FUSION OSCILLATIONS IN LIGHT HEAVY-IONS AND

THE PARAMETRISATION OF NUCLEON-NUCLEON S-MATRIX

Thesis submitted 1in accordance with the
requirements of the University of Liverpool

for the degree of Doctor of Philosophy

by

ADNAN KABIR

August 1988



FUSION OSCILLATIONS IN LIGHT HEAVY-IONS AND

THE PARAMETRISATION OF THE NUCLEON-NUCLEON S-MATRIX

ADNAN KABIR

ABSTRACT

We present a model that explains the mechanism responsible for the
oscillatory structure observed in the fusion excitation function of
nonsymmetric ions. An optical model potential containing a parity de-
pendent term was used to reproduce these oscillations. It is shown
that it is possible to reproduce the excitation function while simul-
taneously obtaining a satisfactory fit to the elastic angular dis-
tribution. In particular the anomalous large angle scattering is
consistent with the parity dependence required to fit the fusion os-
cillations. For the systems in which the two nuclei differ by one or
few nucleons, the parity dependence describes the elastic transfer of
a valence particle between two identical cores.

For the symmetric ions, the previous model for describing the fusion
oscillations in spinless bosons is used to calculate the fusion
excitation function of symmetric non-zero spin systems. It is shown
that oscillations are likely to appear in excitation function of two
symmetric light ions with spin-i.

In the second part of the thesis, the various methods, suggested
in recent years, of parametrising the 2x2 submatrix that describes the
elastic component in coupled channel nucleon-nucleon scattering at
energies above the pion threshold are discussed. The submatrix re-
quires one less parameter when only one inelastic channel is present.
In this case some of the parametrisations are not completely satis-
factory. We present an alternative form of parametrising the submatrix
and a comparison of these methods is made by applying them to four
coupled channel potential wells.

For the 3x3 symmetric and unitary matrix, formulae for the amplitude
or phase of each off-diagonal element in terms of the the diagonal
amplitudes, together with the inverse relations, are presented. The
formulae contain some interesting cyclic relationships and were used
to check numerical calculations in the case of three coupled channel
potential wells.
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CHAPTER 1

INTRODUCTION

Over the last few years considerable experimental and theoretical
interest has been focused on the fusion cross section of light heavy
ion reactions at energies above the Coulomb barrier for systems in-
volving Ip-shell and 2s-1d shell nuclei. The interest was largely mo-
tivated by the discovery of oscillations in the fusion cross section
as a function of the incident energy. The oscillations were observed
in many spin-zero symmetric nuclei, such as 12C +12C [Spe 76a],
1*C +14C [Fre 81], 160 +160 [Kov 79] and 20Ne +20Ne [Pof 83], but, to
date, no oscillations have been observed in symmetric non-zero spin
systems. For the nonsymmetric systems, oscillations were observed in
various combinations of light heavy-ions. In particular, pronounced
oscillatory structure was observed in 12C + 160 [Spe 76],
i2C +21*°26Mg [Dan 82], a +i,0’&<“Ca [Ebe 79], 10B + 13C and 21B + 12C
[Maj 82]. However, the oscillations are absent in some other systems,
such as: 13C +160 [Pap 86], 12C +1SN, and 12C +180 [Kav 79]. For
heavier systems, like the 160 +2UMg, 1SO +"*°Ca [Tab 78], 2X*Mg +24Mg
[Jac 81], 28Si +28Si [Cen 81], no oscillation was observed. In sys-
tems that do possess oscillations, significant differences in the
magnitude and phase of the oscillations were observed between those
that differ by one or two nucleons. For example, the magnitude of the
oscillations for 1XB +12C is much greater than for 12C +12C. However,
for the 12C +13C [Kav 79] system, which differsby one and two nucleons
from the above systems, very little structure was observed in the
excitation Tfunction and the oscillations appeared to be out of phase
with the oscillations in the 1XB +12C system. For the compound nuclei

formed, marked differences are readily observed when two systems are



compared. For example, the systems HiN + XN [DeY 82] and 12C +160
form the same 28Si compound nuclei, but the structure in the excitation
function of these ions is completely different. Oscillations appeared
in 12C +160 but none was observed in IPMN + LN and the maximum fusion
cross section obtained in the latter system is smaller than the maximum
in the former system.

The elastic scattering of most of these systems also reveals some
interesting oscillatory structures at energies above the Coulomb bar-
rier. In most cases pronounced oscillations, that look more like
resonances of width ranging from many KeV to a few MeV were observed
in the elastic excitation functions. Also, in the angular distrib-
ution, pronounced oscillatory structures were observed at large angles
in the symmetric and some nonsymmetric systems. Some of these struc-
tures were also observed in a-particle scattering on heavy ions, such
as a +%°Ca system |[Eck 75]. Furthermore, in some systems, e.g.-
28Si +28Si and 12C +160 [Mai 72], the angular distribution at large
angles resembles the angular distribution of |P~(0)]2 remarkably well.

These structures in the elastic scattering have been explained
satisfactorily using various theoretical models. For example, the
pronounced [large angle structures were explained in terms of
symmetrisation of the system for identical ions, elastic exchange of
a valence particle for almost identical ions [Von 73] and surface
transference effects of the interacting potential in systems like
a +"*°Ca [Bri 77]. Similarly, models like the sharp cut-off model have
been used to explain some of the features of the elastic scattering
process, for example in the 28Si +28Si and 160 +160 [Gob 73] systems.
Also, because of the sharp resonances in the elastic excitation func-

tion, molecular effects have been proposed (see [Ebe 82]).



On the other hand, the theoretical explanation of the fusion oscil-
lations has largely been unsuccessful. Classical models, such as the
Glas and Mosel model [Gla 74] and the Bass model [Bas 77], did not
attempt to explain any of these oscillations. The few models that ex-
plained the oscillations were concerned with a particular system, for
example the oscillations in 160 +160 system were explained by Tanimura
[Tan 80] using a coupled channel approach and by Kondo et al [Kon 80]
using the band-crossing model.

Recently, Poffe et al [Pof 83] have presented a satisfactory ex-
planation of the mechanism responsible for the oscillatory structure
in symmetric spin-zero bosons. These authors showed that, like the
elastic scattering process, the oscillations appear because of the
symmetrisation of the system. They demonstrated that the structures
are essentially due to the sharpness of the cut-off of transmission
coefficients as a function of angular momentum of the system.

For the nonsymmetric systems, Kabir et al [Kab 88] have presented
a satisfactory explanation of the mechanism responsible Tfor the
oscillatory structure in the fusion excitation function of the
12C +160 system. The oscillations were explained qualitatively by
using an optical model potential containing a parity dependence which
accounts for the elastic transfer of?;—particle between the two carbon
cores. We showed that the fusion excitation function can be reproduced
while TFfitting simultaneously the elastic angular distribution. In
particular the anomalous large angle scattering is consistent with the
parity dependence required to Tfit the fusion oscillations. In this
thesis, the model used for the 12C +160 system will be presented and
applied to other nonsymmetric systems that possess oscillatory struc-

ture in the fusion excitation function.



The explanation for the fusion oscillations in the symmetric and
nonsymmetric ions is the main theme of the first part of this thesis
(i.e Section 1) and is presented in three chapters (chaps. 2 to 4).
The first (chap. 2), develops the model and a simple numerical calcu-
lation of the excitation function for symmetric and nonsymmetric sys-
tems is made, so as to illustrate the various shapes of the fusion
cross section as a function of energy. In chapter 3, the model is ap-
plied to spin-zero systems using an optical potential containing a
parity dependent term. Finally in the last chapter of this section
(chap. 4), the model is modified to included the spin structure of the

systems and is applied to the IIN +1N, X1B +12C and 12C +13C systems.

In the second part of this thesis (Section Il), we present various
ways of parametrising the nucleon-nucleon scattering matrix at ener-
gies above the pion threshold. At energies below the pion threshold,
if the scattering involves the coupling of two states then the channel
S matrix is a 2x2 symmetric and unitary matrix. For example in the
scattering of neutrons on protons in the presence of a tensor poten-
tial, where the states with £ =0 (3Si) and i = 2 (3Di) are coupled.
This matrix requires three parameters to specify, and it can be
parametrised either according to the "bar phase convention"™ of Stapp
et al [Sta 57] (SYM) or the '"eigen phase convention™ [Bla 52]. As the
energy increases beyond the threshold of pion production, this matrix
is no longer unitary but it is symmetric. It is now a submatrix that
describes the elastic component of the scattering. The size of the
channel matrix depends on the number of channels opened. For example
when one extra channel is opened, the channel S matrix is a 3x3 unitary

and symmetric matrix.



For a four channel scattering process, Bryan [Bry 81] presented an
extension to the bar phase shift analysis (the SYM) above the threshold
of pion production. The channel S matrix is then a 4x4 unitary and
symmetric matrix, and the elastic component of the scattering is de-
scribed by a 2x2 submatrix of the S matrix, S . The submatrix S 1is
a modification of the SYM form, and includes the introduction of an-
other matrix. This matrix, N, accounts for the coupling between the
elastic channels and the other inelastic channels involved in the
scattering. The submatrix can be parametrised by six real param-
eters for four or more open channels, by five parameters for three open
channels only (see [Spr 82]) and reverts to the SYM form when there
is no inelastic scattering. The N matrix requires three real param-
eters when there are four or more open channels and two real parame-
ters for only three channels open. This matrix, which is real and
symmetric, has been parametrised in various ways by Bryan
[Bra 81 & 84], Klarsfeld [Kla 83], Melhem and Kermode [Mel 83], Sprung
[Spr 85] and more recently by Kabir and Kermode [Kab 87a].

These various ways of parametrising the matrix N are given in
chapter 5. It is shown [Kab 87a] that some of these parametrisations,
which are designed for four or more open channels, are not completely
satisfactory when only three channels are open. Also, at the threshold
energies and at particular energies some of the parameters cannot be
determined. A modified method of parametrising the N matrix that
overcomes these problems for all possible values that the elements of
the N matrix may take was presented [Kab 87a] . Also, we apply and
compare these parametrisations to four coupled channel square poten-
tial wells.

In chapter 6, the 3x3 symmetric and unitary scattering matrix is

considered. This matrix is particularly special because it requires



six independent real parameters which can be constructed from appro-
priate combinations of the three real amplitudes and the three real
phases of the three diagonal or three off-diagonal elements. We showed
[Kab 87b] that if the matrix is written in a form similar to that
presented by Waldenstrom [Wal 74], interesting relationships between
the parameters of the matrix are obtained. In particular, formulae for
the amplitude or phase of each off-diagonal element in terms of the
the diagonal amplitudes, together with the inverse relations, are ob-
tained. These TfTormulae have interesting cyclic relationships. The
formulae were used to check numerical calculations in the case of three
coupled channel potential wells, and the possible ways of
parametrising this matrix were presented. The energy dependence of the
parameters and the possible values they can take are investigated using

the numerical calculations.



CHAPTER 2

FUSION OF SPINLESS NUCLEI (THEORY)

This chapter is on the fusion reaction of spinless light heavy ions
that possess oscillatory structure in the fusion excitation function.
These ions are grouped in two classes, the symmetric and nonsymmetric
systems. The mechanism responsible for the oscillatory structure in
the symmetric systems has been explained by Poffe et al [Pof 83]. Re-
cently, Kabir et al [Kab 88] have explained the mechanism responsible
for the oscillatory structure in the fusion excitation function of
12C +1E0 system. In this chapter we present the model used for the
12C +1S0 system. This model will then be applied to other nonsymmetric
systems.

The model is similar to the one applied to the symmetric ions, i.e.
it will be shown that the oscillatory structure can only be explained
if the elastic scattering process is taken into account. Therefore,
before we present the model, a brief review of the elastic scattering
process will be given in the first section of this chapter. In the
second section, the model for Tfusion reaction will be presented and
in the last section a discussion on the two processes using an optical

model will be made.

2.1 THE ELASTIC SCATTERING
At lower energies a pair of colliding nuclei will not come close
enough, during collision, to experience the nuclear force, they are
only within the range of Coulomb force. The quantal scattering am-
plitude is therefore the Coulomb scattering amplitude,

f(0) = fc(0) = -(T]/2ksin2”0)exp(2io00-2iTilog sin-80) (2.1)



where n = Z1Z2e2/Rv, is the Sommerfeld parameter and v is the relative
velocity of the system in the centre of mass. The Coulomb phase shift
is 00 = argr(d+iT]) and the differential cross section becomes

dc/dft = |FC0) |2 . @.2)

However, if the energy of the nuclei is large then the interacting
nuclei may come close enough and the effect of the nuclear force would
be felt by the projectile. The scattering amplitude in partial wave

expansion, Tor spinless particles, becomes

1 00
T(O) = £ @ +>xXV COSO) (Vv D 3
where is the scattering matrix. Because of the Coulomb interaction,

the scattering matrix is usually written in terms of a nuclear and
Coulomb parts, as = SN"exp(Zio’\) where are the Coulomb phases
and SN£ is the nuclear part of S*. The scattering amplitude becomes
. <0 N
T®) = fc(0 - 2ikE(2H + D (cos0) (S Dexp(2loe). ()]
Thus, when there is no nuclear interaction SN" = 1, and eq. (.4) be-
comes eq. (2.1).

The elastic scattering of heavy-ions is broadly divided into two
parts, this division is characterised by the Sommerfeld parameter .
When n» 1, (i.e. for heavier ions) the shape of the angular distrib-
ution is similar to the Fresnel-type diffraction structure, i.e. a
small oscillatory structure at smaller angles (0<50°) and then a rapid
fall of the cross section at larger angles. While, for n<l (i.e. for
light heavy-ions) the cross section is similar to the Fraunhofer
diffraction structure. |In this case the scattering is mostly dependent
on the nuclear potential since t is small. In fact, in simple qual-

itative calculations, the Coulomb force is usually neglected.



For these systems, the light heavy-ions, the sharp cut-off (SCO)
model [Bla54] gives agooddescription of the scattering process, be-
cause |S«|] 1is one or zero for all but one partial waves involved in
the scattering, at energies above the Coulomb barrier. For example,
Gobbi et al [Gob 73] have shown that in the elastic scattering of
160 + 160, there 1is only one even partial wave (even because of
symmetrisation) that has a value of |S"| which is appreciably different
from zero or unity. This leads to an effective ¢-windowing of the
S-matrix in the scattering. Rowley [Row 80] has shown that such an
¢-windowing effect can be seen more explicitly by rewriting the scat-
tering amplitude in terms of SCO Coulomb amplitudes. The SCO Coulomb
amplitudes are defined as (for L>0)

A 41
fL(©) = fc (©0) - + 1) P£(cos0)expRian) (2.5)
L-o

where ~(0)

fc (0), as defined in eq. (2.1). The scattering amplitude

in terms of the SCO amplitudes f(0) becomes,

f(0) = E VFfc(0) (2.6)
1-0

where - SNj— SN and Z0 = SNO. This rearrangement of f(0) allows

us to sum over the region where SNA is changing only i.e. Z~0, thus
effectively creating an ¢-window on the scattering amplitude.
Frahn and Venter [Fra 63] defined the grazing angle 0O as the po-
sition where the '"quarter point recipe" holds, that is
oy =
where is the Rutherford cross section. This angle is used to define
the grazing partial wave as

£O = ncot(iO@)- .7

This is the region in ¢(-space where Z"O.



The angular distribution (eq. (2.2)) is proportional to the factor
(sin0) both classically and quantum mechanically. Classically, the
Rutherford cross section is proportional to (cosec”S)1l. While in the
quantal expression of the scattering amplitude, replacing the Legendre
polynomial by its asymptotic value, for 12, < 0 < wI1/H, introduces a
factor (sin0) ”~ in the amplitude (see [Abr 65]). Therefore, for large
angles, the cross section should strongly decrease with increasing
scattering angle. This is the case for most ions, but for symmetric
and nonsymmetric ions (that differ by few nucleons), large diffraction
structures were observed in the cross section at large angles, sug-

gesting that other physical process must be responsible for this.

2.1.1 IDENTICAL IONS.

For symmetric spin-zero bosons, like 12C + 12C, the elastic an-
gular distribution is symmetric about 0 = 90°. It is symmetric because
after scattering, the system is indistinguishable. That is, we can
not distinguish the two possible scattering processes that might have
taken place. For example in 12C + 12C, the 12C emerging at an angle O
could either be the projectile carbon or the target. |If it is the
projectile carbon, then we are observing a normal scattering process.
However, 1if the emerging carbon at O is the target carbon, then the
projectile is observed at -0, i.e. the backward angles. The two forms
can not be distinguished from one another, as illustrated schemat-
ically in fig. 2.1. Therefore, the scattering amplitude is a coherent

superposition of the two amplitudes at 0 and i--0 (since the ions are

spinless bosons), i.e.

fs(©0) = f(0) + F(IT-0).

10



Fig. 2.1 A schematic representation of the two possible elastic
scattering processes for symmetric ions.

£
Using the relation P~(cost-0) = (-1) P~(cos0) and"eq. (2.4), but ig-

noring fc(0), the scattering amplitude becomes (note we have dropped

the superscript N on for convenience),
fs(@ = -"E(2H + 1) P~icosO) (S2- Dexp(2loM). 2.8)
1IVUs

Thus all the odd partial waves are removed.

2.1.2 NON-IDENTICAL IONS.

In some non-identical heavy-ions the angular distribution of the
elastic scattering shows a large increase in the cross section with
increasing scattering angles. In particular, these structures were
observed in*the elastic scattering of two nuclei A and B=(A+b), where
B differs from A by one or few nucleons (denoted by b). Von Oertzen
[Von 73] explained that such structures can be accounted for by
treating the scattering in the same way as the symmetric ions. That
is the scattering amplitude is the sum of two different scattering
amplitudes. One dominant at the forward angles f(0) and the other at
the backward angles T(-0). The forward angle scattering amplitude
is the normal scattering process, i.e. A+B-+A+B. While the
backward scattering amplitude is a process in which there is an elastic

transfer of the particle(s) b between the two cores, i.e.

11



Ai + B=(A2+b) = (Ax+b) + Aj with (Ax=A2). This 1is indistinguishable
from the forward angle scattering, since cores A! and A2 are identical.
For example, in the elastic scattering of 12C + 160, if a carbon nu-
cleus emerging at an angle 0 has picked up an a-particle, then we ob-
serve a carbon an angle w0, as illustrated in fig. 2.2. Thus, the
scattering amplitude for the nonsymmetric systems fu(0) is the sum of
the two scattering amplitudes f(0) and f(ir-0). Ignoring ~(0), the

scattering amplitude in partial waves expansion becomes
fu(0) = HKC(2H + D [Pe(cosO)SDe + P |l(cosiT-0)SEe] exp(2ioe)

where S represent the nuclear scattering matrices in the direct (D)

and exchange (E) processes. Using P~(costt-0) = (—1)J}A(cosO) we ob-

tain,
4 °° n Ov
fu@©) = 2ikC(2!'l + DPjJI™080) [S e+ C-d V j] exp(2loe) (2.9
JzO

Thus, the effective nuclear scattering matrix for this reaction is
fSD£+ (—1)ISEjﬂ- In ¢-space, an odd-even staggering of the effective
scattering matrix will be seen. This procedure was shown, by Von
Oertzen and many collaborators, to be successful in describing the
scattering cross section of many nuclei, for example in 12C + 13B
[Gut 73], 12C + 13C [Boh 71], 13C + I*N [Von 75], 12C + 160 [Gut 73],

and many other combinations of ions.

Fig. 2.2 A schematic representation of the two possible elastic
scattering processes for nonsymmetric ions.

12



There are other procedures for reproducing this phenomena using op-
tical model calculations. For example, Mailandt et al [Mai 73] have
shown that with a weakly absorption imaginary potential, the sum of
the forward and backward scattering amplitudes are reproduced by the
interference between waves reflected at the angular momentum barrier
and at the nuclear surface [Kue 69]. However, a weakly absorbing po-
tential is not all that physical for a pair of heavy ions scattering.
Another suggestion is that the odd-even staggering could be simulated
by an ¢-dependent imaginary potential, (Chatwin et al [Cha 70]). How-
ever, with this procedure, a parameter (the cut-off partial wave)
was introduced in the imaginary potential, which sometimes takes am-
biguous values [Gut 73]. Furthermore, the physical reasons for an
¢—dependent imaginary potential are still not very clear.

The exchange of particles between two cores was based on a procedure
similar to the atom-ion exchange in atomic physics. Von Oertzen
[Von 73] extended this method to nucleus-nucleus interactions by propos-
ing a two-state molecular model with the molecular wave function con-
structed from linear combinations of nuclear orbitals (LCNO). One of
the properties of the model is its ability to differentiate the ex-
change of particles and holes between the two cores. However, the
model was based on the transfer of particles with j<J and requires
laborious calculations for j>i [Von 73] . A DWBA calculation was sug-
gested in this case.

The two-state molecular model assumes that we have two identical
cores Ai and A2 (of the same masses M") and a valence particle b (as-
suming that M~«M”) sitting on top of one of the cores. It produces a
Schrodinger equation containing a parity dependent potential. The
parity dependent term in the potential accounts for core permutations

and it vanishes at large separations between the cores. Von Oertzen

13



showed that the potential has a role similar to the Yukawa exchange
potential in nuclear forces. Therefore, the form factor of this po-
tential should be similar to the Yukawa potential. Also, it is related
to the spectroscopic strength and thus the binding energy of the va-
lence particle. Its sign and range has also been discussed by Baye

[Bay 77 & 86].

