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ABSTRACT

The shear and bending response and finite deflection
behaviour of a clamped beam struck by a mass at any point
on the span are presented in Chapter 3 and Chapter U4 of this
thesis, respectively. The interaction effect of bending moment,
shear force and membrane force corresponding to a cubic shaped
yield surface may be obtained in a simple way by combining
Chapter 3 with Chapter 4 when the effect of membrane forces is
ignored in the shear sliding phases. A theoretical procedure has
been developed in Chapter 5 to predict the threshold external
dynamic energy for the onset of a tensile tearing failure and
shear failure of a clamped beam struck by a mass at any

point of the span.

A total of 260 aluminium alloy and steel beam specimens were
tested with the impact points varied from the midpoint of the
beam to the immediate vieinity of the supports. The experimental

data are reported and discussed in Chapters 2 and 6.

It is found that the theoretical analyses which are
developed in Chapters 3 to 5 give reasonable agreement

with the corresponding test results.
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NOTATION

oo,oo’ static and dynamic yield stresses, respectively
€ uniaxiél strain
€ limit elongation of material (or fracture elongation

of material) defined in Figs. 6

k coefficient for estimating shear failure (0 < k g 1)

H thickness of beam .

B width of beam

2 half span of beam

21,22 lengths of parts of beam defined in Fig. 9a (l1 < 12)

VO initial impact velocity of striker or initial
impulsive velocity

X axial coordinate

W transverse displacement of beam

wo transverse displacement at the impact point or at
the centre of the beam

w1,w2 transverse displacements at right side section and
left side section of beam adjacent to the impact
point, respectively

Wf or Wm maximum permanent deformation

a1,a2 location of the right side and left side travelling
plastic hinges defined in Figs. 10a and 43a,
respectively

m mass per unit length of beam

G mass of striker

MO fully plastic bending moment of cross section

M1,M2 bending moment on right and left sides of beam,

respectively



(")

fully plastic transverse shear force of cross section
transverse shear force on right and left sides of
beam, respectively

shear force at right side section and left side
section adjacent to the impact point defined in

Fig. 10b, respectively

time

time when travelling plastic hinges reach the supports
time when displacement of beam ceases

a() a()

T in Chapters 3 and 4 or B in Appendix I.



>1

01

rotate angular of beam

time when shear sliding ceases

time when shear sliding at right side and left side
of the impact point ceases, respectively

time when right side and left side travelling hinges
reach the right-hand and left-hand supports,
respectively

time when displacement of beam ceases

shear sliding displacements at right side and left
side of the impact point, -respectively

minimum value of shear force on right side of beam

maximum value of shear force on left side of beam

defined by equation (3-443j)

velocity at the middle travelling plastic hinge
defined in Figs. 14a, 15a, etec.

location of the middle travelling plastic hinge
membrane force of beam

fully plastic membrane force of cross section
N

No

me?v 2
MoH
Gvo’z1 GV 22
-Eﬁaﬁ— or SEmG for rectangular cross section

0
N021

o

displacement at the impact point when the right side

traveliing plastic hinge reaches the right-hand support



=

02

or

of

€1r%2
Y Iy I

t''s

Hl

displacement at the impact point when the left

side travelling hinge reaches the left-hand support
displacement at the impact point when the motion

of beam stops

distance from the neutral line to the central line
of beam cross section

plastic tension length on the upper surface or lower
surface of beam

2
tensile strain when W = H and W = —l, respectively

2
increased length due to bending moment and membrane
force with time AT, respectively
threshold'external dynamic energy for the onset of
tensile tearing failure and shear failure,
respectively

load

force between the tup and beam

initial drop height



CHAPTER 1

INTRODUCTION

The rigid-plastic method of analysis has been used widely to
examine the dynamic plastic response of beams, plates, shells and
other structures subject to short duration, high intensity
loading [1-5], which arise in the fields of structural
crashworthiness, energy absorbing systems and the safety of
nuclear and chemical plant, etc. Lee and Symonds [6] first
introduced this method for the analysis of beams under transverse
impact. The techniques of analysis have also been incorporated
successfully into many design procedures and design codes [T].
Ignoring material elasticity leads to significant simplifications
for many problems and appears reasonable, provided the external
dynamic energy is at least 3 times larger than the maximum amount
of strain energy which can be absorbed by a structure in a wholly

elastic manner [8].

Parkes examined the dynamic response of a cantilever beam
struck by a mass at its tip [9] and a clamped beam struck
at any point on the span [10]. If the striker mass is large
compared with the beam mass, the moving hinge phases are very
short and most of the external energy is absorbed by plastic
deformation during the final phase of motion in which the beam
rotates about the supports. Reference [9] also found that the
permanent deformation is larger when the gravitational effects
are considered. Reference [10] ignored some cases in which the

bending moments near the impact point may be larger than the



plastic 1limit moment. These cases are considered in Chapters 3
and 4 of this thesis. The dynamic response of a beam struck by a

mass were also discussed in references [11-15].

There are many other investigations into the dynamic plastic
response of beams with different loads and different support
conditions [1-5]. Two approaches can be used to analyse the
dynamic response of beam; one uses linear and angular momentum
equations and the other employs the equilibrium equations of a
beam element. In most cases, velocities and permanent
deformations are more easily obtained from the first approach,
but the static admissibility conditions can be more easily
checked from the second approach since velocities and permanent
deformations are obtained from consideration of the shear force

and bending moment expressions.

Many papers have been published on the dynamic plastic
response of circular plates and annular plates [1-5], but few
investigations have been»conducted on square and rectangular
plates [16-20]. Conroy [21] discussed the dynamic response of a
simply supported circular plate subjected to a dynamic circular
loading in the central region and obtained permanent deformations
of plate when the radial bending moment Mr is not negative in the
plate. In other words, the external loading P is less than some
certain value P2. Her work can be extended for loads with P>P2
but a numerical method is required to solve the differential

equations. Some researchers also have examined plates struck by

a mass [20,22,23].



The dynamic response of shells {1-5], beam grillages [24,25]
and various energy absorbing devices [5,26] have also been

studied.

Although ignoring material elasticity is a significant
simplification, analytical solutions for many problems of dynamic
response are still very difficult due to the complexity of this
class of problems. Some numerical procedures [1-5] and some

approximate methods [1-5] have been developed.

Transverse shear forces according to classical (bending only)
theories are initially infinite at the boundaries of loaded zones
in rigid-plastic beams, plates and shells subjected to an
impulsive load [13,27,28] or struck by a mass [9-15].
However, by way of contrast, the transverse shear forces for a
statically loaded structure are finite because they must be in
equilibrium with the total external transverse load. This
situation is responsible for the observation that transverse
shear forces exercise a more important influence on the response
of dynamically loaded rigid-plastic structures than on the
static-plastic behaviour. Indeed beams, for example, may fail
due to excessive transverse shear forces at the supports when

the
subjected to impulsive velocities [29] or aéVTEBact point when
struck by a mass [30]. Transverse shear effects play an
important role in a structure which responds with higher modal
deformation forms [31] and dominate the behaviour of ideal fibre-

reinforced beams [32,33] and plates [34].

The transverse shear effects of beams struck by a



mass were examined by Symonds [13], Jones and Oliveira
T14] and Oliveira [15], etc. Nonaka [12] analysed some
interaction effects in a rigid-plastic beam which carried a
concentrated mass at the centre subjected to an impulsive load.
His results can be directly used for a clamped beam with a
uniform cross-section struck by a mass if the
concentrated mass m, and impulse I are replaced by the
mass and its impulse at the instant when it contacts the beam,
respectively. It is doubtful whether the static admissibility
conditions of shear force were correctly checked for the second
and third phases of motion, since inertial forces and transverse

shear forces shown in Fig. 6-8 of reference [12] for second and

third phases of motion are not correct [55].

Plastic yield criteria of beams relating the generalized
stresses M and Q werg examined by several authors [35] with local
or non-local theories. It is shown in Reference [35] that a
number of local and non-local theories give similar curves in
M/MO-Q/QO plane for beams with rectangular cross-sections, but
there is a large difference between the local and non-local
theories for beams with I shaped cross-sections. The non-local
interaction curves for I-beams are non-convex if the maximum
shear force Qo is based on the total cross-sectional area.
Oliveira and Jones [35] suggested that one may select whichever
M/MO-Q/Qo curve for beams with rectangular cross-section is the
most convenient and a suitable compromise from an engineering

viewpoint between local and non-local theories might be achieved

for I-beams when using a local thecry with a maximum transverse



shear force based only on the web area.

Recently, Jones further developed bound methods with
transverse shear effects in the dynamic plastic behaviour of
structures [36]. He shows that the simple bound theorems provide
excellent estimates of the response durations and permanent
displacements of impulsively loaded beams, circular plates and
cylindrical shells when transverse shear effects are important
and also provide exact agreement with the behaviour of all the

dynamic ideal fibre-reinforced structures examined.

Jones and Oliveira examined the influence of rotatory
inertia of dynamical loading beams [14,15], circular plates [37]
and cylindrical shells [28]. Their results show that the
influence of rotatory inertia 1is less important than some other
influences and can be neglected from an engineering viewpoint for

most practical cases;

Bending only solutions or shear and bending solutions give
good agreement with some experimental results [9-12], provided
the maximum permanent deformation is small compared with the
thickness or there is no axial restraiﬁt on the supports. As
previously stated, ignoring material elasticity is reasonable
when the external dynamic energy is very large compared with the
energy that could be stored elastiqally in the structure. On the
other hand, large external energy will cause large deformation
then the influence of finite deflections, or geometry changes,
can introduce in-plane or membrane forces which might exercise an

important influence on the structural behaviour. This phenomenon



is particularly important for axially restrained beams and
cylindrical shells and for circular and rectangular plates

subjected to transverse dynamic loads [7].

Symonds and Ment€l [38] examined finite deformations of
simply supported and clamped beams subjected to an impulsive
loading. They assumed that the normal force N on a cross-section
is a constant along the beam, provided the deformation is small
compared to the half span of a beam., This assumption is also
used in some other examinations of finite deformation effects
[12,39,40]. References [17,38] show that membrane forces play a
dominant role when maximum permanent deformations are larger than
the corresponding thickness of clamped beams and plates or larger
than half thickness of simply supported beams and plates at least
for beams governed by the parabolic interaction yield curve
('exact' yield curve) shown in Fig. 1 of reference [40].
Solutions relating toAapproximative square yield curves, shown in
Fig. 1 of reference [40], do bound the 'exact' solutions

[17,39,40] and also give good agreements with experimental

results [17,40].

Nonaka [12] developed a one degree-of-freedom theoretical
solution for beams struck by a mass, in which the first
phase of motion with travelling hinges is ignored unless the

| mass is small. The one degree-of-freedom theoretical
method leads to some simplifications and enabled him to more
easily analyse the influence of both finite deflection and strain
rate sensiti&iﬁy. Some approximat theoretical procedures have

been developed to estimate the dynamic plastic behaviour of



arbitrary shaped plates (including beams as a special case) [17]
and shells [41] undergo finite displacements and have provided
reasonable estimates of the available experimental results.
Oliveira [20] has examined the influence of finite deflections of
beams.and rectangular plates struck by a falling mass at the
centre using a mode approximation technique and an energy
approach. A large difference might occur between these two
methods when the mass of a falling body is much larger than the

mass of the whole beam.

Another importaht complicating factor on the dynamic
behaviour of structures is the dependence of yield stress on
strain rate. Hot rolled mild steel, for example, is notoriously

strain rate sensitive since the yield stress is double the

1

corresponding 'static' yield stress at a strain rate of 40 s~ R

approximately [42]. On the other hand, aluminium 6061T6 is
essentially strain rate insensitive at usual strain rates
encountered in practice [42]. Therefore, the correction for the
dependence of yield stress on strain rate should be made in the

rigid-plastic theory for those strain rate sensitive materials.

Parkes [9,10] and Ezra [11] have catered for the influence
of strain rate in their examinations on cantilever, clamped and
simply supported beams struck by a mass. The 'dynamic'
yield moment with the influence of atrain rate sensitivity is
obtained by multiplying the corresponding 'static' yield moment
with a constant dynamic factor based on a mean rate of strain

[10] at the outer fibre during the entire response. This



procedure is not strictly correct since the strain rate may vary
through the depth of a beam [40] and even the strain rate at the
outer fibre would change with time. Nevertheless, Symonds [42]
demonstrated that a mode approximation with stationary plastic
hinges of finite width could be used to develop an accurate
theoretical.procedure for viscoplastic cantilever beams and
indeed Parkes [9,10] and Ezra [11] obtained good agreement
between their theories and experimental work. Nonaka [12]
assumed that plastic strains occur uniformly in triangular
régions‘in the middle and at the supports for his one degree~of-

freedom model of a beam. The Cowper-Symonds empirical expression

€, /P
3 (1)

is employed for considering the influence of strain rate
sensitivity, where oo' and °o are 'dynamic' and 'static' yield
stresses, & is the uniaxial strain rate and D and P are material
constants. Equation (1) is also used in many other papers
[26,39,40,42,43]. Many simplifications have been developed over
the years [1-5] since material strain rate effects are a Higﬁly

non-linear phenomenon which make theoretical analyses difficult.

The influence of material strain hardening has also been
examined [1-5]. It appears that material strain hardening is not
important for moderate strains or permanent transverse

deflections of beams unless a material hardens significantly [7].

Symonds [42] and Perrone [43] suggested that a product-type

mathematical representation could be used to describe a strain



hardening rate-sensitive material; thus

= £(e)gle) (2)

olo®

where f(&) and g(e) are strain-rate sensitive and strain

hardening relations, respectively.

Menkes and Opat [44] conducted an experimental investigation
into dynamic plastic response and failure of fully clamped
aluminium beams subjected to uniformly distributed velocities
over the entire span. On the basis of these experimental tests,
Menkes and Opat classified the three failure modes for fully

clamped beams with rectangular cross-section as

Mode 1: large inelastic deformation of the entire beam;

Mode 2: tearing (tensile failure) of the beam at the
supports;

Mode 3: transverse shear failure of the beam material at

the supports.

It appears likely that similar types of failure modes exist for
other kinds of structures and for beams with different loadings,

but the failure locations may be different.

As previously stated, large inelastic deformation as a
feaxuxe of dynamic behaviour has been widely discussed for a
variety of structures subjected to different dynamic loads.
Hdwever, most theoretical methods and most numerical schemes for
the dynémic behaviour of structures use a material with an

unlimited ductility., Clearly, this is a severe idealisation for
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real materials [U44]. Few papers [29] have been published on the
dynamic behavigur of structuresmade from a material with a
limited elongation. The reason may be that it is difficult to
correctly estimate the maximum strain in structures. Jones [29]
used his former work [17] with Nonaka's assumption [12], in which
pPlastic strains occur in triangular regions in the middle and at
the supports, to estimate the threshold velocity fo?gg%éet of
mode 2 behaviour of clamped beams subjected to uniformly
distributed loading. He obtained reasonable
agreement between his theoretical predictions and Menkes and

Opat's experimental tests.

Instead of an 'exact' amount of shear sliding which cause
shear failure in structures, a vague criterion Ws = kH, where ws
. He
isvmagnitude of shear sliding, H is thickness of beam and plate
and 0 < k £ 1, is usually given [15,28,37,45] because of paucity
of both theoretical and experimental work. It appears nobody has

the
examined the value ofvisgfficient k for a particular problem.
Nevertheless, Jones [29] did obtain a reasonable prediction on

shear failure with k=1 compared to Menkes and Opat's experimental

tests [44].

It shows that Mode 3 failures can occur at lower velocities
than Mode 2 failures when ratio 2ﬂ/H is rather small [29]. It
also appears that tﬁis phenomenon may occur with higher vuptuwe‘

shraing - materials. Indeed, equations (15) and (24) in
| reference [29] predict that Mode 3 failure precede Mode 2

failures provided the 1limit elongation



1"

1, ,/H
- 3)(3). (3)

NT-

It is clear that Mode 2 failures cannot occur if Mode 3 failures
precede Mode 2 failures since transverse shear forces are
dominant in the early stages of motion when the displacement of a

structure remains small (small strain) [45].

It should be noted from Menkes and Opat's experimental tests
{447 that some of the beams exhibited failures which involved
both the tearing and shearing modes when subjected to the
impulsive velocities which lay between the smallest velocities
required for the Mode 2 and Mode 3 failures [29]. The mixed
failure of tearing and shearing also might occur before the pure
tearing failure (Mode 2) and the pure shear failure (Mode 3) for
some dynamic problems since the reduced cross-sectional area

after shear sliding would have a reduced bending moment carrying

capacity.

A lot of experimental work has been done with the
development of theoretical analysis on dynamic behaviour of
structures [1-5]. Duwez, Clark and Bohnenblust [46] performed

some experimental tests on simply supported long beams deformed due to an

impact léad at the centre. Parkes [10] reported some
experimental test results on clamped beams without axial
restraints struck transversely by a 'heavy' (4 1b.) or a 'light’
(0.005 1b.) mass at 3 different points. Nonaka [12] conducted
Some tests on beams with and without axial constraints (fully
clamped and clamped) subjected to an impulsive load on the centre

concentrated mass., Most of these tests on beams yielding large
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plastic strain, but no broken specimens were reported in these
papers [46,10,12]. Parkes [9] and Bodner and Symonds [8]
conducted some experimental tests on cantilever beams struck by a
falling mass at the tip. Some researchers who were interested in
deformations and perforation velocities of plates struck by a
mass in the middle have performed experimental tests [47]. Beams
and plates subjected to impulsive loading are also an important
topic and many experimental tests have been done over the past
years [8,40,44,48-52]. Most experimental tests give good
agreement with corresponding available theoretical analyses [8-
12,48-52, eté.], therefore, some theoretical analyses are further

confirmed by experimental tests.

Jones [53] examined the scaling of geometrically similar
structures subjected to large dynamic loads which cause an
inelastic material response. It appears that the wholly ductile
dynamic response (without fracture) of small-scale models and
full-scale prototypes might conform to the principle of
eleméntary geometrical scaling. However, the well known size
effect associated with material strain rate sensitivity should be
taken into account and might be exacerbated in structures with
load-deflection relationships which decrease after an initial
peak value. It shows from experimental tests [54] that
geometrical scaling 1s not satisfied when tearing, cutting or

ductile-brittle transitions occur during a structure response.

In this thesis, the main attention is focussed on the

dynamic response of clamped beams struck by a mass at any
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point of the beam span. This is an important practical problem
which arises in a number of industries including nuclear,
offshore and naval architecture. This subject might be
particularly useful for ship collision since the longitudinal

members of ships can sometimes be idealised as beams.

The theoretical wofk of Parkes [10], Symonds [13], Nonaka
£12] and Oliveira [15] has been further developed and extended to
shear and bending response and finite deflection of clamped beam
struck by a mass at any point of its span. Furthermore,
the phenomenon of beam failures is discussed. A series of
experimental tests (total over 250 specimens) has been conducted
with external dynamic energies which cause not only large

inelastic response but also fracture of the beam specimens.



CHAPTER 2

EXPERIMENTAL DETAILS

2.1 Introduction

.A wide range of experimental facilities are available for
dynamic testing in the Department of Mechanical Engineering at
Liverpool University [56]. The drop hammer rig can achieve
impact velocities up to 12 ms-1. The tup mass can be varied
between 5 kg and 210 kg and electronic instruments are available

to record the test results which can be processed usghg various

microcomputer facilities.

The experimental tests on clamped beams which were struck by
a falling mass, which are reported in this thesis, were conducted
on the above drop hammer rig. A total of 260 specimens of

aluminium alloy and steel was tested.

2.2 General Arrangement and Equipment

The experimental arrangement is shown in Fig. 1. The drop
hammer has a variable drop height up to a maximum value of 9 m.
The tup impact face area is 130 mm x 150 mm with a typical

the
maximum specimen height of 300 mm. The width betweeh“f;;
vertical guides is 130 mm. There are ten levels of height
designed in this rig. The tup can also be stopped at any
intermediate height by pushing the stop button switch and the

corresponding height can be read from a ruler which is attached



The experimental arrangement.

FIG.



FIG. 2 The specimen holder. 1) steel cover plates, 2) beam

specimen, 3) steel stocks, and 4) thick steel plates.

FIG. 3 The tup. 1) steel sheets, 2) wood stock, 3) tup

head connector, and 4) tup heads.
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to the rig. A remote control for the motion of the tup is
available. A specimen was held in a specimen holder, shown in
Fig. 2, which was designed to obtain the desired clamped boundary
conditions. The specimen holder consists of three parts; two
éovers, two steel blocks and one thick steel plate. There are
four holes in each cover and each steel block. Four bolts hold

the specimen. In order to prevent sliding between specimen and

the holder, the covers and steel blocks were serrated. The connection
between the thick steel plate and the steel blocks are made through four

elongated holes in the plate and two tapped holes in each block.
The elongated holes in the plate allow the span between two
blocks to be varied. The specimen holder was placed on the
platform of the base of the rig and was tightened by bolts to
prevent it from moving during the test. The tup shown in Fig. 3
consists of two pieces of steel sheet, a wood block, a tup head
connector and tup head. The steel sheet provides a guide for the
tup. The tup head connector enables the tup head to be changed.
Two tup heads were designed to satisfy the experimental
requirement that a tup can strike at any point of the beam. The
width of impact area is 5.08 mm shown in Fig. 3. The total

weight of the tup is 5 kg $or both designs.

2.3 Specimen and Material Properties

The two kinds of specimens shown in Fig. 4 were designed in
order to assess the effectiveness bf clamping. The large end
specimeﬁ shown in Fig. l4a models an ideally clamped beam since
the deformation at the supports would be negligible in comparison

with that in the beam sections. However, the flat end specimen
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Static tension test specimens. (a) standard 0.25 in-

round specimen; (b) standard 0.25 in-wide plate

specimen.
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Type ' Yield
of Thickness| Specimen |Original Stress UTS Elongation
Beam | Material (in) Number Material N/mn? N/mo? | Em (%)
0.15 AT1-T7
181 and| 321 and
0.2 ATI1=-12 Thick 183; 315;
Aluminium Aluminium | average | average | Approximate
Alloy 0.25 ATIITI1-6 |Plate 182 318 19%
Large 0.3 AIV1-6
End -
Beams 0.15 SI1-6
321 and | 504 and
0.2 SITt1=-12 Thick 327; 498;
Steel Steel average | average | Approximate
0.25 SIII1-6 Plate 324 501 31%
0.3 SIV1-6
0.15 ARI1-25 348 and | 466 and
361; 485;
0.2 A2I11-25 |Aluminium | average | average
Aluminium Bar 1 354.5 475.5 Approximate
Alloy 0.25 ARIII1=25 19%
average laverage
Flat 0.3 A2IV1-25 |Aluminium | from 4 | from Approximate
End Bar 2 tests tests 15%
Beams 12 553
0.15 STI1-25 335 and | 461 and
Steel 339; 468; Approximate
0.2 STII1-25 |Bar 1 average | average | 39%
Steel 337 464.5
0.25 STIII1-25 229,301 | 444,447
Steel 303 and | 443.5 Approximate
0.3 STIV1-25 |Bar 2 304; and 441;]40%
average | average
302 hyy
Table 1.

The specimen details and some mechanical properties of materials.
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is more easily machined and saves machining time. A total of 60
large end specimens and 200 flat end specimens of aluminium alloy

and steel were tested.

The beam width was chosen as B=0.4 in (10.16 mm). The span
of beam is 4 in (101.6 mm) (the total length of specimen is 8 in
(203.2 mm)). The thickness of beam was varied from 0.15 in (3.8{
‘mm) to 0.3 in (7.62 mm). The dimensions and other details of the

specimens were shown in Table 1.

The large end specimen was made from one aluminium alioy
thick plate BS1470~HS15 and one steel thick plate BS4360-~434,
while the flat end specimen was made from similar materials but
frdm.different bar materials. At least two static tensile tests
were conducted for each piece of material in order to obtain the
mechanical properties. The static tensile tests were carried out
on the Dartec testing machine, which is installed in the
Department of Mechanical Engineering at Liverpool University, at
average strain rates of approximateLg 5 x 10'4 s-1. The tensile
test specimens are standard 0.25-in-round specimen made from
thick plates and bars with original thickness of 0.5 in and
standard 0.25-in-wide plate specimen made from bars with original
thickness of 0.3 in. The static tensile test specimens are shoﬁn
in Fig. 5. The typical stress-strain curves for aluminium alloy
and steel are shown in Fig. 6. Some of the test data are given

in Table 1. Tt shows that the test results are different with

different bars. A distinct yield flow region appeared in the
Stress-strain curves of the steel, while aluminium alloy strain

hardens., The yield stresses are obtained from the average values
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of stress in the yield flow region of the stress-strain curves
for steel, while for aluminium alloy the yield stresses are

obtained from stress-strain curves using offset method with 0.2%

strain.

Six large end specimens and six flat end specimens of
aluminium alloy and steei were statically loaded in the Dartec
testing machine until failure. The load was applied at different
points of the beam and the locations from the right-hand support
are 21 = 0,5 in, 1.0 in and 2 in. The load-deflection curves are
shown in Figs. 7 and 8. These show that when a beam broke at the
support a clear unloading region appears in the load-deflection
curves, while for a beam which breaks at the loading point the
load continuously increased with the increase of the deflection
of the beam until the beam failed and suddenly dropped to zero.

It appears that tensile tearing governed the failures of the
aluminium alloy beams and the large end steel beams except for

the case when the load was applied at the centre of the beam or

21 = 2 in, while for flat end steel beams and the large end steel
beam with 21 = 2 in, the failure was governed by shear*. Strain
gauges were used on the flat end beams at some special points,

€.8. at supports and the loading point. However, only limited dala
were recorded at each support and loading point since the strains
at these points increased sharply and exceeded the allowable
Strain for the strain gauges when the maximum deformation of beam

was small in comparison with that corresponding to beam failure.

M
* The failure of these beams is further discussed in Chapter 7.
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2.4 Loading

The impact loads were applied on beams by the tup, or the
striker, The large end beams with thickness of H = 0.15 in, 0.25
in, and 0.3 in were struck at the centre, while the beam with H =
0.2 in were impacted at both 21 = 2 in (the centre of beam) and
£1= 0.5 in. The flat end beams with H = 0.15 in, 0.2 in, 0.25 in
and 0.3 in were struék at 21 =2 in, 1.5 in, 1 in, 0.5 in and
0.25 in. 21 = 2 in means that the impact point is at the centre
of beam, while the impact point 21 = 0.25 in is very close to the
sﬁpport. The tests with the same specimen materials, same impact
point and same thickness of beam were classified as a type of
test. There were 50 types of test and at least four specimens of
each type were tested with different impact velocities. A
failure (cracked or broken beam) was sought for each type of test
in order to examine the phenomenon of beam failures so that the

range of external kinetic energy is from very low value (a small

plastic deformation of beam) to a very high value (a cracked or

broken beam was obtained).

2.5 Data Recording Instruments*

A considerable amount of experimental data, e.g. the
velocity-time history at the impact point, motion of beam and

Strain-time relations at some particular points, were recorded

‘during the tests.

S ——————

* More details of these instruments are given in reference [56].
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The velocity of the tup or the velocity at impact point of
beam (it is assumed that the tup is in contact with beam) was
measured using a laser doppler velocimeter. Transient signals
were stored using DL1080. transient recorders. The DL1080
transient signals recorder is a digital instrument designed to
capture single shot; low repetition and other analogue signals.
After capture the signals are presented for continuous display on
a CRO, analogue readout to an XY plotter, digital storage on an
internal casgette recorder or diéital output to an external
peripheral processor. There are two independent signal iﬁputs in
the DL1080 transient recorder so that it is possible to sample
both inputs simultaneously. The test data were recorded on mini-
cassettes. On playback to DL1080 transient recorder's memory

this data can be re-examined.

A Hadland high speed camera was used to take some films

during tests. Different speeds with I or half frame exposures

were used. These films clearly show the motion of the beam and

the tup during the entire response.

Several specimens with strain gauges at some particular

points were tested. The strain gauge signals were amplified

using 1 MHz Tektronic differential amplifiers. The amplified
strain gauge signals were again stored in DL1080 transient

recorders and were recorded on mini-castcite: with digital

storage.
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2.6 Data Processing, Analysis and Measurement of Deformation of

Beam

Transient data from recorders can be processed on a BBC
microcomputer. A series of software for signal processing is now
available in the Department of Mechanical Engineering [56]. A
'Readit' programme transfers the data from the DL1080 transient
recorder to the microcomputer's memory, and a 'Try8' programme is
used to process this data. After filtering of frequency, the
displacement of the beam at the impact point is obtained by
integrating the velocity signal which was recorded during the
test, and the acceleration or load is obtained by differentiating
the velocity signal. The filtered velocity signal, displacement
of beam at the impact point and load curves can be obtained by a
printer or an XY plotter. The 'Readit', 'Try8' and some other
programmes were written by Birch [56].

The strain gauge signals

were processed with some similar software.

the
The films taken witﬁvﬁ;aland high speed camera can be
analysed on a Vanguard motion analyser. The deformation profiles
can be measured in this analyser and the data can be directly

Printed on a printer or transferred into a BBC microcomputer.

Most of the permanent deformation profiles were measured

after the test by a travelling microscope. This microscope can

travel in both x and y directions and measures the profile with

an accuracy of 0,01 mm.
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CHAPTER 3

SHEAR AND BENDING RESPONSE OF A RIGID-PLASTIC CLAMPED BEAM STRUCK

BY A MASS AT ANY POINT OF ITS SPAN

3.1 Introduction

The dynamic response of a rigid-plastic clamped beam due to
an impact loading has been examined by several authors [10,13-15].
The extension of this work to examine the shear and bending
response of a clamped beam struck by a mass at any point

of its span, shown in Fig. 9a, is presented in this Chapter.

