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Abstract

Denoting the space of n x n skew-symmetric matrices, with entries in C, by
Sk(n,C) there is a natural notion of equivalence on this space given by an

action of the group Gl(n,C). We refer to this as skew-equivalence.

In this thesis we consider the classification of families of n xn skew-symmetric
matrices, given by smooth germs C”,0 — Sk(n, C), up to a related equivalence,
G-equivalence, introduced by Bruce, Tari to classify families of symmetric ma-
trices. We use the complete transversal theory of Bruce, du Plessis, Kirk and
determinacy results of Damon, Wall, Bruce, du Plessis, to obtain lists of simple
G-finitely determined germs. We are assisted in this task by the Maple computer

package Transversal, developed by Kirk.

Our classifications are initiated by considering the action of the appropriate
jet-group, J'G, on the 1-jets of such germs. This amounts to an action of
Gl(n,C) on r-dimensional subspaces of Sk(n,C). In particular we consider
this action on 2-dimensional subspaces of Sk(n, C) or pencils of skew-symmetric
matrices. This requires adapting classical techniques, for the reduction of both

non-singular and singular pencils of matrices, to the skew-symmetric case.

Non-singular pencils are dealt with by considering representative pairs of
skew-symmetric matrices of which at least one is non-singular. Representing
these pairs by A-matrices and considering the associated A-equivalence we find
a complete set of normal forms. Together with a canonical reduction of singular
skew-symmetric pencils, derived from the classical approach of Kronecker, we

obtain a set of normal forms for pencils of skew-symmetric matrices. In particu-

lar we find an explicit list of normal forms for 1-jets of germs C2,0 — Sk(4,C).

The main result is a complete list of all simple G-finitely determined germs
C?,0 » Sk(4,C). We identify a relationship between aspects of this classifica-
tion and a classification of families of general 2 x 2 matrices, C" - M(2,C),
carried out by Bruce, Tari. We also consider special families of skew-symmetric
matrices whose classification is either fairly straightforward or is obtained from

existing classifications of map-germs under K-equivalence.



In addition we perform a selective classification of 3-parameter families of
4 x 4 skew-symmetric matrices. This is initiated by using our list of normal
forms for pencils as a foundation for finding skew-equivalent normal forms for

3-dimensional subspaces of Sk(4,C).

Corresponding to the classifcation of 1-jets of rank r of families of skew-
symmetric matrices we identify a dual classification of the 1-jets of corank r of

mappings into the dual space Sk(n,C)*.
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Chapter 1

Introduction

We start with some background notation and results from linear algebra, for

which we refer to [Lang].

If V,W are vector spaces over a field K then Hom(V,W) denotes the set
of linear maps from V to W. The set of isomorphisms V — V is denoted by
Gl(V). When W = K then Hom(V,W) = Hom(V, K) is the dual of V and
denoted by V*. There is a canonical monomorphism V — (V*)*, which is an

isomorphism when V is finite dimensional.

The tensor product of V with itself is denoted by V®V, and there is a natural
bi-linear map VxV =2 V®V, (v,w) » v®w. The set /\2 V is obtained as the
quotient of the tensor product V' ® V by the submodule generated by elements
of the form v ® v. We define the wedge product of two vectors v1,v2 € V v Ave
to be the image of v; ® v, in the quotient /\2 V. It is linear in both slots since
® is. It follows that 0 = (v + v2) A (v1 + v2), and since vy Avy =va Av2 =0
it is clear that v; A vy + v2 Av; = 0. Clearly any element of /\2 V is a linear

combination of elements of the form v; A v,.

If {e1,...,en} is a basis for V then one easily checks that e;Ae;,1 <1< j<n
is a basis for A’ V.

We now give a general introduction to skew-symmetric or alternating bilinear

forms, and see how skew-symmetric matrices naturally emerge.



Definition 1.0.1 (a) Let V be vector space defined over a field K. A bilinear
form, ¢, on 'V is said to be alternating or skew-symmetric if ¢(v,v) = 0,
forallveV.

(b) A skew form ¢ is non-singular if ¢(v,—) : V = K is non-zero for all
0 #v € V. Otherwise ¢ is singular.

(c) We denote the set of all skew-symmetric bilinear forms on V' by Alt(V),

where

Alt(V)={¢p: VXV — K : ¢(v,v) =0, forallveV}.

If ¢ : VxV — K is a skew-symmetric bilinear form, by expanding ¢(v; +

v, + V), Uy, U2 € V, then
$(vz,v1) + d(v1,v2) = P(v1 +v2,v1 + v2) — P(v1,v1) — $(v2,v2)
= 0.

Hence any skew-symmetric bilinear form is also antisymmetric, i.e.
B(v2,v1) = —P(v1, v2). (1.1)

Conversely, if ¢ is an antisymmetric form, then setting v2 = v; in (1.1) gives

2¢(v1,v1) = 0. So if K is not of characteristic 2 then ¢ is skew-symmetric.

Remark 1.0.2 By the above, if K is not of characteristic 2 there is no need
to distinguish between skew-symmetric and antisymmetric forms. However, in
characterstic 2 this is not the case. For this reason it is preferable to consider
skew-symmetric rather than antisymmetric forms.

Relative to a basis {e;,...,e,} of V a skew-symmetric form, ¢ is specified

by an n x n matrix A = (ai;), where a;; = ¢(e;, e;). This leads to the following

definition.

Definition 1.0.83 An n x n matriz A = (a;;) with entries over a field K is

skew-symmetric if a;; = 0, a;; = —aj, that is A is of the form
0 a2 a3 Qin
—a;2 0 a3 Gan
A=| —a13 —ags
An-1n
—~Qin —a2n *** —QGp-in 0



Lemma 1.0.4 If K is not of characteristic 2 then a matriz is skew-symmetric
if and only if
AT = -A. (1.2)

Proof If a;; = 0, aj; = —ai; then clearly AT = — A. However if AT = —A then
aj; = —a;j and a;; = —ay;, the latter implying that 2a;; = 0. So if K is not of

characteristic 2 then a;; = 0 and A is skew-symmetric. O

The relevance of the matrix constructed above from a basis and a skew form
is explained in the following obvious result.

Lemma 1.0.5 (a) Let V be a vector space, with basis {e1,...,e,}, and ¢ a
skew form on V. Then if v =3 vie;,w = Y wie; € V we have ¢(v, w) = 7T AD

where U, are the column vectors corresponding to the v;,w;, and A is as above.

(b) A skew form is singular if and only if its matriz representation with

respect to any (and hence all bases) is singular.

Lemma 1.0.6 Any skew-symmetric matriz, A, of odd order n and defined over
a field K, not of characteristic 2, has zero determinant.

Proof Since A is skew-symmetric

AT =-4A

Taking determinants
det(AT) = det(—A)

and hence
det A =(~1)"det A

which, since n is odd, implies that

2det A =0.

So as long as K is not of characteristic 2 then

det A = 0.



We sometimes refer to skew-symmetric matrices of odd or even orders as odd
or even skew-symmetric matrices, accordingly. Note, from now on, we assume
the field K is infinite and not of characteristic 2 and hence all matrices, A,
defined over K which satisfy (1.2) will be skew-symmetric. The following result

will be of use later on.

Lemma 1.0.7 Given any skew-symmetric matriz of the form

0] ay
-, 0 ao
—Qa9 0
A= ,
0 a4
—-a; 0O

then

0 if s is even
det A = A .
© { a?a---a2 if s is odd

Proof If s is even then A is an odd skew-symmetric matrix and so its determi-
nant is zero. If s is odd we have an even skew-symmetric matrix and it can be

verified that its determinant is that given above. O

1.1 The Space of Skew-symmetric Matrices

We denote the space of all n x n skew-symmetric matrices over K by Sk(n, K).
Each skew-symmetric matrix is determined by its upper triangular entries and

hence we can think of Sk(n, K) as a vector space with

dim Sk(n,K) = (n-1)+(n-2)+- +1 (1.3)
- %n(n ~1). (1.4)

The standard basis vectors for Sk(n, K) are the set of matrices
{E¥:1<i<j<n},

whose (4, j)th element is 1 and whose (j,i)th element is —1 with all other entries

zero. ( Alternatively, the (r, s)th entry of E¥, E¥, is given by

E:.Ja = 6,',6,-, - (5,‘,5]‘,-. )



Let N = n(n — 1)/2. Then any A € Sk(n, K) can be written

A= Z aijEij;

1<i<j<n

and can also be represented by the N-tuple [a)2,...,8n-1n)- (We refer to this

as upper triangular representation for A.)

The following result, taken from [Cohn], concerns the reduction of a skew-

symmetric bilinear form to a standard skew-symmetric matrix representative.

e=(21).

Given a skew-symmetric bilinear form, ¢, on a space V (over any field K ),

Theorem 1.1.1 Let

the form has even rank 2r, say, and in a suitably chosen coordinate system its

matriz is

Er = @rE +0

[ 0 1 )
-1 0
= , (1.5)
0 1
-1 0
e 0 -
where 0 is an (n — 2r) x (n — 2r) null matriz.
Proof This is proved by showing that V' has a basis u;, v1,..., Uy, Up, wy,... W,,

where dimV = 2r + s, rank ¢ = 2r and

d(ui,vi) = —g(vi,u) = 1,

1 €4 £ r with ¢ returning the value 0 for all other choices of pairs of basis
elements.

The proof is by induction on dim V. If ¢ = 0 then r = 0 and we have the re-
sult. Otherwise, choosing z, y € V such that ¢(z,y) # 0, then on dividing z or y
by ¢(z,y) we obtain vectors u,, v, for which ¢(u;,v;) = 1. Furthermore u; and
v; are linearly independent, for if v; = Au, say, then ¢(uy,v1) = Ad(uy,u1) =0,

which is a contradiction.



Let V; be the subspace spanned by u; and vy, and U the subspace given by
U={z€eV:d¢(z,u1) = d(z,v1) = 0}.
Clearly, any z € V can be written as
T = ¢(z,v1)u1 + $(wr, z)n1 + 2, (1.6)

for a unique vector ' € V. In fact it is easily verified that ' € U and moreover
since Vi NU = {0} it follows that V =V, @ U. Thus dimU = dimV — 2 and

the result follows by induction on dimV. O

Before discussing skew-symmetric matrices further we consider a related set

of canonical objects. Above we defined the exterior product (alternating prod-

uct), A’V as

NV=VeV/spweviveV}.

If dimV = n and we choose some basis of V to be {e1,...,e,} the corre-

sponding basis for /\2 V is given by
{einej:1<i<j<n}. 1.7)

For convenience we represent a general element of /\2 V by the notation, 7,

where

U= E /\,-,'e,- Aej,
1<i<j<n

with A;; € K. Using the property of the wedge product that e; Ae; = —e; Agj

we can also write ¥ in the form

b= Z Lrser A €g, (18)

1<r,s<n

where pgr = —pps = Apys /2.

Lemma 1.1.2 (a) Each skew bilinear form ¢ on V corresponds to a linear

map A’V o K, that is element of (N2V)*. Conversely any such element
corresponds to a skew formV xV = K.

(b) Any bilinear form ¢ on a vector space V yields a linear map ¢* : V = V*
defined by ¢*(v) » (w — ¢(v,w)). In particular, this gives a natural map
Alt(V) - Hom(V,V*).

10



Proof (a) Any bilinear form yields a linear map V ® V' — K; the skew-
symmetry shows that this yields a well defined linear map /‘\2 V = K. On the

other hand given a linear map a : /\2 V = K define ¢(v,w) = a(vAw). Clearly
¢ is bilinear and ¢(v,v) = a(0) = 0.

(b) Is obvious. O

Note that if {e1,...,e,} is a basis for V, then {e; Ae;,1 <i< j<n}isa

basis for /\2 V and {(e; Ae;)*,1 <i < j < n} a basis for its dual. Note that
(e; Nej)* = —(ej Ney)*.

There is a natural notion of equivalence on the space Alt(V) originating with

the group of linear automorphisms of V', which we denoted GI(V).

Definition 1.1.3 Two elements ¢1,¢2 of Alt(V) are equivalent if for some
element a € GL(V) we have ¢, (v,w) = ¢2(a(v), a(w)) for all v,w € V.

It is easily checked that this gives rise to an equivalence relation on Alt(V).

Indeed this follows because there is a corresponding ‘action’of the group GI(V'),

on the space Alt(V) (or equivalently (/\2 V)*). So given ¢ € Alt(V) and a €
GIl(V) then we set (a.¢)(v,w) = ¢(a(v),a(w)). This is a group action in the

following sense.

Definition 1.1.4 By an action of a group G on a set M we mean a mapping
®:GxM— M, such that forallz e M and g1, g2 € G

(i) ®le,z) =1z

(ii) q’(glg%z) =9 (91$¢(927z))1

where e denotes the identity of G. We usually write g.x for ®(g,z) and the
above then become

(i) ex=zx
(1) (9192)-z = g1.(92.2).

11



Given such an action we define an equivalence relation ~ on M by agreeing
that z ~ y when there ezists an element g € G for which y = g.x. The equiv-

alence classes are called the orbits under the action. Given x € M the orbit
through z is by definition the equivalence class which contains z, i.e. the set

Gz ={gr:g€G}

If G is a group which is also a smooth manifold, then G is a Lie group if
both the maps G x G = G,

(91,92) ~ 9192,

and G - G

g9’
are smooth. If M is a smooth manifold an action of the Lie group G is a
smooth map ® : G x M — M satisfying both properties, (i) and (ii) above, of
a group action. The Lie algebra, LG, of a Lie group, G, is the tangent space
to the Lie group at the identity.

Remark 1.1.5 Classification, up to such an equivalence, amounts to listing
orbits, representing each by a suitable normal form.

An invariant of a group action is some property or function which is constant
on orbits.

Naturally when doing calculations one has to choose bases and work with the
space of skew-symmetric matrices rather than skew-symmetric forms, Gl(n, K)
rather than GI(V).

Lemma 1.1.8 The action of GI(V) on Alt(V) corresponds to the action of
Gl(n,K) on Sk(n, K) given by

A- XTAX,

where X € Gl(n, K).

It follows (and is easily verifed) that this action preserves skew-symmetry.
This leads us to the following definition.

12



Definition 1.1.7 Two skew-symmetric matrices A, B are said to be skew-

equivalent if

B=XTAX,

for some matriz X € Gl(n,K).

In fact, it can be shown that given any skew-symmetric matrix, A, by performing
a series of elementary column operations on it, provided we also apply the same
elementary operations to its rows, we obtain a skew-equivalent skew-symmetric

matrix.

This is dealt with in detail in the next section for the more general case
of skew-symmetric matrices defined over a ring R and we refer the reader to
Lemma 2.1.9 and Definition 2.1.10, there, for a description of elementary row
and column operations on such matrices. So, although the above can be deduced
by standard linear algebra, we defer the proof until then, where it is a special
case (R = K) of Theorem 2.1.14.

Since the reduction under this equivalence corresponds to that given in The-
orem 1.1.1 for a skew-symmetric bilinear form, the standard normal forms for

skew-symmetric matrices are :

N=&,E®0, (1.9)

5=(50)

and 0 an (n — 2r) x (n — 2r) null block. These normal forms are representatives
of the orbits of Sk(n, K) under Gi(n, K), determined by rank, 2r, which must
be even. Hence Sk(n, K) has finitely many orbits. These orbits are smooth

manifolds, and their union is the stratification of Sk(n, K).

with block

The proof of the following lemma is taken from [Cohn].

Lemma 1.1.8 The determinant of a non-singular skew-symmetric matriz is
the square of a homogeneous polynomial in its entries.

Proof By Lemma 1.0.6 any non-singular n x n skew-symmetric matrix must
have n even and we let n = 2r. Now let A be the matrix with entries a;; = t;;

13



(¢ < j), where the t;; are the n{n — 1)/2 independent upper triangular entries,

and a;; =0, aj; = —a;;. Hence A is of the form
0 t12 e tln
A= VI :
: tn—1n
—tin o —tp_1n 0

Let Q[t] = Q[t12,. . .,ta—1n] be the ring of polynomials in the ¢;;’s with rational

coeflicients. We can then consider the field given by
Q) = Q(tizy..-,tn_1n)

f@) .
{m.f,geQ[t] andg;éO}.

Clearly, A is defined over this field. We claim that A is non-singular. If not
det A would be 0 € Q(t). But by choosing certain values, Z,;, for the t;; we can

reduce A to

E, = &,E

rblocks

and then det (A(f)) = 1 (from Lemma 1.0.7).

Since the above reduction to normal forms, (1.9), is valid over any field it
follows that
A=XTE. X,

where X is a non-singular matrix over Q(t).

Taking determinants

det A (det X)? det(E,)

14



for some f, g € Q[t], where f, g # 0. Therefore
f? =g*det A, (1.10)

where det A is a homogeneous polynomial, of degree 2r, in Q[t]. Since Q[t] is a
unique factorization domain (UFD) it follows that g|f and writing f/g = F we
deduce from (1.10) that det A = F? is the square of a polynomial in the t;;’s,

and hence in the entries of A. Furthermore as noted above this polynomial is

homogeneous and of degree r. O

Remark 1.1.9 This polynomial is determined up to sign, which can be fixed
so that F reduces to 1 when A = E,. The polynomial determined in this way
is called the Pfaffian of order n = 2r and is denoted by Pf(A).

We also need the following facts (see [Artin], page 142).

Proposition 1.1.10 (a) For A € Sk(n,K), X € Gl(n,K) we have Pf(XTAX)
det(X).Pf(A).

(b) We write A™® for the matriz obtained from A by deleting rows and
columns v and s. Clearly this is itself skew-symmetric, and we write C,, for
(=1)™*2-1Pf(A™%). Then

n
Pf(A) = Zaingj.
Jj=1
(This is the analogue of the usual expansion of determinants by rows/columns.)

Proof (a) For the first case we adjoin the variables z;; (entries of a generic
matrix X) to the a;;. Clearly Pf(XTAX) = +det(X)Pf(A); specialising to
the case X = I we see that the sign is +1.

(b) We may suppose that n = 2m is even. Clearly Pf(A) is linear in the
row variables (multiply the i** row and column by t and taking determinant
yields t2 det A). We write D,, for the coefficient (homogeneous of degree m — 1)
of a,, in Pf(A). Consider first the case r = 1,3 = 2. Now det A = Pf(A)? =

(a12D12 + D)? where D does not involve a;5. Expanding the determinant of

15



A by the first row, and the (1,2) minor by its first row it is easy to see that
the coefficient of a?, in det A is det(A?), so Djs = +Cj2. Switching rows
and columns we deduce that D,; = +C,, for any r,s. So we can deduce that
Pf(A) = Z};l *a;;C;;. It remains to determine the signs. This can be done
as follows. We need to choose a particular matrix A which is non-singular,

h

whose (r,s) entry is non-zero, which has no other terms in the r** row. For

this we choose the form ¢ with ¢(e,,e;) = 1,¢(ei,e;) = 0for i =r,s,j # r,s.
Now write the remaining vectors in order and pair them off consecutively e,, e
with @(es,ep) = 1. Changing basis to bring this to normal form, and some

straightforward calculations determines the sign. O

With a view to considering the geometry of stratification of Sk(n, K) we

introduce the following space, I' C Sk(n, K) x K™, given by
I'={(A,v) € Sk(n,K) x K" : Av = 0}.

We then consider orbits of I' under Gl(n,K). If X € Gl(n,K) it acts on
(A,v) €T by
X.(A,v) = (XTAX, X ).

It can be seen from (1.9) that kernel vectors of N are of the form
w= (Oa .. .,0,11)2r+1,. .. awn)'

Given such kernel vectors, w, we consider an action which gives us a normal
form for the set (N,w). f Y € Gl(n, K) then let Y ~! represent a series of row

operations on the last n — 2r rows of w resulting in the vector

€2r4.1 = (0,,..,0,1,0,...,0).
e’

2r

Writing

with B an invertible (n — 2r) x (n — 2r) matrix, then it can be seen that these
row operations correspond to the premultiplication of the last (n — 2r) rows of

w by B~!. The action of this Y on (N, w) is given by

(YTNY, Y_lw) = (YTNY, 32r+1),

16



where

YTNY =

and so N is unaffected by this action irrespective of the submatrix, B. This is
as expected since any row operations on the last n — 2r rows of a kernel vector
w are accompanied by a series of simultaneous row and column operations on
the last n — 2r rows and columns of N which are all zero. There are therefore

finitely many GI(n, K) orbits of I represented by the normal forms
(N = @rE 5] 0,62r+1).
Proposition 1.1.11 The tangent space to the Gl(n,K) orbit through A €
Sk(n,K) is spanned by {YTA+ AY : Y € M(n,K)}.
Proof Consider the path in Gl(n, K) given by

X =T+1tY,

where Y is any n x n matrix. Hence the tangent vector to the Gl(n, K) orbit

of A (at A) corresponding to this path is

T -
lim{(I+tY) A(I +tY) A} (L11)
t—=0 t
= YTA+ Ay, (1.12)

as required. O

Corollary 1.1.12 The tangent space to the Gl(n,K) orbit through (A,v) € T
is spanned by {(YTA + AY,-Yv):Y € M(n,K)}.

Proof Clearly, the first components of tangent vectors to the Gl(n, K) orbit of
(A,v) are those found in the previous proposition. It remains to consider the
second component of these tangent vectors corresponding to v € K*. Taking

the same path, in Gl(n, K), considered in Proposition 1.1.11 it follows that
X 1=I1-tY +0(2),
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where O(2) represents terms involving quadratic and higher powers of ¢. So the

tangent vector to the Gl(n, K) orbit of v (at v) corresponding to this path is

lim {(_ﬂ_)”_“_‘i} = —Yu.
t—0 t

Note here that we can neglect the higher powers of ¢ occuring in X ~! since they
vanish in the limit. Consequently, the tangent vectors to (A,v) € T are given
by (YTA+ AY,-Yv), for any n x n matrix Y. O

By choosing Y to be each E;; for 1 <14,j < n, where E;; denotes the matrix
with a 1 in the (7, j)th entry and zeros elsewhere (basis vectors of M(n, K)),
we can use these results to find sets of vectors which span these spaces. In each
case, taking all the linearly independent vectors gives us a basis for the tangent

space and hence its dimension.
Lemma 1.1.13 The tangent space to the orbit of
N=6,.E®0¢€ Sk(n,K)

has the set of basis vectors given by

E*-1  2k<j<n
—E™ 2k+1<j<n [°

foreach1<k<r.

Hence the dimension of this tangent space (and the dimension of the orbit)
18

dim Sk(n,K) — dim Sk(n — 2r,K) =r(2n — 2r - 1).

Proof Note, this proof deals with sparse matrices and so for convenience we
leave null blocks of such matrices blank. We first use (1.12) to consider the form

these tangent vectors take, for a general skew-symmetric matrix A. Let
a;yy -t Qin

Qn1 ' Qun

If Y = E;; then AY is a matrix whose jth column is the ith column of A, with

zeros elsewhere. Furthermore YT = E;; and Y7 4 is a matrix whose jth row is
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the ith row of A, with all other entries zero. Hence the tangent vector to the

orbit of A corresponding to E;; is given by
ai;
E?;A—&-AE;,- =1 aa - Qi -;-aj,- cer Qin
Qni

As A € Sk(n, K) it follows that for 1 < k < n, a;x = —ay; and hence a;; +a;j; =
0.

Now we consider the tangent vectors to the normal form, N. So for each E;;
the corresponding tangent vector is the matrix whose jth row and jth column
are obtained, respectively, by superimposing the ith row and ith column of N,
with zeros elsewhere. Since the last n — 2r rows (and columns) of the normal
form are zero it follows that all tangent vectors corresponding to E;; where
2r + 1 < ¢ < n, are the zero vector. We only need to consider the tangent

vectors resulting from directions E;; where 1 < i < 2r.

Consider,

N = . (1.13)

From (1.13) we see that we can obtain the tangent vectors E'¥ and ~E%* by
using the first two rows and columns of N, i.e. the first (leading) block. For
example we get all tangent vectors of the form —E?/ from the directions Ey;
(3 < j < n)in M(n,K). Similarly we get the tangent vectors EY (2 < j < n)
from the directions E,;. Note here there are two directions which result in the

tangent vector E'? namely E;; and E,; but we choose the later to avoid a range
of j which would include the direction E; resulting in the zero vector. In a
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similar way we use the second block of N to obtain tangent vectors E3/ and
—E* given by directions Eyj, 4 < j < n and E3j, 5 < j < n. Note here that

the directions E4; and E3; for j < 3 give no new tangent vectors.

It follows that given the kth block of N we obtain the following tangent
vectors to N. The tangent vectors corresponding to using the 2kth column
(2kth row) of N to fill entries in row 2k — 1 to the right (and column 2k - 1
below) are

2k—1j
E=F=)

where 2k < j < n, and are obtained from the directions Eox; in M(n, K).
The tangent vectors corresponding to filling entries in row 2k to the right (and
column 2k below) are

2kj
—E2%ki

where 2k +1 < j < n, and are obtained from the directions Esx_,; in M(n, K).
Note here that by considering all blocks 1 < & < r we consider all directions,
Eij, for 1 <1 < 2r which give independent tangent vectors. Clearly since all

these (non-zero) vectors are basis elements of Sk(n, K) they are independent.

So the dimension of the tangent space to N is given by
r
> [1+2(n - 2k)] =r(2n - 2r - 1).
k=1

Notice that this dimension is also given by

dim Sk(n, K) — dim Sk(n - 2r, K) = %n(n -1)- %(n -2r)(n—2r - 1).

Corollary 1.1.14 The tangent space to the orbit of
(N=0,E®0,e2r41) €T

has the set of basis vectors given by

(E*-13 ) 0) 2k<j<nj#2r+1
(Ezk—12r+1,_62k)

(—E2ki () dk+1<j<njtor+1 (LSEST
(_E2k2k+l,—e2k_l)

0,—e;)) 2r+1<t<n
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and has dimension r(2n — 2r — 1) + (n — 2r).

Proof The first component of any tangent vector to (N, es,+1) is one of those
found in the previous lemma. To find the second component of this vector we
need, in addition, to consider the effect of the tangent vector E;; € T;Gl(n, K)
on ez;41 € K™ In general if (A,v) € T and v = (v1,---,v,) then if Y = E;;

then the component of the tangent vector in K™ is given by

—Ejv=(0,---,0, —v; ,0,---,0).
~—

ithentry

That is, the ith entry of the tangent vector is the negative of the jth entry of v.

If v = egp41 it follows that vorpy =1l and v1 = -+ vy, =Vgpp2 =0, =0
and so for all directions E;; for which j # 2r + 1 the corresponding component
of the tangent vector in K™ is zero. So using Lemma 1.1.13 and considering
directions E;;, for which 1 <4 < 2r, then provided j # 2r + 1 we have tangent

vectors to (N, e2r41) consisting of ordered pairs of the form

(E*-1,0) 2k<j<n
(-E?*3,0) 2k-1<j<n {’

for 1 < k < r. However, those tangent vectors obtained by considering the
directions E;a,4, will have component —e; € K™. So (with 1 <i < 2r) we find
these tangent vectors are

(Ezk—12r+l,__e2k)
{ (_E2k2r+1’_62k_1) }a

foreach 1 < k < r.

Since the first components of all these vectors are the independent tangent
vectors to NV in Sk(n, K), they are independent in Sk(n, K) x K™, irrespective
of their component in K™. We obtain additional vectors by considering those
directions, E;;, which give the zero vector in the first component but whose
effect on esr4 is some non-zero vector in K®. Recall from Proposition 1.1.13
that such directions are those E;; for which 2r + 1 < i < n. Clearly by the
above argument we only get non-zero components in K™ when we consider the
directions Ejo,+1. The resulting vectors are

(Oa _e2r+l)7 R (01 —en)‘
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For these to be independent to the vectors, with non-zero components in Sk(n, K),
their components in K™ must be independent, which they clearly are since they
are basis vectors of K™. It follows that the dimension of the tangent space to
(&E®0,e9-41) €T is

dim Sk(n, K) — dim Sk(n — 2r, K) + dim K™~ 2" = r(2n — 2r — 1) + (n — 2r).

O

1.2 Pairs of Skew-symmetric Matrices

Definition 1.2.1 Let (A;, A2), (B1,B;) be ordered pairs of skew-symmetric
matrices, over K. We say that they are skew-equivalent if for some invertible

matriz X over K we have
B; =XT4;X, j=1,2
Definition 1.2.2 Given a pair (A1, A2) then we call the roots (1 : A), on the
projective line, PK, which satisfy
det(pA; + AA3) =0

the eigenvalues of this pair. Associated with each (distinct) eigenvalue (uo : Ao)

there is an eigenvector ug # 0 satisfying

(HoA1 + Ao Az)ug = 0.

Consider any pair (XTA; X, XTA;X), where X € Gl(n, K), which is skew-
equivalent to (A;, A2). This pair has eigenvalues, (1 : A), given by the roots
of

det(uXTA1 X +AXTA3X) = det[XT(pd; + AA3)X]
(det X)% det(uA; + AA),

which since det X # 0, are the eigenvalues of (A4;, A;). Hence eigenvalues are

an invariant of skew-equivalent pairs.
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1.3 Pencils of Skew-symmetric Matrices

Consider a pair of skew-symmetric matrices (A;, A2) neither of which is null or
a scalar multiple of the other. This pair form a basis for a 2-dimensional family

of skew-symmetric matrices obtained by the linear combination
a1 Ay + az4,,

where a; are scalars in K.

We call this family a pencil of skew-symmetric matrices. The skew-symmetric
matrices obtained by fixing the scalar parameters are known as members of the
pencil. Since A;, A, are skew-symmetric it can be easily verified that for all
(a1, az2) € K? a1 A + a2 A, is also skew-symmetric. We refer to pencils obtained

from odd or even pairs as odd and even pencils respectively.

Clearly a pencil is determined by any pair of independent matrices in it. In
what follows we aim to use these independent pairs to describe pencils. For this
reason, in Sk(n, K), null matrices are of no interest, and we also need to identify
a matrix with all its scalar multiples. To do this we consider the projective space
of Sk(n,K) and denote it by P(n,K). As a result any two distinct points of
P(n, K) represent a pair of independent skew-symmetric matrices. With this in

mind we formally define pencils of skew-symmetric matrices as follows.

Definition 1.3.1 A pencil of skew-symmetric matrices is a line in the projec-
tive space, P(n, K), of such matrices. It is, of course, determined by any pair of
distinct points on that line. Hence given such a pair (A, As) of skew-symmetric

malrices we can represent the pencil, A, they determine by
A= pA) + A,
where the ratio (1 : \) € PK are the coordinates of points of the pencil.
‘The action of the general linear group, Gl(n, K), on Sk(n, K), mentioned above,

produces an action on the projective space P(n, K). This leads us to the fol-
lowing definition.

Definition 1.3.2 Two pencils are said to be skew-equivalent if one line is taken
to the other by an element of Gl(n, K).
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Alternatively since any pencil is determined by two distinct points on it, then if
we can find a pair of distinct points on each pencil which are skew-equivalent,
according to Definition 1.2.1, the pencils they determine are said to be skew-

equivalent. This leads to the following lemma.

Lemma 1.3.3 Let the pencils A, B be defined by (distinct) pairs (A, Az),

(B1, By) respectively. Then the pencils are skew-equivalent if and only if for
some

a v
( 8 & ) € Gl(2,K)
we have (aA; + BAz,vA1 + 8A2) and (B, By) are skew-equivalent as pairs.
Proof As stated above the pencil A is determined by the independent pair
(A1, A2) and can be expressed by
A= pA) + M. (1.14)

We can find a pair of members of A by choosing two ratios (a : 8), (v : 8). This
pair, (A1 + B4z, vA1 +6As), is distinct if these two ratios are distinct, that is,

#

>R

o
B
or ad — By # 0. If this is the case, then we can also express the pencil in terms
of this new pair or basis by

A

plad; + BAz) + o(vAr + 042)
(pa+ av)A1 + (p8 + 0d) As,

i

where (p : 0) € PK. Comparing with (1.14) we see that the coordinates
(1 1 A) of points of 4, relative to the old basis, can be expressed in terms of the

coordinates (p : o) of points, relative to the new basis, by the linear map

pY_(ea 7 p

A g o o /)’
Hence the condition above for the pair (a4, + BA42,74; + 642) to be distinct,
and hence determine the pencil 4, is just the requirement that the matrix

( g ; ) € GI(2,K).
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(We refer to this matrix as the change of basis matrix.) If this pair is skew-
equivalent to the pair (B, B;), then it follows from Definitions 1.2.1, 1.3.1
and 1.3.2 that the two pencils are skew-equivalent. O

In this context, the following well known result is useful later.

Lemma 1.3.4 (The Three Point Lemma) Given three distinct points x; = (z; :
y1), Xa = (22 : y2), X3 = (x3 : y3) on the projective line PK', there is an
element g € Gl(2,K) (or a unique element g € PGl(2,K)) such that

gx; =(1:0), gx2 =(0:1), gx3 =(1:1);

1.4 Singular and Non-singular Pencils

Given an n x n pencil,
A= pA; + Ay,

it has determinant

A = det(upA; + AA3)

Qop™ + qap A+ + g\,

a homogeneous polynomial in K[g,A]. Then (the polynomial function) A :

K? — K vanishes at those points (i : A) of the pencil for which pA; + AA, is
a singular matrix.

Definition 1.4.1 A pencil is said to be singular if all its members are singular,
that is for all (u: X) € PK, A = 0. As K is infinite this is true if and only if
A is identically zero, ie. gg=--- =g, = 0.

Note if a skew-symmetric pencil, A = pA, + AAj, is odd then it follows from
Lemma. 1.0.6 that, for each (1 : A) € PK, det A is zero. Hence all odd skew-

symmetric pencils are singular.

A non-singular pencil is one for which A is a non-zero polynomial, i.e at
least one of the ¢; # 0. (Note that g¢o = det A;, g, = det A;.) Over C this
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determinant can be resolved into linear factors
A, A) = (oap = B1A) - (anpt — B )

and the singular members of the pencil are given by 3;4, + a;A2. There are
thus n or less distinct singular members, one for each different root (3; : a;) of
A. All other members are non-singular. Recall from Definition 1.2.2 that these

distinct roots of A are the eigenvalues of the pair (A4;, 4).

In particular for a non-singular skew-symmetric pencil, A, its determinant
A must be a non-zero polynomial of even degree, 2r say. In fact by considering
A as a matrix whose entries are linear in (g, A) it follows from Lemma 1.1.8 that
we can write
A, ) = (pou” + o1’ A+ -+ p ),
Pf(A)

and we refer to the polynomial Pf(A) as the Pfaffian of the skew-symmetric
pencil, A. Hence for a skew-symmetric pencil, A = uA4; + AA3, the eigenvalues
of (A1, A2) (and the corresponding singular points of A) are given by the roots
of Pf(A).

Lemma 1.4.2 Let be A a non-singular skew-symmetric pencil, defined by the
distinct pair (A;, A2). The eigenvalues of any distinct pair (or basis) of A,
(ad; + BAz,vA; + 6Az), are obtained, from the eigenvalues of (A, As), by
the action of an invertible linear map. Furthermore the corresponding singular

members and eigenvectors are preserved.

Proof Recall from the Proof of Lemma 1.3.3 that any distinct pair {(a4; +
BAz,7A1 + AA2) has the associated change of basis matrix

(g})emaxy
If (po : Xo) is an eigenvalue of (4, A2) (and ug the corresponding eigenvector)

then puoA; + Ao A is a singular member of A. From the Proof of Lemma 1.3.3

it follows that the corresponding eigenvalue, (po : 0¢) is given by

(g>=wiw($'?)<ﬁ)
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Since we only require the ratio (pg : 0o) this is given by [0 — Ao : —Buo+aie].
Hence the eigenvalues of the pair (aAd; + BA2,7A4;, + AAz) are obtained from
the eigenvalues of (A;, A;) by the action of the inverse of the change of basis
matrix. It can be verified that the corresponding singular element of A, in terms
of the pair (A1 + BAs,vA1 + AAg), is still pgA; + AoA2 (up to some scalar

multiple) and hence the corresponding eigenvector is preserved. O

Lemma 1.4.3 If two skew-symmetric pencils A and B, defined by distinct pairs
(A1, A2) and (Bi1, By) respectively, are skew-equivalent then they both have the
same number of singular elements. Furthermore, there is a map, of the type
described in Lemma 1.4.2, between each eigenvalue of (A, Az) and (Bp,B3)
where the corresponding singular elements of A and B are skew-equivalent as

skew-symmetric matrices.

Proof If A and B are skew-equivalent then, by Lemma 1.3.3, for some

( g } ) € Gl(2, K),

the pairs (4}, Ay) = (aA; + BAz2,vA1 + 6A;) and (B, B;) are skew-equivalent.
If (po : Ao) is an eigenvalue of (A;, A2) then ppA; + Ao A; is the corresponding
singular element of A. By Lemma 1.4.2 (po : 09) is the corresponding eigenvalue
of the pair (A}, A}) and

poA1 + AoA2 = po A} + gp Al
Since (A}, A}) and (B, B;) are skew-equivalent
(B, By) = X7 (A}, 4)X
and

WA + M4y = p()()(_l)TBl)(—1 +00(X_1)T32X_1
= (X"H)T(poBy + 00B2)X 7,

where poB; + 0o B, is the singular element of B corresponding to the common
eigenvalue, (po : 00), of pairs (A}, A}) and (B, By). Hence

poB1 + 09B; = XT(qul + M A2)X,

as required. 0
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Chapter 2

Non-singular Pencils

This chapter is concerned chiefly with non-singular pencils. We start by gener-
alising the notion of skew-equivalence of skew-symmetric matrices, described in
Definition 1.1.7, by considering these matrices to be defined over a ring R. Sub-
sequently we derive results about their decompositions and invariants under this
equivalence. By adapting these results to the particular case, of A-equivalence
of A-matrices, we obtain results very useful for the classification of pairs of

skew-symmetric matrices (as described in Definition 1.2.1).

Most of the results in the first two sections of this chapter are either taken
directly from or are based on results given in Chapter 7 (Pgs. 104-122) of
[HrtHwk].

2.1 Classifying skew-symmetric matrices over ID’s

In this section we study skew-symmetric matrices defined over integral domains
(ID’s). We first need a few definitions.

Definition 2.1.1 An integral domain (ID), R, is a commutative ring with a 1

which has no zero divisors.

From here on assume the ring R is an ID unless we specify otherwise.

28



Definition 2.1.2 An element u € R is a unit of R if
vu =1,

for some v € R.

Definition 2.1.3 We say that two elements a, b € R are associates if

a = ub,
for some unit u € R; this is an equivalence relation and we write a ~ b.
Definition 2.1.4 An s x s matriz, X, over R is invertible if there exists an

s X s matriz Y satisfying
XY=YX=1I,.

Lemma 2.1.5 A matriz X is invertible if and only if det X is a unit in R.

Proof If X is invertible then by Definition 2.1.4 there exists an s x s matrix Y

over R such that
XY =1,.

So, taking determinants
det(XY) = (det X)(detY) =1,

which by Definition 2.1.2 implies that det X is a unit of R.
Conversely, if det X is a unit of R by Definition 2.1.2 there exists an element
(det X)~! € R such that

(det X)(det X)~! = 1.
For any matrix over R,
X.adj X = adj X.X = (det X)I,,
so multiplying through by (det X)~! gives
X.(det X)~'adj X = (det X)~'adj X.X = I,

and by Definition 2.1.4, with Y = (det X)~'adj X, X is invertible. O
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Definition 2.1.6 Let A and B be two matrices over R of the same size. Then
B is said to be equivalent to A (over R) if there exist invertible matrices X

and Y over R such that
B=YAX.

Definition 2.1.7 We define a list of special square matrices, with entries in R,

as follows:

(i) Fij is the matriz obtained from the identity matriz by interchanging rows

t and j;

(i) Gi(u) is the diagonal matriz with a unit u of R in the ith row and 1’s

elsewhere on the diagonal;

(iit) H;j(r), for any v € R and j # i, is the matriz obtained from the identity
matriz by adding r times row j to row i. Thus H;j(r) has 1’s on the

diagonal, v in the (i, ) place and zeros elsewhere.

(iv) H;;(r) is defined in the same way as H;;(r) with the word ‘row’ replaced
by ‘column’. So H;;(r) has 1’s on the diagonal, r in the (j,i) place and

zeros elsewhere.

Note that H;;(r) = Hji(r) but it is useful to have both definitions.

Lemma 2.1.8 The above matrices Fi;, Gi(u), H;;(r) and H;;(r) are all in-
vertible.

Proof From Definition 2.1.7 we find that det F;; = —1, detGi(u) = u and

det Hi;j(r) = H;i;j(r) = 1. So the determinants of these matrices are units of R

and therefore by Lemma 2.1.5 the matrices are all invertible. O

Lemma 2.1.9 The effect of postmultiplying a given matriz of the appropriate
size

(1) by F;; is to interchange columns i and j,

(2) by Gi(u) is to multiply column i by u,
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(8) by H;;(r) is to add r times column j to column i.

The effect of premultiplying a given matriz of the appropriate size

(4) by Fij is to interchange rows i and j,
(5) by Gi(u) is to multiply row i by u,

(6) by Hij(r) is to add r times row j to row i.

Proof These results follow by standard matrix multiplication. O

Definition 2.1.10 The operations, 1-3, described in Lemma 2.1.9 are knoun
as the elementary column operations on a matriz, and those of 4-6 as the

elementary row operations.

We have the following theorem.

Theorem 2.1.11 Two matrices A and B are equivalent if it is possible to pass

from one to the other by a sequence of elementary row/column operations.

Proof To carry out an elementary row (column) operation on a matrix, A, by
Lemma 2.1.9 one only has to perform that operation on the identity matrix and
premultiply (postmultiply) A by the result. Since by Lemma, 2.1.8 the matrices
performing these tasks are invertible, any of these elementary operations will
transform the matrix, A, into an equivalent one. In particular the sequence of
row /column operations needed to pass from A to B is represented by a sequence

of matrices of the type listed in Definition 2.1.7 given by
Xl,-n,Xr,Yl,---,Ya) (2'1)

where the matrices X; represent the elementary column operations and the Y;

represent the elementary row operations. It then follows by Lemma 2.1.9 that
B=Y,---AX;--- X,. (2.2)

Given such a list of row/column operations, where for each of the two types the

order in which they are performed is provided, as in (2.1), then the associativity
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of matrix multiplication allows us considerable flexibilty when performing these
operations on a matrix. For example, to obtain the matrix B from A in (2.2),
we could start by performing the first p column operations, represented by the
sequence X1,...,Xp, (p < r), and follow these by the first ¢ row operations
represented by Yi,...,Y;, (¢ < s), then we could perform another sequence
of column operations starting with X,41 and so on. (We could for example

perform alternate single row and column operations from each sequence.)

As mentioned above by Lemma 2.1.8 each of X;,..., X, and Y3,...,Y, is

invertible and so rewriting (2.2) as

B=YAX

where X = X;--- X, and Y =Y, ---Y; it follows that X and Y are invertible.
Therefore by Definition 2.1.6 A and B are equivalent. O

When dealing with skew-symmetric matrices we need to refine the equiv-
alence given in Definition 2.1.6 so that it preserves the skew-symmetry of a

matrix. This leads us to the following definition.

Definition 2.1.12 Let A and B be two skew-symmetric matrices over R of
the same size. Then B is skew-equivalent to A (over R) if there exists an

invertible matriz, X, over R such that

B=XTAX.

So, skew-equivalence is the special case of equivalence where, Y = XT. Fur-
thermore if the ring over which the matrices are defined is a field, K, we have
the skew-equivalence of matrices over K refered to, in Definition 1.1.7, in Chap-
ter 1. As mentioned there, it is easily verified that skew-equivalence preserves
skew-symmetry.

Definition 2.1.13 Given an elementary row (or column) operation on a matriz
we refer to the same elementary operation applied to its columns (rows) as its
counterpart column (row) operation. Furthermore the action of this row
(or column) operation followed by its counterpart column (row) operation is

called a simultaneous row and column operation.
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Lemma 2.1.14 Two skew-symmetric matrices A and B are skew-equivalent if

it is possible to pass from one to the other by series of (elementary) simultaneous

row and column operations.

Proof Given the matrix, A, there are three possible elementary simultaneous

row and column operations we can perform on it:

(@)

(if)

(iii)

interchanging columns ¢ and j followed by interchanging rows ¢ and j. It
can been seen from Lemma 2.1.9 that this action is represented by the

matrix
Fi; AF;

and since it can be verified that F;; = Fg;, this matrix is skew-equivalent
to A.

multiplying column ¢ by a unit u € R followed by multiplying row i by u.

This action results in the matrix

Gi(w)AG;(u)

where, clearly, since G;(u) is a diagonal matrix G;(u) = G;(u)T and we

have a matrix skew-equivalent to A.

adding r € R times column j to column i followed by adding r times row

J to row i. This corresponds to the matrix
H;j(r)AH;j(r)

and since H;;(r) = Hj;(r) = H;;(r)T it follows that this matrix is skew-

equivalent to A.

So any elementary row and column operation results in a skew-equivalent ma-

trix.

Note that given a series of elementary column operations X,...,X, by

the above their counterpart row operations can be written X7,..., X7 and if

we can pass from A to B by the corresponding series of simultaneous row and

columns operations then

B

(X7 XDAXy - X,)
(Xl"'Xr)TA(Xl"'Xr)

XTAX,
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where X = X;---X,. O

Note here that if R = K, i.e. A, B are skew-symmetric matrices defined
over the field K, then, as remarked in Chapter 1, we deduce from this lemma
that if B can be obtained from A by a sequence of elementary simultaneous row
and column operations then it is skew-equivalent to A. Here the elementary
row and column operations, described in Lemma 2.1.9, are just the standard

elementary operations on matrices defined over a field.

Before going any further we add the following remark, which is useful when
performing simultaneous row and column operations on a skew-symmetric ma-

trix.

Remark 2.1.15 Given a skew-symmetric matrix A = (a;;), the effect of si-
multaneous row and column operations of types (ii) and (iii) on this matrix are
fairly easy to interprete. However the result of simultaneous row and column

interchanges on a skew-symmetric matrix is less obvious.

Suppose, starting with

0 a2 e ayq e a1J “en ain W
—a2 0 “ e az; N a2j cer Qan
—aq —a; e 0 e ai; cve Qin
—ay;j —-az; - _aij R 0 “tr Gjn

| —@1p —Qzn 't —Qin c —Qjn - 0 ]

we wish to interchange columns C; and Cj, followed by interchanging rows R;

and R;. Call the resulting skew-equivalent matrix A'.

Clearly, any elements which do not lie in either C;, Cj, R; or R; are un-

changed in A'. In other words by drawing a vertical line through both columns
C; and C; of A and a horizontal line through both rows R; and R; the entries

remaining are preserved in these positions in A'.

Secondly, the entries of the two columns C; and C; which don’t lie in either R;
or R; are interchanged in the same manner as for standard column interchanges

on a matrix. In other words, looking down both columns C; and C; of A,
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excluding the entries at the intersection of a veritcal and horizontal line, pairs

of entries in these columns, occuring in the same row, are interchanged in A’.

Thirdly, in A’, the entries a;; and a,; are interchanged with a;; and aj;,
respectively, i.e. the ¢ith and jjth entries of A’ are a;; and a;; respectively and
the ijth and jith entries of A’ are a;; and a;; respectively. In particular, since
we are considering skew-symmetric matrices (i.e. aj; = —a;;), interpreting the
resulting entries of A’ in terms of the entries of A, this amounts to switching two

zeros on the main diagonal and changing the sign of the ijth and jith entries
of A.

We represent these three effects, on the matrix A in (2.3), by the following
incomplete matrix where any missing entries (in rows R; and R;) are denoted

by @,

[ 0 a2 e ay; a; v aln-
-—a12 0 DR a2]- e a2i .. a2n
. %) %) 0 e =@z 0 @
A= . . . :
%) %) S ag 0 N
| —aln _a2n v _a'jn e —ain LRI 0 |

Finally, the remaining entries of A’ are given by interchanging entries between
rows R; and R; in the usual way, these entries being those which lie in neither
Ci or C; of A. This ensures that A’ is skew-symmetric and the remaining

entries are filled according to the definition of a skew-symmetric matrix (i.e.

The main result of this section concerns skew-symmetric matrices defined over

Principal Ideal Domains (PIDs). Before this, we provide a standard result for
PIDs.

Lemma 2.1.16 Given any PID R and ry,...,r, € R, then the ideal in R gen-

erated by ry,...,ry, denoted by (ry,...,rp) = (v}, where r = ged{ry,...,m}.

Proof If R is a PID then (ry,...r,) = (r), for some r € R. So
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(i) r|re,...,7jr, (since ry,...1, € (r));

(ii) r=a1r1 + - -anTn, a; € R (sincer € (ry,...,7p)).

Firstly, (i) tells us that r is a common divisor of rq,...,r,. Furthermore if
d is any common divisor of ry,...,r, then (ii) implies that d|r and therefore

r =ged{ry,...r,}. O

We also introduce some convenient notation.

Definition 2.1.17 An n X n skew-symmetric matriz of the form

[ 0 a) 1
—a 0
0 az
—az 0
0 a, ’
—a, 0
0
e 0 -
is referred to as skewdiag(ai,as,...,a;).

Theorem 2.1.18 Any n x n skew-symmetric matriz A with entries in a PID,

R, is skew-equivalent to a matriz, skewdiag(d,,ds,...,d,), of the form
0 4 -
-d; 0
0 d
—-d; O
0 d, ’
-d, 0
0
L U

where dy|dy| - - - |dy, for some r > 0.
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Proof The proof is an adaption of the proof of Theorem 7.10 in [HrtHwk| for

the skew-symmetric case.

It is instructive to prove this theorem first for the special case of a Euclidean
domain since in this case the argument is clearer and it is this situation which
we shall be concerned with later when we study A-matrices. We then modify
the argument for the general PID case.

Case when R is a Fuclidean domain

So given an n x n skew-symmetric matrix, A over a Euclidean domain R
(equipped with a Euclidean function ¢) we show how to reduce A by means
of simultaneous row and column operations to a skew symmetric matrix of the

form skewdiag(ds,...,d,) where d;| - - - |d,.

First Stage

We aim to reduce A to the skew-equivalent n x n skew-symmetric matrix C

of the form:
0 4|0 --- 0
-d; 0|0 --- 0
c=| 0 0 , (2.4)
: : c*
0 0

where d; divides each entry of the skew-symmetric sub-matrix, C*. We refer to
the 2 x 2 skew-symmetric block in the top left-hand corner of a skew-symmetric
matrix (or submatrix) as the leading diagonal block and the (1,2) entry as the
entry in the leading diagonal block.

We describe below a finite sequence of simultaneous row and column opera-
tions which when performed on A = (a;;) yield either a skew-symmetric matrix

of the form (2.4) or a skew-symmetric matrix B = (b;;) satisfying the condition

#(b12) < ¢p(a12)- (2.5)

In the latter case we carry out a further sequence of simultaneous row and
column operations. Then we reach either (2.4), in which case we stop, or a
matrix whose entry in its leading diagonal block has ¢-value reduced further
and we continue. Eventually after a finite number of steps we must reach (2.4)

since otherwise the ¢-values of the entries in the leading diagonal blocks of the
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matrices obtained form a strictly decreasing infinite sequence of non-negative

integers, which is not possible.

The sequence of operations is as follows. If A is the zero matrix we are
already at (2.4). Otherwise A has at least two non-zero entries which by suit-
able simultaneous row and column interchanges can be moved into the leading

diagonal block. We therefore assume a3 # 0 and A is of the form:

0 a1z | @13 - G
—ay2 0 |as - ag,
A=| —as =—az ,
) "
—Qin —G2n

where A* is a skew-symmetric sub-matrix.
There are three possibilities.

Case 1 There is an entry a;; (j > 3) in the first row such that a;, doesn’t

divide ayj.

As R is a Euclidean domain we can write

ai; = a12q +r,

where either 7 = 0 or ¢(r) < #(a12). Since a;5 doesn’t divide ay; then r # 0
and so ¢(r) < ¢(a1z). By subtracting ¢ times the second column from the
Jjth column and then interchanging the second and jth columns we replace a2
by r. To preserve the skew-symmetry we must accompany each of the above
by their counterpart row operations and by doing so we replace —a;; by —r.
Consequently we achieve (2.5) (Note that ¢ = 0, i.e ¢(a1;) = ¢(r) < ¢(ayz) is
a special case of the above and to get (2.5) we just interchange the second and

Jjth columns.)

Case 2 There is an entry —asy; in the second column such that a;; doesn’t
divide —ay;. In this case

—Q2j = a@y2q +7,

where ¢(r) < ¢(a12), and we can proceed as in Case 1 first operating with rows
instead of columns, and then applying the corresponding counterpart column

operations required to preserve skew-symmetry (to reach (2.5)).
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Case 3 a7 divides every entry in the first row and second column.

In this case by simultaneous row and column operations, involving subtract-
ing suitable multiples of the second column from the other columns, we can
replace all the entries of the first row and column, other than a;2 and —ai2
respectively, by zeros. Similarly by simultaneous row and column operations,
involving adding multiples of the first row to the other rows, we can kill off all
elements other than aj2 in the second column and all elements other than —a;2
in the second row. The resulting skew-symmetric matrix is of the form:

0 aig 0 0
-aj2 0 0 0
D= 0 0 ,
Dt
0 0

where D* is a skew-symmetric sub-matrix. If a;; divides every element of D*
we have (2.4). Otherwise there is an entry d;; (j > ¢ > 3, j > 4) in D* such that
aj2 doesn’t divide d;;. In that case we add the ith row to the first row which
along with the counterpart column operation gives us Case 1. Consequently,
by the same argument used there, we obtain a skew-equivalent matrix with an
entry, b;2, in the leading diagonal block for which @(b12) < ¢(as2). This gives

us condition (2.5).

So the outcome in each of the three cases is a skew-symmetric matrix skew-
equivalent to A which either has the form (2.4) or satisfies (2.5). As previously
mentioned repeated application brings us to (2.4) after a finite number of steps

thereby completing the first stage of the reduction.

Conclusion of the reduction
Having reached (2.4) we have effectively reduced the size of the matrix with
which we are dealing. The above process can then be applied to the submatrix
C* reducing its size further. We note that any simultaneous elementary op-
erations on C* correspond to simultaneous elementary operations on C which
don’t affect the first two rows and columns. Furthermore any simultaneous ele-
mentary operations on C* give a new skew-symmetric matrix whose entries will

be linear (over R) combinations of the old ones and therefore these new entries
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will still all be divisible by d;. The result will be a matrix of the form

0 d| o0 o]0 01
-d 0] 0 o010 0
0 0] 0 d]o 0
0 0l|-d 0]0 0
0 0] 0 0 ’
: : : : c**
| 0 o]0 o |

where d; |d; and d; divides every entry in the skew-symmetric sub-matrix C**.
We carry on this procedure further reducing the effective size of the matrix and
leaving a trail of (leading) diagonal blocks as we go. In due course we reach a

matrix of the form:

0 d4 i
—-d; 0

General case

The argument here is not very different from that for a Euclidean domain,
the main difference being that simultaneous row and column operations are no
longer sufficient alone but need to be supplemented by another kind of ‘sec-
ondary operation’ to effect the reduction.

We wish to mimic the above method but to do so we first need to find a
replacement for the Euclidean function ¢. We do this by introducing a length

function on R* (the non-zero elements of R). If r € R* then r can be written
in the form
T =Upi...Pm,

where u is a unit, the p; are primes in R and m > 0. The integer m in this

expression is unique and we define £(r) = m and call this the length of r. Clearly
£(rr')y = £(r) + £(r'), (2.6)

where 7, ' € R*.
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We show how to reduce a n x n skew-symmetric matrix A over R to the
required skew diagonal matrix by a sequence of operations which correspond to

the post and pre multiplication of an invertible matrix and its transpose.

First Stage

As for the Euclidean case this consists of successive applications of a certain
sequence of (simultaneous) operations chosen so that each application either

leads to (2.4) or to the modified case of (2.5) where ¢ is replaced by £.

Modification to the sequence of operations is only needed in cases 1 and 2

and it is sufficient to explain what happens in case 1.

Here we have a2 # 0 (if not we can make this so by suitable simultaneous
row and column interchanges) and there is some a,; such that a;2 doesn’t divide
ay; for some 2 < j < n. For notational convenience we can, by a simultaneous

row and column interchange, suppose j = 3.

Since R is a PID we know from Lemma 2.1.16 that the non-empty set
{a12,a13} has an hcf d and that the ideals R{a;2,a13) and R{d) are equal.

From the former we have
a12 = dys, a13 = dys, (2.7)

where, since a2 doesn’t divide a3, y2 is not a unit. Therefore £(y2) > 1 and
by (2.6)
d) < l(ay2).

Using R(a12,a13) = R(d) we can write

d = T3a12 + T3013,
for some z2, 3 € R. Then from (2.7) we have

d = d(z2y2 + z3ys),

hence zoy2 + z3y3 = 1. Therefore the determinant of the n x n matrix
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is 1 and so this matrix is invertible. It follows that the skew-symmetric matrix

ST AS is skew-equivalent to A and the entry in its leading diagonal block is
T2012 + T3013 = d,

where €(d) < £(a;2). So the matrix ST AS is a matrix satisfying the modified

version of (2.5) where the function ¢ is replaced by £.

The Conclusion of the Reduction

This follows exactly as in the Euclidean case. O

We can use the previous proof to establish a result stronger than Lemma 2.1.14

for skew-symmetric matrices defined over a Euclidean domain.

Theorem 2.1.19 Two skew-symmetric matrices A, B defined over a Euclidean
domain, R, are skew-equivalent if and only if one can pass from one to the other

by a series of simultaneous row and column operations.

Proof We have already established, in Lemma 2.1.14, that if we can pass from
A to B by a series of simultaneous row and column operations then B is skew-
equivalent to A. It remains to prove the converse. Suppose B is skew-equivalent
to A that is by Definition 2.1.12

B = XTAX, (2.8)
for some invertible matrix X. Consider this matrix X,

Z11 -+ ZTin

Znl ‘' ZTnn

Using techniques described above in the proof of the Euclidean case of Theo-
rem 2.1.18 we can, by column operations only and in a finite number of steps,
reduce X to
2, [0 -~ 0
xi=| ™ _ (2.9)
: X,

!

Tni

Before proceeding it is worth remarking that any matrix obtained from an in-

vertible matrix by applying elementary row/column operations is also invert-
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ible. This follows from Lemma 2.1.8 and the fact that the subset of units of R
is closed. Consequently det X’ = u is a unit and so from (2.9)

det X' =z}, det X; = u.
So, for some v € R, uv = 1 and
(z); det Xq)v =z}, (det X, -v) =1

from which we find that z}; is a unit. By a column operation of type 2 given
in Lemma 2.1.9 we can assume the leading diagonal entry of X’ is 1 in which
case det X' = det X; which by the previous remark is a unit. Hence we have an
(n—1) x (n— 1) invertible submatrix X; and by proceeding as above, confining

any column operations to the last n — 1 columns of X', we can reduce X’ to the

form
1 | 0o 0 --- 0
;| 1 0 --- 0
X" =| 5 | 7% ,
: : X,
Tni | Tno

where X3 is an invertible (n — 2) x (n — 2) submatrix. By induction we can

therefore reduce X by elementary column operations to

1 0 - 0
I 1

: 0
Tnl ** Tpp—1 1

and hence it can be seen by further column operations we reach I,,. It follows
by standard linear algebra that by performing the same column operations used
above to pass from X to I, on the identity matrix we obtain the inverse X!
of X. We can write

X1'1=X,---X,,

where X4,...,X, are, in order, the matrices of types (1)-(3) representing the

elementary column operations used. So

X = (XX

I

X7t X7
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Since the reciprocal of any elementary column operation is also an elementary
column operation (of the same type) it follows that postmultiplying the matrix
A by X is the same as carrying out a sequence of elementary column operations
on A and so (2.8) implies that one can obtain B by a sequence of simultaneous

row and column operations, as required. O

Corollary 2.1.20 Two matrices A, B, defined over a Euclidean domain, R,
are equivalent if and only if one can pass from one to the other by a sequence

of elementary row and column operations.

Proof If we can pass from A to B by a series of row and column operations
then by Theorem 2.1.11 A and B are equivalent.

Conversely, if A, B are equivalent then
B=YAX, (2.10)

for some invertible matrices X, Y.

In the proof of Theorem 2.1.19, above, we showed that by a sequence of
elementary column operations, represented by matrices X3, ..., X, of types (1)~
(3) in Lemma 2.1.9, we can reduce X to I,, and by applying these same column

operations to I,, we obtain the inverse
X1=X,---X,

of X. Hence by postmultiplying A by X = X 1... X! we are applying a

sequence of elementary column operations on A.

Similarly, by applying row operations to the invertible matrix, Y, it can
be reduced to I, by a sequence of elementary row operations, represented by
matrices, Yi,...,Y,, of types (4)-(6) in Lemma 2.1.9. By applying these to I,

we can express the inverse, Y =1, as

Yl=Y,---n.

Hence
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where Y71, ., Y, ! also represent elementary row operations since the recip-
rocal of an elementary row operation is also an elementary row operation (of
the same type). So premultiplying A by Y has the effect of carrying out this

sequence of row operations on A.

Hence it follows from (2.10) that B can be obtained from A by a sequence

of elementary row and column operations. O

2.2 Invariants

Preliminary

We define a k-minor of any matrix A over R to be the determinant of a k x k
sub-matrix obtained from A by deleting a suitable number of rows and columns
(leaving the order of the remaining rows and columns unchanged). Thus a

k-minor is an element of R.

Definition 2.2.1 Let A be any s x t matriz over R and 1 < k < min{s,t}. We
define It (A) to be the ideal of R generated by all the k-minors of A.

In the following lemma we obtain a result, concerning the ideals generated by

the k x k minors of a special type of diagonal matrix, which will be useful later
on.

Lemma 2.2.2 Consider the matriz

(5, 0 0 T
0 b O
0 0 b3

0

with by |by|bs|- - |b,. Then the ideal of all its k x k minors is principal and is

equal to

Cf (baba---by)  ifk<s
Ik(B)—{ 1 2,(0) ) otherwise
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Proof If k > s then I (B) = (0) since all kx k minors are zero. If ¥ < s any non-
zero member of I (B) is clearly a sum of elements of the form ab;, - - - b, , where
a € R, and we may suppose i1 < - -+ < ix. Since b;}b;; for 1 < j < k we deduce
that by - - - by divides every member of I (B) and since clearly b - -- b € Ix(B)

we have the required result. O

Lemma 2.2.3 Let A, B be s x t matrices over R and suppose that they are
equivalent over R. Then
It(A) = Ir(B)

for 1 < k < min{s, t}.

Proof This result is Lemma 7.14 in [HrtHwk] and we closely follow their proof.
We first need the following observation. Let D be any m x m matrix over
R, and write D = (dy,...,dm), where dy,...,dn denote the columns of D.
Furthermore let d), dY be two other column vectors of length m with entries in
R. Then

det(d) +d”,da, .. .,dm) = det(d},da,...,dm) + det(d},da,. .., dm)

and
det(rdy,d2,...,dm) = rdet(d;,d2,...,dm) ifr € R.

These facts can be proved by expanding the left hand determinants by the first
column. Clearly similar remarks apply to the other columns. (Note these are
a generalisation of standard results for determinants of matrices over a field.)
Thus, if we have some m x m matrix D and replace its ith column by some R-
linear combination of columns ey, ..., e, then the determinant of the resulting

matrix is a R-linear combination of the determinants of the matrices obtained
from D by replacing its ith column by ey,...,e; in turn. We can use this

principle to obtain, from the following, a result neccessary for the proof.

Suppose we are given some collection ¢y, ...,¢; of column vectors of length
m with entries in R. Let S be the set of all m x m matrices which can be formed
from these columns (with repeats allowed). Let C be any m x m matrix whose
columns are R-linear combinations of c1,...,c;. Then applying the principle,
described in the previous paragraph, to each column in succession it follows that
det C is a R-linear combination of elements det W for W € S. Therefore det C
belongs to the ideal of R generated by the elements det W as W runs over S.
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Having established this we are ready to prove the result. Let A = (a,...,a¢)
be any s x t matrix over R, and let X be any t x ¢t matrix over R. Consider

AX. The ith column of this matrix is given by the column vector
t
> zjiay. (2.11)
=1

We examine a typical ¢ X ¢ submatrix E of AX, letting J = {j1,...,J:i} be
the collection of its rows written down in natural order. Then from (2.11) the
columns of E are R-linear combinations of ‘partial columns’ of A, that is, of
column aj got by selecting the ji,...,ji-th entries of ak. Therefore, by the

result in the previous paragraph, the corresponding i-minor det E is an R-linear

combination of elements

det(ay,, ..., aj.), (2.12)
determinants of 1 X ¢ submatrices formed from selections of the columns
a;”,...,a;’. The determinant (2.12) is zero unless all of k,,...k; are distinct

and in this case we can bring its columns into the same order as they occur in
A, by a series of column interchanges, with the resulting determinant differing
only by sign. Consequently, determinants of the form in (2.12) are, up to sign,
i-minors of A. So it follows that, if F is any i x ¢ submatrix of AX, then det E
is a R-linear combination of i-minors of A and so belongs to the ideal I;(A)

generated by these minors. Therefore

L(AX) C I,(A). (2.13)
By similar arguments with rows we find that, for any s x s matrix Y,

L(Y A) C I,(A). (2.14)

So, replacing the matrix A by Y A, on applying (2.13) followed by (2.14) we
deduce that
L{(Y AX) C I;(A). (2.15)

If Y and X are invertible and B = Y AX, then 4 = Y"!BX~!. Immediately,
from (2.15)

Ii(B) € Ii(A),
and furthermore, applying (2.15) to Y "!BX~! = A we also have

I;(4) € Ii(B).
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Hence I;(A) = I;(B), as required. O

We are ready to prove the following theorem.

