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Abstract

This thesis has as main motivation the possible extension of the spinor-vector duality, first
observed in the free fermionic realization of Zs X Zs heterotic orbifold models, to smooth
compactifications of the heterotic string, i.e. Calabi-Yau manifolds with vector bundles. For
this purpose, we use toric resolutions of the appropriate orbifolds as well as Gauged Linear
Sigma Models (GLSMs) of these resolutions.

The project, which is still ongoing, is divided in different steps, of increasing difficulty, namely
smooth compactifications to six, five and four dimensions. Interesting results are obtained for
the 6D case, in which a fundamental anomaly cancellation condition constraints the duality to
produce only “self-dual” models and for the 5D case in which the duality can be achieved but
the gauge groups of the dual models are not the same. After that we turn our attention to the
study of the 4D case, whose geometry, the resolution of the T6/7Zs x Zs is significatively more
involved. Motivated for a simplification of it we define a triangulation-independent formalism
for that resolution. The last part of the thesis is devoted to the study of GLSMs in the
TC/Zy x Zsy and its resolution, including the implementation of a discrete torsion phase, whose
understanding, (which is key for a full understanding of spinor-vector dualities) is generally
unclear in the geometrical effective field theory .
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Chapter 1

Introduction

1.1 String theory and string landscape

String theory provides a perturbatively consistent framework for the synthesis of gravity and
the gauge interactions. Its internal consistency seems to mandate the existence of additional
degrees of freedom beyond those observed in the Standard Models of particle physics and
cosmology. The number of string theories in ten dimensions is relatively scarce, and includes
five supersymmetric theories and eight that are not. Moreover, the supersymmetric versions,
together with eleven dimensional supergravity, are believed to be different perturbative limits
of a more fundamental theory, often dubbed M—-theory.

The extra dimensions are compactified on an internal space such that they are hidden from
contemporary experiments. As the choice of compactifications may be constrained, but is
certainly not fixed, by string theory, there exists a plethora of string theory vacua in lower
dimensions. These vacua can be studied either by using exact worldsheet constructions or
effective field theory target space tools, that explore the low energy particle spectrum of string
compactifications.

In our case we are interested in the heterotic string, for which examples of worldsheet con-
structions are free fermionic models [6,/7] and toroidal orbifold compactifications [8,9]. These
approaches are, in fact, closely related as particular fermionic formulations of the heterotic—
string can be interpreted as Zso X Zsg toroidal orbifold compactifications [10,/50]. On the other
side we have the study of Calabi-Yau compactifications with vector bundles [12], which utilises
various effective field theory and cohomology methods. Using any of these approaches a strong
effort has been made to construct low energy models which get surprisingly close to the Min-
imal Supersymmetric Standard Model (MSSM) : See refs. [13-15,/17-19] for free fermionic
constructions, refs. [20-22,24] for orbifold realisations and refs. [25-30,|32}33,36] for smooth
compactifications, respectively.

1.2 Symmetries in the landscape

However, even though the space of low energy vacua of string theory is huge, there may exist
symmetries that underlie the entire space of vacua in lower dimensions. The study of these
dualities can be seen as an example of the “top—down” approach to string phenomenology, in
which the aim is to explore the imprints and the constraints imposed by these dualities and



symmetries on the effective field theory representations of quantum gravity. (Note that this
is a complementary approach to “bottom-up” logic of the current Swampland program [5],
which asks about when an effective field theory model of quantum gravity have an ultraviolet
complete embedding in string theory).

The initial motivation for this thesis was one of these symmetries, firstly observed in exact
worldsheet constructions: the spinor-vector duality (SVD) [43,/44] which relates two models
of the four dimensional fermionic Zo X Zo string vacua by interchanging the total number of
spinors plus antispinors states by vectorial states of the underlying gauge group.

It should be noted that the Zs x Zs orbifold, in its fermionic incarnation as well as the bosonic,
gave rise to a multitude of phenomenological three generation models with different unbroken
SO(10) subgroups (see e.g. [13,/14,24,|81-84] and references therein). Spinor—vector duality
plays a role in some of these constructions as well. Of particular note is the Z’ model of
ref. [85,86] in which self-duality under the spinor—vector duality is instrumental to obtaining
a three generation model with an extra U(1) gauge symmetry, which is family universal and
with the standard Eg embedding of the Z’ charges. It was argued in ref. [86] that existence
of light sterile neutrinos mandates the existence of such an extra symmetry under which the
sterile neutrinos are chiral and which remains unbroken down to low energy scales.

In this context a natural question to ask (which is the main topic of this thesis) is the following

“What is is the manifestation of SVD in the other side of the picture: i.e. the effective field
theory limit?”

Part of the motivation for this lies in the parallelisms between SVD and another (celebrated)
symmetry: the so-called “Mirror symmetry”. Mirror symmetry was observed initially via the
exact worldsheet CFT constructions [37,38] and has profound implications for the geometrical
spaces that are utilised in the effective field theory (type II theories compactified in Calabi-Yau
threefolds) limits [39]. It should also be noted that mirror symmetry is related to T—duality [40].
In toroidal orbifold compactifications T—duality arises due to the exchange of the moduli of
the internal six dimensional compactified manifold [41]. In this sense spinor-vector duality
might be seen as an extension of mirror symmetry. Recall that in toroidal compactifications
of the heterotic-string to four dimensions the moduli space is composed of the parameters of
the metric and the anti-symmetric tensor field of the internal six dimensional compactified
space; and the Wilson line moduli. While mirror symmetry corresponds to transformations of
the internal moduli (i.e. it exchanges the complex structure moduli with the Kahler structure
moduli that are parametrised in terms of the internal fields of the six dimensional compactified
space) spinor-vector duality on the other hand can be shown to correspond to mappings of
Wilson line moduli.

Whatever is the final relation between the two symmetries we expect Spinor—vector duality
to have interesting imprints in the moduli space of heterotic string vacua and consequently
stablish some connections between different compactifications over Calabi-Yau threefolds with
vector bundles.

This thesis constitutes a first step for a broader understanding of SVD and consequently a
better understanding of the whole space of dualities of string theory.



1.3 Outline of the thesis

e In Chapter 2 we start giving the definition of SVD and recalling the minimal basic
details of its origin in heterotic Zs X Zo orbifold models. The aim of the chapter is not
give a detailed explanation (we refer the reader to the existing literature) but providing
a basic idea about the starting point of our “translation” (i.e. what is the duality that
we want to translate to the smooth case).

e In the more extensive Chapter 3 we give a more detailed recollection of the theoretical
tools and concepts that we use to build our smooth compactifications. To do so we recall
the details of toric resolutions of heterotic orbifolds. This chapter can be useful for those
not familiar to resolutions of heterotic orbifolds as it outlines some of the most important
concepts appearing in those constructions. We focus in line bundle resolutions and let
the GLSM formalism description for the last chapter.

e Chapter 4 is devoted to the study of SVD in the compactification to six dimensions. We
will show that SVD is heavily constrained by a fundamental condition (i.e. the theory
should be free of irreducible SO(2N) anomalies) that impose that the duality can only
be realized in the self-dual point.

e Chapter 5 will study a case closely related to the previous case: the compactification
to five dimensions (the manifold only differs by an addition of an extra circle S'). By
defining a Wilson line in this S* and switching on/off a generalised discrete torsion phase
between it and the orbifold we can generate SVD. However, depending on this phase
complementary parts of the twisted sector orbifold states are projected out, so that
different blowup modes are available to generate the resolutions and consequently, not
only the spectra of the dual pairs are different, but also the gauge groups are not identical
making the duality less apparent.

e Although Chapter 6 does not provide direct results for the SVD program, it is somewhat
conceptually linked to it, because provides an useful geometrical study of the relevant
geometry of SVD in four dimensions. This geometry (the resolution of the T°/Zy x Zs)
presents a huge dependence on the triangulation used to resolve the local singularities,
making phenomenological studies less clear. By introducing a parametrisation to keep
track of the triangulations used at all resolved singularities simultaneously, we can define
a “triangulation-independent formalism” in which the physical consistency conditions of
the model are simplified greatly. This allows a more general study of its moduli space,
including the study of jumping spectra due to flop—transitions.

e Similar to the previous Chapter, Chapter 7 is not specifically devoted to the implemen-
tation of SVD, but in some sense it has strong motivations and clear applications for its
extension to 4D. As we previously noted, the implementation of SVD to the smooth case
requires a concrete understanding of discrete torsion in the effective theory limit. We
kind of circumnavigated this issue in the 5D case, by mimicking the discrete torsion ac-
tion in the orbifold case (and assigning ”untwisted” and ”twisted” states to the resolved
5D model). However, a formalism capable of providing a deep understanding of discrete
torsion would be desirable. That is the reason why in Chapter 7 we study the T /%o x Zo
resolution using the GLSM formalism. A main advantage of it relies in its capability of



describing the orbifold and blow-up regime using essentially the same set of equations.
By appropriate superfield redefinitions we obtain GLSMs of models with/without discrete
torsion between two orbifold twists. The needed discrete torsion (between the orbifold
twist and the Wilson line) requires to build a slightly more complicated model (with
more distinct bundle vectors) and it is not yet analyzed, but we expect the logic to be
presumably similar.

e Chapter 8 conclude the thesis by summarizing the main results and pointing out some
possible extensions/outlook.

The following figure shows a pictorial representation of the conceptual structure of the thesis:
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Chapter 2

A glance of spinor vector duality in
free fermionic and orbifold models

In this chapter we give the basic definition of Spinor-vector duality (SVD) and study its origin
in Zgy X Zsg heterotic orbifold models (which are equivalent to free fermionic models (see for
example [50]) for a dictionary of this equivalence). Even though the main focus of this thesis
is smooth compactifications, it may be useful to give a basic idea of how SVD arises in the
original formulations it was observed. However, before doing that, we start providing a very
brief overview of the heterotic string and orbifold constructions.

2.1 Introduction to the heterotic string

In this thesis we build string models using different frameworksﬂ of the same theory: the
heterotic string, so it is useful to start giving a the basic details of it.

Recall that, in string theory, the left-moving and the right-moving excitations are completely
decoupled so it is possible to construct a string theory whose left-moving excitations are treated
as a bosonic string propagating in d = 26 dimensions, while the right-moving excitations are
treated as a superstring in d = 10 dimensions. This is the fundamental idea behind the heterotic
string, which provides an alternative method (to type I and type II theories) of constructing
supersymmetric string theories in ten dimensions with A/ = 1 supersymmetry.

There are two equivalent ways to construct the heterotic string: the bosonic description
and the fermionic description. As the main bulk of this thesis is done in the framework of
orbifold constructions, or more precisely, resolutions of them (via line bundles or described by
GLSMs) we are going to focus in the bosonic one, as it is the natural formulation for these
models. The other framework, the free fermionic, is obviously closer to the standard fermionic
description, but it is still a different approach (While the standard fermionic description is built
as a 10d theory, in the free fermionic formulation we can start directly from a 4d theory by
interpreting all the world-sheet degrees of freedom required to cancel the conformal anomaly
as free fermions propagating on the string world-sheet). As is not the main focus of this
work we refer the reader to other references for further details of the free fermionic models

"We use four different frameworks: free fermion models, heterotic orbifolds, line bundle resolutions and
GLSMs of orbifold resolutions. The two former are the ones in which SVD was observed and the two latter are
the ones we use to see how SVD manifest in the effective limit (smooth compactifications).



[13H15,|17H19] and focus in the bosonic formulation (more suitable for orbifold theories) from
now on. Most of the material of this section is standard background in string theory. See
for example [16,34,135] for nice reviews in these topics.

2.1.1 Bosonic formulation of the heterotic string

In the bosonic description of the heterotic string the mismatched 16 dimensions are considered
to be compactified on an even, self-dual lattice. As there are two possible even self-dual lattices
in 16 dimensions, we end with two types of the heterotic string (one with gauge group SO(32)
and another one with gauge group is Eg x E§). On this thesis we focus on the latter so we
compactify on a T, By, L. the root lattice of the group Eg x Eg.

As usual, the string itself is described by maps X*(7,0) that embed the two-dimensional
worldsheet, equipped with coordinates (7,0), into the 10d target space Mjg. Not all ten
coordinates are independent. Therefore, in light cone coordinates, two components of the left
and right movers are gauge fixed. We will denote the remaining physical degrees of freedom
of the right moving superstring by X% and W% (for ¢ = 1,...,8 ). The coordinates X% are
worldsheet bosons and \I/’R are worldsheet fermions. On the other side, the physical left moving
degrees of freedom are denoted by Xz,i =1,...,8, and Xi,[ =1,...,16, both worldsheet
bosons. Since the coordinates X i are compactified on the T, B, We refer to them as gauge
degrees of freedom.

Equations of motion

The equations of motion are obtained from the worldsheet action using the Hamilton principle.
The result for the bosonic coordinates (for ¢ = 1,...,8 and I = 1,...,16 ) together with the
boundary conditions (with A € T, B, ) are:

92 0?2 - ) .
( > Xi(r,0) =0, Xj(1,0427)=X}(1,0)

or2  do2
* 9% : -
(w - 80) Xp(r,0) =0, Xp(r,0 4 27) = Xj(7,0) (2.1)

2 2
(;Tg - (;‘2> X[ (r,0) =0, Xi(r,0+27n) = X}(r,0)+2wAL.

Note that one end of the string corresponds to ¢ = 0 and the other to ¢ = 27, so the equations
state that both ends coincide. Therefore we are describing closed strings.

The general solution is given by mode expansion. For ¢ = 1,...,8 we split the solution into
right and left moving parts (X = X + X1.),

- 1. 1. ; i
Xp(r,0) = 536’ + 5171(7 —o)+ % Z %6_’”“_") (right mover)
n#0 n
i L, 15 i ar, —in(t+0)
Xp(1,0) = 595 + §p (tT4+0)+ 3 Z ?e (left mover) (2.2)
n#0

. ~I )
Xi(r,0) =ap, +p'(r+0)+ % Z %e_zn(TJr”) (gauge d.o.f.)
n#0



with the raising and lowering operators obeying: (a’ﬁ)Jr =a,, (&%)T =a', and (&é)T =al,
so that Xi and X, are real.

On the right moving sector we also have equations of motion for the fermionic coordinates,
which are given by

or ' Oo

It turns out that \Ifj,% can either have periodic or anti-periodic boundary conditions, called
Ramond (R) and Neveu-Schwarz (NS) boundary conditions, respectively. They read

<8 +6> \I/Z}‘%(T,U):O fori:l,...,S. (23)

V(7,0 4 27) = +W% (T, 0) (2.4)
The general solution of the equation of motion is given by the mode expansions

Ui(r,o) =Y de ™7 R
neZ

U(r,0) = Z ble (=) NS
r€£+%

Right movers

In general, a quantized right mover is given by the bosonic oscillators o, and the fermionic
oscillators d?, and bl acting on the right moving ground state |0) .

We restrict ourselves to massless right movers. They are given by acting with either the NS-
oscillators bi_1 o or with the R-oscillators di on the right moving ground state (fori = 1,...,8).
Therefore, the corresponding states are denoted by NS or R, respectively. Now, it is useful to
note that NS state transforms as an SO(8) vector and the R state as an SO(8) spinor. and
consequently we can write the NS and R state as representations of SO(8) :

e The SO(8) vector NS state can be represented by a weight vector
g =(%£1,0,0,0)) NS (2.6)
(the underscore denotes that all permutations are included).

e The SO(8) spinor R state can be written as

1 1 1 1
el e e e e R 2.7
0= (355555 (2.7
with an even number of plus signs. The first component of this spinor defines the four-
dimensional chirality of the state,

— % & left-handed
1 (2.8)
+ B & right-handed.

Both the NS and the R states |q) g fulfill the same equation for massless right movers,

2

mp 15 1

R 2.
1 =37 —5=0 (2.9)



Left movers

We turn our attention now to the left movers. A quantized left mover is given by the oscillators
@', and &l acting on the left moving ground state |0),.

Since the sixteen gauge degrees of freedom X i are compactified on a sixteen-torus 1; EsxEf>
the corresponding momenta p’ are quantized and correspond to the root vectors of the Eg x Eg
gauge group. Therefore, the momenta p! can be seen as internal quantum numbers of the left
moving ground state |p); that characterize the transformation properties of the ground state
under the Eg x E§ gauge group. The massless left movers fulfill the equation

2
m7;, 15 <
—= == N-1=0 2.10
1 TPt (2.10)
where p? = }6:1 (p] )2, and N is the number operator. It counts the number of oscillators

a_, acting on the ground state, i.e.
N (@ ulp)L) = n (@' lp)L)
N (04 W& P L ) (n+m) ( nd{m|p)L) for i # j.

This yields the following massless left movers

(2.11)

&0y, i=1,...,8
al,j0y, 1=1,...,16 (2.12)
‘pI>L with p? = 2.
The ten-dimensional mass-squared operator is given by
m? =m% +m? (2.13)
and the level-matching condition, which follows from modular invariance, requires

my =m3 (2.14)

The 10D spectrum
To create all massless physical states we can tensor right and left movers together which yields:

e |¢)r ® &' 1]|0); — supergravity multiplet for ten-dimensional A" = 1 supergravity (i =
1,...,8)

e [¢)r ® &@'4|0), — 16 uncharged gauge bosons of Eg x E; and their superpartners (
I =1,...,16 correspond to the compactified dimensions)

° |Q)r ® }pl > ;. — 240 + 240 charged gauge bosons of Eg x Ef and their superpartners
(internal quantized momenta p! with condition p? = 2 give 240 root vectors for each Eg )

|¢) g is either an NS or R state, leading to a space-time boson or fermion. In general, due to
N = 1 supergravity, two states with the same left mover, but one with an NS right mover and
the other with an R right mover, are SUSY partners.

To conclude, restricted to massless states, we can see that the previous construction of the
heterotic string gives a ten-dimensional A" = 1 supergravity theory with Eg x Ef gauge group.
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2.1.2 Orbifold compactification

Now, to make contact with the physical world and its four space-time dimensions, one has to
compactify six spatial dimensions. Let us compactify the dimensions ¢ = 3,...,8. Thus, our
four-dimensional Minkowski space is given by the two (independent) uncompactified dimensions
i = 1,2 plus the two coordinates that were gauge fixed due to the light cone coordinates.
However, if we choose our compactification space to be just the six-torus 7%, we end with a
N = 4 supersymmetric theory in four dimensions as one obtains four gravitini. This is so
because the states coming from the supergravity multiplet in 10D, i.e. |¢)g ® & ;|0); would
be in 4D for spinorial ¢:

1 1 1 1

| :|:§ ’ii’ii’ighz ®@ a0y, (even # of plus signs), (2.15)
- =
chirality internal

The first component of the right mover gives the chirality, because it corresponds to the two
uncompactified dimensions. The three other components, which are correlated to the six com-
pactified dimensions, can now be seen as internal quantum numbers. For these internal quan-
tum numbers, there are four possibilities for each left- and right-handed state. Because one
gravitino consists of both left- and righthanded parts, we have four gravitini.

The solution is compactifying on an orbifold, whose discrete symmetry projects out three
gravitini, leaving N’ = 1 supersymmetry unbroken.

We define our orbifold as 7%/ P, where T® is the six-torus and P is the point group (which
represents a discrete symmetry) whose elements are called twists.

Similarly to the choice of a Calabi-Yau threefold as a compactification space, the choice
of P is also restricted by some phenomenological considerations: The holonomy group of the
6D space is SO(6) which is locally isomorphic to SU(4). If we additionally require to maintain
N =1 SUSY, P must be a subgroup of SU(3). Since we can only mode out a symmetry that
is a symmetry of the torus 7, the elements of P are required to be automorphisms of the 7
lattice and therefore the point group is discrete. Here we restrict ourselves to abelian groups
only. Thus, there are two classes of point groups

e Zy : The cyclic group of order N, which consists of the elements
ZN:{0k|k:O,...,N—1} (2.16)

and 6 can be seen as a rotation by 27/N.

o 7y X Zyp . Each factor is given by a twist 1 and 6 of order N and M, respectively.
Thus, the elements of the group are given by

ZNxZM:{a’foagyk:o,...,N—1andl:o,...,M—1} (2.17)

All admissible point groups have been classified in [89,134]. In our case as we are studying
orbifold models related to free fermion ones, we are going to focus in Zgy X Zs.

As we said previously, we defined our orbifold as 7%/ P, but we can give the alternate definition
T6/P = R%/S, where we have introduced S, which is defined to be the point group P plus the
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translations given by the lattice vectors e, for « = 1,...,6. By definition, the vectors e, (with
lea] = /2 ) span the six-torus T%. To summarize, the space group is defined as the set

S ={(0,nq€q) | 0 € Pngy € Z} (2.18)

where the sum over « from 1 to 6 is implied. The action of an element g = (6, nne,) of S on
the six-dimensional space R’ is given by

gr = 0x + nyeq (2.19)

for x € RS, Then, two points z,y € R® are identified, if they differ by the action of a space
group element g
r~y if thereis a g€ S with x = gy (2.20)

and thereby the six-dimensional space R®/S is defined.
The most important aspect of the geometry is going to be the set of fixed points. Fixed points
are defined as points X; € T6 that are invariant under the action of a nontrivial element of S,

Xi = (9’0@)1 + ngel, (2.21)

fore=1,...,6 and k=1,...,N — 1. It is important to note that due to this equation a fixed
point corresponds to a space group element (9’“, naea).

Due to modular invariance, the gauge degrees of freedom are also going to transform according
to the orbifold action. Concretely the action of the space group S must be embedded into the
gauge degrees of freedom, S — G. G is called the gauge twisting group. In general, G is a
subgroup of the automorphisms of the Eg x Eg Lie algebra. Here, we restrict ourselves to the
case of inner automorphisms, which can be realized as a shift V in the Eg x E{ root lattice.

The embedding of the space group into the gauge degrees of freedom S — G s given by
(ﬁk,naea) — (kV,n,W,) and (19’11C o ﬂé,naea) — (kV1 + [Va,no W) for the Zy and Zn X Zpy
respectively.

Here we have introduced a very important element: the vectors W,, which are the em-
beddings of the torus shifts e, into the gauge degrees of freedom. They correspond to gauge
transformations associated to non-contractible loops and are the so-called Wilson lines.

Accoding to this embedding we can see the action of an element of the gauge twisting
group ¢ on Xi. For the Zy case we have §X! = X]{ + 27 (kVI + naWo{) In our typical
Ziy x 7o we would have g; ; with 4, j = 0,1 so we would have three different non trivial actions,
corresponding to each twisted sector, for example gg1.X i =X i + 27 (lV2[ + naWaI)

The important idea is that points in the sixteen dimensions of the gauge degrees of freedom
are identified, if they differ by the action of an element g of the twisting group.

So to sum up taking into account the six dimensional internal space with the 16 gauge
degrees of freedom our orbifold O

O =R°/S® Tgyypy /G (2.22)

defines a heterotic orbifold.
Further details (required for model building, e.g. calculation of the spectrum) will be developed
in the sections in which each relevant orbifold appear (i.e|5.2|for 7% /7% and for T6 /7o x Z5).
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Partition functions

To study the origin of spinor-vector duality we need to discuss a bit another result for het-
erotic orbifolds, i.e. the construction of partition functions. Recall that the one loop vacuum
amplitude, also known as genus-one partition function, represents a fundamental quantity of
the theory since it encodes the full perturbative spectrum. The modular invariant constraints
(which have already imposed before making the gauge root lattice to be Eg x E{ ) are in
fact derived from the calculation of the one-loop vacuum amplitude. The Feynman diagram,
which describes a closed string propagating in time and returning to its initial state, is a
donut-shaped surface, equivalent to a two-dimensional torus. A nice review of the discussion
of partition functions for the heterotic orbifolds we are interested can be found in [135]. One of
the main ideas is that the partition function of the Eg x E§ string can be written in terms of the
SO(2n) characters (Oap, Vap, Son, and Cay,) which represents conjugacy classes of the SO(2n)
group (scalar, vectorial, spinorial and antispinorials). These characters are of the form:

1/67 o7 1/67 o 1/67 on 1/67 on
O2n—<i+i>7 ‘/2n—<i_i>a S2n—(i+7f_n7ll>7 C2n—<i_i_n}.b
2\n n 2\n n 2 \n n 2\n n

(2.23)

0 0 1 1
05 = Zs 0= Zs 0= Zy bh=Zy , (2.24)
0 1 0 1

and Z is the partition function of a single worldsheet complex fermion, given in terms of theta
functions. In 10D we would have

Tesxis = (Vs — Sg) (O16 + S16) (O16 + S16) (2:25)

However after compactifying in our six-torus we end with a partition function that is

®6
Zy = (Vg — S%) (Z Am,n> (016 + Si6) (016 + Si6) - (2.26)

where as usual, for each circle,

/ /
2 2
g

|n|?

. m; ;i R;
7 _ (A (A T _
PLR = R; o and - A =

(2.27)
What we will see in the following section is that the introduction of the orbifold action is this
partition function ([2.26)) will add an extra degree of freedom, the discrete torsion, which allow
to choose a plus or minus signs between the orbits of the partition function. A consequence of
some of these choices would be the spinor-vector duality.

2.2 Introduction to Spinor Vector duality

Once we have given the basic background of the heterotic models we are to use we can focus
in the introduction of the spinor-vector duality.

).
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2.2.1 Definition

We define spinor—vector duality (SVD) as a symmetry underlying the four dimensional
fermionic Zo X Zo string vacua which relates two models by interchanging the total number of
spinors plus antispinors states by vectorial states of the underlying gauge group.

e More explicitly: for any vacuum 1, with #1(S+S) and #2 (V) representations, there exist
a dual vacuum 2 in which #;1 <> #2, where 5,5 and V are the spinorial, anti-spinorial
and vectorial representation of the underlying GUT group

2.2.2 Initial observation of SVD: counting number of models

SVD was originally observed in the context of the study of the fermionic Zs X Zo orbifold. The
duality was initially observed by simple counting , using the classification tools developed
in for the heterotic—string with unbroken SO(10) GUT symmetry.

After that it was studied in detail for the SO(12) or SO(10) GUT groups in models with N = 2
or N' = 1 spacetime supersymmetry, respectively [42/-45]

B 2 4 6 8 10 12 14 16 18 20 22 24
24r 24

22} 22

20

18

16

14

12

10

[22]

(=]

@ N A

@ 2 4 6 8 10 12 14 16 18 20 22 24

Figure 2.1: Density plot showing the spinor-vector duality in the space of fermionic Zo X Zo
heterotic-string models The plot shows the number of vacua with a given number of
(16 4+ 16) and 10 multiplets of SO(10). It is invariant under exchange of rows and columns,
reflecting the spinor-vector duality underlying the entire space of vacua. Models on the diagonal
are self-dual under the exchange of rows and columns, i.e. #(16 + 16) = #(10) without
enhancement to Fg, which are self-dual by virtue of the enhanced symmetry. .

2.2.3 Further details of the duality

For further insight into SVD it is useful to study the behaviour of the representations of the
underlying gauge goup.
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Let us consider the N/ = 1 case, in which an SO(10) x U(1) symmetry is enhanced to Fg.
In this case the string compactification possesses an (2,2) worldsheet supersymmetry. The
representation of Eg are the chiral 27 and anti—chiral 27, which decompose as

27 = 16419+ 101 + 149 (2.28)
77 = 176,1/2 + 10+1 + 1_2

under SO(10) x U(1). If one now counts the sum of the number of all (16)— and (16)-plets
Ng and total number of (10)—plets Ny, it is obvious that in this case Ng = Ny. Thus, the
point in the moduli space in which the symmetry is enhanced to Eg, is a self-dual point under
the spinor—vector duality. This is similar to the case of T—duality on a circle, in which at the
self-dual radius under T—duality the gauge symmetry is enhanced from U(1) to SU(2).

Away from the self-dual point the Eg symmetry is broken to SO(10) x U(1) and the
worldsheet supersymmetry is broken from (2,2) to (2,0). Another important fact, is that as
the free fermionic heterotic—string vacua correspond to the Zs X Zs orbifolds, they contain
three twisted sectors each preserving an N = 2 spacetime supersymmetry. The spinor—vector
duality can then be realised in each twisted sector separately, i.e. it can be realised in models
that possess N = 2, rather than N = 1, spacetime supersymmetry [44]. In the N' = 2 vacua
the enhanced symmetry at the self-dual point is E7, which is broken to SO(12) x SU(2) away
from the self-dual point, and the spinor—vector duality is realised in terms of the relevant
representations of F7 and SO(12) x SU(2) |44].

The origin of this breaking pattern both in the Fg and F7 (i.e. NV =1, and N = 2 ) cases, is
the following

e In the bosonic description (i.e toroidal orbifold models) the Eg or E7 is broken by discrete
torsions (which can be expressed as Wilson lines). The main difference is that in the
vacua possessing N/ = 2 spacetime supersymmetry the mapping between the dual Wilson
lines is continuous, whereas in those possessing A/ = 1 it is discrete, as the moduli which
allowed the continuous interpolation in the N/ = 2 case are projected out [48]. We will
briefly review this case in the next subsection.

e In the fermionic language the origin is in the exchange of generalised GSO phases in
the one-loop partition function. For details we refer the reader to [45,48].

2.3 The origin of SVD in 7, x Z5 orbifold models

We present here the basic result of the orbifold case for the spinor-vector duality.

SVD arises as a result of switching on/off a discrete torsion between the orbifold twist and a
Wilson line [47,48].

To see how this result arises we come back to the study of the partition function of the heterotic
Es x Eg string compactified to four dimensions
Now we want to see how Z, is modified by the orbifold action: Zsa x Z : g x ¢’ action.

e The first Zo is freely acting. It couples a fermion number in the observable and hidden
sectors with a Zs-shift in a compactified coordinate, and is given by ¢ : (—1)(F 1+F2)§
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where the fermion numbers F} 2 act on the spinorial representations of the observable and
hidden SO(16) groups as F1 3 : <016 V2, 818, Ol ) — (016 Vi, =818, —6'1162) and
0 identifies points shifted by a Zs shift in the Xg direction, i.e. §Xg = Xg+mRg. The effect
of the shift is to insert a factor of (—1)™ into the lattice sum , i.e. & : A, , — (=1)™AY |

— Alternatively, the first Zs action can be interpreted as a Wilson line in Xg [48],
g:(07,1]1,07) = Es x Eg — SO(16) x SO(16).

e The second Zjy acts as a twist on the internal coordinates: ¢’ : (z4, x5, 26, 27, 8, Tg) —
(=4, —x5, —26, —T7, +8, +T9).

The effect of the second Zs action (i.e the space twist) is to break N’ =4 — N = 2 spacetime
supersymmetry and Fg — E7 x SU(2) or, with the inclusion of the first Zs (i.e. the Wilson
line) SO(16) — SO(12) x SO(4).

Now the resulting orbifold partition function is given by

<Z+) [(1+g)(1+9’)}2+ (2.29)

L, X Z 2 2

it contains an untwisted sector and three twisted sectors. The winding modes in the sectors
twisted by g and g¢’ are shifted by 1/2, and therefore these sectors only produce massive states.
The sector twisted by g gives rise to the massless twisted matter states. The partition function
has two modular orbits and one discrete torsion e = 4+1. Massless states are obtained for
vanishing lattice modes. The terms in the sector g contributing to the massless spectrum take

the form: { (
1
2

Pr = <1+6(2_1)m> Apn; P = <1_6(2_1)m> J (2.31)

2n
04

) [PFQsV12C4016 + P Qs51204016] +

N =

(2.30)

2|*
04

) [P Q301254016]} + massive

where:

Depending on the sign of € = 4 it is seen from that either the vectorial states, or
the spinorial states, are massless. In the case with ¢ = +1 we note from that in this
case massless momentum modes from the shifted lattice arise in Ptwhereas P~ only produces
massive modes. Therefore, in his case the vectorial character Vi in eq. produces massless
states, whereas the spinorial character Sio generates massive states. In the case with e = —1

(2.33)) shows that exactly the opposite occurs.

e=+1 = Pj: A2m,n P—= A2m+1,n (232)

e=—-1 = Pj: A2m+1,n P = AZm,n (233)

€
Thus, the spinor-vector duality is generated by the exchange of the discrete torsion € = +1 —

e = —1 in the Zg x Z!} partition function.
As we said in the previous subsection, the orbifold language is closer to our purposes (i.e. the
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extension to the smooth case), and we can see already some relation with mirror symmetry.
It can be observed a similar logic between the example we have just discussed and one of the
simplest examples of mirror symmetry, i.e. in the Zs x 7Z orbifold model of [64], where the
mirror symmetry map is induced by exchange of the discrete torsion between the two orbifold
Zo twists. In the mirror symmetry case the chirality of the fermion multiplets is changed,
together with the exchange of the complex and Kéhler moduli of the internal manifold. The
total number of degrees of freedom is invariant under the mirror symmetry map. It is interesting
to note that this is also the case in the case of the SVD. In this case there is a mismatch between
the number of states in the vectorial, 12 - 2 = 24, and spinorial 32 , cases. It is noted from
the second line in that the vectorial case € = +1 is accompanied by 8 additional states,
which are singlets of the SO(12) GUT group. It is seen that the total number of degrees of
freedom is preserved under the duality map, i.e. 12-2+4-2 = 32
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Chapter 3

Line bundle resolutions of heterotic
orbifolds

3.0.1 Introduction: why resolved orbifolds

It is reasonable to assume that the idea of extending SVD to smooth compactifications may be
better implemented if the models of both sides (orbifolds and smooth manifolds) are connected
in such a way we have a complete control of the physical and geometrical changes we are doing
while passing from one side to the other. This is the rationale behind choosing our smooth
spaces to be Calabi-Yau manifolds defined as resolutions of toroidal orbifolds instead of
other common choices as Complete Intersections Calabi-Yaus [95], elliptic fibrations [25] or
hypersurfaces in four dimensional toric varieties, like the ones from the famous Kreuzer-Skarke
database [103].

The strategy we will follow is to understand the element which generate the SVD in the orbifold
side (which is the discrete torsion between the orbifold twist and Wilson line as we saw in the
previous chapter) and try to guess how it works in the most similar (but smooth) model that
we can define.

The orbifolds we start from are the 7% /7 in 6D, the (T*/7Z3) x S' in 5D and the T /7y x 74
with Hodge numbers (b1t h%1) = (51,3) in 4D (see [99] for a classification of relevant orbifolds
for free fermionic constructions). The resolution of the the first two ones is relatively simple
(a K3 surface (or K3 x S')) while the last resolution is topologically non trivial and we will
devote more time to study it.

Starting from the orbifold we are going to manipulate it in such a way we obtain a smooth
manifold which inherits its geometrical structure (plus some extra structure, which is going to
be new but controlled/known). This manipulation is going to be a well-defined geometrical
and topological operation, the so-called resolution of singularities.

The resolved orbifolds we are dealing with in this thesis are studied by two different formalisms:

e In the simpler version we are introducing exceptional divisors and placing our gauge
flux only inside of them (i.e. Abelian gauge flux). We refer to this as line bundle
resolutions [32,/60,61] and it will be the matter of this chapter. The general idea of the
process has two main parts:

— “Blow-up” the singularity by introducing an exceptional divisor which defines a
line bundle. Physically this corresponds to give a non-vanishing vacuum expecta-
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tion value (VEV) to a field. This results in a non-compact resolution of the local
singularity.

— Glue the resolved pieces together to form a Calabi Yau manifold, which gives the
final, compact resolution.

This will be the main formalism employed for the smooth models of Chapters 4, 5 and 6.

e In Chapter 7, we will use a more general formalism which allows to deal with orbifolds
and (total and partial) resolutions of them (together with non geometrical regimes), the
Gauged Linear Sigma Models (GLSMs) [112/|113]. In GLSMs we are interested
in specifying a supersymmetric configuration of a two-dimensional SUSY field theory.
Then by continuous variation of some of the parameters of the theory (the FI parameters
and the complex parameters of the superpotential) we can go through topological changes
from orbifold to resolved models and vice versa. Although it is conceptually more complex
in some ways, its flexibility is better suited to study discrete torsion on both sides.

We will devote this chapter to the study of the basic topology, geometry and consistency
conditions of line bundle resolutions (focusing on the Res(T°/(Zzy x Zs))) to offer a conceptual
first approach to those not familiar to these techniques. This background material is basically
a recollection/summary of [32}60,/61,/63,78] so we refer the reader to these papers for further
details. The GLSM formalism will be studied in detail in Chapter 7.

3.1 Some useful concepts and definitions

We start giving a basic review of some concepts coming from Algebraic Geometry and related
fields that will appear in the resolution formalism. As we said before, one of the key steps
when we resolve a toroidal orbifold is to introduce a smooth submanifold of the resolved space,
the so-called exceptional divisor. Hence, we first explain in some detail the concept of divisor.
For intuition it is useful to think about them as the (linearly independent) pieces (submani-
folds or more precisely hypersurfaces) inside our total Calabi Yau manifold. They (and their
intersections) are going to encode most of the topological data which is going to constraint our
resultant 4D theory.

Divisor On a complex n-fold M, a divisor D is a locally finite linear combination of
irreducible analytic hypersurfaces V; of M:

D = Zaiyi; a; €7, (3.1)
i
e An “analytic hypersurface” means that dim); = n — 1 and that every ) is (locally at
every point) given as the zero-set of a single holomorphic function.

e “Locally finite” means that for any p € M, there exists a neighborhood of p meeting only
a finite number of the ); ’s appearing in D; if M is compact, this simply means that the
defining sum for D is finite.

e A divisor is said to be “effective” if a; > 0 for all <.
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Note that we are restricting ourselves to (what is called in Algebraic Geometry) Weyl
divisors, so in our language: divisor = Weyl divisor.

Vector bundle

In heterotic theory the gauge degrees of freedom are described geometrically by an holomorphic
vector bundle. Let us give the technical definition.
A vector bundle V is a tuple (E,n, B, F,G ) such that:

FE is a topological space called the total space.
B is another topological space (a Calabi-Yau manifold in our case) called the base space.

F' is a vector space and it is called the fibre. When the dimension of F is 1 we have a
line bundle, L.

m: E — M is a surjection called the projection. For any point p € B the inverse image
7 1(p) = F, & F is the fibre at p.

A Lie group G called the structure group, which acts on F' on the left. In heterotic
compactifications we generally have that G = SU(n). In our resolved models we will
have different U(1)’s that can be embedded into some S(U(1))". See equation (3.61)) and
below.

A set of open coverings {U;} of B with a diffeomorphism ¢; : U; x F — 7! (U;) such
that mo@;(p, f) = p. The map ¢; is called the local trivialization since gzbi_l maps 71 (U;)
onto the direct product U; x F.

If we write ¢;(p, ) = ¢ip(f), the map ¢;, : F — F, is a diffeomorphism. On U; NU; # 0,

we require that t;;(p) = m} °o¢jp: FF = F be an element of G. Then ¢; and ¢; are
related by a smooth map t;; : U; N U; — G as:

oi(p, f) = ¢i (p,tij(p) f) - (3:2)
The maps t;; are called the transition functions.

Depending on the vector bundle we can have a number of local sections s; : U; — E such
that 7(s;(p;)) = p; for all p; € U;.
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>  Fiber

F = 4D-vector space

ed

Vector bupdle

is an SU{4) bundle

g is an element € SU(4)

Base
Bc [4]9]

—p

o1 (0, v) = o (i, gv)

Figure 3.1: To illustrate the definition above we show an impresionistic representation of a
SU(4) vector bundfle over a CY threefold (in this case we represent a 2D slice of the quntic
hypersurface in P%). The SU(4) vector bundle is going to describe part of the gauge degrees
of freedom of the original Eg x E{ leaving SO(10) x E{ as the 4D gauge group

The construction of vector bundles is usually technically involved and implies techniques
as monad bundles (based in short exact sequences[l of line bundles ) or the use of spec-
tral covers , among others. An advantage of the resolution formalism is that it allows the
construction of vector bundles in a straightforward way as long as we only use Abelian gauge

'Recall that a short exact sequence is of the form: 0 — A 4B % ¢ = 0 where A,B,C are vector bundles,
the arrows are mappings between them, and they fulfil that im(f) =ker(g).
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fluxes. That will imply that the flux is only located in the exceptional divisors, which define
by the line bundle-divisor correspondence our bundle background.

Blowing-up and exceptional divisor
A process by which a point p in a complex n-dimensional space X is replaced by a compact
complex (n — 1)-dimensional space E in such a way that E' is a complex subspace of the result-
ing blow-up, )Z'p. In other words, the space E must admit a complex 1-dimensional fibration
(i.e. line bundle) such that the n-dimensional total space of this fibration fits in the "hole’ left
in X when p was removed. Note that p could have been a smooth or a singular point of X (in
the case of orbifolds it would be singular); its replacement, E is going to be a special case of

divisor, called the exceptional divisor of X,.