2.1.3 THE TWO CHANNEL APPROACH

To derive the parity dependent potential in the Schrodinger equation
without going through the details of the two-state molecular model,
we consider a two coupled channels scattering problem. The First
channel describes the direct reaction while the other channel accounts

for the elastic transfer reaction. The Schrodinger equation becomes,

CKM -V + E)Xd = VeXe

1 -V + E)Xe = Vexd (2.10)
where = fi2/2y(d2/dr2 - H(H+1)/r2), with V as the central potential
and the coupling potential. The direct elastic wave function is

Xd and X& is the transfer wave function. Writing in a compact form we

have,

Vie can follow the formulations similar to that of Lindsay and Rowley
[Lin 84] , by making a unitary transformation that would allow us to
decoupled the Schrodinger equation. The coupling matrix VCQ is

diagonalised by the unitary transformation:

14



where A - ) Since D is diagonal, then ADA = D. Thus we
- ; :

can decouple the two equations into two independent “elasticl
equations. The wave function is now different, since

ADA+ AX = AV A+ AX.

cc

Letting O = AX, the two independent equations are

[KZ "V " Ve + EJO1 = O (2.11a)

[KQ - V + Vg + E]J02 = 0. (2.11Db)

Boundary conditions are imposed on the wave functions 0, since it is
only Xd that has an incoming flux. This is realised by (see [Lin 84])

X = A+AD

elastic equations”,

when solved would give the scattering matrices Si and S2. In terms
of the uncoupled matrices of eq. (2.10) we have, S = A+A S i.e.

sd =i(Sj +S2)

se = *<& - S2)

However, we know from the scattering amplitude of eg. (2.9) that the

£
scattering matrix is S = + (-1) s, thus
S=S5,+S = for even |
d e
S = Sd —eS = "§2 for odd H.

On comparison with the way the two matrices S are calculated, we see
that for even £ we simply need to solve eq. (2.11a) while for odd I
it is eq. (2.11b) that is to be solved. Thus, we can simplify the
problem by solving only one equation with a different potential for
odd and even it as

[Ke - V - (-1)*Ve + E]O = O. .12)

£
This form with a (-1) (parity) factor is similar to the final form

of the Schrodinger equation obtained in the two-state molecular model.

15



2.2 FUSION REACTION OF HEAVY IONS.

When two heavy ions fuse a compound nucleus is formed which, in most
cases, has a short life and is not in equilibrium with its internal
degrees of freedom. Therefore, it may evaporate into residues that are
"stable" by emitting particles which allow the experimentalist to
measure the event. The sum of the cross sections of all the evapo-
ration residues of the compound nuclei formed, of masses greater than
the heaviest ion colliding, is called the cross section for complete
fusion, which we call the fusion cross section for short. This sum is
made over these masses so as to differentiate fusion from other forms
of reactions.

The most commonly used model for describing the fusion cross section
is the semi-classical barrier penetration model (BPM). The BPM assumes
a one dimensional potential barrier, which is formed by the nuclear,
Coulomb and centrifugal potentials. At any given energy the TFflux
(partial wave) that fuse are those that penetrate the barrier and are
those that we measure their cross sections. Therefore, at energy E,
the fusion cross section is the sum of the transmission coefficients
of each partial wave H, i.e.

(&)
0f = (*/k2)E(2!'t + 1) T,(E), 2.13)
L-o
where T~N(E) is the transmission coefficient of a partial wave & at the
energy E = fizk2/2y, y being the reduced mass of the system. The task,
in general, is simply to calculate the transmission coefficient for
each U. For a given barrier, as shown in fig. 2.3, we define the
grazing partial wave £ as

Hg2 = 2yRB2(E - VB)/fi2 (2.14)
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Fig". 2.3 A schematic representation of the nucleus-nucleus po-
tential for various partial waves. The Coulomb barrier (d = 0)
appears at the position and height Vg. The grazing partial wave
£S(E) for an incident energy E is the partial wave with a barrier
height equal to E. The critical partial wave d” 1is the partial

wave with no barrier height.



where Vg is the barrier height formed by the nuclear and Coulomb po-
tential at Rb. At energy E, the transmission coefficient for £ < |

g
is simply one while for £ > 2 is zero. However, for £ - £ the

g g
transmission coefficient is model dependent and is the main contrib-
uting factor to the fusion cross section. For example, the sharp cut-

off model (SCO) approximates the transmission coefficient as

T,

1 forH < e

T. =0 for £ > £§. (2.15)

In the classical approximation, since the angular momentum is a con-
tinuous parameter, the fusion cross section becomes [Bas 77]

of = wRb2(1 - VIW/E) E - VB (2.16)

and zero for E < Vg, using eqs. (2.13) and (2.14). Thus, classically,
fusion can not take place at energies below the Coulomb barrier, and
at higher energies a, saturates to uRZd . Bass [Bas 77], Glas and Mosel
[Gla 76] and Kovar et al [Kov 79] (and many others) have made calcu-
lations for various systems usingthis model. |Inparticular, Kovar et

al havecalculated the parameters and RD for a variety of light

D
heavy ions.

However, when the quantum mechanical nature of £ is taken into ac-
count, at the energy E, where Eg is grazing (see fig. 2.3), the fusion
cross section becomes

of = (r/RR)(Eg + 2. .17

To illustrate the shape of the fusion excitation function produced by

the SCO model, we calculated the grazing partial wave £ using eg.
g

(2.14) at various energies and the fusion cross section using eq.

(2.17). The parameters we used in eq. (2.14) are the classical param-

eters of 12C + 160 system (obtained from Kovar et al [Kov 79]), 1i.e.
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Fig. 2.4 The transmission coefficient at E= 11.6 MeV and the

fusion excitation function for a SCO model.



Rg= 7.5 fm and Vg= 7.7 MeV. We choose 12C + 160 as a typical example
of’(’\ilight heavy-ion system that possesses oscillatory structure in o’
In fig. 2.4a, we show the transmission coefficient produced by the SCO
model at E= 11.6 MeV where lg: 8. The Tfusion excitation Tfunction
produced by this model is shown in fig. 2.4b. The shape of we ob-
tained, a "saw tooth", 1is clearly non-physical. Fusion cross sections
are rather smooth functions of energies. Therefore, the SCO model is
an extreme model. The fusion excitation function takes a "saw tooth"
shape because the individual partial wave contribution to the summa-
tion in eq (2.13) is rather abrupt and T" is extremely sharp.

A realistic transmission coefficient should have a finite fall-off
region in H-space. For example, in the simplest approximation, the

transmission coefficient could be

T. = /{1 + exp[ @2 - iOZ)/A]}, (2.18)
at energy E where | is grazing and A is assumed to be a constant that
determines the rate of fall-off of T~ iIn ¢-space. For the extreme

sharp cut-off model A = 0, and the smaller A is the sharper T~ would
be. Using this approximation for the transmission coefficient, the
fusion cross section would be smooth since individual partial waves
are added to more gradually. Repeating the calculations as in fig.
2.4, we calculate T at E = 11.64 MeV using egs. (2.14) and (2.18) for
two different values of A. These are shown in figs. 2.5 (@ and (c).
The corresponding fusion excitation functions for the two values of A
are shown in figs. 2.5 (b) and (d).

Since our aim is to produce oscillations in o®, the calculations of
a® with A = 4 show that one can easily achieve this using small values
of A. For systems that do not possess oscillatory structure in 0®, the

present approximation is still valid if large values of A (say A > 8)
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Fig. 2.5 The transmission coefficient at E= 11.6 MeV and the
fusion excitation functions, (@) T,ﬂwhen £g =8 and A = 4. Cb) The
corresponding fusion cross section for A = 4. (©) T—A when Z&= 8

and A = 8. (d) The corresponding fusion cross section for A = 8.



are used. Thus, for 1ZC + 160 system, A = 4 should in principle re-
produce the oscillations in 0.

A physical model that corroborates our approximation of above is
a BPM which assumes a real potential with barriers formed from the sums
of the nuclear, Coulomb and centrifugal potentials. For example, Cujec
and Barnes [Cuj 76] approximated the top of the Coulomb barrier with
an inverted parabola and used the Hill and Wheeler [Hil 53] expression

for the transmission coefficient;

= /{1 + exp[2TT(W -E)/"]} .19
where is the height of the interacting barrier for a given 2, de-
fined as

VBH = V(V + (2.20)

and wu2 I o2[V(r) + HH + Dii2/2yr21/3r2}D
b U RB
Here V(r) is the sum of the Coulomb and nuclear potentials. If

E - V(Rds) + K2Hg (ig+l)/2yR02, then T,, in the above equation becomes

&
approximately the same as eq. (2.18) with

A « yRg2Wjj/fii.
Thus, A should be energy dependent and related to the geometrical
properties of the potential barrier.
Assuming that the tail of the real nuclear potential is roughly ex-
ponential with a surface diffuseness a®, i.e.

vN () = -VQexp(-r/ar), 2.2D)

Poffe et al [Pof 83] derived a relationship between j/and ap from the

above expressions. We can also use the relationship to express A in
terms of the physical parameters of the system. We have

A-V U "n+vie)] * =8 zizzp ' . 2"
g n T p auR

fcTT Art \or B

(2.22)
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where VY, is the Coulomb potential and we have used the fact that at
Raj VY = W, = Z172e2/Rg2 for the s-wave. Thus, for light ions and
a reasonably large surface diffuseness, A may be small.

To make a comparison of the possible values of a® we would expect
for given A, we calculate the surface diffuseness for two systems. A
lighter system 12C + 160 and a slightly heavier system 160 + “"Ca.
Using eq. (2.22) with RD: 7.5 fm for 12C + 160 and 9.0 fm for

160 + UOCa (from [Kav 79]), we calculate & for the following A, as

shown below.

Surface diffuseness (fm)

A 12C + 160 160 + “°Ca
0 3.75 4.50
4 1.94 3.95
8 0.79 2.88
12 0.40 1.99
18 0.23 1.39
20 0.99

In the previous calculations of o~ we made (Ffig. 2.5), it was shown
that for 12C + 1S0, where experimentally possesses oscillatory
structure, the oscillations can only be observed using smaller values
of A. However, the above table shows that smaller values of A corre-
spond to unrealistic & . This means that our present model can not
produced the oscillatory structure in the excitation function even
with a reasonably large & . For the heavier ions, clearly we do not
expect any oscillations, since a reasonably large & corresponds to a
large value of A. For these ions, the heavier ones, experimental re-
sults confirm our prediction, i.e., no oscillations were observed.
However, for the lighter systems, we have to find another model that

would explain the oscillations.
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Another approach is to solve a standard optical model, with an im-
aginary potential included, so that all the flux that penetrates the
barrier is absorbed. This approach is consistent with standard scat-
tering calculations, since it takes into account that some of the Fflux
that penetrates the barrier may not necessarily contribute to fusion
but could go into other inelastic channels. The significance of the
imaginary potential will be discuss in the latter part of this chapter.
With the optical model approach, the transmission coefficient is cal-
culated from the S-matrix as ™ = (1 - |S*]2). However, this approach
does not also reproduce the oscillatory structure in its present form
(see attempts by [Fro 76]). Thus, for light heavy-ions, other physical

properties of the system will have to be taken into account.

2.2 (A) SYMMETRIC IONS
For symmetric spin-zero bosons, it was shown in the previous section
that, because of symmetrisation, the odd partial waves do not con-
tribute to the elastic scattering amplitudes. Poffe et al [Pof 83]
have shown that, because of the symmetrisation of the system the fusion
cross section becomes
0 = (q/RDECIt + DT [+ (-1D*]. 2.23)
/<0
These authors showed that because of the absence of the odd partial
waves in the summation, oscillations are more likely to be seen in o~
as a function of energy. To illustrate that the oscillations in
can be obtained using the approximation of T in eq. (2.18), we cal-
culated using the same parameters as in fig. 2.5 (¢) and (d) with
A = 8. Figure 2.6 shows that the oscillations in the cross section
are clearly restored even though A = 8. The transmission coefficient

is shown in fig. 2.6a and it is the same as that in fig. 2.5c but it
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Fig. 2.6 The transmission coefficient at E= 11.6 MeV and the
fusion excitation function for symmetric ions when A = 8. (@@

when £S =8. (b) The corresponding fusion excitation function.



now contains less partial waves in the transition region and is,
therefore, effectively sharper. The reason for the restoration of the
oscillations, in this case, can easily be seen if the effect of each
barrier on the fusion cross section is considered.

Consider the difference between the barrier heights of three suc-
cessive partial waves (even), Hx+1l and Hi+2, as shown in fig. 2.7.
Suppose that at energy Egl the transmission coefficient for £. is
for partial waves Hclli we have T~= 1 and sr 0 for (a ""rea-
sonable"™ sharp cut-off in as in fig. 2.5c). The cross section is
then the sum up to &!. As the energy is increases, since AE,*,i is small
for light ions (-1 MeV), the next term in is easily reached. How-
ever, iIn symmetric ions the odd partial waves are removed. Therefore,
before the summation in is increased by the term with &i+2, the
energy has to increase by a value of AEO _, but since o ~ 1/k2 (i.e.,
I/E) then as the energy increases, o” decreases. Once the energy re-
aches E™ +2> the summation will abruptly increase, and this results
to a net increase in o®. As the energy increases again the summation
remains constant but would start falling again, until another par-
tial wave. This phenomena brings the oscillations. It should be noted
that this can only occur when T» is reasonably sharp (i.e. with a thick
barrier) and is true of all symmetric systems. However, oscillations

are not likely in the heavier symmetric ions because AE%i iz is small.

2.2 (B) NONSYMMETRIC IONS.

For the nonsymmetric system, oscillatory structure in the fusion
cross section of many ions have also been observed, for example in
12C + 160, *2C + 11B, 12C + 24Mg and many other combinations. The model
we have presented so far does not explain any of these oscillations,

since larger values of A are required. For the symmetric system it
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Fig. 2.7 A schematic representation of the barrier heights of

three consecutive partial waves.



was shown that taking account of the elastic scattering process, the
oscillatory structure in can easily be reproduced. We can extend
the same argument here to the nonsymmetric systems. That is, since in
the elastic scattering of two nonsymmetric ions (that differ by few
nucleons) a parity dependent potential was used, then the same poten-
tial can be used in calculating the fusion cross section. This poten-
tial would effectively shift the barrier heights of different partial
waves, as such it lowers or raises the grazing energy of a partial wave
H. This leads to a situation where the barrier heights of some odd
partial waves 1is the same as the neighbouring even ones. Thus the
system would look like the symmetric ones, and oscillations may reap-
pear in the fusion excitation function.

If (—1)IAV is the contribution of the parity dependent potential to
the barrier height and is added such that the barriers for the odd
partial waves are depressed and those for the even partial waves are
raised by about half the original separation of the original barriers,
then the barrier height of the two new barriers will be similar, and
TE ~ This is shown schematically in fig. 2.8. If AV is constant
and T - T+, then the adjacent pairs of odd-even partial waves would
also have approximately the same transmission coefficient and at en-

ergies in the region of these barriers we have

of = (I/R)E(2H + 1)TE = G/REQE!I + D + T~ )
Uo n~.o
* @M/ARYE(2H + 1)Tr 2.24)
Xivt"”

This expression is the same as eq. (2.23) for the symmetric system.
Therefore, we expect the oscillatory structure to be restored in the

energy region where the eq. (2.24) is valid.
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Fig. 2.8 A schematic representation of the effect of a parity
dependent potential on two barrier heights; £ and | + 1. The Tfull
curves represent the barriers when no parity dependent potential
was added. The two dashed curves represent the barrier after a

parity dependent potential was added.



The expression for the grazing partial waves at energy E 1is now
different for the odd and even H,

H 2

6

1Qz

2yR 2(E - VD + AV)/F2
D D

2yRB2(E - VB - AV)/R2

for the even (e) and odd (o) partial waves. Similarly, the transmission
coefficient in our approximation is now different for both the even

and odd partial waves, i.e.

Teve,,=1/{1 + exP!(t2 -

Todd “ W + - lol)/40Y)

The width A for the odd and even partial waves should be similar if
the two barrier heights do not differ too much so we can take Ae = A
= Al The value AV at RJD can easily be calculated from the change in
two successive H. Using eq. (2.25) we obtained

rdav

AH = |H ”
9 € ‘] E - VB

@.27)

It AHg = 1, then the expression for at (eq. (2.24)) is valid at en-

ergies where th ~ th+i and we expect the oscillations in to be re-
stored. However, if AHg = 2 or even, then in the region where the
barrier heights are the same T = T2 and TM+1 = TA+3. The expression
for in this case is not all that different from the expression when
AV = 0, and thus the oscillations in will not appear.

To illustrate that our model restores the oscillatory structure in
o™, we repeated the calculations we made in figs. 2.5 and 2.6. Using
the same parameters as those in the figures but with AV = 0.4 MeV, we
calculated T~ using eqs. (2.25) and (2.26). The value of AV was chosen
so that AH =1 and T7 - T8 at 11.6 MeV. The transmission coefficient

g
for the odd and even partial waves is shown in fig. 2.9a. Using eq-
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Fig. 2.9 (@ The transmission coefficients at E= 11.6 MeV for even

and odd partial waves. The grazing energies are i = 7 and 8, be-
s

cause of the parity dependent potential, (b) The corresponding

fusion excitation Tfunction.



(2.13), we calculated the fusion cross section at various energies.
This 1is shown in fig. 2.9b. The oscillatory structure is clearly re-
stored at the energies where changes in barrier heights are signif-
icant .

It is important to note that, to restore these oscillations Iin
physical systems the difference in the barrier height of two successive
partial waves has to be significantly large. That is, even if the
barrier heights are shifted but the difference between the shifted
barriers (H and £+2 if AH"=1) is small, no oscillations will be seen.
The i1mportance of the difference in the barrier heights was explained
by Poffe et al [Pof 83]. They showed that, a in eq. (2.13) can be

decomposed into two parts, a gross cross section term aW which pos-

sesses no oscillation and an oscillatory term Cosc , i.e.
a,=a +o0 , with
T w osc
- rHiTyR w
a_ = ANRgRY o sinQiill ). (2.28)
osc é

i
For the symmetric systems, the oscillatory term becomes

—iryRgW
0 LRVt e*p, sin(irf ). (2.29)
osc n t ( %m*' 9
Therefore, the magnitude of oscillations in the nonsymmetric and sym-

metric systems is mainly determined by the exponents in the above

equations. For the nonsymmetric system, we have

iryRgFiw JTk*) Tk
(M4 = AB(Q2)an = vB(e+) - vB(H) (2-30)

and for the symmetric systems, we have

Tﬁwgﬁw
23vB(e)/lae = VB(E+2) - vB(&) (2.31)
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These expressions show the importance of the difference in the barrier
heights, and thus the reduced mass of the system.

For the nonsymmetric case, in the energy region where the barrier
heights are the same and M & =1, the expression in eq. (2.31) applies
and in the other regions where the barrier heights are shifted but not
equal eq. (2.30) is applicable. Therefore, for lighter systems with
small values of y, oscillations are likely to appear. However, for
the heavier systems, i.e. large y, oscillations are likely to appear

at higher energies where 2 is large, but not at the lower energies.

2.3 CONNEXION BETWEEN THE ELASTIC AND FUSION CROSS SECTIONS IN OPTICAL
MODEL

In the proceeding section, we used the properties of the elastic
scattering of symmetric and nonsymmetric systems to explain the fusion
reactions and we showed that these properties are important in re-
storing the oscillatory nature of 0*. Though the model was not applied
toyspecific system of light heavy-ions, we argued that the model ap-
plies to all nonsymmetric systems. In chapter 3 the model is applied
to physical system of light heavy-ions using an optical model potential
and the elastic scattering properties of the system.

Through an optical model, Udagawa et al [Uda 85] and later Satchler
et al [Sat 87] proposed that the two processes can be treated simul-
taneously. The aim of this section is to briefly present the proposal
of Udagawa et al, so that we can discuss the significance of the im-
aginary potential in future calculations we shall make.

Essentially, Udagawa et al showed that given a Schrodinger equation

for elastic scattering in an optical model, as

K, + U DX, = E X, (2.32)
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where Ud= -ngin the optical model potential, the reaction cross

section is

°R " </ *V <Xa jwal*a > <2 33>
<0
= (2iT/k 2) E(2e + 1) T.
a I-o 1
with N

(4/Rva) J IXe|]2 Wa(r) dr.
‘-O

Here X is the elastic scattering wave function, which in partial wave
expansion has X" partial waves. The reaction cross section is then the

sum of all the non-elastic cross sections, which can be decomposed into

two parts: the fusion cross section and other direct scattering
processes cross section Od’ i.e. QR = of + Od' We can write the fusion

cross section in the same way as in eq. (2.33), 1i.e.