The beam, which is of length 21 + 22 = 22 and mass m per
unit length, is struck at a point 21 from the right-hand support
by a mass G shown in Fig. 9a. After impact the striker G is
Supposed to remain in contact with the beam. Therefore, the
striker and the struck point of beam have the same velocity
throughout the entire response and the initial velocity is Vo at

the instant of first contact. The square yield curve relating to

shear forces and bending moments shown in Fig. 9c, which is used

in references [13-15], is employed herein. Without loss of

generality 21 can be taken as less than 22.

A general velocity profile shown in Fig. 10a 1s assumed and |
is suitable for most cases discussed in Section 3.3. The
corresponding equations of motion and the shear force and bending moment
distributions are given in Section 3.2. The basic equations for

the cases ignored by Parkes [10], in which a travelling bending
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plastic hinge develops at z = zy Or 2 = -Z, instead of a
stationary hinge at z = 0, are given in Section 3.3. Some
continuity and discontinuity conditions of motion at plastic
bending and shear hinges are also displayed in Section 3.2.
Theoretical analysis and the method of solution are given in
Sections 3.3 and 3.4, respectively, while discussion is given in

Section 3.5. A detailed examination of the static admissibility

of the solution is given in Appendix I.

3.2 Basic Equations

If a beam struck by a mass G yields a stationary
bending hinge at the impact point x=0 with two travelling bending
hinges at x=a, and X=~a, which move towards the supports, and two
parts of beam between the stationary hinge and travelling hinges
rotating as rigid bodies about the travelling hinges while the
rest of beam beyond the travelling hinges is undeformed, the

velocity profile shown in Fig. 10a can be written as

W1+ =) ~ay < x <0
2
W £ (3-1)
(x) © LR gi) ot < x < a;
1
, 0 aT <xg 2,

where w; and Wé are the velocities on the right and the left side

adjacent to the impact point, respectively, i.e. W' = W! at x =

2
y () = 80) and T is time.

0" and W' = W =0*
1 at x=0 3T



The linear and angular momentum equations for o* < x<€ a;
and -a; £ x € 0 are R
-
l m 2 n ﬂ/' ' ' - - -
3 m a, w1 +’3“2 W1 a,'a, = 2M0 Qma1
1 . n(ﬁN*\
—-—m g g 1) - o
> m (w1 a, + w1 a, ) = 010
L atw + AW rata, = <2M. + Q..a
3 2 "2 6 2 "2 %2 0 20%2
l m(W."a_. + W_'a_.') =Q
2 2 2 2 2 20
since the shear force is equal to zero

Timoshenko beam if rotatory inertia is

concentrated forces act on the plastic

on are defined in Fig. 10b.

(3-

(3-
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1

2a)

2b)

(3-2¢)

(3-

in a plastic hinge in

2d)

neglected and no external

hinge and where Q10 and

The transverse equilibrium condition at the impact point

gives

- - - "
Qg + Qg = -CW,

where W6 is the velocity at the impact point x

(3-2e)

0.

According to transverse equilibrium condition and moment

equilibrium condition with M = =M

0 at the supports of the beam,

the shear force and bending moment distributions shown in Fig.

10¢ can

Qz(x)

Mz(x) =

Qa(x)

MZ(X)

Q1(x)
M1(x) H

Q1(X) H]

M, (x)

be expressed as

0

-M

0

Qo + % [W," o+ Wi(x)1x

1

My + QX + 3 m w2"x= + %-E‘W"(x)x?

<

0

+

1

2

m [w1" + Wr(x)]x

My + Q% + % B W, . % B WY (x)x2

0

-M

0

for

for

for

for

-22 € X<&£ -2

-a, £ x<0

0 x< aT

a1 £ X <& 21

(3-3a,b)

(3'3c:d)

(3-3e,f)

(3-3g,h)



24

Since the shear forces and bending moments are continuous in whole

beam [13,14] and where subscripts 1 and 2 indicate shear forces

and bending moments on the right side and left side of impact

point, respectively.

e
~
N
~

and
qa(z)
mz(z)

9,(2z)
m,(z)
q,(z)
m,(z)

q1(z)

m1(z)

Equations (3-1), (3-2), (3-3) and (3-4) can be rewritten to

| -
0 —;SZS-ZZ
- Z + -
w2(1 + E—) ~z2, €20
2
W, (1 --2) 0" <zgz"
1 1 1
+
LO z, £ 2
% . l.ﬁ . . 12u(1 + q1ov1z1)
2y My rz N % gz,
z, w1 + w1z1 z - 8uv1q10/g
- 1 =
z, W2 + 5 w222 = =12u(l - q20v1zz)/gz2
z, W, + Wy, = 8uv1q20/g

“d10 * Ay = -Wy/huv,

0
for
-1
By + xo [ﬁ + ﬁ(z)]z
20 7 Buv 2
1 for
1 , B 2, 1 8% 2
+ 2q20v1z g ory wzz + T3 W(z)z
g o "
q10 + m [W.‘ + Q(Z)]Z
1 for
1+2 2 .18,
+2q,4v,2 + é% W2+ R fH(z)z
0
for
-1

(3-4)

(3-5a)

(3-5b)

(3=5¢)

(3-5d)

(3-5e)

Si=

-—K 2 g -z2

-z, €20

(3‘6a1b)

(3-6c,d)

(3-be,f)

(3-6g,h)
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where
a a Q.2 Gv .2
X 1 2 01 0
Z = Z, = —— Z, == VU, T s Uz ——— W=W2L,,
21 1 21 2 21 1 ZMO 2M0 1
-2 2 M (3"73."2)
Bsgh atgn reghmegs O s gt and s o
0 2 0 01

At a bending plastic hinge z = z*, the deformation and
velocity must be continuous, the acceleration may be

discontinuous but it must satisfy [6]

[#) = 2%[8] (3-8a)

zzz* zzz*

where [X] means the difference in X on either side of an
interface travelling with a velocity 2%, 6 1s angular velocity at
z=z* and it is positive according to clockwise rotation. At a
shear hinge Z=z, the velocity may be discontinuous to accommodate
any transverse shear sliding, but the geometrical condition

oW =0 (3-8b)
[3;] 223

must be satisfied and the shear forces and bending moments are

continuous at both bending hinges and shear hinges [13,14].

3.3 Theoretical Analysis

The general procedure for generating a theoretical solution
for the dynamic response of beams is that a kinematically
admissible velocity field which describes the motion of a beam is
first postulated. The solution usually can then be obtained from
the equilibrium equations or the linear and angular momentum
equations with the initial and boundary conditions. Finally the

static admissibility conditions have to be checked to examine if any
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yield violations have occurred during entire response. If both
kinematic and static admissibility conditions are satisfied, then

the solution obtained is 'exact'.

It is evident from references [13-15] that the velocity

Q.2
profile of beam may change with the magnitude of vy o= ?%Tl
Qol <E§h, 0
or v, = =y whenvfinite shear strength of materials is
0
considered.

3.3.1 Case I, v, 2 v, > 3

A) Phase 1, shear sliding 0 £ t < ts

After impact,shear sliding appears at both sides of the
impact point (z=0" and z=0") where the shear forces Q40 = =9pq =
-1 and a stationary plastic hinge is formed at z=0 while two
stationary plastic hinges appear at z=z, and z=-2,. The velocity
profile shown in Fig. 11a is the same as equation (3-4).

Equations (3-4) and (3-5) with q,, = =q,, = =1 and 21=ﬁ2=0 give

12u (1 - vjz1)

N

N
=l
[1]

1 1 - g ; (3"'9&)

z1W1 = BUVI/S (3-9b)

. zﬁ . 12u (1 - v122) (3-50)

2 "2 ° g 3-9c

zzwz = 8uv1/g (3=-9d)

and WO = -Buv, ' (3-9e)



FIG. 11 First phase of motion

for v, 2 v, > 3 (case I).
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FIG. 12 Second phase of motion

for case I.

FIG. 13 Third phase of motion
for case I.
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Integrating equations (3-9) with respect to time t, we

obtain
2
u
_3 § .8 P
z, = v, ) w1 =33 t, Wy = 2u - 8uv1t
. v1’u (3-10a-e)

= _ 4 2 = _ 2

w1 =3 % te, Wy = 2ut 4uv1t
and zz=z1, w2=w1 and w2=w1 since the initial conditions w1=w2=o,
W1=W2=0, w0=2u and wo=o at t=0.

At £zt =3 g (3-11a)
s - F v12v1+3g)

W1 = Wz = WO’ the shear sliding stops and the deformations in

this phase are

a 3 uglv,y + % g _ . 3 ug

olts) = 2T, w3 ¢ Milts) = Wlt) = T g (31ee)

and @, =W. =W (t)-W(t) =2 ug (3=11d)
18 2s 0'"s 1" "s T \:1(\:1 + 38)

where Wls and WZS are the maximum shear sliding on the right and

left side of the impact point, respectively.
In this phase, equations (3-6) give*

-1 < q,(z) €0, 0¢g a,(z) <1, -1 < m(z) €1 and-1< m,(z) < 1.

1

B) Phase 2, t < t g ty

It is suggested from the end of phase 1 that WO = W1 = Wz and

2, = z, but z, and z, are no longer constants in this phase and

they are a function of the time t. The velocity profile in this

phase is shown in Fig. 12.

e ————

* The examination of static admissibility conditions in this
Chapter is given in Appendix I.
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Equations (3-4) and (3-5) with Z, = 2,5, Q9 =0y and
ﬁo =W, =W, give
18 (g2 = -
5 o (w1z1 )t = 2 (3-12a)
and (1 +gz,) W1 = 2u (3=12b)
- 3 B -
since z, = v, and W, = 2uv1/(v1+3g) at t=t_.
Equations (3-12) can be rewritten to
" P
W1 _ w1/W12 - 2Uug = 0 (3-13a)
and % gz1z/(1 + z1g) = 2t (3-13b)
When z, = 1, equations (3~13b) and (3-12b) give
.18
t, =53 /(1 + g) (3-14a)
W1(t1) = 2u/(1+g) (3-14b)
Integrating (3-13a) after multiplying W1, we obtain
W2 - In(d,) - 2bug A, = A (3-14¢)

where A

1 =2 hd -
3 w1 (ts) - Uuzln[w1(ts)] - 24ug W1(ts)

2u’(v1 - 38)/(v, + 3g) - 4u*1n[2uv, /(v, + 3g)] (3-14d)

Substituting (3-14b) into (3-14c), we obtain

v,+3g
7 N - 1
1 2'%1’ * 72g {W = (v;-3g)/ (v +3g) - Zl“tm]}

(3-15)
Equations (3-6) give

(1 + gz,)3
q = ! < 3
2max " vi2Z, (2gz1+1)(gz1+27 2v,z,

< 1 (3-16a)
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and Ymin = “Yomax > -1 (3-16b)

since z, > v, > 3, or =1 < qQ, 0, 0g£4g,<1and -1¢g m, €1,

2
-1 < m2 <€ 1.

C) Phase 3, t. <t < t,

The right side travelling plastic hinge arrives at the right-

hand support at t:t1 and will remain there in this phase. So, in

this phase z =1, %,=0 and WO=W1=W2. The velocity profile is shown

in Fig. 13a.

Equation (3-5b) is not valid in this phase since the reactive

force on the right-hand support acts on the hinge at z=z1=1.

Fortunately, we know z1=1, 21=O and we can obtain our solution

from the rest of equations (3-5).

Equations (3-4), (3-5a) and (3-5c-e) with zg1, i1=0 and

WO=W1 :W give

2
18 (fiz2) - -
30 (W42, )t =2 (3-17a)
and 18 = e 1 = g =
Ty (2W) = - Wy -2 (3-17b)

Integrating equations (3-17), we obtain
£ {22 = 2(te -
55 W,Iz2 = 2(t t1) + B (3-18a)

5 ; ,'1" :. ; -
Ty ZoMy + 5 W+ 3% W= -2(t-t,) + C (3-18b)
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= & 2 - .8 1 8w
where B = e W1(t1) z, (t1) and C = [EE z2(t1) + oot 6uJw1(t1)

(3-18¢,d)
Equations (3-18) give

12u(B+C)
+ 3gz2 + 6 + 2g

=i

(3-19)

<

1 8z,
Equations (3-19) and (3-17a) give

2 2
2(522 + 3322 + 6 + 2g)

iZ ) gz, (3322 + 12 + 4g)(B+C) (3-20)

Combining equation (3-20) and equation (3-19) gives

6W1 bugz,(3gz, + 12 + 4g)(B+C)?

8z, = " (gz, + 38z, + 6 + 28)° (3-21)
- a-1
since w1 = 22.
2
Integrating equation (3-21), we obtain
7 ] 36z2 + 54 18z2 + 12 + 36/3
T - 2 - .
1 ) US(B'.'C) [(g_zu)(szzz + 3822 + 6 + 28) (gzzz + 3822 + 6 +2$)z +
3 "2 -
+ m f(Zz)] + W1(t1) (3-22a)
zz(t )
1
where - 2 2822 + 38
arctg [ 1 for g < 24
f(z,) = | V& 24-g Ve (2h-g) (3-22b)
) .
12 2822 + 38 - ngg - 2'5
In[ ] for g > 24
| V&(g-21)  2gz, + 3g + VE(E - 20)

and B and C are defined by equations (3-18c,d).
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From equations (3~6), we can obtain

1 82, + 4 + 2g +g/z2

. 1 3 82,3 + 4/3 + 2g/3 + s/3z2
min = = vy 82, + 4 + 4g/3 v, gz, + 4 +4g/3
(3-23a)
1 1 1
6 (E g22z +5 82, + 1+ 3 g)? 3
q = — - < =< 1
2max Y12 (gz., + 4 + ﬂ-g)(l gz, + gz, + 1 + 1 g) Vi
2 2 3 2 2 2 3
(3-23b)
since z2 » 1 and v1 > 3. Thus
-1 < <0 -1<m, 1 if 1,20 z (3-23¢)
9 ! %R g "zz 2
and 0€q, <1 - 1<m 1 1if é )'l z.2 - 1 (3-23d)
2 ’ ¥ T2 g~ 2 %2

Equations (3-23) shows that the solution given by equations

y 2
-2 - -
(3-22) are valid only when = >-;;TE:T z2(t1) since z, increases

with time t and when 3 >-l z.2 - 1.
g 272

4 2
F - < - — - »
°r g 22(t15 zz(t1), 3z |z=0" 2v1q10 > 0* and there

is a yield violation of bending moment on the right side at z=0
since m1=1 at z=0. The velocity profile shown in Fig. 13a is no

longer valid. In this case, we assume that the velocity profile

shown in Fig. 14a is

- 1 -
0 - -;( Z < -22
ﬁ . 2,42 + -
(Z) = ﬁ W3 .Z-;"'—Z-a —22 € 2 g Zo (3—24)
ﬁ 1-2 2. &z g1
L3 1-20 0 =

* see equations (9e) and (9f) in Appendix I.

>

-1
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which means that the plastic hinge at impact point z=0 now

disappears and a new travelling plastic hinge occurs at 22 .
The linear and angular momentum equations of beam shown

in Fig. 32a are

g 81202 Wz = -2u (3-252)

% g(z2+zo)’ﬁ(zo-) + T%-g(22+zo)’ﬁ(—ze+)

1 -
= =2U - 3 22 W(0)

(3-25b)

and % g[ﬁ(zo-) + ﬁ(-zz+)](zz+z0) + 5(0) =0 (3-25c)

where W(X) indicates the acceleration at z=X and can be obtained

from equation (3-24).

Equations (3-24) and (3-25) give

12u [(zo-z2-2)(z2+zo)’g-u(z -2 .2.+2.2)]

W - 0"%0%2%%2
W3 - g fg(22+z0 ) +u(223 _zoza+zoz )7(22_’_1)(1_20) (3-26a)
fs - lau [8(22+Zo)2(zgz+azzzo-zoz-2+Mzo)+4(zz’+2z0’-z0)]
307 g [alzvz Y +h(z, -2z 42 ) T(z,+1) (T-2)
(3-260b)
W5 - l2u [28(zy02y)" +hz,) : (3-26¢)
32 & lalzpvz) ) +h(z, T~z 2 427 )]

A numerical method has to be employed to solve equations (3-26)

are z,=1, W,=W_(t,) and

until z0=0. The initial conditions at t=t 355 (t,

1
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Zo(t1) is determined by equation (3-26b) with io(t1)=0. The

static admissibility conditions need to be checked during numerical

calculation¥*,
3_1 om,
For 2 < = 2.2 . < - = i
or P < 5 25 1, 32 1220 2v1q20 < 0 and a yield

violation occurs in the bending moment on the left side at z=0.

The velocity profile is shown in Fig. 15a

r 21 -z "
0 - £z < z2
~ . ZZ+Z + -
W(z) = ) W3 ;;_—E—o' -ZZ £z g "zo (3-27)
- =2z +
W -2 £z g1
i 3 1+z0 0

is assumed which indicates that the plastic hinge at the impact

point z=0 is now transferred to z=-zo.

The linear and angular momentum equations of beam shown in

Fig. 32b are

E (142 )?f(-zy") = -2u - & #0) (3-28a)
& (z,-2)ii(-z,7) + &5 W(-z,") (2,020 = -2u (3-28b)
and % [ﬁ(-zo') + ﬁ(-z2+)](zz-zo) = 0 (3-28¢)
Equations (3-27) and (3-28) give
. (1+zo)2(2+z0+z2) + 6
W= ~by ; g (3-29a)
(2,-24) (z,+1)[5 g(1+24)° +11

* see equations (11) in Appendix I.
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. (1+z )2 [(z,~2.)% = 2(2.+1)*] -~ 6(1+z2.)/g
Rz, = 4 0 2.0 1 0 0 (3-29b)
(ZZ-ZO)(ZZ+1)E§ g(1+zo)’ + 1]
= . 24u .
and w32.2 = m | (3-29¢)

Equations (3-29) also need a numerical method to solve until

N
I
o B

at t=t2. This type of movement starts with z.=0 when

0

Z2 = + 2 (3-30)

which is obtained from % = % 2’-1 given by equation (3-23d), and

the initial conditions of W3 and W3 are defined by equations (3-19)

and (3-22) with z, given by equation (3-30). The static admissibility

conditions should be checked during numerical calculation#¥,

D) Phase 4, t_ < t g te

The left side travelling plastic hinge reaches the left-hand
Support at t=t2 and two parts of the beam rotate as rigid bodies

in this phase of motion. The velocity profile is shown in Fig. 16a.

Equations (3-4), (3-5a), (3-5c) and (3-5e) with z,=1, z1=o,

1 s &
2 = - = .= =
2 ) z2 0 and wo w1 w2 give

[3 (erdgerdl, = ~bur(ier) (3-31)

Integrating equation (3-31), we obtain

v;11= - T“-“-’-‘-‘-l*—‘”l- (t-t,) + ﬁ1<t2) (3-32a)
§(1+r)g+r

St r———

* see equations (13) in Appendix I.
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and §,o=-2unlixr) o pova LG o(bo)(t=t.) + W.(t.)  (3-32b)
1 7 2 1'%2 2 1' %2
§(1+r)g+r
At tst, #=0 and
ﬁz(tz)[—;-( 1+r)g+r]
te = TTIEFTD) +t, (3-33)

Finally, we obtain the maximum permanent deformation in the beam

[ z(1+r)ger] .

Equations (3-6) give

1,18 1 g,18,1,1
4 (5 gE+3 T+ T+r gr) - _1_65 *3E*T3ITTE gr) 5

qmin--‘ﬁ lesl8 .y TV lesl8 .

38%3r 3 3r
(3-35a)
1 1 1 g
0@, 135 *ZE T VER (3-35b)
2max v, 1 N 1g . 1 imin
383y

since v, > 3 and r < 1, therefore, -1 <q, <0, -1 < m, <1 (3-35¢)

and 0<qy <1, -1€m, g1 if‘%};l—-h (3-35d)

om
3 1 2 _
For = < = -1, B35 lz=0" ° 2v1q20 < 0 and a yield violation of

bending moment occurs on the left side of the impact point z=0.
The velocity profile shown in Fig. 16a is no longer valid. A new
velocity profile shown in Fig. 17a may be expressed in the form

/

= 1+zr 1 -
w3 1'zor -7 €z < -z0
W(z) = < (3-36)
- ez +
w3 1+zo - z0 £ z<g1!
\
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FIG.
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Final phase of motion

for case I when

31
s<mE-

o/ \iMo

FIG.

18 First phase of motion
for 1 < v, £ 3 and

v, > 3 (case II).

PN
Mo - N Mo

FIG.

19 Motion of case II for

1.5 &£ v1 < 3 when

t . <tgt

sl s2°
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the
is postulated which means the stationary plastic hinge aé“fagact

point z=0 disappears and a new travelling plastic hinge now

ocecurs at z = -zo.

The linear and angular momentum equations of beam shown

in Fig. 32c¢ give

(1 + 20)2(1 +-l) + 3
Ry = -bu — : 1 r & (3-37a)
(F - Zo)('; + 1)[3 8(1 + Zo)’ + 1]
1,,1 1
. (1 + 20201 + =)(==1=22.) = 3(1 + 2.) —
and Wz, = b 0 . 0 & (3-37p)

1 T .
(; - ZO)(r' + 1)[-5 g(1 + ZO) + 1]
Equations (3-37) can be solved by a numerical method until
the movement of beam stops at WB = 0. The initial conditions are
that W3 = ﬁ3(t2) and zo(tz) is defined by equation (3-37b) with

25 = 0. The static admissibility conditions should be checked during

the numerical calculation¥*.

3.3.2 Case II, 1 < v, £ 3and v, > 3

Equation (3-10a) shows that if v, < 3 the velocity profile

introduced in phase I of case I is no longer valid since z, must

be less thani(or equal to 1, we will discuss when z, = 1 in this

section). Equation (3-10) gives 2, = 1 when v, = 3. Therefore,

Wwe assume that a stationary plastic hinge occurs at the right-hand

support when v, € 3. Equations (3-4), (3-5a) and (3-5c-e) with

2, =1 and i1 = 0 give

=i

1.8
5

13 %5 Vg = 2 (3-38a)

e —————————

* see equations (17) in Appendix I.
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XR) Phase 1, shear sliding
a) 0t g ey
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(3-38b)

(3-38c)

(3-38d)

After impact the mechanics of motion are the same as those

described in phase 1 of case I except the plastic hinge which is

located on the right side of impact point now remains at the right-

hand support z=1. The velocity

Equations (3-38) with 90

.3 5 . = 12u
z, = v1’ WO = 2u - 8v1ut, w1 =
B, =88 2¢, § = o2ut - buv,t?, @
2 3g 1 70 17
- 4y
a = e - 2 4+2
nd W2 3z v, t
since wo = 2u, w1 = w2 = 0 and WO z w1 = w2

with equations (3-39c) and (3-39d), we obtain that W

3

the right side of the impact point first stops if

while the left side one will stop at an earlier time when 1 < v, <

Equations (3-39b-d) for %’S v, < 3, give W

0

t=t

profile is shown in Fig. 18a.

= -1 and g = 1 give

(3-39a~-c)

6u
- —E-(1-v1)t’ (3-39d-r)

(3-39g)
0 at t=0. Compared
| 2 Wz when

§-< v, < 3, otherwise, W1 < Wz. Therefore, the shear sliding on

3
€V <3

(L)

1 2°

= g = u -
s1 ~ uv1g-6(1-v1) and W, = uv1s_é%1_v1) , (3-39h,1)
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3 & _ =
while for 1 < v, < 5 w0 = w2 at
- - 3g - 3ug _204
t = t51 = m and WZS = m (3 393,1‘()

Equations(3-6) show that the static admissibility conditions
are satisfied, i.e. -1 € q, € 0, -1« m1-$ 1, 0L a, £ 1 and

-1 & m, € 1.

b) 561 <t<gt >

For 2 & v, < 3, shear sliding stops at z=0" when t=t_, while

rPjw

1
the other continues and the velocity profile is shown in Fig. 19a.

Equations (3-38) with W_ = W1 and q,, = 1 give

0
. 12u(1+v,)
g 1 bu § _8u,. = 3. (3-U0a-
Sl B R T A R
6u{1+v,)
R R S -1 I | ug -
W1 - (3+g) e+ 3+g t-3 (3+$5(2v18-3+3v1) (3-40d)
2 3 g 1
== _ _ - 9g -
and Wy=Wyatt=t,s= T2v TV g+ 18+ 18v,8 (3-4o£)
Equations (3~6) give
3~V

v gv1+3g+6 3
q = - z-11if =2
1min v1(23+35 . g% 2(v -1)

0

A

q2 €1, =1¢ m1 £ 1 and

“1<q, €0, -1¢m s1if-§>v

1

If‘% )—v1, the static admissibility conditions are satisfied



3-v
3 1 3
since 2 > 2(v1-1 for > £ v, £ 3. The following motion is the

same as phase 3 and phase 4 in case I with t1 = tsZ’ zz(t1) = 3

v
. . 1
and W1(t1) = W1(t82). The static admissibility conditions (3-23)

and (3-35) are also satisfied with v, > % and z, > 1.

If % < Vi the solution of equations (3-40) corresponds to a

yield violation of bending moment ¢n the right side of the
om

i — =
mpact point since 37 |z=0" 2v1q10 > 0. Therefore, a new velocity

profile shown in Fig. 20a

& --l-szs-zz'
- VA + -
. W2(1 +E‘;) - zz 5 z$ 0
W(Z) = (3-“1)
2 L 2 + -
- —_— £'z £
W1 + (w3 w1) Z 0 £'z g z,
= 1=z +
\
w3 =2 z, £2z2&1

is postulated. The linear and angular momentum equations of beam

shown in Fig. 33a are

8(1-20)’ﬁ(zo+) = - 12u (3-42a)
282, (z)7) + g2,*W(0%) = - 12u + 12um,(0) (3-42b)
Zszz’,ﬁ(o') + gz;ﬁ(-zz“) = - 12u - 12um,(0) (3-42¢)
gz, [A(0%) + F(z, )T + 20H(0%) = - 8uv, (3-42d)

and Szzfﬁ(O-) + ﬁ(-z2+)] = 8uv (3-42e)

1

where f(<z,") = W2, l2,, W(OT) =@, W) = ®,, Wz.") = W, -

- = - + - -
(W3-W1)20/z0 and W(z,") =Wy + w320/(1-z0) are given by equation
(3=41),
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FIG. 20 Motion of case II for

FIG. 21 Motion of case II for FIG. 22 Motion of case II for
1.5 ¢ v, < 3 when 1< v, < 1.5 when 1<y, < 1.5 when
1;81 <tg tsZ’ if ts'l <t & tsZ’ ts1 <t g tsZ’ if
ry < Ve % < v1222.
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Equations (3-41) and (3-42) with geometrical condition at the

shear hinge z = 0° give

ﬁ3 . ﬁ3z0/<1-z0) = - 12u/[g(1~24)* ] (3-43a)

2. W2, = -12u/g

~
Ne

(3~43b)
2oli, + iy & (W, = W)z /2] + 2 W,/8 = = Buv, /g (3-43c)
Wyzg = (A - 0z, | (3-434)

and 22%2 + ﬁzzz = 8uv,/g. ' (3-43e)
The equations (3-43) can be solved by a numerical method until
22 = % or ﬁ1 = ﬁz. If the left side travelling hinge reaches the
left-hand support before é1 = ﬁz, the motion is still governed by
equations (3-41), (3-42a-d) and (3-43a-d) with z, = 1 and 2. = 0.

2" r 2

Otherwise,the motion is the same as phase 3 and phase 4 of case I

and

the static admissibility conditions (3-23) and (3-35) are

satisfied with v, > é and z, > 1.

172 2

For 1 < v, < 3, the shear sliding at z=0" stops at t=t_, while

1 27 1

the other continues. The velocity profile is shown in Fig. 21a.

Equations (3-38) with 9,0 = =1 and W, =W give

0o ="
= _ 12u = _ bu _1ys2 -
W, = —= vy, W=y, 12, (3-44a,b)
L g, G &, .l i
73 g Wpzp' = 2t and Tuv, W, + Buv, "%z T &y T ° (3-lke,d)

Equations (3-44c,d) give

. 12u :
W = ] (3‘4”6)
2 vigz, *+ 6 + 3322
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or éz = 2u + 3ugt - Av,ut - -;—J36u‘ét* ~96u" gy, T +hBu gt (3-44f)

825

and t = z+12+ng2 (3-U4g)

2v1gz

2

Integrating equation (3-44f) with respect to time t, we obtain

. t
W =105 3 2 _ 2 _ 2at+b -
W2 = [2ut + 5 ugt 2v1ut A vyat¥+bt + f(t)] ts1 + wZ(ts1)
(3~44h)
where a = 92 u?® - 243v1u2, b = 12gu?
" 2
and b in(2at + b + 2Va Vat®+bt) for a > 0
8ava
f(t) = 4 (3-L441)
2
b arcsin (:E%E:E) for a < 0
LSaJ:E
Equations (3-44a) and (3-Uldc) give
- 2
2, = [ (3-443)

when W1::W2. Therefore, two types of motion can be followed which

depend on the magnitude of Z_.

2
If 2. <L or o< (v,=1), z (t ) =z, = 2 and ﬁ = ﬁ
2 r 2 1 v "2 "g2” T ‘2”7 v1-1 1 2
(3-45a,b)
1
at t = (3-45¢)
s2 ZE% J23v1-1) + 3(v1-15 + v1]
g
The following motion is the same as phase 3 and phase 4 in
ca = = = .
se T with t, = t_,, z,(t,) = z,(t_,) and W1(t1) W1(t82) The

static admissibility conditions (3-23) and (3-35) are satisfied
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2 3 1
with z, 2 v, » 1< v, <3 and r* < 5 (v1-1).