Theorem 2.2.4 A n x n skew-symmetric matriz, A, with entries in a PID R

is skew-equivalent to a matriz of the form

[ 0 d;
-d; 0
0 d
—-d; 0
b= 0 d, ’
-d, 0
0
L 0
where d|---|d, and the d;’s are unique up to units. Furthermore, the ideals
I.(A) generated by the k x k minors of A are given by
0 ifk>2r
I(A) = (d?---d%_,d,) ifk=2s—11s odd ,
(d?---d?) if k is even i.e. k = 2s 15k<2r

where 1 < s<r.

Conversely, given a skew-symmetric matriz A for which the even ideals
Is(A) = (g2), 1 < s < with g the principal generators, then (setting go = 1)

A is skew-equivalent to a matriz as above with

gs
d; = 2.16
gs-1 ( )
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Proof By Theorem 2.1.18 A is skew-equivalent to a matrix

[ 0 d) |
-d; O

0 d;

—-dy O

0

for some d,|--:|d,. By applying Lemma 2.2.3 to the special case of skew-
equivalence it follows that
Ix(A) = It (D).

Furthermore by interchanging columns of D we obtain the equivalent diagonal

matrix

d ]
-d
ds
—d,

o
Il

and by Lemma 2.2.3 it follows that
Ii(A) = I(D).

If k > 2r then by Lemma 2.2.2 I (4) = (0). However for 1 < k < 2r we need

to consider odd and even ideals separately. So, again by Lemma 2.2.2: if k is
odd, i.e. k =2s—1, we have

D1 (A) = (& - d2_,d,)
and if k is even, i.e. k = 2s we have
Iy(A) = (d} -+~ d2),
49
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where 1 < s < r. It remains to check how unique these d; are. Assume A is

also skew-equivalent to a matrix

T 0 4
-d, 0

—dy, 0

Dl

]
o
S

0

where d}|---|d... Then by applying the above, for 1 < s < r, we have
Le-1(A) = (d} - d5_1d,) = (df ---d? d,)
when k = 25 — 1 is odd and
Is(A) = (di ---d3) = (d?---d?)
when k = 2s is even. This implies that
@l dy~dP e d2d, (2.17)

and
& ~dld? (2.18)

respectively.

Set e, =d?---d?_,d,, &, =d?..-d2 ,d\ and f,=d2---d2, fl =d?...d2

Then by (2.17) we have e, = u,€/, for some unit u, € R. Therefore
fa =d,e, = dauae,,

and also, by (2.18), for some unit v, € R,
fs = v, f, = vsdiel,

whence d,u, = v,d, and d, = u; 'v,d,. Hence d, ~ d, as required.

Finally given the even ideals I,(A) = (g2) where, for each 1 < s<r, g2 is

a principal generator of I4(A) it follows that, up to constant multiples,

gs=dy - d,.
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Hence setting go = 1, for each 1 < s < r, d, is given by the expression

dy = 2.
9s-1
O
The following definition follows from this result.
Definition 2.2.5 We call the sequence d;,...,d, a sequence of invariant fac-
tors of A over the PID, R, and skewdiag(d,,...,d,) an invariant factor matriz

for A. In particular, we say the rank of A is 2r.

Theorem 2.2.6 Two n x n skew-symmetric matrices A and B over a PID
R are skew-equivalent if and only if they have (to within associates) the same

sequence of invariant factors over R.

Proof = By Theorem 2.2.4 A is skew-equivalent to a matrix of the form
skewdiag(d,,...,d,) with, up to units, invariant factors d;,...,d,. So since B
is skew-equivalent to A it follows that B is also skew-equivalent to

skewdiag(d, ..., d,) and hence, by Theorem 2.2.4 again, has the same sequence

of invariant factors.

<= If A and B have, up to units, the same sequence of invariant factors
then A is skew-equivalent to D = skewdiag(dy,...d,) and B is skew-equivalent
to D' = skewdiag(d),...,d}), where dy ~ d} for 1 < k < r. By applying a
sequence of elementary (simultaneous) row and column operations, involving
multiplication of a row and column by a unit, it follows that D and D’ are
skew-equivalent. Hence by the commutativity of (skew-)equivalence A and B

are skew-equivalent. O

This theorem is the most significant consequence of the above work. Our
aim is to apply this and some of the above to the special case of A-matrices.

2.3 A-Matrices

The following section is inspired by Chapter III of [Ferrar].
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Definition 2.3.1 A A-matriz, A, is a matriz over the Euclidean domain K[J],
where K[)] is a ring of polynomials in a variable A with coefficients in the field

K, and the Euclidean function, ¢, is taken to be the degree of the polynomials.

The determinant, det A, of a square A-matrix is, in general, a polynomial in
A. However, it may also be a constant, independent of A. In particular if this

constant is zero, i.e det A = 0 for all values of A, we say det A is identically zero.

Definition 2.3.2 (i) The square A-matriz, A, is said to be singular when

det A is identically zero and non-singular otherwise.

(i) The A-matriz A has rank r (> 1) if r is the largest integer for which not

all minors of order r are identically zero.

( Note : by Theorem 2.2.4, (ii) corresponds, precisely, to the description of rank

given in Definition 2.2.5.)

Corollary 2.3.3 A square A\-matriz, X, is invertible if and only if det X is a
non-zero constant.

Proof This is just Lemma 2.1.5 restated for R = K[\], the units of which are
nonzero constants. O

The equivalence of A-matrices, corresponding to Definition 2.1.6, is referred
to as A-equivalence, so that two A-matrices, A, B are said to be A-equivalent if
there exist invertible A-matrices, X, Y, such that

B=YAX.

We refer to elementary row/column operations on a A-matrix as elementary \-
transformations. They are the row/column operations described in Lemma 2.1.9

applied to the ring K[A]. For completeness we restate them.

Definition 2.3.4 The elementary A-transformations of a matriz are

(i) the interchange of rows (columns) i and j;

(ii) the multiplication of @ row (column) i by a non-zero constant;
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(#11) the addition of a polynomial multiple of a row (column) j to a row (column)

i.

Here we are mainly concerned with skew-symmetric A-matrices and, accord-

ingly, we define an equivalence corresponding to that given in Definition 2.1.12.

Definition 2.3.5 Two skew-symmetric matrices, A and B are skew \-equivalent

if there erists an invertible A\-matriz X such that

B=XTAX.

As we have seen in Theorem 2.1.19 this notion of skew-equivalence corresponds
to applying a series of simultaneous elementary row and column operations to A.

We refer to such operations on a A-matrix as simultaneous M-transformations.

By our definition of A\-matrices it is clear that Theorems 2.1.18, 2.2.4 and 2.2.6
are applicable for skew-symmetric A-matrices.

We use skew A-equivalence to prove a result about non-singular skew-symmetric
pencils. First we need a few preliminaries concerning general A-matrices. Note
that throughout the following we denote constant matrices, over K, by small
letters and A-matrices by capital letters.

Definition 2.3.6 Let A be a (square) A-matriz. It is said to be of degree k

when A\* is the highest power of A occuring among its entries. Such a matriz

may be written in the form
A= ak/\k + ak_lz\k_l + .-+ ap,

where ax, ag-1,--+,aq are matrices over K and a; is not the null matriz; i.e it

can be thought of as a polynomial in A with matriz coefficients.
Lemma 2.3.7 Consider the A\-matrices A, B given by

A= F +ap MY 4o 4,

B=bX +b_ N1+ +b,

where a; # 0 and detb; # 0. Then the products AB and BA are A-matrices of
degree k + 1.
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Proof Given the two (constant) matrices ax and b;, where b; is non-singular,
then, from Chapter I, §10 of [Ferrar], the matrices axb; and bjax have the same
rank as ax. In particular if a; is not the null matrix then neither is axb; or bjax

and the result follows. O

The next lemma is an analogue (for polynomials with matrix coefficients) of

the standard property of the Euclidean domain K[\].

Lemma 2.3.8 Consider two A-matrices A, B written in the form given in
Lemma 2.3.7, where by is non-singular. Then there is a unique pair of matrices
1 and R, for which

A=Q1B+ Ry,

and either Ry = 0 or R is a A-matriz of degree less than | (possibly a constant).

There is also a unique pair of matrices Q2 and Ry for which
A=BQ;+ R

and either Ry = 0 or R, is a A-matriz of degree less than | (possibly a constant).

Proof We start by proving the following result.

For k, 1 > 0, given any two A-matrices
A=ar * +ap N1+ 4 ag,

B=bN +b_ 21+ 4 by,

where ax # 0 and by is non-singular, then there exists a pair of matrices Q, R,

where R has degree less than 1, such that

A=QB+R.

If I > k, then we choose @ =0and R=A. Soassume [ < k. k=0
then I = 0 and A = ag, B = by are constant matrices with by non-singular.

Consequently we can write

— -1
A= (AB )B+\%_,.
Q

For some general k > 0, by choosing Q1 = axb; ' \¥~* we can write

A= B+ R, (2.19)
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where R; = A — @1 B has degree less than k. Assuming the above hypothesis is
true for all A-matrices A of degree r < k then we can write

R, = Q2B + R,
for some R» of degree < I. So from (2.19)
A = QB+Q:B+R,
= (Q1+@Q2)B+ R

and setting @ = Q, + Q; and R = R, the hypothesis holds for k. Since we have
already shown that it holds for £ = 0 it follows by induction that the hypothesis
holds for all k£ > 0. It remains to show that the pair ), R are unique. If

A=Q1B+ Ry =Q@:B+ R,

then
(@1 - Q2)B=R; - R:. (2.20)

Assuming Q; —Q); is non-zero then since b; is non-singular it follows by Lemma 2.3.7
that the LHS of this equation has degree > [ but by the above hypothesis the
RHS of this equation has degree < ! and we have a contradiction. Consequently
our assumption is incorrect and

@1 ~-Q2=0
which implies that
Ql = Q2 and Rl = Rz

as required. The proof of the second statement is similar with the quotient Q a
post-multiplier of B, instead of a premultiplier. O

The following theorem, which is of considerable use for the study of non-
singular pencils, is Theorem 9 in Chapter III, §9.2 of [Ferrar].

Theorem 2.3.9 Let a,, a3, by, by be matrices over K and let a; and by be

non-singular. Then if the (\)-matrices
A =a; + Aag, B =b) + Aby
are \-equivalent there are non-singular matrices p, q over K for which
B = gAp.

In particular by = qayp, bs = qazp.
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Proof If A and B are A-equivalent there are invertible A-matrices P, Q for
which
B=QAP. (2.21)

Consider the two A-matrices Q and B. As by is non-singular, by Lemma 2.3.8,

there exist a unique pair of matrices Q;, g for which

Q= BQ: +gq, (2.22)

where, since B is linear in ), g is a constant matrix (possibly zero). Similarly

for the two A-matrices P~ and A there exist a unique pair of matrices S;, s
such that
P '=58A+s, (2.23)

where s is a constant matrix, possibly zero. Then from (2.21) we have
B(S1A+s) = (BQ1 +q)A,

which on rearranging gives
B(S51 — @Q1)A =qA — Bs. (2.24)

We consider both sides of this equation in turn. Since A and B are linear in A

and q and s are constant matrices the RHS of this equation is at most linear in
A.

If we assume S; — Q; is not the null matrix but a A-matrix of degree t > 0,
the LHS is
(by + Ab2)(S1 — @1)(ay + Aa2). (2.25)

Since b, and ag are both non-singular, by Lemma 2.3.7, (2.25) is of degree ¢ + 2
in A and cannot be identical to the RHS of (2.24). We conclude our assumption
to be incorrect and that S; — @, = 0. So from (2.24)

gA = Bs. (2.26)
It remains to show ¢ and s to be non-singular. Using Lemma 2.3.8, let
P=PB+p.

Then since I = PP~
I =(PB+p)(S14 + )

and
I-ps=(PB + p)Si1A + P Bs.
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But from (2.26) it follows that
I—ps= (P1351 +p51 + qu)A. (227)

We consider both sides of this equation. If (P, BS) + pS: + P1q) is not the null
matrix then since A = a; + Aay and ap is non-singular, by Lemma 2.3.7, the
RHS is of at least degree 1 in A\. However the LHS is a constant matrix and
we have a contradiction. So (PBS) + pS: + P1q) is the null matrix and from

(2.27) I = ps, i.e. s is non-singular with inverse p. From (2.26) we have
qAp = B,

and by writing Q! = AT} +t and considering QQ~! = I by a similar argument

we can show that q is also non-singular and the result follows. O

In the following section we will consider pairs, (a1,a2), of skew-symmetric
matrices of which at least one, a;, is non-singular. Associated to this pair we
have a linear A-matrix a; + Aa. So if the pairs (a;,a2) and (b1,b2) are skew-
equivalent this is the same as saying that, for some invertible matrix p over
K,

by + Aba = pT (a1 + Aaz)p. (2.28)

With this in mind we state the following theorem, which is, principally, an
adaption of the above Theorem 2.3.9 for the skew-symmetric case.

Lemma 2.3.10 Let (a),a2), (b1, b2) be skew-symmetric pairs with az non-singular.

Then they are skew-equivalent if and only if the the skew-symmetric A-matrices
A=a; + Aay, B =b; + Aby

are skew \-equivalent.

Proof Clearly, if (a;,az) and (b;, b2) are skew-equivalent then for some invertible
matrix p over K

by + Aby = pT(a1 + Aa2)p
and b; + Abs is also skew A-equivalent to a; + Aas.

If A = a) + Aaz and B = b; + \b; are skew A-equivalent there is an invertible
A-matrix P for which

B =PTAP. (2.29)

57



Furthermore, by Theorem 2.2.4, det(a; + Aag) and det(b; + Ab;) differ by a
non-zero constant factor. By considering the polynomial det(a; + Aaz) we see

that any terms of degree n are given by
det(Aaz) = A" det ag,

(similarly the terms of degree n in the polynomial det(b; + Ab;) are A™ det b,)
and since a; is non-singular this polynomial has degree n. Hence the degree of
det(b; + Abz) is n and b, is also non-singular. The remainder of the proof is an
adaption of the Proof of Theorem 2.3.9.

Given the two A-matrices P, B then as by is non-singular by Lemma 2.3.8
there exist a unique pair of matrices P, p for which

P=PB+p, (2.30)

where, since B is linear in A, p is a constant matrix (possibly zero). Similarly
for the two matrices P~1, A there exist a unique pair of matrices S;, s such

that
P'=5A+s (2.31)

where s is a constant, possibly zero. Since B is skew-symmetric

PT

BTPT 4+ pT (2.32)

-BPT +pT (2.33)
and from (2.29) we have
B(S14 +s) = (-BPT + p")A.

Consequently,

B(S: + PT)A=pTA - Bs. (2.34)

We now consider both sides of this equation in turn. Since A and B are linear
in A and p and s constant matrices the RHS of this equation is at most linear
in A,

If we assume S; + P[T" is not the null matrix but a A-matrix of degree ¢, where
t > 0, the LHS becomes

(bl + Ab2)(S1 + PIT)(al + Aag).
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Furthermore, since both a; and b, are non-singular, by Lemma 2.3.7 it has
degree t + 2 and so the LHS cannot be identical to the RHS. We deduce that

our assumption is incorrect and S; + P = 0. So from (2.34)
Bs = pT A. (2.35)
It remains to show that s™! = p. Since ] = PP~ then
I =(P\B +p)(S514 + s)

and
I—ps=(PB+p)S;A+ P,Bs.

But, by the above, Bs = pT A and so
I - ps = (Plle +p51 + PlpT)A.

We consider both sides of this equation. If (P, BS; + pS; + P,pT) is not the
null matrix then since A = a; + Aaz and a3 is non-singular by Lemma 2.3.7 the
RHS is of at least degree 1 in A. The LHS, however, is a constant matrix and we
have a contradiction. So (P, BS; + pS; + Pyp7) is the null matrix and I = ps,

that is s is non-singular with inverse p. It therefore follows from (2.35) that
B =p" Ap,

and (a1, a2) and (b, b2) are skew-equivalent pairs. O

2.4 Non-singular Skew-symmetric Pairs

In the following all skew-symmetric matrices have entries in C.

We consider the set, U, of pairs of even n x n skew-symmetric matrices
(A1, Az), with A2 non-singular. Let n = 2r. The set U is an open subset of
Sk(n,C) x Sk(n,C) and, as described in Definition 1.2.1 of Section 1.2, skew-
equivalent pairs are those lying in the same orbit of the action of Gi(n,C) on
this set. Expressing such pairs by a linear skew-symmetric A-matrix A; + AA,,
by Lemma 2.3.10 and Theorem 2.2.6, two such pairs are skew-equivalent if and
only if they have the same sequence of invariant factors. (A sequence of invariant

factors corresponds to a single orbit of the set of such pairs.)
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So given any such pair, expressed as a linear skew-symmetric A-matrix, with
a sequence dy,...,d, of invariant factors our aim is to find the simplest linear
A-matrix with the same sequence of invariant factors. This will then be a normal
form for any pair with this sequence of invariant factors. In fact if we can find
a set of such normal forms yielding all possible invariant factors then any pair

will be equivalent to one in our set.

We start by finding the invariant factors for such a pair, (4, A2), represented

by the n x n linear skew-symmetric A-matrix
A=A+ AA,,

where A, is non-singular. Then, by Lemma 1.1.8 of Chapter 1,
det A = det(4; + M) = (F(N)?,

for some f()\). It follows from the proof of Lemma 2.3.10 that f(A) has degree

r and so over C we can factorize it as

T

FO) = J[®:x + ca),

i=1

where b; # 0 for all . Furthermore by Theorem 2.2.4 det A = (d; - - - d,.)? where

dy,...,d, are the invariant factors of A. It therefore follows that up to constants

9
di---dr = X" [J(aix + 1),
i=1
where ¢ is the number of distinct non-zero roots of f(A). (Here v, is the number
of factors of f for which ¢; = 0, the a; correspond to some b;/c;, ¢; # 0.) The
integer s;, then denotes the multiplicity of the linear factor (a;A+1) and v, > 0
the multiplicity of the zero root. Note if v, = 0 then f(A) has no zero root

which corresponds to A; also being non-singular.

Using (2.16) from Theorem 2.2.4 we can find the invariants of any A-matrix
from the principal generators of its even ideals. Since these principal generators
are square the following notation is useful.

Definition 2.4.1 If Iy = (g) we write /I for (\/g). (This is not to be
confused with the radical of Iy.)
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Hence we write down the generators gy = d; - - - dy for the ideals \/I2x(A) as

follows
g = d = g=1(ai/\ + 1)3.‘1
= didy = A2[]L (aid +1)%2
g2 172 —’(,' (2.36)
gr = didy---dr = AT (aid +1)%,

where for each 1 <1 < g, sj1 <89 <+ < sjp,and v < v < -+- <. So
on finding the principal generators, g]?, of A using (2.16) its invariant factors,
dy,...,dy, k=1,...7r, are given by

di = gk
k-1

q
= \Vk~Vk-1 H(a‘./\ + 1)3-":—’-*—1, (2.37)

i=1

where d,|- - -|d,.

Given any such sequence of invariant factors, the following section proposes

a normal form.

2.4.1 Normal Forms

Consider the block of the form

[ 0 a;A+1 T
—a;A-1 0 1
-1 0 a A+ 1
—a,'A -1 0 1
-1
1
-1 0 aid+1

L —a;A—1 0 i

2:‘:,'

(2.38)
where a; # 0 and r;; is the number of 2 x 2 blocks

0 aix+1
—a,'/\ -1 0
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It is more convenient to refer to the size of such a block by the number r;; of

its constituent 2 x 2 blocks as opposed to its actual size 27;;.

For each distinct a; we construct a direct sum of n(i) blocks of the above
form of sizes r;1, T2, ..., Tin(i) arranged so that rj; < rip < -+ <ripg;). These
sizes depend on the multiplicities, s;x, of the factor (a;A + 1), in the principal
generator g of each of the even ideals. Supposing the determinant of a pair has
g distinct non-zero roots ay, ..., @, its proposed normal form, N, consists of a
direct sum of these objects. Corresponding to any zero eigenvalue of a pair its

normal form has in addition a direct sum of n(0) blocks of the form

“ 0 -
-A 0 1
-1} 0 A
- 0|1
-1 , (2.39)
1
“1[ 0 A
e _A 0-
2;;:‘

of sizes ro; < *++ < Ton(o), determined by the multiplicity of A in the principal

generators of the even ideals of A; + AA;. We can therefore express such a
normal form, N by the following shorthand:

a; T T2 o Tip1)
distinct(non-zero) (2.40)
, .
@ Tqr Tq2 -+ Tyn(q)
0 ro1 ro2 -+ Ton(o)

where foreach0<i<q, rj; <rpp <--+ < Tin(i)-

Our aim is to show that any sequence of invariant factors can be realised by
a normal form of this type.
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2.4.2 Invariants of the Normal Form

Given such a normal form we first need to find its invariants. We start by using
(2.16) to calculate the invariants of blocks of the type in (2.38).

Lemma 2.4.2 The skew-symmetric A-matriz

[ 0 a;A+1
—a,‘/\ -1 0 1
-1 0 a;d+1
—-a;A -1 0 1
0=
-1
1
-1 0 aix+1
L —a,-/\ -1 0
27
has invarient factors dy = dy = -+ =dy;_1 = 1, dy;; = (@A +1)", and is
therefore skew \-equivalent to
[ 0 1 1
-1 0
0 1
-1 0
E(ai, 1) =
0 1
-1 0
0 (a; A+ 1)"
| —(a;A + 1) 0 i

Proof The block Q contains r;; — 1 blocks

6= 1]
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So with the exception of Iz, each even ideal Io; (1 < k < rj; — 1) contains a

2k x 2k minor of the form

0 1 -
-1 0 aidA+1
—a;A—1 0 1
-1 0
aid+1
—a,~/\— 1 0 1
| -1 o]

By Lemma 1.0.7 this matrix has determinant 1, so 1 € I; which implies that
Ly = (1)a

for1<k<ry-1
Furthermore from the same lemma we see that det 2 = (a;A +1)?™ from which

we deduce that
Ipr,; = {(aid + 1)2"'1').

It follows from (2.16) that
dl =d2="'=d,-‘.j..1 =1 and drij =(ai/\+1)r‘j.

So from Theorem 2.2.4 Q is skew A-equivalent to

E(a;,ri;) =

0 (@ X+ 1)
—(a,-/\ + l)r‘j 0

as required. O

By a similar argument we can deduce the following, about blocks of the type
in (2.39).

64



Corollary 2.4.3 The skew-symmetric A-matriz

[ 0 A
-2 0 1
-110 A
-2 0|1
1 ,
1
-1 0 A
_ - 0]
2:';,‘
has invariant factors dy = dy = -+ = dpy; -1 = 1, dyy; = A%, and is therefore
skew A-equivalent to
[ 0 1 i
-1 0
0 1
-1 0
E(07T0j) =
0 1
-1 0
0 AT0;
AT 0

Proof The argument is the same as that for Lemma 2.4.2 with the linear factor
(a;A + 1) replaced by A. O

Remark 2.4.4 So given any constituent block, 2, of the normal form repre-
sented by (2.40), by Theorem 2.1.19 (applied over the Euclidean domain K[\])

we can obtain the block E(a;,r;;) by a series of simultaneous A-transformations.

By virtue of the normal form being a direct sum, the effects of such A-transformations
are confined to the block concerned. By applying this argument to each of

its blocks, it follows that the normal form (represented by (2.40)) is skew -
equivalent to a direct sum of the form

q n(i) n(0)
M = PP E(ai,ri;) D EO, ro;)-
i=1 j=1 =1

By calculating the invariant factors of this sum, M, we find the invariant factors
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for the skew A-equivalent normal form, V. Before doing this we state a couple

of properties of M which will be refered to later.

Lemma 2.4.5 We denote the number of constituent blocks of the A-matriz

n(i n(0)

M= @ E(aiarij)@E(O’roJ')’
j=1

i=1 j=1 j=

LY

by p', so

The number of blocks
0 1
e=[ 50

contained in M, is denoted by m' and is given by

g n(i) n(0)
m' = Z Z(r,-j -1+ E(Toj -1).
i=1 j=1 i=1
m

Proof The expression for p' is self-explanatory. The expression for m' follows

from a consideration of the form taken by the blocks E(a;,ri;) and E(0,ro;). O

The integer m' is an important invariant when considering the ideals gener-

ated by even minors of M. In fact we can use it to deduce the following.

Lemma 2.4.6 If Io; (M) is the ideal of all 2k x 2k minors of the sum M then
if k <m' we have
Ly (M) = (1).

Proof If k < m/ one of the 2k x 2k minors is det(&xE) = 1. So Ix(M) = (1)

as required. O

By Lemma 2.1.16 an ideal I = (f1,..., f.), where fi,..., fn € K[)], has the
principal generator f = gcd{fi,...,fs}. With this in mind, we are ready to

consider the invariants of M.
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Lemma 2.4.7 Given a sum

q n{i) n(0)

M = @ @E(a,’,rij) @ E(0, 7'0j)
j=1

i=1 j=1

with p' and m' the quantities defined and ezpressed in Lemma 2.4.5, consider
the ideal I, (M) generated by all 2k x 2k minors of M. If k — m' < 0 then
Ly(M) = (1). But if k —m' > 0 there are two possibilities:

(a) if, for all0 <i < q, p' —n(i) > k—m' then /L, (M) = (1);
(b) ifk—m' +n@i) —p =ty >0 for some 0 <i < q then
g

L (M) = (AR TJ(aid + 1)),

=1

where Ry, = 22;1 rij and Rix =0 if ti, <0. !

If M has the sequence of invariant factors d1,...,0, these are given by
q
8 = )\ FRox—Rox-1 H(ai'\ + I)Rih—ﬂ-‘h—x'
=1

1 <k <r, where for each 0 <t < gq, Ry =0.

Proof The case k — m' < 0 is covered by Lemma 2.4.6. We need to consider
the possibility & > m’. Let s = k —m' > 0. By suitable A-transformations
(interchanging rows and columns, multiplying rows or columns by —1) we can

find a diagonal matrix M', A-equivalent to M, of the form

M =La®D® D,

where

1The subscript k in t;x and R;; refers to the ideal, I, we are dealing with and hence for
the main purposes of this Lemma is fixed. This notation however will be useful later on.
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and D; = diag(di1,di2, . . ., dizn(s)) are 2n(i) x 2n(i) diagonal blocks given by

(aid+ 1)
(a,‘/\ + 1)7‘.'1

(aid + 1)Tined
(@; X + 1)Tin(®

and Dy = diag(do1,dos, - - -, do2n(0)) is the 2n(0) x 2n(0) diagonal block given
by

Aro1
/\1‘01

Dy
ATon(0)
Aon(0)

It follows from the ordering of the r;;’s (including the ro;’s) in our original
normal form, described in Section 2.4.1, that each D; (0 < i < ¢) is a diagonal
block, of the type described in Lemma 2.2.2. From Lemma 2.2.3 I, (M) =
Ix(M'). We therefore want to find the generators of Iox(M'). In fact we only
need to consider those minors of M’ containing the 2m’ x 2m/' identity I, since
any other 2k x 2k minor will be a multiple of one of these (the multiple being
a product of terms of (D & Dg) replacing the unused 1’s of I,,'). To complete
these minors we need to choose a further 2s = 2k — 2m/' elements from (D & D)

and it is not too difficult to see that
Ly (M') = I,(D & D).

The generators of I,(D @ Dp) are products of non-negative numbers, s(¢}), of

elements chosen from each block D; respectively where
s(i) + s(0) = 2s.
=1

Furthermore by Lemma 2.2.2 it is sufficient to choose the first s(i) elements in
each block D;. So

Li(M') = I1(D @ Do)

has generators of the form:

dyy--- du(l)dzl "'d2-(2) coedgree dqu(q)dﬂl "'do‘(o)’
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where Y7 | s(i) + s(0) = 2s and 0 < s(i) < 2n(:) for each 0 < ¢ < ¢. Here
s(i) = 0 means there are no elements chosen from D;. Note here that for
1<j <n(i)

digj—1 = dizj = (@A + 1)7

and
dogj—1 = dozj = A™.

When finding a generator the minimum number of diagonal elements we can

choose involving some a; is
25 — (2p' — 2n(i)) = 2t4.

If 2t;x < 0 it follows that (a;A + 1) is not a divisor of all the generators of
Ly (D & Dy). However if 2t > 0 every minor of I»;(D & Dg) has a factor
consisting of at least 2t;; powers of (a;A + 1). So the gecd of the minors has a
factor consisting of a product of the lowest 2¢;, powers of (a;\ + 1). By the

ordering of our original normal form and since, for 1 < j < n(7),
dizj_1 = dizj = (aiA +1)79

it follows that this product is the product of the first ¢;;. pairs of elements in D;
i.e.
(@id + 1)%70 (g h + 1) 27,

Consequently, by considering each 1 < ¢ < ¢, a factor of the ged is given by

q
[T (aix + 1)2R=,

i=1

where R, = z;;"l rij and Ry = 0 if t;y < 0. Furthermore if t;; < 0 for all

1 £ i < g then none of the elements (a;A + 1) is a common divisor of all the

generators of Io,(D & Dy).

Similarly the minimal number of elements of Dy appearing in a generator is
given by
23 — (2p' - 2n(0)) = 2tok.

If 2t < 0 then X is not a divisor of all the generators of I,(D & Dy). However

if 2tgx > 0 by a similar argument as above the ged has a factor

\2Eou ,
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where Rox = ;:1 Tok is a sum of the first tg; pairs of elements of Dy.

It follows that if for all 0 < i < ¢ we have t;; <0 then
Iys(D) = (1).
Otherwise the ged is given by
q
A2Rox TT(aid + 1)%Rs,
i=1
and using Lemma 2.1.16 and the notation in Definition 2.4.1 the result follows.

The invariant factors, 41, ..., 4y, are then found using (2.16). O

So given a normal form, N, of the type described in Section 2.4.1, it follows
from Remark 2.4.4 that Lemma 2.4.7 gives an algorithm for finding its sequence

of invariant factors.

The following theorem is the principal objective of this chapter. To establish

it we need to prove two things.

(i) First we show that any sequence of invariant factors (represented by

(2.37)) can be realised by a normal form, N, of the above type.

(i) Distinct normal forms N yield distinct sets of invariant factors. This is
done by showing that there is a unique normal form corresponding to a

choice of invariant factors.

Theorem 2.4.8 Every pair of skew-symmetric matrices A; + AA; with As non-
singular is skew-equivalent to a unigque normal form N = N, + AN, of the type
described in Section 2.4.1 and represented by the shorthand

g1 ™ T2 o TiaQy
distinct(non-zero) (2.41)
Qg Tq1 Tg2 “°* Tgn(q)
0 ro1 7oz -+ Ton(o)

withryy <rig <+ Sy for0< i< gq.
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Proof Denoting the invariant factors of N by é,...,0,, from Lemma 2.4.7, for
eachl1 <k <r,

q
8k = ARox=Rou—t TT(gh 4 1)Rix—Rin—s (2.42)
i=1
where Ry, = E;;l Ty with tig = k—m' +n(i) —p' and Rix = 0 if tyx <O.
(Note, if k = 1 then for each 0 <i < ¢, Ry =0.)

From (2.37), for 1 < k < r, the invariant factor d of any pair A = A; + A4,

{with A, non-singular) is of the form
q
dj = AVk Uk H(ei/\ + 1)%k—sik-1
i=1

where foreach 1 < i <¢q, 85 <82 <+ < 8p,and v < vy < --- < v, and
dy|---|dy.

We need to show that we can find a set of a;’s, ri;’s as in (2.41) so that

dy = d; for each k. Obviously, we choose each a; = e; leaving us to find the

Tij's.
We need to solve the equations
Sik — Sik—1 = Rix — Rip—y, (2.43)
for each 1 <i < ¢, and
v — Vk-1 = Ror — Rog—1. (2.44)

We deduce from (2.43) that

T,'k_ml:)_n(i)_p/ ifk-m'+ n(z) - p’ >1 (245)

Sik — Sip—1 = N
! k-1 { otherwise

In this way (by considering 1 < k < r) for each 1 < ¢ < g we obtain the values
for the r;; in terms of the s;’s. Similarly it can be shown that if (2.44) holds
then

Vg — Vg1 = (2.46)

Tok—m'+n(0)—p ifk—m' +n(0)—p' >1
0 otherwise

Hence we can get the values for the rg;’s in terms of the vy’s. Furthermore (for

each sequence of invariant factors) these values of r;; are unique thus showing

71



that no two N’s with distinct sets of a;’s, r;;’s are skew-equivalent. Finally,
recall that these normal forms are constructed so that for each 0 < i < ¢ the r;;
are non-decreasing through 0 < j < n(i), a fact used in the proof of Lemma 2.4.7
and therefore a requirement for our argument. It remains to check that this is
true for the r;;’s found from the s;’s and vx's. We first want to show that for
eachl<i<gqgthenfor1 <k<r

Tik—1-m'+n(i)~p' S Tik—m'4$n(E)—p -
It follows from (2.45) that

Tik—1—-m'+n(i)-p' = Sik—1 — Sik—2, (2-47)

Tik—m’/4n(i)—p' = Sik — Sik—1. (2.48)

If we denote the power of the factor (a;A + 1) appearing in the invariant d; by
degd;’ it follows from (2.37) that

degd‘,:i_l = 8ik—1 — Sik-2 (2‘49)
degd}’

Sik — Sik—1. (2.50)
Furthermore since dj_;|dy then
degd;’ | < degdy’
and so from (2.49) and (2.50) it follows that
8ik—1 — Sik—2 < Sik — Sik—1.
The required result then follows from (2.47) and (2.48). It remains to show that
Tok—1—m'+n(0)~p' < TOk—m'+n(0)—p's
for 1 < k < r. By (2.46) this amounts to showing that
Vg—1 — Vg2 S Up — Vg—1.

Denoting the power of the factor A appearing in the invariant, di, by degd} it
follows from (2.37) that

degd}_;, = Vp_1 —Up_3 (2.51)

deg d: Vg — Vg—1- (252)
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Again since di_;|dx

degdy_; < degdy

and (2.51), (2.52) give the required result.

Consequently given the invariant factors of any linear skew-symmetric A-
matrix A we can find a unique skew-equivalent normal form of the type described
in Section 2.4.1. O

Recall from Section 1.3 of Chapter 1 that the pair (A4;, A2) determine the
pencil
A=pA + A,
for points (p : A) on the projective line, PK. We can also represent this pencil
by the affine chart
A+ XAy,

where A’ = A/yu, along with the single matrix A, corresponding to the point at
infinity, (0 : 1). Furthermore recall that the eigenvalues of the pair (A4;, A3) are
those points (g : A) satisfying det(pA; + AA;) = 0 and correspond to singular
members of the pencil, A. As A, is non-singular it follows that the point at
infinity is not an eigenvalue and hence the eigenvalues, (1 : X), of the pair

(Ay, Az) are given by the roots of

det(A4; + M Ap) =0.

We deduce that the pair (4;, Az) has eigenvalues given by the roots of
q
det(A; + A Ag) = X [J(a:iX + 1) =0.
=1

Hence these eigenvalues are

(1:0)  of multiplicity v,
(a; : —1) of multiplicity s;, 1<i<gq '

If the normal form of the pair (A;, A2) is (N, N2) then, since eigenvalues are
an invariant of skew-equivalent pairs, these are also the eigenvalues (including

multiplicities) of the pair (Ny, Ns).

It follows from Lemma 1.3.3 that the pencil, A, determined by the pair
(A1, Az) is skew-equivalent to a pencil determined by the pair (N1, N;), this
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being the special case where the change of basis matrix is the identity. So
N1 + AN; is also a normal form for a pencil. Note here that, by Lemma 1.4.3,
for each common eigenvalue of (4;, As) and (N, N2) the corresponding singular

elements of each pencil are skew-equivalent.

2.4.3 Classifying Pencils

If the pencil is singular see Chapter 3.

If the pencil is non-singular by a linear change of basis we can always choose
a representative pair of matrices, which are both non-singular, and then use
Theorem 2.4.8 to find a skew-equivalent normal form. This normal form can be
simplified by further changes of basis.

2.4.4 Classifying Pairs

When classifying pairs we do not have the luxury of changes of basis. Any pair
for which at least one is non-singular has a normal form as found above using
Theorem 2.4.8.

Alternatively, given a pair of singular matrices (A;, A;) then they either
determine a singular pencil or not. In the latter case there are a pair of a finite
number, @ < n, of points where the (non-singular) pencil they determine meets
the set of singular matrices. By choosing a pair of non-singular matrices on this
pencil we can, again by Theorem 2.4.8, find a normal form pair (B, B3). The
pencil determined by this pair also meets the singular set in @ points. If we
denote the set of pairs of these points by {(S;,S;),1 <4 < j < Q} then by

Lemma 1.4.3 the original pair (41, A2) is skew-equivalent to one of (%) possible

normal forms, (S;, S;).
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Chapter 3

Singular Skew-symmetric
Pencils

In this chapter we consider the reduction of singular skew-symmetric pencils.
The method we adopt for this is inspired by work in Chapter IX of [TurnAit].

In Section 3.2 we describe an initial reduction which breaks a singular skew-
symmetric matrix pencil down into a series of canonical singular submatrices,
possibly with an additional non-singular sub-pencil. Then in Section 3.3, using
the results of the previous chapter for dealing with the non-singular part, we
refine this reduction further to obtain normal forms for singular pencils.

An overview of the initial reduction is useful. We start this by establishing
that any singular (skew-symmetric) pencil, A = AA+uB, has a non-trivial kernel
vector (with homogeneous polynomial entries in A, u) of a minimal degree, k;.
This minimal degree is a (skew-equivalent) invariant of the pencil. By the
action of Gl(n, K) on this kernel vector we obtain a canonical vector and from
the associated skew-equivalent action of Gl(n, K) on the pencil A we obtain a
corresponding canonical singular (skew-symmetric) sub-matrix, while reducing
the remainder of the pencil to a smaller skew-symmetric sub-pencil, I'. The size
of this singular block is determined by the minimal degree k;. In addition there

are various by-products of the reduction which need to be cleared away and we
consider this in Section 3.3.

If the submatrix, T, is singular it can be reduced in a similar way by finding a
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canonical kernel vector of minimal degree k2 > k;, thereby separating a further
canonical singular (skew-symmetric) sub-block from the remainder of the pencil
and so on. By definition, the minimal degrees of successive subpencils, I, form
a non-decreasing sequence. In due course the process stops, in particular when

a non-singular sub-pencil, I is produced.

First we need a few preliminaries concerning pencils which we keep as general
as possible. However, when necessary, we specialise some of these for the skew-
symmetric case. We start by generalising some of the definitions introduced in
Sections 1.3 and 1.4 of Chapter 1.

Definition 3.0.9 Let A, B be n' x n matrices defined over K. The pencil
determined by A and B is the family of matrices AA + uB, where () : p) are
points of the projective line PK1.

In the following such pencils will be denoted by uppercase greek letters (i.e.
A, Q)

Definition 3.0.10 (i) Two pencils A, Q are said to be strictly equivalent

if for some invertible constant matrices P and Q, of appropriate sizes, we
have
Q2 =QAP.

(#) If A = AMA + uB, Q = pC + oD then A and Q are called equivalent if
p(aA+vYB) +0(BA+6B) and pC + oD are strictly equivalent, where the

associated linear change of coordinates is given by

(2)-(s9)(2)

with the change of basis matrix

( : g ) € GI(2,K).

Remark 3.0.11 We often omit the prefix ‘strict’, in (i), when it is clear which

equivalences we are using.

Definition 3.0.12 The rank of any n' x n pencil A = AA; + pA; is defined to
be the mazimal rank of AA; + nA; as (A : p) varies over PK!.
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This rank is determined by the minors of A.

Lemma 3.0.13 Let I; denote the ideal in K[\, y] generated by the j x j minors
of A. Then rank A is the largest k for which I, # 0.

Proof If k is the largest integer for which I # 0, then some k x k minor, A, of
A is a non-zero polynomial. As K has characteristic zero, A(), p) # 0 for some
(A : p) so the maximal rank A > k. But since for j > k all j x j minors vanish
identically A(A, i) has rank < k for all (A : u). It follows, therefore, that A has

maximal rank k. O

Definition 3.0.14 Ann' x n pencil A is singular if rank A < min{n',n}.

Remark 3.0.15 It follows from this definition and the previous lemma that
the condition, given in Section 1.4, for an n x n pencil A to be singular (i.e. that

det A = 0) is equivalent to rank A < n.

The following definition introduces the notion of kernel vectors of a pencil.

Definition 3.0.16 Polynomial kernel vectors, v, of the pencil A are n x 1

vectors, whose entries are polynomials in X and p, for which Av = 0.

Similarly, we define polynomial nullifying vectors to be 1 x n' vectors,

u, whose entries are polynomials in A and p, for which uA = 0.

Note, since the nullifying polynomial vectors defined here are not needed for the
main objectives of this chapter the following results deal specifically with the
kernel vectors. Similar results will also hold for the nullifying vectors.

In fact we need only consider homogeneous polynomial (kernel) vectors of

our pencils as shown by the following lemma.

Lemma 3.0.17 Let v = vg + -+ + v, where vi, 0 < i < 8, i3 & vector with

homogeneous entries of degree i. Then if Av =0 then Avi =0.

Proof Since the entries of A are linear in A and u this is obvious. O
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Definition 3.0.18 If a pencil A has a homogeneous polynomial kernel vector,
v, with entries of degree k we say that the columns of A have dependence of

order k.

If A has a homogeneous polynomial kernel vector w of degree m, and no
relation of column dependence holds for a homogeneous polynomial kernel vector
of degree less than m, then m is the minimal order of column dependence of

A and w has minimal degree.

Similarly, our pencil A is said to be row dependent of order k' if there exists
a homogeneous nullifying vector u, with entries of degree k', which satisfies
uA = 0. The smallest degree, m’, of such a vector is the minimal order of row

dependence of A. The following result applies to skew-symmetric pencils.

Proposition 3.0.19 The minimal orders of row and column dependence of a
skew-symmetric pencil A, have the same value. We call this value the minimal

order of dependence of A.

Proof Let A have column dependence of minimal order k& and row dependence

of minimal order k'. So
Av=0,

where v is a minimal homogeneous kernel vector of degree k. Therefore

Av)yT =0
which implies that

vIAT =0
and since A is skew-symmetric

—-vIA=0.

But v has degree k, so k > k' since otherwise the minimality of k' is contra-
dicted.

We also know that
uA =0,

where u is a homogeneous vector of minimal degree k’. Therefore
(uA)T =0

78



which implies
ATuT =0
and, since A is skew-symmetric, that

—-AuT =0.

Since uT has degree k' then for the minimality of k to be preserved k' > k. So
k' = k as required. O

Lemma 3.0.20 The minimal order of column (row) dependence of a pencil, A,

1s invariant under

(i) equivalent transformation of A,

(ii) homogeneous non-singular transformation of A\, p to p, o; i.e change of

basis.

Proof We consider column dependence. Letting v be a homogeneous kernel

vector of minimal degree k then
Av=0.

(i) Consider an equivalent matrix QAP, where det P # 0, detQ # 0, and
suppose that QAPv; = 0 where v, is a vector of minimal order, less than &, in
the kernel of QAP. Since Q is invertible then

APV] =0

where, since the elements of P are constants, the vector Pv; in the kernel of
A must be, like v;, of lower order than k. But this contradicts the assumption
that k is the minimal order of column dependence of A. Hence v, cannot be of
lower order than v. Equally v cannot be of lower order than v; since if it were
then

QAP(P'v)

QAv
= 0,

would contradict the minimality of v,. So the minimal order of dependence is

invariant under equivalent transformation.

(ii) If we consider a linear change from A, p to p, o then v is transformed into

a homogeneous polynomial vector v’ in the variables p, . Such a transformation
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cannot raise the degree in v', though it might lead to the lowering of it through
the cancelling of some common factor in the transformed elements. In such a
case however, since this transformation is non-singular, we can transform back
from p, 0 to A, p resulting in a vector of lower degree than v which would
contradict its minimality. Hence the minimal order k is also invariant under

change of basis as required.
The result for row dependence follows similarly. O

The following corollary to this result applies to skew-symmetric pencils.

Corollary 3.0.21 The minimal order of dependence of a skew-symmetric pen-

cil, A, is invariant under

(i) skew-equivalent transformation of A,

(i) homogeneous non-singular transformation of A\, p to p, o, i.e change of

basis.

Proof Since, by Proposition 3.0.19, the minimal orders of row and column
dependence of a skew-symmetric matrix are the same we only need to prove the
results for column dependence. To show that column dependence is invariant
under skew-equivalence we simply replace Q by PT in the proof of Lemma 3.0.20
part (i). Part (ii) follows exactly as before. O

In the following section we establish some results which are useful for the
reduction of singular pencils.

3.1 Key Lemmas

Lemma 3.1.1 Let A be an n' x n pencil (where n' > n) and suppose it has k
columns yielding an n' x k pencil of rank (k —1). Then A has a homogeneous

kernel vector of degree (k — 1).

Proof Let A, be the n' x k pencil formed by these k columns. Since A; has
rank (k — 1) then by Lemma 3.0.13 it has a non-zero (k — 1) x (k — 1) minor
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and by choosing & rows of A; we can form a k x k matrix 2 which contains this
minor. It also follows from Lemma 3.0.13 that  has rank (k—1) and det Q2 = 0.

Consequently
Qadj? = 0.

But since §2 contains the above non-zero (k—1) x (k—1) minor, adjf? is non-zero
and furthermore each of its non-zero entries is homogeneous and of degree (k—1).
We choose a non-zero column, w, of adj? which is therefore annihilated by the
k rows of €. For generic (A, i) the ranks of Q(\, u) and A; (), 1) are both (k—1)
and so by standard linear algebra the rowspace of A;(A, ) is spanned by the
rows of Q(A, p). So, in particular, the rows of A;(\, u) are linear combinations
of the rows of (A, 1) and since §) annihilates the vector, w, it follows that, for
almost all (A, u), A1(A, p) kills w(A, u). Furthermore since K has characteristic
zero we deduce that A;w = 0 for all values of (A, p). Consequently we have

found a k x 1 homogeneous vector, w, of degree (k — 1) which is killed by A;. If

we assign the suffices 1,...,1; to the k columns of A which form A; and write
wi,
W = y
wj,

then it follows that

where w is the n x 1 vector with entries w;;, (1 < j < k), in rows i; and zeros

elsewhere. O

Corollary 3.1.2 If A is an n' X n pencil (where n’ > n) of rank r < n then it

has a homogeneous polynomial kernel vector of degree r.

Proof Since A has rank r, by Lemma 3.0.13, it has a non-zero r x r minor and
all higher order minors are zero. Since r < n we can find r + 1 columns of
A which yield an n' x (r + 1) pencil of rank r by choosing them so that they
contain this r x 7 minor. The rest then follows from Lemma 3.1.1. O

Lemma 3.1.3 Suppose an n' x n pencil, A, has a homogeneous polynomial
kernel vector, v, of degree k < n — 1. Then A is equivalent to a pencil with
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kernel vector either

(*"\ o

\ o 5

for some v;, of degree k, not all zero.

Proof If A has a homogeneous polynomial kernel vector

U1

Un
of degree k then Av = 0. This vector, v, can be represented by an n x (k + 1)
matrix, C, whose j rows yield the coefficients of the monomials for each of the
v;. Premultiplication of v by an invertible matrix, P~!, corresponds to row
operations on v. Furthermore the resulting vector P~v is a kernel vector of

the pencil QAP which is equivalent to A. If C has rank (k + 1) then by row

operations it can be reduced to the form

k3

in which case the resulting kernel vector P~v is v(k). Otherwise if the rank
of C is not maximal then by row operations it can be reduced to a form with k

or fewer non-zero rows and the resulting kernel vector is v'. O

Remark 3.1.4 The same result holds for a skew-symmetric pencil subject to
skew-equivalence.

3.2 Initial Reduction of Singular Skew-symmetric
Pencils

Note that in this section, when we apply the methods and terminology of linear
algebra to our pencils, we are in fact applying it to the matrices obtained for
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generic (A, p) and use the fact that K has characteristic zero to show that
the results will then hold for all (A, u). By Lemma 3.0.20 the minimal order
of (column) dependence of the pencil A is invariant under equivalence (and
change of basis). In the following proofs we will frequently use the fact that this

minimality must be preserved to rule out, by contradiction, certain results.

We start with the following theorem for square singular pencils.

Theorem 3.2.1 Let A be an n x n singular pencil. Then it has a homogeneous
polynomial kernel vector v of minimal degree k < n. Furthermore A is equivalent

to a pencil with kernel vector v(k).

Proof Since A is singular, rankA = r < n. So by Corollary 3.1.2, it has a
homogeneous polynomial kernel vector of degree r < n. Therefore there exists
a polynomial kernel vector v of minimal degree k < r. So k < n. By Lemma
3.1.3 A is equivalent to a pencil, QAP, with kernel vector either v(k) or a
non-zero vector v’ which has its last n — k entries zero. In the latter case the
first k columns of QAP are dependent and therefore have rank < (k — 1). By
Lemma 3.1.1 we deduce that QAP has a kernel vector of degree < (k — 1)
thereby contradicting the minimality of k. Consequently we can rule out this
case. Recall from Lemma 3.1.3 that

( /\k/\—kl m \

vik) = | b

Previously, we haven’t been particularly concerned with the type of singular
pencils we are dealing with. This is because, when finding polynomial kernel
vectors of a pencil, its type (i.e. general, skew-symmetric etc) is not significant
since these vectors depend on column operations on the pencil and it is imma-
terial whether or not we are also performing the same row operations (on the
pencil). However, clearly, when it comes to considering the actual reduction of

a pencil, A, we must be more precise.
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As a consequence from here on we restrict our attention to skew-symmetric
pencils subject to skew-equivalence. We start with the following result, the
first part of which is just a revamped version of Theorem 3.2.1. Note it will

sometimes be more convenient to denote a pencil skew-equivalent to A also by
A.

Lemma 3.2.2 Consider an n x n singular skew-symmetric pencil A. Then, for
some k < n it is skew-equivalent to a pencil of the form

0 --- 0/0 -~ 017 F0 .- 0 7
: : -pT R -DT
0 0 o - 0|0 ..- 0
A o +p 0 ,  (8.1)
. D A D B
[ O i i 0 J

where A and B are (n — k — 1) x (n — k — 1) skew-symmetric matrices and D
is an (n — k — 1) x k matriz. Furthermore this skew-symmetric pencil has a
homogeneous polynomial kernel vector of the form

(o)

_,\k—lp

w(k) = | (~1)kut
0

Proof As just stated, the first part of this proof follows a similar argument to
that used, in the proof of Theorem 3.2.1, for a general square pencil.

Since A is singular rankA = r < n. So, by Corollary 3.1.2, it has a homoge-
neous polynomial kernel vector of degree r < n. Therefore it has a polynomial
kernel vector v of minimal degree k < n. By a similar argument to that used to
prove Lemma 3.1.3 A is skew-equivalent to a pencil PTAP with either a (non-

zero) kernel vector v/, which has its last n — k entries zero, or a vector w(k) of
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the form

Then by a similar argument to that used in the proof of Theorem 3.2.1 we can
rule out the first possiblity. Note we obtain w(k), rather than the vector v(k)
given in the proof of Lemma 3.1.3, by slightly altering the row operations on

the matrix of coefficients C thereby reducing it to the form

Jk+1
0 k)

where the (k + 1) x (k + 1) matrix, Jx41, is given by

1 0 -~ 0
0 -1 :
Jit1 =
: .. . 0
0 - 0 (-1)F

We have therefore reduced A to
A=)A+uB,
with A = (ay;), B = (bij) n x n skew-symmetric matrices, such that
Aw(k) = (AMA +uB)w(k) =0. (3.2)
From (3.2) we get the following identities:
k+1
2D e+ by =0, 1<i<n,

=1

For each 1 < i < n we have a homogeneous polynomial of degree k + 1 which
must be identically zero. Consequently the coefficients of each of the monomials
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must vanish and we get the following conditions on the entries of A and B:

ajy = 0
ap = by
aiky1 = b
bikt1 = 0.

We have therefore established that if (3.2) holds, matrices A, B take the form:
A = [0DA,] and B = [DOB,],

where D is an n x k matrix, 4; and B; two n X (n — k — 1) matrices and 0 is

an n x 1 column of zeros.

Consider the first k+1 equations of (3.2) which are equivalent to (A[0D]x+1 +
#[D0]g+1)w(k) = 0 i.e to the vanishing of

0 dn -+ dui dap -+ due 0 Ak
N O R ) T :
0 detnn -+ disak deynn o0 digae O (-1)kp*
(3.3)
Since A is skew-symmetric it follows that the (k+1) x (k+1) block (A[0D]x+1 +
p[DO0)k+1) is skew-symmetric which implies that both [0D}g41 and [DOJg4, are
skew-symmetric. As the first column of [0D]x4, is zero by skew-symmetry
its first row must also be zero i.e dy; = -+ = dj; = 0. Consequently the
first row of [D0]x+; is zero which in turn by skew-symmetry implies that its
first column is zero i.e d2; = ---dg413 = 0. So the first row and column of
(A0OD}k41 + p[DO0)x+1) are zero and by induction it follows that [0D]g4; and
(DOJk+1 are null matrices. Using this we have the skew-equivalent pencil in
3.1). O

Lemma 3.2.3 The (n — k — 1) x k matriz, D, in the reduction of A given by

(8.1) has mazimal rank, k.

Proof The proof is by contradiction. If rank D < k then by row operations on
D we obtain a matrix D' with less than k non-zero rows. By carrying out the
corresponding simultaneous row and column operations on the pencil given by
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(3.1) we obtain the skew-equivalent pencil

[ 0 0 0
: -D'T
0
Mo
. D A
| 0

+u

[0 0
: : -D'T
0 0|0 -

0
D' B*

i 0

, (34)

where A* and B* are (n — k — 1) x (n — k — 1) skew-symmetric matrices. The

first (k + 1) columns form the n x (k + 1) pencil

"0 07 [ 0 0
0 0 0 0
A 0 +u 0
. D D'
-0 - e O-

which has less than k non-zero rows. It follows that all its kxk and (k+1)x(k+1)
minors are identically zero and it has rank < k — 1. Consequently Lemma 3.1.1
implies that the skew-equivalent pencil (3.4) has a homogeneous polynomial
kernel vector of degree < k — 1 which contradicts the minimality of k. O

Since D has maximal rank, k, by a series of row operations we can reduce it

]

By carrying out these row operations accompanied by their counterpart column

to the form

operations we can reduce A to the skew-equivalent pencil

0 Q [0
A=|-Q"| F [G],
0 [-G"|T

(3.5)

where 0 denotes, as usual, null matrices and @ is the (k+ 1) x k pencil given by

S 01
A op

Q=10 a 01|
0. o A
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G isa k x (n — 2k — 1) pencil and F, I" are skew-symmetric pencils of order k

and (n — 2k — 1) respectively.

Remark 3.2.4 We make a point which proves useful later on. Given a pencil
A’ of the form in (3.1) i.e. which satisfies

A'w(k) =0,

then the skew-equivalent pencil A = PTA'P, in (3.5), which is obtained from
it by simultaneous row and column operations on its last n — (k + 1) rows and
columns satisfies

(PTA'P)P 'w(k) = 0.
Hence A has the polynomial kernel vector P~1w(k) = w(k) since the action
of P! on the vector w(k) corresponds to applying row operations to its last

{n — k — 1) rows which are all zeros.

So simultaneous row and column operations on the last (n — k — 1) rows and

columns of A preserve its polynomial kernel vector w(k).

By further skew-equivalent transformation we aim to kill off all the entries

in the sub-pencil, F, of (3.5). Considering the action, on this pencil, by the

iy | U 0
0 I 0 R

0 | 0| In_2r

invertible matrix

where U is some (unknown) (k+1) x k matrix, we get the skew-equivalent pencil

0 Q 0
Q[ -QTU+UTQ+F |G
0 -Gt r

Hence we need to show that we can find a matrix U such that
-QTU+UTQ+F=0.

However before proving this we need the following.
Theorem 3.2.5 Consider the space of (r + 1) x r matrices, U, of the form

Uy o Up VO
U = Uo =
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where Uy and Vg are arbitrary r x r symmetric matrices, then this space has

dimension 2r.

Proof In fact one can show that U is determined uniquely by the choices of
u1,...,u, and vy,...,v,. (Defining the skew diagonals of the matrix to be the
diagonals which cross its main diagonal, then having fixed uy,...,u,, v1,...,0r
each element of the matrix U lies on a skew diagonal meeting some u; or vj,

and the symmetry conditions force it to take this value.)
The formal proof proceeds by induction on r. The cases r = 1,2 are clear.

Suppose that the result is established for r, and consider the situation of a
matrix U which is (r +2) x (r + 1). If we delete the first row and column of this
matrix we have exactly the same situation and the space of possible solutions

is of dimension 2r.

However all of the entries in the larger matrix are determined by the sym-
metry conditions, except from those in places (1,1), (1,2) and (2, 1), the latter
pair being equal. Consequently the space is of dimension 2r + 2 = 2(r + 1) as

required. O

Lemma 3.2.6 Let Q be the (r + 1) x r matriz

w0 e 0]
A p '
@=l0o x . 0
[0 - 0 A

and ® any r x r skew-symmetric pencil then we can find a constant (r + 1) x r

matriz U such that
—QTU + UTQ =&, (3.6)

Proof If we consider this equation, we see that both sides are r x r skew-
symmetric pencils. The RHS is a pencil of the form AA; + uB; where A, and
B, are known r x r skew-symmetric matrices. The LHS is a pencil of the form
AQ; + pQ2 where @, and Q. are r x r skew-symmetric matrices whose entries

are linear combinations of the r(r + 1) unknown entries of U. We can therefore
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think of (3.6) as two sets of linear equations in the r(r + 1) entries of U: one
set corresponding to the matrices multiplied by A, i.e @1 = A1, and the other,
Q2 = Bs to the matrices multiplied by p.

Recall that the space of r x r skew-symmetric matrices has dimension r(r —

1)/2. It follows therefore that (3.6) results in r(r — 1) linear equations in r(r+1)

unknowns. If we think of —QTU + UTQ as a linear map
¢ . Kr(r+l) — K'r(r—l)’

then given any element —® € K7("~1) we need to show that there exists an
U € K7("+1) such that ¢(U) = —®, that is ¢ is surjective. For ¢ to be surjective
dim(im¢) = r(r — 1)
and therefore, by the rank-nullity theorem for linear maps,
dim(ker¢) = r{r+1)-r(r-1) (3.7
= 2r. (3.8)

So we get the required result if we can show that the space of matrices, U,
satisfying —QTU + UTQ = 0 has dimension 2r.

Write —QTU + UTQ as AQ; + pQ, (with the entries of the skew-symmetric

matrices @, and Q2 linear combinations of the entries of U). So when consid-

ering —QTU + UTQ = 0, we can separate the equations for X and y,ie Q, =0
and @2 = 0 respectively.

We write
] [ 0 0
Q=up I, +A I,
0 0 | i
and therefore
0] [0
T _ . .
Q' =p I, S| tAl oo
0 | | O

Then @, = 0 implies that



and writing

Uy e Up
U= Uo

where Uj is an r X r matrix, we deduce that —Uj +Ug = 0. Furthermore Q3 = 0
implies that
0

-| 5 i |usUT| L =0
0 0 --- 0

Vo
U= ,
vl . vr

where Vp is an r X r matrix (whose first row is u; ---u,) then we find that

—-V0+VT=0.
Uy o Up VO
U= UO =
U1 . Up

satisfies —QTU + UTQ = 0 then the two r x r matrices U and V; are both
symmetric. Conversely, any matrix U of this form, with Uy and V; both sym-

and if we write

So if

metric, is in the kernel of —QTU + UTQ. By Lemma 3.2.5 the space of such
matrices U has dimension 2r as required. O

Lemma 3.2.7 Consider a skew-symmetric pencil, A, of the form

0] @ |o
A=|=QTT F |G|, (3.9)
0 |-GT|T

where 0 are null matrices, Q is the (k + 1) x k pencil given by

"4 0 - 0]
A op
Q=[0 a 0|
. .
L 0 0 A
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G is a k x (n — 2k — 1) pencil and F, T are skew-symmetric pencils of order k

and (n — 2k — 1) respectively. Then by skew-equivalent reduction we obtain an

equivalent pencil of the form

0 Q 0
-QT 0 AR |, (3.10)
0 |-ART| T

where R is a constant k x (n — 2k — 1) matriz. Furthermore both pencils have

the same homogeneous kernel vector w(k).

Proof The first part follows from the above. By the action on A of an invertible

matrix of the form

L |U| 0
0 | Ix 0 , (3.11)
0 0 In—-2k—1

for some (k + 1) x k matrix, U, we get the skew-equivalent pencil

0 Q 0
QT -QTU+UTQ+F |G |.
0 -G7 r

Then by Lemma 3.2.6 we can choose U such that —QTU +UTQ + F = 0. Since
the action of (3.11) corresponds to adding rows from the (k + 2) to (2k + 1) zero

rows of w(k) to its first (k + 1) rows, w(k) is preserved. Consider the reduced

pencil,

0 Q |0
_QT 0 G )
0 -GT'|T

where the block G is the k x (n — 2k — 1) pencil G = Ag;j + phij where k+2 <
i <2k +1and 2k +2 < j < n. So we can kill off the ph;; in the ijth entry
of G by adding a multiple of the column of (3.10), for which there is a —u in
the ith row of —Q7, to the jth column of (3.10), (i.e by the column operation
Cj + hijCi_x—1). In this way we can kill off all the u terms in G using column
operations. Furthermore the counterpart row operations required to preserve

skew-symmetry kill off the corresponding y terms in ~G7 and we can reduce
(3.10) to the skew-equivalent pencil

0 Q 0
[ -Qf 0 AR ] ) (3.12)
0 |-ART| T
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where R is a constant k X (n — 2k — 1) matrix. Since the simultaneous row and
column operations used affect only the last (n — 2k — 1) rows and columns of

(3.12) as before the kernel vector of this pencil is unchanged. O

The pencil given in (3.10) is the starting point for the reduction to a nor-
mal form. Before a formal description of this reduction we make the following

remark.

Remark 3.2.8 If the minimal degree, k;, of a pencil, A, is zero then it has a
constant kernel vector, v.. By row operations we can reduce this vector to

1
0

v(0) =
0
These row operations correspond to premultiplying v. by the invertible matrix
P! and the skew-equivalent pencil PT AP has kernel vector v(0). From this we

deduce that the first column of PT AP are all zeros and hence by skew-symmetry

so is its first row.

We have therefore reduced our pencil to one whose first row and column are
null and we are left with an (n — 1) x (n — 1) sub-pencil. It could be that this
sub-pencil also has minimal degree 0 in which case we introduce another null
row and column. Consequently our normal form may start with several null
rows and columns. Although we keep this in mind it is more convenient to start
the reduction to a normal form by considering the (sub-)pencil with non-zero

minimal degree.

Theorem 3.2.9 Given a singular n x n skew-symmetric pencil, A of minimal

degree k1 > 0 we can reduce it to a skew-equivalent pencil of the form

0 L, 0 0 cee 0 0 0 ]
-LT 0 |ARy ARy |-+ |ARw-1 ARu, | ARim
0 AR, | O I, || o 0 0
0 -ARL, | -LT 0 v+ | ARgs-1 ARzs | AR2spa
0 —/\R’lr._l 0 —ARg'—l et 0 L‘ 0
0 —/\R’II; 0 —z\R{, e -LZ‘ 0 ARgst1
| 0 ~ARy| O -ARL., |- 0 -XRIL,, | ©

(3.-13)
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where ¥ is a possibly existent column independent sub-pencil, the blocks L; are
of the form

E
— —
A pu .
Li=1 0 2 0
"
[0 -+ 0 )]

and kg > -+ > ky > k.
Proof The proof is by induction on n. The initial step has been done above
and for completeness we summarise it thus.

Given a singular skew-symmetric pencil with homogeneous kernel vector, v,
of minimal degree k; then (using Lemmas 3.2.2 and 3.2.3) it is skew-equivalent

to a pencil of the form

0 | Lo
PTAP= | -ILT ,

0 I
with
a0 0
Aop
Li=l o a 0
: ", )
0 .- 0 ,\J

and II some skew-symmetric pencil of order (n — k; — 1). Furthermore PTAP

has kernel vector

(2

_Akl—lﬂ

v(k)=Plv= [ (-Dkph
0

Lo

For some invertible matrix, @, we can further reduce A to the the skew-equivalent
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pencil

0| L |0
A =QT(PTAP)Q=|-LT| 0 [XR |, (3.14)
0 |-ART| T

where R, is a constant k; X (n — 2k; — 1) matrix and I a skew-symmetric pencil
of order n — 2k; — 1. If n = 2k; + 1 we are finished.

This pencil, A;, has a homogeneous polynomial kernel vector Q~!v(k,) with
mintmal degree k;. In fact since the row operations corresponding to premul-
tiplying v(k1) by Q! involve adding rows from the (n — k; — 1) zero rows of

v(k1), to its first (k + 1) rows it follows that Q= 'v(k;) = v(k,).

In general, A; has a homogeneous polynomial kernel vector

of degree m > k;. We therefore have

0 | L | 0 X 0
IT| 0 DR || |=]0].
0 |-ART| T Z; 0

So
~LTX, +AR12, =0, (3.16)
~ARTY, +TZ; = 0. (3.17)
From (3.15) we have
[ I 0 - 01 r 0" - r 0
0 A 0 = )
Do g : :
[0 - 0 A-_yklj LO-

where y; are polynomials in A, u of degree m. So

py1=0 =ns=0
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M +pyp=0=y=0

and so on. Consequently the only solution to L;Y; = 0is Y; = 0 and it follows
that L, is column independent. From (3.17)

rz, =0.

