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Abstract

This Ph.D thesis is divided into two parts which deal with two self-contained
studies in the field of financial econometrics and time series analysis.

Part I is concerned with estimating option implied risk-neutral probability den-
sity functions (RNDs), where we examine the ability of two recent methods — the
smoothed implied volatility smile method (SML) and the density functionals based
on confluent hypergeometric functions (DFCH) — for estimating RNDs from Euro-
pean options. Two complementary Monte Carlo experiments are conducted and the
performance of the two methods is evaluated by the Root Mean Integrated Squared
Error (RMISE) criterion. Results from both experiments indicate that the DFCH
method dominates the SML method for the overall quality of the estimated RNDs
concerning both accuracy and stability. In our application to real option data, the
DFCH performs consistently well, whereas the SML has problems with the choice of
the smoothing parameter.

Part II of the thesis considers maximum likelihood (ML) estimation of higher-
order integer-valued autoregressive (INAR(p)) processes. A recursive representation
of the transition probability function is proposed, based on which we derive the score
and Fisher information in terms of conditional expectations. These new expressions
enhance the interpretation of these quantities and lead to new definitions of residuals.
Using the INAR(2) specification with Poisson innovations, we investigate both the

asymptotic efficiency and the finite sample performance of the ML estimator (MLE).



iii
Our results confirm that the MLE is asymptotically more efficient than the Yule-
Walker estimator (YWE) and the conditional least squares estimator (CLSE), and
that there is also a potential gain in implementing the MLE in small samples in
terms of bias and mean squared error (MSE). A computationally efficient approach
based on Markov chain techniques for producing probability forecasts for INAR(p)
models is also proposed. In our empirical analysis of the Westgren (1916) data,
likelihood based inferences reveal new evidence for improving model specification and
forecasts produced by the new approach suggest substantial benefit from the enriched

information and improved efficiency.
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Chapter 1

General Introduction

This Ph.D thesis consists of two major parts that address two self-contained stud-
ies in financial econometrics and time series analysis which can be unified in the
common field of econometrics.

Part I is concerned with estimating option implied risk-neutral probability density
functions (RNDs), which is a topic that sits in the financial econometrics literature.
We examine the ability of two recent methods for estimating RNDs from European-
style options. One is the smoothed implied volatility smile method (SML) developed
by Bliss and Panigirtzoglou (2002) and the other is the density functionals based
on confluent hypergeometric functions (DFCH) proposed by Abadir and Rockinger
(2003). To compare the two methods, we carry out two complementary Monte Carlo
experiments based on the pseudo-prices methodology. The performance of alterna-

tive methods is evaluated by the criterion of Root Mean Integrated Squared Error



(RMISE). Results from both experiments indicate that the DFCH method outper-
forms the SML method in terms of the overall quality of the RND estimates concerning
both accuracy and stability.

As an illustration of the two methods in real settings, we apply both methods to
OTC currency option data. We find that the DFCH method behaves uniformly well
in terms of good fitting as well as maintaining proper shapes of the estimated RNDs.
For the SML method, however, the choice of the smoothing parameter remains an
arbitrary factor.

Part I of the thesis is organized as follows: Chapter 2 is the introduction. Chapter
3 sets out the technical details of the two estimation methods. In Chapter 4, we
present the two Monte Carlo experiments and discuss the results. The application is
presented in Chapter 5. Chapter 6 concludes. Bu and Hadri (2005) is based on the
main results of this study.

In Part II of the thesis, we consider a special type of time series models of count
data, the integer-valued autoregressive (INAR) models. Our attention is focused
on the maximum likelihood (ML) estimation of higher-order integer-valued autore-
gressive (INAR(p)) models. We propose a recursive representation of the transition
probability function for the INAR(p) model, which not only simplifies the computa-
tion of the likelihood but also streamlines the derivation of the score functions and the
Fisher information matrix for the INAR(p) model. We show that if the density func-

tions of unobserved model components belong to a special class, the score functions



and the Fisher information matrix can be neatly expressed in terms of conditional
expectations. These new expressions not only enhance the interpretation of these
quantities but also lead to new definitions of the residuals of the model.

Using the INAR(2) specification with Poisson innovations, we investigate both the
asymptotic efficiency and the finite sample performance of the ML estimator (MLE) in
comparison with the widely used Yule-Walker estimator (YWE) and the conditional
least squares estimator (CLSE). Our results confirm that the MLE is asymptotically
more efficient than the YWE and the CLSE, and that there is also a potential gain
in implementing the MLE in small samples in terms of bias and mean squared error
(MSE). In particular, we find that the magnitude of efficiency gain in implementing
MLE is positively related to the degree of persistence of the underlying process.

An efficient approach built on Markov chain theory for producing probability fore-
casts for INAR(p) models is also proposed. Since this approach is based on the tran-
sition matrix method, it is computationally attractive. A method for incorporating
parameter uncertainties into the probability forecasts is also suggested.

We carry out an empirical analysis of the Westgren (1916) gold particle data
under the ML framework developed in this study. The emphasis is on the issue
of model adequacy. Both residual analysis and specification testing are discussed.
We show that in the light of likelihood estimation it is possible to unveil previously
hidden evidence suggesting possible improvements of model specification. Also in this

application, we illustrate the effectiveness of the newly developed forecasting tools by



producing distribution forecasts for the Westgren data based on the fitted model. We
find that in terms of the enriched information and the advanced efficiency the benefit
of implementing the approach is considerable.

The structure of Part II of the thesis is as follows: Chapter 7 gives an introduction.
In Chapter 8, we review the INAR(p) model and existing estimation methods. Chap-
ter 9 looks at the maximum likelihood estimation of a generalized INAR(p) model.
In Chapter 10, we investigate the relative performance of the three estimators. Chap-
ter 11 considers forecasting with INAR(p) models. The application is presented in
Chapter 12. In Chapter 13, we conclude. Bu et al. (2006a,b,c) are based on the main

results of this part of the thesis.
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Estimating Option Implied
Risk-Neutral Densities using Spline

and Hypergeometric Functions



Chapter 2

Introduction

Cross sections of observed option prices have long been used to estimate implied
risk-neutral probability density functions (RNDs). These RNDs represent forward-
looking forecast of the distributions of the prices of the underlying asset. They have
proved to be particularly useful for various applications. They are used for pricing
complex derivatives; estimating parameters of the underlying stochastic processes
— Bates (1996); testing market rationality — Bondarenko (1997); estimating risk
preferences — Ait-Sahalia and Lo (2000), Jackwerth (2000), Rosenberg and Engle
(2002). In particular, option implied RNDs have found an extensive use for mone-
tary policy purposes by an increasing number of Central Banks. These applications
include, Séderlind and Svensson (1997) who discuss the extraction of interest rate
expectations for monetary purposes; Bahra (1997) illustrates how RNDs are used by

policy-makers for assessing monetary conditions, monetary credibility, the timing and



effectiveness of monetary operations and identifying anomalous market prices; Mc-
Manus (1999) uses Eurodollar options to examine the evolution of market sentiment
over the possible future values of Eurodollar rates; Jondeau and Rockinger (2000)
apply the method to exchange rate options for two dates (calm and agitated mar-
ket) to find out how the market participants expectation is affected; Soderlind (2000)
employs daily option prices to estimate how the market’s probability distribution of
the future mark-pound exchange rate and UK and German interest rates changed
before and after the ERM crisis. Other applications of the method include Melick
and Thomas (1997), who use American options to estimate the market participants’
expected distribution of oil prices during the Gulf crisis.

A large number of methods have been developed for recovering the implied RNDs.
Generally, these methods can be divided into parametric and nonparametric ones.
Parametric methods rely on specific assumptions on the data generating process.
Examples that have been used include: generalized distribution methods of Aparicio
and Hodges (1998), Rosenberg (1998) and Lim et al. (2005); expansion methods
of Jarrow and Rudd (1982) and Rubinstein (1998); the lognormal mixture model of
Bahra (1997) and Melick and Thomas (1997); and models for stochastic process of
Heston (1993), Bates (1996) and Wu and Huang (2004). Nonparametric methods are
flexible, data-driven methods. Examples of nonparametric methods include: implied
trees of Rubinstein (1994); kernel estimation methods of Ait-Sahalia and Lo (1998,

2000) and Ait-Sahalia et al. (2001); smoothing techniques of Campa et al. (1998)



and Bliss and Panigirtzoglou (2002); maximum entropy methods of Buchen and Kelly
(1996) and Stutzer (1996); and neural network approach of Garcia and Gencay (2000)
and Gottschling et al. (2000). For surveys of existing methods, see Jackwerth (1999),
Jondeau and Rockinger (2000) and Bliss and Panigirtzoglou (2002) among others.
While many papers have estimated and interpreted the option implied RNDs,
relatively few have considered the reliability of these methods for estimating implied
RNDs. Among the latter are Soderlind and Svensson (1997), Melick and Thomas
(1998), Cooper (1999), Séderlind (2000), Bliss and Panigirtzoglou (2002), and Bon-
darenko (2003). Soderlind and Svensson (1997) and Melick and Thomas (1998) both
worked with the parameter variance-covariance matrix. Relying on the assumption of
the distribution of the estimated parameters, the confidence intervals of the estimated
RNDs were examined. Cooper (1999), Séderlind (2000) and Bondarenko (2003), on
the other hand, used the pseudo-prices method. The pseudo-prices method begins
with known RNDs which are used to generate fitted prices. These fitted prices are
then randomly perturbed to generate pseudo-prices. These pseudo-prices are finally
used to estimate the implied RNDs, based on which the performance of an estima-
tion method is assessed. Bliss and Panigirtzoglou (2002), however, focused only on
the stability of the estimated implied RNDs. Therefore, they chose to perturb real
option prices. Both Cooper (1999) and Bliss and Panigirtzoglou (2002) examined
the two most commonly used methods: the double lognormal approximating func-

tion method (DLN) and the smoothed implied volatility smile method (SML). Both



concluded that the SML method dominates the DLN method as a technique for es-
timating option implied RNDs. Many authors have since used the SML method in
various studies. Bliss and Panigirtzoglou (2004) and Panigirtzoglou and Skiadopoulos
(2004) are among the examples.

Abadir and Rockinger (2003) recently proposed an alternative method for estimat-
ing option implied RNDs. We call it the density functionals based on the confluent
hypergeometric functions (DFCH). This method is solidly founded in the theory of
statistical density functionals and is particularly appealing for its semi-nonparametric
nature. It is more efficient than fully nonparametric estimation and more flexible than
purely parametric methods. It encompasses a large class of traditional densities, such
as normal, gamma, inverse gamma, Weibull, Pareto and mixtures thereof. Thus, the
possibility of misspecification is believed to be small. They showed that their method
performed uniformly well in their two applications. Although the DFCH method
appears to be an appealing alternative, surprisingly it did not attract any noticeable
follow-up, at least to our best knowledge. The main contribution of this part of the
thesis the comparison of the SML method and the DFCH method for estimating
option implied RNDs.

To compare the two methods, we conduct two Monte Carlo experiments. Both
experiments are based on the pseudo-prices methodology. In the first experiment,
the true RNDs are generated by implementing the Heston (1993) stochastic volatility

model. Different sets of parameters are selected for this model so that our true RNDs



10

incorporate various market conditions. In the second experiment, the true RND is
specified as a mixture of three lognormals. In order to generate the true RND that
is representative to the observed world, we calibrate the model using observed prices
of a typical cross section of S&P 500 Index options traded at Chicago Board Option
Exchange (CBOE). The two experiments can be regarded as complementary to each
other in the sense that when combined they represent a broader setting for making
comparison. In both experiments, we examine the ability of the two methods for
recovering the true RNDs in the presence of small pricing errors. We evaluate the
performance of the two RND estimators by focusing on the criterion of Root Mean
Integrated Squared Error (RMISE). Results from both experiments indicate that the
DFCH method dominates the SML method for the overall quality of the estimated
RNDs concerning both the accuracy and the stability defined in this study.

The remainder of Part I of the thesis is organized as follows. Chapter 3 sets
out the technical details of the two estimation methods. In particular, we improve
the SML method by providing an analytic expression for the RND estimator, which
constitutes another contribution of this study. In Chapter 4, we present the two
Monte Carlo simulation experiments and discuss the results. As an illustration of the
two methods, we present an application to OTC currency option data in Chapter 5.
Some concluding remarks are given in Chapter 6. The main results of this part of the

thesis appear in Bu and Hadri (2005).
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Chapter 3

Methods for Estimating Implied

RNDs

We begin this chapter by a brief review of the economics underlying the methods
for estimating option implied RNDs in Section 3.1. Technical details of the SML
method is presented in Section 3.2. In particular, we refine the SML method by
providing an analytic expression for the RND estimator, which improves the compu-
tational efficiency of this method. An introduction to the hypergeometric functions

and details of the DFCH method are discussed in Section 3.3.

3.1 Option Prices and Risk-Neutral Densities

Prices of European call options at time zero on the underlying asset .S with ex-

piration at T and strike price K are related to the risk-neutral probability density
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function (RND), f (-), through the following expression:

o0

C(K)=eT / (Sr — K) f (Sr) dSr

K

where 7 is the continuously compounded risk-free interest rate. As noticed by Breeden
and Litzenberger (1978), differentiating the integral with respect to strike price K
gives

EE - e [srydsr = -0 - F(K) (3.1)

where F (-) is the cumulative distribution function (CDF) corresponding to the prob-
ability density function (PDF), f (-). The second derivative is given by

82C (K)

| =TS (32)

K=8t

which reveals the required RND, f(S7). It follows that the implied RND can be
recovered by calculating the compounded second partial derivative of the call pricing
function with respect to the strike price. In practice, however, some approximating
or smoothing method has to be used to construct such a function due to the limited

number of observed call prices in a cross section.

3.2 Smoothed Implied Volatility Smile

3.2.1 General Procedure

The smoothed implied volatility smile (SML) method was originally developed

by Shimko (1993). It is an approximating function method applied to the implied
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volatility smile. Option prices are first converted to implied volatilities using Black-
Scholes option pricing formula. A continuous smoothing function is then fitted to
the implied volatilities and the associated strike prices. The reason for smoothing
the volatility smile instead of interpolating the call pricing function directly is that it
is technically difficult to fit accurately the shape of the latter and small fitted price
errors tend to have large affects on the resulting RNDs, particularly in the tails. It
is important to note that the use of the Black-Scholes formula is solely to convert
data from one space to another, where smoothing can be done more efficaciously.
It does not assume that the underlying price process is lognormal. Shimko (1993)
used a quadratic functional form to interpolate across the implied volatilities. The
continuum of fitted implied volatilities were then converted back to a continuum of
fitted option prices. The implied RNDs can be obtained by applying equation (3.2).
Malz (1997a,b) also used a low-order polynomial as the smoothing function, but fitted
the implied volatility against the Black-Scholes option delta (6 = 0C/3S). Campa
et al. (1998) introduced the use of a smoothing spline for fitting implied volatility
curves. They also applied this to smoothing the implied volatility /strike function.
The SML estimation method used in this study was developed by Bliss and Pani-
girtzoglou (2002). It follows Malz (1997a,b) in smoothing in implied volatility /delta
space and Campa et al. (1998) in using a natural spline to smooth the function. The

natural spline minimizes the following objective function:
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—r*T

N - 2 e
min (1 - ) > w (m — 1V, (5, e)) + )\/0 ¢" (z;0)%dz (3.3)

i=1

where © is the matrix of polynomial parameters of the cubic spline; ¢ (@) is the cubic
spline function; and v ; (8:,0) is the fitted implied volatility at §; given the spline
parameters ©. Relative weights' to each observation are determined by the values of
w;. The smoothness of the spline is controlled by the smoothing parameter, A, which
multiplies a measure of the degree of curvature in the function — the integral of the
squared second derivative of the function over its range. It should be recalled that
0 <6, <e T where r* is the dividend rate of the underlying asset.

A natural spline is superior to a low-order polynomial because it allows for more
flexibility in the shape of the fitted volatility smile and it also permits the user to
control the smoothness of the fitted function. Using the option delta rather than the
strike price as the function argument groups away-from-the-money implied volatili-
ties more closely together than near-the-money implied volatilities, permitting greater
flexibility in the shape of the approximating function near the center of the distri-
bution (where data is more reliable) without having to use a variable smoothing
parameter?. In addition, since possible values in the delta space always range from 0
to e™™ T, the extrapolation area becomes relatively smaller.

Once the natural spline is constructed, the fitted volatility smile is then converted

!Bliss and Panigirtzoglou (2002) discussed different types of weighting schemes and how the
weighting can account for different sources of pricing error.
2Sec Waggoner (1997) for more discussions on variable smoothness penaltics in spline regression.
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back to the fitted call pricing function. As before, the implied RNDs are obtained by

applying equation (3.2).

3.2.2 Smile Conversion vs Point Conversion

The construction of the SML method proposed by Bliss and Panigirtzoglou (2002)
requires that the implied volatility smile be smoothed in delta space. Two different
ways of converting a strike into its delta have been suggested in the literature, differing
in their choice of the volatility in the delta function. The original one, proposed by
Malz (1997a,b), is to use the implied volatility that corresponds to the strike price.

This is achieved by converting strike prices into deltas using the Black-Scholes delta

given by the following equation:

»

} . 1n50—1nK+(r—r*+i‘fi)T
k=e'®

2
O’K\/T

The subscript of ok emphasizes that a particular strike price K in a given cross section
is converted into dx through its corresponding implied volatility ok on the volatility
smile. We call it “smile conversion”. Bliss and Panigirtzoglou (2004) suggested an
alternative way. That is to use a single at-the-money implied volatility to convert all
strike prices in a given cross section. We define it as “point conversion”. This is in

fact accomplished through the following equation:

-

- InSo K+ (r—r"+%)T
K:

O’A\/T
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where o4 is the at-the-money volatility. Note that transforming each strike into a
delta using the at-the-money implied volatility has the advantage that the ordering
of deltas is always the same as that of the strikes. Panigirtzoglou and Skiadopoulos
(2004) pointed out that using the implied volatilities that correspond to each strike
could change the ordering in the delta space, in cases where steep volatility skews are
observed. This would result in generating volatility smiles with artificially created
kinks. As a result, they applied equation (3.4) to convert strikes in their study. In

this study, we do the same.

3.2.3 Analytic CDF and PDF

In previous studies, once the natural spline function is fitted, a large number of
equally é-spaced points on the function are computed. These are then converted
to equally K-spaced values in price/strike space. These in turn are used to com-
pute the implied CDF or PDF numerically. See Bliss and Panigirtzoglou (2004) and
Panigirtzoglou and Skiadopoulos (2004) for more details.

However, we note that in the case of “point conversion” the implied CDF and
PDF can be evaluated analytically. Therefore, in what follows we improve the com-
putational efficiency of the SML method by providing the analytic expression of the
estimated option implied CDF and PDF for “point conversion”. This constitutes
another contribution of this study to the literature of RND estimation.

Let (6, ©) denote the fitted natural spline function in the implied volatility /delta
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space. Note that by the construction of the natural spline, §(J,0) is a piecewise

function of the following form:
g (0) if 61 <0< by

§2 (5) if 52 < 0 < (53

gn—l (5) if 571—1 S d < 6n

g (8) i 824,

’

where g; (0) is a third degree polynomial defined by
G:(6) = a; (§—8,)° +b,(6 —8:)* + ¢ (6 — &) + d;

for:=0,1,2,...n, where n is the number of strikes in a particular cross section. The

first and second derivatives of these n equations are
7,(6) =3a; (6 —6;)* +2b; (6 — &) + &
5;/ ((5) = 6Ba, (5 — 61) + 2b;

For any terminal asset price St = K, at which the option implied CDF or PDF is
to be evaluated, the corresponding delta point, dx, in the delta space can be directly
calculated through equation (3.4). The fitted implied volatility o is then evaluated
at dx by the spline function g; (6) in (3.5) for §; < dx < 0,;4;. Finally, the fitted
European call option price, C (K), can be calculated by substituting both K and o

into the Black-Scholes call option pricing formula. Under this framework, the fitted
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European call option pricing function implied by “point conversion” can be written

as
C(K)=e¢T"T8® (d) — e "TK® (dp)
where
2
InSy—InK + (r—r*+52‘1)T
dy =
! UKﬁ
Sk (r=r-%)T
2 oxvVT
ok = gi (0k)
S =e " T (dy)
L WS-k (r-r+%)T
A e

O'A\/T

The cumulative distribution function (CDF) is obtained by differentiating C (K)

once with respect to K, which gives

aa (K) _ _—rT (r—r")T / 8JK 851{
e =€ {Soe VT® (dy) 3 IK ® (dy) (3.6)
where
80’}( ~
%; =7; (0x)
00k _ _e‘T'T<I>’ (dA)
0K KO’A\/T

with @’ (-) being the standard normal probability density function. It follows from

equation (3.1) that the implied CDF is given by

(r—2r*)To ! /
_Soe 9 ((SK)q) (dl)@ (dA) —q)(dg)-f-l

F(S7) =
KO'K K=Sr
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which can be directly evaluated at any terminal asset price Sr.

The probability density function (PDF) is obtained as follows. To simplify the

notations, we first let

A == (I)I (dl)
80'1(

B = m
0o

© =K

and rewrite equation (3.6) as
85 (K) e (r—r*)T
= {Soe VTABC — @(dz)} (3.7)

Note that A, B, C and ® (d,) are all functions of K. Differentiating (3.7) once more

gives

82C (K)

—r r—r* / ! 8d
ST = T {Soe( TVT (A'BC + AB'C + ABC') — &' (dy) 2}

0K

It can be easily verified that

ad,
A = —Ady ==L
10K

- gz (6K)

oaVT —dy

K20%T

0d, 1 ( dl)

—=——— + (VT - = )BC

0K KoxVT OK
o, _ o
oK

C'=e7"Td (da)

—VTBC
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It follows from equation (3.2) that the implied PDF, f (Sr), is given by

Ods

F(87) = Soe™TVT (A'BC + AB'C + ABC') — &' (dy) =—
0K | _s,

(3.8)

We apply this analytic formula in our study.

3.3 Density Functionals Based on Confluent Hy-

pergeometric Functions

3.3.1 The Hypergeometric Functions

Abadir and Rockinger (2003) proposed a semi-nonparametric approach for esti-
mating density related functionals without prior knowledge of the density’s functional
form. It is based on a special class of transcendental functions, known as hypergeo-
metric functions. Let N denote a set of natural numbers and R a set of real numbers.
The indicator function is written as 1x, returning 1 if condition K is satisfied and

0 otherwise. The (complete) gamma function is denoted by I' (v) for v € R, and

defining
_ . _D(a+j)
(a)]z()(a+1) (a’+]—1)_ F((J,)
leads to the generalized hypergeometric function
P
-,
oFy(ea, ..o 81,8 EZ = — (3.9)

:lﬁ
T
.

J=0

k 1
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where —3 ¢ NU {0}. A special case of particular interest is obtained whenp = ¢ =1

in (3.9). It is called Kummer’s function,

> (@); 2 a a(a+1)2?
F=) =1+ —2+4—— """+,
o g(mﬂ! B-TB(B+1)2
also known as a confluent hypergeometric function. The ; F; can be used to represent

a variety of density-related functions®. Special cases of interest are

v(v,z) = / e *r'"ldr = %IFI (v;v+1;-2), —v ¢ NU {0}

0
f1 2 1 z 13 22 1 sgn(z) (1 zz)
()= | e Tdr=~4 —=F (50— =2 L
(=) /_w\/zwe Y= ‘(2’2’ 2) 3" Var \2'2

where v (-, -) is the incomplete-gamma function, ® (z) is the standard normal cumu-

lative distribution function, and sgn(z) is the sign function.