Figure 3.2: Simple illustration of the blow-up process for a conic singularity, which corresponds
to C2 /Zs. The exceptional divisor E is a P! and the resolved space X can be thought as a
1-dimensional fibration over E

Line bundle-divisor correspondence
We can assign a holomorphic line bundle £ to a divisor. To do so let us choose an open cover
{U;} of the base B and local trivializations

In terms of the trivializations ¢;, the holomorphic transition functions ¢;; on the overlap of two
open covers U; N U; are given by t;; = ¢; o ¢j_1. Sections s, of L associate points on the base
B with points in the fiber F ~ C.

As divisors correspond to (a sum of ) hypersurfaces f; = 0 on open patches U; with transition
functions ¢;; the identification is done by taking these transition functions to be the transition
function of the associated line bundle. This implies that the degree of the f; will be the first
Chern class of the line bundle, which determines it uniquely.

Chern class
Chern classes are characteristic classes expressing topological invariants of complex vector
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bundles. For a vector bundle V of rank n with curvature F(V) its total Chern class is:

FV
c(V) = det <1 + 2(7rz)> =1+ca(V)+caV)+...cn(V) (3.4)
where ¢;(V) is the i-th Chern class of the bundle. As we are generally dealing with vector
bundles which are sum of line bundles it is interesting to remember the so-called splitting
principle:

(V) = H c(L;) (3.5)

e For a line bundle A complex line bundle £ is completely determined by its first Chern
class ¢i1(£) = F(L)/2mi, which can be taken to be harmonic (1,1)-form. Because it is
closed, locally its curvature can be written as F(£) = A;(£) in terms of a connection
A;(L) in coordinate patch U;. Between two coordinate patches U; and U; the connections

Aj (L) = Ai(L) + (L) ti(L) (36)
are related via the transition functions ¢;(L).

Intersection number
The intersection numbers generalize the idea of the counting at how many points d two curves
intersect, into higher dimensions. In particular, for a Calabi-Yau threefold we are interested in
triple intersection numbers, which will be defined as:

Hz’ij/ D;D; Dy, (3.7)
X

where D, is any divisor of the Calabi-Yau. Note that there is no index « is excluded from
the definition. Consequently one also can calculate self-intersections of divisors, which have
a less straightforward geometric interpretation than “the number of times they intersect” .
Roughly, self-intersections can be thought of as the intersection of a submanifold with its
slightly perturbed copy and they can be fractional (for non-compact varieties) or negative (for
exceptional divisors). A negative self-intersection then signals that a divisor cannot be moved.
The fractional intersection numbers signal that by taking the local (non-compact) case we are
neglecting contributions from the global gluing.

Toric variety
As the resolutions of toroidal orbifolds are going to be toric varieties and some important
data of them (like the triangulation and the intersection numbers) can be read from some
pictorial representation of the variety (the so-called toric diagram) it is helpful to introduce
these definitions now.
An n-dimensional toric variety X has the form:

X=(CcN-F)/cH" (3.8)

which contains the algebraic torus (C*)N_m which lends the variety its name. F’is the so-called
exclusion set and it is the subset that remains fixed under a continuous subgroup of (C*)™ It
must be subtracted for the variety to be well-defined.
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Toric diagram
There is a convenient way to represent the properties of toric varieties including the properties
of the divisors: the toric diagram. It is based in the concept of cone and fan. Define M = ZV
and Mr = M ®z R. Then

e Cone A strongly convex rational polyhedral cone o of dimension n, or cone for short, is
spanned by a finite set of vectors v; € M,

n
O‘Z{ZC{U@'|CZ‘€R+} = o0C Mg (3.9)

i=1
such that o N (—o) = @. The cones of dimension one are called edges.

e Fan A fan Y is a collection of cones such that each face of a cone in X is also a cone in o
and that the intersection of two cones in ¢ is a face of both cones. A fan is specified by
its edges and its choice of the exclusion set.

To picture the toric diagram from this data we need to know the relation between the toric
variety we have deﬁned and the vectors v;. These vectors correspond to coordinates z; of
CN. The (C*)™ actions relate the various coordinates and thus correspond to linear relations
among the v;. Finally, the exclusion set F' contains those coordinates which correspond to
vectors that do not belong to the same cone. The edges of the fan correspond to the divisors
in X. We will see some examples of toric diagrams in the following subsections.

3.2 Resolution of C"/Z, using toric geometry

We start from a C" /7y, orbifold, which is defined as the complex space C™ with n local coor-
dinates Z,, on which the Z,, twist acts as:

_ . : 1
O(Z)=0z, 6=¢"9 ¢=—diag(l,...,1) (3.10)
n

This defines a space with a singularity and a deficit angle of 27(1 — %) We can avoid this
singularity by defining a new set of n local coordinates Z, in terms of the n + 1 homogenous
coordinates zi, ..., zp, € C in the following way

1 1
ZW=z21xn, ... Zp=zpxn, (3.11)

As we are describing the n local coordinates using n + 1 homogeneous coordinates, we must
introduce a constraint which “kills” one degree of freedom, which is going to be the C* =C—0
“toric” action on the homogeneous coordinates. As we want our action to leave the local
coordinates inert the C* action is uniquely fixed to

C*: (21, y2n,2) ~ ()flzl, D S )\"1‘) , AeC* (3.12)
Consequently the resolution of C"/Z,, is defined by the toric variety:
Res (C"/Z,) = (C"*! — F) /C*, (3.13)
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where the exclusion set F' has been subtracted to ensure, that the resolution is not sin-
gular. As the C* action should act non-trivially, we should exclude the origin, ie. F =
{z1=...= 2z, =2 =0},

Now, it is useful to define a set of n + 1 hypersurfaces of complex dimension n — 1 (i.e.
divisors). We have two types of divisors

e Ordinary divisors D; = {z; = 0} which are non-compact. They are present in the
original space.

e Exceptional divisor £ = {x =0}. This is the one that (according to our previous
definition) is not present in the original space. It is obviously compact. Taking into
account the rescaling of the toric action, we see that E = CP" ! defined in terms of
homogeneous coordinates. In agreement to the blow-up definition, this means that the
singularity of the orbifold C"/Z,, has been “blown up” to a CP"!,

Note that the resolution Res (C"/Z,,) itself can be thought of as a complex line bundle over
cpr L.

As we said before we can we can associate a complex line bundle to each of the divisors,
which will be uniquely characterized by its holomorphic scalar transition functions. To deter-
mine these transition functions for the various divisors we write the defining equation of the
divisor in each patch U;.

This gives for the ordinary divisors D;:
5
Ujpi: = =0, Uiz1=0, Up:anz =0 (3.14)
J

and for the exceptional divisor E:

Uj : z;”x = O, U(] : 1=0. (3.15)
Note that the inconsistent equations “ 1 = 0 ” tell us that D; does not live in U; and E does
not live in Uj.

From this we read off the transition functions for the associated line bundle of divisors D; and

E
1

tr 1 Z?
y tj() (Dl) = anj, and tkj(E) = 27, tj()(E) = — (316)
k

trj (Di) = +

. n
J Z;T

J

It follows, that the transition functions of the line bundles, associated to the divisors, D; and
E, are all related to each other in every patch (so we drop the indices) according to:

t(Dy) " =...=t(Dy)" = t(E) (3.17)

As the divisors correspond to line bundles and they are totally characterized by the Chern class
(i.e. we may write D; = ¢ (D;) and E = ¢1(E)) we know by (3.17)) that the divisors satisfy
the following linear equivalence relations:

D; ~ Dj, nD;+FE~0,& C(D,) = C(Dj), nc(Dz) + C(E) =0, (318)

On the other side the splitting principle (3.5 can be seen equivalently as the fact that the
total Chern class ¢(T'X) of the tangent bundle of our manifold X is given as the product of
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1+ D over all compact and non-compact divisors D. For X = Res(C"/Z,) this amounts to
n
o(IX)=Q1+E)[[a+D) (3.19)
=1

from this equation and using the linear relations (3.18)) we check that our space has a vanishing
first Chern class as required for a Calabi-Yau space,

=E+)» Di=0 (3.20)

We are also interested in the second Chern class which gives (using that ¢;(7X) = 0)

1
EZD +Y DiD; = "+ ED;, (3.21)
1<J

A key characteristic of any Calabi-Yau manifold, which define its Hodge numbers, are the
holomorphic cycles within it, and the study of their intersections, the intersection numers we
talked about in .

The different holomorphic (n — 1)-cycles are the D;’s and E and we can define any intersec-
tion numbers from them by integrating the appropriate (n —i,n —i)-form over the appropriate
(n — 1) dimensional hypersurface. For example we can define the integral of any (n —1,n —1)-
form, say, DS_QE over, for example, D1, and denote it by fD1 D;_QE.

As we said particular interesting case are the intersections of n different divisors are because
they define zero dimensional surfaces, i.e. sets of points, what we called before triple intersection
numbers. In general these numbers are read from the toric diagram when the divisors are all
different (the intersection number of all divisors which form a cone together with the origin
have intersection number 1) and we use some linear equivalence relations when we are dealing
with self-intersections.

To build the toric diagram of Res (C"/Zy,) first give n vectors vy, ..., v, that represent the n
ordinary divisors Dq,...,D,. A possible basis is v; = (1,0, ...,0), to v, = (0,...,0,1). Then,
exceptional divisor F is represented by the vector

w=Y_ ¢ivi, (3.22)

which in this basis (and recalling that ¢; is the one of the orbifold action takes the
form w = (1,...,1)/n. This basis v1,..., v, and w precisely dictate how to construct the local
coordinates and it is a particularly simple example of what was explained in the definition of
the toric diagram. We will have:

E. HD /ED2 D, =1 (3.23)

as they form a cone with the origin (it can be checked for C?/Zsy and C3/Z3 s in figure .
Then using the linear equivalences (3.18]) we get that

E" = (—n)"1 /DQ ...D,E = (—n)"! (3.24)
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D,

Dy

Figure 3.3: Toric diagrams of C2/Zy and C3/7Zs

Now we want to reconnect with the original heterotic orbifold theory and check that our
construction is consistent with it. Our blowup models should satisfy the integrated version of
the Bianchi identity

H = trR? — tr (iFy)? (3.25)

Here we have defined iFy = iFVIH; which is the embedding of the U(1) gauge background in
the SO(32) or Eg x Eg gauge group. We can see the relation of this VE| and the orbifold model
defined by the gauge shift v by identifying the gauge background JFy with the orbifold action
on the gauge degrees of freedom (up to vectors in the SO(32) or Eg x Eg lattice, hence the =
symbols)

1
vl H = /AV = ——VIH, (3.26)
o n

1
UIH] = / Fv = —*VIH[ (3.27)
Dsy...Dy, n

note the fractional nature of the orbifold gauge shift vector v is obtained by integrating over
a non-compact curve. The integrated version Bianchi Identity is easily computed. For Res
(C?/Z3) we find

V2= —2/tr (Fv)? = —2/trR2 =6, (3.28)

when integrated over the whole resolution. For Res (C3 / Zg) we obtain

V2= / tr (Fy)? = —3/ tr (Fy)? = —3/ trR? = / trR? =12 (3.29)
E D; D; E

Both conditions in two and three complex internal dimensions are compatible with the corre-
sponding modular invariance conditions, (2v)? = 2 mod 4 and (3v)® = 0 mod 6, of the heterotic
string, respectively.

2In later models, like Res(T°/(Z2 x Z2)) what we have is a set of U(1)’s located in the 48 different exceptional
divisors and the embedding vectors V’s (which should be 8 + 8 dimensional vectors of integer of half-integer
entries), which we informally call “bundle vectors”, will be one of our main degrees of freedom for model building,
(together with the choice of triangulation).
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3.3 Orbifold resolutions with multiple exceptional divisors

The most important resolution we are going to study, the Res(T%/(Z2 x Zs2)), will need the
introduction of several exceptional divisors so it is also enlightening to explain the more general
case, i.e. considering non-compact orbifolds C"/G, where G is a finite group, Abelian for
simplicity, and n = 2,3. The action of an element § € G on the orbifold coordinates Z1,...Zn
can he written as

0: (Zl, el Zn> — (eZﬂi‘bl(G)Zl, . ,62”i¢”(9)2n> (3.30)

such that all 0 < ¢;(6) < 1.

We define the corresponding representative [6] of the orbifold action to be the element that
satisfies ), ¢;(#) = 1. Now, to each representative [f] we associate an exceptional divisor FEy.
The total number of exceptional divisors is denoted as N. For even and odd ordered orbifolds
the following holds: N (Za) = N (Zog+1) = k exceptional divisors. If we let vy, ... v, define a
basis for the toric diagram of the orbifold, then the vector

Wy = Z(f)i(e)’uz (331)

identifies the exceptional divisor Fjy in the toric diagram of the resolution for each representative
[0]. This definition of exceptional divisors of the resolution is in one-to-one correspondence to
the twisted sectors in orbifold string theory: Also there each representative [6] corresponds to
a distinct, e.g. first, second, etc., twisted sectors. In particular, as is well-known the C"/Z,
orbifolds, with n = 2,3, have only a single twisted sector, in agreements with the previous
section where we only had a single exceptional divisor. As noted before, the set of vectors v;
and wy define the points in the toric diagram corresponding to the ordinary and exceptional
divisors of the resolution, respectively.

Now we follow the same procedure than in the previous subsection. Each of the vectors, v;
and wy, correspond to a homogeneous coordinate, z; and xg, of the resolution Res (C"/G),
respectively. As in the previous section, the divisors are defined by setting the corresponding
coordinate to zero:

Di={z =0}, Ep={zp=0} (3.32)

Similarly to (3.11)) we introduce a set of n local coordinates Z, defined in terms of n + k
homogeneous ones:

n k

(vi); (wp),

Zi=1z" Tl " (3.33)
i=1 =1

(where (v;); denotes the j th component of the vector v;) and the corresponding N = k toric

actions (C*) such that they leave the local coordinates invariant. We will also have n linear
equivalence relations of the divisors:

> (vi); Di+ Y (wg); Eg ~ 0. (3.34)
0

The resolution of the C"/G orbifold is also a toric variety defined as
Res (C"/G) = (C™*N — F) /(CH)V, (3.35)

where exclusion set F' is defined, such that in non of the coordinate patches singularities arise.
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3.4 The geometry of Res(1T%/(Zy x 7))

We will review the resolution of 7% /(Zs x Zs) following the work of [32] as that is the manifold
we are interested in for the 4D case, and the background geometry in Chapters 6 and 7. In
fact Chapter 6 can be seen in some sense as the continuation of the cited paper.

3.4.1 The orbifold

The orbifold is defined as a six-torus:

6
TO =T x T? x T? = Z zpep; 0 <z, < 1; e, = orthonormal basis in RO S =
p=1
6
=C¥ T =C*/ 4D mpep; mp € 7 (3.36)

p=1

modded out by a Zgy X Zg symmetry group, Zs X Zgy = {1,601, 62,603}, whose twist elements
01,02 and 63 = 6165 have the action:

: 1 ; 2 . 3
0; : (21, 22, 23) (€2M(%) zhe%l(%) 227627”(%) 23);

1= (0.5, 5) %2 = (-3,0,3), 95 = b1 + ¢ (3.37)
To analyze the singularity structure it is useful to define the space group action over a point
z € C3 such that Zy x Zs : gz := z — 0z +1 with § = twist € {1,0y,6,,63} and | = shift € Cac
With singularity structure we refer to the fixed sets {27} of this orbifold action, i.e. {2y = gz},
for 8 # 1. These sets can be viewed quite easily either algebraically or geometrically: each
0;,i = 1,2,3 leaves invariant the corresponding two-tori Ti2 (lying in the complex plane i), so
we can naively think that as the three invariant sets are just only each Tf. However we must
also think in the [ € I'y, .. Taking this into account we see that there will be a copy of these Tf
with the same components in the z; plane than the original but lying in the other C? space such
that it intersects the z; and/or z, complex planes in some point (z;, z;) such that it is remains
the same when it is translated by the components I}, [ of the [ € I'g, ., (which correspond for
example in the #1-sector to each pair (e,e)).
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f;-seclor

®
-
z1-plane “1 zg-plane €3 zz-plane 5

Figure 3.4: Fixed points

These would be also fixed two-tori (the naive case is the one such that (zj,z2;) = (0,0)),

so we will have 3 x(_4 x 4 ) =48 fixed tori T?. It is also easy to see that these 48
N N

61,02,03 each e each e
tori intersect at the points of C? whose components are intersection points

combination <+ intersection points =4, x4 x4e= 64 intersection points.

= (e,e,0) in each

. 1
PTOJ(Tfs)Cfxcg = (2 27579

Figure 3.5: Inaccurate representation (just for some intuition) of some of the 48 fixed tori which
are the ones sitting in each z; plane +I; + I}, € I'f4c



30

3.4.2 Local resolution: how to resolve the C3/(Z, x 7Z,) singularities

The singular points of T°/(Zy x Zs) are of the form C3/(Zy x Z3). We can see how to resolve
them following the procedure of the previous subsection.

e A point in C3/(Zy x Zs) is defined by z = (21, 22, 23) € C3.

e Define the local coordinates according to (3.33)

3 3
Z; =] T =" (3.38)
i=1 0=1
where v; and zp represent the position of the ordinary divisor D; := {z; = 0} and the

exceptional divisor Ep := {xg = 0} in the toric diagram.

e Concretely we will have

2 0 0
v=|0],v2=12|,v3=1]0 (3.39)
0 0 2

and as w, = (Px)v; where (3;)7 = (p;)7 mod 1 (the ¢’s are the ones of the orbifold
action) we will get

0 1 1
wr=|[1];we=|0];ws=1]1 (3.40)
1 1 0

— The basis of v; has been chosen such that all the wy and v; lie in the same plane
(see section 4.3 in [62] about (non-compact) toric Calabi Yau varieties).
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The projection of these vectors over the plane are the toric diagrams and each form
of the joining the points such that no lines cross each other and no additional lines
can be added would be a different triangulation.

D1 Dl Dl- Dl-

E3 EZ- E3 Ez. E3 Ez. E3 o L Eg.

D, Ey D; D, Ey D; D, Ey Ds Dy Ey Dy
Triangulation S Triangulation E; Triangulation E, Triangulation Ej
Figure 3.7: The 4 inequivalent triangulations of each C3/(Za x Z2) singularity

e The resolved space will have new homogeneous coordinates, 21, 29, 23 not present in the
singular space, associated to the exceptional divisors as seen in this illustration in lower
dimension.

D ¢

Singular point

N\

(C*)*-action
X X

Z2

Smooth submanifold F; C

21

23 23

Figure 3.8: Illustration of the blow up in process in three of the singular point (obviously
inaccurate because of the dimensionality)

e The concrete form of the local coordinates Z; is (substituing the values of v; and wy):
Zj =171 = 22xox3; Zo = Z%l‘l.’l,'g; Z3 = zgwlxg (3.41)

e Starting from the homogeneous coordinates (21, 22, 23, 1, T2, T3) € CY and imposing three
C* actions one obtains a complex three-dimensional toric variety - the resolved C?/Zy x Zs
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orbifold. At xj # 0, one can use the C* actions A\; = £,/x3, Ay = £,/71 and A3 = /72
to set the additional coordinates xp to 1 , i.e. (z1,29,23,1,1,1). Due to the possible
choice of £1 in these C* actions, a residual Zo X 7o action remains. Hence, for xj # 0
the resolution looks like the original C3/Zy x Zs orbifold. We define exceptional divisors
Ey := {x} = 0} which are hiding inside the orbifold singularity. As these divisors are
smooth spaces, the C3/Zs x Zs singularity has been resolved.

e As explained above the idea of toric resolution is to replace the orbifold action by a set
of C* = C— {0} toric action such that one parameter \; € C* is needed for each 6;-sector.
The form of the toric action will be (in order to set the local coordinates invariant):

C* : (21,22, 23, 1, T2, ¥3) ~ (M Ag21, MAaza, Aadg2z, Ay 2w, A3 2o, A] 2a3) (3.42)

e Consequently we can read the following linear equivalences between divisors from the
form of the local coordinates

0~2D1+FEy+ FE3; 0~2Dys+ E1 + E3; 0~2D3+ Ey + E» (3.43)

3.4.3 Global resolution: gluing the resolved singularities and forming a basis
of divisors

Up to now we have explained the resolution of non-compact spaces. In the previous part we
have described how to resolve each of the C3/(Zy x Zs) singularities. However we do not
have a compact Calabi-Yau threefold yet. To have it, we have to describe globally the resulting
manifold and specify how the different (resolved) parts glue together. For the global description
of our geometry we can follow a somewhat straightforward strategy for this concrete case : first,
we describe the orbifold T°/Zsy x Zs as a hypersurface in the O(2,2,2) bundle over (CPl)S,
then we expand the equation of this hypersurface in terms of our local coordinates Z; around
each singularity and finally introduce the rescalings.

As each tori can be described as an elliptic curve we can let the hypersurface to take the
following form:

v =17 W) (3.44)

where each P; (U;) is a homogeneous polynomial of degree four in terms of the coordinates
U; = u;,v; of each of the three CP!. A concrete form of that polynomial is (see [32]):

4
Pi(U)=4]] Na- Ui (3.45)
a=1

where the N, are vectors given by N1 = (0,1), No = (1, —e2), N3 = (1, —¢1) and Ny = (1, —¢3).
and correspond to the correspond to the four Zs-fixed points on the torus 72 under the action
z; — —z; on the torus coordinates.

The C3/Zy x Zso singularities are located at the positions where all three polynomials P;
vanish simultaneously. For the Zs x Zy singularity at (0,0,0) we can expand the previous
equation as

TaAVAY/Y (3.46)
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where ~ denotes equal up to a complex factor. In terms the homogeneous coordinates we have
Y X 212223212223 (3.47)

by some homogeneous coordinates z;, x; for the neighborhood of the resolved singularity. Then
we can obtain a similar description for all 64 Zy x Zs fixed points simultaneously we write

No-Ur =27, I, 22,00 [1g 23,08, Np - U2 =25 5[], 21,8y [10 3,08,

(3.48)
N’Y ’ U3 = Zg,'y H,B L1,8y Ha L2,av;, Y= Hi,p Zi,p H’i7p0' Li,po

Note that we have 67 local coordinates ((3-)u; + (3-)v; + (1)y + (3-4-)zip + (3-4-4-)x; po) and
only 13 equations. However our manifold is 3-dimensional so we need only 3 degrees of freedom.
The other constraints come from our 51 C* rescalings. They can be seen as 3 rescalings coming
from the fact that the elliptic torus are defined over three CP'’s and the other 48 comes from
the effect of those rescalings over the right hand side of equations

Now we turn our attention to the other key ingredient to describe the properties of our
manifold is to define a basis of linear independent divisors to form a homology basis of (1,1)-
forms. For the coordinates used in the previous section is quite natural to define the following
set {Sy} of divisors. They are of different kind:

e 12 ordinary divisors Dy, = {21, =0}, D23 = {223 =0},D3, = {234 =0}; 0, 5,7 =
1,...4.

e 6 “inherited” divisors R; = {u; = 0}, R; = {v; = 0},i = 1,...,3 which coming for
setting the projective coordinates defining the tori, u; = 0,v; = 0 to 0.

e 48 exceptional divisors FE;g, = {z13y = 0}, E2.0y = {220y = 0}, E3.08 = {2308 =
0};a, 8,7 =1,...,4 coming from the resolution.

As we said we are interested in forming a basis of linearly independent divisors. Using the
equations (3.48]) we get the following linear relations:

(2D1 0 ~ R+ Y, Boay — X5 Baas
2Dy~ Ro+ 3 Er gy — 2.0 B30
2Dy~ R3+ 3 518y — 20 B0y

R; ~ R;

(3.49)

From the first three equations we see that the ordinary divisors can be expressed in terms of the
exceptional and inherited ones, and that only three of the inherited divisors are independent.
So, our basis of 51 divisors are {R;, E,-}, i =1,...,3;,r = 1,...,48. Although our basis comprises
51 divisors (which is going to be h''! as we will check) in the practice we are going to use only
the exceptional 48 to express our bundle as the gauge flux is going to be localized exclusively
inside the exceptional divisors (abelian gauge fluxes).

The last key part of the topology is the intersection numbers. In our case we cannot read the
intersection numbers directly from the toric diagram as we need to take into account the global
structure of the resolution. To do that another tool is used: the auxiliary polyhedra, associated
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to each toric diagram. It is build by assigning three s; vectors (corresponding to the inherited
divisors) defined such that they are perpendicular to the charges of the C* scalings, namely
si +v;/2 =0, so that

-1 0 0

0 ;82 =1 —1 |,s3= 0 (3.50)

S1

0 0 -1

By constructing the auxiliary polyedhra and using the linear equivalence relations we can get
the set of triple intersection numbers of the resolution (see |32] for details). Note that they are
going to be triangulation dependent in general (apart from Ry Ry R3, RlEf By RQE%M, R3E§ aﬁ)

3.4.4 More details about the gauge background and consistency conditions

Recall that the basic idea of the resolution is to expand the gauge flux in terms of (1,1) forms
(i.e. divisors (via Poincare duality)):

F~Y D~y (D) (3.51)

As explained in previous subsections, our gauge background is going to be encoded in a set of
“bundle vectors” which express how the U(1)’s coming from the blow-up modes (recall that we
are using only are embedded into the Fg x Fg. abelian gauge fluxes which means that the flux
is only inside the exceptional divisors E,.). As the gauge flux should be quantized, we have the
following defining equation

1
/ F=L/H & F = 27T01(D7«)V;,IH[ (352)
2 C;

where C;j is any linear independent curve inside the manifold, i.e. any curve along each pair of
divisor of the basis {D,},r =1, ...,48 intersect (e.g. E,Ry, EqFEp...), F is the gauge flux, Ly is
a vector in the Eg x Eg lattice and H; are the Cartan generators of Fg x Eg (and I = 1,...,16).
For practical purposes (i.e. model building) the triangulation dependence is a great obstacle,
that is the reason why we pursue the definition of a triangulation-independent one in Chapter
6. The main reason is that our bundlde vectors are subject to a number of physical consistency
conditions which are going to be dependent on the intersection numbers and consequently on
the triangulation chosen for each singularity. Without the tools of Chapter 6 the procedure to
define a model would be:

e Choose a particular triangulation 7' = {S, E, Es, E3} for each of the 64 singularities.
e The bundle vectors should satisfy:

— Flux quantization: As the integrals of (X) are performed over all the curves of
the resolution and some change depending on the triangulation, in principle they
will be different. They yield linear relations on V,’s up to translations by Fg x FEg
roots
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— Integrated Bianchi identities: The Green-Schwarz anomaly cancellation leads to
constraints: The field strength H of the two-form field B is globally defined by

/

(e%
H = dB — Z (w37YM — W37L) s (3.53)

where w3y and ws g, are the Yang-Mills and Lorentz Chern-Simons three-forms,
respectively. Hence by acting on it with the exterior derivative one obtains a Bianchi
identity. Integrating it over any closed 4-cycle S gives the condition in abscence of

NS5 branes: )
0= / dH = O‘/TR (R?) — TR (F2) (3.54)
s 4 Js
This translates to the following the equation:
KijeVj - Vi = —2co (3.55)
Kijk = / D;D;Dy, coi = / ca(X). (3.56)
X D;

being X the whole resolution. This again yields linear realtions on V;.’s up to trans-
lations by Eg x Eg roots

— Impose the so-called Donaldson Uhlenbeck-Yau (DUY) equations. These equations
are obtained by integrating the Hermitian YangMills (HYM) equations over the
whole manifold. This results in the condition

1 F

Q/JAJA%:VOI(Di)‘/iI:O, (3.57)
for any divisor D; which leads to the condition that the zero-vector can be obtained
from a linear combination of the VZ-I with positive coefficients only.

e Calculate the 4D gauge group which is given by those roots p of Egx Eg that are uncharged
under F, i.e.

Hi(p):Vi'p:O Vi:1,...,h11. (358)
and the chiral part of the 4D matter spectrum by using the multiplicity operator,
1 1
N = gﬂiijiHij + ECQZ‘HZ‘, (359)

evaluated on every root p

From the obtention of the 4D gauge group through the embedding {V;} we can get more
information about the structure of our bundle. As in general heterotic compactifications the
low energy gauge group G in the 4-dimensional theory is given by the commutant of the bundle
structure group H C Eg the same applies to our bundle background. In fact in previous works
it was shown how to translate from our bundle description to other construction like vector
bundles as a direct sum of line bundles. For example a typical example of a vector bundle V
with structure group S (U(1)5) can be constructed on the CY X as a direct sum of line bundles

5 5
V=@ 0x (K k) Dkl =0 (3.60)
a=1 a=1
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labeled by the vectors k(,) = <k‘(1a), ey k‘&l)l) ez witha=1,....,5andi=1,...,h.

In our formalism we can obtain a SU(5) gauge group by choosing the V; in the form
V; = (a/?vbiaciadi) ) (361)

assuming that the parameters a; # 0,b;,¢;,d; are sufficiently generic as this will break the
appropriate roots p. This parameterization can be related to the vectors k; by comparing the
charges of the states that appear in the branching (see [31] for details):

248 — (24,1) + (1,24) + (10,5) + (10,5) + (5,10) + (5, 10) (3.62)

under Eg D SU(5) x SU(5). For illustration the translation will take the following form for
i=1,..,h!

a; 1 1 11 k{y)
b; 1 1 -1 -1 1 kt
=3 @ (3.63)
¢ -1 1 -1 1 kis)
d; -1 -1 1 1 ki

(4)
In our case a SU(4) vector bundle V' (interesting for SVD purpose) can be expressed as a sum
of line bundles, over the 48 divisors as

4
V=O K, . ki,) =0 (k. ki) & @0 K, . k) (3.64)
a:1 %,—/ a,—/
f1 fa
The variable k; is related to the divisor D; in the sense that it is the first integrated Chern
class of the bundle V over the dual curve to the divisor D;

/ Cl(V) = ki — Cl(V) = kiDi — Cl(ﬁa) = k?Di (365)
C;
when L, is each of the line bundles.

3.4.5 Matching orbifold and resolution descriptions

Another important information encoded in our bundle vectors, more useful for our SVD pur-
poses has to do with the matching of orbifold and resolution descriptions. This is specially
important in order to know how the Wilson line information (needed for the discrete torsion
potentially generating SVD) is encoded.
For the bosonic orbifold description of the heterotic string we know that the gauge degrees of
freedom are described by real left moving coordinate fields

R16

Y e —— 3.66
L 27TAE8><E8 ( )

We define the space group S which by its action:

R6 76
<= 7Z2 7 (3.67)
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An element g of the group S acts on these gauge degrees of freedom as
ks € {1,61,02,05}
Yr—gL=Yr + 27‘('Vg; Vg = ksVs +n;W; n; € 7,6 (368)

W; is a discrete Wilson line

Vy induces a gauge symmetry breaking localized at the g-fixed points. In the supergravity
approximation this corresponds to the presence of the gauge background flux F = F(V;) and

we can set:
v ([ Fon)
C

Again C is any linear independent curve inside the manifold, and V,. with » =1, ..., 48 is some
bundle vector and = means up to some root of the Ag,xpg.

Taking all of this into account we can express the possible Wilson lines W; in terms of our
bundle vectors. Namely:

(3.69)

each of the 64 fixed points

Vs1 = Vi
Vsa = Vao1i
Vs =Vs1 +Vs2 = Vs 1a
Vigy = Vst + 321004 5, Wi Wi =Vas —Von
Vaay = Va2 + 3045415 00 Wi = Wo = Vo1 —Vouu (3.70)
V3ap = Vss + 2#5,6 né,a,BWi Wi =Vs13 — Vi
Wy= V319 — Vi
Ws=Viiz—Vin
We=Viie —Vin

The linear dependencies of the 48 V. imply that:

Information (48 bundle vectors) 2 Information (2 shifts and (up to) 6 Wilson lines) (3.71)

/

Resolution data Orbifold data

3.5 Beyond line bundle models, GLSM consructions

Up to now all the resolutions of our toric orbifolds use line bundles for encoding the gauge
background information. That will be enough to understand the resolved models of Chapters
4-6. In Chapter 7 we will use (0,2) Gauged Linear Sigma models (we need to go beyond the
Standard embedding) for the Res(T°®/(Zg x Z3)) . That model is new and as the geometry
and field content of GLSMs is so closely related we will explain the basic details, including the
geometry, there.

An important remark is that in general we will obtain something more complicated than a (sum
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of) line bundles, which only arise when there are no fermionic super gauge transformations and
no chiral superfields in the model. In general that is not the case and it is not clear to get a
straightforward description of the bundle, which will be constructed from a complex of vector
bundles, but that complex will not be a short exact sequence.

As we will see in Chapter 7, most of the key ingredients of the resolution like the set of
exceptional divisors, triangulation dependence and so on will also appear in the model, but the
continuous variation of some parameters (FI parameters and the complex parameters of the
superpotential) will allow us to study both the orbifold and blow-up regimes.
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Chapter 4

Constraint on Spinor—Vector
Dualities in Six Dimensions

4.1 Introduction

We start the proper study of SVD by restricting ourselves to the six dimensional case. In
this chapter we will show that spinor—vector dualities in six dimensions are constrained by
a fundamental effective field theory consistency condition, namely that any six dimensional
low energy theory must be free of irreducible SO(2N) anomalies. Aspects of spinor—vector
dualities are analysed in four six—dimensional free fermionic models which are distinguished by
two generalised GSO phases. In addition, the constraint on the number of spinors and vectors
is confirmed on generic spectra which may occur in K3 line bundle compactifications of the
heterotic Eg x Fg string.

Summary of the main finding

This chapter is a first step in the realisation of the spinor—vector duality in compactifications of
the heterotic—string to six dimensions. Even though this case provides a particularly controlled
setting, because supersymmetry requires the two dimensional complex manifold to be essen-
tially unique, albeit, realised in various ways both as T*/Z orbifolds or generic K3 geometries,
it seems to have been omitted in the literature on the spinor—vector duality as far as we are
aware. Our investigation of the spinor—vector duality makes use of both the string theory
worldsheet tools as well as the effective field theory techniques. One central requirement on
any effective field theory is that it is free of anomalies. Irreducible anomalies need to be absent
entirely, while reducible anomalies may be compensated by some variant of the Green—Schwarz
mechanism. If the effective field theory contains an SO(2N) gauge group factor (immaterial
of whether in the hidden or the observable sector), cancellation of its irreducible anomalies
leads to a linear relation between the number of vectorial states and the sum of spinorial and
conjugate spinorial representations constraining the possible realisations of any spinor—vector
duality in six dimensions. Besides confirming this relation with many results in the literature,
this relation is shown to be fulfilled in six dimensional models obtained from the free fermionic
formulation with various choices of discrete generalised GSO phases. In addition, we confirm
this result for any smooth K3 compactification with arbitrary line bundle gauge backgrounds.



40

Outline

The structure of the chapter is as follows: Section study six dimensional effective theories
and establishes a linear relation between the number of vectorial and the sum of spinorial and
anti-spinorial representations. Section considers a particular free fermionic construction of
models in six dimensional target space. Even though, both gauge groups and spectra strongly
depend on the choices of two generalised GSO phases, the constraint on the number of SO(2N)
vectors and spinors is always respected. Finally, Section considers generic smooth K3 real-
isations with line bundle gauge backgrounds. Using the six dimensional multiplicity operator,
generic formulae to count the total number of vectorial and the number of (conjugate) spinor
representations are both expressed in terms of the instanton number in the observable Eg. As
expected, also in all these cases the linear relation on the number of vectorial and spinorial
states is respected.

4.2 Constraint on the number of spinorial and vectorial states

This section shows that in any six dimensional N' = 1 supersymmetric effective field theory
with the numbers of vectors Ny and of spinors Ng (of either chirality) of some SO(2N) gauge
group are constrained by an anomaly condition to

Ny =2V"5Ng+2N -8, (4.1)

for N > 3. This result is derived under the assumption that the effective field theory in
six dimensions possesses at least N' = 1 supersymmetry (i.e. N' = 2 supersymmetry in four
dimensions) and the only SO(2N) charged states in the spectrum are hyper multiplets in the
vector and spinor representations and a gauge multiplet in the adjoint. In particular, the
effective theory may contain other gauge interactions with matter in arbitrary representations.
If a hyper multiplet in the vector or spinor representations is also charged under other gauge
groups, then the dimension of these representations are contained in the numbers Ny and Ng .
The validity of can be checked for many six dimensional models in the literature. For
example, all the perturbative and non—perturbative six dimensional orbifold and line bundle
resolution models mentioned in [52] and [53] all fulfil this equation.

4.2.1 Irreducible SO(2N) anomaly in six dimensions

To derive the equation (4.1)), recall that gauge and gravitational anomalies in 6D are dictated
by anomaly polynomials Ig eight-forms [54,55]. For charged fermions the anomaly polynomial
takes the form:

~

IB|R = A(RQ) ChR(FQ) y (4.2)

;

where the rooth-genus A\(Rg) as a function of the curvature two—form Ry encodes gravitational
anomalies and the Chern character

chr(Fy) = trg [e%} , (4.3)

depends on the field strength two—form F3 of the gauge theory and on the representation R the
fermions are in. Recall that anomalies can be divided into reducible and irreducible ones. The
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former can be canceled by the Green-Schwarz mechanism( [54,/56]). The underlying idea is that,
under certain conditions, the anomalies of a theory (a one-loop effect) may be cancelled by the
anomalous variation of certain classical terms in the effective action (a tree-level effect) [49].
To explain this rather counterintuitive idea, it is useful to recall that in the context of effective
theories (e.g. the low-energy supergravities of string theory), the low-energy effective action is
usually said to be the action obtained by truncating the massive modes. However, according to
its proper definition, the effective action is the action obtained by integrating out the massive
modes. This would result in additional terms involving irrelevant higher-derivative operators.
Since these terms have no a priori reason to respect the gauge symmetries of the theory, they
can generally have anomalous variations. It may be then the case that these variations cancel
the anomalies of the "naive” low-energy theory.

Concretely, this cancellation is possible if the anomaly polynomials ;9 factorize as

m
Iyso =Y Xp,Xaro—k,, (4.4)

a=1

For example in 6D we have Is ~ X4X4; where each of the factors, X; are two polynomials
constructed out of the same curvature invariants as Ijyo. The idea is to compensate the
variation of the effective action by a counterterm having the form Sgg = [ Ba A X,,, where
the integral is over the n 4+ 2 dimensions, Bs is the rank-two Kalb-Ramond field, and X, is an
appropriate gauge invariant combination of the curvature forms. To see why this counterterm
cancels the anomaly one can use Feyman diagrams: the relevant terms arise from chiral massless
Weyl fermions at one loop order from (d/2 + 1)-sided polygon graphs where the external fields
are gauge bosons or gravitons and fermions are running in the loop, and are one-loop exact.
The anomaly graphs which are relevant here (6 D) are thus given in terms of rectangle diagram

(see figure) .

Figure 4.1: Anomalous diagram and the corresponding Green-Schwarz counterterm for anoma-
lies in 6 dimensions.

However the irreducible anomalies cannot be canceled with these counterterms, hence for
an effective theory to be consistent, all irreducible gauge and gravitational anomalies have to
cancel among themselves. This goes in particular for irreducible SO(2N) anomalies which is
the sole focus of this section.
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In six dimensions irreducible SO(2N) anomalies, proportional to try (iF3)* (where the
trace is over the vector representation of SO(2N)), are possible and therefore their sum need
to vanish. Derivations of relevant trace identities are recalled in Appendix In light of
the assumptions on the effective six dimensional supersymmetric theories under investigation,
there are only three contributions to the irreducible SO(2N) anomalies to be considered:

1. Ny Hyper multiplets in the vector representation:

1 Fo\4
IB\V D Ny @trv (Zi)

- (4.5)

This is obtained directly by expanding the Chern character to fourth order. Here, D
indicates that only irreducible SO(2N) anomalies are considered, ignoring gravitational,
other gauge and (mixed) reducible anomalies.

2. Gauge multiplet in the adjoint representation:

Tyyaq O —% (2N =8) try (z%f +3 (try (z%)zﬂ 5 —(2N —8) %trv <z%)4 . (4.6)

This result is derived in (4.35). The minus sign out front is due to the fact that the

gauginos in six dimensions have the opposite chirality as the hyperinos.

3. Ng Hyper multiplets in the (conjugage) spinor representation:

1 vos P4 3 Fyy 22 s 1. Fyna

A derivation of this result can be found in (4.44]).