If Z; = 0 is the only solution then T' is column independent and we are done.

Furthermore a corresponding kernel vector is

==

where X is a homogeneous polynomial vector of degree > k, satisfying —LT X;

0. One such vector is the minimal kernel vector, v(k;), already found.

Otherwise I" has a non-trivial kernel vector of degree > k; and in particular
a minimal polynomial kernel vector Z; of degree k2 > k;. (In this case we have

the homogeneous polynomial kernel vector, of degree k,,

X1
Ve = 0 s
Z
where X, satisfies LT X, = ARy Z; from (3.16).)

Inductive Step

By induction, we find that I’ is skew-equivalent to

0 L, - 0 0 0 1
_Lg‘ 0 -+« | ARgg—1 AR, AR3e41
0 _/\Rg‘ 1| 0 L, 0 ,
0 -ART |...| -LT 0 AR,541
0 MRy | [0 ERLLT ¥ |

where k; > -+ > k;. The simultaneous row and column operations, required
for this reduction, when performed on A; have the further effect of altering the
AR, (and —ART) blocks to AR} (and —AR;T). The result then follows. O

In fact (if it exists) the sub-pencil, ¥, of this reduced pencil, (3.13), is non-
singular as shown by the following result.
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Lemma 3.2.10 Let Q be a skew-symmetric pencil which is column independent.

Then it is also row independent and therefore non-singular.

Proof If Q is column independent then
Qv=0

has only the trivial solution v = 0. If Q is row-dependent then for some non-

trivial homogeneous polynomial vector u
ul = 0.
So (u)T =0 and
QTuT = 0.
Therefore since {2 is skew-symmetric
—QuT =0

with u” non-trivial. This contradicts the column independence of Q. So {} must
also be row independent and hence is non-singular. O

3.3 Normal Forms for Skew-symmetric Pencils

We have reduced our pencil to the form

0o Ll o 0 0 0 0 0|0
- ol t t]|t f Pt
0 * 0 Lt O 0 0 0o
0 x|-IT 0| t foott
0 * 0 * 0 Lj 0 00
0 x| 0 x|{-LT 0 t Tt
0 * 0 * 0 * 0 L,|O
0 x| 0 x| 0 x -LT 0| t
| O * 0 * 0 * 0 * [ M ]

where M is a possibly existent non-singular skew-symmetric pencil, the non-
zero entries of blocks denoted by * are constant multiples of A and for each such

block its diagonally opposite block, denoted by 1, satisfies t = —*7.

Starting with the above initial reduction, in this section we describe in con-
crete terms how to construct normal forms for singular pencils. The principal
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objective is to clear away the non-zero elements in the submatrices indicated by
stars and daggers. To do this we adapt the general method given in [TurnAit]

to our skew-symmetric case.

We consider the submatrices, denoted by stars, below the L; blocks of the
matrix. These submatrices are aligned with (that is lie in the same row or

column block as) either
(i) two L;’s,
(ii) a L; and a —LJT or
(iii) a L; and M.
Clearly, if the initial reduction produces no non-singular subpencil only cases

(i) and (ii) apply. However if M exists we also need to consider case (iii). This

involves incorporating the work in Chapter 2 for simplifying the non-singular
sub-block M.

We consider the three cases in turn.

3.3.1 Case (i)

We consider the case where the submatrix is aligned with L, and L,. This
submatrix therefore has ks + 1 rows and k; columns aligned with L; above and
L; to the right. For illustrative purposes we represent this submatrix by the
matrix of stars given below.

* % % *|O O >T
* X F O >T| O
* % ¥ *|>T|W OO

(=TI =T g
>R ©
> OO

Imagine a diagonal barrier drawn just below the leading diagonal of this sub-
matrix of stars. Since k; > ki, the top row of stars lies entirely above, and the

bottom row entirely below, this barrier.
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Each non-zero ijth star represents a term a). If such an entry is above the
barrier, but not in the final column of stars, it may be moved one step diagonally
downwards to the right. This is done by utilizing the A of L, in its own jth

column and the p of L, in its own ith row. For example the pair of operations
Rs —aR;, C3+aCy,

moves the term a from position (5,1) to (6,2) without changing anything else.
If such an entry lies in the final column it can be deleted at once using the A of

L, in its own column, e.g the row operation Ry — aR, deletes a from (7,3).

Similarly, for an entry below the barrier we can utilize the A of L; in its own
row and the g of L; in its own column to move this entry one step diagonally
upwards to the left and then repeat this process until it passes off the figure
after reaching the first column. So working from left to right above the barrier
and from right to left below, by a sequence of row and column operations we

can delete every star.

For blocks L;, 1 < i < r, for every block, x, below it aligned with an L;, j > ¢,
we use this method to kill off each of its entries remembering that after each
individual (row/column) operation used we need to perform the counterpart
(column/row) operation to preserve skew-symmetry. (This will result in the

clearing of the diagonally opposite block, t, above -—LJT and to the right of
-I7)

In this way, for each L;, we proceed downwards systematically killing off each
block * aligned with an L, j = i+1,...,7. We make the following observations:

1) As long as we start with column block L; (i = 1) and work from left to
right, then any row operations using L; to clear a block below it only affect this

block. (Similarly for the counterpart column operations.)

2) The column operations using L; to clear the block introduce terms in-
volving X into the blocks below it and into the blocks above aligned with —L]
(k < j). Note, however, the zero blocks we have created above, aligned with

Ly (k < j), are preserved. (We have an analogous situation for the counterpart

row operations.)
3) These column operations (along with the counterpart row operations)
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create a skew-symmetric pencil in the block aligned with L; and —L7 which

involves multiples of A.

Working column block by column block from left to right, systematically
killing off each block, «, aligned with a L; and L; (L] and —LT), that is by
a series of simultaneous row and column operations, we obtain the following

skew-equivalent pencil.

0 L 0 0 0 0 0 0]o0
-IT o| 0 t| 0 0 flt
0 0 0 L, 0 0 0 010
0 «|-IT o] 0 ¢ 0 |t
0 0 0 0 0 Lj 0 010
0 x| 0 x|-LT o 0 t |t
0 0 0 0 0 0 0 L.{ 0
0 * 0 * 0 * -LT 0|t
| 0 * 0 * 0 * 0 *x | M |

where although some of the blocks * and t have been altered their entries are

still constant multiples of A, and blocks denoted by ¢ are skew-symmetric.

3.3.2 Case (ii)

We represent the submatrix aligned with L; and —LJT by the following figure

* % %[O >T
* % *|>T ©

-4 =2 0 0
0 —p =2 0
0 0 -—-p =X

Again each non-zero star represents a term a\. For each such entry we use the
A above and the u to its right to move it one step diagonally upwards to the
right until it is deleted. For example the row operation Rs —aR; followed by the
column operation C; — aC; moves the element a) from position (5,1) to (4,2).
All entries in the final column are deleted using the A above in the final column
of L;. Working down each column, starting from the LHS and proceeding from
left to right, we can delete every star.
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For blocks L;, 1 < ¢ < r, for every block, x, below it aligned with an
—LJ-T, J > i, this method can be used to kill off each of its entries provided
we remember, after each individual (row/column) operation is used, to perform
the corresponding the counterpart (column/row) operation required to preserve
skew-symmetry. {This will result in the clearing of the diagonally opposite block,
1, above L; and to the right of —~LT)

In this way, for each L;, we proceed downwards systematically killing off
each block * aligned with an —LJT, J=1i+4+1,...,r. Observe here, that, having
previously killed off all the blocks aligned with L; and Lj;, now both the row
operations, using L;, and the column operations, using —LJT, required to kill off

such a block leave the remainder of the matrix unaffected.

Working column block by column block from left to right, we can therefore,
by a series of simultaneous row and column operations, kill off every block, *,
aligned with a L; and a —L] (accordingly blocks t aligned with —LT and L;),

to obtain the following skew-equivalent pencil.

o~

0 L} 0 0] 0o o 0 o]o
-LT o} 0 0| 0 O 0 0|t
0 O0f 0 IL;|] 0 O 0 00
0 0|-LT of 0 0 0 ot
0 0| 0 0| 0 L 0 010
0 0} 0 O0]|-LT o 0 0]t
0 ol o o] 0 o 0 L,|0
0 o]l o o}l o o -LT 0| ¢
| 0 * 0 * 0 * 0 * | M |

Before considering case (iii) we need to kill off the skew-symmetric pencils,

o, aligned with blocks L; and —LT. We represent this situation by the following
figure.
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7 0 0 0
A I 0 0
0 A n 0
0 0 A u
0 0 0 A
. L 0 0 0 ajzA ajzA Qg
0 il 7 - 0 0 —012/\ 0 azg)\ 024)\
0 0 —p -2 0 |-a3r —a3A 0 3 A
0 0 0 — i -A —014/\ —(124/\ —034/\ 0

We can kill off each (j, k)th entry in o, by a row operation using the A term
above it in L;. (Note, as usual, the necessary counterpart column operation
kills off the (k, j)th entry.) This introduces a u term into the (j, k + 1)th entry.

By a column operation, we can use the 4 term in —LT to kill this off which, in

general, introduces a further A term diagonally to the right.

For example, in the above figure we can kill off the entries in positions (7, 8)

and (8,7) by the simultaneous row and column operations:

R7 — a3 Ry and C7 — a23Cy
followed by
Cy — a3Cs and Ry — a3 Ry,

introducing a +as3 A term to positions (6,9) and (9, 6) respectively.

We can kill off all terms in the final column (and row) using Rs (and Cs).
So working in this way from left to right, above the diagonal, we can delete
each entry of o. Note this example indicates a practical method for obtaining a
special case of the result of Lemma 3.2.6.

Procceeding systematically from left to right, using the method just de-
scribed to kill off each block ¢ aligned with an L; and a ~L7, we obtain the
skew-equivalent matrix
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0 Lyl o o] 0 o 0 0]0

-LT o| 0 0] 0 O 0 0+t
0 0] 0 L;| 0 0 0 0160
0 o|-LT ol o o 0 o0t
0 0| 0 0| 0 L 0 010
0 0| 0 o0|-LT 0 0 0]t (3.18)
0 o{ o0 o| 0 O 0 L,| 0
o ol o0 ol o0 o -LT o0 |t

| 0 * 0 * 0 * 0 x | M |

3.3.3 Case (iii)

This requires a lot more work. First we need to consider, M, in more detail.

Firstly, M is a non-singular pencil of even order, 2u say. It is given by
M =AM, + uM,,

where, in general, M;, M; are both non-singular skew-symmetric matrices.
However, it is also possible that one or both of the basis matrices, M, M,
are singular in which case before proceeding further it is neccessary to change

this basis to a pair, (D, D;), of non-singular matrices.
We briefly consider this possibility. Since M has a finite number of singular
members we can easily find distinct ratios (A1 : p1), (A2 : p2) such that
Dy = MM + M, Dy = AoMy + pa2 M2
are both non-singular and form a new basis for M i.e
M = AD; + iDs.

As discussed in Lemma 1.3.3 of Chapter 1, the relationship between old and

new coordinates is given via the change of basis matrix, i.e

(”:(21 22)(2) (3.19)

This necessary change of coordinates changes the entries in pencil (3.18), a
particular nuisance being the changes to the singular blocks. We therefore have
the skew-equivalent pencil.
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o L] o o] 0o o 0 o0]o

-7 ol o o o o 0o o0t
0 0| 0 IL,|] 0 o© 0 00
0 0 —-L’QT 0 0 0 0 0 )
0 o[ o0 0] 0 I 0 00
0o o] 0o o|-LT 0 o ot | 320
0 0 0 0 0 0 0 Lo
o o| o0 o| 0 of---|-LT o]t

| 0 * 0 * 0 * |- 0 *x | M |

where L!(), i) is the block obtained from L;(), ) by the linear change of co-
ordinates given in (3.19) and M = AD; + iD;. Note here also that with this

substitution the terms in blocks * (and t) involve both X and f.

Whether or not such an initial change of basis is necessary the following
argument applies in both cases. It is natural to continue with the general case
(i.e. when M;, M, are both non-singular) although, despite maintaining the
notation (A : u) for their coordinates, we prefer to denote the non-singular ma-
trices by Dy, D, (thereby incorporating the other possiblity, where.any enforced

changes to the singular part are temporarily ignored ).

We consider the non-singular pencil
M =AD) + [JDQ

Representing this pencil by the pair (D1, D2) of non-singular skew-symmetric
matrices, we aim, by the methods described in Chapter 2, to reduce it to one
of our normal forms.

As discussed in Section 2.4 we represent this pair by the skew-symmetric

p-matrix (it is more convenient to use p here rather than the usual \)
M(p) =D; + [J.Dz.
Since M is skew-symmetric

detM = det(D; + uD,)
(f(m)?,

I
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for some function f(p), which over C can be factorised as
g
F(p) = [J(asps + 1)*,
i=1

wherea; #0forall1 <i <gq.

The invariant factors of M, d; are
g
d; = H(aiu + 1)%ie 781
=1
for 1 < t < u. Recall, these s;;’s are obtained from a representation of the ideals

v/ I2x (M), similar to that of (2.36) in Section 2.4.

Fixing i, then for 1 < t < u we find the non-zero powers s;; — sit—1 of

(ajp + 1) in each invariant factor d;. If there are n(i) in total we denote these
rip <o L Tingi)-

(Note we ignore any zero powers.) Doing this for each 1 < i < g, by Theo-

rem 2.4.8, we can construct a normal form of the type described in Section 2.4.1.
Representing this normal form by
N = N; + uN,,
the pair (N, N3) is skew-equivalent to (D, D3). That is
(N1, Na) = XT(Dy, D2) X

and

ANy + uN; = XT(ADy + pDs)X.

Hence by a series of simultaneous row and column operations on AD; + uD; we
obtain the skew-equivalent pencil AN; + uNj.

Returning to our original pencil, (3.18), these simultaneous row and column
operations correspond to a series of simultaneous row and column operations
on the last 2u rows and columns.
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These give the skew-equivalent pencil

0 L] o o| 0 o0 0 0]0
-LT 0| 0 0| 0 © 0 0]t
0 0] 0 L] 0 0 0o oo
0 o0|-LT 0| 0o o 0 0|+
0 o[ 0 0] 0 I 0 o010
o o| 0o o0|-LT o o ot |- (3.21)
o ol o o] 0 o 0 L,| 0
0o o/l 06 0| 0 O LT 0]+t
| 0 * 0 * 0 * 0 * [N ]

where N = AN; + uN,, and the blocks x (and 1), involving terms in A have

been altered.

Consider this non-singular part :

N = AN; + uN,.
It is the direct sum of blocks :
[ 0 a;p+ A i
—aipt— A 0 A
-A 0 a;p+ A
—aip— A 0 A
-
A
-A 0 aipn+ A
L =i — A 0
e
(3.22)

Furthermore, by an argument similar to that given at the end of Section 2.4.1,
the g eigenvalues of (N,, N»), (the values of (A : p) on the projective line for

which det N = 0, see Section 1.2), are (a; : —1) with multiplicities s;y.

By the Three Point Lemma (Lemma 1.3.4) on the complex projective line,
we can use an element p € GI(2, C) to fix up to three of these distinct eigenvalues
to (0:1), (1:0) and (1:1). This p € GI(2,C) corresponds to a change of basis
of the pencil from (N;, N;) to (N{, N3) where

AN; + uN; = pN{ + 0Ny,
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and the relationship between the new coordinates, (p, o), and the old coordinates

(A, u) are via the associated change of basis matrix,

AN _[an B P
<u>_(az ﬂ2)<a). (3.23)
(See Lemma 1.3.3 in Chapter 1.)

Since

q
det(ANy + ulNz) = (det X)? [ [ (aips + 1),
i=1
it follows, by the linear coordinate change given by the change of basis matrix,

that

q
det(oN] + oN3) = (det X)? [[(bio + cip)®~,

i=1

for some b;, ¢; € C. So the ¢ distinct eigenvalues of the pair (Nj, Nj) are
(bi : —¢;). So for the first three eigenvalues of this pair to be (1:0), (0: 1) and
(1:1) the linear map p € Gl(2,C) sends

(i=1) au+r — ko
(i=2) apu+ir kap
(i=3) asu+r — ki(p—o0)’
(i>4) aip+r — bo+cp

where ki, ks, ks, b, ¢; # 0. It can be verfied that the entries of the change of
basis matrix required for this are, for any choice of ¢ # 0, given by 8, = ¢,

—ay(az — a3)t

a = (as — al) (324)
as = %2;—__—0031))1 (3.25)
By = —ast. (3.26)

For each of these four cases we need to consider the effect of this basis change
on the blocks (3.22) of N = AN, + uN,. Before doing this, we introduce the
following useful result.
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Lemma 3.3.1 Given a skew-symmetric block of the form

[ 0 k10' i
—kio 0 L(p,0)
-l (p, 0') 0 koo
—-kgO’ 0
, (3.27)
l(p,0)
~l.(p,0) 0 kro
| —k,0 0

where k; # 0, li(p,0) = a;p + Bio (a; # 0), then it is skew-equivalent to the
block

0 o -
-oc 0 p
—-p| 0 o
-0 0
(3.28)
P
-p| 0 o
X —o 0]
2r

Proof The proof is by induction on r
Initial step

Consider the first two blocks of (3.27) :

0 k]d
—kio0 0 aip+ Bo
—a1p- Bo 0 koo .
—koo 0 azp + B0
—azp — o

We perform the following simultaneous row and column operations to eliminate
the constants. Note, for each operation described below, for brevity, we omit
the proceeding counterpart operation necessary to preserve skew-symmetry.

(1) Scale the second column (i.e. (1/k,)C>) so that the coefficient of ¢ in the
leading diagonal block is 1.
(2) Add some multiple of the first row to the third (i.e. Rs + (81/k1)R: ) to

kill off the ¢ term in this row.

108



(3) Scale the third row (i.e. (k1/a;)R3) so that the coefficient of p in this row

is -1.

By these simultaneous row and column operations the first two blocks are re-
duced as shown below

0 o
-0 0 p
-p 0 EO‘L':‘U .
—%‘fzd 0 azxp + Bro
—0zp — P20

Inductive step

Assume the result holds for the first (s — 1) blocks, s > 2, and consider, in

particular, the s — 1, s blocks :

0 o
-o 0 p
-p1 0 o
-0 0 P
pp 0 P (3.29)
—kyo 0 ap+ Bs0
—a,p — B0 0 kst10
—kst10 0

By the simultaneous row and column operations :
(1)
_C23a

(2)
Rosp1 + %Rm—l;

(this operation introduces a —(,/k,)p term into position (2s+1,2s - 2)),

(3)

ks
—R
a, 28+1)
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(4)
Cos_2 — @1028;
Oy

(this introduces a —(3;/a,)o term into position (2s — 1,2s — 2)),

(5)
Rys—q — &R%—S;
473

(this introduces a —(8,/a;)p term into position (2s — 1,25 — 4)),

(6)

Bs
C2s—4 — —Ca,-2,
Og

these blocks are reduced to the form

0 o
- 0 p+ g:-a
—-p - g:-a 0 o
-0 0| p
-p| O o
- 0 p
-p| 0 R,
- k‘i‘_ Lo 0

The first s — 1 blocks are of the form (3.27), with their entries satisfying the

associated conditions, so the result follows by induction. O

This result can be used to reduce the types of blocks obtained by the above
change of basis. We consider each in turn.

1. The blocks of (N{, Nj), corresponding to eigenvalue (a, : —1) of (N7, N,),

are of the form :
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[ 0 k10' ]
—kio 0 I(p, )
—l(p,0) 0 ko
—-k10 0
,  (3.30)
lp,0)
—l(p,0) 0 kio
L —kla 0
2

where l(p,0) = a1p + fro = ) is given by (3.23). Clearly from (3.24) oy # 0
and we can apply Lemma 3.3.1 to reduce (3.30) to the skew-equivalent block

0 o ]
-0 0 p
-p| 0 o
-0 0
(3.31)
P
-p| 0 o
- _a 0-
2y

For convenience we refer to a direct sum of n(1) blocks of this type as A;.

2. The blocks of (N}, N3), corresponding to eigenvalue (as : —1) of (N1, N2),

are of the form :

0 kap A
—kap 0 l(pva)
=l(p,a) | 0  kop
—kp O
2 . (3.32)
l(p,0)
—l(p,d) 0 k2p
| —kp O
21:;

where l(p, 6) = a; p+ f10, as before. We look to apply the result of Lemma 3.3.1
to (3.32). If we switch the p and ¢ in (3.32) then since, from (3.26), it is clear
that 8; # 0 we have a block of the form, (3.27), given in the statement of
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Lemma 3.3.1. Applying this lemma and then switching the p and o back we

can reduce (3.32) to the skew-equivalent block

P
-p 0| o
-a| 0 »p
-p 0
o
-o| 0O
L —-P 4
2ra5

(3.33)

For convenience we denote a direct sum of n(2) blocks of this type by A,.

3. The blocks of (N{, N}), corresponding to eigenvalue (a3 : —1) of (IVq, N2),

are of the form :

[ 0 ks(p — o)
—ks(p — o) 0 lp,0)
—l(p,0) 0 k3(p — o)
—ks(p — o) 0
l(p, o)
~l(p,0) 0 ks(p — o)
L —k3(p— o) 0
2:;5
(3.34)

with I(p,0) = a1p + B10. Again we look to apply the result of Lemma 3.3.1.
Consider the skew-symmetric block obtained from (3.34) by setting § = p — 0.

Then it follows that

i(p,0) = (a1 + B1)p — B9,

and it can be verified from (3.24) and (3.26) that for distinct non-zero a,, a2, as,

a; + By # 0. Therefore we have a block of the form (3.27) given in Lemma 3.3.1.

Applying this lemma and afterwards replacing § by p — ¢ we obtain from (3.34)
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the skew-equivalent block

0
-(p—0)

(p—o)
0

—p

0 (p—o0)

0

p

0
—(p—o)

(p—0)
0

o

27‘3,’

(3.35)

For convenience we denote a direct sum of n(3) blocks of this type by As.

4. The blocks of (N{, N}), corresponding to eigenvalues (a; : —1),4<i<gq
of (N1, N3), are of the form :

[ 0 bio + cip 1
—bio —eip 0 l{p,o)
—l(p,0) 0 bio + cip
—bio — cip 0
lp,0)
—l(p,0) 0 bic + cip
L _bia = Cip 0 J
2ri;
(3.36)

where as usual [{p,0) = a1p + B1o. For these cases we cannot eliminate all
the constants, so instead the best we can do is to replicate blocks of the type
which made up our original normal forms, i.e. of the form (3.22). Again we
look to obtain from (3.36) a block of the type given in Lemma 3.3.1. We start
by multiplying all the even columns by 1/¢; and denoting e; = b;/c;. Hence the

eigenvalues for these blocks are (e; : —1). Consider setting 6 = e;o + p. Then
1 1
—l(p,0) = - ((c1€i — B1)p + £16) .
C¢ b,'

Considering the respective eigenvalues (a; : —1), (e; : 1) of the pairs (N, Np)
and (N, N3) then by Lemma 1.4.2 it follows from (3.23) that a; = aje; — f.
Since a; # 0, aqe; — B; # 0 and we have a skew-symmetric block of the form
given in Lemma 3.3.1. Applying this lemma and then replacing d by e;o + p in
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the result we can reduce the block (3.36) to the skew-equivalent block

[ 0 €0+ p 1
—e,0—p 0 p
-p 0 eo+p
—ei0—p 0
P
—p 0 eo+p

] —ei0 —p 0 |

2;:,‘

(3.37)
as desired. For convenience we denote a direct sum of n(i) blocks of this type
by B; where 4 <i<gq.

Having just described a way of fixing three of the distinct constants of the
normal form, N, in (3.21) we need to discuss how this is implemented on the

whole pencil.

Essentially this corresponds to a change of basis followed by a series of simul-
taneous row and column operations on the last 2u rows and columns of (3.21).
So the nonsingular part is therefore of the form N = pN; + ¢ N5, which is a sum
of g blocks, A, Az, As, B; 4 < i < g, consisting, respectively, of a direct sum
of the blocks (3.31), (3.33), (3.35) and (3.37) found above.

The effect on the singular blocks, L;, is that of a change of coordinates.
Note if initially we had needed to change the basis (M;, M) of M to the pair of
non-singular matrices (D;, D3) the further change of coordinates required to fix
the eigenvalues can be composed with this initial change to give a single linear
change of coordinates

(A 1) — (p,0),

on the original blocks L; in (3.18). All we can say about the remaining entries

in the last 2u rows and columns is that they consist of linear terms in p and o.

Before proceeding any further we make the following remark.

Remark 3.8.2 Recall from Section 1.2 that the eigenvalues of a pair of skew-
symmetric matrices is a skew-equivalent invariant. Furthermore by changes of
basis we can only fix up to three distinct eigenvalues of a pencil. It follows that
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if a skew-symmetric pencil has four or more distinct eigenvalues then it has

moduli up to skew-equivalence.

3.3.4 Cleaning up the Singular Blocks

In summary by the work of the previous section we have established that any

pencil, (3.18), is skew-equivalent to one of the form :

0 L] o o o o
-L'Y ol o0 o] 0 O

0 o] 0o L] o o

0 o|-LF o| 0 O

0 o] 0 O 0 I}

0 0 0 o |-LT o

0 0| 0 o 0o o

0 o] 0 o0 0 o

| 0 * 0 * 0 *

0 0 0
0 0 1
0 0 0
0 0 t
0 0 0
0 0 1
0 Ll o
-LT 0] i
0 * N

. (3.38)

where L{(p,0) = L;(\, ) is the block obtained from L; by a linear change of

coordinates

with

(

A
i

)= (
(2

a b

a b
c d

)(

) € GI(2,C).

p
0, b

Note the blocks x and t involve linear terms in p and o.

(3.39)

For the following argument it is convenient to denote such a block L}(p, o)
by A(,,0), where

corresponds to Li(, p).
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It is required that such a block A(, ,) be reduced to a block of the form

- 19
o 0 0
a
B=|o , o | $E+1.
‘. '.. o
0 0 »p

To do this we need to demonstrate the existence of invertible constant matrices
P, @ such that

QAP =B. (3.40)

The approach adopted here makes direct use of some of the results in Chapter IX
of [TurnAit] concerning the reduction of general (singular) pencils. In particular,
for brevity we state the key result without proof. (Note : in [TurnAit] the

coordinates A, u are the other way round.)
Before the change of basis in (3.39), it can be easily verified that the vector
v= (AR, =X (k)

kills A4, i.e
vA =0,

where k; is the minimal order of A. So after the change of basis (3.39) it follows
that
Y(p,0) A(p,0) = 0, (3.41)

where v, ;) is the vector obtained from v by substituting for A, 4 using (3.39).
Let w be the nullifying vector
w = [ph, ~p* o, ., (-1)a,
of B.
Note that g € Gl(2,C), in (3.39), gives rise to an invertible linear map

9: Vierr — Vi,
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where Vi, 11 is the space of binary forms of degree k;, the action of which is

given by
9.f = f(g7'x),
with f € Vi, 41 and x € C2. Clearly,
DR, =X 1R, (R ey (1))

are both bases for Vi,41 and therefore this linear map is determined by the
relation
V(p,0) = WRT, (3.42)

where R is an invertible (k; + 1) x (k; + 1) constant matrix.

So from (3.41) we can write
(Yo RIR Agp.q) =0,
and by (3.42)
w(R_lA(,,',)) =0, (3.43)

where R™' A, ,) is some pencil in p, 0.

Notice, by Lemma 3.0.20, that the minimal order (of row dependence) of
A is preserved through both the change of basis, (3.41) and the equivalent

transformation of A(,,,) to R™1A(, q).

So R~14,,,) has minimal order k; and (3.43) is a minimal relation.

We quote the following lemma, albeit with notation modified for the present
case.

Lemma 3.3.3 Let A be an n' x n pencil with minimal order of row dependence
of degree k; < min{n',n}. There ezist invertible constant matrices Py and Q,,
over K, which reduce a minimal relation uA = 0 to the form

- B 0
uQOIQOAPO = Wk, [ pS AO ] =0s

where wy, = [w,0,...,0], Ao is a pencil with k; + 1 fewer rows and k; fewer
n' —k;—1
columns than A, and S is a submatriz with constant elements. If k; =0 the B

and pS are non-eTistent.
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Proof See Lemma I of Chapter IX in [TurnAit]. O

Remark 3.3.4 From Lemma 3.0.20 the equivalent pencil QoA P also has min-

imal degree k;. Also note that the nullifying vector uQy ! is obtained from u by
successive column operations.
Applying this lemma to (3.43) it follows that
wQEIQO(R—lA(p,a))PO =wB =0, (3.44)

where B is as defined above. This is the special case when wy, = w.

From (3.44) and Remark 3.3.4 we deduce that wQy"' = w and

B=(QoR ™) Ape Po,
Nt et \I:/
Q

as required in (3.40).

So it follows that for each block L{{p, o) we can perform a series of row and

column operations which reduce it to something of the form

i 1)
o 0 0
p o
Li(p,o)= | ¢ p . 0 Lk.~+l.
o
0 0 »p

Returning to the pencil (3.38), for each block

0 L
| i § |\ (3.45)

we perform the sequence of simultaneous row and column operations involving

the successive row/column operations required to reduce L{(p,0) to Li(p,0)

(and thereby also reducing —L{T(p,0) to —LT(p,0)). In practice after each
row/column operation required to reduce the block Li(p, o) we preceed it, im-

mediately, by its counterpart column/row operation, which reduces —L!T (p, o).
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Notice, from (3.38), these operations (to be more specific the column operations
on blocks L(p, o) and counterpart row operations on blocks — LT (p, &) only al-

ter, as regards the rest of the pencil, the non-zero blocks, involving linear terms

in p and o, in its last 2u rows and columns.

If we denote the non-zero block t aligned with —LT(p,0) by G; and its
negative transpose x, aligned below L;(p,0), by —G!T then, using a similar
method to that discussed in the proof of Lemma 3.2.7 we can use the o terms
in the blocks Li(p,0) and —L{T (p, g) to kill off all the o terms in G; and —G7.

Briefly, for any block — L7 (p, o), for each o term in the k; rows of —LT(p,0)
we can, by means of a sequence of column operations, kill off all o terms in
the corresponding row of G;. These will also introduce constant multiples of
p into these rows. Furthermore by applying the sequence of counterpart row
operations we can use the ¢ terms in the k; columns of LY (p,0) to kill off all
o terms in the corresponding columns of —GY. These simultaneous row and
column operations don’t change the non-singular pencil N since the last 2u

entries of the columns and rows involved are all zeros.

Doing this for each block (3.45) we obtain the following skew-equivalent
pencil.

0 L] o o] o o 0 of}o

-LT 0 0 0 0 0 0 01t
0 0| 0 L:] o o 0 010
0 o|-LT o] o o 0 0]t
0 0[O0 0] 0 Ls 0 0]0
0 0| 0 o0|-LT o 0o o+t |- (3.46)
0 o[ o o] o0 o 0 IL.|o
0 o| 0 Of o0 o -LT 0|t

[ 0 x| 0 x| 0 « 0 x|N |

where all parameters are in p, o and each non-zero entry in * and T are constant
multiples of p.

As the reader can see we have reduced the pencil, (3.18) of case (iii), to a
form where we can employ a similar method, to those used in cases (i) and (ii),
to kill off all the non-zero blocks, x and . We discuss this method presently.
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3.3.5 Conclusion of the Reduction

We consider clearing all the entries of blocks, *. Such blocks have 2u rows and
k; columns and are aligned with L; above and N to the right. Recall from above

that, with one exception, N is a direct sum of blocks of the type

[ 0 eo+p ]
—eio—p 0 p
-p 0 eo+p
—ei0 — p 0
p
—-p 0 eio+p

| —ei0—p 0 i

2:,‘
(3.47)
where ¢e; # 0.

Each block x is divided into subblocks aligned with an elementary block of
N. Then using each of these elementary blocks, along with the block Li(p,0)

above, we can systematically kill off the entries in *.

Reduction type 1

For example consider the case of the block * aligned with a block L;(p, o)
and an elementary block of type (3.47) of size r;;. For illustrative purposes we
represent this by the matrix below

o
p o

A~}

0 eo +p
—€ig —p 0 p !
—p 0 eo +p
—ei0 —p 0 P
-p 0 eio+p
—€io0—p 0

* % % o+ A (D Q

* ok % b % %
* o % o % ¢

where e; # 0 and each non-zero entry * represents a term ap.

Here we apply 2 similar rule to that used in case (ii) above, provided that
each element * of the first column is treated before those of the second, and
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each of the second before those of the third, and so on.

Starting with the first column, we proceed downwards killing off each entry,
*, by means of a row operation which uses the p term above it in L,(p, o). This
will introduce a ¢ term into the adjacent column to the right. By a suitable
column operation we can use the x(e;0c + p) term in the row in which this
introduced o term occurs to kill it off, thereby introducing further p terms into

this column, hence the need for working column by column from left to right.

By such a pair of row and column operations we can kill off each and every
element in the first column. For example, by the pair of operations Ry — aR;

followed by C; — &C7 we kill off the term ap in position (7,1) of the above

matrix, however we also introduce terms *(a/e;)p into positions (7,2) and

(9, 2) respectively.

Having killed off each entry in the first column, by the same method we kill
off each entry in the second column, then proceed to the next column and so
on. Eventually, we can delete all entries in the final column, in the above case
the third column, by a series of row operations using the p in the final column
of Li(p,0).

Notice, that for this method to work we require e; # 0 which as men-
tioned above is the case, in general. However there is one exceptional type of
constituent block of N for which this doesn’t hold namely the blocks, (3.33),

corresponding to eigenvalues (0 : 1) of the pair (N;, N;). We must therefore
treat these blocks differently.

Reduction type 2

Represent such a situation by a matrix of the form :

© 9

* % % * % %™ Q
|
A}
o
Q

* ¥ % A+ *
* % % %k X A

121



where, as before, each non-zero element * is a constant multiple of p. Again let
Li(p, o) be the block above the % block.

Here, in contrast to the previous method, to kill off the entries * we need to

work, column by column, from right to left.

So starting with the final column, in our case the third column, by a series
of row operations, we can first kill off all the entries in this column using the p

term in the final column of L, (p, o).

We then consider the adjacent column to the left. Proceeding downwards, we
can kill off each term « in this column, by means of a suitable column operation
using the p term, of the non-singular block, occurring in the same row as this
entry. This, in general, introduces a o term into this column which can be killed
off by a row operation using the ¢ in the same column of L,(p, o). Note that
this row operation will also introduce a p term into the adjacent column to the
left, hence the need for working from right to left.

In this way we can kill off all the entries in the second column. For example,
by the pair of operations Cy — aCjy followed by R; + aR; we can kill off the
term ap in position (5,2) of the above matrix. However we also introduce an

ap term into position (7,1).

Having killed off all the entries in a column we carry out the same method
on the adjacent column to the left and so on until we reach the first column.

In the first column, after deleting an entry by a column operation of the type
just described, any subsequently introduced o terms can simply be killed off by
row operations using the ¢ in the first row of L;(p,0). Hence by proceeding

downwards we can delete every entry in the first column.

In summary we have just shown that given any non-zero block * aligned
with a block L;(p, o) above it and any elementary constituent block of N to its
right then by a series of row and column operations we can kill off all the entries
in x. We are ready to conclude the reduction with the following result.
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Lemma 3.3.5 Consider a skew-symmetric pencil of the form given in (3.46)

0 L;f 0o o] 0 0
-Lf 0] 0 0| 0 0O
0 0| 0 Ly| 0 0
0 o0|-L¥ o] 0 0
0 0] 0 0] 0 I
0 o o o]|-LT o
0 0}, 0 0] 0 O
0o 0| o0 0| 0 O
0 * 0 * 0 *

1

0 0 0
0 0 t
0 0 0
0 0 t
0 0 0
0 0 t
0 L.| 0
-ILT ¢ t
0 * N

(where all parameters are in p, o, each non-zero entry in x and t are constant
multiples of p and N is the direct sum of the q blocks A;, Az, A3, (B; :4<i<gq)
consisting of blocks (3.31), (3.33), (3.35) and (3.37) respectively).

Then this is skew-equivalent to the skew-symmetric pencil

0 Lyl o o 0 O
-LT ojf 0 o] 0 O
0 O 0 L;| 0 0O
0 o0|-LT 0] 0 0O
0 0[O0 0] 0 Ls
0 0| o0 o{-LT o0
0o o{ o0 o] 0 O
0o 0| o0 o0 0 O
0o 0] 0 o] 0 O

Proof The proof is by induction.

0 o] 0
0 o] o0
0 o0 0
0 of o0
0 o} o0
0 0] 0
0 IL.| 0

-LT 0] 0
0 O0| N

(3.48)

Consider a general block containing Lg(p,0), 1 < k < r. Assume that we

can kill off all the preceding blocks * (and 1) in the last 2u rows (columns), and

that any subsequent non-zero entries introduced can also be killed off. Then we
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would have a matrix of the form:

[ 0 L, 0 0
-LT 0 0 0 0
0 Lg o .- 0
-L{ [0 [t ] &
0 '.. E s (3.49)
0 L,| 0 0
e S N A R
0 0 0 [ ] 0 * Sn
L 0 0 0 L 4 0 * |Sqn(q)_

where the blocks whose entries we are describing how to clear are denoted ¢ and

1

As described above we have subdivided the block e and the corresponding
block } to match up with the elementary blocks of N. We can use the above
methods (Reduction types 1 or 2) to kill off each of these subblocks, remember-
ing that after each operation we must perform the corresponding counterpart
operation immediately afterwards to preserve skew-symmetry. These counter-
part operations contribute to clearing the corresponding subblock of i.

So progressing down the divided block e we can in turn kill off each of these
subblocks. We make a few remarks on how this affects the rest of the pencil.

Firstly, any row operations, using L, (and counterpart column operations

using — L) do not affect the rest of the matrix, only the subblock we are trying
to delete.

Alternatively, any column operations, using an elementary block of N, (and
counterpart row operations using the same elementary block) introduce p terms,
from the remaining non-zero blocks, t (and *) into appropriate blocks in the
region directly below L; (and to the right of —~L7). Furthermore such operations
also introduce a skew-symmetric pencil, of p terms only, into the (formerly zero)
block aligned with L, and —LT. It is also worth pointing out that these column
operations (and counterpart row operations) leave the blocks Ly and —LT,

themselves, unchanged.
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It can also be seen that as we progress down the block, e, using in turn each
of the elementary blocks to kill one of its subblocks , that we are continually
changing the p terms introduced in these regions. So having killed off all the
entries in the blocks e and i, by simultaneous row and column operations, it
remains to kill off these introduced p terms. Our matrix (3.49) is therefore

skew-equivalent to

[ 0 L,
-LT o 0
0 L _ i 0
—LZ Ry 0 Ry 0 R, 0
0 0 Lit1 0 0 0
-RT | -LT,, 0 0 0 | Remr
0 0 0 0 L, 0
-RT_, 0 0 <o | -LT 0 R,
| 0 0 0 0 -R{,[---] 0 -RT| N

(3.50)
where for 0 < i < r — k the matrices R;, R; consist of contant multiples of p

and Ry is skew-symmetric.

The reader may recognise, that to kill off blocks R; (and ~RT) where i # 0
we can just apply the method described above for case (ii) (Section 3.3.2), with
A and 4 replaced by p and o respectively. Furthermore, here we also discussed a
method for killing off a skew-symmetric, matrix of one parameter, aligned with

blocks L; and —LT and we can apply this method, replacing A by p, to kill off
the block Ry aligned with L and —LT. Notice that for both of these methods
the simultaneous row and column operations used do not further affect the rest
of the matrix as the remainder of the row (column) blocks containing L; (-LT)

consist entirely of zero blocks.

So it has been shown that given the kth block, L, and assuming that, apart
from the L; blocks (1 < < k—1), all previous blocks are zero then we can also

kill off the non-zero blocks, aligned with N, below L, and to the right of ~LT .

Consider the pencil given in (3.46). It follows that this method can be
initially used, to delete from (3.46) all the non-zero elements in its last 2u rows

and columns, aligned with blocks L, and L7, Proceeding in this way from
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left to right the result follows by induction. O

Matrices of the type given in (3.48) where N is possibly non-existent are

normal forms for a singular skew-symmetric pencil, under skew-equivalence.

Note at this final stage we could, for simplicity, replace the parameters p, o
by A, u, although obviously they are different to those used above. We conclude
this chapter, and the first half of this thesis, with a demonstration of how such

normal forms of skew-symmetric matrices are found in practice.

3.4 Deriving Normal Forms for Skew-symmetric
Pencils

As we have just demonstrated the normal form for a pair of skew-symmetric
matrices under the action of GI(2,C) x Gl(n,C) is

0 Lyl o ol o0 o0 0 o] o0
-LT o[ o o o o 0 0] 0
0 0[] 0 L] 0 0 0 o] o0
0 ol|-LT ol 0 o0 0 o0 O
0 o0 0 0[] 0 Ls 0 o0} 0
0 ol o o}-LT o 0o of o |, (3581
o0 of o0 ol 0 o 0 L,| O
0o 0| o0 ofl 0 o -LT ol o
| 0o o] 0o o] 0 0O 0 0| N |
where, for 1 < i < s,
r T 9
c O 0
ag
Lip,0)= | ¢ p . 0 e ki +1
g
0 0 »p
i ki J)
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and
[ A, 0 ]
A

_ _ _ Az
N =pN, +aN; = B,

Notes :

(i) Here the notation of the number of singular blocks is changed from r to

s, s0 as not to confuse this number with the r;;’s.

(ii) The A;|B; notation used for the constituent blocks of the non-singular

part N is that previously used in Section 3.3.3.

Given some value of n, we describe a general algorithm for listing all distinct
normal forms of a pair of n x n skew-symmetric matrices, over C, under this
action.

Consider, first, the singular part of the above normal forms. Each block

0 L
-LT o

has size m; = 2k; + 1 i.e is odd. Let

z':m,- = L.

So to determine the sizes of the singular blocks in a normal form we need a
partition of L into odd integers, m;.

The non-singular part has q distinct eigenvalues (of which we have fixed the

first three). To each eigenvalue, 1 < j < ¢, we associate a positive integer

n(4)

Rj = Erﬂ"
k=1

Hence 2R; is the size of the block A;|B; with eigenvalue j.
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Since there are g eigenvalues, letting

it follows that the size of the non-singular part of a normal form is 2U. Therefore
writing

n=1L+2U,

we consider all possible non-negative integer pairs (L, U).

The normal forms arising from each pair, (L, U), are determined by the sizes
of their constituent singular and non-singular blocks which are found by suitable
partitions of L and U respectively. As mentioned above, the sizes of singular
blocks in each normal form corresponding to a pair (L,U) are given by one of

the partitions of L into odd integers.

For each of these possibilities we also have to determine the sizes of the
non-singular blocks. To do this we doubly partition U. In each case the parts
resulting from the first partition give the positive integers denoted by R; above,
their number being the number of distinct eigenvalues, g, of the normal form
and their size determining that of the blocks corresponding to each of these
eigenvalues. Then to determine how each distinct eigenvalue block (denoted by

Aj|B; above) is constructed we partition each of the parts R; into n(j) parts:

n(j)

RJ = Z Tk,
k=1

where n(j) is the number of elementary subblocks of 4;|B; and rjx (1 < k <

n(j)) their sizes.

This algorithm is best demonstrated by an example, which we use as the
starting point for calculations in Chapter 6

Example 3.4.1 Find the list of all normal forms of pairs of 4x4 skew-symmetric
matrices, over C, under the group action GI(2,C) x Gi(4,C).

This is the case n = 4. So we write

4=L+2U,
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and starting with U = 0 we list all non-negative integer pairs (L, U):

(4,0), (2,1), (0,2).

We consider each of these in turn

(i)

(i)

Starting with (4,0) we first partition L = 4 into odd integers i.e.
4=3+1=14+14+1+1

Since U = 0 these normal forms have no non-singular part and we can

represent the two types arising from (4,0) by

(3v1;_)1 (1)1’1’1;_)' (352)

For the second pair, (2,1), L = 2 has only one partition into odd integers:
2=1+1

Furthermore, doubly partitioning U/ = 1 just gives the trivial partition
and consequently there is a single type

(1,1;(1))

arising from the pair (2,1). Note we distinguish the parts of the first
partition, of U, by enclosing them in parentheses, each one representing a
distinct eigenvalue of the non-singular part of the corresponding normal
form.

The third pair, (0, 2), has no singular part. However U = 2 has two initial
partitions:
2 and 1+1.

We take each partition in turn and partition its parts. So, for example,
for the initial trivial partition, 2, we have two possibilities:

(2) and (11).

Furthermore for the second partition, 1+ 1, the only partition of each part
is the trivial partition and we have the further possibility:

(1), (1).

In summary the third pair, (0,2), gives the three types:
(—;(2))’ (_1(11))7 (—;(1)’(1))'
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It is clearer from this example how, for a given type, each pair of paren-

theses enclose the structure of a distinct eigenvalue block.

Notice the last three normal forms are those of non-singular pairs of skew-

symmetric matrices. There are, in total, six possible types of normal forms

of pairs of 4 x 4 skew-symmetric matrices and we conclude this example by

converting these into matrix form.

(1)

()

Normal form (3,1;-). This has two singular blocks of sizes
m; =2k +1=3,

me =2k +1=1,

respectively. It follows that k; = 1 and, using the above notation,

(]

We have replaced the labels ¢ and p by « and y, respectively, in anticipa-
tion of the work in the following chapters.

Since k2 = 0 there is no block L2 and the second singular block is a single
zero, i.e we have a final row and column of zeros. So the corresponding

normal form for (3,1;-) is

0 0 =z|O
0 0 yl|o

-z -y 0|0 (3.53)
0 0 0 l 0

It follows that the normal form, (1,1,1,1;—), represents a matrix whose

four singular blocks are all single zeros. In other words we have the null
matrix :

olojo|o
0jojo0]o
0[ofo0|0 (3.54)
0[o0l0]o0

Normal form (1, 1; (1)). The singular part gives two rows and columns of
zeros. The non-singular part has a single eigenvalue, (1 : 0), and consists
of the block, of size 1 :



The corresponding normal form is therefore

0 z|0{0
-z 0(0]0
5 ololo (3.55)
0 000

The remaining normal forms are non-singular.

(4) Normal form (—;(2)). This has one eigenvalue, (1 : 0), and consists of a

single block of size 2, i.e is of the form :

0 =z 0 O

-z 0 y 0
0 -y 0 = (3.56)
0 0 -z O

(5) Normal form (—;(11)). This also has the single eigenvalue (1 : 0) but

consists of two blocks of size 1 :

0 zz| 0 O

-z 0] 0 O
0 ol 0 = (3.57)
0 O0|—-x O

(6) Finally the normal form (- : (1),(1)) has two distinct eigenvalues and
consists of the two blocks of size 1 representing each of these eigenvalues,
(1:0)and (0:1) :

0 z| 0 O

-z 0] 0 O
0 0[]0 3 (3.58)
0 O|l-y O

3.4.1 Geometrical Interpretation

Any pair of 4 x 4 skew-symmetric matrices is therefore skew-equivalent to one of
the six normal forms derived in Example 3.4.1. We can interpret each such pair
as a linear map A : C2,0 — Sk(4,C). With this in mind we state the following

definition.

Definition 3.4.2 Given a linear map A : C",0 = Sk(n,C) determined by an
r-tuple of skew-symmetric matrices (A,,...,A,) the jetrank of A is defined to
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be the dimension of its image in Sk(n,C) (i.e. the usual rank of this map).
The jetrank of A = £, Ay + - - + T, A, is therefore determined by the number of

independent matrices in the set {A;,..., A}

We can thus interpret the action of GI(r,C) x Gl(n,C) on r-tuples of skew-
symmetric matrices by the standard action of GI(n, C) on their images in Sk(n,C).
This is discussed further in Chapters 6 and 7.

Let P be a hypersurface of Sk(n,C) given by the vanishing of the Pfaf-
fian. Investigating how the images of these linear systems meet P is of some

geometrical interest.

Returning to pairs of skew-symmetric matrices it follows that they have
jetrank < 2 and we can divide the six normal forms of Example 3.4.1 according

to their jetrank.

The three normal forms in (3.54), (3.55) and (3.57) represent pairs with

jetrank < 1. Clearly, these could simply have been derived from the action of
Gl(4,C) on Sk(4,C).

The remaining three normal forms have maximal jetrank, 2, and are normal
forms for pencils of skew-symmetric matrices. Given a pencil
A =zA; +yAs,
its Pfaffian is a quadratic
Pf(A) = az® + bzy + cy®.

Recall from Chapter 1 that the ‘eigenvalues’ of a pencil A are given by the roots
of its Pfaffian Pf(A). The three normal forms for pencils, A, are distinguished

by the nature of their eigenvalues, which give points of the source over which
the image of A meets P.

In particular the three possibilities are :

(i) two distinct eigenvalues ; the image of the pencil A meets P over a pair

of distinct lines in the source. (Normal form (3.58).)

(ii) a repeated eigenvalue ; the image of A meets P over a repeated line in the
source. (Normal form (3.56).)
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(iif) Pf(A) vanishes identically on the source and (3.53) gives the normal form

for a singular pencil.

We sometimes refer to pencils of type (i) as non-degenerate pencils. (Non-

degenerate skew pencils are skew pencils with n/2 distinct eigenvalues.)

Clearly, this is a relatively simple classification and the corresponding strat-
ifications of pencils of n x n skew-symmetric matrices will be richer for higher

values of n.
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Chapter 4

Classification

4.1 Introduction

In this chapter we introduce theory required for the classification of smooth
families of skew-symmetric matrices. This classification is motivated by that
carried out, in [BrTarSy], on families of symmetric matrices. The group ac-
tion introduced there is also suitable for classifying families of skew-symmetric
matrices and since this space is smaller we expect a richer classification. The
starting point for any classification is establishing a set of normal forms for 1-
jets of these families, up to this equivalence. In the previous two chapters we
have dealt with this for the two parameter case.

We start with a few general results about smooth maps taken from [BrGibl]
and [Gibson).

Definition 4.1.1 (i) Given smooth manifolds X™ C C**", YP C CP** ¢
map f : X — Y is smooth if for every x € X there is an open neighbour-
hood U of £ in C**" and a smooth map F : U — CP*+* with F|IXNU = f.

(i1) Given f as above, and denoting the tangent spaces to X at z and Y at
f(z) by X. and Yy, respectively, the tangent map T'f; : Xz = Yy(z)
is defined by

Tfr(uz) = dFy(u)s(z),

where dF; is the derivative of F at x.
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We state a couple of results concerning transversality.

Definition 4.1.2 If, for some smooth map f : X™® — Y? and some smooth
sub-manifold Q7 C Y?, the condition

(T fz) + Q) = Yi(a)s (4.1)

holds for all z € f~1(Q) we say that f is transverse to Q.

Proposition 4.1.3 Let f : X® -3 Y? be a smooth mapping and Q7 a smooth
submanifold of Y with f transverse to Q. Then M = f~1(Q) is a smooth

submanifold of X which either has the same codimension as QQ or is empty.

Proof For a proof we refer to that given for result (1.2) in Chapter II of [Gibson].
a

4.2 Classifying Families of Skew-symmetric Ma-
trices

Some notation.

In what follows Gl(n,C) denotes the group of n x n invertible matrices over
C and Sk(n,C) the space of n x n skew-symmetric matrices over C. We shall
also write O, for the ring of smooth function germs C",0 — C, and M, for

its maximal ideal (consisting of functions vanishing at the origin).
We are classifying the set, Sk, of smooth germs
A:C",0 — Sk(n,C).

Such germs can be thought of as r-parameter families of skew-symmetric ma-
trices.

We wish to define the relevant group acting on the space Sk. (For the
description of a group action see Definition 1.1.4.) We allow an R change of
coordinates in the parameter space, where R is the group of diffeomorphisms
Cr,0 — C7,0, the group operation being map composition. In other words
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germs A, B : C",0 — Sk(n,C) will firstly be deemed equivalent if for some
diffeomorphism ¢ : C",0 —» C",0, B = Ao ¢.

Furthermore, recall that the action of the group, Gl(n,C), on elements A €
Sk(n,C) given by
X.A=XTAX,

X € Gl(n,C), gives a classification for Sk(n,C).

So to classify families of such matrices we employ a parametrised version
of this action. Let H denote the set of germs of smooth mappings C",0 —
Gl(n,C). This set can be given a group structure using the operation of matrix
multiplication in the target. There is an obvious action of # on Sk by X.A =
XTAX.

Note that a germ A : C",0 — Sk(n,C) is an n x n matrix defined over
the integral domain (ID), O,. We can therefore use some of the definitions and
results introduced at the beginning of Chapter 2. Clearly the units of O, are the
germs which do not vanish at the origin. Moreover by Lemma 2.1.5 it follows

that H consists of the invertible n x n matrices over O,..

Using the descriptions in Lemma 2.1.9 of elementary row and column opera-
tions and Definition 2.1.13, regarding simultaneous row and column operations,
we can apply the result of Lemma 2.1.14 to the action of H on Sk and deduce
the following result.

Corollary 4.2.1 Two germs A, B € Sk are H-equivalent if it is possible to pass
from one to the other by a series of elementary simultaneous row and column
operations.

Proof The proof follows from Lemma 2.1.14 and its preamble, with R = O,. O

In the following to avoid confusion we will refer to such operations as parametrised

simultaneous row and column operations.

We can also use earlier work in Section 2.2 to establish invariants of this
group action. Recall, from Definition 2.2.1, I;(A) denotes the ideal of O, gen-
erated by all the k x k minors of A.
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Corollary 4.2.2 If two germs A, B € Sk are H-equivalent then
Ix(A) = I(B),
for each 1 < k <n.
Proof Setting R = O,, H-equivalence is described in Definition 2.1.12 and is a

special case of the equivalence given by Definition 2.1.6. The result then follows
directly from Lemma 2.2.3. O

Consider the action of the (direct) product set, G = R x H, on Sk which,
for elements g = (¢, X) € G and A € Sk, is defined by

gA=(X"HT (A0 )X L.

Composing the action of two elements, g; = (¢, X), g2 = (¢,Y), of this set on
A € Sk we have

91:(g2.4) = . (Y"HT(Aoyp Y1)

()T @ou yr)ogmt)x

= (XxH ( (Y109 ) (Aop~log ) (Y 1og™)) )X“

((r-tos ) x71) (4o(gow)™) (¥ o) X

Since Y 'og™'=(Yo q&‘l)_l it follows that

-1

oA = (X (vos™)) T (Aetpen)t) (X (vos))

and ¢ is a group action, as defined in Definition 1.1.4, provided we define the

corresponding group operation by
0o =6, X)Y) = (029, X(V 0 47Y)).

With this operation G = R x H is a group with identity, (id, I,), where id
is the germ of the identity mapping, and each element (¢, X) has the inverse
(¢~1, X log). Clearly G is not a direct product of the groups R and H. Instead
we refer to G = R x H as the semi-direct product of groups R and #. Using
the above action of this group on Sk we have the following equivalence.
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Definition 4.2.3 If A,B : C",0 — Sk(n,C) are smooth map germs we say
that they are G-equivalent if and only if for some (¢, X) € G = R x H we have

B=XT(40¢)X. (4.2)

Note that the G-orbit of A is
{XT(Ao9)X : (¢, X) € G}

and we can ignore the inverses necessary for (4.2) to conform to the definition

of a group action. (See Definition 1.1.4.)

We can use the result of Corollary 4.2.2 to obtain an invariant of this action
of G.

Corollary 4.2.4 If germs A, B € Sk are G-equivalent then, for some ring
tsomorphism ¢* : O, = O,,

¢* (I(A)) = Ix(B),

for each 1 < k < n.

Proof If A, B are G-equivalent then for some germ of a diffeomorphism, ¢ :
C",0 = C7,0, B and A o ¢ are H-equivalent. So, if ¢* : O, = O, is the

corresponding ring isomorphism for ¢, then by Corollary 4.2.2 the result follows.
]

Since the dimension of Sk(n,C) is n(n — 1)/2, we can think of an element
of Sk as a map C",0 — CV, where N = n(n — 1)/2. With this observation,
we give the following result, taken from [BrTarSy].

Lemma 4.2.5 The group G = R x H acts on the space of mappings C",0 —»

CN as a subgroup of the corresponding contact group K.

Proof The action of the group R in both cases clearly coincides, and C is the
group of mappings
C",0 — GI(N,C).

The action of X € Gl(n,C) on A € Sk(n,C):

X.A=XTAX
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is linear and invertible. Hence there is a natural group homomorphism
a:Gl(n,C) — GI(N,C)
its image yielding an action on Sk(n,C) = CV, which is a subgroup of GI(N, C).

Since H is the set of germs C",0 — Gl(n,C) it follows that « gives a group

homomorphism from # to a subgroup of C. The result then follows. D

Given such an invertible matrix X = (z;;) € H, where z,; : C",0 — C then

the matrix X € C is just the matrix representing the (parametrised) linear map

XTAX with respect to the standard basis, {E¥}, of Sk(n,C).

This is obtained by finding X7 E* X with respect to {E/} for each.1 < i <

j < n. It can be shown , by considering the (Im)th element of XTE* X, that
XTEVX = Y (zugjm — Tjim)E'™
1<l<m<n
and hence
X(lm)(ij) = (:L‘ul‘jm - .’L‘j[:l:.'m), 1 S'L <j S n, 1 S l<m S n,

where (ij) = (i — )n+j —i(i +1)/2 (and (Im) = (I - )n+m — I(l + 1)/2).

In fact G is one of Damon’s geometric subgroups of K (for the justification
of this see Appendix B) and as a consequence of results of Damon we can use all

of the standard techniques of singularity theory (for example those concerning

determinacy) to investigate these singularities.

This result also yields a useful invariant of G-equivalent germs.

Lemma 4.2.6 If two germs A, B € Sk are G-equivalent they have the same K -
and K, -codimension. (See [Gibson], Pg. 152)

Proof If A, B are G-equivalent, by Lemma 4.2.5, they are also K-equivalent.

Hence since KC.-codimension is an invariant of K-equivalence the result follows.
]

To facilitate calculation of the K.-codimension of a germ we can use the
action of the full £ group to reduce it to something more managable. The
following lemma provides a technique for doing this.

139



Lemma 4.2.7 Two germs A, B : C",0 = CV,0 represented by N -tuples a” =
(als'--aaN); bT = (bl"",bN)7 where ai, b € M, (l = l""’N); are K-
equivalent if, by a series of elementary row operations, we can pass from column

a to column b (up to a non-vanishing element of O, ).

Proof If by a series of elementary row operations we can pass from column a

to column b then by Theorem 2.1.11, with R=0,, Y = X and X some 1 x 1

matrix consisting of a unit a € O,, it follows that

b = Xa(a)

= (aX)a.
[
det#0

Hence a, b: C",0 = CV,0 are K-equivalent. O

In the following we discuss some further structure preserved by G-equivalence.

Definition 4.2.8 The discriminant of an element A € Sk is the set D(A) =
{z € C" : det A(z) = 0}.

This invariant is only of use when considering families of skew-symmetric
matrices of even order. By a paramerised version of Lemma 1.0.6 in Chap-
ter 1 the determinants of families of odd order skew-symmetric matrices are
identically zero and hence their discriminants are the whole of C'.

The following corollary to Definition 4.2.8 is applied to families of skew-
symmetric matrices of even order.

Corollary 4.2.9 Given a smooth germ A : C",0 — Sk(n,C), with n = 2s, then
its discriminant is the zero set of its Pfaffian (the square root of its determinant).
Proof Note that for n = 2s, by Lemma 1.1.8 in Chapter 1,

det A = P(z)?,

where P(z) = Pf(A). Clearly, the discriminant, D(A), of A is just the zero set
of P(z). O
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Proposition 4.2.10 If A, B : C",0 — Sk(n,C) (with n = 2s) are G-equivalent
then their Pfaffians are K-equivalent. Geometrically, this means there is a germ

of a diffeomorphism preserving their discriminants, i.e. taking D(A) to D(B).

Proof Since n = 2s we can write
det A = P,(z)?, det B = Py(z)2. (4.3)
If A, B are G-equivalent then for some X € H, ¢ € R
B=XT(Ao¢)X,
and

detB = (detX)?det(Ao¢)
= (det X)*(det A) o ¢.

From (4.3) it follows that

Py(z)? (det X)*(Py(z)?) 0 ¢

(det X)2(Py 0 ¢)?,

and taking square roots
Py(z) = £det X (P o ¢). (4.4)

Since det X is a non-zero function it follows that Pi(z) and P(z) are K-
equivalent.

From Corollary 4.2.9
D(A) = {z € C": P(z) = 0}.

From (4.4) D(B) is the set of points for which det X (P, o ¢) vanishes. Further-

more as ¢ € R there is a smooth change of coordinates in the source taking
D(A) to D(B) where

D(B) = {¢~}(z) : € D(A)}.
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4.3 Tangent Spaces

For our classification we shall consider only the simple singularities, that is those

germs, in Sk, with neighbourhoods containing finitely many G-orbits.
A key task is to determine the tangent space for the action of G = R x H.

The tangent space to the orbit G.A, through the germ A € Sk, is the image
of the “differential”, at the identity, of the natural mapping of the group onto
this orbit. As usual we have the problem that our groups and spaces are infinite
dimensional. Given the germ of a smooth curve v : C,0 - G, e we can consider

d . y(t)A-A
7 (V(0)-A)—o = lim ————. (4.5)
One can check that this only depends on
() — ¥(0)

1 T

and we define the tangent space TG.A to be the space spanned by such vectors,
(4.5). Since our group is a product, this tangent space is the sum of the tangent

space to the R and # orbits. So we consider these separately. But the tangent
space to the R-orbit of A € Sk is just the standard R-tangent space to any

smooth germ C",0 — CV. The following proposition deals with the H-tangent
space.

Proposition 4.3.1 Let N be the set of smooth germs C™,0 — M(n,C), where
M(n,C) is the space of all n x n matrices over C. The tangent space to the
H-orbit through A € Sk is given by

{(YTA+ AY : Y e N).

Proof Consider the action on A € Sk, of the path
X(t)=In+tY e H,

where I, is the n x n identity matrix and Y € A an arbitrary tangent vector
to the group, at I,,. The tangent vector of the resulting path in Sk, at t = 0, is
therefore given by

lim
t—0

{ (I + tY)TA(tI,. +tY) — A}
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=Y7TA+ AY,

as required. O

Note : this is just the parametrised version of the calculation used to find
the tangent space to elements of Sk(n,C) under the action of Gi(n,C), as given

in Proposition 1.1.11.

We are ready to describe the G-tangent space to the orbit of an element
A € Sk. Before doing so we need a little notation. In general we shall represent
an n x n skew-symmetric matrix in upper triangular notation. For example the
4 x 4 matrix
0 ay a; a3
- 0 ag as

—Q9 —Q4 0 Qg
—a3 —as —ag 0

A=

is represented by the 6-tuple (a;,a2,as,as,as,a6). We replace the standard
basis for Sk(n,C), {E*}, with the standard basis for C% i.e. {ex}, where k =
(ij) = 4(: = 1) + j —i(i + 1) /2. For convenience we also refer to the position of

the entry a as slot ex. We write A;(;) for the matrices

o4
6:1:,v )
So for the above example the corresponding matrix, A;(;), will have upper tri-

angular entries
(29_1 Oay Bas Oay Doy Dag
Oz;’ 8z;’ Ox;’ Ox;’ Ox; Oz; )’
The set Sk can be identified with O, which is an O,-module. So the tangent

space is an O,-submodule of ON.

Proposition 4.3.2 (i) The R-tangent space to the orbit of the element A €
Sk is the O,-module spanned by the z;A,;), where 1 <i,j <r.

(i) Let Cij(A) (respectively R;;(A)) denote the matriz whose jth column (re-
spectively row) is the ith column (respectively row) of A, with zeros else-
where. Then the tangent space to the orbit of A under the subgroup H of
C is the O,-module spanned by the set of skew-symmetric matrices of the
form Ai; = Cij(A) + R;j(A), 1<4,j < n.
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So the tangent space to the G-orbit of A is
TG.A= M {A.i} + O{Ci;(A) + Ri;(A)}.
We refer to the set
{(Az) : 1 << 1),(Cij(A) + Rij(A) : 1 < i,j <m)}

as the set of generators of this tangent space.

Proof The vectors emerging from the action of the R group are obtained in the
usual way. For the H group, we use the result of Proposition 4.3.1 that tangent
vectors to A under this action are given by

YTA+ Ay, (4.6)

where Y € N. Let E;; denote the matrix with a 1 in the (4, j)th entry and zeros
elsewhere and the set {E;;,1 <i,j < n} the standard basis of M (n,C). We can
represent any element of A" by an O,-linear combination of these basis vectors.
So the tangent space to A is obtained by considering elements Y = aE;; where
a € O,. Substituting this into (4.6) we find the corresponding tangent vector

to be
a(E;iA + AE;;) = a(R;;(A) + Cij(4)),

as required. O

Again the last part of this proof is just a parametrised version of the ar-
gument used to find generators of the tangent space to the action of Gl(n,C)
on Sk(n,C). (See the proof of Lemma 1.1.13 in Chapter 1.) As mentioned
there, for each pair (i, j), the corresponding generator of the H-tangent space
to A € Sk is the skew-symmetric matrix whose jth row and column is obtained
by superimposing the ith row and column of A and leaving the remaining entries
zero. For example, taking the matrix A above where n = 4 (and N = 6) the
H-tangent vector corresponding to (4, j) = (1,3) is the skew-symmetric matrix
whose entries are all zero except those in the third (jth) row and column which

are, respectively, the first (ith) row and column of A. That is the matrix

0 0 0 O
0 0 —a) 0
0 ag 0 a3 |’
0 0 —as 0

144



which is [0,0,0, —a1,0, as], in upper-triangular notation. Notice here since A is
skew-symmetric superimposing the rows and columns results in cancellation on

the leading diagonal.