3.3.2 Density Functionals for Option Pricing

The functionals in the context of option pricing are based on a couple of confluent
hypergeometric functions. We call it the density functionals based on the confluent
hypergeometric functions (DFCH). In contrast to the SML technique, the DFCH
method is an approximating function method applied to the option prices. It specifies
the European call pricing function as a mixture of two confluent hypergeometric

functions:
C(K) = a+caK+lgsma (K- ml)b1 17 (az;aa; by (K ~ ml)b3>

+ (a4) 1F1 (as; as; by (K — my)?) (3.10)

3The usefulness of the Kummer’s function in econometrics and dynamic economics is claborated
in Abadir (1999).
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where —a3, —ag ¢ NU{0}, by, by € R_. The indicator function is required to represent
a component of the density with bounded support. It is also sufficient for keeping the
function real-valued for general b; and b3. It can be shown that the first  F} function
in C (-) covers the double integrals of the gamma and other asymmetric generaliza-
tions and the second covers the double integrals of a family of symmetric quadratic
exponential densities such as the normal. Thus, the DFCH approach encompasses
many known distributions in statistics and their mixtures. Examples of special cases

giving integrals of known density functions include

(_bz)bl—l
Gamma: al:m, 2= bl_l’ as= b1+1) ayg= 07 b3: 1;
1
_(_bZ)l—bl
Inverse gamma. alzm, ay= —by, az=2—by, ay=0, b3= —1;
1 — 0
1 1
Weibull: a;= —1, a=1-, 03=b_+1, as=0, =1,
3 3
1 1 1
Normal: a;=0, a,,:m, a5= —5 06='2';
V04
Parcto: alz%7 az= —myby with by— 00, ay=0, by=0, b3=1;
2

where standardization (e.g., centering around zero) is not imposed and the constants
of integration c; and ¢, are to be determined by the problem at hand.

Differentiating (3.10) once* gives the implied cumulative distribution function:

8C (K)
_ rT
F(ST) = e 9K Kes: +1

_ T b1—1
= o™ Loyt Ixoma (K —my)

4An important feature of the 1F1 function is that iterated integrals and derivatives of | F} gives
mixtures of y Fi, which makes it a natural tool to model option prices and, more generally, functionals
of densities.
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X [(bl) 1Fi (02;as;b2 (K —ml)bs)
+£1-2b2b3 (K - ml)b3
as
. b3
X lFl (az + 1;0,3 + l,bz (K —_ ml) )]

+2a4ﬁb4 (K — 'ITLQ)
Qg

x1Fy (a5 + 1;a6 + 1; by (K — my)?) +1

K=87

and the implied risk neutral probability density function is given by

f (Sr)

erT 820 (K)
OK?

K=S8r
rT b1 -2 . . b3
€ {1K>m1al (K —my) |:b1 (b — 1)1 Fy (a2aa’3a bo (K —my) )
+—Z—%b2b3 (Zbl + b3 - 1) (K — ml)b3
3

X lFl ((12 + ]., as + ].; b2 (K - ml)bs)

as (az + 1)
az (a3 + 1)

x1F} (az +2;a3 + 2; by (K — ml)b3)]

b2b2 (K — my)™®

+2a4?b4 1Fy (a5 + 15 a6 + 1564 (K — my)?)
6

a5+1

+2——b(K - my)?

ag +

x 15 (a5 +2;a6 + 2;b4 (K — mg)z)]

K=Sy

Abadir and Rockinger (2003) showed that subject to these functions being nonde-

generate (i.e., the existence condition for the moments), the explicit characterization
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of the moments of the implied RND is given by

Ku
E(K") = ; K"d(F (K))
Ku — 0C(K)
= Krg—=—\"7
|, Kk
K. K.
(K"m—nK”“C(K)> +n(n—-1)| K'C(K)dK
oK K, K,

which can be obtained by integrating by parts two times.

Given observations of call and put prices, the parameters of the implied PDF
can be estimated using several different methods which include maximum likelihood
(ML), generalized least squares (GLS), generalized methods of moments (GMM), and

so on. In this study, we use non-linear optimization methods® to minimize the sum

of squared fitted pricing errors.

min {-};wi [c (K;) - C (Ki|@)] } (3.11)

where as before w; represents the relative weights placed on each observation.

It is important to note that not all the parameters in (3.10) are free to vary
unrelatedly. For the function to be the integral of a CDF, at least three restrictions
in general and possibly seven in the problem at hand can be imposed on the parameter
space®. The restrictions imposed by Abadir and Rockinger (2003) are given by (3.12)-

(3.16) which include the martingale condition in (3.16). As a result, the actual number

SAbadir and Rockinger (2003) proved that the nonlincar LS ecstimators arc consistent and as-
ymptotically normal for any of the paramecters that have a nonzero impact on the function.
®Sec Abadir and Rockinger (2003) for derivations.



of parameters to be estimated is reduced to seven.

1 1
a5 = =75, = §,b1 =1+ azb;
Cp = —CoMMy
e = —e T 4 ag\/ by
1 —rT —a F(G’S)
= —_— |7 — b L i LA
a4 2/ —bym @ (=bo) I' (a3 — ay)
I'(a —a
E(z)= erTal—(—a)— (=b2)™™ (my — my) + my

(a3 — ag)

25

(3.12)

(3.13)
(3.14)
(3.15)

(3.16)
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Chapter 4

Monte Carlo Experiments

In this chapter, we conduct two complementary Monte Carlo experiments based on
pseudo-prices method to examine the ability of the two methods for recovering option
implied RNDs. In the first experiment, the true RNDs are generated by the Heston
(1993) stochastic volatility model and in the second experiment we specify the true
RND as a mixture of three lognormals. Details of the two experiments including the

simulation results are presented in Section 4.1 and Section 4.2, respectively. Section

4.3 gives a summary of this chapter.
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4.1 Monte Carlo Experiment Based on the Heston

Model

4.1.1 The Heston Stochastic Volatility Model

As pointed out previously, a good RND estimation technique should be able to
recover the true RNDs whatever the complexity of their shapes. Therefore, for com-
parison purposes the choice of the true RNDs in a simulation should itself be able to
take on a wide range of different shapes reflecting various empirical features of asset
distributions”: high or low volatility, positive or negative skewness, excess kurtosis;
and cater for the full range of maturities that are encountered in practice. To gen-
erate risk-neutral densities that incorporate these features, we follow Cooper (1999)
and use Heston (1993) stochastic volatility model to generate true RNDs and fitted
option prices. These fitted prices are to be used by alternative methods to recover
the true RNDs. Under the Heston model, the underlying asset price dynamics are

described by the following stochastic differential equations:

dSt = uStdt + \/U_tStdzl
(4.1)
d’Ut =K (6 e ’Ut) dt + o*v\/v_tdzg
Here the volatility of the underlying asset /v; is also stochastic. The conditional

variance v; follows a mean reverting process such that the volatility mean-reverts to a

"Note that option implied RNDs are risk-ncutral and thus diffcrent from the empirical asset
distributions. But one can justifiably suppose a rough similarity between the risk-neutral and the
objective distributions. See Rubinstein (1994).
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long run of v/# at a rate dictated by . The term o, sets the volatility of the volatility.
The two Wiener process dz; and dzs have a correlation given by p. By changing the
correlation parameter we can generate skewness in asset returns®. Heston shows that
the European call option price on an asset that behaves according to (4.1) has a closed

form solution, which is given by
C (So, Vo, K, T) = Soe-T‘TPI — KG_TTPQ (42)

where for j = 1,2

Pj (ln (S()) ’UQ,T ln(

t\.’)l'—'

N l /OOR {e—-itﬁln(K)fj (1[1 (SO) ,’U(),T; ¢):| d¢
s ip
0

fi An(Sp) ,vo, T; @) = eC(T38)+D(T:¢)vo+id In(So)

_.dT
C(T;¢) = (r—r")¢iT + % {(bj—pav¢i+d)T—21n [lli]}

bt —_

‘ bj — poudi +d [ 1— el
D(Tig) = 2Ll | Ao
_bj—poypi+d
B bj — po,@i —

d= \/(pavdn' —b;)® — 02 (2u;0i — ¢%)

1
,uz:—-2—,a=f69,b1=K/+)\"P0’v»b2="{+)‘

D[ —

uy =

As in Cooper (1999), we test performance across a range of six scenarios, which
correspond to combinations of low and high volatility and three levels of skewness.
We then generate European-style call and put option prices with 4 different contract

maturities from 2 weeks up to 6 months. Thus, a total of 24 different pairs of scenario

8See Cooper (1999) for an illustration of the effect of p on the implied RNDs.
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Table 4.1: Model Parameters under Each Scenario

Strong Negative Skew Strong Positive Skew

Scenario 1 Scenario 2 Scenario 3
Low Volatility k=2v60=0.1 k=2/0=01 k=2+6=01
0,=01,p=-09 0,=01,p=0 0,=01,p=09

Scenario 4 Scenario 5 Scenario 6
High Volatility k=20=0.3 k=2V0=03 Kk=2V0=03
0,=04,p=-09 0,=04,p=0 0,=04,p=09

and maturity are generated. The Heston model parameters used for each scenario
are set out in Table 4.1. These are chosen to generate true RNDs that correspond to
situations of negative skewness, and weak and strong positive skewness in the terminal
asset price and also conditions of low and high volatility. To generate these levels of
skewness in the terminal asset price distributions, we use three different values for the
correlation parameter -0.9, 0 and 0.9. The long run volatilities for the high volatility
scenarios are chosen on the basis of the levels of implied volatility typically observed
within equity markets. The low volatility scenarios are used to mimic data from Stock
Index, FX and interest rate markets.

It is important to note that the Heston model is used here simply as a convenient
tool to generate underlying RNDs that incorporate the empirical features discussed
above, namely, different levels of spread, skewness and excess kurtosis of the implied
RNDs. Doing so does not presume that equation (4.1) correctly describes the asset
price dynamics in the real world. For this reason, it is innocuous to assume for

simplicity that the market price of volatility risk is zero and that the time zero
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conditional volatility is equal to the long run volatility, as long as the resulting RNDs
serve our purpose.

To obtain the true RND for each scenario and maturity pair, we generate a large
number of theoretical prices of Heston call options using the pricing formula in equa-
tion (4.2) and calculate the RND numerically by applying equation (3.2). Table 4.2
presents some descriptive statistics for the true RNDs used in this experiment. For
simplicity, the mean of the true RNDs are set equal to 100. As can be seen from
the table, our true RNDs take on a wide range of different shapes, with the standard
deviations ranging from 2.038 (small spread) to 23.060 (large spread), skewness from
-0.474 (large negative skew) to 1.964 (large positive skew), and kurtosis from 2.770
(thin tails) to 10.847 (fat tails). Specifically, scenario 1, 2, and 3 are low volatility
cases and scenario 4, 5, and 6 are high volatility cases; Scenario 1 and 4 represent
strong negative skewness, while others are positive cases. As we would expect, all the
three measures including the kurtosis increase with time-to-expiry.

For each of the 24 cases generated above, we compute theoretical option prices
at a number of different strikes. We assume that we observe enough strikes which
span a sufficient range of the true RND?. We construct strike interval equal to 1
for low volatility scenarios and 5 for high volatility scenarios, respectively. The final
number of strikes for each cross section is set out in Table 4.3. It can be seen that the

numbers of strikes used in this study reflect the real world situation in the following

9Specifically, the strike range is constructed to just cover the area between the 1st percentile and
the 99th percentile.



Table 4.2: Descriptive Statistics of the True RNDs

Scenario 2 wecks 1 month 3 months 6 months

1 100.000 100.000 100.000 100.000

2 100.000 100.000 100.000 100.000

Mean 3 100.000 100.000 100.000 100.000
4 100.000 100.000 100.000 1060.000

5 100.000 100.000 100.000 100.000

6 100.000 100.000 100.000 100.000

Scenario 2 wecks 1 month 3 months 6 months

1 2.038 2.877 4.956 6.965

2 2.041 2.887 5.003 7.081

Std Dev 3 2.045 2.898 5.052 7.200
4 6.085 8.555 14.529 20.127

5 6.130 8.677 15.094 21.491

6 6.175 8.802 15.702 23.060

Scenario 2 wecks 1 month 3 months 6 months

1 -0.206 -0.281 -0.418 -0.474

2 0.062 0.089 0.159 0.231

Skewness 3 0.331 0.459 0.743 0.956
4 -0.172 -0.229 -0.304 -0.275

5 0.188 0.273 0.505 0.762

6 0.551 0.781 1.362 1.964

Scenario 2 wecks 1 month 3 months 6 months

1 3.045 3.082 3.180 3.222

2 3.046 3.088 3.223 3.356

Kurtosis 3 3.178 3.346 3.931 4.602
4 2.983 2.966 2.888 2.770

5 3.135 3.270 3.821 4.678

6 3.532 4.081 6.487 10.847

Table 4.3: Number of Strikes under Each Scenario

Scenario 2 Wecks 1 Month 3 Months 6 Months
1 12 16 24 34
2 11 15 26 36
3 12 15 26 36
4 7 10 15 20
5 8 10 17 23
6 8 11 17 25

31
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two respects. Firstly, they are increasing in time-to-expiry. Secondly, they are close to

the actual numbers of strikes one may observe in reality for corresponding maturities.

4.1.2 Error Specification

As discussed earlier, accuracy and stability are both desirable properties of a good
RND estimator. To test the robustness of alternative methods to small errors em-
bedded in option prices, we add noise ¢; to the theoretical prices computed above.
Noise ¢; is introduced to model observational errors that arise from market imperfec-
tions such as nonsynchronicity, bid-ask spread, and discreteness, etc. See Bliss and
Panigirtzoglou (2002) for a discussion on potential sources of errors in option prices.

The error specification used in this study was first introduced by Bondarenko
(2003). It focuses on pricing errors resulting from the bid-ask spread and is con-
structed based on the following reasoning. An empiricist observes both bid and ask
quotes, ¢° and ¢¢, for put options with strikes { K;}. This empiricist uses the midpoint
quote P; = 0.5(q? + ¢2) as an approximation to the true price. As a result, the intro-
duced measurement error ¢; is assumed to be uniformly distributed on [—0.5s;,0.5s],
where s; is the bid-ask spread, i.e., s; = ¢¢ — ¢¢. The value s; depends on the strike
K, which is larger for in-the-money options and smaller for out-of-the-money options.
For example, the CBOE rules state that the maximum bid-ask spread is i for options
with bid quote ¢® below than $2, 2 for bid quotes between $2 and $5, 1 for bid quotes

between $5 and $10, 2 for bid quotes between $10 and $20, and 1 for bid quotes
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above $20. Such information can be used to construct a function M(q) to represent

the maximum spread for the quote ¢. Specifically, let

1
M(10) = 5, M(20) = 3, M(g) = 1,4 > 50

<
—
=)

~
t
col w

and M (q) is linearly interpolated for all other q € [0, 50].

On the other hand, the empiricist also observes quotes for call options. Since in
practice out-of-the-money options are more liquid, they have smaller spreads than in-
the-money options. It is assumed that the empiricist would use more accurate options
for estimating RNDs. In particular, for large strikes the put-call parity relation is
used to convert more accurate out-of-the-money call prices into the corresponding
put prices. In other words, for the strike K, the relevant spread is the minimum of
the spreads for put P; and call C; = S; + P, — K;. In addition, if we assume that the
actual spread s; is proportional to the maximum spread permitted by the exchange,

we can eventually write

s; = cmin(M(P;), M(S; + P, — K3)),

with constant ¢ € [0, 1].

The advantages of such specification for ¢; are that noise is smaller in the absolute
terms but larger in the relative terms for far-from-the-money strikes. The presence
of the scale constant c allows us to proportionally increase or decrease the level of
noise across all strikes. This is particularly important in the present study. Note that

such error specification does not guarantee nonnegative option prices after perturba-



34

tion for some deep out-of-the-money options. Recall that the SML method requires
option prices to be first converted to the implied volatilities, which are not defined
for negative option prices. Therefore, failure in monitoring the nonnegativity of the
option prices will lead to failure of the SML method. Since the scale parameter ¢
allows us to control the size of the noises across strikes, an obvious solution to this
problem is to chose an arbitrarily small value of ¢. Nevertheless, too small noises may
invalidate the test for the robustness. In order to reconcile these two, we select the
maximum possible value of ¢ that still guarantees nonnegativity of the option prices

after perturbation.

4.1.3 The Root Mean Integrated Squared Error

It is difficult to present and compare more than a few RNDs in the same graph.
Therefore, we analyze the perturbed-price RNDs by examining certain summary sta-
tistics. Note that both the accuracy and the stability are important properties of a
good estimator. To compare these two different RND estimators under both accu-
racy and stability considerations, we focus on the criterion of root mean integrated
squared error (RMISE). If f(ST) is the RND estimator of the true RND f (S7), then

the RMISE is defined as

u(F) == RMISE (f) = \/ E [ / N (Fiso-f (ST))2 dsT} (4.3)

—00
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It is convenient to represent RMISE as
2 (f) — (f) + 1 (f)

i (F) = RisB \/ / )] - £(5n) dsr (4.4)

pa (F) = RV ( \/ / ~£[fsn)) s as)

where RISB is the root integrated squared bias and RIV is the root integrated vari-

ance. We define the RMISE as our measure of the overall quality of the estimator,
RISB as our measure of the accuracy, and RIV as our measure of the stability. The
representation allows us to study the relative contributions of the bias u; and the
variability u, to the RMISE of different methods. For each cross section, we repeat
the procedure of shocking the prices and then fitting the RND for 100 times. The

RMISE, RISB and RIV are then obtained by applying equation (4.3) to (4.5).

4.1.4 Results

To examine the impact of the choice of weighting schemes on the relative per-
formance of the two methods, we apply three weighting schemes in the estimation.
With decreasing relative weights on near-the-money options, these three weighting
schemes are option vega weighting, equal weighing, and inverse variance weighting.
The RMISE, RISB and RIV results for both methods under the three weighting
schemes are presented in Table 4.4, 4.5 and 4.6, respectively. The results for the SML

method are displayed on the left panel. Recall from (3.3) that for the SML method
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the smoothing parameter A is a free parameter which allows the user to control the
trade-off between the smoothness and the goodness of fit. In this study, we search for
the optimal parameter A that minimizes the RMISE. It is important to note that this
is only possible in simulation studies where the true RND is known. In real world
where the true RND is unknown the smoothing parameter has to be selected by the
user. Different values of A will result in different RNDs. In the following comparison,
we use the minimum RMISE for the SML!®. For the DFCH method, however, the
RMISE result is unique for each cross section.

Examining the results in Table 4.4, which corresponds to option vega weighting,
we find that in 18 out of 24 cases the DFCH provides lower RMISE than that of the
SML, indicating better overall quality of the DFCH as an RND estimator. Specifically,
for scenario 1 and 4, which represent those important negative skewness cases!!, the
DFCH dominates the SML method across all maturities by a substantial margin: The
RMISE for SML are from 138% to 453% larger than that for DFCH.

For the 6 cases where the DFCH underperforms the SML, the differences in RMISE
are relatively small with the largest being 74% for the scenario 6 - 6 month maturity
case. As far as the shape of the true RND is concerned, scenario 2 and 5 represent
very small skewness, especially for short maturities. On the other hand, for the two
long maturity cases in scenario 6, it may not be too unrealistic to assume that such

large positive skewness in asset prices distribution are not as often observed as the

19We believe this is biased in favour of the SML method, because the RMISE’s would have been
larger if we chose the X as if we did not know the actual RNDs.
"INegative skewness is an important empirical feature in financial assct return distributions.



37

1000°0 €100°0 000070 10000 9 ¥200°0 ¢€00°0 ¢000°0 ¥0000 9

¢c00°0 ¥100°0 L€£00°0 60000 ¢ ¢100°0 110070 G¢100°0 L0000 ¢

01000 0€00°0 GT00°0 L1000 ¥ 0200°0 G€00°0 920070 82000 ¥

6000°0 L0000 G€00°0 01000 € AId  T€00°0 82000 G€00°0 L1000 € ATY
L2000 ¢c000 8¢00°0 €€000 ¢ 6100°0 9100°0 91000 81000 ¢

G100°0 L2000 8000°0 L1000 T 6200°0 L€00°0 €200°0 1€000 I

SYjuoOwW 9 SYJUOW ¢ [JUOUWI | SYOOM 7  OLIRUIIG SYjuoW g SYJUOUW § T[IUOW [ SHOOM g  OLIBUIIG

8¥10°0 06000 8€00°0 ¢co000 9 6200°0 8900°0 ¢G00°0 9¥000 9

8100°0 G¢100°0 6000°0 80000 ¢ L2000 ¢c00°0 8100°0 60000 G

8000°0 0T00°0 8000°0 ¥0000 ¥ 9900°0 99000 00070 9€000 V¥

€900°0 €700°0 9€00°0 62000 ¢ dSTd 080070 12000 020070 GG000 € dSTd
€100°0 9000°0 0T00°0 60000 ¢ L200°0 €2000 L1000 €1000 ¢

62000 92000 0T00°0 01000 T 0800°0 ¢800°0 €900°0 28000 T

SYJuOW 9 SYJUOW ¢ T[IUOW [ SYOOM g  OLIBUIIG SYJuUOU § SYJUOW ¢ TIUOW [ SHOOM g  OLIRUdOIG

8¥10°0 1600°0 8€00°0 ¢c000 9 8€00°0 92,0070 ¢<00°0 Ly000 9

8200°0 1200°0 8€00°0 ¢1o00 ¢ 6200°0 ¢c00°0 ¥200°0 11000 ¢

¢100°0 1€00°0 L100°0 81000 ¥ 6900°0 ¥,00°0 9%00°0 ¢¥000 ¥

€900°0 ¥¥00°0 0€00°0 1€00°0 ¢ HSINY  $800°0 ¢800°0 8.00°0 86000 € HASTNY
0€00°0 £€200°0 6200°0 ¥€000 ¢ £€€00°0 8200°0 €200°0 ¢c000 ¢

