence performance of the
QPSO. In Equation (29), L is determined by the distance between the particle’s current position
and the local attractor of the particle’s position. Although updating L in this way performs well

in this study, it may result in unstable convergence for some particles when the population size of

the swarm is small. To cope with this problem, Sun et al. (2004b) put forward a variant of the

10
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original QPSO, where the vector of the local attractor in Equation (29) is replaced by the mean
value of particles’ best individual positions. In this study, the update strategy based on Equations

(27) ~ (29) is adopted. Other details of the QPSO algorithm can be found in Sun et al. (2012).

4.3 Optimization scheme

To solve the DRBDO problem in Equation (1), the reliability assessment method introduced
in Section 3 should be integrated into the QPSO algorithm. Moreover, constraints in the
optimization problem should be handled properly, as the QPSO only deals with unconstrained
optimization problems. Herein, a penalty-based method is employed. The penalty-based method
transfers a constrained optimization problem to an unconstrained one by penalizing infeasible
designs during the optimization process (Nocedal and Wright 2006). Accordingly, the unconstrained
optimization problem related to the problem in Equation (1) can be constructed as

min f(x)=f(x)-[L+ 8, - PX)], (30)

where g, isthe penalty coefficient givenby B, =100-¢/N [ is the current iteration number,

It?

and N, is the maximum iteration number. The penalty function P(x) is defined by

PO = 3 7k (. (31)
where «;(x) represents the violation of the i -th constraint, and , is the weight factor to adjust
the penalty for the i -th constraint.

For completeness, the procedures for solving DRBDO problems based on the QPSO and the
PDEM are outlined as follows:
Step 1. Initialization: Initialize the QPSO optimizer: the population size N, the dimension

of the position n_, the maximum iteration number N, the contraction-expansion coefficient

It?
a, particles’ positions {x"”,i=1,---,N}, the individual optimal positions of the particles
{pbest®,i=1---,N }, and the global optimal position of the particle swarm gbest® .

Initialize the PDEM solver: the number of the representative points n_, , the distribution

ol
parameters of the random variables, and the thresholds related to failure events. Set the iteration
index ¢=0.

Step 2. Reliability analysis: Perform the reliability analysis for each particle in
{x"?,i=1--,N} based on the PDEM (refer to Appendix).

Step 3. Evaluation of particles’ fitness values: Calculate the fitness value (Equation (30)) of
each particle using the penalty-based method.

Step 4. Updating of the optimal solutions: Set the individual optimal positions of the particles

and the global optimal position of the swarm as {pbest®®,i=1---N }and gbest®

11



342
343
344
345
346
347

348

349
350
351
352
353
354
355
356
357

358

359
360
361
362
363
364
365
366
367
368
369
370
371

respectively, if ¢=0; otherwise, update them according to the fitness values at current
iteration.

Step 5. Updating of the particles’ positions: Update the positions of the particles using
Equation (27).

Step 6. Repeating or Ending: Repeat Step 2 ~ Step 4 and set (=/(+1 until the maximum

iteration number (adopted in this paper) or the error control criterion is reached.

5 Numerical examples

In this section, numerical examples involving four structural models are presented. The
purposes of this work are: (1) to demonstrate the advantages of the PDEM for the reliability analysis
and design optimization of stochastic structures; (2) to verify the effectiveness and efficiency of the
proposed DRBDO scheme. For these goals, the proposed scheme is employed to optimize a linear
truss structure and three nonlinear frame structures under dynamic reliability constraints. The
computational consumption of structural reliability analyses based on the PDEM and Monte Carlo
simulation (MCS) in the optimization process is compared. In addition, the PSO and the method of
moving asymptotes (MMA), a gradient-based optimization algorithm, are also implemented for

comparison.

5.1 Example I: A 10-bar linear truss structure

In this example, we are interested in the size optimization of a typical 10-bar truss structure (Li
et al. 2007b). The truss is simply supported on the left side and is subjected to point loads suddenly
placed at the two free nodes with the constant amplitude of 444.8kN, as shown in Figure 1.
Considering the uncertainties in structural parameters, the mass density o and the modulus of
elasticity E of the material are assumed to be normally-distributed random variables. The
probabilistic characterization of the random variables is presented in Table 1. The damping ratios
5% are adopted in the model.

The objective of the design optimization is to minimize the structural weight, and the reliability
constraint is to ensure that the first-passage probability of the truss shall not exceed the limit value,
PFth =0.01. The structure is assumed to be failed if the displacement of any free node of the truss
exceeds a prescribed threshold. In this example, the threshold is taken as u™ =50.8mm . The design
variables are the cross-sectional areas of the bars, namely X=(X,:, Xm)T . Therefore, the

optimization problem is formulated as
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10
min D> xkp : (32)
i=1

s.t. P. (X)<P"
x>64.52mm? i =1,---,10

where | is the length of the i-th bar, and p is the mass density, which is assumed to be the
same for all the bars. The failure probability is defined as

P-(x)= Pr{t@% {rnm[ u(p—ﬁtx) —1]} > o}, (33)

where u, stands for the node displacement in the r -th degree of freedom. To obtain structural

responses, the Newmark- # method is implemented with the parameters g =0.25and y =0.5.
The failure probability of the structure is estimated through the PDEM (See Appendix) with 300
representative points.

