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ABSTRACT

POSITIVE BRAIDS AND LORENZ LINKS by EL-SAYED EL-RIFAI

In this work a new foundation for the study of positive braids in
Artin's braid groups is given. The basic braids considered are the
set SBn of positive permutation braids, defined as those positive

braids where each pair of arcs cross at most once. These are shown
to be in 1-1 correspondence with the permutations in Sn' A canonical

form for positive braids as products of braids in SBn is given, to-

gether with an explicit algorithm for writing every positive braid in
canonical form and a practical test for use in the algorithm. This is
a useful approach to braid theory because permutations can be par-
ticularly easily handled.

Applications of this canonical form are:

(1) An easily handled approach to Garside's solution of the word
problem in Bn'

(2) An algorithm to decide whether (An)k is a factor of a positive

braid; this happens if and only if at most k canonical factors have
equal to An (where An is the positive braid with each pair of arcs

cross exactly once).
(3) A proof that a positive braid is a factor of (An)k if and only if

its canonical form has at most k factors.

(4) An improvement of Garside's solution of the conjugacy problem,
this is by reducing the summit set to a much smaller invariant
class under conjugation (super summit set). This includes a nec-
essary and sufficient condition for positive braid to contain An

up to conjugation.

The linear generators of the Hecke algebras used by Morton and~
Short are in 1-1 correspondence with the elements of SBn' The

canonical forms above give a quick proof that the number of strands
in a twist positive braid (one of the form (An)sz for positive braid

P and for positive integer m) is the braid index of the closure of that
braid, which was first proved by Franks and Williams. It is also
shown that if the 2-variable link invariant PL(v,z) for an oriented link

L has width k in the variable v, then it is the same as the polynomial
of a closed k-braid, for k = 1, 2. A complete list of 3-braids of width
2, which close to knots, is given. It is also shown that twist positive
3-braids do not admit exchange moves (in the sense of Birman).
Consequently the conjugacy class of a twist positive 3-braid repre-
sentative is a complete link invariant, provided that Birman's conjec-
ture about Markov's moves and exchange moves holds.

Lorenz knots and links are studied as an example of positive links.
It is proved that a positive permutation braid m is a Lorenz braid if
and only if all braid words which equal 1 have the same single starting
letter. A semicanonical form for a minimal braid representative of a

S



Lorenz link is given. It is proved that every algebraic link of c
components is a Lorenz link, for ¢ = 1, 2. (The case for knots was
first proved by Birman and Williams). Consequently a necessary and
sufficient condition for a knot to be algebraic is given, together with
a canonical form for a minimal braid representative for every algebraic
knot. To some extent the relation between Lorenz knots and their
companions is studied.

It is shown that Lorenz knots and links of braid index 3 are de-
termined by conjugacy classes in B;. A complete list of 3-braids which

close to Lorenz knots and links is given and a complete list of pure
4-braids which close to Lorenz links is also given. It is shown that
Lorenz knots and links of braid index 3 are determined by their
Alexander polynomials. As a further analogy with the properties of
algebraic links it is shown that the linking pattern of a Lorenz link
L with pure braid representative and braid index t <4, determines a
unique braid representative for L and so determines L.
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'CHAPTER 0

PRELIMINARIES

§0.1 FOUNDATIONS :

(0.1) Definition: (Knots and links), [Ro]

A link L ¢ X in a space X is the union of u-simple closed polygonal
curves, embedded in X, where the case u=1 is called a knot. A
polygonal knot is one which is the union of finite number of closed
straight-line segments. A knot is tame if it is equivalent to a polygonal
knot, otherwise it is wild. All knots and links in this work are assumed

to be classical SICIRB, or 81CSB, and tame.

(0.2) Definition: (Equivalent knots), [Ro]

Two links L, L' CS3 are equivalent if there is a homeomorphism

h:S3 5 83, such that h(L) = h(L'). i.e. (S°,L) = (S°,1").

(0.3) Definition: (Link diagram, regular projection), [R]

" A link diagram D(L) for a link L is a p\rojection to lR3 with only a
finite number of crossings, such that at the neighbourhood of each

crossing only two arcs cross transversely.

(0.4) Theorem: (Reidemeister), [R]

Two links L,, and L, are ambient isotopic if and only if a diagram

of L, can be altered to a diagram of L, by a sequence of three moves:
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(0.5) Definition: (Braid group), [B2]

1

Define the braid group Bn as the group generated by o,,0,,

0.1 subject to the relations:

i) 0,0, ,0. = 0, .0.0, 1<isn-2
(1) iti+17i i+171 i+1 e

. _ il <t icmo1.
(ii) cicj O‘jdi li-j|22, 1si,jsn-1

The pair (a,n) will be referred to as a word aeBn for some neZ . The
geometric braids representing o, and (di)_l are illustrated in figure

(0-1a).

(0.6) Definition: (Closed braids), [B2]

The closed -braid BC from a braid word B is formed by tying the

top end to each string to the same positioﬁ on the bottom of the braid

B as shown in figure (0-1b).
geometric geometric @
braid (0;) ©  braid o, (c))

(d) ) = trefoil
Figure (0-1a)
Figure (0-1b)



(0.7) Theorem: (Alexander), [B2]

Every oriented link L can be represented as the closure BC of some

(8,n).

(0.8) Theorem: (Markov), [B2]

Any two braids whose closures are the same oriented link, up to

isotopy, are related by a sequence of moves of type:

(1): (B,n) ~ (« 1Ba,n), for some (a,n)

(i1): (8,n) ~ (B(s_)*",n+1)

(0.9) Definition: (Braid index), [B2]

A link B® has braid index n if it can be represented by a braid

(B,n), but can not be represented by a braid (8',n-1).

(0.10) Definition:

For a braid («,n), let p[a] denote to the rotation through angle =
about the centre axis (perpendicular to the plane of the diagram of
o) followed by arrow reversed. Then p[a] is the reverse of «. Also
let 1[a] be the reflection in the plane of the diagram of «, followed
by changing the sign of crossings, i.e. rotation about vertical axis.
Hence as é braid word, p[ec] is the word « read backwards, and 1[«]

is the result of turning over «a.

(0.11) Definition: (Symmetric group)

Define the symmetric group Sn as the group generated by the
transpositions Ty, T2, ov 5 T g where TS (i,i+1) subject to the

following relations:
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(1) tiz = e 1<isn-1

i) t.1. (1. = 1., .T.T. -
( ) ii+l'i i+1'ii+1 1<i<n-2

(iii) Titj T li-j|>2, 1<i,j <n-1

(0.12) Definition: (Companion, satellite, and cable knots), [Ro]

Let K be a knot in a 3-space S3 and V an unknotted solid torus
in 83 with KCVCS3. Assume that K is geometrically essential (not
contained in a 3-ball of V). A homeomorphism h:V—»UCS3 onto a tubular
neighbourhood U of a non-trivial knot CCS3 which maps a meridian of
S3-V onto a longitude of U and maps K onto a knot K; = h(K). The
knot K, is called a satellite of C and C is its companion. If K is the
(p,q) torus knot on the boundary of V, and h is faithful, then K,

is called the (p,q) cable on its companion C, or simply a cable knot.

(0.13) Definition: (Algebraic knots and links), [E-N]

Let f(x,y) be a complex plane polynomial vanishing at the origin,
and let

V = ((x,y)€C? | £(x,y)=0} = £ 1(0)

s

be the corresponding plane curve. For all sufficiently small € > 0, the
3-space

s.® = (x,yet | 1oy = &)

meets V transversely in a link, which has a natural orientation coming
from that of V, i.e. L=VnS£3 a union of closed curves. An oriented
link (SES,L) determined in this way is said to be an algebraic links.
If L is connected, it is called the algebraic knot. Then solving f(x,y)

= 0 for y in terms of x, obtaining a set of solutions which are frac-

tional power series in x. Each fractional power series solution gives

vii



rise to a branch of the curve, and thus to one component of the link.

It is known that all but finitely many terms of the power series can

be removed without changing the topology of the link. Also the re-

sulting minimal series are written in the form

- x((ll/pl)[a1 (Q2/P1p2)[a2 T

y + X

+ [as_1 +7 x(qs/plpz ps)[as + ...1 ...11

with Py Q4 > 0, and (pi, qi) respectively prime for all i.

(0.14) Proposition: Murasugi.K, [Mu2]

(0.1)

Any element of B; is conjugate to one and only one element of some

Ai’ where

he = ((A)2% | n =0, #1, ...}

Ay = {(8) P00, n = 0, £1, ...}

Ay = ((83)2P(010)%] n = 0, *1, }

A = (A2 n=o0, £1, ...}

b = {02 Pl n=0, 21, ...;p=1,2, ...}

Ae = ()2 ™69 n=0, %1, ... ; q=1,2, ...}

Ao = {(8)%%(0,) P (g, (ar) (dl)_(pr)(c{)(qr)ln =0, t1,...;

Py qa;. are positive integers}

..............

\\\\\\\\
e S R e i e e e e e e e R R R e R e e it et i It
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B(B)
B(k,r)
BL(B)
c(a)
CL(P)

L(a)

S (P)

The
The
The
The
The
The
The
The
The

The

§0.2. LIST OF SYMBOLS

Artin's braid group of n-strands
base of braid word B

class of Lorenz braids of type B(k,r)
base length of a braid word B
exponent sum of the braid «
canonical length of a positive braid P
set of complex numbers

identity element in Bn and in Sn
finishing set of a positive braid P

set of all initial positive permutation braid

factors of a positive braid P

The

The

The

‘The

The

The

The

The

The

The

The

The

The

length of «, for aEBn, or c:zeSn
set of real numbers

starting set of a positive braid P
symmetric group

set of all positive permutation braids in-Bn
summit set of a braid word B8

super summit set of a braid word B

join bottom operator in SBn

maximal number of An in a braid word B
Lorenz braid B(1,1i)

Lorenz braid B(i, 1)

set of integers

+
set of positive integers, 0eZ

Equal up to conjugation, in Bn



1,«
3¢

T[a]

ple]

A braid aeBn, for some neZ’

A closed braid aeBn, for some neZ’

The

The

Lorenz braid of permutation m(k,r)

associated positive permutation braid to the

permutation 7€ Sn

The

associated negative permutation braid to the

permutation me Sn

The

The

The

The

The

The

The

permutation GeSn, with §(i) = n-i+l
half twist braid in B_, 8, = A
n’ "6 n
half twist braid in the last i-strands in Bn’ i
i
upper complement of m in §, i.e. (173')17 =6
lower complement of w in 6§, i.e. 7w(m,) = §

conjugation of a« by An

result of reading « backwards

<

n



INTRODUCTION

The central theme of this thesis is the study of positive braids in
Artin's braid groups. Positive braids are particularly attractive to link
theory since positive links, the closure of positive braids, are fibred
and include the torus links, the algebraic links which occur as isolated
singularities of algebraic equations and the Lorenz links of periodic
orbits of dynamical systems. The class of positive links was first
studied by Burau, [Bu], and later studied by many researchers, e.g.

[Mul], [S].

In chapter 1 we introduced a construction for factoring every
positive braid, as a product of positive permutation braids, those

braids where each pair of arcs cross at most once.

Section 1.1 deals with a characterisation of positive permutation
braids. A complete list of factors and factor pairs for the fundamental
braid An is given, where it is shown that SBn (the set of all positive
permutation braids in Bn) is the set of all possib}e factors of An. The

characteristic properties for the braid An are ‘also explored.

Section 1.2 is concerned firstly, with the proof of the main result
of chapter 1, the éanonical form for every positive braid. Secondly,
this section provides a method for shortening the work required to
decide whether (An)k is a factor of a positive braid; this happens if
and only if at most k canonical factors have equal to An' This includes
a proof that a positive braid is a factor of (An)k if and only if its

canonical form has at most k factors.
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Section 1.3 describes a practical algorithm for finding the canonical

form for every positive braid. It also gives a practical test for use

in the algorithm.

Section 1.4 is devoted fo applications of the canonical form for
every positive braid. An efficient normal form for Garside's solution
of the word problem, in Bn’ is given. While an algorithm to decide
whether a positive braid contains An (up to conjugation) is given,
together wifh a necessary and sufficient condition for a positive braid
to contain An (up to conjugation) is given. Finally this section contains
an improvement of Garside's solution of the conjugacy problem in Bn’
this is by reducing the summit set to an invariant, under conjugation,
subclass (super summit set). It is also shown that any two super
summit forms, for a given braid, are conjugate through such these
forms, by a sequence of positive permutation braid conjugations.
Consequently it is proved that two braids are conjugate if and only

if their super summit sets are identical.

Chapter 2 is concerned to the study of twist positive braids (those
of the form (An)sz for a positive braid P and for a positive integer

m) which are interested subclass of positive braids.

In section 2.1, it is noticed that the linear generators of the Heche
algebras used by Morton and Short, [M-S1], are in 1-1 correspondence
with the elements of SBn' The canonical forms above give a quick
proof that the number of strands in a twist positive braid is the braid
index of the closure of that braid, which was first proved by Franks

and Williams, [F-W].

xii



Section 2.2 is concerned to the width of the 2-variable link invar-
iant P(v,z) in the variable v, where the width is the minimal number
of strands allowed by the index bound. It is proved that if the
polynomial P(v,z) of width i, then it is the same as the polynomial of

a closed i-braid, for i = 1, 2. A complete list of 3-braids of width 2,

which close to knots, is given.

Section 2.3 is devoted to the study of Birman's "exchange moves"
in B;. It is proved that twist positive 3-braids do not admit non trivial
exchange moves. Consequently the conjugacy class of a twist positive
3-braid representative is a complete link invariant, provided that

Birman's conjecture about Markov's moves and exchange moves holds.

Chapters 3, and 4 are devoted to the study of Lorenz knots and
links, those which represent the periodic orbits in the solutions of

Lorenz differential equations.

In section 3.1 the class of Lorenz braids is widened to include all
positive permutation braids which can not written as positive words
in Bn with more than one starting letter. It is proved that every al-
gebraic link of ¢ components is a Lorenz link, for c = 1, 2. (The
case for knots wés first proved by Birman and Williams, [B-W1]).
Consequently a necessary aﬁd sufficient condition for a knot to be
algebraic is given. Finally a semicanonical form for a minimal braid
representative for every Lorenz link is given, with a canonical form

for a minimal braid representative for an algebraic knot.

Section 3.2 is devoted to the study of the possible satellites of a
Lorenz knot. It is shown in section 3.1 that every Lorenz link is a

closed braid, which must follow some pattern (called Lorenz presen-
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tation pattern). Hence the Lorenz knots which are satellites of other
Lorenz knots should also follpw that presentation pattern. It is also
shown in section 3.1 that the only way in which a Lorenz knot appears
as a represented cable in Lorenz presentation pattern is when it is
an algebraic knot. So it is a very plausible conjecture that these are
the only ways in which a Lorenz knot can be presented as a satellite,

although attempts to prove it using an extension of Williams methods,

[W2], have so far been unsuccessful.

Chapter 4 is concerned to the study of Lorenz links of pure braid
representatives. As a further analogy with the properties of the al-
gebraic links, it is shown that every Lorenz link of braid index k
with k components is determined by the associated linking pattern of

its components, for k < 4.

Section 4.1 is concerned to Lorenz knots and links in B,. It is
proved that Lorenz knots and links with braid index 3 are determined
by Alexander polynomial. In fact it is shown that Alexander polynomial
for a Lorenz knot or link L with braid index 3 determines a unique
braid representative for L and so determinés L. A complete list of

3-braids which close to Lorenz knots and links is given.

Section 4.2 is devoted to the study of Lorenz links of braid index
4 with 4 components. A complete list of pure 4-braids which close to
Lorenz links is given. It is also proved that the linking pattern of a
Lorenz link L of braid index 4 with 4 components determines a unique

4-braid representative for L and so determines L.

xiv



At the introduction of each chapter, in more specific and technical
detail the results achieved are described with the problems led to this

work and with their historical settings.
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CHAPTER 1

ON BRAID GROUPS

§1.0 INTRODUCTION :

In the braid group Bn of Artin, [Arl] and [Ar2], the word problem
was solved by Artin himself, but the conjugacy problem waited many
years for the solution of Garside, [G1l] and [G2], where he also gave
a further solution of the word problem. Garside's solutions are purely
algebraic and mainly depend on a diagram (Cayley diagram) which
represents the generators and the relators of a group, [C1] and [C2].
The solutions also depend on a special braid word An

, called funda-

mental, as defined below.

In Cayley diagram, the multiplication table of a given group G with
given, presentation can be represented in a diagram having one vertex
for each element of the group, where edges represent generators and
its inverses. Any verfex may be taken as origin and the others may
be traced out from there. The drawn diagram can show the initial\
letter on the bottom and the others extending in order to top. The

factors of a word P in the group are the possible subdiagrams of the

diagram of P.

In Garside's solution of the word problem in Bn’ it is shown that
each braid word « admit a unique normal form, called standard, a =

(An)mP, meZ and P is a positive word. The integer m is called the



power of a and the word P is called the base of «. For conjugacy
problem in Bn’ Garside also shown that one may choose a unique
representative (An)rQ for the conjugacy class of the braid («,n).

The integer r is called the summit power of a and the positive word

Q is called the summit base of a, [G1] and [G2].

Let (An)rR be the standard form for a braid (a,n). But the braid
An itself has many factorizations into two factors. If PQ is one of these
factorizations, then P(An)rRP-1 may equal (An)rﬂT in the standard
form of PaP_l. So that take all conjugations of (An)rR, where
conjugators are all possible factors of An. From yielding words con-
sider those which are of power 2r and which are distinet from
(An)rR and from each other. Now repeat the process for each of the
words yield by previous step, where the condition being always that
each new word must be of power 2r. Continue to repeat the process
for every new word arising, hence Garside shown that a stage must
be reached when further applications of the process will yield no new
words. So the device of generating conjugate braids by working’
thro’ugh the factors of An can be used to raise the power of An o:nly
so far. The braids containing An raised to that highest power, called

the summit power, form the summit set of all the braids from which

it can be so reached. Garside proved that two braids are conjugate

if and only if their summit sets are identical, [G1l] and [G2].

Then within each braid group Bn’ both solutions of Garside require
the use of extensive lists of factor pairs for An. Throughout upon the
definitions and the notations of Garside, Thomas.R.S.D gave an al-

gorithm for writing down the factor lists of An’ [T]. He proved in-



ductively that each Cayley diagram of An is made up of n copies of
Cayley diagram of An_ 1 linked by 9-1 and so on down to the Cayley
diagram of A,. He also shown that the Cayley diagram of An has n!
vertices, which is the all possible factors of An. But Thomas's algo-
rithm has the same nature of Garside's technique which is completely

algebraic, quite long and quite difficult to apply.

In the following paragraph some definitions are stated, where the

abstract definition of braid group Bn is given in definition (0.5).

(1.0.1) Definition: (The fundamental word or the half twist), [B2]

In Bn’ the braid which is accomplished by holding the top of the
braid fixed and attaching the string bottoms to a rod which is then
turned over once (in a positive sense), is known as a half twist

positive braid An and

A = (on_lon_z...d, )(on_ldn_z...oz)...( (o4 2)(crn_l)

o
n-1"n-

(1.0.2) Definition: (Positive braids and twist positive braids)

A braid (p,n) consisting of an ordered sequence of the generators
only, in which no inverse of any generator occurs will be called a

positive braid. A positive bx;aid P is a twist positive braid if P =

(A )zmQ, for mEZ+, m # 0 and Q is a positive braid.
n

(1.0.3) Definition: (Factor pairs for a positive braid)

For a positive braid (a,n), the positive braid  is called a factor
of o if and only if there exists a positive braid ¥ such that either «a

= ¥8 or a = BY¥, the pair (8,%} is called a factor pair for «.



Section 1 is devoted to the study of the factors of An. It is proved
in theorem (1.1.14) that a positive braid (a,n) is a factor of An if
and only if each pair of arcs in the diagram of a cross at most once.
In theorem (1.1.4) it is proved that the permutations in Sn are in
1-to-1 correspondence with the set of factors of An’ denoted SBn'
But the geometric relations between Sn and SBn are shown in defi-
nition (1.1.1) and in lemma (1.1.3), where the elements of SBn are

called the positive permutation braids. In fact the conception of

positive permutation braids was first introduced by Morton and
Traczyk, [M-T]. In corollary (1.1.15) the list of all possible factor
vpairs for An is given, i.e. the list of all possible positive braids P's
and Q's such that An = PQ. In fact Q is the lower complement of P
in An, where An is the largest positive permutation braid, in Bn’ as

shown in lemma (1.1.10).

A necessary and sufficient condition for a generator oieBn to be a
starter and a finisher of an element in SBn is given in lemma (1.1.8),
where g is a starter for a positive braid (P,n) if there exists a.
positive braid Q, such that P = ciQﬂand % is a finisher for P if there
is a positive braid R such that P = Rdi, as in definition (1.1.7).' If
9 is a starter or finisher for a positivé b‘raid, then simply let i denote

to o..
i

The recognition results of the fundamental braid An are given, in
lemma (1.1.10), where it is shown that every i, 1 €£i< n-1, is a
starter and finisher for An. It is shown also that each two arcs in
An cross exactly once. The conjugation of a braid by An is shown in

lemma (1.1.11). Following that it is proved in corollary (1.1.12) that



(An) lies in the centre of Bn’ which is geometrically obvious where
passing a braid o through (An)z, the full twist, it means that the
diagram of « has turned over twice. At the end of section 1 the re-

cognition results for the factor pairs for An are given in lemma

(1.1.16).