6200°0 8€00°0 €100°0 61000 T G800°0 060070 2900°0 g9000 T

SYJUOW §  SYJUOW ¢ T[JUOW [ SYOOM T  OLIRUIIG SYjuUOW g SYJUOW ¢ T[JUOW [ SHOOM g  OLTRUIIG

HOAd TINS

(Surysropn eS0A) [PPOIN U0ISF] 23 Uo paseq s}MsOY AT Pue gSTH ‘ASINY 7'F 2I98L



38

G100°0 91000 ¢000°0 ¥0000 9 ¢c00°0 ¢€00°0 1000°0 €0000 9
GT00°0 ¢100°0 €€00°0 80000 ¢ 60000 80000 G¢100°0 90000 ¢
8000°0 €200°0 1100°0 €I1000 ¥ 9100°0 ¢€00°0 ¢c00°0 Gc000 ¥
¢100°0 1100°0 1€00°0 11000 € AT 7€00°0 €€00°0 ¥€00°0 ¢1000 €
1200°0 L100°0 1200°0 92000 ¢ L100°0 ¥100°0 S¢100°0 L1000 ¢
¢100°0 ¢c000 L000°0 €1000 I €¢00°0 €€00°0 8100°0 8¢000 T
SYJuOUI § SYJUOUW ¢ THUOUI T SYOOM g OLIRUIDG SYjuouI g  SYJUOUI € [JUOUI [ SHIOM 7  OLIRUADG
¢L10°0 10T0°0 L€00°0 €2000 9 1€00°0 9900°0 gc0o0'0 ¥v000 9
02000 8100°0 01T00°0 80000 ¢ 9200°0 22000 9100°0 60000 ¢
8000°0 8000°0 7000°0 ¥0000 ¥ 6900°0 9900°0 ¢S00°0 6€000 V¥
0,000 €700°0 cv00°0 €€000 ¢ dSTd 9200°0 ¥,00°0 02000 8¢000 €
L0000 9000°0 800070 ¢1000 ¢ 62000 ¢c00°0 G100°0 ¢lo00 ¢
€200°0 62000 010070 60000 T ¢800°0 ¢800°0 G900°0 28000 T
SYjuowW 9 SYJUOW ¢ T[JUOW | SYIOM g  OLIRUIDG SYjuow g SYIUOW § TIJUOWI [ SYooM g OLIRUIIG
€L10°0 ¢010°0 LE00°0 €¢000 9 8€00°0 €L00°0 GG0o0'0 ¥¥000 9
Gc00°0 1200°0 ¥€00°0 ¢r1ooo ¢ 8¢00°0 €¢00°0 ¢c00°0 11000 ¢
¢100°0 ¥2c00°0 110070 €1000 ¥ 0L00°0 €L00°0 250070 97000 V¥
120070 S¥00°0 ¢S00°0 Ge000 € HSINY  €800°0 1800°0 L2000 09000 €
22000 8100°0 €200°0 62000 ¢ 0€00°0 9200°0 120070 12000 ¢
9200°0 €€00°0 ¢100°0 91000 T 9800°0 6800°0 29000 79000 T
Syjuow 9 SYJUOW § [YIUOW | SHOM {  OLIRUIIG syjuow 9 SYJUOW § TJUOUWI [ SYOOM g  OLTRUdDG

HOAd

"TINS

ATH

dsSTd

HSINY

(BurySep Tenby) [POJN UO}SOH oY} U0 paseq syMsOY ATH PUe gSTH ‘ASINY :$'F 2I98L



39

61000 0200°0 G000°0 ¥000°0 9 8100°0 1€00°0 1000°0 €0000 9

€100°0 ¢1000 1€00°0 L0000 ¢ 9000°0 90000 ¥100°0 90000 ¢

8000°0 02000 1100°0 ¢Io00 ¥ 1100°0 92000 610070 12000 ¥

1100°0 ¢1000 0€00°0 11000 € ATd 01000 0T00°0 ¢€00°0 G1000 € ATH
1200°0 L100°0 ¥200°0 9¢000 ¢ ¥100°0 €100°0 G100°0 L1000 ¢

¢100°0 ¢c00°0 L000°0 €000 T 6100°0 6200°0 910070 L2000 I

SYjUOUI § SYHUOUWI ¢ T[IUOW [ SHOOM g  OLIBUIDG SYjuow 9 SYJUOW ¢ T[YIUOWI [ SHIoM g OLIRUIDG

¢1c0’0 12100 0¥00°0 ¥200'0 9 ¢€00°0 1900°0 2,500°0 €v000 9

9¢00°0 02000 0100°0 60000 ¢ 8200°0 €200°0 G100°0 60000 ¢

6000°0 8000°0 ¥000°0 ¢000'0 ¥ ¥200°0 8900°0 $G00°0 7000 ¥

8L00°0 $S00°0 €700°0 €€00°0 € dSIg  2800°0 €800°0 6900°0 8¢000 € dSTd
G000°0 9000°0 8000°0 €1000 ¢ 62000 ¢c000 ¥100°0 ¢1000 ¢

£€200°0 ¥200°0 01000 60000 T €800°0 ¢800°0 G900°0 26000 T

SYjuOUW 9 SYJUOW ¢ TJUOWL [ SYoOoM g  OLIRUIOG SYjuoOUI  SYJUOWI ¢ T[JUOW [ SHooM g  OLIRUIIG

€120°0 ¢c100 0¥00°0 ¥c000 9 L€00°0 6900°0 2800°0 ¥v000 9

6200°0 €2¢00°0 €€00°0 11000 ¢ 8¢00°0 ¥2¢00°0 0¢00°0 01000 ¢

¢100°0 ¢c00°0 ¢100°0 €1000 ¥ GL00°0 €L00°0 L5000 97000 V¥

6,000 GG00°0 £€500°0 geooo ¢ HSINY  8800°0 ¥800°0 9.00°0 09000 € HSINY
¢c00°0 8100°0 Gc0o0°0 62000 ¢ 6200°0 62000 12000 12000 @©

9¢00°0 €€00°0 ¢100°0 91000 I G800°0 280070 290070 €9000 T

SYjuOW g SYIUOW € [YJUOW [ SYOOM g  OLIRUIOG SYJUOW 9 SYIUOW ¢ T[IUOW [ SYoOM 7  OLIRUIDG

HOJAd

TS

(SurjySiop\ PouEBLIEA 9sIoAU]) [OPOJN UOJSOH] 9Y3 UO poseq s)MsoY ATH PUe gSTH ‘ASINY :9°F °Iq8L



40

rest.

Investigation of the RISB reveals that the DFCH is often less biased than the
SML, suggesting the flexibility of the confluent hypergeometric functions. The RIV
show that the SML is relatively stable for cases where the true RND is not strongly
skewed.

Figure 4.1 gives an example of the differences between the two methods. For each
method, the 100 RND estimates are plotted against the true RND. It can be seen
that the SML is significantly biased, particularly on the left tail of the distribution.
It also shows relatively larger variations in the center of the distribution. In contrast,
the DFCH fits the true RND fairly well and exhibits relatively smaller variations.

Table 4.5 and 4.6 provide the simulation results from the other two weighting
schemes. As expected, because the fitted price errors are generally small, the weights

used to multiply them have little impact on the estimation.

4.2 Monte Carlo Experiment Based on Mixture of

Lognormals

4.2.1 The Mixture of Three Lognormals

A criticism over such simulation approaches as above is that the performance of

a particular RND estimating method may be related to the choice of the true RNDs.
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Figure 4.1: True RND and Estimated RNDs Based on the Heston Model
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Results obtained from estimating RNDs of some particular functional form may not
be generalized to RNDs outside the set examined. Such concern would be eased to
a large extent if one method could perform consistently well in different settings. As
a cautionary step, we conduct a further Monte Carlo experiment in which the true

RND f(Sr) is specified as a mixture of three lognormals.
f(St) = m LN(St;ny,01) + maLN(S1;my,02) + (1 — 1y — ma) LN(S1; 13, 03)

and LN(St;n, o) is a lognormal density:

1 1 p{_[lnST—(lnn+%az)]2}‘

— cX
202

V2ro St

It should be noted that the current experiment may be regarded as complementary

LN(Sr;n,0) =

to the previous one in the sense that when combined they represent a broader setting

for making comparison.

Moreover, in order to reflect real world conditions as closely as possible, the para-
meters of this specification, given in Table 4.7, are chosen to describe a typical cross
section of the S&P 500 Index options traded at the Chicago Board Options Exchange
(CBOE). They are calibrated from the closing prices on March 21, 1995 of the S&P

500 options with the maturity date on April 21, 1995!2.

4.2.2 Results

In this experiment, we apply the same methodology, including the error specifi-

cation, as in the first experiment. The RMISE, RISB, and RIV for the two methods

12The same data was used by Bondarenko (2003).
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Figure 4.2: True RND and Estimated RINDs Based on Three Lognormals
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Table 4.7: The Fitted Parameters

7 =0.1194 71, =0.8505 m3 = 0.0301
m = 47559 1, =498.17 75, = 524.91
oy = 0.0550 05 =0.0206 o3 =0.0146

Table 4.8: RMISE, RISB and RIV Results Based on Three Lognormals

Vega Equal Inverse Variance
Weighting Weighting Weighting
SML DFCH SML DFCH SML DFCH
RMISE 0.0181 0.0038 0.0200 0.0043 0.0221 0.0049
RISB 0.0180 0.0036 0.0199 0.0042 0.0221 0.0048
RIV 0.0015 0.0013 0.0011 0.0009 0.0009 0.0006
Optimal A 0.0135 N/A 0.0236 N/A 0.0336 N/A

under three different weighting schemes are presented in Table 4.8. As before, for
the SML method the RMISE reported here are the theoretical minimum obtained by
searching for the optimal parameter A\. These optimal values are also provided in the
table. Our results once again suggest remarkable dominance of the DFCH over the
SML. As shown in this table, the SML provides more than 300% higher RMISE than
that for the DFCH across all three weighting schemes. Examining the RISB and the
RIV reveals that large bias from the true RND is the main cause of the relatively poor
performance of the SML method, not its variability, as the RIV are pretty close. This
is evidence that results from pure stability test, as in Bliss and Panigirtzoglou (2002),
without concern for accuracy can be very misleading. These findings are invariant
across all weighing schemes. To visualize such differences we plot the estimated RNDs

together with the true RND for both methods in Figure 4.2. As suggested by the RIV,
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both methods show similar level of variability. But whereas the SML is significantly
biased, the DFCH recovers the true RND with superior precision, further evidence of

the flexibility of the confluent hypergeometric functions.

4.3 Conclusion

In this chapter, we examined the ability of two methods for estimating option
implied RNDs. Two complementary Monte Carlo experiments based on the pseudo-
prices methodology have been conducted. In the first experiment, the Heston’s sto-
chastic volatility model were used as the benchmark model to generate true RNDs
that represent various empirical features of asset distributions. The second exper-
iment considered a mixture of three lognormals fitted from a typical cross section
of S&P 500 Index option data as an alternative specification of the true RND. We
compared the two methods by focusing on the RMISE criterion. Results from both
experiments suggest strong evidence of the superiority of the DFCH method over
the SML method under both accuracy and stability considerations. In particular, we

found that the DFCH almost always more closely recovers the implied RNDs.
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Chapter 5

Application to OTC Option Data

This chapter presents an application of the two RND estimation methods to a set
of real option data. Section 5.1 gives some description of the data. In Section 5.2,
we consider three optimization criteria for selecting the smoothing parameter for the
SML method. Estimation results are discussed in Section 5.3. Section 5.4 summarizes

this chapter.

5.1 The data

As an illustration of the two RND estimating methods in real settings, we apply
both methods to OTC data!?® of European French franc/Deutsche mark (FF/DM)
rate options of the two dates: 17 May 1996, a day when the exchange rate markets

were known to be calm, and on 25 April 1997, a few days after the French President

13We thank Professor Karim Abadir and Professor Michael Rockinger for this data.
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Chirac announced dissolution of the National Assembly, which implied nation-wide
elections. This type of option is quoted in terms of delta. For both dates, we have
at least information for options with delta taking the values 10, 15, 20, 30, 40, 50
(corresponding to the at the money option), 60, 70, 80, 85, 90. For the first date, we
also have information for the 5 and 95 delta options. In this study we use data for
all possible deltas. By using a numerical procedure we extracted for each option of a
given maturity the corresponding strike price. The difference between the actual delta
and the delta obtained for the optimal strike price is in all cases negligible. We have
bid and ask prices for in-the-money put and call options. Following the literature,
we decide to work with the average between the bid and ask prices. Even though we
obtained all results for options with 1, 2, 3, 6, 9, and 12 month to maturity, we report
the results for 1, 3 and 12 month maturity, representing short, medium and long
horizons, respectively. The domestic (French) and foreign (German) Eurocurrency
interest rates are chosen to match the expiration of the options. We transform these
rates into their continuously compound equivalents. The spot exchange rate is easily

available.

5.2 Selecting the Smoothing Parameter

As discussed earlier, for the SML method the presence of the smoothing parameter
A allows the user to control the trade-off between the goodness of fit and smoothness of

the estimated RNDs. In the two Monte Carlo experiments conducted in the previous
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chapter, because the true RND is known we were able to search for the optimal A that
minimizes the RMISE for each case. When dealing with real option data, the choice
of A has to be decided in some ad-hoc ways. A suitable smoothing parameter can be
obtained by simply plotting the distribution for different smoothing parameters and
choose the one which yields the “best” result. The main disadvantage of this method is
that the shape of the cstimated RND relies on one’s subjective judgement. Therefore,
two researchers may come up with different RNDs for the same data. Besides, this is
a cumbersome method for studies where a large number of distributions need to be
estimated.

Several procedures for automatically choosing an optimal smoothing parameter
have been proposed in the spline regression literature. The most popular class of
these methods is based on cross validation (CV) proposed by Craven and Wahba
(1979). The basic principle of cross validation is to leave out the data points one at
a time and to choose the smoothing parameter for which the missing data points are
best predicted by the remainder of the data. More precisely, for a given smoothing
parameter the observations are deleted one by one and a spline function is estimated
in each case from the remaining observations. The sum of the squared errors between
the deleted observations and the values generated by the spline functions is then
calculated. The “optimal” smoothing parameter is the one that yields the smallest
sum of squared errors. The simple CV criterion has been generalized so that it allows

the user to reweight the contribution of deletion residuals to the total score. The
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generalized cross validation method (GCV) can be written as:
al ; 2
mAani:wi {ai - 95 (5,-,9)]

where g~ (-) is the fitted spline for a given A with data point 7 omitted. Hence, this
method finds an optimal A\ by lowering the influence of outlying data points on the
curve.

Another criterion of interest was suggested by Bliss and Panigirtzoglou (2002). It
is to select the A such that the maximum fitted price error is approximately equal to
one half of a tick size!*. They argued that by doing this one can effectively fit the
data within the precisioﬁ of option price measurement.

In addition, since the SML method is always capable of providing a perfect fit to
the data, for comparison purposes, it is useful to see whether or not the SML method
can lead to reasonable RNDs and at the same time gives as good a fit as the DFCH
method does. Because the residual sum of squares is a monotonically decreasing
function of the smoothing parameter A, we are able to find the value of A such that
the two goodness of fit from the two methods are exactly equal.

We apply both RND estimating methods to the OTC currency data and the
performance of the SML method is examined under all three smoothing parameter

selection criteria discussed above.

1Since the OTC currency options used in this study are quoted in volatilitics, such criterion is
implemented on volatility quotes. Accordingly, we use equal weighting to account for measurement
errors in volatility quotes.
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5.3 Results

Our results suggest that all three criteria provide too loose smoothing parameters
and the resulting RNDs exhibit unreasonably large fluctuations across all maturities
for both dates. As an example, Figure 5.1 shows the RNDs estimated from the
DFCH method and the SML method with three different choices of A for the 1 month
maturity options on date 17 May 1996. The values of the A selected by the three
criteria are 1.0696 x 1074, 2.2451 x 1075, and 3.3606 x 10~%, respectively.

The inconsistency of the GCV criterion indicates that even if the spline function
is optimal according to the GCV procedure in the implied volatility /delta space, it is
not necessary "optimal" after the transformation required to obtain the RND. The
fact that the second criterion failed to provide reasonable result suggests that the
real size of the pricing errors, at least in this market is far greater than that of those
imposed by the discreteness of option quotes. In fact, implementing such criterion
relies on the assumption on the size of the pricing error. As the real size of pricing
errors is unknown, this criterion is arbitrary. Moreover, the smoothing parameter that
provides the same goodness of fit is still too loose to generate reasonable RNDs. A
much tighter A is required to generate a plausible RND. This indicates that the SML
method could not provide as good fit as the DFCH. In contrast, the nonparametric
nature of the DFCH method enables it to give a high goodness of fit and at the same
time the parametric property ensures that the estimated RNDs are proper density

functions.



51

Figure 5.1: DFCH RND vs SML RNDs under Three \’s
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The above results show that at least within the samples examined, we have found
no objective ways for the choice of the smoothing parameter. In the end, we decide
to select the value of A relying on our visual inspection so that the RNDs estimated
by the SML method are smooth enough'® but with the best possible fit. The plot of
estimated RNDs for the two dates and three maturities is reported in Figure 5.2 and
Figure 5.3.

The implied RNDs can be described by computing a range of summary statistics.
These measures are useful when analyzing changes in the shape of the implied RNDs.

They are also used for comparing different estimation techniques!®. To study the

15A tighter choice of A will provide smoother RNDs, but this is at the cost of the goodness of fit.
16Examples are Cooper (1999) and Bliss and Panigirtzoglou (2002).
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Figure 5.3: Estimated RNDs for the Second Date
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Table 5.1: RND Summary Statistics for OTC Currency Option Data

17.05.96 28.04.97

1M 3M 12M 1M 3 M 12 M

SML 3.3896  3.3929 3.4121 3.3743 3.3761  3.3852
DFCH 3.3896 3.3929 34121 3.3743 3.3761 3.3852
SML  0.0222 0.0437 0.1012 0.0291 0.0507 0.1012
DFCH 0.0193 0.0393 0.0951 0.0250 0.0444 0.0843
Skew SML 0.8335 1.2072 1.1710 1.5190 1.7126 1.8315
DFCH 0.6502 1.1511 1.1468 1.6009 1.4277 1.4264

Kurt SML 5.2820 5.6405 5.3788 5.9971 6.1997 6.3860
DFCH 4.2705 5.6707 5.5896 7.0460 8.1539 8.2997

R? SML 0.9967 0.9842 0.9365 0.9972 0.9883 0.9479
DFCH 0.9999 0.9999 0.9999 0.9999 0.9999  0.9999

A SML  0.0035 0.0045 0.0045 0.0035 0.0150 0.0250

=)

Q)

implied RNDs estimated by the two methods. We examine the following distribution

summary statistics:

1. i: The Mean.

2. 0: The Standard Deviation.

3. Skew: The skewness coefficient defined as the third central moment normalized

by the cube of the standard deviation.

4. Kurt: The kurtosis coefficient defined as the fourth central moment normalized

by the square of the variance.

The estimated distribution summary statistics, R? and the values of A chosen in
SML estimation are all presented in Table 5.1. The DFCH method provides very

high values of R? across all estimations, indicating great flexibility of the confluent
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hypergeometric functions. As shown earlier, a A that provides the same goodness of
fit is too loose to generate non-oscillating RNDs. Thus, the value of A is manually
selected to provide the best possible fit while ensuring minimum acceptable smooth-
ness in the resulting RND. It turned out that the R? for the SML method under such
a A are lower by a sizable magnitude than that of the DFCH. Figure 5.4 displays
the plot of the original volatility quotes and the fitted volatility function for the two
methods, which is representative of the fit across all estimations we tried. We notice
an excellent fit from the DFCH method as compared to the SML method, particularly
for away-from-the-money options.

By construction the SML method will always fit the mean of the implied RND to
the forward price. Thus, calculating the mean of the implied RND does not provide
additional information. To make other distribution statistics more comparable, we
impose the mean-forward equality as a constraint in the DFCH procedure. Therefore,
for a particular date and maturity we obtain the same values of the mean from
both methods. We notice that the differences in the standard deviations between
the two methods are less remarkable than those of the two higher moments. The
reason is that higher moments such as skewness and kurtosis are fairly sensitive to
the tails of the distribution where observed option data provide little information.
As discussed in Melick and Thomas (1998), there is an infinite variety of probability
masses outside the strike range that can be consistent with the observed option prices.

The allocation of tail probability mass is specific to each estimating technique. In this
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respect, previous results of stability test based on higher moments are questionable.
Nevertheless, it is still worth mentioning that the DFCH provides much better fit for
away-from-the-money options than that of the SML, as has been shown in Figure 5.4.

Interesting conclusion can be drawn from these estimated summary statistics. We
find these statistics reflect the influence of major events upon this market. Comparing
the mean for the two dates reveals an overall shift to the left for all maturities. This
has come from the fact that the FF had appreciated against the DM. When we com-
pare the standard deviations for the two dates, there is a larger spread for the implied
RNDs at all maturities for the second date. It is an indication that for the second
date there is a greater uncertainty among the markets participants about how the
exchange rate will evolve towards maturity, following President Chirac’s announce-
ment of the dissolution of the National Assembly. Specifically, across all maturities
the right tail of the RND decays more slowly for the second date, suggesting that
the market is contemplating a nonnegligible probability of subsequent depreciation
of the FF. Market participants’ uncertainty about the exchange rate movement and
fear of large price changes are also reflected by the large values of Kurtosis from both
methods on both dates, as they are willing to pay a high premium for protection

against such large price changes.
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5.4 Conclusion

In this chapter, we carried out an application of the two methods to a set of
OTC currency option data. For the SML method, we found that in the absence
of the knowledge of the true RND, all three objective optimal A sclection criteria
do not lead to reasonable RND estimates. Arbitrary choices of A have to be used.
In contrast, the DFCH method not only produced proper RND estimates but also
provided remarkable goodness of fit. Based on the RNDs estimated from two different
dates, we show how RNDs can be used to analyze the effects of major events on the

market’s expectations of future exchange rate movements.
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Chapter 6

Conclusion

In this study, we compared the widely known SML method with a new semi-
nonparametric DFCH method to estimate option implied RNDs. We conducted two
Monte Carlo experiments based on the pseudo-prices methodology. This methodology
consists of re-estimating implied RNDs from randomly perturbed cross sections of
fitted theoretical option data based on presumed true RNDs. In the first experiment,
the true RNDs were generated by the Heston (1993) stochastic volatility model. These
RNDs were selected to represent various empirical features of asset distributions. In
the second experiment, an alternative specification of the true RND was considered.
It was based on a mixture of three lognormals, and the parameters of this specification
were calibrated from a typical cross section of S&P 500 Index option data.

To compare the two RND estimating methods, we focused on the RMISE criterion,

which is a measure of average distance between the true RND and the estimated ones.
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Results from both experiments provide strong evidence of the superiority of the DFCH
method over the SML. method under both accuracy and stability considerations. In
particular, the DFCH almost always more closely recovers the implied RNDs. We
also found that these results are insensitive to the weighting schemes applied in the
estimation.

We also applied the two methods to OTC currency option data. The statistical
analysis conducted in our Monte Carlo experiments ignores the problem relative to
the choice of the smoothing parameter in the SML method and assumes that the
theoretically optimal A is applied. In this empirical study, as the true RND is un-
known, we tried three different objective choices of A. We found that all three criteria
failed to generate RNDs with reasonable shape. In particular, we found that in our
examples the SML could not provide as good fit to the data as the DFCH while still
generating non-oscillating RNDs. An arbitrary choice of A\ was then used. The main
disadvantage of this is that two researchers may come up with different RNDs for the
same data! Based on the fitted RNDs for two distinctive dates, we showed how RNDs
can be used to analyze the effects of major events on the market’s expectations of
future exchange rate movements.

The SML method is attractive as it is a practically very efficient way of extracting
implied RNDs from option data, particularly with its analytic form of the PDF and
CDF provided in this study. Moreover, previous research also suggested that it is

both absolutely and relatively more robust to errors embedded in option prices than
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the widely used mixture of lognormals technique. However, our study shows that the
SML is outperformed by the semi-nonparametric DFCH method. The DFCH is a
theoretically well-founded statistical density functional model. Because of its semi-
nonparametric nature, the DFCH technique is less data-intensive than those fully
nonparametric methods, and more flexible than purely parametric methods in gener-
ating abundant potential probability density shapes. Another potential advantage of
the DFCH over the SML method is that we can test to which known distribution or

mixture of distributions the estimated RND is not significantly different from.
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Chapter 7

Introduction

Recently there has been growing interest in modelling time series of small counts
that arise in various fields of statistics. Examples include the number of customers
waiting to be served at a counter recorded at discrete points in time; the monthly
cases of rare infectious diseases in a specified area; the monthly number of claimants
collecting wage loss benefit for injuries in the workplace, and so on. ’Iiypically, such
time series take on only small non-negative integer values and exhibit short-range
dependence. Traditional continuous variable models are apparently inappropriate in
that they would invariably produce non-integer forecast values. As a result, some
specific class of time series models has to be entertained to explicitly account for the
discreteness. This part of the thesis is concerned with a special class of observation-
driven models called integer-valued autoregressive (INAR(p)) models introduced in-

dependently by Al-Osh and Alzaid (1987) and McKenzie (1988). The INAR(p) model
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not only specifies the dependence structure of the observations but also allows for a
wide class of discrete marginal distributions, which are jointly determined by the
distributions of the innovation sequence and the thinning operators.