For solving the problem (32), the penalty function mentioned in Equation (30) is defined as

0, P.<P"
P(x) = P (X) - PFth P sph’ (34)
Plh ! F F
F

Then the unconstrained optimization problem given by Equation (30) is solved by both the QPSO
and the PSO, denoted as Method I (PDEM-QPSO-based method) and Method II (PDEM-PSO-based
method), respectively. For comparison, we set three sets of parameters for both methods, including
the population size N, and the maximum number of generations N, :

SettingI. N, =10, N, =500;

Setting I N, =20, N,=300;

Setting III: N, =30, N, =200.

The other parameters are set as follows: for the PSO, ¢, =c,=0.8, and @, =0.9-0.5¢/N,,
where ( is the current iteration number (Li et al. 2007b); for the QPSO, « = 1/0.96. The optimal
designs of the linear truss structure are shown in Table 2. The objective function values and the
failure probabilities corresponding to the optimal designs are summarized in Table 3, where the
means and the standard deviations are related to the individual optimal objective values of all the
particles in the swarm.

As seen from Table 3, the differences are relatively small in the final objective function values
obtained by Method I (PDEM-QPSO-based method) with different settings, compared with those
obtained by Method IT (PDEM-PSO-based method). For Method I, even when the population size
N, is small, the final objective function values can be satisfactory by increasing the maximum
number of generations N, . However, the quality of the results for Method II heavily depends on

the population size. Specifically, Method IT with small population size (i.e., 10 and 20) tends to be

stuck in local optimums. Although the results can be improved by increasing the population size,
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they are still worse than those obtained by Method T with the same setting. Therefore, it can be
concluded that Method I is more robust than Method 1T with different population sizes.

The data presented in Table 2 further demonstrate the robustness of Method I, as the optimum
designs are similar for Method I but quite different for Method II. It should be noted that numerical
errors exist in estimating structural failure probability by the numerical procedures of the PDEM.
These numerical errors, together with the non-linearity of the reliability constraint function and the
random nature of the optimization algorithms, make it impractical to achieve exactly the same
solutions for the methods with different settings. From engineering perspective, the differences
between the final designs for Method I (shown in Table 2) could be ignored.

From Table 3, it can also be deduced that all particles converge to nearly the same solutions in
Method I, while some are prematurely converged in Method II. It is because, in Method I equipped
with Setting I or Setting II, the mean value of the individual optimal objective function values is
close to the final objective value, while the corresponding standard deviation approaches 0. It is
noted although the standard deviation is 7.876 kg in Method I equipped with Setting III, it is
negligibly small compared to the corresponding mean value. When the maximum number of
generations N, is extended to 500, the standard deviation is close to 0 with the final objective
function value of 5790.481 kg (not shown in Table 3). However, that is not the case in Method II.

The iteration history of the objective function value is shown in Figure 2. It is shown that
Method T has better convergence performance than Method II (Figure 2 and Table 3). Figure 3
presents the iteration history of the optimization process in terms of the failure probability. It is seen
that the first-passage probabilities of the designs are close to 0.01 in the final stage of the
optimization, which means the dynamic reliability constraint is active. Moreover, 300 representative
points are selected in this example to estimate the failure probabilities of different designs via the
PDEM. Therefore, only 300 deterministic structural response analyses are required for a round of

reliability analysis.

| 9144 mm . 9144 mm
[5 I3 1
—_—
) )

(8) 10)
y ) ®) | 9144mm

(7) 9)
6 @) 4 () 2 T

F =444 .8kN F =444 .8kN

Figure 1. A 10-bar planar truss structure.
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429

430 Table 1. Probabilistic characterization of the random variables (Example I).
Random Coefficient
. Type of distribution Mean value of
variable -
variation
p Normal 2.7126 (x10°kg/mm?) 0.10
E Normal 68,947.5728 (MPa) 0.15
431
432
433 Table 2. Optimum designs (Example I).
X1 X2 X3 Xa X5 X6 X7 Xs X9 X10
Method — Np N (mm?)  (mm?)  (mm?) (mm?) (mm?) (Mmm? (mm?) (Mmm? (mm?) (mm?)
I 10 500 41117 554 40196 26136 65 1336 31718 27783 27588 5712
I 20 300 44157 65 35017 20185 116 1375 17501 30811 34145 8052
I 30 200 41996 140 40811 20206 65 1321 20465 29248 31972 6272
I 10 500 45164 43259 45164 27262 65 13243 38629 29488 21455 17875
I 20 300 45164 7305 45164 19458 12509 102 23574 45164 35734 12831
I 30 200 45164 65 45164 20570 65 65 9626 28791 45164 264
434
435
436 Table 3. Optimum objective function values and corresponding failure probabilities (Example I).