We also introduce a subgroup of G which is used in the following section.

Definition 4.3.3 The subgroup G) C G is defined to be the semi-direct product
G1 = Ry x Hoy, where Ry is the subgroup of R consisting of diffeomorphisms,
C",0 — C",0, with 1-jet the identity and Ho is the subgroup of H consisting
of germs C",0 — Gl(n,C) with constant part the identity matriz, I,,.

The following corollary gives the tangent space to the G,-orbit of a germ A € Sk.

Corollary 4.3.4 The tangent space to the G, -orbit of A € Sk is
TG.A=M2{A,): 1 <i <1} + M {Ci;(A) + Rij(A) : 1 <4,j <n},

where the generators {(Azu) : 1 <1 <r),(Ci;(4) + Rij(A) : 1 <4,j < n)} are

as described in Proposition 4.3.2.

Proof Since G; = R; x Ho, the required tangent space is given by the sum
Tgl A = TRl A + TH()A

As before, we consider the two components of this sum separately. Firstly
TR,.A is the standard tangent space to the R;-orbit of a germ A : C",0 — CV
ie.

TR1. A= M4, :1<i<r}).
Secondly, to find THg.A we consider the path, v € Hg, through the identity
matrix I,

Y(t) = I, + tay,

where Y : C",0 — M(n,C) and a € M,. Following a similar argument to
that used in Propositions 4.3.1 and 4.3.2 the tangent space to the Ho-orbit of
A is given by

THo.A = M {Cij(A) + Rij(A) : 1 <i,j <n},

where again although the elements C;;(A) + Ri;(A) are evaluated as n x n skew-

symmetric matrices they are represented by N-tuples. The result then follows.
(]
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The first key initial simplification shows that we may suppose our germs

A € Sk vanish at the origin.

Proposition 4.3.5 Given any A : C",0 — Sk(n, C) with rank 2s at the origin

then A is G-equivalent to a germ of the form

PEPB.

==(5 )

and B: C",0 — Sk(n — 2s,C) has B(0) = 0.

where

Proof This proof uses the parametrised simultaneous row and column opera-

tions described in Corollary 4.2.1.

If A(0) # 0 then it has at least two entries, +a say, which don’t vanish at
the origin. By suitable simultaneous row and column interchanges we can move
these entries into the leading diagonal block. We can scale the entry, a, in the
leading block to unity by multiplying the first row and column by its inverse, 1/a.
By simultaneous row and column operations, involving subtracting appropriate
O, multiples of the second column from the remaining columns followed by
subtracting appropriate O, multiples of the first row from the other rows, we
can kill off all remaining non-zero entries in the first row and second column

(and accordingly the first column and second row). The resulting matrix is of

the form:
0 10 ---0
-1 0|0 ---0
0 0
: A*
0 0

and we have effectively reduced A to the germ A* : C",0 — Sk(n - 2,C).

The same process is repeated on this submatrix and continued until we
obtain a submatrix B : C",0 — Sk(n — 2s,C) for which B(0) = 0, thereby

reaching the required form. O
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As a consequence, we can use this reduction to obtain, from any germ A :
Cr,0 — Sk(n,C), a germ B : C",0 — Sk(n — 23,C) for which B(0) = 0.
So we may as well assume, to begin with, that all our germs A € Sk vanish at

0 € C", which we do from now on.

4.4 Classification Theory: Complete Transver-
sals and Determinacy

In the following we seek to list orbits of finitely determined germs, A € M, ON,
under the action of the group G = R x #, choosing suitable normal forms as
representatives. Classification is done inductively at the jet-level, classifying in
turn all (k + 1)-jets with a given k-jet until determined jets result (or we detect

moduli). To do this we employ the method of complete transversals.

4.4.1 Complete Transversals

Before discussing specifics we start with a few results concerning Lie group ac-
tions (see Definition 1.1.4). We first state the following lemma, usually referred

to as Mather’s Lemma.

Lemma 4.4.1 (Mather’s Lemma) Let G be a Lie group acting smoothly on a
finite dimensional manifold V. Let X be a connected submanifold of V. Then
X is contained in a single orbit of G if end only if

(i) for each z € X, the tangent space To(G.xz) D T. X, and

(i) dimT,(G.x) is constant for all z € X.
Proof For the proof see Lemma 3.1 of [MathIV]. O

Lemma 4.4.2 Let G be a Lie group, H a Lie subgroup of G and ® : GxX - X
@ smooth group action. If G, H are connected and T.(G.z) = T.(H.z) for all
TE€X thenGx=Hz forallz € X.
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Proof We need to show that G.z is contained in a single H orbit, so we ap-
ply Mather’s Lemma. Here if y € G.z then dimTy(H.y) = dimT,(G.y) =
dimT;(G.z) = dimT;(H.z), while T,,(G.xz) = T,(G.y) = T,(H.y) and we ob-

tain the result. O

We can associate to each ! € LG and = € X a tangent vector l.z € T,(G.x)
defined as d® . ;)(l,0), and write LG.x for {l.z : | € LG}. This clearly coincides
with T,(G.z). The following result is Proposition 1.3 of [BrKduP).

Proposition 4.4.3 Let G be a Lie group acting smoothly on an affine space A,
and let W be a vector subspace of V4 (where V4 is identified with the tangent
space to A at z € A) with

LG.(z+w)=LG.x 4.7

forallz € A andw e W. Then

(i) for any z € A we have

z+{LGecNW}CGzN{z+ W}

(i) If o € A and T is a vector subspace of W satisfying
W CT+ LG.xo

then for any w € W there exists g € G, t € T such that g.(zo+w) = zo+t.

Proof See [BrKduP)]. Part (i) follows from the hypothesis in (4.7) and applying

Mather’s Lemma. Part (ii) is then a consequence of part (i). O

Remark 4.4.4 Proposition 4.4.3 part (ii) is the significant result. It says that
the transversal T to the G-orbit of 2o meets each G-orbit passing through the

affine subspace zo + W of A. Consequently T is referred to as a complete
transversal.

The crucial condition required to obtain this result is the hypothesis given
in (4.7) which says that for any = € A the tangent space to the G-orbits of all

points in the affine subspace z + W is the same and, what is more, is equal to
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the tangent space to the G.z orbit at . In practice this condition is usually

replaced by the much sharper condition
l(z +w)=lz, (4.8)

forallz € A, we Wandl € LG.

Our aim is to use (part (ii) of) Proposition 4.4.3 to classify germs A : C",0 —

CN,0, under the action of G = R x H (or more accurately, the subgroup G;)
and to do this we must first construct some finite dimensional approximations

to the space of germs and the group G (i.e. Lie groups, smooth manifolds).

Finite dimensional approximations to the space of germs are the so called

jet-spaces, defined as follows.

Definition 4.4.5 A (k-)jet-space, J*(r,N), is the space of k-jets of germs
C",0 — CV,0. Elements of such a jet-space are N -tuples whose components
are polynomials of degree < k.

Remark 4.4.6 Each jet-space is a finite dimensional vector space and hence a
smooth manifold. We choose a basis for this space, J¥(r, N), to be given by the

set of N-tuples or monomial vectors
tlei =a)l - zie, 1<|I]<k, 1<i<N,

where |I| =4, + -+ - + i, and e; are the standard basis vectors in CV.

We next consider a finite dimensional approximation to G, which acts on these
jetspaces.

Definition 4.4.7 The finite dimensional approzimations to the group G = R x
H are given by the semi-direct product of Lie groups, J*G = J*R x JFH,
described as follows.

(i) The Lie group, JER, is the set of k-jets of invertible mappings C",0 —

Cr,0, with group structure

¢1 * ¢2 = j*(d1 0 ¢2), ¢1,02 € JFR.
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(ii) The Lie group, J*H, is the set of k-jets of mappings C",0 — GI(N,C)

with group structure
Xl *Xz = jk(Xl)Zz), Xl,Xg € JkH.

Note here, if R, C R is the normal subgroup of R consisting of germs whose
k-jet is that of the identity, it follows that any element ¢ € Ry preserves the

k-jet of an element ¢ € R. We can therefore also represent the Lie group J*R
by the quotient group R/Rk.

A similar argument, concerning the normal subgroup Hy C H, consisting of

germs whose k-jet is the identity matrix I, shows that J¥H = H/H;.

The following defines the corresponding finite dimensional approximation to
the group ¢,.

Definition 4.4.8 The Lie group J*G, is the semi-direct product of Lie groups
J*Ry x J*Hy, where J*R; = Ry /Ry consists of all k-jets of diffeomorphisms,
C",0 — C,0, with 1-jet the identity and J*Ho = Ho/Hx consists of all k-jets
of germs, C",0 — GI(N, C) with constant part the identity matriz In.

Having defined the Lie groups, J*G, J¥G; and the smooth manifold, J*(r, N),

on which they act we define the group action as follows.

Definition 4.4.9 The action of (¢, X) € J*R x J*H (J*R; x J¥H,) on an
element A € J*(r, N) is given by

(#%).4=* X (1*(4°4)].
Note (¢, X).A = j* (X(A 0 ¢)) also.

Lemma 4.4.10 The J*G- (J*G,-) orbits of J*(r, N) are all smooth submani-
folds of J¥(r, N) and constructible.

Proof To show they are constructible we note that J¥G (J*G,) is an algebraic

group, that is an affine constructible set (indeed the complement in the affine
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space of an algebraic set) with composition and inverse mapping regular rational.

Given A € J*(r, N) the map J*G — J*(r,N),

i*g - i*(g.4), geqg,

is clearly polynomial. So by Chevalley’s Theorem, see [Mumfrd] Pg. 37, the
image is a constructible set. On the other hand the map above has constant
rank, so by the Rank Theorem (see [BrocLnd], Pg. 2) the image is locally a
smooth submanifold of J*(r, N). Indeed given any two points on an orbit there
is a diffeomorphism J*(r, N) = J*(r, N) preserving the orbit and mapping one
point to the other. So every point on an orbit is non-singular. But a non-singular

constructible set is a manifold. O

The Lie algebra of J*G, L(J*G), generates an O,-module of vector fields on
J¥(r, N) given by

o L o 0
1O, daiz—:1<i< e ki ) 11 <4, ,
j [0 {a oz, _1_1",k=1 (akaajk+ak,aakj> lgz,]gn}], (4.9)

where a;jx represents the ikth entry of A and a; € M,. The natural effect of
@;0/0z; € L(J*G) on A € J*(r,N) is to give (k-jets of) M, -multiples of the
derivative of the matrix, A, with respect to the source variable z;. The effect
of elements (a:x0/0ajr + axid/Bax;) € L(J*G) on A € J*(r,N) is to give (k-
jets of Or-multiples of) the matrix whose jth row and column are obtained by

superimposing the ith row and column of A.

Similarly, the Lie algebra of J*G;, L(J*G,), generates an O,-module of
vector fields on J*(r, N),

o ) i 0 a
-k — 1< . g — — ) ]
J [Or{atazi-l_zsr,i Bij <a.kaajk+ak.aakj)-ISt,JSn}],

k=1
(4.10)
where a; € M? and B; € M,. The actions of ;0/9z;, (aixd/0ajx + arid/0ay;) €
L(J*G) on A € J¥(r, N) follow from those described for L(J*G).

Remark 4.4.11 It follows from (4.9) and (4.10) that the tangent space to the
J*G (J*G)-orbit of a jet A € J¥(r, N), TJ*G.A (T J*G,.A), is spanned by the k-
jets of the elements of TG. A (T'G, . A) given in Proposition 4.3.2 (Corollary 4.3.4).
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Each of these Lie groups has a different use in the method of classifica-
tion. The Lie group J*G is used for simplifications discussed later on. Whereas
since J¥G; has a Lie algebra satisfying Condition (4.8) it is used for the basic

classification result. Before stating this result we need one further definition

Definition 4.4.12 The subspace MEXON | MELON of Jk(r, N), consisting of
all N-tuples whose entries are homogeneous polynomials of degree k, is de-
noted by H*(r, N).

Theorem 4.4.13 Consider the action of the Lie subgroup J*t1G; on a k-jet
A € J¥(r,N). Given a vector subspace, T C H**(r,N), satisfying the
inclusion

H¥Y(e Ny c TJ*1G.A+T (4.11)

where TJ*+1G,. A is the tangent space to the J¥+1G, -orbit of A at A, then any
(k + 1)-jet of the form

A+h, h € H*(r, N),

is J¥*1G, -equivalent to a (k + 1)-jet of the form A +t, for somet € T.

Proof This result is a corollary to Proposition 4.4.3 and is proved in more gener-
ality in [BrKduP]. For our situation, taking A = J*¥*+1(r, N), W = H¥*+1(r, N)
and G = J**1G,, it follows, from (4.10), that for all A € J**!(r,N), h €
H**'(r N) and | € L(J**'G))

L(A+h) =LA,

therefore Condition (4.8) holds and applying Proposition 4.4.3 gives the result.
The key here being that the action of each | € L(J**1G,) on elements h €
H**1(r, N) always results in jets whose polynomial entries all have degree k + 2

or higher and therefore drop out in J**!(r, N).

For example consider the action on h € H*+(r, N) of the R-components,

@i0/0z;, of the Lie algebra L(J¥+1G, ) suggested by (4.10). When differentiating
a homogeneous polynomial h; of degree k+1 then multiplying by a function o; €

M? guarantees the resulting polynomial has degree k + 2 or higher. However
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for those R-components of L(J**1G), suggested by (4.9), this is not the case

when multiplying by functions a; € M, which have non-zero linear part.

Similarly, the effect of the H-components of L(J¥+1G,), L(J**'G) on ele-
ments h € H*+!(r, N) is to multiply certain homogeneous polynomials of degree
k+1 by function germs a; € O,. To ensure this results in polynomials of degree
k + 2 or higher we require a;(0) = 0, which is true for all I € L(J**1G;) but not
for all I € L(J**+1G).

So this result only works provided we use the group G; (and the correspond-

ing Lie group J*+1G,) rather than the full group G. O

We refer to this result as The Complete Transversal Theorem and to the
affine space, A + T, (or even a basis for T') as a complete transversal (or a
complete (k + 1)-transversal). This corresponds to the terminology introduced

in Remark 4.4.4. We sometimes abbreviate complete transversal to CT.

Given a k-jet A, it is clear that any (k + 1)-jet with this k-jet is J*+1G-
equivalent to some (k + 1)-jet in the affine space

A+ H*(r,N).

However, using Theorem 4.4.13 this space of (k + 1)-jets can be reduced to a
family of representatives, {4+t : t € T}, up to J¥*1G,-equivalence. Having
done this we refine this family, where possible, by simplifications using elements
of the full group G, notably scale changes, into a finite list of (k + 1)-jets. This
will be discussed in more detail in Section 4.5. To each of these (k + 1)-jets we
then apply Theorem 4.4.13 over the (k + 2)-jetspace and so on. We refer to this
method of classification as The Complete Transversal Method. As mentioned
at the beginning of this section the aim of this method is to eventually obtain
a list of determined jets, which represent G-orbits of finitely determined germs
of Sk. Consequently we need to consider the determinacy of a germ/jet.

4.4.2 Determinacy

Throughout the following sections G = R x H and G; = R, % Hg are the
subgroups of K described above.
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We first define the notion of determinacy (of a germ).

Definition 4.4.14 A germ A : C",0 — CV,0 is said to be k-G-determined

when it is G-equivalent to any other germ B : C",0 — CV,0 with the same
k-jet. It is finitely G-determined if it is k-G-determined for some k.

The same definitions apply replacing G by G, .
Consider the following corollary to Theorem 4.4.13.

Corollary 4.4.15 Let A: C",0 — CV,0 be a smooth germ and T a subspace
of H¥*(r, N) with the property

MEION € TG A+ T + ME20ON,
Then any germ B : C",0 — CN,0 with the same k-jet as A is G, -equivalent

to a germ of the form
A+t+ @,

witht € T and & € MI+20N

Proof This follows immediately from Theorem 4.4.13. O

We also have the following Theorem of Damon.

Theorem 4.4.16 A smooth germ A : C",0 — CV,0 is finitely G, -determined
(respectively finitely G-determined) if and only if M**1ON C TG,.A (respec-
tively TG.A) for some k.

Proof See [Damon]. O

Since the tangent spaces to G;-orbits of germs A € Sk are O,-submodules

of O, we can make use of the following lemma, due to Nakayama.

Lemma 4.4.17 (Nakayama’s Lemma) Let R be a commutative ring with 1,
and M an ideal in R such that every element of 1+ M (every element of the
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form 1+ m, m € M) is invertible in R. If A is a finitely generated R-module,
and B and C are R-modules with A, B C C then

ACB+M-A impliesthat ACB.

Proof For a proof we refer to 11.16 and 11.17 of [BrGibl]. O

Bearing in mind the notation employed for germs in Sk, the notation used,
universally, for the R-modules of this lemma (and in the referenced results) is

unfortunate. However to be consistent with the notation used for these results
and since the abstract R-modules (4, B, C) will shortly be replaced with O,.-

modules, specific to our situation, we keep this notation.

These results can be used to deduce the following determinacy theorem.

Theorem 4.4.18 A smooth germ A : C",0 = CN,0 is k-G, -determined if and
only if
MELON TG, A (4.12)

Proof If A is k-G,-determined then
F*TT A+ HH Y (r, N) € Jh+ g, k4,
and taking tangent spaces
H*(r, N) c T(J**g, GFT1A).
It follows from this that
MEPION € TG . A + MEH20N,

and (4.12) is a direct consequence of Nakayama’s Lemma. In particular, choos-
ing R to be the ring of function germs O,, and M its maximal ideal, M,, it
is clear that every element of 1 + M, is invertible. Let the module C be the
O,-module O and module A be the finitely generated O,-module M*+10ON,
Then choosing module B to be the tangent space to the G-orbit of germ A, i.e.
the O,-module

M2{ A} + M {Ci;(A) + Ri;j(A)},

by applying Nakayama’s Lemma (Lemma 4.4.17) we deduce

MEHLON - 76, A.
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Conversely since TG;.A is an O,-module the inclusion (4.12) implies that
ME+HON c TG, A,

for any s > 1. We know from Damon’s Theorem that A is m-G;-determined for
some m. However we also know, using Corollary 4.4.15, that for any s > 1 the

complete transversal for the (k + s)-jet A is empty. This proves the result. O

The following Corollary to Theorem 4.4.18 uses Nakayama's Lemma to give
a simpler criterion for the k-G;-determinacy of a germ.

Corollary 4.4.19 A smooth germ A : C",0 - CN,0 is k-G, -determined if and
only if
MELON € TG A + MEF2ON (4.13)

if and only if (when considered as a k-jet) it has an empty (k + 1)-transversal.

Proof The first part follows by Nakayama’s Lemma (see the first part of the
proof of Theorem 4.4.18).

On the otherhand if A has an empty (k + 1)-transversal then, by Theo-
rem 4.4.13,

H**Y(r, N) c TJ*1g,.A

and again the inclusion
MEION € TG A + MFH20N

also holds. This argument is reversible. O

We have discussed how to find the degree of G;-determinacy of a germ.

However, we are really interested in the degree of G-determinacy of such a
germ.

Consider a k-G-determined germ A. By Definition 4.4.14,
A+ MEION c g .4,
from which we also have the inclusion

A+ MEION € G.A + MEF2ON.
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It follows from this that
MA1ON € TG.A + MEF2ON,

which implies
MER2ON € TG A+ ME3ON. (4.14)

By applying Nakayama’s Lemma to (4.14) then
ME2ON € TG, A,

which by Theorem 4.4.18 means that A is (k + 1)-G;-determined.

Remark 4.4.20 We have just shown that if A is k-G-determined this implies
that A is (k + 1)-G;-determined. So, we can use the group G; to find a good
estimate for the degree of G-determinacy of a germ — this estimate can only
ever improve by 1, i.e. it is only ever “out” by at most 1.

We conclude this section with a brief outline of the method of classification
we are adopting including some motivation for Section 4.5.

Method of Classification

The classification is done inductively at the k-jet level and starts with a con-
sideration of the case k = 1. (For our situation this amounts to the classification
of linear combinations of skew-symmetric matrices, under the obvious action of
Gl(r,C) x Gl(n,C), covered for the case r = 2 in Chapters 2 and 3.)

The inductive step is then as follows. Given a k-jet A we find, in (k + 1)-jet
space, a complete transversal A+T. Then we need to consider all the constituent
(k+1)-jets, A+t, t € T in this family. By various simplifications where possible,
i.e. by scaling or using Mather’s Lemma, which are discussed in Section 4.5,
we reduce this family to a finite list of (k + 1)-jets. Next we consider complete
transversals of each (k + 1)-jet in this list and so on. The process stops for a
jet when it has an empty complete transversal (i.e. it is k-G-determined, so all

higher jets with this k-jet are G-equivalent to it) or moduli are detected; again
more about this in Section 4.5,
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4.4.3 Results useful for the Unfolding of Germs

In this section we define and prove a few results which are useful when consid-
ering the unfoldings of finitely G-determined germs. However, since our main
interest in the present work is to list these finitely determined germs, we are not
particularly concerned with their unfoldings and include the following results
both for completeness and possible further study, at a later date. Consequently,

any unfolding theory covered here is merely of a superficial nature.

We start with a couple of technical results to be used later on.

Lemma 4.4.21 Let OF be an O,-module. If L, M are finitely generated O,-
submodules of OF where L C M and

dimc (07 /M) = dime (OP/L) < oo, (4.15)

then M = L.

Proof Let {gi,...,9,}, for some integer s, be a basis for OP /L. (Such a basis
exists, since from (4.15) dimg (O /L) is finite.) So any element of O?/L can be

written as a C-linear combination of the g;.

Then, {g1,...,9:} span OP /M. For, given any f € OP, we can write

8
F=Y mgi+h, (4.16)
=1

forsomel; € Land p; € C:i=1,...,s. Butsince L C M, [, is also in M and
we can deduce from (4.16) that any element of O?2/M can be written as }_; pigi,
pi € C. Using (4.15) it follows that {g,,...,g,} is also a basis for O?/M.

Let m € M be any element of M. Since M C OF we can write
8
i=1

forsomel€ Land ;€ C:i=1,... 3 So

i/\;g.-:m—leM,

i=]
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(uses L C M). This implies that in O?/M
8
> Mg =0. (4.18)
i=1

So, since we have already shown {g1,...,9s} to be a basis for O /M, the only
solution to (4.18) is A\; = --- = A, = 0 and from (4.17) we deduce that M C L

as required. O

Lemma 4.4.22 Let V4, C V, C -+ C Vo C Vi be a series of inclusions of
(complex) vector spaces (or finitely generated O, -submodules of OF). Suppose

E; = {e{,...,e-fnj} cV; (cw),
is a basis for V; [V, i=1,...,n.

Then E=E,U---UE,_; UE, is a basis for V1 /V,,. In particular,

n
dim (Vi/Voy1) = D dim (V;/Vj41) -
i=1

Proof The proof is by induction on n, where the base case, n = 1, is trivial.
Assume the result holds for n, i.e. if
Ej={e,....el, } C V;,
is a basis for V;/Vj41,i=1,...,n -1, then
EyVU---UE,;

is a basis for V1 /Vy. The inductive step is in two parts.

1. We first need to show that E spans V; /V,+1. Choosing v, € V;, by the
inductive hypothesis, we can write

v =v +v,, v € Sp{E1U---UE;_1}, vn € V. (4-19)

But, since E, = {e},... »€m,.. } is a basis for V,,/V,41,
Un =0" + vy, v" € Sp{E,}, Uns1 € V. (4.20)
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So, given any v; € V), from (4.19) and (4.20), we have
vy ESp{E1U- - UE,_ 1 UE.} + Voy,
that is E spans Vi /Vi41.
2. We also have to show that E = E; U---U E,_, U E, is an independent

set in Vl/Vn+1. If

( ’\ijef') € Vay1, i €C, (4.21)
=1

i=1

J

(which vanishes in Vi /V,41) then, it also follows that,

My n—1 m; .
St + 5 (Lauet) €
i=1 j=1 \i=1

and, since E,, C V,,

n—-1 /m;
> (z A..,.ez) € Vi
Jj=1 \i=1

By the inductive hypothesis
Mj=0, for 1<j<n-1, 1<i<m;, (4.22)
and it follows, from (4.21), that Y°/"% Aine? € Vp41 and vanishes in V,,/Vi4y.

However, E, = {e7,...,e}, } is a basis for V;,/V;41 so, in addition to (4.22),
Adin = 0, for 1 < i £ m,. Hence from (4.21) we have established that E =
E; U---UE, is an independent set in V; /V,4,.

The result follows by induction. O

We state the following useful lemma.

Lemma 4.4.23 Given a finitely generated O,-submodule, M C OP then
dim¢ (02 /M) < 00

if and only if MY - OP C M for some integer N.
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Proof If, for some N, MY - OP C M then

dim¢ (07 /M) < dimc (0P /MY - OP) < co.

The converse implication is not so easy. Suppose for some N,
dim¢ (O? /M) < N. (4.23)
Consider the series of inclusions :
MCM+MN.OPc...CM+M,-0OPC M+ OL.
It follows directly from these inclusions and (4.23) that

N > dim (O?/M) > dim (O? /(M + MY - ©OF)) > ... > dim (OF /(M + OF)) = 0.

N+2 terms

This sequence of inequalities consists of (IV + 2) integers with at most (N + 1)
different values — between N and 0. So at least one of the inequalities must be
an equality. There are two possibilities. Either, for some s > 0

dim (O2/(M + M - OP)) = dim (OF/(M + M2+ . OF)) (4.24)

or

dim (0% /M) = dim (O? /(M + MY - OP)) . (4.25)
Using Lemma 4.4.21 we deduce, from (4.24), that
M+M; OF =M+ Mt .0P,

which implies
M-OPC M+ M, - M:.0F,

and by Nakayama’s Lemma (Lemma 4.4.17)
M:-OP Cc M.

The alternative to this is (4.25), from which, again using Lemma 4.4.21, we
deduce that
M=M+M}).or,

and hence MY -O? C M. O
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Corollary 4.4.24 Given an ideal I C O, then
dim¢ (O, /I) < 00

if and only if, for some N, MY C I.

Proof This is just the special case of Lemma 4.4.23 where p=1. O

We give a few definitions adapted from those given in Section 1.3.4 of [Kirk].

Definition 4.4.25 Consider the germ of a mapping Ao : C",0 = CN,0 (4o :
Cr,0 = Sk(n,C), where Ag(0) = 0). An s-parameter unfolding of Ao is a
germ of a mapping

F:(C" xC%,0) = (CN xC*,0),

that is
F:(C" x C?,0) = (Sk(n,C) x C*,0),

(z,u) = (Alz,u),u),

such that Ag(z) = A(x,0). The notation A,(x) = A(z,u) is often used; A, can
be thought of as a deformation of Ag, parametrised smoothly by u € C°.

Definition 4.4.268 Consider two unfoldings F', G : (C" x C?,0) = (CN xC?,0)
of Ag, written F(z,u) = (A(z,u),u), G(z,u) = (B(z,u),u) respectively. Then
F, G are isomorphic if there erist

$:C"xC*0->C",0
$:C%0—>C*,0
X:C"xC* =+ GIN,C), (X:C xC*—Gl(n,C))
with, for small u, ¢y, z — ¢(z,u) (where ¢ : C",0 = C7,0 is a germ of
the identity diffeomorphism) and ¥ germs of diffeomorphisms and X (z,0) the
identity matriz I, such that
B(z,u) = X(z,u)A (¢(z,u), Y(u)),

that is
B(:L',’u) = XT(I’U)A (¢(zi u)a 1/)(u)) X(.’E, u)'

In other words By is G-equivalent to A, via an action parametrised smoothly by
u € C* (for small u).
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For u # 0, the germs A,, B, cannot be considered as germs at the origin with
target the null matrix and the germ ¢, cannot be considered as a germ of a

diffeomorphism which fixes the origin.
We continue with a couple of further definitions.
Definition 4.4.27 Given an unfolding F : (C" x C?,0) — (CV x C*,0) and a
smooth map h : Ct,0 = C*,0 we define an unfolding
R*F : (C" x Ct,0) > (CN x C,0)

by
(z,v) » (F(z, h(v)),v);

h*F is said to be induced from F by h.

Definition 4.4.28 An unfolding F of Ao is versal if any unfolding of Ay is
isomorphic to one induced from F.

At this stage it is convenient to introduce a ‘tangent space’ similar to those
already encountered (see for example the TGA tangent space defined in Propo-
sition 4.3.2).

Definition 4.4.29 Consider the mapping A : C",0 = Sk(n,C), which can also

be thought of as an element A € ON. The ‘extended tangent space’ or G, -tangent
space of A, denoted TG, .A, is defined to be

TG..A=0{Az):1<i <1, Cij(A) + Rij(A) : 1 <i,j < n}.
The G.-codimension of A is the codimension of TG..A in OV, that is
Ge-codimA = dim¢ (O /TG, .A) .

If the G, -codimension of A is finite we say A is of finite codimension, otherwise
A is of infinite codimension.

We state a fundamental result from unfolding theory due to Damon. (See
[Damon], [Mart], [Wall].)
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Theorem 4.4.30 An unfolding F : (C" xC*,0) = (CN xC?,0) of Ao € M, O

is G-versal if and only if
TG..Ag + spa'nc{Fl, - Fs} = Oiv,

where the initial speeds F; € ON of F are defined by

. 0A -
F,-——az(a:,O), fori=1,...,s.

From this theorem we have the following corollary.

Corollary 4.4.31 If A;,...,A, € ON form a C-spanning set for the comple-
mentary space to TG,..Ap in Of’ then

F(z,u) = (Ao(x) + Z u; A;(z),u),
=1

is a versal unfolding of Ao, where u = (uy,...,u,).

So, to calculate a versal unfolding of Ay we need to find a set of such A; which
is a problem at the germ level. However if Ay is k-G;-determined then by
Theorem 4.4.18 we have M**1ON C TG,.Aq and since TGy.40 C TG..Ap it

suffices to calculate the complementary space to T'G..Ap in J*(r, N).

We provide some results which will prove useful for such calculations, starting

with the following result obtained using Lemma 4.4.23 above.

Corollary 4.4.32 Consider a germ A : C",0 = Sk(n,C), where A(0) = 0.
Then A is finitely G, -determined if and only if it has finite G.-codimension.

Proof This follows immediately from Theorem 4.4.16 and Lemma 4.4.23. O

Having found a finitely determined germ we next look to calculate its G.-
codimension. For this purpose we find the following notation, taken from
[Gibson] Pg 156, useful.
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Definition 4.4.33 We define

TG..A + MOV

codsA = dim TG..A+ MIFL.ON’

for s > 0.

Corollary 4.4.34 Given a mapping A : C",0 = Sk(n,C), which is finitely

Gi -determined, then for some k > 1 its G.-codimension is given by

k
Ge-codimA = Z cods, A

8=0

£ ( TG..A+ M2.ON )
Zdlm P .
TG..A+ MOV

]

§=0

Moreover, if E, = {e?: 1< i< m,} is a basis for TG..A + M:.ON /TG.. A+
MEFLON then

is a basis for ON /TG, .A.

Proof Assume A is k-G;-determined for some k > 1. Then M'ﬁ“Of’ cTGg..A

and we have the following series of inclusions :
TG..A=TG. A+ M:.ONCc...CcTG.A+ M, -OF c ON.

Both results in the statement then follow by applying Lemma 4.4.22. O

Remark 4.4.35 So, for a k-G-determined germ A we can calculate its G-
codimension (and a basis for the complement of TG,.A in ON) by calculating

the complement to TG,..A in J*(r, N).

We outline the method employed for these calculations given in [Gibson)
(Pgs. 156-159). This concerns how to find

sMN
cod, A = dim ( TGe A+ M:0; ) ,

TG..A+ Mit1ON
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for each s > 0. The module MOV is generated by the set of basis vectors (of
JE(r, N)) :
{z°ei,z° 'ye;,...,y%e;: 1< i< N}.

We then check which of these basis vectors lie in TG..A+ M2t ON . In practice
this involves determining how many of these basis vectors can be obtained from
O,-linear combinations of the generators of T'G..A modulo M:‘“Oﬁ’ . Then,
from the basis vectors not present in 7'G..A + M:‘”Of’ , we select (a basis
for) a supplement for it in TG..A + M:Of’ . The number of basis vectors in
this supplement is the number cod,A. Applying Corollary 4.4.34, we use these
calculations to obtain a basis for the complement of TG..A in OF and hence

the G.-codimension of A.

An example of a calculation of this type is provided in the proof of Lemma 6.1.4
in Chapter 6.

A similar G-invariant (to the G.-codimension) is the G-codimension of a germ

(vanishing at the origin).

Definition 4.4.36 Consider the germ of a mapping A : C",0 -+ CN,0. The
G-codimension of A is the codimension of TG.A in M, OV, that is

G-codimA = dimc (M, O} /TG.A) .

If the G-codimension of A is finite we say A is of finite G-codimension, otherwise

A is of infinite G-codimension.

Corollary 4.4.37 Given a mapping A : C",0 = Sk(n,C) (where A(0) = 0),
which is finitely G, -determined, then for some k > 1 its G-codimension is given
by

k . N
G-codimA = Zdim ( TG.A+ M:.O; ) '
=1

TG.A+ MITLON

Moreover, if E, = {ef : 1 <i < m,} is a basis for TG.A + M:.ON/TG.A+
MELON then

UE ={e!:1<i<m, 1<s<k},
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is a basis for M, O /TG .A.

Proof The result follows by a similar argument to that given for Corollary 4.4.34.
(]

These results lend themselves naturally to the following finite dimensional
interpretation.

Definition 4.4.38 Consider a jet A € J*(r, N). Let TJ*G..A and TJ*G.A be
the subspaces of J¥(r, N) spanned by the k-jets of the elements of TG,.A and

TG.A, respectively. Then we define the J*G.- and J*G-codimensions of A to be
given by

k
J¥G. -codimA = z dim

8=0

( TJ*G..A+ M2.0V )
TJ*G.. A+ MEYL.ON

and

k
J*G-codimA = Z dim (

s=1

TJ*G.A+ M:.ON )
TJEG. A+ MZFLON )’

respectively.

Remark 4.4.39 It follows that the G.-(G-)codimension of a k-G-determined
jet, A, is equal to its J*G,-(J*G-)codimension. For specific (usually low) values
of k finding the J*G,-(J*G-)codimensions of such k-determined jets is easily
achieved using the Transversal package. Furthermore the calculation process
also provides a basis for the complement of J*G,.A (J¥G.A) in J*(r, N) the
former yielding a versal unfolding for A. This is discussed further in Chapter 5.

4.5 Mather’s Lemma and Moduli detection

Given some (k—1)-jet A, and having established a complete k-transversal A+ 7T
in J¥(r, N'), we discuss methods for reducing, where possible, the family of k-
jets, which lie in this affine space, to a finite number of k-jets.

This is done at the k-jet level by considering the action of the Lie group,
JEG, on the jet-space J*(r, N). The details of the jet-group J*G and its action
on J*(r, N) are provided in Section 4.4.2.
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We adopt two basic techniques for determining the orbit structure of a com-

plete transversal. The first involves using the action of explicit members of J¥G
to reduce a set of k-jets to a single representative. The second technique uses
Mather’s Lemma to identify submanifolds of the complete transversal which are
contained in single J*G-orbits of the jet-space, in each case selecting a suit-
able representative for the k-jets in this space. This ‘refining’ of the complete
transversal is often effective due to the availability of elements of J*G which are

not present in the subgroup, J*G;, needed for the application of the Complete
Transversal Method.

We start by considering the second of these techniques and to do so we restate

Mather’s Lemma (Lemma 4.4.1) in a form specific to the present situation.

Lemma 4.5.1 Consider the above action of the Lie group J*G on J*(r,N).
Let X C J*(r,N) be a connected manifold. Then X is contained in a single
orbit of J*G if and only if

(i) for each jet x € X, the tangent space To(J*G.z) D T, X, and
(i) dimT,(J*G.x) is constant for all z € X .
In Section 4.3 we restricted our classification to G-simple germs — roughly

speaking germs A for which there is a neighbourhood of A in Sk which meets
only finitely many G-orbits. We formalise this notion, in the context of the

jet-groups J*G, with the following definition due to Arnold.

Definition 4.5.2 Let G be the group action on Sk defined above. A G-finitely
determined map A is G-simple if

(a) for all k > 1 the jet j*A € J*(r,N) has a neighbourhood which meets only
finitely many J*G-orbits, say px;

(b) px remains bounded above as k = 0.

In fact since A is G-finitely determined (say K-G-determined) we need only show
that JKA € JK(r, N) has a neighbourhood meeting only finitely many JXG-

orbits. (The reason is that any orbit near a jet j*B in J*(r, N) would meet
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a transversal to the J¥G-orbit of j*B. For k > K, consider ;XA € J*(r,N).
Since A is K-G-determined T'G.(% A) D ME+1ON so the transversal can be
chosen to be in JK(r,N).)

From this we have the following criterion for simplicity, taken from [BrSim].

Lemma 4.5.3 Let A € Sk be G-simple. Then for all k and all smooth con-
structible subsets Z C J*(r, N) through j* A there is a neighbourhood U of j* A
and a Zariski open subset V C Z such that fory e VNU

T, (J*G.y) D T, Z.

Proof If A is g;simple then, by Definition 4.5.2, the jet j*A4 has a neighbour-
hood, U, meeting only finitely many J*G-orbits of J*(r, N) all of which are
smooth and constructible (see Lemma 4.4.10). Thus these orbits give a finite
constructible partition of Z N U. Let X;,...,X, be the orbits X for which
dim(X N Z) < dimZ. Now set X = cl((X; U---U X,)N Z). This is Zariski
closed by definition and dim X < dim Z. We set V = Z\X. This is Zariski open
and a finite union of orbits Y with dim(YNZ) = dimZ, sonearany y € YN Z,
Y D Z. The result follows. O

We can use the result of this lemma to identify k-jets of germs which are not
simple.

Corollary 4.5.4 Consider any smooth constructible set Z C J*(r, N) with the
property that

{ye Z:T,(J*Gy) D T, Z})

is in some Zariski closed proper subset of Z. Then no germ A with j*A € Z is

simple. Indeed any neighbourhood of j*A contains uncountably many orbits.

Proof This is a contradiction of the criterion for simplicity given in Lemma 4.5.3.
Indeed on a Zariski open U with j*A in the closure of U we have T, (J*G.y) B

T,Z so dim(J*G.y N Z) < dim Z, and we must have uncountably many orbits.
o

Typically, we attempt to simplify a complete k-transversal, of some (k—1)-jet
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Ay, consisting of the t-parameter family of k-jets given by
Z, = {A, € J¥(r,N): a€C}.

Clearly such a family is a smooth constructible subset of J*(r, N) passing

through each of its constituent k-jets.
If for almost all k-jets, A,, of this set we find that the inclusion
Ta, (J*G.A,) D Ta, Z,,

does not hold (by almost all we mean, with the exception of the union of a finite
number of proper sub-varieties of Z,) — i.e. Z, is a set of the type described
in Corollary 4.5.4 — then the criterion for simplicity (in Lemma 4.5.3) is not
met and it follows that no germ with a k-jet in Z, is simple. It follows that the

family Z, consists of uncountably many distinct J*G-types and we have moduli.

Definition 4.5.5 Let Z C J*(r,N) be a manifold of jets, with J*G a Lie group
acting on Z. Then elements of Z have J*G-moduli if every neighbourhood of

every y € Z meets uncountably many J*G-orbits.

In particular Corollary 4.5.4 shows that any family Z of the type described

there has moduli.

For our classification detecting the presence of moduli is done computation-
ally using the Maple package Transversal and is discussed in the following
chapter. Once a complete transversal (or any other family of k-jets) is found to
have moduli we can reason, using the above results, that no germ with a k-jet
in this family can be simple. Since we are only concerned with the classification
of G-simple germs we need not consider these k-jets any further.

If moduli are not present in a family of k-jets we use Mather’s Lemma to
simplify this family into a union of a finite number of J*G-orbits, choosing
suitable representatives for each. This involves checking both conditions of
Lemma 4.5.1 for each of a (finite) number of constructible partitions of Z,.
Again this is done using the package Transversal and is discussed in some
detail in the following chapter which also provides some illustrative examples

of the technique used. Note that checking condition (ii) of Mather’s Lemma is

170



equivalent to verifying that the J*G-codimension of all k-jets in a submanifold

is the same.

Having found a family to be a union of a finite number of J*G-orbits, we
then use the J*G-codimension (of all k-jets in an orbit) to distinguish these
orbits. By taking a representative from each distinct orbit we obtain a finite
list of k-jets.

In the event that a family of k-jets, Z,, is contained in a single J*G-orbit

— i.e. Mather’s Lemma is satisfied for every k-jet in this family — we say the
family is J*G-trivial. In particular if a complete k-transversal of the (k — 1)-
jet Ag is found to be a J*¥G-trivial family we can choose the k-jet Ao as a

representative for the J*¥G-orbit containing it.

As will be seen in some of the following calculations, where it is necessary to
show a family of k-jets is J¥G-trivial for general values of & (e.g. see the proof of
Lemma 6.1.23), checking that both conditions of Mather’s Lemma are satisfied
over the whole family is no easy task. However, for specific (typically low) values

of k, this can be achieved by a fairly simple calculation using Transversal,

described in the following chapter.

We conclude this section with a brief discussion of the second technique

available to us for simplifying families of k-jets, namely ‘scale’ changes by hand.

Consider a family of k-jets/germs A, : C",0 =& Sk(n,C), where A,(0) =0

for all values of a € Ct, of the form

0 ay2 e Qin-1
Ag=| T2 0 : (4.26)
: Qn—1n
—Qipn-1 *°° —CGp-in 0

with a;; : C,0 x C* - C,0. As usual we may regard A, as a mapping A, :
C",0 - CV,0 determined by the N-tuple [a12,...,8n-1n]. So, taking local
coordinates, (z,...,z,), for C",0 we attempt to simplify the family A, by the
scale changes, ¢, : C",0 — C",0 given by

(1'1,-- 'azr) — (Alzly" '|A1‘zr)’

X #0,1 < i < r. Because we are dealing with the group A not all scale
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changes in the target

(a12a “ee ,an—ln) = (7’12012, o s n—1nGn-1n),

(mij #0, 1 <i < j <n), are available to us. However if we consider a constant

element of H, C",0 = Gl(n,C), given by the diagonal matrix

a 0 - 0
Xc= 0 (05 ,

0

0 0 a,

where aja; -+ ay # 0, then the action (¢5,X.).As = XT(A o ¢,)X. has the
effect on the corresponding N-tuple, A, = [a12,...,8n-1n), given by
[7712(012 o ¢s), cee »nn—ln(an—ln o d’a)],

with 7;; = ;. This method is best illustrated by examples and we refer the

reader to the proof of Lemma 6.1.2 in Chapter 6.

4.6 Initial Classification

We are mainly concerned with classifying families of 4 x 4 skew-symmetric ma-
trices using the techniques of the previous two sections. However beforehand
we consider the classification of a few special types of families.

It is useful, for the following proposition, to note that we can define the rank
of A € Sk in a similar way to that described in Lemma 3.0.13, for a pencil. In
other words if I is the ideal of O, generated by the j x j minors of A then rank
A is the largest k for which I; # 0. Recall that

E=(_01 (1))

Proposition 4.6.1 When r = 1 then any germ A : C,0 — Sk(n,C) is G-

equivalent to something of the form

" E,, Ps*E, D - Pt E. o,

where the final zero block is possibly non-eristent, E, = ®,E, and the s; are
integers > 1 and ky < ky < -+ < ky.
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Proof The proof is by induction on n.
Initial Step

If A =0 we are finished.

Otherwise, since we assume A(0) = 0, let k; > 1 be the lowest degree term

of all the entries of A. Then we can write
A=zF A4, (4.27)
with Ag(0) # 0.
If we denote the rank of Ag at the origin by rankg A4, then

rankoAg = 25,

for some s; > 1. So by Proposition 4.3.5 we find

E 0
XTAoX = E (i) , (4.28)
0 0| 4
where X : C,0 — Gl(n,C) and A4,(0) = 0. If n = 2s; we are finished.
Inductive Step
By induction we find that A, is equivalent to
?E,, &---®z"E,, ©0, (4.29)

where I < -+ <, and the result follows, taking k; =I; + k, for j > 2. O

Lemma 4.6.2 Consider the classification of germs A : C",0 — Sk(n,C) un-
der the action of the G = R x H subgroup of the corresponding K-group.

(i) If n = 2 the germs

=(%5) ==(50)

are G-equivalent if and only if a and b are K-equivalent. In particular the
G-simples are given by classifying the R-simple functions C",0 — C,0.
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(i) Ifn =3 agerm A: C",0 > Sk(3,C) is G-finitely determined if and only if
the corresponding germ C™,0 — C3,0 is K-finitely determined and two G-
finite germs A, B are G-equivalent if and only if the corresponding germs
Cr,0 = C3,0 are K-equivalent. In particular the G-simples are given by
the K-classification of simple germs C”,0 — C3,0.

Proof
(i) The first case is easy. If A and B are G-equivalent then
0 a _ a v 0 bog a B
- 0) T\ s —bod O Ny 6

(QJ_B’Y)( —b00¢ b?)¢ ) ’

(.5 §))es

ie. a = (ad — Bv)(bo@). So a and b are K-equivalent (which we already

for some

know). However if a and b are K-equivalent then a = A(bo ¢) for some A
with A(0) # 0 and diffeomorphism ¢. So consider

a BY_(A O
y 6 )7\ 0 1
above and A and B are G-equivalent. Since the list of K-simple function

germs is the same as that for R-simple function germs the result follows.

(ii) We associate a germ A : C",0 — Sk(3,C) (where A(0) = 0),

0 a) a2
A=} -a1 0 a3 |,
-a; -a3 O

with the germ C",0 -+ C3,0, (a1, 02,0a3). By Lemma 4.2.5 G is a connected
subgroup of K and therefore

TG ACTK.A,
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for all A. We use Proposition 4.3.2 to find the G-tangent space to this
germ. As usual the R-tangent space to this germ is the standard R-

tangent space. The H-tangent space is given by

(01,02,0), (0,0,(12), (anaal),
Or< (0,03,0), (a1,0,a3), (O,GI,O), >
((13, 01 0)5 (aZ) 0) 0)’ (Os az, a3)

Furthermore, by a little manipulation of its generators we can show this

submodule coincides with the submodule

(a1,0, 0)9 (0‘27 01 0)7 (03,0, O)s
0r< (O)alvo)a (0,(12,0), (0,(13,0), >v
(Os 0, al)s (0, 0, a2)) (0,0, a3)

which is the C-tangent space to the germ (a;, a3, as). Therefore the H and

C tangent spaces to A coincide that is
TG.A=TK.A,
for all A. In particular, at the k-jet level
TJ*G.A=TJ*K.A.

So all calculations at the jet level for the G-action (on A) are the same as

those for the K-action on A. Furthermore given a k-jet A for which
MELON € TG A+ MEH2OY,

i.e. Ais k- or (k + 1)-G-determined, then it follows that
MEION € TK.A + MF20N,

and A is also k- or (k + 1)-K-determined.

If two G-finite germs A and B are G-equivalent , they are clearly K-
equivalent. Conversely if they are K-equivalent, then choose k > 1 so
that both germs are k-G and k-K-determined. We need only show that
the J*G and J*K orbits of the k-jet of A coincide. This is proved using
Lemma 4.4.2, taking G = J*K and H = J*G.
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4.7 Miscellaneous Results

In the following we provide some background material required later.

4.7.1 Analytic Varieties

We give some basic results for germs of analytic varieties, which are well known

results for affine varieties (see [CoxLiOs}).

Definition 4.7.1 Let fi,..., f, be analytic function germs in O,. Then the set

V(fi,.o fo) = {s €C: fild) =0 for 1< i < s},

i8 called the germ of an analytic variety of C",0 defined by fi,..., fs, or an

analytic variety germ.

Definition 4.7.2 Given an ideal I C O, we define the analytic variety germ
VI)={ze€C : f(z)=0 for all f € I}. (4.30)

Conversely, given an analytic variety germ, V C C",0, we have a set (V) C O,
given by
IV)={f€O,: f(z)=0 forallz € V}. (4.31)

Lemma 4.7.3 The set I(V) C O,, given by (4.31) in Definition 4.7.2, is an

tdeal which we refer to as the ideal of V.

Proof Clearly, 0 € I(V) since the zero germ vanishes on all of C", and in
particular vanishes on V. Suppose f, g € I(V) and h € O,. Let z be a point of
V sufficiently close to 0. Then

f(z) +9(z) =0+ 0=0,
implying that f + g € I(V), and
h(z)f(z) = h(z) -0 =0,

implying that Af € I(V). The result then follows. O
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Definition 4.7.4 Let I C O, be an ideal. The radical of I, denoted VT , 18
the set
{f € Op: f™ € I for some integer m > 1}.

Lemma 4.7.5 If I C O, is an ideal, then VT is an ideal in O, containing I.

Proof Clearly I ¢ VT, since f € I implies that f! € I and hence, by Defini-
tion 4.7.4, f € V1.

To show VT is an ideal, suppose f, g € v/I. By definition there are positive
integers m, I such that f™, g' € I. Consider the expansion (f +g)™t!~!. Every
term in this expansion has a factor fig’ with i + j = m + [ — 1. Since either
i > mor j > 1, either fi or g7 is in I, whence fg’ € I and every term in the

expansion is in I. Hence (f + g)™*'~! € I and by definition f + g € V/T.

Finally, suppose f € VI and h € O,. Then f™ € I for some m > 1. Since

I is an ideal, then (hf)™ = h™f™ € I and hence hf € V1. It follows that /T
is an ideal. O

The following result is taken from [Gunn].

Theorem 4.7.6 (Hilbert’s Nullstellensatz) If I C O, is an ideal then

(V) = V1.

Proof We refer the reader to the proof of Theorem 2 in Chpt III of [Gunn]. O

The main objective of this section is the following result.

Lemma 4.7.7 Consider the germ of a smooth mapping, f : C",0 - C?,0
defined by f = (f1,..,fp), where each f; € M,. The following three properties

are equivalent.
(i)

dimC (Or/or(fh .. -’fp)) < .
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(i) For some N, MY C O.(f1,---, fp)-

(iii) (Using the notation introduced in Definition 4.7.1)
V(fi,..., fp) ={0}.

Proof We prove this in two steps. The first shows condition (i) and condition

(ii) are equivalent and the second that condition (ii) is equivalent to condition

(i)
Stepl
Letting I = O, (f1,-.., fp) we just apply Corollary 4.4.24 of Section 4.4.3.
Step2
Firstly, if for some N, MY C O,(f1,...,f,) thenforeach 1 <k <r

sz € Of(fla--'1fﬁ)'

So,
V(fi,....fp) cV(EY,...,.zN) = {0}.

The converse inclusion uses the Nullstellensatz for analytic varieties (Lemma 4.7.6).
Suppose
V(f11 cee sfp) = {O}

Using notation introduced by Definition 4.7.2, this implies that
L(V(O.{f1,...,fp))) = I(0) = M,..

Therefore by Nullstellensatz (Theorem 4.7.6)
where, by Definition 4.7-4,
Orlfr,.... fo) ={heO,:h™ € Or{f1y. .., fp) for some m}.
Considering each zx € Mr (1 < k <), this implies, for some M > 1, that
z;c"" € Orlf1,y-- o\ fp)-
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Setting M = >~ _, My, we deduce that

MM C Ou(fr, .-, fo)s

as required. O

4.7.2 Binary Quartics

There follows a general, but brief, discussion on the space of binary quartics
which will be used later on. In particular, to introduce neccessary notation, we
quote a couple of results (without proofs), and for further details we refer the
reader to Pgs 94-98 of [Newstd].

Definition 4.7.8 The space, V,,11, of binary forms consists of polynomials
of the form
f(z,y) = a0z + oz 'y + - + any”,

to which we associate a point (ap,ay,...,a,) € PC",

There is a natural bijective correspondence between points of the associated
projective space PC™ and the sets of n roots (in PC!) of f(z,y) = 0. Consider
the subgroup, SI(2,C), of GI(2,C) consisting of matrices with determinant 1
and the projective linear group, PGI(2,C), given by

GI(2,C)/cl,

where ¢ € C. The action of SI(2,C), (or PGI(2,C)) on PC! determines an

action on V,, 41 (= PC").

Definition 4.7.9 The linear group action of Si(2,C) (or PGI(2,C)) on the
space, Vi1 (= PC™), of binary forms is given by

9-f@y) = f(97'@m),

for any f € Voyy, g € SI(2,C) (or PGI(2,C)).

As already mentioned we are principally concerned with binary quartics.
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Definition 4.7.10 The space, Vs, of binary quartics consists of polynomials
of the form

flz,y) = apz* + da, 2%y + 6ayzy? + daszy® + asyt,
to which, for convenience, we associate a point (ag,a,,as,a3,a4) € PC*.
Proposition 4.7.11 Under the SI(2,C) action, quartics have two basic invari-

ants

I = apaq — 4a,a3 + 3(1%,
— 2 2 3
J = agazay + 2aja2a3 — apaz — ayaq — a;.

In other words f and g.f yield the same values of I and J for g € SI(2,C).

Definition 4.7.12 We define A: Vs - C (A: PC* - C) by
Algq) = B —21J2,

where g € V5.

Since both I and J are invariants of SI(2, C)-equivalence, it follows immediately

that A is also an SI(2,C)-invariant. The following result is deduced in [Newstd].

Proposition 4.7.13 A quartic ¢ € V5 has a repeated root if and only if A(q) =
0.0

a

From now on we think of quartics as points of PC!. We denote the set of

quartics with repeated roots by A, i.e.
A ={ge PC*: A(g) = 0}.

Excluding this set from PC*, we consider the set, PCf\, of quartics with no

repeated roots, in other words
PC4 = PC"’\A.
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It follows that each point of PC4 is naturally represented by a set of four
distinct points of PC!. Arranging four such points in some particular order, z;,
Iz, T3, T4, by the Three Point Lemma (Lemma 1.3.4) there is a unique element
g € PGI(2,C) for which

gr1 = (170)1 9T = (Oa 1)’ 9T3 = (la 1);

with
gz4 = (A1),
for some A # 0, 1. The value of A is the cross-ratio of z,, z3, x3, T4 in this
order. The 24 possible orders in which these four points can be arranged give,
in general, six different values of cross-ratio; if any one of these is ), the full set
is
A L= S/ S (A=1/A A/(A-1), 1/(1=A).

It can be verified that the function p : C — C, given by

(X — 1)(A = 2)(A + 1)}2
AA=1) '

has the same value for all six cross-ratios of points {z;,z2,23,z4}.

By direct computation it can be shown that, for quartics with no repeated
roots,

p=3%J%/A.
This leads to the map
J}/A: PC) = C. (4.32)
Consider the action of PGI(2,C) on PC!, which as described in Definition 4.7.9

determines an action on PC4.

Lemma 4.7.14 The map J*/A : PC4 — C is well-defined and invariant
under PGI(2,C)-equivalence. Furthermore, up to this equivalence, the space of

binary quartics, PC*, has uncountably many orbits.

Proof Since J? and A are both homogeneous of degree 6 in the variables a;
clearly the quotient, J2/A, is well-defined on PCY.

We next show this map is a PGI(2,C)-invariant. Consider two elements, fi,

f2 of PC4 represented by points {1, T3, 3, 24} and {y1,y2,¥a, ¥4} respectively.
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The system {y1,¥y2,¥3, ¥4} is PGl(2,C)-equivalent to {z;, 3, 3,z4} if there is
an element, P;, of PGl(2,C) taking one set to the other. There is also a unique
element, P, € PGI(2,C), fixing three points of {z;,z2,23,24} and giving a
cross-ratio, A\. It follows that the element P,P;, of PGI(2,C) gives the same
cross-ratio of {yi,v2,¥s,y4}. It follows that f;, f; have the same value of J2/A

as required.

It follows that to any value of J2/A there corresponds at least one (distinct)
PGI(2,C)-orbit in PC4. We refer to each value of J2/A as the j-invariant
of elements in the corresponding orbit(s) of PC4 and hence, up to PGI(2,C)-
equivalence, PC} has uncountably many orbits. Since A is a proper algebraic
subset of PC*, PC is dense, and (up to PG!(2,C)-equivalence) any point of

PC* has any neighbourhood meeting uncountably many orbits. O
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Chapter 5

Using Transversal

As mentioned in the previous chapter, our method of classification involves using
the specialist computer package, Transversal, (developed by N.P.Kirk at Liv-
erpool), which runs under the (symbolic algebra system) Maple, see [MapleV).
This package is principally used for calculating and manipulating tangent spaces
of orbits of jet-group actions on jet-spaces, J*(r, N), for numeric values of k,
r and N. It is invaluable for calculating the tangent spaces to (members of)
parametrised families of jets and hence, as previously discussed, is particularly

useful for moduli detection and simplification using Mather’s Lemma.

Although Transversal proves to be a valuable companion throughout a
given set of calculations, providing a general idea of how the classification pro-
gresses, for example by suggesting the presence of series of distinct determined
jets, there are points where it is more efficient or indeed necessary to use hand
calculations. This is particularly the case when proving the existence of a series

of k-determined germs for general values of k.

In the following we discuss, in some detail, the various procedures and func-
tions of the package used for our calculations. In the final section we illustrate
the techniques used by providing some worked examples taken from these cal-

culations. For further details on Transversal we refer the reader to [KirkTy].

Adopting notation from [KirkTY], throughout this chapter we denote the Lie
algebra of a jet-group by L and the action of this Lie algebra on a jet 4 by L.A.
(In terms of the notation used in Sections 4.3 and 4.4 L.A represents an action
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LG.A, such as J¥G.A.)

5.1 Overview of Package

Before any calculation can be performed by the package, it is necessary to
define the Lie algebra, L, we wish to work with. Then, for a given k, and
jet A the tangent space, J¥(L.A) !, to the orbit of A is calculated using the
main routine jetcalc. This routine also finds a basis for this tangent space,
and stores, globally, several useful by-products of the calculation which can be
subsequently accessed by other functions of the package.

5.2 Lie algebra and Initialisation

We first discuss how to specify the Lie algebra. This requires several different
items of data which, within a typical class of problems, remain fixed. Therefore
L is specified using a set of global variables, which are accessed internally by
the package’s routines. Before any calculation is attempted the user must first

assign these global variables accordingly.

In general, the Lie algebra L is decomposed as the direct sum of two compo-
nents consisting of source and target vector fields where the source component
can be user specified as an O,-module of vector fields. This Lie algebra is made
more specific by determining which of these components appear in its defining

equation. This is done by setting the ‘type’ of the Lie algebra.

There are five broad ‘types’ which we denote R, £, C, A and K. The required
‘type’ is set by the global variable equiv which takes the string constant value
R, L, C, A or K accordingly. (Note, although these ‘types’ can be used to give
Lie algebras to standard groups used in singularity theory, they need not be
associated with just these groups, for example possibilities for Lie algebras of

‘type’ R extend beyond those associated with the standard R-group.)

For example, since the tangent spaces we wish to consider are just O,-

submodules of OY we can define the Lie algebra by a source component only.

1J¥(L.A) represents the tangent space L(J*¢).A = TJ*G.A discussed in Section 4.4
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So for our situation L is chosen to be of ‘type’ R (the variable equiv takes the

value R) and its action on a jet A is given by the defining equation

LA=Mb.A,...,6.A), (5.1)

where the exponent #; is a user-defined integer global variable, source_power,
and &; are user-defined vector fields. These vector fields take the form
i) 0

&= 9155 +- 4 g,-éz—r where 9j € Or, (5.2)
and are defined for the package via a procedure which, on being called from
within the main routine jetcalc, takes a jet A as parameter and returns the
set {{;.,A:1=1,...,s}. The global variable liealg holds the name of this pro-
cedure. Before proceeding further we need to clarify the following technicality.
Although this 1iealg procedure defines the Lie algebra, it is actually the main
routine jetcalc which, using it, generates the actual tangent space, to a given

jet A, from the defining equation (5.1).

In particular, for our calculations we have written the liealg procedure
skewmatrix := proc(A, N, tgtspace),

where A, a list, stores a jet passed to it, and N is a positive integer, the target di-
mension, deduced from the number of components of A. Both these parameters
are pre-determined in jetcalc before it calls skewmatrix. The third param-
eter, tgtspace, is of Maple type ‘table’ and is assigned within the procedure.
We briefly summarise the function of this procedure here; for more detail we
refer the reader to Appendix D which provides the full (annotated) source code,
together with a short explanation of how it works.

The skewmatrix procedure is structured along the same lines as the general
liealg procedure discussed in Section 4.2.2 of [Kirk’IY]. It has, essentially, three

tasks.

First it assigns Maple names to the source coordinates. The code used for
this requires the source dimension, 7, to be specified. This is done using the
(user-defined) global variable source_dim which controls the number of source
coordinates for ensuing calculations. Then a list of names for these source
coordinates are found and stored in a global list coords. Although we use

z1,...,%, for source coordinates their actual Maple names are defined to be
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zl,...,zr, are stored as such in coords and then used to describe any jet A
passed to jetcalc.

Secondly, a set of generators for the (source) Lie algebra are specified and
stored in the parameter tgtspace. Each entry of tgtspace is itself of type
‘table’ with N components and corresponds to a generator, §;, specifying how
& acts on A. The precise syntax is as follows. Suppose A is given, in Maple,
by a list of N entries, A = [a,,...,an], and the ith vector, §;, in the generating
set is of the form given in (5.2). Then the ith entry entry of tgtspace specifies
the N components of £;.A4 and is defined in Maple by

tgtspace(i][1] g1 * diff(A[1], coords|[1]) + - - - + g, * diff(A[1], coords(r]);

tgtspace[i][V]

g1 = diff(A[N], coords(1]) + - - - + g, * diff(A[N], coords|r]);

The tangent spaces we require jetcalc to generate are of the form
LA=MP A, ... & A) + MP2 (& A, € pn2 A), (5.3)

where {£.4,...,&.A4} are the standard generators of the Jacobian ideal J4,

{&+1-4,...,& 1 n2.A} are the generators
(Aij = Cij(A) + Rij(A4),1<4,j <n),

described in Proposition 4.3.2 and p; > p. (the powers of the maximal ideal
M;) differ depending on whether we require the Gy, G or G.-tangent spaces to
A. Comparing (5.3) with the defining equation for Lie algebras of ‘type’ R,

(see (5.1)), in each case we obtain most of the required tangent space by setting
the global variable source_power to p; = max{p;,p2}. However, the space

subsequently generated by jetcalc using
LA=MPELA, ... Erina.A), (5.4)

omits the tangent vectors of (5.3) given by

(MP2/MPL) (€r i1 A, . .., Eppna.A).

This problem is resolved by defining a global variable to add these ‘extra’

vectors to those obtained from (5.4). The variable used is R_nilp and is of
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Maple type ‘list’. Each entry in this ‘list’ specifies an ‘extra’ vector which is
to be added to (the source component of) L. These vectors take the form g¢;
where g € O, and & (r + 1 < i <+ n?) is an existing vector from (5.4). The
precise syntax is as follows. For g € O, and §; the ith vector specified by table
tgtspace, the entry [g,7] in the list R_nilp indicates that jetcalc will add the
vector g&; to the tangent space (generated by (5.4)).

Clearly, these ‘extra’ vectors depend on which tangent space we are consid-
ering. In particular, we generate the G, (or CT-group) tangent space by setting

source_power to 2 and R_nilp to be the set of vectors
{zj&i:r+1<i<r+n%1<j<r}, (5.5)

and the G (or full group) tangent space is given by source_power 1 with R_nilp
the set of vectors
{&:r+1<i<r+n?}. (5.6)

It is convenient to define both these sets (5.5) and (5.6) in the procedure
skewmatrix, storing them in global variables RCT_nilp and RG_nilp respec-
tively. Then depending on which tangent space we wish jetcalc to generate

we can assign the appropriate set to the global variable R_nilp, discussed above.

These ‘extra’ vectors will be included in the tangent space generated by
jetcalc provided another global variable nilp is set to true. If however this
variable is set to false, then, when called, jetcalc will ignore any ‘extra’
vectors in R_nilp. This is what is required when generating the ‘extended’
tangent space,

TG.. A= ({1.A, ceey £r+n2.A),

obtained by setting source_power 0 and nilp to false.

5.3 The Algorithm : jetcalc

Briefly, we discuss the algorithm carried out by the main routine jetcalc.
Having specified the Lie algebra L, by assigning the global variables equiv,
liealg, source_power, R_nilp and nilp, then for a given k and jet A jetcalc
first calculates the tangent space J*(L.A) to the orbit of A. Specifically, the
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algorithm calculates a spanning set, for this tangent space, as a vector subspace
of J¥(r,N), where J*(r, N) is identified with N-tuples of all polynomials, in r
indeterminates, (over C) of degree < k, including those which don’t vanish at

the origin.

By calling the procedure skewmatrix, jetcalc finds the vectors which gen-
erate L.A as the O,-module (£.4,...,&+n2.4). Then it finds all non-zero
k-jets in

LA=MP (& .A,. .. €& pn2.A)

by multiplying each of these generators (£;.A) by all monomials of degree p,
and higher until jets, whose components all have initial degree greater then k,

are obtained. By adding to this set of k-jets any ‘extra’ vectors, from R_nilp,

jetcalc obtains a spanning set for the required tangent space J¥(L.A).

Having done this the next and main computational task of jetcalc is to
reduce this spanning set, by Gaussian elimination, to a basis for the tangent
space. Although the algorithm is more sophisticated than the proceeding de-
scription, it is sufficient to interprete it by the following linear algebra problem.