If 52 > % or r? )-% (v1-1), the travelling plastic hinge on

the left side reaches the left-hand support before the shear
sliding at z=0" stops. In other words, WZ is still larger than

W1 when z, = %. Therefore, equations (3-44a-i) are valid until

1

- £ - g -
t= t2 - 6gr+12rz+2v1g (3-46a)

Then, the motion of beam is governed by equations (3-5a), (3=5¢)
1 .

and (3-5e) with A4 = -1, 2z, = 1, z, = 0, 2, =7, &, = 0 and
WO = Wz. The velocities and deformations of beam are
= _ 12u = _ r2u 2]
w1 == (v1-1)t, w2 = [ = - 4u(1+v2)t]r /(3 g+r) (3-46b,¢c)
W, = 93 (v,=1)t? (3-46d)
1 g 1
- - - 1 - -
and = - - -— -
W, = 2ur(t t2)[1 (r+v1)(t+t2)3/(3 g+r) + w2(t2) (3-46e)

where WZ(EZ) is obtained by substituting equation (3-46a) into
(3-44n),

At t =t

= rg )
s2 = 2[(v,=1)(g+3r) + & (T+v, )]’ (3-46f)

W1 = WZ and the shear sliding at z=0" stops. The following motion
is th ; = i W =
e same as phase 4 of case I with W1(t2) W (t_,) and W, (t,)
W1(t82). The static admissibility conditions (3=35) may not be
satisfied, i.e. the absolute value of shear forces 9 at the right-
hand support may be slightly larger than the limit shear strength,

if v, <1+ 0.5gr(1+r)/[g(1+r) + 3r], but we neglect this case

herein.
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For 1 < v, < 2 equations (3-6) shows that equations (3-44)

1 2’
v
and (3-46b-f) are valid only when'% > v122’ and %-;';;3 respectively.
6 3 V1
If - 2 - 2
2 < v,z, (corresponding to equations (3-%4)) or 2 <.xr

(corresponding to equations (3-U46b-f)), a yield violation of

bending moment occurs on the left side of impact point since

om
2
3z |z=0" ° 2v1q20 < 0. Therefore, a new velocity profile shown
in Fig. 22a
(0 1 <zg -2,
r> °F %2
. Z +Z
- 2 + -
W, ——— -z, 2<% -2
. 3 Z,=2, 2 o
W(z) = J (3-47)
- - z - + -
(wz-w3) P w2 ~2, £2zLK0
0
L6'11(1-z) otgzg

1s assumed which means that the bending moment at z=0 is now less

than plastic limit moment but a new travelling hinge appears at
2 = -zo. The linear and angular momentum equations of beam shown

in Fig. 33b are

gﬁ1 = =6y - 6um1(0) + 12uv1 (3-48a)
gzotﬁ<-zo*) + ﬁzj + zﬁz - - 8u\;1 (3-48b)
2gz ﬁ(-z0+) + gzt ﬁz = -12u + 12um (0) (3-48c)
Zg(zz-zo)z ﬁ(-zo") + g(zz-zo)a ﬁ(-z2+) = =24y (3-48d)
and ﬁ(-zo‘) + fi(-z,") = 0 | (3-48e)

wh i -z ) = i i3
ere W(-z_ ) w3 + w3z0

. =
. /(z2-zo), W(-zy") = WB + (wa-w3)20/zo and
W(-22+) = W3i2/(z2-zo) are given by equation (3-47).

(o]

Equations (3-47) and (3-48) with the geometrical condition at

the shear hinge z=0" give
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1
[2(z,2 + 22, + =)v, = U(z. + =)]
§.=2u —20 0 ! °o_¢g (3-49a)
1 2 z3? + ! z.4 + Z_ o+ 2
320 *§8% *38%+3
[20% 2y’ + 2z + v, - 227 ]
W. = =2u (3-49b)
2 2 z 3 + z % + =gz + 2
3% *§8&p *38%*3
(WZ-W3) + wjzo =0 (3-49¢)
- . 1. =
(zz-zo)"'w3 + (z2-z0)(zO + 3 22)w3 = -12u/g (3-494)
w322 = Zuu/[g(zz-zo)] | (3-49e)

Equations (3-49) can be solved by a numerical method. For

6 H
z < v1222 (corresponding to equations (3-44)), this type of motion

Starts with z0=0 when z2 = JEEZ and the other initial conditions
1 v
3 1
o] - = 2
an be obtained from equations (3-44) with 2, J;g%. For z <o

(corresponding to equations (3-46)), the motion is governed by
equations (3-47), (3-48a-d) and (3~49a-d) with z, = %-and 22 = 0,
and the initial conditions are given by equations (3-44) with

t=€2 which is defined by equation (3-46a). The static admissibility

conditions should be checked during the numerical calculation¥*.

The shear deformations in this case discussed in this section

are

= 3
- wz(tsz) if S€v, € 3 (3-50)

=

W =W (t )+

2s 1" "s2 1s

where W1s is defined by equation (3-391) and t_, is the time when

2
the shear sliding at z=0" stops; or

= - . 3
W, =W, (t )+WS-W1(t52) if 1<v, <= (3-51)

s2 2 1 2

e —————

¥ see equations (26) in Appendix I.
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where WZs is defined by equation (3-39k) and ts2 is the time when

the shear sliding at z=0" stops.

3.3.3 Case III, 0<v . < lTandv_>3

Equation (3-39c) shows that W1 < 0 and W1 < 0 when v, < 1.

This is impossible since a, < 90 = -1 and yield violations of shear
force will occur in 07 < z <.1, if ﬁ1 < 0. Therefore, a new velocity
profile shown in Fig. 23a is assumed, in which the part of beam on
the right side of impact point remains stationary during the entire

response. Equations (3-4) and (3-5c-e) with W1 =0 and q,, = -1

glve
1 8@ 2y _ -
= (szz ) =2 (3-52a)
4y * %.G%}-(szz)é (3-52b)
1
.1
and q20 + 1 = = n;}- wo (3-52¢)

A) Phase 1, shear sliding

a) o0

N

tgt 1

Two shear slidings occur at z=0_ and z=0" after impact, shown

in Fig. 23a. Equations (3-52) with A5 = 1 give

= i o 8u, 2 .3 B

W, = 2u - 8uv .t W *33 t, 2z, = o (3-53a-c)

W. = 2ut - 4uv_t? and w = iu v ztz (3~53d,e)
0o~ 1 3g !

since WO = 2u, W o, WO = 0 and W2 = 0. Equations (3-53a) and

(3-53b) give ﬁ = Wz at



Z2

) ) y 4
:Z‘_\—_q lw'. W 2
1/c 1 Zs
{ 1/r 1.1

FIG. 23 First phase of motion
for 0 < v, £ 1 and

v, > 3 (case III).

FIG. 24 Motion of case III FIG. 25 Motion of case III when

<t g t,. t . <tgt,, if

when ts 2 s1

1
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3ug

_ _ 3 g S -
t = t81 = Hm and WZS = m (3 53f98)

The static admissibility conditions can be proved to be satisfied

by equations (3-6) with q, = q1o =z =1, =1 ¢ m, €1, 0 a, < 1 and
-1 < m2 < 1.

b) £s1<t=<t2

The shear sliding at z=0" stops at t:ts and the following motion

1
shown in Fig. 24a is still governed by equations (3-52) with WO = W

5
The equations (3-U44c-1) are valid in this case and the velocities

W1 and ﬁz and the deformations W1 and Wz can be obtained from

equations (3-44a,b,e,h) with ty, glven by equation (3~53f) until

. g
t=t,= Gare 120 2y g (3-54)

since equations (3-38) 1s the same as equations (3-52) when

q10 = -1 and W, = 0, where t2 is the time when the travelling

1
Plastic hinge reaches the left-hand support. It shows from
Previous analysis in case II that equations (3-44) are valid only

6
when — L
g 2 Vv,.z

172
6 am
If ~< v,z ?, equations (3-44) are no longer valid since «—— =
172 92,220~
2v,9,, < 0. Therefore, a new velocity profile shown in Fig.
25a.
[0 ~lczg -2
r 2
- 2,4z . -
. 3 2,2, "2y € Z< -2,
W(z) = ¢ (3-55)
- + -
Wz -2y € 2€0
L0 0t gz g
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is postulated, where Wz = W3 according to geometrical conditions
at shear hinge. The linear and angular momentum equations of

beam shown in Fig. 34 are

2,8 WZ + WZ + Huy = 0 (3-56a)
2g (2,2, W(-2,7) + B(z,-2,)? é'}(-zz*') = =2bu  (3-56b)
ﬁ(-zo'> + ﬁ(—zz*').: 0 _ (3-56¢)
. . z W . W.2
where W(-zo') = WZ + ZO i and W(-z2+) = zz i (3-56d,e)
2"%0 2"“0
since W2 = W3.
Equations (3-56) give
2 s o Lls @ . o J2u -
(zz-zo) W2 + (zz-zo)(z0 + 3 z2) w2 = 2 (3-57a)
(gzy+1) ﬁz = - buv, (3-57b)
~ 2lu .
and Wziz = /[g(zz-zo)]. (3-5Tc)

Equations (3-57) can be solved by a numerical method until

zZ, = 1 . This kind of motion starts with z. = 0 when z_. =
2 " r 0 2 &v,

and the other initial conditions can be obtained from equations
(3-44e-i). Equations (3-55), (3~56) and (3-57) are only valid

when m1(1) 2 -1 or
1
(gzo+1)(1-v1) 2-5‘3v1zo’ (3-57d)

and the other static admissibility conditions must be checked

during the numerical calculation*.

* see equations (30) in Appendix I.
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If equation (3-57d) is not satisfied, the motion of beam

is controlled by equations (3-47), (3448) and (3-49).

c
) t,<tst,

The travelling plastic hinge at z = -2, reaches the left-hand
support at t = t_ which is defined by equation (3-54). The

2
following motion is that the right part of beam still remains

stationary while the left part rotates about the left-hand

support, and the shear sliding at z=0% continues,

Equations (3-4), (3-5¢) and (3-5e) with W, = 0, W, = W,,

1 .
Qo = =1 2, = % and Z, = 0 give
. 12u(r+v1)r .
W2 z - —-8—:—3-;-——— (t-tZ) + w2(t2) | (3-58a)
-6u(r+v1)r .
- - —— - 2 —_— - - -
w2 = —g%3r (t t2) + wz(tz)(t t2) + Wz(tz) (3-58b)

Equation (3-58a) gives that WZ = 0 when

t =t éz(tz)(g+3r)/[1zu(r+v1)r] st (3-58c)
The maximum permanent deformation
_ (g+3r) = 2 i
sz = m Wz (tz) + wz(tz) (3-58d)

1
is obtained from equations (3-58b,c). The shear sliding at
z=0" is

Wog = Wop + Wy (3-59)

where w2s is defined by equation (3-53g).

Equations (3-6) show that the static admissibility conditions
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are satisfied and the solution given in equations (3-58) is
) ] 3 v
exact', provided E-; /2.

If % < v1/r’, the motion of beam is governed by equations

% and 22 = 0. The initial conditions
is defined by equations (3~57a) and

(3~57a) and (3-57b) with z, =

are that W. =
hat W2 wz(tz) and z

(3-57b) with io = 0.

0

3.3.4 Case IV, 1 < v v

I\

1 2. s3

Equations (3-39a) shows that if v, < 3 the velocity profile
introduced in phase 1 of case II is no longer valid since 22 must
be less than % (or equal to %, but when z, = %vwe will discuss in

this section ). In this case we assume that z, = 1, 21 =0,

1
2, * 7

Equations (3-4), (3-5a), (3-5¢) and (3-5d) with z, = 1,
. 1
2, =0, z, = - and iz = 0 give

12u(1+q10v1)

w1 = - g (3-603)
. 12u(r-q..v,)r
201
W, =- z (3-60b)
ﬁ
and =Q40 * 9y = -EE%T (3-60c)

A) Phase 1, shear sliding

a) ogtgt 1
Two shear hinges occurs on both sides of the struck point

of beam, i.e. shear sliding occurs at z=0" and z=0+ where shear
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force Qg = -1 and Qg = 1, respectively. Two parts of beam rotate

about the supports. The velocity profile is shown in Fig. 26a.

Equations (3-60) with d49 = -1 and dpg = 1 give

A= o2u- A2 d2u e @2 JRur 61a-
o = 2u 8uv1t, W1 z (v1 1t, w2 = (\)1 rjt (3-61a=c)

o= 2ut - duv.er, B, = 8% (v o), W, = BUT (y e (3-61d=r)
0 17 ' £ 1 T2 g 1

si ;: ;=;:-:-=-: =
nce wo 2u, W1 w2 W0 W1 w2 0 at t 0.

It is shown from equations (3-61b) and (3-61c) that

1]
ct
]

> A - = g .
ifv, 31+r, W 3W, and W, =W att s1 ° Ev1g-6+3v1’

(3-62a)
if i<W W= W. at't = - g
v, <1+r, W1 < W2 and W2 Wo at t ts1 6r(v1-r)+uv1g
(3-62b)
The shear deformations are
- - ug -
w1s-w 1f\)1;1+l" (3-62¢)
W= ug -
WZ8 = 6?(v1-r)+4v1g if v, < 14+0pr (3-62d)
Equations (3-6) shows that the static admissibility
conditions are satisfied.
b)  tStst,
If v1 2 1+ r, the shear sliding at z=0" stops at t=ts1, where

ts1 is defined in equation (3-62a), while the shear sliding at z=0"
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FIG. 26 First phase of motion FIG. 27 Motion of case IV for FIG. 28 Motion of case IV for
for‘1<v1gv2\<3 v1)1+r‘when v1<1+r'when
case 1IV). < < .
(case IV) b, <t St bsg <P S Fy
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continues. The velocity profile is shown in Fig. 27a.

Equations (3-60) with q,, = 1 and #, = #, give

12u(v1+1) 6u

bl - 12ur
W= - T bt o T2 T (ot (3-63a,b)
6ul(v_ +1)
5o 1 2 6u _ 3 ug -
w1 - 3+g E 3+gt 2 (3+s)(2v1s-3+3v1) (3-63c)
and W. = bur (v,~r)t? (3-63d)
2 -4 1

The shear sliding at z=0" stops at

1

- _ g _
when W1 = WZ.
Equations (3-6) shows that

i 3
Ymin = 7V T2ge 27T MV 2 g
0<aq,gt, -1&m, g1

and =1 ¢ m, & 1 1f

™ fw
A\
<

Ir % < 2% the solution given by equations (3-63) is no
om
1
longer valid since 35 |z=0% © 2v1q10 > 0 and a yield violation of
bending moment occurs on the right side of impact point. In this

case, the motion of beam is controlled by equations (3-43a-d)

1
with 22 = 0 and z, = e

Equation (3-63f) shows that the absolute value of shear force

at z = 1 may be slightly larger than 1 in a very narrow range of
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- < A = .
3 V1 < > if > \)1 ’ but we neglect this case herein

If v, < 1 + r, the shear sliding at z=0" stops at t = ts1’

where ts is defined by equation (3-62b), while the shear sliding

1
at z=0" continues. The velocity profile is shown in Fig. 28a.

Equations (3-60) with 949 = -1 and Wz = WO give

12u(r+v1)r

- 12u ~ 6bur
W1 = —-é'—' (\)1-1)t, Wz S - 3r+g t + 3r+g , (3-64a,b)
6u 2 .
W1 I e v1-1)t (3-640)
6u(r+v,)r
_ 1 2 bur 3ur
and W2 = - Ir1g tt + Ireg t 3r1a ts1' (3-6l4d)
The shear sliding at z=0" stops at
- - rg -
t= tsZ - (v1-1)(3r+g)+r’g(1+v2) (3-6he)
when W1 = WZ'
Equations (3-6) shows that
3rg+bri +v. g
1 3r(g+2r)
= L -
Yomax 2v1Zg+3r) 1, if Y4 ; g+br (3-641)
-1€4q,<0, ~1gm g1
3.0
and -1$m2§1, 1f-g-;;:—.
3_ "
Ir z < 7 the solution given by equations (3-64) is no longer
. - y Y11
It is clear that v, > §-since v, 21+ rand r'=;r-> 3 Equation
3(2v1+3) 2 3
(3-63f) shows that Umin > -1 if v, 2 733::§7— or v, > % since
3 4
z 2 v,. Therefore lq1min| may be larger than 1 only in 3 <
3
v1 < 5
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am

val —— -
id since 37 |z=0

moment occurs on the left side of impact point. In this case, the

= 2\a1q2O < 0 and a yield violation of bending

motion of beam is governed by equations (3-49a-d) with z, = % and

Equation (3-64f) shows that the maximum shear force Uopmax
3

which occurs at z = - % may be larger than 1 for 1 < v, < 5 r* if

3
z > Vs but we neglect this case herein.

B) Phase 2, t , <t g t.

The motion of this phase is the same as that of phase 4 in case

I. The absolute value of shear force q1 at z=1 may be larger than

T for 1<v, <1+ %-r’ if 3 3 ;} - 1, but this case is neglected

1 g
herein.

The shear deformations in this case are that

WZs = ﬁ1(t82) + W1s - Wz(tsz) ifvi, 31 +r (3-65)

where wls is defined by equatioh (3-62¢) and tsz is the time when

the shear sliding at z=0_ stops; or

w1s =Wt ) + w, - W (t ) if vi<1ls+r (3-66)

where Wzs is defined by equation (3~62d) and tsz is the time when

the shear sliding at z=0+ stops.

3r? +2rv,
PR ST
~ Equation (3-64f) shows that q, & 1 1f v, > ——= or

2
v, 2 3 r since % >V

1”2 1°
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3.3.5 Case V, 0 < v, § 1 and 1 < v, § 3

It is assumed according to equation (3-53c) that 21 = 0,
2, =1, 22 = 0 and z, = %. Equations (3-4), (3-5¢) and (3-5e)

L2 1
wit = = - S -

h z, o, zZ, = and 99 1 give
W2 = -12u(r-q20v1)r /g (3~67a)

and T el - i -

A) Phase 1, shear sliding
a) 0gtg ts1

Two shear slidings occur at z=0" and 0" after impact and the

velocity profile is shown in Fig. 29a. Equations (3-67)
give
. . 12u(v1-r)r
WO =z 2u - 8uv1t, Wz = t
6u(v1—r)r
- - 2 . 42
WO = 2ut Muv1t and WZ t
since WO =2u, W, =W, =W, =0.
The shear sliding at z=0" stops at
P B 1 O P T
when Wo = WZ and the shear deformation at z=0" is

W, = =
2s ~ 6?b1-r)r+Uv1g

Equations (3-6) show that the static admissibility

are satisfied with

with Ayq = 1

(3~68a,b)

(3~68¢c,d)

(3-68e)

(3-68f)

conditions
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q = -1, 0 £ qzs 1, =1 & m, & tand =1 &m

b
)t <tgt

The shear sliding at z=0" stops at t=t . but the other one
at z=0" continues. The right part of beam remains stationary,
while the left rotates about the left-hand support. The velocity

profile is shown in Fig. 30a.

Equations (3-67) with WO = WZ give

12(r+v_Jur

- 1 6ur

27 o T edr (3-692)
6(r+v, Jur

- 1777 2 bur _ ur -

w2 = g+3r e+ g+3r t g+3r ts1 (3-690)

The motion of the beam stops at

1
tf‘ = m (3-690)

when Wz = 0 and the permanent deformation is

3ur(v1-r)

2fF ° (r+v1)[6(v1-r)r+hv1g] (3-69d)

=l

Equations (3-6) shows that equations (3-69) are valid only

v
when % ;-;} because of the static admissibility conditions. (The

absolute value of shear force q2 at z = - % may be larger than 1

v
for 1 < v, < % ifr % ;';; , but this case is neglected herein.)
A\

Ir % < F}’ there is a violation of the bending moment at the
— om
lef't side of impact point since 553 220" = 2v1q20< 0. In this case

the motion of beam is governed by equations (3-57a,b) with z, = %
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and 22 = 0, provided inequality (3-57d) is satisfied. Otherwise,

it is governed by equations (3-49a-d).
The shear deformation at z:O+ in this case is

1s © Wz(tf) + Woo (3-70)

where WZs is defined by equation (3-68f) and t. is the time when the

motion of beam stops.

3.3.6 Case VI, 0<v, §v, g1

. , v
Equation (3-68b) shows that W, < 0 and W, < 0 when v, = 1< 1.

2 2 r
This is impossible since 9, > q20 = 1 and yield violations of shear
force will occur in -% <z<0 if ﬁz < 0. Therefore, a new velocity
profile shown in Fig. 31a is assumed, in which two shear slidings
occur at z=0" and z=0" and the struck point of beam moves transversely
downwards with the striker while the rest of beam remains stationary.
Equation (3-5e) with Ay = =Gy = -1 glve

W

2u - 8uv,t and WO = 2ut - 4uv ¢ (3-T1a,b)

since WO = 2u and ﬁo =0at t =0,

The motion of beams stops at

1
te = E;T (3-71¢)
when Wo = 0. The maximum permanent deformation of beam is
A== (3-71d)
or ~ Ev1 -

Equations (3-6) show that the static admissibility conditions
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are satisfied with q, = -1, q, = 1, =1 & m, 1, -1& m, £ 1.

3.4 Calculation

A computer programme was written to generate results for the
response of a beam struck by a mass at any point of its
Span. A flow diagram showing the solution method is given in

Fig. 35.

The maximum permanent deformations and shear sliding
deformations of most cases can be directly obtained from the
theoretical analysis in Section2.3,while for the remaining cases
with a travelling plastic hinge occurs at z = -zo or z = zO
instead of a stationary plastic hinge at z = 0, a numerical

method has to be employed. In the numerical programme the

approximations . .
o wn+1‘ n z;+1-z;
. L L) * oo o -
W= AT y 2 X3 (3-72a,b)
and ) _ O (H R At
wn+1 z Wn (3-72¢)
were employed with the dimensionless time step
M
0
At = EVETT AT - (3-724d)

to simplify the differential equations, where z* indicates
locations of the plastic bending hinge. The static admissibility

conditions are checked at each step.

With the aid of equations (3-72a,b), the differential
equations appeared in Section3g.jcan be finally simplified as a
nonlinear algebraic equation of 20n+1. Therefore, a very simple

method can be used to solve this nonlinear algebraic equation.
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FIG. 35 Flow diagram showing the solution method of the computer programme.
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An example of this simplification is given for

equations (3-26).

Equations (3-26) give

= = 12u
Will-zg) + Wizo = - gliz ) (3-73a)
and
- ) -~ . _ / o= _ 24u
W, (z+zy) - W,z 1(z,-225) + W 3 (22,-2) = — (3~73b)
Substituting equations (3-72a,b) into equations (3-73), we
obtain
= = = ' 12uAt
(W W, (1 -2 ) + W (2 -z, ) = -
n+1 " 1n On+1 Tn+1" "0n+1 “On g 1-ZOn+1)
L 2 _ 12uBto o ) )
°r Wine1 = Wy O-20049) g 1/LC-zy V(-2 )] (3-7ha)
[(w1n+1'w1n)(zén+1420n+1) - w1(ZOn+1'ZOn)](22n+1-220n+1) +
pd 24uAt
* 1n+1(Z2n+1-22n)(222n+1-20n+1) =T
b1 |
°or Zone1 = Za * Za VP -08C (3-74b)
where a = 3W1n+1- it B o= azg =W zn o+ 2w1n+122n (3=T4c,d)
s on2  §F _of : 24uAt
¢ = 2z AR 1210 % 1T 1ne1Z20%0ne — (3=The)

and the values of W1n, 2, @nd z, have been obtained in the last

step.

Equation (3-26c) with equatiohs (3-72a,b) give

2
- (2 2. ) 12uAt [28(22n+1+20n+1) +)"221'1-0-1:I =0
- - Y 4 -
n+1 “2n+1 2n g [8(22n+1+20n+1) +u(22n+1-20n+122n+1+z5n+1]
(3-75)

Substituting equation (3-T#a) into (3=74b) then substituting

equations (3-74a,b) into (3-75), we obtain a nonlinear algebraic
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equation of z Equation (3-75) seems very complex, but it is

On+1°
easily solved by computer with a given accuracy. Substituting
Zgp4q Which is obtained from equation (3-75) into equations

(3-74a,b), we obtain the values of W and finally obtain W

Tn+1 Tn+1

with equation (3=72c).

which
Equations (3-26) and other differential equationsVYappear

in Section 3.3 can also be solved by Runge-Kutta's method and
other methods, but for equations (3-43) it is easier to obtain
the solution by using equations (3~72) and the method described

above.

3.5 Discussion

The theoretical predictions in Sections 3.2 and 3.3 extend
Parkes' [10] and other authors' [13,15] work into shear and
bending response of a rigid-plastic beam struck by a mass
at any point of its span. It shows that according to the yield
curve shown in Fig. 9c¢ the number of deflection mechanismsof beam
with a limited shear strength, shown in Figs. 36 and 37, is much
larger than that with infinite shear strength. Fig. 36 shows
that the deflection mechanism occurred in the first phase of
motion may change with the different ratios of shear strength to
bending moment v, and 02. A flow diagram showing the change of

deflection mechanisms with time t is given in Fig. 37.

According to Parkes' bending only solution [10], the
transverse shear force is initial infinite at the impact point of

the beam. However, for a real beam the shear strength is finite.



FIG. 36

Deflection mechanisms occurred in the first phase of

motion of beam with a limited shear strength.
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FIG. 37 Flow diagram showing the mechanisms of motion.
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Therefore, some shear deformation may occur at the impact point.
Figs. 38 and 39 shows that when the impact point is close to the
Support or when the mass ratio g is very large, the shear
deformation may dominate the dynamic response and the beam would
fail due to shear. Indeed, experimental results reported in
Chapter 6 of this thesis show that some beams failed due to large
shear deformation. The theoretical analyéis in Sections 3.2 and

3.3 can be reduced to Parkes' results when v, and v., (the shear

1 2
Strength of beam) tend to infinity.
It is found that dependent on the ratio of mass g, the ratio

of two part lengths of beam F and the ratio of shear strength to

bending moment V., the shear forceS'Q}O,and Qéo, which locate at

11
x = oF and x = 0-, respectively, may change their values from
negative to positive or from positive to negative when a
stationary plastic hinge is assumed to remain at the impact point

X = 0. In other words, Q,, may be larger than zero and 020 may

10
be less than zero. Therefore, the bending moment at both sides
of the impact point x = 0 may be larger than the plastic limit
moment MO since g% =Qand M = Mo atvx = 0. For these cases

which were ignored by Parkes [10], new velocity profiles with a

travelling plastic bending hinge occurred at z = -z, or z = z

0 0
instead of the stationary hinge occurred at z = 0 are assumed in
Section 3.3 of this Chapter. The limitation of Parkes' result is
shown in Fig. 40 according to the rigid-plastic yield condition.
It shows that when the impact point 1s at the centre of the beam

there is no limitation, but for other cases Parkes' solution has

some limitation, especially when the mass of the striker 1is very
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FIG. 40 Valid area for Parkes' solution [10].
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Small.

It shows that the theoretical analysis in Section 3.3
Satisfies the required kinematic relation given in Section 3.2
and satisfies the boundary and initial conditions. Thus, it is

kinematically admissible. It also shows that the static

- 3
admissibility conditions are satisfied exceptY1 < v, < 5 or
1< V2 < %. Therefore, the theoretical analysis given in Section
3.3 is exact excepEV%;; v, < % or 1 < v, < %. When 1 < v, < % or

1< v2 < %, the shear force at the right-hand support or at the

left-hand support may be slightly larger than the limit shear
strength. Therefore, new velocity profiles have to be assumed,

but these cases are neglected in our analysis. However, this is

not a practically important case when 1 < v, < v, < % because

H < 21 < 22 < % for rectangular cross section beam with

_ 1 LI
QO = EBHOO and M, = g BH 0y- Furthermore, equations (3-35a),
(3-63f) and (3-64f) show that the maximum absolute value of shear

force may only be slightly larger than Q ~ ~1 and

4a» Or q
mg Tmin

= 1, since the ratio of mass g = -—— should be small when

q2max G

h < 3
2, < % h.

A wide range for v, = 0.2-50, r = 0.01=-1, u = 0.01-10 and

1
& = 0,00001-10 are assumed and the corresponding dynamic
behaviour of beam struck by a body are obtained. As we
expected, the characteristics of the motion for the cases with a
travelling plastic hinge occurring at z = ~Zy Or z = z, are
similar to that with a stationary plastic hinge at z = 0. The
velocity ﬁo decreases and z, and z, increase gradually with time.
In other words, the striker decelerates and two.travelling
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Plastic hinges at z = z, and z = -z, move towards the
Supports. The static admissibility conditions are checked at

each step and there are no violations of yield conditions.

It is shown from Fig. 38 that the maximum permanent
deformation and shear sliding displacement from the theoretical
analysis in Section 3.3 are in proportion to the initial kinetic
eénergy u, but the maximum permanent deformation decreases$,while
shear sliding increases,with the increase of the mass ratio g,
especially when g is large, the maximum permanent deformation
decreases sharply, while shear sliding displacement increases

sharply. Thus, shear influence play an important role when the

mass ratio g is large, i.e. small §.

It is evident from Fig. 39 that the maximum permanent
deformation increases sharply with decrease of the ratio of shear
strength to bending moment v, when v, < 1. Actually, the maximum

deformation equals shear sliding displacement when v1 < 1.
Therefore, the shear influence dominates the dynamic response of
a rigid-plastic beam struck by a mass. The beam would be

broken when shear sliding displacement W.s = kH, where 0 < k g 1.

It shows from Fig. 41 that the maximum permanent deformation
decreases sharply with increase r, provided g is small, but

little change occurs when g is large.



FIG,

v,=0.5

41

Variation of maximum permanent deformation Wf with r,

——— g = 0.00001; ~—e— g = 0.1; ~~==g = 10.
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CHAPTER 4

FINITE DEFLECTION OF RIGID-PLASTIC BEAMS DUE TO DYNAMIC LOADING

4.1 Introduction

When a rigid-plastic beam with axial restraints at its
Supports is subjected to a large dynamic load, a large
discrepancy between the theoretical analysis of a bending only
Solution, or shear and bending solution, and experimental results
[12,40] may occur. In this case, the influence of finite
deflections, or geometry changes, play an important role on the
beam behaviour. This phenomenon has attracted some attention

12,17,37-40].