°f = (2/RV <Xa |WE IXa

where WM. is the imaginary potential that allows the absorption of the

flux that fused only. Similarly, for the direct reaction we have

°d - <Xa l«dIXa
here is the imaginary potential for the direct processes. Thus,
°R “ <Xa I»f + Wd*"Xa -=

Therefore, we may write
Wa = Wf+ Wd'

That 1is, the imaginary potential used in the elastic scattering is the
sum of two potentials, namely: the fusion and the direct imaginary
potentials. Thus, once the correct choice of USL is made in calculating
the elastic scattering (i.e. X ), the same real potential can be used
to calculate of, but with an imaginary potential that is smaller than
W . This deduction 1is important because we have shown that the real

potential in the elastic scattering of nonsymmetric systems contains

£
a (-1) factor (this is also true for the symmetric ions but the
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factor is now [I+(-1) ), and we used this fact to restore the
oscillatory nature of o*. Thus, the model we have presented for the
nonsymmetric systems 1is consistent with the Udagawa et al [Uda 83]
proposal and therefore a valid one. Therefore, the fusion imaginary
potential in BPM should be short ranged and confined inside the bar-
rier, since the flux that fuses is that which penetrates the barrier.
Another important thing we can deduce from this is that, if we solve
the Schrodinger equation with the aim of fitting o™then we may still
be able to reproduce the elastic scattering data with a larger imagi-
nary potential. However, it should not be surprising if in some cases
the elastic scattering data is not reproduced, since Xd is not used
and U in eq.- (2.32) may be non-local. It was in fact suggested
[Nag 86a] that to be able to fit both a® and the elastic scattering
cross sections, the "ideal"™ thing to do is to fit the elastic scat-
tering cross sections at various energies and use these potentials to
calculate o~ at the appropriate energies. This procedure should re-
produce the fusion cross sections at energies both below and above the
Coulomb barrier. Our main concern in this thesis is the fusion re-
action, therefore we shall not adapt the "ideal'™ procedure. Though we

shall attempt to fit both 0™ and the elastic scattering cross section

in the following chapter.
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CHAPTER 3

FUSION OF SPINLESS NUCLEI (APPLICATION)

In the previous chapter the theory behind the oscillatory structure
in was presented and a simple model was used to illustrate the shape
of for symmetric and nonsymmetric systems. In this chapter, we
shall apply the theory to symmetric and nonsymmetric 1ions using an
optical model potential. For the symmetric ions like the 12C + 12C
system, previous calculations that reproduced the oscillations used
an inverted parabola as the approximate shape of the Coulomb barrier
[Pof 83] . We shall replace the inverted parabola barrier with a barrier
formed by an optical potential and repeat the calculations for
12C +12C system. For 160 + 160 system, Tanimura [Tan 80] used an op-
tical model to calculate the elastic and fusion excitation functions,
but included the 3 inelastic state of IsO in the calculations. Sim-
ilarly, Kondo et al [Kon 80] explained the oscillations in terms of
the band-crossing model and obtained a fit similar to that of Tanimura.

For the nonsymmetric ions, we shall take account of the properties
of the system discussed 1in the previous chapter to fit the fusion
excitation functions of 12C + 160 [Kab 88], 12C + 2*Mg and a + Ca
systems. For the 12C + 160 system, the elastic scattering cross
sections will also be calculated at various energies and we shall
compare the result with the experimental data available at those en-
ergies. In general, this calculation can be applied to other systems
that exhibit the ™"anomalous Ularge angle scattering cross section”
(ALAS) in the elastic angular distribution and oscillatory structure
in the fusion excitation function. We  shall discuss this

generalisation, to other systems, in the last section of this chapter.
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The effective interaction potential, we shall be using, is the sum
of a complex nuclear potential V.T(r), a Coulomb potential Vp(r) and
a centrifugal potential. For nonsymmetric systems where there is ex-
change of particles, a parity dependent potential V (r) is included.
That is

Uu(r) = VN + Vc + Ut, + DFfi2/2pr2 + (-1/v™, G-

where the Coulomb potential defined as

Z1z2e2/r r >R

Ve (r) 717262 [3-(r/Rc)2]/2Rc . r < R G.2)

The real nuclear potential is described by a Woods-Saxon form factor,
though later we shall see some variations for different systems when
the normal Woods-Saxon form factor does not describe the nuclear po-
tential satisfactorily. The imaginary part of the potential is also
parameterised by a Woods-Saxon form factor. That is

W (@) = -VOf(r,Rr,ar) - iWOf(r.R”a" G-3)

where f(r,R0,a0) = [1 + exp((r-R0)/ad)] 1, (3.4

RO= rOCAi 3 + A21/3) and AI5 A2 are the mass number of the target and

the projectile. The same form is used for the Coulomb radius RC, with
r™ usually fixed for a given system (between 1.2 and 1.5 fm).

The form factor of the exchange potential according to the two-state
molecular model should be a Yukawa form factor, though Baye [Bay 86]
used an exponential form factor in his calculations. For convenience,
we assume that the form factor of Vn (r) is the form factor of real part
of the nuclear potential multiplied by a dimensionless parameter a.
That is

vA(r) = -aVv,f(r,Rr,ar). (3.5)
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As was shown in fig. 2.8, the parity dependent potential is added to
the interaction potential so that it shifts the exact barrier heights
to get the appropriate changes in the heights. Therefore, the precise
shape of V~A(r), in the interior of the real potential, is not impor-
tant. Since the barriers occur around the tail of the nuclear poten-
tial .

In Fitting the fusion cross sections, we shall adapt the following

procedure: -

1. The imaginary potential is confined to the interior of the inter-
acting barrier. This is to ensure that only the flux that penetrates
the barrier are absorbed. Thus the range of the imaginary potential
should be less than the range of the real potential and the depth
should be large enough to allow complete absorption of all the flux
that penetrate.

2. A large value of a™ will always be used (about 0.95 fm). This is
to ensure that a reasonably sharp T is obtained.

3. When these conditions are satisfied, a X2 (chi squared) fit is made

to the experimental data by varying all the potential parameters.

We shall now present the details of our calculations for each system
in the following sections. The computer code we used to calculate the
fusion excitation function and the elastic cross sections is a modified
version of the code HI-OPTIM-85 [Cla 85] . We modified the code so that
it takes account of the elastic exchange process and symmetrisation

in the symmetric systems.
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3.1 THE I2C + ,2C SYSTEM.

These are symmetric spin-zero bosons, so the odd partial waves are
not present in either the elastic or the fusion cross section calcu-
lations (see egs. (2.8) and (2.23)). As mentioned in the introduction
to this chapter, calculations for the fusion excitation function of
this system were made by Poffe et al [Pof 83] using an inverted
parabola barrier approximation. The model reproduced the oscillatory
structure in o” satisfactorily up to 25 MeV. Above this energy the fit
was over estimating the data. More recently, Ohkubo and Brink
[Ohk 87a] used an optical model potential to calculate o~. However,
their fit was not satisfactory because they used a shallow real po-
tential with a small surface diffuseness a*. They argued that the or-
igin of the oscillations in is due to the interference of the
"internal”™ and "barrier" waves, which are produced at the two turning
points of the interacting potential. That is, the barrier wave is the
reflected wave at the angular momentum barrier and the reflected wave
at the nuclear surface is the internal wave. Internal and barrier waves
have been used previously to explain some of the features of the
elastic scattering of 12C + 12C system (see [Row 77]).

We repeated the calculations of for this system using an optical
model potential with large a", so that the effect of individual H
contribution to the cross section can be seen. Figure 3.1 shows the
results of our calculations. The values of the potential parameters
we used are given in table 3.1. The fit was made using a deep real
potential with a strongly absorbing imaginary potential. From the
figure, we note that there is a good agreement between the calculated
a and the experimental values up to 25 MeV. Above 25 MeV our fFfit is
not in phase with the data. However, the general trend seems to be in

close agreement, 1i.e. decreasing. At those energies, 1i.e. above
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(mb)

Cross section

Fig. 3.1 The fit to the fusion cross section of 12C + 12C system.
The values of the potential parameters given in table below. Ex-

perimental data points were obtained from [Kav 79].

TABLE 3.1
vV (MeV) r (fm) a(fm)
Real 102.77 0.67 0.94

Imaginary 82.32 0.40 0.53
Coulomb 1.40



25 MeV, our potential does not yield the correct barrier heights, but
the correct critical angular momentum was obtained, that is why is
decreasing. A similar problem was encountered by Poffe et al. There-
fore, it is likely that at those energies conventional form factors
do not adequately describe the nuclear potential or there are other
direct processes taking place.

The most important conclusion of these calculations is that a
qualitatively good fit to%¥usion cross section was obtained when the
symmetrisation of the system was taken into account and a reasonably

thick barrier (i.e. small A) was used.

3.2 THE ="~C + 160 SYSTEM.

Until recently [Kab 88], all attempts to explain the mechanism re-
sponsible for the oscillatory structure in 0 for this system have not
been successful, largely because the exchange process of the system
has not been taken into consideration. Optical model calculations by
Frohlich et al [For 76], the inverted parabola approximation by Glas
and Mosel [Gla 74] and many other models have reproduced the average
fusion cross section but not the oscillations.

In the previous chapter, it was shown that a parity dependent po-
tential is required for this system, since the elastic angular dis-
tribution possesses the "anomalous Jlarge angle scattering cross
sections”™ (ALAS). The parity dependent potential is to make the bar-
rier heights of two successive £ the same, as was shown in Ffig 2.8.
The choice of which barriers should be depressed and which are to be
raised can be deduced from the experimental spin assignment of the
system.

Experimental spin assignment of the system for elastic scattering

was made by Charles et al [Cha 76] and Malmin et al [Mai 72] and for
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the fusion reaction by Frohlich et al [Fro 78]. In these assignments,
the positions of J1=7 , 9 , 11 and 13 were shown to correspond to
the positions where peaks of the fusion oscillations occur. The
intermediate even JTr states are absent except for the 14+ state which
was observed at =2 MeV from the position of the 13 state. The even
states of J-ITwere missing because they occur approximately at the same
energies as the odd states of JTr. On the other hand, the 144!( state
was observed separately because the parity dependence is small com-
pared with the difference of the barrier heights for successive large
values of H. This suggests that the parity dependent potential should
be constant or should not vary significantly from one set of partial
waves to another. The presence of the 14+ state near the 13 state
signifies that the parity dependent potential has raised the barrier
height of & = 13 and has depressed that of i = 14. Thus a in eq. (3.5)
is a positive quantity, so the odd partial waves are raised and the
even ones are depressed. The sign of a from this deduction is con-
sistent with the work of Baye [Bay 86] . A negative a will produce
oscillations, but out of phase with the experimental data. This will
be shown in the subsequent figures.

The exact magnitude of a can be deduced either from a minimisation
of X2 or by comparing the average (where there is no oscillation,
i.e. a=0) with the experimental data. The comparison should reveal
roughly the position where the difference between the average and
the data is maximum. This point corresponds to approximately the po-
sition where two partial waves have exactly the same barrier heights,
thus we can deduce the value of AV (in fig 2.8) and the magnitude of
a. On comparison, we observed that the difference in the two cross
sections is maximum at the position where JTI—:?_ state occurs.

Therefore, the initial value of a was chosen so that the barrier
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heights of £ = 7 and £ = 8 are approximately the same, i.e. T7 =Tg.
When we adopted the second option, i.e. minimising X2 with respect to
a, we observed that whenever Ail is odd oscillations are always ob-

g
tained, but no oscillation when AH 1is even. In fact, we obtain a good

s

fit to at higher energies with AH = 3 [Kab 87d] (nhote that the sign
of a is positive not as was quoted in the reference). This confirms
that the shift in the barrier heights of the even and odd partial waves
is important in restoring the oscillatory nature of o".

Following these procedures, we obtained a good fit to for energies
greater that 12 MeV but the lower-energy fusion cross sections were
over estimated. By reducing the range r~ of the real potential, we
reproduced the low energy 0*. However, the higher energy were then
greatly under estimated. We observed that the difference between the
two radii required to fit 0” in the higher and lower energy ranges
decreases with decreasing values of a®, but then of course the
oscillatory structure is damped down because of large A. In fig. 3.2
we show the fits to for two different potentials, so as to illus-
trate these effects. The potential parameters we used are given in
table 3.2. The Tfirst potential we used to calculate a (fig. 3.2a)
has a large a®, and the second (fig. 3.2b) has a smaller a*. The figure
shows that the oscillatory structures in are reproduced satisfac-
torily at higher energies using the first potential (i.e. the solid
curve in fig. 3.2a). However, the difference between the higher and
the Ilower energy fits (the solid and dashed curves in fig. 3.2a)
is large compared to the fits in fig. 3.2b. Thus, we can effectively
make the two curves the same by decreasing & (as in fig. 3.2b), but
as a” decreases the fit to the higher energy data deteriorates.

The potential that Tfits the low energy cross sections underesti-

mates at the higher energies because the grazing angular momentum
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represent the fit using potential | and the broken curve using
potential Il. (b) Same as (@) but using potentials 11l and IV re-
spectively. The potential parameters are given in table 3.2. Ex-
perimental data were obtained from; < (dot) [Spe 76] , A (solid

triangle) [Fro 76] and = (solid square) [Pat 71],

TABLE 3.2

The potential parameters used in figure above. The Coulomb radius
is re = 1.4 fm.

Potential r
Vo r ar Wo rl aI a

(Mev)  (fm)  (fm) (Mev)  (fm)  (fm)

1 81.84 0.69 1.20 54 .27 0.46 0.66 0.16
] 81.84 0.57 1.20 54 .27 0.46 0.66 0.16
Il 64.80 0.87 0.96 26.60 0.40 0.78 0.18
v 64.80 0.81 0.96 26.60 0.40 0.78 0.18



it yields is too small for higher incident energy, i.e. the barrier
heights for the higher £ were not correctly obtained. The "high energy"
potential overestimates the low energy cross sections because it adds
more than the required number of partial waves. That is, the barrier
heights obtained with this potential for £<6, should be higher. For
the other partial waves i.e. H>6 the correct heights of the barriers,
and thus the correct fusion cross sections were obtained.

The difference in the radii suggests that either the fusion cross
section may be affected by coupling to channels other than the elastic
transfer channel or that there are details of the shape of the nuclear
potential that are not adequately described by a Woods-Saxon form factor
when large values of & are used. In the next section we shall inves-

tigate the effect of coupling to an additional channel.

3.2.1 COUPLING TO AN INELASTIC CHANNEL

To see the effect of another channel iIn the calculations of o®, we
couple the reaction to a fictitious 0+ inelastic channel and solve the
problem by using the ™"adiabatic" approximation of Nagarajan et al
[Nag 86]. Where the excitation energy of the inelastic channel is as-
sumed to be approximately equal to zero. We assume that the coupling
potential between the elastic and the transfer channel is V12 and the
coupling potential between the elastic and the inelastic channel is
the same as the coupling potential between the transfer and the ine-
lastic channels, represented by V23. The Schrodinger equation for this

process at energy E becomes
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where = fMe/2y[d2/dr2 - d(H+1)/r2] -V + E, and V is the central

potential. The direct elastic wave function is Xis the transfer wave

function is X2 and X3 is the inelastic wave function. Writing in a

compact form we have,

DX = VCCX

where D 1is the diagonal 3x3 matrix containing K_SI and VOO

matrix containing the coupling potentials. We can follow the formu-

is the 3x3

lation similar to that of Lindsay and Rowley [Lin 84] (and also sect.
2.1.3), by making a unitary transformation that decouples the three

equations into "elastic" form, 1i.e.

ADA+ AX = AVCCA+ AX.
where A is a unitary matrix. Defining the coupling matrix as
“ +
Vv = AV A
cc cc
where is diagonal with X as the elements. Wk obtain
Xi = -V12 X2, X3 =i[l £ (1 + 832)"]V12

where 3 = W23/V12. These are clearly independent of the sign of 3,
changes in the sign of 3 will only affect the wave functions. The

decoupled "elastic" equations become

[KN = X.(r)Jo . = 0, i=1,2,3
where o is the decoupled wave function obtained from X = A+Ao with
ij = 6., AX'I' When the above equation is solved, three S-matrices
ij
r>s />*

are obtained, which form a vector S. The coupled vector S (matrix)

is obtained from

+ /**
S =AAS.
I
The elastic and inelastic scattering matrices are = S3 + (-1) S2
and S, = S3 respectively. The fusion cross section is the differ-

xnel

ence between the reaction and inelastic cross sections,
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Fig. 3.3 Fusion cross section for 12C + 160 system. Full curve
represents the fusion cross section when the reaction is coupled
to an inelastic channel (see text). Broken curve represents the
fit without the coupling. The potential parameters are given in

the table below. Experimental data points are the same as those

in fig. 3.2.

TABLE 3.3
Potential parameters used in the figure above. Here ff= V12/V23,

assuming V23 has the same form factor as V12. Where V12 the ex-

change potential (= V (N).

vV (MeV) r (fm) a(fm)

Real 61.80 0.81 0.92
Imaginary 26.60 0.40 0.78
rc = 1.4 fm a = 0.183 £=20.4



0f 0rxn Oinel
00
=(r/RRE(2H + D1 - |Se||2
iso

When we modified the program to take these formulations into account,
we observed that for whatever values of 3 we take the fusion cross
section is not enhanced at higher energies. Rather, the oscillations
are simply shifted. However, the reaction cross section was enhanced.
In fig. 3.3 we show the results of our calculations. The potential
parameters are given in table 3.3. We assumed that V23 has the same
form factor as Vi2.

Therefore, we conclude that the coupling to an inelastic channel is
not capable of solving the problem of two potentials fitting two seg-
ments of the fusion cross section data. We can now look at the other
possibility, i.e. the Woods-Saxon form factor does not adequately de-

scribe the nuclear potential.

3.2.2 THE WOODS-SAXON FORM FACTOR.

To obtain a good description of the real nuclear potential, we can
either modify the Woods-Saxon potential or choose entirely a new form
factor. When we modified the Woods-Saxon potential in such a way that
it reproduced the correct values of the two previous potentials in the
appropriate regions, we obtained a good fit to both the low and high
energy fusion cross sections. The potential was chosen by using the
sum of two Woods-Saxon terms such that the first term is similar to
the "lower energy'" potential. The other term, a relatively weak one,
was chosen such that it is non-zero in the region where the "higher
energy" potential barrier occurs for £>6 but is negligible at large
values of r. This term was added to the '"lower energy" potential so

that the barrier heights produced by the sum of the two Woods-Saxon
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Fig. 3.4 The radial dependence of the real nuclear potentials that
fit: (i) the Ilower energy region of the fusion cross section
£~ e— ee— 4 , potential 1. (ii) the higher energy region of the
fusion cross section — —e — -4, potential 1I. (iii) the av-
erage over the whole range of energies we considered, potential

mnmr G- -). Potential 111 is the sum of 11l (@ and (b).
See table 3.4 for the parameter values.

TABLE 3.4
The potential parameters used in figs. 3.4, 3.5 and 3.6. The
Coulomb radius is re =1.4 fm.

Potential VO rn an Wo rl- al- a

(Mev)  (fm)  (fm) Mev)  (fm) (fm)

I 64.,80 0..81 .96 26.60 0.40 0.78 0.18
I 64..80 0,.87 0..96 26.60 0.40 0.78 0.18

©

Il (a) 61..80 0,79  0..92 26.60 0.40 0.78 0.18
(b) 3.15 1,41  0.28

IV (a) 61.80 0,79  0..92 66.60 0.80 0.88 0.18
(b) 3.15 1.41  0..92



terms for |>6 are approximately the heights produced by the "higher
energy" potential, but the barrier heights for £<6 are the same as
those produced by the "lower energy" potential. In fig. 3.4, we show
the radial dependence of the form factors and also the new "interpo-
lated” form factor. A slight modification to the "lower energy" po-
tential was made so that it does not become deeper in the interior when
the shallow Woods-Saxon term is added. |In table 3.4 the values of the
parameters for the form factors used are given.

Using the new potential we calculated the fusion cross section at
all energies. Fig 3.5a shows the results of our calculations. Clearly
the fusion excitation function is well reproduced at all energies, thus
the mechanisms we have discussed are capable of producing the gross
structure in qualitative agreement with the magnitude and phase of the
experimental oscillations. In fig 3.5b shows a comparison of the cross
sections using the correct sign of a (positive) and the wrong sign of
a (negative). The fit with a negative a, is clearly out of phase with
the experimental data and the calculated a

Note that we have used the same imaginary potential W(r) in each of
the fits (see table 3.4). As suggested earlier, W(r) is not sensitive
to the fit provided it is confined to the interior of the real poten-
tial. Though we noticed that at higher energies (@&25 MeV) is sen-
sitive to W(r). This is because at those energies the barrier heights
of the grazing partial waves occur in the region where the imaginary
potential is significantly large. Hence, some flux may be absorbed even
before the barrier is encountered.

To conclude this section, we have shown that the oscillatory struc-
ture in are qualitatively reproduced using an optical model poten-
tial that also accounts for elastic a-particle transfer between the

two carbon cores. Without taking account of the transfer process, the
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Fig. 3.5. The fit to the fusion cross section of 12C on 160.
(a) Using the modified Wood Saxon potential (potential 11l of ta-

ble 3.4). (b) A comparison with the fit when o has the opposite

sign. Experimental data are the same as those in fig 3.2.



oscillatory structure in the cross section can not be obtained. A
modified Woods-Saxon potential was used and a good fit to the whole
energy range was obtained, as shown in fig 3.5a. Even though the peak
at E > 25 MeV was not reproduced, we have reproduced all the peaks at
E < 25 MeV and also the correct values of near the Coulomb barrier
were obtained. At E > 25 MeV, the general trend of is In agreement
with the experimental data, 1i.e. decreasing. Like in the 12C + 12C
system, the potential we used here does not yield the correct barrier
heights at those energies, but the correct was obtained. At those
energies, either the potential does not give a satisfactory de-
scription of the nuclear potential or there are other direct processes

taking place.