For more details on the actual algorithm see Chapter 3 in [KirkTy].

We have a basis of J*¥(r, N) consisting of an ordering of the monomial vec-
tors, z’e;, (see Remark 4.4.6%) and with respect to this basis each jet in J*(r, N)
corresponds to an element of a vector space CM of large dimension. The span-
ning set, just discussed, corresponds to a matrix whose rows consist of these
vectors. The ordering jetcale chooses, for the basis, is such that the columns
of this matrix corresponding to monomial vectors of degree k appear, together,
in a block at the right hand end of the matrix. Reducing this matrix to row

echelon form using Gaussian elimination gives a basis for the tangent space.

The advantage of writing the package in a symbolic system such as Maple
is that we can allow parameters to be present in the jets we work with, thus
enabling us to perform calculations over whole families of jets. On passing such
a family to jetcalc the matrix representing the spanning set (of the tangent
space to jets in this family) will contain non-constant (polynomial) terms. This
must be taken into account by the reduction algorithm.

2with regards to this Remark, note that |I| = 0 is also considered here.
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Where possible the algorithm chooses numerical pivotal elements. If forced
to choose a non-constant pivotal element division is not performed on the row,
in which it occurs, to reduce it to unity. However, division is still performed
(working in the field of rational functions) when using the pivot to reduce the rest
of the column to zero. In other words the leading entry of this row remains the
non-constant pivot rather than unity. Clearly, for values of the parameters (of
the family passed to jetcalc) for which this pivot vanishes the row operations
used in the elimination are not valid, but, by preserving the pivot, conditions

when this occurs are retained. We shall discuss this further later on.

Despite the size of this matrix being large it is also highly sparse and can, in
most cases, be reduced relatively quickly. We take this opportunity to mention
a further global variable which needs to be set before calling jetcalc, namely
jetcalc_verbosity. During a calculation jetcalc relays information relating
to how the calculation is progressing and this variable controls how much of that
information is displayed to the user. Taking an integer value from 0 (forcing
jetcalc to work in silence) through to 3 (for which jetcalc displays all aspects
of the calculation) the jetcalc_verbosity setting enables the user not only to
check that the calculation being performed is the one required but can also
give an idea of the size of the matrix involved. For our calculations we set
jetcalc_verbosity to 2 and in the worked examples at the end of this chapter
we reproduce the information typical to that displayed by jetcalc in response
to this setting.

The result of the reduction performed by jetcalc is therefore a row echelon
matrix of the form (a;;) with pivotal elements ayj,, azj,,...,ay;, (these are
non-zero elements with 1 < ji < j2 < -+ < j, < ¢ = dimJ*(r,N) and
u = dim J¥(L.A)). The rows of this matrix then represent a basis for the
tangent space, the principal objective of the algorithm.

The reduction process, used to achieve this objective, yields various by-
products which are of considerable use as regards the singularity theory dis-
cussed in the previous chapter. These are stored in global variables for access
by other routines of the package. We proceed to discuss these routines, which
are used to manipulate and extrapolate the results of the reduction.

The routine jetcalc also calculates a basis, C, for the complementary (or

normal) space to the tangent space it has found. This is the set of monomial
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vectors required to extend the basis for the tangent space to one of full rank in
J¥(r, N). Having already calculated a basis for the tangent space, represented

by the u rows of the echelon matrix (a;;) above, the set of canonical vectors

{fis-o s Fivseosfimrevor Fiwnenr fa}

(where {f; € CM : 1 < i < M} represents the ordered set of monomial vectors,

z'e;, chosen as a basis for J*(r, N) and f; denotes the exclusion of f; from
this set of vectors) correspond to the basis C. Once this set, C, of monomial
vectors has been found they are then stored globally and can be accessed by
the function pcomp() (i.e. pcomp() displays the complementary basis). The

dimension of this complementary space is stored as the global variable codim.

It is important to highlight the following point, when interpreting calcula-
tions. As previously mentioned the routine jetcalc regards J*(r, N) as the
vector space of N-tuples of all polynomials of degree < k thereby including
those which do not vanish at the origin. This enables the package to be used
for unfolding calculations and working with ‘extended’ tangent spaces. So any

basis for a complementary space in J*(r, N) found by jetcalc usually contains

constant vectors.

5.4 Interpreting jetcalc Calculations in terms
of Singularity Theory

We discuss how the results obtained by jetcalc can be interpreted as regards
the singularity theory covered in the previous chapter.

5.4.1 Complete Transversals and Determinacy

Due to the ordering, chosen by jetcalc, of the basis of J*(r, N), the columns
corresponding to monomials of degree k appear in a block at the right hand end
of the echelon matrix (a;;). It follows that the set of tangent vectors from this
matrix, with leading entries in this final block, can be extended to a basis for
H¥(r, N) by adding to it all elements of the complementary basis, C, of degree
k.
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In particular, given a (k — 1)-jet A, if we specify the Lie algebra so that
jetcalc generates the J*G;-tangent space to A then by Theorem 4.4.13 the
terms of the complementary basis, calculated by jetcalc, of degree k provide

a complete transversal for A.

This complete transversal can be extracted from the complementary basis by,
before calling jetcalc, setting a further global variable, compltrans, to true.
Then after running jetcalc this ensures that the function pcomp() displays

only the terms of the complementary basis of degree k.

If there are no terms of degree k in the complementary basis then the function
peomp () returns a message indicating that the k-transversal of the (k — 1)-jet
is empty and, since the tangent space is an O,-module, by Corollary 4.4.19, A
is (k — 1)-G;-determined.

5.4.2 Using Mather’s Lemma

Having discussed how, by setting the Lie algebra to the CT-group, we can use
jetcalc to find complete transversals and detect determined jets we consider

what useful information can be gleaned when working with the full jet-group,
JkG.

So given a k-jet A we define the Lie algebra so that jetcalc generates the
JkG-tangent space to A. This setup is used, principally, to simplify families of
k-jets into a finite number of J*¥G-orbits by applying Mather’s Lemma (in the
form of Lemma 4.5.1). Whereas the two conditions for Mather’s Lemma are
extremely difficult to check by hand they are easily dealt with by this package.
For this work, we require the full complementary basis, calculated by jetcalc,
to be displayed by the function pcomp(). To ensure this, before any calculation
is performed by jetcalc, it is necessary to set the global variable compltrans
to false. It is worth pointing out that the value of compltrans has no effect
on the actual calculations carried out within jetcalc, it is just a user-interface
device.

A useful invariant for distinguishing J*G-orbits is the J*G-codimension of
jets lying in such orbits. Naturally, this codimension is found from the com-

plementary basis calculated by jetcalc. However, when looking for the J kG-
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codimension of k-jets which vanish at 0 we disregard, from this complementary
basis, any constant jets. The J*G-codimension is therefore the number of non-

constant monomial vectors in the basis displayed by pcomp().

Typically, given a complete transversal of a (k — 1)-jet Ao, represented by
a t-parameter family, {4, € J*(r,N) : a € C'}, of k-jets, we use jetcalc to
simplify, where possible, its members into a finite number of J*G-orbits. Since,
by Theorem 4.4.13, this transversal meets each J*G-orbit of a jet with (k—1)-jet
Ao, this means that, at the k-jet level, a neighbourhood of any such jet consists

of finitely many J*G-orbits.

We have previously mentioned how jetcalc approaches the reduction when
passed a parametrised family of jets. The resulting row echelon matrix (a;;) may
well contain pivotal elements which are rational functions in the parameters.
The algorithm jetcalc used to derive the complementary basis, C, from (a;;)
also collects all of these non-numeric pivots, and stores them in a ‘checklist’ for
global access once jetcalc has terminated. The function plist () can be used
to display this checklist. Recall that for values of the parameters for which these
non-numeric pivots vanish the reduction process used by jetcalc is not valid.
Hence the numerators of each element of this list define a finite set of proper
algebraic varieties, within the parameter space, where this occurs.

So the reduction performed by jetcalc applies to members of the family,
passed to it, corresponding to values of the parameters not lying on any of these
varieties and therefore determines the generic behaviour by default. For the

following discussion assume that a t-parameter family, A,, of k-jets has been
passed to jetcalc and it has calculated the tangent space, J¥(L.A,), to the
orbit of A, for generic values, g, of a. We refer to the sub-manifold of J*(r, N)
consisting of these generic jets by Z c J*(r, N).

We first use the package to check whether both conditions of Mather’s
Lemma are satisfied for Z. Clearly, condition (ii) is satisfied since, by default,

all k-jets in this sub-manifold have the same J*G-codimension, given by the

number of non-constant jets in the complementary basis found by jetcalec.

Condition (i) involves determining, for each k-jet A, € Z, whether the

J¥(L.A,)-tangent space contains the tangent space to Z (at A,). Since jetcalc
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has calculated a basis for J*(L.4,), represented by the row echelon matrix (ai;),
it is relatively easy to check this. The tangent space to Z, at each point A, is the
subspace sp{wy, . . ., w; }, where each vector w; is obtained by differentiating the
family of k-jets, A,, with respect to the ith parameter. The routine intangent
can then be used to test whether each one of these vectors is contained in the
default tangent space, J*(L.4,), calculated by jetcalc.

In general, this routine is passed a list of jets {vy,...,vp}, considered as
vectors of CM, and determines whether this set together with the basis for the
tangent space, J*¥(L.4,), form a dependent set of vectors. It returns true when
a dependent set results and false when the set is independent. We refer the
reader to Section 4.4 of [KirkTY] for the technical details of this routine. It
follows that if a single vector v is passed to intangent it will return true if v

is in the tangent space but false if not.

Given a spanning set {wn,...,w;} for the tangent space to the submanifold,
Z C J¥(r,N), for our purposes it is sufficient to use intangent individually on
each vector in this set. If intangent returns true for each one of these vectors it
follows that the tangent space to Z is contained in the tangent space J*(L.4,)

and condition (ii) of Mather’s Lemma is satisfied.

Once both conditions have been shown to hold for the sub-manifold Z of
J¥(r,N), (consisting of jets A,) by Mather’s Lemma we can deduce this sub-
manifold to be contained in a single J*G-orbit. By choosing a particular value
of g, go, the corresponding jet A, is a representative for this orbit.

Alternatively, if for any one of these vectors, intangent were to return
false or it is observed that one of them is present in the complementary ba-
sis, C, calculated by jetcalc, then, the tangent space to the sub-manifold Z
cannot be contained in J¥(L.4,). Consequently, the criterion for simplicity, in
Lemma 4.5.3, is not met and the family of jets A, has moduli. We have just
described how the package can be used to detect moduli. It is also possible
to use the package to determine the number of moduli present in a particular

family. However since we are only concerned with G-simples this is not required.

Having found a (representative of) a J¥G-orbit for generic members, A, of

the family of jets A,, we must also investigate the ezceptional behaviour, i.e.
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the members of the family having parameter values for which the reduction
performed by jetcalc is not valid. To do this we need to inspect the list of
non-numeric pivots, displayed by the function plist(), obtaining from each
entry in this list a condition on the parameters for which it vanishes. From each
condition, we find a variety (of the parameter space) on which the pivot vanishes.
If this variety can itself be parametrised, then we can substitute the parameter
values on this variety back into the original family. The resulting family is
then passed to jetcalc. (Note in this way we have reduced the number of
parameters of the family (passed to jetcalc) by 1.) Denote generic members
of this family by, A,. Hence jetcalc calculates the tangent space, J*(L.4,),
to the orbits of k-jets A,. As before we use Mather’s Lemma to determine
whether the corresponding sub-manifold of J*(r, N) consisting of these k-jets
are contained in a single J*G-orbit. Of course we must also investigate any
exceptional behaviour for this modified family by inspecting the list of non-

numeric pivots used for the reduction and so on.

This process is repeated until either we find the original family to be con-
tained in a finite number of J*G-orbits, we identify distinct J*G-orbits by com-
paring the J*G-codimension of jets in each using pcomp(), or moduli are de-
tected. Although this process appears horrendous, for our purposes we use it
when dealing with families of only one or two parameters and the subsequent
calculations don’t prove to be too arduous.

We conclude this section by discussing how the package can be used to
identify a family of k-jets, Z, = {As € J*¥(r,N) : a € Ct}, which is J*G-trivial.

Typically if, on passing a family Z, to jetcalc, the subsequent calculation
of the tangent space, J*(L.A,), is valid for all values of its parameters, a, (i.e.
the ‘checklist’ displayed by plist () is empty) and both conditions of Mather’s

Lemma are satisfied (for this tangent space) then the family is J*G-trivial.

5.5 Examples of Calculations using Transversal

In this section we demonstrate how some standard calculations, needed for our
classification, can be carried out using Transversal. This we do by means of
a sample of worked examples taken from calculations discussed in the follow-
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ing chapter. These examples are specifically chosen to illustrate the various
techniques, described in the previous sections, and implemented during the pro-

ceeding calculations.

In particular providing details at this stage, such as actual commands used
and some of the corresponding Maple responses, allows us to gloss over (or omit
completely) these technicalities later on so that we can concentrate, instead, on
the calculations themselves. We first describe how, in practice, the various Lie
algebra setups are defined before dealing with the calculations themselves.

5.5.1 Initialising Calculations

Before going any further note that calculations are carried out on Maple V
Release 4 via the graphical interface “xmaple” on Unix. Also after initiating

such a Maple session we first load Transversal by the command,

> with(transversal);

[canonical_vector, classify, coeff_table, determined, gausselim,
get_coeff, get_deg, get_monomial, get_ref_tables, get_wt,
increment, intangent, jetcalc, ldegree_vector, pcomp, pdetterms,
plist, pmons, ptangent, pvars, scalar_multn, setup_Aclassn,
setup_Agroup, setup_Aunf, stdjacobian]

to which, as shown, Maple responds by listing all subroutines, functions that

are available within the package.

All calculations involve working in parallel with three different jet groups,
the J¥G; or CT-group for complete transversal and determinacy results, the
group, J*G, for using Mather’s Lemma and moduli detection, and the extended

group, J*G, for finding ‘extended’ codimensions (and unfolding calculations).

As mentioned in Section 5.2 each of these groups require different Lie algebra
setups and the most efficient way to do this is to create three entirely different
Maple sessions, one for each type of calculation. We proceed to define these
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three setups. Unless otherwise stated it is assumed we are classifying germs
C?,0 — Sk(4,C) up to the G-equivalence defined above, which amounts to

considering germs C2,0 — C%,0 up to this equivalence (see Lemma 4.2.5).

The global variable setup defining the Lie algebra of the CT-group, used in
all complete transversal and determinacy calculations, is stored for convenience
in the file skewsetup. Reading in this file by the command :

read skewsetup;

liealg := skewmatrix
equiv := R
compltrans := true

]
N

source_dim :

source_power := 2

n
o

target_power :
nilp := true

R.nilp := RCT_nilp
L_nilp := []

jetcalc_verbosity := 2

Maple responds by printing the values assigned by this file to the global variables
(described in the previous sections).

Several of these (user-defined) global variables are assigned the same values
for all three setups, i.e. the globals : equiv, liealg, jetcalc_verbosity take
the values prescribed in Sections 5.2 and 5.3.

Another constant for this set of germs is the source dimension, specified
by setting source_dim to be 2, and as a result the Lie algebra procedure,
skewmatrix denotes the source coordinates by x1, x2. However, when not
reproducing Maple commands or output we shall represent them by z, y re-
spectively.
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The remaining (user-defined) global variables are assigned values intrinsic to

defining tangent spaces, to J*G,-orbits of germs, A, given by
T (J%G1.A) = j* [M3{A;, Ay} + M2{Ci;(A) + Rij(A) : 1 < 4,5 < 4}].

In particular, we refer the reader to Section 5.2 to remind them of the values of

source_power and R_nilp required for the CT-group.

We perhaps should say a little more concerning our use of the variables
nilp/R_nilp. The more usual use of the variables nilp/R_nilp/L_nilp is for
determinacy calculations using a nilpotent Lie algebra — hence their name. For
complete transversal calculations (using a nilpotent space) the homogeneous
jets must be ordered as dictated by the nilpotent filtration. To achieve this
nilp is set equal to true_order and two further variables, nilp_source_wt

and nilp_target_wt, are brought into play for defining the ordering.

However, for our case we use the variable R_nilp for a different purpose,
i.e. to add vectors missing from the tangent space generated by jetcalc, as
discussed in Section 5.2. Notice we do not use L_nilp since, by setting equiv
to be ‘type’ R, we are only considering a source component Lie algebra. (The

same applies to the variable target_power.)

By setting nilp to true, thereby enabling us to use R_nilp, a default lexi-

cographical ordering is used which ensures the basis of J*(2,6) is ordered such
that all monomial vectors of degree k appear last. This facilitates the extraction
of the complete transversal, of a jet, from the complementary basis found by
jetcalc (see Section 5.4.1) provided compltrans is set to true, as above.

For the group Lie algebra setup we create a different session and, after loading
Transversal and reading in the previous setup, we reassign the three (user-

defined) global variables source_power, R_nilp and compltrans as follows :

source_power:=1; R_nilp:=RG_nilp; compltrans:=false;
source_power := 1

R_nilp := RG_nilp

compltrans := false
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This modification to the previous setup defines tangent spaces, to J*G-orbits

of germs, A, given by
T (JkgA) = jk [Mz{Az,Ay} + 02{0,'_,'(14) + R,'j(A) 11<4,5< 4}] .

We again refer to Section 5.2 for the justification for the first two reassignments.
Recall from Section 5.4.2 that setting compltrans to false enables us to dis-
play the full complementary basis (to the tangent space to a jet) calculated by

jetcalc.

When setting up a Lie algebra in this way, i.e. by reassigning several global
variables, it is advisable to inspect the current values of all the user-defined
global variables to check this has been done correctly. For this purpose we use
the function pvars().

Finally, for finding G.-codimensions (of determined jets) we need the ez-

tended group setup obtained by reassigning the following two variables of the
group setup :

> source_power:=0; nilp:=false;
source_povwer := 0

nilp := false

These modifications define J*G,-tangent spaces to germs A, given by
T (J*G,.A) = j* [02{As, A4y, Cij(A) + Rij(4) :1< 4,5 < 4},

and are mentioned, briefly, at the end of Section 5.2. Clearly, on setting
source_power to 0 means that jetcalc generates all vectors of the ‘extended’
tangent space and so we can ignore any ‘extra’ vectors present in the variable
R_nilp by setting nilp to false. Also note the value of compltrans is kept
false, since for codimension calculations we require the full complementary
basis.

Having thus defined each of the three Lie algebra setups, used for the fol-
lowing examples, from this point on we refer to them as the CT-group, group
and extended group setups without any further explanation. We also remind
the reader that each such setup and the calculations performed using it occurs

on a different Maple session.
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5.5.2 Worked Examples

The following worked examples are taken from calculations used to give Theo-
rem 6.1.10, in the following chapter, and concern the classification of G-simple

determined germs with 2-jet [0, z,0,y, 22, 0).

We start by considering the J3G;-orbits over the 2-jet [0,z,0,y,z2,0)] using
the CT-group setup. Specifying the jet A = [0,z,0,y, z%,0] by entering

> A:=(0,x1,0,x2,x1"2,0];
2
A := [0, x1, 0, x2, x1 , 0]

we calculate the J3G,-tangent space to A in J3(2,6) by the command

> jetcalc(A,3);
defined map:
2
(o, x1, 0, x2, x1 , 0]

working in 3-jet space with R-equivalence
defined coordinates:
[x1, x2]

*x* calculating right tangent space  **=*
*** performing Gaussian elimination  **»
using default ordering
calculating tangent space
matrix dimensions: 76, 60

Ready.

where the second parameter (passed to jetcalc) indicates the degree of the jet
space in which the calculation is performed.
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As promised in Section 5.3, this output is typical of the response from
jetcalc, when the jetcalc_verbosity is set to 2. In the remainder of this
section, although always providing the commands entered, we will not always
show the corresponding Maple response. For example, in future, the response to
an assignment, such as A above, is usually omitted — as is output from jetcalc

of the type shown above.

As described in Section 5.3, this command calculates a basis for both the
J3G,-tangent space to A and its complementary space in J3(2,6), storing all
the results. Recalling the discussion of Section 5.4.1, the basis for a complete
transversal of A is displayed by typing

> pcomp();
3
(o, o, x2, 0, 0, 0]

2
o, 0, x2 x1, 0, 0, 0]

Consequently, a complete 3-transversal to A is the 2-parameter family of 3-jets
Aab = [0,113,0-’1'1/2 + bya,!/,-"f'z,ol,
where a, b € C.

As discussed in Section 5.4.2 we can use the group setup for applying Mather’s
Lemma (Lemma 4.5.1) to simplify such a family into a finite number of J3G-

orbits.

We start by calculating the J3G-tangent space to the family of 3-jets, Ags.
(Note for the purposes of Transversal we assign this family to the variable
fami.)

> fami := [0, x1, a* x1 * x2°2 + bx x2°3, x2, x1-2, 0];
> jetcalc(fami,3);

WARNING: global variable ’checklist’ is non-empty !!!

Ready.
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Here in addition to the standard output displayed, jetcalc adds a warning
concerning the ‘checklist’. As discussed earlier, in Sections 5.3 and 5.4.2, if
jetcalc is passed a parametrised family of jets it is quite possible that the row
echelon matrix obtained (by the reduction of the spanning set for the tangent
space being calculated) contains a number of non-numeric pivots. Hence the
calculation performed by jetcalc is only valid for those parameter values for
which none of these non-numeric pivots vanish. The ‘checklist’ mentioned in
the warning is a list of all these non-numeric pivots and is displayed by typing

> plist();
#1, b

#2, a

The output consists of two columns, the first indicating the index number of
the pivotal element, as an entry in the table where the checklist is stored, and
the second column contains the actual pivotal element. By default plist () fac-
torises the pivots before displaying them thereby enabling the exceptional values
(values of the parameters where a pivot vanishes) to be more easily identified.
In future we demonstrate this situation by giving the non-empty ‘checklist’ and

omit the associated warning message.

So, in the present case the reduction performed by jetcalc applies to mem-
bers of A,y for which a # 0 and b # 0. This set of (generic) 3-jets of A, is a
connected submanifold of the 3-jet space and, for convenience, we denote it as
follows :

Z={z€ Aw:a#0,b#0}C J32,6).

All the results of the reduction, carried out by jetcalc, therefore hold for

each element z € Z. With this in mind we check whether both conditions of
Lemma 4.5.1 are satisfied by these results.

Firstly, a basis for the complement to the J3G-tangent space, for any element
z € Z, is displayed by the command

> pcomp();
[1’ 09 0' 0: 0, 0]

o, 1, 0, 0, 0, 0]
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o, o, 1, 0, 0, 0]
(o, 0, 0, 1, 0, 0]
(o, 0, 0, 0, 1, 0]
fo, o, 0, 0, 0, 1]
fo, o, x2, 0, 0, 0]
o, 0, x1, 0, 0, 0]
o, 0, 0, 0, x1, 0]

2
[0, 0o, x2 , 0, 0, 0]

fo, 0, x2 xi1, 0, 0, 0]

The variable codim stores the number of these basis vectors

> codim;
11

Recall, from Section 5.4.2, that since the jets we are considering all vanish
at 0 the J*G-codimension (of such jets) is given by the number of non-constant
monomial vectors in the complementary basis. So, clearly each element z € Z
has the same J3G-codimension, namely 5, and condition (ii) of Lemma 4.5.1 is
satisfied.

The tangent space, T, Z, to each element z of Z is given by the span of the
two vectors
{[0,0,24%,0,0,0},(0,0,5°,0,0,0}}

and, as described in Section 5.4.2, showing condition (i) of Lemma 4.5.1 to be

satisfied involves verifying whether both these vectors lie in the J3G-tangent

space calculated by jetcalc. This is done by typing the following

> intangent([0,0,x1%x22,0,0,0]);

WARNING: original matrix contains non-numeric elements,
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check checklist !!!
true
> intangent([0,0,x2°3,0,0,0]);
WARNING: original matrix contains non-numeric elements,

check checklist !!!

true

The warning message in each case is carried over from the previous cal-
culation (by jetcalc) and reminds us that we still need to investigate the

‘exceptional’ values a = 0 and b = 0.

So condition (i) of Lemma 4.5.1 is also satisfied and it follows that all el-
ements of Ags, for which @ # 0 and b # 0, are contained in a single J3¢-
orbit of J3(2,6) with J3G-codimension 5. By choosing the parameter values
(a,b) = (1,1) (i.e. satisfying a # 0, b # 0) the corresponding element of Agy,

[0,2,2y* + 4%, 9,2%,0), (5.7)
is a representative for this orbit.

It remains to check the ‘exceptional’ values a = 0 and b = 0. We start by
considering parameter values for which the first pivot, a, vanishes. Substituting
a = 0 into Aqp we calculate the J3G-tangent space of the resulting family of
3-jets, Aoy = [0, x,by3,y,22,0], (which for Transversal is denoted fam21) :

fam21:=subs(a=0,faml);
3 2
fam?1 := [0, x1, b x2 , x2, x1 , 0]

> jetcalc(fam21,3);
> plist();
#1, b

#2, -4 b
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(Note : subs is a standard Maple function for substitution) Here the reduc-
tion performed by jetcalc is only valid for the 3-jets of Agy, with parameter
values b # 0. We denote the connected submanifold, of Z, consisting of these
3-jets by

W = {w € Ao, : b # 0}.

By the techniques described above, we find that the J3G-codimension of each
3-jet w € W is 5 and the vector, [0,0,y3,0,0,0)], spanning T,,W (the tangent
space to W at w) is contained in the J3G-tangent space calculated by jetcalc.
It therefore follows, by Lemma 4.5.1, that all elements of Agp, for which b # 0,
are contained in a single J3G-orbit of J3(2,6) with J3G-codimension 5 and

representative
0,2,%°,y,2°,0]. (5.8)

Notice that the 3-jets (5.7) and (5.8) have the same J3G-codimension 5 and it
is possible that they both represent the same J3G-orbit. To investigate this we

construct the 1-parameter family, of J3(2,6), connecting them :
A = [o’zaya + txyz’yyzzao]-

Denoting A, by fam22 we use the group setup to find its J3G-tangent space.

> fam22:=[0,x1,x2"3+t*x1%x2°2,x2,x1°2,0];
> jetcalc(fam22,3);

Although jetcalc is passed a 1-parameter family of jets, there is no warning
message concerning the ‘checklist’, as in the previous cases. In fact on inspecting
the checklist

> plist();
*okk CHECKLIST EMPTY rkk

we find it is empty. It follows that the calculation performed by jetcalc is
valid for every value of the parameter ¢, i.e. for every element of the family A;.

By the previous techniques we find the J3G-codimension of each 3-jet of A;
to be 5 and that the vector, [0, 0, zy?, 0, 0,0], spanning the tangent space to 4, is

contained in the J3G-tangent space calculated by jetcalc. It therefore follows,
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by Lemma 4.5.1, that the entire family, A,, is contained in a single J3G-orbit
of J3(2,6). In other words, A; is a J3G-trivial family and therefore the 3-jets
(5.7) and (5.8) do, in fact, lie in the same J3G-orbit.

We have just demonstrated that provided the parameter b # 0 the corre-
sponding elements of Agp all lie in a single J3G-orbit, of J3G-codimension 5,

which has a representative
[0,2,4°,y,2%,0]. (5.9)

So, with a little thought it follows that the 3-jets of A,; which remain to be
considered are all given by substituting b = 0 into A, giving the family

Ago = 0,7, azy?,y,7%,0].

However, to illustrate the technique used for more complicated siuations we
proceed with a more exhaustive approach.

Backtracking slightly, we need to consider the ‘exceptional’ value, b = 0, for
the jetcalc calculation for fam21. Substituting b = 0 into Agp and calculating

the J3G-tangent space to the resulting 3-jet :

> A3:=subs(b=0,fam21);
> jetcalc(A3,3);

we find this jet,
A3 =[0,z, anazz’O]a (5.10)

to have J3G-codimension 7. This 3-jet lies in a distinct J3G-orbit to that rep-

resented by (5.9) since their J3G-codimensions differ.

Having thus considered the parameter values for which the first pivot (of
the jetcalc calculation for fam1) vanishes it is also necessary to investigate the
3-jets of Aap for which b = 0. Again we proceed with the formal technique by
substituting b = 0 into A, and calculating the J3G-tangent space to the family

Aqo = [0,z,azy?,y,73,0].
We find the subsequent reduction performed by jetcalc to be valid for 3-jets

of A,o for which a # 0. By a similar method to that used previously we find
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these elements of A4 to be contained in the single J3G-orbit with J3G-codimension

6 and representative

Az = [0,2,zy%,y,22%,0]. (5.11)

It follows that this represents a further (distinct) J3G-orbit. Note that the
exceptional value from the previous calculation by jetcalc ie. (b=0),a=0

has already been considered.

5.5.3 Further Illustrative Examples

In the previous subsection we have established that the complete transversal,
Aas = [0,z,azy® + by, y,2%,0], (to the 2-jet [0,z,0,y,22,0]) is contained in
three distinct J3G-orbits with representatives :

A1 =[0,2,9%,y,2%,0], Az =[0,2,7y%,y,2%,0]

and
A3 = [nyaoa y,xz,O]-

The remaining examples in this section consider the continuation of the classi-
fication of each one of these representatives.

Example 1

Taking the 3-jet A; = [0,z,¥°,y,7%,0] we seek a complete transversal by

investigating its J4G,-tangent space. In the CT-group setup we enter the com-
mands :

> Al:= [0, x1, x2°3, x2, x1°2, 0];
> jetcalc(Al, 4);

Then, as before, a basis for a complete 4-transversal for A, is obtained by typing

> pcomp() ;
*&x  THE NORMAL SPACE IS EMPTY  #xx

This response indicates that the 4-transversal to A; is empty and (since the
tangent space to the germ is an Op-module) we can apply Nakayama'’s Lemma
(see Corollary 4.4.19) and deduce that A, is 3-G-determined.
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So, having found a finitely determined germ it is desirable to calculate
its Ge-codimension which, here, is given by the J3G.-codimension of 4; =

[0, z,3% y,2%,0].
As remarked above we need to use the extended group setup for this purpose.

In this setup, by the commands

> A1 := [0, x1, x2°3, x2, x1°2, 0];
> jetcalc(A1,3);

jetcalc calculates the J3G,-tangent space to A;.

We take this opportunity to check that the (user-defined) global variables
for this setup have been correctly defined :
> pvars();
liealg = skewmatrix
equiv = R
compltrans = false
source_dim = 2
source_power = 0
target_power = 0
nilp = false
R_nilp:
(1, 131, (1, 141, [1, 18], (1, 16), (1, 171, [1, 18], (1, 31, (1, 41,
(1, 51, [1, 61, (1, 71, [1, 83, [1, 91, [1, 101, [1, 111, [1, 12]]
L_nilp:
0

nilp_source_wt:
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nilp_source_wt

nilp_target_wt:

nilp_target_wt
Observe that, as a result of running jetcalc, the variable R_nilp holds a
list of ‘extra’ vectors (in this case those needed for the group setup) defined
and stored, originally, in the global variable RG_nilp within the Lie algebra
procedure, skewmatrix. A similar list would appear for the other two setups
(although for the CT-group case the ‘extra’ vectors would differ, being those de-
fined and stored, originally, in the global variable RCT_nilp). The interpretation
of the syntax for these vectors is given in Section 5.2. However, for the extended

group setup we do not require these vectors to be added (to the tangent space)
and to ensure this the value of nilp is set to false.

Another point worth noticing is the appearance of (user-defined) global vari-
ables, nilp_source_wt and nilp_target_wt. As discussed in Section 5.5.1,
these are only used for nilpotent Lie algebra setups, when the value of nilp is

set equal to true_order, and so for all our calculations are irrelevant.

The basis of the complement to the J3G.-tangent space to A; is displayed
in the usual way
> pcomp() ;
{1, o, 0, 0, 0, 0]
{o, 0, 1, 0, 0, O]
o, 0, 0, 0, 1, 0]
o, o0, 0, 0, 0, 1]
(o, o, x2, 0, 0, 0]
o, o, x1, 0, 0, 0]
[o, o, o, 0, x1, 0]

2
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fo, 0, x2, 0, 0, 0]
fo, 0, x2 x1, 0, 0, 0]
Since when considering J3G.-tangent spaces we work over the complete jet-

space, J3(2, 6), of 6-tuples of all polynomials truncated to degree 3, i.e. including

those which do not vanish at the origin, the J3G.-codimension is given by the

number of all the monomial vectors in this basis. So the variable

> codim;

gives the G.-codimension of 4, = [0, z,y3,y,z?,0]. Furthermore this basis yields

a versal unfolding for A;.
Example 2

Taking the 3-jet, Ay = [0, z, zy?, y, 2, 0], we find using the CT-group setup

that it has a complete transversal
Ac = [0’ xz, zyz + Cy41 Y, 1.2’ 0]1

in J4(2,6). By definition (of complete transversals) any 4-jet with 3-jet A; is
J%G-equivalent to something in this transversal. Denoting A, by fam3 we use

the group setup to investigate its J*G-tangent space.

> fam3:=[0,x1,x1*x2"2+c*x2"4,x2,x1°2,0];
2 4 2
fam3 := [0, x1, x2 x1 + ¢ x2 , x2, x1 , 0]

> jetcalc(fam3,4);
> plist();

#%%  CHECKLIST EMPTY  ®x%x

Here, we find the ‘checklist’ to be empty i.e. the calculation performed by
jetcalc is valid for every value of the parameter ¢. By previously described

techniques we find this entire family to be contained in a single J4G-orbit of
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J4(2,6) of J4G-codimension 6. In other words, A, is a J*G-trivial family and

we can represent it by the 4-jet
[0, z, 2%, y,2°,0].

So any 4-jet, with 3-jet [0, z, zy?,y, 22, 0] is J4G-equivalent to [0, z, zy%,y, z%,0].
Furthermore using the CT-group setup we find that this 4-jet has an empty 5-
transversal in J%(2,6). It follows that the 3-jet,

[0, z,zy%,y,2°,0),

is 3-G-determined and using the extended group setup we calculate its G-

codimension (J3G.-codimension) to be 10.
Example 3

Taking the 3-jet A3 = [0,z,0,y,z?,0], we find, using the CT-group setup, a

complete 4-transversal
Aca =[0,z,czy’® + dy*,y,2,0].

On, using the group setup, to calculate the J*G-tangent space to this family of
4-jets we find that both pivots don’t vanish provided d # 0. In other words,
initially, we only have to check one exceptional condition in this case. Compare
this with the more complicated situation encountered when considering the
family A,; above. We find that elements of A.4 for which d # 0 are contained

in a single J*G-orbit of J4G-codimension 7 with representative,
[Os z, y41 Y x2’ 0]'

This representative is 4-G-determined and has G.-codimension (J*G,-codimension)
11. .

Investigating the exceptional case d = 0, i.e. the family of 4-jets
AcO = [0’ z, czyaa Y, 32, O]a

we find that elements of this family for which ¢ # 0 are contained in the single

J4G-orbit with representative

A4 = [0, z,zy3,y,2%,0),
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which has J%G-codimension 8. (Note we could also deduce this, by hand, using
the scaling changes described in Section 4.5 and demonstrated in the following

chapter.)

Using the CT-group setup we find a complete transversal to A4 in J°(2,6) :
A, = [0,z,zy° + ey®,y,2%,0).
We investigate the JG-tangent space to this family using the group setup (de-

noting A, by famq)

> fam4:=[0,x1,x1*x2"3+e*x2°5,x2,x1°2,0];
> jetcalc(fam4,5);
> plist();
%%  CHECKLIST EMPTY  %x*x

We first note that the ‘checklist’ is empty, so the calculation is valid for all
values of the parameter, e. Inspecting the basis for the complementary space to
the J°G-tangent space

> pcomp() ;
(1, o, o, 0, 0, 0]
(o, 1, o0, 0, 0, 0]
(o, o, 1, 0, 0, 0]
(o, 0, 0, 1, 0, 0]
fo, o, 0, 0, 1, 0]
to, o0, 0, 0, 0, 1]
(o, o, x2, 0, 0, 0]
[o, o0, x1, 0, 0, 0]

{o, o, 0, 0, x1, 0]
2
[ol o’ X2 ’ 0, 0) o]
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fo, o, x2 x1, 0, 0, 0]
3

[0, 0, x2 , 0, 0, O]

2

(o, 0, x2 xi, 0, 0, 0]
4

(o, 0, x2, 0, 0, 0]
5

[0, 0, x2 , 0, 0, 0]

we observe that the vector, [0,0,°,0,0,0], spanning the tangent space to the
family, A, is present in the complementary basis and therefore is not contained
in the J5G-tangent space (for any e). Consequently, the criterion for simplicity,
given in Lemma 4.5.3 is not met for £ = 5 and we deduce that any germ with
5-jet J°G-equivalent to something in A. cannot be simple. It follows by, the
definition of a complete transversal, that any germ with 4-jet lying in the J4G-
orbit represented by

Ay = [Oa z, fb‘y3’ y,:c2,0]

also cannot be simple and, since we are only classifying simples, this case needn’t
be considered any further.

Normally, we would need to inspect the exceptional behaviour of the family
Aq when ¢ = 0. However, the jet, obtained by substituting ¢ = 0 into A,

A5 = [Oa z, 0) %12,0]

needn’t be considered any further since in any neighbourhood of it there is a
4-jet,
[0, z, exy®,y, 2%, 0]

where € is small, of a germ for which, by the above, any neighbourhood meets

uncountably many J®G-orbits.

In conclusion, these worked examples have demonstrated, computationally,
that any G-simple map A : C?,0 - C%,0 with 2-jet, [0,z,0,y,22,0], is G-

equivalent to one of the three finitely determined germs :
[0,2,4%9,2%,0],
[07 z, 1”3/2, Y, 32’ 0]’
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[0,2,y%,y,2%,0],

with G.-codimensions 9, 10 and 11 respectively.

213



Chapter 6

Calculations

In this chapter we apply the theory and techniques of the previous two chapters

to classify simple families of skew-symmetric matrices, represented by smooth
germs

C",0 — CV,o,

under the action § = R xH. As discussed in Section 4.6 we have already covered
the cases when » = 1 and when r > 1, n = 2, 3. Here we are concerned with the
case r > 2, n = 4 i.e. two or more parameter families of 4 x 4 skew-symmetric

matrices.

We start with some general results useful for these classifications.

Lemma 6.0.1 Any map A:C",0 - Sk(4,C) of the form,

0 ay as as
—-Qy 0 a4 as
-a; —ay 0 ag
—a3 —a; —ag 0O

where a; € M., is H-equivalent to both,

0 —-a3 a; a2
as 0 as ag
-1 —ay 0 a4
-a2 —ag —a4 O

A=
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and

0 ag a; as
—ayg 0 az ag
-a, —-a; 0 -—a3
—as; —ag a3 0

x‘itz

In particular, A and A; are H-equivalent.

Proof Recall, from Corollary 4.2.1, that parametrised simultaneous row and
column operations on such matrices correspond to the action of elements of
‘H. Here we rely on simultaneous row and column interchanges, discussed in
Remark 2.1.15 in Chapter 2.

Starting with

0 a) az az
-a4 0 ay as
—a; -a4 0 ag
-a3 —Qas —ag 0

A=

by interchanging C> and C4 (and R; and R4) we obtain the matrix

0 a3 ap a
—as 0 —ag - as
—a2 Qg 0 —Qa4
—a; as a4 0

Interchanging C3 and Cy4 (and R3 and Ry) gives

0 as a) a2
hd X3 0 —asy —ag
—a; 4as 0 a4 ’
—Q2 Qg —Q4 0

which on multiplying R; (and C;) by —1 gives the required matrix

0 -—Qas a) as

i az 0 as ag
—-a); —as 0 a4

—a; —ag —-aq4 0

Similarly, returning to A and applying the sequence of simultaneous row
and column operations : C, & C3 (Ry ¢ R3), C; & C; (R; ¢ Rz) and —1R3
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(—=1C3), we obtain the matrix

0 a4 75} as
—Qy 0 az Qg
—-a; —Q3 0 —as
—as —ag a3z O

FS
I

a
In fact we can represent any smooth map A : C",0 — Sk(4,C) by the block
matrix
: [ A4 A
A—[_AT Az], (6-1)

where A is a smooth map germ C",0 -+ M(2,C) and A4,, A2 are smooth map
germs C",0 = Sk(2,C).

Consider the subgroup H, C H consisting of germs, C",0 = Gl(4,C),
[ X o
x=[% %]
where both X; and X, are smooth germs, C",0 = GI(2,C). The action of

elements of this subgroup on matrices of type (6.1) gives the (#-)equivalent

matrix
[ XTAI X, X,Tsz]

—(XTAX))T XTA3X, 6.2)

Setting Y = X7, X™! = X, we can therefore use a natural equivalence of
families of square matrices, A, to aid the classification of G-equivalent families
of skew-symmetric matrices of the type in (6.1). We point out that, mostly,
this equivalence is used when considering matrices, of type (6.1), for which
A, = A; = 0 in which case the action of (R x H,) amounts to a natural

equivalence of the family of square matrices, A.

6.0.4 Families of Square Matrices

In the following section we briefly discuss the classification of families of square
matrices under this equivalence. For further details we refer the reader to
[BrTarSq).
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As usual M(n,C) denotes the space of n x n matrices over C. The set of
singular matrices is a hypersurface D in M (n,C) given by the vanishing of the

determinant.

We are classifying the set, A/, of smooth germs
A:C",0 — M(n,C),

subject to the following equivalences.

Definition 6.0.2 Let Q be the set of germs C",0 = Gl(n,C) x Gl(n,C) with
the group structure inherited from that in the target. Then if A, B: C",0 =
M(n,C) are smooth map germs we say they are Q-equivalent if and only if for

some (X,Y) € Q we have
B=YAX"!.

Notice that Q-equivalence is the parametrised analogue of the standard action
of Gl(n,C) x Gl(n,C) on the square matrices, M (n,C), corresponding to basis
change. Since N is the set of n x n matrices defined over O, and Q is the
group of pairs of invertible matrices over this integral domain we can deduce
the following result from Theorem 2.1.11 in Chapter 2.

Corollary 6.0.3 Two germs A, B € N are Q-equivalent if it is possible to pass

from one to the other by a series of elementary row/column operations.

Proof The proof follows from Theorem 2.1.11, with R =,. O

This result is an analogue of Corollary 4.2.1 in Section 4.1 although note here,
since we are working with NV, as opposed to Sk, all parametrised row/column
operations are independent of each other.

As before, the action of Q is combined with an R change of source coordi-
nates to give the following equivalence on N.

Definition 6.0.4 If A, B : C",0 - M(n,C) are smooth map germs we say
they are (R x Q)-equivalent if and only if for some (¢, (X,Y)) € R x Q we have

B=Y(Ao$)X™.
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An element of A/ can also be thought of as map C",0 — CP, where P = n2.

We state the following result which is an analogue of Lemma 4.2.5.

Lemma 6.0.5 The group R x Q acts on the space of mappings C",0 — CF as

a subgroup of the corresponding contact group K.

Proof The proof is similar to that of Lemma 4.2.5. In particular if C is the
group of mappings

C",0 - GI(P,C),

there is group homomorphism from @ to a subgroup of C. We represent the

image of an element (X,Y) € Q under this homomorphism by X € C. O

In fact it can be shown, by a similar procedure to that outlined in Ap-
pendix B, that R x Q is one of Damon’s geometric subgroups of X. As a
consequence we can apply all the techniques of singularity theory, discussed in
Sections 4.4 and 4.5 of Chapter 4, to these germs. However in order to do this

we need to find a set of generators for the (R x Q)-tangent space to germs
AeN.

Proposition 6.0.6 (i) The R-tangent space to the orbit of the element A €
N is the Or-module spanned by the ;A ;) = ;0A/8z;, where 1 <i,j <
r.
(i) Let R;j(A) (respectively C;(A)) denote the jth row (respectively ith col-
umn) of A. Then the tangent space to the orbit of A under the subgroup
Q of C is the O,-module spanned by the set of matrices R;i(A) (respec-
tively Cim (A)), with Ith row (respectively mth column) R;(A) (respectively
C;(A)) and zeros elsewhere, for 1 < I,m < n and1 < i,j < n. So the
tangent space to the (R x Q)-orbit of A is

T(R x Q).A = M {4y} + Or{Rt(4), Cim(4))}.
Proof The vectors emerging from the action of the R-group are found in the
usual way. For the Q-group we consider the action (on the left) of the path

(In + taEij, In) In Q on matrix A for ¢ small, where I, is the n x n identity

matrix, (Eij : 1 £ 4,J < n) give the basis vectors for M (n,C), as described in
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the Proof of Proposition 4.3.2, and a € O,. The tangent vector of the resulting
path in N, at t = 0, is given by

tli_% { (In + taE;t,-)AI,, - A}
= a(Ej; A),
yielding the tangent vectors
O, {R;i:1<i,j <n}. (6.3)

Similarly by considering the action (on the right) of the path (I, I, +taE;;) € Q
on matrix A, for small ¢, we find that the tangent vector of the resulting path
inMN,att=0,is

a(AE;;),

thereby yielding the tangent vectors
0,{Cij :1<1i,j <n}. (6.4)

The sum of both sets of vectors, (6.3) and (6.4), gives the Q-tangent space to
A. So the (R x Q)-tangent space to A is

M, {Azi):1<i<r} + O {Rji,Cij : 1<4,5<n}.

The subgroup of (R x Q) required for the complete transversal theory of
Section 4.4 is given here by the semi-direct product (R; x Q) where R; is as
described in Definition 4.3.3 and Qq is the subgroup of Q consisting of germs
Cr,0 = Gi(n,C) x Gl(n,C) with constant part the identity (I, I,). The fol-
lowing corollary gives the tangent space to the action of this group on a germ

AeN.
Corollary 6.0.7 The (R, x Q,)-tangent space to a germ, A € N, is given by

M {4z 1S9 <1} + M. {Rji(4),Ci5(A) : 1 <4, < n}.

Proof The first set of Vectors are given by the standard R,-tangent space to a

germ C™,0 — CP. The gecond set are given by considering paths in Qq. For
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example in the case of the left action we have paths such as (I, + taFEy;, I,)
where a € M,. The result then follows from the proof of Proposition 6.0.6. O

We continue this summary of (R x Q)-equivalence with the analogues of
Definition 4.2.8 and Proposition 4.2.10.

Definition 6.0.8 The discriminant of an element A € N is the set D(A) =
{r € C",0: det A(z) = 0}.

Proposition 6.0.9 If A, B : C",0 &+ M(n,C) are (R x Q)-equivalent then
their determinants are K-equivalent. Geometrically, this means there is a germ
of a diffeomorphism C",0 — C",0 taking D(A) to D(B).

Proof This is similar to that of Proposition 4.2.10. O

To find versal unfoldings of germs A : C7,0 - M(n,C) we need to consider

the ‘extended tangent space’ (see Section 4.4.3).

Definition 6.0.10 Consider the mapping A : C",0 - M (n,C), which can also
be thought of as an element A € OF. The ‘estended tangent space’ or (R x Q).-
tangent space of A, denoted T(R x Q)..A, is defined to be

TR x Q)e.A=0{Az;:1<i <1, Rjt(A),Cim(A4) :1<14,5 <n}.

The (R x Q).-codimension of A is the codimension of T(R x Q)..A in ('),’.J , that
18
(R x Q)e-codimA = dim¢ (OF /T(R x Q)..A).

We use results analogous to those discussed in Section 4.4.3 to calculate these
codimensions and to find a basis for OF /T(R x Q)..A.

The determinacy results, corresponding to those discussed in Section 44.2,
have the following geometric interpretation, relating to the natural stratification
of M(n,C).

We need to say a feW Words here. Recall that we have an action of Gl(n, C) x
Gl(n,C) on M(n,C) There are finitely many orbits (simply determined by the
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rank of the matrices). The orbits are smooth manifolds, and the union of these
is the stratification referred to. When we say that a map 4 : C" = M(n,C) is
transverse to the set of singular matrices, D, we mean that it is transverse to

each of the orbits (or strata) in the stratification.

Lemma 6.0.11 Consider the germ of a smooth mapping A: C™,0 = M(n,C),
vanishing at the origin. If A is finitely (R x Q)-determined then off 0 € C"
A is transverse to the set of singular matrices in M(n,C) and in particular

A~1(0)\{0} is a smooth manifold of dimension r —n2.

Proof Consider the extended tangent space T(R x Q)..A. Fixing an ordering
for the elements of the set, {R;i(A),Cim(A)}, described in Proposition 6.0.6,
we denote the sth vector in this set Q,A4, (1 < s < 2n?), and write

T(R x Q)e-A=0,{Az(5), QeA:1<i<r, 1< s < 2n?)

If A is finitely determined it has finite (R x Q).-codimension which, by Lemma 4.4.23
in Section 4.4.3, implies, for some integer N > 0, that MY -OF Cc T(R x Q)..A.
Let e (1 < k < P) denote the standard basis vectors for C®. Then, in partic-

ular,
r ] 2P .
zier =) ai*(2) 4.0 (2) + Y Bi*(2)Q. A(2), (6.5)
i=1 s=1
€dAL(CT) ta.nge;ltﬁtO D

for some ¥, Bi* € O,, (where1 < j <r,1< k < P and D is the hypersurface
defined at the beginning of this section). Choose any non-zero point x € C,
for which A(x) € D, that is A(x) is a singular matrix. It follows that some
coordinate of X, x; # 0, for the sake of argument let this be z,. Substituting
this value of x into (6.5) gives

r 2P
=er = Y alt () e (1) + 3 B (0QuAR),
i=1 s=1

for each 1 < k < P, and since z{ # 0it follows that each ex € dAx(C")+Dx),
where D 4(x) is the tangent space to D at A(x). Since this argument applies to
any choice of non-zero z € Cr, then it follows for all z # 0 with A(z) singular,
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that
im (dA;) + DA(z) = M(n,C).
In other words A is transverse to D off 0 € C". In particular if we consider the

(codimension P) submanifold of D consisting of just the null matrix, i.e.
Q={0€e M(n,C)},

then clearly, off 0 € C", A is also transverse to @ and applying Proposition 4.1.3
(A~1(0)\{0}) is a smooth submanifold of C" of dimension r — P. O

We also have a similar result for mappings into the space of n x n skew-
symmetric matrices. (A map, A : C" — Sk(n,C), is transverse to the set of
singular skew matrices if it is transverse to each of the strata in the stratification
of Sk(n,C).)

Lemma 6.0.12 Consider the germ of a smooth mapping A : C",0 = Sk(n,C),
vanishing at the origin. If A is finitely G-determined then off 0 € C™ A is trans-
verse to the set of singular matrices in Sk(n,C) and in particular A~'(0)\{0}

is a smooth manifold of dimension r — n(n — 1)/2.

Proof This is similar to that for Lemma 6.0.11. O

6.0.5 Comparing Equivalences

In this section we link the G-classification of smooth families of 4 x 4 skew-
symmetric matrices, A : C",0 — Sk(4,C), of the form

0 0 a b

.l o o cd

A= -a -¢c 0 0}’ (6.6)
-b —-d 0 0

with the (R % Q)-classification of the corresponding 2 x 2 matrices, A : Cr,0 -
M (2’ C) ?

A=[‘Z Z] (6.7)

Starting with several results we finish with a brief discussion of how they can
be used to aid the ensuing calculations.
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Lemma 6.0.13 Given two smooth germs A, B : C",0 —» M(2,C) which are
(R x Q)-equivalent then the corresponding skew-symmetric germs, A, B : C",0 -
Sk(4,C), given by block matrices :

A:[_%T 6‘], B:[ 0 B], (6.8)

(where 0 is the 2 X 2 null matriz) are (R x H,)-equivalent (and therefore G-

equivalent).

ProofIf A and B are (R x @)-equivalent then for some germ of a diffeomorphism
¢:C",0 - C",0 and some pair (X,Y) € Q

B=Y(Ado$)X!.

Then by choosing X € #H,, such that

YT o
Xe= [ 0 Xx-! ] ’
it follows from (6.2) that
B=X](Ae¢)X,,

as required. O

Lemma 6.0.14 Consider a smooth germ, A : C",0 = Sk(4,C), of the form

0 0 a b
i1 0 0 ¢ d
A= -a -¢c 0 0}

-b -d 0 O

where a, b, ¢, d € M, and define A: C",0 —+ M(2,C) to be

a b
a=[2 4]
Then it follows that :

(i) the (G-)discriminant of A is just the (R x Q)-) discriminant of A, and
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(ii) we have the following relation

G.-codimsr A = (R x Q).-codimy A + 2dim¢ O, /(a,b, ¢, d). (6.9)

Proof (i) Since det A = (det A)? this follows immediately from Corollary 4.2.9
and Definition 6.0.8.

(ii) Associating any skew-symmetric matrix

0 0 a b
A= —Oa —Oc (c)g ’
-b -d 0 0
with the 2 x 2 matrix
A=[‘c‘ 3]

it follows by an explicit calculation of the generators of the G-tangent space to

A, as described in Proposition 4.3.2, that
TG.A=T(R x Q).A + O, {(a,b,c,d)e1, {(a,b,c,d)eg},

where T'(R x Q).A is given by Proposition 6.0.6.

In other words, we can consider slots e, eg, €4, €5 of A together as a 2 x 2
matrix and each of slots e; and eg separately, in both the latter cases the tangent
vectors, arising from the action of the H-group only, being given by the span of
the ideal O, (a, b, ¢, d).

In particular, the extended tangent space is given by

T‘ge"a = T(R X Q)eA + Or {(aa b: ¢, d)ela (aa bv ¢, d)es} )
and the G,-codimension of 4 is

G.-codimA = (R x Q),-codimA + 2dim¢ O, /(a, b, ¢, d).
0

Theorem 6.0.15 Consider the map germs A : C",0 - Sk(4,C),

0 0 a b

_| 0 0 cd
A= -a —c 0 0|

-b -d 0 O
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and A:C",0 - M(2,0),
a b
a=[¢ )
(a, b, ¢, d € M,) described in Lemma 6.0.14, where r is either 1, 2, 3 or 4.
Then A is finitely G-determined if and only if A is finitely (R x Q)-determined.

Proof We use the relation, (6.9), between codimensions of A and A, found in
Lemma 6.0.14 :

Ge-codimsi A = (R X Q).-codimpa A + 2dime O, /({a, b, c, d). (6.10)

Clearly, if Ge-codim A < 00, it follows from this relation that the (R x @).-codim
of A must also be finite and, by applying Lemma 4.4.23 and Theorem 4.4.16, A
is finitely (R x @Q)-determined.

The converse is not as simple. If A is (R x Q)-determined, then it is required
to prove that dimc (0, /O,(a, b, ¢, d)) is finite.

However, using Lemma 6.0.11 A~!(0)\ {0} is a smooth manifold of dimension
(r —4). If 1 <r < 3 this submanifold is empty and A=1(0) = {0}. If r = 4,
A~1(0)\{0} is a smooth 0 manifold, consisting of isolated points. So by the
Curve Selection Lemma, see [Milnor] Chapter 3, A~1(0)\{0} cannot have 0
in its closure and since we are considering A~'(0) as a germ it follows that
A~1(0) = {0} for this case as well.

Having therefore established that A=1(0) = {0} it follows automatically that
V(a,b,c,d) = {0},
and from Lemma 4.7.7 this implies that
dim¢ (0, /0O, {(a,b,¢c,d)) < co.

This enables us to deduce from (6.10) that the G.-codim of A is finite, as re-
quired. O

Remarks 6.0.18 Given a skew-symmetric matrix of the form A (6.6) we can
use the result of Lemma 6.0.13 by considering (R x Q)-equivalence on its corre-
sponding 2 X 2 block A (6.7). This is particularly useful when proving a family
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of skew-symmetric matrices is J*G-trivial, as the number of tangent space gen-
erators is much smaller for the 2 x 2 matrix, therefore making the calculations

more managable.

Recall that (R x Q)-equivalence on A amounts to (R x Hy)-equivalence on
A. However since (R x H,) is a proper subgroup of G then clearly (R x Q)-

equivalence on A and G-equivalence on A are not in direct correspondence.

As a result two matrices which are not in the same (R x Q)-orbit could still

correspond to G-equivalent skew-symmetric matrices of type A.

For example, in [BrTarSq], it is found that a germ, A : C",0 = M(2,C),

a b
A= [ c d ] )
is, up to (R x Q)-equivalence, usually distinct from its transpose, AT,
T _ a ¢
AT = [ b d ] ‘

However, if we consider the skew-symmetric matrix of type, A, corresponding
to A:

0 0 a b
< 0 0 ¢ d
4= -a —c 0 0|’

-b -d 0 0

then applying the results of Lemma 6.0.1 we find that A is H-equivalent to F,

0 0 a ¢
- 0 0 b d
T _
AT = —-a —-c 0 O
-b -d 0 O

Consequently, the two (R x Q)-inequivalent germs A and AT correspond to the

same G-orbit with representative A (or F).

So when using (R X Q)-classification, to simplify matrices of type A it is im-
portant to use G-invariants for identifying distinct orbits. In fact Lemma 6.0.14
is a useful tool for finding the G,-codimensions and discriminants of matrices of

type A by considering those of the corresponding matrix A.
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Representing skew-symmetric matrices of type A with the 2 x 2 matrix 4 is
also more convenient, notationally, and since applying a row/column operation
to the matrix A corresponds to applying a corresponding simultaneous row and
column operation to A this makes the description of explicit row and column

operations neater (avoiding references to ‘counterpart’ operations etc).

As a consequence of this result, from here on, we adhere to the following
convention. Unless specified otherwise any 2 x 2 matrix of the form in (6.7)
is interpreted as representing a skew-symmetric matrix of the form in (6.6).
Furthermore, to match the notation used for 4 x 4 skew-symmetric matrices we

denote the basis vectors for M(2,C) by {e2, es, €4, €5}, the corresponding slots,

€2 €3
€4 €5 )

Hence a basis for J*(r,4) (the space of k-jets of germs A € N) is given by the

ei, being given by :

set of monomial vectors z'e;, 1 < |I| < k, 2 < i < 5 (see Remark 4.4.6 of
Section 4.4). Occasionally for notational ease, i.e. when manipulating (R x Q)-
tangent spaces, we may also express such germs/jets as 4-tuples [a, b, ¢, d] in row
major order, by which we mean the rows of the jet are, in descending order,

listed end to end in a single vector.

It is however worth mentioning that care must be taken when finding com-
plete transversals for a jet of type A using the jet A. This is due to having to
account for the two slots e; and eg neglected when considering the 2 x 2 matrix.
So although quite a few of the classification lists obtained in the following are
replicated in lists given in [BrTarSq] the approach we adopt is different. In par-
ticular as a backup resource any calculations performed by Transversal are on
matrices of type A up to G-equivalence, we only consider (R x Q)-equivalence

on the corresponding square matrix to simplify ‘hand’ calculations.
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We start with the first of these cases, r = 2.

6.1 Caser=2,n=4

Consider smooth germs A : C2,0 — Sk(4,C) which we also represent as maps
A:C?%,0- C%0.

As discussed at the end of Section 4.4.2 we start classification by considering

the 1-jets. Here these 1-jets are of the form
A(Z,y) = zAl + yA29

where A;, A; € Sk(4,C). The corresponding jet-group of R x H acting on this
space is the product J1R x J!H, where JR is the set of invertible linear changes
of coordinates in C2,0 and J'H the set of 1-jets of maps C2,0 — GI(4,C) :

X, :C%,0 — Gl(4,C).

Furthermore the action of this jet-group on J*(2,6), as given in Definition 4.4.9,
amounts to the group action GI(2, C) x Gl(4, C) on pairs of 4 x 4 skew-symmetric
matrices, discussed in the first three chapters. Recall, from Example 3.4.1 in
Section 3.4, that under this action we have the following six normal forms (ex-

pressed in upper triangular notation):
[0,0,0,0,0,0],
{=,0,0,0,0,0],
[z,0,0,0,0, =],
(=,0,0,0,0,y],
[=,0,0,y,0,z),

[0,2,0,y,0,0].

Having established these 1-jets we start the classification using techniques
described in Chapter 4. We are assisted in this task by Transversal, as dis-
cussed in the previous chapter. The result of our calculations is the following

list of simple finitely G-determined germs.
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Theorem 6.1.1 Any G-simple germ A : C?,0 — Sk(4,C), where A(0) = 0,
lies in one of the following (distinct) finitely G-determined orbits. (Note germs

written in 2 x 2 form.)

Normal form Diseriminant G.-codimension Label
2 gt

W oz ,(1<k<]) Agti1-1 4k +1-1 By

i AN Dess k+s S
r 3

Z Y ] Eq 9 M,

z zy?

y 2 E, 10 Mo
oy

y a2 Eg 11 My
[z 0

0 y2+zk]’(k22) Diy2 k+8 Fy
| (6.11)
[z 0 (k> 3) D 5k G
0 ay+yr P52 2k k

T y* ],(2<k<l) Ditisi dk+1+1 Hy
L Yy Ty - =

r 2

e ] Eo 12 Tia

z 2
o mziya ] E; 13 T3
. g2

% 22 ] Eg 14 T4
[z 0
|0 o2+ ] Ey 16 Tis

We proceed by describing how this list is obtained.
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6.1.1 1-jets : pencils

We first consider the three pencils.

Consider first the 1-jet, [z,0,0,0,0,y], i.e. the family of skew-symmetric

matrices:
0 =z 0 O
-z 0 0 O
0 0 0 y
0 0 -y O

This has an empty 2-transversal and by Corollary 4.4.19 is 1-G-determined. Its
G-codimension (given by its J!G-codimension) is 0 and we deduce [z, 0,0,0,0,y]
to be a finitely-determined representative for the open G-orbit. By considering
its Pfaffian this germ has discriminant

zy =0,

which has an A, singularity and we calculate its §,-codimension to be 4.

The 1-jet, [z,0,0,y,0,z], is the family of skew-symmetric matrices

0 = 0 0
-x 0 y O
0 -y 0 =«
0 0 -z O

Finding a 2-transversal to this jet to be given by the family
Aa = [1‘,0,0112,1/,0,1:],

a € C, we use scale changes, mentioned in Section 4.5, to show this family is

contained in a finite number of J2G-orbits of the 2-jet space.

Lemma 6.1.2 Fach member of the family of 2-jets (of germs A : C2,0 —
Sk(4,C)) given by

A, = [z,0,ay%,9,0,1),

is J2G-equivalent to either A, or Ao in J2(2,6).
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Proof Consider the J2G-action, on the family

0 z 0 ay
_ -z 0 vy 0

Ao = 0 -y 0 z ’
—ay? 0 -z O

given by the scale R-change of coordinates ¢, : C2,0 - C2,0

(z,y) = (Az, py), Ap #0,

followed by the action of a constant matrix X, € H of the form

0

0
X = o | afyé # 0.
4

oo oOoR
[=Nele W]
oL oo

(Recall the action of this matrix on A, corresponds to multiplying each row
and column of A, by a non-zero constant, see the discussion which concludes
Section 4.5.) The resulting matrix, X7 (4, o ¢,)X., written in upper triangular
form is then

[aBAz,0, adauy?, Byuy,0,v0Az].

To preserve the 1-jet of A, we require these constants to satisfy the following

equations:
afA =1, (6.12)
Byu=1, (6.13)
v6A =1, (6.14)

Equations 6.12 and 6.13 are satisfied by setting
A=1/ap (6.15)

and
p=1/B7, (6.16)

respectively. It then follows that Equation 6.14 is always satisfied if we set
d=af/y. (6.17)

Hence the set of scale changes defined above, for which conditions 6.15, 6.16
and 6.17 are satisfied for arbitrary non-zero constants o, 5 and «, preserve the

1-jet of A, and change the coefficient of the y2 term in slot e3 to



So for any a # 0 we can choose the constants a, 8, v so that this coefficient
is 1 and hence by such a scale change any element of the family A4,, for which
a # 0, is G-equivalent to the 2-jet

[z,O,yQ, v,0,z].

By calculation this 2-jet has J2G-codimension 1. Alternatively for a = 0 we
have the 2-jet [z, 0,0, y, 0, z] which lies in a distinct orbit by virtue of its differing
J%G-codimension (2). O

This result is included, primarily, to demonstrate the use of scale changes
for the reduction of families of k-jets to a finite number of representatives. This
technique is used throughout our classification and from here on we apply it

without much further explanation.

Taking each of the 2-jets in turn, we continue by finding a complete transver-
sal at the 3-jet level.

The 2-jet [z,0,3%,,0,z], has an empty 3-transversal in J3(2,6) and we
deduce it to be 2-G-determined.

We find the 2-jet [z,0,0,y,0, z] to have a 3-transversal
[z,0,a°,y,0, 2],

a € C which suggests there is a series of (distinct) finitely determined germs
occuring here. Having used Transversal to indicate the presence of a series
we can only prove that there is one by hand calculations. Compared to the
mechanistic approach adopted by Transversal these calculations are more ad-
hoc and as a sample of those to come, we do the present calculation in great
detail. As we proceed and the approach becomes more familiar less explanation
is required.

Theorem 6.1.3 Let A: C?2,0 — Sk(4,C) be a smooth germ with 1-jet

0 7 0 0

-z 0 y 0
0 -y 0 z|° (6.18)
0 0 -z 0
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then A is G-equivalent to a l-G-determined germ of the form

-~

0 T 0 y
-z 0 y O
0 -y 0 =z |’
-y 0 -z 0

where | > 2, or A is G-equivalent to a germ whose l-jet, for anyl > 1, is (6.18).
So we have the series of finitely determined germs (written in upper-triangular
form):

[IE,O, y',y,O,I], (1>2).

Proof We work, as before, at the jet-level and use the results of Corollary 4.4.15
and Theorem 4.4.18 in Section 4.4 to interpret this at the germ level.