In this Chapter, we consider the influence of finite
deflections on a clamped beam struck by a body at any
Point of its span shown in Fig. U42a and pin-ended beam
subjected to a uniformly distributed impulsive loading as shown
in Fig. 42b. The square yield curves shown in Fig. 42d, which
are used by several authors [17,39,40] and give good agreement
with experimental results [17,40], are employed herein. The
membrane force N is assumed to be a constant along the beam.
This assumption is used by Symonds and Mentel [38] and other
authors [12,39,40) and follows from the in-plane equilibrium

€quations when axial inertia is neglected.

Symonds and Mentel [38] examined the effects of axial
constraints for simply supported and clamped beams subjected to

impulsive uniform loading using an 'exact' yield curve (parabolic
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curve) as shown in Fig. 42d. Jones [39] solved this problem from
elementary equilibrium equations with square yield curve.
Furthermore, this solution can be obtained from Jones'
approximation method [17] when Pt tends to ﬁvo. We discuss this
problem again in Section 4.2. It is the purpose of the present
work to show that an analytical solution can be more easily
obtained from linear and angular momentum equations when the
Square yield curves are employed and to show how the solution
relating to the square yield curves bound that relating to

Parabolic yield curve.

The influence of finite deflection on a clamped beam struck
by a mass at any point of its span is examined in Section
4.3. Several authors [12,20,30] examined the influence of finite
deflection of beam struck by a mass at the centre. It
appears that the influence of finite deflections of a beam struck
at any point of its span has not been examined, but Jones'
approximation method developed in reference [17] can be used for
this problem and the formula of maximum permanent deformation is
given in reference [30]. All these formulae of maximum permanent
deformation of a clamped beam with rectangular cross-section are
listed in Appendix II and some results calculated from these

formulae are plotted in Fig. 54.

4.2 Finite Deflection of Pin-Ended Beams Subjected to

Impulsive Loading

Two phases of motion for a pin-ended beam subjected
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to impulsive loading shown in Fig. 42b are assumed according to
experimental evidence and previous analysis. In the first phase,
two travelling plastic hinges originate from the supports at T=0 and
travel towards the centre of beam. Therefore, there is a central
Position which translates at the initial velocity Vo, while
Segments at each end rotate as rigid bodies. The velocity
Profile is shown in Fig. 43a. The second phase starts when two
travelling hinges meet at the centre of the beam. A stationary
Plastic hinge remains at the centre of the beam and two half
beams rotate as rigid bodies, as shown in Fig. 44a, until all the
initial kinetic energy is dissipated as plastic work. The
membrane force N is assumed to equal the fully plastic tensile
force of cross-section NO during the entire response [39,40]%.
One half span of the beam is considered because of symmetry about

the centre of the beam.

A) First phase, 0 T T

£

In this phase, the velocity profile shown in Fig. U43a is

X
Vo—a—2- f‘or'Osxsae

W’ = (4=1)

VO for a,$xg ¢4

——————————

When a parabolic yield curve as shown in Fig. 42d is
employed, the membrane force N of beams may increase from
zero to fully plastic tensile force of a rectangular cross
section N, corresponding to the deformation W of beams
varied from zero to full thickness H of a clamped beam or to
half thickness g of a simply supported beam and N will
remain No for W >Hor W > g [12,17,38-40]. However, the
difference may be small when the membrane force is assumed
to remain N. in whole response of the beam, provided the
permanent déformation Wf of the beam is large in comparison
with the beam thickness.



W

+
:No + :No
1
FIG. 43 First phase of motion of simply FIG. 44 Final phase of motion of simply supported
supported beam due to an impulsive beam due to an impulsive loading.

loading.
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where VO is the initial impulsive velocity and a, is the location

of the travelling plastic hinge.

The angular momentum equation about the support of the beam
shown in Fig. 43b is
£ ~ " -
fo mW"xdx = -MO - Nowo (4-2)

Where wo is the displacement at the centre of the beam and

W, = VT (4-3)

in this phase.

Integrating equation (4-2) with respect to time T after

substituting equation (4-3) into equation (4-2), we obtain
S  awoxax = M -2 N v T2 4 St AV xax (4=4)
o 0 2 00 o} 0
Since W’ = Vo at T=0.

Equations (4-1) and (4-4) give

1 - 2 1
z mVOa2 = MOT + 3 NOVOT’. (4-5)
At T=T2’ a2=2 and
M M2 -
0 0 1 me?
T = - + g + = . (4-6)
2 NoVo /No v, 3 "o

The maximum deflection in this phase is

M M2 8V
0 0 1 0

W 2 VT, = = o + [m=p + = == * (4-7)
02 02 NO NO 3 NO
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B) Second phase, T, < T Tf

The two travelling plastic hinges coalesce when a2=2 at T=T2

and the velocity profile of following motion shown in Fig. 44a is

WosW,og . for 0. x < £ (4-8)

0
The angular momentum equation shown in Fig. 44b is

1—2|_ -
3 mi WB = -MO - NOwO' (4-9)

Integrating equation (4-9) after multiplying by wa, we obtain

% mETW St + MoWo + % NoW,? = % REVE + MW, + % NoWo2 (4-10)

8 Too= = =
ince w0 = VO and WO woz at T Tz, where wo2 is defined by

equation (4-7). The motion stops when w6 = 0 at T:Tf and the

maximum permanent displacement W is defined by

of

l 2 _ 1 =2 2 l 2
5 NoWor + Mo¥op = 5 ME Vg + MoWg, + 5 NolWg,
M me*v .2 N
0 2 o No
or Wi = =— (-1 +/1+——-———————). (4=11)
or * W, 3 T, M

L -
If MO =7 BH oo and No = BHoO for beam with rectangular

Ceross section, the maximum permanent deformation is

W
or 1 N
—H_ = T.[- (—1 + 1 + ".,'3" A) (u-12)
_ a£=v0=
where A= —ﬁ;ﬁ-— . (4-13)

It can be shown that the analysis discussed in thls section

satisfies both static admissibility and kinematic admissibility
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FIG. 45 Variation of maximum permanent deformation WO /H of a

simply supported beam with external dynamic energy A.

—.— equation (27) of Ref. [39], simple bending
only solution;

----- equation (25) of Ref. [38], excludes string
phase;

—-..— equation (37) of Ref. [39], square yield curve;

—  equation (4-12), square yield curve;

——— equation (25) of Ref. [17], square yield curve;

——— equation (50) of Ref. [38], includes string
phase;

—.— equation (22) of Ref. [17], parabolic yield
curve.
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conditions during the entire response, relating to the square yield
curve employed herein. Therefore, the results are correct. To
obtain an upper bound on the deflection, using the inscribed

Square yield curve (lower bound yield curve), X would be replaced
by X/0.618. Several results are plotted in Fig. 45 and it shows
that the simplified results obtained in this section give good
dgreement with other solutions [17,38,39]1. It is quite clear

that the axial constraints have a substantial effect for large

deformations.

4.3  Finite Deflection of a Clamped Beam Struck by a Body

At Any Point of its Span.

Three phases of motion for a clamped beam struck by a
Mmass shown in Fig. 42a are assumed in this Section according to
eXperimental evidence and previous analysis [10,57]. 1In the first
Phase, a stationary plastic hinge occurs at the impact point z=0,
while two travelling plastic hinges originate from the impact point
2=0 and travel towards the supports. Two parts of the beam
between the stationary hinge and travelling hinges rotate as rigid
bodies about the travelling hinges, while the rest of beam which
is not disturbed and remains undeformed. The second phase of
motion starts when the right side travelling hinges reaches the

right-hand support at t=t while the third phase starts when the

1!
left side travelling hinge reaches the left-hand support at t=t2.
The membrane force N is assumed to equal No along the beam during

the entire response.*

* see page 65 footnote.
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A) First Phase, 0 £ t t,

The velocity profile shown in Fig. U46a is

1 -
0 for - F-s z g ~Z,
. WO(1 + =) for -22+ 20
o= 2 (4-14)
= 2z + -
N for 0 2z & z
1 1
0 for z, ¥ $2S !

where z,=z, in this phase.

The linear and angular momentum equations* of beam are

2 Wy + W2 = -W/g (4-15a)
gz 2ﬁ + 1 gz.% é + 3 z ﬁ = =12u(1 + 2yW.) (4-15b)
170 2 17170 2710 0
Since = W_/8uv (4-15c¢)

N_ 2
0
where Y = Eﬁ—l and the other non-dimensional characters are
0

defined by equations (3-7).

Equations (4-15a,b) can be rewritten as

= 2y, _ 2bu -
(woz1 )t el (1 + ZYWO) (4-16a)
and (1 + z1g)wo = 2u (4-16Db)

since WO =2uand z. = 0 at t = O.

B

* The methods deriving these equations are similar to those
discussed in Chapter 3, except the membrane force contributes

to the angular momentum equations.



FIG. 46

First phase of motion of
a clamped beam struck by a

mass at any point.

FIG. 47 Second phase of motion

4
when — 1.
g?

FIG. 48 Second phase of motion

when i < 1.
g
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Equations (4-16) give

= 25 E 2 _ = _
wo - by wo/wo 2lug 48ug7wo = 0. (4-17)

Integrating (4-17) after multiplying by WO’ we obtain

- 24ugyW 2 = 2u® - 4u?1n(2u) (4-18)

W2 - 4u?1lniW - 2hugh o

1
2" 0 0

0 at t = 0.

Since WO = 2u and W

At t = t_, z 1 and velocity given by equation (4-16b) is

1’

1

- 2u
W01 = T#E’ (4-19)

Substituting equation (4-19) into equation (4-18), we obtain

2

- 2u 2 2u 2 2
ZMugwo + Zngywo1 Tl - 4u* In (1+g) 2ut + 4 1n(2u)

= 1 uy ~g(2+g) 1
or w01 = Z—Y {-1 +/1 - —3-5 -m-é—)z- + 21ln (—112)]}. (u-ZO)

It shows that in this phase the static admissibility conditions

are satisfied* with -1 {mg 1 andn = 1 in - % <z g

B)  Second phase, b, <tst

n

The right side travelling hinge reaches the right-hand support
at t:t1 and the following velocity profile shown in Fig. 47a is
assumed

St —————

* The differentials of m with respect to z in this phase are
similar to equations (7b) and (7d) in Appendix I, although there
is an additional term 4y[W,-W(2)] in bending moment expressions
and an additignal term - Nguyw /(z1zg+221) in acceleration
equations of W.. Nevertheless -1'§ mg 1 without any
restrictions.
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1 -
0 for =- = £z -2,
(1 + 2 for -z, <z g0
: 0 z, 2
W= (4=-21)
W0(1-z) for 0V g z g 1

The linear and angular momentum equations with the transverse

equilibrium equation at the impact point =z

= 0 and equation (4-21)

give
(Wozzz)é = 24u(1 + 21W0)/g (4-22a)
and (200 = < (2 +2) = Bu(1+2yR_)/g. (4-22b)
2"0’t o'z T3 0
Equations (4-22) give
3z d )+ @22 + i (& +2) = 0. (4-23)
2"0’t o%2 't * "o'g
Integrating equation (4-23) with respect to time t, we obtain
= 12u
Wy = 382 ,+&2 2 6+2g (h-28)
2
Since z,=1 and W01 is given by equation (4-19) at t=t,.
Equation (4-23) also gives
i (3+222) gwoiz (1-25)
0~ 3gz2+gzzz+6+23 : -
Substituting equation (4-25) into equation (4-22a), we obtain
24u(1+2yW ) (3gz +g2z° +6+28)
. 0 2 2
22 = - . (4—26)
gzawo(3gz2+12+45)

Equations (4-24) and (U4-26) give
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al bugz (3g8z ,+12+l4g)
0 2 2 (4=27)

= 3 3
oz, (1+27W0)(3gze+gz2 +6+2g)

. 0 0
since . = —— 7
L 3z, Zot

Equation (4-27) gives

z
2 6ugz2(3gzz+12+4g)

W W2 - = 52
o * YW, = f1 (3gz+&7 2 +6+22)° dz, + Wpy + Ty,
or
36z_+54 18z_+12+36/g
Woeyi2 o lugt 2 - 2
0 0 -2 (g—ZU)(gzzz+3gzz+6+23) (g22’+3gz2+6+2g)2
__iijry 2,3 A2 (4-28a)
+ (g_z f(zz)] , + w01 + 'on1 = a
where
24 282 ,+38
——— arctg [——] for g < 24
o Ve (2l-g) Vg (2h-g)
2 = 4.28b
2) " Zgzz+3g- Jg(g-2h) ( )
in [ ] for g > 24

vg(g-2h) Zgzz+3g+ Ve (g-2k)

and W01 is defined by equation (4-20).

It can be shown* that the bending moment and membrane force

distributions corresponding to the solution of equation (4-28)

satisfy
-1 - —1 . 1 2
§m, g 1 for £zg0, if Ay 2 0 or 3 2 52, -1 (4-29a)
- r P32 _ 4.
1 g m, £1for0gzg 1, if C P £ 0o > z, (4-29b)

1
andn:1f‘or-;$ z g 1.

e e —

* The examination of static admissibility conditions is similar
to equations (8) and (9) in Appendix I.
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Therefore, the solution given by equations (U4-28) are valid only

4 3
when z > 1 and z >

For ﬁ < 1, the analysis with the velocity profile (4-21) gives

om ,
1
————— * : T : .
3z |z= 0% = 2v 1990 > 0% and a yield violation of bending moment
Occurs in the right side part of the beam, since m, = 1 at z=0.

1
It hints that a plastic hinge may occur in the right side of the

impact point instead of the stationary plastic hinge at the impact

point. A new velocity profile shown in Fig. 48a

0 for - % $ z g -22_
. . 2,42 _
=z 3 T2, for -z," € z € 2, (4-30)
‘ - 1=z
\ w3 2 for 2, zg1
0

1s assumed. The linear and angular momentum equations of beam are

% g(1-zo)2ﬁ(zo+) = =2u(1+2YW.) (4-31a)

3

6 g(zz+z )ZW(z ) o+ %E-g(zz+zo)zﬁ(-zz+) = =2u(1+2yW,) -

3
1
- 5 2,W(0) (4-31b)
and %g[ﬁ(zo-) + ﬁ(-zz+)](z2+zo) + ﬁ(O) z 0. (4-31¢)
Equations (4-31) with (4-30) give
iJ 2
i 12u(1+27W3) [(zo-z -2)(z +2Z ¥g - M(zO ZOZZ+22 )] (i328)
37 g L'g(zz+z0) + ‘4(z2 zoze+z0 )](22+1TZ1-z0)

* The examination of static admissibility conditions is similar
to equations (8) and (9) in Appendix I.
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1 2 2 2 3 2
& - 12u(1+27w3) [g(zz+zo) (z2 +22220-zo -2+Nzo)+ll(z2 +220 —zo)]
- - 3 k] <
370 g [g(z2+zo) +4(z2 =252 ,+2 )](zz+1)(1-zo)
(4-32b)
. 1 2
P L 12u(14+2vW) (2g(z,+2,)® +4z,] . (4-32¢)
- 3 2 2
372 g [g(z2+zo) +1T(z2 ~ZZ,*Z )]
Equations (4~32) can be written to
R
C1 -a—;- + C2 a_Z_ = C3W3 (‘-‘—333)
0] 2
“ aﬁ dz aﬁ dz
1 = 3770 3
Slnce W, = 3o dC Y 3 T where
0 2
- 2 - 2 _ 3 2 -
C1 = —[8(22+zo)2(22 +22220 Z, 2+Nzo)+4(22 +220 zo) (4-33b)
- 2 - -
C, = [2&(z,+z() +422](22+1)(1 zy) (4-33c)
a d - - - 2 ,_ - 2 -
n C3 = [(z0 z,-2)(z+2,)% g u(zO 202,%2, )], (4-33d)

A numerical method has to be employed to solve equations

(4-32) or equations (4-33) until z_=0. The initial conditions

0
at t=t PR T .
1 are z, 1, w3 W3(t1) and zo(t1) is determined by equation
(4-32b) with 2,(t,) = 0. The static admissibility conditions are

checked during the numerical calculations.

3

For z < 522 - 1, the previous analysis with velocity

om

9z |z=0"

Profile (4-21) is no longer valid since = 2v1q20 < 0 and
4 violation of bending moment occurs in the left side part of the

beam, Therefore, a new velocity profile shown in Fig. U49a

0 for - % $zg -zz'
. . Z.4Z
- Ha 2 + - 434
z 3 = for -z, £ 2z § -2 (4-34)
z2,~2 2 0
= 1=z
W — for -z £z &1
3 1t+2 ¥ N
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is assumed. The linear and angular momentum equations of beam are

§ (lez)ri(-z*) - ~2u(1+247,) - 1 #0) (4-35a)
€ (z.ez 2W(=z.") + & W(ez.") (2.2 )% = -2u(1+2yR.) (4=35b)
& 7277 0 12 2 27%0 3

[A(-2, ")+ (-2,") 1 (z,-2) = O. (4-35¢)

ol

0)
Equations (4-35) with equation (4-34) give

2 S
(1+z0) (2+ZO+ZZ) +

ﬁ3 = -4u(1+21W3) 7 (4-36a)
(zz-zo)(z2+1)E§ g(1+z) +1]
K (142, )2 [(z -2z, )%=2(z +1)* ]-6(1+2.) /g
W320 = &u(1+27W3) 0 2 0 3 9 o
(ZZ-ZO)(22+1)[§ g(1+zo)’+1]

(4-36b)
- 24u(1+27W3)
and W322 = —m';:z—o—)——-. (}4_360)

ol W

. oom M3 3,
Equations (4-36) with w3 = 3;8 zy + —E; z, give
'a§3 aﬁB .
4 3z- *+ 9 5z = 93y (4-372)
0 2
where d1 = (1+z0)’[(zz-zo)’-2(20+1)’]-6(1+zo)/g (4-37b)
d, = s (z +1)[l g(1+z_ )% +1] (4=37c)
2 g "2 3 0
and d3 = -[(1+zo)2(2+zo+z2) + % ]. (4=-37d)

A numerical method has to be employed to solve equations

(4=36) or (4-37) until Z, = % at t=t2. This type of motion starts

with zO=O when
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6
Z2 = —g— + 2 (4-38)
which is obtained from % =-% z* - 1. The initial conditions
of W, and W, are defined by equations (4-24) and (4-28) with

3 3

z, given by equation (4-38). The static admissibility conditions

should be checked during numerical calculation.

D) Phase 4, ¢t < t g te

The left side travelling hinge at z = ~Z, reaches the
left-hand support at t:t2 and two parts of the beam rotate as
rigid bodies during this phase of motion until all the initial
kinetic energy is dissipated as plastic work. The velocity
profile shown in Fig. 50a is

= 1
W, (1+4rz) for - ¢ 250

Wo(1-z) for 0 £ 2z < 1

The linear and momentum equations of beam give

[% g(1+r)+r1ﬁo +4u(1+r)r(1+2yﬁo) = 0. (4-40)

Integrating equation (4-40) after multiplying by WO’ we obtain

% E% g(1+r)+r]ﬁoz+uu(1+r)r(Wo+yW03) = A (4=41a)
and A = %{% g(1+r)+r]WOE+Uu(1+r)r(W02+7W02) (4=U1b)

and WOZ and WOZ are the velocity and displacement at the impact

1 o
point when Z, = & at t = t2. If r =1, then w02

Wo1 and they are defined by equations (4-19) and (4-20),

= Wo1 and W02 =
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. 4 3 11 =
respectively. If r # 1, but z > 1 and E-; T - 1, then w02
and W__ are defined by equations (4-24) and (4-28) with

02

1 , . = . .
22 = respectively. Otherwise, WOZ and W02 is obtained from

numerical calculation.

The motion of beam stops when WO = 0. Therefore, the
maximum permanent deformation at the impact point can be obtained

from equations (4-41) and is

- -4
Wop + onf = A/[4u(1+r)r]

= _ 1 Ay
or wOf -1 -1+ 1+ u(1+r)r] (4-42)

where A is defined by equation (4-41b).

The bending moment and membrane force distribution

expressions*show that

1 3
-1g&m, &1 for - 7S2z¢g 0 if d5q 2 0 or z 2= -1 (4-43a)

2\

e B

-1 m g 1 for 0z 1andn =1 for - —g z € 1. (4-43Db)

e I B

Therefore, the solution given by equation (4-42) is valid when

S

0 jw

For % < %?- 1, the previous analysis with the velocity
am

3z |z=0"

profile (4-39) gives = 2v1q20 < 0 and a yield violation
of bending moment occurs in the left side part of the beam, since

m2=1 at zz0. Therefore, a new velocity profile shown in Fig. 51a

* The examination of static admissibility conditions is similar
to equations (14) and (15) in Appendix I.
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= l+zr 1 -
w3 1—zor for - ;—§ z & -z0
W o= (4-44)
ﬁ 1-2 for ~z_ £z &1
3 1+z0 o N N

is postulated. The linear and angular momentum equations of beam give

(1+zo)2(1 +—:—;) +—g3—

{7&3 = -Bu(1e29i,) — : : (4-U5a)
3
(F - ZO)(F + 1)[§ 8(1+zo) +1]
i (1+zo)=<1+%)(% -1-2z0)-3<1+z0)i
and W.2_ = du(1+2yW.) £, (4-45b)
370 3 Al ad s 0 g1z +1]
r 0’'r 3 & 0

It is reasonable to assume that i0=0 during the whole

response of this case since the occurrence of this case only
depends on g and r which are constants. Furthermore, the

solution of this case with 2_=0 does satisfy the statical

0

admissibility conditions* as well as kinematic admissibility

conditions. Therefore, equations (4-45) give

i+ 4ue(1+27W3) = 0 (4-46a)

r g
where e = — 3 3 (4-46b)
(-r: - ZO)('F + 1)[—3- g(1+z0)’+1]

. 1 1 6r
and Z + Tr + j‘s 'E'-r 55 m (4-U46c)
which is obtained from equation (U4-45b) with io=o.

Integrating equation (U4-U4ba) after multiplying by W3,

obtain

* The examination of static admissibility is similar to
equations (16) and (17) in Appendix I.
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2+1iue(w +7W ) (4=47)

:'2 o w2 -
W2 + bue(W_+yW ?) = 32

1 -
3 3*T3 3 W3

[\VY N

where W32 and W32 indicate the velocity and displacement of the

point z = -zO at t=t2.

The motion stops when W

3 = 0 and the permanent deformation
at z = -2, is determined by
2y o 1§ -
Mue(w +7w3f) =3 w32+uue(w +7w32) (4-48)

The maximum permanent deformation at impact point z=0 is

wOf = WO + (W3f 32)/(1+z ). (4-49)

It shows* that the static admissibility are satisfied with

i
A
3
V/a
'_l
=
1
S|—
A
N
N
1
N
1
IN
3
N
H
)
i
N
O
IA
N
n

4.4 Discussion

A surprisingly simple solution for a simply supported beam
with axial restraints subjected to an impulsive loading is obtained in
Section 4.2 when the simplified square yield curves are employed.
The results given by equation (4-12) give good agreement with
other authors' previous work shown in Fig. 45, Therefore, the
square yield curves are very useful from the engineering point of

view since they simplify the analysis and give good predictions.

* The examination of static admissibility is similar to
equations (16) and (17) in Appendix I.
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The square yield curves are alsoc employed in Section 4.3 to
analyse the finite deflection of a clamped beam struck by a

falling mass at any point of its span. The analytical solution

3

can be obtained from Section 4.3 when % > 1 and z > % %, - 1.
Otherwise, a numerical method has to be employed to solve equations

(4=32) or (4=33) and (4-36) or (4-37).

Equations (4-32) and (4-36) are more difficult to solve than
equations (3-26) and (3-29) which are given in Chapter 3, since
equations (4-32) and (4-36) are second-order differential equations,
while equations (3-26) and (3-29) can be considered as first-order

differential equations of W One can use finite~difference

3°
methods to solve equations (4-32) and (4-36) directly, or use this

method to solve the partial differential equations (4~33) and (4-37)

and obtain W3, then with equations (4-32b,c) or (4-36b,c) to

obtain W3. However, after comparing the analytical results obtained

in Section 3 of this Chapter with those in Case I of Chapter 3,
one may assume that the deformation can be obtained by replacing
- 3+7W32. It is
shown that the velocity W3 given by equations (3-26) or (3-29)

W3, of which value obtained in Chapter 3, with W

are the same as that given by equations (4-32) or (4-36) with
certain values of z, and Z,, since the same equations as equations

(4-33) and (4-37) can be derived from equations (3-26) and (3-29),

4
respectively. The solutions with-g 2 1 and % > %-%;- 1 are the

same as those which ignored the influence of finite deflection,

or geometrical change, if W, + ywoz is replaced by Wo. Furthermore,

0
the velocity WO at each phase with travelling plastic hinge,
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21 # 0 or 22 # 0, are exactly the same between N=0 and N:NO,

provided z, and z, are given*,

A wide range of ¥, g and u was assumed and the corresponding
maximum deformations are obtained. Some of these results are
plotted in Figs. 52 and 53. The results from bending only
solution are also plotted in Figs. 52 and 53. It shows that
the differences between the bending only solution and the
solution with influence of finite deflection increases sharply
with the increase of external energy u. Fig. 53 shows that
when u = 10 the results obtained from bending only solution can
reach about ten times larger than that with the influence of
finite deflection. However, this difference decreases with the

increase of the mass ratio g.

When r = 1 or £1=2 =£, the maximum permanent deformation can

2
be obtained from equation (4-42) in the form

W= == v, &
Tor = 25t=1+ /1 + 31 (3 + 21n(14@)]) (4-50)

For beams with rectangular cross-sections with MO H & BH’OO and

N,=BHo,, equation (4-50) can be written as

W
or 1 T Z
T'E{-1 +/1 +§-§EEW§+ 21n(1+g)]} (4-51)

The results which are obtained from equation (4-51) and other

authors' previous work** are plotted in Fig. 54, It is clear that

* Equation (3-12b) and equation (4-16b), and equation (3-19)
and equation (4-24) are the same, since B+C in equation (3-19)
equals 1 when the shear strength of material is infinite.

4 These formulae are listed in Appendix II.
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the results from equation (4-51) do bound well Nonaka's work
in which the parabolic yield curve or 'exact' yield curve is

employed [12].

Equation (4-19) shows that when g << 1, the first phase
of motion hardly influencesthe entire response of beam since the

value of velocity W. at the end of first phase is almost equal to

0
its initial value 2u, i.e. W 2 2u at the end of first phase. Thus,
it is reasonable to neglect the influence of first phase and assume
the
that two half beams rotate as rigid bodies duringVEHEire response,
provided g << 1. Indeed, Jones [30] and Oliveira [20] results

as
give good predictions even when g:l:V§HSWn in Fig. 54.
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FIG. 54 Variation of maximum permanent deformation wf/H with
external dynamic energy u. (a) g = 0.00001, vy = 5 and
20; (b) g =1, vy = 5. The symbol (X) indicates that
the curve corresponds to the equation (X) given in
Appendix II.
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CHAPTER §

THEORETICAL ASPECTS OF PLASTIC FAILURE OF A CLAMPED BEAM

STRUCK BY A MASS AT ANY POINT OF ITS SPAN

5.1 Introduction

Jones [29] examined the plastic failure of a clamped beam
subjected to an impulsive loading uniformly distributed over its
span. His theoretical work is in good agreement with Menkes and

Opat's experimental results [44].

The theoretical analysis of plastic failure of a clamped beam
struck by a mass at any point of its span is presented in
this Chapter. The triangular plastic regions at the supports and
at the impact point of the beam which were assumed by Nonaka [12]
are employed herein. Equation (1) of reference [30] is used to
estimate the maximum permanent deformation of the beam since it 15
simple and provides a good estimate provided the mass ratio g = Tél
is not very small. The value of shear sliding is calculated from

the theoretical analysis discussed in Chapter 3 of this thesis.

The beam has a rectangular cross-section with depth H and width B.

5.2 Plastic Failure of Beams Due to Tensile Tearing

Most theoretical methods and most numerical schemes for the
dynamic plastic behaviour of structures use a material having an
unlimited ductility. Clearly, this is a severe idealisation for

real materials since the structure may crack or break when the
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maximum strain in the structure reaches the limit elongation of
the structural material. Indeed, experimental results reported
in reference [44] and in Chapter 6 of this thesis show that
tensile tearing failure occurs in beams when the external

dynamic energy is sufficient.

Few papers [29] have been published on the dynamic plastic
behaviour of structures made from a material with a limited
elongation. One reason is the difficulty of estimating the

maximum allowable strain in a structure.

5.2.1 Plastic Regions

After examining his experimental beam specimens which were
subjected to an impulsive velocity loading on a c&ncentrated
mass located at the centre, Nonaka [12] assumed that plastic
strains occur in triangular regions at the supports and at the
midspan of the beam. The assumed plastic region starts with two
isosceles right triangles, shown in Fig. 55a, with the larger one
on the tension side and the smaller one on the compressive side.
With the increase of beam deformation the triangle on the tension
side increases while the other on the compressive side decreases.
The whole plastic region becomes one triangle in tension as shown
in Fig. 55b when the deformation is equal to the beam thickness H.
The plastic regions both at the supports and at the midspan then
spread uniformly along the beam as indicated in Fig. 55b until the
plastic regions extend over the whole span. At this stage the

total length of a plastic region for half span of the beam is twice
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the deformation at the beam centre. A similar sequence of
triangular plastic region formation is also found at the supports
and at the impact point of the beam struck by a falling tup, which
will be reported in the next Chapter of this thesis. Instead of
two triangular plastic regions at the midspan in reference [12],

a large triangular plastic region occurs at the impact point of a
clamped beam struck by a mass. It is assumed that the
large triangular plastic region is the sum of two plastic regions
at the supports and the distribution of the large plastic region
to each part of the beam is equal to the plastic region at the

support of this part of the beam.

Nonaka's assumption is used for the plastic tension length
2 on the upper or lower surface of the beam struck by a mass

at any point of its span shown in Fig. 42a.