In fact section 1 contains some technical results on factors of An
and on the starters (finishers) of a braid neSBn which are used fre-

quently in this work.

Section 2 is devoted to find a canonical form for positive braids

as products of positive permutation braids. In theorem (1.2.1) it is
proved that every positive braid P can be written uniquely as a
product of positive permutation braids, P = w7, ... Mo where m is
the largest possible positive permutation braid as a starter of (win.+

i+l
.nk),'forl<i$k.

The proof of theorem (1.2.1) is begun with some definitions and
lemmas. In definition (1.2.4) the set IP of all initial positive permu-
tation braid factors of a positive braid P is given with some ordering
operator. It is proved, in proposition (1.2‘;7), that IP‘has a maximal
element for each two of its elements, while corollary (1.2.8) provided

a unique maximal element in I i.e. a unique maximal starter for P.

P’
The relation between the starting set of a positive braid and the
starting set of its maximal starter is given in corollary (1.2.9) Now
let P = m,P;, where nIGSBn and P, is a positive braid, then w, is the
maximal starter for P if and only if S(P,) ¢ F(7m,), as shown in pro-

position (1.2.10). At this stage the proof of theorem (1.2.1) is also

given.



As a further analogy with the left-hand canonical form of a positive
braid, it is ) shbwn that eVery positive braid has also a right-hand
canonical form with similar properties, as shown in remark (1.2.14).
Now let AB = AnR for positive braids A, B and R, then it is shown
that A = A;7 and B =m,.B, for some positive braids A,, B,EBn and
TI’ESBn (é,s in lemma (1.2.15)) and it is proved that F(A) v S(B) =

(1,2, ... ,n-1} (as in corollary (1.2.16)).

The positive braid (P,n) contains An if and only if P = AAnB for
some positive braids A and B, as in definition (1.2.11). Necessary
and sufficient conditions for the positive braid P to contain An are
given; this happens if and only if An is the maximal element in IP (as
shown in lemma (1.2.12)) and it is also happens if and only if S(P)

= {1,2, ... ,n-1}, as shown in corollary (1.2.13).

For a positive braid P, if at most k canonical factors of P have
equal to An’ then P = (An)kQ for some positive and prime (to An) braid
Q, hence (An)k is a factor of P. An algorithm to decide whether a
positive braid P = AB contains (An)k is given; this is by writing A
and B in their canonical factorizations, then look to the factors, as
in theorem (1.2.17). This algorithm providés a method for shortening
the work required to decide if a given positive braid has (An)k as a

factor or not.

Following that it is shown some properties of the factors of
(An)k. A necessary and sufficient condition for a positive braid P to
be a factor of (An)k is given; this happens if and only if the canonical

form of P has at most k factors, as in theorem (1.2.18).



It is also shown that every factor of (An)k has property that every
pair of arcs cross at most k times, as in proposition (1.2.19). But
not every such positive braid with each two arcs cross at most k times
is a factor for (/An)k, an example to show that is given in example

(1.2.20). Finally a geometric view of the factors of (An)2 is presented

in propositibn (1.2.21).

In section 3, a practical algorithm for writing a positive braid in
its canonical form is given, as in (1.3.1). Starting with a positive
braid (P,n), write P as a successive product of generators. Then
bracket the successive letters of the word P as a product of positive
permutation braids (m,m, ... nk). Hence investigate the crossings
of the arcs of the first factor m,, to decide which arcs do not cross
in the braid =,. If a pair of such these arcs cross in m, and if it is
possible to pull that crossing at the end of m; then do it. Do that
with the other pair of arcs. Hence finish with new positive permutation
braids (7,)' and (m,)'. Repeat that again on (m,)' and m; to finish
with (m,)" and (m;)'. Repeat that again on (w;)' and (m,), and so
on. Then the braid P has the new factorization, [(m)'(m )" (m3)"
(vk_l)"(vk)']. Note that the number of factors does not increase under
the algorithm, because it is possibie\ that some of the factors vanish.
But L(P) is finite and SBn is also a finite set. Then ultimately a stage

must be reached when further applications of the process will yield

no new factorizations.

A practical test for use in the algorithm above is given in theorem

(1.3.2), where it is proved that (mymy ... ‘lTk) is the canonical (

left-hand) factorization for a positive braid P if and only S(“i+1)



F(wi), for 1 < i € k-1. Following that an example for applying the
algorithm is vgiven in example (1.3.3). Consequently it is proved that
the number of factox;s in the left-hand canonical form of a positive
braid equals the number of factors in its right-hand form, as in cor-
ollary (1.3.4). Then the number of factors in the canonical form of a
positive braid P is called the canonical length of P and denoted CL(P).

For a positive braid P with CL(P) = k, it is also proved that P-1 =

1

(An)-kQ where Q is positive and prime to An’ i.e. the power of P~

equals -CL(P), as in corollary (1.3.4).

Section 4 is devoted to discus some contributions of the canonical
form for every positive braid . An efficient normal form for Garside's
solution of the word problem is given. It is shown in theorem (1.4.2)
that any word can be uniquely determined by a sequence of permu-

tations called base and an integer called power.

An algorithm to decide whether a positive braid P is conjugate (or
not) to AnQ-for some positive braid Q is given in (1.4.3). The idea
of that is to write P in its canonical form (w7, ... nk),

the first factor m; to the end of (w,m; ... nk)., i.e. conjugate by m,;

then cycle

) -1 o .
and put the resulting word, P, = (m,) "P(m;), in its canonical form
(nimz2 ... Nk ), say. If n; = An’ then P contains An up to conjugation,
1

hence stop the algorithm. But if n,; # An repeat the previous process

by cycling n, at the end of (nzn; ... nkl), i.e. conjugate P, by n,
and write P, = (n,)-lPl(nl) in its canonical factorization (a;a,
akz), say, and so on. But k 2 k;, 2 ... 2 ki and SBn is finite, then

ultimately a stage must be reached when further applications will either

factor out An or yield no new words.



The algorithm above is proved, in theorem (1.4.4), where a posi-
tive braid (P,n) is conjugate to AnR, for some positive braid R, if
and only if the algorithm above produces An' This result reduces the
required calculations to decide whether P is in the summit set of some
braid «, or not. In lemma (1.4.5) it is proved a result (due to
Garside), that if braids P and Q are conjugate by a positive braid A
and power of P = power of Q = k, then power of a’lPa 2 k, where «

is the maximal starter for A, which is the key for constructing the

summit set.

Finally the Garside's solution of the conjugacy problem is improved
by reducing Garside's invariant class (summit set), under conjugation,
to an invariant subclass (super summit set). The summit set of a

braid P is defined as SS(P) = {(R,n) | R conjugate to P and R

(An)mQ, for m maximal and Q positive braid}. But the super summit
set of a braid P is defined as SSS(P) = {(R,n) | R = (An)mQ is summit

form with minimal CL(Q)}

In theorem (1.4.8) it is proved that if P and Q are super summit
forms (for a given braid o), then there are a sequence of elements
R, =P, Ry, ... , Rs = @ in super summit set of o such that Ri+l
conjugate to Ri by a positive permutation braid. Using theorem (1.4.8)

and lemma (1.4.5), it is proved, in theorem (1.4.9), that two braids

are conjugate if and only if their super summit sets are identical.

.....................
..........




§1.1, THE FACTORS AND THE FACTOR PAIRS OF An

(1.1.1) Definition: (Positive permutation braids)

‘Given a permutation 7 in the symmetric group‘Sn, make a diagram
D(m) of m by joining the points 1, 2, ... , nrby lines to the points
m(1l), w(2), ... , w(n) respectively, such that only two pair of lines
are crossed at each crossing. Then each pair of lines cross at most
once. Make each pair cross in the positive sense, then read the re-
sulting braid Bﬂ from D(m). The positive braid when each pair of

strings cross at most once, will called a positive permutation braid

and SBn denote the set of all positive permutation braids in Bn'

(1.1.2) Example:

In S,, the cases when m, = (13)(24) and w, = (14) are illustrated

in figures (1-1a) and (1-1b) respectively. Then B(ﬂx) = 0,0,0;0, and

= 0,030,0,03.

ﬁ(“z)

D(m, = (13)(24)) D(m, = (14))

Figure (1-1a) Figure (1-1b)
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(1.1.3) Lemma:

For a permutation neSn, the associated positive permutation braid
Bﬂ depends only on = rbut not on the choice of the diagram D(m).
Proof :

Number the strands 1,2, ... ,n on the bottom of Bﬂ, from left to
right. But each pair of strings cross at most once, then the string
labelled 1, at the bottom of Bn’ lies over (not under) each other
string. So we can isotop it to lie at level t,, with respect to the braid

axis x of P. Do that again with the arc labelled 2 and so on.

(8,)
Then the string i lies at level ti, where t;, > t, > ... > tn’ with

respect to X(B ) as in figure (1-2). So that string i always crosses
m

over (not under) string j for i < j, hence B1T depends only on 7 O

t, .
i-1 1

t, ]
1 i

t

n

Figure (1-2)

11



(1.1.4) Theorem:

Let m, XESn , then Bw = BX if and only if 7 = ¥.
Proof: |

The necessity of the condition is clear. To establish sufficiency,
draw B1r and BX with strings in levels as in lemma (1.1.3). Then the

two braids are isotopic, because we can move string i of B_ to string
T

i of BX within level ti m]

(1.1.5) Corollary:

For each ‘ITESn there is a unique braid B'nESBn with permutation of
[31T equals 7.

Proof:

The proof is a direct consequence of theorem (1.1.4) o

(1.1.6) Remarks:

(a): As a result of theorem (1.1.4) we can think of every positive
permutation braid Bﬂ, simply as a permutation 1 without any care how

the arcs in B1T cross. In fact this is the key of the main result of

this chapter, "The canonical form for every positive braid", as in

section 2.

(b)‘: For every permutation nESn we can luse a negative crossing
to read the resulting braid from the diagram D(w) of m. As a further
analogy with the previous process we can call such this braid "the

negative permutation braid". Hence for every permutation neSn, let

617 and (Bn)- be its associated positive and negative permutation braids

respectively. So that
-1
(B)_ = pl(B)) 7]

m

where p[a] is the braid « in reverse, as in definition (0.10).

12



(1.1.7) Definition:

For a positive braid (P,n), define the starting and the finishing

sets, respectively as:

S(P) = {i|P 0.Q, for some positive braid Q }

F(P) = {i|P

chi, for some positive braid Q }

The following lemma presents a necessary and sufficient condition

for starters and finishers of positive permutation braids.

(1.1.8) Lemma:

Every permutation 1reSn satisfies the following:
(i): i-e S(Bv) if and only if w(i) > w(i+1)
(i): i€ F(B ) if and only if v 1(i) > 7 1(i+1).
Proof:
(i) For necessity: let ieS(B“), then the strings labelled i and i+1

on top of Bn never cross in BX , where

By = 9By
otherwise Bﬂ¢SBn, hence

m(i) > w(i+l)
“For sufficiency': let neSn, such that
m(i) > m(i+l)

then the two arcs labelled i and itl, on the top of B“, cross in B“.
Draw the braid BT’ in levels as in lemma (1.1.3), hence the string la-
belled i at bottom of BTT always cross over (not under) string labelled

j at bottom of B“ for i < j. Therefore we can draw a pattern for B“,

13



as in figure (1-3), where c:ziESBn for all 1 < i < 4. Hence from the

diagram and under isotopy, there is some aeSBn such that

then i€eS(m). The proof of case (ii) is similar to that in case (i) o©

Now we are going to find out the characteristic properties for the
fundamental braid (An,n), which is defined in definition (1.0.1). A

picture of the braid (As,6) is given in figure (1-4a).

1 i-1 i1 i+l i+2 n

.
.

3
| 4 \
a3
/7
Ti+1

Figure (1-3)

(1.1.9) Remark:

In B let (A, (_) denote the half twist (fundamental braid) in the
n’ i,
last i strands, for i €< n, then (Ai,«) is the result of turning over of

the half twist Ai in the first i strands in Bn’ i.e. T[Ai] = (Ai ). Hence

)

F(A,

; J € {n-1, n-2, ..., n-i+1}

where

14



S(a) (1, 2, ..., i1}

Then in Bn and for i = n we have

An example for n = 6 and i = 5 is given in figure (1-4b).

\\ “\\ 6
\ \ N
AN \
N/ \ N\
AN \)
AN N\
1 2 3 4 \5 3 1 2 3 4 5 \G
As (85 )
Figure (1-4a) Figure (1-4b)

s/

(1.1.10) Lemma: (Recognition results for An)

For a permutation vESn, the following statements are equivalent:~

(i): 'Bﬂ = An
(ii): Each pair of strings in Bw cross exactly once
(iii): S(Bn) = F(Bn) = {1,2, ... ,n-1}.

Proof:

Consider the permutation m such that

m1(i) = n-i+l, for 1 £ i € n

then

n_l(i) = n-itl, for 1 € i < n

15



hence

m(i) > m(i*1) and 7 1(i) > n'l(i+1), for 1<i<n
So lemma (1.1.8) tells us that

-ieS(Bﬂ) and ieF(Bﬂ), for 1 <i < n-1

S(Bv) = F(Bn) ={1,2, ... ,n-1}
But, from the definition of 7, we can write
T =n(1:1, ... 1
for some neSn, such that

n(i) = m(i-1) = n-i+2, for 2 <i < n
so that
B = (dn_lcrn_2 01)8n

m

Replace m by n to get n"eSn, such that
n"(i) = n(i-1) = n-i+3, for 3 < i < n
Continuing this process we can finish with,
B_ = (cn_lcn_2 0’1)(O'n_10'n_2 co. T) ... (cn_lon_z)(cn_l)

Now let 6§ denote the permutation where 65 = An’

for 1 €1 < n.

i.e. 8(i) = n-i+l,

16



(i) » (ii): Since B, = A , then the geometric definition of A_, shown
in definition (1.0.1), tells us that each pair of arcs in B“ cross exactly

once, but theorem (1.1.4) tells us that 7 is unique, then w = §.

(ii) » (iii): If each pair of arcs, in B_, cross exactly once, then de-

,"!

finition of An tells us that B'rr = B, = A hence as shown above

) n’
S(8,) = F(8.) = {1,2, ... ,n-1)
(iii) » (ii): Let S(Bn) = {1,2, ... ,n-1}, then

w(i) > w(i+1), for all 1 £ i € n-1
hence

m(i) > n(j), for i < j

But BHESBn’ then each two arcs cross exactly once, otherwise m(i) <

m(j), for some i < j.

(ii) » (i): Given a permutation m such that each two arcs in BTr Ccross

exactly once, then Bn = An’ som=6§0

(14

(1-5a) Figure (1-5b)
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(1.1.11) Lemma:

In B_, let § = H [(o( ))(EJ)], then 1[8] = [1 [(o ) (%11, where

(n- 1)
1[B] is the conjugate of B by An (as in definltlon (0. 10) )y sjeZ and 1

Sian-l, for 1 € j < k.
Proof :
It is enough to show that ‘I.’[O’i] = 0y for t is a homomorphism.

Using (iii) in lemma (1.1.10), then for every 1 < i € n-1, we have

Bs = 8, = diB(Gi)

where in 66. each pair of strings cross exactly once, except those
which labellecll i and i+l (on top of 56)‘ they never cross. Draw An =
GiB(G.) with sfrings in levels, so if the string from i to §(i) lies in
level ti (say), then the string from i+l to §(i+1l) lies in the successive

level ti+l’ just over the level ti’ hence we can isotop these two arcs

to cross at the end of An as in figure (1-6), then

n~ %P T Ps) n-i

Now if B = ;s then

T(di) - (An)-ldiAn ) (An)_loiBG <
-1
T @y °i(°155.)
= (A ) (05 )C’ -
_ -1
=) Ancn-l
=g
n-i

But t is a homomorphism, then the proof follows by repeated appli-

cations of the previous process on the successive letters of f 0O

18



Figure (1-6)

(1.1.12) Corollary:

In Bn’ (An)2 lies in centre of Bn’ i.e. (An)2 commutes with every
thing.
Proof :
Since 1 is a homomorphism, then as in lemma (1.1.11) it is enough
to show that,
rz[ci] = 0, for all 1 £ i € n-1

where 2 is the conjugation by (An)z. Using lemma (1.1.11), since

t[o.] =0 ., forall 1 <i<n-1
i n-i
then applying 1 again, we have

] = o,

‘tz[O'i] = t[on_. i

1

This is geometrically obvious, because passing a braid P through

(An)2 means that P has turned over twice O

19



(1.1.13) Remark:

Given a positive braid (P,n) and let 7 be the associated permutation
of P, then: the number of crossings of any two strings labelled i and
j (at top of P) equals the number of crossings of the same strings in
m (mod 2). So that if P and Q are two positive braids with the same
permutation m, then strings i and j (at top of both P and Q) cross
the same times (mod 2). The number of crossings (in a positive braid)
of two strings i and j is also odd if m(i) < n(j) for i > j and it is even

if w(i) > w(j) for i > j.

(1.1.14) Theorem: (The factors of An)

A positive braid (B,n) is a factor of An if and only if BESBn.
Proof': |
For necessity: Let P be a factor of An’ then there exists a positive

braid Q (as in definition (1.0.3)) such that

Then number of crossings of string labelled i with string labelled j,

in PQ, is > the number of crossings in P, then each two arcs in P

cross at most once, so PESBn. ' v
For éufficiency: Let aeSBn with permutation TrESn and choose

i.e.

’

XeSn, such that 7¥ = 6 and 65 = A B1T = a and BX are

B a1y’

all in SBn’ then each two arcs in each one of them cross at most once,

n

so each two arcs in B_HBX cross 0, 1 or 2 times. Compare BnBX and
BNX = An. So using remark (1.1.13) and the fact that each two arcs

in An cross exactly once, then each two arcs in BwBX cross an odd

number of times, so

20



i.e. a is a factor of An’ which completes the sufficiency and so com-

pletes the proof o

(1.1.15) Corollary: (The factor pairs for An)

For each permutation nESn, there exist two permutations w, and

m , such that B(“*)B“ = B“B(w*) = An.

Proof:

Theorem (1.1.14) tells us that Bw is a factor of An for every

TTESn. i.e. there are two positive permutation braids B, *, and

( )
' ( :l':) ’
( ) ( ).'t) 1

In fact B(v*) and B(n ) are the upper and lower complements of m in

5§, where BG = An o

(1.1.16) Lemma: (Recognition results for the factor pairs of An)

Every weSn satisfies the following:
@ Byl = Bty TBEHTE By
(i): F(B) 0SB ) =9, F(B) USB, )= (L2, ... 01}
(iii): F(B

(n*)) A S(B,") = 0, F(B(ﬂ*)) U S(B.) = (1,2, ,n-1}

Proof:

For any BTTESBD’ corollary (1.1.15) tells us that,

Ay = (BB, = B.(B, )

n
For (i):
-1

T8, 1= (A8, (A)

e -1
(B'TT" Bn) Bﬂ*(An)

-1
B, (BB, ) (4)

" -1
B, F(A,)(8)
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hen’ce by using corollary (1.1.12),

1[5"*] = Bﬂ*
For (ii):

Clearly F(Bﬂ) n S(e_)

3

that for some integer j,

¢, otherwise there exist a, SESBn such

B'n = aoj and Bﬂ* = GjB, for 1 £ j < n-1

hence,

A =BB = a(oj)zs

n T

so that in An there are two arcs cross twice, which is impossible as
in lemma (1.1.10). Now let jz[F(B“) U S(BTT )], then by using lemma
(1.1.8),

v 1) < w7l and w () < m.(j+1)

i.e. there are two arcs, which labelled j and j+1 in bottom of Bn’ never

cross each other in Ban = An’ which is impossible, hence

F(Bﬂ) U S(Bﬂ.) = {1,2, ... ,n-1}
For (iii):

Follows from (ii) with w;': in place of 7 ©C
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§1.2 A CANONICAL FORM FOR EVERY

POSITIVE BRAID

(1.2.1) Theorem: (A canonical form for every positive braid)

Every positive braid (P,n) has a unique left-hand, [right-hand],
canonical form as a product of positive pérmutation braids. More
precisely:

Every positive braid (P,n) can be written uniquely as a product
P=(w,m, ... 'ﬂ'k), [P = (arar-l ... a;)], where Tos [ai], is the largest
possible positive permutation braid as a starter, [finisher], of (niﬂ. 1

. wk), for 1 <1i <k, [(ozrczr_1 ai), for 1 <i<rj.
To proof the theorem, we begin with several definitions and lemmas.