437

Method Np N

Obijective function

Failure probability

Value (kg) Mean (kg) Standard deviation (kg)
I 10 500 6090.552  6090.899 0.376 0.01
I 20 300 5793.685  5794.932 0.584 0.01
I 30 200 5794.002  5798.297 7.876 0.01
I 10 500 8253.626  8253.626 0.000 0.01
I 20 300 7481.293  7537.675 134.638 0.01
I 30 200 5812.696  6523.821 864.672 0.01
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Figure 2. Iteration history in terms of the objective function value (Example I).
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Figure 3. Iteration history in terms of the failure probability (Example I).

5.2 Example I1: A 2-DOF hysteretic nonlinear frame structure

In the second example, we consider the design optimization of a 2-storey nonlinear frame
structure under earthquake excitations, as shown in Figure 4. The structure is simplified as a 2-
degree-of-freedom model with nonlinear restoring force. The floor height of the structure is
h=3.6m. The lumped massesare M, =1.8x10°kg and m, =1.2x10°kg . The Rayleigh damping
is adopted with the modal damping ratios of 5%. The nonlinear restoring force is formulated with
the extended Bouc-Wen model (Ma et al. 2004), whose parameters are presented in Table 4. A
typical hysteretic curve of the first floor is shown in Figure 5, demonstrating the strong non-linearity

of the structural response.
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Uncertainties are involved in the initial lateral stiffnesses of the structure and ground
acceleration. In particular, it is assumed that the lateral inter-story stiffnesses K. (i=1,2) of
different floors are random variables of independent normal distributions. The mean values
4y (1=1,2) of the random variables are taken as the design variables, namely x; (i =1,2). The
ground acceleration is assumed to be a random combination of the El Centro acceleration records
in the N-S and E-W directions, that is

U, () = O, \s(t) + O,U, g, (1), (35)
where U, \s(t) and U, g, (t) arethe EI Centro acceleration records in the N-S and E-W directions,
respectively; @, and @, are the random combination coefficients. The probability information
of the random variables is listed in Table 5, where g is the gravitational acceleration, i.e.,
g=9.807m/s%. Totally, there are four random variables involved in the example.

The design optimization aims at minimizing structural cost, which is assumed to be
proportional to the lateral inter-story stiffnesses of the structure. Thus, the objective function is
formulated as the sum of all the lateral inter-story stiffnesses (Chen et al. 2020). Considering
structural performance requirements, the stiffness of the lower floor is required to be greater than
that of the upper one. The structure is considered to fail when any inter-story drift exceeds a specified

threshold, and the corresponding failure probability is defined as

P. (x,,X,) = Pr {max [ma§< [|lz.(@.t)/ (h, 1 250)|ﬂ > 1} , (36)

te(0,T]| r=1,
where z (@,t) is the inter-story drift of the r -th floor; @=(K,,K,,0,6,)" is the random
vector; h, is the height of the r -th floor of the structure; and T is the duration of the ground

acceleration. The design optimization problem is formulated as

min F00G) =%+,
st g(Xl,Xz)zxz—Xlﬁo
h(Xi’Xz):PF(Xl!Xz)_Pth <0 ) (37)

05x10°N-m™ <x <1.2x10°N-m™
0.3x10°N-m™ <x, <1.0x10°N-m™,
where PFth =0.01 is the threshold of the failure probability.

To evaluate the failure probability of the structure by the PDEM, 300 representative points are
selected. Note that the representative points should be updated at each iteration step. It is because
the mean values of the random variables are the design variables. Consequently, the changes in the
design variables affect the joint probability distribution of all the random variables. Figure 6 shows
the failure probability curve obtained by the PDEM and MCS. The number of samples for MCS is
10000. It is seen that the PDEM accords well with MCS, but the number of deterministic structural
analyses involved in the PDEM is much less than that involved in MCS. When the PDEM and MCS
are employed in the DRBDO, the numbers of the structural analyses for the PDEM and MCS are
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300x N, xN, and 10000x N, x N, respectively. Therefore, the PDEM can significantly reduce
the computational efforts for solving DRBDO problems.

The optimization problem defined in Equation (37) is also solved by Method I (PDEM-QPSO-
based method) and Method II (PDEM-PSO-based method). The constraints in the problem are dealt
with using the penalty-based method introduced in Section 4.3. In order to investigate the
performance of the Method I and Method II, three sets of parameters are considered for solving the
problem:

SettingI: N, =10, N, =300;

Setting I: N, =20, N, =300;

Setting III: Np =30, N,=300.