3.2.3 THE ELASTIC SCATTERING

In the previous section, the fusion cross section was reproduced
using a parity dependent potential which is similar to the one used
in calculating the elastic scattering cross sections of the system
[Gut 73]. Udagawa et al [Uda 85] suggested that the elastic and the
fusion cross section can be reproduced using the same real potential
but with a different W(r). In this section we shall calculate the
elastic scattering cross sections for 12C + 1G0 system using the same
real potential that reproduced a

Using the parameters of potential 111 in table 3.4, we calculated
the angular distribution of the system at three energies: 10.29 MeV,
17.28 MeV and 18.0 MeV. The fits to the angular distributions are shown
in fig. 3.6. From the Tfigure, it is noticeable that at 10.29 MeV the
angular distribution is well reproduced at the forward angle cross
sections, while at 17.28 MeV and 18.0 MeV the large angle cross

sections are in good agreement with the data. However, the fit to the
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E - 10.29 MeV

Fig. 3.6. Fits to the elastic scattering cross sections of 160 on
12C at different centre of mass energies, using potential 11l of
table 3.4. The solid curve represents the fit when the parity
dependent potential 1is included. The broken curve at 10.29 MeV
shows the fit using a different imaginary potential; potential IV
of table 3.4. The broken curve at 17.28 MeV shows the fit without
the parity dependent potential. Data were obtained from: Gutbrod
et al [Gut 73] for E = 10.29 MeV and E = 18.0 MeV, Charles et al
[Cha 76] for E = 17.28 MeV.



forward angle cross sections at 17.28 MeV and 18.0 MeV are not in close
agreement with the data. Since the imaginary potential required for
the elastic scattering is usually larger than that needed for the
fusion, then we may improve the fit by increasing W(r). When we in-
creased W(r), we obtained a good fit at the large angles for 10.29 MeV
data. The dashed curve at 10.29 MeV Fit in fig 3.6 represents the
improved fit and the values of the potential parameters are given in
table 3.4 (potential 1V). However, the forward angle cross sections
at the other two energies were not significantly improved.

To understand the physical phenomena taking place in the angular
distribution, in general for systems like 12C + 160, we can divide the
elastic scattering cross section roughly into three angular regions:
0° to 60°, 60° to 120° and 120° to 180° with each region exhibiting
a different physical process.

In the First region, the dominant structure is the direct elastic
scattering, and the cross section is approximately proportional to
s(v = \.t(i)ZI + D)P~(cos0)]|2 for a sharp cut-off in S*. At a partic-
ular ene;éy, s(£§) is usually not in phase with s(£si- 1) for
0 >0 >60°. Thus whenever the experimental Z* (determined from the
""quarter point recipe') is different from the theoretical grazing H,
then the two cross sections will not be phase. For example, at
17.28 MeV, H =11 experimentally [Cha 76] but theoretically Z = 11
grazes at 15.63 MeV and Z = 12 at 16.46 MeV (see table 3.5), that is
why the experimental data is not in phase with our calculations.
However, at E = 18.00 MeV, the two cross sections are reasonably in
phase with each other, in this region, because from theory Z = 12 is
still grazing and experimentally £ = 12 is the most likely partial wave

that would graze. Therefore, if the two cross sections are not in
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phase, the only parameters that would bring them in phase are those

that change the barrier heights.

Table 3.5 Grazing energies obtained from experiment and theory (using
potential 111 in table 3.4).

Partial wave Grazing energy (MeV)
@ Theory Experiment
9 13.12 13.75 [Mai 72]
10 13.76
11 15.63 17.29 [Cha 76]
12 16.46
13 22.06 20.79 [Cha 76]

For 120° < 0 < 180°, the scattering is because of the elastic ex-
change and the parameters responsible for this are essentially those
in VA(r). |If the parity dependent potential is switched off (i.e.
a = 0), then the experimental cross sections are not reproduced (see
the dashed line at E = 17.28 MeV in fig. 3.6). At low energies, for
example at 10.28 MeV, the scattering cross section is over estimated
because V (r) 1is energy independent and it was determined at higher
energies. However, at higher energies, with the right choice of V*ir),
the "anomalous larger angle scattering cross section” (ALAS) can eas-
ily be reproduced. The W(r) in this region is important because it can
easily suppress the physical significance of VA(r).

The region 60° < 0 < 120° is where the two decomposed amplitudes
f(0) and f(w-0) interfere strongly. The magnitude of the cross section
is dependent on the way the amplitudes interfere. For example at
0=90° it was observed that there is always a maximum 1in the cross
section whenever a particle is exchanged, but a minimum is obtained
whenever a hole is been exchanged. Therefore, the fit to the cross

sections in this region depends on how the fits in the two other re-
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gions are reproduced. For example at 17.28 MeV and 18.00 MeV, since
the large angle cross sections are reproduced, the cross sections for
90° <0 < 120° are reasonably good. But for 60° <8 < 90°, this is not
so because the forward angle cross sections were not well reproduced.

To sum up, the fitsat these energies clearly illustrate some impor-
tant features of the elastic scattering process. However, the most
important thing in this Tfit, 1is that the correct magnitude of the
large-angle scattering cross section was obtained using the same po-

tential that reproduced the oscillatory structures in o™

3.2.4 SCATTERING AT LARGE ANGLES

In the previous section we have shown that the ALAS was qualitatively
reproduced at energies above the Coulomb barrier even though at some
energies the fit to the forward angle cross sections were not in close
agreement with the data. As was pointed out, the potential we used is
energy independent containing VACr), and the transfer process was re-
produced because of this potential. This seems to suggest that transfer
is more or less energy independent. In particular, we observe that at
angles near it the cross section is constant over a wide range of en-
ergies .

In this section we want to make an analytical proof of these de-
ductions. We shall do this by expanding the amplitude in terms of the
SCO Coulomb amplitudes (this was introduced in the previous chapter)
and investigate the energy dependence of the amplitude. A detailed
discussion of the scattering amplitude in terms of the SCO Coulomb
amplitudes is given in the paper [Row 80], we shall use the results
of this reference to derive our observations.

The scattering amplitude in terms of the SCO Coulomb amplitudes

f~(0) is (see chap. 2)
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£(9) = ?(Se - SE_1)F0). 3.6)

For a sharp cut-off in the nuclear scattering matrix $°, the above
expression allows the effective H-window created to be seen. There-
fore, the summation above is made over the region where H = iS- De-
composing the scattering matrix into the direct (D) and exchange (E)
matrices as

SH = sD, + (-i)"sEe,

the scattering amplitude becomes,

f(0) = EKS°£ - SDe_1) + (~DR(SEE + SEil 1)]*(0). G.7)

For angles near it, a good approximation to ~-(0) was given by Frahn

and Venter [Fra 63] as

r (-& i )
FHO) = 2ikcosiO(H) Tsin(Tr-8)j exp(2iofh J [2(@-0) ] (3.8)

where O(H) = 2tan'1‘(fllH) is the classical Coulomb deflection func-

tion. For energies sufficiently high above the barrier, the cut-off

in is quite sharp and only a few H-values around the grazing partial
wave Hg contribute to the summation in eq. (3.7). In this region
O(H) is quite small and . Therefore, we can approximate
f~(0) as

] « (ciYeatO  }/IL % f
a(e) « ¢He M " 55 T ysin(TT-0)J eXp(250H > Jo [l AT 0)1j

= (-D)*™JfE (0). (3.9
g

Substituting the above expression into eq. (3.7) we obtain

fO) 2% (e)E(-i)e"~[(sDE - sDe 1) + (-1)e(sEe + SE1 x)]. (3.10)
g
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Note that we have factored (@) out of the summation since it is now

g
£
constant. The phase (-1) in the above expression causes the direct

contribution - S~ _~N) to the sum to be small and the scattering

amplitude becomes

0 AV.C: I 4 F
fe(©) = (-1) 8 f&t (0)E (SLE + S¢ ) (3.11)
g /CO

That 1is, the exchange contribution is dominant at large angles. Since
SE£ is constant for a sharp cut off in S, the summation is independent
of energy. The energy dependence in the above expression is in(g‘ ®)
only. Thus we do not expect any strong energy dependence of the s%at—
tering amplitude at large angles. This result is in full agreement

with the results of our calculations in the previous sections.

3.3 THE >2C + SYSTEM.

In this system, both the ™"anomalous large angle scattering cross
section” in the elastic angular distribution and oscillatory structure
in the fusion cross section have been observed [Dan 82]. However, the
oscillations appeared only at E > 20MeV and they are not as pronounced
as those in lighter system, like the 12C +160 system.

We can use our model to explain the oscillations and also why they
appear only at higher energies. As was discussed, to reproduce ALAS,
we require a (—1)I factor in both the scattering amplitude and the
effective interacting potential. This factor, in the interacting po-
tential, causes a shift in the barrier heights of the odd-even partial
waves, but the oscillations in the fusion excitation function will only
appear if the difference in the shifted barrier heights is large enough
(see eqs. (2.30) and (2.31)). For lower |, the difference in the bar-
rier heights is small, so the effect of shifting the barriers is not

noticeable. Thus we do not expect any oscillations at lower energies.
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However, at higher energies the difference between the barrier height
of the grazing partial wave and the neighbouring i is large enough for
the oscillations to appear. That is why the oscillations were observed
at higher energies.

To reproduce the oscillations for this system, the procedure used
in the previous section can be applied here. Using an optical model
potential containing a V (r), we calculated the fusion excitation
function. As expected, oscillations were obtained at higher energies.
However, the calculated excitation function was not in agreement with
the experimental data when an ordinary Woods-Saxon potential was used.
Using a "Woods-Saxon squared" for both the real and imaginary poten-
tials, a satisfactory fit to the data was obtained. The correct mag-
nitude of the experimental cross section was obtained at all energies.
This 1is shown in fig. 3.7. The values of the potential parameters used
are given in table 3.6. In principle, the same potential can be used
to reproduce the elastic scattering cross sections for this system.
However, the experimental data available at the backward angles is not
complete, therefore no fit to the elastic scattering data was made.

From the above analysis, we conclude that the mechanism responsible
for the fusion oscillations in the 12C + 160 system is the same as that
in 12C + zi*Mg system, which is a slightly heavier system. The exchange
particle (cluster) in this case is a 12C nucleus. Therefore, in general,
we can reproduce the oscillations in the fusion excitation function
of any system that possesses ALAS in the elastic angular distribution.

For example in a + ¥DCa system, discussed in the following section.
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Figl 3.7 The fit to the fusion cross section of 12C + 26Mg system.
The potential parameters are given in the table below. Exper-

imental data points are from [Dan 82].

TABLE 3.6
Optical model potential parameters used in Ffigure above. The real

and the imaginary form factors used to fit the data are not those
in eq. (3.4) but

f(r,Ro,a0) = [1 + exp[(r-Ro)/2a0]] 2

vV (MeV) r (fm)  a(fm)

Real 100.30 1.300 0.343
Imaginary 89.00 0.490 0.400
re =1.40 fm a = 0.309



3.4 THE X+ ~Cg SYSTEM.

For the a + 1,0Ca system, the elastic angular distribution possesses
the "anomalous large angle scattering cross sections'" (ALAS) at ener-
gies above the Coulomb barrier [Eck 75]. The theoretical explanation
to the ALAS was not in terms of the elastic exchange model, since the
particle to be exchanged is heavier than the core, i.e. a 36Ar between
two a-cores. Rather, the process was explained in terms of the internal
and barrier waves. In this scattering process, where it was shown that
the oc-particle has a small probability of penetrating the nuclear in-
terior and leave out again in the elastic channel, the internal waves
are important. It was further shown that, the internal waves are sig-
nificant only with certain potentials, such as a weakly absorbing
imaginary potential and a deep real potential (see Rowley et al
[Row 80a] and the references therein). In this case, the internal waves
could then be deflected at backward angles which explains the ALAS
[Bri 77].

Experimental measurements of the fusion excitation function for this
system also reveal oscillations in [Ebe 79]. Ohkubo and Brink
[Ohk 87] have shown that the origin of these oscillations is due to
the interference of the internal and barrier waves. They used a deep
real potential to reproduce the oscillations in a

The mechanism responsible for the fusion oscillations in nonsymmet-
ric system, like 12C + 1SO and 12C + X*Mg systems, can not be the same
mechanism responsible for the oscillations in this system. However,
the same procedure, that was used in the two systems, can be applied
to this system. That is, since the scattering matrix in this system
exhibits the odd-even staggering effect in ¢-space (see [Sat 83]),
similar to that produced in the two systems above, the scattering ma-

trix can be represented by a pseudo-sum of direct and exchange matri-
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ces, which contains a (-1) Tfactor (the actual scattering matrix is
the sum of the scattering matrices produced by the internal and barrier
waves). Thus the potential will also be parity dependent. This poten-
tial would then shift the barrier heights of the odd-even partial waves
and consequently produce oscillations in the fusion excitation func-
tion.

Using this procedure we calculated the fusion cross sections for
the system. Fig. 3.8 shows the results of our calculations, using
an optical model potential containing V~A(r). The potential we used
is a relatively weak one compared to the one required for the internal
and barrier wave model. Initially, when fitting the data we experienced
a problem similar to that encountered when TFfitting the fusion cross
section of 12C + 160 system, where two potentials (that differ by the
radii) TFfitting two different regions of the data. We solved this
problem using a modified Woods-Saxon potential 1i.e., the sum of two
Woods-Saxon terms (similar to the one used in 12C + 160). This poten-
tial gives a good fit to the data. The potential parameters are given
in table 3.7.

To conclude this section, the a + 1,0Ca system shows that the model
on elastic exchange of particles can not be applied to every system
that possesses ALAS. However, we can still use the same procedure to
reproduce the fusion oscillations of systems that possess ALAS in the
angular distribution. For this particular system, we can deduce that,
in terms of the cross section they yield, the potential that allows
the effect of the internal waves to be seen is analogous to a parity

dependent potential.
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Fig. 3.8 The fit to the fusion cross section of a + HXa system.

The potential parameters are given 1in the table below. Exper-

imental data points are from [Ebe 79] .

TABLE 3.7
Optical model potential parameters for the a + &)a system. The

form factor used is the sum of two Woods-Saxon terms (similar to
that used in the 12C + 160 system).

VvV (MeV) r (fm) a(fm)

Real 1 39.51 0.855 0.860
Real 11 (added) 6.28 1.140 0.200
Imaginary 33.97 0.580 0.647

e =1.30 fm a = -0.189



3.5 CONCLUSION

We conclude this chapter with a discussion on the fusion cross sec-
tion of other spinless systems. For the symmetric spin-zero bosons,
experimental measurements have been made on almost all the light ions.
Oscillations were observed in the lighter ions from 12C + 12C to
20Ne + 2°Ne [Pof 83], Systems with reduced mass greater than that of
20Ne system possess no oscillations, for example 1in 24Mg + 24Mg
[Jac 81] and 28Si + 28Si [Cen 81]. The explanation given by Poffe et
al for the symmetric systems seems conclusive, except for cases where
other direct processes are important. For example in 1EO + 160, it was
shown [Tan 80] that the 3 inelastic state of 160 is strongly coupled
to the fusion reaction channel.

For the nonsymmetric spin-zero systems, apart from the effect of the
reduced mass of the system, large angle scattering in the elastic
channel is the other most important factor that determines the oscil-
lations. That is, to reproduce the oscillations, we need to shift the
barrier heights of the system so that at certain energies the system
would look like the symmetric ones. This is achieved by adding a parity
dependent potential that reproduces ALAS in the elastic scattering.
Therefore, all the systems that possess oscillations in the fusion
excitation function should also possess ALAS. However, some systems
may possess ALAS but with no oscillations in o”. This is possible when
either AE”™ is even or the reduced mass of the system is large.

The reduced mass, on the other hand, 1is important because it de-
termines where the oscillations should appear. For example, iIn systems
with large y, oscillations only may appear at higher energies and in
most cases closely spaced. To illustrate the importance of the reduced
mass, consider the fusion reaction of the 12C on 24Mg and 26Mg systems

[Dan 82] and also the reaction of the a on 40Ca and 44Ca systems
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[Ebe 79]. In these examples, going from the lighter targets to the
heavier ones results in a significant reduction in the number of peaks
of the oscillations and the spacing between the peaks. The values of
y could also explain why there is no evidence of any oscillation in
160 + 20Ne and 160 + XxtMg systems [Tab 78], while oscillations ap-
peared when the projectile is a 12C (not 160) nuclei.

Therefore, we can generalise on which nonsymmetric system should
possess oscillatory structure in the fusion excitation function. There
are essentially two factors, namely: the ALAS in the angular distrib-
ution and a small reduced mass. Whenever these are satisfied, oscil-

lations in are likely to appear.
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CHAPTER 4

FUSION OF NUCLElI THAT POSSESS SPIN.

In this chapter, we explain the mechanism responsible for the
oscillatory structure in the fusion excitation function of symmetric
and nonsymmetric ions that possess spin. In some of these ions sig-
nificant changes in the structure of the fusion cross section was ob-
served for systems differing by one or two nucleons. For example,
pronounced oscillatory structure was observed in the 12C + 160 system
but the oscillations were absent in the 12C + 170 and 12C + 15N systems
[Kov 79]. In some other systems, like the 12C + 12C and 12C + 1XB
systems pronounced oscillations were observed, but the magnitude of
the oscillations was significantly different. However, the 12C + 13C
system, which differsby one and two nucleons, very small structure
(which could even be regarded as statistical) was observed.

For the symmetric ions, similar changes in the oscillatory structure
can be seen. For example in the previous chapters, it was shown that
for symmetric ions apart from the symmetrisation of the system the
other most important factor that determines the oscillatory structure
is the reduced mass of the system. Therefore, since pronounced
oscillatory structure was observed in the 1so + 160 system, then one
would expect oscillations in the HiN + KN system. However, exper-
imental measurements by DeYoung et al [DeY 82] reveal that there are
no oscillations in the fusion excitation function of this system.

One of the differences of these systems 1is the spin they possess.
Therefore, the model we presented in the two previous chapters can be
used to explain the mechanism responsible for the oscillatory struc-
ture in the fusion excitation function of these systems, if the spin

dependent forces are considered. We shall consider these forces for
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three systems: the I\ + 1UN, 1JB + 12C and 12C + 13C systems, in this

chapter.

4.1 SYMMETRIC SYSTEMS

The elastic scattering amplitude of two identical ions, that possess
spin, 1is similar to that given in eq. (2.4) for spinless particles.
However, we must take account of the projections of the spins when
writing the scattering amplitudes. Consider the elastic scattering of
two 1identical 1ions that possess spin 1. Let the projectile spin
projection before and after scattering be Mi and M» respectively.
Suppose the target spin projection is M2 before scattering and MF after

scattering. Then the scattering amplitude can be written as [Sat 83]

=ékE <: 1 M°“M*|s M><L s o M|J M>
<1 I Mi Mils"m"x L"S"™M-M"m*" IO M > (2L+1)*

exp[UoL+0j,)] (S"SL,S.- «lLL<«SS*> (4.D

where the summation is over L, L' S, s"and J. Here it iIs assumed that
the incident beam direction is along the z-axis and M, M"'"are the z-
projection of S and S The couplings

S=_1+]l andJ = L+S. “4.2)

were used. The primes on S, L and M indicate the corresponding quantum
numbers after scattering. Note that J has no prime because it is con-
served.

For symmetric ions, the scattering amplitude is the sum of amplitudes
(see fig. 2 .1), one dominant at the forward angles and the other im-
portant at the backward angles. The forward angle scattering amplitude
is the same as the above expression. The other component of the
scattering amplitude, 1i.e. at backward angles (ts ,0+ww), is similar

to the forward angle scattering amplitude but now the projectile and
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the target spin projections after scattering are Mz and MY respec-
tively. The scattering amplitude is the same as eg. (4.1) but with

Mx and Mz interchanged. Therefore, the symmetric scattering amplitude

IS

21
MIM2 M, M*<e-« - W mIm¥ 8"« + A~

21 . - -
where the phase (-1) differentiates between bosons and fermions.

The symmetric relations of the Clebsch-Gordan coefficients give,

<11 Mi]sV> = (-1)21+4S/<1 1 Mi M/|S™M#>, “4.3)

and Y4:(tt—0,o'5rir) - (—1)If ‘T(I’_y(O,O)- Thus the scattering amplitude be-

comes
£n’mi M*X(e™> - h E d + C-D1 ] ="

where AMg?™/ ~ are the Clebsch-Gordan coefficients and the constants in

eq. (4.1). The effective scattering matrix is

S - h +cdPBs]gg g (4.5

Thus only the even (i/+ s") in the outgoing channel can contribute to
the scattering amplitude. Since J and the parity (—1)if are conserved,
(L + S) in the entrance channel will also be even. Therefore, (1/+ L)
and (S'+ S) are even.

If the imaginary potential is confined inside the potential barrier,
so that it allows the absorption of the fused flux only, then the
fusion cross section is the reaction cross section. Thus the fusion

cross section is

m !
(21+1) 2 E (23+1) [1 + (-1)L+S] T* (4.6)
LS
where SIS S is the transmission coefficient of the
flux iIn the state (LSJ). If the transmission coefficient is inde-

pendent of J and S (i.e. T~g= T~), then we can factor T~ out of the
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summations over S and J in the above equation. The summation of

23 + 1) over Jis (2L + 1)(2S + 1), since |L-S] < J < L+S. Eg. (4.6)

becomes
°f =7* ubij» £ + (-1)L+S) C2L+1H2S+1) TI.
The summation over S can now be made with S =0,1,2,....,21, we have
21+1-
C-i "
a +.-'2----|‘1§2|_+1) T “.7D
E @+

The above expression megns that the odd and even L are not added

equally for 1 ™0. For example when I1=i (eg 13C +13C) the ratio is 1
to 3, i.e.
a =(ir/kk)[ £ £(2L+1)T + «TE (2L+DT. ], “4.8)
Um,
while for systems with 1=1 (like 1“N + 1PN system) the ratio is 2:1,
i.e.
of =(0MT/k2) [~ E(2L+1)T1 + S8E(2L+1)TI]. 4.9
bjLv\ L <&,
Therefore, the oscillatory structure in now depends on the way the
odd-even partial waves are added. Of course, the oscillations also

depend on the physical properties of the system such as the reduced
mass .