Estimation of the INAR(p) process can be carried out in a variety of ways. These
include the moments based Yule-Walker (YW) estimation method and the conditional
least squares (CLS) estimation method of Klimko and Nelson (1978). The implemen-
tation of both approaches is relatively simple and they are asymptotically equivalent.
A recent study which involves the estimation of the INAR model is provided by Jung
and Tremayne (2006), where they considered the estimation of an INAR(2) model
using the method of moments. Al-Osh and Alzaid (1987) showed that maximum
likelihood (ML) can be implemented for estimating the parameters of the INAR(1)
model when Binomial thinning is used and the innovation sequence is assumed to be
Poisson. They compared the finite sample properties of the three estimation meth-
ods and concluded that the ML is worth the extra calculation because of the gain in
terms of the bias and the mean squared error (MSE). Freeland and McCabe (2004a)
considered the conditional maximum likelihood (CML) estimation of the INAR(1)
model and derived new expressions for the score and information matrix. A general
test for model specification based on information matrix equality was also proposed.
However, both works of Al-Osh and Alzaid (1987) and Freeland and McCabe (2004a)
are confined to the first-order model and assume only Binomial thinning operator and

Poisson innovations. The main objective of this study is to extend previous works
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and develop a general framework for ML estimation of higher-order INAR models
with general thinning operators and innovation distributions.

On the other hand, one of the main objectives of modelling time series data is to
produce forecasts for various purposes. Freeland and McCabe (2004b) suggested that
for count data models forecasts be provided for each point mass of the distribution,
using the median as coherent point forecast, and that the probabilities associated with
each point mass be modified to reflect the variation in parameter estimation. The
reason for doing this is that the estimated point mass forecasts are more informative
than those supplied by single statistics, such as mean, median and mode, of the fore-
cast distributions. Following the same ideas, McCabe and Martin (2005) explored the
issue of coherent forecasting for a class of INAR models under the Bayesian frame-
work. The disadvantage is that only first-order INAR models are concerned and their
method is based on computer intensive numerical evaluation. Jung and Tremayne
(2006) recently considered coherent forecasting for higher-order INAR models, but
their method is based on Monte Carlo experiments which also requires considerable
computational work. The second objective of this study is to extend the ideas of Free-
land and McCabe (2004b) and develop an efficient procedure for producing coherent
forecasts with higher-order INAR models.

The main contributions of this study can be summarized as follows:

A generalized version of the INAR(p) model is suggested, which encompasses

the widely used Binomial (thinning)-Poisson (Innovations) specification. A recursive
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representation of the conditional (transition) probability function (which serves as the
basis of ML estimation) of the generalized INAR(p) model is also proposed, which
greatly improves the efficiency of computation of these probabilities and substantially
facilitates the derivation of the score functions and the Fisher information matrix
of the model. We show that when certain conditions on the distributions of the
thinning process and innovation sequence are satisfied, all elements of the score and
Fisher information matrix can be represented in terms of conditional expectations,
which enhance the interpretation of these quantities and lead to new definitions for
the residuals of the INAR(p) model. More specific details on ML estimation of the
Binomial-Poisson INAR(p) model are provided, including the asymptotic distribution
of the ML estimator.

The second contribution of this study is the comparison of alternative estimation
methods. Asymptotic relative efficiency (ARE) of the ML estimator (MLE) in relation
to the YW estimator (YWE) and the CLS estimator (CLSE) are examined. Our
results confirm that the newly proposed MLE is asymptotically more efficient than
the YWE and the CLSE. We also find that the magnitude of efficiency gain is most
substantial when the values of the thinning coefficients are large. Finite sample
performance of the three estimators are also investigated. Results from our Monte
Carlo experiments indicate that there is also a potential gain in implementing the ML
in small samples in terms of bias and mean squared error (MSE), especially when the

processes considered have high degrees of persistence.
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Another contribution of this study is to the field of forecasting count data. Built
on the theory of stationary higher-order Markov Chain processes, a new approach
for producing distribution forecasts for higher-order INAR models is developed and a
procedure based on the d-method for calculating confidence intervals for these forecast
probabilities is also suggested. Since the new method is based on the transition matrix
method, no restrictions on the innovation distributions are needed. Most importantly,
it is computationally efficient.

Also in this study, we carry out an empirical analysis of the Westgren (1916) gold
particle data under the ML framework developed in this study. We show that in
the light of the likelihood method, new weapons of statistical inferences can be used,
and as a result new evidence has emerged regarding the suitability of the Binomial
assumption of the thinning process in the fitted model. Forecasts are also produced for
the Westgren data based on the new method. We find that the benefit of implementing
the method, in terms of the enriched information and the improved efficiency, is
substantial.

The rest of Part II of the thesis is organized as follows: Chapter 8 reviews the
INAR(p) model and estimation methods. Chapter 9 looks at the likelihood estimation
of a generalized INAR(p) model. In Chapter 10, we examine the relative performance
of alternative estimators. Chapter 11 is concerned with forecasting with INAR(p)
models. The empirical study is presented in Chapter 12. Chapter 13 concludes.

Proofs and other details are contained in a set of appendices.
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Chapter 8

Review of the INAR(p) Model and

Estimation Methods

In this chapter, we present a brief review of the INAR(p) model of Du and Li
(1991) and revisit three estimation methods that have been used in the literature.
Section 8.1 sets out the details of the Du and Li (1991) type INAR(p) model and
briefly discusses its main statistical properties. In Section 8.2, we review the three
methods for estimating INAR models. The first is the moments based Yule-Walker
estimation method and the second is the conditional least squares estimation method
of Klimko and Nelson (1978). Both methods can be used for estimating higher-order
INAR models. The maximum likelihood method proposed by Al-Osh and Alzaid

(1987) for estimating the first-order INAR model is also discussed.
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8.1 The INAR(p) Model
Du and Li (1991) define the INAR(p) model to be
Xe=amoXiytmoXe o+ +0,0X; , +¢ (8.1)

where the innovation process {¢,} is an i.i.d process which is assumed to be inde-
pendent of all thinning operations ay o X, for k = 1,2,...,p, which are in turn
“an

conditionally independent. The “o” is the thinning operator. Conditional on X;_; it

is defined as
Xe—k

apo X = Z Bix

=1

where cach collection {B,x.i = 1.2,..., X;_,} consists of independently distributed
random variables (taken here to be Bernoulli) with parameter oy, and the collections
are mutually independent for & = 1,2,...,p. Intuitively, ay o X;_; is the number
of individuals that would independently survive a Binomial experiment in a given
period, where each of the X, ) individuals has identical surviving probability ay.
The case where p = 1, {¢,} is Poisson and B;, is Bernoulli is known as Poisson
autoregression, henceforth denoted as PoINAR(1), since in this case the marginal
distribution of X, is also Poisson. When p > 1 and {e,} is Poisson, it can be shown
that the unconditional mean of X, and the unconditional variance of X, are generally
not equal and so that the marginal distribution of X, is no longer Poisson even though
the innovations are. Dion et al. (1995) are able to show that the INAR(p) process

may be generally viewed as a special multitype branching process with immigration.
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Du and Li (1991) show that. for ax € [0, 1), the INAR(p) process is asymptotically
stationary as long as ) _{_, ax < 1 and that the correlation properties of this process
are identical to the linear Gaussian AR(p) process.

The Alzaid and Al-Osh (1990) specification of the INAR(p) process differs from
that of Du and Li (1991) in that it employs the alternative assumption that the con-
ditional distribution of (a; 0 Xi—p, g0 X;_p, ..., 0,0 X;_p) given X,_, is multinomial
with parameters (aj.0q,...,ap. X;_,). The statistical properties of the Alzaid and
Al-Osh (1990) model are very different from that of Du and Li (1991) and the model is
much less tractable. In this study, we confine ourselves to the case where the thinning

operators are conditionally independent.

8.2 Estimation Methods

It is clearly the case that the estimation problem connected with the INAR process
is more complicated than that of the Gaussian AR process. The complication arises
from the fact that the process is nonlinear due to the thinning operator and the
conditional distribution of X, given its lags is the convolution of the distribution of
g, and the distributions of p Binomials determined by a; o X, 4 for k = 1,2,...,p.
Several estimation methods have been proposed in the literature. These include
the moments based Yule-Walker estimation method and the conditional least squares
estimation method. Al-Osh and Alzaid (1987), assuming Poisson arrivals, presented a

maximum likelihood procedure for estimating the POINAR(1) process. The objective
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of this section is to provide a brief review of the three estimation methods.

8.2.1 Yule-Walker Estimation

As discussed earlier, the autocorrelation structure of the INAR(p) process is iden-

tical to the linear Gaussian AR(p) process. If we define

7k = CO'U(X{, Xt—k)y

it can be easily verified that for the process in (8.1)

Ve = 01 Vg1 F 02V g+ F OV

or
P = Q1Pg_y + Q29+ -+ Qppy_, (8.2)
It follows that a simple way to get an estimator for the model parameters is to

replace the autocorrelation coefficient p, with the sample autocorrelation coefficient

P, in the Yule-Walker equations. For k =1,2,...,pin (8.2), we have the Yule-Walker

equations
IF'a=p (8.3)
where
T = [p_jlpxp
a = (al,ag, e ,ap)

P = (plap2v-‘-app)'
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Replacing p with its sample estimate p in (8.3) yields the Yule-Walker estimate & of
o, which satisfies

Ta=p. (8.4)

Let A denote the mean of ¢;, then the estimate of A for the INAR(p) model is given
by

A=(1—a —dy - —ap)X (8.5)

where X is the sample mean given by X = 1 ST X
Let @ denote the parameter vector for the INAR(p) process (a1, az,...,ap A).

Du and Li (1991) show that the Yule-Walker estimator éyw is strongly consistent.

8.2.2 Conditional Least Squares Estimation

For the INAR(p) process in (8.1), the conditional expectation of X, is given by
E(thgc—l) = alXt_l + ath_g + -4+ a,,Xt_,, +A= gt(0, (\\91_1)

where 3, is the standard filtration, that is &, = 0(X,, X5, ..., X;). The conditional

least squares (CLS) minimizes the following function over the parameter space

T
Q) = Y [Xi- (0,9
t=p+1
T

= Z [Xt - alXt-l - a2Xt..2 e — apXt_,, - )\]2 (86)
t=p+1

i.e.

Q(BcLs) = min Q(8)
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where 5@5 can be solved from the first order condition

2Q6) _,
00
which admits
fwa* — ﬁ* (8 7)
3
=X - axv, (8.8)
j=1
where
X 1 i X,
- —J
T-p t=p+1
T
Gig = 3 (X =X (X - X)
T-p t=p+1
—~ :)7‘_'
pk—j = ;’;BJ

I = [Bi_jlpxr
7= @B ).
It is easily seen that when T is large enough, I*-T, 5 —p,and XY _X are nearly

zero. Therefore, one would expect that the CLS estimator in (8.7) and (8.8)!7 are

17 AJternatively, note that the objective function in (8.6) has exactly the same expression as in the
Gaussian AR(p) case. It follows that we could simply apply the ordinary least squares estimator to
the INAR(p) case. Thus we can rewrite the CLS estimator in the following matrix form.

Bers = (X'X)'X'Y
where

Y = x{¥
X = x®x® . xP)

with ng) = (Xp_j+1,Xp_j+2, Ceey XT_J‘)I.



80

very close to those in (8.4) and (8.5). In fact, it can be shown that the two methods
are asymptotically equivalent.

It can easily be verified that g;, 0g,/06 and §%g,/8006’ satisfy all the regularity
conditions proposed by Klimko and Nelson (1978). It follows that the CLS estimator

OcLs is strongly consistent and has the following asymptotic distribution
VT (§CLS - a) <4 N(0,j™)

where j is the Godambe information matrix given by

j=8V-Is
where
S=E [agt(%»og‘t—l) agt(gﬁt_l)] (8.9)
V=E [uf(o)ag‘(gf‘—‘) 3gt(gf,‘—1)J (8.10)
with

u(0) = X, — gt(eagt-—l)-

8.2.3 Maximum Likelihood Estimation of the INAR(1) Model

Assuming Poisson innovations, Al-Osh and Alzaid (1987) proposed that the first-
order INAR process be estimated by maximum likelihood. For the PoINAR(1)

process, the likelihood function of a sample of T observations can be written as

T
L(e, X)) [[ P(Xel Xe-1)
t=2
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where P(X,|X,_1) is the conditional probability of X; given X,_,, which is also known
as the transition probability for the Markov chain implied by the process. It is well

known that this transition probability is given by

min(Xt_l,Xg) —_

Xt—l) ) ‘G_A/\Xt 7

P(X,|X,_1) = §: ol - @)t
(XilXi-) v ( 0 (1-a) (X, —i)!

Since the marginal distribution of the POINAR(1) process is also Poisson with

mean equal to A/(1 — a), the unconditional likelihood function can be written as

e=M1=a) [\ /(] — a)]Xx T [ min(Xe-1,X¢) (Xt—l) , e Ay Xemi
L ’/\ — ‘ i1 — X¢_1—1—'_
(&, A) (X7)! 1 D N A o

(8.11)

In the case of conditional maximum likelihood (CML) estimation, X, is treated as
given and the conditional likelihood function is of the form:
T [ min(Xe-1,X:) X, ‘ e M)\ Xt
L{a,)) = g ;} ( ; l)a’(l —a)Xz—l-zﬁ . (8.12)
The ML estimator and the CML estimator can be obtained by maximizing the
log of the likelihood function in (8.11) and (8.12), respectively. Al-Osh and Alzaid
(1987) showed that the procedure of Sprott (1983) can be used in the current case to

eliminate one of the parameters in the derivatives of the log-likelihood function, and

that the ML estimates & and A have the following asymptotic distribution:

ﬁ(? - i‘) 2 N(0,i™)

where the matrix i is the Fisher information, i.e. the expectation of the negative

second derivatives of the log-likelihood function.
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Chapter 9

Maximum Likelihood Estimation

of the INAR(p) Model

This chapter looks at likelihood based estimation of a generalized INAR(p) process.
Section 9.1 sets out the specification of the generalized model and Section 9.2 con-
siders the maximum likelihood estimation of the model. A recursive representation
of the transition probability function for the INAR(p) model is proposed, based on
which we derive the expressions for the score function and the Fisher information
matrix with respect to the conditional likelihood. We show that under certain con-
ditions these quantities can be neatly represented as conditional expectations. The
unconditional likelihood, however, is slightly complicated by the lack of knowledge of
the analytic expression for the joint distribution of the first p observations. Neverthe-

less, we overcome this by proposing a simple numerical procedure for transforming
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the conditional probability into the joint probability. This joint probability, when
added to the results from the conditional case, produces the exact likelihood as well
as the corresponding score and information quantities. In Section 9.3, we consider the
special case of INAR(p) model with Binomial thinning and Poisson Innovations, for
which more specific details on ML estimation are provided, including the asymptotic
distribution of the ML estimator. The main results of this chapter appear in Bu et

al. (2006a).

9.1 The Generalized INAR(p) Model

We consider a generalization of the model in (8.1), i.e.
X,:a1-Xt_l+a2-Xt_2+--~+ap-Xt_p+st (91)

where oy - X,k is, conditional on X;_, a real-valued random variable (operator)

@ n

with parameter ax. The “” is denoted as a general thinning operator. The variables
ar - Xi—x for k = 1,2,...,p are conditionally mutually independent. The operator
thus delivers a random value and the dependence in {X,} is induced via the condi-
tioning variables X,. For a general treatment of such operators, see Joe (1996). The
probability (density) function of ay - X;_i conditioned on X;_x, with respect to some

measure v, is written as

f(sklzer) = f(sklme—r; ) (9.2)
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while that of ¢, is
g(e) = g(&; A). (9.3)
for some parameter vector A.

In integer models of principal concern here, v is regarded as a counting measure
and the model in (9.1) is henceforth referred to as the generalized INAR(p) model.
Therefore, in many occasions (9.2) and (9.3) are treated as probability functions,
e.g. f(se|X¢—x;ax) and g(ey; A). Obvious special cases include distributions such as
Binomial and Poisson.

The main task of this chapter is to develop a framework for maximum likelihood
estimation of the generalized INAR(p) model. For notation convenience, the para-

meters a; and the vector A are often suppressed in the following exposition.

9.2 Likelihood Calculations

In this section we consider the maximum likelihood estimation of the generalized
INAR(p) model. As mentioned earlier, the exact likelihood of the INAR(p) model
is complicated by the joint distribution of the first p observations. For ease of ex-
position, we begin our exploration with the conditional likelihood estimation and
derive the corresponding score functions and Fisher information matrix. We then
show how these results for the conditional case can be extended to the unconditional

case with the aid of a numerical procedure for computing the joint distribution of
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(X1, Xa, ... X,).

9.2.1 The Conditional Likelihood

Conditioning on the first p observations leads to a simple form of the likelihood,
viz.
T

L{on,...,ap,0) = [[ PXelXeon,. ., Xeop). (9.4)

t=p+1

Obviously, the knowledge of the transition probability function P(X,|X,_1,..., Xi—p)

is sufficient for the construction of the conditional likelihood.

9.2.1.1 The Transition Probability Function

The primary difficulty of implementing ML estimation lies in the fact that the
transition probability of the INAR(p) model is a (p + 1)-fold convolution and thus
difficult to calculate efficiently. Theorem 9.1 below shows how these transition proba-
bilities may be calculated by a simple recursive mechanism. Notice that the recursion

is defined on the set of conditioning arguments.

Theorem 9.1 For the generalized INAR(p) model in (9.1), the transition probability

function can be expressed in the recursive form as

P(Xe|Xot, ..., Xiy)

= ZSI f(s1|Xe-1;00) P(X; — 81 Xica,y ..., Xoop) (9.5)
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where the starting value is given by

P (Xz - Zsk Xt—p) = Zspf(splxt—p)g (Xt - Z&c) . (9.6)
k=1

k=1
Proof. Given in Appendix 1. =

The recursive representation in (9.5) has several advantages. Firstly, since it is
derived from a general specification of thinning operator and innovation sequence,
it is valid for any probability distribution functions that satisfy the conditions set
out in Section 9.1. Secondly, the recursive mechanism substantially enhances the
computation of the required transition probability by sequentially lowering the order
of the convolution. The main advantage of this representation, however, is that it
provides a succinct expression for the conditional probability function of higher-order
INAR models, which greatly facilitates the derivation of the score and information
quantities. See Appendix 3 for an example of its effectiveness.

Using this transition probability function, the conditional likelihood of the INAR(p)

model can be easily evaluated via (9.4).

9.2.1.2 The Score and Information Matrix

As in Freeland and McCabe (2004a), it proves convenient to express the score
function in terms of certain conditional expectations. The following theorems extend

the INAR(1) results of Freeland (1998) to the vector parameter case.

Theorem 9.2 Let {,, denote the score with respect to oy for k € [1,p] and £y the

score with respect to the vector X. Denote by E,[-] the conditional expectation with
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respect to the sigma field, S; = o (Xt, X1, ...,Xt_,,). Assume the density functions
f and g in (9.2) and (9.3) satisfy

3f(3k§$t-k; ak)
Bak

WEN — (e

= 7(sk)f(sklre—i; ar)

for some scalar function 7(-) and vector function ~(-). Then for the model (9.1)

T
éak = Z Et [7’ (ak . Xt—k)]

t=p+1

and

T
b= Z Evly (e0)]-

t=p+1

Proof. Given in Appendix 1. m
The information matrix can also be expressed in a similar way in terms of condi-

tional expectations.

Theorem 9.3 Let {,, denote the second derivatives of the log-likelihood with respect
to a and b and let 7o, denote the derivative of the function T with respect to ay.
The matriz v, is defined as the derivative of the vector function ~ with respect to
the vector X. Under the conditions of Theorem 9.2 the following results hold for the

model (9.1):

T
Corar = Z {E¢[Toy (k- Xook)] + Vary [1 (o - Xoi)]},

t=p+1

T
gaman = Z Covt [T (am ) Xt—m) v T (an : Xt—’n)] ’

t=p+1
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T
éak,\ = Z Cov, [7' (ak ’ Xt—k) » Y (Et)]

t=p+1

and
T

b =Y {E (el + Var [y ()]}

t=p+1

where k, m and n € [1,p] and m # n.

Proof. Given in Appendix 1. =

It is worth mentioning that to represent the score functions and information ma-
trix in terms of conditional expectation is not just a matter of convenience. It also
provides new interpretations to these quantities. For example, it can be seen that
éakak and £, reflect the mean-variance relations of each individual component of the
model, and Zama" and éak a reflect the conditional independence assumption between
model components. The conditions on derivatives of the densities of the unobserved
components will be satisfied by members of the exponential family which includes, of
course, the Poisson and Binomial distributions. It will be shown in Section 9.3 that

in the Binomial-Poisson case these new expressions also lead to new definitions of the

residuals of the model.

9.2.2 The Unconditional Likelihood

Let P(X\,...,X,) denote the joint probability distribution of the first p obser-

vations. Then the unconditional likelihood function of the INAR(p) model can be
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written as
T
Lay,... 05 0) = P (X1, Xp) [ P(XilXion,- ., Xesy).
t=p+1

It can be seen that under the conditions of Theorem 9.2 and 9.3 the score functions

can be written as

BP (X1, ..

éO —
E)ak

T

- Xp) + Z Ey [ (o - Xe—r)] s

t=p+1

o OP(Xy,..., X L
B =R X)L S ppy )

t=p+1

and the information matrix are given by

. PP (X1, X,)  —
fgkak = Bai 2+ Z {E¢ [Tay (ak - Xe—k)] + Var, [T (o - Xe-)]},
t=p+1

_0*P(X,y,..., X))

T
amQn aamaan + Z CO’Ut [T (am ° Xt—m) s T (an * Xt—n)] y

t=p+1

j 0P (X1, Xp) | —
for = 36;0/\ = Z Cov; [1 (ak * Xi—k) v (€1)]

(o7
t=p+1

and

0P (X1,..., Xp d
(aAaA’ ) 4 > AEi[ya(e)] + Varg [y ()]} -

t=p+1

0
e)\z\' -

In the relatively simple case addressed by Al-Osh and Alzaid (1987), it can be
shown that the marginal distribution of X, is also Poisson. As a result, both P (X;)
and its derivatives can be evaluated analytically. However, in the case of higher-order
INAR processes, analytic expressions for the joint probability function P (X1, ..., Xp)

and its derivatives are usually not availabie.
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Nevertheless, it can be noted that the joint probability P (X;_,,...,X;_,) can be
uniquely determined by the conditional probability function P (X|X,_y,..., X;—p)
providing that the process is strictly stationary'®. This intrinsic connection be-
tween these two quantities can be exploited for calculating the exact likelihood. To
this end, we propose a simple procedure for transforming the conditional probabil-
ity P(X|X¢-1,...,Xi—p) into the joint probability P (X,_,,..., X,_,) for stationary
processes. The details of the procedure are given in Appendix 2.

Based on this procedure, we are able to evaluate both P(X,,...,X,) and its
derivatives numerically. It follows that the unconditional maximum likelihood esti-
mates of the INAR(p) model can be obtained by setting égk =0 and # = 0. The
asymptotic covariance matrix can be obtained by calculating the Fisher information

given above.