We have three trial runs for every setting to take into account the randomness of the optimization
algorithms. The other parameters are the same as those in Example .

The iteration histories of the average objective function and the average design variables are
shown in Figure 7 and Figure 8, respectively. It is observed that significant updates of the design
variables occur mainly in the first 50 iterations of the optimization process. In this stage, the
decreasing rates of the objective function values of both Method T and Method 1T are slightly
improved as the population size N, increases. Although the objective function value of Method I
declines more slowly than Method II when the population size N, equals 10, the former is smaller
than the latter after about 130 iterations. It can be attributed to the better ability of the QPSO
algorithm to explore the whole design space. On the other hand, since there are only two design
variables, both methods converge quickly despite the non-linearity of the reliability constraint
function complicating the optimization problem. In the later stages of the optimization, the changes
in the design variables are essentially controlled by numerical errors in evaluating structural failure
probability. However, the slight differences between optimization results are negligible from the
engineering point of view. The average results of the optimization are presented in Table 6. It is
seen that the optimal designs and the corresponding objective function values obtained by Method
I with different settings are almost identical. However, for Method II, the result with the small
population size N, =10 is slightly worse than the others. In this sense, Method I performs better
than Method II. Moreover, the failure probabilities of all the final designs are equal to the prescribed
threshold of 0.01, which emphasizes the necessity of considering reliability constraints in the
optimization process.

To gain more insight into the effectiveness of the proposed scheme, the problem (37) is also
solved by MMA (Svanberg 1987) for comparison. MMA is a gradient-based optimization algorithm

extensively used for structural design optimization. In MMA, at every iteration, a convex
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approximation of the original problem is constructed around the current design and then is solved
to improve the current design. The readers are referred to Svanberg (2007) for more details of the
algorithm. To construct the sub-problem, the gradients of the objective function and the constraint
function with respect to the design variables are required. Since the analytical gradient of the
reliability constraint function is unavailable, it is calculated using the finite difference method in
this study. Three feasible designs are adopted as initial solutions: X, = (1.0,1.0)7 (x10°N-m™),
Xiir = (1.2,1.0)7 (x10°N-m™) and X, = (1.2,0.8)" (x10°N-m™).

Table 7 presents the final objective function values, the final design variables and the
corresponding failure probabilities of the problem. It is seen that the results obtained by MMA are
affected by the initial designs and the step sizes of the finite difference method. The final designs
are all infeasible, except for the case where the initial design and the step size are X, = (1.2,1.0)"
(><108 N-m™) and 0.010, respectively. However, the only feasible design is not the solution to the
problem. The poor performance of the gradient-based algorithm in this example may be attributed
to the presence of the reliability constraint. On the one hand, the reliability constraint intensifies the
non-linearity and non-convexity of the problem, as shown in Figure 9. On the other hand, the
gradient of the reliability constraint obtained by the finite difference method is impossible to be
exact, which increases the probability of the algorithm obtaining a local optimum or failing to
converge. In this context, the proposed method is preferable for solving this type of DRBDO

problems.

— Uo (t)
K, K,
2 2

—> U (t)
K K
2 2

Figure 4. A 2-storey frame structure.
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Table 4. The parameters for Bouc-Wen model.

bw

a Abw ﬂ bw ¥ bw n bw d ‘?W d 'l;w p bw q bw v bw a bw d bw C:Sbw

0.04 1 320 150 1 300 300 1000 0.25 0.05 05 5 0.99

Table 5. Probabilistic characterization of the random variables (Example II).

Random variable di;¥iljt)euf[)i]:)n Mean value Co\i’g:gfg‘; of
K Normal X = fy, 0.05
K, Normal X, = fy, 0.05
6 Normal 0.109 0.10
o, Normal 0.109 0.10

250
2001
150+

Restoring force (x 10°N)
o

o
-10-9-8-7-6-5-4-3-2-10 1 2 3 4 5 6 7 8
Inter-z1 story displacement (x10™m)

Figure 5. A typical hysteretic curve.
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565 Table 6. Average optimum results for different settings (Example II).