When the deformation of the beam is less than the beam thickness

H, or L £ 1, we have

1] I; H

N _W*
" (5-1,2)

N
N = 20.Be and —
0 , NO MO

where N is the membrane force, e is the distance from the neutral

line to the central line of the beam cross section shown in Fig. 55a

and W is the deformation at the impact point.

Equations (5-1) and (5-2) give

W
e = -2' (5-3)
* See equation (4) in reference [12] and also see references

[58,59].
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. 1 .
since NO = oOHB and MO = ﬂ-oonB for rectangular section.

The length of the tensile plastic region on the upper or

lower surface of the beam shown in Fig. 55a is

7= 2(% +e) (5-4)

Equations (5-3) and (5-4) give

T =

Z=H+W for 0g =<1 (5-5a)

2

For 1 < E-§ 5%’ the plastic regions spread along the beam

H

shown in Fig. 55b and

2

- W 1
2 = 2W for‘1<-g<—2ﬁ

until the plastic regions extend to the whole beam at £ =12 or

v ok
H =~ 2H®
W 21
For T > 30’ the plastic region remains
2
- W 1
2 = 21 f‘or'?!->-é-ﬁ (S-SC)

until the motion of beam stops.

5.2.2 Maximum Tension Strain

a) for 0 ¢ % €1

The increased length of an upper layer of plastic region at
the support or lower layer of plastic region at the impact point
of the beam between time T and T+AT, shown in Fig. 56a, can be

expressed by

Ag (5-6a)



(a)

(b)

COMPRESSIVE

FIG. 56

The increased 1ength of upper layer or lower layer of
the beam between time T and T + AT. (a) the
deformations of beam at time T and T + AT; (b) the
increased length due to bending moment; (c) the

increased length due to membrane force.
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where A£1b ~  HA®O (5=6b)

is the increased length due to bending moment shown in Fig. 56D,

Af, = AW-sin® = AW ¥ (5-6c)

im LT

is the increased length due to membrane force shown in Fig. 56c¢c and

A _A21m AW.Q1
ae = = (5-6d)
\/W!+21! 1
Equations (5-6) give
22
1 1 W
AL, = S[H o + Jaw. (5-7)
1 +4
1
Therefore, the increased strain between time T and T+AT is
A21 1 sz1 W AW
be = — = Sl + 1 T (5-8)
2 1 vw’+z1ﬂ

and the maximum tension strain at time T is

.. fw 1%”1 W W g aw
- L
o 2 W+, LT H+W

He, (W+H)? 2.2
1 1 1 H W 1 W W
= ey 7 hmranwrd v gy arete gt e g G e 1+ )

H [JH!+£1! (21 + »/H’+z1’) -~ H® J(W+H)

- In {; } (5-9)
2JH’+'2'1! [VE 2 T (Ve * W+ JH’+21! )« H(W+H)JH
W

When i 1, the strain is

HR 4o 2

1 1 H H 1 H H
ST Ry i M AU W A %2
R SR PY § I J1+H’/£1’) (5-10)

ViR +21!
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2
(b) for 1 < \<.Eg

=

When % > 1, the beam enters into the membrane state as shown

in Fig. 55b. Therefore, A21 = 0 and

b
AL
pe = 0 . M AW, (5-11a)
2 W +2 £

1
Substituting equation (5-5b) into (5-11a), we obtain

W

W dw
e =Sy —0—F "
JW’+£1!
1 W/R1 + J1+w’/£1’
=5 1n{ ) + €4~ (5=~11b)
H/E1 + J1+H!/£1’
%) 21
When q° the plastic regions extend to the whole beam and
1 %(1 + V5)
e, =3 in[ ]+ €,- (5-12)
H/ll1 + J1+H’/11’
s
W 1
(c) for §-> 50

Substituting equation (5-5c) into (5-11a), we obtain

W W dw
+ €.

éé e VITWE  °
e T

/‘.;’.T’+ 1 =395 + e, (5-13)
1
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5.2.3 The Maximum Permanent Deformation of the Beam

It may be shown that equation (1) in reference [30], which
is obtained from Jones' previous work [17], agrees reasonably well
with the theoretical analysis discussed in Chapter 4 of this

thesis, provided the mass ratio g is not small¥*.

The maximum permanent deformation from equation (1) of

reference [30] can be written

W
& = K - 11, (5-14a)
h o A = -3_2_ r[3r+g(1+r‘)] s (5—1’-”.))
wher © 3 (1+r)[2r+g(i+r) J#
GV0221 fﬁ21
A= =Fs ' 8§ and r = 21/22. (5~1l4c-e)

0

5.2.4 Threshold External Dynamic Energy for Onset of Plastic

Failure Ly Tensile Tearing.

Equations (5-9), (5-11b), (5-13) and (5-14) show that the
tensile strain increases with the increase of the external dynamic
energy A. When the tensile strain reaches the limit strain €n of
beam material, or the corresponding external dynamic energy is equal

to some certain value A tensile tearing will occur. At is the

t!
threshold external dynamic energy for onset of plastic failure due

to tensile tearing.

* One can also use equation (7-1) in Chapter 7 of this thesis.
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Dependent on the limit strain em of material, the tensile

tearing may start within three different ranges of deformation

2 2
g $‘—l or E-> ! If e, >¢

ZH H - ZH 1 m* the

of the beam; 0 < g-g 1, 1<

tensile tearing may start when 0 < g 1. If 51 < € and €, > €

2
the tensile tearing may start when 1 < W £ —l. If e, < e, the
2 H 2H 2 m
tensile tearing may start when % > E%'

(a) Plastic failure due to tensile tearing occurs when 0O <-ﬁ?§ 1.

In this case we can obtain the threshold external dynamic
energy At from equation (5-9) after substituting equations (5-14)

into (5-9) and replacing € in equation (5-9) with limit strain €

of beam material.

W 2

(b) Plastic failure occurs when 1 < EE P !

2H"

Equation (5-11b) can be written as

[H/21 + Vi+H2 /21!]e2(sm_€1) L + V1 + W/2

21 1
W 2 2 2
or (B - =1+W/e?, (5-15a)
1 1
where B = [H/ﬁ,l + V1+H’/z113e2(€m-€1) (5-15b)

and €, is defined by equation (5-10).

Equations (5-15) give

o
-—

(B ). (5-16)

-1
B

Ti=
]
o] —
=

Substituting equations (5-14) into equation (5-16), we obtain



9

2
1 1 1 1
LV A - 1] = 5= (B - g)
2 2
1 7 1 1 1
or lt = -A—E— (B - g)[r (B - E) + 2], (5-17)

where A and B are defined in equation (5-14b) and (5-15b),

respectively.
Wm 21
(e) Plastic failure occurs when T 5H
Equation (5-13) gives
2
W 1 V5
H=H—/‘€m+z—5'ez” - (5-18)

where €5 is defined in equation (5-12).

Substituting equations (5-14) into equation (5-18), we obtain

(5-19a)

where 59
C=— j(e S L (5-19b)
- H m °

5.3 Plastic Failure of Beams Due to Shear Sliding

It is shown in reference [29] that the shear failure may
precede the tensile tearing failure, when the limit strain € of
the beam material is large enough, or provided the ratio 22/H is
sufficiently small. This phenomenon may occur in the present

problem discussed herein.

The shear effect on a clamped beam struck by a mass

at any point of its span has been discussed in Chapter 3. For most
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cases, the value of shear sliding can be directly obtained from
the theoretical analysis in Chapter 3. However, for a few cases
a numerical method has to be employed in order to obtain the
magnitude of shear sliding. Fortugately, this occurs only when
the mass ratio is very large (gzz Tél > 3) and when the impact

point is close to the support (El < 3). These cases are neglected

in the following analysis on the shear failure of beams.

Like other authors [15,28,37,45, etc.], we assume that
shear failure occurs when the shear sliding ws = kH, where 0 < k g 1.
Therefore, the threshold external dynamic energy As for onset of

shear failure corresponds to ws = KkH.

(a) v, 2v, 23

The shear sliding given by equation (3-11d) is

W

8 _ 3gA
Tl 37737:§§7 (5-20)
since u = 4 %— (5-21)

1
Therefore, the threshold external dynamic energy for onset of shear

failure is

kv1(v1+33)
A = —————— (5-22)
s 38

3

(b) 1<v, &5 and v, > 3

For r? < %(v1-1), equation (3-51) with equations (3-39k),

(3-44b) and (3-U44h,i) give
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ws

T c lIAA1, (5-23)
35(2v1+3s)
- - - —— - 2 -
where A1 = F(tsz)‘ F(ts1) + .\,1(\,1+3g) 2 (\,1 1)t52, (5-24)
3(v,=1)
_ 1.3 . 1 o a=1

tSZ = 35l5 2(\)1-1) + '———'—g + \)1] ’ (5-25a)

- 3g -
ts1 = 4V1(v1+38) (5-25b)

F(t) = 2t + % gt? - 2v1t2 - 3%212 JatZ+bt + £(t) (5-26a)

2
o In (2at + b + 2VavatZ+bt) for a > 0
8ava
F(t) = (5-26b)
2
b arcsin(:gi%:g)for a<o
8av-a
a = 9 - 243v1 and b = 12g. (5-26c,d)

The threshold external dynamic energy is

k
As = ﬂK? (5=27)
where A1 is defined in equation (5-24).

For r? ;-%{v1-1), equation (3-51) with equations (3-39k),

(3-44h,1i) and (3-46d,e) give

=

8
T 4151, (5-28)

- - - - 2
where B1 = F(tz) F(ts1) + H;:T;::§ETF 2 (v1 1)ts2 +

v 2r(t_p=t,)1 = (rev))(t 548,01/ (3 ger), (5-29)
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ct
"

1 2 —1
2 =3 rg[(v1-1)(g+3r) + gr (1+r2)] , (5-30)

t glbgr + 12r* + 2v1g)-1, (5-31)

2

F(t) and ts1 are defined in equations (5-26) and (5-25b),

respectively. Therefore,
A = k (5-32)
s Hﬁ:‘

where B1 is defined by equation (5-29).

(¢) 3<v.<3andv, >3

2 1

Equation (3-50) with equations (3-39h,i) and (3-40) gives

ws
T ° uxc1, (5-33)
where
1 - -1
Cy = T3gy (278012, +hv "g+18g+18v,g) 1+g?(4v1s—6+6v1) g
(5-34)
So that,
k
AS = -H-E—- . (5‘35)
1

(d) 0 <v.,§1andv, >3

Equation (3-59) with equations (3-53), (3-44) and (3-58)
gives

W
8
—H— = L‘AD1, (5-36)
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3g(2v1+3g) 6u(g+3r)r’
llv1(v1+3g)z + (r+v1)(v1g+6r’+3gr‘)I

where D1 = F(tz) - F(ts1) + (5-37)

and F(t), ts1 and t2 are defined by equations (5-26), (5-25b) and

(5-31), respectively.

The threshold dynamic energy is

k
AS = .I‘-S‘I_ (5-38)

where D1 is defined by equation (5-37).

’

(e) 1< v, € v, g3

For v, > 1 + r, equation (3-65) with equations (3-62a,c) and

(3-63) gives

k
AS = -&—E—;, (5'39)
where E, = =& Eé ! + g ] (5-40)
1 3+g 2 r(v1-r)(3+g)+g(1+v1) (5915-6+6v1) *

For v, < 1+ r, equation (3-66) with equations (3-62b,d) and

(3~-64) gives

k
XS = -E-E—Z- ’ (5'”1)

where E, = =& [i r’ + g J. (5-42)
2 " 3r+g 2 (v1-1)(3r+g)+gr(r+v1) 6r(v1-r)+uv1g -

(f) 0<v,&1and1<v g3

Equation (3-70) with equations (3-68f) and (3-69d) gives
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k
ls = W-I_' (5-43)
3r(v1—r)+g(r+v1)
where F1 = (r+v1)[6(v1-r)r¥uv1g]' (5-44)
(g) 0 < v, & v, <1
Equation (3-71d) gives
A = kv (5~45)

5.4 Discussion

The tensile tearing failure and shear failure of clamped
beams struck by a mass at any point of the span are

discussed in this Chapter.

Nonaka's assumption about the plastic regions in the beam has
been employed in the present problem. Of course, when the impact
point is very close to the right~hand support, the plastic region
at the right-=hand support may differ from Nonaka'a assumption due
to the proximity of the support. However, the experimental results
reported in the next Chapter show that triangular plastic regions
did develop at the supports and at the impact point provided
21 » 0.5 in. Furthermore, when the impact point is very close to
the support the beam may fail in another mode of failure rather

than in tensile tearing failure.

With the increase of the limit strain em of beam material

or with the decrease of £ the shear failure may replace the

1’
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tensile tearing failure. The shear failure occurs when the shear
s8liding in the beam ws 3 kH. Unfortunately, k is an unknown
coefficient and must be obtained empirically. However, Jones [29]
did obtain a reasonable prediction on shear failure with k=1

compared to Menkes and Opat's experimental tests [44].

Instead of pure shear failure and pure tensile tearing
failure, the beam may fail due to the combined influence of
tensile and shear effects. Further theoretical work 1s required

in order to predict the mixed failure due to a combination of

tearing and shearing.
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CHAPTER 6

EXPERIMENTAL RESULTS

The range and some experimental results of the dynamic tests
on clamped beams struck by a falling tup at different points of
the span are listed in Tables 2-5. The experimental data on flat
end beams of steel and aluminium alloy are presented in Tables 2
and 3, respectively, while the data on large end specimens of
steel and aluminium alloy are given in Tables 4 and 5,
respectively. wf is the maximum permanent deformation of a beam
and was measured after test using a travelling microscope. 21 is
the location of the impact point from the right-hand support and

Vo is the initial impact velocity measured using a laser doppler

velocimeter.

During the tests, the tup was carefully lowered to near
contact with the beam and the beam which was held in the beam
holder was set at 1ts test position by reference to the tup head.
The tup was then lified to the drop height H® after setting up
the laser doppler velocimeter, DL1080 transient recorders and
other data recording instruments. After another check of the
instruments, the tup was released and dropped vertically along

the rig guide rails and struck the beam specimen with an initlal

impact velocity VO.

It was found that the actual impact point may slightly

deviate from the desired point. The values of 21, which were

measured from the beam specimens after the test, are listed in



mpact point
T 21 (mm)

Impact wf
Speci. | Velocity] “before|after —_
No. v, (m/s)] test |test A H Comment
STI1 5.3366 50.8 50.2 18.88 {3.622
STI2 6.2868 | 50.8 |50.6 |26.4 [4.14
STI3 7.211 50.8 50.3 34.53 4.7
STIY 7.9529 | 50.8 |50.28 {41.99 |5.19
STI5 8.6005( 50.8 |49.76 }u8.6 5.66
STI6 5.3366 38.1 34.5 12.97 {3.33
STI7 6.2868 | 38.1 |37 19.31 4.1}
STI8 7.211 38.1 |41.1 |28.22 |4.7
STI9 7.9529 | 38.1 |36.6 [30.56 |4.98
STI10 8.6916 [ 38.1 [38.2 ]38.1 [5.56
STI11 3.3289 | 50.8 [50.6 7.4 |2.24
STI12 3.3289 | 38.1 39 5.71 |2.15
STI13 | 3.3289| 25.4 |25.8 | 3.77 |1.88
STI 14 5.3366 | 25.4 |24.26 | 9.12 {2.99
STI15 6.2868 | 25.4 |25.6 13.36 |3.59
STI 16 7.0287{ 25.4 |25.5 [16.63 broken at the impact

point due to shear
STI 17 3.3029 12.7 13.7 1.97 | 1.27
STI18 5.3366 | 12.7 [13.2 4,96 |2.236
STI19 4.4385 12.7 13.2 3.43 11.8
STI20 3.3029 6.35 | 7.22 | 1.04 |0.853
STI21 5.1772 6.35 | 7.87 | 2.79 | 1.706
STI22 4,624 6.35 | 8.2 2.31 | 1.426
STI23 9.43 50.8 |50.8 |59.64 broken at the impact
point due to shear

STI24 static test
STI25 7.3932| 50.8 |50.2 36.22| 4.73 | test with strain gauges
Table 2-1. Experimental Details of Flat End Steel Beam with Thickness

H =

0.15 in (3.81 mm).



mpact point
21 (mm)
Impact W..
Speci. | Velocity before|after L
No. V0 (m/s) test | test A H Comment

STII1 5.3366 50.8 [49.73 7.89 |2.26

STII2 7.211 50.8 51.2 14.83 [2.97

STII3 8.6916 50.8 48.6 20.45 3.6

STITY 9.248 50.8 47.6 22.68 |3.853

STII5 9.9867 | 50.8 |50.51 |28.06 |4.22 cracked at the impact
point due to shear

STII6 5.3366 38.1 37.86 6.01 |2.1083

STIIT7 7.211 38.1 36.14 |10.47 |2.88

STIIS8 7.9529 | 38.1 35.63 |12.55 [3.23

STII9 9.248 38.1 37.21 117.73 |3.75

STIT10| 10.543 38.1 |37.1 [22.97 broken at the impact
point due to shear

STII 11 3.3289 50.8 50.45 3.11 }11.4026

STII12| 3.3289 38.1 41.7 2.57 11.327

STIT13| 3.3289 25.4 25.64 1.58 1.1067

STII14| 5.3366 25.4 24.29 3.85 | 1.8049

STII 15 6.2868 | 25.4 23.32 | 5.13 [2.1346

STII16 7.0287 | 25.4 28.68 | 7.89 |2.69

STII17 3.3289 12.7 12.56 0.775]|0.687

STII18] 5.1772 12.7 13.1 1.96 {1.27

STIT19| 7.9529 12.7 4,47 broken at the impact
point due to shear

STITI20| 6.2868 12.7 12.2451 2.7 1.67

STII21 3.3289 6.35 5.704| 0.35 |0.3374

STII22| 5.1772 6.35 8.112] 1.21 |0.93

STII23| 6.2868 6.35 | 7.86 1.73 | 1.194

STII24 7.9529 12.7 14.307| 5.04 |2.366 the motion was recorded
in film no. 7

STII25| 7.3932| 50.8 |45.9 13.97 [2.795 | test with strain gauges

Table 2-2. Experimental Details of Flat End Steel Beam with Thickness

H = 0.2 in (5.08 mm).



Impact point
£, (mm)
Impact W

Speci. |Velocity| before|after N __t

No. Vo (m/s) test | test H Comment

STIII1 3.3289] 50.8 |50.6 1.754} 0.9072

STIII2 5.1772| 50.8 |50.9 4.346 | 1.5893

STITI3 7.0287| 50.8 |49.6 7.7961 2.155

STIIl4 9.8012] 50.8 {45.8 | 14.017 | 2.982

STII1S 10.911 50.8 19.248 broken at the impact
point due to shear

STIIIé6 3.3289] 38.1 (40.6 1.431 | 0.8805

STII17 5.1772{ 38.1 [34.8 2.965 | 1.4855

STIIIS8 7.0287} 38.1 |{35.5 5.589 | 2.0209

STIII9 9.8012| 38.1 (41.4 | 12.652(2.9241

STIII10| 3.3289| 25.4 |[26.3 0.929 { 0.7157

STIII11]| 6.2868| 25.4 [26.1 3.28311.578

STIII12| 9.248 25.4 {29 7.881]2.397

STIII13| 3.3289 12.7 13.6 0.478 | 0.43

STIII14] 6.2869 12.7 14 1.764 | 1.135

STIII15] 9.248 12.7 12.2 3.316 | 1.56

STIII16]| 3.3289 6.35 1 5.3 0.187 | 0.211

STIII17| 6.2868 6.35 ) 6.3 0.793 10.68 cracked at the impact
point due to shear

STIIT18| 5.3366 6.35 | 5.5 0.495 ]0.5139

STIII19 static test

STIII20| 11.467 50.8 |45.5 19,041 | 3.283 | £film No.2. sliding
occurred between the
beam and the holder

STIII21| 11.467 50.8 21.259 broken at the impact
point due to shear.
film No.4

STIII22| 10.728 25.4 )26.4 9.67 broken at the impact
point due to shear

STIII23]| 8.877 12.7 13 3.265 |1.687

STIII24 7.3932 25.4 29.4 5.118 }]1.9307 | with strain gauges

STIII25]| 7.3932| 12.7 19.4 3.375 }1.4976 | with strain gauges

Table 2-3. Experimental Details of Flat End Steel Beam with Thickness

H=0.25 in (6.35 mm).



Impact point
£| (mm)
Impact Wf

Speci. |Velocity| before|after A B

No. Vo (m/s) test | test H Comment

STIV1 3.3289| 50.8 |[48.1 0.982 | 0.5752

STIV2 5.1772| 50.8 |50.5 2.492 | 1.145

STIV3 7.0287| 50.8 149.7 4.526 | 1.5923

STIV4 9.8012| 50.8 ]49.3 8.72 |2.3049

STIV5 10.911 50.8 |51.1 | 11.196 |[2.5226

STIVé 3.3289| 38.1 |41.2 0.84 |0.5563

STIV? 5.1772| 38.1 |[38.2 1.888 | 1.057

STIVS8 7.0287}) 38.1 (39.3 3.576 | 1.5205

STIV9 9.8012} 38.1 |34.9 6.175 12.1136

STIV1O | 10.911 38.1 |38.4 8.42 12,4167

STIV11 3.3289 | 25.4 ]26.7 0.545 | 0.4101

STIVi2 6.2868 | 25.4 |27.3 1.987 |1.1327

STIV13 | 10.3576 | 25.4 }29.1 5.75 |2.07

STIVi4 3.3289 | 12.7 }15.3 0.314 | 0.2807

STIV15 6.2868 | 12.7 19 1.383 | 0.949

STIV1é6 9.248 12.7 13.3 2.095 |1.3777

STIV17 3.3289 6.35 | 8.4 0.171 | 0.1656

STIV18 6.2868 6.35 | 7.4 0.539 | 0.5189

STIV19 7.9529 6.35 ] 9.5 1.107 |0.832

STIV20 9.248 6.35 1.003 broken at the impact
point due to shear

STIV21 | 11.653 50.8 |49.3 ] 12.33 ]2.6567

STIV22 | 11.2818 | 25.4 |25.4 5.954 broken at the impact
point due to shear

STIvV23 static test

STIV24 | 10.7286 | 12.7 16.6 3.191 |1.6403

STIV25 7.3932 50.8 45.4 4.571 ]1.5551 |with strain gauges

Table 2-4. Experimental Details of FLat End Steel Beam with Thickness

H=0.3 in (7.62mm).



Impact point
£, (mm)
Impact Wf
Speci. |Velocity |before|after N .
No. Vo (m/s) test test H Comment
ALI1 5.3366 |50.8 [50.7 18.134 | 4.28556
ALI2 5.3366 38.1 13.616 broken at the support
due to tensile tearing
ALI3 4.624 50.8 49.3 13.228 broken at the impact
point due to tensile
‘| tearing
ALI4 4.4385 50.8 49.6 12.262 | 3.10617
ALIS5 4.8095 50.8 [49.8 14.456 broken at the impact
point due to tensile
tearing
ALI6 3.8853 |50.8 |[50.7 9.604 | 2.8976
ALI?7 3.329 38.1 |[41.4 5.758 |1 2.7575
ALI8 3.8853 |38.1 [39.4 7.464 | 2.7627 |cracked at the impact
point due to tensile
tearing
ALI9 4.3458 |38.1 |37.1 8.793 broken at the impact
point due to tensile
tearing
ALI1O0 2.668 50.8 |44.6 3.984 ] 2.068
ALIl1 1.7767 {50.8 ]50.1 1.985 ] 1.1976
ALI12 1.7767 |38.1 ]40.5 1.604 | 1.1446
ALI13 1.8418 6.35 | 7.2 0.307 { 0.2318
ALIl4 .2.668 6.35 | 7.7 0.688 | 0.6417 | cracked at the support
due to tensile tearing
ALI15 4.4385 25.4 |24.9 6.156 broken at the impact
point due to tensile
tearing
ALI16 5.7336 50.8 20.957 broken at the support
due to tensile tearing.
with one strain gauge
ALIl17 1.7767 125.4 [24.5 0.971 | 0.846
ALI18 2.668 25.4 |25.6 2.287 }1.5816
ALI19 3.81 25.4 }124.8 4.518 | 2.5856
ALI20 1.7767 12.7 13.3 0.527 | 0.7039
ALI21 2.668 12.7 13.8 1.233 1 0.995 cracked at the support
due to tensile tearing
ALI22 3.81 12.7 12.7 2.315 broken at the support
due to tensile tearing
ALI23 3.3029 12.7 12.6 1.725 broken at the impact
point due to tensile
tearing
ALI24 static test
ALI25 5.7336 |50.8 |46.9 19.348 | 4.3963 |with strain gauges

Table 3-1. Experimental Details of FLat End Aluminjum Beam with
Thickness H = 0.15 in (3.81mm).



Impact point
£, (mm)
Impact wf

Speci. | Velocity| before{after AN .

No. Vo (m/s) test | test H Comment

ALII1 5.3366| 50.8 |49.7 7.4935]2.714

ALII2 6.2868 50.8 10.63 broken at the impact

: point due to tensile

tearing

ALII3 4.624 50.8 |51.2 5.796 {2.2813

ALII4 5.7336} 50.8 |]50.8 8.841 broken at the impact
point due to tensile
tearing

ALIIS5 5.548 50.8 }48.8 7.952 broken at the impact
point and at the support
due to tensile tearing

ALIIé6 3.7 50.8 |51.4 3.725 |1.7006

ALII?7 3.1434) 38.1 |40.2 2.103 }1.4154

ALIIS8 4.253 38.1 |[41.9 4.012 |2.1283

ALII9 4.8095] 38.1 |41.4 5.07 |]2.353

ALIT10 5.3366| 38.1 [40.2 6.061 |2.4543

ALII11 1.7767} 50.8 [50.5 0.844 10.5287

ALII12 1.7767] 38.1 139.3 0.657 }0.6291

ALII13 1.7767| 25.4 |25 0.418 10.3957

ALIIl4 2.668 25.4 |25.4 0.957 |0.8069

ALII1S 3.81 25.4 §28.2 2.167 {1.7504

ALII1é6 4.702 25.4  |27.4 3.207 broken at the impact
point due to tensile
tearing

ALII1? 1.7767 12.7 [13.6 0.227 |0.2659

ALII18 2.668 12.7 |14.1 0.531 |0.573

ALII19 3.3029 12.7 14.6 0.843 [0.7112 |cracked at the support
due to tensile tearing

ALIIZ20 1.893 6.35 | 5.5 0.104 }0.1307

ALII21 2.729 6.35 | 5.8 0.229 |0.2364

ALII22 3.4138 6.35 | 8.3 0.514 |0.5244

ALII23 3.7 12.7 16.8 1.218 |1.2835 |cracked at the impact
point due to tensile
tearing

ALII24]| 11.2818| 50.8 34.231 broken at the impact
point

ALII25| 11.653 50.8 36.521 broken at the impact
point

Table 3-2. Experimental Details of Flat End Aluminium Beam with

Thickness H = 0.2 in (5.

08mm) .



Impact point
¢ (um)
Impact Wf
Speci. |Velocity| before|after A -
No. Vo (m/s) test test H Comment
ALIII1 5.3366| 50.8 |49.9 3.821 |1.7024
ALIII2 6.2868] 50.8 |[52.2 5.592 {2.0315
ALIII3 7.0287] 50.8 ]49.3 6.602 broken at the impact
point due to tensile
tearing
ALIII4 1.7767]| 50.8 |50.9 0.436 |0.3731
ALIIIS 3.81 50.8 |50.9 2.003 |1.2
ALIII6 1.7767 ]| 38.1 |39.9 0.341 |0.4384
ALIII7 3.81 38.1 |40.9 1.609 |1.3406
ALIIIS8 5.1772] 38.1 }41.7 3.03 [1.871
ALIII9 6.355 38.1 |39 4,27 11.9676
ALIIT10| 1.7767| 25.4 ]27.3 0.234 |0.2931
ALIIIl11| 3.82 25.4 |28.3 1.119 |0.9783
ALIII12| 5.3366) 25.4 127.2 2.1 1.5831
ALIITI13] 6.355 25.4 |24 2.627 broken at the impact
point due to tensile
tearing
ALIIT14) 1.8483 12.7 16 0.148 |0.1471
ALIII15| 3.8853 12.7 15.5 0.634 [0.649
ALIIIl6| 5.1772| 12.7 13.9 1.01 ]1.019 |cracked at the support
due to tensile tearing
ALIII17| 4.7167 12.7 13.3 0.802 |0.8183
ALITII18| 1.8483 6.35 | 9.5 0.088 }0.1096
ALIII19| 3.3289 6.35 | 7 0.21 |0.2813
ALIII20| &4.7167 6.35 ] 7.8 0.47 ]0.606
ALIII21 static test
ALIII22] 7.0287| 50.8 6.8027 broken at the impact
point due to tensile
tearing. film No.6
ALIII23| 5.3366| 12.7 12.7 0.98 }1.1276 | film No.10
ALIII24] 5.734 12.7 16.1 1.435 |1.3874
ALIII25] 6.1046 | 12.7 14.7 1.485 broken at the impact
' point due to tensile
tearing

Table3-3. Experimental Details of Flat End Aluminium Beam with
Thickness H = 0.25 in (6.35mm).