(1.2.2) Definition:

In Bn’ let m, = ad; and m, = aoj, then define the join bottom of w,

and m,, as

/ aoi if  i=j
(m1) Uy (m2) = 00,0, if  |i-ji=2
0.0, 1% if  |i-j|=1

(1.2.3) Lemma:

The set SBn is closed under the join bottom operator Uy i.e.
[(aci) Ub (acj)]eSBn , for all ad,, aojeSBn.
Proof:

Order the strings at bottom of «, from left to right. Number them

1,2, ... ,n. Then the pair {i,i+1} of strings does not cross in a as
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do the pair {j,j+1}, otherwise (adi), (aoj)i!SBn. Then consider the

following three cases:

Case (1): If i = j, then directly from the definition of the join

bottém, we have

(ao’i) Ub (ao'j) = (cxci)eSBn

Case (2): If [i-j[22, let i < j, then the pair {i,j} of strings do not

cross in ad, , as in figure (1-7a), hence
(adi) Ub (aoj) = (aoicj)eSBn

Case (3): If [i-j[=1, let j = i+l, then the pair {i,i+2} of strings

never cross in o, as in figure (1-7b), hence
(aci) Ub (acj) = (acioi+loi)eSBn

which completes the proof o

L T
1 T
l o
1 i-1 i, J+1 j j*1 j+2 n 1 i-1 J J+1 i+2 i+3 n
) L ]
1 i-1 i i*1 j j+1 j*2 n 1 i-1 i i+l i+2 i+3 n
(!O'idj (!O'iO'i‘thIi
Figure (1-7a) Figure (1-7b)

(1.2.4) Definition:

Given a positive braid (P,n), let IP be the set of all possible initial
positive permutation braid factors of P, i.e. if aEIP, then P = (aP,)

for some positive braid P;, hence L(P;) < L(P). The set IP is called
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the starter set for P and every aEIP is called a starter of P. For two
elements 7, XESBn, if 7 is a starter of ¥, then there exists cztESBn such
that ¥ = ma and denoted ¥ Zs m. The positive permutation braid ¥ is

also a maximal element in IP if B = ¥ for all B ?s Y.

(1.2.5) Example:

In cases when P = A; and P = A,, the starter sets I and I

(43) (44)

are illustrated diagrammatically in figures (1-8a) and (1-8b), respec-

tively. Note that I(A ) = SBn’ because An is the largest positive

n
permutation braid in Bn'

X% \/\ \\\ \1[\

e 0,0, 0, 0,0, 0,0,0;=4,
Figure (1-8a)
VT T VT S
\
\ \ \ \
e g, 0,0, g, 0,02
\ \ \
\
\ \_ 4 \ \ X JAVAN
g; 0203 020,03 0,103 C,0,0; 0,0,0,0, ‘
< | 72V A l
! \/\ \/\/ // 4
N\
| \ \\ L Ll AN ] \
0:0,03 0,0,0,0, 0,0,03 0,030,053 0,0,0,030,
\ .
4 \ \
/\ l \\ 2l \ L/
0,0,0, 0,030,0, 0,0,030,0;, 0,0;0,0, 0,0,030,0, 0,0,0,030,0,

Figure (1-8b) 95



This work generally is concerned to braids rather than words and
here is the place where we used to work particularly with words.

The following lemma, due to Garside, is precisely concerned to words

in B .
n

(1.2.6) Lemma: (Garside) [G2]

For positive words P, QeBn, suppose that oiP = on, then

P=Q if =]
P = on, Q= O’iZ if  |i-j|=2
P = ojoiZ, Q = oion if  [i-j|=1

for some positive word ZEBn, where 1 < i,j € n-1.

Outline of the proof of lemma (1.2.6):

The braid relators (i) and (ii) of definition (0.5) have the property
that no inverse of a generator appears in either relation. Hence there
is a semigroup

a.a, = aa,, |i-j| > 1
1) 1]

a.a. ,a, = for 1 €£1i< n-2
iTi+1%1 A

3412121417
where the mapping a0, for«1 € i € n-1 induces a natural embedding
of A in B, [B2]. Garside's idea is to transfer from A to B in-
formation easily obtained in Am' Now for positive braid words Vi’ for
Os<sisr, ifVg=V,=...-5= Vr and if each Vi can be obtained from

\% by a single application of one of the braid relators (i) or (ii) of

i-1
definition (0.5) (without involving inverses), then one says that Vr
can be obtained from V, by a transformation of chain-length r. i.e.
simply the words Vi’ O €£i<r are equal in An’ For transformations

of chain-length one, the proof is straightforward. For transformations

of greater chain-length, one factors into transformations of smaller
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length, first applies the inductive hypothesis about chain-length then
the inductive hypothesis about letter length, and checks the all pos-
sibilities. The complete calculations of this proof are given by Garside

in [G2].

(1.2.7) Proposition:

For a positive braid (P,n) and for every m, 1 EIP, there exists

el such that & ?S m and § ?S n.

P

Proof:

Given two positive permutation braids m and 73 in IP (i.e. P = 1P,

= nP,, for positive braids P, and P,), write 71 = din1 and n = djnl,
for some m,, ThESBn- Using lemma (1.2.6) one can find a common
starter a for both m and n. Now Define m(a) = L(An) - L(a), for all

aeSBn, so then m(a) 2 0. Refer to proposition (1.2.7), when 1 and

n have a common starter o with m(e) = k, as (Prop.)k,

(Prop.)O: Then m(a) = 0, so a An. But both m, neSBn, then

hence,

So ther proof of the general proposition follows by induction on k. For
our induction hypothesis we assume that (Prop.)r holds. Suppose that
7 and n have common starter o« with m(a) = r+l1. Let

T = acin' , n = acjn', for 7', n'ESBn

and write

P = aQ

where

Q = O'iTT'P1 = ojn'Pz, i.e. i,jeS(Q)
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for some positive words P; and P,. Now lemma (1.2.6) tells us that

TP, = n'P, if  i=j
P, = 0.Z, 1'P; = oZ it |i-j|>2 (1.2.1)
P, = ojoiZ, n'P, = oich if  |i-j|=1

for some positive braid ZeBn, where 1 < i,j < n-1. So

P = 0Q = [(a) U (0] (R, )

2

where Rij is a positive braid depends on i and j (as in equation
(1.2.1)) with

L(R; ;) < L(1'Py) = L(n'Ps)

Now the pair {v,(adi) Ub (acj)} and the pair {n, (aci) Ub (aoj)}, of
braids, have the common starters (aoi) and (aoj), respectively. But

lemma (1.2.3) tells us that [(adi) Ub (adj)]ESBn, therefore

m(adi) L(An) - L(adi)

L(a) - L(a) - 1

m(a) - 1

=r

m(ao'j)

Then by induction hypothesis, there exists X,, xzeIP such that

Xy = mO, [(ao’i) Ub (adj)]ez

and

X2 = NE,y [(“Ui) Ub (adj)]sz
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for some Bi,_' sieSBn, is= '1,' 2. We can also apply the induction process

again, because Xx; and x, have [(aci) Ub (aoj)] as a common starter

with

m{(eo;) Uy (a0p)] = L(4,) - L((av) Uy (ac)))

A

L(4,) - L(a)

m(a)

r+l

Then there exists EEIP such that

£ = x1¥; = 76,¥; = Xon; = negym,

which completes the proof of (Prop.)r oy hence completes the proof

of the general proposition. The relations between these braids are

represented diagrammatically in figure (1-9) o

e
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(1.2.8) Corollary:

For every positive braid (P,n), IP contains a unique maximal ele-

ment, i.e. P = m;P,, for some positive braid (P,,n), such that
(wlo'i)¢SBn, for all ieS(P,).

Proof:

Let ¥, neIP, then proposition (1.2.7) tells us that there exists an

element aEIP such that

a2 ¥and a 2
“s Zs N

Now assuming that both ¥ and n are two maximal elements in IP’ then

hence

Assuming that w, is the unique maximal element in IP’ then

P = TT1P1

for some positive braid PleBn o

(1.2.9) Corollary:

For a positive braid (P,n), if 7, is the unique maximal element in
IP’ then S(P) = S(m,;). .
Proof:

Corollary (1.2.8) tells us that
P=mnP,

where w, is the unique maximal element in IP and P, is a positive

braid, then

S(m) € S(P)
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For the converse, let i€S(P), then there 1is a positive braid P' such

that

So

o.€l
i
But w; is the unique maximal element in IP’ hence

T BS Gi
then
iES(TT]_)

SO

S(P) ¢ S(m,)
which completes the proof o

For a positive braid (P,n), the following proposition presents a
practical test to decide whether an element aeIP is the unique maximal

starter of the braid P, or not.

(1.2.10) Proposition: “

In Bn’ let P = m,P, for a positive braid PlosBn and for 1rleSBn ,
then mw; is the uniqué maximal element in IP if and only if S(P,) ¢
F(m,).

Proof:

For necessity: Order the strings on top of P,, from left to right.
Let jeS(P,), then P, = de for some positive braid QeBn. But m, is
the unique maximal element in IP’ then o = nlojESBn, i.e. the strings

labelled j and j+1, at bottom of a, cross twice in a«. Let X and u be

the permutations of a« and w, respectively, then
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A= 'rjueSn

and
A1) < a1
l1.e.
(7 < (TG
hence

Wl < W)

then lemma (1.1.8) implies that jeF(wi). Now to establish the suffi-
ciency, let

S(P,) ¢ F(m,)

If jeS(P,), then there exist a positive braid (Q,n) and some BjeSBn,

such that
P, = oer
and
T, = 8.0,
! i
so

1T10'j = Bjojz, for jeS(P,)

i.e. 1T10j¢SBn', for all j€S(P,), hence m, is the largest positive per-
mutation braid in IP’ which completes the sufficiency condition and

hence completes the proof of the proposition o

Proof of theorem (1.2.1):

Given a positive braid (P,n), then find IP and using corollary

(1.2.8), we can write

P=mnP,
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where 7, is the unique maximal element in IP and (P,,n) is a positive

braid. Hence find m,, the unique maximal element in I (P,) and write
) 1
P, = m,P,

for some positive braid P,. But

L(P;) < L(P,) < L(P)
then continuing this process, we have

P = TMa2 ... Tfk

+

for some keZ and k 2 1, with unique maximal factor T, as a starter
of (“iﬂi+1 nk), 1<i<k. Butasin remark (1.1.6a), we can think
of m simply as a permutation in Sn without any care how the arcs in

T, Cross. Therefore P is ﬁniquely determined by an ordered sequence

of permutations O

(1.2.11) Definition:

A positive braid (P,n) is said to contain An if and only if P =
AAnB, for some posif’ive braids A and B. If P does not contain An’

then P is prime to A,n and said P has power zero, [B2].

(1.2.12) Lemma:

A positive braid (P,n) is said to contain An if and only if An is
the maximal element in IP’ i.e. P contains An if and only if P = AnR
for some positive braid R.

Proof :

For necessity: Let P contain An’ then
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for some positive braids A and B. So that

v,
"

An[(An)-lAAn]B

a_t[A]B

But 1[A] is a positive braid, then take R = t[A]B.
For sufficiency: Let P = AnR for positive braid R, then write P =
AAnB for A = e and R = B, hence P contains An’ which completes the

sufficiency, hence completes the proof O

(1.2.13) Corollary:

A positive braid (P,n) contains An if and only if S(P) = (1,2,
,n-1}.
Proof

The necessity is a direct consequence from lemma (1.1.10). To

establish the sufficiency: corollary (1.2.8) tells us that
P = TT]_PI

where 7, is the unique maximal element in IP and P, is a positive braid

in Bn and corollary (1.2.9) tells us that

S(m) = S(P)
So if
s(P) = {1,2, ... ,n-1}
then
s(m,) = {1,2, ... ,n-1}

hence lemma (1.1.10) tells us that m, = An’ which completes the suf-

ficiency, hence completes the proof O
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(1.2, 14) Remark:

As a further analogy with theorem (1.2.1), every positive braid

(P,n) has a unique right-hand factorization as product of positive

permutation braids

P=oa«a ; a
rr-1 """ 71

+
for some reZ and r 2 1, with unique maximal factor oy at the end of

(arar-l ai), 1 <i € r. Similarly, as in corollary (1.2.9),
F(P) = F(a;)
and if
F(P) = {1,2, ... ,n-1}
then
P =P,;A
n

for some positive braid P,. Let P = P;a, where P, is a positive braid
and « 1ESBn, then a;, is the unique maximal positive permutation braid
at the end of P if and only if F(P,) ¢ S(a,;). Finally for a positive
braid, the number of An factors in its canonical form is called the

power of P.

(1.2.15) Lemma: (Garside, Appendix of [G2])

In B_, let A and B be two positive braids, such that P = AB =
AnR, for some positive braid R, then
(i): Am,; contains An’ where 7, is the maximal starter of B

(ii): «,B contains An’ where «, is the maximal finisher of A.

Proof:

The proof will be done by induction on length of A.

For L(A) = 0, then
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so An is the maximal starter of B. Now for our induction hypothesis
we assume that Am, contains An for L(A) = r and w, is the maximal
element in IB. For L(A) = r+l1, let i€eF(A) for some 1 <i € n-1, then
we can write A = A1Ui, So

P = AB = A,(0,B)

Let n be the maximal starter for B, = diB, but i€eS(B,), then

i.e. n contains g, SO M can be written as

n = ciX
Then ¥ is a starter for B and

XSTTl

so the maximal starter of B, is contained in oM. Now since L(A,)
= r, then our induction hypothesis implies that A,n contains An and
so Am,; contains An, which completes the proof of case (i).

The proof of case (ii) follows by considering reverse elements in

case (i) o

(1.2.16) Corollary:

In Bn’ ‘let A and B be two positive braids such that AB = AnR,
for some positive braid R, then F(A) VU S(B) = {1,2, ... ,n-1}.
Proof :

Applying (i) of lemma (1.2.15), then Amw, contains An, where m,;

is the maximal starter for B.  Again apply (ii) of lemma (1.2.15), on
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A‘ﬂ’l, then a;m, contains ’An’ where o, is the maximal finisher for A.

Now write An = a;(a,),, then

(al)* < Ty

hence

F(e1) U S((21)y) € F(ay) U S(m,)

= F(A) U S(B)
But lemma (1.1.16) tells us that
F(al) U S((al)*) = {1; z) s g n-l}
SO
F(A) v S(B) = (1, 2, ..., n-1}

which completes the proof o

For a positive braid P, if at most k canonical factors of P have
equal to An’ then P = (An)kQ for some positive braid Q and prime to
An’ i.e. (An)k is a factor of P. Now the following theorem provides
an algorithm to decide whether a given braid P = AB contains (An)k,

or not. This is by wi‘iting A and B in their canonical factorizations,

hence look to factors.

(1.2.17) Theorem:

In Bn’ let A and B be two positive braids, such that P = AB =

(An)kR, for some positive braid R, then

(1) A= Ay(mme ... 'rrk)
(ii): B = (n1n2 ... nk)B1
k
such that (m,m, ... nk)(n1n2 nk) = (An) , where LY niESBn for

every 1 <1i < k.

37



Proof:

Let (’I‘h.)k refer to (i) of the theorem.

(Th.)i follows directly from lemma (1.2.15), the proof of the general

theorem follows by induction on k. For our induction hypothesis we

assume that (Th')r holds.

For (Th.)_,,: Let (A )""'R = AB, then AB contains A

lemma (1.2.15) tells us that there exists some m, neSBn such that A

= A'r and B = nB', with m = An' Then

(8)""'R = AB
= A'mB'
= A'A_B'
n
- t 1
= A't[B']a_
So that
r - t t
(An) ‘[[R]An = A't[B ]An
i.e.
(8 )"t(R] = A't[B']

Ve

Thén the induction hypothesis tells us that
A' = A1a1u2 ... @, say

for some aieSBn, 1 <is<r. So that

+1
()R = (8 ) T (RIS,
= A;(a @z ... ar)‘t[B']An
= A;(e,ap ... ar)An(B')
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Ay(azop ... @ )(m)(B")

Al(alaz PPN arTT)B4

which completes the induction hypothesis, hence completes the proof

of (i) of the general theorem. Case (ii) also follows by considering

reverse elements in (i) o

(1.2.18) Theorem:

A positive braid (P,n) is a factor of (An)k if and only if its
canonical form has at most k factors.
Proof

For necessity: Let P be a factor of (An)k, then there exist a
positive braid Q such that PQ = (An)k. But for k = 1 the proof follows
directly from corollary (1.1.15). Then the proof of the necessity fol-
lows by induction on k. Assume that the theorem holds for k = r.

Now let
_ r+l
PQ = ()

then lemma (1.2.15) tells us that P = P,m, and Q = £,Q, for positive

braids P,, Q; and for m,, ixeSBn, such that 7,§;, = An. So

r+l

(4)

n

PQ

= PIAan

P,t[Q.]4,
hence

(An)r = Py1{Q,]
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Then from our induction Vh‘ypothesis, the canonical form of P, has at
most r factors. Therefore P,m, has at most r+l factors, which com-

pletes the induction process, and so completes the proof of the ne-

cessity.
For sufficiency: Let

P = (mym, ... 'lTk)

for 'rriESBn, 1 € i €k, then by switching the factors ™ by either

e
(Tri),:< or (‘ni) and using lemma (1.1.16), for 1 < i < k., we have

P(nk)* = (mm, ... nk)(nk)*
= (mym, ... nk_l)(An)
hence
P(m) (M) = (mTe .m ) D) ()
= (mmy ... wk_z)(nk_l)(vk_l)*An
= (mymy ... nk_z)(An)2

Then continuing this process we finish with positive braid Q such that
PQ = (An)k. Then P is a factor of (An)k, which completes the proof

of sufficiency, hence completes the proof of the theorem O

(1.2.19) Proposition:

Every factor of (An)k has property that each pair of arcs cross
at most k times.

Proof:

Let P be a factor of (An)k, then theorem (1.2.18) tells us that the

canonical form of P has at most k factors. But every pair of arcs in
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a positive permutation braid cross at most once, hence the proof fol-

lows directly o

But not every such positive braid with each two arcs cross at most

k times is a factor of (An)k, an example to show that is given below.

(1.2.20) Example:

In Bn’ the braids Bi,n = (°i+1)zci°i+2(di+l )2 and ai,n =
(cri)z(cri*_l)2 are not factors for (An)z.

Proof :

It is enough to look at (al’B)EBB and (81,4)EB4, because we can
have (An_l)2 from (An)2 by deleting any string in (An)2 as in figure
(1-10a). So that order the arcs in top of a1,3 = (0’1)2(0'2)2 from left
to right, then as in figure (1-10b) the pair {1,2} of arcs cross each
other twice, as do the pair {2,3} of arcs. So % 3 is a factor of
(A,)2 only if the pair {1,3} of arcs cross each other twice, which is
impossible without crossing the middle arc, hence 01,3 is not a factor
for (A3)2.

‘Similarly order the arcs 1n the Fop of 81,4 = (oz)zoldg(oz)zrﬁ-om
the left to the right. Then as in figure (1-10c), the pair {2,3} of arcs
cross each other twice, as do the pair {1,4} of arcs and the pair
{1,3} of arcs never cross each other. But the pair {1,3} never cross
each other without crossing either the second arc or the fourth one,

which means that two arcs crossed more than twice, hence Bl 4 is not

a factor for (A,.)2 o
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(1.2.21) Proposition: (A geometric view of the factorization of (An)z)

In B_, if (4)° = PQ for two positive braids P and Q, then P =
o e, and Q = B,B,, where o, BieSBn, for i = 1,2.

Proof:

Write P = a,a, such that «, is the largest positive permutation braid
as a finisher of P. Assume that alf!SBn, but P is a factor for (An)z,
then there are two arcs crossed twice in a; and they never cross in
a,. Hence the proof follows by induction on such these arcs which
cross twice in «,. So let «, has only two arcs i and j (labelled on top

of a;) such that they cross each other twice. Then

@, = Aoy Bo_C

for some generators Ok and % which represent the crossings of the
arcs i and j. Now take a = AdkB and ¥ = omCaz, then P = a¥, where
aeSBn, Hence to prove that XESBn, it is enough to show that the arcs
which crossed in omC never cross in a,.

Now as in figure (1-11), we can arrange the arcs labelled i and j
on the top of P to cross at the endA of AokB. We can also arrange the
braid word C to contain a Lorenz braid B(a,b), (which is a positive

permutation braid in B with single starter ,see definition (3.1.1)).

at+b’

Then we only need to prove that the arcs which crossed in B(a,b) they
never cross in a,. But in a, the out strands from the tangle f(a,b)
never cross the arcs labelled i,j in the top of the braid (An)z.
Therefore assume the contrary. Hence we have a contradiction with

2
example (1.2.19), where % n and Br,n are factors of (An) respec-

tively, see figures (1-12a) and (1-12b) o

~Aeyte steylesizsteste siestosiesizale sleslesteyloatoslostogloaloytonloa s los o lonltegh
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§1.3. AN ALGORITHM FOR FINDING THE CANONICAL FORM

FOR A POSITIVE BRAID

(1.3.1) Algorithm:
Starting with a positive braid (P,n), then without any application

of the braid relators (i) and (ii) of definition (0.5), write P as a

successive product of generators, i.e

P = 1.9 (o4
1 12 lm
where
ISian-l, 1<jsm
Again without any application of relators (i) and (ii) of definition

(0.5), rewrite P as a product of positive permutation braids, i.e

P=mm, ... L for wiESBn, l1<sisr

where

(o, )

) i
sj+2 Sj+1
for 0 £ j < r-1, sg = 0 and s, = m. Find the starter set I1T for every
i
such that

then find the largest element aer
2

~.

Mo 2 £ 1 s r,
('nla)eSBn, so for some KeSBn, we have

M M2 = (TTIQ)X

Again find the largest starter B for m; such that

where m, = a¥.

(2([3)ESBn and write
KTT] = (xﬁ)n
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where m; = fn. Continuing this process we can have a new

factorization

P=mnmm, ... say

S)

+
for some s€Z . Again find the starter set for each N and then repeat

the previous steps.