For lighter systems with I=i and a small reduced mass, oscillatory
structure in is likely to appear because the ratio is large, for
example in 13C +13C system. To illustrate the shape of the excitation
function of systems with I=i, we calculated the transmission coeffi-
cient at various energies using the approximation of Th in eq. (2.18).
The fusion cross section was calculated using eq. (4.8). Its energy
dependence is shown in fig. 4.la. Similar calculations were made for
systems with 1=1 (eg 1PN +:1<N) and 1=3/2 (eg IIB +11B). The excitation

functions are shown in fig 4.1 (b) and (c) respectively.
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Fig. 4.1 The fusion excitation function of symmetric ions with:
@ 1= 1/72. (b) 1=1. (©) | = 3/2. The fusion cross section was
calculated using eq. (4.8). The parameters used in calculating the

transmission coefficients are A = s, RB = 7.5 fm and VB = 7.7 MeV.



chapter. The fusion cross section was calculated using eq. (4.9). The
fit to the experimental data is shown in fig. 4.2. In this fit, even
though there are no oscillations in the fusion cross section, a rea-
sonably large surface diffuseness a" was used; smaller values of a®
do not yield the correct magnitude of the fusion cross sections at all
energies. The form factor for the real potential used in fitting the
data is a "Woods-Saxon squared'. The convention Woods-Saxon form fac-
tor does not give a satisfactory fit the data. We note that, the fit
gives a close agreement with the data at the lower energies. At higher
energies there are some discrepancies with the data, which could be
due to higher order interactions (like quadrupole). However, our
ability to Tfit the Ilower energies suggests that these secondary
interactions are negligible. Moreover, at higher energies other di-
rect process channels will be open.

One thing of interest we note with this system is that the maximum
fusion cross section is much smaller than that of the 12C +160 system
even though the two systems form the same 28Si compound nucleus. Our
model can not be used to explain this. However, it is likely that this
has to do with the nuclear structure of the nuclei involved. For ex-
ample, the N + 1N system has four unpaired nucleons which could "fly
off" before fusion, while for the 12C +160 system all the nucleons are
part of a complete shell. DeYoung et al [DeY 82] have made an inter-
esting comparison of the two systems in terms of the critical angular

momentum trajectory.

4.2 NONSYMMETRIC SYSTEMS.
To investigate the fusion reaction of two nonsymmetric ions, the
elastic scattering process of the system will have to be examined.

Suppose the projectile possesses spin | and the target is spinless
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(for targets with spin, the same could apply if the coupling between
the target spin and 1| is negligible). |If the z-projection of 1 before
scattering 1is Mj and after scattering it changes to M2, then the

scattering amplitude can be written as [Sat 83]

exp[tL+o ] (sij.- s1t/) (4.10)

assuming that the incident beam direction is along the z-axis. Here

mentum in the exit channel.

A detailed analysis of the scattering amplitude for systems that
differ by a few nucleons and for which an elastic transfer process is
possible has been given by Von Oertzen and Norenberg [Von 72]. They
showed that 1if the cores (in the two-state molecular model) are
spinless, then the scattering amplitude is the sum of two amplitudes,
one which dominates at the forward angles (o ,0), and the other im-
portant at backward angles f£ (=0 ,tFHr), as discussed in chapter 2. The
amplitude f~(0,0) is the same as the expression in eq. (4.10) with
Jjj i J £
~UU " P~7ace e The amplitude f (-0,0+tt) is similar to eq.
(4.10) but with a different scattering matrix (S, ) and the angles
changed to (@0 ,$+it). Using the relation
the scattering amplitude for the nonsymmetric system is similar to eg.

(4.10) but with an effective scattering matrix as
“4.11)

If the cores are not spinless eg in 13C + 14C, then the coupling of
the core spins to the valence particle spin would have to be considered
and the scattering amplitude is different from eq. (4.10). Also, the

interference of the two components of the scattering amplitudes in-
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troduces an extra phase (—1)2%}1n the scattering matrix (eq. (4.11)),
where that S is the spin of the core. A detailed description of the
scattering amplitude for this case is given in [Von 73] . In this
chapter we shall discuss systems with spinless cores only.

The fusion cross section becomes

1
i 4.12
JL
where the transmission coefficient Iis =1 -EIS”™12, and the

scattering matrix 1is defined by eq. (4.11). When I >1/2, L can be
different from L, but J and the parity have to be conserved throughout.
That is + L) should always be even. For cases where L / L is pos-
sible, the Schrodinger equation contains coupling terms that allow
multipole interactions. These will be discussed in detail for I = 3/2
in sect. 4.2.1.

A generalisation of the form of can not be made, since individual
systems would have different physical properties. Therefore, we shall

discuss individual systems separately in the following sections.

4.2.1 THE 12C + IX SYSTEM.

Studies on the elastic scattering of 12C + 13C system have shown that
the angular distribution possesses the anomalous large angle scatter-
ing cross section for various energies. Optical model Tfits to the
elastic and inelastic angular distributions have been made by Von
Oertzen and many collaborators [Von 73] . Recently Voit et al [Voi ss]
have investigated molecular effects 1in the elastic and inelastic
scattering of this system. Most of the calculations for the elastic
scattering use the elastic transfer model and reproduce the angular
distribution satisfactorily. It was argued [Voi ss] that the model is

particularly suited for this system because the 13C nuclei exhibit
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single-particle states with a small binding energy (4.9 MeV) of the
valence neutron. However, measurements of the fusion cross section do
not reveal any strong oscillatory structure in the excitation function
for energies above the Coulomb barrier.

The formulations we presented above apply to this system since the
valence neutron has spin i. Using these formulations we made an optical
model Fit to the fusion cross section data. We assumed that
and the barriers are degenerate for a given L. Figure 4.3 shows the
results of our calculations. Since o” is more or less structureless,
we obtain a reasonable fit to the data for different values of the
potential parameters and a. However, the correct value and sign of a
was not determined because both the positive and negative values of a
give a good X2 fit to the fusion cross section data. On the other hand,
the elastic scattering cross sections have definite oscillations at
large angles which can be used to determine the correct value of a.
Thus, the correct sign and value of a was determined from an optical
model Fit to the elastic scattering data. The results of the calcu-
lations are shown in fig. 4.4. The sign of the value of a we obtained
from these Tfits is consistent with sign used by Von Oertzen [Von 75]
(i.e. negative). The opposite sign of a produces the backward angle
cross section but 90° out phase with the experimental data.

One of the reasons why there are no oscillations in is that the
value of a, determined from elastic scattering, gives ALN = 2 (see €e(Q.-
(2.27)). Since, we argued in chapter 2 that whenever AL§ is even, 0s-
ciHations will not appear. Then, we do not expect any oscillations
in the 12C + I3C system.

Through the elastic exchange model (transfer model) we can also ex-
plain the reasons why there is no oscillatory structure in o*. Since

the 13C nucleus exhibits pure single-particle states and with a small
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Fig. 4.3 The optical model fit to the Tfusion cross section of
12C + 13C system. The potential parameters used are given table

4.1. The experimental data points were obtained from [Kov 79].

TABLE 4.1
The potential parameters used in figs. 4.3 and 4.4. The Coulomb
radius is r = 1.4 fim.

VD rr ar Wo a¢ a

(Mev)  (fm)  (fm) (Mev)  (fm) (fm)

Fusion 50.0 0.85 0.99 6.14 1.0 0.42 -0.41

Elastic scattering
E=7.8 MeV 50.0 0.85 0.99 45.00 1.30 0.40 -0.41
E=9.9 MeV 50.0 0.85 0.99 45.00 1.23 0.38 -0.41



Fig. 4.4 The optical model fit to the elastic scattering cross
section of 12C + 13C system. The solid curve represents the fit
with a i 0. The dashed curve represents the Ffit with a positive
(the wrong sign). The potential parameters used are given table

4.1. The experimental data points were obtained from [Von 79].



binding energy for the valence neutron, then during the scattering
process the neutron can be exchanged at long distances because the wave
function of the neutron is long-ranged. This enhances the exchange
process and thus the large angle cross section. However, the fusion
cross section is not enhanced, because the exchange process could take
place at large separation of the cores. Therefore, the exchange con-
tribution to the fusion is very small, i.e. during the exchange process
the probability of the ions coming close enough to overlap and fuse
is small. Hence the fusion cross is not significantly different from
the average fusion cross section (i.e. a=0), for which there are no

oscillations.

4.2.2 THE nB + IZ SYSTEM

The elastic scattering of this system exhibits ALAS at energies
above the Coulomb barrier. A two-state molecular model [Von 69] and
DWBA calculations [Boh 74] have been used to reproduce the elastic
angular distribution. It was shown that the particle transferred be-
tween the two carbon cores is a hole, in the Ip~"™ state- That is why
the angular distribution possesses a minimum at 8 = 90° [Boh 74].

Experimental measurements [Mat 82] of the fusion cross section of
this system reveal that the fusion excitation function possesses
oscillatory structure at energies above the Coulomb barrier. Like
other nonsymmetric systems, a satisfactory explanation for the reasons
why the oscillations appear in fusion cross sections has not been
given. To explain the oscillations, the model we have presented can
be applied to this system. That is, since ALAS exists in the angular
distribution, the exchange of the IPo/o hole should introduce a parity
dependent potential that shifts the barrier heights of various partial

waves, and thus cause oscillations in a
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The formalism we have presented in this chapter applies to this
system, since the cores are spinless. If the barriers are independent
of J, i.e. Tt =T , then the fusion cross section can easily be cal-
culated using eq. (4.12). When we assume that Tj» = and calculated
the fusion cross section, we observed that the correct magnitude and
phase of the oscillations were not reproduced, for all values of the
potential parameters we used. However, the average cross section was
reproduced (i.e. with no oscillations). The imaginary potential re-
quired to fit the average fusion cross section was long ranged, ex-
tending beyond the interior of the barrier. Thus, the imaginary
potential allows the absorption of flux that md%not even penetrate the
barrier. Therefore, the transmission coefficient is not sharp and the
transition region (where T~ is different from 1 or o) contains more
than one partial wave.

Our inability to reproduce the correct magnitude and phase of the
oscillations suggests that either our assumption T =T 1is wrong or
there are other coupled channels involved in the scattering process.
If the latter is the case, then some of the flux may go into these
channels and the imaginary potential required to allow the absorption
of the remaining flux would then be smaller, and thus confined inside
the barrier. Therefore, the transmission coefficient will be sharper
as few partial waves are involved in the transition region, and thus
the oscillations may reappear. For this system, since the total angular
momentum of the hole 1is 3/2, the scattering involves two coupled
channels, one with an orbital angular momentum L and the other channel
with either L-2 or L+2. In this case, if the J-dependence of the system
is considered, the imaginary potential may be confined to the interior

of the barrier and this may lead to?sharper transmission coefficient.
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To 1investigate the J-""dependence of the fusion cross section, we
calculated the using a parity dependent optical model potential and
a spin-orbit L«S (Thomas type) potential. The reason for adding a
spin-orbit potential is simply to introduce a J-dependence in the
transmission coefficient, since the barrier heights for each J state
are now different. Using these potentials, we obtained a remarkably
good fit to the fusion cross section [Kab ssb]. The Ffit shows that
indeed the transmission coefficient is J-dependent. However, the im-
aginary potential required to reproduce the cross section is shallow;
WO= 2.5MeV. The strength of the spin-orbit potential is quite large
compared to a normal nucleus-nucleus spin-orbit potential used in
polarisation calculations. The values of the spin-orbit potential pa-
rameters we obtained are: VSO= 4 _.0MeV, rso: 0.5fm and aso: 0.4fm. At
higher energies, because W(r) is shallow, the lower partial waves are
not completely absorbed, which is uncharacteristic of nucleus-nucleus
scattering. Therefore, the fit we obtained is unlikely to be a phys-
ically acceptable fit. Nonetheless, the fit shows that the reaction
and thus the transmission coefficients are J-dependent.

To solve the problem properly, all possible elastic interactions
taking place have to be considered. These interactions would then be
included when calculating the fusion cross section. The possible
interactions for a given state defined by the quantum numbers 1,L,J
and it, where the u« represent a process with or without elastic transfer

of a particle between the cores, are:-
a) The direct elastic scattering process where the entrance channel

is the same as the exit channel, i.e. ULLnJd>=]ILttI>

('L = L direct"” for short).
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b) The elastic transfer process of the valence particle from one core
to the other, without a change in the orbital angular momentum
of the system, i.e. |l L itJ>> |l L i/j> (0L -maL with a trans-

fer" for short).

c) The direct elastic scattering process without a transfer, but the
orbital total angular momentum has changed in the exit channel,

i.e. 1L iJ>=1 i/uJ> ('L @if direct"” for short). Note that

J and the parity (-1)R have to be conserved.

d) The elastic transfer of the valence particle from one core to the
other and with a change in the orbital angular momentum of the
system in the exit channel, i.e. 11 " J> * 1 if ifI3> (L >/
with a transfer"™ for short). Again, parity and J have to be con-
served.

The Schrodinger equation for these processes is
(KL,- VCR) + EDUA(R) - E VA;LAR) UJAR), (4.13)

for if= L and L+2 (note that if = L-2 or L+2 but not both) since 1=3/2
and it = TN, W2, where tix represents the direct process and i repres-
ents the transfer process. Here the couplings J = I + i/in the entrance
channel and = L+ L* in the exit channel were used. The radial wave
function for the state (ILJir) is (FTIT(R)' The kinetic energy operator
for the angular momentum if is K‘Jl"and V(R) is the sum of the monopole
nucleus-nucleus potential and the Coulomb potential. Other multipole
interactions between the state |l if it J> and |l WAr,LJ>, are the po-

tentials on the right hand side (RHS) of the above equation, defined

as

VIIIr/WER) = KI L'v ) | (4.14)
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where £ are the internal coordinates of the system. Normally V(R,£)
is expressed in terms of spherical tensors, i.e. an expansion in higher

order multipole interactions. Thus (see [Sat 83])

V(K,E) = E V] ASH]~* (4-15)
«b KQ *

where V are the components of the tensors of rank K. The components
allow the transfer of the angular momentum K between the internal nu-
clear states and the nuclear states of the relative motion of the

system. The z-projection of K is Q. Using the Wigner-Eckart theorem

(see Brink and Satchler [Bri 62]) the coupling potential JVr-R)
becomes
vriti-iiyl Ry = B tLo"LUK C-D LD LT LY <afifo 01K D
wd £ 1 1; KJ) <I]]\« R,OIII> (4.16)
where W is a Racah coefficient and \a= (2a+|)2 . The reduced matrix

H7
element <I||V¥\_(R,£) II'> is now a function of R only. The potential V(R)
in eg. (4.13) contains the "L =L direct"” (monopole interaction).
Suppose we represent the other forms of interaction as:-

L %a L with t 1 R i.e. -
wi ransfer as a(R) i.e VSri:l.sCR)

L = L+2 direct as 3(R) i.e. VLiit sL%2 , , W

L A L2 with transfer as I(R) i.e. Vit :1+2 2R
assuming that a, P, and X are all dependent on 1,I/ and J as in the

expression above (eq. (4.16)). Then, the coupling matrix on the RHS

of eq. (4.13) becomes

0 a e Z
V = a 0 Z 3
e Z 0 a
Z P a 0

Equation (4.13) becomes, in matrix form,

D*UJ = V-UJ 4.17)
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where D is a 4x4 diagonal matrix with Du = D22= Kﬁ_ V(R) + E and

D33= Kt+?- V(R) + E. The elements of the column matrix are
i 2 2
the wave functions Lti UI'_ttz . U’i’j_r,&):ti* and ULJ_r’Z;itz . To calculate the

fusion cross section, the above coupled differential equations would
have to be solved, and this requires a lengthy computation. However,
the four coupled equations can be simplified by decoupling them into
four "elastic" equations using the adiabatic approximation of
Nagarajan et al [Nag se]. Here the "orbital sudden approximation" is
used (see [Lin 83]), where the Coriolis potential is "frozen" for L
and L*2, i.e. it is approximated by 2Cd-HI1/2yr2 where | = (xI) is
the average of L and L+2. Thus, D 1is the unit matrix multiplied by

and eq. (4.17) can be written as

A+D-AA*U J = A*V-A-A+U J
where A is a unitary matrix. The coupling matrix can be diagonalised
from the above equation. If we define 0= A U ™~ and AV A =X

then we may write

@ -Y)%>= 0 (4.18)

where X is now a diagonal matrix;

fa + P+ K 0 0 0 \
1 0 -a+3-T 0 0
1 = 0 0 o-p-r 0 J
0 0 0
-a p + 7
and
h -1+ 1 +1 +1 41
amg 1ol 11 A'l= A+ = * 1 41 -1
+1 +i +1 /-1 -1 -1 41 #
i b+ oAl +1 -1 -1 +#
\

Note that the elements of X are unique for a given V but the order
in which they are written is not unique and this, of course, affects

A, but not the final results. For example interchanging X2 with X3
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gives a symmetric A which is equal to its inverse. However, this is
not the most convenient way of writing X. We choose X to have the above
form so that it is consistent with the two coupled channel model we
presented in section 2.1.3, when 3 = Y = 0. With this choice, the first
decoupled "elastic" equation with Xi represents the "elastic" L L
direct, the second decoupled equation with X2 represents the "elastic"
L >»»L with transfer channel, the third equation is the "elastic"”
L “mL+2 direct and the fourth equation is the "elastic" L % L+2 with
transfer.

Particular boundary conditions have to be imposed on the decoupled
wave functions, as the incident flux is from one channel only [Nag ss ].
This is realised by writing UJ = AA$ where A.. =6 .. A+ _,. The

ij iJ il
coupled scattering matrix S can be obtained from the decoupled matrix

S as
S = aa's
that is
f i +% + sa+ Sk~
) al V4 A~
1 Si “s2 + s3 - S»

/N /N V
SI + S2 " S3 “ S

\% -% +?2 ./

From these scattering matrices, we can now calculate the fusion cross
section using eq. (4.12). As we have shown previously, the effective

scattering matrix is

L 31>
Sk ™SS o+ ™ SLL/

where wj is the direct contribution, and u2z is the exchange contrib-

ution. Thus,

T

T = 1 -
i~ C bot-»1 - 1% & .+ (-1 SL.L#2 "

JL

66



In terms of the decoupled scattering matrices the transmission coef-

ficient becomes

=1"ilstl - i|Ss3]2 for even L
TIL = 1 - 1-212 -1]~3J2 for odd L. (4.19
From eq (4.18), we observe that the decoupled scattering matrix is

obtained when the Schrédinger equation containing the off-diagonal
/N
potential X~ is solved. Thus Si is associated with X3=a + 3 + Y, S2
) /v ) A )
with X2= -a+ - 1§ S3 with X3=a - R - X and G with
Xi,= -0 - B + X Similarly, for the transmission coefficients from eq.
(4.19), the even partial waves contribute to the matrices S3 and S3

only, while the odd partial waves contribute to the matrices S2 and

Su only. Thus a short form of writing the off-diagonal potentials is

(-DLa + m[B + (-DLi] (4.20)
where m= +1 for if= L and m = -1 for if4 L. Since J>L when if= L and
J<L when if = L+2, then an easier way of defining m is m=+1 if J>L and

=1 1if J<L. In other words, the above expression shows that, the
effect of a transfer monopole interaction is (-)”™a(r), similar to the
form we used in the previous calculations. The quadrupole interaction
is mf3(R), but the transfer interaction introduces the phase (-1)™ (from
(-)™m2T(R)) into the potential, similar to the phase introduced by the
monopole transfer interaction.

If the Coulomb barrier height occurs at RB (from the monopole
interaction potential V(R) in eq. (4.13)), then the barrier height of
the state (ILJ) would now be

Vi (Rb) = Max[V(R) + e(H+1)/2pR2 + (-DLa + m(& + (-DL2PH], “.21)
where m is defined above. The barrier heights produced by these po-

tentials are represented schematically in fig. 4.5. In this figure,
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Fig. 4.5 A schematic representation of the effects of adding a
monopole transfer term (-l)La and quadrupole terms [fl + (-1)L Jm
to the barrier heights (represented by levels) of five successive
partial waves (where L > 2). For the full meaning of a, 2f, & and

m see the text.



we initially assumed that for a given L the barriers are degenerate.
Thus if the monopole transfer term is independent of J, then (-)™a(R)
would simply shift the barriers up or down as shown in the figure. Note
that the barrier heights are represented by a straight line ("levels'™).
The quadrupole terms are J dependent. Therefore, the term without a
transfer removes the degeneracy of the barrier heights, and the bar-
riers are shifted by nﬂ3(RD)- Similarly the other quadrupole term with
a transfer would further shift the barriers by (-D"m2T(Rg) -

From this analysis, we can understand why the initial fit we made
using a spin-orbit potential (]»S) gives a good description to the
data. This 1is because the splitting of the barriers for a given
L correspond to approximately the same splitting caused by the monopole
and quadrupole interactions.

We shall now investigate the J-dependence of these interactions by

expanding eq. (4.16).