9.3 The Binomial-Poisson Specification

For the theorems proposed in the Section (9.2) to be useful in practice, both the
conditional probability distribution of a, - X;_;|X;_ and the distribution of ¢, need to
be explicitly specified. The most widely adopted assumption in the literature is that
ax - Xi—k|Xi—x follows a Binomial distribution'® and the innovations are Poisson. In

this section, we provide precise details on the ML estimation for the Binomial-Poisson

18]n fact, for a stationary process the joint distribution of any set of obscrvations is uniquely
determined by the conditional probability function.
19For this reason, all INAR processes considered hereafter assume Binomial thinning operations.
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specification. The asymptotic distribution of the ML estimator is also presented.

9.3.1 Maximum Likelihood Estimation

Under the Binomial thinning assumption, the conditional probability distribution

function of ay - X;—k|X:—« is given by

X
I (sk| Xp—p; k) = ( t k)“ik(l — o) Kook (9.7)
Sk
for k =1,2,...,p. For Poisson innovations, the probability function of ¢, is given by
e~ A\
g(efA) = o (9.8)

The following corollary gives the conditional probability function for the INAR(p)

model with Poisson arrivals

Corollary 9.1 For the INAR(p) model with Poisson innovations, the recursive rep-

resentation of the conditional probability function can be written as

P(thxt—la s )Xt—P)

min(X¢—1,Xt) X
=Y (et - et e X X (09
e i t —h|Asa,. .., Kip .9)

where the starting value is given by

p—-1
P (Xt =Y ik Xt_,,)
k=1

min|{X¢—p, Xe— (14 +ip-1)] (X
t—p

o= A\ Xe=(ir++ip)

[Xe = (@14 + i)

)a;}’(l — ) Xe-r T

ip=0 tp
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and the complete expression of the conditional probability can be obtained by repeated

substitution and is given by

P(Xl Xty Xiop)

min(X¢—2,X¢—i1)

min{X¢-1,Xt)
X1 Xei—i Xi-2\ i
= Z ( 1/1 )all(l - al) ! ! Z < . >a22(1 - a2)Xt—2 ‘2

i1=0 i2=0 b2
e~/\AXt_(7:l+“'+ip)

X, — (14 +ip)]

min[X¢—p, Xt — ({14 -+ip-1)] (X
t-p

)a:,”(l - Olp)X‘-p_ip [

ip=0 'Lp

(9.10)

Proof. Given in Appendix 1. =

Clearly, the expression in (9.10) is very cumbersome and therefore of little use.
The recursions of Theorem 9.1 not only facilitate the computation of the likelihood
but they are also extremely useful in computing derivatives and hence the score
and information quantities. The effectiveness of the recursions is exemplified in the
derivation of the conditional expectations in Appendix 3.

It can be easily verified that the conditions on the derivatives of the densities of the
unobserved components set out in Theorem 9.2 and 9.3 are satisfied by the Poisson
and Binomial distributions. It follows that the score functions and Fisher information
matrix of the process can be represented in terms of conditional expectations. In

particular, it can be shown that for the Binomial-Poisson case

Sk X
ak(l - ak) ak(l - ak)

T (Sk; o) = (9.11)

and

I3
Y (e A) = Xt —1. (9.12)
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The following two corollaries give explicit forms for the score and information matrix.

Corollary 9.2 Under the conditions of Theorem 9.2 the following results hold for

the INAR(p) model with Poisson innovations:

T
. 1
by, = ————— Z {Eiak o Xy_i] — Er_1]ag o Xo—i]}

Oék(l — ak) t=ptl

and

T
. 1
= X Z Et Et Et—l[et}} .

Proof. Given in Appendix 1. =

Corollary 9.3 Under the conditions of Theorem 9.2 the following results hold for

the INAR(p) model with Poisson innovations:

T
1
ly —_— 20 — 1)E, Xi-
KOk ai (1 _ ak)2 t=§1 {( Qg ) t[ak 0 At k]
+Va7't[ak (0] Xt—k] - akEt_l[ak o Xt—k]} ,
boman = 1 > c X X
T i (1 = am) (1 — @) t=p+1 Plem © Xioms i © Koo,
y 1
barr = (1 —aw) | Z Covfoy 0 Xy, &

t=p+1

and

é,\,\ = Z {Vart[st] — Eile]} .

t=p+1

Proof. Given in Appendix 1. =
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These representations clearly show that the scores and information implied by the
INAR(p) model with Poisson innovations can be decomposed into quantities asso-
ciated with each component of the model. This is analogous to the results for the
PoINAR(1) case given in Freeland and McCabe (2004a). Specifically, the terms in
the score functions measure the incremental contribution of the information arriv-
ing at time t for each process and the second derivatives characterize the properties
of the component processes. For example, the expression x reflects the Poisson
mean-variance relationship given the additional information available at time t.

In addition to enhancing the interpretation of the model, these conditional expec-
tations are also an important computational tool. We show in Appendix 3 that all of
the conditional expectations required can be expressed as functions of the transition
probability. For example,

e Xk P(Xy = 1| Xeo1, o, Xk — 1,0, Xoep)
P(Xy|Xi—y,. .., Xi—p)

AP(X; = UXyoy,. ., Xisp)
P(X X1 1, Xop)

E, [ak © Xt—k] =

(9.13)

Ele] = (9.14)

and the conditional probabilities required may be computed either by (9.10) or, more
efficiently, by the recursive representation of (9.9). It should be mentioned that the
conditional probability would be zero if negative values appear in the probability
function, e.g.

P(~1]0,0) = P(0] — 1,0) = P(0]0, ~1) = 0.

where the conditional probabilities are written in an obvious short notation?®. It is

20For cxample, P(X; = 0)X,—1 = 0, X;_2 = 0) is given by P(00,0).
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also important to note that the time ¢ expectations are different from those calculated
at time ¢t — 1. For instance, we have E;_; [ax0X;_x] = ax Xi—r and E;_; [e;] = A

As in Freeland and McCabe (2004a) the new representation of the score func-
tions leads to new definitions of the residuals in the model (9.1). In particular for
the INAR(p) model with Poisson innovations, there are residuals for the thinning
components

rl:t = Et[akOXt——k] - Et_l[akoXt_k]

for k=1,2,...,p, and for the arrival component
T2 = Eley) — Ei_iley]

It can be easily verified that adding the new sets of residuals together gives the usual

definition of residuals, i.e.

p
ég = Xt - E det—k'

k=1

These residuals may be used in the usual ways to assess the adequacy of the model and
may suggest improved specifications. A discussion on testing for model specification

under this new framework is presented in Chapter 12.

9.3.2 Asymptotic Distribution of the Maximum Likelihood

Estimator

Al-Osh and Alzaid (1987) show that for the POINAR(1) model the ML estimator

is consistent and asymptotically normal. It can be verified that the likelihood function
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for the INAR(p) with Poisson innovations satisfies all the regularity conditions for the
consistency and asymptotic normality of ML estimators. We thus have the following

result.

Theorem 9.4 Let @ denote the parameter vector for the INAR(p) model with Poisson
innovations. The mazimum likelihood estimator 8y, has the following asymptotic
distribution:

VT (EML - 0) 4, N(0,i™)
where the matriz i is the Fisher information per observation, i.e. the expectation of

the negative second derivatives as given in Corollary 9.3.

Proof. Given in Appendix 4. m

The parameter estimates for the model can be found using Newton-Raphson type
iterative procedures. Standard errors of the estimates are readily available from the
observed Fisher information matrix. Alternatively, if the time series is comprised of
low counts, the expected Fisher Information can also be calculated numerically using

the results in Corollary 9.3. See Section 10.1.1 for more details.

9.4 Conclusion

In this chapter, we extended earlier work of Freeland and McCabe (2004a) and
proposed a framework for ML estimation of a general INAR(p) process. The likelihood

function as well as the score and information matrix are derived based on a recursive
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representation of the transition probability function for the INAR(p) model. These
quantities form the basis for maximum likelihood estimation and inferences. We
show that under certain conditions the score function and the Fisher information
matrix can be neatly represented as conditional expectations. These new expressions
enhance the interpretation of these quantities and lead naturally to new definitions of
the residuals of the INAR(p) model. Our expositions are elaborated on the Binomial-
Poisson specification, for which the asymptotic distribution of the ML estimator is

also provided.



98

Chapter 10

Comparison of Methods

This chapter investigates the performance of the ML estimator (MLE) in compar-
ison with the Yule-Walker estimator (YWE) and the CLS estimator (CLSE). Both
asymptotic and finite sample properties are examined. Section 10.1 examines the
asymptotic relative efficiency (ARE) of the MLE in relation to the CLSE. Our results
confirm that the proposed MLE is asymptotically more efficient than the CLSE. In
Section 10.2 we compare the performance of alternative estimators in small samples.
Monte Carlo experiments are conducted and our results suggest that there is a po-
tential gain in using the MLE over the YWE and the CLSE in terms of bias and
mean squared error (MSE). In both studies, we found that the efficiency gain of im-
plementing ML is most substantial for persistent processes. The main results of this

chapter appear in Bu et al. (2006b).
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10.1 Asymptotic Relative Efficiency

In this section, we examine the asymptotic efficiency of the MLE in relation to the
CLSE and the YWE. That is, we consider what happens as the sample size goes to
infinity. Since the CLSE and the YWE are asymptotically equivalent, it is sufficient
to focus on MLE and CLSE only. We compare the two estimators by evaluating the
asymptotic relative efficiency (ARE) between the two estimators. The ARE between
estimators is defined as the ratio of their asymptotic variances (see Cox and Hinkley
(1974)). Let 0 be estimate of 8 and denote by i) the (k, k) element of i~!, the inverse
of the Fisher information matrix. Similarly, let j;! be the (k, k) element of j=!, which
is the inverse of the Godambe information matrix. The ARE for the £** component
of 8 is then defined as

ARE(O) = s (10.1)

—1
Tk

Clearly, in this setup, an ARE less than unity would suggest better efficiency for
the MLE. Notice that there are no simulations involved in this comparison and the
sample size is infinitely large. Furthermore, the comparison is between ML and CLS,

i.e. conditioning on the initial observations has a negligible asymptotic effect.

10.1.1 The INAR(2) Specification and Information Matrix

In our comparison, we entertain the INAR(2) specification

Xi=apoXi 1 +a20X; 2+¢,
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where ¢, has a Poisson distribution with mean equal to A. For the MLE, the expected

Fisher information matrix can be written as

C_ <_E [aﬂ In P(X,|Xt_1,X,_2)])‘1 (10.2)

0606’
where 8 = (a;,az,A) and P(X.|X,_1, X;_2) is the probability of X, conditioned on

X,_1 and X,_,. Following Corollary 9.1, this conditional probability is given by

P(X1|Xt—l3 Xt—2)
min(X¢—1,Xt)

X,_ . .
= Z ( ; 1)a'l‘(l — )1
3

1, =0
Ay Xi—i1—1
Xt—2 aiz(l — )Xg_z—iz € A tTHTR
i 2 2 X, — 1 — i)
2 t —h—12)

(10.3)

min(Xg_z,X,—il)

12=0

By Corollary 9.3

éﬁlal éalaz gap\
& In P(X| Xe-1, Xi_2) I . .
6080’ - 80‘10‘2 Eazaz eaz)\

éo:] A éazz\ é)\/\

where each element in this information matrix can be calculated as specified in Ap-

pendix 3. The expectation in (10.2) is calculated numerically. Specifically, we select
a large enough positive integer value M such that the probability of a count larger
than M is zero. Then, for the INAR(2) model, there are (M + 1)3 possible out-
comes of the joint observation of {X;, X;_;, X;—»} to sum over for each element of

the Fisher information?'. For example, summing over all (M + 1)% possible values of

211f M = 6, for instance, there are 343 possible outcomes of joint observation of {X,, X;_,, X; 2}
They are {0,0,0}, {0,0,1},..., and {6,6,6}.
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{lext—lvxf—Q}s
E[g)\/\] = Z P(XhXt—l7Xt—2)
all {X¢,X¢-1,X¢-2}
P(Xe = 2|Xeo1, Xi2)  [P(Xy = 1 X1, Xo—2) } :
P(X¢| Xt-1, Xi-2) P(X4| X1, X 2)

where P(X;, Xi-1, Xi-2) is the joint probability of {X;, X,_1, X;_2}, which is also
calculated numerically based on the conditional probability function in (10.3). Details
of transforming the conditional probability into the required joint probability for
stationary processes are given in Appendix 2.

For the CLSE, the Godambe information matrix is defined in Section 8.2.2. Specif-

ically, for the INAR(2) model with Poisson innovations we have
9:(0.8:-1) = E(XiSt-1) = X1+ X0+ A
ut(0) = Xi—a1Xi1— X0 — A

The expectations in (8.9) and (8.10) are also evaluated numerically in the same way

as in the MLE case.

10.1.2 Results

We calculate and examine the ARE of the two estimators for a range of different
parameter values. To ensure that the processes examined are stationary and nonde-
generate, the sum of the two thinning parameters, o; and ay, is confined within the
range of [0.1,0.9] and for each of the two thinning parameters, a sequence of differ-

ent values on a grid of 0.05, ranging from 0.05 to 0.85, are entertained. All possible
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combinations of a; and as, a total of 153 cases, are examined. In addition, in order
to reflect varied arrival rates we also consider a sequence of different values of .
Since our conclusions are not to be affected by the choice of A, we select to discuss
the results for the typical case where A = 1. Tables 10.1, 10.2, and 10.3 show the ARE
ratios for the three parameters, @, Q,, and X, respectively. As expected, our results
confirm that the MLE is asymptotically more efficient than the CLSE for all three
parameters, since all the ARE ratios are less than unity. It is generally true that more
substantial efficiency gains can be obtained from using the ML as the process becomes
more persistent (higher values of a; or ay, or both). Specifically, it can be seen from
Table 10.1 that for a given value of a; the ARE of &@; decreases as the value of oy
increases. In particular, when oy is low it approaches zero very quickly, indicating
substantial advantage of the MLE in these situations; Moreover, for a given a; the
ARE of a, decreases as a5 increases. But we can see that such decrease is not as fast
as in the previous case, suggesting that the efficiency gain on &, is most substantial,
particularly when the value of o, itself is high. Similarly, Table 10.2 shows that for
a fixed a; the ARE of a; decreases rapidly as the a5 itself increases. However, it is
also observed that the ARE of &; decreases at as high a rate as a; increases when
ay is fixed. This is in contrast to the ARE of @; which decreases at a much slower
pace as a grows than as o itself increases. These observations reflect the dominant
role of @, in the INAR(2) process in terms of efficient estimation. Table 10.3 once

again confirms that more substantial gains are obtained from persistent processes on
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estimating ), especially if either &, or @, approaches unity. But it is interesting to
note that, unlike the previous two cases, the ARE of N is slightly more sensitive to
the scale of as.

Our results show that the observations discussed above are invariant to the mag-
nitude of the arrival rate. However, it is generally the case that for fixed values of
thinning coefficients the ARE ratios for all three parameters increase monotonically as
a function of A and approach a limit. These observations are graphically exemplified
in Figure 10.1, which shows the ARE of a;, @; and \ as a function of ) for the case
where a; = 0.3 and a; = 0.2. It can be seen that the ARE for all three parameters
increase monotonically as A increases and reach a limit at about 0.88, 0.98 and 0.83,

respectively.

10.2 Finite Sample Performance

In the previous section, we investigated the asymptotic gain of implementing the
ML method over the commonly used CLS method by calculating the ARE ratio
between the two estimators. Our results confirmed that the proposed MLE is as-
ymptotically more efficient than the CLSE. In particular, we noted that in general
the magnitude of the efficiency gain increases as the process becomes persistent. In
this section, we take our research into the small sample performance of the MLE in

comparison to the YWE and the CLSE.
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Figure 10.1: ARE of a,, @, and ) as a Function of )
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10.2.1 Estimating the INAR(2) Model

As in the previous section, we still entertain the INAR(2) specification with Pois-
son innovations for its relative simplicity. General procedures of the three methods
for estimating the INAR(p) model have been discussed in previous chapters. In order
to give the readers a better feel for the three estimation methods, in what follows we

outline the specific details of the alternative estimators for the INAR(2) process.
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10.2.1.1 Yule-Walker Estimator for INAR(2)
It follows from Section 8.2.1 that the autocorrelation functions (ACFs) of the

INAR(2) model satisfy the second order difference equation

Pi = Q1pp_1 + Q2p;

for k > 2. The fundamental idea of the YW estimation is to replace the autocorrela-
tion coefficient p, with the sample autocorrelation coefficient g, in the Yule-Walker
equations. For the INAR(2) process, the first and second order sample autocorrela-

tions can be estimated by

T ——
2_: - X)(X;- l—X)
ﬁl = — T
T3 (X, — X)?
t=1
and T
(T ~2)7 L (X, - X)(Xea = X)
py = =

where X is the sample mean given by X = %Zle X;. The corresponding YWE for
oy and ay are obtained by recalling that the autocorrelation structure of this process

mimics that of a Gaussian AR(2) process. They are thus given by

~ . [1-p
o =
‘ ”‘[1—ﬁi]
and
-~ ~2
az P2 — P
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The associated YWE for the parameter A can be obtained from the unconditional

mean of the INAR(2) process and takes the familiar form
A=(1-8; —a)X. (10.4)

10.2.1.2 Conditional Least Squares Estimator for INAR(2)

For the INAR(2) specification, the conditional expectation is given by
E(X¢|8t_1) = alXt-l + a2Xt_2 + A

where 3, is the standard filtration, &, = o(X}, X3, ..., X;). The CLS minimizes the

following objective function over the parameter space

QO) = ) [Xi— B(X|S-1))

M~ £

[Xt —ay X —0eX - /\]2

t

]
[

with respect to ), a2, and A. The first order conditions are

T
D XXX —aX, o - A = 0
t=3

T
Z Xi-2 [Xc — Xy — 0o Xeg — /\] =0

t=3

T
E [Xt - alXt_l - azxt_g - /\] = 0.

t=3
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It can be easily verified that the solutions to the above conditions can be written as

& = B,C, — B1(
' T AB,— AB
L MG A
® 7 AB, - AB
~ 1 T
A = (T — 2) ; [Xt - Clet_l — CY2Xt_2] (105)
where
T T T

t=3 t=3
T 1 T T

Cr o= D XeaXi— s D X Xea
t=3 t=3 t=3
T 1 T 2

Ay, = X2 X

2 ; t—1 (T _ 2) (; t-1

T 1 T T

By = D XKoo= gy D_Xema D Xy
=3 t=3 t=3
T 1 T T

Co = Z XXy — m Z X, ZXt—l-
t=3 t=3 t=3

10.2.1.3 Maximum Likelihood Estimator for INAR(2)

We have shown in Chapter 9 that the INAR(p) model can be estimated by either
conditional or unconditional likelihood. Nevertheless, the unconditional likelihood
estimation is complicated by the joint distribution of the first p observations, so
that numerical methods have to be used. Since our simulation experiments require

repeated estimation of a large number of replications, for computational simplicity
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we focus on the conditional maximum likelihood estimation.
It follows from Section 10.1.1 that the conditional probability of X, for the INAR(2)
process is given by (10.3). Thus, conditioned on the first two observations, the likeli-

hood function can be written as
T
L{oy, a2,)) = [ P(XlXic1, Xi2)
t=3

Using the results in Appendix 3, the score functions with respect to a;, a; and A can

be written as

T
i = Z Xeo1 [P(Xe = UXiy — 1, Xi—2) = P(Xi|Xi—1, Xi—2)]
—~ (1 -a) P(X| X1, Xi—2)
T
. Z Xi2 [P(Xy— UXioq, Xic2 — 1) = P(Xy| X1, Xe—2)]
o 3 (1 —ag) P(X4| X1, Xi—2)

T
i\ = Z P(X, — 1| X1, Xe2) = P(Xy| Xi_y, Xi—2)
= P(X4| X1, Xi-2)

respectively. The conditional maximum likelihood estimator (CMLE) for the three

parameters are obtained by setting éal, éaz, and ¢, equal to zero.

10.2.2 Results

In order to compare the relative performance of the three estimators in small
samples, we carry out Monte Carlo experiments to examine the finite sample bias
and mean squared error (MSE) of alternative estimators. To achieve this, we gener-

ate artificial time series of counts based on the INAR(2) model. As in the previous
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section, 153 cases are considered, each of which represents a particular set of thin-
ning coefficients. As mentioned earlier, values of a; and a; as well as their sum,
(a1 + ag), are constrained so that each case under study is ensured to be stationary
and nondegenerate. For each of the 153 cases, 1000 replications are generated. For
each replication, we estimate the model parameters using alternative estimators and
calculate the bias and MSE of parameter estimates. Our simulation experiments are
performed for samples size T = 100, 200, and 500.

To reflect different arrival rates, three rounds of experiments are conducted. Three
different values of A, 0.5, 1 and 2, are used. Not surprisingly, since ) is in general a
factor that affects only the magnitude of the variable, our conclusions do not seem
to be affected by the choice of it. We thus select to discuss the simulation results
for the case A = 1, which are typical. The bias results for the three different sample
sizes are reported in Table 10.4, 10.5 and 10.6, respectively. Each table contains the
results obtained from the three estimators. To save more space, we have selected to
report the results for 10 typical cases from the total 153 cases. It can be noted that
these presented cases represent combinations of parameter values of typical scales.

It can be seen that except for only a few cases of the CML where @, is biased up,
in all the remaining cases &, and &5 are both biased down and \ is biased up. This
inverse relationship is to be expected because for a fixed marginal mean of the series
X,, decreasing a; and a, corresponds to increasing A. For the CLS and the YW,

this can be explicitly noticed from equations defining the two estimators (equation
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(10.4) and (10.5)). The relationship between the bias in &; and @3, however, is less
evident from the tables. But a closer examination among all cases studied, including
those unreported, also reveals a negative correlation, despite the fact that both are
biased down. This inverse relationship is also expected for similar reason. That is,
for a fixed marginal mean of X, and A, a large a; corresponds to a small ay, and vice
versa. For the CLS and the YW, this can also be noted from equation (10.4) and
(10.5).

It can be seen from the tables that for all three parameters the biases in the CML
estimates are in general smaller than those in the CLS and YW estimates. Consider
for example when 7' = 100, only 2 cases of the YW and 3 cases of the CLS have
smaller biases than the CML; when T = 200, the numbers of such cases are 3 and 3,
respectively. For T' = 500, each has only 2 such cases. In particular, the CML seems
to dominate the YW and CLS in terms of the bias of X. These results suggest that
there is a gain in using the CML over the YW and the CLS in terms of the bias in
estimates.

It is clear that for both the CLS and the YW the magnitude of the bias of &;
increases with the increase in o; and the magnitude of the bias of @, increases with
the increase in a, ceteris paribus. In contrast, the bias of &; and @, in CML estimates
do not show such a tendency for increase in bias. These observations are graphically
illustrated by Figure 10.2 and 10.3, which show, respectively, the bias of @; as a

function of @, (with az = 0.3 and A = 1) and the bias of &, as a function of a, (with
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Figure 10.2: Bias of &, as a Function of o; for the INAR(2) Model

(a2=Q.3, A=1, Sample Size T=200)
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Figure 10.3: Bias of @; as a Function of o, for the INAR(2) Model
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a; = 0.3 and A = 1) for the three estimators based on the sample size T = 200. In
terms of the bias of A, we found that for all three methods the magnitude increases
with the increase in o, and a,;. However, in the CML estimates the increase in the
magnitude is much slower than in the YW and CLS estimates. This observation is
illustrated by Figure 10.4 and 10.5, which show the biases of X as a function of ay
(with a3 = 0.3 and A = 1) and a3 (with a; = 0.3 and A = 1), respectively.