Impact point
g, (um)
Impact W{

Speci. |Velocity| beforejafter A -

No. Vo (m/s) test | test H Comment

ALIV1 5.3366| 50.8 [49.1 1.887 |1.1291

ALIV2 6.2868| 50.8 |48.8 2.603 |1.5421 | cracked at the impact
point due to tensile
tearing

ALIV3 1.7767] 50.8 |51.3 0.219 ]0.1692

ALIV4 3.81 50.8 |50.8 0.995 |0.7265

ALIVS 1.7767| 38.1 |41.1 0.175 |0.1625

ALIV6 3.81 38.1 |39.6 0.776 |0.6627

ALIV7 5.3366] 38.1 |38.4 1.476 |1.1184 | cracked at the impact
point due to tensile
tearing

ALIVS8 6.355 38.1 |37.5 2.044 broken at the impact
point due to tensile
tearing

ALIV9 1.7767| 25.4 (29.8 0.127 10.1328

ALIV10 3.81 25.4 26.7 0.523 {0.572

ALIV1l 5.3366} 25.4 |25.9 0.996 {0.8938 |cracked at the impact
point due to tensile
tearing

ALIV12 1.7767} 12.7 |17.3 0.074 10.0611

ALIV13 3.3029| 12.7 |16.1 0.237 [0.243

ALIV14 4.253 12.7 ]15.1 0.369 |0.4222

ALIV15 5.3366| 12.7 |13.7 0.527 ]0.6147 |cracked at the support
due to tensile tearing

ALIV1é6 1.7767 6.35 [ 9.1 0.039 |0.0416

ALIV17 3.3029 6.35 1 7.2 0.106 [0.1719

ALIV18 4,253 6.35 6.1 0.149 }0.2734 | cracked at the support
due to tensile tearing

ALIV19 5.3366 6.35 4 0.154 broken at the impact
point due to shear

ALIV20 static test

ALIV21 6.658 50.8 [50.8 | 3.04 broken at the impact
point due to tensile
tearing

ALIV22 5.734 25.4 [27.4 1.216 broken at the impact
point due to tensile
tearing

ALIV23 5.734 12.7 0.564 the tup impacted on
bolts of the holder

ALIV24 5.734 25.4 |28.9 1.286 |1.1745 |with two strain gauges

ALIV25 5.734 50.8 }49.1 2.1794|1.2703 |with strain gauges

Table 3-4. Experimental Details of Flat End Aluminium Beam with

Thickness H = 0.3 in (7.

62mm) .



Impact point
(mm)
Impact Wf

Speci.| Velocity| before|after AN !

No. Vo (m/s) test | test H Comment

511 static test

SI2 8.6916] 50.8 |48.2]49.9513{5.7014 | cracked at the impact
point due to shear

SI3 9.248 50.8 |49 57.5281 broken at the impact
point due to shear

SI4 3.1434) 50.8 ]49.3 ] 6.690712.1517

SIS 5.7336{ 50.8 [48.3121.8152|3.7386

516 7.3932] 50.8 |48.5 | 36.411 |4.4987

SII1 9.8012} 50.8 ]45.5 ]25.301 [4.1083 | film No.1

SII2 10.543)] 50.8 ]48.1130.931 broken at the impact point
due to shear. film No.3

SII3 7.0287 12.7 11.4 | 3.262 |1.26 cracked at the support due
to tensile tearing.
film No.8

SIi4 3.1434| 50.8 ]49.7 | 2.8434)1.39

SII5 7.3932] 50.8 [48.2 ]|15.244 |3.06

S116 7.3932| 12.7 19.5 | 6.1853{1.9329 | cracked at the support
due to tensile tearing

SII?7 7.7674}) 12.7 12.7 | 4.4374 broken at the support
due to tensile tearing

SII18 3.1434| 12.7 19.5 1.1142{0.5785

SIIS 5.7336 12.7 14.4 | 2.814 |1.317 cracked at the support
due to tensile tearing

SII10 7.3932| 50.8 |45.1 |14.284 |2.6929 | with strain gauges

SII11 5.7336 12.7 10.3 1.962 broken at the support due
to tensile tearing. with
strain gauges

SII12 7.3932| 50.8 [48.7 |15.329 |2.748 |with one strain gauge

SIII1 static test

SIII2 3.1434| 50.8 |48.4 | 1.419270.8377

SIII3 | 11.096 50.8 |45.8 |16.736 |3.1323

SIII4 11.467 50.8 50.8 |19.787 broken at the impact point
due to shear

SIII5 8.877 50.8 49.9 |11.665 |2.5465

SIII6 6.6578) 50.8 ]45.7 | 6.01 |1.8567

SIVi static test

SIV2 11.467 50.8 |49.1 |11.084612.3933

SIV3 9,248 50.8 |45 6.6018]2.016

SIV4 3.1434] 50.8 }49.3 | 0.8361]0.4156

SIV5 11.65281 50.8 |48.6 |11.3295]2.4131

SIVé6 6.6578} 50.8 |47.3 | 3.6 1.416

Table 4. Experimental Details of Large End Steel Beam with Thickness

H=0.15 in (3.81mm),0.2 in (5.08mm),0.25 in (6.35mm) and 0.3 in
(7.62mm).



Impact point
2, (um)
Impact Wf

Speci.| Velocity| before|afteq 7\ -

No. Vo (m/s) test | test H Comment

AIl static test

AI2 4.4385 50.8 |50.2 ) 24.2014]4.4579 | cracked at the support
due to tensile tearing

AI3 4,995 50.8 |]50.6 ) 30.988 broken at the support
due to tensile tearing

AT4 1.7767] 50.8 |48.6 | 3.7505]1.8971

AI5 3.1434] 50.8 |49.3 ] 11.8987|3.342

AIé6 3.7 50.8 }48.8 | 16.334 |3.777

Al7 10.7287 50.8 49 142.958 broken at the support
due to tensile tearing

AIT1l 5.3366 50.8 47.9 | 14.0675]3.3065 | cracked at the support due
to tensile tearing. film
No.5

AII2 5.3366 6.35]1 6.35] 1.863 broken at the support due
to tensile tearing. film
No.9

ATI3 1.7767| 50.8 |47 1.5333[1.1171

AIT4 5.7336{ 50.8 |48.4 ] 16.3943 broken at the support
due to tensile tearing

AIIS5 4.4385| 50.8 |50.4|10.2437]2.8189

AIIé6 3.7 12.7 |11.2} 1.5815 broken at the support
due to tensile tearing

AIl7 3.514 12.7 |14.2 | 1.8086 broken at the support

AIIS8 3.023 12.7 18.4 1.725 |1.2717 | cracked at the support

AII9 8.877 12.7 16.2 ] 13.167 broken at the support

AII10 1.7767] 12.7 16.7 | 0.5441)0.6711

AIIll 5.3366| 50.8 |50.8 |14.9223 broken at the support.
with strain gauges

AIIl2 5.3366| 50.8 |50.8 |14.9223 broken at the support.
with one strain gauge

AIIIl static test

AIII2 6.2868| 50.8 |49.9 {10.419 [2.7097 |cracked at the support

AIII3 6.6578| 50.8 |49.9 |{11.6755|2.826 |cracked at the support

AlIl4 7.211 50.8 |47.1 ]12.92 broken at the support

AIIIS 1.7767| 50.8 }|49.4 | 0.824 |0.685

AIIIé6 5.7336] 50.8 |47.5 | 8.2463|2.334

AIVl static test

AIV2 7.211 50.8 |48.6 | 7.7152 broken at the support

AIV3 6.6578| 50.8 |48.7 | 6.5911{2.0705 |cracked at the support

AlIVé 1.7767] 50.8 |48.5 | 0.4674)0.3948

AIV5 5.7336] 50.8 |49.9 | 5.0131}1.7371

AIVé 4.4385| 50.8 |48.8 | 2.938 [1.375

Table 5. Experimental Details of Large End Aluminium Beam with

Thickness H=0.15 in, 0.2 in, 0.25 in and 0.3 in.
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Tables 2-5 and are taken as the actual values of 21 and were used
in the calculation of A and other parameters. It was also found
that the tup may slide along the beam during the impact, provided
the impact point was close to the support, but this effect had

not been measured.

The external kinetic energy which acted on beam specimens
depends on the initial drop height H’ or initial impact velocity
VO (one value of tup mass 5 kg was used in all the tests). The
drop height H’ of the tup in the test varied from 0.17 m to 7.2
m and the corresponding initial impact velocity V0 varied from
1.78 ms™! to 11.65 ms-1, approximately. It was found that the
velocities from the laser doppler velocimeter were smaller than
the classical values calculated using the initial drop height.
This difference is up to 2.7% and is largely attributed to
friction between the tup and vertical guides of the drop hammer

rig.

At least three unbroken beams after impact with different
velocities VO were sought for each type of test (one type of test
means that the beam specimens are of the same thickness and same
boundary condition - flat end or large end which were made from
the same material and were impacted at the same point of the
span). After several tvial fests , it was found that the
aluminium alloy beams failed more easily than the steel beams.
Therefore, the lowest initial impact velocity was chosen as 1.78
ms'1 for the aluminium alloy beamsand 3.33 ma=.¢"1 for the steel

beams, or the corresponding lowest drop height was 0.17 m and

0.576 m, respectively. Initial impact velocities, or initial
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drop heights, for the remaining tests were chosen by reference to
permanent deformations of the previously tested beams. The
lowest impact velocity was used for the first test of each test
type. It was then sought to obtain a cracked beam or a beam
which had just broken. These beams were subjected to an initial
impact velocity which is slightly higher than the maximum impact
velocity which the beam can support without failure. Of course,
it is difficult to obtain this velocity, but some broken beams
were subjected to an impact velocity which was close to the
maximum impact velocity. How close the impact velocity is to the
maximum impact velocity can be estimated from the velocity time
history curve captured by the laser doppler velocimeter shown for
two cases in Figs. 57a and 57b, or in comparison between two
parts of the broken beam shown in Figs. 57d and 57b since the
rest of kinctic energy of the tup was dissipated by one part of
the beam after it broke. The impact velocities for the rest of
this type of test were chosen between the lowest velocity and the

velocity corresponding to beam failure.

Although the specimen holder was serrated, there were still
some sliding between the specimens and the holder when the
initial impact velocity was very high. It may be better to
prevent sliding by using beam specimens having the support ends
made longer to cover the whole width of the holder stocks and
holder covers shown in Fig. 2. Nevertheless, it appears that the

sliding was small and for most tests no sliding occurred at all.

The motion of ten beams with different end conditions (flat
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FIG. 57a The impact velocity was close to the maximum impact
velocity which the beam can support without failure.
The upper figure is the velocity-time history trace
and the lower one is the permanent deformation profile
of two parts of the broken beam. The beam specimen

No. was STIIIS.
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FIG, 65a Velocity-time history trace which was captured by the
laser doppler velocimeter and was recorded by DL 1080

transient recorder. Specimen No. STII24,
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FIG. 65b Deformation-time history trace obtained by integrating

the velocity trace in Fig. 65a using a computer

program 'try 8'. x; the deformation measured from

film. Specimen No. STIIZ2A,
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FIG. 57b The impact velocity was higher than the maximum impact
velocity which the beam *can support without failure.

The beam specimen No. was STII10.
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end or large end) and different materials were recorded using the
Hadland high speed camera. The impact point was 21 = 2 in (50.8
mm) and 0.5 in (12.7 mm). It was the purbose to record the
transverse displacement-time history of the beam and the bending
plastic hinge travelling in the beam. Therefore, quarter and
half frame exposures were used with a camera speed of about T000
frames per second. The films taken with quarter frame exposure
gave more detail on the early response of beam but lost the data
of the later motion of the beam since some parts of beam picture
were superimposed on the following picture when the deformation
of the beam was large. However, the films taken with half frame
exposure clearly show the motion of the beam during the entire
response. The motion of the tup can also be seen in these films.
Some sliding between specimens and the holder were also recorded
in some of the films. Some displacement profile-time history
curves and some displacement-time history curves at the impact

which were measured from the films are plotted in Figs. 58-61.

Ten specimens with 5 or 6 strain gauges stuck on each
specimen were dynamically testqd. The arrangement of strain
gauges and tests is shown in Fig. 62. In order to measure the
bending moment in the beam, two pairs of strain gauges were stuck
on both upper and lower surfaces* of the beam at the support,
except when the location of the impact point 21 is 0.5 in, and at
the centre of half span of the beam or at the centre of the beam
(defined as middle strain gauges), respectively. For flat end
beams, one half length of the strain gauge on upper surface at
* The surface which is in contact with the tup is defined as

upper surface of the beam and the surface on the other side
of the beam is lower surface.
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FIG. 58 Deformation profile-~-time history curves of beam with

the impact point 2, = 2 in (50.8 mm). (a) large end

beam, specimen No. SII2; (b) flat end beam, specimen

No. STIII21.
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FIG. 59 Deformation profile~time history curves of beam with
the impact point 21 = 0.5 in (12.7 mm). (a) large end

beam, specimen No. SII3; (b) flat end beam, specimen

No. STII24.
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Maximum deformation-time history traces of beam with
the impact point £, = 2 in (50.8 mm). (a) large end
beam, specimen No. SII2; (b) flat end beam, specimen

No. STIII21.
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Maximum deformation-time history traces of beam with

the impact point 2, = 0.5 in (12.7 mm). (a) large end

beam, specimen No. SII3; (b) flat end beam, specimen

No. STIIZ24.
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FIG. 62

The arrangement of strain gauges. (a) 21 = 2 in (50.8
mm) and the test specimens were AII11 and SII10; (b)
21 = 0.5 in (12.7 mm) and the test specimen was SII11;
(e) 21 = 2 in and the test specimens were AfI25,
ARIV25, STI25, STII25 and STIV25; (d) 21 = 1 in (25.4

mm), specimen was STIII24; (e) 21 = 0.5 in, specimen

was STIITZ25.
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the support was inserted into the holder since it was found that
almost half of the triangular plastic region at the support

occurred in the support end of the beam shown in Fig. 63.

6.1 Deformations of the Beam

The deformation shapes of the steel and aluminium beams were
similar, but there was a slight difference between the flat end
beam and the large end beam. However, the difference was very
small and only occurred in a small region near the supports shown
in Figs. 58 and 59. Triangular plastic regions can be clearly
seen at the supports and at the impact point of the beam and some

typical shapes are shown in Fig. 63.

6.1.1 Motion of the beam

When a beam was impacted by the tup at the centre, like the
results reported by Duwez et al. [46] and Reid and éendry (571, a
V-shaped deformation spread, or two travelling plastic hinges
travelled, from the impact point towards the built-in ends and it
is classified as the first phase of motion. The first phase of
motion occurred in a very short time compared with the duration
of the beam response and the travelling plastic hinges reached
the built-in ends almost at the instant when the tup first
touched the beam since for our tests the beams are thicker and
shorter and the tup is much heavier than that used by Duwez et
al. [46] and Reid and Hendry [57]. Therefore, the motion of the
beam was governed by those two parts of beam which separated from

the impact point and rotated as rigid bodies around the supports



(a)

(b)

FIG. 63 The plastic regions of the beam at the support and at
the impact point. (a) flat end beam and (b) large end
beam, 1) the specimen holder, 2) plastic region at
the support, 3) plastic region at the impact point,

4) beam specimen.
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(this is classified as the second phase of motion), until the
beam fractured or reached its maximum plastic deformation and

started to vibrate elastically about its final position.

The first phase of motion occurred so quickly that it is not
even clear in the films taken by the high speed camera with
quarter frame exposures at the speed about 7000 frames per
second. Fortunately, this phenomenon appears in the strain
traces. The strain traces shown in Fig. 64 were recorded from
strain gauges which were stuck on the upper and lower surfaces at
the same point of the beam, respectively. It shows that at first
the strain gauge on upper surface was increasingly stretched and
the other one on lower surface was increasingly compressed, then
after a short time of about 0.04 ms the situation was suddenly
totally changed, i.e. the strain gauge on upper surface became to
be compressed while the other one to be stretched. The interval
from tension to compression for the upper surface strain gauge or
from compression to tension for the lower surface strain gauge
may contribute to the duration of the first phase of motion and
it is about 0.04 ms for the case corresponding to the traces

shown in Fig. 64,

It is clear from the deformation profile~time history
plotted in Fig. 58 that in a very short time after the impact on
the beam at the centre 21= 2 in the two halves of the beam moved
as rigid bodies except for points near the impact point and the
supports. When the impact point £, was 1.5 in (38.1 mm), 1.0 in
(25.4 mm) and even 0.5 in (12.7 mm), the motion of the beam was

similar to that with the impact point 21 = 2 in but the two
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Strain traces obtained from middle strain gauges,

specimen No. STIV25. (a) strain on upper surface of

the beam; (b) strain on lower surface of the beam.
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travelling plastic hinges did not reach the supports
simultaneously and the interval in which the hinges all reached
the supports was longer. Fig. 59 shows some deformation profile-
time history traces of beams with the impact point at 21 = 0.5 in

(12.7 mm). When the impact point £, was 0.25 in (6.35 mm), no

1
straight line motion of the beam appeared on the right part of
the beam since the impact point was too close to the right-hand

support and the effect of the support was large.

The films show that the tup was in contact with the beam
until the beam reached its maximum plastic deformation, then it
rebounded two or three times and finally rested on the beam,
while for the broken beams the tup was in contact with the beam
during the entire response. The maximum deformation of the beam
occurred during the first impact of the tup and the rebound of

the tup hardly influences the response of the beam.

Fig. 65a shows some velocity-time history traces which were
captured by the laser doppler velocimeter and were recorded by
DL1080 transient recorders. These traces are actually the
velocity-time history of the tup, but the positive portion of
these traces is also the velocity of the beam at the impact point
since the tup remained in contact with the beam at the impact
point. It shows that the velocity decreased sharply during 3
ms, approximately, after impact. However, the velocity reduced
slowly during the first third of a millisecond after impact which
may occur because the plastic regions at the impact point and at

the supports, shown in Figs. 63, were not large enought to allow
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FIG. 65a Velocity-time history trace which was captured by the
laser doppler velocimeter and was recorded by DL1080

transient recorder. Specimen No. STII24.
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FIG. 65b Deformation-time history trace obtained by integrating
the velocity trace in Fig. 65a using a computer
program 'try 8'. x; the deformation measured from

film. Specimen No. STII2A.
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the beam to rotate as rigid bodies. This phenomenon also
appeared in deformation profile-time history traces shown in
Figs. 58 and 59 where for first 2 or 3 deformation profile curves

there are no clear 'plastic hinges' appeared at the impact point.

The deformation-time history curve of the beam at the impact
point is plotted in Fig. 65b. This curve was obtained by
integrating the velocity trace shown in Fig. 65a using the
computer programme 'try 8'. The data which were measured from
the film are also plotted in Fig. 65b. It is clear that the
computer results are in fair agreement with the film data until
the beam reached its maximum deformation. After that a large
difference appeared because the tup separated from the beam and
rebounded upwards. The loads between the tup and the beam, which

were obtained by differentiating the velocity using 'try 8', are

plotted in Fig. 65c.

It is evident from the film data and the strain gauge traces
that after reaching its maximum deformation the beam started to
vibrate elastically. The vibration decayed sharply and the beam

soon reached its permanent deformation position, shown in Figs.

61 and 83.

6.1.2 Permanent .deformation of the beam

The kinetic energy of the tup was dissipated as plastic work

of the beam and caused a permanent deformation, provided the

kinetic energy is large.

Figs. 66-70 show that consistent experimental results for
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FIG. 66 Variation of maximum permanent deformation W_./H with external dynamic energy A when 21 = 2 in
{(a) steel beams, (b) aluminium alloy beams.
Theoretical predictions; — —— bending only solution [10], equation (7-1) with static yield
stress oo, ———- equation (7~1) with dynamic yield stress given by equation (7-3).
Experimental results;
® - flat end, H = 0.15 in; ® - large end, H = 0.15 in;
A - flat end, H = 0.2 in; A - large end, H = 0.2 in;
» - flat end, H = 0.25 in; o - large end, H = 0.25 in;
e -~ flat end, H = 0.3 in; o - large end, H = 0.3 in;
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FIG. 67 Variation of §£ with A when 21 = 1.5 in. (a) steel beams, (b) aluminium alloy beams.

The symbols are the same as that in Fig. 66.
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FIG. 68 Variation of T with X when 21 = 1 in. (a) steel beams, (b) aluminium alloy beams.

The symbols are the same as that in Fig. 66.
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FIG. 69 Variation of T with A when 21 = 0.5 in. (a) steel beams, (b) aluminium alloy beams.

The symbols are the same as that in Fig. 66.
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FIG. 70 Variation of ﬁﬁ with A when 21 = 0.25 in. (a) steel beams, (b) aluminium alloy beams.

The symbols are the same as that in Fig. 66.
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the maximum permanent deformations were obtained, especially for
steel beams.

It is evident that the maximum permanent deformations of the

2
. . . . . GVO 21
beam increase with the increase of the kinetic energy A = W0
0

The membrane force played an important role on the response of
the beam since the maximum permanent deformation is not in
proportion to the kinetic energy A and the difference is very
large when X is large (the maximum permanent deformation of the
beam is in proportion to the external dynamic energy in the
analyses of the bending only solution [10] and the shear and

bending solution discussed in Chapter 3 of this thesis).

It appears that the clamping conditions had no influence on
the maximum permanent deformation of the beam provided the impact
point was remote from the support (21 = 2 in), since the
experimental data in Figs. 66a and 66b show that there were no
differences occurring between the flat end beams and large end
beams. However, the clamping conditions may have an influence
when the impact point was close to the supports (21 = 0.5 in)
shown in Figs. 69a and 69b. More tests on large end beams with
different thickness need to be conducted in order to estimate the

value of this influence.

Figs. 71 and 72 show that the maximum permanent deformation
of the beam struck by the tup with certain value of velocity
decreases with the decrease of r = 21/22, especially when the
impact point 1is close to the support the decrease of the maximum

permanent deformation is rapid.
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It is found that the maximum permanent deformation occurred
exactly at the impact point when 21 = 2 in, 1.5 in and 1.0 in,

while for 21 = 0.5 in and 0.25 in the location of the maximum
permanent deformation may slightly deviate from the impact point

and approach the centre of the beam.

After test, the dimensions of beams were measured with the
travelling microscope and some of dimensions of beams with
different impact point and different boundary conditions are
plotted in Figs. 73-76. It shows that after test most partsof
the beam on both upper surface and lower surface remained
straight and the upper surface of beam remained in parallel
the lower surface except near the impact point and the supports.
The decrease of beam thickness is large near the impact point and
the supports. The local effects of compresscve force in
transverse direction are evident at the impact point and at the
support for steel beams. It is clear that after testing the
dimensions of the flat and the large end beams were similar

except the points near the built-in ends.

There were three clear triangular plastic regions at both
the supports and the impact point, shown in Figs. 77 and 78,
except the case in which the impact point 21 was near the
support. Fig. 79 shows that when the impact point was close to
the support no clear triangular plastic region appeared at the
support since the effect of the support was large and the shear

force might play an important role on the response of the beam.

When the transverse displacement of the beam was small, the



(a)

(b)

N

(c)

(d)

(e)

FIG. T3 Dimensions of flat end steel beams (a) 21 = 0.25 in

(6.35 mm), specimen No. STIII17; (b) 21 = 0. 5 in

1 in (25.4

1

(12.7 mm), specimen No. STIII1S; (c) 2,
mm), specimen No. grrIr12; (d) 21 = 1.5 in (38.1 mm),
specimen No. sTIII9; and (e) 2, = 2 in (50.8 mm),

specimen No. STIIIH.
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FIG. 74 Dimensions of flat end aluminium alloy beams. (a) 21

= 0.25 in, specimen No. ALIIT19; (b) 21 = 0.5 in,

1
specimen No. ARIII24, (c) £ 9{;,specimen No. ARIII12, (d)

1

21 = 1.5 in, specimen No. AZIITI9; and (e) 21 = 2 in,

specimen No. ALIIIZ.



e

/
(b}
/\
FIG. 75 Dimensions of large end steel peams. (a) 21 - 0.5 in,
specimen No. SII6; (b) £, = 5 in, specimen No. SIIT.
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(b)

FIG. 77 Triangular plastic region at the support. (a) two

triangles; (b) one triangle.



FIG. 78 Plastic deformation at the impact point. The impact

point was at the centre of the beam.



FIG. 79

Plastic deformations at the impact point and at the

support when the impact point was close to the support

(21 = 0.25 in).
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plastic region is composed of two triangles shown in Fig. 77a,
the larger one on the tension side and the smaller one on the
compression side (not clearly shown in Fig. 77a). With the
increase of the transverse displacement of the beam, the size of
the triangle on the tension side increases, while the size of the
other one on the compression side reduces. The plastic region
finally becomes one triangle on tension shown in Fig. 77b,
provided the transverse displacement is large enough. The sizes
of these two triangles was related to the thickness of the beam.
The size of the triangle on the tension side increases more
slowly for thicker beams and that on the compression side reduces
more slowly. The maximum length on the tension side of the
plastic region can also be seen on the upper or lower surface of
the beam. Within the plastic region, there is a clear reduction
of the width of the beam on the upper surface (for the plastic
regions at the supports) or on the lower surface (for plastic

region at the impact point), shown in Figs. 80.

The plastic regions of the steel beams are similar to those
in the aluminium beams and the plastic regions of both the flat
end and the enlarged end beams at the impact point are similar.
However, the plastic regions at the supports of the flat end
beams are larger than those in a corresponding large end beam.

The apex of the triangular plastic region at the support occurred
exactly at the clamped point for flat end beams shown in Figs. 17,
while for the large end beams the apex occurred in the beam
section near the connection between the large end and the beam

section shown in Fig . 81b.



FIG. 80

(a)

(b)

Reduction of the beam width at plastic regions.

at the impact point; (b) at the support.

(a)



(a)

(b)

FIG. 81 Plastic regions of large end beams. (a) plastic
region at the impact point; (b) plastic region at the

support.
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The shear deformation of the beam is difficult to measure
since very high local transverse forces occurred at the impact
point (between the tup and the beam) and at the support (between
the beam and the specimen holder). These transverse forces
compressed the beam and some 'plug' deformations shown in Figs.
78 and 79 occurred at the support and at the impact point.
However, shear sliding certainly occurred in some beams,

especially in those with the impact point 21 near the support

shown in Fig. 79.

6.2 Strain in the Beam

Ten specimens with attached strain gauges were tested with
the test arrangement shown in Fig. 62. The impact velocity was
7.3932 ms"1 for the steel beams and 5.7336 msf»-1 for the aluminium
alloy beams, respectively. .EP type strain gauges which were
designed for high-elongation measurements were chosen since the
strain at the support and at the impact point of the beam was
very large. The strain gauges can measure strainsup to 20%.
However, it was found that the strain gauges which were stuck at
the support and at the impact point separated from the beam
before the strain reached 10% approximately, since the curvature
of the beam at the support and at the impact point was also very

large. Nevertheless, strain-time history traces were recorded

with strains up to 9%.

The following analysis of the experimental data is undertaken

for the same impact velocity except in those cases when the impact
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velocity is defined.

6.2.1 Strain-time history traces

The strain gauge signals which were recorded using DL1080
transient recorders were processed on a BBC microcomputer with an
improved programme 'try 8'. Some processed strain-time history
traces are shown in Figs. 64 and 82 to 84. It is clear that the
strain at the support and at the impact point quickly grew and
almost increased linearly in a short time after impact shown in
Figs. 82, while the strain obtained from the middle strain gauges
went through several cycles after impact and then increased

steadily until the beam reached its maximum deformation shown in

Figs. 64 and 83.

It was found that the strains at the support and at the
impact point increased more quickly with the increase of the
thickness of the beam, but the distinction was not large. The
strain at the impact point and at the right-hand support was very
sensitive to the value of 21 since the strain increased more
quickly when the impact point was near the support. The strain
at thé impact point was larger than that at the support but the
difference was less when the impact point close to the right-hand
support. It might appear that the strain at the right-hang
support is larger than that at the impact point when the impact
point is close enough to the right-hand support. For the flat end
aluminium beams, the tensile tearing failure generally started at

the impact point when the value of 21 is large. However, with
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FIG. 84 Strain-time history traces obtained from the strain

gauge at the support on the lower surface of the beam.
Specimen No. STI25 and impact point £, = 2'in (50.8

mm) .
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the decrease of £ the tensile failure may start at the support

1°
(the phenomenon of beam failure will be discussed in the next
section of this Chapter). At the impact point, the strain in the
flat ended beams was similar to that in the large ended beams.
However, at the support the strain in the flat ended beams, as
expected, was larger than that in beams with enlarged ends since
the positions of strain gauges at the support were different as
shown in Figs.62. For flat end beams the centre of strain gauges
was exactly at the end of the beam section, while for beams with
enlarged ends one end of a strain gauge was at the end of the

beam section and, therefore, the measured strain was not the

exact strain at the support.

A short time delay was found for the response of strain
gauges situated at the supports and at the middle of the beam
after the strain gauges at the impact point of the beam were
stretched due to the impact of the tup. The duration of delayed
time depended on the distance from the impact point. The longer
the distance, the longer the delay duration. The duration of
delay time for the strain gauge response is related to the
propagation of the stress wave in the beam. The response of
strain gauges at the supports was delayed alevt 20-$0

microseconds when the impact point 21 = 2 in.

As previously stated, the first cycle of middle strain gauge
traces was due to the travelling plastic hinge. The other cycles
might be due to wave reflection in the beam. These cycles were
similar for upper surface and lower surface stfain gauges. It is

evident that after the first cycle the strain gauge on the upper
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surface of the beam was compressed and that on the lower surface
was stretched as shown in Figs. 64 and 83. However, the strain
on both upper surface and lower surface increased with the
increase of time and depends on the beam thickness. It may be
larger than zero for both upper surface and lower surface shown
in Figs. 83. The situation in which the strain on both upper
surface and lower surface is larger than zero was called a
'stfing stage'. (In theoretical analysis, 'string stage' means

" that not only the whole cross section of the beam is in tensile
state but the membrane force in the cross section is equal to
fully plastic membrane force of the cross section). It was found
that for beams with thickness ﬁ\§’81 mm (0.15 in) and 5.08 mm
(0.2 in), the 'string stage' was associated with maximum
deformation of 3%5 mm which were obtained by integrating the
velocity-time history traces captured by the laser doppler
velocimeter. The strain of the middle strain gauge on the thick
beam 6.35 mm (0.25 in) and 7.62 mm (0.3 in) was negative on the
upper surface of the beam throughout the entire response shown in
Figs. 64. However, the value of the strain obtained from the
middle strain gauges were very small compared with that at the
support and at the impact point. It should be noted that not all
cross-sections of the beam entered into a tensile state when both

middle strain gauges were stretched. Figs. 83 and 84 show that

during 2.2 ms, approximately, after impact the strain which was obtained
from the strain gauge which is attached to the support on the lower
surface of the beam was less than zero, while both middle strain gauges

were stretched since about 0.7 ms after impact.
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6.2.2 Strain rate

" A short time after impact, the strain rate at the support
and the impact point was nearly constant with time shown in Figs,
82. The average value of strain rate at the support was about 45
s_1 when the impact point 21 was 2 in and it may increase with
the reduction of 21. There were no common values of strain rate
obtained from middle strain gauges. However, the strain rate
from the middle strain gauge traces was very small compared to

that at the support and at the impact point (the difference is

about two orders of magnitude).