Assume, for any [ > 2, A has a (I — 1)-jet,

0 T 0 O

1—1 _ - 0 Y 0
JT A= 0 -y 0 = (6.19)

0 0 -z O

We calculate the J'G;-tangent space to this jet in the I-jet space. This is given
by

5 [M3{Az, 4y} + Ma{gi; = Cij(A) + Rij(A) : 1< 4,5 < 4}],

where g;; = C;;(A) + R;;(A) are the generators of the #-tangent space to A
defined in Proposition 4.3.2, in Section 4.3. Recall that each generator, g;;, is a
skew-symmetric matrix whose entries are all zero with the exception of its jth
row and column which are found by superimposing the ith row and column of
matrix (6.19). The G;-tangent space is given by suitable O;-linear combinations
of these generators. Having found the set, {(A;,Ay);9i : 1 < 4,j < 4}, of
these 18 generators we list, in upper-triangular form, the subset of distinct
ones. (The labels (i.e. M3, M) preceeding both types of generators indicate
the appropriate ideals of O to be used as coefficients for obtaining tangent
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vectors.)
M3
(1,0,0,0,0,1], [0,0,0,1,0,0];
My
[z,0,0,0,0,0], [0,0,0,2,0,0], [0,0,0,0,z,0] (6.20)
[0,y,0,0,0,0], [z,0,0,y,0,0], [0,2,0,0,0,0]
[0,0,z,0,0,-y], [-¥,0,%,0,0,0], [0,0,0,y,0,z]

[01 0’ Oa O’y’ols [01 O, O) 090’ Z].

Recall that J!(2, 6) is a finite dimensional vector space, with a basis consist-
ing of 6-tuples with a monomial of degree < [ in one slot and zeros elsewhere,
and that finding a complete transversal of our (I — 1)-jet amounts to finding a
subspace, T of H!(2,6) such that

TJ'Gi.j" YA+ T > H'(2,6),

where H!(2,6) is the subspace of J(2,6) of all 6-tuples of homogeneous poly-
nomials of degree I. (See Theorem 4.4.13 in Section 4.4.) Furthermore, a basis

for H!(2,6) consists of the subset of the basis vectors of J/(2,6), which are
homogeneous of degree [.

The approach we adopt to find a complete [-transversal of ;=14 is as fol-
lows. We first use the spanning set, (6.20), to find as many as possible of the
basis vectors of H!(2,6) which are contained in the J'G,-tangent space. This
is achieved by taking each slot e; 1 < i < 6 of the 6-tuple and determining
how many degree ! monomials we can get in this slot by suitable (;-linear
combinations of the generators modulo (k + 1). Having done this we look for
a complement to the tangent space giving all the remaining basis vectors of

H'(2,6). This complement then provides a complete transversal for j'~1A.

For future ease of notation, we refer to a general basis vector of H!(2,6) (or
J'(2,6)) in a given slot e; as me;, where m is a monomial of degree ! (degree
< l). Furthermore, we use the shorthand (z)e; and (y)e; for the set of all
basis vectors consisting of a monomial in slot e; which are divisible by z and y,
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respectively. Clearly, if we can find both sets of monomials (z)e; and (y)e; in
a slot, e;, this means that every basis vector with a monomial (of degree !) in

that slot is contained in the tangent space.

We illustrate this technique by solving the current problem. Consider the

set of generators (6.20).

Multiplying each of [z, 0, 0, 0, 0, 0], [0, «, 0,0, 0,0], [0,0,0,z,0,0], [0,0,0,0,z,0]
and [0,0,0,0,0,z], by monomials of degree (I — 1) we get, respectively,

(z)e1, (z)ea, (z)es, (z)es, (z)es.

Furthermore, multiplying [0,y,0,0,0,0] and [0,0,0,0,y,0] by y'~! gives the

missing y* terms in slots e; and es. Also
yl—l ([2:, 0) 0) Y, 0) O] - [33, 07 0’ Oa O) 0]) )

gives a y' term in e4. It remains to find (z)es, (y)es and ¢’ terms in e;, eg. A

quick look at the generators confirms that it is not possible to get a y' term in

e3. However we can get (z)es by multiplying
[0,0,z,0,0, -y] + [~¥,0,2,0,0,0] + (1,0,0,0,0,1] = [0,0, 2z, 0, 0, 0]
by monomials of degree (! — 1). Finally
¥'~1([0,0,2,0,0,~y] - [-y,0,2,0,0,0]) + 4[1,0,0,0,0,1},

gives a ' term in e; and es respectively.

We deduce that the J'Gi- tangent space to j'~! A contains every basis vector
of H'(2,6) except [0,0,%',0,0,0] and so a complete transversal is the family of
l-jets

As = [z,0,ay,y,0,z].
By scale changes, of the type described in the proof of Lemma 6.1.2, any element
of this family for which a # 0 is J'G-equivalent to the I-jet

A= [27 0, yl’ ¥,0, .’L‘].

Notice if a = 0 we have the l-jet [z,0,0,y,0,z], for which we can repeat the

same procedure as above, replacing (I — 1) with ! and so on.

235



To show that the I-jet

0 =z 0 ¢
-z 0 gy O

a=|7 28 ol (6.21)
-4+ 0 -z 0

is l-determined we need to show that it has an empty complete transversal in the
(I+1)-jetspace (see Corollary 4.4.19). We therefore calculate the J'*'G,-tangent
space to this jet in the (I + 1)-jetspace. This tangent space is determined by
the following list of distinct generators (where, compared with those obtained

from the (I —1)-jet [z,0,0,y,0, z], new or changed generators are denoted by an

asterisk),
M3
[1,0,0,0,0,1], [0,0,Iy'%,1,0,0}.;
M;

[T,O,yl,O,O,OJ-, [0)0,01 _$’07yl]-a [OsO) 0,0,1‘,0],
(6.22)
[0,3/,070,0,0]» ["37070,ya0»0]’ [0,.'1:,0,0,0,0],

[0,0,2,0,0,-y], [~y,0,2,0,0,0],  [0,0,0,y,0,2],
[0,0,0,0,4,0}, [0,0,4%,0,0,2]., [¢},0,0,-=2,0,0].,
[0,0,0,0,4',0]., [0,%},0,0,0,0]..

Notice that we can ignore the last two generators since these already lie in

M>{[0,,0,0,0,0],(0,0,0,0,y,0]}. (6.23)

We apply the same method as before, this time looking to show that all basis
vectors of H'*1(2, 6) are contained in this tangent space. Here the notation (z)e;
will denote the set of all monomials of degree ! + 1 in the slot ;. We follow
the argument used to find the complete transversal of {z,0,0,y, 0, z] indicating

modifications where necessary.

To get (z)ez, (z)es, (T)e), (z)esq, (T)es, respectively, we multiply generators
[0,2,0,0,0,0], [0,0,0,0, z,0), [z,0,%,0,0,0}, [0,0,0, -z, 0,%'], [0,0,4,0,0,z] by
monomials of degree [, noting that the ' term in each of the last three con-
tributes monomials of degree 2! = (I + 1) + (I = 1) which drop out in (I + 1)
jetspace since [ > 2.
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To get the y'*! monomials in e; and es, as before, we use the generators
in (6.23), only here we multiply each by y*. The y**! term in e4 is given, in a
similar way to that above, by combining [z,0,0,y,0,0] with [z,0,%',0,0,0] and

noting that in (I + 1)-jetspace the subsequent y? term in es drops out.

We can also use 0,0, ,0,0, —y], [-y,0,z,0,0,0] and y[1,0,0,0,0, 1] as above
to obtain (z)e3 and y'*+! monomials in slots e; and eg. Observe here, that having
previously demonstrated a basis vector me; (of H'(2,6)) to be contained in the
J'G,-tangent space, to j~1 A, then it follows that the basis vectors zme;, yme;

of H'*1(2,6) are also contained in the J'*1G;-tangent space to A;.

It therefore remains to find a y**! term in slot e3. Compared with the pre-
vious case we have the new generators [z,0,3*,0,0,0}, [0,0,3,0,0,z] available,

which combined with z[1,0,0,0,0,1] give us a y'*! in this slot as follows:
y ([=,0,4%,0,0,0] + [0,0,4,0,0, 2] - £[1,0,0,0,0,1]) .

So it follows that the J!*1G,-tangent space to [z,0,3',,0,z] contains all the
basis vectors of H'*1(2,6), therefore it has an empty complete transversal and

is l-determined as required. O

Lemma 6.1.4 The I-G-determined germ A = [z,0,9',y,0,z], 1 > 2), has G.-

codimension | + 3 and a discriminant of type A,.

Proof We use the result of Corollary 4.4.34, that is,

i
Ge-codimA = ) cod, 4, (6.24)
8=0
where, for 3 > 0,
. TGe.A + M508 )
d,A=d .
© m (Tg,.A + M08

First we calculate the ‘extended’ tangent space to A, T'G..A. This is the O,-
module consisting of all O;-linear combinations of the 16 vectors in (6.22),

above. Instead of reproducing this set we refer to (6.22).

We proceed to calculate cod, A for each s > 0, using the method outlined in
Remark 4.4.35.
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Firstly, we consider s = 0, i.e. we find codgA. Clearly, the tangent vector
[0,0,1y'~,1,0, 0] means that [0,0,0,1,0,0] € TG,.A + M,0f. However, by ob-
servation, neither of [1,0,0,0,0,0], [0,1,0,0,0,0], [0,0,1,0,0,0], [0,0,0,0,1,0]
or (0,0,0,0,0,1} are present in TG..A + M2.0§. Choosing a basis for a supple-
ment consisting of the first four of these missing vectors (we can omit [0,0,0,0,0,1]
since the vector [1,0,0,0,0,1] € TG,.A) gives codgA = 4.

Next we consider values of s > 1. Here (z)e; and (y)e; represent sets of

basis vectors of degree s which are, respectively, divisible by z and y. Using
[0,0,1%71,1,0, 0] we see that (1)es € TG..A+ M5t 08 (where (1)e4 represents
any basis vector of degree s in slot e4). Clearly using the tangent vectors
[z,0,%',0,0,0}, [0,z,0,0,0,0], [0,0,0,0,z,0] and [0,0,%,0, 0,z] we find (z)e;,
(z)ez, (z)es and (z)eg, respectively, in TG..A + MET1 08,

Using (0,0, z,0,0, —y], [-¥,0,z,0,0,0] and y[1,0,0,0,0, 1] gives (z)es, (y)e;
and (y)es. The two tangent vectors [0,y,0,0,0,0] and [0,0,0,0,y,0] give (y)e;

and (y)es which leaves us to check for ¥ in slot es.

We observe that for 1 < s <1 —1 the vector [0,0,%*,0,0,0] is not present
in TG..A + M5t 0§ and clearly forms a basis for a supplement, for this space,
in TG..A + M§0§. However, using vectors [z,0,3',0,0,0], [0,0,%,0,0, z] and
z[1,0,0,0,0,1] we find the vector [0,0,',0,0,0] to be in TG,.4. So, for s > I,
0,0,4°,0,0,0] € TG,.A + M5 08,

In summary, for values s > 1,

d. = 1 for1<s<i-1
©h=10 for s > 1

Therefore, from (6.24), Ge-codim A =4+ (I - 1) = (1 + 3).

Finally, by calculating the determinant of

—

0 z 0 y

_} -z 0 y O
A= 0 -y 0 =z
-yt 0 -z 0

we find its discriminant to be given by the vanishing of the Pfaffian, i.e.

2yt =0,
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which has an A4, singularity. O

The 1-jet [0,z,0,y,0,0] is the family of skew-symmetric matrices

0 0 z 0
1 0 0 y O
9= -z —y 0 0

0 0 0 0

Again for illustrative purposes we consider the classification of the germs with
this 1-jet in some detail. Firstly we find this 1-jet to have a complete 2-
transversal

Aq = [0,z,azy + by?, y, cxy + dz?, 0],

where (a,b, ¢,d) € C*. In this case applying scale changes of the type described
in the proof of Lemma 6.1.2 is not sufficient to reduce this family to a finite
number of representatives. For example by such scale changes we obtain the

J%G-equivalent family
[0, avAz, ad(alpzy + bu?y?), Bypy, Bé(cApzy + dA2z?),0).

To preserve the 1-jet we set
A=1/ay,
B =1/

and denoting the coefficients of the degree 2 monomials, after this scaling, by
uppercase letters they become:

- o _ bad
By?’ B*?’

cb dép
C= a_'yQ’ D= 0272 .

It can be shown that, in general, it is only possible to scale two of these coef-
ficients to unity. In fact we observe, for any choice of a, 8, v and 4§, the two
ratios :

AC A3D

BD’ C3B’
are invariant under scaling. So, returning to A, provided ac # 0 we can, by

scaling, obtain the family

A, = [0,z,zy + By?,y,zy + D20},
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for which, as regards scale changes, any neighbourhood of each element meets
uncountably many orbits. Using Transversal we find this family to be a union
of a finite number of J2G-orbits. However the calculations required to find rep-
resentatives for these orbits are untidy, involving the parametrisation of certain
varieties of the parameter space where the calculation, for finding the J2G-
tangent space to generic members of A,, no longer applies (see Section 5.4.2).
Furthermore we must also consider the possiblities when a = 0 or ¢ = 0. Instead
we gain more insight by reducing A in the 2-jet space. We start with a result
which applies to any germ with 1-jet [0, z,0,y,0,0].

Proposition 6.1.5 Any germ A : C?,0 — Sk(4,C) with 1-jet [0,z,0,y,0,0] is
J*G, -equivalent to a k-jet of the form

0
0

z f(z,y)

y g9(z,y)
o 0 , (6.25)

0

0
—f(xay) '—g(zvy) 0 0
where 2 < deg f,degg < k. We refer to (6.25) as a prenormal form for A.

Proof The proof is by induction at the jet level. Firstly the base case k = 1
is trivial. For the inductive step we assume the result holds for (k — 1), with
k > 2. Consider the (k — 1)-jet

0 0 z f(z,y)
_ 0 0 y g(z,y)
Ap-1 = -z -y 0 0 !
_f(zay) —g(x,y) 0 0

where 2 < deg f,degg < k — 1. The G;-tangent space is generated by the
following vectors (again the labels refer to the appropriate ideals of O, to be

used as coefficients for obtaining tangent vectors).

M;
[0,1,£,0,3:,0], [0,0,f,,1,5,,0]; (6.26)

M,
[2,0,0,0,0,0), [4,0,0,0,0,0], (6.27)
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[0,0,0,0,0,z], [0,0,0,0,0,y], (6.28)

[0,z, f,0,0,0], [0,0,0,z, f,0], (6.29)
[0,v,8,0,0,0], [0,0,0,y,4,0], (6.30)
[0,z,0,4,0,0}, [0,0,,0,y,0], (6.31)
[0, f,0,3,0,0], [0,0,f,0,3,0]. (6.32)

As usual we look for a complete k-transversal (an affine subspace which com-

plements the J*G,-tangent space in H*(2,6)).

We first observe that the vectors in (6.27) and (6.28) give every monomial of
degree k in slots e; and eg respectively. Furthermore multiplying the R-tangent

vectors (6.26) by monomials of degree k gives everything in slots e; and e4. The

key here being that the terms of f:, g, all drop out in the k-jet space. It follows
that a complete k-transversal is something of the form

[O,Iﬂ,f'f' fk,y,§+9k,0],

where fi, gr are homogeneous polynomials of degree k. The result then follows
by induction. O

Remark 6.1.6 We observe from the G-tangent space generators given above,
that the vectors (6.26) and (6.29) — (6.32) can also be thought of as generators
of the (R x Q)-tangent space to the square germ C?,0 =+ M(2,C)

[ : ’; ] . (6.33)

Therefore we can continue the G-classification of a k-jet of the form (6.25) by
representing it in this form and considering the action of the (R x Q)-group (see
Section 6.0.4).

Having thus given an idea of where this classification is headed we return to
the simplification of a 2-transversal of [0, z,0,y, 0, 0] of the form [0, z, @,,y, @2, 0],
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where Q1(z,y) = az? +bry+cy?, Q2(z,y) = Ar®+ Bry+Cy?. As just discussed

we can represent this by the 2-jet

;&)

and simplify by using elements of the J2(R x Q)-jet group not present in the
J%(R1 x Qo)-group. In particular the scale changes already discussed are used
for this purpose. In addition we also have available the set of transformations
consisting of linear coordinate changes of the form

(z,9) = (z +ay,y),
followed by a suitable row operation such as
Ry — aR,,

to preserve the 1-jet. In particular these can be used to eliminate the y? term
in @, and the z? term in @,. Then we can further simplify the quadratic terms
in the second column by parametrised column operations of the form

C; — LG,

where L = rz + sy is a suitable linear combination of z and y. In this way we

can kill off the z? term in e; and the y? term in es leaving only zy terms in
both slots. Finally we can scale the coefficients of both these zy terms to 1.
The resulting representative is therefore given by the 2-jet

T zY
y zy |’
It is instructive to give the details of this method since it yields representatives

for the more degenerate orbits covering this family.

Lemma 6.1.7 Any square 2-jet of the form

[z SEn).

where Q1(z,y) = az? + bry + cy?, Q2(z,y) = Az? + Bzy + Cy? are arbitrary
quadratics, is J*(R x Q)-equivalent to one of the following four 2-jets:

[z zy]
y zy |’
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G el [

the first of which is a representative of the generic orbit.

Proof The proof follows the method of simplification sketched out above. Con-

sider the 2-jet in question,

z Ql(x’ y)
[ y Qzz,y) ] ’ (6.35)

The first step involves combining a linear change of coordinates of the source
with the action of an element of @ which not only preserves the first column
but also eliminates the y? term from the (1,2) entry and the z? term from the

(2,2) entry. We start with an arbitrary linear R-change
(z,y) — (az + By, vz + by), (6.36)

where a, 8, v, 6 € C and ad — By # 0. The matrix, A,, representing this map

a=(59)
(& )5 8)=e-(o1)
Y

So applying this R-change of coordinates, in (6.36), to the matrix (6.35) followed

is

and

by premultiplying the result by

aian =( 5, 7).

we obtain the (R x @Q)-equivalent matrix

(a‘s - ﬂ’Y)x 6Q1 (az + /33/,73 + 6y) - ﬂQ?(az + ﬂy”ﬂ + 6y) (6 37)
(ad - By)y —vQi(az + By,vzx + 8y) + aQz(azx + By, vz +dy) |

Consider the matrix in (6.37). It is a requirement of our choice of R-change of
coordinates that ad— 8~ # 0 so we can scale the coefficients of z and y in column
1 to unity by a column operation. It remains to find which of these R-changes

will eliminate the required terms from the second column. By expanding the
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terms in the second column of (6.37) we find that the coefficients of y? terms in

the first entry and of 22 terms in the second entry are, respectively:
y? 6 (aB? + b3S + c8?) — B (AB* + BBS + C4?) ,

z?: -7 (aa® + bay +¢v?) + a (4a? + Bay + C¥?).

We therefore need to find values of a, 8, ¥ and d so that both of these coefficients

vanish. This amounts to solving both of the following equations,

y?: AR+ (B-a)f%6+ (C—-b)Bs2 —cs® =0 (6.38)
and

?:  Ad® + (B -a)a?y + (C - b)ay® —cy® =0, (6.39)

subject to the condition ad — fv # 0. Dividing through Equations 6.38 and 6.39
by 82 and 3 respectively, we find that this problem can be solved provided the

cubic

fw) = Aw® + (B - a)w? + (C - bw —c,

has at least 2 distinct roots, w;, we, in which case we can choose a, 8, v and §
such that

- =u =ws.
5 ’ 2

=R

Suppose that f(w) = 0 has at least 1 root, w;. Then we can always choose
B and 4§ such that 3/§ = w;. Furthermore, we then choose e, 7 such that
ad — By # 0. With these choices the corresponding R-change (followed by the
action of an appropriate element of Q) guarantees the elimination of the y? term
in the (1,2) entry. The resulting (R x Q)-equivalent matrix (to matrix (6.35) )
is

T a'z? +b'zy

Y A’z2 + ley+cly2 (640)
This matrix is also of the form (6.35), and by applying the previous argument
to it we obtain a cubic

fw) = A'wd + (B - a')w? + (C' - b)w,
which has two distinct roots unless B’ = a' and C' = V'.

So, unless B’ = a' and C' = b’ we can reduce (6.40) to the (R x Q)-equivalent

matrix

z a"'z?+b'zy
v B"xy + Clry2 )

244



which by the column operation C; — (a”z + C"y)C) is Q-equivalent to

z Razxy
[z &), @

where R, S € C. There are three possibilities.
(i) Both R, S # 0. In this case we can scale both to unity thence obtaining

[:c my]
y zy )’

of the least degenerate J2(R x Q)-orbit of (6.35).

the representative

(ii) Only one of R, S is non-zero. By scaling we have either

z zy |
[ it (6.42)
or
r 0 ]
. 4
[ y zy | (6.43)

However they both represent the same J2(R x Q)-orbit since we can pass
from (6.42) to (6.43) by switching rows followed by the R-coordinate
switch

(z,y) — (y,2).

(iii) Finally R = S = 0 and we have the representative,
z 0
y 0
If however B' = @' and C' = b/, then (6.40) becomes

T a'z? + by
y Alg? + alzy + b’y2

and the column operation Cy — (a'z + b'y)C) gives the Q-equivalent matrix
z 0
y A'z? |-
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If A’ # 0 we can scale it to unity, giving the representative,

z O
y =° |’

otherwise we have A’ = 0 and the representative,

z 0
y 0)°
found above.

Finally if f(w) =0 then A= B —a = C — b = ¢ =0 which is a special case
of that above.

Having exhausted all the possibilities we have found the four representatives

given in the statement of the lemma. O

Taking each of these representatives in turn, we continue our calculations by
finding complete transversals at the 3-jet level.

We find that the 2-jet [0, z, zy,y, zy, 0], i.e.
)
vy zy |’

is 2-G-determined. Furthermore it has G.-codimension 7 and its discriminant is

given by zy(z — y) = 0 which is of type D;,.

The 2-jet [0, z, zy, y,0,0), i.e.

z zy
y 0 )’
has J2G-codimension 4. It has a complete 3-transversal

[ m xys ] y acC.
y az
If a # 0 by scaling, we obtain the J3G-equivalent jet,
T Ty
y z3 )
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which is 3-G-determined with G.-codimension 8. Furthermore, if a = 0 the
Tz Ty
y 0]’

T Ty
v a$4 )

which suggests the presence of a series.

corresponding 3-jet,

has a 4-transversal

Theorem 6.1.8 Let A: C2,0 —» Sk(4,C) be a smooth germ with 2-jet

0 0 z =y

0 0 y O
-z -y 0 0 |’
-zy 0 0 O

0 0 =z =zy

0 0 y =z*
-r -y 0 0 |’

-zy -z 0 O

where k > 3, or for each k > 2 A is G-equivalent to a germ with k-jet j2A.
Proof By Proposition 6.1.5 it suffices to consider the (k — 1)-jet (k > 3)

k-1 _ I Iy
J A_[u 0 ]

up to (R x Q)-equivalence.

Using Corollary 6.0.7 we find that the J¥(R1 X Qp)-tangent space to this
jet is generated by the following vectors : (the labels preceding the generators
refer to the ideals of O, from which we can select coefficients for ©,-linear

combinations to yield valid tangent vectors)



zy O 0 zy
0 0]’ 0 0 |’
As before we use this spanning set to find the basis vectors of H*(2, 4) contained

in the tangent space, refer to the proof of Theorem 6.1.3 for further details.

Multiplying

by terms of degree k — 1 gives (y)e2. The pure power of z term in e; is given by
k1 [ g ni)y ] ’
the resulting z*y term in e3 dropping out in J*(2,4). Similarly the generators,
el o= [24]
give everthing in ey.
Multiplying the generator,
o 7]
0 0|’
by terms of degree, k — 2, (which is valid since k > 3) gives everything in e3

divisible by zy. To find the pure powers of both z and y in this slot we need to
use the R;-tangent vectors, e.g.

k-1 |1 v | _ k-2[¥y O
(o8]85

gives the y* term in e3. The z* term in this slot is given by combining the

vector
0 =z
k—1
T [ 1 0 ] 9

with the two vectors
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and

Looking at the generators it is clear that we cannot get a z* term in slot es.

However,

combined with

0 0
| = =y
gives a tangent vector
0 0
0 zy |’
and we have everything in ey divisible by zy. Finally
k-1 0 =
0y

gives the y* term in this slot, since we have already shown that we have every-
thing divisible by zy in e3. So a k-transversal is

T Ty

Y a£k )
where a € C. If a # 0 it can be shown, by scaling this is (R x @)-equivalent to
the k-jet

[ : 2{ ] . (6.44)
Notice if a = 0 we have a k-jet
57
y 0]
and we repeat the above procedure, replacing k — 1 with k, and so on.

We return to the k-jet in (6.44). For determinacy we need to show that a
(k + 1)-complete transversal to this jet is empty. We find the J**} (R, x Qq)-

tangent space to this jet to be generated by the vectors (where, compared with
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those obtained from the (k — 1)-jet, changed vectors are denoted by an asterisk)

zy O 0 zy
¢ 0 Y 0 z* |-
By following a method similar to that used to find the complete transversal of

the (k — 1)-jet,
z zy
y 0]’

it follows that these generators give all the basis vectors of H¥*1(2,4), corre-

sponding to those found above.

It remains to find the z¥*! term in es. This can be obtained by combining

0 o0 0 z] [0 -z%
Tly ¢ | "% 1 0| T o k|’

with
|0 2]
So we have shown that the (k + 1)-transversal of
r zy
[ y ot ] ’

is empty and it is therefore k-(R x Q)-determined. The required result follows

from Proposition 6.1.5 and Corollary 4.4.19. O

Corollary 6.1.9 We have the series of finitely k-G-determined germs
(0,2, 2y,y,2*,0), (k>2),

each of which has G.-codimension (k + 5) and discriminant of type D, ,,.
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Proof By using a method similar to that used in the proof of Theorem 6.1.7 it

can be shown that the two squares

EIE
y Ty vy I
are (R x Q)-equivalent. So it follows that

[01 1', zya y: z2, O]a :

is (like [0,z,zy,y, zy,0]) also 2-G-determined and we can add it to the series
found in Theorem 6.1.8.

The G.-codimension of [0, z, zy, y, 2, 0] is therefore just the G.-codimension
of [0, z, ry,y, zy, 0] found, using Transversal, to be 7. We proceed by finding
the G.-codimension of the germ [0, z, zy,y,z*,0] for k¥ > 3. For this task it is
more convenient to find the (R x Q).-codimension of the k-jet

_|lz =y
A—[y x"]’ (6.45)

in O3 and then use the formula given in part (ii) of Lemma 6.0.14 to obtain the
Ge-codimension for [0, z, zy, y, z¥,0]. Since this is a slightly different approach
to that described in the proof of Lemma 6.1.4 we give some details. Note that
as regards finding the (R x Q).-codimension of (6.45) the method is essentially
the same as before.

Firstly, the ‘extended tangent space’ to A is the Oz-module generated by the
vectors given in the latter part of the proof of Lemma 6.1.8. Rewriting them as

4-tuples (in row major order) these vectors are :
[1,y,0,kz*-1], [0,z,1,0]
[z,2y,0,0}, [0,0,z,zy), [v,2*,0,0] [0,0,y,2*] . (6.46)
[x,0,y,0], [0,z,0,y], [zy,0,2*,0] [0, zy,0,z¥]

Using a similar result to Corollary 4.4.34 (in Section 4.4.3) the codimension of

A is given by

k
. ) T(R x Q). A + M504 )
R e- = R
(R x Q).-codimA E dim (T( < Q). AT MO) (6.47)

=0
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where for convenience we denote the summands cod; A, see Definition 4.4.33.

We start by considering s = 0. Using vectors [1,y,0, kz*~!] and [0, z,1,0)
it can be seen that [1,0,0,0] and [0,0,1,0] are both in T(R x Q)..A + M0%.
However [0, 1,0,0], [0,0,0, 1] are both missing from T(R x Q)..A + M20} and

form a basis for a complement to this space in O3. Hence codpA = 2.

Next we look at the case when s = 1. Again using [1,y,0, kz*~!] and
[0,z,1,0] all linear terms in both slots e; and e4 are in T(R x Q),.4 + M3043.
However the four vectors [0, z|y,0,0], [0,0,0,z]y] are not present in T(R x
Q)e. A+ M303. Since [0,z,0,y) is however in this space, a basis for its comple-

ment in T(R x Q)..A + M20} consists of the three vectors
{[0,z,0,0], [0,0,0,z], [0,y,0,0]}.

Hence codgA = 3.

Finally we consider values of s > 2. Again using [1,y,0, kz*~!] and [0, z, 1, 0]
all monomials of degree s in both slots e; and e4 are in T(R x Q)..A+ M5t 04,

It remains to consider monomial vectors for slots e3 and e;. Using similar
arguments to those used in the proof of Lemma 6.1.8 it can be shown that for

2 < 3 < k-1 the only monomial vector missing from T(R x Q)..A+ M3 04 is
[0,0, 0, z*] which clearly forms a basis for a complement of T'(R x Q)..A+M3043.

However by using vectors [1,y,0, kz*~!], [z, zy,0, 0] it is clear that [0, 0,0, z*]
is present in T'(R x @)..A and so for values s > 2

d. = 1 for2<s<k-1
©%k=10 fors >k
Hence from (6.47) A has (R x Q).-codimension 2+ 3 + (k —2) = k + 3.

Returning to the skew-symmetric germ [0, z, zy, y, z",O], since

0, /(z,zy,y,2*) = {1},

by using the relation, (6.9), in Lemma 6.0.14 this germ has G.-codimension
(k+5).

Using part (i) of the same Lemma the discriminant of [0,z, zy,y,z*,0] is
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given by the determinant of
T zy
y gz
and is ¥*t! — zy? = 0 which has a Dy, singularity. O

The 2-jet [0, z,0,y,22,0], ie.

0 0 = O
0 0 y 22

-z -y 0 0 |’
0 -z2 0 0

has J2G-codimension 5. The following result, obtained computationally as de-
scribed in Section 5.3, gives all G-simple germs arising from this 2-jet.

Theorem 6.1.10 AnyG-simple map A : C2,0 — C8,0, with 2-jet J2G-equivalent

to [0,z,0,y,22,0], is G-equivalent to one of the following finitely determined
germs :

[O’z’ y3) y’ $2’ O]’
[0,z,zy%,y,2%,0],
[0,z,y* y,2%,0)],

with G.-codimensions 9, 10, 11 and discriminants Eg, E; and Eg respectively.

Proof The following is an outline of the classification and we refer the reader

to the worked examples in Section 5.5 for a full description.

The 2-jet [0, z,0,y,z2%,0] has a complete 3-transversal
A =[0,z,azy” + by, y, 2%, 0],

where a, b € C.

This transversal is contained in three distinct J3G-orbits of J3(2,6) and we
consider each in turn.

1. The elements of A,y for which b # 0 are contained in a single J3G-orbit

with J3G-codimension 5 and a representative

Ay = [0,7,3%,y,2%,0].
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Furthermore this 3-jet, A;, is 3-G-determined and has G.-codimension 9. Rep-

resenting it by its corresponding 2 x 2 submatrix,

v
y z? |’
we see that it has discriminant
B -yt =0,
which has an Eg singularity.
2. The elements of A,y for which b = 0 and a # 0 are contained in a single

J3G-orbit with J3G-codimension 6 and a representative
A; = [0,z,23%,y,2%,0].
This 3-jet has a complete 4-transversal
A; = [0,z,zy? + cyt, y, 22,0,

which is found to be a J4G-trivial family contained in the single J4G-orbit with

J4G-codimension 6 and representative
[0, 2, 2zy°,y,2%,0].

This 4-jet is 4-G;-determined. So, since any germ with 3-jet A; is J*G-equivalent
to the 4-jet [0, z,zy?%,y,2?,0] (by the definition of a complete transversal), it
follows that A, is in fact 3-G-determined. We find the G.-codimension of A, to
be 10 and representing it by its corresponding 2 x 2 submatrix,

z xy?
y .’L‘2 )

-y =0,

we see it has discriminant

which has an E; singularity.
3. The element of Ay for which b= a = 0 is given by
Az =[0,2,0,y,2%,0]
and has J3G-codimension 7. This 3-jet has a complete 4-transversal

Aca =[0,z, exy® + dy",y,:c’,O].
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The elements of A.q for which d # 0 are contained in a single J4G-orbit, of

J4(2,6), with J*G-codimension 7 and representative
[0,z,4% y,2%,0].

This 4-jet is 4-G-determined and has G.-codimension 11. Representing it by its

corresponding 2 x 2 submatrix,

we see it has discriminant

which has an Ejg singularity.

It remains to show there are no more G-simple germs. The elements of A.4
for which d = 0 and ¢ # 0 are contained in a single J4G-orbit, of J4(2,6), with

representative
A4 = [Oa z, zysv Y z2’ 0]

and J*G-codimension 8. This 4-jet has a complete 5-transversal
A =[0,z,zy° + ey®,y,22,0].

All elements of this family have J%G-codimension 9. Associating each e € C
to the corresponding element of this family, their Pfaffians are given by the
family of function germs z3 — xy* — ey®. However for any such e € C we claim
that any neighbourhood of e consists of uncountably many (corresponding) K-

inequivalent germs.

Provided 27e? — 4 # 0 each germ z3 — zy* — ey® is 6-K-determined. Working
in J%(2,1), by a similar argument to that given in the proof of Lemma 4.4.10,

all J8K-orbits are constructible and so meet the 1-dimensional affine space
X={c!-zy'-ey®:e€C}

in constructible sets. These are either a finite set of isolated points or the
complement of a finite set of points.

If one of the J8K-orbits meets X in the complement of a finite set of points

then for all except a finite number of values of e the J8K-tangent space to a
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3

germ z° — zy* — ey® would contain the tangent vector to X, y®. A calculation

shows this is not the case. So every J®K-orbit of J8(2,1) meets X in a finite

set of points thus proving our claim.

Hence applying Proposition 4.2.10, in any neighbourhood of each element of
A, there are uncountably many J5G-orbits (in J°(2,6)). Since any germ with a
4-jet, lying in the J*G-orbit represented by A4, is J°G-equivalent to something
in A, (by the definition of a complete transversal) it follows that such germs

cannot be simple.
Finally, the element of A.q4 for which d = ¢ =0,
A5 = [0,2,0,y,2%,0]

cannot be the 4-jet of a G-simple germ, since in any neighbourhood of it (in
J*(2,6)) there is a 4-jet

[01 z? ezys’ y’ z27 0]1
where ¢ is small, of a germ for which, as demonstrated above, any neighbourhood

meets uncountably many J3G-orbits of J5(2,6). O

Investigating germs with 2-jet [0, z, 0, y, 0, 0] we establish the following result.

Lemma 6.1.11 There are no G-simple germs A : C2,0 = C%,0 with 2-jet
[0,2:,0,1/,0,0].

Proof The proof relies on a calculation carried out by Transversal. The 2-jet

[0,2,0,y,0,0] has J?G-codimension 7 and a complete 3-transversal
Acd = [0, :L‘,C(J,‘, y)’ Y, dza,O],

where ¢(z,y) = c12% + c22%y + cazy?® + c4y® and (e, ¢z, c3, ¢4, d) € C°. Observe,
with regard to using Lemma 4.5.3, that A.4 is a smooth constructible subset of

J3(2,6) which, obviously, passes through each of its constituent 3-jets.

We find, using Transversal, that for almost all values of the parameters
(e1,¢9, €3, ¢4,d), (the possible exceptions being values of these parameters which
occur in the union of a finite number of affine varieties of the parameter space)

the corresponding elements of A.4 have J3G-codimension 8 and the J3G-tangent
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space to each does not contain the vector, [0,0,0,0,z3,0], (which lies in the

tangent space to A.q¢) and hence cannot contain the tangent space to Acq.

Consider any 3-jet of the transversal A 4. It follows, by the above calculation,
that on any neighbourhood U of this 3-jet (in J3(2,6)) there is no Zariski open
set V C A.q satisfying the criterion for simplicity given in Lemma 4.5.3. So, no
germ with a 3-jet in the complete transversal, A.4, can be G-simple and, by the
definition of a complete transversal, this is also the case for all germs with 2-jet
[0,2,0,y,0,0]. O

6.1.2 1-jets: jetrank <1

In this section we consider the remaining 1-jets, [z,0,0,0,0,z], [z,0,0,0,0,0]
and [0,0,0,0,0,0]. Initially we manipulate the first two into more convenient
forms. Using Lemma 6.0.1 we find the 1-jets [z,0,0,0,0,z] and [z,0,0,0,0,0]

are H-equivalent to the 1-jets

0 0 =z O
0 0 0 «
2z 0 0 0 (6.48)
0 -z 0 O
and
0 0z O
0 0 0O
-z 0 0 0}’
0 0 0O
respectively.

First consider the 1-jet [0,z,0,0,z,0]. Exploratory techniques, already fa-
miliar to the reader from the previous section, suggest that any germ with this
1-jet occurs in a series of (distinct) finitely G-determined germs. An initial step

to proving this is the following result.

Lemma 6.1.12 Any germ C2,0 — Sk(4,C) with (k — 1)-jet (k > 2),

0 0 =z O
0 0 0 «
-z 0 0 O}’
0 -z 0 O
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is JEG-equivalent to one of the following three k-jets:
[0) z, yk7 yky z, 0]1

[0,2,y*,0,z,0],

or
[0,,0,0,z,0].

Proof It is fairly easy to show that the (k — 1)-jet,

0 0 =z O
0 0 0 =z
-z 0 0 0}’
0 -z 00
has a complete k-transversal
0 ary* z azy*
k k k
Y] 0 agy T +asy
— —agt 0 aoy* , (6.49)
—asy* -z —asy* —aeyt 0

where, as usual, a; € C.

We use the J*G-group to simplify this family to a finite number of represen-
tatives. There are two cases to consider

(1) as # 0,
(ll) az = 0.
(i) If a3 # 0 we can assume a; = ag = 0, since by using the simultaneous

row and column operation involving the column operation,

followed by another involving the row operation,

as
R3 - —R,,
as
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eliminates the y* terms in slots e; and eg respectively. Assuming as # O then

by scaling we obtain the J*G-equivalent matrix

0 0 T y*

0 0 Ayt o+t

o Ay ‘g’ oy , (6.50)
-y* —z-y* O 0

where Ay is invariant with respect to scaling.

Representing this k-jet by the square

z y*
At 49+ |

by explicit row/column operations followed by an R-change of coordinates, we

obtain the J*(R x Q)-equivalent matrix

zr y*
ay* z |-
(We also obtain a k-jet of this form if a5 = 0 above.) If a # 0 it can be scaled

to unity and we conclude that all elements of the k-transversal (6.49) for which

a3 # 0 are J¥G-equivalent to one of two k-jets :
[0, , 3%, 4*,2,0] or [0,2,4*,0,z,0].
(i1) Alternatively, if a3 = 0, we can also assume a, = a4 = a5 = ag = 0,
since otherwise by a series of simultaneous row and column operations we can

move a non-zero multiple of y* into slot e3 thereby obtaining a k-jet considered
in case (i). This leaves the third and final k-jet

[0,2,0,0,z,0].

We can use this lemma to give us the following result.

Theorem 6.1.13 Let A: C2%,0 — Sk(4,C) be a smooth germ with 1-jet

0 0 =z O
0 0 0 =z

—z 0 0 0| (6.51)
0 -z 0 O



then A is G-equivalent to an l-G-determined germ of the form

0 0 k

z y

0 0 ¢ =
- _yl 0 0 ’ 2 S k S la (652)

—y* —z 0 0

or for any k > 1, A is G-equivalent to a germ whose k-jet is (6.51) or for any
2< k<1, A is G-equivalent to a germ whose l-jet is

k

0 0 z y
0 0 0 =z
-z 0 0 O
—y* -z 0 O

Each germ of the series, (6.52), has G.-codimension (4k +1—1) and a discrim-
inant of type Ap4i-1.

Proof Assume for any k > 2 that A has a (k — 1)-jet

0 0 zz O
0 0 0 =z
-z 0 0 0
0 -z 0 O

By Lemma 6.1.12 we can represent this jet by the matrix

z 0
0 =z
for which there are two possible k-jets :

(6.53)

)
8 S,
| WRE—— ]

<

or

(6.54)

The third possible k-jet
z 0
0 = |’

corresponds to replacing (k — 1) in the original assumption by k etc. The first
of these, (6.53), is k-(R x Q)-determined. Hence since M5! C My (z,y*), this

implies that the corresponding skew k-jet is k-G-determined.
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Assume any germ with the second k-jet has (for [ > k) an (I — 1)-jet
z y*
0 z |’
This has a complete [-transversal
z ok
ayt z |°

where a € C. Note if a = 0 we replace (I — 1), in the previous assumption, by !

etc. Considering a # 0, by scaling we obtain the J'(R x Q)-equivalent I-jet
z y*
y oz |’
which is I-(R x @)-determined.
Noting that the k-determined jets
T
v oz
are included in this series by allowing I = k, we have found the required series.
By finding the (R x Q).-codimension of the /-determined germ
zr y*
¥ oz |’

and using the relation (6.9) in Lemma 6.0.14 we find the corresponding germ
[0,z,y*,4*, z,0] has G.-codimension (4k + [ — 1). Furthermore its discriminant

is given by 2% — y*+! = 0 which has an A4, singularity. O

We can extend this series to include all previously found finitely determined

germs whose discriminants have A-type singularities.

Corollary 6.1.14 We have a series, By, of finitely [-G-determined germs
[0,z,y*,¢',z,0], 1>k>1, (6.55)

each of which has G.-codimension (4k + 1 — 1), a discriminant of type Api1-1

and represents a distinct G-orbit.
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Proof First consider the series of germs obtained in Theorem 6.1.3 :

—

0 T 0 vy

-z 0 y O

0 —y 0 z|° 1>2 (6.56)
-4 0 -z O

Interchanging C, and C; (and R; and R;) we obtain the matrix

0 0 =z ¢
0 0 -y =«
-z ¥y 0 =z
-y -z 0 0

Representing this by the matrix

r ¢y
interchanging R, and R; followed by interchanging C; and C; we obtain the
(R x Q)-equivalent matrix

which by a scale change is equivalent to

[ :, g ] . (6.57)

Hence, using Lemma 6.0.13, we deduce the two germs [z, 0,3%,,0, z] and [0, 7, y,¥', z,0],
1 > 2, are G-equivalent and represent them by the 2 x 2 square in (6.57). So
the series of I-determined germs found in Theorem 6.1.3 can be added to those
found above, in Theorem 6.1.13, by allowing k = 1. It is easily verified that

when k = 1 the invariants of these two series match.

We can also include the open G-orbit of germs in this enlarged series. Recall,
a representative for such a germ is given by the 1-determined jet

0 =z 0 O
-z 0 0 O
oo oy ©59
0 0 -y O

As discussed in Section 3.4.1 any non-singular pencil of 4 x4 skew-symmetric ma-

trices with two distinct eigenvalues (a non-degenerate pencil) is skew-equivalent
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to this 1-jet. Clearly the 1-jet

0 0 =z y
0 0 y =z
-z -y 0 0
-y —x 0 0

is such a pencil as the roots of its Pfaffian are given by 2 — y> = 0. Hence
we can add 1-determined jets represented by (6.58) to our series by allowing
k=1=1.

It remains to distinguish each of the germs of this series. By Lemma 4.2.7, in
Section 4.2, the germ [0, z,y*,,z,0] is K-equivalent to [0, z,y*,0,0,0] which
has K.-codimension (5% — 1). Since, by Lemma 4.2.6, the K.-codimension of a
germ is a G-invariant it follows that the value of k in the germ [0, z, y*, ¢!, z, 0]
is an invariant. Furthermore since both the discriminant and G.-codimension of
a germ are G-invariants this implies that [ is also an invariant. It follows each
germ in this series represents a distinct G-orbit. O

Consider the 1-jet

0 0z O
[REE oo
0 00O
This 1-jet has a complete 2-transversal
0 ary? z asy?
PR s U (6.60)

-azy? -p(z,y) -aey’? O

where p(z,y) = ax® + bzy + cy? is a arbitrary quadratic. Next we look to

identify, from this 2-transversal, a finite number of distinct J2G-orbits.

Assume first that a3 # 0. By a pair of simultaneous row and column opera-
tions, the first involving

Cy — —Cy,
as
and the second involving
Ry — 2Ry,
az



we obtain the J2G-equivalent matrix

0 0 z asy?
0 0 A4y2 p(z’ y)
-z —Aqy?® 0 0
—-azy® -p(r,y) O 0

There are two possiblities, each obtained by scaling.

If Ay # 0 then we have the J2G-equivalent matrix

0 0 T y

0 0 y?> P(z,y)

S e (6.61)
-y* -P(z,y) O 0

where the quadratic P(z,y) is different to p{(z,y).

If Ay = 0 then we have the J2G-equivalent matrix

2

0 0 T ]

0 0 0 P(z,y)

. 0 o o (6.62)
-y> —-P(z,y) 0 O

If in (6.60) ag = 0, provided one of ay, a4 or ag is non-zero we can, by
simultaneous row and column operations, move a non-zero multiple of y? into
slot e3 — thereby reducing to one of the previous cases, (6.61) or (6.62). There
remain those 2-jets for which a3 = a; = a4 =ag =01i.e.

0 0 T 0
0 0 0 P(z,y)

— 0 0 0 . (6.63)
0 —-P(z,y) O 0

For convenience we represent each of these families of 2-jets, (6.61), (6.62)
and (6.63), by the matrices

[ yzz P(f, v) ] ’ (6.64)

[ o P(f: ) ] , (6.65)
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and

[ 0 P(:(c),y) ] ’ (6.66)

respectively, with a view to obtaining, from them, all distinct J2(R x Q)-orbits.

Lemma 6.1.15 Any 2-jet of the form (6.64), (6.65) or (6.66) lies in one of
eleven (distinct) J*(R x Q)-orbits with representatives, written in row magjor

order (see Remarks 6.0.16), given by

[z,0,0,22 + 2],
(,0,0,9%],
[z, 3%,y zy],
[=,4%, 4%, 7%,
[z,3%,4%,0],
[,4?,0,zy],
[=,4%,0,2%),
[=,4°,0,0],
[z,0,0,zy],
[z,0,0,7%],
[z,0,0,0].

Proof Here we will show that, given a 2-jet in (6.64), (6.65) or (6.66), then
by J2(R x Q)-equivalence we obtain one of the above cases. We need to check
the corresponding J2G-orbits are distinct and we defer a proof of this to a
later corollary. Clearly, if two J2G-orbits represented by [0, a1, b1, ¢1,d;, 0] and
[0, a2,b;,c3,dz,0] are distinct then so are the corresponding J*(R x Q)-orbits

represented by (a1, b1, ¢;,d1] and [ag, b2, 2, d2).

For illustrative purposes we consider 2-jets of the form (6.64)

[ | 6o

The argument used for this case can also be applied to the simpler case of the
2-jets of type (6.65) and (6.66).
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First we classify the quadratic, P(z,y) = p1z* + pexy + pay?, up to the

subgroup of linear coordinate changes consisting of elements of the form

(z,y) — (azx, Bz + vy), ay # 0. (6.68)

These coordinate changes preserve x = 0 and hence, after scaling, the 1-jet of
(6.67).

In fact the action of this subgroup yields a classification of binary cubics,
zP(z,y) € V4, up to a linear equivalence preserving £ = 0. Recall from Defi-
nition 4.7.8 and the succeeding remarks that we associate a binary cubic with
the set of its 3 roots, in PC!. Consequently, we expect the action (given in
Definition 4.7.9) on the set,

V ={g€ PC?:q=AxP(z,y), A # 0, with P(z,y) € 2},

of the subgroup of PGI(2,C) which fizes the point (0 : 1) € PC!, to give 4
distinct types. Representing these by their set of roots in PC!, they are :

(1) a simple point (0 : 1) and two further simple points,
(2) a simple point (0: 1) and a further double point,
(3) a double point (0: 1) and a further simple point,
(4) a triple point (0:1).

Adding to these the further possibility of 0 € Vj gives five possible types under
this classification. In the following we find the normal forms for these types.

The effect of such a coordinate change, (6.68), on the quadratic P(z,y) is

Plaz,fz +7vy) = ma’s® +praz(Bz +vy) + pa(Bz + )
= (ma® + pyaf + p3f?)a?
+ (p2ay + 2p3Bv)zy + p3v’y’. (6.69)
If p3 # 0 and P(z,y) has distinct roots, by choosing suitable values for (a, 8,7),
we can reduce it to z2+y?. For example, from (6.69), it can be seen, by choosing

= 1/,/ps and (a,8) = A(2ps, —p2) for some X # 0, that the coefficient of y*
it scaled to unity and the coefficient of zy is zero. Furthermore the coefficient
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of the 2 term is then given by p3AZ(4p1ps — p3). So denoting the discriminant,
4p,p3 — p3, of P(z,y) by 4 it follows that if & # O then by choosing A = 1/ Vp3d

we can scale this coefficient to unity and get =2 + y?.

If however, p3 # 0 but P(z,y) has repeated roots (§ = 0) then choosing the
same values, (o, 8,7) = (A2ps, —Ap2,1/4/p3) for any X # 0, we reduce P(z,y)

to y2.

If p3 = 0 then (6.69) becomes

az ((pra + p28)z + p27y)

and provided pa # 0 choosing (a, 8,7) = (1, —p1/p2,1/p2) reduces P(z,y) to
zy.

If p3 = p, = 0 but p; # 0 then by choosing o = 1/,/p1 we obtain z2. Finally
we are left with the possibility, P(z,y) = 0.

So by the action of elements of the form (6.68) we can reduce P(z,y) to a
quadratic, Q(z,y), taken from the set :

{z® + 9% 9%, 2y, 2%,0}. (6.70)

Premultiplying each of these by some non-zero constant multiple of z gives
each of the five normal forms of cubics, zP(z,y), (up to a linear equivalence

preserving = = 0) discussed overleaf.

The effect of this action on a 2-jet of type (6.67) results in an equivalent

matrix of the form

(6.71)

ar biz? + byzy + bay?
byz? + baxy + bsy? Q(z,y) ’

where a # 0 and b3 # 0. Similarly, the action of this group on 2-jets of type
(6.65) or (6.66) result in equivalent matrices of type

az  bz? + bozy + bay?
Kl aaat 7
and
ar 0
[0 Q(z,y)]’ (6.73)
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respectively. We continue by considering (6.71). Since we are working in the
2-jet space we can use the z-term in slot ey to kill off both the terms in slot e3

involving z. For example by the column operation,
1
C. - E(blz + bay)Ch,

we obtain the J2(R x Q)-equivalent jet

az bay?
biz? + bozy + bay? Q(z,y) |-

The same operation applied to the rows of this matrix gives

azr  bsy?
[ by Q) ] : (6.74)

Applying the same argument to (6.72) we obtain the JZ2(R x Q)-equivalent jets

[ o Q”&’/’;) ] . (6.75)

We also have jets of type (6.73).

The next step is to scale the non-zero constants a, b in (6.74) to unity while
preserving the quadratic Q(z,y). Since Q(z,y) is one of the five homogeneous
quadratic types in (6.70) this amounts to combining a scaling coordinate change,
(z,y) —~ (Az,Ay) with the Q-action of a pair (X,Y) € GI(2,C) x GI(2,C), of
the form

X=[‘(’)‘ g , Y=[8 2] afpo # 0.

By such an action we obtain, from (6.74), the J%(R x Q)-equivalent matrix

acpAr bsaoA%y?
baBpMy? BoNQ(z,y) |

It can be verified that by choosing (), e, 8, p,0) = (a/b3,b3/a2,b8/a2,1/b3,1),
we obtain the required form

L7 ol ] 610
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By a similar method we can scale 2-jets of type (6.75) and (6.73) to

z oy
0 Q@ |’ (6.77)
and
T 0 ]
|0 Q) |- (6.78)

Finally we observe for types (6.76) and (6.77), that if the quadratic @(z,y)
contains a non-zero y? term then it can be used to kill off any y? terms present
in slots e3 or e4, thereby reducing to a 2-jet of type (6.78). For example, consider
2-jet of type (6.76) where Q(z,y) = z° + 32,
5ot
y2 z249? |

By the row operation R, — Ry we get the 2-jet

r—y: -z

Then the column operation C; + zC) gives the J2(R x Q)-equivalent jet

z —y? 0
y2 12 +y2 !

since degree 3 terms drop out in 2-jet space. By the analogous operations C; —C,
followed by R, + xR, we obtain the J2(R x Q)-equivalent jet

T — y? 0
0 2+ |

which by the J2R-change (z,y) — (z +32,¥) is J2(R x Q)-equivalent to

T 0
0 =244 |-

By similar arguments any 2-jet of type (6.76) or (6.77) with Q(z,y) either
z? + y? or y? is J2(R x Q)-equivalent to the 2-jet of type (6.78) with this
Q(z,y). Bearing this in mind we obtain from, (6.76), (6.77) and (6.78), the

eleven 2-jets in the statement of the lemma. O
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We wish to determine, from this list of 2-jets {[z,bi,ci,di] € J*(2,4)},
whether the corresponding 2-jets {[0,z, b;,¢i,d;,0] € J?(2,6)} represent dis-
tinct J2G-orbits of J2(2,6). To this end we identify an invariant of such 2-jets,
using the following results. Recall, from Corollary 4.2.4, that if two germs
A, B : C",0 » Sk(n,C) are G-equivalent then for some ring isomorphism,
¢*: 0, - Oy,

¢* ((4)) = Li(B).

The following gives a related invariant for germs (of 4 x 4 skew-symmetric ma-

trices) which are equivalent as 1-jets.

Lemma 6.1.16 Consider two germs A, B : C",0 = Sk(4,C), both vanishing
at the origin, with 1-jets A;, B, respectively.
(i) If A and B are J'H-equivalent then

(Ii(A;) + M2) /M2 = (I,(By) + M2) | M2, (6.79)

(ii) If A and B are J'G-equivalent then, for some germ of a diffeomorphism
¢:C",0 = C",0 and the corresponding ring isomorphism ¢* : O, = O,

(1 (1 (41)) + M2) /M2 = (L(By) + M2) /M2, (6.80)
where ¢, is the 1-jet of ¢.
Proof (i) Write A = A, + A3, B = B) + B,, where A,, B; are skew-

symmetric matrices with each entry linear in the variables {z; : 1 <i < r} and

A;, By € M2.08. If A and B are J!H-equivalent then, for some X € J'H,
B; + B, = XT(A; + A2)X mod M?,
In particular if X(0) = X, then
By = XTA Xy

Clearly,
(I(B2) + M2) /M2 C (CAr) + M2) /M.

Writing A = (XT)"!BX~1 mod M2 and following the same argument gives

the reverse inclusion and hence the result in (6.79).
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(ii) If A and B are G-equivalent as 1-jets then, for some germ of a diffeo-
morphism ¢ : C",0 — C",0, Ao ¢ and B are H-equivalent as 1-jets. Since we
are working modulo M? the only relevant part of ¢ is its 1-jet which we denote
¢1. From (6.79) it follows that

(I(Ar 0 ¢1) + M?) JME = (Ii(By) + M2) IME,

and denoting the ring isomorphism, O, — O,, corresponding to ¢; by ¢7 we
have (6.80). O

Lemma 6.1.17 If the 2-jets Az, B; : C7,0 — Sk(4,C) of the form, Ay =
0,2z, + a1,b1,¢1,d1,0], By = [0,21 + ag,by,c2,d2,0] (with each a;, b, ci, d;

homogeneous of degree 2), are J*H-equivalent then
(Pf(Bz) — APf(A2)) € (z1) M} + M3, (6.81)
where )\ is some non-zero constant. In particular,
P (zadz) = Aj3(211). (6.82)

The 3-jet j3(z1d;) is therefore, up to non-zero multiples, a J*H-invariant of

2-jets of this form.

Proof Write
0 0 r1+a; b
_ 0 0 (5] dl
A= - —a - 0 0 !
-b —d 0 0
and
0 v Z1+a2+a b+ p
B= -v 0 2+ dy+46
| ~mi—ay-a —Cz2 — 7 0 n !
-b—-B  —dy-¢ - 0

where v, a, B, v, 6, n € M3. Then supposing, A2 = [0,z +a1,b;,c;,d;,0), and
B, = [0,z + az, by, ¢z, d2,0] are J¥H-equivalent we know, for some X : C",0 —
Gl(4,C), that

XTAX =B.

Taking determinants of both sides we have
(det X)*(z1d1+a1dr—brc1)? = (v = [(z1 + a2 + @)(d2 + 8) — (c3 +7) (b2 + B)))?.
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Taking square roots and denoting det X by A (A(0) # 0), this gives

+A(z1di + ardi — bier) = vp—[(z1 + a2 + a)(d2 + 8) — (c2 + 7) (b2 + B)]
—:L‘1d2 - azdz + 02b2 - 3:16 + ¢,

where ¢ € M3, Writing A = —A+ A;, where X # 0 is a constant and A; € M,,

we obtain the following expression

ﬂ:/\(.’L‘ldl + ad, — blcl) - (Zldz + agdy — Czbz) = 116+ Al(zldl + a1d; — blcl) +¢

2161 + ¢1,

where 8; € M3, ¢; € M3. Recalling that the Pfaffian of a skew-symmetric
matrix is given by a square root of its determininant, the LHS of this expression
is FAPf(A2) + Pf(B;) and we have the result in (6.81). Clearly, taking the
3-jets of both sides gives

¥(zrdz) = 2% (21dy).
In both cases, since A is arbitrary, the sign is irrelevant. O

We can use these two lemmas to identify an invariant of two J2G-equivalent
jets of the form [0, z1,b;, ¢;, d;, 0].

Corollary 6.1.18 If the 2-jets Az, By : C",0 = Sk(4,C) of the form, A; =
[0,21,b1,¢1,d1,0], By = [0,x),bs,c2,d2,0] (with each b;, ci, d; homogeneous
of degree 2), are J2G-equivalent then, there is a (invertible) linear change of
coordinates ¢; : C",0 = C",0 of the form

(Z1,y...y25) » (azy, L(2y,...24)),
which takes d, to a non-zero scalar multiple of ds, i.e.
dy = Ady © ¢1),
where X # 0.
Proof If A; = [O,.’l:l,bl,cl,dl,O], By = [0, zl,bg,CQ,dz,O] are equivalent as 2-

jets then for some germ of a diffeomorphism, ¢ : C",0 - C",0, A; o ¢ and B,
are H-equivalent as 2-jets. Clearly, A; o ¢ and B, must also be H-equivalent as
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1-jets and denoting the 1-jet of ¢ by ¢, it follows from (6.80) in Lemma 6.1.16
that
(Or(21 0 1) + MZ) /M = (Or(z1) + MZ) I ME.

Any such diffeomorphism, ¢, must therefore have a 1-jet of the form
o1 {z1,...,z,) = (azy, L(zy, ... ,2p)),
above.

For such a diffeomorphism, ¢,

0 0 oazit+q biog

.9 _ 0 0 cio¢p dyo¢
7 (Ay09) = —azr;—q —co¢ 0 0 !

—bio¢p —dio¢ 0 0

where ¢ is some homogeneous polynomial of degree 2 introduced by the 2-jet
of ¢. It follows, by a simultaneous row and column operation, that if Az 0¢ is

J*H-equivalent to B, then so is

0 0 T1+q bog

0 0 Cio¢p dyo¢
-r1-q -Cio¢ 0 0 ’
—bio¢p —dyo¢ 0 0

where 1 = (1/a)q and C) = (1/a)c;. Applying Lemma 6.1.17, this implies
that

72 (z1dz) = Aj° (21(dh 0 ¢)),

for some non-zero constant ). Since we are taking 3-jets, we need only consider
the effect of the 1-jet, ¢,, of ¢ on the LHS of this expression. So,

z1dy = Az1(dy © ¢1),

where ¢, preserves z; = 0.

We therefore deduce that if A; and B; are J2G-equivalent then there is a
germ of a diffeomorphism ¢ : C,0 = C",0 whose linear part, ¢;, fixes z; = 0
and takes d; = 0 to d; = 0, as required. D

We return to considering the case r = 2 i.e. germs C?,0 — Sk(4,C), in
Particular all possible J2G-orbits of germs with 1-jet [0,z,0,0,0,0].
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We can use the invariant, identified by Corollary 6.1.18, to distinguish the
J2G-orbits which correspond to the (R x Q)-orbits listed in Lemma 6.1.15.

Corollary 6.1.19 Any germ A : C?,0 = Sk(4,C) with 1-jet, [0,,0,0,0,0], is

J2G -equivalent to one of the eleven distinct 2-jets :

J*G —codim  zd(z,y)

[0,z,0,0,z% + y2,0] 6 z(z? +3?)
[0,2,0,0,y2,0] 7 zy?
[0,2,4%, 4%, zy,0] 7 z%y
[0, z, 3% y? 2%, 0] 8 3
[0, z,9%,4%,0,0] 9 0
[0, z,y2,0,zy,0] 8 z3y
[0,z,%2,0,22,0] 9 3
[0, z,¥%,0,0,0] 10 0
[0,z,0,0,zy,0] 11 z2y
[0,2,0,0,z2%,0] 12 z3
[0,z,0,0,0,0] 13 0

Proof We have demonstrated above that any element in a 2-transversal of
(0,2,0,0,0,0] is J2G-equivalent to one of three broad types : [0, z,»?,y2, P(z,y),0},
[0,z,%%,0, P(z,y),0] or [0,2,0,0, P(z,y),0). Furthermore, using Lemma 6.1.15,
we can further simplify this 2-transversal to one of the eleven possibilities listed
in the statement. Finally by comparing both the J2G-codimensions and the
zero sets of zd(z,y) (d(z,y) being the quadratic in slot e5 of each 2-jet) of these

representatives, it is evident that they are all distinct. O

Taking each of these 2-jets in turn we can, with the aid of transversal, com-
plete a classification of all G-simples with 1-jet [0, z,0, 0,0, 0].

Firstly, [0,2,0,0,z2 + y2,0] is 2-G-determined and has G.-codimension 10.

274



Investigating jets with 2-jet, [0,z,0,0,3%,0], we detect the presence of a

series.

Lemma 6.1.20 Let A: C?,0 — Sk(4,C) be any smooth germ with 2-jet
[0,2,0,0,42%,0]. (6.83)
Then A is G-equivalent to a k-determined germ of the form
[0,2,0,0,3% + z*,0],

where k > 3, or for any k > 2 A is G-equivalent to a germ whose k-jet is (6.83).
Thus, including the 2-G-determined jet [0,z,0,0, z% + 2, 0], we have a series of
(distinct) G-finitely determined germs

[0,2,0,0,y% + =*,0], (k > 2),

each with G.-codimension (k + 8) and a discriminant of type Dy4o

Proof Assume, for any k£ > 3, A has a (k — 1)-jet
i*14=10,2,0,0,%%,0].

It is not difficult to show that the only terms of H*(2, 6) missing from the J*G, -
tangent space to j*~'A are scalar multiples of [0,0,0,0,z*,0}. In other words

the k-transversal of j*~1 A4 is
[0,2,0,0,%* + az*, 0], (6.84)
where a € C. If a # 0 then by scaling we obtain the J*G-equivalent jet
[0,2,0,0,3* + z*,0), (6.85)
which is k-G-determined.

If, in (6.84), a = 0 we would have the k-jet [0,2,0,0,%%,0] and can repeat
the previous argument, replacing k —1 by k, and so on. The G.-codimension and
the discriminant of the germ (6.85) are found, in familiar fashion, by considering

the corresponding k-(R x Q)-determined jet

T 0
0 y*+zF |-
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The 2-jet [0, x,y%, y%, zy,0] has a 3-transversal given by the l-parameter

family
9o = [O’x)yziyz)zy + ay3,0]-

This transversal is a connected submanifold X C J3(2,6), where
X ={ga:a €C},

and any germ with 2-jet [0, z,y?,y?, zy, 0] is J3G-equivalent to some element of
this space. Using Transversal we find that for all values of a, the jet g, has J3G-
codimension 7 and the vector, [0,0,0,0,y3,0], which spans the tangent space
Ty, X, is contained in the J3G-tangent space to g,. It follows, by Lemma 4.5.1,
that g, is a J3G-trivial family and is contained in a single J3G-orbit of J3(2, 6)
with representative
[0,z,9% %, 2,0].
Furthermore, since [0,z,y%,y%, zy,0] is 3-Gi-determined, we deduce that the

2-jet, [0,z,y2,y2, zy, 0], is in fact 2-G-determined.

Lemma 6.1.21 Any germ A : C2,0 - Sk(4,C) with 2-jet lying in the J*G-

orbit represented by [0,z,y2,0,zy,0] is J3G-equivalent to one of two 3-jets:
0,z,4% 4% 2y,0] or [0,2,9%0,zy,0),

the first of which, [0,z,y?%,y3,zy,0], is 3-G-determined.

Proof The 2-jet [0, r,y?,0,zy, 0] has a 3-transversal

[0,z,9%,ay®, zy + by°, 0], (6.86)

which for convenience we represent by the matrix

z y?
ay® zy+by? |°

By an R-change of coordinates, (z,y) — (z — (b/2)y?,y), followed the col-
umn/row operations, C; + (b/2)C; and R; — (b/2)yR,, we obtain the (R x Q)-

equivalent matrix

[ (a+b§/4) v ::; ]
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If a + b%/4 # 0, scaling gives the 2 x 2 matrix

5 5]
y3 Ty )
which is 3-G-determined. Whereas if a + b%/4 = 0 we have
z y?
0 zy |~
Therefore any 3-jet in (6.86) lies in one of two J3G-orbits. All those for which
a+b%/4 # 0lie in the J3G-orbit with representative [0, z, y2, y°, zy, 0}, have J3G-

codimension 8 and are 3-G-determined. However all 3-jets for which a+b%/4 = 0

lie in the J3G-orbit with representative [0, z,y?,0,zy,0] and J3G-codimension
9.0

The following result deals with germs with 3-jets in the second orbit, [0, z, ¥2,0,zy, 0].