Considering the magnitude of the biases in relation to the sample size, we found
that in both the YW and the CLS estimates, and to a lesser extent, in the CML
estimates, the size of bias is reciprocally related to the sample size. It can be seen
that as the sample size increases from 100 to 200 and to 500 the size of bias of each
of &, &y, and X would be reduced by roughly the same proportion. For example,
consider the case a; = 0.7 and a; = 0.1. When T = 100 the bias of  for the YW,
CLS and CML estimates are 0.1602, 0.2080 and 0.1068, respectively. As the sample
size increases to 200, these biases reduce by approximately one-half to 0.0983, 0.1142,
and 0.0732, respectively. As T increases further to 500, they reduce to 0.0419, 0.0428,
and 0.0275, respectively, roughly one fifth of the initial size.

The corresponding MSE results for the three different sample sizes are given in
Table 10.7, 10.8 and 10.9, respectively. Similar to the bias results, the MSE’s in the
CML estimates are in general smaller than their counterparts in the CLS and YW
estimates for all three parameters. The dominance of the CML becomes extremely

clear as the sample size increases. It can be seen from the tables that for T = 100,
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Figure 10.4: Bias of A as a Function of a, for the INAR(2) Model

(x2=0.3, A=1, Sample Size T=200)
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Figure 10.5: Bias of X as a Function of o, for the INAR(2) Model

(x1=0.3, A=1, Sample Size T=200)
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there are only 8 cases, respectively, for the YW and the CLS, which appear to be
(very marginally) smaller than their CML counterparts. But as T increases to 200,
the number of such cases reduces to only 3; For T" = 500, the YW and the CLS are
completely dominated by the CML. There is clearly a gain in implementing the CML
in terms of the MSE, especially when one has a reasonably large sample size.

In contrast to the bias results above, for all three estimation methods the mag-
nitude of MSE of &, does not increase with the increase in a;. Neither does the
magnitude of MSE of & arises in ;. However, the magnitude of the MSE of X still
increases with the increase in both «; and a;. These observations for X are graphi-
cally illustrated in Figure 10.6 and 10.7. It can be seen that as in the bias results the
pace of increase in MSE for the CML is clearly lower than the CLS and the YW.

Similar to the bias results, for all three methods of estimation, the MSE of each
parameter is reciprocally related to the sample size. The pace of decrease in the MSE
as the result of increase in the sample size is also similar to the bias results.

In comparing the three methods of estimation in the light of the results of the
simulation experiment, it seems that the CML method is worth the effort. Not only
does the benefit from implementing the CML, in terms of bias and MSE, become sub-
stantial as sample size increases, but there is also a considerable gain when estimating
relatively persistent processes. Consider only the T = 100 case. When o = ap = 0.1,
for instance, the bias of &; in the CML estimate is approximately 95% of the corre-

sponding YW bias and 60% of the CLS bias. For fixed value of oy, this percentage
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Figure 10.6: MSE of \ as a Function of o, for the INAR(2) Model
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Figure 10.7: MSE of A as a Function of a, for the INAR(2) Model
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decreases monotonically with the increase in the value of a;, reaching only about 9%
and 6%. respectively, when a; = 0.7. Similarly, the bias of @, in the CML estimate
is about two thirds of the YW and CLS bias when a; = a9 = 0.1. This percentage
drops to around one fifth when a; = 0.7. However, it should be noted that such
relative gain in terms of bias of ) is less sensitive to the value of a; and ay.

In terms of the MSE, it can be seen that at ay = a3 = 0.1, the MSE of @, &5, and
X in the CML estimate are even slightly greater than (or very close to) their YW and
CLS counterparts. But the relative efficiency gain of using the CML starts to emerge
and continues to grow as the process approaches to high degree of persistency, in the
direction of either a, or ay or both.

It should be mentioned in passing that for very small (close to zero) values of o,
or a there are actually some noticeable but not substantial gain, in terms of bias
and MSE, of the YW and CLS estimates over the CML method. But it diminishes

very rapidly with the increase in the sample size.

10.3 Conclusion

In this chapter, we examined both asymptotic and finite sample performance of
the MLE. Using the INAR(2) specification with Poisson innovations, we investigated
the asymptotic gain of implementing the ML method over the commonly used CLS
method by calculating the ARE between the two estimators. Qur results confirm that

the proposed MLE is asymptotically more efficient than the CLSE and the efficiency
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gain is most substantial for persistent processes. According to the results from our
finite sample simulation experiments, we feel that given the potential gain, in terms of
the bias and MSE, in the CML estimates compared with the YW and CLS methods,
it is worth the effort to implement the CML method. This is particularly true if the
size of the sample is reasonably large. The gain of implementing the CML could be
substantial. Moreover, extra benefit may be achieved if the processes under study

show certain degrees of persistence.
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Chapter 11

Coherent Forecasting with the

INAR(p) Model

One of the objectives of modelling time series data is to forecast the future values
of the variables of interest. This chapter is concerned with forecasting time series
of count data based on the INAR(p) model. Freeland and McCabe (2004b) suggest
that for count data model forecasts be provided for each point mass of the distri-
bution and using median as coherent point forecast. They also suggest that the
probabilities associated with each point mass be modified to reflect the variation in
parameter estimation. However, Freeland and McCabe (2004b) is concerned only
with the PoINAR(1) model. The main contribution of this chapter is to extend their
ideas to a general INAR(p) model. We begin this chapter by a brief discussion of

alternative predictors based on single summary statistic of forecast distribution and
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their limitations. In Section 11.2, we present a method for producing h-step ahead
forecasts of the conditional probability distribution of the INAR(p) process. Mean-
while, we also consider how the model parameter uncertainty can be reflected in the
confidence intervals for the probability forecasts. Section 11.3 summarizes. The main

results of this chapter appear in Bu et al. (2006c).

11.1 Forecasting using Conditional Mean, Median

and Mode

The most common procedure for constructing forecasts in time series models is
to use conditional expectations. The reason is that this technique will yield forecasts
with minimum mean squared forecast error. Consider a realization {Xt}tT=1 from a
discrete time stochastic process. Then it can be shown that the forecast, Xr.,x, of

Xr+n that minimizes the expected mean squared forecast error
~ 2 T
E (XT+h - XT+h) | {Xt}tzl

is the mean of the h-step ahead conditional distribution. But this method lacks data
coherency when the time series under consideration has restrictions on its support.
In the count data context, the process consists of only integer values and therefore
in order to generate data coherent forecasts we seek a method of forecasting that
produces only integer values.

For this reason, Freeland and McCabe (2004b) suggest that the h-step ahead
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conditional distribution itself be used to produce coherent forecasts. One obvious
idea is to use the median of the forecast distribution. The coherence of the median is
given by the fact that it almost always lies in the support of the distribution when the
variable is discrete and the cardinality of support is small. It can also be shown that
the median has the optimality property of minimizing the expected absolute forecast
error. That is, the forecast, )~(T+h, of Xr,» that minimizes the expected absolute

error

E [|XT+h - XT+h” {Xt};l]

is the median of the h-step ahead conditional distribution.

Freeland and McCabe (2004b) also pointed out that despite being data coherent it
can be quite misleading to summarize an entire distribution by a single point. They
exemplified the problem by the following two situations: in the first case, P(X =
0) = 1 — P(X = 1) = 0.5 while in the second P(X =0) =1 - P(X =5)=0.9. In
both cases the median of X is 0 (the mean is 0.5), but in the second case, there is
almost twice the probability of observing a zero. Since there are only 2 outcomes in
these examples it would be more informative to give the probability distribution for
both values in the support.

Another data coherent distribution statistic is the mode, which is the value of a
random variable that occurs with the greatest probability. The mode of the forecast
distribution may serve as an alternative data coherent predictor, but as in the case

of the median, it also ignores the probability distribution for values other than the
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mode.

11.2 Forecasting Conditional Distribution with the

INAR(p) Model

To generate data coherent predictions, Freeland and McCabe (2004b) suggest us-
ing the h-step ahead conditional distribution and its median as a point forecast. For
the PoINAR(1) model, Freeland and McCabe (2004b) presented a method of comput-
ing the conditional forecast distribution on the basis of estimated parameters and they
discussed its statistical properties. Following their ideas, McCabe and Martin (2005)
explored the issue of coherent forecasting with count data models under the Bayesian
framework. But they are concerned only with first-order INAR models and their
method is based on computer intensive numerical evaluation. More recently, Jung
and Tremayne (2006) proposed a simulation based method for producing coherent
forecasts for higher-order INAR models, which also requires considerable computa-
tional work. The principal intention of this section is to extend the ideas of Freeland
and McCabe (2004b) and develop an efficient procedure for producing coherent fore-
casts with higher-order INAR models.

Coherent forecasting requires the information about the conditional forecast dis-
tribution of the count variable at subsequent periods. It can be easily noticed that

the one-step ahead conditional probability is simply the transition probability of the
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process. For a count series X, which follows an INAR(p) process defined in (9.1), it
follows that the probability mass function of X7, conditioned on {Xt}?:l is given
by P(Xrs1| Xt ... Xt_p+1), which by definition is the probability of the value X,
occurring at T + 1, according to the one-step ahead conditional distribution. Efficient
procedure for computing the transition probability has been discussed in Chapter 9.

In principle, multiple-step ahead forecasting requires the information about the
conditional forecast distribution of the count variable at multiple periods ahead. In
the relatively simple case of POINAR(1) model, the required distribution is a convo-
lution of a Poisson and a Binomial random variable. Freeland and McCabe (2004b)
derived the conditional probability mass function of Xr,, given X7 for any non-
negative integer value h in an analytic form. However, for the higher-order models of
principal concern here, the analytic expression for the required conditionél probability
function is not easily available. In what follows, we present an efficient procedure for
producing distribution forecasts based on the INAR(p) model. It will become clear

soon that the transition probability function forms the basis of this procedure.

11.2.1 Forecasting Count Data: A Markov Chain Approach

The Markov chain is a probabilistic model used to represent dependence between
successive observations of a random variable. It is widely used in many disciplines.
Comprehensive treatments of Markov chains and their applications can be found in,

for example, Kemeny and Snell (1976), Kemeny et al. (1976), Karlin and Taylor
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(1981) and Brémaud (1999). It is easily seen that the INAR model is a special type
Markov chain and the process generated by an INAR model can be regarded as a
special case of Markov system, which is by definition a system that can be in one
of several (numbered) states, and can pass from one state to another at each time
step according to fixed probabilities, the transition probabilities. In this section,
we present a method for producing conditional probability forecasts for higher-order
INAR models using Markov chain techniques.

In theory, since the support for an INAR(p) variable is from zero to infinity,
there are infinite possible states in the system. But in practice, for any stationary
INAR processes (at least for most of the count processes one might encounter in
reality), there exists a sufficiently large positive integer M such that the probability
of observing a count larger than M is negligible. Therefore, for a count series X,
which follows an INAR(p) process, we can assume that X; takes values in the finite
set Q = {0,...,M}. Therefore, it can be easily verified that at any given period
¢t there are (M + 1)” different states, determined by {X;_,, X;—pt1,..., X}, in the
system generated by an INAR(p) model.

For a Markov system with finite states, the forecast distribution of each state at
any time t can be obtained by means of the transition matrix method. Let Qp um
denote the transition matrix of an INAR(p) model with the maximum possible count
M. Tt can be noted that Qpar is a (M + 1)” x (M + 1)? probability matrix. Consider

for example an INAR(2) process where M = 1. The corresponding transition matrix
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Q2.1 can be written as

X, 0 0 1 1
X2 Xes 0 1 0 1
o 0 [PO00 0  P10,0) 0
1 o | PO01 0o P10
Qv = o o PoLo) o  papo | D
11 0o POLL 0  PL1)

Since this is a 2nd-order Markov system, the state of the system at time ¢ is jointly
determined by the values of X,_; and X,, and can be denoted by (X;_;, X;). As shown
in (11.1), there are 4 different possible states for the system. They are (0,0), (1,0),
(0,1), and (1,1). Each element in @, represents the probability of the system going
from one state into another. For instance, if the system is currently in state (0,0),
then the probability of the system going from state (0,0) to state (0,1) in the next
period is given by P(1|0,0) and the probability of the system remaining in (0, 0) in
the next period is given by P(0]0,0), etc. A Markov system is said to be homogenous
if the transition matrix, Qp ar, is time-invariant. Note that for a process with order
greater than 1, as in the example, the transition matrix would generally contain
several elements corresponding to transitions that cannot occur. The probability of
these transitions are then 0, sometimes called “structural zero”.

Recall that coherent forecasting aims to produce forecasts of the probability of each
value occurring at the forecast horizon, which is in turn determined by the probability
of each state occurring at the forecast horizon. To get probability forecasts for each

state, we define for a system with (M + 1) states a 1 x (M + 1)P probability vector,
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7, which represents the probabilities of finding a system in each of the (M + 1)?
different states at a given period ¢. In the above example, the probability vector is
a 1 x 4 vector which can be written as 7, = (F’tO’O,Ptl'O,P?’l,P}'I). The elements
in 7, represent the probability of the system in state (0,0), (1,0), (0,1), and (1,1),
respectively. It can be noted that at time ¢ the probability of X, = 0 occurring is
equal to P?° + P/°, the sum of the probabilities of the system in state (0,0) and
(1,0). Similarly, the probability of X; =1 occurring is given by P> 4+ P the sum
of the probabilities of the system in state (0, 1) and (1, 1). To formalize this principle,
we define, corresponding to m,, a (M + 1) x 1 selection vector v;, i = 0,1,..., M,
which has M + 1 entries equal to one and all others equal to zero. Each of the M + 1
entries corresponds to one of the M + 1 states that involve X; = 7. In our example,
vo = (1, 1,0,0)" and v; = (0,0,1, 1)’. Thus, the probabilities of X; = 0 and X, = 1
can be written as m,vg and m,v;, respectively.

It follows from the above reasoning that for a general INAR(p) process the con-
ditional probability forecasts for X7, can be obtained from the forecasts of the

probability vector mry,. That is
P(XT+h = i|XT, ces $XT-p+l) = TT+hVi.

The following theorem thus forms the basis of forecasting conditional probability

distributions for the INAR(p) process.

Theorem 11.1 Let Q, and Qﬁ,h) denote, respectively, the one-step transition matric

and h-step transition matriz for a homogeneous pth-order Markov system. It can be
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shown that

QY =Q¢YQ, =@ (11.2)
Let wr and 7., denote the probability vector at time T and T + h, respectively, we
have

Treh = Tr4h1Wp = WTQ;;- (11.3)

Equation (11.2) says that the h-step transition matrix is equal to the hth power
of the one-step transition matrix and Equation (11.3) says that the h-step ahead
forecast of the probability vector w1, is equal to the current probability vector 71
times the h-step transition matrix.

It should be mentioned that 77 is also known as the current state vector. Consider
the system in the above example. If we observe that the last two observations of the
series X, are Xr_; = Xr = 0, for instance, it implies that the system is currently in
state (0,0) with probability 1. Therefore, we have P79’0 = 1 and P%’O = P7OJ1 = 71:1 =
0. The probability vector at time T is thus given by 77 = (1,0,0,0), which may be
regarded as an indexing vector of the current status of the system.

To formalize the idea of forecasting conditional probability for the INAR(p) model,

we have the following theorem.

Theorem 11.2 For a general INAR(p) process with mazimum possible count as-
sumed to be M, the h-step ahead forecast of the conditional probability of Xrynr =i
is given by

P(Xten =il X7, .., X7_p11) = 77 Qh prvs.
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If we define a vector P (Xryn|Xt,..., XT_ps1) Such that
P (XT+h = OIXT, ce ,XT—p+1) \

P(Xrin=1X7,..., X1_ps1)
P (XrinlXr, oo Xropr) = ’

K P(Xron = M|Xr, ..., Xr_ps1) |
then

P (XT+h|XT, SN 7XT—p+1) = (WTQZ)MV)I

where v is a selection matriz given by v = (vo, v1,- -, UM)-

Consider the example in (11.1). The conditional probability forecasts of Xt

given {X,}tT: , are given by

P(Xrin =0|X7, Xr1) = ﬂ'TQg,fUO

P(Xrsn = 1Xr, X721) = WTQg,lvl

or

P (X7n| X1, X121) = (TrTQg,lv),

(1 0\

10

where

vV = (’Uo,’Ul) =
01

\0 1)
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11.2.2 Forecasting Count Data When Parameters are Esti-
mated

If the parameters of the model were known it would be easy to calculate the
conditional probability forecasts P (X7.4n| X7, ..., X1r_p41) directly using the results
from Theorem 11.2. However, in almost all practical applications these parameters
are unknown and have to be estimated. Therefore, it is important that this source
of variation be accounted for when producing forecasts. Since forecasts are integers,
Freeland and McCabe (2004b) suggest that the d-method be used to modify the
probabilities associated with each point mass to reflect the variation in parameter
estimation.

As before, we denote @ as the parameter vector of the INAR(p) model. The
h-step ahead forecast of the conditional probability mass function can be written
as P(Xt4n| X7, ..., Xr_p+1;0). Under standard regularity conditions, the maximum
likelihood estimate @ is asymptotically normally distributed around the true para-
meter value, i.e. V(0 —8,) ~ N(0,i"!) where i is the Fisher information matrix.
Let g(@) denote a continuous and differentiable function of the parameter estimates
8. The é-method is a technique for finding the asymptotic distribution of g(é) given
that the distribution of VT(0 — 6y) is asymptotically normal. The idea in the present
context is to apply the d-method to ¢(8) = P(Xrin| X7, ..., X7opia; o).

Let 8y, be the ML estimators of @ in the INAR(p) model based on a sample

of size T; Assuming that standard regularity conditions are satisfied, 85, & N (6o,
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T~'i™']. According to Theorem 11.2, the ML estimate of the h-step ahead probability
mass is given by P(Xryn| X1, ..., X1_pt1; éML). An application of the §-method gives
the asymptotic distribution of this quantity for values of X7,,. From this we may
compute a confidence interval for the probability associated with each value of Xr.,,

in the forecast distribution. Obviously these intervals may be truncated outside [0, 1].

Theorem 11.3 For the INAR(p) model, ML estimates of the h-step ahead forecast,
P( X7l X1o - oy XTpt1; 9ML), has an asymptotically normal distribution with mean
vector

”(00) = P(XT-{'-hIXT, e aXT—p+1; 00)

and variance matric

V(8o) = T (BP(XT-MIXT, - -,-sXT—p+l;0)i—1 OP(Xryn|XT,..., X7-ps1;0)

00 00 -0,
where i ts the Fisher information matriz and P(Xr41| X1, ..., X1-ps1;0) is given by
Theorem 11.2.

Note that since Q% ,, is only a matrix of transition probabilities, the partial deriv-

ative

!
OP(XraalXr, ... Xr_pe;0) O |(nr@av)]
06’ - 00’ ' (114)

may be obtained analytically by applying the chain rule of differentiation if analytic
derivatives of the transition probability function are available. The INAR(p) model

with Binomial thinning and Poisson innovations is one of such cases.
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According to Theorem 11.3, the 95% confidence intervals for the conditional prob-
ability forecast P(Xr4n = | X7, ..., X1_pt1;60) for i = 0,1, ..., M, can be computed

based on its asymptotic distribution by means of
P(Xrs1 =i|X7, ..., Xr_pe1;0mL) £ 20541(Op1)

where 0,,1(0p1) is the (i + 1,7 + 1) element of V(@ML). Moreover, it is even possi-
ble to get the joint confidence interval over the support of the forecast distribution.
But what should be noted here is that in contrast to the treatment of continuous
variables, it is the probability of the values that is modified to reflect the uncertainty

in parameter estimation.

11.3 Conclusion

In this chapter we extended the ideas of Freeland and McCabe (2004b) and devel-
oped a method for producing data coherent forecasts for higher-order INAR models.
We showed that the INAR(p) process can be regarded as a special type of Markov
system and the distribution forecasts for a count series can be obtained by means of
transition matrix method. A procedure based on the d-method for calculating con-
fidence intervals for these forecast probabilities is also suggested. Since our method
is based on explicit formulation, not simulations, it is computationally efficient. An
application of this procedure to the Westgren data is presented in Section 12.4 of the

following chapter.
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Chapter 12

Application to Westgren Data

In this chapter, we analyze the Westgren (1916) gold particle data under the
maximum likelihood framework developed in Chapter 9. Some description of the
Westgren data is presented in Section 12.1, where we show the presence of serial
dependence. We estimate an INAR model using conditional maximum likelihood.
Results are discussed in Section 12.2. Section 12.3 assesses the adequacy of the fitted
model by both residual analysis and specification testing. We find that new evidence
has emerged in the light of the new framework. In Section 12.4 we apply the method
introduced in Chapter 11 for producing forecasts for the Westgren data. A brief

summary is given in the concluding section.
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12.1 The Data

The data used in this study consists of 380 counts of gold particles in a well-
defined colloidal solution at equidistant points in time. The set of data was originally
published in Westgren (1916). Although not a data set of economic content, it is
something of a classic in the history of time series and serves admirably for the
purpose at hand. The values used constitute part of a data set that has been used
in both the branching process and time series literatures and analyzed by Guttorp
(1991) and Grunwald et al. (2000). The most recent work of analyzing this data set is
provided by Jung and Tremayne (2006), in which they propose a computer intensive
method for generating coherent predictions for INAR models and the Westgren data
is used as a testbed.

In the first instance we conduct some preliminary analysis to get an overall picture
of the data at hand. Figure 12.1 provides the time series plot of the first T = 370
data points (the last 10 are used in forecasting), which shows no discernible trend or
seasonal patterns. A summary of simple descriptive statistics for the data is given in
Table 12.1. It can be seen that the observed counts vary from 0 to 7 with the sample
mean and variance equal to 1.55 and 1.65, respectively. This suggests that there is
very little or no overdispersion in the data. The marginal distribution of these data
is depicted in Figure 12.2.

As a natural first step of modelling time series data, we plot the sample autocor-

relation functions (ACFs) and partial autocorrelation functions (PACFs) in Figure
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Figure 12.1: Time Series Plot of 370 Observations of the Westgren Data
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Table 12.1: Descriptive Statistics of the Westgren Data

Minimum Maximum  Median Mode Mean Variance
0 7 1 1 1.55 1.65

12.3. The sample ACFs confirm the presence of serial correlations, but little or no
seasonal patterns are found. The sample PACFs suggest that an autoregressive model
with dependence of order 2 is appropriate. Various tests have been proposed in the
literature for detecting presence of serial dependence in time series of counts. Exam-
ples include the simple run test of Wald and Wolfowitz (1940), the modified score test
of Freeland (1998) and the adapted portmanteau tests of Venkataraman (1982) and

Mills and Seneta (1989). Jung and Tremayne (2003) provided an excellent survey of
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Figure 12.2: Marginal Distribution of the Westgren Data

Frequency

these tests. The data at hand has also been examined by Jung and Tremayne (2006)
for the presence of serial dependence by means of different tests. Their results also
confirmed that there is significant serial dependence in the series. Using the method
of moments, they estimated both the INAR(1) model and the INAR(2) model. By

means of residual analysis, they also suggested that the INAR(2) model be used.

12.2 Estimation by Maximum Likelihood

For reasons discussed above, we proceed by estimating a second order INAR

model using conditional maximum likelihood. This requires the arrival process to
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Figure 12.3: Correlograms of the Westgren Data
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be fully specified. The Poisson distribution is a common assumption. The CML
estimate of the parameters are a; = 0.4716(0.0472), a; = 0.1798(0.0535), and
X = 0.5450(0.0724). The estimated asymptotic standard errors, which are obtained
from the observed Hessian, are given in the parenthesis adjacent to each estimate. It
is clear that all the three estimates are significantly different from zero at all conven-
tional significance levels. In particular, the significance of the two thinning coefficients
confirms that there is indeed dependence in the data.