Method Population  Objective function value X, Failure
size (x10°N-m™) (x10°N-m™) (x10°N-m™) probability
I 10 1.280 0.867 0.413 0.01
I 20 1.279 0.867 0.412 0.01
I 30 1.279 0.866 0.413 0.01
II 10 1.283 0.872 0.411 0.01
II 20 1.280 0.867 0.414 0.01
II 30 1.280 0.867 0.413 0.01
1.2
IO.QG
0.80
H0.64
§ r0.48
0.32
Failure probability I0'16
—===- Objective function value
—-— Standard constraint value
] ‘ ‘ : ‘ 0.00
03 04 05 06 07 08 09 1.0
566 "
567 Figure 9. Contour of the failure probability (Example IT).
568 Table 7. Optimization results obtained by MMA (Example II).
Step size _—
(x10°N-m™) finite (x10°N-m™) (x10°N-m™) (x10°N-m™)  probability
difference
(1.0,1.0)T 0.001 1.109 0.765 0.344 0.162
(1.2,1.0)T 0.001 1.067 0.726 0.341 0.319
(1.2,0.8)T 0.001 1.046 0.737 0.309 0.340
(1.0,1.0)T 0.010 1.246 0.848 0.398 0.026
(1.2,1.0)T 0.010 2.063 1.200 0.863 0.000
(1.2,0.8)T 0.010 1.368 0.861 0.507 0.029
569
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5.3 Example III: A 10-DOF hysteretic nonlinear frame structure

In the third case, the design optimization of a 10-storey nonlinear frame structure is considered.
The model of the frame structure is shown in Figure 10. All the floor heights of the structure are
h =3.6m, except for the ground floor height being 4.0 m. The lumped masses from bottom to top
are 3.4, 3.4,3.2,3.2,3.2,28,28, 28, 2.6 and 2.6 (x10°kg), respectively. The modal damping
ratios are 5%. The extended Bouc-Wen model with the parameters presented in Table 4 is also
adopted to describe the nonlinear behavior of the structure.

The structure is subjected to the earthquake excitation defined as Equation (35), where ©,
and @, are the random combination coefficients following normal distributions. The lateral inter-
story stiffnesses of different floors K, (i =1,---,10) are assumed to be normally distributed random
variables, whose mean values (i=1,---,10) are taken as the design variables, namely
x. (i =1,---,10) . The probabilistic description of all the random variables in this example is listed in
Table 8.

The objective of this design problem is to minimize the total lateral inter-story stiffness of the
structure. The performance requirements and the reliability constraint of the structure are identical

to those in Example II. Therefore, the optimization problem is formulated as
10
min  f(x)=>x
i=1

st. g;(}X)=x,,-%;<0, j=12,--,9 : (38)
h(x)=P.(x)-P" <0
5x10°N-m™ <x <15x10°N-m™, i=1,--,10

where the threshold of the failure probability PFth is set as 0.01, and the failure probability of the
structure is

P.(X) = Pr{max[ max [|z,(0,t;x)/ (h, / 250)|ﬂ >1} , (39)

te(0.T]|_r=1-10
where z,(@,t) is the inter-story drift of the r -th floor; @=(K,,"--,K,,8,,0,)"is the vector of
random variables.

The optimization problem in Equation (38) is solved by both Method I (PDEM-QPSO-based
method) and Method IT (PDEM-PSO-based method). All parameters and settings are the same as in
those Example I, except those mentioned later. The number of the representative points for the
PDEM is set as 700.

The final designs obtained by different methods with different settings are shown in Table 9.
Figure 11 presents the iteration history of the objective function value. It is seen that in all the
settings, Method T achieves nearly the same solutions, while Method II always obtains premature
designs despite having a faster convergence rate. Note that increasing the population size cannot

monotonically improve the performance of Method II. In particular, Method II with the large
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population size (N, =20) finally yields a design inferior to that with the small population size (N,
=10). This indicates the stability of Method T in a sense. Together with the results of Example TI, it
can also be deduced that the superiority of Method I will be more evident as the number of design
variables increases.

To take into account the randomness of the optimization algorithms, both Method I and Method
II equipped with Setting II are run twice. The iteration history of the average objective function is
shown in Figure 12, and the corresponding results are presented in Table 10. It is shown that Method
IT is premature in the early stage of the optimization, while Method T progresses well until finding
the solution. Note that although the strong non-linearity of the structure and the increase in the
number of the design variables complicate the optimization problem, it can be well solved using
Method T (with different settings). Thus, the results of this example again substantiate the
effectiveness of the proposed scheme.