4.2.2 (A) MONOPOLE INTERACTION WITH A TRANSFER <~(R)
Here li = L, it = i, so there is no angular momentum transferred i.e.
K = 0. Therefore, from eq. (4.16) we have

A A
a(R) =VT T (R = L2 I<LLOOJOO>W(LLI I;0J)

liU 1L
<iJ r ,Slli>.
Expanding and substituting the values of the Racah and Clebsch-Gordan

coefficients we obtain

ox@® = <I]|VItR,01]1>. (4-22)

Thus it is independent of L and J, as expected. The reduced matrix is
simply a function of R. This is consistent with the assumption we made
in the fig. 4.5 and in the previous calculations. Thus we can still

approximate the form factor of this potential as

68



o(R) = V*R) = aVvN(®),
where a (the one without the brackets) is a dimensionless parameter
and VA(R) is the monopole direct interaction, the "L L direct" po-
tential (see eq. (3.5)). It should be noted that V~A(R) is the same

expression as eq. (4.22) except that i is now tx

4.2.2 (B) QUADRUPOLE INTERACTION
Here L = L+2, uw is ix for fR) and w for 2Ff(R). Therefore, the an-

gular momentum transferred is 2, so K=0,1,2. The expression of 6 is
the same as for X except that the reduced matrix <1||&,(R,£) > is
different. The exfpression for 3 is

2,

3(R) = E 'LK (-1)J-1t < L LO 01K 0>

K-o ¥
WL L1 13 K J) <M R.DIII1>-
For if = L+2, the above expression is zero for K=0,1. This is because
<L LyO OJK 0> = O if L+li +K is odd or if K is zero (see [Bri 62]). Thus
we obtain,

T-T A A a
3(R= D L (£2) 1 <L L2 0 02 ©O>
WL L+2 1 1; 2 J3) <I]]V~”R,O ||I>,
and
J-T A A a
JIR)= (D L (+2) 1 <L L+2 0 012 0>
W(L L£2 1 1; 2 J) <I||]V~R,0 >
The values of the Racah and Clebsch-Gordan coefficients can be obtained
for different J from standard tables (see [Bri 62]) or computer sub-
routines. These values contain phase factors that make the above ex-
pression an absolute positive quantity except for the sign of the
reduced matrix. The expressions of 3(R) and i(R) contain the same

J-dependent factors. Therefore, we can assume that they are related

to one another in a form similar to the relation between the two
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monopole interactions. That is, if R .is f.Tu (R), then the 2fR) is
expressed as #F~(R), where = is now the scaling parameter.

We can also assume that $(R) 1iIs a '"surface" interaction, since
quadrupole interaction is predominantly a surface interaction and it
involves changes in the projection of the orbital angular momentum of
the system which is normally at the nuclear surface. Therefore, we may
write the radial part of le (R) as a derivative of the nuclear poten-
tial, similar to the Thomas type interaction in the coupling. IFf
the nuclear potential is parametrised by a Woods-Saxon form factor,
then F(R) is

F(R) = -(Vq/R)[3(WS)/3R] (4.23)
where WS 1is Woods-Saxon form factor and is the strength of the po-
tential. The values of the parameters of this potential could either

be the same as those in the nuclear potential or chosen independently.

4.2.2 (C) OPTICAL MODEL FIT.
When these formulations are taken into account, we now have an ef-
fective real potential as
VCR) = VCR) + [1+ (-DLaJVN®)

+ H(H+DR2/2iR2 + [1 + (-DL*ImFALR) “4.24)
where m=+1 for J>L and m=-1 for J<L. The monopole interaction in eq.
(4.13) is the sum of and V*. To calculate the fusion cross section,
we need to solve only one Schrodinger equation (for each J and L)
containing the above expression as the real part of the optical model
potential. The transmission coefficient is then calculated using eq.
(4.19).

When we made an optical model fit to the fusion cross section data

t
for the 21B +12C system, we observe the following:-
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1. The fits with and without a J-dependence in Fj~(R) are more or
less the same. The X2 obtained in both cases are almost the same.
When we calculated the 1,L,J dependent factor of 3(R) and 2fR) for
different values of J, we observed that these values do not differ
significantly from one another. They vary within the range 0.7 -
1.0, with the asymptotic value 0.9 easily reached. That 1is why
we did not notice any significant difference in X2 for the two

fits.

2 . A significant difference in the X2 was obtained when the values
of the parameters in F(R) are either the same as those in V\,(R)
or when they are different. The latter case yields the better X2

fit, but containing more independent parameters.

3. We observed that values of a and X are almost the same, for most
of the fits we made. WTien we made a X2 Ffit to the data with respect
to a and X, we obtain a minimum X2 when a is approximately equal
X. This 1is not completely unexpected, since the transfer inter-
action involves the same particle. Therefore, the transfer
strength or probability should always be the same in either the

quadrupole or monopole interaction.

In fig- 4.6, we show the optical model fit to the data with a J-
independent F(R) and with the values of the parameters in F(R) varying
independently of the nuclear potential parameters. The values of the
potential parameters are given in table 4.2. The other fits, as de-
scribed in the above cases, are more or less the same as the fit we

present in fig. 4.6 expect that the X2 is different by about 1 to 10%.
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Fig. 4.6 The optical model fit to the fusion cross section of
J1B + 12C system. The potential used is given in eq. (4.20). The

potential parameters used are given in table 4.2.

TABLE 4.2
Potential parameters used in the Tfigure above. Here F(R) is de-
scribed in eq. (4.23)

vV (MeV) r (fm) a(fm)

Real 41.11 0.66 0.88
Imaginary 5.25 0.49 0.71
F(R) 30.00 0.53 0.39

rc = 1.3 fm o = o0 .370 B = 0.32



Notes added 1in proof: The Ffit to thedata in Tfig. 4.6 is a
satisfactory description of the fusion cross section. The imaginary
potential us\ed. is, however, shallow andwe observed that c 1 Is
sensitive to this potential even at lower energies (E > 11 MeV).
There is, therefore, a partial absorption of the partial waves
L < Lg at all energies, thus suggesting a possible significance of
internal waves. However, it Is not obvious a posteriori that the
internal waves should be significant in this system and also "
sensitive to W(R). To Iinvestigate these observations, we made
another fit to the data. The Tfit is shown below. We observed that
one can easily obtain a satisfactorily good fit to the data with a
large imaginary potential, thus effectively removing any surface
transparency effect that the previous potential seems to suggest.
The fit was made using the sum of two Woods-Saxon terms to describe

the nuclear potential and F(R) In eqg. (4.24) Is defined as:

F(R) -ft — ~~(\MR)). Other potential parameters are:
\ r a
Real | .70.3 0.58 0.85
] 11.2 1.26 0.43
Imaginary 43.5 0.61 0.66
rC:]__3 a = ms g ft = 0.5
3 10 13 20 23 30

Energy in cm ( MeV)



In the final analysis, the 13B +12C system reveals some interesting
features of the effect of the spin of the particle transferred. We have
shown that the fusion cross section can only be reproduced if the
spin-dependent forces are taken into account. This is similar to the
observations by Bohne et al [Boh 74] when Ffitting the elastic scat-
tering cross section for this system, i.e. without the spin-dependent

forces the elastic scattering cross sections were not well reproduced.

4.3 CONCLUSION

Given the above analysis, we conclude this chapter with a comparison
of the fusion reaction of X1B +12C and 12C +13C systems and the other
three systems we introduced in the beginning of this chapter.

The two systems, 31B +12C and 12C +13C, are similar because the
cores in the two state molecular model are the same. In the 11B + 12C
system a Ip~™ is being exchanged between the two carbon cores,
while in the 12C + 13C system the exchanged particle is a Ipj”™ neu_
tron. Both systems possess ALAS at energies above the Coulomb barrier.
However, their angular distributions are out of phase, when they are
superimposed on one another at a particular energy. In particular, at
0=90°, 31B + 12C system has a minimum while 12C + 13C system has a
maximum for all cases considered.

It was shown in fig. 4.4 that if a (the scaling parameter in the
monopole interaction potential) has the wrong sign, then the oscil-
lations in both the elastic and fusion cross sections are always out
phase with the cross sections produced using the correct sign of a.
This explains why the oscillations in the two systems are out of phase
with each other and the values of a we obtained have opposite signs.
This is also consistent with the two-state molecular model derivations

[Von 73].
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Another interesting phenomena taking place in the two systems is
that, at all energies, the fusion cross section of the 31B + 12C system
is greater than that for the 12C + 13C system. We argued that in the
12C + 13C system there are no oscillations in the cross section because
the valence neutron is loosely bound (E13 = 4.95MeV). Therefore, the
contribution of the exchange process to the fusion reaction is almost
negligible, because the neutron can be exchanged at large separation
between the two carbon cores. Comparing these properties with those
in the 31B + 12C system, we see that the Ip,”™ e 3s strongly bound,
(Eg= 18.72MeV). As such the wave function of the hole is short-ranged.
Thus, the exchange process can only take place at short separation of
the two cores. Therefore, during the exchange process, the exchange
force could be strong enough to bring the two cores close enough to
overcome the Coulomb barrier, thus having a higher probability of
fusing. As a result of this, o0” has this interesting distinct structure
and is much larger than that for the 12C + 12C and 12C + 13C systems.
Also, because of the extra contribution from the quadrupole inter-
action, more absorption takes place. The barrier heights for each J
will thus be lower than the heights of the barriers in the other two
systems, so more terms are included in eq. (4.12). For this system
(31B + 12C), because of the splitting of the barriers, it is unlikely
to see a dominant signature of one state (JIT) at a particular energy.

A similar argument applies to the 12C + 160, 12C + 1SN and
12C + 170 systems. In these cases, oscillations appear in the
12C + 160 system because of the exchange contribution to the fusion
process. However, in the other two systems we do not have any oscil-
lations because there is no elastic exchange process. Also, the average
fusion cross section in the three systems is consistent with the

classical prediction. That is, 12C + 1SN has the smallest average a”"

73



because it has the smallest Rg. Also, the average fusion cross section
is the smallest because 1=1/2 and there are no extra absorptive chan-
nels (unlike for example, the X1B + 12C system).

In conclusion, the above discussion has illustrated some of the
important aspects of the fusion reaction that take place. Our model
can be used to predict or explain other systems that possess an

oscillatory structure in the fusion cross section.
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CHAPTER 5

THE S MATRIX FOR COUPLED CHANNEL SCATTERING

5.1 INTRODUCTION

The S matrix can be defined as the operator that transforms an in-
itial wave function |[X* > of a nucleon (or particle), which is well
defined before scattering at t = <> into a scattered wave function
Out> that is also well defined after the scattering at t % °°, i.e.

IXout> = Silxm >,
Flux conservation requires S to be unitary i.e. SS = 1. The matrix
contains information on the scattering process, and thus is dependent
on the Hamiltonian H of the system. IT H is time reversal iInvariant,
then S is symmetric.

For two spinless particles scattering in the presence of a central
potential, the S matrix is a diagonal matrix. That is S = exp(2ijL),
where ¢ i s a diagonal matrix with real elements s~ (the phase shifts)
for the angular momentum states Z = 0,1,2,3,.... Thus the particular
S matrix associated with an angular momentum Z is simply

= exp(2i6”). When the scattering is inelastic, 67 is complex, with
the imaginary part taking account for the loss of flux from the inci-
dent channel.

In the presence of a non-central potential some angular momentum
states may be coupled. An example is the scattering of neutrons on
protons in the presence of a tensor potential, where the states with
H=0 (SX) and Z= 2 (Dj) are coupled. The corresponding channel
S matrix is a 2x2 symmetric and unitary submatrix of the main S matrix.

For simplicity we refer to this submatrix as the S matrix.
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The 2x2 S matrix requires three independent real parameters to fully
describe the scattering process. The TFirst two parameters may be
thought as describing the direct scattering of each state while the
other accounts for the coupling (mixing) of the two states. However,
since the elements of S are complex, there are six real quantities
in the matrix. Hence three parameters are redundant and can be ex-
pressed in terms of the other three. Alternatively, one could select
three convenient parameters and express the elements of S in terms
of the chosen. The parameters should preferably be smooth functions
of energy. Each choice leads to a parametrisation of the S matrix.

It is the our aim iIn this chapter to present various ways of
parametrising the S matrix for nucleon-nucleon scattering at energies
both below and above the inelastic threshold for pion production. We
start with a general expression of an nxn matrix, and then consider
the case when n =2. For the latter case, at energies below the ine-
lastic threshold, the most commonly used parametrisations will be
given. At energies above the threshold we shall first discuss the
scattering matrix and later focus our attention on the elastic compo-
nent of the scattering. In the elastic component, a matrix N respon-
sible for the coupling between the elastic and other non-elastic
components can be extracted out and parametrised. We shall discuss
the various forms of parametrising N, and finally in the last

section we shall compare these forms using numerical calculations.

5.2 A GENERAL FORM OF THE SCATTERING MATRIX

For a two body n-channel scattering process the S matrix is a sym-

metric and unitary nxn matrix containing N = ~“n(n+l) independent pa-
rameters. The elements of the matrix are usually written as

Sii = TiexpQib6i) i=l,2,...,n
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S. . N_..exp(io -_.) i*j=l,2,...,n G.D)
1 1

where and N,, are the diagonal and off-diagonal amplitudes which
are real and positive, 6™ and o, are the diagonal and off-diagonal

phase shifts respectively. By introducing a diagonal matrix U, where

Uij = sijexP (isi) i,j=1,2,....,n 5G-2)
and 6 is the standard Kronecker symbol, we can rewrite the S matrix
as

S = USU. (G-3)
Defining o™ = 6™ + 6N + , gives

A _ T }

Sii'_ % i=l,2 ,. e,n

A -

S.. = N__.exp(is_..) i*j=1,2,. .n. G-H

ij iJ iJ

The unitarity on S gives

AA+
SS = 1 (5.5)
since U is unitary. This form of expressing the S matrix allows us

to choose e6” as the Ffirst n independent parameters, thus leaving

A A
n =N -n=n(n-1)/2 parameters in S. For example, when n=2 we are

left with only one parameter, while for n=3 we have n=3 thus one could,

A
in this case, choose either the tk, or N_ to define S completely.
However for n>3 the choice is not all that simple.
5.3 TOO BODY ELASTIC SCATTERING WITH COUPLED STATES

This is the case where S is a 2x2 symmetric unitary matrix and three
real parameters are required to specify the matrix. Writing the S
matrix in terms of eq. (56.3), 1i.e.

S = Usu,

we have in a more explicit form as



A
S = exp(is) S exp(i™) (5.6a)

where 6 is a diagonal matrix containing and 62, the phase shifts.
A
This form implies that we are left with only one parameter in S. We
) A
may write S as
A
S = exp(2ioxe) (5.6b)

where o is the first Pauli spin matrix and t is the mixing parameter
which is real and SS = 1 is satisfied. This form of parametrisation
is the well known "bar phase convention"™ of Stapp et al [Sta 57] (the
SYM). A bar is normally written above the phase shifts to distinguish
it from the "eigen phase convention” of Blatt and Biedenharn [Bla 52]
(the BB) (we drop the bars in this thesis for convenience) . The BB

parametrisation of the channel S matrix is

S = exp(-i0yE)exp(2ij5)exp(i0y£) G.7D

where e 1is the eigen mixing parameter, B is the second Pauli spin
matrix and © 1is a diagonal matrix containing the eigen phase shifts
6i and 62 . The superscript "e" normally written on the parameters is
dropped also.

In both the two forms of parametrisation, the two phase shifts can
be thought as describing the direct channel to channel scattering while
the mixing parameter describes the coupling between the two channels,

as illustrated schematically in fig. 5.1. In the figure, the parame-

Fig. 5.1 A schematic representation of two coupled
channel scattering (time reversal is not shown).

78



ters could be those of either the eigen or the bar phase convention.
The channels are represented by a and b, e.g for n-p scattering they
could be the 3S! and 3DX states respectively.

Recently Sprung [Spr 87] has shown that the set of parameters in the
two conventions are related to one another through a "hidden" parameter
8 . This parameter is a smoothly varying function of energy except at
some points, for example when the bar mixing parameter is z-v/U.

The parameters, iIn the two conventions are also smooth functions of
energy. The phase shifts are mod it. For cases where the potential has
bound states, the phase shifts are defined according to Levinson"s
theorem.

There are other forms of parametrising the two channel S matrix using
matrices like the M and K (see [Ros 60], [Ker 67] and [Arn 82]), but

we shall not discuss these in this thesis.

5.4 TWO BODY INELASTIC SCATTERING
At energies above the threshold, the 2x2 S matrix is no longer unitary
but it is still symmetric and it requires six parameters, not three,
to specify the elastic component of the scattering. In comparison with
the uncoupled states, an obvious choice of parameters is to allow 6 1(
62 and ¢ to be complex. However, this leads to an awkward represen-
tation as pointed by Sprung and Kermode [Spr 82]. More convenient
forms of choosing the required parameters has been suggested by various
authors. It is the aim of this section to present some of these

parameterisations.

5.4.1 THE SCATTERING MATRIX
The size of the S matrix depends on the number of channels present

in the scattering process. For example, when only three channels are
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involved in the scatteringj™natrix is a 3x3 symmetric and unitary ma-
trix. In this case, six independent parameters are required to specify
the matrix and Tfive out of the six parameters describe the elastic
component of the scattering. This matrix contain some interesting
properties that will be presented in the chapter s . For one more extra
channel present, S is a 4x4 unitary and symmetric matrix requiring
ten parameters to specify. The elastic component requires six parame-
ters out of the ten. One could visualise the parameters by a schematic
representation of the scattering into four channels (a,b,c and d), as
shown in fig. 5.2, where there are four direct phases 6/ and six mixing
parameters.

In general, if the scattering involves n channels then the scattering
matrix is a nxn symmetric unitary matrix and requires n(n+l)/2 param-
eters to specify. In this case the elastic component of the scattering
is specified with only six independent parameters. Consequently, when
one is interested in the elastic component of the scattering, it suf-
fices to consider a four coupled channel scattering problem [Spr 82].
The parameters required to describe the submatrix is thus six, but one
parameter is redundant when only three channels are involved. Bryan

[Bry 81] studied the submatrix by considering a four coupled channel

Fig. 5.2 A schematic representation of four coupled
channels scattering. Time reversal part is not shown.
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model in an elegant way. His model is a generalisation of the SYM form
to a 4x4 matrix, where the matrix restores back to the SYM form when
there is no inelasticity.

According to Bryan, the 4x4 scattering matrix can be parameterised
as

S = exp(iA)exp( i1E )*U*exp( 1E )exp(iA) (5.8)

where A is a diagonal matrix with elements 6~ ( = 1,2,3,4), and

= o
E = X 1I . The matrix U is unitary and can be defined as

0 EA

TT e N s avu .
u = £j| exp(i8iri)J*i;J]"exp(i0iri)JT, 5.9)
¢=1 /=1
where 0" are the remaining four parameters and are 4x4 matrices.

This form is consistent with the expression of S we had in eq. (5.3),
A
where we now have S = exp(tE )*U*exp(iE ). Equation (5.8) restores

back to SYM form when U = 1 (eq. (5.6a)), i.e.

S2*2 = exp(iA)exp(2=iE ) exp(iA) (5.10)

where we now have and E =
To extract the elastic component from the 4x4 matrix, the matrix is

written in blocks of 2x2 matrices as follows:

(.11
where represents the elastic component, is the inelastic com-
ponent and accounts for the mixing of the two components. From

eq. (5.8), the matrices A and E can be written in two diagonal blocks

with zero off-diagonal matrices and U as
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(.12)

The matrices N, L and M are all real and symmetric, since U is sym-
metric and unitary. This matrix does not appear in the 2x2 elastic
component of (5.10), thus it is responsible for the .inelasticity of
the scattering. Hence L=0 and N ,M are unit matrices in elastic
scattering.

The elastic component of the 4x4 is [Bry 81]

= exp(I_A)exp(U»x£) N exp(io”s)exp(iA)m (5.13)

This is a 2x2 symmetric but not unitary matrix, and it reverts to SYM
form when N = 1. The subunitarity constraint on implies that

1 > det(1 - S~"Se) = det(l - N2) > 0. (G

Also, the requirement that the cross section for the process should
always be positive imposes [Kla 83]

trace(l -S”™ S™) = trace(l - N2) > 0. (5.15)

The equality det(l - N2)=0, holds when there is only one absorptive
channel [Spr 82, Mel 83] and of course in the pure elastic case when
N is the unit matrix. In this case requires only Tfive parameters,
and two in N. We can now discuss the procedures on how to parametrise

the matrix N, since other parameters in eq. (5.13) are well known.

5.4_.2 PARAMETRISATION OF U

To parametrise N, we have to ensure that the two inequalities in
egs. (5.14) and (5.15) are satisfied and the matrix produced is sym-
metric. The chosen parameters have to be well defined and smoothly
varying functions of energy. There has been various suggestions on

how to select these parameters. In general, the approaches can be
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grouped into two classes. The Tfirst takes the matrix U, containing
N, and parametrise it by choosing the matrices and 8" as in eq.
(5-9). The matrix N, containing only three parameters, is then ex-
tracted. This 1is the approach adopted by Bryan [Bry 81] and Sprung
[Spr 85]. This procedure is consistent with the way the full S matrix
is constructed, but one endsup with an N containing four parameters
instead of three. The remedy to this is to "mechanically" put one of
the parameters equal to zero, even though the choice is rather arbi-
trary. The other approach is to choose three variables and simply
construct the N matrix in the most convenient way. This approach is
much simpler but does not define the main matrix U. Writing the

matrix N as

(5.16)

Kermode and Cooper [Ker 85] showed that the possible values of N can
be represented by a geometrical model. Through a three dimensional
space, with Nn =x, N12=z and N22=y, they used eqs. (6.14) and (5.15)
to construct a geometrical figure. A computer sketch of the figure is
reproduced here in fig. 5.3 (see [Spr 85] also). In the figure a valid
matrix N is represented by a point on or below the curved surface (or
on and above its mirror image). The ridge in the figure is x +y = O.
The equality det(lI-N2) = o holds in the elastic case, when N is the
unit matrix (points A and B on the figure), or if there is only one
absorptive channel, where N requires two parameters and we have a
point on the surface. For two or more inelastic channels, N requires
three free parameters which could be any point on or below the curved

surface.
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Fig. 5.3 The Kermode and Cooper geometrical model. Representing the pos-

sible values of N in (X,y,z) space.