The model that we have estimated above implies that each count at a given time
period t is thinned twice: Once at time t + 1 with an estimated probability of around
47%; and once at period t + 2 with an estimated probability of about 18%. Note
that the sum of the two thinning coefficients is relatively large, over 0.65, indicating
that the series shows a relative high degree of persistence. On the other hand, the
estimated arrival rate, X, is around 0.5, indicating that on average in approximately
every two periods there will be a new particle entering the observation area. Note
that the unconditional mean of the process, the average number of particles observed

in each period, implied by the parameter estimates is 1.56.

12.3 Testing for Model Adequacy

In modelling time series data, it is important to assess the adequacy of the fit.
Generally, this is accomplished by means of residual analysis and specification testing.

By checking the serial dependence of the residuals from the fitted models, Jung and
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Tremayne (2006) suggest that the INAR(2) model is appropriate. In this section, we
examine the issue of adequacy of the INAR(2) model estimated by ML. As shown
in Chapter 9, the ML method enables new tools for statistical inferences to be used.
As a result, new evidence emerges from the following two sections in the light of the

newly developed ML framework.

12.3.1 Residual Analysis

The estimated residuals of the fitted INAR(2) model are defined as

€ = X, — 0y mrXe—1 — QoML X2 (12.1)

where @; asr and Qg are ML estimates of the thinning coefficients. In principle,
the existence of any dependence structure in the residuals would suggest that a more
general specification is called for. For this reason, we plot the SACFs and SPACFs
of the residuals from the estimated INAR(2) model in Figure 12.4. In an informal
manner, the figure indicates that there is no obvious dependence structure left in the
residuals.

As we discussed earlier, the new representation of the score functions leads to
new definitions of the residuals of the model. According to Section 9.3.1, there are
residuals for each random component of the model. In the current case, there are

residuals for three random components, i.e. for the two thinning components

Ty = Et[al © Xt—l] - Et—l[al o Xt-—l]
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of the Residuals &; from the INAR(2) Model
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ree = Eog0 X, 9] — Ey_y[az 0 Xy

and for the arrival component

e, = Eyled] — Eoi[e).

It can be easily verified that adding the new sets of residuals together gives the usual
definition of residuals in (12.1). These component residuals may be used to assess the
adequacy of each component of the fitted model and may suggest improved specifica-
tions. However, similar to the results from the residuals in (12.1), the correlograms for
none of the three component residual series suggest significant remaining dependence
structure. These observations are confirmed by the results from both the Venkatara-
man (1982) test and Mills and Seneta (1989) tests with various degrees of freedom
applied to these residuals. Table 12.2 shows all the statistics for the tests we used, to-
gether with their corresponding p-values given in the parenthesis. Therefore, in terms
of results from the residual analysis, the INAR(2) model with Poisson innovations

seems to be adequate.

12.3.2 The Information Matrix Test

Nevertheless, neither the graphical method based on correlograms nor the residual
serial dependence tests represent rigorous investigations of the fitted model. Serial
dependence tests are only intended to provide an indication of model misspecification

to motivate the application of a higher order specification. Graphical methods often
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Table 12.2: Results of Tests for Serial Dependence in INAR(2) Residuals

Residual Series
Tests ét Tl Ty Ti
Ques (1) 0.0007 1.1878 0.2140 0.1838
acf (0.9787)  (0.2758)  (0.6437)  (0.6681)
Qs (5) 1.2045 4.1936 1.0649 6.6946
acf (0.9444)  (0.5219)  (0.9572)  (0.2444)
6.7416 10.2911 6.4794 14.4748
Qacy (10) (0.7496)  (0.4153)  (0.7735)  (0.1524)
0.0002 1.1086 0.2027 0.2265
@pacy (1) (0.9900)  (0.2924)  (0.6525)  (0.6342)
1.3097 4.0125 1.1488 8.0657
@pacs (5) (0.9339)  (0.5476)  (0.9497)  (0.1526)
7.3144 8.9945 6.1304 14.7222
@pacy (10) (0.6955)  (0.5326)  (0.8042)  (0.1425)

suggest how the model may be constructively modified, e.g. the lack of a seasonal
component is usually indicated by a cyclical pattern in a residual plot. However, by
comparison with graphical procedures for continuous data, those for counts are more
difficult to interpret because of their discrete nature. In particular, when individual
component residuals are concerned, not only are they correlated with one another
within any given set but different sets of residuals from the same model are themselves
correlated. In the current case, for instance, the calculated sample correlation is
0.5832 between rj, and r7,; 0.6498 between 73, and r?,; and 0.7173 between 7}, and
3. For these reasons graphical analysis often needs to be supplemented by formal
statistical tests to confirm whether the specification of the components of the model
is adequate.

Freeland and McCabe (2004a) suggested that for the INAR model, where ML



150

methods are used, the specification test based on information matrix (IM) equality
can be used. They showed that the IM test could be interpreted as a test that the
parameters of the model were constants against the alternative that they were random
variables. They applied the IM specification test to the POINAR(1) model and showed
that the test can be decomposed into sub-tests: one for each component of the model.
Thus, there is a formal test which checks the adequacy of the arrival process and one
which assesses the Binomial thinning process. There is also an additional component
of the overall test which checks whether these component processes are independent.
The details of this specification test are elaborated in their paper.

The IM test of Freeland and McCabe (2004a) can be easily extended to higher-
order INAR models. In the current situation, the test statistic for the overall adequacy

of the model can be written as

Uo = Y AG, +la 3+ {8, +l0} + Y (B, +6,)})
t=1 t=1 t=1

-2 Z{éauéz\: + Zalt)\t} -2 Z{éazté/\z + gOtztf\t}

t=1 t=1

_2Z{é0ué021 + Zﬂuazt} (122)
t=1

where

O0InP, (thxt—laXt-2)
8ak

dInP, (Xt|Xt—1,Xt—2)
oA

gﬂkt

by, =
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and

O*InP, (Xo| Xi-1, Xi—2)

ke Bai
é‘ _ 62111Pt (thXt_l,Xt_2)
AT N2
Z _ a2lnpt (Xt|Xt—1,Xt—2)
ket EXE))

for k = 1 and 2. Freeland and McCabe (2004a) showed that under the null hypothesis

that the model is correctly specified, U, is a zero mean martingale and
)t U, % N(0,1)

where [U],, is the quadratic variation of the martingale. Or equivalently,
U Uz =5 ().

Although the results from the residual analysis suggest that the INAR(2) model
is adequate, since the residual analysis based on graphical method and dependence
tests has its limitations, we take one step further by applying the IM test to the
fitted INAR(2) model. The p-value of the overall test is computed to be 0.2659,
which indicates that we cannot reject the hypothesis that the INAR(2) process with
Poisson arrivals sufficiently describes the variation in the data. This is consistent
with the previous conclusion based on residual analysis. It is worth mentioning that
although the overall test suggests that the model as a whole may be regarded as
satisfactory, it does not necessarily mean that each component is satisfactory. This

is because the effect of misspecification in each component may cancel each other so
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that when considered together they appear to be satisfactory. It is also possible to
have the opposite situation. Since the IM test can be decomposed into sub-tests. We
are able to assess the adequacy of each component and the independence assumptions
among them.

For the INAR(2) model at hand, it is evident from (12.2) that there can be up
to 6 sub-tests. There are three components corresponding to the first and second
binomial thinning operations and the Poisson arrivals. The p-values for the three
sub-tests on the three components are 0.0343, 0.8259, and 0.5108, respectively. These
results suggest that while we may conclude that the second Binomial operation and
the Poisson arrivals are correctly specified, the first binomial thinning seems to be
problematic due to the low p-value of the test. It should be noted that Binomial
thinning assumes that from one period to the next the departure of individual par-
ticles from the observation area is independent and all individual particles have the
same probability of staying in the area. Although to get more specific and sensible
interpretations, one might have to trace back the source of the data, the result of
the IM test provides statistical evidence that either of the two assumptions for the
Binomial distribution or both of them are not supported by the data. One possibility
to correct for such misspecification is to consider over-dispersed models such as in
McKenzie (1986), Al-Osh and Aly (1992) and Joe (1996). Since this is beyond the
scope of this study, we do not pursue further discussion.

The remaining three sub-tests investigate the conditional independence assump-
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tions among the three components. The corresponding p-values are found to be 0.2756
for the test for independence between the two Binomial thinning operations; 0.1240
for the test between the first Binomial and the Poisson arrivals; and 0.1571 for the
test between the second Binomial and Poisson arrivals. These results suggest that

the assumption of conditional independence is satisfactory.

12.4 Forecasting the Westgren Data

This section aims to apply the method developed in Chapter 11 to produce fore-
casts for the Westgren data. Despite the evidence against the first Binomial thinning
component, the result from the IM test on overall adequacy does not allow us to
reject the hypothesis that the INAR(2) model with Poisson innovations is correctly
specified. Therefore, we proceed to evaluate forecasts based on the fitted INAR(2)
model. ML estimates for the model parameters are already given in Section 12.2.
For the INAR(2) model, the conditional probability depends on two lags and can be
denoted as P(X,|X,-1, X;-2). It is observed that the last two observations of the

series are Xt = 3 and Xr_; = 3.

12.4.1 One-step and h-step Forecasts

Table 12.3 gives the multiple-period ahead conditional mean, median and mode

forecasts, as well as conditional probability forecasts for each value of X, at subsequent
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periods. As expected the conditional mean forecasts are no longer integer values.
It can be seen that these conditional mean forecasts converge to the mean of the
marginal distribution. This is equal to the unconditional mean of the process implied
by the parameter estimates. Similarly, the conditional median and mode forecasts
converge to their marginal counterparts. It can be noted that the pace of convergence
is relatively slow, happening after more than 30 periods. It is not surprising since as
mentioned previously the data at hand exhibit relatively long distance dependence,
with @; + &, = 0.6514. This observation is also consistent with what we have seen in
Figure 12.3 where the SACFs remain significant even after 20 lags.

To account for parameter uncertainty in model estimation. We apply the theorem
proposed in Section 11.2.2 and compute the confidence intervals for the probabilities
associated with each value of the forecast distribution. These interval forecasts are
presented in Table 12.4. It can be seen that, for instance, in the next period we are
95% confident that the probability of the value 0 occurring lies between 0.0295 and
0.0649; the point estimate of the probability is 0.0472. The point estimates for the
values from 0 to 10 sum almost to unity and the model deems that an observation of 11
or more has zero probability of occurring in the forecast periods. In contrast, forecasts
based a single summary statistic of the forecast distribution is much less informative
than what we can infer from Table 12.4. The conditional mean (if rounded to the
nearest integer) all indicate that 2 particles are to be expected in the following periods;

The conditional median suggest 2 particles to be expected in the following 5 periods
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and 1 to be expected from the 6th period onwards; and the conditional mode predict
2 particles in the next 3 periods and 1 thereafter. Clearly, the amount of information

that would have been lost as a result of using only single statistics is considerable.

12.4.2 Rolling Forecasts

The forecast distributions described above are of interest in their own right, but
the forecasting scenario envisaged is somewhat different from what would likely be
done in real life. This is because all the forecasts are ex post, since the actual data
for t = 371,...,380 are available to the investigators. Moreover, in reality, as each
new observation becomes available, a forecaster is likely to incorporate it into any
prediction exercise. To mimic this situation, we used the idea of rolling forecasting
suggested by West (1996). That is, we forecast observation 371 as before, and then
forecast observation 372 based on a model fitted using a new sample consisting of
observations 2 to 371, and forecast observation 373 using observations 3 to 372, and
so on up to forecasting observation 380. A rolling sample with fixed size (370 obser-
vations) is used throughout in model fitting. This generates a sequence of one-step
ahead rolling forecasts. The results for point and interval forecasts are reported in
Table 12.5 and 12.6, respectively. West (1996) also mentions recursive forecasts based
on an increasing sample size as new observations become available. We also tried this
and the results are given in Table 12.7 and 12.8. But as expected these results are

very close to those in Table 12.5 and 12.6. One difference to be expected from what
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is reported in Section 12.4.1 is that no forecast distribution should tend towards the

marginal distribution of the data used in the fitting.

12.5 Conclusion

In this chapter, we carried out an empirical analysis of the Westgren gold particle
data under the framework of Maximum likelihood developed in Chapter 9. Esti-
mates of parameters of the INAR(2) model were obtained by conditional maximum
likelihood estimation. Issues of model adequacy were examined. Although various
tests for serial dependence in the model residuals do not reject the INAR(2) model
as adequate, new evidence has been found from the likelihood based IM test: While
the overall test failed to reject the INAR(2) model, sub-tests on model components
indicate that the first Binomial thinning operator is not supported by the data, sug-
gesting less restricted models, i.e. overdispersed models, be used to correct for the
partial misspecification.

Also in this chapter, we applied the method developed in Chapter 11 to produce
distribution forecasts for the Westgren data. Our results showed that the estimated
point mass forecasts are much more informative than those supplied by either the
mean, median or mode of the forecast distributions. Therefore, the benefit of im-
plementing the new method is substantial. Moreover, compared to simulation based

approaches our method is computationally efficient.



163

Chapter 13

Conclusion

In this part of the thesis, we considered the estimation of higher-order INAR
processes with general specifications for thinning operators and innovation distribu-
tions. A maximum likelihood framework for estimating the INAR(p) model has been
developed. Specifically, we proposed a recursive form for the transition probability
function of the INAR(p) model to facilitate the likelihood computation and the deriv-
ative calculations. Also based on this recursion, we derived the corresponding score
functions and the Fisher information matrix for the INAR(p) model. In particular,
we provided the conditions on the distributions of the thinning process and innovation
sequence, under which the elements of both the score and Fisher information can be
represented in terms of conditional expectations. We showed that these new repre-
sentations not only enhance the interpretation of these quantities but also lead to new

definitions for residuals of the model. For the Binomial-Poisson special case, specific
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details on ML estimation have been explored, including the asymptotic distribution
of the ML estimator.

We also studied the performance of the MLE in comparison to the YWE and
the CLSE. Using the INAR(2) model with Poisson innovations, we investigated the
asymptotic gain of implementing the ML method over the widely used CLS method
by calculating the ARE between the two estimators. Our results confirm that the
proposed MLE is asymptotically more efficient than the CLSE especially for high-
persistence processes. The finite sample properties of the alternative estimators have
been examined by means of Monte Carlo experiments. While the results from the
CLSE and YWE are similar, we found that the MLE is preferable and worth the
extra calculation due to potential gain in terms of bias and MSE. In particular, we
found that both asymptotically and in small samples the magnitude of efficiency gain
is positively related to the degree of persistence of the underlying processes.

A new approach for producing conditional probability forecasts for time series of
count data based on the INAR(p) model has been proposed. We suggested that the
INAR(p) process be regarded as a special type Markov system and the new method is
based the transition matrix for stationary INAR processes. A procedure based on the
6-method for calculating confidence intervals has also been suggested. Compared with
the simulation based method proposed by Jung and Tremayne (2006), the method
developed here is computationally efficient.

An application to the Westgren Gold particle data has also been presented. We
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showed that under the ML framework new tools can be used for testing model ad-
equacy. As a result, new evidence has come out, regarding the validity of assuming
Binomial distributions for the thinning processes for the Westgren data. We also ap-
plied our forecasting tools for generating distribution forecasts for the fitted model.
Given the enriched information and the advanced efficiency, the benefit from the new

approach is found to be substantial.
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Appendices

We present now the appendices that correspond to the previous chapters of the

thesis.



172

Appendix 1: Proofs of Theorems and Corollaries in

Chapter 9

In this appendix we set out the proofs of the theorems and corollaries given in

Chapter 9.

Proof. of Theorem 9.1. We regard X, as the convolution of a; - X;-; and
Y = a3 X2+ -+ ap - X¢_, + &, which are by definition mutually indepen-
dent given the p observed lags. Thus, the transition probability density function of
the INAR(p) process, namely the probability density function of X, conditioned on

[0, (RTINS \-p), can be written as

h(x|ri_y.. ... Tip;Qp....,0p A)
= /f(81|1z~1101)hv($z "Sllxt—27---yxt—p;a%---wapa A)du(s1)

where hy (ylri-a....,Ti—p;a2,...,ap, A) is the conditional probability density func-
tion of " given observations (X,_s,...,X;_,) and parameters (ay,...,ap, A). It is
important to note that this quantity hy (y|z;—2,...,Z4—p; @2, ..., ap, A) can be evalu-
ated using the expression of transition probability density function for an INAR(p-1)
process with parameters (ay,...,ap,A). This is purely a computational device. We

thus have the following recursive representation.

RP(z|rey,. ... Ti_p;iQy,. .., 0p N)

= /f(sllrl—l; Ql)h(p_l)(xt - Sl|xt-27 <oy Tepi Qg .y, Qp, )‘)dv(sl)
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The superscript denotes that the conditional probability density function has the
same expression as the transition probability density function of an INAR process

with corresponding order. The recursion is initialized by

p-1 P
B (It - Zsk x,_p> = /f (splTi—p) 9 (mt - Zsk) dvu(s,)
k=1 k=1

which is just the convolution of the INAR(1) model with arguments as specified.

Since v is a counting measure, the recursion for the transition probability function is
given by
P(XdXo1, .o, Xip)

= Zsl f(31|Xt—1;al)P(Xt - 31|Xt—2, cee 7Xt—p)

with starting value

p-1
P (x, - Zsk
k=1

Xl—v) = Zs,, f (splXep) g (Xt - Z sk) -

k=1
a
The proofs of Theorem 9.2 and 9.3 are based on the following straightforward
lemma.
Lemma 1 Let X,,..., X, Y be independent random variables and denote their

densities as fx (z;) for i = 1,2,...,p and fy(y). The densities are with respect
to the measure v which may be Lebesgue measure or counting measure. Let Z =
X1+ X+ -+ X, +Y be the convolution of Xi,...,X,, and Y. The joint distrib-

ution of Z and X,,.... X, is given by [[F_, fx.(z:)fr(z — P, T:) and the density
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for Z can be found by integrating out X,,..., X,,

)—/ /Hf\' ;) fy(z é: dvu(zy) - - - du(zp)

The conditional joint pmbabzlzty density for X,,..., X, given Z is

P

Iz fY E_:
fz(z)

Let $(X1,..., X, Y) denote an arbitrary function of Xy,...,X,, and Y. The con-

n':u

f(\’l IZ(‘Tl’"'aprz)

ditional moments for ¢ (X,,...,X,,Y) given Z are then

J

E[¢(X\,...,X,.Y)| 2]

b4
E [o (Xl,...,X,,,Z—ZXi)

- /- /¢( Zx,

f";'f(b(xlw"vxp* t-Ys )

=1

...... Xp)Z (@1, ..., Tpl2) du(z1) - - - du(zy)

x. (@) fr (2 = 32 zi)dv(zy) - dv(zy)

=1 i=1

For notation convenience, we also use the following additional notation. The

transition probability density function is denoted by

A(Ze|Te-1y - Te—py 0, .o 0, A) = B(T4|X_p; 0)
where x_, = (Te-1,...,T—p), @ = (ay,...,25,A) and XA may be a vector. To
simplify the notation for a p-fold integration, we set s =(sy,...,s,) and dv, =

(du(sy) - - du(s,))-
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Proof. of Theorem 9.2. The conditional log-likelihood function can be written

as
T
InL(8) = > Inh(z,[x 56
t=p+1
where
P P
h(z|x_p: 6) = / {H flsilzemis c)glze = Y sk A) | dvy
k=1 k=1
We denote
P
f(s,z:6 Hf sklTe—i; ak)g(ze — Y sk A).
k=1
Hence

xtlx—p’ /f S, Z¢; 8) du,

It follows that the corresponding the score functions are given by

8lnL(0)_ T 33 h(z|x_p; 8)

by, = ——— =
day S h(z:|x_p; 0)
, Oln L(O XT: aMz|x-p;0) h(z|x_p; 6)
o -Tt|x—p) )
t=p+1

Under the conditions of Theorem 9.2

3f(3k|l‘z—k; ak)
Bak

agg'\) v (5;A) gle; A)

= 7 (sk;or) f(Sk|Tt—k; k)
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and so

%h(r&x-,,;ﬂ) 57‘3: [Jf(s,z:;0
h(zx_,;0) h{z¢|x_p; 0
fﬁgg [f (S,:I)t; B)] dv,
h(z|x_p; 0)
J 7 (sk; o) £ (5,24, 6) dvs
h(z|x_p; 0)

= Et [7’ (ak . Xt—k)] .

) d'us]
)

Note that the last equality follows from the Lemma 1 on conditional expectations.

Similarly,

Shizlx_p8) _ & [ f(5,7:6)dv,]
h(l'tlx—p; 9) B h(l‘tlx—p; 9)

[ & 1f (5,24 8)] dv,
h(z|x_p; 6)

I~ <$t - ésk; A) f(s,2¢;,0) dvs
h(zi|x_p; 6)
= E[v(e)]

where, again, the last line follows from the Lemma 1. Finally, we have

T
b, = Y Eilr(on-Xis)]

t=p+1

T
b = Z E,[v(e)].

t=p+1

Proof. of Theorem 9.3. Define scalar function 74, (sk; o) and matrix function



7 (€: A) such that

Tay (Sk;ak) = 'a—z—(és—;;ﬂcl
oy (g A
7A(5;A) = ‘Ya(A/ )

Under the conditions of Theorem 9.2:

O? f (sk|Ti-k; )
da?

d%g(e; N)

O (sk; o) flsi]Ti—i; an)]

0T (sk; k)

aak

o F(sk|Te—i; ar) + [T (sk; a’k)]2 F(sk|ze—i; k)

{Ta,, (sky k) + [T (Sk;ak)]2} F(kl@e—r; o)

Ay (g;A) g(g; A))

OAON

It then follows that

52
%zh(xﬂx_p; 9)

h{z|x_,;8)

calGLYPPIFRMESY

v (g;A)

o\
dg(e; A)
o\

9(&;A) + [y (&A) v (s A)] gle; A)

8A’ g

oN

{ (&N + [ (ENY(EAN)] ) gl A).