The problem (38) is also solved by MMA. The optimization algorithm is initialized with three
initial  solutions, ~ namely X1 = (8,8,8,8,888888)" (x10°N-m™) | Xy, =
(10,10,10,10,10,10,10,10,10,10)" (x10°N-m™) and Xinits = (15,15,15,15,15,15,15,15,15,15)"
(x10°N-m™), with a consistent step size of 0.05 for the finite difference. The optimization results
presented in Table 11 show that MMA fails to yield feasible solutions for the three cases, revealing
the limitations of the gradient-based optimization algorithm for this type of problems. In fact, as the
design space for the problem expands exponentially with an increasing number of design variables,
the number of local optima can increase significantly. Moreover, the numerical solution of the
structural response and dynamic reliability may induce numerical non-convexity and therefore result
in the non-smooth characteristics of the feasible domain boundary (Taflanidis and Beck, 2008).
These factors can collectively contribute to the suboptimal performance of MMA. To achieve a
more profound comprehension of this issue, the projection of the failure probability surface and its
contour in dimensions x, and x, is demonstrated in Figure 13, with the other dimensions fixed
at (x,, %, %,)= (9, 8, 7.5, 6.5, 55,5, 5, 5) (x10°N-m™) . It is evident that the contour
exhibits a high degree of non-linearity and non-convexity. Although the non-convexity of the failure
probability surface is visually confirmed in two dimensions, it can be easily deduced based on the
definition of convexity that the original high-dimensional surface of the failure probability is also
non-convex. Therefore, solving the optimization problem may be a formidable challenge for the
gradient-based algorithm. Moreover, the irregularity of the failure probability contour induced by
the numerical calculation can further exacerbate the challenge. In comparison, the proposed scheme
(Method I) demonstrates superior performance, which can be attributed to the global convergence

of the QPSO. Sun et al. (2019) have proven the QPSO algorithm asymptotically converges to the
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635  global optimum with probability one based on the theory of the absorbing discrete Markov model.
636  Theoretically, the QPSO is more likely to escape local optima and converge towards the global
637  optimum as the optimization progresses. This feature endows the proposed scheme with a stable
638  optimization ability, even in the presence of non-convexity in the optimization problem.
. 4@6.0m |
g
i, (1)

o+

= I ——— %f
639 P4 00 0 00 0 0000 0 0 0 0 00 0 0000 0 0 0 0 00
640 Figure 10. A 10-storey frame structure.
641 Table 8. Probabilistic characterization of the random variables (Example III).

Random variable Type of distribution Mean value Coeff!ufent of
variation
K, (i=1---,10) Normal X =y, 0.10
0(i=12) Normal 0.10g 0.15
642
643 Table 9. Optimum designs and corresponding objective function values (Example III)".
Obijective
Method N, function %, %3 X X5 %5 %7 %g %o %10
value

I 10 69.340 9.638 9.362 8669 7.885 7256 6.189 5243 5,008 5010 5.006
I 20 68.943 9553 9.157 8508 7.788 7.441 6.164 5321 5010 5.000 5.000
I 30 69.245 9814 9134 8584 7942 7.323 6.244 5201 5003 5.000 5.000
I 10 96.913 12215 11.862 11.596 11.652 11.654 10.261 10.275 7.093 5.000 5.000
I 20 106.183 12406 11.226 10.536 10.799 9.460 12,711 7.732 10415 8.164 11.136
I 30 88.456 11.230 11.235 10.464 10.444 8.348 8345 8344 7.135 7.102 5.769

“The units of the objective function value and the design variables x (i =1,---,10) are x10°N-m™.
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646 Figure 11. Iteration history in terms of the objective function value (Example III).
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649 Figure 12. Iteration history in terms of the average objective function value
650 (Example ITI, N =20).
651
652 Table 10. Average optimum designs and corresponding objective function values (Example IIT) *.
Objective
MethOd . Xz )% X4 X5 Xe X7 X8 XQ X10
function value
I 69.325 9802 9476 8542 7.813 7.257 6.119 5300 5.014 5.000 5.000
I 108.127 12,119 11.528 10.570 12.365 9.732 10.233 7.076 10.189 10.265 11.602
“The units of the objective function value and the design variables x, (i=1,---,10) are x10°N-m™.
653
654
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655 Table 11. Optimization results obtained by MMA (Example III).

Objective
function Xini Failure
Initial solution value (x10°N-m™) probability
(x10°N-m™)
X1 56.281 (7.006,6.570,6.306,5.891,5.508,5.000,5.000,5.000,5.000,5.000)" 0.023
Xirit2 57.258 (7.210,6.734,6.568, 6.065,5.681,5.000,5.000,5.000,5.000,5.000)" 0.022
X3 56.722 (7.121,6.563,6.497,5.928,5.614,5.000,5.000,5.000,5.000,5.000)" 0.023
656
0.030
L.
L0020
L1
Looi2
Lo.010
0.009
0.000
657 =
658 Figure 13. Contour of the failure probability (Example III).
659

660 5.4 Example IV: A 20-DOF hysteretic nonlinear frame structure

661 This example involves the optimization of a 20-storey frame structure to further investigate the
662  effectiveness and applicability of the proposed scheme under varying numbers of design variables
663  and constraints. The structure is shown in Figure 14. The lumped masses of the structure from
664  bottom to top are 2.6, 2.4, 2.2, 2.0, 2.0, 2.0, 2.0, 2.0, 2.0, 2.0, 2.0, 2.0, 2.0, 2.0, 2.0, 2.0, 2.0, 2.0, 2.0
665 and 1.8 (x10°kg), respectively. Except for the following details, the remaining information is the
666  same as that of Example III.