The total irreducible SO(2N) anomaly is the sum of these three contributions. It only vanishes
if the sum of their pre—factors do, which is precisely condition (4.1)).

4.3 Six Dimensional Free Fermionic Models

4.3.1 Generalities of free fermionic description

The six dimensional heterotic string is described in terms of 16 left—-moving and 40 right—-moving
two dimensional real fermions in the free fermionic formulation in the light—cone gauge [6,/7,57].
The string models are defined by specifying different phases picked up by fermions (fa, A =
1,...,56) when transported along the non—trivial cycles of the vacuum—to—vacuum amplitude.
Each model corresponds to a particular choice of fermion phases consistent with modular
invariance that can be generated by a set of Np basis vectors B = {v,,a =1,..., Ng}, where
each

Vo = {Cta(fl), = -;Oéa<f56)>} )

dictates the transformation properties of each fermion
fA N 767:7Taa(fA) fA , (48)

A=1,...,56. It is important to emphasise that the free fermionic formalism is identical to
the free bosonic formalism, i.e. to toroidal orbifold compactifications, which follows from the
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equivalence of bosons and fermions in two dimensions. The two formulations are therefore
describing the same physical object, albeit using different language and tools. While detailed
dictionaries exist [50], translating a model from one representation to another can often be
non—trivial. Each formalism carries its advantages and are in that respect complementary.
In the free fermionic formalism all the moduli are taken a priori on equal footing and there
is minimal structure, or not at all, to begin with. This has the advantage that some discrete
torsions, for which some implicit choice has been made in orbifold constructions, are revealed at
a very basic level in fermionic models. On the other hand, in the toroidal orbifold models there
is a clearer distinction between the internal and the Wilson line moduli facilitating making
contact with the smooth effective field theory limits in this approach.

The basis vectors generate a space = which contains 2V sectors that produce the string
spectrum. Each sector arises as a combination of the basis vectors

B = Znavav na = O) 1 . (49)

The spectrum is truncated by generalised GSO projections whose actions on a string state
state) g are given by

'™ F|state) s = dg c[f} |state)s , (4.10)
a

where |state) s is a state with the vacuum defined by the worldsheet fermions that are periodic
in the sector 8 with possibly fermionic oscillators acting on it, which are counted by F', the
fermion number operator, and dg = £1 is the spacetime spin statistics index. Different choices
for unfixed generalised GSO phases affect the states that remain massless in each of the sectors
containing these basis vectors. In particular, some vectors act as projectors on some states,
and do not merely fix some U(1) charges of periodic fermions, when there is no overlap of
periodic fermions between the basis vectors. Hence, different sets of projection coefficients
c[ Ui ] = #+1 consistent with modular invariance give rise to different models. In summary: a
model is defined uniquely by a set of basis vectors v, a = 1,..., Np and a set of 2Ns(Ns—1)/2
independent projections coefficients C[ZZ] ,a>b.

4.3.2 Four free fermionic T*/Z, orbifold models

After this general outline of constructions of six dimensional target space model, the focus is
now on a collection of basis vectors B which may be interpreted as T /%y orbifolds. To facilitate
we divide the two dimensional free fermions in the light—cone gauge as follows: b4 y?, ¢, w?
(real left-moving fermions) and 7%, @’ (real right-moving fermions) with i = 3,...,6 labeling
the real torus directions and ¢!+6, 723, @18 (complex right-moving fermions). The models
under investigation are generated by a basis B

B = {1)1,’02,...,1}5} ,

of Ng = 5 basis vectors defined as:

v =1 = bt (36 Bee6 (B | g BB 6 23 glSY
vy = S = {wl,...747X3,...76} ,
vs=z = {00 0%, (4.11)

=2 = {o"°},
vy = by = (e e | ey gy
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The inclusion of the vector 1 in the additive group is mandated by the modular invariance
constraints. The vector S is the spacetime supersymmetry generator. The basis vectors z; and
zo identify the observable and hidden sectors, respectively. The vector b; corresponds to the
Zs twist in the corresponding T*/Zs toroidal orbifold model on the SO(8) lattice. In addition,
for later use we define the linear combination

3

e = 1 + S + 21 + 29 = {y3,...,6’w3,...,6 ’53,...,6,@ ,...,6} , (412)

which e.g. induces a map between the periodic worldsheet fermions {y3456|y3456} — {(y34,5.6|33,4,5.6}

when mapping by to by +e.
The matrix of one—loop generalised GSO phases is given by

Bla 1 S z1 zy b

1 -1 1 -1 -1 -1

o S 1 1 -1 -1 1
c[ ] =z | -1 -1 1 +1 -1 (4.13)

B z | -1 -1 =#+1 1 +1

by \—-1 -1 1 +1 -1

Up to changes of internal chiralities, there is a twofold freedom in the choice of the generalised
GSO phases: c[z;] = C[Z] = +1 and c[i’ﬂ = C[Zf] = +1. These free generalised GSO phases
can be translated to discrete torsion phases in the bosonic formalism.

4.3.3 Gauge groups

The gauge symmetry generated in the vacuum that contains the {1, S} basis vectors is SO(40) .
This gauge symmetry is broken by the basis vectors z; and z2 to SO(8) x SO(16) x SO(16) .
The generalised GSO phase 0[2] = +1 enhances the gauge symmetry to SO(8) x Eg x Eg for
c[zﬂ = +1, whereas with C[Z] = —1 the vector bosons arising from the sectors z; and zo are
projected out and the gauge symmetry remains SO(8) x SO(16) x SO(16). The inclusion of the
final basis vector b; breaks N/ = 2 six dimensional supersymmetry to N' = 1: The chirality of
the gauginos and hyperinos are left— and right-handed corresponding to an even/odd number
zero modes 1} on their string vacuum states, respectively. Furthermore the basis vector by

reduces the gauge symmetry generated by the NS—sector alone to

(4.14)

.....

where the subscripts indicate which worldsheet fermions generate the specified subgroup. As
above if c[z;] = —1 no gauge enhancement occurs, while for 0[2] = 1 the gauge group en-
hancement depends on the other generalised GSO phase c[lz’;] . The resulting gauge groups
for the choices of the two free generalised GSO phases are summarised in the top two rows of

Table .21

4.3.4 Hyper multiplet representations

The choices of the free GGSO phases C[Z] = 41 and C[Z;] = &1 affect, in particular, the
states that remain in the spectrum as massless hyper multiplets. To illustrate this focus for
example on spinorial and vectorial representations under the SO(12) GUT group. The spinorial
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Gen. GSO Sectors by @ (b1 + 21) (b1 +e)@ (b1 +e+ 21) S + 29
2] | e[l 32g 12y 16y 32g 12y 16y 1285
+ + out out in out out in in
+ - in in out in in out out
- + out in out in out in out
- - in out in out in out out

Table 4.1: The effect of the different choices of the generalised GSO phases C[Z] and CB;] on
the hyper spectrum of SO(12) and SO(16) spinors and vectors is displayed.

representations arise from the sectors b; and by + e, whereas the vectorial representations arise
from the sectors by 4+ z1 and by + e+ z1. For example, the explicit generalised GSO projections
in the b; and b; + 2; sectors are given by:

. b
™2 Foy ) = 6y, c[ 1} |b1) (4.15)
22

and e Fhiea ({18 QLB by 4 21)) = Gy, oy e[ 7] ({018, 1B} by + 21)
= — c[M]e[Z] ({915, 1S by + 21))

respectively, where the { } brackets refer to the fermionic oscillators that act on the vacuum
in the by + z1 sector. As there is no overlap of periodic fermions between b; and zo, it can be
inferred from , that the zo basis vector either projects out the spinorial states from the
sector by altogether or keeps them all in. Given that ¢'® are periodic in zs, whereas 9! +6
are anti-—periodic, the z9 basis vector selects the vectorial states from the sector by + z1. Similar
projections operate in the sectors b1 + e and b; 4+ e + z1 using the e—vector .

The spinorial and vectorial states for the different choices of c[g;] and 0[2] are displayed
in Table We omitted there the multiplicities that arise from oscillators of the internal
fermions {7, w}> 9. Thus, we only list states that transform under the observable SO(12)
and hidden SO(16) group factors. It is noted from this table that the spinor—vector duality is

induced by the map
c[bl} — —c {bl] . (4.16)
Z9 Z9

The degeneracy with respect to the internal worldsheet fermions {y,w | g,w} is identical in the
spinorial sectors by, b; 4+ e and the vectorial sectors by + 21, b1 + e + z1. Hence, the counting
with respect to the internal fermions is identical for the spinorial and vectorial representations.
The sector z1 induces the so—called xz—map of refs. [45./58].

Table [4.2] summarises the complete massless spectrum in the four models that arise due
to the four ch01ces of the phases c[ ] and c[ ] The sector S gives rise to hyperinos in the
(1,1,12,4, 1) representation of the gauge symmetry in (4.14) generated by the NS—sector alone.
Since, when c[zg] = +1 the z; sectors enhance the observable gauge symmetry to E7, states
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(2], e[ (+1,+1) (+1,-1) (- 1+1) (-1,-1)
Gauge SO(4)x SO (4)x SO(4)x SO (4)x SO(4)xSO(4) x SO(4)x SO(4)x
Symmetry E; x SU(2) x SO(16) E; x SU(2) x Eg SO(12)xS0(4)xS0O(16) | SO(12)xSO(4)xSO(16)
Sector Hyper Multiplet Representations
s (4,4,1,1,1) (4,4,1,1,1) (4,4,1,1,1) (4,4,1,1,1)
(1,1,12,4,1) (1,1,12,4,1)
S@(S+2) (1,1,56,2,1) (1,1,56,2,1)
S+ 29 (1,1,1,1,128)
bl (2L717327171)
(2r,1,32,1,1)
bl@(bl +Zl) (2L71756a171)
(2R7 17 567 17 1)
b1+Z1 (2L717172L716) (2L71712a271) (2L717172L716)
(2R717172L716) (2R717127271) (2R717172L716)
(2L7471727 1) (2L74’ 172’ 1)
(2r,4,1,2,1) (2r,4,1,2,1)
b1 +e (1,2[/,@,1,1)
(1,2g,32,1,1)
(b1 +e)® (1,2£,56,1,1)
(bl +6+21) (172R7561171)
bl +€+Zl (1’2L7172L716) (172La172R7 16) (172La1272L71)
(1,2r,1,21,16) (1,2p, 1,2, 16) (1,2r,12,21,1)
(472[/717271) (472L71:2R71)
(4,2p,1,2,1) (4,2, 1,2R,1)
SO(12) Self—dual by Self-dual by Ny =12 Ny =12
Ny =2Ng +4 FE7 enhancement FE7 enhancement Ng =4 Ng =4
S0O(16) Ny =16 Ny =8 Ny =8
Ny =8Ng + 8 Ng=1 Ng=0 Ng =
Table 4.2: The six dimensional gauge group and massless matter depend the choices of the

free generalised GSO phases: c[zﬂ and c[gﬂ . Only the sectors are indicated that lead to non—
vanishing hyperino states to form hyper multiplets in target space.
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in S + z; expand this representation to (1,1,56,2,1) as can be seen in the second and third
column of Table 2]

4.3.5 Spinor—vector duality aspects

A curious map between the two models occurs in the sector zo. Indeed, when in addition
C[Zﬂ = —1, the left-moving oscillator acting on the vacuum in the physical states are b4,

whereas when C[Z;] = +1 they are x> 6. Therefore, only in the case c[g] =+1, c[g;] = —1 the
symmetry is enhanced from SO(16) to Es. Nevertheless, the total number of massless degrees
of freedom is maintained. This is a manifestation of the phenomenon discussed in [47,48]
that under such maps, induced by the changes of discrete torsions in the partition function,
the organisation of the number of degrees of freedom under the spacetime group factors may
change, but the total number of massless degrees of freedom is preserved.

In the case C[Z] = —1 the gauge symmetry is not enhanced. The corresponding models in
the final two columns exhibit the spinor—vector duality map, induced by the discrete change
in . Albeit these two cases are, in fact, self-dual under spinor—vector duality, i.e. they
contain an equal number of twisted spinorial and twisted vectorial representations of the SO(12)
GUT group, merely the SO(12) chiralities of the spinorial states of these two models are
opposite.

The final rows of Table confirm condition for these four six—dimensional free
fermionic models. As can be inferred from this table, in all cases this condition is satisfied
for both SO(12) and SO(16). The condition is automatically satisfied for E7, as the 56 —
(32,1) + (2,12) is self-dual when branched to SO(12) representations.

4.4 Smooth K3 Line Bundle Models

4.4.1 K3 Geometries

In four dimensions there is topologically just a single geometry that preserves supersymmetry,
the so—called K3 surface. Particular geometrical descriptions of K3 can be obtained as orbifold
resolutions [59]. In the discussion below such an interpretation is neither necessary nor implied.
Depending on the set of independent divisors {D,} labelled by « chosen the geometry may
appear different. This work refers to divisors as two dimensional hyper surfaces as well as
the associated two—forms interchangeably so that the context dictates how they should be
interpreted. The intersection numbers

—Kap = DaDg = / D,Dg , (4.17)
K3
may be determined by integrating over the K3 as a whole. The Euler number of K3

1 2
/ Cy = —/ tr(&> — 24 (4.18)
K3 2 Jgz \2m

is given by the integral over its second Chern class co. Here Rs is the anti-Hermitian holo-
morphic curvature two—form.
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4.4.2 K3 Line Bundles

The U(1) gauge background encoded as an anti-Hermitian Abelian gauge field strength two—
form can be expanded in terms of the divisors as: [60,61]

72

=DoHo, Ha=VIH, 4.1
o ; Vo Hr (4.19)

where the sums over the basis divisors labelled by a and over the Cartan generators labelled by
I are implied. The Cartan generators Hy of Eg x Fg are normalized such that trH;H; = 655 .
The embedding of the line bundle background is therefore characterized by sixteen component
line bundle (embedding) vectors V, = (V.[). (For translations to other characterizations see
e.g. |36,[53].) Often it is convenient to split the line bundle vectors in contributions in the first
and second Eg as: V,, = (V,)(V!) where V,, and V/ both have 8 entries.

The fundamental consistency requirement of such backgrounds is determined from the in-
tegrated Bianchi identity tr(F2) — tr(R3) = 0. On K3 it can be cast in the form:

L hapVIV] =24 (4.20)

Using the splitting of the line bundle vectors in contributions in both Fg’s this condition may
be written as
c+cd =24, CZ%HQBVO'C'VB', c':%/ﬁagV;-V/é, (4.21)

introducing the instanton numbers ¢ and ¢ in the first and second Eg. (If non—perturbative
compactifications involving five-branes are considered the sum of the instanton numbers no
longer need to add up to 24.)

In six dimensions the full charged spectrum can be determined using the multiplicity oper-
ator N given by [61]:

N_—/KS{; (%)Q—itr(%>2}:%/€aﬁHaHﬁ—2. (4.22)

This operator counts the number of fermions in a given representation and its sign determines
the six dimensional chirality of the underlying fermionic states: It equals —2 on gaugino states,
hence the multiplicity operator in six dimensions can be used to determine the gauge group
unbroken by the line bundle background directly. The multiplicity operator N is positive on
hyperinos as they have the opposite chirality in six dimensions as gauginos. Hence, if positive,
it counts the number of hyper multiplets in a given representation of the gauge group.

4.4.3 Counting the Number of SO(10) Vector, Spinor and Singlet States

Consider line bundle vectors such that the first Eg in the ten dimensional gauge group is
generically broken to SO(10):

Vo= V)V,  Vu=(VLV2 V300 . (4.23)

Here it is assumed that the three entries, V.1, V.2 and V3, of these bundle vectors are sufficiently
general that the unbroken gauge group indeed contains an SO(10) factor which is not enhanced

to a larger (exceptional) gauge group. By evaluating the multiplicity operator on all of the
weights of the first Eg leads to Table
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Eg Weight SO(10) Repr. Multiplicity
+(0,0,0, £12,0%)(0®) (45) -2
£(1,0,0, £1,0%)(08) (10) N(llo) = T hapVaV5 — 2
+(0,1,0,£1,0%)(0%) Niioy = 3 fap Va Vi — 2
+(0,0,1,+1,0)(0%) Nty = § fap Va Vi — 2
+(4,4, 1 —1° 1579 (08) (16) Nugy = £ tap (Vo + VE+VIVE +VE+VE) -2
(=1, 1 10 1570 @8) (16) Nis) = & fas (=Va + VZ+ VH(-VE + VE+VE) -
+(3,-1,1,-1°.7(0) Ny = rap( Va = VE+VI( Vi —VE+VS) -
(53, -3. 3" 5" )0 Ny = § Fas ( Va +Va =V V3 + Vi - V§) -
+(0,1,41,0°)(08) (1) NGy = 3 kap (Ve £VOVE£VE) -
+(1,0,£1,05)(0%) NG = g hap (Vg £V)(V5 £ VE) -2
+(1,41,0,0%)(0%) NG = 5 kap (Va £VI(VS £ VE) -
Table 4.3: The SO(10) spectrum of gauge and hyper multiplet of a class of line bundle

models. The hyper multiplet states are in the vector (10), spinor (16) or (16) or singlet (1)
representations of SO(10) arising from a single Eyg.
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It follows from Table that the total number Ny of (10)—plets only depends on the
instanton number of the first Fg:

Ny = Ny + Ny + Ny = 3 kapVa - Vs —6=c—6. (4.24)
Similarly, the total number Ng of (16)— and (16)-plets also only depends on c:

_ 1 2 3
Consequently, it is straightforward to verify, that (4.1) is fulfilled,

=L kopVa -Vs—8=c—8 (4.25)

Ny —Nsg=(c—6)—(c—8) =2, (4.26)
for N = 5. Notice that in this case, even for the total number of singlets N(;) coming from the
fist s one can obtain a similar result:

1 —1 2 —2 3 -3 7 7
Nay =Ny + Ngy + Nij + Ny + N+ Ny =20 Va Vg —12=4c—12  (4.27)

Hence the SO(10) spectrum is completely fixed in terms of the instanton number ¢ of the first
FEg. These results hold in particular, if one assumes that the line bundle vectors only have
non-zero entries in the first Fg, i.e. V. = 0, and hence ¢ = 24:

Ny=24-6=18, Ng=24-8=16, Ny—Ng=2, Ny =4-24—12=84. (4.28)

4.4.4 Counting the Number of SO(2N) Vectors and Spinors

This exercise can be generalised to line bundle vectors that have 1 < n < 8 non—zero entries in
the observable Eg, i.e. V,, = (V1 ..., V") and the rest in the second Fg. The resulting gauge
group is SO(2N) with N = 8 — n. The number of SO(2N) vectors is given by:

n
NV:Z@%/BVO{V[{—Q) —c—m. (4.29)
I=1

The sum of the numbers of spinor and conjugate—spinor contribution can be computed as:
Ns=Y" (% Ko (S V) (S - V) — 2) - 2n—1(% Kap % : % - ) — 9" 3(c—8), (4.30)
S
since the set of spinor—configurations to be considered is {§ = (—%x, %n_x) for x < [n/ 2]};
271 in total. In the second step it is used that all the cross terms with different entries of
the vectors ‘7& and 175 cancel out, since all possible sign combinations are summed over, hence
only “squares” V! Vﬁl remain. (This result can easily be verified directly for the cases n = 1,2.)
Notice that the expressions (4.29) and (4.30|) provide lower bounds on the instanton number:
¢ > 2n or ¢ > 8, which ever is the strongest, otherwise the number of vectors or spinor become
negative (which is impossible).
The multiplicities of vectors and spinors satisfy the condition of vanishing
irreducible SO(2N) anomalies. Indeed, inserting these expressions in this condition leads to:

Ny -2V Ng=c—2n—-2V"52"3(c - 8) =8 - 2n=2N -8, (4.31)

using that n =8 — V.
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4.5 SO(2N) Trace Identities

In order to make this paper self-contained this appendix derives a number of trace identities
used in the anomaly analysis presented in Section Most of the results presented here are
known in the literature on anomalies, see e.g. [551[65,/66] and textbooks like [67,/68].

4.5.1 Traces in the vector representation

In the vector representation, denoted by V, the Hermitian SO(2N) gauge field strength two—
form F5 may be block diagonalized as:

0 Fy (F3)?
-} 0 (F})?
ZFQ = s (iF2)2 =
0o Y (F5')?
~FY 0 (F3)?
(4.32)
for certain two—form eigenvalues FQI labeled by I =1,..., N. Taking the trace over the vector
representation of the k—th power of this it follows immediately:
try (iFy) =2 (F)* (4.33)
I

for k > 1; try (1) = 2N .

4.5.2 Traces in the adjoint representation

The adjoint Ad = [V]z of SO(2N) is the two times anti-symmetrisation of the vector repre-
sentation V. In general, the Chern character of a two times anti-symmetrised representation
[R]2 is related to the Chern character of the representation R via

chyp, (F2) = %((chR(FQ))Z — chp(2F)) (4.34)

By expanding this relation to fourth order leads to the identity
2
trag(iFs)d = (2N — 8) try (iF)4 + 3 (trv(iF2)2> . (4.35)

4.5.3 Traces in the chiral spinor representations

To obtain trace identities for SO(2N) spinor representations S* it is convenient to have an
explicit basis for the spin—generators of SO(2N). Like in the vector representation V', one may
assume that the system is diagonalised and one is working on the Cartan of SO(2N) generated
by the following N matrices

21:%0’3@12@@12, EN:]].2®®]]-2®%0-3 (436)
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obtained from N times tensor products of the Pauli matrices ;. The SO(2N) chirality operator
I' can be used to define projections on positive and negative chiral subspaces of the spinor
representation

1+T ~
Pi:T, I'=03Q---Qo; . (4.37)

Expand the SO(2N) gauge field strength in spinor representations in this Cartan basis can be
expressed as

1
iR=) FyS, (iFR) =) (F)?+) FF %%, (4.38)
I J#I

for N > 3. (For N =2: ¥;3, = f/4; for N = 1 the second term does not exists. These case
are ignored.) The traces over positive or negative chiral spinor representations ST are given by

1+T
2

Qkﬂ:tf}

trgs (iF3) % = trg [(@'FQ) :

trge1 = trS[ ] —oN-1 (4.39)

over 2V x 2V spinor matrices.
The middle term of the square of (4.38)),

iR)t = (3 o) 2 SEP) S EE s (SRR ) @)
I I JAI JAI

vanish as the Pauli matrices are traceless. To evaluate the trace of the final term, note that

1+T

1
trg (EJZJ Yr¥L ) =2Vt (*)2 (51K5JL + 51L5JK) ; (4.41)

4
for J # I and K # L. Thus,

trs[(ZF{FQJ EIEJ)Q ]liztf] N S (RDR(RY)? = 2V (Z<F2I)2>2 S E
JEI = n -
(4.42)

Putting all contributions together leads to
g (5 = 25 (S (E?) w2 () - ) (4.43)
I I I

Expression this in terms of traces over the vector representation finally leads to the identity
V4 N-5 VI 2\ 2
trgx (iFy)" =2 { —try (iFy)" + 1 (trv(ng) ) } . (4.44)

This important result can also be found in [55].
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Chapter 5

Uncovering a Spinor—Vector Duality
on a Resolved Orbifold

5.1 Introduction

In this chapter we focus in the following logical step: i.e. compactifying our theory to five
dimensions.

As a guideline for this exploration we start with orbifold models discussed in [48] on T%/Z x
S with a Wilson line on the additional circle. We then consider the resolution of this orbifold
to a smooth K3xS! realisation and investigate how this effects the spinor-vector duality. In
particular, we show that this duality can still be realised, but in a more complicated guise.

Outline

Section first recalls the description of the 7% /Zy orbifold of the heterotic Eg x Eg string, a
similar analysis than the previous chapter, but this time focusing on the spectrum. After that
an additional circle is considered with a Wilson line. The effect of switching on a generalised
torsion between the orbifold action and the Wilson line concludes this section.

Section describes some properties of the resolution of the 7% /Zs orbifold. In particular
line bundle gauge backgrounds are introduced and the multiplicity operator is given to compute
the full massless spectrum in six dimensions.

The effect of the Wilson line is discussed next. The simplest case is the situation without
the torsion phase switched on as the resulting five dimensional spectrum can just be analysed
by field theory techniques. Since it is unclear how to switch on the generalised torsion phase
between the orbifold twist and the Wilson line on the smooth side, an educated guess is made for
its effects based on the results of the previous section on the orbifold theory with an additional
circle. The effect of the Wilson line with torsion is that the twisted states which were used
as blowup modes are kicked out and the resulting model seems to be inconsistent. This may
be overcome by selecting other blowup modes which are kept by the Wilson line projection
modified by the generalised torsion. Possible consequences of this for the spinor—vector duality
conclude this section.

The conclusion Section summarises the results obtained in the chapter and is completed
by a short outlook on future directions.
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5.2 Five Dimensional T*/Zs, x S' Model with Wilson Line

In this section a (very similar) orbifold model will be presented as studied in [48]. There the
orbifold T%/Zy x T? with a Wilson line on one of the S' € T? was considered. The resulting
models exhibit a spinor—vector duality induced by switching on/off a generalised GSO phase
between the orbifold twist and the Wilson line: For one choice of the discrete torsion, the
zero modes of the untwisted torus in the N = 2 twisted sector are attached to the spinorial
characters of the GUT group, whereas for the other choice they are attached to the vectorial
character.

Since the second circle was just a spectator in the discussion of the spinor-vector duality
in [48], it is omitted here for clarity, so that the focus is on the five dimensional geometry
T*/Zy x S' with a Wilson line on the circle. To demonstrate the effect the possible torsion
phase between the orbifold twist and the Wilson line, first the theory on the orbifold T*/Zs is
recalled. For simplicity the orbifold standard embedding is chosen for the computation of the
six dimensional massless states. After that the Wilson line projections without or with torsion
are taken into account to determine the resulting five dimensional spectra.

5.2.1 Spectrum on T*/Zs, in the Orbifold Standard Embedding

This section begins with an introduction to the heterotic Eg x Eg string on the orbifold 7% /7
using the orbifold standard embedding. The material here is standard and may be found e.g.
in [8,9]; the notation used here follows |71]. The orbifold modular invariance condition

Viov?=0, (5.1)

is trivially solved by taking the non—zero entries of the twist and the gauge embedding identical:

2

v=(3%0%,  v=(%0%0% (5.2)

The massless spectrum in six dimensions on the orbifold is determined by setting the left—
moving mass
OzMﬁngh—%Jréc, psh=p+ kv, (5.3)

and right—-moving mass
0=M}=P% —1+6.+wN;+w;N;, Pu=P+kV, (5.4)

to zero. Here k = 0 labels the untwisted sector and k = 1 the twisted sector. The momenta p
and P are taken from the lattices:

pE€Asowr), P € Apgxns - (5.5)
Furthermore, the following notation is introduced:
de=313 will—w), w=kv, @=—ku, (5.6)

where = means equal up to integers, such that 0 < w;,w; < 1. Concretely, for the Zy orbifold
at hand, this reduces to: w; =w; =1, dc=0for k=0 and w; =w; = %, dc = i for k =1.
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The gauge group in six dimensions is determined by
P?=2, V.-P=0. (5.7)

These come as bosons (gauge fields) with p = £(02,1,0) and spinors (gauginos) with p =

(%, —%, —%, %) Here the underline indicates that all possible permutations are to be considered

as well. The untwisted charged matter is characterized by:

V-P—v-p=0, (5.8)

with N; = N; = 0. In addition, there are uncharged untwisted matter with P = 0 and one
N;, N; equal to 1 and the rest zero. These states come as bosons with p = +(1,0, 0%) and
spinors of the opposite chirality (hyperinos) p = i(%z, 1%2) The twisted matter comes in
multiples of 16 due to the fact that there are 16 fixed points. The right-moving momentum is
fixed to:

Psh = % . (59)

Hence, we can only have the bosonic states pg, = (%, —%, 0%) = v + p with p = (0, —1,0%) and

fermionic states pg, = (O,O,:E%Q) = v+ pwith p = (-5 ,:l:lQ). Their representation with
respect to the gauge group are determined by

S

PL=3-3) (N;+N,). (5.10)
i

The solutions of this mass equation are well-known [53,72] and are summarized in Table

for later convenience.

5.2.2 Orbifold with Wilson line on an Additional Circle — No Torsion

Next, the model is compactified further down to five dimensions by a discrete Zo Wilson line
given by W = (07,1)(07, 1) on an additional circle S'. In this subsection the option of adding a
torsion phase between the orbifold action and the Wilson line is ignored; this will be considered
in the next subsection. The projection conditions are determined by the requirement [71]:
o2mi(Viyr- Pan =0y ot tvps-(N—=N)) | e%i%("h"vfﬁ”h"“h) L1 , (5.11)
where Vi, = kV +nW, v, = kv, Pyhb = P+ V), and pg, = p + vy. The first factor can be
understood in field theory while the second factor is the vacuum phase of the string. For the

choice ) )
v=(17,0%), V=01%090%, wW=(",1)(0",1), (5.12)

the vacuum phase is trivial: (Vi - Vi — v - o) = 0. The first phase in (5.11)) leads to the
orbifold projection:

V-P—v-p+(N;—Nj)v;, =0 (5.13)

and the projection due to the Wilson line:

W-P=0. (5.14)
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P, Py =| SU2) x By x By | SU(2)1 x SU(2)2 x SO(12) x SO(16)’
+(12,00)(0%) 0 SU(2) gauge SU(2); gauge
+(02, +£1%,0%)(0%) 0 E7 gauge SO(12) gauge
(1,—1,05)(0%) 0 SU(2)2 gauge
(3:-3-3"3" 0% | 4 (1,2,32)(1) gauge
(0%,08) 0 4(1,1)(1) 4(1,1,1)(1)
+(1,0,41,05)(0%) 0 (2,56)(1) (2,2,12)(1)
(35313700 |4 (2.1,32)(1)
(3, —3,£1,0°)(0%) 0 16 5(1,56)(1) 16 5(1,2,12)(1)
(02, —1° 1574 (0%) 1 16 1(1,1,32)(1)
+(37,09/(0%) 0 32(2,1)(1) 32(2,1,1)(1)
+(0%)(£1%,0) 0 Eg gauge SO(16) gauge
+(08)(—1°, 1579 ! (1,1,1)(128) gauge

Table 5.1:

This table gives the weights of the massless states on the T%/Zs orbifold. In

addition, the eigenvalue W - Py, and the resulting branching of this spectrum due to the Wilson
line W is indicated. (The underline indicates that all permutations are to be considered and o
and e go over all odd and even numbers, respectively, such that the powers never go negative.)
The matter multiplets are hyper multiplets or half-hyper multiplets (i.e. hyper multiplets with
a reality condition imposed), the latter are indicated by the % in front of the states.
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Here we are using the fact that we are considering a general point in the moduli space, hence
no winding mode states accidentally become massless. Consequently, the Wilson line reduces
the gauge group to

SU(2); x SU(2)2 x SO(12) x SO(16)’ (5.15)

with the spectrum in five dimensions:
(2,2,12)(1) + 16 (1,2,12)(1) +32(2,1,1)(1) + 4(1,1,1)(1) . (5.16)

Note, in particular, that this spectrum does not contain any spinorial representation of SO(12).

5.2.3 Orbifold with Wilson line on an Additional Circle — With Torsion

In this subsection the same compactification on S with the Wilson line ([5.12)) is investigated,
but now the option of switching on a torsion phase between de orbifold action and the Wilson
line is considered [71]:

T = (=) =k (5.17)

where k = 0, 1 labels the untwisted (k = 0) and the twisted (k = 1) sectors and n = 0,1 the Z»
Wilson line sectors. The primed versions define the orbifold and Wilson line projections. The
torsion phase is switched on and off for e = 1 and 0, respectivelyﬂ The projection conditions

(5.11)) are then modified to:

. 5 .1 .1
e2m(Vh/-Psh—vh/'psh-‘rvh/-(N—N)) . eQW’Lé(Vh/'Vh—’Uh/"Uh) . e?m 5 (kn'—k'n) ; 1, (518)

Away from special points in moduli space, the winding modes with n = 1 will be massive and
hence do not affect the massless spectrum and will therefore be ignored. Thus when the torsion
phase is switched on it only modifies the Wilson line projection (5.14]) to:

W-Py=1k : (5.19)

Thus, for the untwisted states the projection is the same as without torsion, for the twisted
states things change: The twisted states that were projected out before are kept with the
torsion phase and vise versa. Thus, in particular, the gauge group remains the same

SU(2)1 x SU(2)2 x SO(12) x SO(16)’ (5.20)
but the spectrum in five dimensions changes to:
(2,2,12)(1) + 16 %(1, 1,32)(1) +4(1,1,1)(1) . (5.21)

As compared to the spectrum the 16 vectorial half-hyper multiplets (1,1,12)(1) have
been replaced by 16 spinorial half-hyper multiplets (1, 1,32)(1) and the 32 doublets (2,1, 1)(1)
have been removed all together. Switching the torsion on or off thus induces a spinor—
vector duality between the two Wilson line models considered in these two subsections.

!Note that is a generalisation of discrete torsion considered in [641(73], which is between two orbifold twists.
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5.3 Line Bundle Resolutions of T4 /Z, x S! with Wilson Lines

5.3.1 Geometry of the T*/Z, Resolution

The techniques to determine resolutions of toroidal orbifolds have been well-studied [59,74.,/75];
here in particular the methods exploited in [76] are used. The resolution of the T%/Zs orbifold
can be described with four inherited divisors Ry, R}, Ra, R, eight ordinary divisors Dj 44, and
D3 o0, and sixteen exceptional divisors E, , where a = (o, a2, a3, aq) with oy = 0,1 labels
the sixteen isolated Zs singularities on the torus T%. There are a number of linear relations
among these divisors

Ry~ R} ~2Digsa, + Y Ea, Ro~Ry~2Dsna,+ > Ea. (5.22)

1,02 Q3,0

These relations show that ordinary divisors Di qsq, and D2 .0, and inherited divisors R
and R, may be replaced by inherited divisors Ry, Ry and exceptional divisors E,. The non—
vanishing intersection numbers of the remaining divisors may be summarised as:

RiRy =2, E Eg = 2043 - (5.23)
The total Chern class may be represented as
c=(1-R)(1-Ry)(1-Ra)(1=Ry) [] 1+ Dragar) [] (14 Doaran) [[(1+Ea) - (5.24)
Q3,04 a1,02 a

Expanding this to first and second order gives
Ccl = 0 s Cy = 24 . (5.25)

The first signifies that this resolution is a four dimensional K3 surface with Euler number 24
as the second Chern class ¢y indicates.

5.3.2 Line Bundles on the T*/Z, Resolution

For orbifold resolution models it is generically assumed that the gauge flux is located on the
exceptional divisors only. Hence, the line bundle background encoded by an anti—-Hermitian
Abelian gauge field strength two—form F» given by [32,60,/61.|77]:

‘FQ I
22 =-N"E,Hy, Hoa=VIH;, 2
o Za: VIH, (5.26)

where the sum over the Cartan generators labelled by I is implied. The Cartan generators
H; of Eg x Eg are normalized such that trH;H; = d;7. The embedding of the line bundle
background is therefore characterized by sixteen component line bundle (embedding) vectors
Vo = (V). (For translations to other characterizations see e.g. [78].) Often it is convenient
to split the line bundle vectors in contributions in the first and second Eg as: Vo, = (V) (V)
where V, and Vo'é both have 8 entries.

The fundamental consistency requirement of such backgrounds is determined from the in-
tegrated Bianchi identity tr(F2) — tr(R3) = 0. On this resolution it can be cast in the form:

dvi=24. (5.27)
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Another consistency condition that is required in any smooth heterotic compactifaction is the
stability of the vector bundle, which is guarantedd by imposing the DUY equation. In our
case, as the compact space is four dimensional we have that:

1/ JAL ol (Dy) VI =0, (5.28)
2 Jk3 2w
and as we said before , we need that the zero-vector can be obtained from a linear
combination of the V! with positive coefficients only.

On the other side, the six dimensional spectrum of the line bundle model can be computed
using multiplicity operator [60]:

G A E ) e o

This operator counts the number of fermions in a given representation. The sign of this
operator may be positive or negative and is determined by the six dimensional chirality of the
underlying fermionic states: It equals —2 on gaugino states; the multiplicity operator directly
identifies the gauge group unbroken by the line bundle background. The multiplicity operator
N is positive on hyperinos as they have the opposite chirality as gauginos in six dimensions.
Hence, if positive, it counts the number of hyper multiplets in a given representation of the

gauge group.

5.3.3 Line Bundle Model with Vectorial Blowup Modes

Consider the resolution model with two set of line bundle vectors:
Vo=1(3,-21,0)0%, a=1,.,8 Vo= (-3%,%,-1,0°(0%) , a=9,.,16 (5.30)

Here half of the bundle vectors have been chosen with negative sign respect to the others
to allow the fulfilment of (5.28)). As the multiplicity operator depends cuadratically on the
bundle vectors we can treat all 16 vectors identically and simplify N as:

N=16H? —2. (5.31)

Using this operator the multiplicities of the Eg x E{ roots can be computed. The resulting
spectrum is given in Table The assignment of untwisted and twisted states in this table is
done by comparing with the untwisted states on the orbifold which can be understood as from
field theoretical orbifolding of the Eg x E} ten-dimensional gauge multiplet. Since T%/Zs has
16 fixed points and all fixed points (and their blowups) are treated identically, multiples of 16
are required.

Matching with the Orbifold Spectrum

The above resolution model can be understood as a blowup of the orbifold standard embedding
model. The techniques to understand the relations between the orbifold and resolutions spectra
were discussed in e.g. [32,(77,/79,/80]. The choice of the line bundle vectors as can be
interpreted as using the identical blowup modes with this shifted momenta

Phoa=Voa=V+P, V=(1100°)0% and P =(0,-1,1,0°)(0% (5.32)
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+(0%) (=3, 3

8—6)

weight H? N SU(2) x Eg x E} | SU(2) x SO(10) x SO(16)’
+(1,1,0,0°)(0%) 0 —2y SU(2) gauge SU(2) gauge
£(0,0,0,£12,0%)(0,2) 0 -2y Eg gauge S0O(10) gauge
(3, —a—% —5%3 (0% (1,16)(1) gauge
£(1,0,-1,0%)(0%) i 2y (2,27)(1) (2,1)(1)
+(0,—1,-1,0%)(0%)
+(1,0,0,£1,0%)(0%) (2,10)(1)
(55505 )(0F) (2,16)(1)
+(1,-1,0,0%)(0°%) 1 | 14=167 -2y (1,27)(1) (1,1)(1)
+(0,0,1, £1,0%)(0%) (1,10)(1)
+(3,-5.3.-3"47 )09 (1,16)(1)
+(1,0,1,0%)(0,07) 9 134=32r+2¢ (2,1)(1) (2,1)(1)
+(0,-1,1,0%)(0,07)
+(0%)(£12,0) 0 —2u Eg gauge SO(16) gauge

(1,1)(128) gauge

Table 5.2:

generated by identical vectorial blowup modes at all sixteen exceptional divisors.

The multiplicities of the Fg x Eg roots are indicated for the resolution model

The states

with a positive or a negative multiplicity form hyper or vector multiplets. The subscripts U and
T indicate how these numbers can be used to interpret the corresponding states as untwisted
or twisted, respectively. The final column gives the spectrum branched by the Wilson line.
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at all sixteen fixed points. These shifted momenta identify the sixteen blowup modes to lie
inside the (1,2,12)(1) C (1,56)(1) half-hyper multiplets given in Table[5.1] Switching on these
blowup modes leads to the symmetry breaking:

SU(2) x E7 x By — SU(2) x Eg x Ej§ (5.33)
In this process precisely the roots #(1,1,0,0%)(0%), £(0,0,1,41,0%) and :l:(%, %, %, —%o, %570)
of the (1,27)(1) are broken. This corresponds to the computation 14 = 167 — 2y, which can be
understood as the super—Higgs effect where certain twisted states are ”eaten” to form massive

vector multiples. These are states that arise from the sixteen half-hyper multiplets (1,56)(1).
Under the symmetry breaking this branches to

3(1,56)(1) = (1,27)(1) + (1, 1)(1) (5.34)

where the states (1,1)(1) can be identified as the blowup modes (BLW). On the resolution they
are reinterpreted as sixteen model dependent axions, which do not contribute to the multiplicity
operator [79)].