In other words bracket the successive letters of the word P as a
product of positive permutation braids (m,m, ... nk). Investigate the
crossings of the arcs of the first factor m,, to decide which arcs do
not cross in the braid w,. If a pair of such these arcs cross in m,
and if it is possible to pull that crossing at the end of w; then do it.
Do that with the other pair of arcs, hence finish Vwith new positive
permutation braids (w;)' and (m,)'. Repeat that again on (m,)' and
T, to finish with (7,)", and (m;)'. Repeat that again on (m;)' and
(n,), and so on. Then the braid P has the new factorization,
[(m)'(m)"(my)™ ... (Trk_l)"(nk)']. Note that the number of factors
does not increase under the algorithm, because it is possible that some
of the factors vanish. But I{P) is finite and SBn is also a finite set.
Then ultimately a stage must be reached when further applications of

the process will yield no new factorizations.

The condition is that a starter of a factor should be a finisher of
the previous factor. i.e. if ieS(ni+1) then ieF(ni), otherwise we can
increase the length of .- Note also that the number of factors of P
never increase under the algorithm. An example for applying this al-

gorithm is given in example (1.3.3).
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(1.3.2) Theorem :(A practical test for use in the algorithm)

Given a positive braid (P,n) with the factorization P = (m;m, ...
wk), where nieSBn, 1 €1 < k, then the given factorization is the
left-hand canonical form of P if and only if S(Tl’i+1‘TTi+2 wk) c
F('rri), for 1 € i < k-1.

Proof:

Put Pi = (’Hi’ﬂi+1 1rk), for 1 £ i £ k, with P, = P. Using pro-
position (1.2.10) for P,;, then P, and so on. Then ™ is the maximal
-~ factor for Pi if and only if S(1ri

m EF('ni), for 1 €1 < k-1,

+1 40 - k)

which completes the proof o

(1.3.3) Example:

Let P = [0;:0;3(0; )20'30’10'30'20'30'2]EB;.
Then write P as a product of positive permutation braids,
P = (0,030,)( 02030,)(030,03)(02)
Find the starting and finishing sets for each factor, then
F(m,=0,030,) = {2}
F(w,=0,050,) = {1,3} and S(m;) = {2}
F(m3=030,03) = S(w3) = {2,3} and S(m,=0;) = {2}

Then applying the algorithm we can write P in its canonical
factorization as P = (0,030,0,)( 0,0,0302)(092)(02), where the appli-

cations are illustrated diagrammatically in figure (1-13) o
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Figure (1-13)

(1.3.4) Corollary: (Canonical length for a positive word)

For a positive braid (P,n), the number of factors in the right-hand
canonical form of P equals the numbers of factors in its left-hand

canonical form.
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Proof:

Let P have left-hand canonical form with k terms and right-hand
canonical form with r terms, then start with the left-hand canonical
form of P (which has k terms) and apply the algorithm above to write
the right-hand canonical form of P. But the algorithm never increase
the number of factors, hence r < k. Similarly if we start with the
right-hand canonical form of P, then we have k < r, so k = r. The
number of factors in a canonical form of a positive braid P is called

the canonical length of P and denoted CL(P) o

(1.3.5) Corollary:

If (P,n) is a positive braid with CL(P) = k, then P = (A )7¥Q,
where Q is positive and prime to An, i.e. the power of P-1 equals
-CL(P).

Proof
Theorem (1.2.18) tells us that P is a factor of (An)k. Then there

exists a positive braid Q such that
_ k
PQ = (8,)
~ . k
and CL(Q) < k, because Q is also a factor of (An) . Then
-1 _ -k
P = (a) Q

k-1 .
But Q does not contain An’ otherwise P is a factor of (An)( ) which

contradicts theorem (1.2.18), hence Q has power 0o

,,,,,,,,,,,,,,,,,,,,,,,,,,,
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§1.4. APPLICATIONS

(1)) A NORMAL FORM FOR GARSIDE'S SOLUTION OF THE WORD

PROBLEM IN Bn :

Let B be any word in Bn’ then from corollary (1.1.15), we can

replace every negative permutation braid 11_1 (which occurs in the

braid word f8) by

Now using the property, of lemma (1.1.11),

$]

ICARD IERCA

1

then collect all [(An)-l]'s (introduced in the further step) at the left.

So that B is represented by a word of the form
m
= <
B (An) P, m<O

for a positive word P. Now find the left-hand canonical form of P, as
in theorem (1.2.1),

P=mm ... Ty Say

Let P has power r, i.e. each one of the first r factors in the canonical

form equals An, ‘hence

P

r

(An) (‘rrI”’11rI_+2 vk)

So that

(1.4.1)
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Then the form in equation (1.4.1) is called the standard form for B

and (m+r) is called the power of B, which denoted W(B). Since every
positive permutation braid is only determined, as in lemma (1.1.3),

by its associated permutation, then B8 is determined by its power and

the corresponding tuple

B(B) = (ByqBhygs -+ »By)

where Bi is the associated permutation of T in equation (1.4.1). Such
B(B) is called the base of B and the number of components in B(8)

is called the base length of B , denoted BL(f).

(1.4.1) Proposition :

In Bn every word B is uniquely determined by its power and base.
Proof
Let « be a braid word with two powers a, b and with two corre-

sponding bases

Bi(a) = (a1, @z, ... , &) and By(a) = (By, B2y ooy B)

then

’a = (An)a(’ﬂl’ﬂz nk) = (An)b(\'hnz Tlr)

where ™ and r{i are the corresponding positive permutation braids for,
the permutations H and Bj respectively, for 1 <1i € k, 1 £ j<r. Now

assuming that a # b and (a-b) > 0, then

a-b _
(a) (mmz ... m) = (anz ... n.)
which contradicts that (nin, ... nr) is prime to An, otherwise (B,
By ... Br) does not a base for B, so a = b and
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(v1v2 Trk) = (ning ... nr) = P, say

But theorem A(1.»2.1) tells us that P has a unique (left-hand) canonical

form, so

=
n

ﬂiESBn, for 1<ig<k-=r

hence

[
"

BieSn, for 1<si<k-=r
Therefore the two standard forms are identical o

(1.4.2) Theorem: (The solution of the word problem)

In Bn’ two words are equal if and only if their standard forms are
identical.
Proof

The sufficiency is clear and the necessity has been shown in pro-

position (1.4.1) o

(II): ON CONJUGACY PROBLEM IN Bn :

e

An algorithm is now given to decide whether a positive braid P is

conjugate (or not) to AnQ for some positive braid Q.

(1.4.3) Algorithm:

In Bn’ let P be positive and prime to An' Then we can decide
whether P is conjugate to AnQ (or not) for a positive braid word Q

as follows:

Put P in its (left-hand) canonical form

P = T M ... '"k
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then m, # An, because P is prime to An. Now conjugate P by w,. Then
-1
(my) “(P)my = mm, ... T = P,, say
Hence write P, in its canonical form as

Pl = o ... @

k,

If a, = An’ then the algorithm will stop. Otherwise repeat by conju-

gating P, by «,;, then
-1
(Gl) P1a1 = a3 ... ak a, = Pz, say
1
Hence write P, in its canonical form as

P, = BiB, ... Bkz

If B, # An’ then continue the process. Hence on repetition the algo-

rithm either stops or cycles, i.e. at some stage either Pi contains

An or Pi is prime to An with Pi = Pj’ for some j < i. This is because
< <

ki ~N ki_l ~ - e »

must be reached when further applications of the process will either

< k,; € k and SBn is a set of finite order, i.e. a stage

factor out An or yield no new words O

prad
N

The following theorem provides ;;. proof of the algorithm above:

(1.4.4) Theorem:

In Bn’ the positive braid P is conjugate to AnR, for a positive braid
R if and only if the algorithm above produces An.

Proof:

Let P = mm, ... T be the (left-hand) canonical form of P and write
P, . = (a) Pa, 1<ic<k-1
i+1 LS A
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and

P, = (m) 1Pm,

where o is the first factor in the (left-hand) canonical form of Pi'
For sufficiency: Each Pi is conjugate to P, so if An appears in Pi then
take qi = An and R = Qi’ where Pi = aiQi.

For necessity: ILet P be conjugate to AnR for a positive braid R,
then put P = 7,Q,, for positive braid Q; and 7, is the maximal starter
for P. So let 7, # An’ otherwise P contains An, hence the proof is
trivial. Now let P and AnR are conjugate by a braid word ¥. But
(An)sz = A, say, is positive for large enough m and (An)2 commutes

with every thing, then

AP = A_RA
n

So if L(A) = 0, then P contains An up to conjugation, hence the proof
follows by induction on the length of the conjugator A. Then for our
induction hypothesis we assume that the theorem holds for conjugators

of length < r. Then assume that L(A) = r+1. But

AmQ, = AnRA

Then using lemma (1.2.15), we can write

A= A(m)

for a positive word A,;, so

AP = A1(TT1)*('”1)Q1

AL(A)Q

(4 )RA
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= (ARA(1,)"

Hence

Al(An)QﬂH = (An)RAl(Tfl)*“l
= (8 )RA,(4)
= (A )%t[RA,]
n
So

1[A,]Qm, = (AnT [R])t[A,]

Then Q,m; is conjugate (by 1[A,;]) to Ant[R], with L(A;) < L(A).
So by induction hypothesis, cycling the factors Q,m; will produce
An’ i.e. applying the algorithm (on P) produces An, which completes

the induction process and so completes the proof ©

(1.4.5) Lemma:

In Bn’ if braids P and Q are conjugate by a positive braid A and
if power of P = power of Q = k, then the power of a_lPa 2 k, where
o is the maximal starter for A.
Proof

Let o« be the maximal starter for A. i.e. A = oA4, for a positive

word A,. Then proposition (i.Z.lO) tells us that

(¥}

F(a) 2 S(A))

But

& PA = o« PaA; = a aA,Q = A_A,Q

(a Pa)A; = A_A,Q
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Now put P and Q in their standard forms (An)kP' and (A )kQ' re-
n )

speétively, for positive braids P' and Q'. Then for k-even

(@ P'a)A; = A_A,Q'
So

F(a P'a) 2 F(a) 2 S(A,)
But ,using corollary (1.2.16),

S(A) UF(a P'a) = {1, 2, ... , n-1}

Then corollary (1.2.13) tells us that (a:PP'a) contains A, ie.

P

a P'la = AR
n
for some positive word R. So
« Pla = ¢ oR
then
P'a = aR

so a-lP'a = R is a positive word, then o 1Pa of power 2> k.

k-odd and using lemma (1.1.16), we have
a,P'ah, = 8 _t[A,]Q'
Similarly (e,P'ac) contains A, ie.
(a,P'a) = AnR'
for some positive braid R'. Then

A_(a,Pa) = @ (A Pa = (8 )°R' = o (a)(A_R")
SO

1 - t
AnPa = a(AnR)

Now for
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i.e a—l(A P')a is positi d i "1 '
.e. n positive and contains An’ hence « "Pa of power >

<

k, which completes the proof o

(1.4.6) Algorithm: (summit forms and summit set), [G1l] and [G2]

In Bn’ every word o has a standard form (An)rP, for a positive

word P which is uniquely determined by its canonical form. Let

(An)rP = W,, say. Define
w = (aw,el TeSB_)

Let those words in W(l) which are of power > r, which are distinct

from W, and from each other, be W,, Wi, , W,. Now repeat the

t
process for each of the words W,, W;, ... |, Wt in turn, denoting
successively by Wt+1, Wt+2, ... any new words occurring. The

condition being always that each new word must be of power 2> r.
Continue to repeat the process for every new distinct word arising,
as the sequence W, ,W,, ... ,Wt+2, ... expands. Now each word of
the sequence is of the same index length as ao. So let (An)kQ be the

standard form for any Wi, “then k 2 r. But

L(a) = L((A)"Q) = k(L(A ) + L(Q) > L(a )
So

[L(a)\/L(An)] >k >r

Then the number of values of k is finite and the possible values for
Q are also finite for fixed k, hence the sequence W,,W,, ... is finite.
So ultimately a stage must be reached when further applications of the
process will yield no new words. Suppose that the highest power

reached is s and that the words of power s form the subset V,,V,,

’

then any Vr will called a summit form of a. The set V,, V,,
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will called the summit set of o, denoted SS(a). The power s of

any summit form will called the summit power of «.

(1.4.7) Definition: (Super summit forms and super summit set)

For a braid word o in Bn’ apply Garside's algorithm above with
the condition that; choose those words where their associated basis
(in their canonical forms) have the smallest canonical length among

those words at each stage. Then define the super summit forms of «

as those summit forms with basis of the smallest canonical length among
the summit set of a«. The set of super summit forms of a will be called

the super summit set of a, denoted SSS(a). Hence for every braid

word o there is an associated number (the canonical length of the base

of any super summit form of «), called the summit length of o« and

denoted SL(a).

(1.4.8) Theorem:

For a braid word «, let P and Q be two super summit forms, then
there are a sequence of elements R, = P, R,, ..., Rs = Q in the super
summit set of a« such that Ri+1 conjugate to Ri by a positive permu-
tation braid.
Proof :

Let P and Q have summit length r, i.e. SL(P) = SL(Q) = r, then

P and Q have standard forms
- kot - KAt
P = (An) P' and Q = (An) Q

where P' and Q' are positive braids with CL(P') = CL(Q") = r and k
is the summit power of a. Now let P and Q be conjugate by braid

. 2m
W, then they are conjugate by a positive braid X = (An) W for large
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enough positive integer m, where (An)2 commutes with every thing.

So put X in its left-hand canonical form, as

X =mm, ... T, say

and let
Wi = ('rri)-l(wi_l)'ni, for 2 i< s
with

W, = (‘nl)-lPﬂ1 and Ws = Q

Then lemma (1.4.5) tells us that each Wi is of power 2 k, hence
of power k. i.e. each Wi is a summit form for a«. Now find the inverse

of each Wi and use corollary (1.3.5), then
-1 - (k+ -1 -(k+
Pt (a ) U, ana @71 = (a ) (K,

where P, and Q,; are positive and prime words to An. Now let W, =
(8 )R, with SL(W;) = t > r, then (W,) ' has power -(k+t). But the
braids P—l and Q—1 have the same power -(k+r) and they are conjugate
by the positive braid X, then lemma (1.4.5) tells us that (1r1)—1P-1171
= (Wl)_1 has power 2 -(k+r), so that -(k+t) > -(k+r), i.e. r 2 t,
hence r = t. Repeat this process with W, and Q, and so on. Then
each Wi has summit length r, i.e. each Wi is a super summit for{p \for

A

a, which completes the proof o

The following theorem provides an improvement of Garside's solution
to the conjugacy problem in Bn’ where the invariant class (summit

set) under conjugacy is reduced to a much smaller invariant subclass

(super summit set).
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(1.4.9) Theorem:

In Bn’ two words are conjugate if and only if their super summit

sets are identical.

Proof:

The sufficiency is clear. To establish the necessity, suppose that
the words « and B are conjugate in Bn' Let (An)rA and (An)tB be
any super summit forms for « and B, respectively, hence (An)rA and
(An)tB are conjugate through such forms (by a braid word R), as in
theorem (1.4.8). But (An)sz = X, say, is positive for large enough

m and (An)2 commutes with every thing, then
-1 r _ t
X (An) AX = (An) B

Now assume that t > r, then put X in its left-hand canonical form,

as
X = mm, ... 'nk, say
Put
_ -1 .
Wi = (1ri) (Wi_l)ni, for 2 €£i<k
and

4

W = (1) (8 )"Am,

Then lemma (1.4.5) tells us that each W1 is of power at least r,
for 1 £ i £ k. But theorem (1.4.8) also tells us that each Wi still in
the super summit set. Therefore Wk = (An)tB is of power at least r.
So (An)tB is a super summit form for «, hence we can not have t >
r. Similarly we can not have r > t, so r = t and (An)tB is a super
summit form for «. Similarly any super summit form of o is a super
summit form of B. So that the super summit sets of a and B are

identical, which completes the proof o
"""""""""""""""""""""""""""""" L OIS TR

60



CHAPTER 2

TWIST POSITIVE BRAIDS WITH

THE 2-VARIABLE LINK INVARIANT AND

THE ALGEBRAIC LINK PROBLEM

§2.0. INTRODUCTION

I: On the 2-variable link invariant

A link invariant is a function from the isotopy classes of links to
some algebraic structure. Alexander.J, [A], has been introduced the
first link invariant AL(t) of an oriented link L, which is a Laurent
polynomial in the variable t. Alexander had explained how to calculate
AL(t) by taking the determinant of a matrix associated with a
projection of the link suitably chosen in a special position in a plane.
In fact AL(t) is a link invariant up to sign and multiplication by powers

of the variable t and can be normalised so that AL(t) = AL(t—l).

The Conway polynomial VL(z) is a direci; link invariant, in fact it
generalise the normalised Alexander polynomial, where AL(t) =
VL(v/t-»/t—l), AL(t) is normalised. The polynomial VL(z), first intro-
duced by Conway.J, [Co], has remarkable properties that allow its
computation from a link diagram without recourse to matrices or de-

terminants. Conway has proved that, if L , L_ and L0 are planar

projections of three oriented links that are exactly the same except
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near one point where they are as in figure (2-1), then the Conway

polynomial satisfies the formula:

VL+(Z) - VL_(Z) = zVLo(z) (2.0.1)
But the unknot O has AO(t) = 1 and that the Alexander polynomial
for the unlink of unknots is zero, then Conway's algorithm for cal-
culating the polynomial VL(z) is given by changing cross-overs, in
sequence, any link can be changed to an unlink of unknots, where

the polynomial is known.

X

Figure (2-1)

Using representations of the braid groups, Jones.V.F.R introduced
a Laurent polynomial invariant VL(t) for an oriented link L in Ss, [J].
Jones began with a link L expressed as a closed braid ac, for some
(a,n). He then defined a representation, ¢, of Bn to the group of

units of a certain Hecke-algebra over the field of fractions of Z[vt]

on which is defined a trace function, then he defined,
V(1) = -(/t+/t'1)(n‘l)trace[é(a)] (2.0.2)

By using the structure of the braid group, and Markov moves, Jones
showed that VL(t) is indeed a link invariant. He also proved that

VL(t) satisfies,

-1 -1 _
tVL+(t) StV () (Vt-vt )VLO(t) =0 (2.0.3)
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where L , L_ and LO are closed braids that are exactly the same except
near one point where they are related as in figure (2-1). It is also
true that Vo(t) =1, O ié the unknot. The formula in equation (2.0.3)
could be employed to calculate VL(t) for any link, just as in the case
of Alexander and Conway polynomials. The similarity between AL(t)
and VL(t) raised the question: Are there a more general polynomial
invariant for isotopy classes of oriented links, which specialise AL(t)
and VL(t)?. In fact the question has been answered by many authors,
where Freyd.P, Yetter.D, Hoste.J, Lickorish.W.B.R, Millett.K and
Ocneanu.A, [F-Y-H-L-M-O], independently realised that VL(t) could
be generalised to produce a link invariant PL(v,z) which is a Laurent
polynomial of 2-variables and which specialises to give AL(t), VL(t)
and VL(t). Every discoverer of the 2-variable polynomial PL(v,z),
gave his own approach which is either completely combinatorial, [L-M],
or combinatorial and algebraic, [O]. Hence there are different con-
structions of PL(v,z), where they are related by simple change of
parameters. Here it is followed the construction given by Morten.H,
[Mo3], and Morton.H & Short.H, [Mo-S1], to compute the polynomial
PK(V,Z) by represgnting K as a closed braid. They developed the
theory based on the approach of Ocneanu, where a braid (B,n) closing
to the given oriented link K is represented as pV(B) in an algebra
H(z), Hecke algebra as in theorem (2.0.1) below. So that after
normalisation by a suitable constant u, (because of the similarity be-
tween condition (iii) of theorem (2.0.2), below and Markov moves of

type (ii) of theorem (0.8)), the number

p(s) = (1/u® ) Tre (8)) (2.0.4)
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‘depends only on K and not on the representing braid 8. This number

- P(B) is a polynomial with integer coefficients, PK(v,z), in two pa-
+1 *

rameters v 7, z'1 which are involved in the construction of H(z) and

the representation Py The polynomial P(f) provides a link invariant

of K which is to be calculated from a given choice of 8.

It follows from relation (i) of theorem (2.0.1) below, that ¢ is
invertible with (c.)-1 = ¢, -z, then B can be represented in H_,
i i n+l n

for any choice of v, by a homomorphism Py where pV(O'i) = ve,.
Starting with Tr(1) = 1 and since o (di)_1 close to the same closure,

hence using relation (iii) of theorem (2.0.2) we have,

Tr(p, ((6) 1)) = Tr(p,(s)) = Tr(vey = vIr(e)) = vT
But
Tr(p,((op ™) = Tr(v l(ep™) = v Tr(ey2) = v H(T-2) =, say

hence

T = (z/l-vz), u=vT = (z/v-l-v) (2.0.5)

1 s 1 *1
It is shown that PK(v,z) is a Laurent polynomial in Z[v 7,z 7],

satisfying the recurrence relation,

V-lPL+(v,z) - vPL_(v,z) = zPLo(v,z) (2.0.6)

N\

where L., L_ and LO are links that are exactly the same except near
+’ -

one point where they are related as in figure (2-1), see for example

[Mo3]. This formula in fact gives a good method for recursively

computing PL(v,z) together with the normalisation that Po(v,z) =1

and the unlink O® of n components has P(On) (v,z) =

[(v‘l-v)/z]n-l. Now given an oriented link L, write
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PL(v,2) = vimin) [Qu(2) + vPQi(2) + ... ]

then Morton.H, [Mo3}, proved that

N

c(B)-(n-1) < ®nin S Cmax € ¢(B)+(n-1)

for any braid (B,n) with 8¢ = L and [(eaxmin)/2 * 1] is the lower
bound for the braid index n of any braid with closure L. Also if L
can Be represented by a positive braid (8,n), then e in - c(B) -
(n-1). So Morton.H asked if €nax - c(B) + (n-1) for a twist positive
braid. This inequality is shown in [Mo4] to apply also where n is the
Seifert circles arising from any diagram of L. A similar bounds for
c(B) * (n-1) and for the braid index is given by Franks.J and
williams.K, [F-W]. A different upper bound for c(f) - (n-1) was also
given before by Bennquin, [Be], since he proved that c(B) - (n-1)

< 1 - x, where x is the Euler characteristic for a minimal genus

spanning surface for K.