We can now present the various parametrisations of N according to
the following authors: Bryan [Bry 84], Klarsfeld [Kla 83], Melhem and
Kermode [Mel 83] and Sprung [Spr 85]. Starting with the approach of
expressing U and then extracting N, Bryan parametrised U in terms

of the matrices r. (see eq. (5.9)) which are defined as

rx = 1iis * a1 r = lis + b»
rs ~ 23 * 132 r*= lu + luz> (G-17)
where | is a 4x4 matrix whose sole entry is 1 at position nm, oth-

erwise zero. The choice of these matrices was based on the coupling
parameters of fig. 5.2, that is between the channels n and m (the exact
meaning of the coupling is lost when N 1is considered, since one of
the parameters is set to zero). Defining the matrices A and B as

A = exp(iszTZ) exp(i03T3) and B = exp(\8xTx) exp(iOUI’U),
we have Bryan"s U matrix as

U = AB»BA. (5-18)

On expanding and extracting N, we have one too many parameters in N.

Bryan remove this redundancy by putting 8<= 0, ending with

r (cosa c0so0)2- 1 -2 (sinasinJf) (cosacoso)

-2 (sinasinJf) (cosa cosf)) cos22f+ 2(sinasin2f)2 )/ (5.19)

here si=a, 02=8 and 03=2f. The parameters in terms of the elements of
N are

Z = xicos-1[N2i " MN22/(1 + Nn)]

3 = ficos’1[N11 + N2az/(1 - N22)]

a = tan X{-(sgn?DNi2/| [ A + Nn )(I- N22)]2 |>- (5-20)
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Sprung adopted the same procedure as Bryan, that is expressing U

as in eq. (56.18) but argued that the expression for N is much simpler

if 02=0, i.e. leaving Ox=a, 03=y and Oi,=n. The matrix then becomes
(cosza -sinzasiny
n 4 -Sinzasiny cos2y cos2ti - sinz2ycosz2a, (5.2D)
that is
= +icas” LN ] i
a = ticos ~ (Nix), V = sin-1 [-N12/ @ - Nix)2],
= ﬁtcos»l [(N22 + sinzycosz2a)/cos2y] .- (5.22)

Klarsfeld follows a closely related procedure to Bryan"s, but using
the variables w, T and T* instead of the four parameters required in
U, mainly because he was more concernedwith the matrix N. His
parametrisation can be expressed in terms of the U matrix as (i.e.

U =00T)
o = exp(iwoy)exp[irx(r/ +r)]exp[tr,,(r7dj , G.23)

where is the unsymmetric 4x4 Dirac matrix. The two parameters were
further redefined as "eigen inelasticities" Xj and X2:

Xx,X2 = cos2(T = r"), (5.24)

thus producing an N matrix that 1looks like the form used in BB

parametrisation, with w acting like a mixing parameter, i.e.

N =e -vVv ( V e V (5.25)
\ o Xj /
(here is the second Pauli spin matrix) giving
w = itan™1 [2Ni2/ (Nt i-N22)]
= I(Nxx + N22 + 2N12/sin2w)
r2 = i (\XX + N22 - 2N12/sin2w). (5.26)
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The advantage of this form of parametrisation is that the trace and
the determinant of (1- Se) depends on only two parameters. One can
easily show that

det(l- Se S ) = (- XH - XD

traced- S* S ) =2 - X|] - Xf. (5.27)

The other much simpler approach to N 1is that of Melhem and Kermode,

in which they parametrise the matrix in a much more convenient form

as
mcosa QsinY \
IQsinJT cos3 / (5.28)
s
where
Q= (@ - INW + N22 | + N1XN22)4 (5.29)
and
a = zcos ~(Nu ) 3 = tcos *(N22) X = sin "N\2/0Q). (5.30)

The most important advantage of this is form, is that it allows a much
easier way of obtaining a, 3 and % form the matrix N. The expression
for Q represents the cugved surface in fig. 5.3. Note that the con-
strains on N in eq. (5.15) imposes a modulus on Nn + N22 in the above
expression.

One of the weaknesses of the above parametrisations in general, is
that some parameters are undetermined for certain values of the ele-
ments of the N matrix. For example in some potentials, at the
threshold of the fourth channel, where N22 takes the value of one while
Ni2 becomes zero, 3 in Bryan"s parametrisation is undetermined. In

table 5.1, we show possible N matrices for which particular parameters

are undetermined.
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Table 5.1. N matrices for which previous parametrisations have an
undetermined parameter.

Undetermined

Parametrisation Condition parameter Example”
Bryan Nir -1 Yy N x
N22= 1 5 n 2
Klarsfeld NjI= N22 w n3
and N12= O
Melhem and Kermode Qm© Z n?2
Sprung Nh =1 Vv Nx
Ni2 = 1-Nh T N,,
~Here r

with -1 < p < 1.



In view of the problems associated with undetermined parameters, we
propose an alternative parametrisation that determines all parameters
for all possible values of the elements of the matrix N. In selecting

these parameters we have to satisfy the following conditions:

1. Whenever there is only one absorptive channel, one of the param-
eters in N should always be zero. The off-diagonal element Ni2
should also be equal to Q (in eq. (56.28)), but it should have a
definite sign unlike that of Melhem and Kermode where Q could ei-

ther be z#ve.

2. The parameters should be well defined for what ever the values

the elements of N take, unlike those iIn table 5.1.

3. The parameters should give us a feeling (measure) of what specific

coupling they are accounting for.

Taking the above into consideration we (Kabir and Kermode [Kab 87a])
propose a parametrisation that is closely related to that of Melhem
and Kermode in its simplicity and similar to those of Bryan and Sprung,
in that one of the parameters is zero when only one absorptive channel

is present. We propose that the N matrix should be parametrised as

(5.31)

where

and

Q2 = (@ - |Nn+ N221+ N12N22)
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giving
a = xicos 1(N11) 3 =xicos 1(N22)

¢ = sin" 1t (Ni2) - (sgnNi2)sin”1Q. (5-.32)

The imposition of the sign of Ni2 on the parameter £ allows the problem
of Q being tve to be overcome.

In the pure elastic case a = 3 = 4 =0, for one absorptive channel
¢ is zero and the off diagonal element of the N matrix is Q [Mel 83] .
Compared with previous parametrisations, in the case of only one extra
absorptive channel, our parametrisation is similar to those of Bryan
and Sprung, in that one parameter associated with the coupling between
the fourth (and higher) channel and the elastic channels is zero, un-
like those of Klarsfeld, Melhem and Kermode where none of their pa-
rameters are zero to indicate no coupling to the fourth channel (except
if T rather than X is used for the Klarsfeld case).

For two or more absorptive channels our parametrisation is essen-
tially an improvement on that of Melhem and Kermode and is simpler than
all previous parametrisations, 1in addition to being well defined for
all possible values of the N matrix. The parameter $ can be regarded
as a direct measure of the coupling of the fourth (and higher) channel
to the elastic channels and is obtained by the "subtraction”™ of Q from
the off-diagonal element of N. The function Q accounts for the cou-
pling of the third channel with the elastic channels. Therefore, for

weak coupling to the fourth channel we expect ¢ to be very small.

5.5 APPLICATION OF THE PARAMETRISATIONS
One of the aims of parametrising the scattering matrix is to have
parameters that would give us an insight into what is happening during

the scattering process. Normally, we choose parameters that are smooth
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functions of energy so that whenever a jump or discontinuity occurs
at a particular energy, then such an event will signify a physical
phenomena in the scattering. Having presented the various ways of
expressing S, it is worthwhile to have a model that can be used to
compare the various parameters as functions of energy. With this in
mind, we consider a model and calculate the matrix S”. In particular,
since the parameters 62 and e are well known parameters from the
SYM form in the elastic case, the iInterest is on the matrix N. The
model we choose for testing the parameters is a simple one. We assume
a four channel scattering process in s-state.

To calculate the matrix S, we solved a four coupled channel
Schrodinger equation and calculated the S matrix at various energies.
From we can calculate the elements of N and apply the various forms
of parametrisations discussed in the previous section.

The radial Schrodinger equation for a four coupled channel scatter-
ing in s-state is,

ui// m - \?2 Vl.j-(r)u.l(r) + Ki-zul.(r) =0 (5-33)

J=t
for i=1,2,3,4, here k~2 is the energy for various channels defined as
m Kj for the first channel
Ikz - klz for other channels.
where i represent the ith channel and k~2 1is the threshold energy of
the ith channel. The potential V,, (r) represent the coupling between
the ith and jth channel. Since our aim is to investigate the energy
dependence of the parameters in N, the particular shape of the po-
tential is not important provided the elements of N are smooth.
Therefore, we shall use the simplest potential — a square potential,

defined as
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V.. fr r<*

Vif(r) - VTr(r) =/ 0 for r>a

where a is the range of the potential. A similar calculation was made
using a gaussian potential, but no difference in the results was ob-
tained, we shall therefore not present the calculations here. We shall
be using three potentials to investigate the energy dependences of the
parameters.

In table 5.2, the numerical values of the three potentials are given.
The three potentials were chosen such that the effect (if any) of bound
states on the parameters can be investigated. We have chosen the first
potential to have no bound states, while the second and the third po-
tentials have one and two bound states respectively. The existence
of bound states in the potentials was determined numerically using the
procedure given in appendix A.

The Tfirst step towards calculating the scattering matrix is to solve
the Schrodinger equation above (eq. (56.33)) using numerical methods.
A numerical method for solving differential equations containing only
second order derivative is the Cowell-Numerov method [Fro 70] . This
method requires two initial conditions, the first being u®(0)=0. For
the second, there are four possibilities; u~(h) = h5,, for j=1,2,3,4
where h 1is the step length of integration. Each one of these initial
condition leads to a solution u™(r), when integrated from r-o to r=a.
Thus the wave function for each channel is a linear combination of the
four solutions, which we may write as u~(r) for i,j=1,2,3,4. At r>a,
the solutions to u”(r) are the asymptotic functions. At r=a, we can
match the four solutions with the asymptotic Tfunctions, four sets of
equations were obtained as

H-

PA wu. (@
m jn  *

6 .. cos(K.a) + MT_-sin(K,a){kL for k? > k.2
ij i ij i i

T
Tl(nfujnsa) ei] cosh(Kia) + Mijsinh(<fa)/ t% for kI < kiz
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Table 5.2. Coefficients, , for the square well potentials used

Threshold energies are: k2z= 0.0202 fm_2, k32= 0.2002 'I‘m_2 and k,,2
0.8802 fm"2.
Potential () 1.50 0.45 0.85 1.35
(no bound state) 0.45 1.55 0.35 0.25
0.85 0.35 1.60 0.15
1.35 0.25 0.15 1.65
Range of the potential a=2. fm
Potential (@) 1.50 0.65 0.75 0.95
(one bound state) 0.65 1.55 0.65 0.65
0.75 0.65 1.60 0.65
0.95 0.65 0.65 1.65
Range of the potential a=2, fm
Potential Q) 1.60 0.35 0.25 0.25
(two bound states) 0.35 1.25 0.35 0.25

0.25 0.35 1.70 0.35
0.25 0.25 0.35 1.75

Range of the potential a= 3.0 fm



where M,, are the elements of the M matrix (see [Ker 67]). There is
another set of four equations for the derivatives. For i,j = 1,2,3,4
we have four sets of eight equations with 32 unknowns, 1i.e. the

and . The M matrix is obtained by solving these equations, and

the S matrix determined from
S=1+2ik x (M- ik )-1 (5.34)

where Kk is a 4x4 diagonal matrix with elements

The submatrix Se is the first 2x2 block of S. From Se the N matrix
along with ,62 and ¢ were obtained using Bryan®s [Bry 84] method
of extracting the phases from Sg. From the elements of the N matrix
each set of parameters are calculated. The energy dependence of these
parameters for the different potentials is shown in figs. 5.4 to 5.6.

The graphs show that at energies below the third channel threshold
the parameters behave as expected. Above the third channel threshold
the new parametrisation and those of Bryan and Sprung behave satis-
factorily by having one of the parameters equal to zero except when
N takes any of the values given in table 5.1. However, in
Klarsfeld"s parameters 1is unity not zero (but T is zero). Also,
changes in the sign of Ni2 makes the Melhem and Kermode parameter X
Ffluctuate between because Q = |N12] and whenever Q=0, X is unde-
termined .

When the fourth channel is open all parametrisations have their pa-
rameters describing the scattering varying reasonably smoothly with
energy except when N is one of the special cases given in table 5.1.
Klarsfeld"s "inelastic mixing parameter” w was allowed to vary
smoothly by adding #ir, where n is an integer.

Near the threshold of the fourth channel Ni2 tends to zero while

Nix or N22 tends to unity (at the threshold Ni2 is zero and Nxi or
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N22 is unity). We notice that, since interchanging the diagonal ele-
ments of N does not change det(lI-N2) or trace(l- N2), the values
of Nu could be those of N22 and vice versa, this results iIn some am-
biguities at the threshold of the fourth channel. The values of the
parameters a (Bryan), w (Klarsfeld), Y (Melhem and Kermode) and vy
(Sprung) are not well defined at the threshold (for example a (Bryan)
could be either zero or in depending on N22). However our parameters
are well defined at threshold.

One of the advantages of our parametrisation is that € as a direct
measure of the coupling between the fourth and the elastic channels,
is very small for potentials (2) and (3 even beyond the threshold of
the fourth channel, and for potential (1) it is not small. This 1is
because of the weak coupling to the fourth channel in the first two
cases whereas for potential () there is a strong coupling to the
fourth channel (i.e., Vu, (1.35) is greater than Vi3 or V23). When the
energy dependence of trace(l- N2), a measure of the absorption cross
section, is compared with the trace when the threshold of the fourth
channel is large, for example k2 = 5.8 fm"2 (i.e. the case of only one
absorptive channel), the difference for the potentials () and () was
less than 10% whereas in potential (1) it was about 50%. This suggests
that o is a measure of the amount of flux lost to the fourth channel.

In plotting the graphs it was assumed that whenever a parameter was
undetermined a value was taken so as to make the curves continuous,
thus giving the smooth energy dependence shown in the graphs. Also,
Melhem and Kermode®s parameter Y was assumed to be constant (ir in fig.
5.4 and 5.5, and -“n in fig. 5.6) below the threshold of the fourth
channel to avoid any fluctuation.

From the figures, the elements of the N matrix are clearly smooth

functions of energy for all the three potential despite the fact that
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+1.00

' 2
Fig. 5.4 The energy dependence (in fm— ) of various parametrisations of
the N matrix for square potential (1), which supports no bound state (see
table 5.2). Graph (@A) shows the elements of N matrix (Nn ; full curve:

Nj2 ; broken curve: N22 ; chain curve), (B) shows Bryan®"s parameters F ;

full curve: 3 ; broken curve: a ; chain curve), (C) shows those of Klarsfeld
(u ; full curve: p. ; broken curve: p2 ; chain curve), (@) shows those of

Melhem and Kermode (@ ; full curve: 3 ; broken curve: Y ; chain curve),
(E) shows those of Sprung (a ; Tull curve: p ; broken curve: ® ; chain
curve) and (F) shows our new parameters (a ; full curve: 3 ; broken curve:
¢ ; chain curve). All angles are given in radians.



Fig. 5.5 As in fig. 5.4 but with potential (2) which supports one bound state.



Fig. 5.6 As in fig. 5.4 but with potential (3) which supports two bound states.



the potentials contain different number of bound states. Therefore,
we conclude that there is no clear bound state effect on the elements
of N and the variables in all the parametrisations considered. It
should also be noted that the behaviour of the parameters is not de-
pendent on the type of potential.

Another problem we encountered with previous parametrisations is
that when applied to the set of data given by Arndt et al [Arn 83] for
nucleon-nucleon scattering up to 1 GeV, it was observed that in some
instances the modulus of the arguments of the inverse of sine or cosine
was slightly greater than 1. This, of course, was due to experimental
errors. For our parametrisation, ¢ is determinable but its error bars

would be reduced by the constraint det(l1-N2) > o .

5.6 SUMMARY

To summarise the chapter, we have seen that the elastic component
of*nucleon-nucleon scattering matrix can be written in a parametrised
form in eq. (56.13). It is a symmetric matrix, and also unitary at en-
ergies below the inelastic threshold (with N being the unit matrix).
At energies above the threshold, the matrix is not unitary but satis-
fies the inequalities of egs. (6.14) and (5.15). In this case the
matrix N accounts for the inelasticity of scattering. This matrix
is real and symmetric, it requires three parameters to define for two
or more extra channels present but two when there is only one addi-
tional channel. There have been many suggestions on how to describe
this matrix. In this chapter, we have considered them and their weak-
nesses. We have also presented a new form of parametrising the matrix
which overcomes these weaknesses. Finally, a model comparison for all
the parametrisations was made in which the energy dependence of each

parametrisation was investigated.
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CHAPTER &

THE THREE CHANNEL SCATTERING MATRIX

6.1 INTRODUCTION

In the previous chapter the scattering matrix for a general n-
channel scattering process was discussed. The matrix S is symmetric
and unitary requiring N=n(n+1)/2 independent real parameters to define
it uniquely. There are two ways of writing the matrix in terms of the
required parameters. The one we have presented in the previous chapter
is parametrising the matrix by selecting N parameters and then ex-
pressing the elements of S in terms of these parameters. The other
alternative way is to write the matrix in its usual complex form,
containing 2N variables, and then use the unitary condition on S to
find the relationships between the N variables. That 1is, since we
require N independent parameters to specify S, we can express the other
N variables in terms of the chosen parameters. The procedure of ex-
pressing these variables is more tedious than merely choosing N inde-
pendent parameters (as in the previous chapter). However, in section
5.2, we have given a procedure that would reduce some of this diffi-
culties, by extracting the set of diagonal phases {67}, thus leaving
ﬁ:n(n—l)lz parameters in é. That is, by writing the scattering matrix
as

S = USU, (6.1)

where the e/ are contained in the wunitary diagonal matrix U. With
this, one simply use the unitarity condition on the matrix S to obtain

the relationships between the elements of the matrix.
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For example for n-2, the solution is quite trivial. Writing the

matrix as

we obtain from SS+ = 1, $12 =ir/2 and

D=1 =n2 = /1- Ni2% 6-2)

Thus the matrix may be specified by sls 6Z and N12. This is similar
to the SYM form by letting ti=cose =

According to Horn"s theorem [Hor 54], for an nxn unitary matrix
(n>2) if the diagonal elements are written as = TKexp(2i6™), i.e.

|S”J = np then

m
0 <ti.< 1 and £ ti.—2ti. < n-2
1 L 1 J
for 1,j=1,2,3,...,n. This puts bounds on the amplitudes. Thus the

substitution T) = cose above is within the bounds.

For n=3, Waldenstrom [Wal 74 & 81] presented some of the relation-
ships between the elements of the matrix, and used Horn"s theorem to
put bounds on the elements of the matrix. The aim of this chapter is
to derive the relationships between the elements of the matrix, 1iIn a
similar fashion to that of Waldenstrom, but it will be shown [Kab 87b]
that they lead to some interesting relationships not obtained by
Waldenstrom. We shall also add more boundary conditions on the param-
eters (elements), this is borne out of our numerical application of
the problem [Kab 87c].

A,

For the 3x3 S matrix, the matrix S (eg. (6.1)), contains three sets
of variables, each set has three parameters, thus there is a one to
one mapping of the elements in the sets {n*>, {&,}, and {N,,}. Since

A
n=3, then we can select any set to represent the N=6 Independent pa-
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rameters required to specify S. Hence the diagonal elements in the
3x3 matrix alone are sufficient to specify the matrix.

For n>4, the choice of the parameters in S are limited compared to
the n=3 case, we have to select either the set {f3 } or {N~}. Thus
the diagonal elements alone are not sufficient to specify the S matrix.
Of course one can always choose a mixture of the all the parameters
to obtain the required N=n(n+1)/2 parameters. However, this procedure
involves quite tedious algebraic manipulations that may not necessar-
ilyﬁ?Worth it, since there is a much easier way of specifying the
scattering matrix by choosing the required number of parameters and
write the matrix in terms of those parameters (eg Bryan'"s

parametrisation of the 4x4 matrix [Bry 81]). Therefore, we shall not

attempt to do this.