From these ten test results it is difficult to estimate the
strain and strain rate etc. for general cases of beams struck by
the tup at any point, since there were so many types of test
(total 50 types of tests were conducted) and eQen in the same
type of test the strain and strain rate may be different with a
different impact velocity. Furthermore, for the later motion of
the beam the strain and strain rate at the support and at the
impact point are still unknown because the strain gauges
separated from the beam and the’strain traces with strains over
9% were lost. Nevertheless, a lot of interesting phenomena did

emerge from the data,

6.3 Failure of the Beam

Tables 2-5 show that after a test some beams cracked or
broke at the supports or at the impact point. Both cracked and

broken beams were considered as a beam failure due to the impact.
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Of course, there is a difference between cracked and broken beams
since dependent on the depth of the cracking through the beam
thickness, the beam can absorb some more external energy before
it totally breaks. However, this difference is small compared
with the energy which the beam can absorb before cracking occurs,

provided the thickness of the beam is not very large.

It was found that there were two ways of failure; one is
that the cracking started from locations of the maximum tensile
strain, i.e. the cracking started from the upper surface
(impacted surface) of the beam at the supports or from the lower
surface of the beam at the impact point shown in Figs. 85; the
other one is that the cracking started from the upper surface of
the beam at the impact point shown in Figs. 78 and 79. The first
one was classified as tensile tearing failure and the latter one
as shear failure* since the first one failed mainly due to
bending moment or membrane force while the latter one failed

mainly due to shear.

The tensile tearing failure had no regular broken sections
and the broken position in the same layer of beam thickness had a
large difference along the beam width, in other words, the broken
section was convex-concave and was not in a same plane. While

for the shear failure the broken section was in a plane and this

* The shear failure may occur at the supports for some special
cases. Indeed, in preparation for the current test series,
a wide beam impacted by a large tup (20 kg) exhibited a
clear shear band and a large shear deformation at the
support. The failure might have occurred along this shear
band if the impact velocity were slightly higher.



(a)

(b)

FIG. 85 Cracking due to tensile tearing.
(a) cracking at the impact point,

(b) cracking at the support.
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plane was a cross section of the beam or made an angle of 45°

with the lateral axis of the beam, approximately.

It seems that the shape of broken section for tensile
tearing failure was influenced by the direction of machining
scores on the surfaces of the beam since the cracking of tensile
tearing started along these machining scores except the tensile
tearing failure occurred at the connection point between the beam
section and the large end. After some 'plug' deformation the
shear sliding and cracking occurred at the impact point and the
machining score had no influence on the failure of shear. The
'plug' deformation was caused by the large concentrated

compressive force between the tup and the beam at the impact

point.

It should be noted that the shear failure defined herein may
differ for some cases from that discussed in reference [29] and
in other theoretical work [13-15, etc.]. In references [29] and
[13-15], the shear failure is caused by the shear sliding between
two adjacent transverse cross sections at one point of the beam
and it is defingd that the shear failure occurs when the shear
sliding WS > kH. However, shear failure according to the
definition herein may be caused by the shear sliding along about
450 direction to the lateral axis of the beam shown in Fig. 78
where the maximum shear stress occurred when the impact point
near the centre of the beam. When the impact point was close to
the support the phenomenon of shear failure was similar to that

defined in references [29, etc.] shown in Fig. 79.
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It was found that the type of failure depended on the impact
point, clamping conditions and materials (mainly the fracture

elongation of the material) of beams.

6.3.1 Flat end beams

A total of U0 types (200 specimens) of test were conducted
on flat ended beams of aluminium alloy and steel. After testing,

most of these types of test had at least one cracked or broken

beam, especially for aluminium beams.

The flat ended aluminium beams generally failed due to
tensile tearing except when the impact point was very close to
the support. The location of tensile tearing failure changed
from the impact point to the support with the reduction of 21.
When the impact point 21 was 2 in, 1.5 in and 1.0 in the tensile
tearing failure occurred at the impact point, while when 21 was
0.5 in the tensile tearing failure might occur at the impact
point or at the support. The shear failure occurred at the
impact point or the tensile tearing failure occurred at the
support when the impact point 21 was 0.25 in or less than 0.25
in. It is clear that the shear failure may dominate the type of

failure, provided the impact point is very close to the support.

Flat ended steel beams all broke or cracked at the impact
point since the limit elongation of steel is much larger than
that of aluminium alloy. But the angle of the broken section was
different with different impact points. When the impact point
was close to the support the shear sliding occurred between two

adjacent transverse cross sections shown in Fig. 79, while when
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the impact point was in the middle of the beam the shear sliding
occurred along about 45° direction to the lateral axis of the

beam shown in Fig. T78.

6.3.2 Large end beams

60 enlarged end beams of aluminium alloy and steel were
struck at the impact point 21 2 in (the centre of beam) and 0.5
in. The}auure of enlarged end beams was different from the flat

ended beams because of the effect of the end clamping conditions.

It is evident that large concentrated stresses may cause
yielding at the connection point between the beam section and the
enlarged end since the thickness of a specimen suddenly changes
at this point, and large concentrated stresses may cause failure
of beam at this point. Indeed, it was found that independent of
the impact point 21 large end aluminium beams all cracked or
broke at the support (the connection point) due to tensile
tearing. Large end steel beams cracked or broke at the impact
point due to shear when the impact point was near the centre of
the beam, while for small 2. (0.5 in) the tensile tearing failure

1

occurred at the support (the connection point).

6.3.3 In comparison with the static test

Six enlarged end and six flat ended beams of aluminium and
steel were statically loaded in the Dartec testing machine at
different points (21 = 2 in, 1.0 and 0.5 in) until the beams

cracked or broke.
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It was found that the type of failure and the location of
failure of dynamically loaded beams were the same as those of statically

loaded beams which were stated in page 17 in Chapter 2.

6.3.4 Dynamic energy absorbed by cracked or broken beams

The dynamic energy which was absorbed by cracked or broken
beams is plotted in Figs. 86-89. For some types of test, the
maximum dynamic energy which was absorbed by beams which did not

fail is also plotted in these figures.

Figs. 86 and 87 show that the absorbing energy capability of
beams decreases sharply when the impact point was close to the

Sippovi, However, this difference was small between 21 =

2 in and 21 = 1.5 in, especially for steel beams.

The variation of dimensionless parameter of dynamic energy
GV .2 :
= Which was absorbed by the beams which failed, with the
0
dimensionless parameter % is plotted in Figs. 88 and 89 for

u =

steel and aluminium alloy beams, respectively. Some maximum

values for u which was absorbed by beams without failure is also
non~dimengional
plotted in these figures. It shows that the absorbing¥Yenergy

capability of beams decreased with the increase of beam thickness

and this capability decreases sharply when the impact point 21

was 2 in and 1.5 in. However, it should be noted that the actual
Gv 2
energy E = > which was absorbed by beams increased with the

increase of beam thickness H since the limit plastic bending

moment Mo is the square function of H.

Some approximate curves from the experimental results are
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drawn in Figs. 88 and 89. These curves give the approximate
value of dynamic energy, which can be absorbed by beams until
failure, for different beam thickness. The flat end beams with
thickness H = 0.3 in were made from a different piece of material
as shown in Table 1 and the absorbing energy capability is
therefore lower than that of the other flat end beams shown in

Fig. 89.
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CHAPTER 7

COMPARISON AND DISCUSSION

The bending only solution of a clamped beam struck by a
mass at any point of its span was examined by Parkes

{10]. It is found in Chapters 3 and U4 of this thesis that
according to the rigid-plastic yield condition some yield
violations may occur near the impact point where a stationary
plastic hinge is assumed. Therefore, in these cases the velocity
profiles assumed in reference [10] may not be valid. Nonaka's
examination [12] of a clamped beam subjected to an impulsive
loading on a concentrated mass at the centre of a beam can be
used for the analysis of a clamped beam with a uniform cross
section struck by a mass at the centre. The interaction
effects of bending moment, membrane force and shear force were
considered in reference [12]. Nonaka also considered the
influence of strain-rate sensitivity using the Cowper-Symonds
empirical expression. Oliveira [15] discussed the shear and
bending response of a clamped and a simply supported beam struck
by a . mass at the centre. He found that when L ( A(T1),

where L, A and T, are defined in reference [15] and A(T1) can be

1
obtained from equation (15) in reference [15], a shear violation
might occur at the supports of the clamped beam and the response
of clamped beam would follow a different pattern from that

assumed in reference [15]. However, these cases had been omitted

in reference [15] since most practical cases have L > A(T1).

Some approximate approaches for examining the dynamic response of
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a clamped beam struck by a mass have also been developed

in references [20,30].

The theoretical investigation of a clamped beam struck by a
mass at any point of its span has been extended to cater

for transverse shear and bending response and finite deflection
effects which are presented in Chapters 3 and 4 of this thesis,
respectively. The interaction effec£ of bending moment, shear
force and membrane force corresponding to a cubic shaped yield
surface, which is combined with Fig. 9c and Fig. 42d in this
thesis and is similar to Figs. 1 in reference [12], may be
obtained in a simple way of combining Chapter 3 with Chapter 4
when the membrane effect is neglected in the shear sliding
phases, since the influence of transverse shear forces is
important, while the influence of membrane forces is not
important, in the early stage of motion when the displacement of
the beam remains small [45]. New velocity profiles with a moving
plastic bending hinge near the impact point instead of a
stationary hinge at the impact point are assumed in Chapters 3
and 4 of this thesis when a bending violation occurs near the
stationary hinge at the impact point. These cases were not
discussed in reference [10]. The theoretical prediction of
threshold external dynamic energy for the onset of plastic
faiiures of tensile tearing and shear sliding of a clamped beam
struck by a mass at any point of its span has been
discussed in Chapter 5 of this thesis. It appears, according to
author's knowledge, that nobody has discussed this problem before

except Jones [29] who examined the threshold velocity for onset
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of plastic failures of a clamped beam subjected to a uniformly

distributed impulsive loading.

Parkes [10] conducted some experimental tests on clamped
beams without axial restraint struck by a heavy striker (4 1b.)
and a light striker (0.005 1b.) at three different points with r
= 0.2, 0.5 and 1 (r = 21/22)*. The ratio r of the lengths of the
two parts of the beam varied with the increase of one length (22)
while the other (21) (short one) remained 2 in (some other tests
with the length 21 = 1 in were reported by Parkes in reference
[601). The beam specimens with the same dimensional cross
section were made of three different materials - steel, brass and
dural. A total of 21 test results was reported in reference
[10]. Only one test was performed on each type of test (same
impact point, same striker mass and same beam specimen are
classified as one type of test). Nonaka [12] conducted some
experimental results on clamped beams with or without axial
restraint subjected to blast loading at a central concentrated
mass. As in his theoretical analysis, these experimental tests
may be considered as clamped beams struck by a striker at the
centre when the central concentrated mass is equal to the striker

mass and the total explosive impulse acted on the central mass is

equal to the initial impact momentum of the striker. A total of

* The definitions of &2, and £, in this thesis is different
from that in reference [10]. In reference [10], 2, is the
length of the short part of the beam while £,  is tge length
of the longer part of the beam. However, the definition of

£, as short length and £, as longer length are employed in

tge whole of this thesis.
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30 beam specimens of steel and aluminium alloy was reported in
reference [12] and only one test was performed for most types of
test. In reference [10] the span of the beam varied from 4 in to
12 in, while in reference [12] the width of the beam varied from
0.47 in to 1.15 in. However, only one beam thickness was used in
both references [10]} and [12]. It appears that the external
dynamic energy which acted on the beam was not very large in
references [10,12] in comparison with the maximum energy which
can be absorbed by the beam without failure and no failed beams
were reported in either of these papers. Furthermore, only the
permanent deformation of the beam were reported in references

[10,12].

A total of 260 steel and aluminium alloy beam specimens with
different impact points (r = 0.067, 0.143, 0.333, 0.6 and 1) were
conducted in the Department of Mechanical Engineering at
Liverpool University and the experimental results are mainly
reported in Chapter 6 of this thesis. The thickness of beam
specimens is H = 0.15 in (3.81 mm), 0.2 in (5.08 mm), 0.25 in
(6.35 mm) and 0.3 in (7.62 mm). At least 4 tests with different

impact velocities were performed for most types of test.

Experimental data, including motion of the beam, strain-time
history at some special points, forces between the striker and
the beam and permanent deformation, etc., were recorded or
processed and these data are discussed in Chapter 6. The
comparison between Parkes', Nonaka's experimental test programmes

and that reported in this thesis is shown in Table 6.



Parkes' [ 10 ]

Nonaka's [12]

Those reported
in this thesis

Test

details

Dimension 28=4, 6 and 12in|2£=3.3 in 28=4 in
of beam B=0.25 in B=0.47 - 1.15 in|B=0.4 in
specimens =0.25 in H=0.11 in =0.15 - 0.3 in
Material steel, brass andjaluminium alloy |aluminium alloy
dural and steel and steel
Boundary flat ended beams|flat ended beams|flat ended and
condition without axial without axial enlarged end
and clamping|restraints restraints and |beams with
condition enlarged end axial restraints
beams with axial
restraints
Impact r=0.2, 0.5 and 1|r=1 r=0.067, 0.143,
point 0.33, 0.6 and 1

No.of tests

1 or 2 specimens

for most types of

for each 1 were tested for |test, at least &
type of test most types beams were tested
Mass of 0.005 1b and the ratio of 5 kg

striker 4 1b mass g=10

External from lower to from lower to very
dynamic moderate moderate high

energy

Total No.

of tested 21 30 260

specimens

only maximum

Max. permanent

a quantity o#f

permanent deformation experimental data
deformation and some have been recorded,
Experimental data and some permanent processed and
permanent deformation measured during
presented deformation profile the test and
profile photos after the test
photos which are given
and discussed in
Chapter 6 of this
thesis
Table 6. Comparison of Experimental Tests on Clamped Beams Struck by A

Falling Mass.
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7.1 Deformation of the Beam

The theoretical analysis which is presented in Chapter U4
shows that when the mass ratio g is very small (8/r* << 1) the
deformation of the beam which is yielded in the phases with
moving plastic hinges is very small and almost all of the
external dynamic energy is absorbed in the last phase of motion
in which two parts of beam rotate as rigid bodies about the
supports. In these cases, the maximum permanent deformation

occurred at the impact point can be approximately expressed as

= —l-[ 1+ J1 + 2u ]
of ~ 2y - (1+r)
1
—2- [—1 +

fre 2 (7-1)

for beams with rectangular cross-sections where No = BHo0 and MO

=
3=

or

= % BH’oo. Therefore, the maximum permanent deformation wOf/H
only depends on the two parameters A and r. However, when the
mass ratio is not small the maximum permanent deformation may
depend on the thickness of the beam since g will remain in
equation (7-1). This phenomenon can also be observed from the
experimental results. The experimental data plotted in Figs. 66-
70 lay in narrow regions although the beam thickness is
different. However, these data might be more discrete if the
mass ratio g were not small. Figs. 66-70 show that equation
(7-1) gives fair agreement with the experimental results,
especially for aluminium beams with impact point at 21 = 2 in,

1.5 in and 1 in, while for steel beams the strain rate effect

should be considered.
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The comparison of maximum permanent deformation predicted by
the theoretical analysis and some experimental results are shown
in Figs. 90 and 91 (the comparison of the maximum permanent
deformation between theoretical analysis and all of the
experimental results is shown in Figs. 66-70). It is clear that
the difference betweeh the bending only solution and the
experimental results is very large when the external dynamic
energy is large. vHowever, the theoretical analysis which retains
the influence of finite deflections gives good agreement with the
experimental results, especially for the aluminium beams. The
theoretical lower and upper bound solutions do bound most of the
experimental data as shown in Figs. 90 since aluminium is
essentially strain rate insensitive at the usual strain rates

encountered in practice [42].

It is well-~known that mild steel is more sensitive to strain

rate. Therefore, the Cowper-Symonds empirical expression
1

oo' z 00[1 + (&/D)P] (7-2)

is employed to revise the theoretical solution, where D and p are
equal to 40.4 s~! and 5 [7,8,10, etc.], respectively. It is

assumed that the strain rate is a constant in the entire response
of the beam and is equal to U5 8-1 which was obtained from

experimental results in early response of strain gauges

(corresponding to the strain less than 9%)*. Therefore, the

* One could also use the functions given in references
[7,40,45, etc.)
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Variation of Wg/H with A for steel beams when the impact
point £, = 1 in (25.4mm). ——.—; bending only solution
of Ref [10], =mm.=m=; equation (1) of Ref. [30], —-
obtained from Ref.[l?] with a parabolic yield curve,
; obtained from Chapter 4 of this thesis with static
yield stress Go , === ;obtained from Chapter 4 with dynamic
yield stress §, given by equation (7.3).
e ; experimental results of flat end beams.




FIG. 91c¢c Variation of ﬁi with A for steel beams when the impact

point £, = 0.5 in (12.7 mm). See definitions in Fig.

91b.
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dynamic yield stress of steel is

oo' = [1 + 1.0218] oy = 2.021800. (7-3)

The revised results are plotted in Figs. 91 using a dashed line.
It is evident that the revision of strain rate effects is
slightly higher because the strain rate may be less than 45 s-1
for later response of the beam. However, it is found that the
experimental results agree surprisingly well with the revised
upper bound theoretical solution (corresponding to the lower

bound yield curve with o g = 0.61800 shown in Fig. 42¢).

0.61
Therefore, good agreement between experimental results and
theoretical solution in Chapter 4 will be obtained if the static

yield stress o, obtained from static tensile test is replaced by

0

oo 618 in equation (7-3), i.e. the dynamic yield stress

o, = 2.0218 x 0.6180, = 1.2490. (7-4)

It appears from Figs. 91 that the strain rate with lower impact
velocity may be less than 45 5-1 corresponding to the impact
velocity VO = 7.3932 ms", while the strain rate with higher
impact velocity may be higher than 45 5'1, since the experimental
results with lower impact velocity are larger and those with
higher impact velocity are less than the revised upper bound
theoretical solution with strain rate 45 5-1. However, this

difference is small.

The deformation profile for most of the beam specimens
consists of two almost straight parts as shown in Figs. 73-76.

This phenomenon also agrees with the theoretical analyses in
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Chapters 3 and 4. When the mass ratio g is small, as
previously stated, the phase of motion with travelling plastic
hinges are very short in the theoretical analysis and almost all
of the external dynamic energy is absorbed by a final phase of
motion in which two parts of the beam on either side of the
impact point rotates as rigid bodies. Therefore, approximate methods
in which the phases of motion with travelling hinges are neglected, like
equation (7-1) and equation (1) in reference [30] etc., can
estimate not only the maximum permanent deformation, as
previously stated, but also the deformation profile of the beam
except for those points near the impact point and the supports
where the curvature of the beam is large, provided the mass
ratio g is small. However, when the mass ratio is not small the
phases of motion with travelling plastic hinges may play an
important role and the deformation profile of the beam may not be
linear (the corresponding experimental results with a light

15
striker (0.005 1b.) can be seen in FigSTVfg and 21 in reference
[10]). Now, more complex equations in Chapter 4 have to be
solved and sometimes even a numerical method is required to solve
differential equations (4-32) and (4-36) if a plastic hinge near

the impact point moves.

7.2 Failure of Beams

When a structure is subjected to a high intensity and short
duration dynamic loading, large plastic deformations are
developed in the structure and absorb this external dynamic

energy. However, with further increase of the external dynamic
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energy the structure may fail due to tensile tearing since a real
material has a limited tensile elongation [29], or fail due to
transverse shear when the shear sliding reaches some proportion
of the thickness of the structure [29]. Of course, the structure
may also fail due to the combination of tensile forces and

transverse shear.

The theoretical analysis of tensile tearing and shear
failure of a clamped beam struck by a mass at any point
of its span is discussed in Chapter 5 of this thesis. It appears
that the type of failure may change from tensile tearing failure
to shear failure with the increase of the limit elongation
€ of material or with the decrease of the distance 21 from the
impact point to the support. This phenomenon agrees with the
experimental test results which is mentioned in Chapter 6. The
aluminium beams (with lower value of em) failed due to tensile
tearing except some tests with the impact point very close to the
support. The steel beams failed with a different type of failure

except enlarged end beams with impact point 2. = 0.5 in or 0.75

1
in* since flat ended beams and enlarged end beams were made of

different materials and the enlarged end beams have a lower value
of sm (0.31 ) (the concentrated stress at the connection between

beam section and enlarged end may also have an influence on the

beam failure).

The comparison of tensile tearing failure between

* For enlarged end beams, the impact point £, was nominally 2
in and 0.5 in. However, two failed beams had values of 21
close to 0.75 in which were measured after the tests.
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theoretical prediction and experimental test results is given in
Tables 7 and 8. Table 7 shows some results of enlarged end
beams, while Table 8 shows some results of flat ended beams. It
shows that the threshold external dynamic energy lt for onset of
tensile tearing failure which is obtained from the theoretical
analysis in Chapter 5 agrees reasonably well with experimental
results, especially for enlarged end beams. The upper and lower
theoretical predicationsdo bound most of the corresponding
experimental test results. Therefore, from an engineering
viewpoint the theoretical analysis in Chapter 5 can be used to
estimate the threshold external dynamic energy for the onset of

the tensile failure of clamped beams struck by a mass at

any points of the span.

Only a few beam specimens which suffered transverse shear
failures agree with the theoretical predic#ians for the threshold
external dynamic energy required for the onset of shear failure
if the coefficient k is about 0.25 (from theoretical analysis
shear failure occurs when shear sliding ws = kH, where 0 < k
1). These few test beams with thicknesses H = 0.25 in and 0.3 in
were struck by the falling tup with the impact point very close
to the support (21 £ 0.25 in). For most failed beams, the
theoretical analysis in Chapter 5 considerably overestimates the
threshold external dynamic energy for the onset of shear failure
in comparison with the experimental results. This large
difference may be attributed to the definition of shear failure
between theoretical analysis in Chapter 5 and experimental test

results in Chapter 6. The theoretical analysis in Chapter 5



Limit Experimental results Theoretical results
Thickness |Impact}elong. of
of beam |point |material
H (in) . .f,(in) 8"1 Max. value |[Min. value
without with failure[ A A
0.618
failure
For Enlarged End Aluminium Beams
0.15 2 0.19 16.334 24.2014C 32.17226|19.88245
0.5 0.19 0.5441 1.5815B 1.12364] 0.69441
0.2 0.75 0.19 1.7354C 2.23027] 1.37831
2 0.19 10.413 14.0675C 19.08565111.79493
0.25 2 0.19 8.2463 10.419C 12.85057] 7.94165
0.3 2 0.19 5.0131 6.5911C 9.36809] 5.78948
For Enlarged End Steel Beams
0.2 0.5 0.31 2.814C 2.42284] 1.4973
0.75] 0.31 1.1142 6.1853C 5.07435} 3.13595

* C - cracked; B - broken.

Table 7.

Tensile Tearing Failure of Enlarged End Beams.



Experimental results Theoretical results
Limit
elongation FAN nN
Thickness| Impact|of Max. value|Min. value
of beam |point |material without with failure 7\ 7\@6,8
H (in) L,(in)| Em failure
0.25 0.3065 0.6878C 0.58504| 0.36156
0.5 0.5268 1.2327C 1.72367| 1.06523
0.15 1 0.19 4.5177 6.1558B 6.23657| 3.8542
1.5 5.7576 7.4638C 15.26132} 9.4315
2 18.1376 32.17226[19.88245
0.25 0.5135 0.39617 ] 0.24483
0.5 0.5314 0.8432C 1.12364 | 0.69441
0.2 1 0.19 2.1672 3.2071B 3.84253) 2.37469
1.5 6.0611 9.17936| 5.67285
2 7.4935 7.9523B 19.08565 |11.79493
0.25 0.4704 0.29648} 0.18322
0.5 0.9804 1.0099C 0.81154} 0.50153
0.25 1 0.19 2.0997 2.6273B 2.66709 ] 1.65444
1.5 4.2694 6.25853 ] 3.86777
2 5.5924 6.6018B 12.85057 | 7.94165
0.25 0.106 0.1489C 0.12729 | 0.10684
0.5 0.3687 0.5266C 0.44513 ] 0.27509
0.3 1 0.15 0.5231 0.9956C 1.38484{ 0.85583
1.5 0.7759 1.4761C 3.09419 | 1.91221
2 2.179 2.6034C 6.18034 | 3.81945

* C - cracked; B - broken

Table 8. Tensile Tearing Failure of Flat End Aluminium Beams.
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assumed that transverse shear failure occurs when the shear
sliding WS between two adjacent Transverse Cross Sections is
equal to kH. On the other hand, the work in Chapter 6 assumes
that the shear failure occurs when cracking starts from the upper
surface of the beam at the impact point. After examining the
beam specimens, we found that for most beams which failed due to
excessive shear cracking did not develop along the transverse
cross section but made an angle of NSO to the transverse cross
section. Therefore, these beams really failed due to the
combined effect of tensile and shear. There are a few beam
specimens of H = 0.25 in and 0.3 in with the impact point very
close to the support (21 £ 0.25 in) which failed due to shear
sliding between two adjacent transverse cross sections. The
external dynamic energy of these few beams agrees, as stated in
the beginning of this paragraph, with the theoretical
predictions. Therefore, the theoretical analysis in Chapter 5
may be used to predict the threshold external dynamic energy for
the onset of shear failure of clamped beams struck by a

mass at any point of the span, provided the failure is caused by
the shear sliding between two adjacent transverse cross sections.
While for thosefailed beams in which the cracking starts from the
upper surface at the impact point and develops along an angle of
about 45° to the transverse cross section of the beam, further
theoretical work is required to predict the threshold external

dynamic energy for the onset of plastic failure.

Equations (5-9), (5-11b) and (5-13) in Chapter 5 show that

when the tensile strain € in a clamped beam is given the maximum



deformation W of the beam can be theoretically predicted and it
is independent of the load which is acted on the beam, provided
the plastic regions in the beam are similar to that assumed in
Chapter 5. Therefore, it hints that those equations can be
employed to predict the threshold maximum deformation for the
onset of tensile tearing failure of both dynamically loaded and
statically loaded beams when € is replaced by the limit
elongation e of beam materials. Indeed, theoretical

predict .¢ns in Chapter 5 agree well with most of
experimental data which were obtained from static loading beams.
The comparison beween theoretical predictions and experimental

results is given in Table 9.
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Max. permanent deformation
Thickness {Loading :
Clamping |Specimen{of beam |point experimental theoretical
condition|{ No. H (in) 4, (in) |results (mm) results (mm)
ALI24 0.15 2 15.4 19.97
flat ALITI21 | 0.25 1 10.75 9.93
ALIV20 0.3 0.5 6.5 4.19
end STI24 0.15 2 22.5 40.38
without failure
STIII19 | 0.25 1 19.5 20.22
STIV23 0.3 0.5 15 10.26
All 0.15 2 14 19.97
large AIIT1 0.25 1 7.5 9.93
AIVl 0.3 0.5 5.5 4.19
end S11 0.15 2 24.5 32.53
without failure
SIII1 0.25 1 18 16.3
sivi 0.3 0.5 8.25 8.33

Table 9. Comparison of Maximum Permanent Deformation of Statical
Loading Beams, Which Failed,between Theoretical Predictions
of Equations (5-9), (5-11b) and (5-13) and Experimental
Reiults.
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CHAPTER 8

CONCLUSIONS

The theoretical work of Parkes [10] and other authors
(12, 13, 15, etc.] has been further developed and extended to
examine transverse shear and bending response and finite
deflection effects of a clamped beam struck by a mass at
any point of the span. The theoretical analysis on shear and
bending response in Chapter 3 shows that more mechanisms of motion
may occur than in the bending only solution [10] (the theoretical
analysis in Chapter 3 can also be reduced to the bending only
solution when the fully plastic transverse shear force QO tends
to infinity). It is clear that with the increase of the external
dynamic energy, a large difference will occur between bending
only solution [10], or shear and bending solution in Chapter 3,
and one with the influence of finite deflections in Chapter 4.
This difference increases sharply when the external dynamic
energy 1s large. It is found that a bending violation may occur
near the stationary plastic hinge at the impact point according
to rigid-plastic yield condition. Therefore, for these cases
which were ignored by Parkes [10] new velocity profiles with a
moving plastic hinge instead of the stationary plastic hinge at
the impact point are examined in Chapters 3 and 4. The
interaction effect of bending moment, shear force and membrane
force corresponding to a cubic shaped yield surface may be
obtained by combining Chapter 3 with Chapter 4 when the effect of

membrane forces is neglected in the shear sliding phases, since
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the ﬁransverse shear force plays an important role in the early
stage of motion when the displacement of the beam remains small
[45]. Furthermore, a theoretical method has been developed in
Chapter 5 to predict the threshold external dynamic energy for
the onset of a tensile tearing failure and a transverse shear
failure of a clamped beam struck by a mass at any point

of the span.

A total of 260 beam specimens were tested with the impact
points varied from the midpoint of the beam to the immediate
vicinity of the support. The beam specimens were made of
aluminium alloy and steel with flat end and enlarged ends. The
thickness of the beams varied from 0.15 in to 0.3 in. A quantity
of experimental data have been recorded, processed and measured
during the test or after the test, including velocity-~time
history at the impact point, reactive force-time history between
the falling tup and the beam, the motion of the beam and the tup
in the whole response, the deformation-time history and strain-
time history at some special points, etc. The external dynamic
energy varied from small (small plastic deformations in beams) to
very large (beam failures). For most types of test, at least 3
unbroken beams with different impact velocities and a failed beam

were obtained.