(2.0.1) Theorem: (Ocneanu.A, [O])

We can construct; for each zeC, an algebra H(z) with generators

‘Ci’ 1 <i and relations

(i): (ci)2 = zc, ¢+ 1 for all i
iy L - il s 1
»(11). cicj cjci [i-j]
(iii): ¢+1%Ci+1 ~ ;415 1<i;

a Hecke algebra, which is the group algebra C[S“] when z = 0.

(2.0.2) Theorem: (Ocneanu.A, [0

We can construct for any given Tel a linear function Tr: H(z)-C

with the following properties:

(i): Tr(1) = 1

65



(ii): Tr(ab) = Tr(ba)

(iii): Tr(ch) = T(Tr(W)), for all Wc-:ﬁn_l

(2.0.3) Theorem:

(): P/t vevt ) = 1, P (vt vt-vt ) = (-l

(ii): PL(l,z) = VL(z)

(iif): Py (1,/t-vt 1) AL (1)

vt-vt Hl e ve-vt 12y

vL(/t-/t'l)

(iv): Py (t,vt-vtl) = V()

(v): If the braid (B,n) closes to an amphicheiral knot then,
c(B)-(n-1) < ®hin S0 Se . Sc(B)+(n-1), so [e(B)| <n

(vi): e in - (c-1)mod(2)

where c¢ is the number of components of the oriented link L and

®nax’ ©min 2TC the largest and the smallest degrees of v in P(v,z).

II: On the algebraic link problem:

The central theme in the link theory is to find an algorithm to
decide "whether any given links are equivalent or not". This geometric
problem is translated to an algebraic form after the approach of braid
theory to the link theory, where Alexander.J proved that every ori-
ented link can be represented as a closed braid, [B2]. Markov also
proved that two closed braids are the same oriented link if they are
related by a sequence of moves of types (i) and (ii.) of theorem (0.8),
[B2]. Hence the geometric problem, cited above, can be formulated
in an algebraic form as "given two closed braids «® and 8¢ does there
exist an algorithm to decide whether (a,n) can be obtained from (8,m)

by a sequence of Markov moves", this form is known as the algebraic
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link problem. In fact there are several examples of non conjugate
braids which define the same link type, e.g. for any (a,n) the two
braids ag and cz(o'n)_1 are not conjugate, but they represent the same
link type, [B2]. There are also much more complicated examples of
non conjugate braids which define the same link type, see for example,
[B1] and [Mu-Th]. Even for minimal braid index, the conjugacy
classes are not link invariant, e.g. a = (01)3(02)5(03)7 and B =
(01)3(0'2)7(0'3)5, are not conjugate in B,, but «* and Bc have the same
isotopic closure, [B2]. The existence of such examples show that the
solution of the algebraic link problem is not simple. Recently Birman.J
introduced a new move between isotopic links, called "exchange move",
which takes one closed braid to the another, [B-Me]. In fact the ex-
change move is a generalisation of Conway's "flype move", which is
defined as in figure (2-2a) below, by replacing each individual strand
by parallel copies and replace the braids U, V, R by braids on more

than two strands, as in figure (2-2b) below.

(2.0.4) Conjecture: (Birman.J and Menasco.W), [B-Me] ]

Exchange moves are possible alternative to Markov moves. Mére
precisely:

Let (a,n) be a braid with qc a link of braid index m < n, then there
is a finite sequence of n-braids a=a1‘+a2+ cee Py, such each LI is
obtained from o by either conjugation or exchange move such that

a. admits an exchange move which is strictly index reducing. Con-

k
sequently when a link L, of braid index n, is a closure of two braids

(a,n) and (B,n), then the two closed braids «° and B¢ are related

by a sequence of n-braids a=a;>az> ... -»ak=6, obtainable as above.
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Because of the intrinsic properties of the twist positive braids,
such as in theorem (2.1.10), (where the number of strands in a twist
Vpositive braid is a link invariant and the 2-variable polynomial deter-
mines c(B), the crossing number of any positive braid (8,n)), we can
ask: Can one decide whether a braid type could be written as a twist

positive braid up to conjugation? e.g.consider the following conjec-

ture:

(2.0.5) Conjecture: (Morton.H)

Braids in Bn admitting non-trivial exchange move, not simply
conjugation, can not be written as twist positive braids. In other
words the conjugacy class of twist positive braid representative is a

link invariant, provided that Birman's conjecture in (2.0.4) holds.

Section 1 is devoted to the study of twist positive braids with the
2-variable link invariant PL(V,z), for some link L. Starting with the
observation that the elements of SBn have the property that each two
arcs cross at most once, then one can combine a pair Tl’g, ™ of ele-
ments of SBn where ™ is wg with two adjacent pairs of arcs crossed

h)

we can write LN d;ﬂg. Starting also with .a result due to Morton.H

in while they do not cross in Trg, i,e. for some r, 1 < r € n-1,

and Short.H, [M-S1], where the subalgebra Hn(z) of the algebra H(z)

in theorem (2.0.1) has dimension (n+1)! as a vector space generated

., 1 £1<n. Consequently one can think

by ¢1(SB_,4); with p,(0;) = ¢,

of p,(B), for any braid (B,n), as a linear combination of the basis
elements, i.e. we can write p.(B) = (Wi(z)b, * W,(z)b, + ... ¢

= d W is a polynomial of z with
Wn!(z)bn!), where bg pl(‘ng), an g poly

integer coefficients.
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. In lemma (2.1.3) it is proved that P1(Q)bh is a positive combination
of bg in Hn-l’ i.e. no cancellation of factors. Moreover it is proved
in lemma (2.1.4) that p,(wp[m]) is a linear combination of generators
bh's with leading coefficient (1 + zf(z)), for a polynomial f(z) with
- non-negative coefficients, where p[n] is 7 reversed. In fact this

approach gives a quick proof that the number of strands in a twist

positive braid is the braid index, which was first proved in [F-W1].

- Consequently it is shown in lemma (2.1.5) that p 1("An) contains
pl(An) , for every neSBn, a generalisation of that is given, in corollary
(2.1.6), by replacing m by Q, for any positive braid Q. Following
that it is proved in proposition (2.1.8) that twist positive braid is
always full, where the braid (a,n) is called full braid if [emax -
emin] = 2(n-1), where e ax and e in 2Te the largest and the smallest
degrees of v in PK(v,z), for K = ac, as defined in definition (2.1.7).
Consequently the full braid is always minimal. Hence it is concluded

in theorem (2.1.10) that the number of strands in a twist positive

braid is the braid index.

-

Section 2 is devotefi’ to the stgdy of the possible 2-variable
polynomial§ PK(v,z) of width 2, where width PK(v,z) is the minimal
number of strings allowed by the index bound, shown in definition
(2.1.7). It is shown in lemma (2.2.2) that, if the polynomial PK(v,z)
has width 1, then it is the same as the polynomial of the closed 1-braid
(the unknot). But no examples for a knot with a polynomial of width
1 and braid index > 1 are known. In theorem (2.2.3) it is proved
that if the polynomial has width 2, then it is the same as the polynomial

of a closed 2-braid. There are examples where the width is strictly
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less than the braid index, for width 2 the braid [e@ = (02030102)3]
with width 2, [F-W2], but it has braid index 4, [Mo-S2]. Therefore
not every link of polynomial of width 2 is a closed 2-braid. It is not

known (in general) if a knot of width k must have some polynomial

as some closed k-braid.

In theorem (2.2.4) a complete list of 3-braids of width 2, which
close to knots, are given. Consequently it is shown that PK(v,z)
determines c(B) for full 3-braid B, where 8¢ = K, as in corollary
(2.2.10). The 2-variable polynomial for non-full 3-braid is calculated

in proposition (2.2.11).

These results, recovering P(v,z) from the Alexander polynomial and

crossing number, are observed independently of Murakami.H, [Mur].

Section 3 is devoted to the study of Morton's conjecture cited
above, in case n = 3. It is shown, in remark (2.3.2), that Birman's
"exchange move" includes Markov's "stabiliser move" and exchange
move preserve braid index, hence preserve the exponept sum, in a
particular case. In figure (2-5) it is illustrated an isotopic sequence

e
of closed braids to represent the general exchange move.

~

Using the canonical form approach for every positive braid (shown
in theorem (1.2.1)) it is formulated, in lemma (2.3.4), the standard
form for any positive braid word (a,3). Following that it is given a
nice representative for the conjugacy class of a twist positive braid
in B;, as in lemma (2.3.6). Investigating the exchangeable 3-braids,

as in remark (2.3.7), it is excluded the cases of trivial exchangeable
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(conjugation) braids and some cases which never conjugate to twist

positive 3-braids.

A complete list of those non-trivial exchangeable 3-braids, which
might contain (A,)k up to conjugation, k 2 1, is given in lemma
(2.3.8). Using Murasugi's classification of the conjugacy classes in
B, (shown in proposition (0.14)) it is given an affirmative answer,

in proposition (2.3.3), for Morton's conjecture cited above, for

3-braids.
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D C
NG
Conway
U . V | "flype move" | U : \Y
\/ A F
a flype(a)

"The flype move is in fact a half twist, where
4 points A, B, C, D are left fixed"

Figure (2-2a)

Birman

1
"exchange move'

~

8 Exch ()

Figure (2-2b)
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§2.1. TWIST POSITIVE BRAIDS ARE

MINIMAL REPRESENTATIVES FOR KNOTS AND LINKS

(2.1.1) Remarks:

(a): For every veSBn, each two arcs cross at most once, then each
adjacent pair of arcs either cross once or not at all. So if the two arcs

labelled r and r+1 (at top of 7) cross in 7, then reS(w), see figure

(1-6), i.e.

m™T=o.m (2.1.1)

for some n'ESBn. But if arcs labelled r, r+l1 do not cross in w, then
"= .1.2
m o, (2.1.2)

still in SBn' Hence in SBn and for a given r with r < n, the elements

m and 7' are paired by o as in equations (2.1.1) and (2.1.2).

(b): It was proved by Morton and Short that the subalgebra Hn(z)
of the algebra H(z) (in theorem (2.0.1)) has dimensionr (n+1)! as a
vector space, [M-S1]. In fact Hn(z) is generated by p‘(SBn+l)’
where p, is the linear representation Py’ Bn+1 > Hn(z), with pV(O'i)

= ve,, for v = 1.

Now starting with a braid ngsSBn, then we can construct (n+1)

elements in SB +1 by fixing a string (the heavy string as illustrated
n

in figure (2-3)) at position (n+l1) at top of the geometric braid ‘"g and

fixe the other end of the added string at bottom of the geometric braid
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‘"g to give a braid in SBn+l' If the added arc crosses r ares of =

)

then it gives the brai
gives the braid “g(dndn-l on_r+1)ESBn+1.
1 n nt+l

ki

g
\
| 1

n-r+l

Figure (2-3)

Now let o(r,n) = CAY o and take o(0,n) = e when the

n-1 """ "n-r+l

added arc does not cross arcs of ‘ng. Therefore for every ngESBn there
are associated (n+l1l) elements (o(r,n), r = 0, 1, 2, ... , n) in

SB_,;-

The technique above provides an algorithm to order the elements
of SBn' Suppose that, starting with n, = 1, we have already con-
structed elements “g’ g < n! for SBn' Thefl define LN Trgcr(r,n) for

h =g +r(n!) with1l<gs<n!, hence 1 £ g < (nt+tl)!. Therefore we

can write 1TheSBn+1 uniquely as LN o(ry,1)o(rz,2) ... c(rn,n), with
g = 1+r +r+ ... tro and 0 < rj < j. Hence h is uniquely determined
by the factorial expansion (r,, r,, ... , r_).

n

It was proved by Morton and Short that; for two braids ng and

™ in SBn+1 with factorial expansions (gi, &2, -.. , gn) and (h,,
h,, ..., hn)’ respectively, if g, < g.-1’ then ﬂgdr = T where

= = h. = g. otherwise. Then h. > h and h
hr-l = & hp = 8Ly Y L, j - 8 ome r r-1
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> g. This result means that for a given choice of r, the braids in

SBn+1 can be pa;red as in (a) above.

Now let bg = pl('ﬂg) for = eSBn+1, 1 £ g <€ (n+1)!, then using (a)

g
above we can pair the generators, bh’ 1 €£h < (n+1)!, of the vector

space Hn(z) , as

e
"

Cibh’ if g > h

and

by

ey, i h > g
where bh and bg correspond p,;(m) and p;(1') for m and ' as in

equations (2.1.1) and (2.1.2) above.
(c¢): Consider the subset
+
H = {wW-= Zhwh(z)bh | W#0}

of the algebra Hn(z), where Wh(z) is a polynomial of z with non
negative coefficients. Hence it is clear that H' is closed under linear
combinat/ions of elements of H' with polynomials of non negative coef-
ficients. i.e. [X,(z)W; + X,(z)W,]eH", for all W, and W, in H and

-

for all X,(z) and X,;(z) of non negative coefficients.

(2.1.2) Lemma:

The subset H' of the subalgebra Hn(z) is closed under the multi-
plication, i.e. WIWZEH+, for all W; and erH+.
Proof

It is enough to show that (ch)EH+, for WEH+ and for any, C.

generator of the subalgebra Hn(z), then write
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QW = | Wy (2 (e,

Then using (b) of remark (2.1.1) we can write

_ 2
ey by = (e)b

zcb +b , if h >

and

cyby = b, if g>h

then the proof can be completed by induction on length of generators

bh's and by use of (c¢) in remark (2.1.1), where H is closed under

addition, so that cheH+ o

(2.1.3) Lemma:

In Hn’ the element (pl(Q))bgeH+, for every positive braid Q and
for every generator bh of the vector space Hn'
Proof

If L(Q) = 1, then Q = o5 for some i and pA(Q)bg = Cibg which is in
H' as in lemma (2.1.2). Then the proof follows by induction on the
lengtﬁ of Q. Now assume that the lemma holds for L(Q) = r. Take

positive braid Q with L(Q) = r+1, then write Q = diQ' for some positive

braid Q' and for some integer i, so
b = c, b
p1(Q) g ¢;p1(Q) g

Then from our induction hypothesis pl(Q')bgeH+. Then using lemma

(2.1.2) we have pl(Q)ngH+, which completes the induction process,

hence completes the proof O
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The following two lemmas explore some properties of positive per-
mutation braids in the algebra Hn’ which are the keys to give a quick
proof that the number of strands in a twist positive braid is the braid

index for vthe closure of that braid.

(2.1.4) Lemma:

For every 'nESBn, pl(ﬂp[ﬂ])EH+, with leading coefficient W,;(z) =

1+zf(z), where p[7] is the reverse of .

Proof
Let
m =0, 0; o.
1 2 lk
where
1<i, £n-1, for j=1, 2, k
then
plm] = o, 9 o, =@, say
k k-1 !
So
pr(Ta) = (c o, (o ) ¢ )
1 = . . . .
i IS A iy
= z(cil cik_lcikcik‘1 Cil)
+ (c, ¢, (ci )20i ¢, )
h k-2 k-1 k-2 1
Hence
k
pi(me) =1 +z{ £ (¢, ... c ©C;¢C ...c. )}
1 =1 i, lj-l lj lj-l i

But ma is a positive braid, then lemma (2.1.3) tells us that no can-

cellation of factors, so

py(ma) = [1 + zf(z)] + W
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+
where WeH with leading coefficient zero and f(z) is polynomial of z

with non-negative coefficients o

(2.1.5) Lemma:

For every nESBn, Px(“An) = zL(“)pl(An) + W, where weH' and
L(m) is the length of . '
Proof

Thié lemma means that P1(TTAn) always contain pl(An) with non-zero
coefficient when written as a linear combination of generators of
Hn-l’ for every neSBn. To proof that it is enough to prove it for =

= g, Hence given any TTESBn, write 7 = Tr'oi for some i€F(m), so

- !
pr(md ) = pi1(m diAn)

Pl(“')Pl(diAn)

p1(m')[zp, (An) + W]

zp, (Tr'An) + W

where WeH' and lemma (2.1.2) tells us that W'eH' . Again rewrite 7'

= 1"s, for some jeF(m'), then by induction on length of w, we can
J

’

complete the proof. Now let m = S but ieS(An) for al 1 < i € n-1,

(as in (iii) of lemma (1.1.10)), i.e.
= I1<i<n-1
An (di) (di)* , for a i<n
where An = (m)(m,), for every TTESBn (as in corollary (1.1.15)), so
R N(CARCAR
Pl(di Il) = Pa i i/«

= (e e (0 )
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ze;p1((0),) + pa((0),)

Zp, (di(oi)’:‘) * pa( (O'i)*)

Zpl(An) + pl((oi)zk)
which completes the induction process, hence completes the proof o

(2.1.6) Cdro]lary :

In Hn’ P1(QAn) = zL(Q)p,(An) + W, for every positive braid Q,
where WeH' and L(Q) is the length of Q.

Proof

The proof is similar to that in lemma (2.1.5), i.e. by replacing Q

by m and use induction on L(Q) o

(2.1.7) Definition:

The braid (B,n) is called a full braid if [e -e . ] = 2(n-1),
max min
where e and e . are the largest and the smallest degrees of v
max min
in the 2-variable polynomial PL(v,z), respectively, with L = 8¢. Hence
define width PL(v,z)) or simply width B as W(B) = [(emax - emin)/Z]-

+ 1. i.e. W(B) is the minimal numbér of strings allowed by the index

bound, hence the braid (8,n) is full if and only if W(B) = n.

(2.1.8) Proposition:

Twist positive braids are always full.
Proof

We need to show that pl((An)z)EH+ with all the cofficients are non
zero polynomials Now An = 7w, for any given neSBn. Let a = p[7] and

a, = p[m,]. But p[An] = An, ie. M, = a,@ = An, then

(8)% = (a8,
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hence

9
(An) a, = a*aAna*

2
But (An) commutes with every thing, then

' 2
a:}: ( An ) a:,':aAnanf:

SO

n

2
(An) aAna*

Then lemma (2.1.5) tells us that

P1((4)%) = py(ad )pi(ay)

. e

P1 (An) + Wlpi(ey)

= ZL(N)pl(Ana*) + wl

_ L

.....

L(m)

=z Pl(“)Pl(TT:;;P[‘"::;]) + W

where Wt:'H+ and lemma (2.1.2) tells us that w'eH". Now using lemma

(2.1.4), we have

2o (1) [1 + 28(z) + V] + W'

P1((A)%)
with VeH', then
pr((a )% = 2" (1 ¢ z8(2))pa(m) + X (2.1.3)

for every TTESBn, where f(z) is a polynomial of z with non-negative
2 .
coefficients and XEH+. Therefore pl((An) ) contains p,(w) for every
1€SB_, with non zero coefficients. So given a twist positive braid 8
n

= (A )ZQ, for a positive braid Q, as in definition (1.0.2), then
n
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_ 2
P1(8) = p2((8)°Q) = p1((8)%)p1(Q)

But lemma (2.1.3) tells us that pl(Q)EHf and equation (2.1.3) above
also tells us that all the generators p,;(7), neSBn, appear in
pl((An)z) with positive coefficients, hence no cancellation of the fac-
tors. So p;(B) is a linear combination of all the generators of Hn(z),

where the coefficients are positive polynomials. Now

P (v,2) = vSE () Tr(e,(8))

and

u = z/(v_1 - v)

C

as in equations (2.0.4) and (2.0.5) where L = B~. Then PL(v,z)

contains the factor
B (v vy Q) (1 v ey

so that [VC(B)_(H—I)] and [VC(B)+(n-1)] have non-zero coefficients.
Therefore

€ ax = ¢(B) + (n-1) and e nin = ¢(B) - (n-1)

where e and e . are the largest and the smallest degrees of v
max min ,

C

in the 2-variable polynomial PL(V,Z), respectively and L = B. This

completes the proof that the twist positive braids are full braids O

(2.1.9) lemma :

A full braid is always minimal.

Proof :

Let B = Yo for some (¥,n-1), then

n-1’

c(B)-(n-1) < € nin <e < ¢(B)+(n-1)
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c c . .
But 8~ and ¥ are isotopic. Hence have the same invariant polynomial,

then

c(¥)-(n-2) < e min < © hax € ¢c(¥)+(n-2)

which implies that

n=e T e in € 2(n-2)

Then n # 2(n-1), hence B does not a full braid, which completes the

proof ©

(2.1.10) Theorem:

If a link L is represented as a closed twist positive braid («,n),
then L has braid index n, i.e the number of strands in a twist positive
braid is a link invariant.