6.2 THE RELATIONSHIPS BETWEEN THE ELEMENTS OF THE 3X3 MATRIX.

The symmetric matrix can be written in the same form of eq. (6.1)

that is,
where - N~exp(if),,) and tk is a real parameter.
Thus,
Sii = TiexP(216i) (6-33)
and
Sij = Nij exPtu(s+e6j i j)1 isij- (6-3b)

Note that due to the symmetry of the matrix the subscripts ij and ji
are the same, we shall sometimes use both notations.
The unitarity condition S S = 1 gives, for the diagonal equations,

E N 2 + 42 =1 i=1,2,3 (6.4)
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and for the off-diagonal equations

N12 C"HiexpCl312) +Tieexp(-iP12)] = Nx3N2zexp[ i1 (i+323 -&i3 )] (6.5)

and cyclic (I-2-=3>T) and complex conjugate. Squaring and adding the
real and the imaginary parts of eq. (6.5), we have
N12 (1+1]2)2C0S2p12 "h Nl2 (1171k )2sIn2312 = N13N23
= Ni3N| 3 (cos2312 + sin2$iz2)e
Thus
[N22(Tli+TI12)2 - NijNL]
tan 3i2 ~ [ n23n|3 - N220ni-H2)2]= (6 .6a)

Similarly for the 3 i3 and [s23 > from the cyclic relationships we have

[Na3 (T +TIB)2 ““ Ni12NI3]
tan 313 - FN22 3 - N23a(ni-a3)2], (6 sb)

and

[Nl 3 (k+TI3)2 - N12N13 ]

tan2323 ( NazNzs _ NJ3 (e -Ti )2]. (6 .6C)

To eliminate the N,, in the above equations, 1i.e. expressing the 15 _

in terms of the tk, we substitute the solution to eq. (6.4) namely,
2N1J2 = (@-THi-Tii-ni) + 2riK2, ,j.»n=d,2,3) 6.7

into the equations above. Note that (i,j,k)=(1,2,3) represents a cy-
clic mapping, i.e. for (i,j,k) the allowed values are only (1,2,3),
(2,3,1) and (3,1,2). We have, after much algebra, in a compact form

tan23. . = AB./B.B, (.j.k=,2,3) G -8)
i] 1 J K

where

A = (i1+T12+T13)2 -1, (6.9)



= 1- + —
B l('I'|1 an

. )2 a.3.k=,2i3). (6-10)

K

The egs. (6 -8) to (6.10) allow us to express the {&,} in terms of the

We shall now consider the inverse relationships. From the ex-

pressions of A and the B®, we can write the as
2tu = (1-Bx)* + (1-B3)* G .11)
2h2 = (1-B2)* + (1-Bx)2 G .12)
2n3 = U-b3)* + (i-b2)* (6.13)
(A+D2 = (1-BX)* + (1-B2)* + (1-B3)*. (6-14)

The latter expression can be written in a more convenient form, by
dividing by A2, and writing t for 1/A,

(1+D* = (t-b)* + (t-b)* + (t-b )* (6.15)

where (from eq (6 8))

bi = BA/A = |cot$ikcotfljk | G.j.0=0,2,3) (6.16)

Note that b™ has to be positive, thus necessitating the introduction

of a modulus in the right hand side of the equation. We can also define

y; =1 - b_l + b:J + bK = 8U1I|J/A ,3.k=,2,3) (6-17)

which are obtained by expanding egs. (6.9) and (6.10). We can now write

the expression for n™ in terms of the g from the above equation as,

D2 = Aygy,/sy a.j.k=(,2,3) (6.18)

where A can be obtained from

t=I1/A = (y”™ + yiy3 + y2y3)/syiy2ys - 1 (6.19)

98



Therefore, the above expressions allow us to express {ri"} in terms of
The equations we obtained are indeed quite interesting partic-

ularly their cyclic nature i.e. (i,j,.k)=(1,2,3).

6.2.1 BOUNDS ON THE PARAMETERS.
According to Horn"s theorem, the bound on {n"} are

0 < tk < 1 and il + T2 + @3 - 2n < 1. (6 20)

for i1=1,2,3. The Ilower bound on the last expression is not zero but
-1. For example consider the case rii=l and t=riz=0. Thus in a more
explicitly form we have

- i< OJ+n2+n3) -2ni < L (6.21)

Similarly from eq. (6.-4), it follows that

O<N..<1 (6.22)

Ll
Also, the following cases can be obtained from eqs. (6.4), (6.5 and

the other cyclic set of eq. (6.5) (nhot shown), i.e. when:

i3 = o then nx+ n2 = i
ti2 =0 then Ji+ = 1;
T = o then twh+ = 1;

in a compact form we have, when

i = 0 then +nk = 1 G.j.0=0,2,3). (6.23)

Similarly, when

M. = 1then D. = nk G,i.0=(01,2,3). (6.24)

The eg. (6.-24) corresponds to a complete decoupling of one of the
channels. For example, if the third channel is not present, then T3=1
and implies that N33= N23= 0, which also leads to eq. (6.2), i.e.

i = T2 = y/l- Ni2.
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These equations give six lines in a (n9 ww , t3) plane, which rep-
resent the set of bounds that form the Waldenstrom pyramid with the

vertex at (1,1,1) as shown in Tfig. 6.1. This point represent the

elastic limit, where all the off diagonal elements vanish i.e. N .= 0.
|

The equation for the three planes of the pyramid are the equality in

Horn"s inequalities (eq. (6.20)), i.e.

i + m +93) -2ni =1 for i=1,2,3. (6-25)
and the bottom surface (hidden in the Tfigure) is

hi + n2 + h3 = 1. (6.26)

Thus points inside the pyramid are bounded by
(hi + h2 + ha) - 2ni < 1 for i=1,2,3,
and

hi + h2 + h3 ~ 1.

Thus, the values of t§* cannot have arbitrary values but bounded by a

pyramid of fig. 6 .1 .

12

Fig. 6.1 The Waldenstrom pynnaid in (hi,h2>hj) space.
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6.3 PARAMETRISATION OF THE 3X3 SCATTERING MATRIX.

From these relationships, we can now consider the possible ways of
parametrising the scattering matrix. For the full 3x3 matrix, six real
parameters are required to specify the matrix uniquely. If three of
those are taken to be the phases of the diagonal elements (i.e. twice
the real phase shifts), the other three can be taken from the set of:
(@) diagonal amplitudes (®); (b) off-diagonal phases (P,,); (c) off-
diagonal amplitudes (N,,) or (d) ni, @ and N12.

The procedure for obtaining the complete S matrix for each of these
cases is as follows:

Case (@). Calculate the amplitudes N.. from the solutions to eq.
(6.4), i.e.

Ni2 = (O - ni - d] + t?)/2 (6.27)

and cyclic. Calculate the phases f5,, from eg. (6 8)-(6 -10).
Case,, (b). Calculate the amplitudes n™ from egs. (6 .16) -(6 .19)
and the amplitudes from eq. (6.27)

Case (c¢). Calculate the amplitudes n™ from

'ﬂ% = 1 - N?22 - Nas (6.28)
and cyclic, which is eq. (6.4). The phases follow from egs.
(6 -8)-( -10).

Case (d). Calculate

n|3 =i - ni - n22 (6.29a)
N3 = 1 - TI] - NJ2 (6.29b)
ni = ni + ni + 2N22 - | (6.29¢)

and then the phases 3 .. as above.
1]
This may be particularly useful when the inelastic 2x2 submatrix

is considered. The five parameters that specify Sg are si, TR,

Thi, 2 and Ni2 . However, we note that the phase shifts si and 62 are
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not the two (bar) phase shifts in the usual expression for Se. Without
a consideration of the 4x4 matrix, it is not possible to see how the
sixth parameter in the general parametrisation of is not free in
the three-channel case. We shall now investigate the energy dependence

of these parameters.

6.4 NUMERICAL APPLICATIONS

To investigate the energy dependence of the parameters {n , (3.}
and we use a numerical method similar to the one used in the
previous chapter to calculate the scattering matrix. Here only three

sei of

channels are coupled, so the Schrodinger equation is ajthree coupled
differential equations. We calculated the scattering matrix by solving
the Schrodinger equation of eq. (5.33) but with =0 ((=1,2,3,4)
and k4 set to a large number, which means that there is no coupling
to the fourth channel. Thus we are effectively solving a three channel
problem. With these values, the solution to the Schrodinger equation
gives Ui,(nN=0, s~=s~=0 for i=1,2,3, and S~=1 at all energies. We
also set the threshold of the third channel to be small, so that at
all energies all the three channels are opened. For this case, a rig-
orous test of the parameters in S is not needed, because the equations
are valid for three channels only. Therefore, the scattering matrices
are calculated when > ks in eq. (56-.33).

After calculating the S matrix, we used egs. (6.3a) and (6.3b) to
calculate the diagonal amplitudes and the off-diagonal phases. These
values were used in the egs. (6 .8)-(6 -10) to calculate and eg.
(6.18) to calculate the n®. The values we obtained were all found to
be correct. In fig. 6.2 we show the energy dependence of these param-
eters for a square potential with one bound state. The existence of a

bound state in the potential was determined using the procedure given
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amplitudes. ()] N...l, the off-diagonal amplitudes. © 33-, the
i
off-diagonal phases. The full curves represent i = 1 and j = 2.

The dashed curves reperesent i = 2 and j = 3 The dot-dashed curves
represent i = 3 and j = 2. For a three coupled channel square well

potential V.ij (fm ) where:_

0,33 0.23 0,27 and a= 2 fm, which supports
0,23 030 o .19 a bound state.

0.27 0.19 o0 .28



in appendix A." As shown in the figure, the parameters are all smooth
functions of energy, thus any of them can be usedto specify the scat-
tering matrix. They are also not affected by the existence of a bound

state in the potential, like those in the previous chapter.

6*5 CONCLUSION
The relationships between the elements of a 3x3 symmetric matrix, we
derived here, are indeed interesting and unique for only a three
channel matrix. The parameters, as was shown, do not take arbitrary
values, rather they are bounded. In particular, the diagonal ampli-
tudes are bound by the Waldenstrom pyramid. This is not the Ffirst time
we have seen the unique properties of the three channel scattering
matrix. In the previous chapter, it is shown that the elastic component
Sg of an nxn scattering matrix contains a real matrix N which de-
scribes the coupling to the inelastic channels. This matrix requires
three independent real parameters to specify when the scattering in-
volves more than three channels. However, it requires only two param-
eters for a three channel process and iIn this case the off diagonal
element becomes Ni2= Q = (I-|Nn+ N22+ NIHIN22 D" The matrix also
satisfies det(I-N2) = o for the three channel process and its possible
values are points only on the surface of the Kermode and Cooper ge-

ometrical figure (see fig. 5.3).

In conclusion, the relations that we have presented in this chapter
will prove useful in checking the numerical solutions of the
Schrodinger equation in the case of three open channels. Also, in the

construction of the S matrix from experimental data, the formulae
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(6 8)-(6 -10) and (6.18) and (6.19) will provide information as to
whether the physical process involves three channels (the formulae are

valid) or four or more channels (the formulae are not valid).
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CHAPTER 7

CONCLUDING REMARKS AND SUMMARY

Section L.

In this thesis we have presented a satisfactory explanation to the
mechanism responsible for the oscillatory structure observed in the
fusion excitation function of light heavy-ions (below the f-shell).
These ions were classified into two groups, the symmetric and nonsym-
metric systems, and a further subdivision in terms of spinless and
non-zero spin systems was made.

For the symmetric spin zero systems, experimental measurements re-
veal that the oscillations appeared in systems with reduced mass not
greater than that of 20Ne + 20Ne system. In these systems, because
of the symmetrisation of the system, the odd partial waves do not
contribute. The oscillations appear because of the difference in the
barrier heights of two successive even partial waves. For the lighter
ions, this difference is large (for the lower-£), but for the heavier
ions the difference is small. That is why the excitation functions for
the symmetric heavier ions possess no oscillations. It was demon-
strated [Pof 83] that the curvature of the Coulomb barrier is important
in determining the sharpness of the cut-off of the transmission co-
efficient as a function of the angular momentum of the system; a sharp
transmission coefficient is essential in reproducing the oscillations.
Nuclear potential with large surface diffuseness produce such trans-
mission coefficients.

For the symmetric non-zero spin systems, for which apart from the
IhN + 1N system no experimental measurements have been made to date,
we have demonstrated that using the symmetrisation of the system both

the even and odd partial waves contribute to the fusion reaction, but
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not in equal weight. Using a simple approximation to the transmission
coefficient, we showed that oscillations are likely to appear in a
system of two light spin-i nuclei. Oscillations may also appear in
spin-1 bosons, if the reduced mass of the system is less than that for
the IitN +IFN system. For other systems, no oscillations are expected.
These deductions are quite interesting and would require experiments
to confirm.

For the nonsymmetric ions, we have shown that for systems in which
the interacting nuclei differ by one or few nucleons, the oscillations
appear because of elastic transfer of a valence particle between two
identical cores. This transfer, observed in the elastic scattering,
is evident at large angles where anomalously large scattering cross
sections were observed. The large angle scattering cross sections were
reproduced using a parity dependent potential that describes the
elastic transfer mechanism. The same potential was used in reproducing
the fusion oscillations. Without this elastic transfer, there would
be no oscillations in the fusion excitation function. That is why some
other nonsymmetric systems that differ by few nucleons, but with no
evidence of elastic transfer process, possess no oscillations. It was
argued that the binding energy and the spin of the valence particle
are important. This explains why the 12C +1G0 and 12C +13B systems have
pronounced oscillations in the excitation functions, whereas 12C +13C
has very little structures. For this reason also, oscillations may
be observed in the fusion excitation function of X*Mg +23Na system,
even though the reduced mass 1is quite large and oscillations were
neither observed in 2*Mg +2FMg nor do we expect any in the 23Na +23Na
system (because 1 = 3/2).

In fitting the fusion cross section data, we showed that it is es-

sential for the transmission coefficient to have a sharp cut-off in
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2,-sftace. This is realised by using a large surface diffuseness for the
real potential. For other systems that do not possess oscillations
in the excitation function, the use of a large surface diffuseness is
still justifiable, as we illustrated in the Tfit to for UN +1PN
system. The use of large a~ is also appropriate in the elastic scat-
tering of many heavy-ions like 28Si + 28Si, where the the SCO model
is a good description of the scattering. We have also illustrated that
to reproduce oscillations in other nonsymmetric ions, a mechanism is
required that would shift the barrier heights of odd-even partial
waves. It is this shift in the barrier heights that brings the os-
cillations. An example of this was the fit we made for a + hOCa sys-
tem.

The fits to the fusion excitation functions, we made, have illus-
trated that, fusion reaction could provide valuable information on the
radial dependence of the nucleus-nucleus interaction potential, par-
ticularly it can be used to verify some theoretical potentials commonly
used. For example in the fits to the cross sections for: 12C + 160;
12C + 2<Mg; a + <@a and IPN +1UN systems, we have shown that the
conventional Woods-Saxon potentials do not adequately describe the
nuclear potentials of these systems. We solved the problem by using
the sum of two Woods-Saxon terms for some of these systems and for
other using a Woods-Saxon squared. The potential described by the sum
of the two Woods-Saxon terms requires more parameters compared with a
conventional Woods-Saxon potential. Therefore, it is not the most
convenient form of describing the nuclear potential. However the use
of such a potential stress that a slight generalisation of the standard
Woods-Saxon appears necessary. Further work can be directed into in-
vestigating the most convenient form of describing the nuclear poten-

tial .
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In this thesis, it has also been shown that it is possible to re-
produce the oscillations in Tfusion excitation function while at the
same time obtaining a satisfactory fits to the elastic scattering cross
sections. We demonstrated that the real potential is the same in both
processes, but the imaginary potentials are different. The imaginary
potential required for the fusion is confined to the interior of the
real interacting barrier and it is part of a larger imaginary potential
required to for the elastic scattering. An important result we showed
is that the parity dependence required in fitting the anomalous large
angle scattering cross sections is consistent with that required to
fit the fusion oscillations. This was demonstrated in the 12C +1SO and
12C +13C systems, where the large angle scattering cross section were
reproduced satisfactorily.

In the final analysis, this thesis has successfully explained the
mechanism that brings fusion oscillations in some light heavy-ions.
The model presented was also used in predicting oscillations in some

other systems.

Section 11

In this section we have shown that the parametrisation of the various
scattering matrices reveals some interesting relationship between the
elements of the matrices. We showed that, the unitary 3x3 S matrix
is particularly special because it requires six independent real pa-
rameters which can be constructed from appropriate combinations of the
three real amplitudes and the three real phases of the three diagonal
or three off-diagonal elements. Additionally, 1if this matrix is
written in a form similar to that of Waldenstrom, then the diagonal

amplitude, the off-diagonal amplitude and phases have interesting cy-
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clic relationships. The diagonal amplitudes were bounded by the
Waldenstrom pyramid as shown in fig. 6.1.

The 4x4 S matrix, which requires ten parameters to specify, has
four real amplitudes (phases) for the diagonal elements and six real
amplitudes (phases) for the off-diagonal elements. It was shown that
the choice of the free parameters for the 4x4 case is not as wide as
that for the 3x3 case. This matrix, was parametrised by Bryan [Bry 81]
and the elastic component of matrix was parametrised in a form similar
to the "bar phase shift convention" of Stapp et al [Sta 57]. But the
elastic component now contains a matrix N that describes the coupling
between the two elastic and the inelastic channels. The matrix N,
which is real and symmetric, requires three parameters if there are
more than one inelastic channel present, but two for one inelastic
channel. The possible values of the matrix were represented by the
Kermode and Cooper geometrical model (see fig. 5.3). This matrix has
been parametrised in various ways. We have presented the
parametrisations suggested in recent years and we have applied them
to a four coupled channel potential wells. We showed that when only
one inelastic channel is present some of these parametrisations are
not completely satisfactory. An improved form of parameterising the
matrix was suggested, which is suitable for any number of channels.

The results in this section have illustrated some of the interesting
relationships between the elements of the scattering matrices and they
apply to any complex symmetric unitary matrix. The parameterisations
are useful in phase shift analysis and other non-nuclear physics ap-
plications (such as circuit theory as pointed out by Waldenstrom
[Wal 81]). The new form parametrising the matrix N could provide
useful information on the coupling between the elastic and inelastic

channels.

109



APPENDIX A

DETERMINATION OF BOUND STATES

For n coupled channel problem, the Schrodinger equation is a coupled
differential equation and the potentials form a symmetric nxn matrix.
The potentials may support a bound state(s), this appendix is a for-
mulation on how to determine the bound state(s). The formulations are
similar to the one used in determining the bound state of a deuteron

(n=2). The Schrodinger equation may be written as

/ _

Ura EVigUp = €€ - Qpuy, G- D
for i=1,2,3, ...,n, where E is the energy and is the threshold energy
of the ith channel. If one were to determine the solution of the above

equation numerically, then an inexact equation can be written as

* — ; = — - —_
Yio EV';F'rb $E gf GE)ufB (A-2

J

where 6E is a deviation from the exact energy. Multiplying eq. (A.D
with u” and eq. (A.2) with u , and then subtracting the two equations

we have
"3 - 2 - - = -
Mt~ Yitsad ¢Vt m - Yitiad T 0 Uity (A-3
J
Summation over all the channels, we have,

ELuZguif- <ifVidy - FV-iiku iy - u-bu.al = -E6E u,quK. (A-D
v

*

The second term in the above equation is zero. Thus

- N =
EXa%m - YisYia C Yl (A-5

Integrating between zero and infinite gives,

£ H - (liauib < uibuia~r * -6EE [ ulauibdr- (A-6)

0 i
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Splitting the limits into o to if~and to & (where RMis almost the
same point as or they could differ by the step length of inte-

gration) , we have
Go co

= ELCU- Uy~ UilYe? Wil Ui " (A-D

If a bound state exist at energy E, then u”a(©0)-0 and u”™a(0)=0. The
above equation becomes
L.H.S. =E{[u".a(RJuibRti - u"CR"u.’\igRI'E)]
_ - N NDR* _ N VANTRAY N
[gla’lR u.R*D - urCR”u i%R 13-

IT R is the cut-off radius of the potential, then uia(R-):uia(R ) and
uia(R _]=U'Ea(kj . SlmllarI}/ Usp has to be continuous, thus

Uib~ ):Uﬁ’)\(R )» Therefore, the above expression becomes

L.H.S. = mE«ilO)[Zib(If! - u"b(«].-

C
The asymptotic wave Tfunction is then u’\l.~ exg(_—a.lr), Chere aT-2= E—Q’_\l)
and the R.H.S of eq. (A.s) becomes, assuming u_la— Usp= U-s
R.H.S. = -6EJ2[ lu2.dr + Jllexp(-2a .R)]
| Ad 1

where N‘: is a normalisation constant. Thus we can write 6E as

AuL(R)[ulbRY) - ulb (11t

6E = _ -
21 (A + exp(-2aiR)/2ai].
< Jo
Since the wave functions u are not the exact solutions of the

To

Schrodinger equation, all but one (say i=n) could have continuous first

r A
derivatives, i.e. [uf’\CR()) “ uf’\CRy))]= o for i=l,2,...,(n-1) and the
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equation above oecomes

nb

oE £[Jurdr + N?exp(-2aiR)/2ai]. (A.8)

To determine the energy of the bound state, s6E is iterated as a
function of E until it converges to zero, 1i.e. %‘BERI -ur({ ) =0,
and thus egs. (A.1) and (A.2) are the same. To iterate 6E, the wave
functions u”™ at various energies E have to be determined. A numerical
method similar to the one presented in chapter 5 can be used. The

method leads to u..(r) solutions. At the cut off radius, we have

—n 1J
¢Au ® = Nexp(-o0 R (A.9)
J
for i=1,2,..,n and for the derivatives;
n
EA._.u".(R = -a_Nexp(-a ,R A.10
JJUU() Npexp(-a Ry (A-10)
for i=1,2,..,n-1 (since for i=n the derivative 1is not continuous).

Assuming that Nx= 1, then one ends up with 2n-1 equations containing
2n-1 unknowns. Thus A” and can all be determined. Using the two

equations above, we may write

- vi (RN = -a N -a R) - MA.L -(R). -
nn(R"’D vf ( an__nexp( a D _ Junj R (A.1D)
J
With this, eq. (A.s) can then iterated at various energies until it

converges to zero. If the potentials do not support a bound state then

6E diverges. Thus u;(R )i ur'](R+) at the cut off radius.

A square potential
If the potential is a square potential, i.e.
B for r<R
ViJ-(r) - Vji'(r) - i\/_\(3/” for r>R

then an easier method of determining the wave functions (and the S-

matrix) 1is presented here. Suppose the solution to eg. (A.l) is

112



u.= AsinK.r for r<R. (A.12)

Substituting into eq. (A.1) for i=1,2,3,....,n, we have, in a matrix
form,

D A =KA (A. 13)
where D.. = -V..+ k.2 (here k.2=E-Q.) and D..= -V.. for 1i7H. The

matrix A 1is a column vector containing the wave functions. The matrix
K is diagonal containing K”2. The above equation is an eigen problem
with the eigenvalues in K and n eigenvectors. That is can be de-
termined from det(D - K)=o0 . This leads to an nxn matrix B containing
all the possible eigenvectors, and the wave functions are now

u. = "B..sinK.r (A.1D
1 j 1 J

for i1=1,2,3,..,n. From the above wave function the bound state can be

determined.
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