The remaining fourteen states (1,27)(1) after the Higgsing undergo a field redefinition when
moving from the hyper multiplets on the orbifold to the states on the resolution:

(1,27)(1)res = BLW " - (1,27)(1)ors (5.35)

Here the subscripts RES and ORB indicate whether the states are part of the resolution or
orbifold description, respectively. Indeed, the corresponding weights can be matched exactly
via:

+(0,0, —1, £1,0%)(0%) = +[—(3,-3,1,000®% + (3,-3,0,4£1,01)]
o 15—o0 o 15—o0
i(_%a_%7_%a_% 7% )(08) = [_(%7_%71705)(08) + (anaéa_% a% )] (536)
i(_17170705)(08> = [_ (%7_%71705)“)8) + (_%7%71705”

A similar field redefinition relate the doublet states on the orbifold to those on the resolutions:
(2,1)(1)res = BLW - (2, 1)(1)ors , (5.37)

or in terms of the corresponding weights:

+(1,0,1,0%)(0%) = *[(},-3,1,09)(0%) + (5%,0,0)] 55
5.38
+(0,—1,1,0)(0%) = +[(L, =1, 1,09)(08) + (=1°,0,0%)]

Hence, using these field redefinitions the descriptions on the orbifold and on the resolutions
agree on the level of the weights showing that the matching between the orbifold and resolved
descriptions is complete.
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5.3.4 Wilson Line Projected Vectorial Blowup Model

Next the consequences of the Wilson line on the additional circle is investigated in the resolved
geometry. There are two cases to be considered depending on whether a generalisation of the
torsion phase has been switched on or not. On smooth geometries it is less clear how
to implement the string torsion phases as the description starts from an effective field theory
description in ten dimensions rather than the full one-loop partition function of string theory.
For this reason the Wilson line projection conditions are strongly inspired by the conditions
arising in the orbifold theory.

No Torsion

The model is compactified further on a circle S! with a discrete Wilson line:

W = (07,1)(07,1) (5.39)
and the torsion phase is switched off: ¢ = 0. The Wilson line projection condition on
the resolution is assumed to take the form:

W-P=0, (5.40)

where P are the weights listed in Table This directly follows from the orbifold Wilson
line projection ([5.14)), since the difference between the Py, and P is at most given by V,, but
W -V, = 0. The gauge group therefore becomes:

SU(2) x SO(10) x SO(16)’ (5.41)
and the 5D spectrum:
2(2,10)(1) +36(2,1)(1) + 14 (1,10)(1) + 14 (1,1)(1) . (5.42)

Notice the absence of any spinors of SO(10) in this resolution model after the Wilson line
projection has been implemented.

This spectrum can also be understood as the blowup of the five dimensional T%/Zq x S*
model with the same Wilson line W discussed in Subsection The blowup using the
blowup modes leads to the gauge symmetry breaking:

SU(2)1 x SU(2)2 x SO(12) x SO(16) — SU(2); x SO(10) x SO(16)’ . (5.43)

The broken weights are (1, —1,0,0%)(0®) associated to SU(2)s and £(0,0, 1,41, 0%) associated
to 2(1,10)(1). The spectrum is branched as follows:

(2,2,12)(1) — 4(2,1)(1) +2(2,10)(1) ,
161(1,2,12)(1) — 16(1,10)(1) +32(1,1)(1) (5.44)

32(2,1,1)(1) — 32(2,1)(1) .

The number of (2,10)(1) immediately agree, so do the number of (2,1)(1): 4432 = 36. Of the
sixteen (1,10)(1)’s two are eaten to form massive (1,10)(1) vector multiplets leaving fourteen
states. Finally, sixteen of the 32 charged singlets (1,1)(1) should be identified as blowup modes
and hence appear as axions in the resolved theory. Furthermore, two singlets are eaten to make
the SU(2)y weights heavy, leaving 32 — 16 — 2 = 14 charged singlets in the spectrum.
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With Torsion

The description of the Wilson line on the additional circle with no torsion is fully self-consistent
as was discussed above. On the contrary, switching the torsion , i.e. € = 1, leads to a
number of issues:

First of all, it is not clear how to precisely implement the Wilson line projection in this case
on the resolution. On the orbifold the projection condition with torsion distinguishes
between untwisted and twisted states. While on generic smooth compactifications such a
distinction is completely meaningless, for smooth models obtained as orbifold resolutions it is
possible to make an assignment of ”untwisted” and ”twisted” states as indicated in Table
and Table based on intuition from and matching with the underlying orbifold theory. Hence,
it is natural to assume that the discrete torsion modifies the projection condition analogously
to the orbifold case.

Secondly, the blowup modes used to generate the blowup model are projected out by
the Wilson line when the torsion is switched on as the projection condition is modified to ,
since the blowup modes are twisted states with £ = 1. (Resolution models with bundle vectors
that would be associated with massive or projected out twisted states have been known in the
literature but are not well-understood.)

A closely related issue is that there are states missing for the super—Higgs mechanism
to be able to operate. On the orbifold the Wilson line would project the gauge group to
SU(2) x SO(12) x SO(16)". The blowup procedure leads to further breaking SO(12) — SO(10)
hence two (10)’s of SO(10) should form massive multiplets with (10)-plets as hyper multiplets.
(The 14 = 167 — 25 computation discussed below (5.33).) But these twisted (10)-plets are
projected out by the Wilson line when the torsion is switched on.

5.3.5 Line Bundle Model with Spinorial Blowup Modes

The main issue with the resolution model discussed just above is that the blowup modes which
are supposed to generate the blowup are projected out by the Wilson line when the torsion
is switched on. On the level of the orbifold this projection kicks out twisted vectorial states,
including the blowup modes , while keeping spinorial ones. As it is a choice which twisted
states are used as blowup modes, it instructive to investigate spinorial blowup modes instead.
A concrete choice is to consider the resolution model with line bundle vectors

Vo= (02, 190%), a=1,...8 V,=(0%-1%0%), a=9,.,16 5.45
2 2

Since, again, the same (up to a minus sign) line bundle vector is chosen on all exceptional
divisors, the multiplicity operator reduces to (5.31). The spectrum can be determined as
before and is given in Table [5.3]

Matching with the Orbifold Spectrum

The above resolution model can also be understood as the blowup of the orbifold standard
embedding model. In this case blowup modes all have shifted momenta

2

Ppa=Va=V+P, V=>2090% and P=(-1*1%0% (5.46)



64

+(0%)(—4%, 4779

weight H? N SU(2)1 x Eg x E} | SU(2)1 x SU(2)2 x SU(6) x SO(16)’
+(12,0,0°)(0%) 0 —2y SU(2)1 gauge SU(2)1 gauge
(02,1,-1,008) | 0 —2u FEs gauge SU(6) gauge
(1,-1,09)(0,%) SU(2)2 gauge
(35 —3 5 )(0%) (1,2,20)(1) gauge
+(+1,0,1,0%)(0%) : 2y (2,27)(1) (2,2,6)(1)
+(3%, 3", -5 (0%) (2,1,15)(1)
+(-3% 31,3709
+(0%,1%,0%)(0%) 1 |14=167—2¢p (1,27)(1) (1,1,15)(1)
+(3,-3,3°, ) (0%) (1,2,6)(1)
(353008 | § |3=820420 | (21)() (2.1,1)(1)
+(=3,3")(0%)
+(0%)(+1%,0) 0 —2u Eg gauge SO(16) gauge

(1,128) gauge

Table 5.3:

The multiplicities of the Eg x Eg roots are indicated for the resolution model

generated by identical spinorial blowup modes at all sixteen exceptional divisors. The states
with a positive or a negative multiplicity form hyper or vector multiplets. The subscripts U and
T indicate how these numbers can be used to interpret the corresponding states as untwisted
or twisted, respectively. The final column gives the spectrum branched by the Wilson line.
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at all sixteen fixed points. They live on the (shifted) spinorial lattice of SO(16) and part of
the sixteen half-hyper multiplets (1,56)(1). Switching on these blowup models lead to the
symmetry breaking:

SU(2) x E7 x By — SU(2) x Eg x E§ (5.47)
In this process precisely the roots #(02,12,0%)(0%) and :l:(%, —%, —%, %5) of the (1,27)(1) are

broken. This, again, corresponds to the computation 14 = 167 — 27, which can be understood
by the super-Higgs effect where certain twisted states are “eaten” to form massive vector
multiplets. These are states that arise from the 16 half-hyper multiplets (1,56)(1). Under the
symmetry breaking this branches to

3(1,56)(1) — (1,27)(1) + (1,1)(1) (5.48)

As before, the states (1,1)(1) are the blowup modes (BLW), which on the resolution are
reinterpreted as 16 model dependent axions not contributing to the multiplicity operator.

The remaining 14 states (1,27)(1) after the Higgsing undergo a field redefinition when
moving from the hyper multiplets on the orbifold to the states on the resolution:

(1,27)(1)res = BLW " - (1,27)(1)ors (5.49)

Indeed, the corresponding weights can be matched exactly via:

£(0212,09(0% = F[- 023909 + (©0%-3"3Y)]

i(%’ié’ié’%s))(og) = q:[7(02’%6>(08) + (*%7%71705)]

(5.50)

A similar field redefinition relate the doublet states on the orbifold to those on the resolutions:
(2,1)(1)res = BLW ™" - (2,1)(1)ors , (5.51)

or in terms of the corresponding weights:
+H(FL2,19(0%) = F[ = (0%, 19)(0%) + (+14%,0,0%)] (5.52)

This analysis shows that the spectrum on this orbifold resolution with spinorial blowup modes
is the same as for the previous choice of bundle vectors corresponding to vectorial blowup
modes. This can be seen explicitly by comparing columns three and four of Table [5.2] and
Table The effect of the Wilson line is very different however:

5.3.6 Wilson line projected spinoral blowup model — With Torsion

Since the spinorial blowup modes were precisely considered to avoid the issue that the blowup
modes are projected out by the Wilson line on the additional torus if torsion is switched on,
the case with torsion is discussed below. (The spinorial blowup model without torsion suffers
from similar issues as the vectorial blowup model with torsion and is ignored in the following.)
As stressed on resolution geometries one has to make an educated guess how torsion between
the Wilson line and the orbifold twist is implemented based on intuition derived from the
orbifold description. Concretely, the spinorial blowup model is further compactified on a circle

S1 with a discrete Wilson line:
W = (07,1)(1,07) . (5.53)
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The Wilson line projection condition in the presence of torsion on this resolution is assumed
to be implemented as follows:
W-P=0. (5.54)

The motivation for this from the orbifold description is, that for the twisted states, which feel
the presence of the torsion phase, the relation between the Py, and P involves V, for which
W .V, = % in this case. Hence, the effect of the torsion for the projection condition
is compensated by the fact that the blowup mode itself is spinorial. Consequently, the gauge
group on the blowup is:

SU(2); x SU(2)2 x SU(6) x SO(16)’ (5.55)

and the resulting five dimensional spectrum reads:
2(2,2,6)(1) +14(1,1,15)(1) . (5.56)

This is compatible with the orbifold spectrum with the Wilson line and the torsion phase.
Indeed, the spinorial blowup models induce the symmetry breaking:

SO(12) — SU(6) . (5.57)

The broken generators are 4-(02, 12, 0%)(0®) correspond to two massive vector multiplets in the
(1,1,15)(1) representation. The charged orbifold spectrum branches as follows:

(2,2,12)(1) — 2(2,2,6)(1),
(5.58)
3(1,1,32)(1) — (1,1,1)(1) + (1,1,15)(1) .

The sixteen singlets (1,1,1)(1) are the sixteen blowup modes and appear on the blowup as
axions. Two of the (1,1,15)(1) pair up with the broken generators to form the two massive
vector multiplets. This leaves fourteen (1,1,15)(1) in the massless charged spectrum.

5.3.7 Spinor—Vector Duality on Resolutions

In this final subsection some possible lessons for the realisation of spinor—vector dualities on
orbifold resolutions and smooth geometries in general are discussed based on the results of the
previous subsections.

Like in free fermionic models, also on orbifolds one expect spinor—vector dualities to be
present and easily identifiable. Both descriptions have an underlying worldsheet structure and
can be encoded in (one-loop) string partition functions in which additional torsion phases may
be present. The dictionary between free fermionic and orbifold models developed in [50] may
be used to relate these description in all fine print.

Moving from the orbifold point to smooth resolutions blowup modes have to be selected.
These are twisted states which develop VEVs inducing the blowup of the orbifold singularities.
Since the Wilson lines on (additional) cycles lead to projections of the twisted spectrum with
or without torsion, the selected blowup modes may not be in the spectrum anymore, which
leads to various complications. A prime one being that the choice of the torsion phase affects
which blowup modes are available.

In the particular cases considered here of orbifold and resolution models of T%/Zy x S!
with a Wilson line, the spinor—vector duality mapping is summarised in Table On the
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Torsion Phase () Without (¢ = 0) With (e = 1)

Orbifold

Gauge Group SU(2)1 x SU(2)s x SO(12) x SO(16)’ | SU(2)1 x SU(2)s x SO(12) x SO(16)’

Spectrum (2,2,12)(1) + 16 3(1,2,12)(1) (2,2,12)(1) + 16 1(1,1,32)(1)
+32(2,1,1)(1) +4(1,1,1)(1) +4(1,1,1)(1)

Blowup

Modes Py o = Vi (4,-1,1,0%)(0%) (02, £%)(0%)

Gauge Group SU(2) x SO(10) x SO(16) SU(2), x SU(2)s x SU(6) x SO(16)’

Spectrum 2(2,10)(1) 4 36 (2,1)(1) 2(2,2,6)(1) + 14 (1,1,15)(1)
+14(1,10)(1) 4+ 14(1,1)(1)

Table 5.4: This table summarises how a spinor—vector duality is visible in orbifold and resolu-
tion models. Since the resolutions depend on the choice of blowup modes, their gauge groups
and therefore their spectra make this duality less apparent.

orbifold the spinor—vector duality can clearly be seen: the model without torsion contains
sixteen additional SO(12) vector which are also SU(2) doublets but no SO(12) spinors, while
the model with torsion has sixteen SO(12) spinors but the SO(12) vectors are absent. On the
resulting resolutions using blowup modes indicated in the table the picture is far less transparent
because the gauge groups in both cases are different. But the important characteristics of the
spinor—vector duality can still be identified: In the resolution model without torsion in total
eighteen vectors of SO(10) are present while in the model with torsion there are eight vectors,
(6)—plets, and fourteen anti-symmetric tensors, the (15)-plets, of SU(6) present. These (15)—
plets can only arise from the branching of the spinorial representation of SO(12). Hence, the
spectra on the resolutions still exhibit properties associated to the spinor—vector duality, albeit
in some disguise.

5.4 Conclusion

Summary

The main aim of this chapter was to study the spinor—vector duality on five dimensional smooth
geometries. Inspired by the models presented in [48] the orbifold T%/Zs with an additional
circle with a Wilson line, is considered. This Wilson line distinguishes between integral and
half-integral weights in the string spectrum. As to be expected from that depending on a
generalized torsion phase between the orbifold twist and the Wilson line, the resulting five
dimensional models indeed exhibit a spinor—vector duality.

Using standard resolution techniques the blowup of the orbifold T#/Zs was constructed.
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Since, this orbifold by itself leads to a six dimensional model, the full massless spectrum on
the resolution can be determined with the help of the multiplicity operator and was shown
to match completely with the orbifold spectrum upon taking field redefinitions involving the
blowup modes into account. After that the effect of the Wilson line on the additional circle was
considered in the resolution setting. In the resolution model where the blowup modes are all
vectorial, this resulted in a projection of the massless spectrum consistent with the expectations
from the orbifold theory.

On smooth geometries the interpretation and implementation of the torsion phase between
the orbifold twist and the Wilson line is obscured as there is no notion of the former. Since the
smooth geometry in the present chapter was obtained as an orbifold resolution, the effect of
the generalised torsion phase on the blowup could be conjectured to act as expected from the
orbifold theory. But proceeding in this way led to an inconsistent spectrum. The reason for
this could be traced to the fact that, because of the torsion phase the vectorial twisted states
were projected out, but precisely those were used to generate the blowup. To overcome this
problem, a second resolution model was considered, where spinorial twisted states were used
as blowup modes instead. The effect of the Wilson line with the torsion phase switched on is
to keep them in the orbifold theory and the resolution spectrum made sense again. However,
because the spinorial blowup modes led to a further symmetry breaking, the gauge group of
interest was no longer SO(10) but rather SU(5). Table collects the uncovered details of
the spinor—vector duality on the orbifold and its resolution.

To summarise, an example of the spinor—vector duality could be realised on a smooth
resolution, but the picture of the duality is more subtle as the gauge groups of the dual models
are not the same. The underlying reason was that the available blowup modes with the torsion
phase switched on or off are complementary, so that different blowup modes are needed to be
selected depending on the torsion choice. We expect this feature to be generic as long as the
generalised torsion involves the orbifold twist, since the projection of the twisted states (the
candidate blowup modes) then depends on the choice of the torsion phase. Of course, there
may be other ways, that a spinor—vector duality can be induced on smooth compactifications.

Outlook

One complication encountered in this work was how to implement generalised torsion phases
on smooth geometries. In particular, in effective supergravity compactifications it is not clear
how the generalised GSO phases of string theory should be taken into account. It is interesting
to note that certain forms of discrete torsion can be understood as a group action on the B—
field [87H90]. This description might help to develop a deeper understanding of generalised
GSO projections on smooth geometries.

In any case, and motivated for the need of having a discrete torsion we can understand and
implement into our resolved models we will take our attention to GLSM in Chapter 7.
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Chapter 6

Taming Triangulation Dependence
of T°/75 x 75 Resolutions

6.1 Introduction

Resolutions of certain toroidal orbifolds, like T6/Zy x Zs, are far from unique, due to trian-
gulation dependence of their resolved local singularities. This leads to an explosion of the
number of topologically distinct smooth geometries associated to a single orbifold. By intro-
ducing a parameterisation to keep track of the triangulations used at all resolved singularities
simultaneously, (self-)intersection numbers and integrated Chern classes can be determined for
any triangulation configuration. Using this method the consistency conditions of line bundle
models and the resulting chiral spectra can be worked out for any choice of triangulation.
Moreover, by superimposing the Bianchi identities for all triangulation options much simpler
though stronger conditions are uncovered. When these are satisfied, flop—transitions between
all different triangulations are admissible. Various methods are exemplified by a number of
concrete models on resolutions of the T /Zo x Zsg orbifold.

The analysis of the effective field theory limit of Zy X Zso heterotic—string orbifolds and
their resolutions is therefore well motivated from the phenomenological as well as the math-
ematical point of views. The analysis proceeds by the construction of toroidal T/Zy x Zo
heterotic—string orbifolds and resolving the orbifold singularities using these well-established
methodologies. However, a problematic caveat is the enormous number of possibilities that this
opens up [32[76L|77]: The T°/Zy x Zs orbifold has 64 €3/Zy x 7 singularities where Zo—fixed
tori intersect, which all need to be resolved to obtain a smooth geometry. Each ©3/Zy x Zo
singularity can be blown up in four topologically distinct ways encoded by four triangulations
of the toric diagram of the resolved singularity. This results in a total of 45 a priori distinct
possibilities. While the symmetry structure of the Zs X Zso orbifold can be used to reduce this
number by some factor, it still leaves a huge number (of the order of 1033) genuinely distinct
choices. This is not a minor complication, as many physical properties of the resulting effec-
tive field theories are sensitively dependent on the triangulation chosen. These range from the
spectra of massless states in the low energy effective theory to the structure and strength of
interactions among them. The only way to overcome this complication was by side stepping
it: one simply makes some choice for the triangulation of all these resolved singularities and
analyses the resulting physics in that particular case. This led to some insights in the structure
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of the theory in a somewhat larger part of the moduli space, but it seemed hopeless to extract
any meaningful generic information about the properties of resolved T°/Zy x Zso orbifolds.

A way forward is therefore to develop a formalism which allows computations for any choice
of the triangulation of the 64 resolved Zq X Zo singularities. This is the task that we undertake
in this chapter. Moreover, having established such a method opens up the possibility to study
some properties of resolved T /%y x Z orbifolds which are independent of triangulation choices
or that hold in all possible triangulations simultaneously. To this end the chapter has been
structured as follows:

Outline

Section lays the foundation of this work by first recalling some basic facts of resolutions of
the T /7 x 7o orbifold and line bundle backgrounds on them. After that notation is developed
to parameterise the triangulation choice at each of the 64 resolved Zsy X Zo singularities, in
terms of which the fundamental (self-)intersection numbers and the Chern classes are expressed.
This allows to obtain relatively compact expressions for the volumes of curves, divisors and
the manifold as a whole. Moreover, the flux quantisation conditions, the Bianchi identities
and the multiplicity operator to determine the chiral spectrum can all be written down for any
triangulation choice.

In Section it is argued that the flux quantisation conditions are, in fact, triangulation
independent: if satisfied in a particular choice of triangulation, it holds for all. In addition,
having written down Bianchi identities for any possible choice of triangulation of all 64 resolved
singularities, one may wonder what requirements are obtained if one insists that these condi-
tions hold for all triangulation choices simultaneously. Surprisingly, it can be shown that the
resulting conditions are much simpler than those in any particular triangulation.

The following two sections provide various examples of the general results of the preceding
two. In Section models are considered without any Wilson lines so that all 64 resolved
singularities may be treated in the same way. In particular, it stresses that the flux quantisation
conditions are essential: when violated, the difference between the local multiplicities is not
integral. Finally, Section revisits the so—called resolved Blaszczyk GUT model [24132]. A
model inspired by this GUT model is considered, which is consistent for any possible choice of
triangulation.

The chapter is completed with a summary and an outlook. The Appendix ?? provides some
useful identities for second and third Chern classes for manifolds with vanishing first Chern
class.

6.2 Resolutions of T®/Zy X Zy

This section is devoted to develop some of the topological and geometrical properties of res-
olutions of the toroidal orbifold 7°/Zy x Zs. In fact, there are various T%/Zy x Zo orb-
ifolds [50,99%/118,|128]: here we focus exclusively on the orbifold with Hodge numbers (51,3).
Techniques to determine resolutions of toroidal orbifolds have been well-studied [76]; here, in
particular, the methods exploited in [32] are used. Also the resolutions of this orbifold have
been considered before, however in the past one always had to make some assumptions which
triangulation(s) to be considered, as the total number of choices (naively 4%4) is a daunting
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number. This section provides a brief review of this literature, but the main purpose is to
develop a formalism to treat all of these possible triangulations simultaneously.

6.2.1 The T®/Zy X Zs orbifold

The orbifold geometry will be taken to be factorisable of T on the simplest rectangular lattice.
The six torus coordinates are grouped into three complex ones on which two order—two orbifold
reflections Ry, Ry and their product R3 = Ry R2 act. They are representations of Zo X Zs with
non—trivial elements

diag(Ry) = (1,-1,-1), diag(R2) =(—-1,1,—1), diag(R3)=diag(R1R2)=(—1,—-1,1).
(6.1)

Each reflection, Ry, Ro and Rg3, has 4-4 = 16 fixed points: fév’ gw and fgﬁ. These singularities
are conveniently labeled by u,v, o, 8,7 = 1,2,3,4 = 00,01,10,11; i.e. interpreting them as
binary multi-indices o = (a1, ag) is reserved for the first two—torus, 8 = (83, 84) for the second
and v = (75,76) for the third, with the entries take the values ai, 2, B3, B1,75,7% = 0, 1.
The translation between both conventions read: @ = 2a7 + as + 1, 8 = 283 + B4 + 1 and
v = 275 + 76 + 1, respectively. (The (multi-)indices p, v are used to label the fixed points in
any of the three two—tori in order to write compact expressions.)
Assuming that the tori have unit length, the fixed points may be represented as

£l = (07 61—1—2622"714;21’) 2= (oq—gagz"()’ «f1+2~/2i) S = (%W’W’()) . (6.2)

The fixed set of each reflection has the topology of a torus orbifolded by the action of the other
orbifold actions which leads to four fixed points on a fixed tori. Hence, in total the T°/Zgy x Zo
orbifold possesses 64 C3/Zo x 7o singularities,

fasy = (a12a2i7 futbai w+2w> : (6.3)

coming from every combination of the four fixed points in each of the three complex planes.

6.2.2 Geometry of the TG/Zz X Zi Resolutions

The geometry of the resulting resolved orbifolds are characterised by the set of four-cycles
(divsors), which are obtained by setting one complex coordinate used in the resolution to
zero. There are three classes of divisors [32,76]: 6 inherited divisors R; := {u; = 0} and
R} := {v; = 0} that descend from each of the three torus of the orbifold (u; and v;, i = 1,2,3
are the coordinates of the elliptic curves describing the two—dimensional tori that make up
T9), 12 ordinary divisors D1 o := {214 = 0}, Do g := {225 = 0}, and D3 = {23, = 0} (2,
i = 1,2, 3 are the coordinates of the covering space) and finally 48 exceptional divisors E g, :=
{z1,8y =0}, B2 0y := {220y = 0}, and Es3 3 := {2343 = 0} (;,, are extra coordinates used
for the resolution) that appear in the blow—up process.

Not all these divisors are independent; there are a number of linear relations among them,
namely:

2D1,a ~ Rl - Z E2,a'y - Z ES,a,B ’ 2D2,,8 ~ R2 - Z El,/B’y - Z E3,a,8
Y B Y a
(6.4)
2Dsy ~ Ry = 2 Bipy =2 Eoay, R~ R
B o
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D1 Dl
E3 FEo Es Eo
Dy Do Er ) Ds

Ey Ds
Dy
Triangulation Eq ‘ \ ) / ’Triangulation Ey
Es3

Eo

Dy Eq D3

Triangulation S

D1

Es Eo

Do Eq D3
Triangulation Fs ‘

Figure 6.1: The four different triangulation, the E1—, FEs—, F3— and S—triangulation, of the
projected toric diagram are given of the resolved €3 /7y x Zo. The left-right-arrows indicate the
possible flop—transition between different triangulations, which shows that any flop—transition
always involves the S—triangulation.

Here ~ means that these divisors interpreted as (1,1)-forms differ by exact forms. So in the
end 3 R; and 48 E, provide via the Poincaré duality a basis of the real cohomology group, i.e.
of the (1,1)—forms, on the resolved manifold.

6.2.3 Triangulation Dependence and Flop—Transitions

To complete the description of the geometry of a resolved orbifold, the intersection numbers of
these divisors have to be specified. A major complication to specify the intersection numbers of
the resolved T /7y x 73 orbifold is that there is an indeterminacy, because of the triangulation
dependence: each resolved C3/Zy x Zy admits four inequivalent resolutions encoded by four
different triangulations of the toric diagram of the C3/Zy x Z5 singularity. The local projected
toric diagrams are given in figure There are three triangulations, Fy, Fs and Ej3, where
are all curves, that go through the interior of the projected toric diagram, connect to one of
these exceptional divisors. For example in triangulation E; the curves E1Fo, E1E3 and E1 D,
all exist. In the final triangulation, dubbed the S-triangulation, all the exceptional divisors
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Triangl. 5557 55/?% 5527 5567 Aiﬁv Aiﬂv Azﬁv 1- Aéﬁv 1- Aiﬁv 1- Aiﬂv
Ey 1 0 0 0 -1 1 1 2 0 0
FEs 0 1 0 0 1 -1 1 0 2 0
FEs 0 0 1 0 1 1 —1 0 0 2
S 0 0 0 1 0 0 0 1 1 1
Table 6.1: The values of the step functions 5257 and their variations Afxﬁ'}” defined in

and (6.7)), resp., for the different triangulations are given.

intersect since the curves E1FEy, FoFEs and E3FE, all exist.

The four triangulations of the projected toric diagram given in figure are related to
each other via flop—transitions. From this figure it can be inferred, that the Fq, Fo and Es3—
triangulations are all related via a single flop to the S—triangulation. For example, during the
flop—transition from the Ej—triangulation to the S—triangulation, the curve FyD; shrinks to
zero size and disappears while the curve EyFEs appears. To go from one E—triangulation to
another one always has to go through the S—triangulation. For example, for the transition
from triangulation Fy to Fs, first the curve F1D; is replaced by the curve EsFs3 to form the
S—triangulation and after that the curve E7FEj3 is replaced by the curve EoDo to arrive in the
FEo—triangulation. This shows that the special role the S—triangulation plays in flop—transitions.

During a flop—transition some curve shrinks to zero size. This means that in this process
the effective field theory approximation in the supergravity regime breaks down and stringy
corrections could become important. Since, this work only makes use of effective field theory
and geometrical methods, the flop—transitions themselves are beyond our description. But the
geometries and the spectra on both sides of flops can be determined.

6.2.4 Parameterising Triangulations

Given that there are four triangulation for each C3/Zg x Zg and 64 Zg x 7o singularities, this
gives a naively total number of 4% possibilities (up to some permutation symmetries) [32].
As important topological data such as the intersection numbers of the divisors varies for each
triangulation, it is particularly useful to develop some formalism to study spectra and the
consistency conditions (such as Bianchi identities) for all triangulation choices simultaneously.
Next, a formalism will be laid out that is capable of doing just that.

Define the following four functions:

57 1 if triangulation 7' is used,

afy — (65)

0 if other triangulation is used,

of (e, B,7) for the four possible triangulations 7' = S, E;, Fy and F3. Since at any of the 64
singularity resolutions one of the four triangulations has to be used, it follows that

E3
aBy

S

6F +055,=1.

E
aﬁ'y+6 5

aﬂv+5

(6.6)
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Thus, say, (55 5 is a function of the others. The following combinations of the remaining three
independent functions prove particularly useful:

1 — Ey E Es3

Bagy = “Oapy T 003y + 003y
2 _ E E E

Alsy = Ongy — by 005y s (6.7)
3 _ E E E

Bapy = Oapy T 0afy = apy -

For example, this means that A}l By equals —1 if singularity f,g, is resolved using triangulation
FEq, 1if Ey and E5 and 0 if S. The values that these functions take can be easily read off from
the Table [6.1] It follows immediately that

_ A3

E;
afy =29

i S
Otﬁ’}’ aﬁ'y + 5 . (68&)

1 2
1= Rapy = A afy

_ &S
ol aBy - 5a,87 ) 1—

and

AL L A2 — sk

1 3 _ E
Aapy T Rapy =200 apy T Rapy = 200, -

2 3 _ K
A2, + A%, =268 Loyt ALy =208

afy afy aBy (68b)

6.2.5 Triangulation Dependence of (Self-)Intersections and Chern Classes

The fundamental (self-)intersection numbers of the basis of divisors read:

RlEiB'Y = R2E22,a’y - R3E§,aﬁ = —2 y R1R2R3 = 2 R
By gy B3 0y = B1pyES 5 = =1+ AL Ef g, = %: (14805,
EZ,Q')/E%’B,Y = EQ,a’yEg’B,Y = -1 + Azﬁv 5 Eia,y = %: (1 + Ag{B’Y) s (69)
E370‘/3Eif37 = E3vaﬁE22,cw =-1+ Aiﬁw ) Eg,aﬁ =2 (1 + Aiﬁv) )

vy
ElﬂW/Ezva’YE&/B’Y =1- Aaﬁ'y - Aiﬁ'y - Azﬂ'y :

and all others are always zero. These (self-)intersection numbers can be partially inferred from
the results in ref. [32] as follows: as observed in that paper the (partially self-)intersection
numbers involving the ordinary divisors R; are triangulation independent. The (partial self—
)intersection numbers involving all three labels «, 8 and v are fully local, i.e. defined only at
the resolution of the single singularity f,3,. Thus the intersection numbers for these (partial
self-)intersections can be directly read off from Table 4 of ref. [32]. (Using the functions A? By
precisely the local intersection numbers of the four different triangulations of that table are
reproduced.) This leaves the cubic self-intersection numbers E’f’ By Eg,av and Eg’ op- But these
can be determined using the linear equivalence relations . For example, since the divisors
D1, D3, and Ej ., lie on a straight line in the toric diagram, their intersection vanishes:
D1,oE oyD3~ = 0. Inserting the linear equivalence relations then leads to the identity

By ==Y { By B3y + Bs.05F3 0 + EI,B,YEQMESM} =S (1+42,).  (6.10)
5 5
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This expresses Eg ay I fully local (partial self-)intersection numbers just determined. Inserting

those leads to the final expression in this equation. The other two cubic self-intersections are
computed in an analogous fashion.

With the fundamental (self-)intersection numbers fixed for any choice of triangulation of
all of the 64 resolved Zs x Zo singularities, all kind of other quantities can be computed. For
example, the second Chern classes integrated over the basis of divisors can be determined to
be given by

coRi =Ry = oR3 =24, &F15,=% (1— 2A(115'y) ;
«

(6.11)
CZEQ,OW = Eﬁ: (1 - 2A357) ) 02E3,a6 = Z (1 - 2Ai,8'y) :
Y

The third Chern class can be evaluated as

=3 ()8 (6.12)

u

using (??) given that the first Chern class vanishes. Since the inherited torus divisors R;, R}
have vanishing triple self-intersections, this expression reduces to a sum over all ordinary and
exceptional divisors

1 1 1 1 1 1
o=30 Dlat3d Dig+3d Dis+3) Bloy+3) Eiay+3) Fias- (613)

The first term can be written as

1 1 3
Z Dil)),a = _g Z Eg,ow - g Z Eg,aﬁ - g Z (E%,aWE&O@B + EQ»OWE?%,aB> ) (614)
o Yy Ol,B anB:’Y

using that there are no non—vanishing intersections of Ry with Es .y or E3,3. Adding similar
expressions involving D g and Ds3 -, one can show that

e = =5 2 {Bron (B3 ey + B ag) + Bron (B gy + B ) + B (B o, + E3s) |
By

1 1 1
S DO PR D - RS S (615
B’Y QY O‘vﬁ
Finally, inserting the triangulation dependent intersection numbers , gives

C3:i 3 (1+Agﬁw>—i 3 (—1+Agm>:96. (6.16)

i7a’677 i7a’577

Note, in particular, that all the triangulation dependence in the form of the functions Aflm
drops out and the final result equals the well-known Euler number 96.
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6.2.6 Line Bundle Backgrounds

The line bundle backgrounds considered in this chapter only have flux supported on the excep-
tional cycles:

].'
o= > EiwHipw ,  Hiw= Zv{w Hr . (6.17)

BV

Here the Cartan generators H; are anti—-Hermitian and therefore so is the field strength F.
The entries of the line bundle vectors V; ,,, are subject to flux quantisation conditions which
are triangulation dependent:

f
/:LIHI, L0, (6.18)
027'('

where = means equal up to Eg x Ejg lattice vectors, for any C' inside the resolved orbifold. The
resulting conditions for any choice of triangulation are listed in Table

Flux quantisation conditions for arbitrary triangulations
RiE1gy | 2Vigy =0 || DiaEy gy (Visy = Vaan = Vs.08)00s, =0
RoEroy | 2V2ay 20 || DapEa oy (Voo = Vigy = Vs.08) 00, =0
R3Fs3 05 2V3a8 =0 || D3yE303 (Vsas — Vipy — Vlav)‘soEzéw =0
RiDyg | =2 Vipy Z0 || DiaBroy | =20 {Vs op T (V1,87 = Vaay — V308 55257} =0
2 8
R1D377 - Z Vl:ﬁ“{ =0 DLOCE&OZIB - Z {VQ ay T Vl By — VQ,OW V3 aﬁ 7} =0
8 Y
R2D1,a - Z VQ Re% =0 D2,BE1,67 Z V3 ,af + VQ QY Vl,ﬁ'y V3 oz,B } =0
o
RaDsy | — Z Vaay 20 || DogEsap | =2 {V 1oy + (Voay = Vigy — Vsap)9 } =0
2l
R3Dia | =2 V3ap =0 | DsyEr1py | =2 {V2 av + (Vsas = Vi,8y = Vaon) } =0
B «@
RsDap | =2 V3ap =0 || D3yEaay | — X {Vl,ﬁv + (Vsap = Vigy = Vaany 5557} =0
a 5
Ey 3. E 2V 0y 65 42V 5,652 4+ (V Voo — V3.03)055. =0
17/37 2,0[’)’ 2,&’)/ a,B’y + 1757 Ol,B’y + ( 1757 + 27047 370‘/3) aﬁ'y
E1pvE3,08 2V305 0uh, +2V1,8y 05 + (Vigy + Vaag — Vaar) g, 20
E2.0vE3 08 2V3.08 03y +2Voay Ondy + (Voo + Vaap — Vigy) 005, =0

Table 6.2: The flux quantisation conditions on the line bundle vectors V; ,,,, the resolved orbifold
X using arbitrary triangulation at the 64 €3 /Zg x Zs resolutions.
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6.2.7 General Bianchi Identities

Consistency of the effective field theory description demands that the integrated Bianchi iden-
tity

/D {tr]—"2 - trRZ} =0 (6.19)

over any divisor D vanishes. Here R denotes the anti-Hermitian curvature two—form. (When
non—perturbative contributions of heterotic five-branes are taken into account this condition
can be weakened somewhat [100].) By considering the basis of divisors spanned by the ordinary
divisors R; and the exceptional divisors Ey gy, E2, and E3 .5 the complete set of integrated
Bianchi identities is obtained.

The three Bianchi identities on the three ordinary divisors, R;, Rz and Rs are the ones one
expects on K3 surfaces:

Z V%’B’Y =24 ’ Z V22,o¢'y =24 ) ng,ag =24 R (620&)
6 Y a,y « B

and do not depend on the triangulations chosen. In contrast the Bianchi identities on the
exceptional divisors are very sensitive to the triangulations used in the local resolutions. The
sixteen Bianchi identities on E7 g, take the form

Z [(1 + Atlx,é"y)viﬁ'y + (_1 + Aiﬁ'y)(v%,a”/ + V?iaﬁ) + 2(1 - Atlx,B’y - Ai,@'y - Azﬂ'y)VZa’Y ’ V37045

[0}

+2(=1+ A25 V1 gy - Vaay +2(=1+ A5 V1, - Vg,ag} =3 [ —2+4+4Als,| . (6.20b)

(6%
The sixteen Bianchi identities on E» - take the form
> [(1 + AL V5 0y + (14 A2 )(Vig, + Vi) +2(0 — Al — Alg, — Al )Visy - Vaag
B

F2(=1+ A Waay - Vigy +2(=1+ 855, WVaary - ng,} = Z [ —2+4A%,| . (6.20c)
B

And finally, the sixteen Bianchi identities on Ej3 .3 take the form

Z [(1 + Azﬁy)vg,aﬁ + (_1 + Agﬁ'y)(viﬁ'y =+ V22,a7) + 2(1 - Aflx,é"y - Aiﬁ'y - Aiﬁ'\/)vlﬁ’y ’ VQ,O"Y
~

+2(=14 Alg ) V3ap - Vigy +2(—1+ A5 Wiap - VMW} =y [ —2+4A%, | . (6.20d)
Y

6.2.8 Multiplicity Operators

A convenient tool to compute the chiral spectrum on a resolution with a line bundle background
is the multiplicity operator N. It reads [60}61]:

V- [ 6E) - m@) ) (621
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and may be thought of as a representation dependent index. Hence, on all states it should
be integral provided that the fundamental consistency conditions, flux quantisation and the
integrated Bianchi identities, are fulfilled.

On the T%/%y x Zs resolutions the multiplicity operator can be evaluated to be equal to:

N= % | R {35, D = (1= aLs) (FH 5, = 1) + J(Hoa, — Haap)?) }
a7 77
FHoan {5 (H3 0y = §) = (1= 82,) (§(H3.0, — 1) + 5(His, — Hap)?) |
(6.22)

FHsas{3(H 05— 1) — (1= 835) (§(HE 05 = 1) + $(Hu, — Hoor)?) }
_2H1,B7H2,a'yH3,aB } .

The triangulation dependance is isolated to the second terms on the first three lines of this
expression. From Table it may be inferred that only the terms in the first line are switched
on (with a multiplicative factor of 2) if triangulation F; is chosen, the second for E and the
third for Es; all three are switched on (with a factor 1) for triangulation S.