Proof
The proof is a direct consequence of proposition (2.1.8) and lemma

(2.1.9) o
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§2.2. THE 2-VARIABLE LINK INVARIANTS OF WIDTH 2

AND 3-BRAIDS

(2.2.1) Remark:

Given a polynomial P(v,z) of width n (where the width of P(v,z)
is the minimal number of strings allowed by the index bound as defined

in definition (2.1.7).. Then the polynomial looks like

P(v,2) = vMIQu(@) + vPQu(@) + ...+ vl (2)]

which can be written as
- Qo(2) T
Q.(z)

P(v,z) = Vk(l v ... VZn-Z),(

L Q_ ()

So if we know P(v,z) for n different values of v, e.g. Vg, V,,

» V-1 and if we know k = elmin’ then we know P(v,z), because

| -k

-QO(Z) - r (VO) P(VDJZ) -
-k

Q.1(z) (vi) "P(vi,2)
A x = (2.2.1)
-k
NG A S A e SOV

for an invertible nxn matrix A, where
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-1 (Vo)2 L (ve)PR2 i

1 (vy)? . (vy)n2

(2.2.2) Lemma:

If the 2-variable link invariant P(v,z) has width 1 then it is the
same as the polynomial of the closed 1-braid.

Proof:

The polynomial of width 1 has the form

- K . -
P(v,z) = v'Q(z), with k = © Lin

Then using (i) of theorem (2.0.3), we have

Q'(s)(s) ¥ =1
and

Q'(s)(s)K = (-1)¢71

where Q'(s) = Q(s-s_l), s = vt and c is the number of components.
But k = (¢c-1)mod(2), as in (vi) of theoremr.(2.0.3), then sk = 1, for
every s, hence k = 0. Then using (ii) of theorem (2.0.3), we have
P(v,z) = Q(z) = V(z) = 1, which completes the proof. Moreover the

link of width 1 has odd number of components O

(2.2.3) Theorem:

If the 2-variable polynomial PK(\},Z) has width 2, then it is the

same as the polynomial of a closed 2-braid [(dl)k]c, for |k|#1.
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Proof:

Given a polynomial PL(v,z) of width 2, then
Pr(v,2) = v®min) (Qu(2) + vZQ,(2)]

But as in (vi) of theorem (2.0.3), nin - (c-1) mod(2), where c

is the number of components of L, then using (i) of theorem (2.0.3),

we have

P(vt 1 vt-vtl) = 1 and P(vt,ve-vtly = (-1)°L

1 -1

Now put vo = s =vt, vi =s ", z=35s - s and k = e_. in equation

k

(2.2.1), but s *(-1)° 1= (17K o

Qa(s) s-2 -s2 sk
= 1/(s%-s72) (2.2.2)

Q. (s) -1 1 (-s) %

Now the 2-variable polynomial P(v,z) for the 2-closed braid

[(6.)%]C, |k| # 1, has the form
VKl wWo(z) + viW.(2)]

where W,(z) and W,(z) can be determined by employing the formula
in equation (2.0.6), then applying the observation above, to see that
the 2-variable polynomial of width 2 and e nin - k is the same as the

. k+l.c
polynomial of the closed 2-braid [(o,) ] o

In the following theorem, we give a complete list of 3-braids which

are not full, i.e. have width 2.
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(2.2.4) Theorem

If a closed 3-braid 8° = L, has Alexander polynomial equals the
Alexander polynomial of a (2,p) torus knot times a power of t, then

B is conjugate to one of the following braids:

-1

»

a = (A3)4k(01)(02

X_l or n_l, for kEZ+.

)-(6k+1): ¥ = (As)za; n = (A3)2(°'1)p(°z)—1, a

The proof of theorem (2.2.4) will start with the following two

lemmas.

(2.2.5) Lemma:

The closed 3-braid [B = (A3)°P(01)P(0,) 9° = K, has the
Alexander polynomial

p-1. qg-1.

- 6 -y 4
(1-s+s2)a,(s) = 1-(¢D)PsP 1 + P T o [ TSI I sy + 570 TP
i= i=
K =0 i=0
Hence if AK(s) = iskA(sz)(s), then pq = m if n-even and pq + 4 =
m if n-odd.
Proof:

The reduced Burau matrix B(t) of the braid B is the image of B
. . -1
under the reduced Burau representation $: Bn + GL(n-1,Z{t,t 1),

[B2]. In this presentation

-t 1 1 0

$(0,) = and $(0;) =

Now let t = -s, then
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and B has the Burau matrix,

p-1,
r Sp Z sl - - Sq 0 1
i=0
B(s) = (+1)%s3074
X
q-1 .
L 0 1 J Lsys! 1
i=0 -
Then
p-1 ., qg-1. p-1
+ i ~
-sPT s T sY TS Is'
i=0 i=0 i=0
B(s) = (:1)Ps3R°d
q-1 i
s }¥s 1
i=0
So
n 3n-q p+ p-li q-li
tr[B(s)] = (1)7s” Y1+sP D[ 1 ') T s
=0 i=0
= (#1)"P P A 1+sP Dug 1025432 .. +3sP* TP A3, PHA2)y
= (il)n33n-q{l+s+252+3s3+ ... +35p+q-3+zsp+q-2+sp+q-l+sp+q]}

But the Alexander polynomial of the link BC U L the closure of B

B)

together with its axis, is given by

A(x,t) = det[xI-B(t)] = x° - trB(t).x + detB(t)

where the wvariable x refers to the meridians of the axis LB of the

closed braid Bc ~ I, and t refers to all meridians of the oriented closed

braid L. Then for a link L = BC, the Alexander polynomial satisfies,

(1+t+t2)AL(t) = A(1,1)

Hence for t = -s, we have
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- p-1. 9-1,
(1-s+s2)AKfS) =1 - D2+ P T ST sy ¢ TP
i= i=

0 i=0

hence AK(l) = 2 - (il)n{pq + 2}. Now assume that AK(s) =

k
ts A(Z,m)(s)’ then pq = m if n-even and pq + 4 = m if n-odd, which

completes the proof o

(2.2.6) Lemma.:

If the closed 3-braid B¢ = K for
8= (40P (o) T L. (0 Pr) (o) %
has the Alexander polynomial of a (2,m) torus knot, then r = 1; where
Py qieZ+, for 1 € i € r and for every neZ. Moreover n = #(q+2)/3 if
n-odd and n = *(g-1)/3 if n-even.
Proof:
Let A(x,s) be the Alexander polynomial of the link K U LB (the

closure of B together with its axis), [M1], then

_ 2. .k
AL(s) = {A(1,5)/(1-s+s7)} = £5°4 y \(5)
and
ACLs) = 1+ 22 Q1e(rs) mod(s?)] + $FHUF
hence
1+ s?n-Q[h(rs) mod(sz)] + S6n-Q+P
=+ s5(1-s+s2) [(1-s™)/(1-8)]
P S T (2.2.3)
where
P = P + P2 + + qr
and
Q = ql + q2 + + qr



- Let ey and e, be the smallest and the largest power of s in equation
(2.2.3), respectively. Then in the right-hand side, e, = k with co-

efficient equals *1 and e, = k+m+1 with coefficient equals *1. Hence

- consider the two cases:

Case (1): n 2 0 :

(1a): For the left-hand side, e, = 0 with coefficient equals 1, then

k = 0 and from equation (2.2.3) we have,

SBn-Q[1+(rS) mod(sz)] . S6n-Q+P - 2 3 sm'1+sm+1

s +ts + .., ¢
So 3n-Q = 2and r =1, i.e. Q = q and n = (q+2)/3 should be odd.

(1b): e, ~ k = 3n-Q < 0, with coefficient equals %1 :

Multiplying both sides of equation (2.2.3) by sQ-Bn, we have

SQ-Sn * [1+rs mod(sz)] + s3r1+P = t(1+sz+s3+ +sm_l+sm+1)

But the right hand side does not contain s, then Q - 3n = 1, otherwise
r = 0, which leads to a contradiction. Hence r = 1, k = -1 and n =

(q-1/3) should be even integer.

Case (2): n <0

Q-6n

Multiplying both sides of equation (2.2.3) by s we have,
Q60 301 mod(sD)] ¢ ST
_ wkrQbn g, 2,3, smrlgm

Then comparing the smallest power of s in both sides of the equation
above, we have the following two cases:

(2a): n <0 and k+Q-6n = -3n, then
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_6 - -
sQ Dy s 3n[ll'rrs mod(sz)]+sP = s 3n(1+sz+53+...+sm-1+sm+l)

Now let P = -3n+l, otherwise r = 0, then comparing the coefficients

in both sides, we have r = 1.

(2b): n < 0, and k+Q-6n = P, then

Q-6n

s t s—3n[

l+rs mod(sz)] = isPr(s2+53+ +sm_1+sm+1)

Thus comparing the smallest power of s in both sides, we have p+2 =

-3n, then r = 1. This completes the proof o

Proof of theorem (2.2.4)

There is a nice representative of each conjugacy class in B,;, where
the classes are divided to different seven patterns, as in proposition
(0.14), [Mu2]. So the proof will be done by investigating each pattern
individually. In proposition (0.14), the types Ay, A;, A, and As
represent links. The types A,, A, also represent (3,3n+l) and
(3,3n+2) tours knots, respectively. Hence proposition (0.14) tells us
that, the non full 3-braids (which close to knots) lie in A, with)

representative P

-~

8= (8)2%(01)P (o) I .. (00) Pr) (0,) %

where Py qiEZ+, for 1 < i € r and for every neZ. Now let

_ Lk
AL(t) = £78 ) (D)

for some k, meZ and BC ~ 1., then lemma (2.2.6) tells us that r = 1
and gives relations between n, p and q. So consider the cases:

Case (1): n 2 0 :
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(I); Let n-odd, then lemma (2.2.6) tells us that n = +(q+2)/3, so

n# 0. Now let n >0, i,e. n = (q+2)/3, then lemma (2.2.5) tells us
that 4 + pq = m and

1+S+252+ +2SP+Q‘2+Sp+q‘1+Sp+q+sp+q+2

= 1+s+sz+s3+ +sm—3+sm_1

hence

p+q+3 = m

and so

(g-1) = p(g-1)

If gq=1, thenn =1 and

8 = (83)2(o)P(on) !

for pEZ+ and m = p + 4. In fact 8¢ is isotopic to (2,p+4) torus knot.

Now let q # 1, then p = 1 and
8 = (8,)21(9*2) /3l (4,)79, tfor qez’, with

85(8) = Az, ey (¥

Similarly if n < O,- then n = -(p+2)/3 and lemma (2.2.5) tells us
that
sq+2p+4 + sp+2(1+s+252+ +Zsp+Q‘2+Sp+q-1+Sp+q)
= sp(s2+s3+ +sm—1+sm+1)
then

p+m+l = gt2p+4, il.e. m = P +q+3

hence

p(g-1) = (g-1)
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So the resulting braid is conjugate to the inverse of the given, above,

braid 8 for n > 0.

Case (II); Let n-even, then lemma (2.2.6) tells us that n = #(q-1)/3.
Now if n = 0, then q = 1 and so f = (ol)p(cz)-l, hence BC is isotopic
to (2,p) torus knot. For n > 0, i.e. n = (q-1)/3 with q # 1, then

lemma (2.2.5) tells us that pq = m and

s - (1+S+282+ - +zsp+q-2+sp+q-1+sp+q) + sp+q-1
= (15243 L as™ T legMHy
then
p*q = m+1
hence

p(q-1) = (g-1), g > 1
so p = 1and q = m, hence

8 = (8)2 0@y (6,)79, for gez’

with

1

Aﬁ(t) =t A(Z,q)(t)

Similarly if n < 0, then n = -(p-1)/3 with p > 1 and lemma (2.2.5)

tells us that

Sq-6n_(S-311{_5-3n+1+25-3n+2+ +ZSq-6n-li_sq-6n+sq-6n+1)Jrs-3n+1
_ _(s-3n+s—3n+2+ +S-3n+m-1+s-3n+m+1)
then
qg-6n+l = -3n+m+1, i.e. m = q-3n = ptq-1
hence
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qa(p-1) = (p-1)

so 9 = 1 and m = p. Therefore our B is conjugate to the inverse of
the given braid 8,above, with
Al(t) =t Pa t
g(t) 2,p) M

which completes the proof of theorem (2.2.4) o

(2.2.7) Corollary:

The non full 3-braids close to non amphicheiral knots.
Proof:

The non full 3-braid « has |c(a)| > 3, shown in theorem (2.2.4).
Hence as a direct consequence of (v) of theorem (2.0.3), «* is not

amhpicheiral o

Through the proof of theorem (2.2.4), it is proved the following

results:

(2.2.8) Proposition :

- 6k 1 ;
The closed 3-braid [B = (8:) Ko,(o) (¥¥* 1€ + K has the

. -1 _ .-6k
Alexander polynomial, AK(t) =t A(2,6k+1)(t) and AL(t) =t AK(t),

+
where L is the inverse of K aEd ke?Z -

(2.2.9) Corollary:

Since the maximum spread of P(2 p)(V,Z) is 2, then the closed

. k
3-braid K has a full representative if and only if AK(t) #t A(Z,p)(t)’

for any p, keZ.
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(2.2.10) Corollary:

If K is the closure of a full 3-braid B, then PK(v,z) determines
c(B), where c(B) is the exponent sum of B and Bc = K.

Proof:

Since K has a full 3-braid representative, then

¢®)21Q,(2) + v2Qi(2) + vIQ.(2)]

PK(V,Z) = v

for non-zero polynomials Qi(z), i=0,1,2, which determines c(f) o

(2.2.11) Proposition :

The closed 3-braid [B = (133)4]((01)(crz)-(ekﬂ)]C = K, has the

2-variable invariant PK(v,z) = Vsk[Ql(z)+V2Q2(z)], where keZ' and

Pl(Jt—/t'1)=[t3k+2—t'3k]/(t2—1), Pz(/t-/t'l)z[t3k+1-t'3k+l]/(1—t2)
Proof :
Let
P (v,2) = v D 2) i) v R (2))
but
Ak = PN O]
. Bk-1p 3k Skl L¢3kl -3k

then using (i) and (iii) of theorem (2.0.3), we have

ACt) = Se(0)+S:(0)+Sa (1) = £ K [(® ey /(te1))
B(t) = So(t)+tS: (1) #t2S,(t) = t °F1
3k-1

C(t) = Se(t)+t 1S, (D)+t 28,(t) = t
Then solving A(t), B(t) and C(t) of Sq(t), Si(V) and S,(t), we have

A()- B(t) = (1-0S, (1) +(1-t)S, (1)
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and

’I‘hen

So that

hence

then

Therefore

_ "3k 6k

[(t® +1+1)/(t+1)]-t_3k+1

At)-C(t) = (1t 1)s, (t)+(1-t™%)s, (1)

= (%% gy s (te1) 113K

[A(1)-B(t)]+t[A(t)-C(t)] = (1-t2+t-t 1ys, (1)
=t

1

S,(t) = (K732

2_t-3k]/[t2_1]

S, (t) = [t5K*

S1(1)+S5(t) = Ay ()

S,(t) = 0

which completes the proof o

prelieiceliaitelo oo tons totsrist oo e to NS R e HERSHORS KONGRS RIS R ot to Moo nSitore

3k+1_,3k_,-3k+1, -3k
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§2.3. TWIST POSITIVE 3-BRAIDS DO NOT ADMIT

NON TRIVIAL EXCHANGE MOVES

(2.3.1) definition:

A braid o is exchangeable (admits exchange move) if it is conjugate
to a braid of the form [URVZq,S], where (U,i+p), (R,p+s) and
(V,i+m) are braids as in figure (2-2b) and Zq,s is the (g+s)-braid,
shown in figure (2-4a), where a group of g-strands pass over a group
of s-strands and a negative half twist occurs in each group of strands.
The exchange of exchangeable braid o« = [URVZq’S] is exch(a) =

[UX t[RIV].

p,m

(2.3.2) Remark:

Suppose B is exchangeable as in the definition above, then the
number of strands of the braids U, V and R are related as, [tts*q =
i*q*m = pt+s+i = n] and {[t+s+p = t+*q*m = p+m+i = n']. Hence n = n'
if t = i, i.e. the braid index preserved by exchange move when t =
i and so the exponent sum is preserved. Exchange moves also include
Markov's move of type (ii) of theorem (0.8) as a special case. This
occurs when ¢ = s = 1 and p =m =0, so 4+1=i, as in figure (2-4b).

An isotopic sequence of closed braids is illustrated in figure (2-5) to

represent the general exchange move.

- 1
VMarkov's '
. I |
"gtabiliser move

q,s
Figure (2-4a)

Figure (2-4b)
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(2.3.3) Theorem:

Braids in B; admitting non-trivial exchange move, not simply con-
jugation, can not be written as twist positive braids. Hence the
conjugacy class of twist positive braid representative is a link invar-

iant, provided that Birman's conjecture in (2.0.4) holds.

The proof of the theorem will start with some lemmas.

(2.3.4) Lemma:

Any 3-braid has the standard form
'y . 8
@ = (Aa)m[,nl(ol)(si’(oloz)( o) ) (0,01)1%
1=

s
or t[a] (the conjugate of a by A;), where Be{e, (61)°, (01)°(0,02),
t + .
(ol)s(oldz)(cz) }, for S ti’ s, teZ , 1 <i < r, meZ and 6€{0, 1}.
Proof:
The braid (w7, ... nk) is the canonical form for a given braid «
if and only if S(ni+1) c F(ni), for 1 € i € k-1, as shown in theorem

(1.3.1). But
SB; = {e, 0, 0z, 0102, 0204, 0,0,0,}

So tilat S(m), F(m) ¢ {1, 2}, for all meSB,. So if m;, = o,, then

either m, = 0, Oor W, = 0,02 and if m, = J,, then either m, = 0, or T

= ¢,0,. But if m;, = 0,02, then either m, = 0, or m; = 020, and if m,

= g,0,, then either m, = 0, Or' T = 0,0,. Hence the general pattern
3

for a positive 3-braid, which is prime to A;, is

o= (T 00 o o) (0200178
i=1
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or 1[a], where Be{e, (crl)S (dl)s(oloz), (o,)s(cloz)(oz)t}, for S5

t, s, teZ', 1 <i <

i r and 6e{0, 1}, which completes the proof o

(2.3.5) Remark:

The braid group B, has a presentation {o,, o0, | 0,0,0, =

020,0,}, shown in definition (0.5). One can also introduce a new

generators a = 0,0,0, and b

{a, b | a® = b3}, where o,

0102, then B, has a new presentation

-2,.2 - -
a "(b"a) and o, = a z(abz). So (0;) !

-9 1 -
=a “(ab) and (0,) " = a (ba). Therefore (5,0,) = b and (020,) =

a 2(aba), [Mu2].

(2.3.6) Lemma:

The twist positive braid («,3) is conjugate to the braid

sr8, T : -1,8

D)™ (02 5P (01)711%

i=1

where 6e{0, 1}, Be{e, (cz)s}, S5 seZ+, for 1 £ i <r and m is a positive
integer such that m > 2.

Proof:

Using lemma (2.3.4) we can write the standard form for twist

e

positive braid («,3) as
r . t. 8
a = (8)™CT [(02) 5P (0102) ( 02) (W (000012 %
i=1
t
or t[a], where Be{e, (0.)°, (01)°(0102), (01)°(0102)(02)"}, for s,
t., s, m and tEZ+, 1 <i< r, such that m > 2 and 8€{0, 1}. Using
1

the presentation { a, b | a2 = b3} (shown in remark (2.3.5)) and the

fact that a2 commutes with every thing, then o« can be written as

2, (t,

- am—Z(S+T+I‘)( ﬁ [(bza)(si) (b) (ab 1) (ab)(a)])BS'

i=1
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where

' -2 2 -
Blefe, (a %) (b%a)®, (a72%)(b2%a)S(by, (a”%%) (b%a) % (b) (a2t (ab2y
with

96{0, 1}, S = S)¥s,t...*s and T = t1+t2+.. +t
T r
Now rewrite (b%a)™ = [b2(ab2)™”

1
a] and consider the following cases:

Case (a): B'=e and 8 = 1 , then

o = am-2(S+T+r) [bz(abz) (s;-

1 (ab) (ab?) (1) (ab) (a) ]

[b%(ab®) 527D (ab) (ab?) (t2) (a1} (a))]

(b%(ab%) ™V (ab) (ab?) () (ab) (a) ]

= a™ 2T %) 1(ab?) (517D (ap) (ab?) (1) (aby)

[(ab%) (52) (ab) (ab?) (t2) (any)

[(ab%) 1) (ab) (ab?) (1) (ab) ] (a)

This is conjugate by a to

- r

™2 [(ab?) 7 (ab) (ab?) Y (ab) 1)
i=1 '
Then using the relations between the two presentations of B,;, shown
in remark (2.3.5), we can write ¢« ( up to conjugation) as
2 = (4)™27 [ [(02) 5P (01) 1 o) W (o) 7] (2.3.1)

i=1

where S5 tiEZ+, for 1 £ i <£r, mis a positive integer such that m 2

2 and =° means equal up to conjugation.