Lemma 6.1.22 Let A : C2,0 — Sk(4,C) be any smooth germ with 3-jet
[0,z,y?%,0,zy,0]. (6.87)
Then A is G-equivalent to a k-determined germ of the form
[0,z,92,y*, zy, 0],
where k > 4, or for any k > 3, A is G-equivalent to a germ whose k-jet is (6.87).

Thus including the, previously found, G-determined jets [0,z,y?,y?, zy,0]

and [0, z,y%, ¥, zy,0] we have a series of (distinct) G-finitely determined germs
[0,2,4%,4,2y,0], (1>2),

which have G.-codimension (I +9) and a discriminant of type Dy,s.

Proof Assume, for any k > 4, A has a (k — 1)-jet
j* 1A =(0,z,4%0,zy,0)].
This jet has a complete k-transversal
[0,z, 5%, ay*, zy,0), (6.88)
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where a € C. If a # 0 then by scaling we obtain the J*¥G-equivalent jet

[0,2,9%,y*, zy,0),

which is k-G-determined.

If, in (6.88), a = 0 we would have the k-jet [0, z,y2,0,zy,0] and can repeat

the previous argument, replacing k — 1 by k, and so on.

By adding to these k-determined jets the G-determined jets [0, z, y2, y2, zy, 0]
and [0, z,y2,y3, zy, 0] we obtain the series of finitely determined germs given in
the statement. The G.-codimensions and discriminants of such germs are found

in the usual manner by considering the I-(R x Q) determined jet

2
["”, y], 1>2.
¥ zy

In fact we can subsume this series into one which is even more extensive, by
considering those germs with 2-jet [0, z,0, 0, zy, 0].
Lemma 6.1.23 Let A :C%,0 — Sk(4,C) be any smooth germ with 2-jet
[0,z,0,0,zy,0). (6.89)
Then A is G-equivalent to, either, a k-determined germ of the form
[0,2,0,0,zy + y*,0], (6.90)
where k > 3, an l-determined germ of the form
0,z,5%,¢',2y,0), (6.91)

3< k<l orforanyk > 2, A isG-equivalent to a germ with k-jet [0, z,0,0, zy, 0],
or for any 3 < k <1, A is G-equivalent to a germ whose l-jet is [0, z,y*,0, zy, 0].
Germs in (6.90) have G, -codimension 5k and discriminants of type Dy, Germs

in (6.91) have G.-codimension (4k + | + 1) and discriminants of type Diyi41.
Proof If, for any k > 3, A has a (k — 1)-jet
i*1A=0,z,0, 0,zy,0],
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it is fairly easy to show that a k-transversal is of the form

0 aly" T asy’“
k k k
—-ayy 0 ay”  zTY + asy
_m oyt 0 asy” ) (6.92)
—azy* -z —asy* —agyt 0

If ag # 0 then in the usual manner we can use a couple of simultaneous row and

column operations, followed by a scaling change to obtain the J*G-equivalent

matrix
0 0 T y*
0 0 Agy*® Ty + AsyF
-z —Aqy* By Y 0 e (6.93)
—y* -z~ AsyF 0 0
There are three possibilities here.
(i) If As # 0 by a further scaling change we have the family of k-jets
0,2,9*,ay*, zy + 4*,0]. (6.94)
(ii) If A5 = 0 and A4 # 0 by scaling we obtain the J*G-equivalent jet
[0,z,4*, %, zy,0]. (6.95)
(iii) If As = A4 = 0 then we have the k-jet
[0, z,y*,0,zy,0]. (6.96)

Alternatively if, in (6.93) ag = 0 we can also assume that a; = a4 = a5 = ag =0,
since otherwise we could, by various simultaneous row and column operations,
move an a;y* (i = 1,4, 5,6) into slot e3 and thereby obtain one of the kjets just
considered. We are then left with the k-jet

[Ov :L',O, Oa 1‘2/,0],

which by replacing (k — 1) with k in the original assumption is covered by the
following arguments.

We consider each of the three possibilities (i) — (iii) in turn.

279



(i) The family of k-jets [0, z, y*, ay*, zy + y*,0).

Calculations performed by Transversal for specific values of k suggest
such a family to be J*¥G-trivial. To prove this for all k > 3 we need
to demonstrate, by hand, that the family satisfies both conditions of
Lemma 4.5.1. It is instructive to give the details of the technique used.

By Lemma 6.0.13 it is sufficient to show the family of k-jets,

T y*
ay* zy+y* |’
to be J¥(R x Q)-trivial. For convenience we represent elements of the jet
space J*(2,4) by 4-tuples (in row major order).

By Corollary 6.0.6, the J¥(R x Q)-tangent space to the family of k-jets
9a = [z, y*, ay*, zy + y*] is generated by the vectors

My
(1,0,0,y], [0, ky*~, kay*~t, z + ky*~1];
O, :
[z,4*.0,0], [0,0,z,4*), [ay*, zy + ¥*,0,0],
(0,0, ay*, zy + ¥*¥], [z,0,ay*,0], [0,z,0,ay*],
[y*,0,zy + y*,0] [0,4*,0, zy + y*).

(6.97)
To satisfy the first condition of Lemma 4.5.1, we need to show that the

tangent vector to the family g, (at each of its elements), [0,0,y*,0], is
contained in this J¥(R x Q)-tangent space for all values of the parameter

a. This is seen to be the case, by combining the three J*(R x Q)-tangent
vectors,

¥*[1,0,0,y] = [¥*,0,0,0], (6.98)
y[O) 0,z, yk] = [0, 0, zy,O]

and

[yk,O,zy + yk,O].

The second condition of Lemma 4.5.1 requires us to demonstrate that

the codimension of the J*(R x Q)-tangent space doesn’t vary with the
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parameter a. We achieve this by showing that this space, spanned by the
generators in (6.97), is also spanned by a set of generators independent of
a. We do this by looking to use existing tangent vectors, independent of
a, to eliminate terms involving a from the remaining generators.

Consider the generators, [z,0,ay*, 0], [0,0,ay*, zy + y*]. We have already
shown for all values of a, that the tangent vector [0,0,y*,0] lies in the
J¥(R x Q)-tangent space. We can amend the set of generators in (6.97) by
replacing [z, 0, ay*, 0] and [0,0, ay*, zy + y*] by [z,0,0,0] and [0, 0,0, zy +
y*] respectively, the resulting set of generators spanning the same space
as before. Using the tangent vector, (6.98), we can replace the generator,
[ay*, zy +¥*,0,0] by [0, zy + ¥*,0,0], again preserving the space spanned.

It remains to consider the remaining generators involving a:
Mo [0, ky*~ kay* =,z + ky* 1) and [0, 2,0, ay*],

where the M, before the first vector denotes it is always multiplied by
terms in the maximal ideal M3. We observe that, regarding the first

of these, the kay*~! term in e4 drops out automatically except when
multiplying it by linear terms. Consider each of these possibilities. The
tangent vector

y[0, ky* =1 kay* 1,z + ky* '] = [0, ky*, kay®, zy + kyF),

and the ay* term in e4 can be eliminated by the tangent vector [0, 0, y*,0].

Alternatively the tangent vector obtained by multiplying by = is
[0, kzy*~!, kazy* !, 22 + kzy* 1],

but using the tangent vector y*~1[0,0, z,y*] = [0,0, zy*~!, 0] we can elim-
inate the ary*~! term in e4. In summary, we can further amend our gen-
erating set by replacing the generator [0, ky*~!, kay*~!,z + ky*~1] with
a generator [0, ky*~!,0,z + ky*~!), while leaving the space spanned un-
changed.

Finally, we need to consider the generator [0, z, 0, ay*]. Using the previous

generator, we find the tangent vector

y[0, ky*~1,0,2 + ky* ] = [0, ky*, 0,2y + ky*],
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(if)

which, combined with generator [0,y*,0,zy + y*], gives a tangent vector

Furthermore the generator [z,0,0,0], discussed earlier, combined with

[z,y*,0,0] gives a tangent vector
[0,%*,0,0]. (6.100)

Combining vectors (6.99) and (6.100) gives the tangent vector [0,0, 0, y*],
which justifies replacing the final generator dependent on a, [0, z, 0, ay*],
by [0,z,0,0]. We have therefore replaced the generator set (6.97) by a
set of generators, each of which is independent of the parameter a, and
which generate the same space. Hence, for all values of a, the J¥(R x Q)-
tangent space to the k-jet [r,y*, ay®, zy + y*] is the same and therefore,
for each element of the family this tangent space has constant dimension.
So the second condition of Lemma 4.5.1 is satisfied and this family is

JE(R x Q)-trivial.

It follows that the corresponding family of k-jets, [0, z,y*, ay*, zy + y",O]

is J¥G-trivial and the J*G-orbit in which it lies has representative
[0, z,5%,0,zy + *,0].

Writing this in matrix form,

k

0 0 T Y

0 0 0 zy+y*
-z 0 0 0 !
-y* —zy—-y* 0 0

it can be seen by the simultaneous row and column operation involving
R; — R, followed by the simultaneous row and column operation involving
C4 + yC; that this is equivalent to the k-jet [0,z,0,0,zy + y*,0], which
is k-G-determined. Hence we have found a series of determined germs of
the form (6.90).

The k-jet [0,z,y*,y*, zy, 0).

This k-jet has a complete (k + 1)-transversal
[0, 2, 4%, 4%, 2y + ay*+',0]. (6.101)
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Calculations performed by Transversal suggest this family to be J¥+1G-
trivial. Using a method similar to that introduced above we can prove
this (for all values of k > 3).

As before, this amounts to showing both conditions of Mather’s Lemma

(Lemma 4.5.1) are satisfied for the J*+ (R x Q)-action on the 2x 2 matrix,

T y*
yk zy + ayk+1 *

Representing this family by the 4-tuple [z, y*, y*, zy+ay**!), the J*+1(Rx
Q)-tangent space to it is generated by

My
[1,0,0,y], (0, ky*~1, ky*~1,z + (k + 1)ay*);
O,
[z,¥*%,0,0], [0,0,z,y*), [v*, zy + ay*t1,0,0]
(0,0, 3%, zy + ay**] [2,0,4*,0], [0,2,0,5%],
[v*,0,zy + ay*+1,0] [0,4*,0, zy + ay**!].

(6.102)
To satisfy the first condition of Lemma 4.5.1 we need to show that the tan-
gent vector, [0,0,0,y**1], to the family, [z, y*, y*, zy+ay**!], is contained
in this J¥*!(R x Q)-tangent space. This is significantly more difficult to

achieve, compared with the previous example.

We wish to show that the monomial vector y*+!les is contained in the
tangent space. Using the list of generators, (6.102), we compile a set of
tangent vectors each with y**! in slot es but with the number of other
monomial vectors involved kept to a minimum. To isolate the required
monomial vector it is more than likely that this set needs to be augmented
with further tangent vectors, although this is done with a view to keeping
the total number of distinct monomial vectors involved as small as possible.

Denoting the number of tangent vectors in this set by ¢ and the total
number of distinct monomial vectors involved in it by 8, we first require
t > s. If we can show the span of this set to consist of s linearly inde-
pendent vectors, then by various linear combinations of them, we obtain

all s monomial vectors and in particular the required one (here y*+leg).

283



Equivalently, we could represent this set by a t x s matrix over C, where
each row corresponds to a tangent vector, which we then require to have
maximal rank. This will become clearer as we proceed with the present
example.

The vectors y*[1,0,0,y] = [¥*,0,0,y**], ¥[0,0,z,y*] = [0,0, zy, y*+!],
each contain a y**! term in slot e5 and introduce two further monomial

vectors y*e; and zyes. The tangent vector
[v*,0,zy + ay***,0], (6.103)

contains both these monomial vectors, but also introduces a y**! term into
slot e4. The two tangent vectors y[z,0,y*,0] = [zy, 0,y**?,0], (0,0, v*, zy+
ay**1] = [0,0,y*+!, ry?), although both containing a y**! term in ey,
introduce two more monomial vectors zye; and ry’es respectively. At

present we have found five tangent vectors which are combinations of six
distinct monomial vectors and so by adding to these the tangent vector,

zy[1,0,0,y] = [zy,0,0,zy?] which introduces no new monomial vectors,

we have a set of tangent vectors satisfying the first requirement, i.e. ¢ > s.

By showing these six vectors to be linearly independent it would then
follow that each of the six monomial vectors are contained in the J¥(R x

Q)-tangent space.

It can be easily seen, from the spanning set of the three tangent vectors,
{lzy,0,0,25%), [0,0,4**",2p%], [2y,0,4**",0]}, (6.104)
that
[0,0,5%*, zy?] — [xy,0,0,z3%] + [zy,0,y***,0] = [0,0,2y%+!, 0],

gives the monomial vector y**'es and consequently we can also find the

monomial vectors {zy,0,0,0] and [0,0, 0, zy?] from this spanning set.

With this in mind we consider the remaining three tangent vectors :
{v*,0,zy + ay**1,0}, [0,0,zy,y**], [v*,0,0,4**']}.  (6.105)

Since we have just shown that [0,0,y*+!,0] is in the tangent space we can

replace the first of these vectors by [y*,0, zy,0]. Then we see that
[0,0,zy,3*+'] - [v*,0,2y,0] + [4¥,0,0,5*+] = [0,0,0,2y*+!),
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and therefore, for all values of a, the monomial vector y**!es lies in the
JE+1(R x Q)-tangent space to [z, y*, y*, zy+ay*+1), i.e. the first condition
of Lemma 4.5.1 is satisfied.

However by this process we have also found five further monomial vectors
which are contained in this tangent space. (The final two y*e; and zye,
are found from (6.105) using the fact that y*+1es is in this spanning set.)
This makes the task of showing the second condition of Lemma 4.5.1 is
satisfied considerably easier. Since the method adopted for this is similar
to that described above, when proving part (i), we omit the details and
give the result. We therefore find, by applying Mather’s Lemma, that
[z, y*, ¥, zy + ay*+!] is a JFH(R x Q)-trivial family with representative,
the (k + 1)-jet

[z, %, ", zy).

We have therefore shown that any germ with k-jet [z, y*, y*, zy] is J*+1 (R x
Q)-equivalent to a germ with (k + 1)-jet [z,y*,y*, zy] and to show this
k-jet to be k-determined it is enough to show it to be (k + 1)-determined.

This follows easily from the above work.
Recall that the k-jet [z,y*,y*, zy] has the (k+1)-transversal [z, y*, y*, zy+
ay**1]. 1t follows that the (k + 2)-transversal of [z, y*, y*,zy] can only
be missing the term [0,0,0,y*+2]. By the triviality result we demon-
strated that the J*+!(R x Q)-tangent space to [z,y*,y*,y], contains
[0,0,0,y**!]. Furthermore the (six) tangent vectors used to obtain this
are, with the exception of (6.103), in the J¥*1(R; x Qp)-tangent space to
[z,¥*,y*, zy]. By multiplying these tangent vectors by y (in particular ob-
taining from the J¥+!(R x Q)-tangent vector, (6.103), the J¥*2(R; x Qq)-
tangent vector y[y*,0, zy + ay*+!,0]) we hence find that [0,0,0,y*+?] lies
in the J*+2(R; x Qo)-tangent space to [z, y*,y*, zy]. It therefore follows
that [z, y*, y*,zy] is (k + 1)-determined as required.
We must interprete these calculations for the corresponding skew-symmetric
k-jet

[0, z,¥*,y*, zy,0].
It follows by the previous triviality result that any germ with this k-jet
is J¥*1G-equivalent to the (k + 1)-jet [0, z,y*, y*,zy,0]. So to show it to
be k-G-determined it is sufficient to show it to be (k + 1)-G-determined.
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(iii)

It is easily verified that the J*+2G,-tangent space to [0,z,y*,y*,zy,0)
contains all monomials of degree (k + 2) in both slots e; and eg. So since

the corresponding 2 x 2 matrix

5]
y* oy |’
has been proved to be (k + 1)-(R x Q)-determined it follows that

[0,z, 3%, 4*,2y,0], (6.106)
is k-G-determined.
The k-jet [0, z, y*,0, zy, 0}.
This jet has a complete (k + 1)-transversal
[0, z, 3%, ay**, zy + by*+1,0), (6.107)
which we represent by the 2 x 2 matrix

T k
ayk+l zy + byk+l

Generalising the argument of the proof of Lemma 6.1.21, we can by an R-
change, (z,y) = (z - (b/2)y*,y), followed by appropriate row and column

operations, reduce this 2 x 2 matrix to the (R x Q)-equivalent matrix

T v*
(a+b2/4) y**+! zy ] )

By the same reasoning used in this proof, it follows that any (k + 1)-jet
in (6.107) lies in one of the two J*+1G-orbits represented by

[0’ .T, yk’yk+l’zy7 0]7 a'nd [0’ xi yk,o, Zy, 0]- (6-108)

The first of these representatives is (k 4+ 1)-G-determined. and it remains
to consider germs with (k + 1)-jet [0, z, y*,0, zy, 0].

By a similar approach to that adopted above when proving Lemma 6.1.22
(concerning germs with 2-jet [0,z,y2,0,zy,0]) we can prove that any
germ with (k + 1)-jet [0,z,y*,0,zy,0] is either G-equivalent to the I-G-
determined germ

[0,2,4%,3',2y,0], (6.109)
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where ! > k+ 2, or for any | > k + 1 is G-equivalent to a germ whose [-jet
is [0, z,y*,0, 2y, 0).

Adding the finitely determined germs [0, z,y*,y*,zy,0], [0,z,y*,y**!,zy,0]
(k > 3), found seperately from cases (i) and (iii) respectively, to the series
given in (6.109), we have the second series of finitely determined germs, (6.91),
in the statement. The codimensions and discriminants of all the finitely deter-

mined germs in the statement are found in the usual manner. O

Remark 6.1.24 Clearly, the series referred to prior to this result is given by
adding the series of finitely determined germs from Lemma 6.1.22 to those of

(6.91) in Lemma 6.1.23, and hence consists of germs
[0,z,4*,4},2y,0}, @<k<l)

with G.-codimensions (4k +  + 1) and discriminants with Dy, singularities.

From the set of J2G-orbits not yet considered we look for further G-simple

finitely determined germs.

Lemma 6.1.25 From the siz J2G-orbits : [0,z,y%,y2,22,0], [0,z,%2,42,0,0],
[0, z,y2,0,22,0], [0, z,42,0,0,0], [0,2,0,0,z2,0] and [0,z,0,0,0,0], we can find

four G-simple finitely determined germs :
[0,z,4%,¥%,2%,0)],
[0,z,4%,0,2% + 3,0],
[0,z,5%,4%2%,0],
[0,2,0,0,2° + 3°,0],
with G -codimensions 12, 13, 14, 16 and discriminants Eg, E;, Es, E; respec-

tively.

Proof The remainder of this classification is done using Transversal and we
give an outline of the results.
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(i)

The 2-jet [0, z,y?,y?%, 22,0].
This 2-jet has a complete 3-transversal
Gab = [Oa z, y2a y2, :L'2 + azy2 + bya, 0].

This family is found to be J3G-trivial and contained in the J3G-orbit with

representative

[0,z,4% ¢ 2%,0].

Since this jet is 3-G;-determined we conclude
[0,z,3%,4%,2%,0]

is 2-G-determined. A straightforward calculation using the extended tan-
gent space verifies that this germ has G.-codimension 12. Representing it

z
y2 32 )

it has a discriminant given by z3 — y* = 0 which has an Eg singularity.

by the 2 x 2 matrix

The 2-jet [0, z,y?,0,2,0].

This 2-jet has a complete 3-transversal
[0,z,9%, ay®, 2% + bxy?® + 3, 0). (6.110)
Provided c # 0, by scaling we obtain the J3G-equivalent family
[0,z,3%, Ay®, 2% + Bzy® +4°,0).
which is J3G-trivial and lies the single J3G-orbit with representative
[0,z,4%,0,2% +4°,0],

and J3G-codimension 9. Furthermore, this 3-jet is 3-G-determined, has
G.-codimension 13 and its discriminant is an E; singularity.

If, in (6.110), ¢ = 0, but a # 0 we can scale to the J3G-equivalent family
[0, 2,52, 3%, 2% + bay?, 0],

which is J3G-trivial and lies in the J3G-codimension 10-orbit with repre-
sentative
[0,z,3%,4°,2%,0].
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(i)

This 3-jet has a complete a 4-transversal
[0,z,9%, 4%, 2% + dy*,0),
which is a J4G-trivial family and is represented by 4-G,-determined jet
[0,z,4%,4%,22%,0].

We can therefore deduce that, from the case ¢ = 0, a # 0 in (6.110), we

obtain the 3-G-determined germ
[0,z,4% 4% 2%0],

which has G.-codimension 14 and discriminant with an Eg-singularity.

The final possiblity arising from the 3-transversal, (6.110),isc=a=0:
[0,2,1%,0,2° + bxy?, 0],

which is a J3G-trivial family, contained in a J3G-codimension 11-orbit
represented by the 3-jet
[O, 2:, y2’ 0, 12’ 0]'

This 3-jet has a complete 4-transversal
Gde = [01 T, y2, dy41 $2 + ey4v 0]1

but for values of d # 0 the J4G-tangent space to g4. does not contain the
tangent vector [0,0,0,0,y*,0] (to the submanifold of J4(2,6) correspond-
ing to gq4.). Consequently, the criterion for simplicity in Lemma 4.5.3 is
not met for any germ with a 4-jet in the complete transversal g4.. There-
fore the neighbourhood of any germ with 3-jet, [0,z,y?,0,22,0], meets
uncountably many G-orbits and the case (¢ = a = 0) cannot give us any

G-simple germs.

The 2-jet [0,,0,0,z2,0].

This 2-jet has a 3-transversal, written in matrix form,

0 ay® T asy®
—ayy® 0 asy®  z* + bsxy? + o5yt (6.111)
-z —asy? 0 agy® T
—agzy® -2 — bsxy® — asy® —aey® 0
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Assuming a3 # 0, we have a J3G-equivalent family,

0 0 z y®

0 0 ay® z? + bxy® + cy®

-z —ay? 0 0 (6.112)
—y? —2?-boy’ -’ O 0

Provided ¢ # 0 we can scale to obtain
[0,z,3% Ay®,2? + Bay® + ¢°,0],

which is J3G-trivial and is contained in a J3G-codimension 12-orbit with
representative

[0,z,4°,0,2° +4°,0], (6.113)

which is 3-G-determined. Representing this 3-jet by the 2 x 2 matrix

z ¢

0 z2+48 |
it can be seen, by a couple of explicit row/column operations, to be
J3G-equivalent to [0,z,0,0,2% + %,0]. Furthermore this 3-jet has G-
codimension 16 and its discriminant is an E;-singularity.

If, in (6.112), ¢ = 0, we have a family of 3-jets
gas = [0,2,9%, ay®, &* + bay?, 0).

For values of a # 0 the vector, [0,0,0,0,zy?,0], tangent to this submani-
fold, is not contained in the J3G-tangent space to gq;. Consequently, any
3-jet in g,p fails the criterion for simplicity in Lemma 4.5.3 and there-
fore any neighbourhood of a germ with such a 3-jet meets uncountably
many G-orbits. It follows that, in (6.112), the case ¢ = 0 cannot give any
G-simples.

Finally, if in (6.111) a3 = 0, unless a; = a4 = g¢ = ¢ = 0 we can, by
simultaneous row and column operations, move an y® term into slot e3
and thereby obtain one of the 3-jets just considered. So, it remains to
consider 3-jets originating from the family

[0,2,0,0,2* + bszy?, 0).

However, in any neighbourhood of a 3-jet in this family there is a 3-jet of
the form
[0,z,ey,0,2% + bszy?, 0). (6.114)
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for some small ¢ # 0. Clearly, (6.114), is in g, and by the above argu-
ment any neighbourhood of it meets uncountably many G-orbits. This in
turn means any neighbourhood of the 3-jet, [0, z,0,0, 2 + bszy?, 0], meets
uncountably many G-orbits and therefore any 3-jet in this family cannot
give G-simple germs.

Having exhausted all possibilities we deduce that we have all G-simple germs
arising from the set of 2-jets in the statement of the lemma. O

We conclude this discussion of germs with 1-jet [0, z,0,0,0,0] by collecting
together our results.

Theorem 6.1.26 Any G-simple map A : C2,0 — C8,0 with 1-jet [0,7,0,0,0,0)
lies in one of the following finitely G-determined orbits (where it is convenient

to provide each representative in 2 X 2 form) :

Discriminant G.-codimension Label

[ 0

g y2+zk],(k22) Diy2 k+8 Fy
. 0

0 zy+yt ] (k2 3) Do 5k Gs

z yk

yl zy |’ (2<k<)) Di i 4k +1+41 Hy

PR

y2 52 ] EB 12 le
- )

0 z2i y3 ] E‘( 13 Tl3
o g

g g2 Eg 14 Tia
[z 0

0 2:2 +y3 ] E7 16 TIG

(6.115)

Furthermore, each of these orbits is distinct.

Proof We show that each of these orbits are distinct.
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Since the discriminant of a germ is a G-invariant we can immediately divide
the above list of germs into those with type E-discriminants and those with
type D-discriminants. Considering the four germs, with E-discriminants, it can
be seen that their G.-codimensions are all different and, since codimension is

another invariant, each of these germs are distinct.

Consider the list of germs with D-discriminants. By looking at either its
discriminant or G.-codimension it is clear that for each germ in the series, Fj,
the value of k > 2, is a G-invariant and they are all distinct. Furthermore, using
Corollary 6.1.19, we can distinguish any germ in this series from the germs in
the two remaining series, Gy and Hy, by virtue of its 2-jet.

We are left with these two remaining series. Clearly, the germs in the series,
G, are distinct from each other, since by looking at either their discriminant

or codimension the value of k is an invariant.

By Lemma 4.2.7, in Section 4.1, the germ [0,z,3*,3',2y,0}, (2 < k <), is
K-equivalent to to [0, z,y*, 0, 0,0] which has K.-codimension (5k —1). Since the
Ke-codimension of a germ is a G-invariant it follows that the value of k in the
germ [0,z,y*, 4, zy, 0] is an invariant. Furthermore, since each element of this
series has a discriminant with a Dy, ;-singularity, (k + 1 + 1) and therefore !

is also a G-invariant. It follows that each germ of the Hj,; series represents a
distinct G-orbit.

Finally, comparing the Gy and Hj, series,

[0,2,0,0,zy +y*,0] k>3, (6.116)
and

[0,2z,y% 9% 2y,0) 3<a<h, (6.117)
it is possible that for some values of £k > 3 and 3 < a < b a germ in series,
(6.116), lies in the same G-orbit as a germ in (6.117). Note that we needn’t
worry about germs [0, z,y*,y',zy,0] with k = 2, occuring in the G-orbits of
(6.116), by virtue of Corollary 6.1.19.

If a germ in (6.116) is G-equivalent to a germ in (6.117), then they must
both have the same discriminant and be K-equivalent. In other words for some
k >3 and 3 < a < b it is necessary that

2k=a+b+1, (6.118)
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and

k=a. (6.119)
Substituting (6.119) into (6.118) gives
b=a-1,

which contradicts the initial assumption a < b. It follows that we can distinguish
between germs in (6.116) and (6.117).

We conclude that each germ in the list, (6.115), represents a distinct G-orbit.
(]

Finally, we consider germs with 1-jet [0,0,0,0,0,0]. It follows that any such

germ has a 2-jet of the form

0 Q1 Q: Qs

| -@ 0 Qs Qs
A= -Q2 -Q+ 0 Qg [’ (6.120)
Q3 —-Qs —-Qs 0

where Q;(z,y) = aiz? + aiazy + a;3y%, 1 < i < 6. The space of these jets can
be thought of as an 18-dimensional subspace of J2(2,6) :

Va = {4 € J*(2,6) : j1A =0},

which we represent by C!'®. The action of the jet-group J2G on Vg, as given
in Definition 4.4.9, amounts to the obvious action of GI(2,C) x Gl(4,C) on
these matrices. It follows, by the same argument used in the proof of Proposi-
tion 4.2.10, that if two 2-jets A;, A; € V4 are J2G-equivalent then there is a
linear coordinate change (corresponding to an element of GI(2,C)) taking the
discriminant of A; to that of 4;. We have already discussed how the Pfaffian
of finitely determined germs is an important invariant, we also find it useful for
considering the 2-jets in V4.

Since det A has degree 8, its Pfaffian is a quartic of the form
f(z,y) = bz + 4b1z3y + 6baz?y? + 4b3zy® + bey?, (6.121)

where each coefficient, b;, is a polynomial in the coefficients of the quadratics Q;
(or the coordinates, in C'8, of A € V). Identifying the binary quartic, (6.121),
with the point (bo,by,b2,b3,bs) € PC* (see Section 4.7.2), we can therefore
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represent the Pfaffian of elements A € V4 as images of a polynomial map P :
C!® — PC* determined by

(Q1,...,Q6) — Vdet A.

Furthermore if two elements A;, Az in V4 lie in the same GI(2,C) x Gi(4,C)-
orbit their Pfaffians are PGI(2, C)-equivalent (up to the action given by Defini-
tion 4.7.9).

We will show, in the following theorem, that all 2-jets of type (6.120) have
moduli. By Lemma 4.7.14 their Pfaffians have (up to linear equivalence) a
modulus. To show that the corresponding 2-jets in V4 also have moduli it is

enough to show, near any A € Vj, that the modulus of the resulting Pfaffian

varies.

Theorem 6.1.27 There are no G-simple map germs with zero 1-jet.

Proof Assuming all of the above preparatory work we also use notation from
Section 4.7.2 without further explanation.
We consider the composite map
ci\pP-1(A) 5 PCh\A L C,

where A is the set of elements of PC?* with repeated roots, P the polynomial
map described above and j the rational map

g~ J%(q)/Aq).

It follows, using Lemma 4.7.14, that distinct values of joP correspond to distinct
Gl(2,C) x Gl(4,C)-orbits of V4. Alternatively the fibres,

(joP) (u) = {A € C'®\P1(A): j (P(A)) = u},
of j o P, lie in distinct GI(2, C) x GI(4, C)-orbits of Vj4.

Each fibre (of some element p € C) consists of points A € C!8\P~1(A)
satisfying
7 (P(4) _
A(Pay) ~ P
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or
J? (P(A)) - pA (P(4)) =0.
The latter defines an algebraic set in C'8. To reclaim the fibre, (j o P)~!(u), we

must remove, from this set, its intersection with the algebraic set P~1(A) and

thus the fibres of j o P are differences of algebraic sets.

By definition, these fibres fill the 18-dimensional space C'8\P~!(A). The
proof therefore hinges on showing that these fibres have dimension < 17, in
which case any neighbourhood of any point of the space would meet uncountably
many fibres. It then follows, from previous remarks, that any neighbourhood of
any point of this space would meet uncountably many GI(2, C) x Gi(4, C)-orbits.
Furthermore, provided P~!(A) is a proper algebraic subset of C'8, C!8\ P~1(A)
is dense in C'3® which also implies that any neighbourhood of any point of V4
meets uncountably many GI(2,C) x GI(4,C)-orbits, meaning there can be no

simple germs with one of these 2-jets.

Assume the contrary, i.e. that some fibre of j o P has dimension 18. As
already stated, this fibre is a difference, (S\V), of algebraic sets, S and V in
C'8. If S\V has dimension 18 then so does S, but the only 18 dimensional
subvariety of C!8 is C!8 itself. It follows that any 18-dimensional fibre of j o P
is C'8\V, for some algebraic set V. By the definition of a fibre, jo P is constant
on C!8\V. Furthermore since C!8\V is dense in C'® and j o P is continuous

jo P is constant on C!8,

For this assumption to be false we must therefore demonstrate two things.
Firstly, we need to verify that P~!(A) is a proper algebraic subset of C'® and

secondly show that j o P varies near some point Ao € C'8.

For example, consider the following 1-parameter family :

0 0 z2 - y? z?
_ 0 0 ay? 2 +y?
A=l @) e 0 0 a€C.
—z? —(z2 +9?) 0 0

Here P(A,) = z* — y* — az®y?, and by calculation A (P(4,)) = —(1 + a2/4)?
and

2
a+§2)” (a? + 4 #0). (6.122)

J2 a 2
-~ A))=-1|= ’
= (P42) == (3) eI
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So elements of this family, for which a® + 4 # 0, have discriminants which
don’t lie on A. Hence, A (P(A)) is not identically zero and P~!(A) is a proper
algebraic subset of C'8. Furthermore, from (6.122), joP(4,) = (J2/A) (P(A.))
varies with a and we have contradicted the assumption that j o P has a fibre of
dimension 18. It follows that V4 cannot be G-simple. O
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6.2 Caser=3,n=4

Having classified all G-simple 2-parameter families of 4 x 4 skew-symmetric
matrices, we can use these calculations as a foundation for exploring higher
parameter families of 4 x 4 skew-symmetric matrices. In this section we consider

3-parameter families, that is the space of smooth germs A : C3,0 — Sk(4,C).

As before, the first step of any classification involves considering the 1-jets,
which here are of the form

Az,y,2) = zA; + yAs + zA3, (6.123)

with A;, As, A3 € Sk(4,C). The corresponding jet-group J'G action on this

subspace of J!(3, 6), as defined in Definition 4.4.9, amounts to the group action
of GI(3,C) x Gl(4,C) on triples of 4 x 4 skew-symmetric matrices.

These 1-jets, (6.123), can be thought of as linear maps C3,0 — Sk(4, C), of
rank < 3, this rank being determined by the number of independent matrices in
the set {A;, A, A3} (see Definition 3.4.2 of jetrank, given in Section 3.4.1). Be-
fore going any further we give a couple of useful definitions which are analogous
to Definitions 1.2.1 and 1.2.2 in Section 1.2.

Definition 6.2.1 Let (A, Az, A3), (B1, Ba, B3) be ordered triples of nxn skew-
symmetric matrices over C. We say that they are skew-equivalent if for some
matriz X € Gl(n,C) we have

B; =XTA; X, j=1,23.
Definition 8.2.2 Given a triple (A1, A2, A3), then the points (z; : y; : 2;) in
the projective plane, PC?, which satisfy

det(zA; + yAs + 2A3) =0,

are refered to as eigenvalues of the triple. Associated with each (distinct)

eigenvalue, (z; : y; : 2;), there is an eigenvector u; # 0 satisfiying

(xiA; + yiA2 + z;43)u; = 0.

Corollary 6.2.3 The set of eigenvalues is an invariant of skew-equivalent triples.
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Proof By Definition 6.2.1, any triple skew-equivalent to (A4,, Az, A3) is of the
form (XTA1X,XTA3X,XTA3X) where X € Gli(n,C). Such 3-tuples have

eigenvalues given by the zeros of

det (zXTAIX +yXTA4A: X +2XT A3 X)

det [XT (241 + Az + 243) X]
= (det X)2 det(zA; + yA2 + 2A43),

which since det X # 0 are the eigenvalues of (A;, A2, A3). O

Consider the following definition, which extends the arguments in Section 1.3,

concerning pairs, to triples of skew-symmetric matrices.

Definition 6.2.4 A net of (skew-symmetric) matrices is a plane in the pro-
Jjective space, P(n,C), of such matrices. It is determined by any three non-
collinear points in that plane. In other words a net, A, is determined by any
triple, (A1, A2, A3), of linearly independent matrices lying on it and is rep-
resented by
A(z,y,2) = zA; + yAz + 24s,

with points (z : y : z) in the projective plane, PC?, giving its members. The set
{A1, A2, A3} is a basis for the net.

Lemma 6.2.5 Two triples (A;, A2, As) and (Dy, Dy, D3) determine the same
net if and only if there is some P € GI(3,C) taking the basis {A;, Az, A3} to
{D1, D;, D3}.

Proof Denoting the net, determined by (A;, Az, A;), by A we write
A(X p1,v) = A5 + pds + vAs. (6.124)
If (Dy, Dy, D3) determines the same net then
3 3 3
(D1, D3, D3) = ( Y widi, Y BiAnY. ’YiA.') )
i=1 i=1 i=1

for some a;, By, vi € C with {Dy, D, D3} linearly independent. This implies

that the three vectors (a;, as, a3), (81,62, 83) and (71,72,7s) are linearly inde-
pendent, that is the matrix

ar B/ m
P=| o2 B2 712 | €Gl(3,C). (6.125)
az B3 73
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This is a change of basis matrix from {A;, As, A3} to {D;, D2, D3}, as required.

(In particular,

(xay + yB1 + z2m)A1L + (zaz + yP2 + z72) Az + (zaz + yBs + 273)As.

b
I

Comparing this with (6.124) we see that the coordinates, Z = (A : 4 : v), of
A, with respect to the old basis {A;, A2, A3}, are expressed in terms of the

coordinates Z = (z : y: 2), with respect to the new basis {D;, Dy, D3}, by
Z=P2Z)

The converse is clear from the above. O

Remark 6.2.6 It follows from Lemma 6.2.5 that nets are representatives for
orbits, under this action of GI(3,C), of the set of linearly independent triples.

A triple of skew-symmetric matrices, (4, A2, A3), determines a net if they
are independent (have rank 3), a pencil if they span a line in P(n, C) (have rank

2), or a point if they are all multiples of some (non-zero) matrix (have rank 1),

It is easy to see that if the rank is 2 (respectively 1) a GI(3,C) change
of coordinates on the triple reduces the family zA4; + yA2 + 24; to a pencil
z' B + y'B; (respectively z'Cy). We then have the normal forms (3.58), (3.56)
and (3.53) (respectively (3.55) and (3.57)) of Example 3.4.1 in Section 3.4.

We can thus interpret the action of G!(3,C) x Gl(n,C) on 1-jets, (6.123), as
the standard action of Gl(n,C) on their images in Sk(n, C).

Clearly, a net contains pencils, for example by considering the members of
A = MA; + pA; + vAsz with coordinates (A : p : 0) we see that they constitute
a pencil determined by the pair (A4;,Az). Assume that A contains a pencil
determined by a pair, (D1, D;), of its members and let D3 be a further member
of A which does not lie on this pencil. By a Gi(3,C) change of basis

(A1, Az, A3) » (D1, Dy, D3),
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we can represent elements of A by
A =1zD, +yDy + 2D;,

where (z : y : z) are coordinates with respect to the basis {D;, D, D3}. So
when considering a pencil contained in a net we can always, by a change of

coordinates, suppose the pencil is given by z = 0.

The following definition concerns equivalent nets under the action of Gl(n, C)
on Sk(n,C) (Compare with Definition 1.3.2 and Lemma 1.3.3 of Section 1.3.)

Definition 6.2.7 Two nets, A, B are said to be skew-equivalent if the action
of Gl(n,C) on Sk(n,C) (inducing an action on the projective space P(n,C))
takes one net to the other. Egquivalently if the action of GI(3,C) x Gi(4,C)
takes any independent triple of A to any independent triple of B.

We describe a classification of skew-equivalent nets using results from the
classification of pencils, discussed earlier in Chapters 2 and 3. Although the
following can be applied to nets of any even order of skew-symmetric matrices,
here we restrict ourselves to considering nets of 4 x 4 skew-symmetric matrices
where we can use the list of normal forms of 4 x 4 pencils given by Example 3.4.1
of Section 3.4.

6.2.1 Nets Containing Non-degenerate Pencils

Consider, first, all nets containing a non-degenerate pencil (see Section 3.4.1).
(Recall for a pencil of 4 x 4 skew-symmetric matrices the Pfaffian is a quadratic,
so a non-degenerate pencil has two distinct eigenvalues.) We may suppose this

pencil is given by z = 0. We therefore represent our net by
A=1xA; +yAz + 243, (6.126)

where A, + yA2 is a non-degenerate pencil. From the classification of pencils
we found that any non-degenerate pencil, 41 +y A3, is skew-equivalent (or the
pair (A;, Az) is GI(2,C) x Gl(4,C)-equivalent) to the normal form :

0 z 0 O
-z 0 0 O
0 0 0 vy
0 0 -y O
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Hence by the action of Gl(4,C) on nets, (6.126), for which zA; + yAz is a

non-degenerate pencil we obtain a skew-equivalent net of the form

0 r+az azz asz
—-z—a12 0 aq2 asz
—Q2 —a4z 0 y+agz |’
—azz —asz —Y —agz 0

where a; € C, 1 < i < 6. Furthermore by a change of basis this net is equivalent
to
0 T azz az?
-z 0 a4z agz
—axz —a4z 0O Y
—azz —-asz -y 0

(6.127)

Assuming a2 # 0 we can, by a pair of simultaneous row and column operations,
use the z term in the second slot to kill off the a3z and a4z terms in the third

and fourth slots. Furthermore we can then scale the coefficient of this 2 term
to unity, obtaining the skew-equivalent net

0 —-az -y 0

This then gives rise to two inequivalent nets.

(i) fa#0
0 T z 0
-z 0 0 =z
z 0 0 y |’
0 -z -y O
which has J'G-codimension 0.
(ii) fa=0
0 =z 2z O
-r 0 0 O
z 0 0 gy}’
0 0 -y O

which has J'G-codimension 1.

Returning to the net (6.127), if a; = 0 we can also assume a3 = a4 = a5 = 0

since otherwise by simultaneous row and column operations we can move a
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non-zero multiple of z into the second slot giving the previous case. But setting
az = az = a4 = ag = 0 gives the normal form for a non-degenerate pencil, i.e.
we are no longer considering a net. We have therefore deduced that any net
which contains a non-degenerate pencil has one of the two normal forms (i) and

(iis above.

6.2.2 Nets Containing No Non-degenerate Pencils

The next type of net to consider is one which doesn’t contain any non-degenerate
pencils but which still contains a non-singular pencil. In the present case this
amounts to nets containing a pencil with repeated eigenvalues. As before sup-
pose this pencil, with repeated eigenvalues, is given by z = 0 in (6.126). Recall
from the classification of pencils that any 4 x 4 pencil zA; +yA; (pair (4;, A))
with repeated eigenvalues (that is those whose Pfaffian is a non-zero perfect
square) has the skew-equivalent (GI(2,C) x Gl(4, C)-equivalent) normal form :

0 z 0 O
-z 0 y O
0 -y 0 =
0 0 -z O

Therefore by an action of GI(4,C) on these nets we have skew-equivalent nets
of the form

0 T+a12 azz a3z
-z—ayz 0 ¥+ a4z asz
—azz —y — a4z 0 T+agz |’
—azz —agz —T — agz 0

which, by a change of basis, are equivalent to

0 T a2 asz

B 0 y asz
N 0 c+agz |’ (6.128)
—~ag3z —as2 —IT —agz 0

where ag is different to that above. This gives us a representation for all nets
containing a pencil with repeated eigenvalues. However we may suppose these
nets contain no non-degenerate pencils. To identify such nets, we need an

expression for the set of all pencils contained in nets of type (6.128).
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Consider the set of linear maps ¥, 5 : C2,0 — C3,0, defined by

(z,y) » (z,y, 0z + By).

For each pair of values (a,3) € C? the map ¥, g is a parametrisation (of
points (z : y : 2)) of the line az + By — 2z = 0 in PC?. Hence varying (o, 8)
over the whole complex plane gives every line, ¥, g(z,y), in PC?, other than
those through (0 : 0 : 1). It follows that the composition of linear maps,
Ao ¥, s:C? > Sk(4,C) represents a pencil contained in net A.

Substituting z = az + By into (6.128) gives :

0 T az(az + By) as(az + By)
A . -z 0 y as(ax + By)
o, _a2(az + ﬂy) -y 0 T+ as(az + ﬂy)
—az(az + By) —as(az + By) -z — as(az + By) 0
(6.129)

So
det (Aa,8) = Pf(Aap)?,

and the Pfaffian, Pf(Aq,3), of Aq,s is a quadratic.

As already stated, we are only concerned with nets of type, (6.128), whose
complete set of pencils (6.129) contains none which are non-degenerate. Since a
non-degenerate pencil of 4 x 4 skew-symmetric matrices has two distinct eigen-

values, or equivalently its Pfaffian has two distinct roots, we are looking for con-

ditions on the a;’s for which P f(A, ) has repeated roots, for every (o, 8) € C2.

By calculation we find that
Pf(Aep) = (-1+az2a50® — aga) 2? + (2020508 - asza — agB) zy
+ (—a3B + aza55%) 2,
which has repeated roots provided its discriminant
a2a® + (a? + 4aza5) A% — 2030608 — 4a3B

vanishes. So we seek conditions on a3, a3, as and ag so that this expression
vanishes for all a, B. This results in the following conditions on a3, a3, as, as
in (6.128) :

as =0, (6.130)
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al + 4azas = 0. (6.131)
We can parametrise these conditions by
(a2, a3,as,a6) = (u?,0, —v?, 2uv),

which is regular provided (u,v) # (0,0). Therefore all nets containing no non-
degenerate pencils but containing at least one (non-singular) pencil with re-

peated eigenvalues are skew-equivalent to a net of the form

0 T ulz 0
-z 0 Y —v?z
~ulz —y 0 z+2uvz |’ (6.132)
0 vz —-z-2uvz 0

where u, v € C.

This net has Pfaffian (z +uvz)?2, which determines a repeated line in PC2. It
therefore follows that the net is tangent to the singular set P, (see Section 3.4.1)
of Sk(4,C) along a pencil. This makes sense since any non-singular pencil of
this net is also tangent to P, at some point on the aforementioned (singular)

pencil, and hence cannot be non-degenerate.

By using skew-equivalence we can reduce the nets in (6.132) to a finite list
of representatives. Assume u # 0. By the basis change given by (z,y,z) —

(z — uvz,y, 2) we can represent such nets by

0 T —uvz u?z 0
-z + uvz 0 y -v?z
—ulz -y 0 T + uvz
0 vz -z —uvz 0

By the simultaneous row and column operations C; + (v/4)Cs (R2 + (v/u)R3),
followed by R4 + (v/u)R; (Cs + (v/u)C}) we obtain the skew-equivalent nets

0 r u?z 0
- 0 y 0
-u?z -y 0 =z
0 0 -z 0
Scaling gives their representative,
0 =z =z O
-r 0 y O
-z -y 0 z 4 (6'133)
0 0 -2z O
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which has J'G-codimension 3.

Alternatively, if in (6.132) u = 0 but v # 0, by scaling we have the represen-

tative

which we can obtain from (6.133) by the sequence of simultaneous row and
column operations : Cy +C; (R4 + R;), C3 +C3 (R2+ R3), Ry — Ry (Cy — Cy),
Cs — C2 (R3 — R;). Therefore nets in this family lie in the same orbit as (6.133).

Finally the case u = v = 0 yields a pencil and not a net.

The final type of net (of 4 x 4 skew-symmetric matrices) are those which
contain only singular pencils. All nets containing a non-singular pencil are
covered by one of the previous two types.

As before, we represent the net by
A=z +yAs + 243,

where here the pencil £4; + yA2 is singular. Recall that all singular pencils of
4 x 4 skew-symmetric matrices are skew-equivalent to the normal form :

0 0 =z O
0 0 y O
-z -y 0 0
0 0 0O

Therefore, by an action of GI(4,C) on A we obtain the skew-equivalent nets

0 a1z T +azz a3z
—-a12 0 y+a4z as2
-z —az —yY—aqz 0 agz |’
—az? —as2 —ag2 0

which, by a change of basis, are equivalent to

0 a2 T a3z
-ayz 0 Y asz
—z -y 0 02 (6.134)

—azz —agz —agz O

305



This is therefore a representation for any net containing a singular pencil, how-
ever again we may choose to consider only those nets which contain no non-

singular pencils. Again replacing z by ax + Sy we obtain a pencil given by

0 a1 (az + By) z az(az + By)

A o= —a)(az + By) 0 ] as(azx + By)

B = -z -y 0 ag(az + By)
—az(az + By) —as{az + fy) —as(azx + By) 0

It follows from Definition 1.4.1 (of singular pencils), that nets in (6.134) yield
only singular pencils provided Pf(Aa, ) =0 for all (a, 8) € C%. By calculation
we find that

Pf(Aap) = (a1asa?®

+ (a1068° + a3B) y?,

- asa) 22 + (2010608 + aza — asB) Ty

which vanishes identically for all a, 8 if and only

as = 0’
ajag =0,
and
az = 0.

Substituting the conditions on a3 and ag, into (6.134) gives the family of nets

0 a1z T 0
-a;z 0 y 0
~z -y 0 agz |’

0 0 -agz O

where ajag = 0. It can be seen, by scaling, that those elements of this family
for which a, # 0, are skew-equivalent to the representative

0 2 zz O
z 0 y O

—z -y 0 0 (6.135)
0 0 00O

Alternatively if ag # 0 we have the representative

0 0 =z O
0 0 y 0

-z -y 0 =z |’
0 0 -z 0
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which, using Lemma 6.0.1, is skew-equivalent to the net

0 0 0 =z

0 0 0 =z

0 0 0 y (6.136)
-z -z -y 0

We observe here that these two singular nets, (6.135) and (6.136), both have

the same J!G-codimension, 6, and at first sight we might expect them to be

skew-equivalent. This however is not the case, as we will show in Chapter 7.

If a; = ag = 0 then we have a pencil. In summary we have just established

the following result.

Theorem 6.2.8 Any net of 4 x 4 skew-symmetric matrices over C is skew-

equivalent to one of five possible normal forms (written in upper triangular form)
2,2,0,0,2,y],
[z,2,0,0,0,y],
[,2,0,9,0,41],
[z) Z, 0’ Y, 0’ 0]3

[0,0,2,0,2,y].

It follows that a complete list of orbits of 1-jets of maps, A : C3,0 —
Sk(4,C), under J!G-equivalence (or alternatively GI(3, C) xGI(4, C)-equivalence)
is obtained by appending the five normal forms in Theorem 6.2.8, above, to the
list of normal forms of 1-jets of two parameter families found in Example 3.4.1
of Section 3.4.

6.2.3 Selective Classification (r = 3, n = 4)

Using this list of 1-jets as a starting point we can proceed to classify all G-simple
germs A : C3,0 — Sk(4,C) using the methods employed for the two parameter
case. However, instead we limit our consideration to the G-simples arising from
the 1-jets found in Theorem 6.2.8, leaving the complete classification to a later
date.
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Here for all calculations using Transversal the only alteration to the Lie
algebra setups (see Section 5.5 of Chapter 5) is to change the value of the global
variable source_dim to 3, thereby introducing an extra source coordinate, x3,
to represent z.

Firstly, [0, z, z, 2,9, 0] is 1-G-determined and is a representative of the open
G-orbit (it has J'G-codimension 0). Furthermore its G.-codimension is 3 and

its discriminant is given by zy — z? = 0, which has an A, singularity.
Investigating jets with 1-jet [0,z,2,0,y,0] we detect the presence of the
following series.
Lemma 6.2.9 Let A: C3,0 - Sk(4,C) be any smooth germ with 1-jet
[0,z,2,0,y,0]. (6.137)
Then A is G-equivalent to a k-determined germ of the form
[0,z, 2, z*,y,0],

where k > 2, or for any k > 1, A is G-equivalent to a germ whose k-jet is
(6.137).

Each germ [0,z,2,2*,9,0), k > 2, has G.-codimension (k + 2) and a dis-
crimnant of type Ag.

Proof Assume, for any k > 2, that A has a (k — 1)-jet

0 0 z 2z
k=14 _ 0 0 0 y
;A= -z 0 0 0
-z -y 0 0

Firstly, we observe that any monomial z7y®zt, r+ s+t = k, in either slot e; or eq

is in the J*Ho-tangent space to j*~1 A4 due to the Ho-tangent space generators
[z|y}2,0,0,0,0,0], [0,0,0,0,0,z|y|2].

Hence when looking for a complete k-transversal it is sufficient to represent

j¥~1 A by the corresponding (k — 1)-jet,
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in J*(3,4) and calculate its J¥(R, x Qg)-tangent space. (See Sections 6.0.4
and 6.0.5, in particular Corollary 6.0.7 and Remarks 6.0.16.) For ease we repre-
sent elements of J¥(3,4) by 4-tuples. So the J¥(R; x Qp)-tangent space to A,

is generated by the following vectors :
M
[1,0,0,0], [0,1,0,0] [0,0,0,1]; (6.138)
Ms .
[z,2,0,0], [0,0,z,2], [0,9,0,0]
[0,0,0,y], [z,0,0,0], [0,z,0,0]

(2,0,9,0], [0,2,0,y]

We are looking for all elements of the set of vectors,
{z"y*2le;:r+s+t=k, 2<i<5},
which are contained in this tangent space.

Clearly, the three generators in (6.138) give everything in slots ez, e3 and eg

respectively. The only generators which have terms in e4 are :
[010’1:’49 [2,0,1/,0]-

Provided r > 1 or 8 > 1 we obtain terms z"y*z'e; by combining one of these
vectors with an appropriate R;-tangent vector from (6.138). For example if

r1 > 1 the vector [0,0,z" y* 2%, 0] is given by
"yt 20,0,2,2) - 27 TNy 24+ 0,0,0,1].

So, the only elements of H*(3,4) missing from this tangent space are scalar

multiples of z*e4 and we have a k-transversal
[Z, r azk’y]’ (6139)

where a € C.
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If @ # 0 by scaling we obtain the J¥(R x Q)-equivalent jet
[.’L‘, zZ, Zka y] .

It is clear, from what has gone before, that the J**1(R; x Qp)-tangent space
to this jet contains all elements of H¥*+1(3,4) except, possibly, scalar multiples

of [0,0, 2%, 0]. The significant vectors of the J¥+1(R; x Qp)-tangent space are :

M2: [0,1,kz*1,0] ([1,0,0,0))

Mas: [0$0’zk:y] [x,O,zk,O].

By combining z[z,0,2*,0] and z2[1,0,0,0] it follows that this tangent space
also contains all scalar multiples of z¥*'e;. Therefore [z, z, 2, y] is k-(R x Q)-
determined, which, since every monomial of degree k + 1 in slots e; and eg is

present in the J¥*1G,;-tangent space, means [0, z, 2, z*,y, 0] is k-G-determined.

If, in (6.139), @ = 0 then we would have the k-jet [0, z, 2,0, y, 0] (or [z, 2,0, y])

and can repeat the previous argument replacing k — 1 by k and so on.

The G.-codimension and discriminant of each germ [0,z,z,2%,y,0], k¥ >

2, are found by considering the corresponding invariants of the k-(R x Q)-

z 2z
AT

and using the results of Lemnma 6.0.14 of Section 6.0.5. O

determined germ

Consider the 1-jet [z, z,0,y,0,z]. By the R-change (z,y,2) = (z,y,z) this

1-jet is equivalent to (in matrix form) :

0 z z 0
-2 0 y o0
-z -y 0 2z |°
0 0 -2 0
and has a 2-transversal of the form
0 2 x Ql (.’t, y)
-z 0 y  Qaz,y)
0 z !

-z —y
—Qi(z,y) —Q2zy) -z 0
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where Q1(z,y) = ax® + by + cy?, Q2(z,y) = Ax? + Bzy + Cy? are arbitrary
quadratics. The following result uses Lemma 6.1.7 to simplify the 2-jets in this

transversal into a finite number of J2G-orbits.

Lemma 6.2.10 Any 2-jet of the form

0 z z Qi(z,y)
-z 0 v Quz,y)
-z 0 z ’

-y
~Qi(z,y) —Qz2z,y) -2 0

where Q1 (z,y) = az? + bzy + cy?, Q2(z,y) = Az? + Bzy + Cy? are arbitrary

quadratics, is J2G-equivalent to one of the following four 2-jets:

0 z T Ty 0 z T zy
-2z 0 Yy zy -z 0 y O
-r -y 0 =z [’ -z -y 0 =z |’
-y —zy -z O —-zy 0 -z O
0 z z 0 0 z =z 0
-z 0 y =z -z 0 y O
-r -y 0 =z |’ -z -y 0 =z |’
0 —-z22 -z 0 0 0 -2 0

the first of which is a representative of the generic orbit.

Proof Consider the action of the subgroup of G, (R x H,), on the skew-
symmetric matrix,

0 z T gl Ez, y;
-2z 0 T,y
s oo U (6.140)

~Qi(z,y) -Qazy) -z 0

(see the discussion following Lemma 6.0.1). Clearly, any R-change of coordi-
hates preserving the z-coordinate only affects the 2 x 2 sub-matrix

r Qi(z,y)
[y Q:(z,g) ' (6.141)

Furthermore the action of elements of 4 on (6.140) have the effect, apart from

that on (6.141) itself, of multiplying the 2 terms in slots e; and eq by non-zero
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function germs. We can then use the results of Lemma 6.1.7 to deduce that a

matrix of the form (6.140) is J2G-equivalent to something of the form

0 cz z q1 (Iv y)
—cz 0 y  q(zy)
o — 0 i , (6.142)

-qi{z,y) -qz,y) —dz 0

where

z qi(z,y) }

¥y qz,y)
is one of the four 2-jets given in the statement of Lemma 6.1.7 and ¢, d are
non-zero function germs. It remains to ‘scale’ away the function germs c and d.

We can first assume ¢ = 1 by the coordinate change (z,y,2) ~ (z,¥,2/c).
By the further coordinate change given by (z,y,z) — (Az, Ay, ), where A is
a non-zero function germ, combined with multiplying R3, Cs by a non-zero
function germ a and multiplying R4, C4 by a non-zero function germ B we

obtain the J2G-equivalent matrix

0 z adz  AN%q(z,y)
-z 0 aly ﬂAzq;fiz, v)
—QAT —aly 0 afdz
-BXqi(z,y) —BNq(z,y) —aBdz 0

By choosing a = 1/, 8 = 1/A%, with A = d'/* we obtain the required result. O
We consider each of these representatives in turn.

The 2-jet (2, z, 2y, ¥, 2y, 2] is 2-G-determined. It has G.-codimension 6 and
its discriminant is given by 22 — zy(z — y) = 0, which is of type Dy.

Investigating jets with 2-jet [z,z,zy,y,0,2] we detect the presence of the

following series.

Lemma 6.2.11 Let A: C3,0 - Sk(4,C) be any smooth germ with 2-jet
[z, z,zy,9,0, z]. (6.143)
Then A is G-equivalent to a k-determined germ of the form

(2,2, zy,y, 7%, 2],
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where k > 3, or for any k > 2 A is G-equivalent to a germ whose k-jet 13 (6.143).

Proof The main idea of this argument is to use the proof of Lemma 6.1.8 to

simplify the calculations.

Assume, for any k > 3, that A has a (k — 1)-jet

0 z T Ty
kE~1 4 _ 4 0 Y 0
JFT A= z -y 0 2z (6.144)

The J*G,-tangent space to this jet is generated by the following vectors :

M3

[1’0, 010’0’ 1]7 [071’y’0’01 O] [0’ 0’ z’ 1’07 0];

Msj:

[z,0,0,0,2,0], [0,0,0,0,z,z], (6.145)
[-¥,0,2,0,0,0], [0,0,2,0,0,—y), (6.146)
[z, z,2y,0,0,0], [0,0,2y,0,0,2], (6.147)
[0,0,0,z,zy,0], [0,%,0,0,0,0], (6.148)

[0,0,2,0,y,0}, [0,zy,0,0,0,0j, (6.149)

[2,0,0,,0,0], [0,2,0,9,0,2], (6.150)

[0,2,0,0,0,0], [0,0,0,~2,0,zy] [zy,0,0,-2,0,0]. (6.151)

First, it is clear that scalar multiples of z*e; are not contained in this tangent

space, but we will show that all other elements of H*(3,4) aré present,

We next demonstrate that this generating set gives every monomial z"y*2*
(r + 8+t = k) in both slots e; and eg. Specifically the spanning set consisting
of :
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(i) z[1,0,0,0,0,1] and both vectors in (6.145) give ze;, zeq, zes;
(i) y[1,0,0,0,0,1] and both vectors in (6.146) give ye;, yes, zes;
(ii) 2(1,0,0,0,0,1], z[0,1,y,0,0,0} and both vectors in (6.147) give ze;, zeg

and zyes.

Hence we have everything in slots e; and eg.

Next we show that every monomial z"y®z'e; (r + s+t =k, 2 < i < 5) for
which ¢ > 1 is contained in the J*G,-tangent space. This is clear since from (i)

and (ii) we have (z)es, (z)es and the vectors in (6.151) give (2)e; and (z)eq4.

From (iii) we have the vector [0, 0, zy, 0,0, 0] and using ze; and zeg we obtain,
from the vectors in (6.150), the vectors [0,0,0,y,0,0] and [0, z,0, y, 0, 0] respec-
tively. These three vectors along with the vectors [0,1,y,0,0,0], [0,0,z,1,0,0]
and all the vectors in (6.148) and (6.149) give a spanning set corresponding to

the J¥(R; x Qq)-tangent space to

z Ty
y 0]’
given in the proof of Lemma 6.1.8. It then follows, using the calculations in

this proof, that the J "gl-tangent space contains every monomial vector z"y’%e;

(r+s =k, 2<i<5) — with the exception of z*es.

So a k-transversal to (6.144) is
(2,2, zy,y, azF, 2], a€C. (6.152)
Provided a # 0, by scaling, we have the G-equivalent k-jet
[z, 2, 2y, ¥, 2", 2].

From the above it is clear that the J**1G;-tangent space to this jet contains all
elements of H¥+!(3,4) except possibly scalar multiples of [0,0,0,0,z*+!,0].

Relevant tangent vectors of the J**1G,-tangent space are,

Mi: [1,0,0,0,0,1], [0,0,2,1,0,0],

Ms: [z,0,0,y,a:",O], [O,O,a:y,O,:c",z],
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which give the required [0,0,0,0,z%t1,0]. It follows that (z,z,zy,y,z*,2] is
k-G-determined.

As usual if, in (6.152), a = 0 we have the k-jet [z,z,zy,y,0, 2] and we can
repeat the previous argument, replacing (k — 1) by &, and so on. O
Corollary 6.2.12 We have the series of finitely G-determined germs
(2, z, zy,y,2*, 2], (k> 2), (6.153)

each of which has G.-codimension (k + 4) and a discriminant of type Dyyo.

Proof By a similar approach to that used to prove Lemma 6.2.10 it can be
shown that the two 2-jets

0 z T zy 0 z T 2y
_ _ 2
z 0 Yy Ty , and z 0 y =z ’
-r -y 0 =z -z -y 0 =z
-ry -zy -z O —-zy -2 -2z O

are J2G-equivalent. So it follows that
(z,2,zy,y,2% 2],

(like [z,z,zy,y, zy, 2]) is also 2-G-determined and has G.-codimension 6. We
add it to the series found in Lemma 6.2.11.

Using a method similar to that described in Remark 4.4.35 of Section 4.4.3
we find, for each k > 3, that the corresponding germ of the series, (6.153), has
Ge-codimension (k + 4). (Setting k = 2 this agrees with the G.-codimension of
[2,z,2y,y,2%,2].) Finally each germ of the series has a discriminant given by

22 — (zk+! — 2y?) = 0, i.e. of type Dyyp. O

Investigating the 2-jet {z,,0,y, 22, z] we obtain the following result, analo-
gous to that given by Theorem 6.1.10.

Theorem 6.2.13 Any G-simple map A : C*,0 - C8,0, with 2-jet J2G-equivalent

to [2,z,0,y,22,2), is G-equivalent to one of the Jollowing finitely determined
germs :

[z’ m’ ya’y’z2’ z]’
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[2,z,zy%,y,2%, 2],

(z,z,y%,y,2%, 2],

with G.-codimensions 8, 9, 10 and discriminants Eg, E; and Eg respectively.

Proof The classification is carried out using Transversal in a similar fashion
to that used to obtain the results of Theorem 6.1.10 (see Section 5.5). Starting

the classification, by finding a complete 3-transversal to
(2,2,0,y,2%, 2],

the calculations involved and the results obtained are analogous to those for
Theorem 6.1.10.

The G.-codimensions of the resulting finitely determined germs, listed in the

statement, are also found using Transversal.

By finding their determinants, the discriminants of [z, z,y3,y, 22, 2], 2, =, zy?, ¥, 22, 2]

and [z, z,y*,y, 22, 2] are given by
22 - (:L'3 __y4) — 0,
22~ (2® -2y®) =0,

2,2 - (.'L'3 _yS) =O,

which have Eg, E;, and Ejg singularities, respectively. O

The investigation of germs with 2-jet [z, z,0,7,0, z] is found to be analogous
to that discussed in the proof of Lemma 6.1.11.

Lemma 6.2.14 There are no G-simple germs A : C3,0 — C8,0 with 2-jet
(2,2,0,9,0,2].

Proof This result relies on a similar calculation and argument to that used for
Lemma 6.1.11. O '
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Chapter 7

Geometry

7.1 Duality of Classification

Setting V = K", we have seen that we can think of n x n skew-symmetric

matrices as the set of skew forms, Alt(V), on V. We have also seen that the
space of skew forms is canonically isomorphic to (/\2 V)*, i.e. linear maps

A’V — K. We have the following result.

Lemma 7.1.1 (see [Lang].) Let Vi and V; be a phir of vector spaces. Then
any linear map

a: V7 —V,
induces a linear map

& : Alt(Vy) = Alt(Vy)
and a linear map
2 2 2
/\ a: /\ i — /\ Va.
Moreover if ¢, ¢ € Alt(V) and §, ¥ are the corresponding elements of (\>V)*

then the diagram on the left below commutes if and only if that on the right
commutes (if and only if aG(¢) = ¢).

vox oS IR
() {4 . K — ANa | K.
» x W /2 AV }
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So we can think of our skew-symmetric matrices as elements of (A?V)*
and, by setting W = KT, of our 1-jets as elements f € hom(W, (A*V)*). The
classification of these 1-jets corresponds to the natural action of GI(W) x GI(V)
on this space. It is not hard to see that the type of f is determined by the

image of f; see below. Before considering this we need a few results from linear
algebra.