Using the constraint another representation of this operator can be obtained

FE E E E B E
N =3 [0l NEy 4+ o3 N o NE

By 155, NS ] , (6.23)
a,By

aBy NaBy

where
E
(6.24a)

E
No2, = 1 Hzay + 15 Hipy (4HT 5, — 1) + 5 Haap(4H3 05 — 1) — Hoan (HT 5, + H3 05)
(6.24D)

E
Nagv = % Hsap + % Hiap (4Hiaﬁ - 1) + % Ha oy (4H%,cw - 1) - H3:aﬂ(H%,57 + H%,ow) )
(6.24c)

~ $ M (M + M) = $ s (0, + M 00) = § M (g, 4 H ) (0200

These operators can be thought of as the local resolution multiplicities at the resolved sin-
gularity («, 3,7) using one of the four triangulations. In particular, when taking the same
triangulation at all fixed points, the expressions (56) and (58) of ref. [32] are obtained from
. In general, implies that the spectrum in any triangulation can be determined
from the local resolution operators @ times the functions that indicate which triangulation
has been used at each of the 64 C3 /7y x 7o resolved singularities. It should be emphasised
that these local multiplicity operators Ngﬁv for a given triangulation T are not necessarily all
integral; only their combination in in general is.
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6.2.9 Jumping Spectra due to Flop—Transitions

For a flop—transition to be possible it is necessary that all fundamental consistency conditions,
like flux quantisation and the Bianchi identities, have to hold for both triangulation choices
before and after the flop. Note that this implies, that if at some resolved singularity f.s,
some of these fundamental consistency conditions are not fulfilled for triangulation S, then
no flop—transitions can occur and resolution is frozen in one of the three triangulations Ey, Fo
or E3. Moreover, if at all resolved Zo X Zso singularities triangulation S is not admissible, no
flop—transition is possible at all!

Assuming that at a resolved singularity f,s, a flop-transition can occur between triangu-
lations S to Ej, the difference multiplicity

AN: g =N

S
foy =NEL —N (6.25)

aBy

measures the jump in the spectra when the flop—transition goes from triangulation S to Ej;
—ANLM the spectra jump in the opposite direction. This difference multiplicity operator has
to be integral because the multiplicity operator (6.22)) before and after the flop-transition is
integral by an index theorem (since the fundamental consistency conditions are assumed to be

fulfilled) and this operator is simply the difference of the spectra in the two cases.

6.2.10 Volumes and the DUY equations

Using the (self-)intersections various volumes can be computed using the Kahler form
J=> aiRi—Y bE,, (6.26)
7 T

involving the Kahler parameters a; and b,. The volumes of a curve C, a divisor D and the
orbifold resolution X are given by

Vol(C):/CJ, Vol(D):/D;JQ, Vol(X):/X;!J?’, (6.27)

respectively. The resulting expressions for any choice of triangulation are given in Table
The volumes of the divisors are constrained by the DUY equations |101,102]. The one—loop
corrections to these equations are given by [77,93]

1 , F e* FIN2 1, (RA\NF .,
2= [ () - st ) Ve (s 2
/2‘] o7 167 {r<27r) 2 r(%) }27T+( ) (6.28)
where F' and F” denote the Abelian gauge fluxes in the first and second factor of the Eg x Fg
group, respectively, so that F = F' + F”. This equation thus links the Kahler moduli a;, b,
and the dilaton ¢ in general.

If the gauge background is embedded in just a single, say first Eg, or if one considers the
heterotic SO(32) theory instead, this equation may be rewritten as

/JQf = £ tr<R) F__¢ > (6.29)

27 2w 32r oc) 2 = 167 ) Pon
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Curves
RiRy 2a3 Do E1py (b1,y — 2.0y — b3.08) 655,
RiEypy | 201,y D1aEay az = {bs,aﬁ + (01,87 = b2,y — bS,aﬁ)éféW}
3
RiDayp | a3 — Y bigy | BrgyBray | 2b3ay 0nh + 2015y 003 + (D1py + Doy — b3.ap)dss,
2l

Divisors
Ry 2 asa3 — Z biﬁv
Dy, azaz — Y agbg oy — Z azbsap + > (1 — 5a57)52 ay03.0
v By

+ /BZ’Y 6§év{b1157 (b2,a'y + b31a6) (b% By + b2 ,ary + bd aﬁ)}

Evs, 2arby gy + {504+ AL B oy + (1= ALy, = A2, = A, Vb arbsas
_%( Aiﬁ'y) (b2 ary + b3 aﬂ) (1 - Aiﬁ'y)blﬁ’YbQ,a’Y - (1 - Azﬂ'y)blﬁ’Yb&O&B}

Full manifold

X 2a1a2a3 — Z a’lbl By Z a2b§,o¢'y - Z a’3b§,a6 - Z { (Atl)zﬁﬂy )bl’ﬁ’Y (b%,a'y + b?ﬁ,a,@)

By o,y a,Byy
%( - 1)b2 ay (bl By + b3 aﬁ) 3 (Aaﬁ'y )b3 af (bl By + b2 a’y) (1 + Aocﬁ'y)b? By
+é( + Aaﬂ'y)b2 a'y ( + Aaﬁ'y)bS ay ( B Aéﬁ'y - Aiﬁﬂ/ - Aaﬂ’y)b1757b2:a7b370¢5}

Table 6.3: Volume of a collection of possibly existing curves, divisors and the resolved orbifold
X as a whole using arbitrary triangulation at the 64 €3 /ZyxZs resolutions. Similar expression
of the other curves and divisors can be obtained by permutations.

as F = F' and F” = 0 using the integrate Bianchi identities (6.19). Inserting the expansion for
the gauge flux in terms of the exceptional divisors E, and using the integrated second Chern

classes (6.11)), leads to

2¢ 2¢
Z {VOI(ELIB’Y) - 1667 Z( 2Aa,37)}v1],,37 + Z {VOI(EZCY’Y) - 1667 Z( QAaﬁv)}VZI,a7+
B, a o,y B
Y e2¢ I
+3 {Vol Eyap) = 1o= (1 2Aaﬁ,y)}v3,a6 =0. (6.30)
a, v

If the gauge background lie in both Eg factors simultaneously, then the trR? term can be
eliminated using the Bianchi identities (6.19) instead. Moreover, since both Eg factors are
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independent, the DUY equation may be split into two equations; one for each Eg factor:

/ 2¢ 1 1 /
5 - w6 GNE
11 26 ! 1" 1 ’
[37 % = [ oG e

Notice the relative sign difference between the otherwise very similar expressions in both FEg’s.
Evaluating these expressions further by inserting the intersection numbers leads to rather
lengthy and not very illuminating expressions. For this reason we refrain from stating them
here.

6.3 Triangulation Independence

The results obtained in the previous section hold for any particular choice of the triangulation
of each of the 64 resolved C3 /72 X 7o singularities. The aim of this section is to obtain
results that hold for all choices of triangulation simultaneously: such results can be uncovered
by superimposing the conditions for all the different choices of triangulation. It should be
emphasised that we do not wish to imply that it is necessary that such results apply in all
triangulations from the supergravity perspective. But surprisingly, superimposing consistency
conditions leads to a huge reduction of the complexity of these equations. However, if all
consistency conditions are satisfied in any triangulation, then arbitrary flop—transitions are
admissible which opens up the possibility to study the resulting transitions in the massless
spectra.

6.3.1 Flux Quantisation

Even though the flux quantisation conditions might seem to be dependent on the choice of the
triangulations at the local singularities, in fact, they are all equivalent to

Vi =0, D Vi =0, > Viup 20, Vigy+Viay+Vias =0 (6.32)
p p

independently of the local triangulations chosen. To see this, notice first of all that the first
three relations derived from curves that exist for any triangulation, see Table Now, if
triangulation E7 has been chosen at the resolution of f,3,, one has to impose the condition
associated to curve D1 oF gy, if triangulation Eo the condition associated to curve Do gFEs
and if triangulation F3 the condition associated to curve D3 - E3 g, respectively, while if tran-
gulation S is used all the resulting three conditions have to be superimposed. However, all
three of them are equivalent to the last condition in using the first condition in this line
which basically says that the signs of the bundle vectors in the flux quantisation conditions are
irrelevant modulo 2. In other words, if the flux quantisation is satisfied for a single triangula-
tion choice at all the 64 resolved ©3/Zy x Zg singularities, the fluxes are properly quantised
for any triangulation choice.
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6.3.2 Reduction of Bianchi Identities

To determine the set of equations which guarantee that for any choice of triangulation of the
64 C3 /7y x 7o resolutions, the Bianchi identities are solved, we can treat the triangulation
dependent functions, A}X By Aim and Aiﬁw as arbitrary functions. Hence, to solve the Bianchi
identities for all choices, the coefficients in front of these functions need to cancel among
themselves as well as the remaining contributions which do not multiply any of them. This
leads to four set of equations for each set of sixteen Bianchi identities on each of the exceptional
cycles. For the sixteen Bianchi identities on E; g, they read:

> [Vim V508 = Vig, F2Vigy Vaay +2Vigy  Vaap — 2 Vo 0y - VS,aﬁ} =-8,
(e}

VP oy F V5o V505 = 2Voan  Vaap =4, Vigy Vaay =Vigy Vaas = Voar - Vaag -
(6.33)
For the sixteen Bianchi identities on Es . they read:

> [Vfﬁv V508~ Voo T2V2ay  Vigy +2Vo0y  Vaiap — 2 Vi, - V3,a,8} =-8,
3

Vigy V50 T V505 —2Vigy Vaas =4, Vigy Voay =Vigy Vaas = Voar - Vaas -
(6.34)
And, finally, for the sixteen Bianchi identities on E3 .5 they read:

2 [Vif” F V5 0y = Viag +2V308 Vigy +2V305 Vaay —2Vigy - VQ,oﬂ} =-8,
i

Vigy + Viay T Viag = 2V18y Vaar =4, Vigy Vaay =Vigy Vsas = Vaay  Vaas -
(6.35)
Note that every time the top equations have a sum over one of the fixed point labels, while
the lower three do not. Fortunately, many of these equations are redundant. The lower three
relations for all three exceptional divisors have the same content: for any choice of («, 3,7) the
three inner products are constraint to:

Vigy - Vaay = Vigy Vsas = Vaay Vaas = s(Vigy +Viay + Vias) — 2. (6.36)

Inserting these in the top equations with the sums results in 3 - 16 equations

> Moy +Vas] =12, D Vs, Vhas| =12, Y PRy + VBay] =12 (637)
« B «

If these equations are satisfied, then also the three Bianchi identities on the inherited divisors
are automatically satisfied. Indeed, if one sums each of these sets of equations over the other
two labels and then add two and subtract a third, the inherited Bianchi identities are recovered.
But in fact these equations can be reduced even further by a similar procedure: Sum over one
of the two free labels in these equations. One of the two terms is then precisely of the form of
one of the inherited Bianchi identities equal to 24. Inserting that and rewriting leads to three
sets of 2-4 = 8 (hence 24 in total) even simpler equations:

D Vig, =Y Vig, =6, > Vi => Vi, =6, > Vig=> Vi,s=6. (638
B Y a o a 8
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Hence, if the equations and are simultaneously satisfied, then a solution is obtained
of the 51 Bianchi identities that holds in any triangulation. In fact, in each of the three sets of
8 equations there is one linear dependence, since summing over the free indices in both (four)
equations in each set, leads to the same equation.

6.3.3 Blowup Modes Without Oscillator Excitations

Assuming that all line bundle vectors can be associated to twisted states without oscillators,
then they all square to:

V(%,/,Ll/ = % = Va,w/ : Vb,po = % ) (639)
the equation after the implication sign follows upon using (6.36), with v = o for a = 1 and
b=2, pu=ocfora=1and b=3, u=pfor a =2 and b = 3, respectively. Since this solves
all equations (6.36)) and (6.38)), such choices solve all Bianchi identities in any triangulation
simultaneously.

6.3.4 Consequences of Triangulation Independence for the Multiplicity Op-
erator

Contrary to the fundamental consistency conditions, the multiplicity operator does not simplify
in any particular way, when line bundle resolutions models are considered that are admissible in
any choice of triangulation of the 64 Zo X Zs resolved singularities. However, it can be brought
in a specific form. Since the S—triangulation plays a special role in flop—transitions as any flop
involves the S—triangulation, the S—triangulation can be taken to be the reference triangulation
at all the 64 Zo x Zo resolved singularities. Using this the total multiplicity operator N can be
written as

afy afy aBy aBy aBy aBy aBy
a,By a,By

N=NS+ 3 [5& ANLg + 675 ANZ, 4+ 6% ANB, |, NS = SO NS (6.40)

and Afom defined in . Both N° and Afom are always integer: N° is the multiplicity
operator when at all 64 resolved singularities triangulation S is taken, hence it has to be integral
on all chiral states in the spectrum; for the triangulation difference multiplicities Awa7 it was
already established in Subsection that they are always integral. This means that in the
most general case one can define 3 - 4% + 1 = 193 multiplicity operators (AN@ By fori=1,2,3,

a,B,7=1,2,3,4 and N°) that all have to be integral on any Eg x Fg root.

6.4 Models Without Wilson Lines

This section is devoted to a number of simple line bundle models to illustrate the main ideas
about dealing with the triangulation dependence. The focus is on demonstrating that the
approach to parameterise all triangulations in the way discussed in the preceding sections
always lead to sensible, e.g. integral spectra for any triangulation chosen provided that the
consistency conditions have been solved for all triangulations simultaneously. However, these
models should not be considered as fully realistic models. In particular, the consequences of
the DUY equations will be mostly ignored.
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Model Twists / Gauge Shift Embeddings
I |w=003-35. |w=0-50}, v =(0,3,-3,0)
La || Vi=(0,3,—3,0°(0% |V,=(-3,0,3,0°)(0% Vs =(3,—3,0,0%)(0%)
Ib || Vi=(0,3,—%,0%)(1,07) | Vo= (—3%,0,1,0%)(~1,07) | V5 = (},-3,0,0%)(0,07)
I |[v;=(0,0,3,12), ve =(0,3,0,3), vy =(0,—3,-1,1),
ITa || Vi =(0,%,%,0%)(0%) Vo =(3,0,3,0°)(0%) Vy=(—2%,-3,1,0%)(0%)
I1b || Vi=(0,3,3,09(1,07) | Va=(3,0,3,05(-1,0") |V5=(—3%,—3,1,0%)(0,07)

Table 6.4: This table gives two different choices of the orbifold twist vectors v, and two
associated inequivalent gauge shift embeddings V, for each choice.

6.4.1 T®/Zy X Zo Orbifold Models

From the orbifold perspective these are models without Wilson lines, this means that such
orbifold models are characterised by just two gauge shifts V,. They satisfy

Vo Vo—ve-p =0, (6.41)

for a,b = 1,2. Here v, denote the two independent four—-component geometrical Zo orbifold
twists and V, the sixteen—component shift embedding on the gauge lattice taken to be either
the weight lattice of Eg x Eg or Spin(32)/Zs. Furthermore, it is often convenient to introduce
v3 2 v +vg and V3 =2 V) + Vs,

The geometrical twists v; and v are conventionally chosen such as to preserve N’ = 1 target
space supersymmetry. On the level of the orbifold theory there are various equivalent choices
for them. The most commonly used choice I. is

=(0,0,%,-3) , vy =(0,-1,0,3) , v3 =v1 +v2 = (0,-1%,3,0)=(0,3,-1,0) .
(6.42a)
The first entry of these vectors corresponds to the four—dimensional Minkowski space in light—
cone gauge; the other three components to the twist actions on the three two—torus that make
up the 7%. The final expression for vz obtained by adding a lattice vector (0,1, —1,0) making
a permutation symmetry between the entries of v1,v2 and vs manifest. Note that with this

form of w3

N[ =

)

D[

Vo Vp = —5 + 2 8ap - (6.42D)

A second choice I1. is given by
=(0,0,%,3), ve =(0,3,0,3), vy =vi+ve = (0,3,3,1) 2 (0,—3,—3,1), (6.43a)
where the latter form of v3 in this case is obtained by adding (0, —1,—1,0). With this form of

vg the vectors v, satisfy

Va - 0y = (1 + 6ap) + Ga3 b3 - (6.43Db)
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On the level of the orbifold theory both choices are equivalent. For both these forms there
are two inequivalent choices for the gauge embedding, denoted by a and b. This leads to four
possible gauge shift embeddings referred to as I.a, I.b, I1.a and I1.b in Table On the level
of the orbifold only the choices a or b lead to physically different models; as is shown below on
the level of the resolution the choice of twist I. or I1. is of significance as only one of the two
choices can be associated to a line bundle model.

6.4.2 Models with Three Independent Line Bundles

First some general facts about associated blowup models are given. In this section the line
bundle vectors are taken to be independent of the labels a, 3,7, i.e.:

Vigy =Vi, Voay=Vo, Viap=Vs. (6.44)
Consequently the triangulation independent flux quantisation conditions (/6.32)) reduce to
2V 22V, 22V 2V 4+ Vo + V3 =20 . (6.45)

Such bundle vectors, Vi, Vo and V3, can be obtained from the orbifold gauge shift vectors Vi, V5
and V3, by adding appropriate lattice vectors L g, L2 oy and L3 o5. In this section they are
chosen such that the bundle vectors V;, Vo and V3 can be associated with twisted states without
oscillators satisfying the conditions .

The number N7 of times, that triangulation T = E1, E5, E3, S has been chosen at the 64
resolved C3/Zy x 79 singularities, can be determined by summing the functions (55[% over all
of them, e.g.:

Np= Y0, (6.46)
a,B,y
hence, in particularly, for ¢ = 1,2, 3:
3 <1 - gm) =92Np +Ns, Ngp+Ng=64, Ng=Np +Ng, +Ng . (647)

B,y

Then, if also the Cartan operators are abbreviated as
Hi =Hypg,, Ho = Ha oy H3 = H3 453 , (6.48)
the multiplicity operator simplifies to
N = Ng, N* + Ng, N? + Ng, N3 4 NgN° | (6.49)

expressed in terms of four multiplicity operators for each of the four triangulations

N' = 1 Hy + 5 Ho(4H3 — 1) + 5 Hg(4H3 — 1) — Hy (H3 + H3) (6.50a)
N? = LHy + L Hi(4H? — 1) + & Ha(4H3 — 1) — Ha(H? + H2) | (6.50b)
N® = LHs + L Hi(4H? — 1) + & Ho(4H3 — 1) — Ha(H2 + H2) | (6.50c)

N® = 35 Hi (2HT + 1) + 15 H2(2H3 + 1) + 15 H3(2H3 + 1) + HiHaHs
— 5 Hi(H3 + H3) — 5 Ha(HE + HE) — 5 Hs (HT + H3) . (6.50d)



86

Since Ng,, Ng,, Ng, and Ng are arbitrary non-negative integers subject to , it follows
that if we substitute one of them away in , the resulting expression has to be integral
on all Eg x Eg weights for any choice of the remaining numbers. In particular, taking the
triangulation S again as reference, i.e. solving Ng from and substituting this in ,

gives

N = Ng, AN' + Ng, AN? 4 Ng, AN®> +64N° | AN' =N — N9 | (6.51)
for ¢ = 1,2,3. In line with the general observation in Section this expression should
always be integral. Hence, in particular, the operators AN? have to be integral on any state.
6.4.3 SO(10) x SO(12) Line Bundle Models

Starting from the orbifold gauge embeddings I1.b of the classification in Table a set of three
line bundle vectors can be obtained

Vi =Vi+L =(0,3,3,0°)(1,0,0°, Ly = (0%)(0%) (6.52a)
VQ = ‘/2 + L2 = (%7 07 %7 05)<07 1706> ) L2 = (08)(_17 1706) ) (652b)
Vs=Vs+ L3 = (—%,-3,1,0°)(0,0,0°) , Lz = (0%)(0%) . (6.52c)

The bundle vectors satisfy the flux quantisation for arbitrary triangulations. Note that,
these bundle vectors cannot be obtained from orbifold model I.b. Thus equivalent choices on
the orbifold level might lead to inequivalent choices from the smooth resolved perspective. The
unbroken non—-Abelian gauge group is SO(10) x SO(12).

The line bundle charges H;, the triangulation multiplicities N*, N° and the triangulation
difference multiplicities AN? of all the Eg x Eg roots are given in Table The triangulation
multiplicities, and N° in particular, are not integrally quantised. This might seem problematic,
but it is not: triangulation .S can be taken to be the reference triangulation at all 64 resolved
singularities. Hence, if triangulation S is chosen at all resolved singularities, the spectrum is
64 times the triangulation multiplicity N and all states come in multiples of 16. Now, if at a
certain resolved singularities one of the exceptional triangulations is used then the spectrum
always changes by an integral amount as the triangulation difference multiplicities AN? are
integral, see Table [6.5] Indeed, using this table the full spectrum in any triangulation can be
determined to be:

16{(10)(1)0,0,-20 + (16)(1)-1,-1,1,0 + (1)(12)0:2,0 + (1)(12)0;0.2 + (1) (1) -2,0,-2:0 + (1)(1)0,-2,-2:0 } +
48 (1)(1)-2,-2,0,0 + Nis (1)(1)2,2,00 + Np, (1)(1) 20,200 + Np, (1)(1)o,-2,2:0+ (6.53)

32(1)(1)o;-2,-2 + N (1)(L)os2,2 + N, (1)(1)0;-2,2 + N, (1)(1)o;2,-2 -

The five U(1) charges given here are two times the first three weight entries of the observable
FEg and the first two of the hidden Eg. They can be used to distinguish otherwise vector—like
states. When triangulation S is chosen at all fixed points, e.g. Ng, = Ng, = Ng, = 0, the
spectrum does not contain any vector—like pairs. For most other choices vector—like pairs do
arise, but they presumably acquire a mass at some stage in the effective field theory description.
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weight Hi He Hs | N' N2 N3 N°|AN!' AN2 AN3| repr.
(1,0,0,£1,0%)(0%) 0 3 —-2/0 0 0 0] 0 0 0 | (10)(1)
(0,1,0,£1,0%)(0%) 0 -2lo0o 0o 0o o0 0 0 0 | (10)(1)
(0,0,1,41,0%)(0%) : L 1|3 -2 -1 210 0 0 |(10)(1)
(A1l e e L L oo o 0o of 0 0 0 |(16)1)
(i il e yes L9 Llo 0o 0o of 0 0 0 |(I6)1)
G=53-5%3 )| 0 3 50 0 0 00 0 0 (161
(3:3:=3.—3%3 O 0 0 —1|-F —f -5 —§| 0 0 0 |(I§))
(1,1,0,0%)(0%) : 2 - i1 —i| 0 0 M@
(1,0,1,0°)(0%) R T e S B s L 0 0 | (1))
(0,1,1,0°)(0%) IR e e e L 0 0 | (1))
(1,—1,0,0%)(0%) -1 2 0 0 0 0| 0 0 0 | (1)(1)
(1,0, —1,0%)(0%) -2 0 -2/0 -1 0 0| 0 -1 0 | (1))
(0,1,—1,0%)(0%) 0o -+ -3/-1 0 0 0] -1 0 0 | (1)(1)
(0%)(1,0,£1,0°) 1 o o L + Lo 0 0 |(1(12)
(0%)(0,1,£1,0°) o 1 o3 3 1 =110 0 0 | (1)(12)
(3, 4,31 L L oo o 0o 0|0 0 0 |(1)32)
(0,434 | § -5 0j0o 0 0o o]0 0 0 |(1)3
(0%)(1,1,0%) 1 1 0|-3 -3 %+ -3/ 0 0 1| (1))
(0%)(1,—1,00) 1 -1 0|-1 1 0 O0|-1 1 0 | (1)(1)

Table 6.5: The line bundle charges H;, the triangulation multiplicities N, N® and the difference
multiplicities AN? are given for all the Fg x Eg roots charged under the line bundle background
defined by (6.52). The underline of some of the entries in these roots denote all possible
permutations of them. Notice, that these difference multiplicities, that measure jumps in the
spectrum when going through a flop—transition, are always integral.
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6.4.4 A “swampland” SO(10) x SO(10) models
A seemingly closely related model with three independent bundle vectors is given by
Vigy =V =(0,3,3,0°)(-1,0,0,0%) , (6.54a)
Vaay = Vo = (3,0,4,0°)(0,-1,0,0%) , (6.54b)
,$,0,0%)(0,0,—1,0°) . (6.54c)
)-

This leads to a gauge group SO(10) x SO(10). The unbroken roots are given by (03, £1, +1,0%)(0%)
and (0%)(03,£1,41,03). At first sight this seems to be a valid choice as well, but this model
has a number of issues:

First of all, even thought the bundle vectors clearly satisfy the strong conditions ,
this model cannot be obtained as the blowup of any orbifold model. The first two bundle
vectors are identical to the model discussed in the previous subsection and can be obtained
from orbifold gauge shift vectors given there. But the third one does not differ by a lattice
vector from Vi + Va:

V3 —Vi— Vo =(3,3,0,0°)(0,0,-1,0°) — (3, 3,1,0°)(0,0,0,0°) = (0,0, —1,0%)(0,0,~1,0°) .
(6.55)

(If both —1—entries would have lain in the same Eg, this would be a lattice vector, but they
don’t.)

Moreover, this choice of line bundle vectors does not satisfy the final flux quantisation
condition in . As a consequence, the spectrum is not integral for a generic choice of
triangulation at the 64 ©3/Zy x Zs resolutions. This can be inferred from the appearance of
multiplicities +1/16 and —5/16 for the AN!, AN? and AN? in Table when the states are
distinguished by their (implicitly given) U(1) charges. Even if one ignores the U(1) charges,
the spectrum combined is not necessarily integral:

16 (16)(1) + 48 (1)(10) + 4 (1)(16) + 36 (1)(16) + + Ng{(16)(1) + (16)(1) + 4 (1)(16) } + singlets .
(6.56)

Note, that if the same triangulation is chosen at all 64 resolved C3/Zs x Zso singularities,
the spectrum would be integral. But any single flop—transition would then lead to an incon-
sistent spectrum. This demonstrates that satisfying the flux quantisation conditions in any
triangulation is essential for the difference multiplicities AN? to be always integral.

6.4.5 Blaszczyk’s SU(3) X SU(2) Line Bundle Models

An example with very similar line bundle vectors, but where all their non—trivial entries lie in
the observable Fg can be obtained from the orbifold gauge embeddings I.a of Table (But
these bundle vectors cannot be obtained from orbifold model I7.a.) The defining set of three
line bundle vectors are given by:

Vi=Vi+Li =(0,3% 3, -1,00,0%)(0% , L1 =(0,0,1,—1,0,0,0%)(0%) (6.57a)
Vo =Va+ Ly = (3,0,3,0,—1,0,0%)(0%) , Ly = (0,1,0,0,—1,0,0%)(0%) , (6.57b)
V3 =Vs+ Ly = (},3,0,0,0,—1,0%)(0%) , L3 =(1,0,0,0,0,—1,0%)(0%) , (6.57c)
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weight Hi Hs Hs | N} N2 N3 N°|AN! ANZ AN? repr
1 _1 _1 _10 15-o0 1 1 1 1 1 1 1 1 1 TA
(—2-3-3-3.5 JO)|z 3 0|5 § 5 %| 1% 1w 1 161
111 10 15=0y/18 1 1 1 1 1 1 TR
(=3,3:2,—3 >3 )(0°) 7 0 0135 0 0 %| 5 -1 —1g)|(16)Q1)
1 11 _10 150 1 1 1 1 1 1 TR
(3:—3:3—3 3 (0% 0 5 0]0 5 0 % |-% 1w —16]|(16)()
11 _1 _10 15-0 1 1 1 1 1 1 TA
(3,3 =3 =3 5 (0% 0 0 3]0 0 5 %|-1% -1 16 |16)()
(-1,-1,0.00% -3 -3 -1/ 5 & § |0 0 0 | 1
(—1,0,-1,0°)(0%) -3 -l =31 1 1 1|0 0 0| MO
(0, —1,—1,0°)(0®) -1 -3 -3 3+ 1 Ll 0 0 | (1)1
(0%)(—1,0,0,£1,0%) 1 0 0|3 3 1 3|0 0 0 (Do)
(0%)(0,—1,0,+1,0%) o 1 of|3 + 1+ L1o 0 0 | (1)(10)
(08)(0,0, —1,+1,0%) o o 1|3 ¥ 1+ +1lo 0 0 | (1)(10)
111 1e 15—e 1 1 1 1 1 1 1 1 1 1
)3 2273:3 ) |2 -3 ~35| 5 5 5 16| 1 i 1 |(1)(16)
1 11 10 15-o0 1 1 1 1 1 1 3 5 1 1 ETA
0N -%33-3-3 ) |3 -3 ~3|-5s 5 § | 1 ~1 —15 | (LI6)
1 11 10 15—o0 1 1 1 1 1 1 3 1 5 1 ETA
0)(3:-32-35.2 ) |2 z “3|s5 ~5 § 1|1 ~1 ~i |16
8\y/1 1 1 10 150 1 1 1 1 1 1 3 1 1 5 1a
0°)(32o-20=3 53 ) 3 ~2 2| s s ~8 16| "1 ~16 —1 | (1)(16)
(0%)(0,1,1,0%) o -1 -1|-4+ 1 L L1 -1 o0 0 | (1)(1)
(0%)(1,0,1,09) -1 0 -1|3% -3 & L1 0 -1 0 | Q)
(0%)(1,1,0,07) -1 -1 0|3 3 -+ L1 0 0 -1 | (1)(1)
(0%)(1,-1,0,0°) -1 1 o1 -1 0 0] 1 =1 0 | (1))
(0%)(—1,0,1,0°) 1 0 —-1{-1 0 1 0| -1 0 1| (1))
(0%)(0,1,-1,0°) o 1 —-1/0 -1 1 0| 0 -1 1 | (1))
Table 6.6: The line bundle charges H; and the triangulation multiplicities N, N° are given

for all the Eg x Eg roots charged under the line bundle background defined by (6.54]). Note
that for this model many of the triangulation difference multiplicities AN’ are non-integral
signifying that this model is not fully consistent.
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These bundle vectors were considered in Section 4.3 of ref. [32] before. In that work the
spectra were obtained when at all 64 resolved €3 /Zy x Zs singularities one of the four possible
triangulations were chosen. However, they satisfy the very restrictive conditions @ that
ensures that the Bianchi identities are satisfied and the flux quantisation conditions (6.45|) for
all triangulations simultaneously. Hence, this set of bundle vectors do not suffer from the flaws
encountered in the section above.

Besides all the hidden Eg roots there are six unbroken SU(3) roots £(0°, 12) and :l:(%G, :I:%z)(OS)
and two unbroken SU(2) roots 4(0°,1,—1), consequently the unbroken non—Abelian gauge
group is SU(3) x SU(2) x Eg. The Cartan generators of SU(3) are hy = (%6, —%2) and
he = (0°,12) and of SU(2) h = (0%,1,-1).

The triangulation multiplicities evaluated on all observable Eg roots are given in Table
If the same triangulation is used at all resolved singularities then the spectra given in Table 10
of ref. [32] are reproduced. But with the formalism laid out in this chapter an arbitrary trian-
gulation of each of the resolved fixed points can be considered. As the triangulation difference
multiplicities AN? are all integral and the states come in multiples of 16 if triangulation S is
used at all resolved singularities, the spectrum is integral for any choice of local triangulations.
Indeed, ignoring all U(1) charges, the full charged SU(3) x SU(2) spectrum from the observable
FEg can be compactly summarised as

48(3,2) + 96 (3,1) + (96 + Ng) {(3,1) + (3,1)} + (176 — 2 Ng) (1,2) + (144 + Ng) (1,1) .
(6.58)

It can be easily confirmed from this spectrum that SU(3) cubed anomaly cancels for any Ng
and the SU(2) Witten anomaly is always absent since the number of SU(2) doublets is always
even.
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The line bundle charges H;, the triangulation multiplicities N?, N° and the triangulation difference multipl
for the SU(3) x SU(2) charged and singlet states obtained from the line bundle background defined by (6.57).

Table 6.7
are given
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Since in this model all the gauge flux is located in a single Fg, the loop—corrected DUY
equations in the form can be used. Since for this model there are only three bundle
vectors Vi, Vo and V3 which are clearly independent, the DUY equations reduce to three
equations:

1
BZ e 2 Vol(Ey 3,) = 167(64 +2Ng, —2Ng, —2Ng,) ,
=
1
S e 2 Vol(Eyay) = Ton (64 +2Ng, —2Ng, —2Ng,) , (6.59)
ay
_2% 1
/Bze VOl(Eg’ag) = 1677_‘_(644_2NE3_2NE1_2NE2) .
>

Since, the sum of volumes all need to be non—negative, the right—hand—sides of these equations
all have to be positive. This leads to the conditions on the number of times the exceptional
triangulations may be chosen:

NE2+NE3—NE1§32, NEI—I—NE3—NE2§32, NE1+NE2—NE3§32. (6.60)
Adding two of these three conditions shows that Ng, < 32. In addition, implies that
NE1+NE2+NE3§64. (661)

Thus apparently, one can only choose the S—triangulation at all 64 resolved singularities, but
not one of the exceptional triangulations. However, one can choose to use exceptional trian-
gulations at all resolved singularities, but not at all of them the same one. For example, the
choice, N, = Ng, = 16 and Ng, = 32, would be allowed by the DUY conditions.

6.5 Jumping Spectra in a Blasczcyk—like GUT model

In ref. [32] a semi-realistic MSSM model line bundle model on a resolution of T°/Zsq x 7 was
constructed with gauge group SU(5) x SU’(3) x SU’(2). This model possessed an freely acting
involution that reduced the gauge symmetry to the standard model gauge group. For this
model the E;-triangulation was chosen at all 64 resolved C3 /Zo X Zs. In this section models
similar to the Blasczcyk’s GUT model are considered. The emphasis is not so much on finding a
phenomenologically satisfactory model but rather on illustrating the effects of flop—transitions
on the spectrum.

6.5.1 Generalities of Blasczcyk—like GUT models

Models like the Blaszczyk’s GUT model are particular resolution of an orbifold theory with,
in addition to two shifts V7 and V5 associated to the twists v1 and ve, up to five Wilson lines
in all torus directions are switched on. The Wilson lines in the second, fourth and sixth torus
directions are all taken equal: Wy = Wy = Wy and independent of the two remaining Wilson
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Bundle vectors

Viooo = V1010 (-%,-3%,1,0,0,0,0,0)(0,0,0,0,0,0,0,0)
V1100 = V1110 (0,1,0,0,0,0,0,0)(0,0,0,0,0,0, -, —3)
Vior =Viout | (1101~ —5 11D 15 D 1 1 10 1)
Vin=Vuu | 3100000000 H 0 0 Dm0 1)
Vo000 = Va2.10 (%7_%7%7_%7_%7_i7_iv—i)(O,O,O,O,O,O,O,—l)
Vaor = Vo (3,0,3,0,0,0,0,0)(, 5, 1 4>~ 4 4>~ 1 1)
V300 (—1.3. 5. -1, -1, -1, -1,-1)(0,0,0,0,0,0, —1,0)
Vii0 (=% 114511 100,000,0,3,-3)
Vso.1 (0,3,3,0,0,0,0,0)(5, 5. 1 5> 1 — 3> 1 1)
V311 (-1,0,4,0,0,0,0,0)(-%, -3, -1 1 _1/3° 1. 1,

Table 6.8: A set of bundle vectors associated to two shifts and four Wilson lines that satisfy
the flux quantisation conditions and the Bianchi identities in all triangulations.

lines W3 and Wj5. The resulting line bundle vectors are given by

Vigy = Vigers(Batre) = Vit B3Wa+75Ws 4 (Ba+76)Wa + Ligys(8i440)
Va.ay = V2ﬁs(a2+’m) = Vi+7Ws+ (a2 +76)Wa + L2’75(a2+76) (6.62)
V308 = V385 (aot8s) = Va3 +B3Ws+ (a2 + Ba)Wa + Lay(as+p)

using the binary multi-index notation introduced in Subsection Here L1, (8446)
Lovs(as4re) @nd L3y (a,4p,) are appropriately chosen Eg X Eg lattice vectors. The sum in
between brackets is defined modulo two (since two times a Wilson line is a lattice vector which
can be absorbed in one of the L’s). Thus, in total these kind of blowup models are defined
by 8 +4 + 4 = 16 line bundle vectors and the 64 resolved fixed points are distinguished in 32
bunches of two fixed points as the index «; = 0,1 still parameterises a twofold degeneracy. In
addition, there is a freely acting symmetry in such models: if one simultaneously adds 1 to the
three indices ao, 84,76 modulo two:

(O[27B4776) = (0424‘1,54‘{'1,76‘*‘1) ) (663)

all bundle vectors are identical. This isometry was used in ref. [32] introduce a freely acting
Wilson line to break the SU(5) GUT to the standard model. This step won’t be considered
here.

6.5.2 Triangulation independent Blaszczyk—like GUT models

The aim of this section is to engineer a modification of the Blaszczyk’s GUT model such that
it fulfils the Bianchi identities in an arbitrary triangulation. As this turned out to be a very
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’ Observable Eg H Hidden Ejg
SU (5)-adjoint Singlets SU (4)-adjoint 14 (0%,0,1,0,1)
24 (0%,1,-1,0%) | 1, (1,1,0,0°) 15 (1,—1,02,0%) 15 (0%4,0,0,1,1)
5-plets 1, (1,0,1,0) 4-plets 16 (04,1, -1,0,0)
5. (0,1,0,1,0%) 13 (0,1,1,0%) 4 (1,0%,0,0,1,0) 17 (0%,1,0, -1,0)
59 (0,0,1,1,0% 14 (1,-1,0,0°%) 4 (1,0%,0,0,0,1) 15 (0%,1,0,0, -1)
55 (0,-1,0,1,0%) | 15 (1,0, -1,0°) 43 (1,0%,-1,0,0,0) 1g (0%,1,0,0, -1)
5, (0,0,-1,1,0%) | 14 (0,1, -1,09) 4,  (1,0%0,-1,0,0) |1y  (0%0,1,0,-1)
s (-1,-1 11 iyl (1L g (1,03,0,0,-1,0) |1 (040,01, -1)
S (hhbha) | B (BhE) |4 @000y (1 GU344Y
51 G-b-b 3D Gbbd) |4 Gl bbb s GLd)
S (Gh3E4) [te G333 |4 G hiad [t GLbdd
10-plet 10 5553809 G550 (1w LD
Singlets 16 (%4,%,—%, %,%)
1, (04,1,0,1,0) 17 (341 11D
1, (0%,1,0,0,1) g (3411 1D
1s (0%,0,1,1,0) Lo (3% -3,-1 -1 -0

Table 6.9: The identification between the roots and the states in the spectrum in both the
observable and hidden sectors. States in the same non—Abelian representation but with different
U(1)-charges are enumerated.

difficult, here only models are considered in which the Wilson lines Wy = Wy = Wy and Wj
are switched on. Concretely the orbifold data of the model under consideration here is given
by:

5
Vi= (‘%? '%a 1a05)(08) ) Vo = (%a _%a ia '% )(06303 ‘1) s
(6.64)
5 5
Wy =(0,0,3,5)(0%-3,-3),  Wa=Wa=Ws= (3511117 -

Using the freedom to add lattice vectors in (6.62)) it is possible to obtain a set of bundle vectors
that satisfy the strong conditions (6.32)and (6.39)), which guarantee that the flux quantisation

conditions and the Bianchi identities are satisfied in any triangulation. Such a set is given in
Table 6.8
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Resolved Spectra in S-triangulation Spectrum jumps due to flop-transitions
fixed points 4 x NS AN! ‘ AN? AN3
Ja1000750 5 55+54+55+10+1; +317 4+ 15+ 19 1, ‘ 15 ‘ 16
Jar101451 4+ +45+46+ 1+ 1o+ 13+ 14+ 215 + 17 + 1s+ 15 1n 1

19 + 119
fa1010450 5 51 4+554+53+5;,4+17+213+14+15+316+ 317+ 1 51+ 57+ 13+ 14+ 17
Jar111451 31g+ 110 1+ 19
4+ 46+ 1o+ 14 +215+1g+ 110+ 211y 11 15
fa11007450 5 ‘ 5o+ 544+55+10+31; +1o+13+17 1; ‘ 15 ‘ in
fa1001 751 A3+ 4, +45+ 49+ 1 + Lo+ T3+ 1y + 1y + 1y5 + 16+ 19 16 16
1174219
Ja1110450 5 ‘ 514+53+11+1y+13+1,+15+31g 16 ‘ 1 ‘ 1,
far011451 43+44+47+49+ 11+ 1o+ 15+21+ 1g + 159 + 113+ 16 113 1y

11+ 1154 116 + 117 + 119

fa1001 450 5 ‘ 5.+ 55+ 1o +213+21g+ 19 ‘ 13 ‘ 1s

far1004s1 | 4o+ 4a+46+4g+ 1o+ 13+21s+ 15+ 16+ 215+ 3110+ | 46 +4s+ 14+ 15+ 110 116
111 + 3136 + 117 + 3115 + 119 1+ 117+ 115+ 1yg

fa1011450 5 ‘ 53+ 55+ 14+ 15+ 1+ 17+ 1g+ 319 1 ‘ 1; ‘ 1

far110451 do+45+46+47+ 10+ 15+ 15+ 1+ 1g + 19 + 2110+ 110 117 1

111 + 112 + 113 + Ly + 117

fa10007451 5 ‘ 544+ 53+21o+ 15+ 15+ 219 ‘ 1y ‘ 1

far101450 41 +43+45+49+211 + 1o+ 13+ 15+ 1+ 317+ Lo+ | 45+ 4o+ 11 + 15+ 15 1;
11+ T +3115+ 3118+ 1pg 19+ 114+ 115+ 119

far010451 5 ‘52+53+56+37+12+13+I4+I5+16+217+19+Tm 13 ‘ 17 ‘ 14

far111450 43+49+ 11 + 1o+ T6+ 111+ 1o+ 3114 + 115 + 1yg 115 iy 1,

Table 6.10: Each big row corresponds to two sets of four resolved C3/Zg x Zs fixed points
labelled by 1,75 = 0,1 (because their local bundle vectors are identical and thus so are their
local spectra). The lines with the white background give the observable spectra resulting from
the first Fg and the lines with grey background the hidden spectrum from the second Eg. The
charge states are labeled in Table (Since all singlet are charged it make sense to talk
about a singlet state or its conjugate.) The second column gives the contributions at the four
local resolved singularities using the S-triangulation combined. The columns AN', AN? and
AN3 indicate the jumps in the spectra for a single resolved fixed point out of these sets of four
singularities.