Case (b): 8' = a °5(b%a)S and 8 =1 , then
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@ = am’z(S+T*r*S)[bz(abz)(sl'l)(ab)(abz)(tl)(ab)] x

r-1
1 1@ 9 (ab) ab?) (4 (an))
i=2

[(ab) e (ab) (ab?) (1) (aby ] (a) (b2a)
This is conjugate by a to
- +T+s+ r

aM 2(S+T+s+r) I ([(abZ)(s

i=]1

Then using the relations between the two presentations of B;, shown

i) (ab) (ab%) ) (ab)] (ab2) S

in remark (2.3.5), we can write « (up to conjugation) as

(¢

+ r - -
a = a™ zr,nl([(cz)‘si)(ol) ECONUCNIBTEAL (2.3.2)
1:

Case (c): B' = [a *(b%)]5(b) and 8 = 1 . then

a—

= AT 152 (2 2) (57D () (ab?) (1) (apy ]

-1
T 1(2b2) 5D (ab) (ab2) ¢ i) (ab)] x
i=2

[(ab®) 52 (ab) (ab?) (') (ab) ] (a) (b2a) S (b)

This is conjugate by a to

« = g™ 2(S+T+s+r)-1 H ([(ab )(S )(ab)(ab )(t)(ab)](ab ) (ab)

i=1
Then using the relations between the two presentations of B;, shown

in remark (2.3.5), we can write a (up to conjugation) as

@ = a™2 0 1 16 6D (0 Loy W 017! T 007
i=1

Case (d): 8' = [a (") 123)5(b)(ab®)! and 8 = 1 , then
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-2(S+ +t+ -
o = M 2(S+Tts+ter) [bz(abz)(sl 1)(ab)(abz)(t1)(ab)] N

r-1 9
1 1@6%) 9 (ab) (ab?) ) (ab))]
i=

[(ab%) ) (ab) (ab%) () (ab)] (a) (b2a)® (b) (ab2)

This is conjugate by a to

had
~

1 [(2b%) %1 (ab) (ab%) (1) (ab) ] (ab?) S (ab) (ab)t
1=]

am-z (S+T+s+t+r)-1

Then using the relations between the two presentations of B,, shown

in remark (2.3.5), we can write « (up to conjugation) as

+or+1 T - - -
@ =% a™ 2" (1(02) 0 (01) H0) 8 (01) 7 11(02)5(04) N (00
i=1
——————— > (2.3.4)

Case (e): 6 = 0, then

m m

a-a -Zs(bza)s’ o = am-Zs—l

a[b%(ab%) L (a) (b)]

or

a™ 28721, 1152 a2y S () () (ab?) b

a:

Hence using the relations between the two presentations of B,, shown

in remark (2.3.5), we can write a« (up to conjugation) as

ae {(A)™, (84:)™(02)5, (45)™ (0% (2)™ 1 (02)5(00) L(o)h

Therefore the equations (2.3.1) - (2.3.4) give the general pattern
for the representative of the twist positive braid («,3), (up to con-

jugation) as

™ T T [(o2) 9 (01) 1%
i=1
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s
where 8e{0, 1}, Bef{e, (0,)7}, S, sEZ+, for 1 i< r and m is a positive

integer such that m > 2.

(2.3.7) Remark:

Using remark (2.3.2), we can write the general pattern for

exchangeable braid («,3) as

@ = (02)%(01)%(02)%(01)"

where k,s,reZ and ¢ = #1, then
» _ s € k r
Exch(a) = (02) (01) (02)" (0,)

So o« = Exch(a), for k = s or € = r. Now to see that the twist positive
3-braids do not admit non-trivial exchangeable moves, we consider the
different cases according to the sign of the powers of k, s, r and
e. It is obvious that o does not conjugate to a twist positive 3-braid
if k, s and r are all negative, because the length of the braid (the
algebraic crossing number) is invariant under conjugacy. Then con-

sider the following cases:

(a): If r = ¢, then « and exch(a) are conjugate. This can be seen
by cycling the letters of a. So let ¢ = 1 and r = -1, then for positive

. \
integers k, s, we have

= (Uz)k(01)(dz)s(°1)_1

13
|

0¥ 1(85)( 02)5 (o200) (85) 7
¢ (61)% Y (0,)5 L (020)

= (Ux)k(oz)s
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But

exch(a) = (oz)k(dl)_l(dz)s(dx)

(52)%(83) "1 0,03) (02)(0y)

43) 01 ( 1% (02)% (040,
=% (61)¥(0,)"

Then a and exch(a) are conjugate. In this case we call the exchange

move trivial,

(b): If k, s, r are positive integers and ¢ = 1, then we can easily

check that o and exch(a) are conjugate if k < 2. s < 2 or r = 1.

)

(c):Ifk<O,s=1,s>2andr>l,then

(dzol)[(oxcz)(czol)]'(hl)/z if k-odd
(0)% = (8%
k/2

[(0102)(0201)]_ if k-even
SO
o =% (8:)%(020.) O [(010,) ( 020001 (6,) (02)S(00)F (2.3.6)
where ek =1, tk = -(k+1)/2 for k-odd and Bk = 0, and tk = -(k)/2

for k-even.

(2.3.8) Lemma:

If « admits a non-trivial exchange move, then o is conjugate to:
-1 -1 i -1
W: (4 0P 02)%(o1) (o) (01)
for different non-negative integers p, q, i.

():  (83)%(02)P (o) 1 02)%(0y) 7
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for non-negative integers p, q, i, such that P*q
(iil):  (92)(01) P(02) (0,) 9

for non-negative integers p, q, i, such that p # q.
Proof :

Using remark (2.3.7), it is enough to consider the following cases:

Case (i): When k, s, r are positive integers such that k, s 23, r 2
2 and ¢ = 1. Using the presentation {a, b | a2 = b3 } of B;, shown

in remark (2.3.5), we can write « as

(02)%(01) (02)5(01)"

R
n

- a-Z(k+s+r+1) (abz)k(bza) (abz)s(bza)r
- 2 205D 012) (@D R 3 1(ab%) P (bPa) (abh) )
((ab2)573] [(ab?) (b%) ] [(ab®)T 2] [(ab%)a]

But using the relations between the two presentations of B;, shown

in remark (2.3.5), then

[(ab®)%(b2a) (ab%)?] = a'%(ab)

and

(ab%) (b%) = a’(ab)

SO

_ a-Z(k+S+r+1) (abz) [(abz)k-3] [alo(ab)] g
(ab?)% 3] [a2(ab) ] [(abD)" 2] [(ab")a]
a—2(k+s+r-5) (abz) [(abz)k—3] (ab) x

((ab%)3 73] (ab) [(ab®)T 2] [(ab®)a]
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_C a-2(k+s+r-5) [(abzl)k-3] (ab) x

2.s-3 -
[(ab”)®7°] (ab) [ (ab®)T %] [abZab?]
where = means equal up to conjugacy. But

abzazb2 = a4 (ab)

then
c a-2 (kts+r-17) [(abz)k-B

a:

] (ab) [ (ab%)S 73] (ab) [(ab?)" 2] (ab)

Hence using relations between the two presentations of B;, shown in

remark (2.3.5), we can write a as
4 k-3 -1 -3 -1 - -
a = (85)%02)% 3 (00) 1 0)5 3 (01) Yo)T 2o !

Case (ii): Let k negative and all other powers are positive integers,

then using equation (2.3.6), we have

Q
H

(62)%(01) (62)5(a1)"

(8% (0201) Ok [ (6102) ( 520001 (01) (02)3(01)T

where 8, = 1, t_ = -(k+1)/2 for k-odd and 8; = 0, t, = -(k)/2 for

k k

k-even. Now if k-even, then
o = (0)¥[(0102) ( 52001 X (01) ()% (00)"
so using the presentation in remark (2.3.5), we have
o« = (a)k[(b)a_z(aba)]-(k/z)(a-zbza)(a-z ab2)S (a %ba)”
=y 205D () K u2a) abd) S (b%a)”

. az(k_s_r-l)b(ab)_k_labzaabz(abz)s-z(abz)(bza)(bza)r_l
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2(k-s-r- - .
= o2 (s 1)y oy k%) (ab?)s72 (42 ab) (ab%)T 1,

_C a2(k-s-r-1)+6 -k+1

(ab) (abz)s'z(ab)(abz)r'1

Using again the presentations of B;, shown in remark (2.3.5), we can

write o as
@ = (83)%(02)%2(01) L 03)" Loy KL
But if k-odd, then
@ = (820201 [(6302) ( 0201 F VD (5, (6,)% (o)
Then using the presentation in remark (2.3.5), we have

a¥(a™? aba) [(b) a 2(aba)] K1) (3 22,y (22 ap2y5 a %b2a)T

Q
1

= az(k's'r'l)(aba)(ba)’(k"l)(bza)(abz)s(bza)r

= 22T 1) Gy K e b2 ab2) (ab?) 52 (ab2. b2a) (b2a) T ]

= a2 (K371 Gahy K aab) (ab?) 372 (a? ab) (ab®) T la

_c aZ(k-s—r+2) (ab)—kﬂ(abz)s_z(ab) (abZ)r-}

P

Using agﬁin the presentations of B;, shownin remark (2.3.5), we can

write a as
o = (83)%(02)5 2(01) (o)t MoK

Case (iii): when k, s are negative, and ¢, r are positive, then simi-

larly as in case (ii), and using equation (2.3.5), we have

@ = (02)%(01)(02)5(01)"
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= (8)%(020.) 1) [(0,0,) 0,061)1 (" (0,) x
(0291) ®5) [(0,02) ( 0301)]1 ) ()"

where Bk = BS =1, tk = -(k+1)/2, tS = -(s+1)/2 for odd integers k,
- s and Gk = BS = 0, tk = -(k)/2, tS = -(s)/2 for even integers k, s.

Then following the previous calculations as in case (ii), one can check

that o« is conjugate to a braid with pattern as
(02)(01) P(02)'(0,) 2

for non-negative integers p, q, i, such that p # q, which completes

the proof o

Proof of theorem (2.3.3):

Lemma (2.3.6) tells us that the selected conjugacy representative
o for a twist positive braid contains (A;)m+r, where m > 2 and r is
the number of factors [(cz)s(dl)-ll in a, for seZ'. Hence using
Murasugi's result on classifying the conjugacy classes in B; (as in
proposition (0.14)), then comparing the conjugacy representatives for
twist positive braids and for the non-trivial exchangeable braids, we
conclude that non-trivial exchangeable braids can noAt conjugate to

twist positive braids, which completes the proof o
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CHAPTER 3

ON LORENZ KNOTS AND LINKS

§3.0 INTRODUCTION

In all known examples of differential equations the solutions ap-
peared to fall into two categories, those which ultimately settled down

to some sort of steady state behaviour and those which are periodic

in time.

Starting with the Navier-Stokes equation, [M], which governs the
motion of a viscous, incompressible fluid, Lorenz introduced a trun-
cation which enabled him to reduce the Navier-Stokes equation to a
system of ordinary differential equations in 3-space variables X,¥,Z

as a function of time, [L].

For a system of ordinary differential equations such as Lorenz
differential equations as t changes the points of [R3 move simultaneously
along trajectories, defining a flow ét:[RS—ﬁRt, for teR. Williams.F.R has

. 3
found structures, Lorenz attractors (Lorenz knot holder), in R~ rel-

ative to the flow <I>t which allow the periodic orbits, in the solution
™~ .

of Lorenz equations, to be collapsed onto a 2-dimensional branched

manifold in RS, for t > 0, [W1].

The concept of Lorenz knots, Lorenz links and Lorenz braids

(which are the subject matter of this chapter and chapter 4), have
been introduced by Birman.J and Williams.F.R, in a series of papers,
[B-W1], [B-W2] and [W2]. They have investigated the periodic orbits

in the solution of Lorenz equations and so they shown that knots and
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links do occur, which called "Lorenz knots and Lorenz links". They
also proved that there are infinitely many inequivalent Lorenz knots,
where the relation between the class of Lorenz links and other classes

such as fibred links, algebraic links and closed positive braids have

been studied.

Section 1 is devoted to the study of minimal braid representatives
of a Lorenz link. It is an attempt to formulate a canonical form for a
minimal braid representative of every Lorenz link. An example of
Lorenz braids is given, in example (3.1.7), where a Lorenz braid,
shown in definition (3.1.1), is two groups of strands cross with
positive crossings only, such that no self crossing in each group and

each two strands cross at most once.

In remark (3.1.2) it is noted that the class B(k,r) of Lorenz braids
B(k,r), by the conception cited above, is much wider than [B-W1]'s
class. In [B-W1]'s conception, it is necessary that each arc in any
group of strands should cross some arcs in the other group, whereas
here is not. moreover let m(k,r) denote to the associated permutation
to the braid B(k,r), then in [B-W1}] it is excluded those braids of
permutation m with 7™ = w,u2 ... By as a prodlict of disjoint s cycles
such that no two cyclic factors u,, uj of the same length r, with ui(p)
= uj(p) + t, p=1,2, ... ,r, for some integer t, whereas here is in-
cluded. Two examples to explaih that widen, of the conception of

Lorenz braids, are illustrated in figures (3-1a) and (3-1b).

Recalling the concept of positive permutation braids, it is proved
in lemma (3.1.3) that every Lorenz braid B(k,r) is in SBk+r’ hence

it is shown in corollary (3.1.4) that a Lorenz braid depends only on
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its associated permutation. Using this approach to positive permutation
- braids, a necessary and sufficient condition for a pbsitive permutation
braid to be a Lorenz braid is established in proposition (3.1.5), (in
fact this provides an alternative definition for Lorenz braids), where
it is proved that a positive braid 7 is a Lorenz braid B(k,r) if and
only if S(m) = {k}, for some kEZ+. A formula for a Lorenz braid in

terms of its associated permutation is given in lemma (3.1.8).

A technical combinatorial method for representing a Lorenz link by
a braid, not a Lorenz braid, in fewer strands is established in lemma
(3.1.11). For a Lorenz link L with Lorenz braid B and S(B) = (k},
let m be the associated permutation of B, then consider the number t
= k+1-i, where i is the least integer < k such that m(i) > k, such this

number is called the trip number of L. Following the technique pre-

sented in lemma (3.1.11), it is shown in corollary (3.1.14) that every
Lorenz link of trip number t, has a twist positive braid representative
in Bt' As a consequence of corollary (3.1.14) and Corollary (2.1.12),
where every twist positive braid is a minimal representative for some
link, it is given an affirmative answer for [B-W1]'s conjecture about
trip number of Lorenz links, (conjecture 11.6. page 81, of [B-W1]),
where/it is shown in corollary (3.1.15) that the trip number is the

braid index, hence it is a link invariant.

Following that the relation between the class of algebraic knots and
links and the class of Lorenz knots and links is investigated. In
proposition (3.1.17) it is proved that every algebraic link with < 2
components is a Lorenz, the same was proved in [B-W1] for algebraic

knots only. In proposition (3.1.18) it is given a necessary and suf-
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ficient condition for a knot to be algebraic, where it is shown that a

knot is algebraic if and only if it is the closure of a braid with some

specific pattern, shown in equation (3.1.5). Hence it is shown in

corollary (3.1.19) that the only algebraic knots with minimal braid
representative in Bn’ for n prime, is the (n,r) torus knots for all
integer r, such that n # r. An example, in example (3.1.20), to show

that not every algebraic link is a Lorenz link is given.

Finally a semi-canonical form for a minimal braid representative of
a Lorenz link is established in theorem (3.1.22), where a canonical
form for a minimal braid representative for every algebraic knot is
established in corollary (3.1.23). An attempt to formulate a canonical
form (from that form in theorem (3.1.22)) for minimal braid repre-
sentatives of a subclass of Lorenz links is done. It shown in lemma
(3.1.25) that every Lorenz link of trip number equals to the number
of components has an interested semicanonical form, such these links

were the field of work in chapter 4.

Section 2 is devoted to the study of the possible satellites of a
Lorenz knot. In fact every Lorenz link is a closed braid, which must
follow some pattern (as in figure (3-7a)), hence the Lorenz knots
which are satellites of other Lorenz knots should also follow that
presentation pattern. But the construction of algebraic knots, as in
remark (3.1.16) and proposition (3.1.18), tell us that the only way
in which a Lorenz knot appears as a represented cable in this pres-
entation is when it is an algebraic knot, hence it is a very plausible

conjecture that these are the only ways in which a Lorenz knot can

be presented as a satellite.
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NowA given a Lorenz link C with Lorenz braid B(a,b), then using

the combinatorial method in lemma (3.1.11), we can represent C as

closures of b-braid [L(a)(B(a,b))] and a-braid [R(b)(B(a,b))], where

L(B(a,b)), R(B(a,b)), as defined in definition (3.1.9). Then it is
shown, in proposition (3.2.2), that for every Lorenz knot C the sat-
ellite constructed with pattern as a closed braid «F
)Zk

, for o =
B IL® (8, )1 [R®) (8(r,b))] is again a Lorens knot, with
positive integers a, b and r. The idea is modifying the Lorenz knot
constructed by running r parallel strands around C in the knot holder

H (of C) and including L® (8(a,r)) and R®)(8(r,b)), (for some

Lorenz braids B(a,r) and B(r,b)).

The pattern given in proposition (3.2.2) is a closed r-braid ac,
where o« = (A )**AB, with A = (x,)®1)(x,)(®) (x__)Br-1),
and B = (Yx)(bl)(Yz)(bZ) (Yr_l)(br—l), for positive integers
a, bi’ for all 1< i € r-1, as shown in corollary (3.1.14). Then the
case with A = (Xi)a and B = (Yi)b gives a cable about C. So algebraic

knots are built up successively, starting from the case when C is a

torus knot.

It is likely to say that the satellites of Lorenz knots can . only
constructed by the pattern in proposition (3.2.2), although attempts
to prove it using an extension of Williams methods, [W2], have so far

been unsuccessful.

113



§3.1 A SEMICANONICAL FORM FOR

A LORENZ BRAID

(3.1.1) Definition:

A Lorenz link L is a closed braid BEBn for some integer n, where
in B the strands have a natural ordering from left to right. Number
them, 1,2, ... ,n, on the top and on the bottom. These strings fall
into two groups of parallel strands, a left group of k strands and a
right group of r strands, k + r = n, where the strands in the right
group always pass over (not under) those in the left group, but
strands in the same group never cross one another. This braid B is

called a Lorenz braid of type (k,r) and denoted B(k,r).

(3.1.2) Remark:

Let m(k,r) denote to the associated permutation for the braid B(k,r)
and let B(k,r) denote to the class of all Lorenz braids of type B(k,r).
Note that the class B(k,r) is much wider than the class of Lorenz
braids in [B-W1]. In our definition it is not necessary that each arc
in any group of strands should cross some arcs in the bther group.
e.g. the example illustrated in figure (3-1a) is not a Lorenz braid from
point of view of [B-W1], because the left-hand strand in the left group
does not cross any arcs from the right group. In [B-W1] it is also
excluded those braids of permutation w with # = y,u, ... u_ as a

S

product of disjoint s cycles such that no two cyclic factors M uj of

the same length r, with ui(p) = uj(p) +t, p=1,2, ... ,r, for some

integer t, e.g. the Lore braid B(n,n) of permutation w(a) = a+n for

1<a<nanda()=b-n for ntl] £ b < 2n (which closes to the (n,n)
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torus link, i.e. the clo iti i 2y
sure of the positive braid (An) ) is not a Lorenz
braid from point of view of [B-W1], because 7 = (1 n+1)(2 n+2) ...

(n 2n). An example of such these braids is illustrated in figure (3-1b)

for n = 5,

12345678 9 10 11 12 13 14

AN\ A

m,51 2 m,=3 m;=4 w,=5 6 7 mg=8 7me=9 10 11 12 ﬂ;=13 Tg=14

Figure (3-1a)

Figure (3-1b)
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(3.1.3) Lemma:

Every Lorenz braid B(k,r) is a positive permutation braid in

Bk+r’ i.e. B(k,r)eSBk+r.

Proof:

In Lorenz braids the strands in the right group always pass over
(not under), in a positive sense, those in the left group, i.e. each
strand in the right group cross at most once with each strand in the
left group. But strands in the same group never cross one another.
Hence in B(k,r) each two strands cross at most once. The crossings

also occur in a positive sense, so definition (1.1.1) tells us that

ﬁ(k,r)ESBk+r a

(3.1.4) Corollary:

The Lorenz braid B(k,r) depends only on its associated permutation
m(k,r) and on the ordered pair (k,r) of integers.
Proof:

The ordered pair (k,r) determines a left group of k strands and
a right group of r strands, where strands in the same group never
cross one another. But B(k,r)eSBk+r, then lemma (1.1.3) tells us that

m(k,r) depends only on m(k,r) O

The following proposition provides a necessary and sufficient con-
dition for a positive permutation braid to be a Lorenz braid. In fact

it can be considered as an alternative definition for Lorenz braids.
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(3.1.5) Proposition:

In Bn’ a positive permutation braid 7 is a Lorenz braid if and only
if is, an actual word, i.e. 7 has a single starter (S(m) = {i}, for some
i, 1 £1i < n-1, as in definition (1.1.7)).

Proof
For necessity: Let m be a Lorenz braid, then lemma (3.1.3) tells

us that nESBn. Assume that i, jeS(7), then lemma (1.2.6) tells us that

00 = cja if i =]
™= oicja = cjoia if |i-j| 22
cicjoia = cjcicja if |i-3j] =1

for some aESBn. So that we can not break up the strands, in m, to
two groups such that no self crossings in each group, i.e. ™ does
not a Lorenz braid, hence m has a single starter.