Most of the experimental test results agree
reasonably well with the theoretical predictions developed in
this thesis. The theoretical predictions in Chapter 4 for the

maximum permanent deformation of the beam do bound most of the
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results obtained on aluminium beams, while for steel beams good
agreement between the theoretical analysis and experimental
results 1is also obtained provided the static yield stress 00 is
replaced by the dynamic yield stress oo' defined by equation (7=~
4)., When the mass ratio g is small, the maximum permanent
deformation of the beam can be estimated using a very simple
equation (7-~1). The theoretical prediction for the threshold
external dynamic energy for the onset of tensile tearing failure
also bound most of the test results. For those beam specimens
which failed due to shear, the theoretical analysis in Chapter 5
can also give reasonable agreement provided the shear cracking
develops along the transverse cross section. When the shear

cracking develops in an angle of about USO to the transverse

cross section of the beam, further theoretical work is required.

Further theoretical work may be done to predict the maximum
permanent deformation of the beam using an 'exact' yield curve
(parabolic yield curve) shown in Fig. 42d. The deformation
profile of the beam with finite deflection may be obtained if the
deformation W(z) of the beam at any point which is obtained from
bending only solution is replaced by W + yW2?. The deformation W1
at the impact point of the beam with finite deflection can be

obtained from a bending only solution when W, from the bending

1
only solution is replaced by W1 + 7W1’. The theoretical analysis
in Chapter 5 may be further developed to predict the failure of
beams due to the combined effect of tensile and shear. However,

this is a very complex problem and a numerical method may need to

be employed.
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APPENDIX T

Details of the proof of static admissibility conditions for
Chapter 3 are given in this Appendix. We will see that this
examination into the static admissibility conditions is a
considerable exercise. However, it is necessary. Otherwise, we
cannot be sure that the velocity profiles which we assumed in the
theoretical analysis give the correct solution, since an 'exact!
solution for the dynamic response of structure must satisfy both
kinematic and static admissibility conditions relating to the

yield surface which we chose.

The general shear force and bending moment expressions.(3-6)
with velocity profile (3-3) can be used for most cases discussed

in Chapter 3. Substituting equation (3-3) into (3-6), we obtain
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Differentiating equations (1) with respect to z, we obtain
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Differentiating equations (1) twice, we obtain
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A) Phase 1, shear sliding 0 £ t K t_

In this phase, equations (3-10) give
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substituting equations (4) into (2) and (3), we obtain
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Equations (1a,b), (1g,h) and (5) give
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since q, = 0 and m, = -1 at z = =25y Qy = 1 and m, = 1at z =0
q, = -1 -.and m1 =1at z = 0" and qy = 0 and m, = -1 at z = z,.

The distributions of shear force and bending moment are

shown in Fig. 3(c,d).

B) Phase 2, t <t ¢ t1

Equations (3-12) and (3-13a) give
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Assumed that q1’ = 0, equation (7a) give
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since z, = 1, %, = 0 and W1 < 0. The minimum value of q, occurs

at z = 1 and it is equal to

W %, . W,
Simin=L,+ gul;'. = eu{i (2,W+,2, )+ Jav, fﬁwt

| (g2l teZ+Fr2F2D

- J2,+r¢2.4 ‘-af}e‘ > =1 (9b)

> .
since v1 3 and 22 3 1

 LIPPRRSI L. PP Y 24,V 20, frr-aleed9)

Y22l 4ga, PR
" 4 -
since m,, < 0 and m,, >0at t =0 1if 2q20v1 2> 0.

- ; . l
zfu'lf. 30— LW AW E 20 o j— z3 &1 (9d)

zWo .
m=28,0+gy (2-2) 2 <0 y lflf,.lf,(o‘ f"‘”“*‘" (9e)

" ’ - +
since m, < 0 and m, LO0atz =0 1if 2q1ov1 £ 0.



148

2
2, Viso — F23 % (9f)

Equations (9) give
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expressions (1) are no longer valid since the plastic hinge
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In this case, the distribution of shear force is
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=3 —
T T e, 2P [Pl2r20) % 42 2, a4 2P 138 00 +3 Bt} +522)] ()

The minimum value of shear force q, occurs at z = 1 and it
equals

f,m'.‘ = —3 . (111)

LVili-2p)
It shows from equaiions (11a-i) that
3,20 and {1, 50

since q, = 0 at z = -z,, q, = 0 at z = zo-, q, =0 at z = zo+ and
G0 = _72_ B B J(Rat @)+ 22" 5o (113)

(ix:'ithaliaA’?..)’-r 4(2“-3‘§‘ .'.i.&)] )
Therefore, we can obtain

—i1sm s and ~lem, ¢,

4 = 2q

S|
N
N
IN
1
N
n
g

since m, = 2q2v1, m

> Vi, My = -1 in =

1 2

= 1 at z = zO and m1 = =1 at z = -1.

1

* It is clear from equations (11e) and (3-26a,b) that z;ax is
negative.
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For §-< % 222 ~ 1, the plastic hinge previously occurred at
Zz = 0 now transfers to the point z = -z The distributions of

0°
shear force can be expressed as

[} -

for- FE2s-2,

2z= {j’;,;[ﬁ('ao') fﬁ(i)] (ot2) #1, -2l RE-RT (12a)

—-Z-[ﬁc-z.*Hﬁce)] (2o+2) Poo-2rce o
g L3 (12b)
1= {ew [Fc-an+ W] 2ot ) quy W freots 2 s

Substituting equation (3-27) into equations (12), we obtain

2,42 a‘z, a(e‘-é.)
R A ta;-eo) Jara)  (13a)
ﬁ-i;*sEs-g.-
! . ("é)eo ! 2 _ 1 w 4
‘L [N’ *a’ "'30 ~Us iy aﬁ.)*]“"e) + duv, [& "3, +(—'-%‘}
Porotsmsl

Differentiating equation (13a,b) with respect to z, we obtain

& = Qatd) Wy (2a+2) 8, ~(2e12) & (13¢)
j -—-——{W’(za—-;:)"'(j‘ [ J]f 3c
z —q,%- [ﬁ;“"i.)-—m}i.] c,fa.))a L0 (13d)
9,"= f‘%[ﬁ,li;'éo)+ﬁgléo-é;)1'(e7é’7)‘; <o (13e)
{
‘—L‘[Wﬁ-‘a Ws(-"’i")JTh >0 (13£)
T ¢uy, 2,)

since equations (3-29) give

N L au it o)t <
Wit+2e)-Wade =~ 130241 ] e (13g)

¢& U
F (2.2, )

and W3 (2,_-%.)-#1?‘7,(1?.'2.&):‘ <o (13h)

Assumed that q2’ = 0, we obtain
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Wy 2, (Ba-20)

Substituting equation (13i) into (13a), we obtain
.o 2 g2
(s do+(2am200W3 17 3
=4 (133)

Tuman = guv, (3-8, )W - (2u-20) Wy~ 2Vi(Rame)

The minimum value of shear force q, occurs at 2z = 1 and it equals

Fer2)t+2

Limen == 2V, [ 3+ 20)%+1] (13k)
It shows from equations (13a-k) that
zo W --,'; €25-3" and 9,50 vx -&Ps 2%
since q, = 0 in =~ %-5 z & “Z, and a; = 9, = 0. at z = -Z4- Therefore,

we can obtain that -1 m,, € 1 and -1 g m, < 1 since m2’ = 2V1q2,

m1 = 2V1q1, m2

m1 = =1at z = 1.

1
= =1 in - ;-é zZ £ “Zyy My, = m, = 1 at z = -z, and

D) Phase 4, t, <t t.

Equation (3-31) give

L - Y"+r)
W= _LM' - (14)
satr)frr
Substituting equation (14) with zé = %, z, = 1, i1 = 22 = 0 and
W1 = WZ into equations (1), (2) and (3), we obtain
Fer(asrd) Ci+r) A -
9.28,, - = For -Feaco (15a)
Bt fsufr)j-ﬂf]ll/,

Jerca-2)C+r)

- + 15b)
v+ 2r)itr)
]J:-— 4 <o h-#‘é‘o' (15¢)

Vi[gtrr)§+r]
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3?‘("’8) (tr)

4
2 - <
2’ - v;{-}c»n}-«-r] ° f"- o's2 a1 (154d)
gr*(nr‘) ) _
"= - ~-7sa
.= = Yliwoger] <° fr-Feaso (15e)
“ drever) otsas|
= S2s< 15f
1' V;[f‘(u-r)afrj e ﬁ?. (15£)

where g and 4, are defined by equations (3-5a,c) and (14) and

they are
f=—X '3(:+r)(«--’-)+r (15g)
2 1deenger] (s vl
Fga-r+r
and g,=-2 <o C(rs1) (15h)

v; [ r)dtr]

Equations (15¢,d) shows that the maximum absolute values of
shear force Q, and q, occurs at the supports z = - % and z = 1,

respectively. They are
Jzried+drrr?
Daman = vilfatrif+r]

<! (151)

2 8’“"’")(;“";)*" - ’(i'.'-;-:*zr‘).'.r
tmam =7 [0+ §4r] T ViI§tngr]

~_3_ J(sere f—f)-rzr
g dlrrrsir

(153)

> ~1

since vy >3 and r £ 1.

Equations (15a-j) showed that

“tef, <1 and =-1<2f <o

since Upax < “Y1pin < 1. Equations (15a=3) also give

1, 20 -f 2,,;0,@?37’3", and 4, < 0.

Therefore, we can obtain

. [
Stemsy Y PR and cism s



’ ’ 1
since m, = 2v1q2, m, " = 2v1q1, m, = -1 at z = - 7 0 = m, = 1
at z = 0 and m, = 1 at z = 1.
For % < %r - 1, the plastic hinge previously occurred at z
0 now transfer to the point at z = ~Zq- The shear forces are
gﬁﬁ?-[m 2o )+wce)](£.+z) f..,_- sg-a, (162)
,—u% [W-a)+Rw](2.+2) fro-alcaso-
{eu [Nat) 1o @]t BT gy U frotsas

Equations (3-36) and (16) give

-
' Wy 2V s 2y Iy I71d 4 i :
f;="'é'v';[53*(—’——‘_aorj W ‘—‘—-aoY+ 3'3."-‘!') ](2.4-5) f.‘_ Feds eo( Ta)
2' Va[ﬁé (+2, .,.w,.‘l*_‘_ - w;é. 1'2'44-3 ]CZ.-ft) fro-ats2so”
= 4

(17b)
auv,m’ %-i"*w54+i -y, ‘,,‘_).](i.*!)* ['m' Eb?’ﬂ

} f;o"‘e‘l
2,_, oy ("'2 na.‘[wsc"eoYH-w; 2.)’] <e Por -5 €as-2(17¢c)
(-2 =
4 Tu}ﬁ(ua.;; [Gyoedor-TaZ ] <o P -atsast (179
0" Y o > -t -
9, 23%’7272”)—‘ [Wst-2r) +"u’i,é.Y] <o f"- FEBe-d, (17e)
1 oy s [y a-Ty 8T >0 fa-arczer 010
o e lauur?
since ’\‘7}3 (1-2oF)+WsBeY =~ m <o (17g)
" . . Gu (it 2o)?
and t20) -Wad, = — <o (17h)
W)( 0) 3%, [j"lfa)’*‘]

Equations (17¢) and (17d) show that the maximum absolute
value of shear force q1 and q2 occur at the supports z = - % and

z = 1, respectively. They are

153
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PR - W o -3 ¥
=—i—[w,+“"—'{-§".—r—)](e.— ) =% Vaan (174)

+ A ' ’ LG -‘ >
o =é_d%[w“c'+a') wd ]+ o Ot 2,)* [8,00% 200 T; 2]

é;(rfia)l+'

3 ) -
Bch..r;,) + (173)
Equations (17e¢) and (17d) also show that 9, 2 0 and 9, € 0 since

Q, = Q4 = 0 at z = -2 Therefore, we can obtain that

0°

—1$M sl foo - F 8

sincem, = -1 at z = -

s-2, and =1sm S| foo-BocBs|

Sl—

, m2 = m1 =0 at z = -z0 and m1 = =1 at z

2. Case II, 1 <v, < 3and v, >3

A) Phase 1, shear sliding

a. 0<t«gt 1
——————

Equations (2¢) and (2e), give q2' > 0 and q1' > 0 with z

-

2

z, = 0 and z, = 1, since the accelerations ﬁ1 and Wz which are

defined by equations (3-39c) and (3-39d) are positive. 20

1 £ 0 since

and q1' > 0 mean that 0 9, £ 1land =1 & q
0, q, = -1at z = 0 and q, £ 0 at

- % £2z¢g “Z5, Q, = 1 at z

'

1. We can also obtain from 9, 2 0 and qy < 0 that =1 g m

1 and -1 & m1 < 1 since m2 = 2v1q2, m 5 =

1
- = §28 -2, m,=m = 1 at z = 0 and m, = -1atz

]

)
[
o]

. 2v1q1, m

"
-
.
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w

For E-s v, <3

Equations (3-40a-c) give

e - 1alkCi+Vh ) . _g_ U 2 ~- 3 . 18a-
W g W= TF U’ et Si=y (16a-e)

The shear force q,y can be obtained from equation (3-5e) with g
= 1 and WO = W1, it equals

. SV-3
.?/a - (3t3)V, (18d)

Substituting equations (18) with 21 = 52 = 0 and z, = 1 into

equations (1), (2) and (3), we can obtain that

OST 1 andts s fr-ds2sor  (roam)

since q2' 20andm,’ >in-—-52g0, 9, =0 and m, = -1 in

2 “ r 2
1 - - -l
- = £z& -2, and 95 = 1 and m, = 1at z = 0 ; and
. vV, 453"" . 3_”; (19C)
-Zm“ 2_(5+3)V', z -t ’ % 52.0/‘,-1)

M=y 2., -33(:+V:)(l'i)3/(5*f)

[
Corgy LdVi-6-3ftavia-2)e] so Yoy Los 002 d2y (194)

since q1' L0, m," & 0in0 £z g 1.

Equations (18d), (19¢c) and (19d) show that

(19e,f)
“1$9, 50 amd —1em g for otz
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ir g Vi "since q1 o, m, = 1atz=o0"

* Ymin 2 -1 and m, =
1 at z = 1.

For the following motion, it can be shown that all static

admissibility conditions which appear in phase 3 and phase 4 of

case I are satisfied provided v1 > %.
If % < Vi the shear force distributions are
0

fro-pe2e-z,"

Fo-ZTEs0"  (20a)
o . + -
a%;:'[W(E;)-rW(.t)](é‘Eo) frotszsz,

92:. %ﬁ[ﬁw‘) fﬁ(%)]z +

9 =Zg‘—,'[’me:)+"u7(t)](é-z.) Frzl szl

(20b)

Substituting equation (3-41) into equations (20), we obtain

0 /h--&szs-z;

Wz 2
g.%,ﬂ-;—(zilfz)z ;éf‘;‘;:— I Por-3tszso”

aw['i"ft‘ 2,2)- Bt -2, (W, ) Ee )

(21a)

frnots 252,

1- 3%;[,_1’(1 H-2)+ ?:') (2-2,- a)](,! -2,) ﬁt:?. <2 L]
(21b)

Differentiating equations (21a,b), we obtain

3=-v
1
* 3
We can show that \)1 Zm if \)1 >

. Therefore,
equation (19c) is satisfied, provided

0| jw Plw

Z "1°
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ng'z& i - " < -
Zﬁ%‘ (Z4+3) - quv, 2 Pr-2lc2s0
/
Q = . (21e)
2
W E| -
T:' _z 1-20) (W’,-W‘)E“ E'J ﬁlo*.{z'(?

W, &
_.2_ -—L—z. .
1= 4«»7 =2, " - z)l](' Z) <o P 2eE (214)

WI. — NI- z _zf‘ s -
s, — v i fer-2rezso

%"= .L[_:_ ‘I‘:’- - (W =W, ] frotszs,

-2|”= = 4UV Li=3p )* [ﬁs("z‘.)*ﬁl'séo] >0 f’t?,"&éil (211)
f o

Equations (2ta-f) give

D= -l em XA Y-
21»%«” 2V, (1-2p) and : & % l, (21g,h)

since q, = O, m, = 1at z = Zy s m, = -1 at z = 1 and m1 = 2\)1q1

< 0.

1 -
The shear forces and bending moments in - ;’$ z £ z, can be

obtained from equation (21a) and the following equations

- fn— s2s-2"
W E, _— )
m, = ;—;’;[ +w,u+§;)-me;é?]<a+;f-, Fr-area <= (211)

L . . . [ L3 2 ] i z P A
,,,—;—u—[zw, 2y, B+, + -0 E - -V BT J@-2)

Frots2 sas

For 1 < v, < %, equations (3-44a,c,d) give

‘ﬁ.:%&m_,) >0 (22a)

LA SwC2Z, Y +3
W, = - aVitd) L, (22b)

48, +32}
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o« 12U . 4“(2-*;1’1"'3)
sz&‘gi; 4..*;{‘.

and (22¢c)

Substituting equation (22a) with 21 = 0 and z, = 1 into equations

(1-3), we obtain

~1s8,<0, 1750, §7>0 and —1smgl mo*e2<1  (23a-d)

since m1' = 2v1q1, q = -1 and m, = 1at z = 0% and m, = -1 at z

= 1.

Equations (1-3) and (22b,c) give

Dinan =( (2g2, v6F2 i+ 12+ 35222 429%23)
ey Sy, T4 =1 (23e)
TV erdmogatefEiy 1a)

W
since 21”<° and, na—-zfv‘.'-l. (23f,g)

Equation (23e) shows that

395+ 4933 Vi +3+ 398 + £330 v,

— SJE +29E V4§ B+ PRIV (23h)
where 22 = %— is the position of left side plastic hinge at t =

1
. 1 -
ts1’ since (q2max) < 0. It shows that q, 20 in - =Sz 0

Z,

1
" - - -
if 950 2 0 since a, < 0 and q, = 0 in - €2z Z,. Therefore,
we can obtain
3 _é,v a
0s 4,51 and -1sM s %2“;0 g zya (231, 3)
’ 1

since m," = 2v,q,, m, = -1 in - F,‘ z§-2,and m, =1atz=0.

Ifr? < % (v1 -~ 1), it appears for following motion that all

static admissibility conditions discussed in phase 3 and phase U4

of case I are satisfied with z, 2 3-§T’ 1< vy < % and

1
r"<-2-(v1-1).
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Ifr* 3 -;—-(v1 - 1), the shear sliding at z = 0" continues

until t = ts2 which defined by equation (3-46f) and the

examination of static admissibility condition is similar to that

used for ts $tgt Equations (1), (2), (3) and (3-46b,c)

1 s2°
with 21 z 22 = 0, z, = 1 and z, = % give
r ’f&r
‘an:%(;;'ﬂ) -3—:;'; -1 < (24a)
since . L < 1 and
v1 v2 3

. 3 v,
0&2‘ <{ M -1 €M, % % '?IO;'O o ?-;r—; (ZUb)

and =1§4,<0 @md —lem, g (24¢)

It shows that for t > t82 the static admissibility
conditions discussed in phase 4 of case I are all satisfied
except equation (15j) may not be satisfied when v, <1+

0.5gr(1+r)/[g(1+r) + 3rl.

For % < V122 , the shear force distributions are
0 Po-Feze-a;
2;={§£‘w[ﬂ'(-t:) +ﬁ(t)]¢g,.,.i.) fh-z‘*izg-;; (25a)
;—g;;[ﬁt-a:)-.-ﬁca)] (2o+2) for -ared so -
1“{ ?&[ﬁ(oﬂﬂ-ﬁtﬂ]i-a Foo 0t 2 <1

Substituting equations (3-47) into equations (25), we obtain

fq,-;'-sz-e-a;
4 o -3, 2, - 2(H-3, (26a)
L { Suv, W’*J— *e‘he S ca:i'z )‘c-z; Jeaorsy

ﬁn-:{qi"ﬁf
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(26b)

9 {Ii"ﬁ[ﬁs"’ch 6y )2 4 (B - &+ W (- W) R 2] (2t2)  fe-atezso”
l= . .
[H,+W,-2)]2- frotsa s

5o
Equation (26a) with equations (3-49d,e) give
‘7‘"““=:17.-L_§p——z_.3- and 9, 20 o -fs2s-B  (26c,d)
since q2" < 0 and Q, = 0 in - %-S 2& -2, and at z = -z, .
Therefore, we can obtain -1 & m, £ 1 in - -zo-, >
1

= Z - - < = = = -
2v1q2, m, 1 in £2L -2, andm 1 at 2z Z,.

3

Differentiating equation (26b) with respect of z, we obtain

{—Lmt%:-ww-%e-cwsﬁ»% 2] =gk [-Rerii] fr-wrercor
4
1

(26e)
ﬁifﬁ"‘-i) >o ho*sés'
PR P

(26f)

L= { Fai"” <o for o+ z %

since w > 0 and w2 < 0. Equations (26e-f) show that the static

admissibility conditions in —zo+ £ 2 £ 1 are satisfied since -1 g

q1 £ 0, provided
3—3-5 St and W Z,+Wp £0. (26g,h)

Equations (26g,h) must be checked during the numerical

calculation.

3. Case ITI, 0 < v, £ 1 and v, > 3

A) Phase 1, shear sliding

a) 0gtgt 1, equations (1), (2) and (3) with 21 = %, =

0 = -1, w > 0 and W = 0 give

» 9909 = "0 2 =
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0s8,¢1 amd -tem, < fr-Fsaso~ (27a,b)

§==1 amd -tsms, for 0* s 2 St (27¢,d)
since q2' >0, q2" > 0, q, = 0 and m, = -1 in - %-s z g ~Z5y 0y =
fandm, =-1atz=0,q, =-11in0"gzg Tandm =1atzs=0.

b) t . < tgt, equations (22b,c) and (23e-j) are valid.

=31 2’

In other words, we can obtain

052,51 omd -t gm,. g :}]‘.;o nj—é;y;z:. (28a,b)
It also shows that q, = =1 and -1 g m, g 1 in 0" < z £ 1 since W1
= 0.

If % < v1z2’, the shear force distributions are
0 ﬁn-#§és-tf
= s 3 - - (29&)
8 {Ju-y,[W(-a;) +WR) ] (2o+2) foo —2Ts2s-25
T W2 (2ot 2) for-2' 250"
Vi
i, = { (29b)
-1 j‘z. otsz2sl|

Substituting equation (3-55) with'W3 = Wz into equations (29), we

obtain

g W8, 2 Eyrd S B dg-2, g, - p(Bu-3 (30a)

e for-peas-2,"
gl

duwv, (2~ 8, )2

4=

{ a-";;ﬁ..(iﬁé) f"l— - B, s 250 (30b)

- Jor o' 25

Equation (29a) with equations (3-57) give



-?Lm‘“;;l_(%‘;:)" amd 9,20 Jn".;sis—éo- (30e)
since q," < 0 and g, = 0 in -~% <z -z,and at z = -zo-.
Therefore, we obtain =1 & m2'$ 1 in - %‘$ z & -z0 since m2 = -1
in - =g 2z g =25, M, = 1at z = -z, and m, = 2q2v1 in - %‘6 zZ g
-zo_.

Equation (29b) with equation (3-57) gives

=1 s85s0 wm-2ls 2 (30d)

since q1 =0 at z = -zo+, a = -1in 0L 2 £ 1 and Wz < 0.

According tom,” = 2v1q1, we can obtain

1

meo = 0~ l;fz (2+§Z +2§20) (30e)
since m1 = 1at z = -zO and m1 is continuous at z = 0.

Equation (30e) shows that the velocity profile given by

equation (3-55) is only valid when m1(1) 2 -1 or

(f2o+1) -V ;;’311,1,* (30£)
If equation (30f) is not satisfied, the motion is governed
by equations (3-47) and (3-49) and the examination of static

admissibility conditions is given in equations (25) and (26).

c. 2 <tst. equations (1), (2) and (3) with 22 =0, z

and Wa < 0 give

v+ §)
fzm = é("l_};'“ ((_-_:Yfgg_) -1 < | (31a)

since v, > 3. Therefore, we can obtain that

162

n
L J I



163

' (31b,c)
0¢d,<t and ~1smagy i 9,, 20 m,j—;% n - gz g0, ’
fo=-1 amd 1 2Mig) ots 2 g1 (31d,e)

’ - = — = m =
since a, >0in--g2zg 0, m, = -1 at z = - w My = m, o= 1 at

1
r
z:O,W1=0andv1$1.

AY

If % < ;}, the equations (29) and (30) are still valid if 2,

1
and z2 are replaced by 0 and 7 respectively.

4, Case IV, 1<v, gv, 3

A) Phase 1, shear sliding

a. 0gtgt 1

— e e
Equations (1) and (2) with equations (3-61b,c) 22 = i1 =0,
1
z2 =5 and z1 = 1 give
E) { 3 [
2 s :l—?(l-;; $i1-5(-3)=0 (32a)
9 =~1+3¢i-2) 20 (32b)
I mox = z v’ =

or q, >0 in - %-< z < 0° and q, <0 in 0" < z < 1 since vy < v,

< 3. Therefore, we can obtain

058,81 and L sMs1 wm-Fs2so” (32¢,d)
-184 g0 ank =1 Em s | w ot 2 sl (32e,1)
1 -
since m2 = -1at z = - 7 q2 = 1 and m2 = latz=0, q1 = -1
+ , 1
and m1 = 1latz=0, m, = -latz =1, m, = 2v1q2 in - F-g z &

0" and m,’ = 2v
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b. 261 <tgt 1

ir v, 2 1 + r, equations (1), (2) and (3) with 21 = 22 = 0,

z =-:7,z =1, W, <0and W, > 0 give

2 1 1 2
' i -~
0<2;§1W‘l§ma.$l m - s$2 so , (33a,b)
PR Lt 1 LA AP £ 0 (33¢,d)
tme W 24+6
w otsz2st 8,500 F> v
and - | §M|§l A o 62‘ o™= 3-’ ' (338,f)
X 1 _ A= _
31ncem2=-1atz:-F,m2-1andq2-1atz-0,m1-1at
+ , +
z=0,q1<01n0$z$1and
- .W.-l - 3¢Vite)
-ZD_ I+ 4uv-‘ == w(s...?.) (338)
If 3 < v,, the equations (21) are valid when 2. and z, are
3 1 2 2

replaced by 0 and %, respectively.

If v, < 1+ r, equations (1), (2) and (3) with é2 = i1 = 0,

z :%,z =1, W, <0and W, > 0 give

2 1 2 1
Do = 3:’;:;:?:?? <, Yz _’_%!‘_*;‘P_'?_ | (34a,b)
-1smagt, Y 3,20 0n ;:',’«-:-{f (34¢c,d)
since q2'<0 in--:‘-szso-, m, = =1 at z =-%, m, = 1 and
Vi)Y (3he)

.2:0=“‘*' m

-1¢d, s0oand -1 sMsy wmotsZ S| (341,8)
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since q1 = =1 and m1 =1atz=20, m, = 1 and q1 £0at z = 1
I4 +
and q, >0in 0 gz 1.
3 V1
If E < = o equations are valid if 22 and 22 are replaced by

0 and %, respectively.

B) Phase 2, t <t g te

The motion is the same as that of phase 4 in case I and
equations (14-17) are valid, but equation (15j) is satisfied only

1 2
when 1 < v1 < 1 + 5 re.

5. Case V, 0<v,g1and 1<v,&3

a. 0 § t § t81

It is clear from equations (1), (2) and (3) that

0<%, si andl =1 €M sl in-pE 250" (35a,b)
2,=-1 and —1gMis)  wmotsE s (35¢,d)
since 2, = 2, = 0, 2z, = 1 z, =1, m. = =1 at z = 21 q, = 1 and
2 1 - B » T2 r’ 2
- + = =
m, = tat z =0, q, = -1, m, = latz =0, w2 > 0 and w, = 0.

b. 361 <tsg tf

Equations (1), (2) and (3) show that equations (34) are

+

valid except q, = -1 and W1 =0in 0 Lz < 1.

g
replaced by 0 and %, respectively.

Ir 3 < ;}, the equations (30) are valid if 22 and z, are
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6. Case IV, 0 < v, SV, $1

It is easy to obtain that

23_" and -1 $M; % v'w-")'flii'io' , (36a,b)

g2l and —1EM S moots Zs (36¢,d)
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Formulae of maximum permanent deformation of a clamped beam

with rectangular cross section struck by a falling body at the

centre. Parke's bending only solution [10]

-—‘:’}:—/%[-‘—?—g— +2ln0+§) ]

(1)

Nonaka's formula [12] with influence of finite deflection is

%h:,‘;(!{{-)’:;%gﬁ[-,% 200 0+3)]  fr Mt <y

and %:J{-ﬁ?[%umwwhm-—j‘-(.-!.)

for 2>,

Jones' formulae [17 or 30] with square yield curves

- A ul(2g+3) _
A=t -

W _ L ul(z9+3) -1
. _FF T2 (J ' 0.6:8x3(1+3)*H )

Jones' formula [17] with parabolic yield curve

R +3 12 ufg)‘r-l

w Wy
- and _-Ht =J [+ 2-2-*3 [(0+3)"H fn H >

4]

Oliveira's formulae [20]

sud 4]‘(27'

'# [H( )(-—1,;'9'—) (3t23) [usng)H -3
M Ly

M(+ §)

(2a)

(2b)

(3a)

(3b)

(4a)

(4b)

(5)

(6)



W1=J 3uld N
H “VeGapH 3
Wy [ 3uf 1
TH T w2

Formulae obtained in Chapter 4

or

Wy
=

My
H

Hoo o ST e

=£§-.+J,+

S S
01""3?"‘

[ +2n(1t$)]) }
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(7

(8)

(9a)

(9pb)