The resulting spectra are given in Table The states used in that table are defined in
Table from the roots of both Eg—factors. Notice, that not all Eg-roots (up to conjugation)
appear here; only the states, that have a non—vanishing multiplicity in the models defined
here, are listed. The subscripts are used to distinguish states that have the same non—Abelian
representation but different U(1) charges. The second column gives the spectra from the local
resolved singularities when the S—triangulation is used at all 64 of them. Since the labels
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1,75 = 0,1 are arbitrary, there will be a fourfold degeneracy in the spectrum, this is already
taking into account in the table by multiplying the spectra in the S-triangulation by 4. The
additional two—fold degeneracy due to the freely action symmetry is made apparent by giving
two sets of four resolved singularities. It is not difficult to see that the full spectrum using the
S—triangulation is free of non—Abelian anomalies.

The final three columns of Table displays the jumps in the spectra when at a given
singularity the S—triangulation is flopped to the triangulation Fi, Fo or E3. These are the
jumps at a single resolved fixed point. It can be seen that in accordance with our general
findings this jumps are always integral. Most jumps that occur in the spectra involve singlets
only. At the resolved fixed points fo,010a50 and fa,111~50 @ 5 and 5 pair appears during a flop
from the S to the Eo—triangulation. Similarly, a 4 and 4 pair appears at resolved fixed points
fa1001~50 and fa,000451- Thus, at most only non-Abelian vector-like pairs can arise during a
flop transition.

6.6 Conclusion

Summary

This chapter has been devoted to a specific problem which occurs in resolutions of certain
toroidal orbifolds, namely that the resolutions of the local singularities is not unique at the
topological level and therefore leads to an explosion of topologically distinct smooth geometries
all associated to one and the same orbifold. As a concrete working example the focus was on the
resolutions of a T /Za X Zy orbifold which contains 64 C3 /Za X Zy singularities, each of which
admits four distinct resolutions encoded by different triangulations of their toric diagram.

The key idea to overcome this complication is to use a parameterisation to keep track of
the triangulations chosen at all resolved fixed points simultaneously. It turned out not to be
very cumbersome to express the fundamental (self-)intersection numbers of the divisors of the
resolution in terms of this data. Once the (self-)intersection numbers were determined, many
derived objects can be computed without much more difficulty as determining them within a
specific triangulation. In particular, we checked our procedure by computing the integrated
third Chern class directly and confirmed that it equals 96 independently of any triangulation
choice. We obtained expressions for the volumes of curves, divisors and the manifold as a
whole for any possible choice of the triangulation of the 64 Zo X Zo singularities. In addition,
we worked out some of the fundamental consistency conditions of line bundle models on the
resolutions of the 7 /72 X Zo like the flux quantisation conditions and the integrated Bianchi
identities (which for simplicity were only considered without five branes). Even a tool which
is often used to compute the chiral part of the spectrum, the multiplicity operator, could be
determined once and for all for any choice of triangulation.

Having written down the fundamental consistency conditions for any possible choice of
triangulation, allowed for posing the question what conditions have to be enforced to ensure
that they are satisfied for all possible triangulations simultaneously. It turned out that if the
flux quantisation conditions are satisfied for a given specific choice of triangulation, they are, in
fact, fulfilled for any configuration of triangulations: the flux quantisation conditions turned out
to be triangulation independent. The superimposed integrated Bianchi identities reduced to
much simpler requirements than those within any particular choice of triangulation. Moreover,
they are quite reminiscent of some of the properties of shifted momenta of the blowup modes
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Toroidal Number of | Triangulations | Naive number

orbifold fixed points | per fixed point | of resolutions

T/ 7611 12 5 512 ~ 108
TC /%o x 7o 64 4 454 ~ 1038
T6)79 x 7.4 24 16 1624 ~ 10%
TS)73 x 73 27 79 79%7 ~ 10°!

Table 6.11: Triangulation dependence and the naive number of resulting resolutions of toroidal
orbifolds as can be inferred from the data in ref. [76].

that induce the resolution from the orbifold perspective.

These ideas and results were illustrated by a number of examples in the remainder of the
chapter. For simplicity, first line bundle models were considered, where the 48 line bundle
vectors were chosen to be determined by three defining vectors. By computing spectra in all
triangulations explicitly, it was confirmed that the full chiral spectra are always integral. We
take this as a very strong crosscheck of the procedure outlined in this chapter to parameterise
all possible triangulations of the resolved singularities of the T /Zy x Zs orbifold. This was also
checked explicitly in a variant of the Blasczczyk’s GUT model with four Wilson lines of which
three were set equal. The full spectrum computed in the S—triangulation everywhere is integral
and free of non—Abelian anomalies. But also all the local difference multiplicities measuring
the jumps in the local spectra at specific resolved singularities are always integral and free of
non—Abelian anomalies (as the jumping spectra were all vector—like in this particular example).

Outlook

This chapter focused on one particular 7°/Zy x Zo orbifold, it is to be expected that this
procedure can also be applied to the other T°/Zy x Zg orbifolds. In fact, applications do
not stop there, for any orbifold for which the resolution of some of the local singularities is
not unique, it may be applied. Table gives an overview of some toroidal orbifolds for
which the triangulations of their local singularities are not unique and a naive estimate of
the number of resolved geometries which therefore can be associated to that orbifold. (The
numbers quoted in this table are upper limits: these orbifolds can be defined on different
lattices on which the number of fixed points may be lower than the numbers indicated here.)
Moreover, triangulation ambiguities do not only show up in toroidal orbifolds resolutions, also
in other Calabi—Yau constructions they might be present. For example, some Calabi—Yaus
in the Kreuzer—Skarke list obtained as hypersurfaces in toric varieties are not unique due to
different triangulation choices [103,{104]. One may therefore speculate whether similar methods
may also be applied there.

To take these studies further to the resolutions of Zsy X Zso orbifolds the present work is
likely to be instrumental as it allows to study the required resolutions in general and not be
hampered by focusing on a particular triangulation from the very beginning.
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Chapter 7

The fate of discrete torsion on
resolved heterotic 7y X 7o orbifolds
using (0,2) GLSMs

7.1 Introduction

This last chapter aims to shed light on what becomes of discrete torsion within heterotic orb-
ifolds when they are resolved to smooth geometries. Gauged Linear Sigma Models (GLSMs)
possessing (0,2) worldsheet supersymmetry are employed as interpolations between them.
This question is addressed for resolutions of the non-compact C3/Zy x Zy and the compact
T® /7y x Ty orbifolds to keep track of local and global aspects. The GLSMs associated with
the non—compact orbifold with or without torsion are to a large extent equivalent: only when
expressed in the same superfield basis, a field redefinition anomaly arises among them, which in
the orbifold limit reproduces the discrete torsion phases. Previously unknown, novel resolution
GLSMs for T /7o x 7o are constructed. The GLSM associated with the torsional compact
orbifold suffers from mixed gauge anomalies, which need to be cancelled by appropriate loga-
rithmic superfield dependent FI-terms on the worldsheet, signaling H—flux due to NS5—branes
supported at the exceptional cycles.

The Zs x Zo orbifolds of six dimensional toroidal compactifications are among the most
studied string constructions to date. They have been used to derive phenomenological string
models and to study how the parameters of the Standard Model may be derived from string
theory, using their free fermionic [13H15},/17-19] and orbifold [20-22,24] realisations, and their
smooth resolutions [32]. Other phenomenological interesting smooth compactifications have
been investigated in [25-30,33]. These phenomenological studies encompass supersymmetric
and non—supersymmetric string vacua [78,96,105-107] with symmetric and asymmetric bound-
ary conditions |108]/109] and the Zsa x Zso orbifolding can enable the fixing of all of the untwisted
geometrical moduli [110].

The worldsheet constructions of string vacua consist of a perturbative expansion in string
amplitudes. They are constrained to preserve the classical symmetries of reparameterisation
and Weyl invariance, i.e. they are invariant under modular transformations of the worldsheet
parameter, and are encoded in the one-loop partition function. The requirement of modular
invariance entails that the partition function is a sum over different sectors that combine
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to form a modular invariant object. While most of the signs in this sum are dictated by
modular invariance, some other may be arbitrary and play a vital role in determining the
physical properties of the string models. In particular, the origins of mirror symmetry and
spinor—vector dualities may be traced back to (generalised) discrete torsions. Discrete torsions
typically arise in the worldsheet constructions as a result of multiple modding out operations.
For example, we may mod out by several twists of the internal dimensions; or by identifications
by translations of points in the internal compactified space; or we may combine actions of these
shifts and twists. Additionally, in the heterotic—string these may be combined with an action
on the gauge bundles, which results in a reduction of the gauge symmetry. The spinor—vector
duality, for example, arises due to the action of Wilson lines on the gauge bundles.

The interpretation of (generalised) discrete torsions from the geometrical effective field
theory point of view is obscured as one does not have an exact partition function description
in which these discrete torsion phases are present. It is therefore of interest to elucidate the
manifestation of the discrete torsions in the effective field theory limit. If there is a discrete
action on the target space, this can be accompanied with discrete torsion in the form of some
non-trivial action on the B—field [89,(90L/111]. However, in this chapter we however wondered
what happens to the discrete torsion between orbifold twists, if one fully resolves the orbifold
so that no discrete symmetries are left on the smooth target space. We aim to investigate this
manifestation using the Gauged Linear Sigma Model (GLSM) representation of string vacua.
GLSMs provide a particularly appealing framework to explore this question, as they provide
a single framework in which one can interpolate between different regimes, like the singular
orbifold limit and smooth compactifications.

7.1.1 Main chapter objectives

One of the central objectives of this chapter is to systematically study the discrete torsion
phases in smooth string compactifications using the GLSM language to bridge the gap between
the orbifold CFT formulations and the effective field theory descriptions for smooth target
spaces. Concretely, this program is considered for Zo X Zso orbifolds of free CFTs where the
discrete torsion is known as the Vafa—Witten phase.

First resolutions of the non-compact C? /Zy x Zg orbifold are considered in the GLSM
language. To have a particular simple context the focus is on line bundle resolutions generated
by physical blowup modes, twisted string states without oscillator excitations. The precise
identification of such resolution GLSMs from this data was worked out in the past [112].
Since only the standard embedding bundles would allow for a (2,2) worldsheet description,
the incorporation of line bundles requires a (0,2) GLSM language. For both orbifold CFTs
without and with torsion the corresponding resolution GLSMs are constructed. In order to
compare them at the Lagrangian level on the worldsheet, one has to ensure that one uses the
same superfield basis. (In the path integral formulation it only make sense to compare theories
using their classical actions when the same integration field variables are employed.) Hence, as
the charges of the superfields in the GLSMs of the non—torsion and the torsion orbifolds do not
agree, superfield redefinitions are needed before this comparison is possible. As a cross check
of the applied methods the GLSMs are considered in the deep orbifold regime to investigate
how the torsion phases may be recovered.

The study of compact models with torsion is particularly intriguing since certain fluxes
cannot be pushed to infinity and thereby out of the realm of the used description. Hence, the
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second part of the chapter focusses on resolutions of compact T°/7Zs x Zg orbifolds without or
with discrete torsion switched on. Before, a careful study of the imprints of discrete torsion
can be investigated, first GLSMs for resolutions of 7°/7Zs x Zs have to be set up. In the
past GLSMs for compact orbifold resolutions were worked out in [113]. Even though the
necessary techniques were developed there, GLSM resolutions of 7% /Zy x 7 were not considered
explicitly. Moreover, that chapter used the (2,2) language throughout. However, to match up
with the considerations of the non—compact cases, it is necessary to describe resolutions of
TC/Zy x Zs here using (0,2) GLSM terminology. Having fixed the geometrical aspects in the
GLSM description, similar blowups are considered induced by non—oscillator twisted states as
in the non—compact context. However, for the compact GLSM resolutions this leads to more
complicated bundle constructions which take features of standard embedding bundles on the
underlying torus cycles mixed with line bundles on the resolved Zs—singularities. With all
this in place, the resolution GLSMs of the compact orbifolds without and with torsion can be
investigated.

7.1.2 Chapter organisation

We begin (Section with a motivating introduction of GLSMs and in particular their relation
to conformal field theories that describe actual string backgrounds (under renormalisation
group flow). After that me move to a short review in Section of some features of Zy X Zo
orbifolds to provide the necessary foundation for the subsequent investigations. Section [7.4]
summarises some essential prerequisites about (0,2) GLSMs without which the remainder of
this manuscript might be a bit hard to follow for non—experts. Further technical details on
this topic are diverted to Appendix Next, Section focusses on GLSM resolutions of
non-—compact C3/Zs x Zy without and with torsion. Some properties described there rely on
charge matrices which are collected in Appendix not to interrupt the main flow of this
section. Section repeats these exercises for compact 17 /%y x Zo GLSM resolutions focusing
on the additional features and complications that compactness brings. Appendix derives
gauge anomalies in two dimensions and provide (0,2) superspace expressions for them which
are used frequently in Sections [7.5] and

7.2 GLSMs and string backgrounds

Even though the technical details of (0,2) GLSM are given in and it is interesting
to explain some of the phenomenological motivation of GLSMs and why they can describe
conformal field theories needed for a string theory. Recall that a sigma model is a field theory
where the fields correspond to maps from a spacetime into some target space. In the case of
heterotic string theory, we consider a sigma model which describes the embedding of the string
worldsheet into a ten-dimensional target space (the spacetime). For phenomenological reasons,
we require the spacetime to be M3 x X where we choose X to be a Calabi-Yau threefold.
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7.2.1 NLSMs

In principle string theory can be described via a (2,2) non-linear sigma model (NLSM) with
the action [136]
1

S = % / %gm— (0X'0X7 + 0X79X") — 5i7 (0X'0X7 — 0X79X")

+ i (eDY" + N DY) + RFF(X )N Aaprp?

(7.1)

where the left- and right-moving fermions couple to the appropriate pullback connections,
Dy = Oy + 6X3T§,]—€(X)wk, etc. The (0,2) generalization of this is to replace the action for
the left-moving fermions by

i
o

S / oot i (oo AaDAT) 4+ FUI5(X) Ao\ (7.2)
where now the A\* transform as sections of a holomorphic vector bundle V' — M. The data
specifying the o-model now is: the Kahler metric, g;(X), a closed 2 -form b;;(X), and the
holomorphic connection on V, Af;(X), whose curvature is Fj (X).

Note that, for a consistent string theory, we are interested in a conformally invariant o-model.
Requiring conformal invariance imposes some conditions on the above data. For instance,
demanding that the 1-loop S-function of vanish requires that g;; be Ricci-flat. But these
conditions are corrected at higher orders in o-model perturbation theory, and we do not know
what the “all orders” equation necessary for conformal invariance is.

In the face of this obstacle, a better approach is to accept that the o-model (or, at least
any o-model we can actually write down) is not conformally-invariant per se but it flows under
the Renormalization Group to an infrared fized point theory which is the desired conformally
invariant theory. The data g;;, b;;, A, represent an infinite number of coupling constants in
the two dimensional quantum field theory. All but a finite number of these are marginally
irrelevant and flow to zero in the infrared. Thus the fixed-point theory is characterized by a
finite number of parameters which are RG-invariant which are the complex structure of M, the
holomorphic structure of the vector bundle V' and the cohomology class of the complex Kéhler
form J = B +iJ, where

J = igdX' AdXT, B =bydX' AdX7 (7.3)

The first two are automatic in this formalism. but the the RG-invariance of the cohomology
class of J is, by contrast, highly nontrivial. Beyond perturbation theory, one needs to worry
about o-model instantons, which are topologically nontrivial maps from the worldsheet into M.
Naively, corrections to g;; are instanton-antiinstanton effects, and so rather hard to see. There
are rather indirect arguments which one might use to try to show that the cohomology class of
J is unrenormalized, even when o-model instantons are taken into account. But the necessary
conditions are very hard to verify, and for a long time this pretty much stymied any progress
on (0,2) o-models. Since nonlinear o-models are so hard, we can invoke another great principle
of the renormalization group, namely universality. There are many QFTs which renormalize
to the same IR fixed point. If nonlinear o-models are too hard, we should look for another,
simpler family of QFTs which happen to be in the same universality class. This motivates us
to look at linear o-models.
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7.2.2 GLSMs

In this case we also have that as gauge couplings and some kinetic terms are of non-vanishing
mass dimension, GLSMs are not conformal. Nevertheless, it is believed that in the infrared
limit, where all dimensionful parameters are sent to infinity and massive modes are integrated
out, the theory flows to a conformal NLSM model. The demonstrantion of this is non-trivial
but is more general than what can be done starting from the NLSM model (which only works
for some special cases). There are different analysis to stablish the criteria of the conformal
invariance of the (0,2) GLSM [130,/132,|133]. For perturbatively conformal cases [130] an
elegant argument is to show the absence of space-time superpotential . The main idea there is
the effective spacetime superpotential must vanish because there is no admissible place where it
can have a pole. The steps of the reasoning are:

e If we look at the space-time superpotential as a function of the moduli on which it
depends; insofar as the moduli space is compact and the superpotential is not identically
zero, the superpotential must have poles somewhere. (The reason for this is that a
holomorphic function without poles on a compact complex manifold would have to be
constant. The superpotential is not really a holomorphic function but a section of a line
bundle of negative curvature, so it cannot even be constant hence if there are no poles,
it must vanish).

e Poles can only arise when the parameters are taken to values at which the compactness
of the target space is lost because some fields can go to infinity. At large field strength,
quantum corrections to the classical theory are small and calculable, so the possible poles
can be located. Moreover, the polar parts of the various couplings can be explicitly
computed.

e By analyzing the behavior of the linear sigma model as either the Kahler class or the
complex structure of the bundle is varied it can be shown that:

— the linear sigma model gives a natural compact parameter space
— the places where the sigma model breaks down can be concretely described, and

— the relevant couplings do not have poles at those places.

Consequently the superpotential must vanish and the GLSM flows in the infrared to confor-
mally invariant solutions of string theory. Even though the analysis is done studying the quintic
hypersurface in P* the same reasoning can be easily extended to more general GLSM geome-
tries. The easiest way to check if that this extension is valid is by checking that the fields
that could potentially go to infinity when the model becomes singular have nonzero U(1)g
charges [130].

Moreover, another reference provided above |132] give also arguments to go beyond the per-
turbative level and show that there is no world-sheet superpotential generated by instantons
(this is done there by using calculating the Konishi anomaly for the (0,2) GLSM with no tree
level superpotential).
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7.3 Properties of Zsy X 7o orbifolds

The purpose of the present section is to recall some crucial information about heterotic Zo x Zo
orbifolds to understand their resolutions using GLSM methods that are laid out in subsequent
sections. Hence, it does not aim to give a complete review of heterotic orbifolds (for more
comprehensive discussions see e.g. [8,9,114-116]). In particular, properties of Zga x Zy orbifolds
may be found in e.g. [24,46,99,117.,[118]. A crucial feature of Zo x Zs is that they may posses
discrete torsion [64}/73]. As is recalled here this feature determines which twisted states survive
the orbifold projections.

7.3.1 Orbifold twists and gauge shift vectors

The bosonic description of the Zqy X Zo orbifold starts with the introduction of two twist vectors

V1 = (0701 %7 '%) ’ V2 = (O> '%aov %) ) (74)
which act on the complex coordinate fields z, with v = 0,1,2,3. Here 2y denotes the four
dimensional non—compact directions in light—cone gauge. (Since the main interest is on the
internal coordinates, u is taken to label the internal coordinates and then runs over u =1,2,3
only.) Thus the first entries of the twist vectors indicate that the twists act trivially on the
four dimensional Minkowski space. For the non—compact orbifold €3 /7y X 7ig the coordinates
2, € C parametrise three complex planes. While for the compact orbifold 7°/Zy x Zsy they
parametrise the three underlying two-tori 72. An arbitrary element ¢ of the Zy x Zo orbifold
point group then corresponds to the twist vector

Vg = tiv +1l2v2, (75)

where t1,to = 0,1 label its four elements.

To complete the definition of the orbifold actions gauge shift vectors have to be given. In
the orbifold standard embedding the gauge shift vectors are taken to be equal to these twist
vectors augmented with the appropriate number of zero entries:

M= (04 50)(0) . 1= (-0.3,09(0Y). (7:6)
and define the gauge shift embedding
Vo=t Vi+1t2 Vs, (7.7)

for each of the four orbifold point group elements. As the notation of the shift vectors suggest,
this chapter uses the Eg x Eg heterotic string for concreteness. In addition a heterotic orbifold
might feature a number of discrete Wilson lines. In this chapter the consequences of them are
not considered.

7.3.2 Discrete torsion phase

At the one loop level it is conventional to distinguish between constructing elements g, h of
the orbifold group, which define the different orbifold sectors of the theory, and the projecting
elements ¢’, h/, which implement the appropriate orbifold projections. Hence, on the one loop
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worldsheet torus a heterotic orbifold model is defined uniquely by the properties introduced
above up to a possible discrete torsion phase |64} 73]

(I>><t1,t2 _ em’sx (t,th—tot)) (78)
in its one loop partition function [73]. The possible torsion phase leads to a specific interplay
between the constructing and projecting orbifold group elements. Clearly, if £ = 0 there is no
torsion as the torsion phase is equal to unity, but if €* = 1 the model possesses discrete torsion
as the phase is non—trivial.

An alternative equivalent way that discrete torsion can be introduced is by so—called brother

models, i.e. models with gauge shift vectors that differ from the original ones by appropriate
lattice vectors [71]. In particular, for the model ([7.6]) the brother model has gauge shift vectors

‘/f( = _‘/1 = (O, _%a %305) (08) 9 ‘/2>< = _VY2 = (%aoa _%705) (08) ) (79)

so that their differences are indeed lattice vectors.

7.3.3 Orbifold spectra with(out) torsion

Any state in the orbifold spectrum may be characterised by two shifted momenta
Dg =D+ vy, P,=P+V,, (7.10)

where the vector p is an element of the lattice Vj @ Sy and P of (Og & Sg) ® (Og & Sg). The
shifted momenta of level matched massless states are subject to the following two conditions
1, 1 1 - =

2 —
§pg—§—5cg, §Pg:1—5cg—wg~Ng—wg-Ng, (7.11)
where the orbifold vacuum shift
1
ocg = ) ;wg,u(l — W) (7.12)
is defined in terms of wy, = (vg)u and Wy, = —(vg), which satisfy the inequalities: 0 <

Wy,us Wg,u < 1. Finally, (ﬁg)u and (ng)u are the number operators that count the number of
right—-moving oscillators act on the state. Only the states that survive the orbifold projection
conditions,

1 = = e
Py Vy =pg-vg = 5 (Vg Vo = vg - vg) + (Ng = Ng) vy + - (t1ty — ta11) , (7.13)

are part of the physical orbifold spectrum. The last term in these projection conditions encodes
the consequences of discrete torsion on the massless spectrum. Consequently, the discrete
torsion phases only affect the twisted sectors. The resulting orbifold spectrum is conventionally
divided in a number of sectors:

Untwisted sector

The untwisted sector is identified by (¢1,t2) = (0,0). This sector corresponds to so—called bulk
states which live everywhere within the internal geometry. It contains the metric, the anti-
symmetric tensor and the dilaton degrees of freedom as well as the target space gauge fields
and all their superpartners in ten dimensions. The non—-Abelian unbroken gauge group in four
dimensions is Eg x Eg. In addition, there are three copies of charged matter in the (27) + (27)
of Eg independently of whether torsion is switched on or not.
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Sector Shifted momentum F, Repr. [ e =0|* =1
(L, -3, -3,0%)(0%) 1 |
1 105 (08 11 4\ (08 1 1€ 15=¢e\ /(8 - out
L= | (-1, -5, -50%) (0%); (0, 3, 5, £1,0%) (0%); (-3,0,0, .57, 5~ ") (0F) | (27)
(170) ('17%7%705) (08) (T) t
o 15—o0 == ou
(1. 3,3:0°) (0%): (0, -3, -3, £1,09) (0%): (3,0,0.-5", 5~ ") (0°) | (27)
(-3.1-3.0°)(0%) n |
P . mn out
= || (-3 -1 -5,0%)(0%); (5,0, 3, £1,01) (0%); (0, 3,0, 37, 5~ ") (0°) | (27)
(0,1) (3-1,%,0%)(0%) (1) .
ou
(51,507 (0%): (5.0, -3, 21,04 (0%): (0.3.0.4°. 4" ) (0%) | @
(-3 -3,1,0%)(0°) |
P - n out
= || (-3 -3, -L,0%)(0%); (3. 3,0, £1,01) (0%); (0,0, -3. 37,5~ ") (0°) | (27)
(17 1) (%7 %7 _1705> (08) (T) t
ou
(3:3:1,0%) (0%); (-3, -3,0,£1,01) (0%); (0,0,3, -3°. 3" ) (0¥) | (@7)

Table 7.1: This table lists the twisted sector spectra obtained from non-oscillator excitation
states and indicates whether they are in the physical spectrum without or with torsion, €< =0
or 1, respectively.

Twisted sectors

There are three twisted sectors with ¢ = (¢1,t2) : 1 = (1,0),2 = (0,1) and 3 = (1, 1) which only
posses N/ = 1 supersymmetry in six dimensionsﬂ On the non-compact orbifold €3 /Zy x Zs the
corresponding twisted states are localised at the three complex codimension two singularities
of the three non—trivial orbifold twists. Each twisted sector is supported on 16 fixed two—tori
within the compact orbifold T°/Zy x 7. Half of these states are projected out by the orbifold
action of the second orbifold element. Which half depends on whether torsion is switched on,
see Table which gives the twisted states without twisted oscillator excitations.

7.4 Geometries and bundles from (0,2) gauged (linear) sigma
models

7.4.1 (0,2) Superfields

Two dimensional theories with (0,2) supersymmetry admit a number of different types of
superfields (or multiplets). Appendix[A.|gives a short review of (0, 2) superfields on superspace

! Also sometimes referred to as A = 2 sectors from the four dimensional point of view.
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Superfield || 0|0 | Dy il A™ pA rM Vi | A | E |2 g
Phys. Comp. (2%,0%) | (X ) || (g 9t) | (M, ) || (AL, AL, ¢f, DY) || (sT,xT)
# Neg Na Ny Np Ny Ny
C 0|1 0 0 L 0 ! 0] 1| 1 |3]3
R 110 3 0 0 0 0 0101 5 |[0]3
R 00| -1 0 0 1 1 001 1 01
Q 0/0] 0 (q:)® Q)™ (g;)* Q)™ |Inl|nl| 0 010

Table 7.2: This table specifies the left— and right—Weyl dimensions, £ and R, the R—charge
and the gauge charges Q; of the operators 0,0, D+ and the superfields which may be used in a
(0,2) GLSM. The physical components of these multiplets are indicated as well as the indices
that label them; the third line gives the total number of these multiplets.

and sets notations and conventions used in this work. Gauged sigma models are a special class
of (0, 2) theories with bosonic and possibly also fermionic gaugings. The superfields used in this
work are summarised in Table [Z.2] and the labels used to enumerate them are indicated there.
In addition, their gauge charges, left— and right—Weyl dimensions and R—charges (defined in
Appendix are given.

The most important matter superfields are chiral and chiral Fermi multiplets. A chiral
multiplet ® = (z, ¢) contain a complex scalar z and a right-moving fermion ¢. A chiral Fermi
multiplet A = (A, h) consists of a left-moving fermion A and an auxiliary scalar field h. In
addition, there are chiral multiplets ¥ = (y,%) and chiral Fermi multlplets I' = (-, f). The
distinction between these chiral and chiral Fermi superfields is made by their R—symmetry
charge: ® and A are neutral while ¥ and I carry charge 1. The last line of this table gives the
gauge charges and dictates the super gauge transformations of these matter superfields.

For the corresponding bosonic gaugings vector multiplets have to be introduced consisting
of two real bosonic superfields V and A from which gauge invariant super field strengths F' can
be constructed

F=-iD,(A-idV) . (7.14)

The physical components of these multiplets are the gauge field A,, Az with field strength
F,5 = 0,A5 — 05 A, and a right—-moving fermion ¢ and a real auxiliary field D.
On the chiral Fermi multiplets fermionic gauge transformations

A A+U@)E, ToT+IW(®)E (7.15)

may act with chiral Fermi super gauge parameters. To obtain invariant action under these
transformation, Fermi gauge multiplets ¥ need to be introduced with super field strengths

=D,> . (7.16)
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Their physical components are complex scalars s and left—-moving fermions y.

A few comments are in order. The theories that are studied here do not define proper string
theories as their worldsheet actions are not fully conformal. In particular, dynamical gauge
fields on the worldsheet are not scale invariant as their gauge coupling is dimensionfull. Nev-
ertheless it is useful to use characterisations, like the left— and right-moving Weyl dimensions,
as in the scale invariant limit the corresponding superconformal symmetries are recovered.
Moreover, the “linear” in GLSMs signifies that only kinetic terms quadratic in the fields are
considered, while in non—linear sigma models this restriction is lifted for chiral superfields.

The main reason why GLSMs are of interest for string theory is that they can provide
interesting insights in how geometries and vector bundles on them can arise:

7.4.2 Emergent effective geometry

The scalar part of GLSMs can be associated to target space geometries like weighted projective
spaces, complete intersection Calabi—Yaus and many generalisations of these as was realised
by the pioneering chapter [119]. The scalar components z of the chiral multiplets ® can be
interpreted as the homogeneous coordinates of projected spaces, where the C*—scalings are
encoded by the scalar part of the super gauge transformations:

z—etify Hz%a—iae(DNV. (7.17)

In the Wess—Zumino gauge the sizes of these projective spaces are set by the D—term equations

Z(qz‘)a’ZaP =Ti, (7.18)

a

for each i = 1,..., Ny. (In principle there is a second sum over the scalars y here, but they
are typically all forced to zero as discussed below.) Here the parameters r are the real parts
of the Fayet—Iliopoulos (FI) coefficients p(®) which define superpotentials involving the super
gauge field strengths

Wrr = p(®)-F | p(z):%r—l—zﬂe(DNV . (7.19)

This is gauge invariant if the functions p(®) are neutral. The target space interpretation of
r are moduli, that set the radii of certain cycles, and S may be interpreted as axions in the
effective geometry.

String backgrounds, like Calabi—Yaus, are often defined as hypersurfaces in such projected
spaces. In the GLSM language this can be encoded in a (0,2) superpotential

Paeom =T'P(®) . (7.20)

In the conformal limit, the scalar components of the algebraic equations of motion of chiral
Fermi superfields '™ lead to F-term equations:

Prp(z) =0, (7.21)

for M = 1,..., Np, which precisely cut out such hypersurfaces. Consequently, the dimension
of the resulting target space manifold M equals:

dimg(M) = Ny — Ny — Np . (7.22)
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This should be equal to 2 or 3 if one only considers the internal manifold of complex dimension
2 or 3; or 4 if the complete spacetime in light—cone gauge is described by the GLSM.

In addition, the GLSM description can be used to determine an atlas of coordinate patches:
in a given phase one or multiplet set(s) of scalar fields are necessarily non—zero. Hence, by
analysing the combined D-term and F-term equations, and , all the coordinate
patches within a phase of the GLSM can be determined.

7.4.3 Emergent effective vector bundle

The part of (0,2) GLSMs that involve the chiral Fermi multiplets can be interpreted as vector
bundles (or as sheafs if they are not fully regular) [119-H121]. The fermionic components A of
the Fermi multiplets A are line bundle sections on this manifold as their C*—scalings read

A — @il (7.23)

If there are no fermionic super gauge transformations and no chiral superfields ¥ in the model,
then the target space gauge background is simply a collection of line bundles.

However, in general, they describe a more complicated vector bundle V which is derived from
a complex (generalisation of a monad construction), since they have to satisfy the constraints

M(z)A=0, (7.24)

due to the lowest components of the algebraic equations of motion of ¥ that follows from the
bundle superpotential

Pbundle =V M((I)) A (725)
and are subject to gauge transformations
A= A+ U2)€, (7.26)

which are the lowest components of the fermionic super gauge transformations (|7.15)). Com-
bined the equations (7.24) and (7.26) imply that a vector bundle V = Ker(U)/Im(M) is con-
structed from the complex

Na Ny
00" L Poem) L Po—qt) 0. (7.27)
m=1 A=1

Here N A < Nj denotes the number of interacting Fermi multiplets in the GLSM. (The numbers
in the Os of such complexes are conventionally integers. But in the normalisations used in
this chapter they might be fractional (like 1/2), hence they should then be multiplied by an
appropriate common factor. In addition, the charges of the chiral superfields ¥ are negative
in the conventions used in this work and they set the degrees of the constraints on the
fermions.) The dimensionality of the fibers of resulting vector bundle V is given by

dimg(V) = Ny — Ny — Ny | (7.28)

provided that M (z) and U(z) have maximal ranks Ny < N, and Ny < Ny, respectively [120].
(If this is not everywhere the case, this indicates that there are singularities in the bundle
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instead.) In order that this bundle can be embedded in the gauge degrees of freedom of the
heterotic string dimg (V) should less than eight so as to fit within an Eg—factor. (The bundle
might also fill up part of both Es—factors, but then it has to split accordingly.) Since the full
rank of Fg x Fg is 16, the total number of Fermi multiplets is given by Ny = 16 + Ny + Nyg.
Hence, there are a number of spectator (non-interacting and neutral) Fermi multiplets Ay,
n=1,...,Np — Nu, which lead to the unbroken gauge degrees of freedom in target space.

The superpotential has another important consequence: If M(z) has maximal rank,
the equations of motion of A induced by the bundle superpotential imply that all y* = 0.
This was implicitly assumed when were written down, since, in general, also contributions
from the scalars y* should be present in these equations.

The fermionic gauge transformations ([7.15)) only leaves the superpotentials and
combined inert when the following compatibility conditions hold

WM (@) Prp(®) + Map (@)U™ (@) =0 . (7.29)

In general, it is not so straightforward to find functions such that these conditions are fulfilled.
However, when the superpotentials and the fermionic gaugings are taken to lie on the (2,2)
locus discussed below, these conditions are automatically satisfied.

7.4.4 The (2,2) locus

The interacting part of (0,2) GLSMs (or at least the part that involves fermionic gaugings)
might possess a higher amount of supersymmetry. For this to happen the (0,2) multiplets need
to be able to pair up. This means in particular, that there are the following relations between
the number of interacting multiplets:

Np =Ng , Nr = Ny , Ny = Ny (7.30)

This allows to identify various indices: m = a, M = A and I = i; we use the latter indices for
each type of indices. Furthermore, the gauge charges of chiral and Fermi multiplets need to
line up:

Qi=q, Qi=q; - (7.31)

When some of these relations are not satisfied it is impossible to deform the interactions of the
(0,2) GLSM to become (2,2). If this is possible, then the (0,2) theory is said to be on the
(2,2) locus.

On the (2,2) locus of the space of (0,2) GLSM, exact (2,2) models possess various inter-
actions encoded in the various functions introduced that need to be of a very specific form.
The relations given here are subject to specific normalizations; but the implied proportional-
ities are essential. First of all, the functions U(®) and W(®) that describe the Fermi gauge
transformations now read

U (®) = (g:)*®* ,  Wa'% =(q,)%6% . (7.32)

They are fully dictated by the index structure and the gauge charges (¢;)* and (q;)*. The
functions M (®) are determined as the derivatives of P(®):

Maa(®) = Pau(®) , (7.33)
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where F,(®) denotes the partial derivative of F(®) with respect to ®*. Consequently, the
invariance of the superpotential action under fermionic gauge transformations (7.29)) reduces
to the gauge invariance of the superpotential:

(@) Pa(®) + Pao(®)0%g;)* =0 . (7.34)

7.4.5 Worldsheet instantons and flux quantisation

It is possible that on the worldsheet non—trivial gauge configurations, like instantons, are
realised. The involved gauge fluxes need to be properly quantised [122]:

J J
S [Gen, Y[ Een (7.35)

J J

for all charged chiral superfields ®* and ¥4. Here the subscript E indicates that the gauge
fluxes are computed in the Euclidean theory.

7.4.6 Anomaly consistency conditions

On a GLSM there are a number of requirements in order that the theory is both consistent as
a quantum theory and that it is likely to have the right properties in the conformal limit.

First of all, like any gauge theory, the GLSM has to be free of gauge anomalies. With the
gauge charges given in Table this amounts to the following conditions

Aij ==Y (a)*(0)" = Y () (a)? + D (@)™@Q)™ + D (Q)M(@Q)M =0, (7.36)
a A m M

for all 4,7 = 1,..., Ny. The signs in these equations are determined by whether the fermions

in the matter multiplets are right— or left—-moving. For j = ¢ this corresponds to pure and for

j # 1 to mixed gauge anomalies.

The left—, right—Weyl dimensions and R—charge correspond to bosonic parts of super con-
formal symmetries in the scale invariant limit of the GLSM. For this limit not to be obstructed
the mixed left— and right—-Weyl gauge anomalies should vanish. In detail, from Table it
follows that the left—Weyl — gauge anomalies vanish provided that

Y@+ Y @M =0, (7.37)
M

m

for all 4, since the only charged superfields that carry £—charge are A and I". These conditions
can be summarised by the demand that the sum of the charges of all chiral Fermi superfields
need to vanish for each gauge symmetry separately.

In addition, the charged right-moving fermions ¢ and - are obtained by hitting chiral
multiplets ® and ¥ with D, hence the right—-Weyl — gauge anomalies are absent when

S @)+ > @)t =0, (7.38)
A A

for all 4. Thus, these conditions say that the sum of the charges of all chiral superfields need
to vanish for each gauge symmetry separately. At the same time these conditions ensure that
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the FI-parameters do not renormalise. If this isn’t the case, it would not be possible to
interpret them to set the scales of target space cycles as they would always run off to zero or
infinity.

Finally, the R—symmetry survives quantisation provided that

S @)+ Y@M =o, (7.39)
a M

for all 4, since the right-moving fermions ¢ and the left—-moving fermions v have R—charges —1
and +1, respectively, and opposite chiralities. When these equations are combined with ,
they can be stated as the sum of the charges of the chiral Fermi superfields I' have to be equal
to that of the chiral superfields V.

7.4.7 Worldsheet Green—Schwarz mechanism: Torsion and NS5—branes

When the gauge anomalies do not vanish, i.e. not all A;; in vanish, the GLSM is anoma-
lous. It is sometimes possible that certain field dependent none gauge invariant Fl-terms
are precisely able to cancel these gauge anomalies [123,[124]. The FI-term coefficients p(®) then
need to transform as a shift under the anomalous gauge symmetries. This can be viewed as a
Green—Schwarz mechanism on the worldsheet and might have some far reaching consequences
for the geometry and the interpretation of the theory.