667 The lateral inter-story stiffnesses of the structure and the combination coefficients of the
668  amplitude of the El Centro acceleration are taken as random variables, with the corresponding
669  probability information provided in Table 12. To accommodate different numbers of design
670 variables, the mean values of the lateral inter-story stiffnesses are linked to 2, 5, 10, and 20 design
671  variables, respectively. The details of the linkage are provided in Table 13, where n, denotes the

672  number of design variables. The optimization objective and the reliability constraint in this example
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are the identical to those in Example III, while the standard constraints are established in two ways:
either by taking all the performance requirements into account or by excluding them. Consequently,
a total of eight optimization cases are set in this example.

The optimization problems are solved by the proposed scheme with the population size
N, =20 and the maximum number of generations N, =300. The objective function values at the
final designs and the corresponding failure probabilities for all the cases are presented in Table 14.
The results demonstrate that increasing the number of design variables n_ can heighten the
intricacy of the optimization. For the cases where the structural performance requirements should
be met, the proposed scheme can achieve satisfactory results when n_ issmall (ID 2 & ID 4). As
n, increases, it becomes crucial to appropriately handle the constraints; otherwise, the optimization
algorithm may get stuck in the early stages of the optimization process (ID 8). In this example, two
techniques are employed to deal with the performance requirements, namely reducing the penalty
associated with the constraints (ID 6) and forcing all the updated design variables to satisfy the
performance requirements during the optimization process (1D 9). For the cases where the structural
performance requirements are not imposed, the proposed scheme tends to converge to the solutions
more readily (ID 1, ID 3 & ID 5). However, the performance of the optimization algorithm may
become somewhat unstable as n, increases, which indicates that repetitive execution of the
optimization can yield solutions that are either satisfactory (1D 7) or of poor quality. To mitigate the
instability, it is advisable to improve the initial solutions, for example, by ensuring they are all
feasible.

On the other hand, it is observed that the objective function value tends to decrease as the
number of design variables increases. This trend can be attributed to the linking of design variables,
as it constrains the design space and consequently filters out some superior designs. Nevertheless,
the extent of the decline in the objective function value is limited. Therefore, when performing
structural optimization for engineering applications, it is meaningful to determine an appropriate
number of design variables to strike a balance between the computational complexity and the quality
of the design. Furthermore, an increase in the standard deviation of the optimal objective function
value indicates a larger number of particles prematurely converging as the number of design
variables grows. This highlights the potential risk of premature convergence when the number of
design variables is increased.

To measure the optimization efficiency, the variation of the objective function is defined by
Ny -
Cerr :|: :|/Z f/,—i+1 (40)
i i=1

No
Z(f/,—iﬂ _fl‘—NO—i+1)
i=1

where / is the number of current design iteration and N, is a constant equal to 5. Figure 15

presents the history of the variation of the objective function value c,, . It is observed that the
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725

objective function rapidly achieves a stationary state when the number of design variables is small,
regardless of the presence of performance requirements. In contrast, increasing the number of design
variables can result in a prolonged duration for the objective function to attain the stability.
Furthermore, the consideration of the performance constraints may further increase this duration.
However, it should be noted that this observation is not applicable to the case where the performance
constraints are considered with n_=20, as seen in Figure 15(b). In this case, the variation of the
objective function value remains constant due to the algorithm’s inability to update the design
variables. This inability underscores the complexity of the optimization problems involving multiple

constraints and design variables.

4@6.0m
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-

4.0m

1905255250525 0505¢5 550025525 SO AOESELENN
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Figure 14. A 20-storey frame structure.

Table 12. Probabilistic characterization of the random variables (Example IV).

Random variable Type of distribution Mean value Coefficient of

variation
K, (i=1,---,20) Normal X = Hy, 0.10
0(i=12) Normal 0.10g 0.15
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731
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733
734

Table 13. Scenarios for the linkage of the design variables (Example IV) *.

n, Design variables Description of x,
_ The mean value of the lateral stiffnesses of
2 (X 1% =t soi0 =" =t} (1 =12)  the (10i—9)-thto (L0i)-th floors.
_ The mean value of the lateral stiffnesses of
5 {Xi I X =ty 45 == My 4 }(' =1--,5) the (4i—3)-thto (4i)-th floors.
The mean value of the lateral stiffnesses of
10 {Xi | X = Lt 2ia :'“:/JK,zi}(i :1:“'110) the (2i-1)-thto (2i)-th floors.
The mean value of the lateral stiffness of the
20 {x|% =p, }(i=1-,20)

i -th floor.

*The units of the design variables x. (i=1,--

,n,) are x10°N-m™.

Table 14. Optimization results (Example IV) *.