Lemma 7.1.2 There is a canonical isomorphism (identification) between the
two vector spaces Alt(V)* and Alt(V*). Alternatively we have a canonical iso-

morphism between
2 2
A\ V) and AN v
If we choose a basis {ey,...,en} for V, the dual basis {e},...,e%} for V* and

corresponding bases for (/\2 V)* and /\2(V“) then the isomorphism takes (e; A

> * »
ej)* toe; Aej.

Proof We give two (equivalent) proofs. Consider the map 8 : Alt(V)xAlt(V*) -
K defined by (¢,9) — trace(y* o ¢*), where ¢* : V — V* and ¢* : V* o
(V*)* = V. We claim that 8 is a natural non-degenerate bilinear form. Bilin-

earity and naturality is clear. So we need to establish non-degeneracy.

First as in the statement the dual basis for V* is {ef,...,e4} where
e; (ej) = ij.

Now we have seen that there is a natural map Alt(V) = Hom(V,V*). With
respect to the given basis for V and the dual basis for V* we can think of this as
a homomorphism Sk(n, K) = M(n, K), and it is easy to check that this is the
transpose map. So the bilinear form becomes a map Sk(n, K) x Sk(n,K) = K
given by (A, B) ~ trace(BA) = - 37, 3", ai;bi;. This is clearly nondegenerate.
The map 6 now gives an isomorphism 8* : Alt(V*) - Alt(V)*.

For the second proof consider the pairing /\2 V x /\2 V* — K determined
by
(v1 Ava, v} Av3) = (v] (v1)vz(v2) — v (v2)v3(v1)),
which we denote by (v; A v2,v] A v3) and extend linearly. This is a canonical
well defined bilinear form which we will demonstrate is also non-degenerate.

318



Consider for 1 < i < j <n, 1 <7 < 8<n the expression (e; Aej, ey Ae}). It
is easy to see that this is 1 if i = r,j = s and 0 otherwise. (It is not possible

that ¢ = s, = r.) So the bilinear form is therefore non-degenerate.

Consequently this bilinear form yields a natural isomorphism /\2(V‘) —

(A?V)* determined by
e:‘ Ae: — (_ye: Ae:)’

as required, which has the required effect on (e; A e;)*. O

A consequence of this lemma is that we can identify Alt(V)* with Alt(V*)
(resp. ( /\2 V)* with /\2(V‘)). In the latter case we denote either by /\2 V* from

now on.

The following definitions and results will prove useful.

Definition 7.1.3 Given a subspace U of a vector space, V, there is an associ-
ated subspace UL of the dual space, V*,
Ut ={v*eV*:v*(u)=0 forall ue U CV}.

So U+ consists of those elements of V* which kill off every element of U.

Lemma 7.1.4 IfV is finite dimensional and U is a subspace of V thendimU+ =
dimV —dimU and (UL)* =U.

Proof Let {ej,...,e,} be any basis for U. We extend this basis to the basis
{e1,...,en} of V, where N is its dimension. Consider the corresponding basis

for the ‘dual space’ V*, {e},...,eN} where

€;(ej) = 6ij. (7.1)
A general element v* € V* can be written
N
vt =) e, A € K.
i=1

For v* € U+, then Definition 7.1.3 requires that

v*(uv) =0,
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for all u € Sp{es,...,er}. This holds provided

N
D iei(es) =0,
i=1

for each 1 < j < r. From the identity (7.1) it follows that A; = 0,1 < j < r

and we can express any element u* € UL by
N
u* = Z /\,’6: s
i=r+1

for some (Art1,...,AN) € CN~". Clearly, {e},,,...,e}} is a basis for UL and
dimU' = N — r as required. It is not hard to see that (U+)* D U and since

both spaces have the same dimension the result follows. O

Lemma 7.1.5 If V},V2 are vector spaces, U1,Ua respectively subspaces with
dimV; = dimV, and dim U, = dim U, then an isomorphism a : Vi = V, takes
U, to U, if and only if the dual isomorphism o* : V' — V;* takes Ui to Ut.

Proof The map o” is defined by a*(v3)(v:1) = v3(a(vy)). The result is now
easy. O

We tailor these results to suit the case at hand, where we consider subspaces
of the vector space Alt(V) and its dual Ait(V)* = Alt(V") (or equivalently

A?V* and its dual, (A’(V*))* = A®V). We have a canonical isomorphism
v : Alt(V)* = Al(V*) (denote the isomorphism (A%(V*))* = AV by the

same symbol) .

Lemma 7.1.6 So given any subspace, U C Alt(V) (resp. U C /\2 V*), there is
an associated subspace, Y(UL), of Alt(V*) (resp. (/\2 V)= /\2 V), given by

YU*) = {$ € Alt(V") :trace (3" 09*) =0 forall Y €U C AKV)},
(respectively

7(UJ-)={13€/\2V:(6,0‘)=0 for all ﬁ"eUc/\2V‘},
where (,4*) is the bilinear form described in the proof of Lemma 7.1.2.)
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Proof Underlying this result is the following. Let § : V x W — K be a non-
degenerate bilinear form. Then there is a natural isomorphism 6* : W — V*,
Let U be a subspace of V,so U+ C V*. Then (6*)"'(Ut) = {w e W : §(u,w) =
0 for all u € U}. To see this note that (8*)~!(v*) = w where v*(v) = 8(v,w)
for all v € V. The result follows simply by writing down the definitions of the
two sets. The stated results are immediate consequences. O

Definition 7.1.7 Let Vi, V, be vector spaces and U; subspaces of /\2 Vi, i =
1,2, respectively. Then the pairs (V1,U;) and (V2,U:) are defined to be equiv-
alent, written

(Vl’Ul) ~ (‘/2) UZ)’

if and only if there exists an isomorphism a : Vi = Va with

A alty) = 0,.

With this definition in mind we give the following lemma.

Lemma 7.1.8 Let V;, W;, i = 1,2 be finite dimensional vector spaces with
dim W) = dim W;. Given linear maps

2 .
fi:wi — NV, i=12,

the following are equivalent :

(1) There is a commutative diagram

W, I A'w
a | LONB,
W, B AW

where a: W1 = W, 8:V; = V, are both isomorphisms. (In which case

we can write fi ~ f2.)

(2)

(V1,imf1) ~ (Va, imf3).
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Proof The equivalence is clear. O

Note that the result shows that the only invariant of these maps f: W — /\2 v

are the pair (V,im f) and the dimension of W.

The result we require now follows.

Theorem 7.1.9 Two subspaces Uy and Uz of ( /\2 V)* are equivalent if and only
if the corresponding subspaces v~} (Ui) and v*(Us+) of (A® V*)* are equivalent.

Proof Since v is natural y~!(U{) and 7~1(U;) are equivalent in (A% V*)* if
and only if U+ and U3 are equivalent in (A? V)** = (A? V). But this is true if
and only if U, and U, are equivalent in (A’ V)*. This is because if /\2 a takes
Ui to Us then (A? a)* takes U to Uy. D

We deduce that if we have a classification of elements A € hom(X, \?V*)
when dim(im A = r) then we have a similar classification of elements of B €
hom(Y, (A? V*)*) where dim(im B) = (N —r) where N = n(n — 1)/2, where
X,Y are finite dimensional vector spaces of equal dimension. Working with
co-ordinates we see that once we have classified r-dimensional subspaces of

Sk(n, K) we have a classification of (N — r)-dimensional subspaces of Sk(n, K).

We illustrate this with the following example where K = C, V = C*.

Example 7.1.10 Consider the 1-dimensional subspace, U, of the 6-dimensional
space Sk(4,C), consisting of non-singular skew-symmetric matrices and repre-
sented by the normal form

0 = 0 O
-r 0 0 O

A@) =1 o o o =z |
0 0 —z O

with respect to some basis of C*. The corresponding dual 5-dimensional sub-
space of Sk(4,C) is given by

Y(UL) = {B € Sk(4,C) : trace(BA) = 0}. (7.2)

322



With respect to the dual basis of (C*)*, a representative for an element of this
space is given by
0 b12 b13 b14
B=| "tz O bzz  baa
—bizs —bys 0 b3y |’
—big —bay —bzs O
where b;; € C satisfy 2z(b12 + b34) = 0, for all x € C. Hence the corresponding
‘dual’ space, for A(z), is the 5-dimensional subspace of Sk(4,C) consisting of
skew-symmetric matrices of the form
0 —bsya b1z big
b34 0 b23 b24
—biz —=by 0 b3y
=byy —byy —bzy O

For s > 5 this gives a 1-jet of an s-parameter family of 4 x 4 skew-symmetric
matrices which has cojetrank 1.

7.2 Some Geometry

Consider the two normal forms for singular nets, found in Section 6.2.2,

0 z z 0 0 0 0 =z

_ z 0 9y O _ 0 0 0 y
A= -z -y 0 0|’ B= 0 0 0 = (7.3)

0 0 0 0 -z -y -2 0

These represent 3-dimensional subspaces of the 6-dimensional space Sk(4,C),
and are clearly dual to each other. Both these 1-jets have the same J'G-
codimension (namely 6) and a natural question is whether they are J!G-equivalent

(or skew-equivalent). In fact we can distinguish between them as follows.

Following the above, we can think of A, B as 3-parameter families of skew-
symmetric forms V x V' — C, where dim V = 4. Consider some non-zero vector
v € V such that

vT A(x) =0, (7.4)

for all x € C3. (In other words, if A(x) is a matrix representative for a family

of skew-symmetric forms o, : V x V = C, then a,(v,w) =0 for all w € V, and
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x € C3.) Any net skew-equivalent to A is of the form
XT(Ao9)X,
for some ¢ € GI(3,C), X € Gl(4,C). Consider,
(X ') TXT(Aog)X
noting that X ~!v is a non-zero vector of V. It follows that

(X'0)TXT (Aog(@) X = o (Ao ¢(z))
= 0,

from (7.4). So if there exists a v € V (v # 0) such that vT A(x) = 0 for all

x € C3? then for some non-zero vector, v; € V,
(v)TXT(Ao )X =0.

Returning to the two nets above, (7.3), by choosing

-0 OO

vT A = 0 for all (z,y, 2z) € C3. For B to be skew-equivalent to A there must be
a non-zero vector

n
(%]
V3 !
V4
such that
0 0 0 =z
0 0 0
(vl » U2, V3, U4) 0 0 0 z [—U4$, —V4Y, — V42, 0T + VoY + 'UaZ],
-z -y -z 0

is identically zero for all (z,y,z) € C3. This is not the case and so A and B

cannot be skew-equivalent, even though they are dual.

Consider the space Sk(4,C) consisting of elements of the form

0 ay a; as
—-a 0 a a
A = 1 4 5
—a2 —Q4 0 (]
—a3 —as —ag 0
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where a; € C. The set of singular skew-symmetric matrices, P, is given by the
vanishing of Pfaffian P f(A) = 0. Since P f(A) has degree 2 this set is a quadric
of dimension 5 in Sk(4,C). Alternatively, considering the associated projective
space P(4,C) of Sk(4,C), denoted by PC®, the singular set is a quadric of
dimension 4, which we shall denote by Q*.

Since a net of skew-symmetric matrices is a plane in PC3 it follows that
singular nets are 2-dimensional subspaces of PC® contained in a quadric of
dimension 4. Griffiths and Harris in their book, [GrifHar], Pg. 735 show that
there are two 3-parameter families of planes in Q*. We show how one family is

parameterised in an natural way by PC3; the other family is obtained as their
duals.

Lemma 7.2.1 Let V be a finite dimensional vector space of dimension n. Con-
sider any v € V\{0}. Define a linear map ¢, : Alt(V) — V* by

¢ — ¢(‘U, _)'
Then imy, = v, where

vt = {v* e V*:v*(v) =0}

Proof Since ¢ is skew-symmetric ¢(v,v) = 0, and therefore im1, C v+.

We show the reverse inclusion by considering bases. Choose a basis, {e1,...,en},
of V with v = e,. Clearly, {e},...,e5_,} is a basis for v+ = el. Therefore to

show v+ C imy, it is sufficient to show
{e;, e ,e;_l} C im wv-
Define, for 1 < j < n -1, ¢; € Alt(V) such that, for r < s,

. _ [ 1 if(r,8)=(n)
diler,e) = { 0 otherwise

So under ),

¢j"’¢j(em_)=‘e;, lsjiﬂ—l,

which implies {e},...,€}_,} C imyy, as required. O
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Consider, kerv,. If ¢ € kery, then ¢(v,w) =0forallw € V,ie ifAisa

matrix of ¢, with respect to some basis of V,

vTAw =0,
for all w € V. Choosing a basis for V' with v as one of its elements, a row and
column of the corresponding skew-symmetric matrix, A, is null and det A = 0.
So, for any v € V\{0} there is a linear subspace, kery,, of Sk(n,C) contained
in the set of singular skew-symmetric matrices (given by the vanishing of the

Pfaffian). From the proof of Lemma 7.2.1, dim(im %,) = dimV — 1 and so by

rank-nullity this subspace has dimension,
dim ker ¢, = dim(Alt(V)) — (dimV - 1). (7.5)

Corresponding to the action of Gl(n,C) on A € Sk(n,C) there is an automor-
phism of the vector space V. Hence given any v € V\ {0}, by this automorphism

we can suppose v = e, and
kerype, = {¢ € Alt(V) : ¢(en, —) = 0}

gives a skew-equivalent normal form for all such subspaces ker ¢, of Sk(n,C).

This has a projective interpretation. It is easy to see that given two vectors
v, w € V\{0}, that kery, = ker,, if and only if v = Aw, A # 0. Considering
the projective space P(V), associated with V by identifying each v € V\{0}
with its scalar multiples, there is a P(v)-family of subspaces ker 1, contained

in the singular set.

We finish by applying these results to the example introduced at the begining
of this section.

Example 7.2.2 Consider any non-trivial vector v € V', where dimV = 4. The
kernel of the map 1, is a 3-dimensional subspace of Sk(4,C) (using (7.5)).
Furthermore, this subspace is contained in the singular set of Sk(4,C). We
therefore have a 4-parameter family of singular nets. Corresponding to the
action of GI(4,C) on Sk(4, C) there is an automorphism of V and we can choose
the vector v to be e4. It follows that up to skew-equivalence this family of nets
has the single normal form

|

8

|

<
cow R
cooo



Projectively, this is a skew-equivalent normal form for all members of a 3-

parameter family of nets contained in the quadric Q* (the singular set of P(4,C)).
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Appendix A

An Alternative Approach

Although the following is of interest it is not necessary for the main purpose of
the thesis.

In Section 2.4, of Chapter 2, we considered a pair of skew-symmetric matrices
(A1, Az), for which A, is non-singular, as a A-matrix A = A; + AA;. In so doing
we used work on A-matrices along with the result of Lemma 2.3.10 to derive
a skew-equivalent normal form for this pair. Naturally we could also represent
this pair by the A\-matrix A2 + AA; and we discuss this presently.

Consider the A-matrix
/-i = (A2 + AAl),

and so (again using Lemma 1.1.8)
det A = (F(N))?,
for some f()). Here deg f = p <r and f(0) # 0. So over C we can write
q
F=T](eh +1)%,
i=1

there possibly being a ¢; which is zero (if p < r). Hence using Theorem 2.2.4,

the invariant factors of A are given by

d = H§=1 (cid + 1)
didy = I, (cid+1)%

= e a
didy---d, = "_lzl(c‘.)‘_'_ 1)%r,
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where for each 1 < i < q, 851 < 832 < -+- < 8. By following a similar argument
to that in Section 2.4 we can construct, for Az + AA;, the skew A-equivalent
normal form N = N; + AN, consisting, exclusively, of blocks of the type in
(2.38) and represented by the shorthand :

€1 Tix N2 - TipQ))
distinct ¢ ° ,
Cqg Tql Tg2 "' Tgn(g)

where for each 1 <1 < ¢, 1y <rig <+ < Tings). Note, if deg f < r there will
be n(2) blocks for which ¢; = 0 that are of the form

-

2rs;

This normal form is more elegant than the one obtained for A; + AA4,, but since
A, is not necessarily non-singular we can no longer use Lemma 2.3.10 to equate
the skew A-equivalence of A; + A4; and N; + AN, with the skew-equivalence of
the pairs they represent.

From this arises the question of whether the normal forms N; + AN, and
N1 + ANy, of A; + M2 and A; + AA; respectively, are related. Since skew \-
equivalent matrices have the same invariants this can be investigated, to some
extent, by comparing the invariants of A; + AA; and A; + AA;. It seems

sensible here to broaden our consideration of these invariants to those under
A-equivalence (see Section 2.3), rather than just skew A-equivalence. This is

discussed in the following section. However before doing so we give the following

corollary.

Corollary A.0.3 Consider the A\-matrices Ay + AAg, B, + ABs. If A, is non-
singular and A, + A\Aj is A-equivalent to B; +AB; then A; + AA1 and B, + \B;

are \-equivalent.
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Proof If A, + AA; and B, + AB; are A-equivalent then by foliowing a similar ar-
gument to that used in the proof of Lemma 2.3.10, here applying Theorem 2.3.9,

it follows that the pairs (Ay, A2) and (B, B;) are equivalent. So we can write
B; + AB, = y(4A2 + M)z,

for some invertible constant matrices z, y, and hence Bs + AB; and A; + AA;

are A-equivalent. O

A.1 Comparing Invariants

From Lemma 2.2.3 and using the result of Lemma 2.1.16 invariants of A-equivalent
matrices are the principal generators of the ideals generated by their » X r minors.
With this in mind, we need the following result.

Lemma A.1.1 Denote an r X r minor of (A2 + AA;) by
P,(A) = det(4s + Ady),,

where (As + AA1), is the associated sub-matriz of A; + AA;. If the sub-matriz
(A1 + AA2), is obtained from A; + AA2 by the same row and column deletions

then the corresponding r x r minor of A; + AAy is given by
Qr(A) = det(A; + AA3),.

Then
Qr('\) = /\rPr(/\_l)- (A2)

Proof So
@r() = det(ds +AAy),
= det(4;, + AA4,,)
= detA(A\714;, + 43,)
= Adet(A\"14;, + 42.)
= Adet(A714; + A;),
= AP0,

as required. O
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Note, from (A.2), by replacing A with A~} we also find that
P.(A) = X"Q.(A71).

As previously mentioned our aim is to find a relationship between the invariants
of A; + AA; and those of A} + AA;. We can immediately use the result of

Lemma A.1.1 to this effect for the last invariants.

The last invariant of Az + AA; is det(Az + AA;) = P,()). So, from (A.2),
the relation between this and the last invariant, det(4; + AA42) = Q,()), of
A; + AA; is given by

Q@n(A) = AP (A7), (A.3)

If A; is non-singular, P, (0) # 0, and it follows from (A.3) that Q,()) has degree

n as was shown in the proof of Lemma 2.3.10.

Given the list f;,..., fy of all » x r minors of A; + AA;, the associated

invariant, gr, of this matrix is given by

(9r) = (frs-. - IN). (A.4)

It follows from Lemma A.l.1 that we can write the ideal generated by the
corresponding r x r minors of A; + \A; as

(he) = A"AL(ATY), ., ATFN(ATY))

with h, the associated invariant. We look for some relation between g, and h,..

Definition A.1.2 The function o : K[\] — K]|[)] is defined as follows. Given
any polynomial p € K[\, of degree d, o(p) is the polynomial

o(p) = Ap(A~Y).

Lemma A.1.3 Given a polynomial p € K[)], the polynomial, o(p), defined

above, has no zero roots.

If p € C[A] the function, o, in addition to killing off the zero root of p, sends
each of its (distinct) non-zero roots, a;, to the non-zero root 1/o; of o(p), of
the same multiplicity. As a result, the number of roots of o(p) is equal to the

number of non-zero roots of p.
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Proof Writing

P(A) =po+PiA+ - +pa1 A7 + pad?,
where each p; € K, if p has degree d then py # 0. So since
o) = Moo+ A 4+ pa AT 4 padY)
= pa+pa-id+---+p AT+ pord

it can be seen that o(p) has no zero roots.

If p € C[)] it can be expressed in the form
q
) =X [[O-a)y™ (20,
i=1

where ¢ is the number of non-zero roots. So

q

q
o(p) = A+, mi)e\~k H(/\_l - a)™

i=1

q
= aAE=m I - a)™

i=1

q
cH(l — o A)™. (A.5)
=1

Note that, irrespective of its multiplicity, any zero root of p is killed off by
o. Furthermore it can be seen, from (A.5), that for each non-zero root, a;, of
p there is a non-zero root, 1/a; in o(p), of the same multiplicity. Hence the

number of roots of g(p) is the same as the number of non-zero roots of p. O

Lemma A.1.4 Let g, and h, be the principal generators of the ideals generated
by the r x T minors of the A\-matrices A; + AA, and A, + AA3, respectively. Then
it follows that

o(gr)|hr

and
a(hr)lgr.

Furthermore, over the polynomial ring C[)\], we can write
gr = A a(hy) (A.6)
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and

he = A" o(g,), (A.7)

there being a one to one correspondence between the non-zero roots, a;, of g,

and the non-zero roots, 1/a;, of h,.

Proof Adopting the notation in (A.4), above,

I(Az + AAy) = (gr) = (f1,-. ., N (A.8)
from which we recall, using Lemma A.1.1, that
L(A; + AA2) = (h) = (A" A1(ATY), .., AT fn (A7), (A9)
From (A.8), foreach 1 <i < N,
fi = grai,
for some ¢; € K[)\]. Let degg, = s. Then
degg; = deg f; — deg g, = deg fi — 3,
and since deg f; < r it follows that
degg; <r —s.
So

ATfi(A7h)

'\rgr(’\—l )i ('\_1)
/\'g,-(z\—l)z\""q,-(/\'l). (A.10)

Since deg ¢; < r—s then A"~*g;(A~!) is a polynomial and so, foreach1 <i < N,
Ag (A1) = o(g,) divides A" f;(A~*). From (A.9) this implies that o(g,) divides
h,.

Alternatively, writing
I.(A1 + AAp) = (hy) = (H,...,Hy), (A.11)
then by the note after Lemma A 1.1

I,-(Az + AAI) = (gr) = (ArHl(A—l)! vee iArHN(’\—l))' (A'12)
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Letting degh, = t, then by applying to (A.11) the argument used above on
(A.8) it can be shown, for each 1 < i < N, that a(h,) = Ath.(A!) divides
A"H;(A~1). Then from (A.12) it follows that o(h,) divides g,.

We consider the case when K = C and write

gr = U(hr)Kl (A), (A13)

hr = o(gr)K2(N), (A.14)

where g, h., 0(g,), o(h,), K1 and K, are polynomials in C[)]. Let m,, ms be
the number of non-zero roots of g, and h,. respectively and n;, ns be the number
of non-zero roots of Ky(A) and K2(A) respectively. Then, by Lemma A.1.3 the
number of (non-zero) roots of a(h,) is equal to the number, m3, of non-zero
roots of h,. So from (A.13) we find

ny =mg —ma. (A.15)

Similarly, since the number of non-zero roots of o(g,) and g, are the same it
follows from (A.14) that

Ny = M2 — M. (A.16)

It follows from (A.15) and (A.16) that the only non-negative solution for n, and

nz is ny = nz = 0. So both K;()A) and K2(\) have no non-zero roots. So
gr = A" a(h,), (A.17)

he = A" a(gr), (A.18)

Note that since we are dealing with principal generators we can neglect any

constant multiples.

1). From Lemma A.1.3 o(h,.), has no zero roots and so, over C, we can write
q
o(hy) = H(A -a)™.
i=1
Hence from (A.17) we can write

q
gr = AUr II(A - ag)'"" s

=1
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where a; are the distinct non-zero roots of g,.. Substituting this expression into

(A.18) and using Lemma A.1.3 we get

9
he = A7 T = csd)™,

i=1

and the one to one correspondence between the non-zero roots, a;, of g, and

the non-zero roots, 1/a;, of h, is clear.

It is the second of these equations, (A.7), which is needed for our purposes.
Particularly we would like to determine the unknown power, v.. However before
considering this, we show that for some values of r the powers u, and v, vanish.
Corollary A.1.5 Over the polynomial ring C[)] let

I.(Az + A4y) = (gr) and I.(A; + AAg) = (hy),
for some 1 <r <n. By Lemma A.1.4
g9r = X" o(h,),
hy = A" a(gr).
If rankA; > r then u, =0 and
gr = o(h;).
Similarly, provided rankA; > r, it can be shown that v, =0 and

hy = a(gs).

Proof Recall from (A.8), in the proof of Lemma A.1.4, that

L(A2 + A1) = (A, fN(A)) = (1),

for some 1 < r < n. If rankA; > r then some r X r minor of A is non-zero. If
the minor of A; + AA,, corresponding to the same row and column deletions, is
fy(X) = det(Az + AA,),, it follows that f,(0) # 0. Since g, = ged(fy,... fn),
see Lemma 2.1.16, this implies that g(0) # 0, hence u, = 0 in (A.6) and

gr(A) = a(hy).
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From (A.11), in the proof of Lemma A.1.4,
I,-(Al + AA2) = (h,-) = (Hl, ‘e ,HN).

i rankA; > r then by applying, to this, the same argument we can find some
r x r minor Hs(A) of A; + AA; for which Hs # 0. This implies that h,.(0) # 0,
so vy =0 in (A.7) and

hy = a(gr).

For the remaining values of r we would like to determine u, and v,, particu-
larly the latter since for the purpose discussed in the preamble we need relation
(A.7).

However before considering this we can use Corollary A.1.5 to establish the
result of Corollary A.0.3 directly, without having to use Theorem 2.3.9.

Lemma A.1.8 If A; is non-singular and the matrices A; + AA2 and B, + AB,
are A-equivalent then A; + AA, is A-equivalent to B, + AB;.

Proof Let the sequence of invariants of A; + AA; be {h1,...,hn}. Since A,
is non-singular rankA; = n and so for each invariant, h,, where 1 < r < n,
r < rankA;. By Corollary A.1.5 we deduce that the corresponding invariants,
gr, of Ay + AA; are given by

gr = a(h).

If By + AB; is A-equivalent to A; + AAz then by Lemma 2.2.3 it has, up
to constant multiples, the same sequence of invariants. In particular, the last
invariants of each, det(B; + AB,) and det(A; + AA;), differ by a constant and as
A, is non-singular it follows, by the argument used in the proof of Lemma 2.3.10,
that B; is also non-singular. So rankB; = n and for each invariant, h,, of
By, + ABy, r < rankB,. Applying Corollary A.1.5 we deduce that, for each
1 < r < n, the corresponding invariants, g/, of B, + AB) are given by

gr = o(h,).

Therefore the sequence of invariants of A; + AA4; and B; + AB) are equal and
by Lemma 2.2.3 it follows that A, + AA; and B, + AB; are A-equivalent as

required. O
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We return to the consideration of
hr = A""‘7'(91‘)’

with a view to determining the power v,..

Lemma A.1.7 Given the A-matriz A; + AAs, the rank, k, of A; is invariant
under A-equivalence. Furthermore reducing A; + AAs to the A-equivalent matriz

- - I. 10 A A
A1+,\A2=[é° 0]+,\[A:; A::]’

we denote the rank of the (n — k) x (n — k) sub-matriz Az by s.

Then for 1 < r < k + 8 the invariant, h,, of A; + A2 can be expressed, in
terms of the invariant, g,., of A2 + A\A,, as follows

he = o(gr) forl1<r<k
" XM *o(g,) fork<r<k+s °

However, as yet, for k+ s <t < n, it can only be determined that v, > r — k.
Proof Firstly, given any matrix By + AB; which is A-equivalent to 4; + A,
then for the invertible matrices X (), Y())

By +AB; = Y(/\)(Al + AA2) X (A).

Setting A = 0 it follows that By = Y(0)A;X(0) and hence rankB, = rankA4,.
So rankA; = k is invariant under A-equivalence.

By a series of elementary row and column operations (over K) on 4; + AA,

we obtain the equivalent matrix

" " I
A1+/\Az=[; g]+,\[ﬁ:; j:j] (A.19)

For r < k it follows from Corollary A.1.5 that

he(X) = o(gr).

If r > k then the gcd, hy, Of all the 7 x r minors of (A.19) is given by

he = A a(g,),
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where v, > 0 and o(g,)(0) # 0. So the factor, A’, is the highest power of A
which divides all these r x r minors. Hence from these minors, those with the

minimal power of A as a factor will yield v,.

Minors, with the lowest possible multiple of A as a factor, are those obtained
from sub-matrices, of (A.19), containing the k¥ x k sub-matrix It + AA3;. The
remaining r — k rows and columns of each such sub-matrix are obtained by

deleting n — r rows and columns from the last n — k rows and columns of

A; + M,. These r x r sub-matrices are of the following form,

[ 1+ /\an
1+ Aasgs

14+ Aok ’ (A.20)

M
L d

where all non-specified entries are some constant multiple of A (possibly zero)
and M is some (r — k) x (r — k) sub-matrix of Az4. It follows that, provided

det M # 0, the corresponding minor of A; + AA; is
AR (14 0(1)),

where O(1) is a A-polynomial consisting of linear and higher order terms. So as

long as one (r — k)-minor of A4 is non-zero we have a minor of A; + AA; whose
multiple of X is the lowest possible, i.e. r — k. Since this power is therefore the

minimal power of A of any minor of A; + AA;, we deduce that if rankAy4 > r—k,
then v = r — k and

hy = A"%0(g,).
If however rank A4 < r —k then all (r — k) x (r — k) minors of A4 are zero, and

no minor of A; + A4, can have, as a factor, a multiple of A with degree r — k.
Sov, >r—k. O

Having established this, we ask whether the reverse of Lemma A.1.6 is also
true.

Conjecture A.1.8 Given that Ay is non-singular and the matrices A + 2

and By +AB, are \-equivalent then does this smply that A, + A\A; is \-equivalent
to Bl + ABQ ¢
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If A> + AA; is A-equivalent to Bz + AB; then by Lemma 2.2.3 they both have
the same sequence of invariants, {g1,...,9n}. We would like to compare the

sequence of invariants,

{hl) crey hn},
of A; + AA; and the sequence of invariants,
{hy,...,h.},

of By + AB;. To do this we use the results of the previous lemma. First note,
since A, is non-singular the A-equivalence of A2 +AA; and Bz + AB; implies that
B, is also non-singular. However, from this equivalence there is no reason why
the ranks of A; and B; should be equal. Let rankA; = k; and rankB;, = ks.
As described in Lemma A.1.7 above, we can reduce A; + AA2 and B, + AB; to

A; + M, and B; + AB, respectively, where
= s _{ I, | O Az | Az
Al +AA = [‘—O—iT] + A [ Ays | Ags
5 5 | I, | O B3, | By
B‘*’\B2‘[ 0 ’0]*’\[323 Ba |-

If rankA34 = o and rankB34 = B, then, by this lemma, the invariants, {h,, ..., h,},
of A, + M, are

and

{U(gl)v ceey U(gk, ), AU(.qln+l)a ree ,’\aa(gk1+0)) AVhitatt U(gk1+a+1), ceey Au"a(gn)}

and the invariants, {h{,...,h"}, of By + AB; are

{U(gl)’ ey U(gkg)’ A0'(gl‘,2+1)’ ceny Aﬂa(gka-i-ﬁ)a Aw"r'”’-"l‘7(gk2"'ﬁ+l)s teey /\w"d(gn)}.

So the sequence of invariants for A; + AA; and B; + AB; are equal only if all
of the following three conditions are satisfied.
(1) ky = k2’
(ii) a =4,
(iii) v =w; for by +a+1<i<n.
Hence, by Lemma 2.2.3, the conjecture that A; +AA; is M-equivalent to B; +\B,

also depends on these conditions. Clearly this conjecture generally fails as shown
by the following counter example.
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Consider the linear A-matrix

10 00 1 0
A2+/\A1=[0 1]+/\[0 0]=[0 1].

Premultiplying this by the invertible A-matrix,

1+ 1
A 15

it follows that

|

&
+
>
=

is A-equivalent to A + AA;.

However,

A1+AA2=[3 ?\]

has the sequence of invariants {), A2}, whereas the sequence of invariants of

B1+/\Bz=[l+)‘ A]

1 A

is {1, A?}. Since the first invariants, of each, are different A; +AA; and B, +AB,
are not A-equivalent. Note that rankA; = 0, whereas rankB; = 1 and hence

this is an example of k; # k,.

It therefore appears that the method described in Section 2.4 is the most
suitable for classifying pairs of skew-symmetric matrices, where at least one is

non-singular.
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Appendix B

Justification for G being one
of Damon’s geometric
subgroups of K

It is required to establish that our group G is one of Damon’s geometric sub-
groups of K. Having shown that it is a subgroup of K (see Lemma 4.2.5) we
need to show that it satisfies the four conditions given in [Damon] Pgs. 40-42,
labelled by him : naturality, tangent space structure, exponential map and fil-
tration condition. It is easy to see that if we establish the relevant conditions for
the action of H then they will also hold for G = R x H. So to simplify matters
we consider the subgroup # of C consisting of smooth germs C",0 —+ Gl(n,C)

acting on the space of germs
Sk, ={A:C",0 = Sk(n,C)},

with the action X (z).A(z) = XT(z)A(z)X (z).

In fact using Proposition 4.3.5 we can assume all our germs vanish at 0 € C",
i.e. we consider the action of H on the space of germs

Sk ={A:C",0 = Sk(n,C),0}.

The subgroup C of K just consists of pairs of germs (id, ¢) with id : C",0 —
C",0 the identity, ¢ : C" x Sk(n,C),(0,0) =+ Sk(n,C),0, ¢(z,0) = 0 for all
z and ¢(0, —) : Sk(n,C),0 = Sk(n,C),0 the germ of a diffeomorphism. This
¢ can roughly be thought of as a family ¢ : C",0 - Diff (Sk(n,C)) (where
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Diff (Sk(n,C)) is the group of diffeomorphisms Sk(n,C),0 — Sk(n,C),0).
Our group H merely corresponds to the subgroup of C where the target is
Gl(n,C), a subgroup of Dif f (Sk(n,C)).

In the following we demonstrate that H satisfies each of Damon’s require-

ments of a geometric subgroup.

1. Naturality An unfolding of a germ A : C",0 = Sk(n,C),0 is a germ
A:C" x C*,(0,0) = Sk(n,C) x €9, (0,0) of the form

A(z,u) = (A(z,u),u),

with A(z,0) = A(z) (see Definition 4.4.25). The set of unfoldings of germs in

Sk is the translate of the linear space Sky,,
Skyn = {A:C" x C,(0,0) = Sk(n,C),0},

by the addition of the projection 7(z,u) = u.

Given a smooth mapping A : C?,0 = C%,0 then the pull-back of _j, A*A,
is defined by X‘X(z,v) = (A(z,A(v)),v), for z € C", v € CP (compare with
Definition 4.4.27).

Using notation corresponding to that used in [Damon] Pgs. 4-5,
Hunlg) = {Y :C" x C%,(0,0) = Gl(n,C) x CT: X is
an unfolding of X € #},

with X(z,u) = (X (z,u),u) € Gl(n,C) x CI.

If X € Hun(q) for naturality under pull-back (see [Damon] Pgs. 5 and 40)
we need \* X, given by X X(z,v) = (X(z, A(v)),v), to lie in Hun(p). This is

obviously true.

2. Algebraic Structure (of the tangent spaces) These conditions are relatively
trivial since all tangent spaces are O,-modules (i.e. modules over the ring of

function germs in the source).
Here we have oyr group H acting on the space Sk, defined above.
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Proposition B.0.9 Consider the spaces
Skune(q) = {A:C" x C*,(0,0) —» Sk(n,C)},
(Skun(g) = {4 : C" x C%,(0,0) = Sk(n,C),0})
and

Hun,e(‘]) = Hun(q)

{f:c' x C9,(0,0) = GI(n,C) x cv}.

1l

Using Damon’s notation (see [Damon/] Pgs. 2-3),
TSkune(q) = {A:C" x C%,(0,0) - Sk(n,C)},

(TSkun(g) = {A: C" x C%,(0,0) = Sk(n,C),0})

and
THun.e(Q) = THun(‘I) = Nun(‘])a

where

Nun(g) = {Y : € x C,(0,0) - M(n,C)}.

Proof Firstly, consider a 1-parameter family in Skyn,(q) :
A:C" xC? xC,(0,0,0) » Sk(n,C),

with members A(z,u,t).

(The corresponding 1-parameter family in Sky,(g) is given by germs A
C" x C? x C,(0,0,0) - Sk(n,C),0 with A(0,0,t) =0.)

Now the tangent vector to A(z,u,t) € Skun.e(q) at A(z,u,0),
%é(z,u,O) : C" x C%,(0,0) = Sk(n,C),
is clearly in Skyn ¢(g) which implies that TSky, ((g) C Skun,e(q).
(The tangent vector to A(z,u,t) € Skun(g) at A(z,u,0), given by
%‘?(z, u,0) : C" x C%,(0,0) - Sk(n,C),
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vanishes at (0,0), since A(0,0,t) = 0, and hence A/dt(x, u,0) € Skun(q).)

Conversely, let B(z,u) : C" x C%(0,0) = Sk(n,C) be any element of
Skyn.¢(q). Considering the path A(z,u) + tB(z,u) € Skun.(q), and differenti-
ating with respect to t, it follows that B(z,u) € TSkun¢(q). Hence Skyn (q) =
TSkyn,e(q) as required.

(By a similar argument if B(z,u) : C" x C, (0,0) = Sk(n,C),0 is a general
element of Sky,(g) we can also show that Skyn(q) C TSken(q).)

Secondly, for Hyn,e(g) consider the 1-parameter family
X :C" x C? x C,(0,0,0) =+ Gl(n,C),
ie. X(z,u,t) € Gl(n,C) for z, u, t in a neighbourhood of (0,0, 0).

Then the tangent vector to this path, at X (z,u,0), is

a—a)tﬁ(z,u,O) :C" x C%,(0,0) » M(n,C)
and THun,e(9) C Nun(q).

Conversely if Y : C" x C9,(0,0) - M(n,C) is a general element of Nyn(gq)
then by considering the 1-parameter family

X(z,u) +tY (z,u),

the elements of which, for z, u, t in a neighbourhood of (0, 0,0), are in Gl(n, C),
(since X(z,u) : C" x C%,(0,0) = Gl(n,C) then for ¢ small, and =, u in a
neighbourhood of (0,0), X(z,u) +tY (z,u) € Gl(n,C)) it follows that Nun(g) C
THune(g) O

We now demonstrate these tangent spaces satisfy the algebraic structure
given in [Damon], Pg. 41.

Firstly, clearly TSkyy(g) is a finitely generated O, ;-module, Oro(E* :
1 <i < j < n), (where E* are the standard basis vectors for Sk(n,C), see
Section 1.1) which clearly contains TSk, as an O,-module, by setting ¢ = 0.
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Note that T'Sk,y, is also a finitely generated O, ;-module generated by the
set
{zkEY,wEY :1<i<j<n1<k<r1<Il<q}

The space THuyn,.(q) is the finitely generated O, g-module Oy 4(E;; : 1 <1i,j <
n), (where E;; are the standard basis vectors for M(n,C), see proof of Propo-

sition 4.3.2) which contains T'H, as an O,-module.

Given A € Sky, we define the orbit map
g1 Hun(‘]) - Skun(‘])

X(z,u) = X(z,u).A = XT(z,u)A(z, u) X (z, u),

with derivative

do g : Nun(q) = Skun,e(q)
Y(z,u) = YTA(z,u) + A(z,u)Y (z,u).

(This derivative is found by considering the action of paths I + t¥ (z,u) €
Hun,e(g) on A(z,u) € Skyp (g) in the same fashion used when proving Propo-
sition 4.3.1.)

It can be easily verified that do 4 is a homomorphism of O, ,-modules.

Secondly, the natural map
TSkun,e/My.TSkyn,e = TSk,

is clearly an isomorphism of O,-modules (since the basis of TSkyy . doesn’t

depend on the unfolding parameters u;). Similarly the natural map
THun,e/MuTHune = TH,
is also an isomorphism of O,-modules.
Finally the inclusions

M, TSk, C TSk and M, TH. CTH

are obvious.

3. Exponential Map Here we check the exponential condition. We first review
this map for the group C (acting on the space of smooth map germs f : C",0 =
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CP,0). This is the set of diffeomorphisms Hp : C" x C?,0 = C",0 x CP,0 of the
form Hy(z,y) = (z, ho(z,y)) with ho(z,0) = 0.
Definition B.0.10 We define

Cun(qg) = {H:CT xCPxCLO02C xCPxC0:
H is an unfolding of Hp € C},

and H(z,y,u) = (z, h(z,y,u),u) with h(z,0,u) =0 (see [Damon] Pg. 4).

Then two unfoldings f(x,u), §(z,u), f, g : C"xC9,0 — CP,0 are isomorphic
if for a diffeomorphism X\ : C?,0 — C,0 and a map H € Cyu(q)

g(z,v) = h (2, f(z,A(v)),v),

where v € C? (see [Damon] Pgs. 6-7).

The group of such equivalences is labelled C.,(g) and

TCeq,.(q) = My.O%, . @ O3,

™pP.q

(see [Damon] Pg. 7,1-1) i.e. elements of TC,q,(q) can be identified with pairs

of smooth germs (o, §) where
a:C"xCPxC'0—-CP,0 with az,0,u)=0, (B.1)
B:C%,0— C
We now define the exponential map for C.
Definition B.0.11 The ezponential map is a map
exp : TCeq,e(q) = Ceq(g + 1),

where exp(a, B) is identified with a germ ¢(z,y,u,t) = (2, h(z,y,u,t), AM(u, 1))
with the property that

h(z,y,u,0)=y | . .
A(u,0) = u ie ¢g =1id

and

%(Z, Y, u, t) =a (.’E, h(l’, y,u, t)9 ’\(u’ t)) y
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w0 = 80w, 0),

(see [Damon] Pg. 8).

Remark B.0.12 Such maps h, A exist by the fundamental existence (and
uniqueness) theorem for the solution of systems of ordinary differential equa-
tions (see [ArnMec], Pg. 56 and preceding pages). Note that it follows from the
above definition that h(z,0,u,t) = 0 (it is easy to check this is a solution, and

the solution is unique) which is required for ¢; to be in C.q(g + 1).

Returning to our subgroup H of C, two unfoldings A(z,u), B(z,u), A4, B : CT x
C?,(0,0) -+ Sk(n,C),0 are isomorphic if, for a diffeomorphism A : C?,0 - C9,0
and a map X : C" x C9,(0,0) = Gl(n,C) we have

B(z,v) = XT(z,v)A(z, A\(v)) X (z, ),

where v € C? (see Definition 4.4.26). This follows from Definition B.0.10 by
replacing C by H.

The group of such equivalences is clearly H,,(q) X D(¢g) (where D(q) is the
group of diffeomorphisms C?,0 — C9,0). This group, Hun(g) X D(q), is labelled
as Heq(q) in [Damon], Pg. 41. It follows that

THeq,e (q) = THun,e(q) ® TID(‘I)a

(see [Damon], Pg. 41,1 -5).

For H to satisfy Damon’s condition on the exponential map we need to prove
the following result.

Proposition B.0.13 The restriction of the ezponential map for C (see Defini-
tion B.0.11) induces a map

exp : THege(q) = Heg(qg+1).
(See [Damon], Pg. 41.)

Proof We need to check that when we restrict the exponential map to THeq.e(4)
we obtain a map in Hey(g + 1). As we have just remarked the space THeq,e(q)
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consists of elements (&(z,u),3(u)) where a : C™ x C%,(0,0) - M(n,C) and
B :C%0 — C9 This a corresponds to the o associated with TCeq(g) above
(see (B.1)) via

a:C" x Sk(n,C) x C?,0 > Sk(n,C),0

a(zr, A,u) = a(z,u)T A+ Aa(z,u).
(Note that B: C?,0 — C? coincides with that associated with TC.q.(g).)

Applying the exponential map for C to (a, 8) we obtain the equations

h(z,A,u,0)=A, Au,0)=uy,
oh - T =
52(1', A,u,t) = a(z, Mu,t))” h(z, A u,t) + h(z, A,u,t) @ (z, A(u,t)), (B.2)

O 1) = B (Mw 1),

which, as stated in Remark B.0.12, has a unique solution A — h(z, A,u,t), A
(for each (a, §)). We need to show that the maps A — h(z, A, u, t) are linear and
of the form A — X (z,u,t)T AX (z,u,t) for some X : C" x C¢ x C,0 = Gl(n,C).

Suppose this was the case. Then the above equation (B.2) reduces to

(:z: u,t)TAX(z,u,t) + X(z,u, t)TA (a: u,t) =

& (z, \u, 1)) X (z,u, ) TAX (z,u,t) +
X(z,u,t)TAX(z,u,t) & (z, Mu,t)).

This is satisfied if
X o -
—a—t—(z, u,t) = X(z,u,t) a(z, AM(u,t)).

Setting X (z,u,t) = exp (ta (z, A(u,t))), where exp : M(n,C) = Gi(n,C) is the
familiar exponential map given by ezp(4) = 3 jeo A*/k!; then

_aéf; (;1;, u, t) = X(z, u, t) a (a:, A(u’ t))

as required, and X (x,u,0) = I,,. Since the solution for h above was unique this

proves the result. O
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4. Filtration Condition Finally, by considering the action of X (z,u) € Hun
on A(z,u) € ML.Skyn, 1 >0,

X(z,u).A(z,u) = XT(z,u)A(z,u) X (z, u),

it is obvious that H,, preserves the filtration M’,.Sk.m on Sky,.
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Appendix C

Vector Fields on Varieties

Our group of equivalences G has two parts, R and H, the latter corresponding
to a subgroup of Mather’s group €. This arises naturally from the group action
of Gl(n,C) on Sk(n,C). We show here that the corresponding vector fields can
also be interpreted as coming from those tangent to the set of singular skew

matrices.

Let X be an analytic variety in C", and let Sing(X) denote the singular
part of X.

Definition C.0.14 A germ of a vector field £ is tangent to X if it is tangent
in the usual sense to X \ Sing(X). The set of smooth vector fields tangent to
X is denoted ©(X). These clearly form an O,-module.

We shall largely be concerned with the case when X is a hypersurface given
by the reduced equation f = 0. One can then prove the following.

Proposition C.0.15 The vector field £ is tangent to X = {f = 0} if and only
if £(f) = a.f for some smooth a.

Now suppose that the Lie group G acts smoothly on the germ C*,0; in
particular G fixes 0. Then given an element ! of the Lie algebra LG we can
define the germ of a vector field I on C", 0 as follows. Since ! € T.G there is a
smooth curve v : C,0 -+ G, e with 4'(0) = l. For each z € C" define I£(z) to be

d(y(t).z)/dt|e=o.
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Proposition C.0.18 The vector fields 1§ are well defined.

Proof Clearly if ¢ : G x X — X is the map yielding the group action then
1£(z) = di(e,)(1,0). O

This set of vector fields is, of course, a finite dimensional vector space. We

can consider the O,-module generated by these fields; this is denoted by O(G).

Proposition C.0.17 The module ©(G) is finitely generated and given any £ €
©(G) we find that &(z) is tangent to the orbit G.x through x.

Proof The module is clearly finitely generated. We have only to show that
the final result holds true for the vector fields of the form I£. However l£(z) =
d¢(e, z)(l,0) which is clearly tangent to ¢(G x {z}) the orbit of z. O

Example C.0.18 As usual we work over the complex numbers. Let M(n,p)
denote the set of n x p matrices. Clearly there is an action of the Lie group
G = Gl(n) x Gl(p) on this space given by

(Gl(n) x Gl(p)) x M(n,p) = M(n,p);((X,Y), A) = X1 AY.

Let E;; denote the matrix with a 1 in the (i, j)th place and 0’s elsewhere.
Consider the path v;; in G = Gl(n) x Gl(p) given by t = (I,I + tE;;) for
t small. Clearly v;;(t).A = A(I + tE;;) = A+ tAE;; and the corresponding
tangent vector is AFE;;. Similarly from the obvious paths in Gl(n) we obtain
the tangent vector field E;; A. (The key here is that when computing this one
can ignore the inverse. Take the paths to be t = (I +tE;j,I)~!.) From this we

deduce the following,.

The vector fields in ©(G) are generated by the 4;;, 1 <i,j < p and j;4, 1 <
i,j < n, where A;; (respectively ;; A) is the matrix whose jth column (respec-
tively row) is the ith column (respectively row) of A, and whose remaining

columns (respectively rows) are zero.

Example C.0.19 Now let Sk(n) denote the set of skew n x n matrices. There
is an action of the Lie group G = Gl(n) on this space given by

Gl(n) x Sk(n) - Sk(n); (X, A) » XTAX.
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Let E;; denote the matrix with a 1 in the (,j)th place and 0’s elsewhere.
Consider the path v;; in Gl(n) given by t +— I + tE;; for t small. Clearly
’)’,’j(t).A =(I+ tEj,')A(I + tE,'j) = A+ t(Ej,'A + AE,‘]') + t2Ej,'AE,'J' and the

corresponding tangent vector is Ej; A+ AE;;. From this we deduce the following,.

The vector fields in ©(G) are generated by the matrices obtained by placing the
ith row of A in the jth row and the ith column in the jth column, with zeros
elswhere, and adding. Note that the result is skew-symmetric, and in particular
the diagonal entries are all zero.

Now we know that the elements of @(G) are tangent to the orbits. In the
first case above and the second case when n is even there is one open orbit (those
matrices with maximal rank) and the remaining orbits form a hypersurface D
given by the vanishing of the determinant. The main result we wish to establish

is the following.

Theorem C.0.20 For the square matrices (n = p), and the even skew matrices
O(G) = (D).

We first consider the case of (arbitrary) square matrices, and start to try to

compute O(D). We do this because the basic algebra is more familiar.

Lemma C.0.21 The defining equation of the set of singular matrices D is
homogeneous of degree n, and consequently there is an euler vector field e =
lews" a;j0/0a;; with e(det(A)) = ndet(A).

This is just Euler’s theorem.

Now to check if a vector field £ is in ©(D) we need to find all solutions to
the equation
£(det(A)) = a(A) det(A)

for some smooth a. However note that given such a £ the vector field ¢’ =
&—ae/n has the property ¢'(det) = £(det) —ae(det)/n = a. det —na.det /n = 0.
So we are reduced to finding solutions to the equation £(det) = 0. Now any ¢

can be written as a linear combination of 8/8a;;, so we are looking for relations
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between the ddet /dai;. On the other hand if we expand the determinant by

its ith row we obtain
n

det(4) = Y -1 *ay Ay
k=1
where the A;;, are the (n—1) x (n—1) minors of the matrix A, and do not contain
any entry in the ith row. So ddet /8a;; = (—1)**7A;; and we are reduced to
finding relations between the (maximal) minors of the matrix A. One obvious
set of relations is provided by the equations A.adj(A) = adj(A).A = det(A)].

The next result shows that the vector fields one can construct from these are
those we obtained from the group action.

Proposition C.0.22 The equations A.adj(A) = adj(A).A = det(A)] yield

2n? — 1 relations between the minors of the generic matriz A, namely

Y aw(-D)* 45 =0, i #j; Y au(-1)*Ax =det 4, 1<i<n
k k

D (1) Agjani = 0, i # j; S (-1)F Apiars = det 4, 1<i < n.
k k

Moreover these relations smmediately show that the corresponding vector fields,

Yk aik8/8ajy and 3", ar:0/Bayxj, are tangent to D. These are the vector fields

produced geometrically from the group action.

We are consequently reduced to showing that these are the only relations
between the minors of a generic matrix. Note that we are working here over the
ring of smooth/analytic functions, and not the polynomial functions, but this
is also a Noetherian ring. This result is provided by the exactness of a complex
due to Gulliksen and Negard, see [BrunV]. In what follows M,, is the space of
n X n matrices with entries in O,, and let A € M,,. We are interested in the case
when 4 is the generic matrix A = (a;;), r = n? and O, is the ring of smooth

functions in the a;j. So consider the sequence

GN(A) : 0 y O —H oy M, 26 2 M, 250, — 0.

To explain all of the symbols here we need the sequence
0. —— Mo M, — 0O,
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where i(A) = (AM,Al) and n(V,W) = tr(V — W). With this noted Gy =
ker 7/imi, and then dy (V) = tr(AV) where A is the adjoint of A, dg(A) = A4,
d:(V,W) = VA - AW, d3(V) = (AV,V A). 1t is not difficult to prove that this

is a complex. The following is more difficult.

Theorem C.0.23 Let I(A) denote the ideal generated by the (n — 1) x (n — 1)
minors of A. Then if grade I(A) > 4 then the above sequence is exact. Moreover
in the case when A is the generic n X n matriz then the grade of I(A) is 4, and

the sequence is ezact.

Completion of the proof of Theorem C.0.20 in square matrix case.
Since the sequence is exact it follows that the image of d; coincides with the
kernel of dy. Now di(V) = 32; 3,(~1)"v;; Ai; so the kernel of d; coincides
precisely with the set of relations between the maximal minors of A. We have
now to find the image of da; we can clearly extend da to the whole of ker 7. But
ker 7 is spanned by (E;;,0), (0, Ei;) i # j, and (Ey, Ej;), 1 <14,j < n. However
d2(E;j,0) = E;i;A and dy(0, E;;) = AE;; and these correspond precisely to the
first occuring in the two sets of relations in Proposition C.0.22. On the other
hand d,(Ej;, Ej;) = E;;A— AE;; and the corresponding relations here are simply

those from the second two sets. O

We now need to carry out the same process for the skew-symmetric matrices.
What is different here is that if A is an n x n skew-symmetric matrix with entries
in a ring R, then det(A) is the square of an element in R, the Pfaffian Pf(A).
Now for a sequence of integers I = 1 < i; < i3 < ... < i < n the matrices
obtained by deleting the rows and columns with these indices is also skew. We
write Pf/ or Pf#12- for its Pfaffian, said to be a Pfaffian of order n — k. We
next show that our vector field problem reduces to one concerning Pfaffians of
order n — 2. Let us suppose that n = 2m is even, and let D be the set of skew
matrices of rank< n. Here the equation det A = 0 does not now give a reduced
equation for D, but Pf(A) = 0 does; this is a homogenous equation of degree

m=n/2

So to check if a vector field £ is in ©(D) we need to find all solutions to the
equation

£(Pf(4)) = a(A)Pf(A)
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for some smooth a. As above note that given such a £ the vector field ¢’ = ¢ —
ae/m has the property ¢'(Pf) = £(Pf) —ae(Pf)/m = a.Pf —ma.Pf/m = 0.
So we are reduced to finding solutions to the equation £(Pf) = 0. Now any §
can be written as a linear combination of 8/0a;;, so we are looking for relations
between the OP f /0as;.

The next step involves a not so familiar result.

Lemma C.0.24 If A = (ai;) is a generic skew matriz let A* = (b;;) denote the
skew matriz with entries
(-1)+i-1Pfii(A) ifj<i
bij = 0 if i =j
(-1)Hipfii(A) ifi<j

Then AA* = A*A = Pf(A).L.

Proof The fact that the identity holds for the diagonal elements follows from
Proposition 1.1.10 in Chapter 1. For the off-diagonal entries we obtain a sum

Y pop(=1)itk=1q, Pfik(A). However by the aforementioned result this is just
the Pfaffian of the skew-symmetric matrix obtained by replacing the jt* row

and column by the i** row and column. This matrix is clearly singular if j#i
and the result follows. O

Note that the Pf¥ do not contain any entry in the ith or jth rows, or
columns. So P f/da;; = (—1)*+~1 Pfii and we are reduced to finding relations

between the Pfaffians of order n — 2 of the matrix A. One set of relations is
provided by the above equations A.A* = A*.A = Pf(A)I. The next result

shows that the vector fields one can construct from these are those we obtained
from the group action.

Proposition C.0.25 The equations A.A* = A*.A = Pf(A)I yield the follow-

ing relations between the Pfaffians of order n — 2 of the generic skew matriz
A

Doan(-1*IPE =0, i # 5 Y an(-1)*HF PSR = PR(A), 1<i<n.
k k

Moreover these relations immediately show that vector fields 3", aix8/0a;). are
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tangent to D. These are the vector fields produced geometrically from the group

action.

Proof These relations immediately show that the indicated vector fields are
tangent to D. (Note that there is only one set of relations because the matrix
is skew.) Moreover these are the vector fields produced geometrically from the

group action. O

We are consequently reduced to showing that these are the only relations
between these Pfaffians of order n — 2 of a generic matrix. Note that we are
working here over the ring of smooth/analytic functions, and not the polynomial
functions, but this is also a Noetherian ring. This result is provided by the
exactness of a complex due to Jozefiak and Pragaz, see [JozPra]. In what
follows My, (respectively Sym,, Sk;) is the space of n x n matrices (respectively
symmetric matrices, skew symmetric matrices) with entries in O,.. Let A € Sk,,
be the generic skew-symmetric matrix A = (a;;) with a;; = —a;ji, r =n(n-1)/2
and O, is the ring of smooth functions in the a;j, 1 <i < j < n. So consider

the sequence

JP(A): 0 y Op —% 5 Sk, —% 3 Ly —%, (M,/Sk,) ® Sym, —%

Ly =2 M,/Sym, —2 0, — 0.

Here Ly = coker(Or =& My, r + rlI) and L; = ker(M,, = R, X ~ tr(X)).
With this noted d; (V) = tr(A*V), d2(V) = AV mod Sym,,, ds(V,W) = A*(V +
VT) = WA, dy(V) = (AV mod Sk,,VA* + (VA*)T), ds(V) = VA mod O,],
ds(r) = r1. 1t is not difficult to prove that this is a complex. The following is
more difficult.

Theorem C.0.26 Let I(A) denote the ideal generated by the Pfaffians of order
n—2in A. Then if grade I(A) > 6 then the above sequence is ezact. Moreover
in the case when (as usual n = 2m is even) and A is the generic skew n x n

matriz then the grade of I(A) is 6, and the sequence is ezact.

Completion of the proof of Theorem C.0.20 for the even skew case.
Since the sequence is exact it follows that the image of dy coincides with the
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kernel of d;. Now the rest goes as before. The point is that tr(A*V) = 0
gives the relations between the Pfaffian minors of A. We can work modulo
Sym,, because A* is skew and if W is symmetric then tr(A*W) is identically 0.
Exactness shows that these relations all arise as the image of d;. But elements
in the image of dy we may suppose are of the form (AV — VT AT)/2. Choosing
V to be the basis matrix E;; where i # j or E;i — Enp, for 1 < i < n yields
exactly the relations given above. (Taking V = E;; we obtain the relation
giving the Pfaffian, and considering only those matrices with trace 0 eliminates
the Pfaffian.) O
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Appendix D

The procedure skewmatrix

Here we provide the full Maple source code for the Lie algebra procedure

skewmatrix mentioned in Chapter 5. First we make a few remarks.

Principally, the objective of this procedure is to define the G-tangent space,
to a family of skew-symmetric matrices, described in Proposition 4.3.2. As usual
this involves finding a finite set of generators for this space. It is convenient and
more efficient (for carrying out calculations in the jetspaces) to represent families
of skew-symmetric matrices by N-tuples in upper triangular form. However for

finding the generators for the tangent space we require the matrix form.

Therefore the main problem tackled by this procedure is that of converting
upper triangular N-tuples into skew-symmetric matrices, to find the generators
of a tangent space, and then converting the resulting skew-symmetric matrices
back into N-tuples for the purposes of calculations using jetcalc.

The equivalence for families of symmetric matrices (used in [BrTarSy]) is the
same as the G-equivalence defined here for the skew-symmetric case. Hence the
method for finding generators of the tangent space to the orbit of a family of
symmetric matrices, under this action, is the same as for our skew-symmetric
case. Consequently, to write this procedure we have made use of a procedure
drafted by N.P.Kirk for the symmetric case. In particular the code used for
finding the H-tangent space generators is suggested by his routine.

We finish with a few further points on the following code.

358



Defining the source coordinates z1,...,zr and the R-tangent space generat-
ing set are standard and we refer to [Kirk]. Regarding the H-tangent space, the
code for converting an N-tuple into a skew-symmetric matrix is fairly simple and
uses the Maple array indexing function antisymmetric. The code for converting
a skew-symmetric generator into an upper triangular N-tuple uses the relation
between the index, rs, of an upper triangular entry a,, of a skew-symmetric
matrix and the index, k, of its corresponding entry by in the representative
N-tuple. That is, if a,, = by then

k=(F-1n+s—r(r+1)/2

The code used for finding the ‘extra’ vectors, described in Section 5.2, is also

taken from the aforementioned symmetric procedure.

D.1 The code

In the following, all annotations are prefixed by the symbol ‘#’.

# Procedure to define Lie algebra corresponding to group R x H
# used for classifying Families of Skew-symmetric Matrices (is used

# within the routine initialised by the call jetcalc(A,k);)

# NOTES

# _____

# Represent (n x n) skew-symmetric matrices as

# n(n-1)/2 (upper triangular) vectors, e.g

# [0, al, a2, a3 ]

# [-al, 0, a4, a5 ] <--> [ al, a2, a3, a4, a5, a6 ]
# [-a2,-a4, 0, a6 ]

# [-a3,-ab,-a6, 0 ]

Dimension of source manifold given by global variable
'source_dim’.
Source coordinates defined as (x1, x2, ..., xr)

where r = source_dim.
Target dimension passed in as the argument target_dim; must be a
triangular number.

#* % ¥ % ¥ ® =

Nilpotent vectors: need two different sets -~ one for CT calculations,
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one for full group tangent space. (Note these are the extra
tangent vectors which have been missed by setting
source_power = 2/1 for R - part. Not ’true’ Nilpotents.)
Therefore define two global lists, RCT_nilp and RG_nilp which
define these. One then assigns the appropriate one to R_nilp
(and sets L_nilp := [1;).
NB: CT: source_power := 2; R_nilp := RCT_nilp;

#+ ®H B OH H B BB

group source_power := 1; R_nilp := RG_nilp;

skewmatrix:=proc(A,target_dim,tgtspace)

local coords_temp,n,i,j,F,k,count,r,s,v,b_rs,temp_vect,F_t,K,
temp,last_tgt;
global source_dim,coords,RCT_nilp,RG_nilp;

# DEFINE COORDINATES (global variable, data type ’list’)

# first check all source coordinates are formal indeterminates
# i.e are unassigned as Maple expressions

if not type(source_dim,posint) then
ERROR(‘global variable ’source_dim’ must be a
+ve integer‘);

f£i;

for i from 1 to source_dim do

if assigned(‘x‘.i) then

ERROR( ‘not all source coordinates are unassigned

Maple names‘);

fi;

od;

# CREATE SOURCE COORDINATES
coords_temp := array(l..source_dim);

for i from 1 to source_dim do
coords_temp[i] := ‘x‘
# ‘x*.3 = "x3"

od;

# now convert vector coords_temp to type list to form coords

.i; # concatenates "string" name :

coords := convert(coords_temp,list);
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# CHECK TARGET DIMENSION VALID
# (The target_dim holds the number of components

# of the jet, A, and is

# determined within jetcalc.)

n:= (1 + sqrt(l + 8xtarget_dim))/2;

if n <> trunc(n) then

ERROR (‘the target dimension must be a triangular number‘);
fi;

# DEFINE LIE ALGEBRA GENERATING SET (data type ’‘table’)
tgtspace := table();

# 1) R-TANGENT SPACE

for i from 1 to source_dim do

for j from 1 to target._dim do
tgtspace[i] [j] := diff(A[j],coords[il);
od;

od;

# 2) H-TANGENT SPACE
#
#
#

# first need to convert vector A into skew-symmetric matrix
F:=array(antisymmetric,1..n,1..n);

k:=1;

for r from 1 to n-1 do

for 8 from r+1 to n do

Flr,s):=A[k];

k:=k+1;

od;

od;

# need to convert this to n"2-vector using row major order

v:=convert (F,vector) ;
# following code calculates the H tangent space generators

count:= source_dim+1;
for i from 1 to n do
for j from 1 to n do
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temp_vect:=array(l..n"2); # stores the generator
# whose ith row and column is obtained
# by superimposing the jth row and

# column of A

# build B(i,j) and assign to temp_vect
for r from 1 to n do
for s from 1 to n do
# finds C_{ji}(a)

if i = 8 then

b_rs := v[n*(r-1)+jl;
else

b_rs := 0;

fi;

# finds R_{ji}(a)

if i = r then

b_rs := b_rs + v[n*(j-1)+s);

fi;

temp_vect [n*(r-1)+s] := b_rs;
od;

od;

# converts ‘temp_vect’ back to its corresponding
# skew-symmetric matrix

F_t := linalg[matrix] (n,n,temp_vect);

# Finally need to convert this tangent matrix
# into an upper triangular vector

# and assigns it to tgtspace[count]

for r from 1 to n-1 do

for s from r+l1 to n do

K:i= (r-1)*n + 8 -r*(r+1)/2;
tgtspace[count] [K]:= F_t[r,s];

od;

od;

count:= count+1;
od;
od;

# store last element
last_tgt := count-1;
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*#*

Define "NILPOTENT" VECTORS (global variables,
data type ’list’)

* #*

(see above notes)

RCT_nilp: extra vectors: x.k * B(i,j)

#

# NB: the relevant B(i,j) vectors are stored as

# tgtspace[source_dim +1], ..., tgtspace[last_tgt]
#

(also see manual)

count:=1;

temp:=table();

for i from source_dim+l to last_tgt do
for j from 1 to source_dim do
templcount]l:= [‘x‘.j,il;
count:=count+1;

od;

od;

RCT_nilp := convert(temp,list);

# RG_nilp: extra vectors: B(i,j) (Not needed for CT)

count:=1;

temp:=table();

for i from source_dim+l to last_tgt do
temp[count] := [1,i];

count := count+l;

od;

RG_nilp := convert{(temp,list);

# RETURN NULL
NULL;

end:
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