To understand how this comes about, note that in the naive conformal limit, the kinetic
terms of the vector multiplets V, A can be set to zero and their equations of motion become
non—dynamical. In particular, the superfields A appear linear in the actions of the chiral
multiplets (A.26]) and the FI-terms , hence their equation of motion lead to superfield

constraints:
Vg @ = pi(®) + pi(P) - (7.40)

Thus after enforcing the equations of motion of A, the vector multiplets V' become (implicit)
functions of the chiral superfields ® and their conjugates ®. In the Wess-Zumino gauge the
lowest component of these equations are the D—term constraints . However, in any gauge
from it can be inferred which (scalars of the) chiral multiplets are necessarily non—zero
in a given phase with a certain choice of the Fl-parameters. Hence, a unitary gauge can be
chosen such that all chiral superfields, that are necessarily non—zero, are set to such values that
the solution for the vector superfields V' are all zero when all of the remaining chiral superfields
are vanishingﬂ

Non—constant Fl-terms modify the target space geometry and generically introduces
torsion onto it in the form of non—vanishing H—flux [122,|125,126|. Indeed, since by the
vector superfields V' become (implicit) functions of the chiral multiplets. Inserting them in the
kinetic terms of the chiral multiplets shows that the torsion tensor, the three—form H,

Hape ~ P10 Ve (7.41)

2In the remainder of this chapter for presentational simplicity, the D—term equations (7.18) are given in the
Wess—Zumino gauge, while for the analysis of the torsional effects (7.40) the unitary gauges, as defined here, are
used implicitly.
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is non-zero in general, see Appendix or ref. [124] for a derivation. (It reads here in
general, because if both p; and V; only depend on a single chiral superfield this expression
still anti-symmetrises to zero.) Since typically, the GLSM only contains chiral superfields ®,
that are linearly charged under the gauge symmetries, the required Fl—coefficients can only
be made by taking logarithms of combinations of them. As was argued in [123,|124}/127] such
logarithmic singularities can be viewed as the imprints of non—perturbative physics in the
form of NS5-branes on the worldsheet as the target space exterior derivative of lead to
delta—function-like sources in the Bianchi identity of the three—form{]

7.4.8 Orbifold resolution GLSMs

Even though this section so far described properties of GLSMs in general, the main focus
of this work is on GLSMs which are associated to (toroidal) orbifold resolutions. The study
of resolution of singularities using (0,2) GLSMs have a long history. Some pioneering works
are [120,121]. A GLSM orbifold resolution construction has the advantage over other methods
to match the singular orbifold situations for which exact CFT descriptions exists with smooth
compactifications using effective field theory methods. Within a single GLSM framework one
has both access to the orbifold phase as well as completely resolved (and potentially many
other) phases. The trade off here is that a GLSM is not (yet) a full blown CFT description.
A fully complete correspondence between orbifold CFTs and GLSMs does not exists, but
two methods have been uncovered in the past which apply to partially overlapping situations:

A Twisted shifted momenta as (0,2) GLSM charges [112]:

As was recalled in Section twisted states are uniquely identified by their shifted
right— and left—-moving momenta . In particular, the right— and left-moving shifted
momenta of non—oscillator massless twisted states automatically satisfy the pure anomaly
cancellation conditions when they are interpreted as GLSM gauge charges of chiral and
chiral Fermi superfields, respectively. In target space these configurations may have the
interpretation of line bundles on the resolved local singularities.

B (2,2) GLSMs for toroidal orbifold resolutions [113]:

Contrary, full global orbifold resolutions in the standard embedding can be obtained in
(2,2) GLSMs. The underlying two—tori are described using (variants of) the Weierstrass
models. On some of their homogeneous coordinates additional (exceptional) gaugings
are implemented. For certain ranges of their FI-parameters the fixed point structure of
toroidal orbifolds, while for others resolved compact Calabi—Yaus emerge.

In the next section method A is employed, while in Section method A is combined with a
partial (0,2) reduction of method B for the case of T%/7Zq x Zs orbifold resolutions that were
not discussed in the literature before explicitly.

7.5 Non—compact C3/Z2 X 7.9 resolution GLSMs

This section focus on heterotic resolutions of the non—compact C3/Zsg x Zs using (0,2) GLSMs.
(Some ingredients of the present discussion are inspired by ref. [112].) The three complex

3In addition, the inclusion of log-dependent FI-terms may lead to a back reaction to the geometry [124,(127];
in this chapter these consequences are not studied in detail.
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Superfield || @1 | @2 | @3 || B} | D | D :(Al, LAY Q| Qo | Q3
U(1) charge || z1 | 22 | 23 || ®1 | x2 | x3 = (AL, 019 w1 | wo | ws
Ey 03|45 1-1[0]0 =(@...;Q1% | 1]0]o0
Ey o0l 3of-1]0 =(Q,...;Q% 0| 1]0
Fs3 s3]0 ofo|-1 Q3_(Q3,..., Bl olo|1

Table 7.3: Superfield charge table for resolutions of the non—compact €3/Zo x Zs orbifold.

coordinates z,, u = 1,2,3, of €3 augmented with three exceptional coordinates z,, r = 1,2, 3,
to describe the resolution. These coordinates become part of the chiral superfields ®, and
®/ on which three U(1) gauge symmetries E, act according to the charge table In this
table the unit charged chiral superfields €2, are composite, i.e. functions of the fundamental
superfields ®,, and /.

7.5.1 Geometrical interpretation

The analysis of the geometrical interpretation of this GLSM starts with writing down the
D—-term equations

1 1

*\Z2|2+*|Z3!2 = by + ||, (7.42a)
\Z1I +5 Izgl = by + |2|? (7.42D)
\Zl| +5 |Z2! = bg + |z3]” (7.42¢)

Here the three parameters b, are the real parts of the three FI-parameters p, associated with the
three gaugings F, which are assumed to be constant. An equivalent but useful representation
of these equations are obtained by adding two of them and subtracting the third:

|21 ]” + 1 |* = b + by — by + |wa]” + |23 (7.432)
|22f” + w2|” = by + bg — by + |21]* + |23 (7.43b)
2517 + |wa|® = by + by — b + |21 ]” + |22 (7.43¢)

Depending on the relative values of the three Fl-parameters the model can be in a number
of phases which have different geometrical interpretations [112]. Here not all of them are
listed and discussed, instead, the focus is on a number of particular interesting phases: the
orbifold phase and the three full resolved phases which are characterised by having all three
FI-parameters negative or positive, respectively. Other phases, in which some FI-parameters
are positive while others are negative, correspond to partial blowups and are ignored here. (In
ref. [112] some aspects of these other phases were investigated.)



114

Some topological properties of the effective geometries in the various phases can be deter-
mined. The divisors in the effective geometry can be identified by setting one of the complex
coordinates to zero while satisfying all the D—term equations. The ordinary divisors are defined
by D, := {z, = 0} and the exceptional ones by E, := {x, = 0}. The results of this analysis
are summarised in Table [7.4l

For each set of non—vanishing fields Zpy = (Z(1P)7Z( P)’Z? )) that defines a coordinate

patch within a phase of the resolution GLSM, the other the complement set of fields {Z (P) ( P),

R? then define a coordinate patch. The resulting patches are also given in Table [7.4] . A gauge
can be chosen such that the phases of these non—zero fields Zp) are all trivial, i.e. multiplets
of 2mi. This only leaves residual discrete gauge transformations in each of these patches:

Zipy — Q) el o L 2mim® g (7.44)

where Z( Py @ = 1,2, 3, are the three scalar fields that do not vanish in patch (P) with charges
(Q(p))?* and m® are integers. For the coordinate patches under investigation the charge ma-
trices are given in (A.67). Hence, the gauge parameters of the residual gauge transformations
read:

T=2rm” Qg . (7.45)

with a = (al, o, 043) and m” = (ml, m?2, m3). This induces residual gauge transformation on

the coordinates of the coordinate patch (P) transform
ZEIP) s QP ra? ZE; ) = e2mi (Rm)? Z(P) 7 Rip) = o) P)Q (7.46)

where @( p) are the charges of the coordinates of the patch which are given in (A.69). Thus if
R (p) is integral, the residual gauge transformations are trivial.

Orbifold phase

In the orbifold regime all three Kéhler parameters are negative: by,b2,b3 < 0. The D—term
equations ([7.42)) then imply that all three exceptional coordinates are non—vanishing:

a1 |* = —by + |22 + |25)> > 0, (7.47a)
jwal® = —by + |21 > + |25]* > 0, (7.47b)
jws|® = —bs + |z1)* + |22)* > 0, (7.47¢)

hence there is a single coordinate patch: {z1, 22, z3}. In particular, the D-term equations allow
to set all these three coordinates to zero at the same time. Moreover, it is clear that none of
the exceptional divisors F, exist in this phase. Instead the intersection of DDy D3 exists.

By exploiting the gauge symmetries it is possible to fix the phases of x1, z2, x3 some arbitrary
values (which are typically taken to be zero for simplicity). However, these gauge fixings do

(p)} €
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Phase Non-—zero fields Patches Curves Intersection

Orbifold 1, %9, T3 £ 0 (O) :={z1,29,23} | D1D2, DaD3, D3D; D1Ds D3
S—triangulation 21,29,23 £ 0 (S) :=A{x1,m2,23} | E1Es, ExFE3, E3E; E1EyFEs
21,20,23 #0 | (33) :={x1,29,23} | E1Es, EaDs, D3FE; E1E>Ds

z1,x9,23 70 | (22) :={x1,23,20} | E1E3, E1D2, DyFj3 E1FE3Dy

r1,22,23 #0 (11) :={xa,x3,21} | E2FEs3, E2Dy, D1E3 EsFE3Dq

E;—triangulation 29,23,23 # 0 (31) :={x1,29,21} | E1Es, EaD1, D1E; E1EyDq
21, 22,23 £ 0 (33) :={x1,x2,23} | E1E2, E2D3, D3FE; E1EyDs

22, 23,Ty # 0 (21) :={x1,23,21} | E1E3, EsDy, D1E; E1FE3D,

21,283,220 #0 | (22) :={x1,23,22} | E1E3, E3Dy, DaFEy E1E3D,

Es—triangulation 21, 23,3 £ 0 (32) :={x1,29,22} | E1Es, EaDy, DaFy E1FEyDy
21, 22,x3 # 0 (33) :={x1,x9,23} | E1Es, E2D3, D3E; E1E3Ds

s zgw1 20 | (11) = {wa, 23,21} | EaBs, EsDy, DiBEy | EpEsDy

z1,23,21 # 0 (12) := {x9, 23,22} | EoE3, E3Dy, DyFy EsFE3Do

Es—triangulation 29,23,21 £ 0 (11) :={x2,x3,21} | E2E3, EsD1, D1E> EyEsDq
z1,22,21 #0 | (13) :={w2,w3,23} | Eoks, E3Ds, D3Ey | EsE3Ds

21,290,202 #0 | (23) :={x1,23,23} | E1E3, E3sDs, D3FE; E\FE3D;3

z1,23,22 # 0 (22) :={x1,x3,22} | E1E3, E3Dy, DyFy E1E3D,

Table 7.4: This table indicates which combination of fields are necessarily non—vanishing in the
orbifold and the three full resolution phases. This in turn determines the coordinate patches of
the phases and hence the curves and intersections that exist within the patches. The notation
(ru) of the patches of the fully resolved geometries signify that the coordinates x, and z,4,

are non—zero.
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not fix the gauges completely, since the matrix ([7.46]) in this case,

0 3 3
- =
Ro)=2020="20=|3% 0 3], (7.48)
5 3 0

is non—integer, therefore, there are non—trivial residual Zy gauge transformations which act as

Er : (21,22, 23) = (21, —22,—23) , (7.49a)
E2 : (Zl, 22, 23) — (_zla 22, —23) ) (749b)
Es @ (21,%2,23) = (—21, —22,23) (7.49¢)

on the remaining coordinates. The first two are precisely the transformations that defined the
3 /7y X 7o orbifold and the third one is simply the combination of the first two and hence
redundant in the orbifold phase.

S—triangulation full resolution phase
In the S—triangulation the Kahler parameters satisfy the following inequalities:
0<by<bi+b, 0<by<b+by, 0<b <by+bs. (7.50)

From it follows that at least two of the three z, are non—zero. Hence, there is one
coordinate patch {x1,z2, 23} when all three z, are non—vanishing. Taking into account,
there are, in addition, three coordinate patches {2y, -, } for u = 1,2,3 when z, and 2, are
non-zero.

There is no non—trivial residual gauge transformation on the coordinate patch (S) :=
{z1,x2, 3}, since fixing the phases of all three z, fixes all gauge parameters 6, up to mul-
tiples of 27i, hence the actions on the coordinates x, are trivial. For the coordinate patch
(33) := {21, 22, 3} the non—vanishing coordinates of which the phases can be set to unity are
x1, 22, 23, consequently, the gauge parameters 63 are fixed modulo multiples of 47¢ and 6
modulo multiplets of 2mi. But the residual gauge transformations on coordinates

1

1
21 — e262+20321 ,

Ty — e Puy . x5 — e Pag (7.51)
in the patch (33) only involve the gauge parameters 65 3, and hence these phase transformations
are trivial. Similar arguments can be provided for the other patches (22) := {x1,z3, 22} and
(11) := {z2,x3,21}. The fact that all the coordinate patches of this triangulation are regular
can also be verified by showing that the matrices R p) defined in are all integral.

It follows that in the S—triangulation all the divisors D, and E, exist, though not in all
coordinate patches. Aside from the curves FE,D,,, all three exceptional curves EyFEs, FylE3
and F3Fy exist. In particular, the intersections

EVE9E3 = EoE3Dy = E1E3Dy = E1Es D3 =1 (7.52)

are all equal to unity as there is just a single solution to the D-term equations and there is
no residual gauge transformation acting on the coordinates in any given coordinate patch. All
this information is encoded in the toric diagram for the S—triangulation:
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D,

Es Eo

Do Eq Ds

Indeed, all the divisors are indicated as dots. The existing curves are represented as lines
between two adjacent dots and the unit intersections are the smallest triangles in the diagram.
At the same time these smallest triangles also indicate the four coordinate patches.

E;—triangulation full resolution phase

In the E;—triangulation the Kéhler parameters satisfy the conditions
0<by+byg<b, 0<by<b+by, 0<by<b+bs. (7.53)

Again at least two of the three z, are non—zero. In light of the first inequality above, it is
convenient to write the equation ([7.43a)) as

jz2|® + Ja3|* = by — by — b3 + |21 + |21 | . (7.54)

Hence either x5 or x3 is non—zero. If x9 # 0 then implies that z3 is non—vanish as there
needs to at least two z, # 0. Similarly, if x3 # 0 then (7.43b|) says that z5 is non—vanishing.
Therefore, in total there are four coordinate patches: {z1,x9,21}, {x1, 22,23}, {x1,23,21},
{1, 23, 22}. Again all these patches are regular; there is no residual orbifold action on them.

In this phase the exceptional curves F1Fy and EyFs3 exist but FoFE3 does not. Instead the
curve Dy Fy is allowed by the D—term equations. The following intersections

E1\EyD3 = E1E3Dy = E1E9Dy = E1E3Dy =1 (7.55)

are all equal to unity. All this information is encoded in the toric diagram for the E;—
triangulation:

D1
Es B

D, Eq Ds

A similar analysis can be performed for the other two full resolution phases corresponding
to the triangulations Es and E3. A summary of the results are given in table



118

7.5.2 Pairs of GLSMs associated to torsion related orbifolds

The charges of the Fermi superfields are kept arbitrary in table In order that the GLSM
is free of gauge anomalies these charge vectors are subject to the conditions [112]

Q?:Q%:nggv Q1'Q2=Q2'Q3=Q3'Q1=i (7.56)

and the sum of charges for each of the three gaugings vanishes, see Subsection The first
three equations indicates that consistent choices for the charge vectors are given by the shifted
momenta of the three twisted sectors without oscillators, see table since they all square to
3/2. The latter three equations can be satisfied by taking the shifted momenta

Q1= (0,3,1,-1,0,0,0%)(0%) ; Q2= (3,0,3,0,-1,0,0*)(0%) ; Q5= (3,3.,0,0,0, -1,0%)(0%)
(7.57)

out of the three twisted sectors of the orbifold model without discrete torsion or by

01 = (055 10.0.F)() 05 = (100,100 (0%): 0 = (1 4.0.00, 1))
7.58

of the orbifold model with torsion. Notice that this is precisely how the brother gauge shift
vectors were related to the original ones as discussed in Subsection

These certainly do not represent unique choices, but for any choice of anomaly free charge
vectors from shifted momenta of the physical twisted states without oscillators in the orbifold
model without torsion, the choice of the same charge vectors but all with the opposite sign,
is an anomaly free choice with torsion. Hence, switching torsion on or off corresponds to the

mapping
Q1+ Q7 =-Q1, Q2+ Q5 =—-Q2, Q3+ Q5 =—Q3 (7.59)

of all the charges in the two associated resolution GLSMs simultaneous. This suggests that
there is a field redefinition from the Fermi superfields A in the non—torsion model to the Fermi
superfields X* in the torsion model. Formally, in terms of the chiral superfields €, defined in
table [7.3] this superfield redefinition can be stated as

A — K= 2108 2@ 5 (7.60)

since this precisely reverses all the charges of A. In order that this field redefinition is well—
defined €2, should be non—singular. Given that in various coordinate patches within the phases
of the theory, there are always three superfields non—vanishing they can be used in this field
redefinition. Table summarises the choices for €2, in the patches under investigation here.

Notice that precisely looks like a super gauge transformation but with the
super gauge parameters © replaced by —2log (). Since only the Fermi multiplet are involved in
this superfield redefinition, it is anomalous. Because this superfield redefinition is of the same
form as a super gauge transformation, the form of the anomaly is known to be

1 1 (3 1
Wt redef anom = _% ;Ars IOgQTFS - _% {5 gloggr F" + 4§10ng FT} ) (761)
) SFET



Phase Patch Non-singular superfield representation of
(P) o Qs Q3
Orbifold (0) ot ot Pyt
S-triangulation (S) DDz ! D D3P, 1 Py®; "
(33) i/, PP, oyt
(22) 234, @) 234,
(11) @ 239, 3,
E;-triangulation || (31) L 25,2, ! P!
(33) i), PP, oyt
(21) 39, @ 230, %0} !
(22) 234, @) 234,
Eo—triangulation || (32) o 20! GELIA P!
(33) PLP/, PP, ot
(11) e ©5P 03P
(12) e P52 LTI
Es—triangulation || (11) ot el P3P
(13) e ®305 e ©3P)
(23) | @030 @) 234,
(22) D3P @y 0] P

Table 7.5:
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This table gives the explicite non—singular forms of €2, the orbifold and the full
resolution patches in the three triangulations.
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using the general form of the super gauge anomaly (A.66|). The latter form is obtained by
using the explicit expression (7.56)) of the anomaly matrix A,s = Q, - Qs given by

A= (7.62)

e L (U o

PN NI [6Y)
N [ N N

The superfield anomaly ([7.61]) is of the form of superfield dependent Fl-actions (A.30) but
with the Fl-parameters p, replaced by

1
pl — T = pT — P logQ? A . (7.63)
7

where p!' = (pl,pg,pg) and log QT = (log Q1,log Q9 log Qg).

The field redefinition anomaly ([7.61]) is not gauge invariant: it gives a phase in the Euclidean
path integral
o
27
However, since it is only obtained under the assumption that the field redefinition (7.60)) is
non-singular, it only receives discrete phase contributions from the scalar fields in Table

that do not vanish.
The flux quantisation conditions ([7.35) for the present GLSM read

06 Sstredef anom _i/ar Ay (764)

F} F? F3
/E2ez, /Ezez, /EZEZ, (7.65a)
2 27 2
1 [ F3 1 [Fp 1 [(Fp, 1 [Fp 1 (Fh 1 [F2
- - Z - 2 - 2 Z - 2 - 2 Z.
2/27r+2/27r€’2/27T+2/27T€’2/27r+2/27r€
(7.65b)

The first three conditions follow from the charges of the chiral superfields ®/ and the latter
three from those of ®,. Thus all gauge fluxes are integers and the sums of two gauge fluxes
are even integers. The latter quantisation conditions are solved by adding two equations and
subtracting the third:

' Fi
o | || =Fn, F= Q) - (7.66)
Fiy
in terms of three integers n’ = (nl,ng,ng). Here, Q(g) is one of the charge matrices defined

in (A.67) of Appendix and their inverse transposed forms in (A.68). As can be seen from

there, F is an integral matrix, the first three quantisation conditions are fulfilled as well. As
was argued in |122] possible vacuum phases in (orbifold) partition functions may be recovered
in the GLSM as non-invariances of the path integral encoded in

5@sz redef anom - —271 mTM(P) n M(P) = Q;T.A./_" = Q(_IE;-AQ(_SI) . (767)
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Hence, the path integral is invariant if M py is an integral matrix. By explicit matrix multi-
plications it may be confirmed that M p) is indeed integral for all charge matrices that
correspond to any of the patches of the three fully resolved phases. On the contrary in the
orbifold phase one finds:

AR
Moy=|-3 1 -5 |[=[50 3 (7.68)
3 3 1 1
5 5 1 z 2 U

The final expression is obtained modulo integral matrices. This shows that in the orbifold
phase the discrete torsion phases are reproduced by the residual gauge transformations of the
field redefinition anomaly.

To summarise, the two non—compact resolution GLSMs associated to the orbifold theories
with and without torsions are both free of gauge anomalies and hence consistent models.
The effect of discrete torsion between the two models is recovered in their orbifold phases,
if both models are expressed in the same field basis (i.e. with chiral Fermi multiplets with
the same gauge charges in both models) because of a field redefinition anomaly . Even
though in this expression there are logs of chiral superfields, these are non—singular, because
the superfields which appear in the field redefinition do not vanish in the patch where
the particular field redefinition is defined (see Table [7.5). In particular this does not signify
that the geometry has torsion or should be augmented with NS5-branes, since in the unitary
gauge the Fl-terms are constants in each patch, hence the three—form flux vanishes.

7.6 GLSMs for resolutions of T®/Zq X 7

The study of (0,2) resolution GLSMs of the toroidal orbifold T /Zs x Z3 is more involved than
those for the non-compact orbifold €3 /7y X 7o considered in the previous section. First of
all, additional ingredients are needed to describe the geometry as the orbifold is compact. And
partially because of this also the description of possible gauge backgrounds is more complicated.
Only with these aspects understood, the consequences of discrete torsion in the underlying
orbifold model can be properly investigated. Therefore, first Subsections to are used
to develop a both accurate and manageable description of resolution GLSMs associated with
the singular T°/Zy x 7o geometry dubbed a minimal full resolution model. Subsection
then gives the GLSM for a particular gauge background using the same blowup modes as in
the non—compact model studied in the previous section. Finally, Subsection the GLSM
for the compact orbifold model with discrete torsion is studied.

7.6.1 Construction of resolution GLSMs for compact Z, X Z, orbifolds

To construct GLSMs that describe resolutions of toroidal orbifold geometries, the following
steps need to be taken |113]:

1. Give GLSM descriptions for each of the three underlying two—tori compatible with the
orbifold symmetries.
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2. Add so—called exceptional gaugings to introduce the orbifold actions and define the ex-
ceptional cycles.

3. Confirm that there is a regime where the GLSM description can be interpreted as the
orbifold geometry under consideration.

4. Determine the regimes in which the GLSM description can be interpreted as resolved
geometries.

This program was discussed in [113] for (2,2) models, but these steps can equally well be
executed in the (0,2) language, which is used throughout this work.

It is important to realise that there are a number of different T /Z x Zs orbifolds depending
on their underlying six—torus lattice, see e.g. [50,99,/128]. The construction here is aimed to
resolve the particular one with Hodge numbers (51, 3). Moreover, one single orbifold geometry
may be associated to many different GLSMs, even if the target space gauge configurations are
not considered. The descriptions differ in the number of exceptional gaugings. Descriptions
in which for all exceptional cycles of the resolved geometry there are exceptional gaugings,
were dubbed maximal full resolution GLSMs in ref. [113]. On the other end there are GLSMs
descriptions with the least number of exceptional gaugings such that still the effective geometry
in appropriate regimes corresponds to fully resolved orbifold resolutions. Such models were
called minimal full resolution GLSMs. Between these two extremes there is a whole variety of
GLSMs. Some of these models cannot describe fully resolved geometries; while others do [113].
The focus in this chapter is on full resolution GLSMs only. Such resolution GLSMs might
possess many different phases. Only the orbifold phase and fully smooth resolution phases are
investigated in this work in detail, while all kinds of interesting other phases will be ignored.

Maximal full resolution GLSMs are the most complete in the sense that all the Kéhler
parameters associated to the volumes of the exceptional cycles are made explicit. On the down
side, this means that such models typically contain a large number of U(1) gauge symmetries.
As is discussed below the maximal full resolution GLSM for the toroidal orbifold 7 [Ziy X Lo
contains 51 U(1) gaugings: for each of the 51 K&hler parameters there is a dedicated gauging
available. The minimal full resolution GLSM for this orbifold only requires six U(1) gaugings:
The radii of the three two—tori and collective volumes of the three types of exceptional cycles
are explicit in that description.

Below, first the GLSMs description of a two—torus with Zy symmetries is recalled. After that
the basic ingredients of the maximal full resolution GLSM are laid out. Details of the resulting
geometry and the consequences of the discrete torsion of the orbifold model are investigated in
the minimal full resolution GLSM only for simplicity.

7.6.2 Two—tori GLSM with Z, symmetries

In ref. [113] it was argued that a convenient description of two-tori that admit Zs involutions
are given by the superfields given in Table with the superpotential

Pisee two tori = 9 (u @21 + @2y + 023 )T, + (92, + @2, + 02, )T, (7.69)

where

(7.70)

u =

PTu(%) - PTu(%
,PTu(%) - P'ru(
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Superﬁeld (I)u 1 ‘I)u 2 (I)u 3 <I>u 4 Fu FL
U(1) charges || zu1  2u2  Zu3  Zu4 Yu Vu
Ru’ %5u’u %5u’u %5u’u %6u’u _6u’u _5u’u

Table 7.6: Superfield charge table for the GLSM for three two—tori admiting Zs symmetries.

Superfield || ®1, | ®a, | ®3. |1 T} |y T |Ts If | @, D, o,
U(1) charge | 214 22y 23 5 Mol % Y T1yz T2 z2 T3y
Ry : 0 0 ||-1 =1/ 0 0/]0 0 0 0 0
Ry 0 i 0O |0 O0|-1-1/0 0 0 0 0
R3 0 0 /o oo o0|-1 -1 0 0 0
Eiy 0 | 30yy|3021] 0 0] 0 0] 0 0| =0y 0 0
Eypry $0ws| O |36 0 O[O0 0|0 0 0 — 610022 0
B3y 302 | 30yy| O O O[O0 0[]0 0 0 0 —0100yry

Table 7.7: Superfield charge table that determines the geometry of maximal full resolution of
TS /%o x Zo.

parameterise the complex structures 7, of the three two—tori in terms of the Weierstrass P
function. This description was obtained as a rewriting of the well-known Weierstrass model
of an eliptic curve. On each of the four chiral superfields &, , of two—torus Tf a separate Zo
reflection symmetry &, , — —®,, can act leaving the superpotential invariant. In addition,
there are two involutions per two—torus which can be identified with Zs translation on the two—
torus lattice [113]. The Kéahler structures of the two—tori are encoded in the GLSM description
as the Fl-parameter a,, associated with the gauging R,. The resulting D— and F—term equations
in the conformal limit read:

2wt + zu2l® + |2usl® + [2ual® = au (7.71a)
Fuzor+ 2+ 203 =0, Zoi+ 209 +204=0. (7.71b)

Because k, # 1 the two F—term conditions can never combined to an equation with just two
terms. Together with the U(1) gaugings, which can remove a phase per u, shows that each set
of zy1,...,zy4 coordinates for a given u describes a geometry of real dimension two.

7.6.3 Maximal full resolution GLSM

The maximal full resolution GLSM for the toroidal orbifold 7 /Zgy x Zs has three ordinary
gaugings R, Ry and R3 to define three two-tori and 3 - 16 = 48 exceptional gaugings FE1 .,
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Superfield || @1, | @9y | @5, || Ty T4 [Ty Th | Ty T% || @ | @) | @
U(1) charge || z1z | 22y | 23: || M1 Y |72 7% |7 2% | 1| x| a3
Ry /o0 |-1-1{0 0[]0 OfO0O]O0]O
Ry o[+l o0 )0 0f-1-1]0 O0fO0]O0]O
R3 oo | 20 0of[0 O0[-1-1/0]0]0
By 0 |30, |36 0O 0[O0 0[]0 Of-1]0]O0
Ey 36,1 0 [364] 0 00 O[O0 O] O0/|-1|0
Es 2001 (360 O[O O[O0 0|0 01 0]O0]-1

Table 7.8: A choice for a superfield charge table that determines the geometry of a minimal
full resolution of T /Zo x Zs.

Es ;. and Ej3 ., associated to the exceptional cycles. The full charge table is given in Table
The fermi superfields I'y, I}, I's, T', and I's, I'y feature in the superpotential to define the three
underlying two—tori, see ([7.69). Because the exceptional gaugings the superpotential has to be
extended to

Praxres = (“1‘1)11H‘I)212H‘1)31y 2H(I)22ZH(I)32y 3H‘I’23z 33y)r1

<(I)%1H(I)21ZH(I)31y QH(I)22zH(I)32y 4H®242H®34y P

+<“2q) H(I)ll:r:H(I)?»lz H‘I’mxn@wz P73, [1 P53, )T

)
(@21H‘1>11xn‘1>31z 21_[(1)1%1_[(1)322 4H(I)141H‘I’34Z)F (7.72)
)

(K/3®31H®115L‘H¢21y H(I)12xH(I)22y 133: 23y I's

(q)le(I)ll:cH(I)Qly 2Hq)12xl_.[q)22y 4]._[(1)14:131_[(1)241/)

in order to make it gauge invariant under all exceptional gaugings. The resulting D— and
F—term conditions are rather involved and not particularly illuminating. For this reason we
refrain from giving them here and turn to the more transparant minimal full resolution model.

7.6.4 Minimal full resolution GLSM

The minimal full resolution GLSM has three ordinary and three exceptional gaugings. Contrary
to the maximal full resolution GLSM, the charge assignments of minimal full resolution models
are not unique as for each of the three exceptional gaugings there are 4 - 4 = 16 choices, which
of the homogeneous coordinate superfields to be gauged.
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Here only gaugings of the superfields ®11, ®21 and $3; are consideredlﬂ as can be seen in
Table [7.8] Consequently, the superpotential for the geometry reduces to

3 3
Priinres = Zru<’$u (I)Zl H P + @32 + (1)121?)) + ZF;(CI)?A H 5Py + ‘I’Zz + ®34> .
u=1 r#u u=1 r#£u
(7.73)

The effective target space geometries are determined by six D— and six F—term equations.
The six resulting D-term conditions read

|z11)% + 2122 + |213)7 + 214 = a1 |221]? + |2312 = 2|z1|> = 2By
|221]? + 222 + |223]% + |224]* = a2, lz11)% + [231]* — 222> = 202, (7.74)
|z31% + |232]% + |233]2 + |234]* = a3 , |z11|% + |221|% — 2|23]2 = 2b3

and the six F—term conditions

2 2 2 2 2 2
K1 271 223 + 279+ 213 =0, 21 23 + 279+ 214, =0,
2 2 2 _ 2 2 2 _
K2 251 X103 + 259 + 253 =0, 2y X103 + 259 + 254, =0, (7.75)
2 2 2 _ 2 2 2 _

The properties of the resulting geometries depend crucially on the values of the Kahler param-
eters. As can be seen from the three D—term conditions on the left in the parameters
ai,az,as all need to be positive (since we have assumed that all y4 = 0). The other Kihler
parameters by, b, b3 may in principle have either sign.

Orbifold phase

Consider the phase in which all three parameters by, bo, bs are negative while the parameters
a1, a9, as all positive. It follows that all three coordinates x1, x2, r3 are necessarily non—zero so
that their phases can be fixed to some preset values. This does not fix the gauge symmetries
completely, as there are residual Zs actions left over:

Zo: 221 — —221, 231 — —231,
Zo: 211 — —211, 231 — —231 , (7.76)
Zo: 211 ——211, 221 — —221 -

For concreteness, focus on the first of these three Zs actions. The fixed set of this action is
given by 221 = 231 = 0. In the target space geometry this does not correspond to a single

4Other choices would be equally well justified, however we expect that the physical understanding does not
depend much on this, even though the detailed description will.
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fixed set, but a collection of disjoint fixed sets. Indeed, inserting this in the second and third
equations in (7.75)) gives the equations:

B+ 233 =Ze+25,=0, Zo+ 233 =230 +234=0. (7.77)
Each of these equations are quadratic with two roots:
293 = *izo2, 224 = tizoo, 233 = *iz32, 234= tizza, (7.78)

where all the signs are independent, hence there are 2 = 16 solutions in total. Each of these
fixed sets have the topology of a two—torus: The equations for the homogeneous coordinates
212 are those of the deformed two—torus used in Subsection since the absolute values of
the coordinates z9 and x3 are determined by the second and third equation on the right hand
side in . This argumentation may be repeated for the second and third Zs actions in
(7.76]). Hence one has in total 3-16 = 48 fixed two—tori; precisely the number of fixed two—tori
to be expected in the 7 /Zy x Zso orbifold.

The coordinate patches suggested by the minimal full resolution model for the orbifold
geometry can be extracted from the D— and F—term equations and . Since all
blowup parameters by, ba, b3 are negative, the three D—term equations on the right—-hand—side
of imply that z1, 22,23 # 0. Each of the other three D—term equations imply that at
least one coordinate in each is non—zero. But then the F—term equations imply that
two other coordinates are non-zero. Hence, three out of four 21, 29y and z3, coordinates are
non-zero. This leads to 4% = 64 coordinate patches; the same number of coordinate patches as
the (T?2)? torus GLSM would have.

Full resolution phases

In the full resolution phases all parameters by, bs, b3 are positive but parametrically much
smaller than the parameters aq,ag, as. (If this is not the case, the GLSM might develop more
exotic phases, like critical- and over—blowup phases [113].) In the full resolution phases it is
useful to reshuffle the three D—term equations on the right hand side of in the following
fashion:

[z11[% + [21[* = b + b3 — b1 + |22|* + 23] .
22112 + |22|? = by + by — by + |71 |* + |52 (7.79)

|Z31|2 + |1‘3|2 =b; +by — b3 + |$1|2 + |.7}2|2 .

These equations contain important information as they decide which coordinate fields are
necessarily non—zero. For example, if the sign of the combination by + b3 — by is positive
either z11 or x1 is necessarily non—zero, while if this combination is negative either x5 or x3 is
necessarily non—zero.

The following divisors can be easily defined by setting one of the homogeneous coordinates
to zero: the exceptional divisors E, := {z, = 0} and the ordinary divisors D,, := {z,1 = 0}.
The exceptional divisors consists of 2¢ = 16 disjoint components and the ordinary divisors of
22 = 4 disjoint components. As was observed in [113] the inherited torus divisors R, and R/,
can be identified with the polynomials multiplying the chiral Fermi superfields I', and I}, in

the superpotential ([7.73)).
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S—triangulation full resolution phase

In the S—triangulation phase of the GLSM the three Kéhler parameters are of similar size in the
sense that each one is smaller than the sum of the other two, e.g. the following three inequalities

0<by <by+bg, 0<by<b+b3, 0<by<b+b, (7.80)

hold simultaneously. In this phase the intersection EjFEsF3 exists because it is possible to
satisfy all the D— and F—term equations while setting 1 = x9 = x3 = 0. In fact, in this case
the F-term equations have 26 = 64 solutions. This number comes as no surprise, since the
T /7o X 7y has 64 7o X 7 fixed points. When all resolved using the S—triangulation, one
64 times the intersection of these three exceptional divisors. Note that the first equation in
implies that not both z;; and z; can be zero at the same time, hence, in particular,
the curve Dy FE; does not exist. All this is in accordance with the topological properties of the
S-triangulation of the resolved T /Zy x Zso orbifold.

E;—triangulation full resolution phase

In the Ej-triangulation phase of the GLSM the Kahler parameter b; is much larger than the
sum of the other two:

0<by<by+bs, 0<byg<bi+by, bo+b3<b;. (7.81)

Then implies that not both x5 and z3 can be zero at the same time, hence, in particular,
the curve Fo F3 and the intersection Fq FEsF3 do not exist in this phase. Contrary, in this phase
the curve D1 F; does exist. All this is, again, in accordance with the topological properties of
the E;-triangulation of the resolved 7' /7o X Zy orbifold. The transition from the S— to the
Eji—triangulation phase thus provides the GLSM description of the flop transition. Note that
in the GLSM there is nothing singular at the transition by = by + b3 even though the target
space geometry is singular there.

The other two full resolutions phases, the Eo— and Fs—triangulations may be defined in an
analogous fashion.

Full resolution coordinate patches

To understand the coordinate patches in the full resolution phases, first observe that the three
D—term equations on the right—-hand—side of lead to the same options for non—vanishing
coordinates 211,221, 231, X1, T2, T3 as obtained in the non—compact case summarised in Ta-
ble[7.4] Hence, in the S—, F1—, Fo— or Es—triangulation the following coordinate combinations

St 21221231 70, 21120123 #0, 21123122 #0 or 23123171 # 0, (7.82a
E1 I Z221231%3 75 0 , 211722173 75 0 , 2212312 75 0 or Z11231%2 75 0 s (7.82b
Ey: zi1z3123#0, 21122123 #0, 22123171 #0 or 211231201 # 0, (7.82c

)
)
)
)

E3 I 22123101 7é 0 , 21122171 75 0 , 2112212 75 0 or Z211231%2 7é 0. (7.82d
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are non—zero, respectively. Next, observe that the first D—term equation on the left—hand—side
of implies that at least z7, is non—zero. If this happens to be z11 then the latter two D—
term equations on the right—hand-side of imply that xo and x3 are also non—zero because
a1 is parametrically larger than the parameters b1, ba, b3 so that cancellations are never possible.
But the the two top F—term equations imply that two other z1,, x # 1 are non—zero.
There are three options for this to happen. Finally, it is possible that all three z1,,  # 1 are
non—zero. In total this gives four non—vanishing coordinate combinations for the first lines of
the D— and F-term equations. A similar analysis can be performed for the second and third
lines of these equations, leading to the following combinations of non—vanishing coordinates

z12213214 0, 2112132140203 # 0, 2112122142223 # 0 or 2112122132203 # 0, (7.83a)
200223224 # 0, 2012232242123 # 0, 2012222042123 0 Or 212922037123 # 0, (7.83b)
230233234 # 0, 2312332347122 # 0, 2312322340122 # 0 or 2312322337122 # 0. (7.83¢)

Coordinate patches can now be composed by taking one out of four equations on each line
of combined with one out of the four equations from the line in corresponding
to the chosen triangulation. Not all combinations are valid however, in total there should be
12 non—vanishing coordinates out of the 15 original ones, so that the coordinate patch has
complex dimension three.

The results of this analysis are summarised in Table The GLSM description leads to
76 coordinate patches for each of the full resolution phases. There are 72 universal coordinate
patches which exist independently of which triangulation is chosen: for each triangulation
choice in there is at least one combination of non—vanishing fields which is contained in
the non—vanishing set coordinates of that patch to the extent that precisely 12 coordinates are
non—zero. 54 of those patches do not involve any of the exceptional coordinates and therefore
coincide with the coordinate patches of the orbifold discussed above. These coordinate patches
are indicated above the line that splits the universal patches in Table [7.9] In addition, to
the 72 universal coordinate patches there are four patches that depend on the triangulation.
The GLSM therefore dictates a gluing procedure in which ten of the coordinate patches of the
orbifold are replaced by 22 patches for the full resolutions.

7.6.5 Gauge background on the minimal full resolution of the non—torsional
orbifold

The gauge charges of the Fermi and chiral multiplets that define a simple gauge bundle on the
minimal full resolution model is given in Table [7.10] This gauge bundle is quite closely related
to the standard embedding on the two—tori. The exceptional EF—gauge charges are identical to
those indicated in of the non—compact resolution model. In order to avoid any of the
four types of anomalies mentioned in Subsection additional chiral multiplets ¥,,, ¥! are
introduced with identical charges as I, I}, and the sum of charges of all chiral superfields and
all chiral Fermi superfields vanish separately.