D n Performance Obijective function
requirements Value Mean Standard deviation

1 None 122.36 122.58 0.16

2 2 All 122.75 122.86 0.08

3 : None 89.88 90.11 0.67
4 All 89.76 89.89 0.07

5 10 None 85.06 188.66 316.09
6 All 86.73 168.33 353.73
7 None 85.81 368.98 880.46
8 20 All 583.58 2194.47 1075.57
9 All 82.85 88.94 12.91

*The units of the objective function value, mean, and standard deviation are x10*N-m™.
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Figure 15. History of the variation of the objective function: (a) without the performance

constraints; (b) with the performance constraints (Example V).
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6 Conclusions

A general scheme for solving a class of DRBDO problems has been proposed. The problem is

formulated as a standard minimization problem characterized by dynamic reliability constraints.

The quantum particle swarm algorithm is adopted to solve the problem. During the optimization

process, structural dynamic reliability is estimated using the PDEM. To the authors’ knowledge,

this is the first application of quantum-inspired algorithms to the field of design optimization for

dynamical systems under uncertainties.

Several examples concerning linear and nonlinear stochastic systems subjected to dynamic

excitations are carried out to verify the effectiveness and applicability of the proposed scheme. Some

concluding remarks include:

M)

)

@)

(4)

The PDEM is highly efficient and accurate in evaluating the dynamic reliability of
complex nonlinear structures. When integrated into the DRBDO scheme, it can
significantly promote the efficiency of the optimization.

The proposed DRBDO scheme can deal with optimization problems involving stochastic
dynamical structures with strong nonlinear behaviors. Such problems typically exhibit
high level of non-linearity and non-convexity, and may be devoid of analytical gradient
information related to reliability constraints. Consequently, they can be intractable for
gradient-based algorithms, which work well in general when the objective function is
smooth and differentiable or when the gradient information can be efficiently calculated.
In this context, the proposed scheme is both practical and advantageous, as demonstrated
by the numerical examples.

The proposed scheme offers a swifter convergence rate and more robust convergence
capacity, compared with the DRBDO scheme that employs the classical PSO algorithm.
Evaluating structural dynamic reliability is commonly computationally intensive, which
consequently complicates the trial-and-error process for solving DRBDO problems. In
this regard, the characteristics of the proposed scheme are crucial in effectively obtaining
solutions.

The proposed scheme proves to be effective and efficient when the numbers of the design
variables and the constraints are relatively small. However, an increase in the number of
the constraints can result in a convoluted and irregular feasible domain, which makes it
challenging for the optimization algorithm to locate feasible solutions and may lead to
premature convergence. Similarly, an increase in the number of design variables can

significantly expand the design space, resulting in a more complex reliability contour
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surface, which further complicates the optimization process. These factors can worsen
the convergence performance of the proposed scheme. To overcome these challenges, it
is essential to adopt appropriate techniques to handle the multiple constraints and improve

the quality of the initial solutions.
Future research efforts include further improving the performance of the proposed scheme and
applying the proposed scheme to optimize more complicated stochastic structures. Solving the
DRBDO problems involving discrete (or mixed) design variables is another research direction. The

investigation in these directions is currently underway.
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8 Appendix. Numerical procedures for the PDEM

In general, the numerical procedures for solving the GDEE (Equation (8)-(9) and Equation(19)
-(20)) are as follows:

in the probability space

Step A.L: Select a representative point set M, :{(Bq,Pq)}:i'l
associated with random vector @ using the generalized F-discrepancy minimization-based point

selection strategy (Chen et al. 2016), where n_, is the number of the representative points, 8, is

sel
the ¢ -th representative point with a representative region Q. and P, is the assigned
probability of 6, given by

P, = jQ Do () d6 . (41)

Step A.2: Carry out deterministic structural analysis for each representative point
0,,9=1---,n, tocapture the velocity responses Z(@,,t;x) or W(@,,7;x),q=21---,ny,.
Step A.3: Substitute Z(6,.t;x) or W(d,,z;x) into the GDEE (Equation (8) or
Equation(19)) and solve the GDEE under the initial condition (Equation (9) or Equation (20)) with
the finite difference method for each representative point 6,,q=1---,n, yielding the numerical
solutions P, (z,0,,t;X) or p,eW.0,,7;X), q=1---,n,.

Step A.4: Take numerical integration in Equation (10) or Equation (21) to obtain the PDF of

the structural response of interest, that is
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Nel Nsel
p, (z,t;X) = J'Q D, (2,0,t; X)d0 :ZJQ Do @.0,6:X)d0 = " p,e (2,0,.5 ), (42)
.4 q=1" % gq=1
or

Nee) Nee|
Py (W, 75 X) = jﬂ Puo (W,0,7,X)d0 =" jQ Puo W,0,7,X)d0 = > pp (W,0,,7;X) . (43)
o q=1" " q=1
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