2y [f £ (5,268) dv,]
h(z|x_,; 6)

27 [f (5,24 0)] dv,

h(ze|x_p; 0

)
f {To‘k (sk; k) + [7 (s ak)]z} f (s,24;0) dv,
h(z|x_,;0)

Ey [Toy (- Xeoi) + [7 (ot - Xt—k)]z]

177
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sah(rx-p0) _ aipw [ f(s.2:6) dv,]
hx|x_,:0) h(z|x_p; )
sy [f (5,7, 0)] dv,
h(zd%_y; 0)
P
Jx (x, -3 sk;z\) f (s, zy;0) dug
. k=1
B h(z¢|x_p; 6)
P p !
I (17: -3 sk;A) v (wz -3 sk;A> [ (s,24;0) dv,
+ k=1 k=1
h(z|x_,;0)

= E (&) +v(e)v ()]

sxh(zx-pi0) 525 ([ f(s,2:0) dv,]
h(ze|x_p: 6) h(z¢|x-p; 0)
J 355 [f (s, 24 0)] dv,
h(xtlx—p; 9)
fT (sk; i) ¥ (€6 A) f (8, 245 0) du,
h(zt‘x—p; 0)

= Ey[r (k- Xek) v (&1)]

E—h(ri|x-p;:0) 32— [[ f (s,2;6) dv,]

dama
h(z¢|x-p; ) - h(ze|x-p; 0)
55 1 (s,28)] dv,
B h(z|x_p; 6)
T (Smiam) T (8a; @) f (s, 24 0) do,
- h(z,]x_p; 0)

= Efr(om Xiem) T (0n Xi-n)] -

Finally, the Fisher information can then be written as follows:

; B 3*In L(6)
akow T dal

T Zoh(ilx0) [ h(zix_,:0)]
Bag p da ¢ P
= Z { h(x|x-p; 0) _[ h(zi|x—p; 0) ]

t=p+1
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Z {Ez [Tak (ak - Xe—x) + 7 (0 - Xt——k)]2] — (B¢ [r (o - Xt—k)])2}
T
> A{Ei[ra, (on - Xeck)] + Vare [ (k- Xe-r)]}

t=p+1

&1n L(0)
OXON
] {%h(xtlx“’;e) _ Fhladx-5i6) %h(rtIX-p;e)}

Z h(z¢|x-p; 6) h(zix_p;0)  h(z4|x-p; 6)

t=p+1

= Y {E ) +vE)v(E)] - Ely ()] By ()]}

t=p+1

T
= Y {E () +Var [y ()]}

t=p+1

9%1n L(6)

aakaA

_ ‘LT: aaiza,\h(xt’x—mo)_%h(xtlx—zﬁo) Zh(zi]x_p; 0)
hzdxpi0) (a0 h(@ixi0)

t=p+1

T
= Y {E[r (o Xew) v (€] = Eelr (o Xeoi)) Ee [y (e0)]}

t=p+1

T
= Z Cov [T (ak - Xe-k), v (e)] -

t=p+1

Proof. of Corollary 9.1. Substituting (9.7) and (9.8) into (9.5) and adjusting

the summation range yields

P(Xi|Xec1.- ., Xizp)
min{X,-1.X¢) (Xt_l

(31

)C!lll (1 - al)X'_l—il P(Xt - i1|Xt_2, e 7Xt~p)~
11=0
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By repeated substitution we see that

P(Xi | Xeoeo oo Xep)
min(X,-1.X}) X
-1 ! -1 .
= Y <; >a11(1—a1)""-1 VP(X, — 1| Xoeay - - Xoep)
1120 1

min(.X¢-1.X¢) X . ' min(X¢-2,X:—11) X ' .
= (et Y (N ag -ay e

1
i1=0 12=0 2

P(X, = i1 — 0ol Xezar- ., Xoep)

min{X;-1,X:) X min(X;—2,Xt—1%1) X
- § ( ,t_l)a'l’(l _ al)Xc—x-ix E : ( 't—2>0122(1 _ a2)X¢—2—12
, 1 4 l2
1|:0 12=0

min[.\’,_(,,_l),4¥¢—(i1 +~~~+ip_2)]

Z (Xt,_(p—l))a;”_‘ll(l - ap_l)Xt—(p-n“ip—l
)

ip-1=0 p-1
p—1

P (X, = ik x,-,,)
k=1

min(X,_,..\’f) X min(X.-g,Xg—il) X
- Y (ara—ayrem Y (B apa eyt

_ i 1
i1=0 1 i2=0 2

e—AAXt—(il+"'+ip)

X,
) X, — (i + -+ i)

p

min[Xg_,,,X,—(i1+-~-+ip_1)]
( )a;,”(l - ap)X,_,,—i,, [
ip=0

The starting value is given in the bottom line which involves the probability function

of the Poisson distribution. m

Proof. of Corollary 9.2. Using (9.11) and (9.12) we see that

T
[ak _ Z Ee{akOXt—k _ ok Xk

t=pt1 ak(l —ak) ak(l —ak)
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T
1
S L— E _kl = -
ar(1 — ax) t:%;l{ e lok 0 Xioi] — e Xk}
) T
= ad—an Z {Ec[(ox 0 X1oi)] — Bey [(ok 0 Xot)]}-
By the same method,
. T o
b = Y E [X_l]
t=p+1
1 Z
= 3 > {Eiled — B [ed} -
t=p+1

Proof. of Corollary 9.3. By differentiating (9.11) and (9.12), we can verify that

(2ax — 1) sk _ D, O

To, (Sk; Q) =
o (385 00) = "0y~ T ag)?
and
13
’Y,\(Et)z—'/\—;‘-

Thus, the Fisher information can be written as

- ET: {Et[@ak-—l)(akoXt_k)_ Xok ]

ai(l - of) (1 - a)?

Xe—k + (o o Xt_k)] }

(1-ar)  ow(l—ay)

t=p+1

—Var, {:—

1 T
= — {(Zak - l)Et[ak o Xg_k]
o (1- ak)2 t=§1

+Var,[ak o Xt-lc] - akE,_,[ak (0] Xt—k]} ,
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N Om O Xt m Xt-—m Oy O Xt—n Xt—n
{0 ¢} C Y )
Z ot [am l—om) (Q—am) an(l—an) (1-oan)

t- p+l

- Z Cov, [ O Xi-m  an 0 Xin ]

am(l = am)’ an(l — o)

t=p+1
1 T
= Covy [ 0 Xy 0 © Xy—n],
aman(l —Qm)(l _an) t:;l t[ t 0 A ]

Qx © Xt k Xt—-k £t
ba, C R
A Z ovy l:ak 1 - o) (1 —ax)’ A ]

t= p+l
- Z Cou, [LXM 3}
tp+1 akl—ak) A
1
= T Cov; [ag © Xi—k, €
/\ak(l—ak) t%l t[ k t—k t]
and
T . .
" Z{ =541+ Var, [ 1]

= /\2 Z {Vare:] — Eile]}

t=p+1
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Appendix 2: A Numerical Procedure for Calculat-

ing Joint Probabilities for the INAR(p) Model

In this appendix we present a numerical procedure that transforms the conditional
probability P(X;|X_1,...,X;—p) of a stationary INAR process into the joint proba-
bility P(X¢-1,...,Xi—p) and P(X;, Xi—1,..., Xi—p). P(Xi-1,...,Xi—p) can be used
for calculating the unconditional likelihood of the model and P(X;, X;—1,...,Xi—p)
is necessary for evaluating the expected Fisher information.

Without any real loss of generality, we consider a simple INAR(2) process, whose
conditional probability function is given by P(X;|X;_1, X;—2). We assume that the
probability of observing a count larger than M = 1 is negligible. Thus, for this

particular Markov Chain process, the transition matrix can be written as follows:

X, 0 0 1 1

X2 Xeo 0 1 0 1

o 0 [ P(0o,0) 0 P(1]0,0) 0

1 0 | P(0)o,1) 0 P(1)0,1) 0
0 1 0 P(0]1,0) 0 P(1]1,0)
1 1 0 P(0]1,1) 0 P(1|1,1)

According to Bayes’s rule, the joint probability
P(X;=0,X;-, =0)
= P(X,=0Xi-1 =0,X;-2 =0)P(X;—, =0, X2 =0)
+ P(X;=0X;-1=0,X;2=1)P(X;_, =0,X,_o=1).

Stationarity implies that

P(X¢ = 0, Xt—l == 0) = P(Xt_l - O, Xt—2 = O)
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and thus
P(X,_1 =0, X,_ = 0)
= P(X,=0Xe.1 =0, Xi_2 = 0)P(X,_; = 0, X;_p = 0)
+ P(Xy=0|X,-1=0,X_5=1)P(X,_; =0, X;_5 =1). (A2.1)
Rearranging (A2.1) yields
[P(0]0,0) — 1]P(0,0) + P(0]0,1)P(0,1) =0

and a similar argument gives another two equalities

P(1]0,0)P(0,0) — P(1,0) + P(1/0,1)P(0,1) = 0
P(0]1,0)P(1,0) — P(0,1) + P(0|]1,1)P(1,1) = O. (A2.2)

The unknown quantities in the above three equations are P(0,0), P(1,0), P(0,1),
and P(1,1). Since the probability of observing a count other than 0 and 1 is assumed
to be zero

P(1,1) =1 - [P(0,0) + P(1,0) + P(0,1)]. (A2.3)
Substituting (A2.3) into (A2.2) yields a system of three simultaneous equations with
three unknown quantities?>. Thus, P(0,0), P(1,0), and P(0,1) are uniquely de-
termined and so is P(1,1). The joint probability P(X,_;, X;_2) thus obtained can
then be used along with the conditional probability P(X;|X;—1, X¢-2) to get the joint

probability P(X,, X,_,, X;-2) since

P(X1, Xio1, Xe2) = P(Xy| X1, Xio2) P(Xi21, Xi2).

22For a general INAR(p) process, there will be a system of (M + 1) — 1 simultaneous cquations
with the same number of unknown quantities that are the joint probabilities P(X, ... X,_p).
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Furthermore, one could also easily get the marginal probability P(X;) from the

joint probability P(X;, X,_;) by summing over all possible values of X;_;.
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Appendix 3: Time ¢t Conditional Expectations for

the INAR(p) Model with Poisson Innovations

In this appendix we provide specific formulae for the time ¢ conditional expec-
tations required for the score functions and the Fisher information matrix for the
INAR(p) model with Poisson innovations. It turns out that all these conditional ex-
pectations can be expressed as functions of the transition probability, and that the
recursive representation and mechanism effectively facilitate the derivation of these
results. Proofs of the results in (9.13) and (9.14) are given in details. The remaining
can be obtained by similar reasoning.

Proof. of Equation (9.13). Using the recursive representation of the transition

probability, it follows from the Lemma 1 that

Ez [al (o] Xt_1]
min(X,~1,X;)

Z i (M)l (1= o) X170 P(X, — 1] X g,y Xesyp)

_ 11=0
P(thxl—la s 7Xt—p)
min(X,-1,X¢)
> Xea (N (1= )X P(X, — 64| X, -, Xisp)
11=0

P(XXe1, -, Xep)

min(X¢_1,X:)
X — 1Y 4
= X Z {( t—1 )a111—1(1 _ al)(Xg._l—l)—(n—l)

11 —1
11=0 1

: 1
X P(Xt - ’L]|Xt_2,.. . ,Xt_p)} P(

thxt—h v )Xt—p)

min(X._l—l,Xg—l)

Xy - 1) :
= X Z {( : ill )a'l’(l — )17 1)—a

11=0
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1
thXt—lv e 7Xt—p)

X P(Xt —-1- i1|Xt_2,. ..,Xt_p)} P(

alxt_lP(Xt - ].lXt_.l - 1, SN ,Xt_p)
P(thXt——h s 7Xt—p)

Note that the order of components is irrelevant to the result of a convolution. Thus,

the above result also implies that

E, [ak o Xt—k]

acht—kP(Xt - 1|Xt-k - 11 Xt—h v 7Xt—k+la Xt-—k—l7 oo 3Xt—p)
P(X¢|Xe-1, -y Xiep)
_ OkXt_kP(Xt b llXt—la---vXt—k_ 17~"7Xt—p)

P(XtIXt—lv s 7Xt—P)

Proof. of Equation (9.14). Denote E [€1] as the time ¢ conditional expectation

of ¢, for the INAR(p) model. Then for the INAR(1) model

Ez(l) [Et] P(XtIXt—l)

min{Xe¢-1,X¢) Ay Xt—i
Xt—l) i Xeo1—i e At
= , o' (1 —o)" (X — 1)
“Z:% ( i 1 ( 1) ( t 1) (Xt — Zl)!
min(X¢—1,X¢) — Xi—1i
- Y ()ara-ayrem A
= i (X —1—1y)!
min(X¢_1,Xt) —~1—i
Xt-l ) ) e—,\AX: 1-i1
= A ‘ (] — Xe—a-00 -7
Zo ( i )"‘( S o

min(.Yt-],.\'c—l) _ X:i—1-—1
Xt-—l i e A\t 3

= )\ ; alt(l = q )X 2
2 (zl) r(1-ai) (X, —1—1iy)!

11=0

= AP(X,—1|Xe1). (A3.1)
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For the INAR(2) model, we have

E® 6] P (Xe|Xio1, Xi2)

min(Xt_l,X()
X,_ . )
= { ( i l)‘ll“(l —en)

11=0

e—/\)\xt—’il‘—iZ

min(;Yt_z,.Yg—i]) X
-2 i o —i . .
2 ( 't )022(1—02))( B s oS |

i
i2=0 2

min(_\’r-l,X')
X\ . .
D ( :; ‘)ai‘(l—al)"‘-l‘“AP(Xt—z'l—1|X¢-2)
11=0
min(Xg_l,X'—l)
X;_ . .
> ( i‘l l)a}‘(l—al)x“l_“/\P(Xt—l——z'llXt_g)
11=0

AP (X, = 1| X1, Xo2) (A3.2)

Note that the second equality used the result in (A3.1). Similarly, the result in (A3.2)

can be used to obtain

E® (e P(Xi| X1, X1-2, X1—3) = AP (X, — 1| Xi_1, Xi_2, X1_3)

and so on up to any given order p with the general result as

or

EP (e P(Xe|Xicty .., Xesp)
min(X,-1,X¢)

X1\ . .
> ( .tl)a‘ll(l—al)x"“”)\P(Xt—il—1|Xt_2,...,Xt_p)

11=0 h
min(.Yg—l‘«Yr-l) X 1 .
Z ( :; )alll(l — al)Xt—l—ll )\P (Xt -1 ilIXL—Za s )Xt—P)
11=0
/\P (Xt - 1|Xt~17 e ,Xt—p)

AP (X, = 1Xoct, - Xeep)

Biled = Bl = T p xR
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Similar reasoning based on Lemma 1 and the recursive representation of the tran-

sition probability also yields the following results:

E,; [(ak 0 Xi—x)?] = E [ax 0 Xi—4]
Q%Xt_k(Xt_k - 1)P(X¢ - 2|Xt—1; .. ')Xt—k - 2, o )Xt—p)

- ?

P(Xy| Xt=1,-- ., Xi=p)

Ey [5?] — Eifes]

MP(X, — 2| X, ., Xizp)
P(X|Xeo1y. s Xoep)

Et [(am o Xt-m) (an o Xt-n)]
amanXt_th_nP(Xt - 2|Xt_1, ‘e aXt—m - 1, ey Xt—-n - 1, . 7Xt—p)

- bl

P(Xt|Xt—la e )Xt—P)

Et[(ak o Xt—k) €t]

akAXt_kP(Xt - 2'Xt_1, v ,Xt._.k - 1, e 7Xt-—p)
P(Xu|Xeo1,.. o, Xiep) '
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Appendix 4: Asymptotic Distribution of the Maxi-
mum Likelihood Estimator for the INAR(p) Model

with Poisson Innovations

In this appendix we set out the proof of the asymptotic distribution of the Maxi-
mum likelihood estimator for the INAR(p) model with Poisson innovations. Freeland
(1998) provided a detailed discussion of the regularity conditions needed for the ML
estimates of the INAR(p) model to be consistent and asymptotically normal. Ac-
cording to Freeland (1998), for ergodic processes if the Fisher information is finite
and positive definite then the regularity conditions hold. Since the INAR(p) process
is ergodic according to Du and Li (1991), our main task in this appendix is to show

that the Fisher information is finite and positive definite.

The following theorem shows that the Fisher information is finite.
Theorem A4.1 Let ug,t = Unpp — Unpi-1, for k € [L,p|, ure = Usny — Urpmr
and uy = (ual‘t,...,uap‘t,u“)', where Uy, + and Uy, are the score functions for
the INAR(p) model with Poisson innovations with respect to ax and A, respectively.
Further, let 4, denote the matriz of partial derivatives of u, with respect to oy and

A, and let U, = Z'; . For any p + 1 dimensional vector | and any positive integer

Z, E[(ITw)?] < o0 and E [(ITi)] < oo,

The proof of Theorem A4.1 is based on the following lemma.
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Lemma 2 Let Z and iy, . . .,1, be any non-negative integers, which satisfy i1, ...,ip €
[0,Z] and (i1 + -+ +1i,) < Z. Then, for the INAR(p) model in (8.1), the following

inequality holds:
XZ > Ejjog 0 X, )7 G B ag 0 Xy o] - By, 0 Xyop P Exles]™
Proof. of Lemma 2. For the INAR(p) model in (8.1), we can write
X, = E/[X])=Ea0oXi)+ E[ozo X, o]+ + E Jap 0 Xe—p] + Ex[e],
and
XZ ={E/jeo X, )|+ E[og0Xs_5] + -+ E; [0 Xy—p| + E; le]}?
is therefore a polynomial in F, [ay o X;_x] and E; [¢,] of degree Z. That is

Z z
XtZ = Z - Z {ailn-ipEt[al o Xt—l]Z_(il +...+z'p)Evt(a2 ° Xt—z]h
11=0 ip=0
(i1+-+i,)<Z

- Eylap 0 Xo_p'1 Eyles)? ) (A4.1)

for some non-negative constants a;,...;,. It should be noted that the p-fold summation
in (A4.1) is restricted to sets of values of 7,...,7, which satisfy (¢; + -+ +14,) < Z.
Since all time ¢ conditional expectations are non-negative, all summands in (A4.1)

are non-negative. It follows that
XZ > Elay o X270 0By 0 X, o] - - By 0 Xy p| 7 Bl

for any non-negative integers Z and iy,...,%, which satisfy i;,...,4, € [0,Z] and

(i1+"'+ip)§Z [ ]
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Proof. of Theorem A4.1. Recall from Corollary 9.2 that for the INAR(p) model

with Poisson innovations

T
1
Uak,t ) Z {Et[ak ° Xt-k] - Et—l[ak o Xt—k]}

k(1 — ax t=p+1

1 T
Uy = X Z {Et[ft] —Et—l[ft]}

t=p+1

for k € [1,p]. Thus, for any p + 1 dimensional vector [ = (I1,...,lp, lps1)’,
z z
{lTUt} = {llum,t + ot lpua, e + lp+1UA,t}

is a polynomial in E;[ax o X, i) and E,[e,] of degree Z, which can be written as

()
= {llual‘g + -+ lpuap,t + lp_HU,\,t}Z

V4 V4
— Z RN Z {ajl---jpEt[al o Xt—l]z_(jl+"'+jp)Et[a2 o Xt_z]jl

J1=0 jp=0
(Jr1+-+3p)<Z

e Et[ap o Xt_p]sz—l Et[et]jp}
for some constants a;, ...;,. The expected value of {lTut}Z is

E [{1Tw}’]

Z V4
= E|Y Y an g, Bilar 0 XU+t Bfay 0 X, o
n=0 Jp=0
| G ++3p)<2Z

s Eifop 0 X [P Byle 7
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A4 Z
= Z v Zan--a’pE [Etar 0 X )7~ 0140 B lag 0 X, o)

jl:O jpzo
(j1+++ip)<Z

N Et[ap o Xt_p]jp—l Et{st]jp]

VA A
Z . Z lajij,| E [Eelon o Xoa )2~ 04 By g 0 Xy_o)

j1=0 jp=0
(1++1p)<Z

e Et[ap o Xt_p]j”—lEt[é"g]jp]

ZZ: . ZZ: laj0-| E [X7]

IA

<
1=0 Jp=0
(Gr1+-+ip)<Z
< 00

Note that the second inequality follows from Lemma 2. The proof for the second part

is automatic since E [(lTut)z] = E[[Tuwull] = E[ITil]. =

The next theorem shows that the Fisher information is positive definite.
Theorem A4.2 In the parameter space satisfying oy € (0,1), for k € [1,p], and
A€ (0,0), E [(lTut)z] =0ifandonlyif Iy =1l = -+ = lp4y1 = 0, where [ =

(..., 1, lpH)'.
Proof. of Theorem A4.2. It is sufficient to show that
Var {llEt [al o Xt—l] + -+ lpEt [Otp ] Xt—p] + lp+1Et[€t]} 7& 0 (A42)

Since for the INAR(p) model with Poisson innovations

akX,_kP(Xt - ]-IXt—h e )Xt—k b 1, ceey Xt—p)
P(X)Xi 1., Xip)
AP(X, = 1|X,1, ..., Xop)
P(X X1, X1p)

E, [ak o Xt—k] =

E, [5t]
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for k € (1, p|, (A4.2) is equivalent to

p
Z lkakXt_kP(Xt — 1|X5_1, e ,Xt_k - 1, e ,Xt_p)jl
k=1

+ L AP(X, — 1|X,_ l,...,X,_,,)} £0

(A4.3)

when ! is non-zero. Note that it is assumed that the parameter space satisfies o) #
0 for k € [1,p] and A # 0. This is because ax = 0 and A = 0 are boundary
values. Moreover, this assumption ensures that the model being considered does not
degenerate. Otherwise, it can be seen that, for instance, if a; = 0, there exists a
non-zero vector ! = (1,0, ...,0)" such that the variance in (A4.3) is always zero.

We now prove (A4.3) by contradiction. Suppose there exists a non-zero p + 1

dimension vector [ such that

gl

This implies that

ZlkakXt kP( - 1|Xz 1. - ,Xt—k"la---aXt—p)]
k=1

+lp+1/\P( - 1|Xt la'--aXt—p)} :0

[ZlkakX, kP( —-l'Xt 1,---,Xt—k‘1,---,Xt—p)]

k=1
+ lp+1/\P(Xt - 1|Xt_1, ces ,Xg_p) =c

(A4.4)

almost everywhere for some constant c.



In particular, (A4.4) should hold when X; =1 and X1 = X; 2+ = X;—, = 0.

Thus, (A4.4) becomes

¢ = LaAP(0]0,...,0)

= lP+1/\6_/\

Because A # 0, we can write

lpt1 = cAte?

Note that for any finite value of A, ¢ = 0 only if [,4; = 0.
(A4.4) should also hold when X, = X, ; = land X, = X;3-- = X;_p =

Thus
cC = llalP(OIO,...,O)+lp+1/\P(0|1,O,...,O)
= llale—’\ + lp+1/\ (1 - al) 6_'\
= hae+eAtPA (1 —ay)e?
= 11016_1\4‘0(1-&1)
which leads to
llale_)‘ = ;€

Since a; # 0, we get

I, =ce

Note again that ¢ = 0 only if [; = 0.
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It can be shown that in general by setting X; = X;_x = 1 forany k € (1, p] and all
other lags of X, equal to zero, we can verify that [ = ce* must hold for all k£ € [1, p),
andc=0onlyifly =lp=---=1,=0.

Finally, we consider when X, =1, X;_; =2 and X; 2 = X;-3 = = Xip = 0.

(A4.4) then becomes

¢ = 204qP(0]1,0,...,0) + L, AP(0[2,0, .. .,0)

= 2ce’oy P(0[1,0,...,0) + cA™'e*AP(0]2,0,...,0)

= 2o (l—a)e ™ +ede A (1 —ay)e?

= 2ca; (1 — ) +c(l—ay)?

= 2c(a; —af) +c(1—2a; +0oi)
which leads to

caf =0

This implies that either a; = 0 or ¢ = 0. In fact, by setting X; = 1, X;—x = 2 for
any k € [1,p] and all other lags of X, equal to zero, (A4.4) requires caj = 0, which
implies that either ax = 0 or ¢ = 0. Since a; = 0 is outside the parameter space, it
must be the case that ¢ = 0, which requires that {; = --- = I, = lpy1 = 0. Thus, for

any non-zero [, the condition in (A4.2) hold and therefore the Fisher information is

positive definite. m

Theorem A4.1 and A4.2 show that for the INAR(p) model with Poisson innova-

tions the Fisher information matrix is positive definite. Since the process is ergodic,
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all the regularity conditions for the asymptotics of the maximum likelihood estimator
are satisfied. There for 8 ML = (&1, oo, O, X) has the following asymptotic distrib-

ution:

VT (am - 9) <4 N(0,i™Y)

where the matrix i is the Fisher information.