In total there are 3 -4 4+ 3 = 15 Fermi multiplets involved in the gauge bundle subject to
3 -2 = 6 constraints enforced by the chiral multiplets ¥,,, U/ . This leave nine Fermi multiplets
part of the gauge background which cannot be fitted into a single Fg factor. Hence a number
of fermionic gaugings are needed. If all six gaugings in the minimal resolution model are
accompanied by fermionic gaugings, (a deformation of) the standard embedding is obtained. To
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Phase # Non-—zero fields Patches Conditions
Universal || 54 21 gl ta 22y £y otz X1 T2 T3 F# O {12,224, 232} Ty, 2 # 1
21wl £1 22y sy Xtz T1 T2 23 7 O {z11, 229,23} Y,z # 1
21 gita P2y A1 24z 1 X223 0 | {214, 221,232} v,z #1
2 gita Doy Ay 221 12223 0 | {214, 22y, 231} z,y#1
18 | Zwru1Z1a/41 22y #1 2222102 7 0 | {241,232, 23} viu=1,22#1
2wl Zla A1 22y Ay 221 123 0 | {zu1, 224, 22} u' u# 1,3y #1
2yl 2wt 22y 1 2t T2 23 0 | {2y, 210, 21} uoiu=2,3;x#1
S—triang. 4 Zuz 70 {z1,29,23} |u=1,232=1,..,4
Zua#3123 # 0 {z31,21,22} | u=1,2,3;2=1,.,4
Zua21%2 # 0 {z21,21,23} |u=1,23;2=1,..,4
Zua1121 # 0 {z11,22,23} |u=1,23;2=1,..,4
E;-triang. || 4 Zua£1123 # 0 {z11,21,22} |u=1,23;2=1,..,4
Zua£3123 # 0 {z31,21,22} |u=1,23;2=1,..,4
Zua#1172 # 0 {z11,21,23} |u=1,2,3;2=1,..,4
Zyug£2122 # 0 {z01,21,23} |u=1,23;2=1,..,4
Eo—triang. || 4 Zua#2123 7 0 {z21, 21,22} | u=1,2,3;2=1,..,4
Zya£3123 # 0 {z31,21,22} |u=1,23;z=1,..,4
Zua1121 # 0 {z11,22,23} |u=1,23;2=1,..,4
Zua#2171 # 0 {z21, 29,23} |u=1,2,3;2=1,..,4
Es—triang. || 4 Zua1121 # 0 {z11,22,23} |u=1,23;2=1,..,4
Zua#3171 7 0 {z31,29,23} |u=1,2,3;2=1,..,4
Zuat31%2 # 0 {z31,21,23} |u=1,23;2=1,..,4
Zua21%2 # 0 {z21,21,23} |u=1,23;2=1,..,4

Table 7.9: The 76 coordinate patches of the full resolution phases of the minimal full resolution
GLSM. There are 72 universal coordinate patches which are the same for each of the full
resolution phases. In addition, there are four coordinate patches which are specific for the
triangulation chosen.
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Superfield || A1y | Aoy | Ay | U1 W) | o W4 | Wy W4 || AL | AL | AL || Ay
U(1) charge | Aip | A2y | A3z || Y1 11 2 5 | U3 3 AL | Ay | A3 || A
Ry ]l oo |-1-1{0 0[O0 O0f0]0]O0]oO
Ry 0 s 0o 0]-1-1]0 0 0/[0]O0]oO0
R3 o0 ]| 3 0 0|0 O0[-1-10]0]O0f]0O0
E; 0 |30, (36a 0O 00 0[O0 Of-1]0] 0] O
B, 0,00 0 [ 364( 0 0|0 0|0 0 O0/|-1]01|0O
By 30,1 (361 O[O OO0 0|0 O O0[O0]|-1|0

Table 7.10: A choice for a charge table of the superfields that determine a gauge bundle on the
minimal full resolution of T¢/Zy x Zs. The Fermi multiplets A,,, n = 1,..., 18, are spectators
and generate the broken gauge group.

make contact with the non—torsion line bundle model that was discussed in Section only
the inherited R,—gaugings are accompanied with fermionic gaugings with parameters =, while
the exceptional E,—gaugings are not. With this choice of Fermionic gaugings 9 — 3 = 6 gauge
bundle directions are left over, exactly matching the number in the non—compact resolution of
the non—torsion orbifold model.

In target space this gauge background does not correspond to the standard embedding as
there are no fermionic gaugings associated to the exceptional F,—gaugings. Neither can this
background be interpreted as line bundles only because of the presence of the chiral multiplets
U, ¥ that enforce constraints on the bundle degrees of freedom as well as the fermionic
gaugings =,,.

Given the charges of Table the following superpotential can be written down:

3
Proinresbundle = Z v, (2’€u Dy1 H (P; Aul + Ky ‘1331 H (I);nAls +2 (I)u2Au2 +2 (I)USAu3>
u=1 r#u r#Es£u

3
+ 2 W (2001 IT @ Ay + 02, [T @A, +2@uohs +2Puahs) -

u=1 r#£u r#s#u
(7.84)

This specific form of a general expression for this superpotential is inspired by the standard
embedding following (7.33).

In the model under investigation only the R,—gaugings are associated to fermionic gauge
transformations, hence the only non-zero fermionic gauge transformations are:

R 0y =Y, 2, , T, = -V =, . (7.85)

/
u
The specific form, given here, is obtained by requiring that the fermionic gauges are on the
(2,2)-locus. In this case is follows automatically that (7.73) and (7.84) combined are inert

under these fermionic transformations.
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Superfield A1, A3, NS, || O U)Wy WL W WL A AY | AY | A,
U(1) charge Mz A2y A3, U 11 e 5 | U3 sl AL LAY | A | A
Ry i 0 0 ||-1 =10 o0 o0 0|0 07O
Ry 0 3 0 0 0|-1 -1 0 0] 0| O0]O0}|oO
R3 0 0 3 0 0|0 O0/]-1 =1 0| 0]01|0O
E; 0 | =30 |—36.4( 0 0[O0 0|0 O0J+1] 0] 00
By —16, ] 0 | =364l 0 OO O[O0 O O |+1| 0] O
B, —2621 | =36, 0O 0 0|0 0[]0 0 0| 0/|+1]0

Table 7.11: A choice for a charge table of the superfields that determine a gauge bundle on
the minimal full resolution of T%/Zy x Zy with torsion.

This construction leads to a regular bundle as for each of the three fermionic gaugings
in not all coefficients vanish simultaneously. The same goes for the six constraints
coming from . It is straightforward to check this for all coordinate patches given in
Table for all four fully resolved phases of this GLSM. This should not come as a surprise
as the fermionic gaugings and the bundle superpotential are precisely those that
are dictated by the (2,2) locus, see Subsection

7.6.6 Gauge background on the minimal full resolution of the torsional orb-
ifold

In section [7.3.3] it was explained that the twisted states that survive the orbifold projections
are precisely opposite when torsion is switched on to when it is absent. Since the shifted
momenta of the twisted states without oscillators dictated the exceptional F1, Fo, Es—charges
in the GLSM of the Fermi multiplet A. Hence the charge Table [7.8] which determines the
geometry, remains unchanged when torsion is switched on, but the charge table for the vector
bundle is modified to Table the R;—charges remain the same while the F,—charges are all
sign—flipped as compared to those in Table

The flipping of the E,—gauge charges has various consequences. First of all, the fermionic
gauge transformations are not gauge covariant any more. This is easily alleviated by
inserting appropriate factors of ®/. in the first column of fermionic gauge transformations of
Auli

0Ny =3 [] 2 ®u1Bu, 0N, =3PusEy, Tu=-V,Z,, 6T, =-0
r#u

s~
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for x # 1. Secondly, the bundle superpotential ([7.84) has to be modified to

3
Pminresbundle = Z \I’u (2/€u (I)ul A>;1 + Ky (I)z%l H CPIT‘I’EAXS’ + 2(Du2A>;2 +2 (I)USAE‘L?,)
u=1 r#s#u
3
+ 21%(2%%%31 ¢H¢ <I>;<I>;2Aé’+2<1>uzA22+2<I>u4A24)
u= r#Es#u
(7.87)

by making the following replacements

Ayp — O1OIAS

ul

A — X

uxr

AL — BEX (7.88)

with x # 1 and r # s # u, to ensure that it is gauge invariant again. With these modifications
of the fermionic gauge transformations and the bundle superpotential, it is not difficult to see
that the full superpotential including the part for the geometry is invariant under the
fermionic gauge transformations.

The replacements are the same as the field redefinitions in the non—compact
case with the chiral superfields €2, given by the ones in the orbifold case (O) of Table It
should be stressed that in the present case the replacements in the bundle superpotential
apply to the GLSM theory as a whole globally, not just to a particular (coordinate patch within
a) phase of the theory. Moreover, it is unique in the sense that other factors, that would have
the same charges (like the other combinations in Table , would always involve some powers
of ¥, or ¥/, but that is forbidden because they are only allowed to appear linearly in the
superpotential because of the R—symmetry, as was emphasised below .

Mixed anomalies and worldsheet Green—Schwarz mechanism

The flipped E,—gauge charges in Table is irrelevant for most anomalies which still vanish
identically as can be verified using (7.36|) through (7.38). Only mixed R,E,,~anomalies are

oW non—zero:
A=Ay =111 (L1 (7.89)

u # r. Hence, contrary to the GLSMs associated to the non—compact orbifold models, the
GLSMs associated to the compact orbifold models without or with torsion are genuinely phys-
ically distinct.

These mixed anomalies need to be cancelled by field dependent FI-terms of the form

WFIanom = % Z CTTU IOg(NT) e + % Z ! QCTU log(Nu) F" ) (790)
u,r u,r

where the composite N™ and N“ have negative unit charge under the R,— and E,—gaugings,

respectively, and all other gauge charges zero. The arbitrary coefficients ¢, arise as it is possible

by counter terms to shift two dimensional mixed anomalies around. The choice ¢, = 1/2 would

treat all mixed anomalies symmetrically. (See e.g. ref. |123] for a more extensive discussion.)

The composite chiral superfields N* and N" can be realised as rational functions of (fractional)
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powers of the chiral superfields. They may be expressed as

1
p— p— — — — p— /_7
N =, N'= Y nuy @0 +nun®f [[ 27+ nue 00 00 [[ 2 2,
z,y#1 r#u r#1 r#u
(7.91)

with some generically non-zero parameters 7,uy, ny11 and ny1.. Since the chiral superfields
U, and ¥/ cannot appear here as they would break R—symmetry, the possible forms in these
expressions are restricted.

The superfield dependent FI-terms are defined on the level of the definition of the
model and are singular independently of how the coefficients ¢, and nyzy, ny11 and nyi,
are chosen, hence they signify the presence of NS5-branes [123/|124]. The interpretation of the
coefficients ¢, is not so clear. However, if they are all set to zero: ¢,, = 1, then the expressions
of N" become irrelevant. The NS5—branes are then located on the resolved exceptional cycles
FE,. and they would disappear inside the orbifold singularities in the blow down limit. Maybe
other values of ¢, could be interpreted that the NS5-branes are moved around the resolved
orbifold geometry and for ¢, = 0 they are pushed fully off the resolved singularities onto the
two—torus cycles. This seems to signify that the NS5-branes can move around on the resolved
geometry without losing their influx effects on the worldsheet. This interpretation may be more
transparent in another parameterisation

1 1
WFI anom = g Zcru IOg q)/rFu - E Z Z Cuzr IOg(I)ux + Cu1r<10gq)u1_ Z %k)g CD;«/) F"
u,r u,r | x#1 r'#u
(7.92)

of ([7.90)), since the coefficients determining the position of the NS5-branes are subject to the

constraint ¢y, + Y Cygr = 1.
x

Comparing the pair of torsion related GLSMs

Just like in the non—compact case, it is instructive to compare the resoluton GLSMs of the
orbifold theories without and with torsion with each other by working in the same superfield
basis. By interpreting as a superfield redefinition , but now both R,— and E,—
transformations are involved, the anomaly matrix A extends to

1 1 1
i 00 0 3 3

1 1 1
0o 1 o LI o 1

1 1 1
VO I R (7.93)

0 L 1 3 1 1

4 4 2 4 4
1 1 1 3 1
O N S SR B
1 1 1 1 3
i 01 0 1 1 3
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Notice that the lower 3 x 3-block is identical to ([7.62)). Since in the replacements ([7.88|) only
the superfields ®/. feature, the superfield redefintion anomalies reads

1 (1 3 1 /
Whield redef anom = — 5 {1 glog B F Z;log ) F" %j log @ F" } . (7.94)
uFET r/r

The first contributions coincides with the general expression provided that ¢,, = 0 and
N" = @/ hence they cancel each other exactly. The latter two contributions were also obtained
in the non—compact situation . Hence, the analysis performed in Subsection can
be repeated here as well. In particular in the orbifold phase, that analysis recovers the discrete
torsion phases.

7.7 Conclusions

Discrete torsion within the Zs x Z4 orbifolds correspond to particular additional phases between
the sum of partition functions of different sectors corresponding to different boundary conditions
on the worldsheet torus. Smooth geometries are typically described by NLSMs which cannot be
exactly quantised and the path integral cannot be represented as a sum over similar sectors as
the orbifold theory. It is therefore unclear how to include effects of discrete torsion for smooth
geometries. The main aim of this chapter was to understand where discrete torsion goes when
orbifolds have been resolved to fully smooth geometries. This question was addressed both
for resolutions of the non—compact orbifold €3/Zy x Zs as well as the compact T°/Zg x 7
orbifold with Hodge numbers (51, 3) to understand both local and global aspects.

GLSMs were chosen as the framework for this investigation, as they can both make contact
with the orbifolds as well as with fully resolved smooth geometries within the same description.
From an effective field theory point of view orbifold resolutions correspond to giving VEVs to
twisted states defining the blowup modes. Unless very particular blowup modes are selected,
this leads to (0,2) compactifications in which the gauge backgrounds are not dictated by the
standard embedding. Therefore, in this work (0,2) GLSMs were used for the interpolation
between singular orbifolds and smooth compactifications.

The non-compact resolution GLSM of the C3/7Zy x 75 geometry had already given in the
literature, the same goes for the resulting line bundle backgrounds obtained by using non—
oscillator blowup modes on the three C?/7Zs singularities. The GLSM gauge charges of the
chiral Fermi multiplets under the resulting three exceptional gauge symmetries are given as
the shifted left—-moving momenta of these blowup modes. The effect of discrete torsion on the
orbifold is that the twisted states with the opposite left—-moving shifted momenta survive the
orbifold projections. Consequently, the chiral Fermi multiplets in resolution GLSM for the
torsional orbifold has the opposite worldsheet gauge charges as the non—torsional case. The
GLSM associated to the torsional orbifold is equally well defined as the non—torsional model in
the sense that all (gauge) anomalies vanish. In many respects the two models look identical.
However, if one wants to express the physics of the GLSM associated with the torsional orbifold
in terms of the superfield basis of the non—torsional GLSM, one has to perform anomalous
superfield redefinitions. Since, these superfield redefinitions have to be well defined in each
patch where they are performed, the expression of the anomaly is harmless within the smooth
resolution phases. But in the orbifold phase this anomaly turns out not to be invariant under
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residual discrete Zo X Zo gauge transformations, precisely reproducing the torsion phases of
the orbifold theory.

The story for the compact case is more involved. GLSMs for resolutions of the T° /7 x Zs
orbifold have not explicitly appeared in the literature. Moreover, GLSMs for other compact
orbifold resolutions have only been studied in the (2,2) context. Therefore, before the question
about discrete torsion on compact orbifold resolutions could be addressed, first resolution
GLSMs for T /75 x 7o had to be constructed. Contrary to the existing literature on compact
orbifold resolutions, this was done immediately in the (0,2) language. The simplest version
of such a GLSM involves six gaugings on the worldsheet: three to define modified Weierstrass
models to describe the underlying two—tori of the 70 and three exceptional gaugings associated
with the blowup process. In order to make comparisons with the non—compact situations
most transparant, the same blowup modes were chosen as in the non—compact case, i.e. non—
oscillatory twisted states. To pass all consistency conditions this resulted in a more complicated
bundle that shares both features of line bundles on the resolved fixed two—tori as well as the
standard embedding on the underlying two-tori of the 7.

The resolution GLSM of the T /7o X 7o with discrete torsion was obtained in a similar
fashion as its non—compact analog: the exceptional gauge charges were flipped, while the other
three gauge charges remained unchanged. As a consequence the resolution GLSM associated
with the torsional orbifold suffers from mixed gauge anomalies. These anomalies can be can-
celled by superfield dependent FI-terms in the GLSM globally. This signifies that the target
space geometry has torsion in the sense that the three—form H-flux is non—zero. Moreover,
given the GLSM chiral superfield content, the field dependent Fl-terms need to involve logs of
chiral superfields. As argued in the past, this signals that there are NS5—branes in the system.
The structure of these logs can be taken such that these NS5—branes are located at the resolved
exceptional cycles. In the orbifold limit they would disappear inside these singularities.

It is striking to see the differences of the effect of discrete torsion in the resolution process
for non—compact and compact orbifolds. In the non—compact case apart from a physically
irrelevant flip of charge conjugated states the non—torsional and torsional orbifold resolutions
are to a large extent indistinguishable: only the relative signs of the gauge charges of the chiral
and chiral Fermi multiplets distinguish them. In the compact case the GLSM associated to
the torsional orbifold is really physically different from the non-torsional one as the mixed
gauge anomalies and the related NS5—branes signify. These differences may be explained by
realising that in the non—compact case the effect of flux can be pushed off to infinity while in
the compact case this is impossible.

Outlook

The work presented here can be extended in a number of ways.

First of all, it would be interesting if it is possible by other means to show that the emerged
picture that NS5—-branes are located at the resolved singularities of the resolved torsional orb-
ifold can be corroborate. And it would be interesting to confirm the interpretation of the
coefficients that allow to shift mixed gauge anomalies around as moving around the NS5-
branes of the resolved geometry. In addition, it would be interesting to investigate what the
geometrical consequences are of the back reaction induced by the log—dependent FI-terms.

In this chapter the focus was on only very simple bundles (line bundles combined with
bundles that are on the (2,2) locus, hence closely related to the standard embedding). However,
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the procedures used here could be applied to other gauge backgrounds as well. In particular,
by choosing other blowup modes, for example, those with oscillator excitations, see e.g. [112].

Moreover, in this work only the discrete torsion between two orbifold twists was considered.
For possible applications of the spinor—vector duality on smooth geometries other generalised
discrete torsion phases would be of interest. First attempts in this direction were performed
using effective field theory techniques in [2]. Such phases are between orbifold twists and torus
translations and associated Wilson lines or among two different torus translations. This requires
that within the GLSM distinctions between the various (resolved) fixed tori can be made.
Clearly, this is possible in the maximal full resolution model, which treats all 48 (resolved) fixed
tori independently, or in certain full resolution GLSM that have a certain number of additional
gauging so that at least some fixed two—tori in certain directions can be distinguished. The
effect of the Wilson lines would then be that the exceptional GLSM charges (dictated by
the shifted twisted state momenta) are not the same at the different fixed tori. Then, just
like in the models considered here, the effect of generalised discrete torsion is that particular
states are projected out or in, leading to different charge assignments for the Fermi multiplets.
Presumably, the consequences of these differences could then be analysed in much the same
fashion as done in the current work.
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Chapter 8

Conclusion and Outlook

We think that the work of the previous Chapters show promising results for the extension of
SVD to smooth compactifications. The program is yet to be completed and extended to the
four dimensional case. This fact is (to some extent) not totally surprising due to the great
difference among the formalisms it should deal with, i.e. free fermions, orbifolds, line bundle
resolutions and GLSMs.

However this can be also interpreted as an advantage of the program; as some direction tangent
to it can produce new results which are interesting by themselves. This is what is shown in
Chapters 6 and 7 which constitute some progress in the study of the resolutions and GLSMs
of the T /7 x 7 and especially for one possible implementation of discrete torsion in smooth
compactifications. In fact some subtleties of the models discussed can lead to even further
connections and applications. In the end of the GLSM Chapter it was already pointed out that
it would be interesting to have further confirmation of our interpretation of the coefficients in
equation as moving around the NS5-branes of the resolved geometry or the consequences
of the back reaction induced by the log—dependent Fl-terms.

However, the main connection to SVD duality, also noted at the end of Chapter 7 is the
possibility of develop a GLSM torsional model which includes a torsion between the orbifold
twist and a suitable Wilson line.

The implementation of this should follow a similar logic that the process explained in Chapter
7, with a concrete superfield redefinition whose effects were unavoidable in the compact case.
A possible complication is that, as we need a Wilson line (in some of the (orbifolded) tori),
the model will be more complicated than the minimal full resolution one as some singularity
should be trated distinctly than the others.

In any case we can always try to implement the line bundle resolved model to the 4D case
as we did in Chapter 5 for the 5D case. We will have the same issue (i.e. different vector
bundle at least in the appropriate singularities) but in principle it can be done. However,
there are some theoretical reasons why the GLSM formalism is preferable to the ”line bundle”
one in some situations, which probably include the implementation of SVD in 4D (once whe
have successfully implemented a discrete torsion phase (Chapter 7)). The main one is that
GLSM models are in some sense closer to a real string theory (rather than an "mere” effective
theory lying in the Swampland) than line bundle resolutions, as they are formulated as proper
worldsheet theories and subject to a more robust consistency ”stringy” conditions. There are
also some non-perturbative effects coming from the GLSM (see the discussion about NS5
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branes) to which the line bundle models can be blind at some situations.
In any case, the promising results from the previous Chapter and the ongoing work make us
expect new insight about spinor-vector duality in the short time.
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Appendix A

Appendix

A.1 Elements of (0,2) sigma models

A.1.1 (0,2) superspace

The (0,2) superspace is spanned by a complex fermionic variable 6% and its conjugate % of

positive chiralilty in two dimensions and worldsheet coordinates o = %(01 + 00) and 7 =

%(01 — 09). Using their derivatives denoted by 0,0, = %(81 + ) and O = %(31 — ),

respectively, super covariant derivates D, and D, = _(DJ,_)T can be defined as
D+:8+—i§+8, E+:5+—i9+6, {E+’D+} :—218 (Al)

These super covariant derivatives anti—commute with the supercharges
Q. =0y +i0" 0, Q. =04+1i070. (A.2)
The supercharges generate the (0,2) super algebra

{Q,,Q+}=2P, (A.3)

where P =10 is the right moving momentum generator.

A.1.2 (0,2) superfields

A general (0, 2) superfield G is a complex function of (0, 2) superspace on which supersymmetry
act as

6G=(e"Q++E7QL)G . (A.4)

Consequently sums, products and super covariant derivatives of superfields are again super-
fields.

The components of a superfield are defined by taking a number of super covariant derivates
and then set all #7 and 6% to zero which is denoted as |+. A superfield G is called bosonic
(fermionic) if its lowest component G| is bosonic (fermionic).

There are four fundamental multiplets of (0,2) supersymmetry: the chiral multiplet, the
chiral Fermi multiplet, the vector multiplet and the Fermi gauge multiplet:
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Chiral multiplet

A chiral multiplet ® and its conjugate ® are bosonic superfields defined by the chirality con-
straints:

Their components,
=0, ¢=Di®,  Z=9y, d=-75DiP, (A.6)

are a complex scalar z, a negative chiral (right-moving) complex spinor ¢ and their conjugates
Z and ¢.
Chiral Fermi multiplet

A chiral Fermi multiplet A and its conjugate A are fermionic superfields defined by the chirality
constraints:

Their components,

A=Ay, h= %D+A|+ , A=—Al4, h= %EJFKH ; (A.8)

are a positive chiral (left—-moving) complex spinor A, a complex scalar h and their conjugates
A and h.

Vector multiplet

The vector multiplet (V, A) consists of two real bosonic superfields V' and A subject to a bosonic
super gauge transformation

VoV-1©0+06), A->A+id(0-0), (A.9)

with a chiral superfield © gauge parameter and its conjugate ©. (Non—Abelian gauge superfields
are not considered in this work.) Their components are

Oly=0=3a+ia, %D+@|+:Cv Oy =0=3a—ia, —%D+@|+:§7
(A.10)

where a and « are real fields. The two dimensional gauge field components are identified as
Ao— - %[E+,D+]V|+ ; A5:A|+ , (A].].)
which transform as

Ay > Ay —0a, Ay — Ay —dar . (A.12)
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The super field strengths

F=-iD,(A—idV), F=1iD,(A+idV), (A.13)

are super gauge invariant chiral Fermi multiplets, since by construction Dy F = D, F = 0.
Consequently, their components

F|+ — F|+ — i D D+F|+ — %(D +iFga-) 5 E+F|+ — %(D - ’L'Fa-a-) P (A14)

1
ﬁ@v \/5@7

are identical in any gauge. In particular, D = 1 [Dy, Dy]A|4 — 00V |4 and F,s = F.

The super gauge transformation can be used to set some of the components of the vector
multiplet to zero: V| = DyV|, = D,V|; = 0. In this so—called Wess—Zumino (WZ) gauge
all quadratic and higher powers of V vanish. Since V' is a real superfield the WZ gauge does
not fix the super gauge transformations completely, there is a residual gauge transformation
with © = ia.

Fermi gauge multiplet

A Fermi gauge multiplet ¥ and its conjugate ¥ are complex fermionic superfields subject to
fermionic super gauge transformations

T Y-=, YooY -2, (A.15)

where = is a Fermi multiplet and = its conjugate. The associated super field strength and its
conjugate

. §+E , — D_A'_i 5 (A16)
are inert under the fermionic gauge transformations. Their components are

SZ%H ; EI%H . x=3D4l . x=3D4lt . (A17)

Using the fermionic gauge transformations, the following components of the Fermi gauge
multiplet ¥ are set to zero in the WZ-gauge: X|; = D X|; = 0.

A.1.3 Super conformal transformations and scaling dimensions

Real conformal transformations of the worldsheet coordinates
o— f(o), 7 — f(7), (A.18)

are characterized by two real functions f(o) of ¢ only and f(&) of & only. Consequently, their
differential and derivatives transform

do = w ldo do —» @ tda, 0—wa, 0— w0, (A.19)

where w = (0f)~! and @ = (9f)~!. Moreover, since §1 is a complex parameter, there is a
phase transformation, often dubbed R-symmetry,

or gt gt emingt (A.20)
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with k£ € R. Requiring that the algebra of the super covariant derivatives transforms consis-
tently with this implies:

1 . _ 1 .
D+ — w2e D+ s D+ — w§e+m D+ . (A21)

The left— and right-Weyl dimensions and the R—charge (£, R,R) (often collectively referred to
as Weyl charges) of a general complex superfield G, defined as

G = dFWwRet @ (A.22)
identify how it responds to these conformal transformations. Real superfields are necessarily
inert under the R—symmetry. The Weyl and R—charges of the superfields used in this work can
be found in Table [7.2l
A.1.4 Scale invariant matter actions

Scale invariant superspace integrals

Any real bosonic superfield R can be used to form a supersymmetric invariant by an integral
over the full superspace:

Stull superspace = / d’cd?0t R = / d’c D, D, R|, . (A.23)

This action is gauge invariant if R caries no gauge charges and scale invariant if it has Weyl
and R—charges (+1,0,0).

Any chiral Fermi superfield €2 can be used to form a supersymmetric invariant by an integral
over the chiral superspace:

Schiralsupcrspacc = /d20d9+9 + /d20'd0+Q = /dQO' [D+Q +E+§]|+ . (A24)

This is gauge invariant if 2 carries no gauge charges and conformally invariant if it has Weyl
and R-charges (+1,+3, +1).
Chiral superfield action

The gauge interactions of chiral superfields ®* and their conjugates ®* with Abelian vector

multiplets (V, A); are parameterized by the gauge charges (¢*),. In order to reduce the abun-
dance of indices, interpret ¢-V as the diagonal matrix with on the diagonal Zl(ql)aVZ and
interpret ® as standing and ® as lying vectors of Ng chiral superfields and their conjugates,
respectively. Their super gauge transformations read

d— Det® | d— e’ (A.25)

Their super gauge invariant kinetic action is given by
Shiral = % / d20d20" [Ee%'vﬁcp —56624%} , (A.26)
in terms of the super gauge covariant derivatives of the chiral superfields and their conjugates

DO =0P +q-(OV +iA)® , DO =00+ Dq-(0V —iA) . (A.27)
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Chiral Fermi superfield action

The gauge and Fermi gauge interactions of the chiral Fermi superfields A™ and their conju-
gates A" with the Fermi gauge multiplets are parameterised by the gauge charges (Q"), and
holomorphic functions U™ (®). The super gauge and super fermionic gauge transformations
of them read

A= (A+E0@)e?®, A—e°(A+U(®)E). (A.28)

Here the notation (U (®)E)™ = U™ (®) Z; is employed. The gauge charges of the holomorphic
functions U™ (®) are (Q'),, as well. Their super gauge invariant kinetic action is given by
1 o
Shermi = —3 / 2od?0T (A+3-U(D)) @V (A+U(D)-5) . (A.29)
FI actions

The Fayet—Ililopoulos (FI) action is given by the chiral superspace integral
Spp = / d?0dft Wer 4 cc., W= p(®)-F + (k(DPHA , (A.30)

where (k(PPA = K1 (P)A™ employing holomorphic functions p;(®) and K7, (P) of the chiral
superfields ®®. The lowest components of p(®P),

pilt =5ri+iBi,  pilv=5mi—iBi, (A.31)

couple to the auxiliary field D’ and the gauge field strength Fgl, respectively:
/d9+p(q>)-F+/d9+p(q>)-F3 37D —B-Fy , (A.32)

where D indicates that the expression on the left includes terms given on the right.
Only when p;(®) are super gauge invariant and x4 (®) carry the opposite charges as A%, the
FI action is gauge invariant. This action is only invariant under fermionic gauge transformation

if
K (@) U™ =0, (A.33)

for all I,J. A worldsheet variant of the Green—Schwarz mechanism involves chiral superfield
functions p;(®) that transforms as shifts under super gauge transformations.

A.1.5 None scale invariant actions

In GLSMs also actions are used that are not scale invariant. They involve parameters of mass
dimension one or two in two dimensions. For simplicity all these parameters are assumed to be
equal to m or |m|?, depending on whether these action are chiral or full superspace integrals.
Consequently, conformal invariance is broken by these actions unless these parameters are send
to either 0 or co. Here, the conformal limit is taken to be the strong coupling limit |m| — oco.
In a more precise analysis one should study the renormalisation of the theory to understand if
a conformal limit exists [129,|130].
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Gauge multiplet actions

Abelian vector multiplets (V, A); have kinetic actions

1 STy
Sgauge == W /d od 0+ FF . (A34)
The kinetic terms for Fermi gauge multiplets X; are given by
1 _
SFermi gauge — W /d20'd29+ 0. (A35)

Superpotentials

To introduce gauge invariant superpotential actions, chiral superfields U# and Fermi superfields
I'M are needed. They are given in Table The super gauge transformations of ¥ read

T T ed® | U — 99w, (A.36)
The super gauge and super fermionic gauge transformations of I' are given by
T T+EW@®)T)e?®, T 59T+ (TW(®)-E)). (A.37)

Here [¥ (W (®)Z)] M — pAw, IM (®)=; is parameterised by chiral superfield functions Wa ;M (®).
The superpotential action contains two pieces associated to the target space geometry and
the gauge bundle that supports it:

Ssp=m / 2odft (Pgeom 4 Pbundle> tec., Pupom=TP(®), Pounge="TM®)A .
(A.38)

Here, T' and VU are interpreted as lying vectors of Fermi multiplets I'™ and chiral multiplets
U4, respectively; P(®) as a standing vector of chiral superfield functions Py(®) and M (®) as
a matrix of chiral superfield functions M 4,,(®). This is gauge invariant if the functions Py, (®)
carry the opposite gauge charges as I'M and M,,(®) the opposite gauge charges as PAA™,
The superpotential action is only invariant under fermionic gauge transformations if
holds.

The structure of the superpotential is dictated by a large extend by the Weyl charges: The
R-charge implies that ¥4 and I'™ can only appear linearly in this expression. However, the
superpotential is not conformal invariant, hence the mass parameter m sits out front. This
implies that in the conformal limit the superpotential has to vanish strictly.

To complete the description also kinetic terms need to be added for the field ¥ and I'. The
super gauge invariant kinetic action for ¥ is given by

Setiral = 7 / ?odyt [T VDY - DU VY| (A.39)
The super gauge invariant kinetic action for I is given by
1 o
Skermi = ~ 5 / d?cd?0" (T +S-W(D)T) 2V (I + W (D) %) . (A.40)

The are both scale invariant.
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A.1.6 (0,2) non-linear sigma models

The general action of a (0,2) non-linear sigma model consists of two parts: an action for the
chiral superfields ®%, o = 0,...,3, and Fermi multiplets A", u = 1,...,16. Here the scalar
components of the chiral multiplets are interpreted as the local coordinates of the target space
manifold M and the fermionic components of the Fermi multiplets as the local coordinates in
a section of the bundle V in the same coordinate patch.

Torsional non—linear sigma models

The most general conformal (0,2) action of the chiral multiplets
Sn.l.chiral = i/d20d29+ |:K((I)7 ) 5(1) - 5F((I’7) ’ (A41)

are parameterised in terms of a lying complex vector function K (®,) with entries K, (®,)
and its conjugate, a standing vector K (®,) with entries K,(®,). These functions are defined
modulo additions

K(®,) > K@®,)+k), K®,)—K®,)+k®) (A.42)

of holomorphic vector functions k(®) and k(), as this would modify the full superspace integrant
by a sum of a chiral superfield and its conjugate which vanishes. The superfield functions K (®, )
and K(®,) can be thought of as prepotentials for the metric

Gga = %(Fg,a + Ka,g) (A43)
and the Kalb—Ramond two—form By
Bgoz = %(Fg,a - Ka,g) ) Baﬁ = %(Kaﬂ - Kﬁ,a) s Bgé = %(Fg,é — F}gﬂ) ,
(A.44)

combined, as can be seen by working out the kinetic action for the scalar components of the
chiral superfields. The representation of the action for the scalar components is not unique due
to Bs-field gauge transformations. A gauge can be chosen such that the components of the
Bsy—field with purely (anti—)holomorphic indices are absent. The non—vanishing components of
the gauge invariant three—form field strength Hs = d By can also be expressed in terms of these
prepotential functions:

Hopy = Hpyo = Hyap = Kapy — Kgay s Hapy = Hgyo = Hyap = Ko py — Kp oy -
(A.45)

if some of these components are non—zero the manifold possesses torsion.

Chiral superfield interactions with Fermi multiplets
The most general Weyl invariant action of Fermi multiplets is given by

1

1 1
Suvkemi =~ [ oot { V@) A+ JATn(®) A+ n(@)T ] (A.46)
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parameterised by an Hermitean matrix N(®,) with entries N, (®,) assumed to be invertible
and a complex anti-symmetric matrix n(®,) with holomorphic indices n,,, (®,) and its conju-
gate n(®,) with entries 7n,,(®,). They can be thought of as the prepotentials for the target
space gauge fields B

Au(N)=N"!'N,, A N)=N"'N,, Asn)=n, Aud)=n,. (AA4])

= = & )

From (0,2) GLSMs to (0,2) NLSMs

By integrating out the gauge superfields (0,2) GLSMs can be related to (0,2) NLSMs. In
particular, the equations of motion of A lead to the constraints in the conformal limit.
Then, by applying partial integrations on the derivative 0 in the remaining (A independent)
terms in the FI-interaction and combining them with the remaining kinetic terms of

the chiral multiplets (A.26]), these actions can be cast in the form of the NLSM action (A.41])
with the prepotentials

K= (2e*V) +2p,V, Ko= (V) +25,V . (A.48)

To see if these prepotentials for the metric and the B—field possess torsion, we compute the
anti-symmetrised derivative

Koy = Kap — Kpa = (2 q- V) o) + 2010V - (A.49)

This expression can be simplified by taking the partial derivative w.r.t. ®* of equation ([7.40))
and after that contracting it with V;;. This gives

(@Y q-Vy)a+20 (q-Va)(q-Vp)® = pa-Viy (A.50)
hence anti—symmetrised:

(@™ q-Vip)a = PV - (A.51)

From which in general it may be concluded, that there will be torsion if the FI-functions p;(®)
are not constant

Kiap) =3p1aVy - (A.52)

From this the three—form H expression ([7.41)) follows immediately.

A.2 Anomalies in two dimensional GLSMs

A.2.1 Chiral anomaly

Let v be a Dirac fermion in two dimensions and 1 its conjugate. Consider the chiral transfor-
mation

Y — e 9 b — pe al (A.53)
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Here ¥ = ~4%y! is the chirality operator in two dimensions satisfying 42 = 1. The anti-
symmetrised product product of two gamma matrices is proportion to this operator:

=5 = (A.54)

where €V = —¢“* is the anti-symmetric epsilon tensor in two with the normalisation €' = 1.

The Dirac operator of this fermion is assumed to couple chirally to a gauge field A,:

mzﬁﬂ-éx#’ (A.55)

where A = v*A,, as usual. Note that
p*=D*+ %ie“”FMV : (A.56)
where iF),, = [D,, D,] is the invariant gauge field strength or expressed as a two form
I =1 F,dotde” = L e F,, d’c = Fiy d*o . (A57)
If the path integral measure
DyYDep — DyYyDyp e Achiral (A.58)

is not invariant under this transformation, the chiral transformation is said to be anomalous.
The anomaly can be expressed as the trace

Achiral = Tr[a 7] (A.59)

over both the full Hilbert and spinor space. This trace needs to be regularised. In case of
anomalies a standard procedure is to use Fujikawa’s regularisation

Achival = / Lo ate(e]y M|y | (A.60)

where M is a regulator mass taken to be infinitely large. Using a plane wave expansion with a
momentum variable p, scaling it as p — M p and keeping only the leading terms this expression

can be evaluated to
d2p
Achlral /d O'Oé/ (271')2

where all the M dependence dropped out (after taking the limit M — oo). Using the Gaussian
integral

e Ptr [ﬁ%fye’“’Fw/} (A.61)

/deep2 =, (A.62)

the chiral anomaly can be expressed as

i Fy
Achiral = / 5« % . (AGB)
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A.2.2 Super gauge anomalies

The result for the chiral anomaly above can be used for chiral gauge theories as well where
then the parameter « is interpreted as the gauge parameter of a U(1) symmetry. For left—
moving charged fermion the result can immediately be taken over, while for a right-moving
fermion the expression will have an additional minus sign. If we have a set of left— and right—
moving fermions with charges @; and ¢; under a number of U(1) gauge symmetries, the result
generalises to

-Agauge = 5 o A’L] % y ( 64)
where the anomaly matrix is given by
Aij=Qi-Qj —aigj - (A.65)

Here the dot product indicates the sum over all charged left and right fermions present in the
theory. Assuming the existence of a supersymmetric regulator, the general form of super gauge
anomalies in two dimensions can be written as

1 o 1 .
— 2 + O 2 + raaa
Sanom = /d odf gy Eij Aij ©'F7 +/d odd o Eij Aij O'F . (A.66)

A.3 Charge matrices

In Section a number of so—called charge matrices are used to perform certain computations.
In a given patch of a given phase of the GLSM a number of charged superfields are necessarily



non-zero. Their charge matrices are given by:

Quiy =

Q) =

Qz1) =

NI— NI

S NI

N[

S NI= N

o O

N[ =

S N[

S N

-1 0 0
= 0 -1 0 )
0 0o -1
0 -1
% 5 Q(12) = 0
0 3
3 0
0 ) Q(22) = O
0 3
: 0
0. Quy=1|3
-1 0

)

NI—= D=

N[ —=

D=

S N= N

)

S N
O NI= N

S = O
|
P P e — ~ ’
e N

S N

N N~

N[ —

Qus) =

[a) S NI
o= O O

)

[emR ST

Qz3) =

@)

S NI

N[ =

(@) [e=R NI
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(A.67a)

o

N|— N

(A.67b)

S N

D=

(A.67¢)

Nl—= N

(A.67d)



Their transposed inverse are:

-1

=T
0
0

=T
2
2

-T
Q(Sl) = 0
1

Q0

o
N—— N——

-1
0
0
2
-2
-T

Q(32) = 2

-1
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101 1
=1 1 1], (A.68a)
11 -
-1 -1 -1 1
2 |, Q=0 2 of,.
-2 0 2 2
(A.68b)
2 2 0 2
1], Quy=|-1 -1 1],
0 2 0 0
(A.68c)
0 0 2 0
0. Q=2 0 o0
-1 1 1 -1
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The charge matrices associated to the superfields that define a given patch read:

o 3 1 -1 0 0
Qoy=|L 0o L. Se=|lo0 -1 0], (A.69a)
;200 0 0 -1

[N

, Quz) =

o S N
1
_
je)

(@} [esR ST
SEI
L S NI
\_/ ;/
o
o
=
|

Qun=1 0 %
0 1 0 0 -1
(A.69c¢)
1 0 0 10 0 1 0 0
Osn=|0 1 0|, Qan=|0 -1 0].Qs=]0 -1 o0
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1
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o v O
D= Dl <]
©
N
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I
1
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) (e
)
= O
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N |—
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©
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