For sufficiency: Let nESBn, with S(m) = {i}, for some 1 €i < n-1, then
clearly 7 is a Lorenz braid, because at some stage we can break up

the strands to two groups where no self crossings occur in each group

of strands O

(3.1.6) Remark:

For a Lorenz braid B(k,r) with permutation m(k,r), write w(k,r)

= (mwy,mM2, ... ’ﬂk+r)’ where L m(i), 1 € i < k+r. But strands in

the same group never cross one another, then

1$111<1r2<...<11k$k+r, ie. m. 21i, for1 €i<k

i < j, for k+1 € j € ktr
1< el < T < ... Mesp < ktr, i.e. 7 j, for i
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-So

ﬂi-iSr,forISisk

and

j-njsk,forkﬂsjskﬂ-

But no crossings occur in each group of strands, then it is clear
that the permutation m(k,r) is either determined by the tuple (m,,7,,

,1rk), denoted L,;7n(k,r) (simply L;7) or the tuple ('"k+1’“k+2’

’“k+r)’ denoted L,m(k,r) (simply L,7). Note that there are braids

in SBk+r’ which are not Lorenz braids, e.g. A r does not a Lorenz

k+

braid in Bk+r'

(3.1.7) Example:

The example in figure (3-1la) of a Lorenz braid (8,6) has the

Lorenz permutation

m(8,6) = (1,3,4,5,8,9,13,14,2,6,7,10,11,12), with S(wn) = {8}
hence

L,n(8,6) = (1,3,4,5,8,9,13,14) and L,7(8,6) = (2,6,7,10,11,12)
Then by using L,m, we can write ?(8,6) as a braid £n B14
£(8,6) = (0807 ce 02)(09080706)( 610090807)x
(911910 (912°11) (913%12) ©

Now let B(k,r) refer to any Lorenz braid of type (k,r). A specific

B(k,r) is determined by an associated permutation m(k,r) or simply

by L,m or L.m.
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(3.1.8) Lemma:

The Lorenz braid B(k,r) with permutation w(k,r) has the positive
braid representative,
B(k,r) = | H (dk+11 k+i-2 - - O )]eSBk+r

k+i
Proof:

The string from the position k+i at the top of the braid to the
position M +i at its bottom pass over (k-‘rrk+i+i) strands, hence by
using the permutation L,n, shown in figure (3-2), where boxes in the

diagram represent some other Lorenz braids, we can write B(k,r) as

B(kr)-[H(o

o )]€SB o
Tr}<+i

k+i-1 k+1 2 k+r

k+i k+r

strands

1 TTk+i

Figure (3-2)
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(3.1.9) Definition:

Define the two operators L and R on B(k,r), such that L(B(k,r)),
(R(B(k,r))) ), is the tying the top of the first, (last), string of the

left, (right), hand side to the same position on the bottom of B, then

define
L) = L@l ana RO (s) = R@EV(5)).

(3.1.10) Remark:

Let Xi be the Lorenz braid B(1,i) with permutation n(1,i) and L;n
= (m,=i+1) and let Yi be the Lorenz braid f(i,1) with permutation n(i,1)
and L,n = (ni+1=1), then clearly as in figure (3-3) and as braids of

(i+1) strands, Yi is the result of turning over Xi’ i.e.

) i -1
Y= X)) = (A4, D X(84,4)

/
T ~T ) —
_X i-strands i-strands ~
\
\
\
\
\
\
\
\\
Y.
i

Figure (3-3)

with

where,

7
=
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The following lemma provides a technical combinatorial method for
representing a Lorenz link by a braid (not a Lorenz braid) in fewer
strands. In fact this method is the key to formulate a semicanonical

form for a minimal braid representative for a Lorenz link.

(3.1.11) Lemma:

Given a Lorenz braid B(k,r) with a permutation m(k,r), then

(i): L(B(k,r)) = {O U B(k-1,r) when m; = 1
an_zﬁ(k-l,r) otherwise
and
(ii): R(B(k,Tr)) ={O U B(k,r-1) when LT k+r

Y _ _,B(k,r-1) otherwise
(k+r) LIV 1

where O is the unknot, Xi is in the first (i+1) strands of the right
group of B and Yi is in the last (i+1) strands of the left group of B,
while p(k-1,r) and B(k,r-1) have permutations in terms of the per-
mutation w(k,r).
Proof

For (i): If m, =1, then the left-hand string in B has no crossings

with the others, hence
L(B(k,r)) = O U B(k-1,T)
where 8(k-1,r) has permutation n'(k-1,r), such that
(W), = Ty - L 1SSk

= i - th
Now let m; > 1, then Mol - 1, so the first (m 1) strands from the

right group of B pass over the left hand string of B. Then by
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12 k k+1

k+r
kk-l I“TT1+1
trands \ strands
\
B(k-l,r'ﬂ1+1)
vL
2 k k+l k+r
\ k-1 —\ my-2 / r-m,+1
trands \ strands
y N\
: \ f(k-1,r-m,+1)
A 4
k+r
r-ﬂl*l
strands
B(k-1,r-m+1)

Figure (3-4)
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using Reidemeister moves, shown in theorem (0.4), we can isotop

L(B(k,r)) to the required braid as in figure (3-4), so
L(B(k,r)) = X_ __B(k-1,r)
m-2
where this B(k-1,r) has the same permutation m', such that
1 - .
(1r)i— Mo ~ 1, 1 <i<k-1

But Yi is the result of turning over Xi’ then similarly we can conclude

case (ii) o

(3.1.12) Definition:

From the diagram of a Lorenz braid 8(k,r) with permutation w(k,r)
we can read a number t, which is the maximum number of t strands
in the left-hand side of the right group , which pass over t-strands
in the right-hand side of the left group. This number t is called the

trip number of f(k,r), i.e. S(B) = {k}, so t = kt+l-i, where i is the

least integer < k, with w(i) > k. The example in figure (3-1a) has

trip number equals 3.

(3.1.13) Remark:

Given a Lorenz braid B(k,r) with trip humber t and permutation
m(k,r), then B(k,r) is the product of three Lorenz braids, shown in
figure (3-5), i.e.

B(k,r) = [B(t,t)][B(k-t,t)][B(t,r-t)]

where B(t,t) is a Lorenz braid in the last t-strands of the left group
and the first t strands of the right group of 8 with permutation x(t,t),

such that

X, = t+i, for k-t+1 < i <k
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B(k-t,t) is.in the first k strands with permutation £(k-t,t), such that

. =m, for 1 £1i< k-t
i i

and B(t,r-t) is in the last r strands with permutation n(t,r-t), such
that,

= = = - £ i <
™ (n)()i n(xi) LY for k-t+1 < i<k

also, as in figure (3-5),

ls'rriSk, for 1 <i < k-t

and

k+1l < ™ < k+r, for k+t+l < i € k+r
But remark (3.1.6) tells us that,

T 2 i, forlSiSkandan j, for k+1 < j € k+r
i
hence
1T2(i) > m(i), for 1 <1 < k-t
and

22(i) € 7(j), for k+t+l < j < ker

The example in figure (3-1a), can be written as a product of three

braid words,
8(8,6) = [(0g0705) (9g9g97) (9109g%g)]
[(950,495%) (96) (7)1
[(511910) (91911 ®13712)]

where the last two words commute O
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Figure (3-5)

(3.1.14) Corollary:

A Lorenz link (B(k,r))C with permutation m(k,r) and trip number

t, has a braid representative [(At)ZXY]eBt, provided that w; > 1 and

i < k+r, where
ktr t-1
_tl o (n) _ (m,)
X-H[(Xl) 1]; Y_H[(Yl) 1]:

i=1 i=1
with

n, = card{j[wj-j-1=i, Trz(j)>“(j)}
and

m, = card{jlj—nj-1=i, nz(j)<1r(j)}
Proof:

Since m; > 1 and T + p < k + r, then no trivial links in L(l)(B)
and R(i)(B) for any i. Illustrate the braid 8(k,r) as in figure (3-5),
where by successive application of lemma (3.1.11), as illustrated in

figure (3-6a), yield
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k-t
L(B(k-t,t)) = [ (X

i=1 ["i'(i“l)]) = X, say

and

‘ r-t
R(B(t,r-t)) =] Y, say
i=

(Y oy ) =
p LD gy -G-n]

Now for a fixed integer i, as in figure (3-6b), with 1 <€ i < t, there

exist n,, )‘iEZ+ such that,

1 € \.,+n, < k-t
il

n]+1’nj+1,fork+1Sj$)\i+n-1
- - 2
1r>‘.+1 ‘n)\ a1+1 2
i i
and
- = ?
™. +n, +1 TT)‘+n. bi+1 2
i i i

Using remark (3.1.13), where Trz(i) > w(i), for 1 € i < k-t, then

. 2. .
n, = card{j[nj—j-l =i, m°(@) > 7(j)}

and
t-1
() = (k1)
i=1
then n
i (n,)
. = [X ] 1
i i
- (Xl) (ni)
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So -
t-1
X =1 [(Xi)(ni)], with n, 2 0
i=1 1

But Yi is the result of turning over Xi’ then similarly

t-1 (m.)
Y =] (Y) i’, withm, 2 0
i=1 ! 1
where
_ i . 2. .
m, = Card{JlJ'ﬂj'l =1, m() <n@j)}
such that
t-1
1 (m) = (r-t)
i=1

The resulting braid is represented diagrammatically as in figure

(3-7a) o

(3.1.15) Corollary:

For a Lorenz link (B(k,r))c, the trip number is the braid index.
Proof:

Corollary (’3.1.14) tells us that the link (B(k,r))c has a twist
positive braid representative, then the proof is a direct consequence
of corollary (2.1.10), where the closure of a twist positive braid

(An)zmQ has braid index n, for m 2 1 and for a positive braid Q o
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Figure (3-6a)

1 X, )\.1+ni+1 k-t k k+1 k+t k+r

k+r

Figure (3-bb)
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1 L1 | > [
()
1
(Xl)(nl)
(\(2)(“2)
4
X
T
(\(3)(“3)
-
](l )
n
(Xe ) -2
(Xt_l)(nt-l)
v
1
(x,) ™)
(Yz)(mZ) , ' '
| ‘ I -
Y
T
(yrz)(mJ)
oo
o
| 1( )
, m,
(Y, ,) t-2
+p2q (p:"1))
¥, ) D) [;(pz'l)(qu ) J

Figure (3-7a)

Figure (3-7b)
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(3.1.16) Remark:

Given an algebraic knot K, as defined in definition (0.13), then
3 -1
K¢ [(Ss ) n £ (0)]’; for some complex plane curve f(x,y), with £(0,0)
- 3 _ 2
= 0, where (Ss = {(x,y)eC” | |(x,y)| = €} for sufficiently small ¢
and K can be described by the fractional power series as in equation

(0.1). Now consider the first approximation to equation (0.1), i.e.

let

y = alx(ql/pl) (3'11)
then take x = ste, where t runs once around the complex unit circle
st c f-l(O), so y is a constant times £(q1) and (x,y) runs p,; times

around in the longitudinal direction SE3 (the x-axis) while running
q, times around the meridianal direction of Ss3 (the y-axis). Hence
the first approximation is the (p,,q;) torus knot K,;. Therefore K,
is the ¢losure of the p,-braid [B; = (Xpl-l)(ql)]' Again consider

the second approximation to the equation (0.1), i.e. let

y = x(ql/px)(a1 + azx(Qz/Pz)) (3.1.2)

then change the parameterisation to put x = st(?’p"), so x will follow

: : . . 3 .
K, around p, times.in a longitudinal direction in Ss (the x-axis).

~

Hence the second approximation knot K, is the (p,,a.) cable on K,,

for some integer a,. Continuing this process then the knot K re-

presented by equation (0.1) is the (ps,as) cable on the (ps_l,as_l)

cable on the ... (p:,a,) cable on the unknot, for suitable integers
a,;, a, a . It is known that ([E-N], proposition 1A.1, page 51),
, e 8
= i 21 and a, = (3.1.3)
8,1 = Gyu1 * PiPyeg?yp ford 1= q
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But the pair (pi,qi) is relatively prime, then the pair (pi'ai) is also

relatively prime and

85,1 > PiP;. 135 for i > 1, (3.1.4)

Now back again to the case in equation (3.1.2) above, which can be
represented by using equation (3.1.3) as a (pP2,92+pP1P29,) cable over

(P1,91), then K, is the closure of the braid B, illustrated in figure

(3-7b), which can be written as

B, = [(sz_l)(q2+p2q1(p1_l))][( X —1)(p2q1)]

P1P2

But we can start with q, > p,;, because the (p,q) torus knot is
unchanged by interchanging p and q. Continuing the previous process
we can see that the arbitrary algebraic knot, which represented by

equation (0.1), has the n-braid representative

(ki) (k2) (k)
(Xm1'1) (Xmlmz-l) S Xmlmz...m -1) r (3.1.5)

where

k, >k, > ... >kr>n
and

k. >m, for 1 <isr

i i
such that
= = <isg
ki = midi and ki Ciki-l’ for 2 <isr

for some integers c, di' Now let L = K U K' be an algebraic link
with two components, then L corresponds to two distinct equations
such as in equation (0.1). Let y and y' be the first approximation of
L, where y as in equation (3.1.1) above and y' equals y by replacing

(p:,q:) by (P1',4:"), then consider the two different cases:
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If (p1,91) = (pP)',q,"), take x = ate, as above, then L represented
by two parallel strahds‘ run p; times around in the longitudinal di-
rection in SE3 while q, times around the meridianal direction of S 3

e -
Therefore the two components K and K' have linking number q,; (which
gives the feature of the fact that every algebraic link is determined
by the isotopic type of each component and the linking numbers of
each pair of components, [E-N]), then L is the closure of the
(2p,)-braid (xzpl_l)(ql).

But if (p:,q:) # (p.',9."), then L is a splitable link of two com-
ponents (p,;,q;) and (p,',q;') torus knots. Therefore L can be re-
presented as a closure of the (p1tp2)-braid
[(Xpl-l) (ql)(Ypl,_l)(ql')]. Then by repeating the same construction
adopted for the successive approximations to K used above, we can
see that every algebraic link of two components has a braid repre-
sentative of pattern such as in figure (3-7a) with some restrictions
on the powers (ni)'s and (mi)'s. Therefore we can conclude the fol-

lowing result:

(3.1.17) Proposition:

e
Every algebraic link with two (or one) components is a Lorenz link.

~

(3.1.18) Proposition:

A knot is algebraic if and only if it is the closure of the braid in
equation (3.1.5).

Proof:

The necessity is established in remark (3.1.16). To establish the
sufficiency it is quite enough to check that the given knot K is

(m,,b,) cable on (mz,b;) cable on ... (mr’br) cable on the unknot,
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such that bi's (replaced by ai's) satisfy the equation (3.1.3). Now

by sketching a diagram, simply as in figure (3-7b), we can see that

(X - 1)(kr) = (X

)(mldl)
mym,...m_ -1

m;m,.. .mr

= (m,) (d,)
[(X z )

ml—l) - ml,ml(mzmg...mr

where Za b is the Lorenz braid B(a,b), with permutation w(a,b) such

that w(i) = i+b, for 1 < i < a. Therefore K is (m,,b,) cable on
(m2m3...mr,bz) for some integers b, and b,, such that b, = (k; +
k, + ... kr) and b, = dr' Continuing this process and by induction

on r we can check that the given knot satisfies the condition in

equation (3.1.3), hence it is an algebraic knot o

(3.1.19) Corollary

The only algebraic knots with minimal braid representatives in
Bn’ for n prime, is the (n,r) torus knots for any integer r, n # r.
Proof :

Using proposition (3.1.18) and corollary (3.1.15), we can see that
the algebraic knot with minimal braid representative in Bn’ for prime

n, can be represented as the closure of the braid
m
= >
a (Xn_l) , for m > n

because n is prime, so we can not factor it as a product of integers,

hence o closes to the (n,m) torus knot, which completes the proof o

(3.1.20) Example

Since every Lorenz link has a braid representative, as illustrated

in figure (3-7a), then recalling the construction in remark (3.1.16),
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one can establish many examples of algebraic links which do not follow

- the pattern in figure ‘(3—7a), i.e. not Lorenz. e.g. consider the

4-braid

- 4 3
@ = (X)*(X2)?(¥2) 3 (00
which closes to an algebraic link of 3 components 0O

(3.1.21) Proposition:

m _ m
In By, (Xjip) = (XD (0,49 ... 0

. m
< 1€t-2, hence (Y, )" = (Yi)m(c

i+2-m)’ for 1 € m < i+l and 1

t-i-1%-1 " Yt-i-2+m)
Proof:

From remark (3.1.10)

Xi+1 = 0,0, ... °i+1 = Xidi+1

then the proposition is true for m = 1. Now refer to the proposition
when m = k as (prop.)k. The proof of the general proposition follows
by induction on k. For our induction hypothesis we assume that

(prop. )k holds, i.e.

kK _ .k
(Xip) ™ = (XD (93,49 -+ F5upy)

Then

X, )P = ox, X,

i+l 1

k
(X 793,19 -+ T2-1) %01

k
(Xi) (°i+1°i °i+2-k)(°1°2 Gi+1)

Now using the braid relator (ii) of definition (0.5), then

1 k
= (Xi) (0,02 ... dj)(di+ldi di+2—k)(°j+1dj+2 di+1)'

134



Now take

=
It

o, s e e '
( 1+]_01 cj+2)(°j+1°j+2 0’i+1)

g...,0. ... O,
( it17i J+3)(0j+ldj+20j+1)(oj+3dj+4 ci*l)

then using the braid relators (i) and (ii) of definition (0.5), we have

= a, a, e
J+1( i+1% oj+4)(cj+3°j+2°j+3)( cj+4°j+5 °i+1)°j+1

o, (0, 0. ...
]+1( i+1% °j+4)(°j+2°j+3°j+2)( °j+4°j+5 ci+1)°j+1

then continuing this process we have,

n = (°j+1°j+2 oi)(oi+l)(oioi_1 °j+1)
But
i=i-k
then
k+1 k
X, = (X, ... 0.0, ..
( 1+1‘) ( 1) (0.0, °3°J+1 . ci)( %+1%%-1 - di+1-k)
_ k+1
= (Xi) ( 9+1%%-1 - di+1_k)

which completes the proof of (prop.)k+1, hence completes the proof

of the general proposition o

(3.1.22) Theorem:

Every Lorenz link of trip number t has a semicanonical form for
its minimal braid representative in Bt' More precisely:
The Lorenz link (B(k,r))C of trip number t and a permutation

m(k,r) has the minimal representative,

2po+2q +2 t-2
o= (a9t

t-2
1) PPPI@1 T (8 )W 1w
i=1 i=1 ’
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+
where «a, BESBt and Py qieZ for all 0 < i < t-2, such that p, # 0.

Proof:

Corollary (3.1.14) tells us that the link (B(k,r))c has the minimal

braid representative

¥ = (8)°XY
where
t-1 (n.)
X = [(x) "], n, 20, for 1 <i<tl
i=1
and
t-1
Y =] [(Y&)(“H)], m >0, for 1 €1 t-1
i=1
Now let
T mod (t)
l.e.

n € t-1and p, 20

t-1 = tPo B s By

then using remark (3.1.6) and proposition (3.1.21)

(Xt-l) (nt'l) (Xt-l) (tpﬂ)(xt_l)(st_l)

_ (2po) (g,_1)
= (At) (Xt-l) t-1

t-s‘t_\l

(2po) (e, ¢)
(At) (Xt-z) t-1 (ot—lct-z ... © )
where, as in remark (3.1.10),

2

B t
(8% = Xy y)

But (A )2 commutes, shown in corollary (1.1.12), with every word in
n

Bn’ so using proposition (3.1.21), we have
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(X_p) Pe-2) (x, ) Pe-0)

(n,_,) (2pe)
(Xg_p) t-2) (a) PP (x, ¢ Et-l)(dt_ldt_z o )

1(2po) (ny_,*
@ P ) P21 (0o, . e, )

Repeat the same process again with

n + g =t

t-2 t-1 mod(t-1), i.e.

t-2

n, o * By 1 ° (t-p, + E4_9» P1 2 0 and €49 < t-2

then

(n,_,) (n,_,)
(X, o) 20 (X, ) Pt-1

- (2po) (t-1)p, (e _5)
(&) [(X¢p) (X )" 2700 10¢y - “t-e, )
- (2ps) (2p.) (e, ,)
[(0, 40, o ... O, . (o, 0, o ... O, _ )]
t-27t-3 t-1 49 t-17t-2 t &1
Then continuing this process we have
X = Pa
such that
th2 (2p,)
P -.? (A,_p i
and 1=0
Q= 010y ... at_l
with
a, = (Gidi_l ci+1-gi)esBi+1 (3.1.6)
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where

n, + €iv1 © (i+l)pt-(i+1) v, (3.1.7)
and '
0 < g <1, P; 20
for
1 <1i<t-1, st=0

But Yi is the result of turning over Xi’ then

Y = QB
such that
t-2
Q=1 (s, »)C%
i=0 h°
and
B = 6162 e e Bt_l
with
By = (94 {9¢-ju1 -+ "t—i-1+ai)ESBi+1
where
m, + 61+1 = (i+1)qt-(i+1) + Gi (3.1.8)
and
q; 20, 0< 5is /—1
for

Which completes the proof of the theorem. This semicanonical form for
representatives of a Lorenz link is represented diagrammatically in

figure (3-8) o
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(At)(zpo +2dq; +2)

R
(At-l)(zpl)
1
L
(At_3)(2pz)
| T
| i
()PP | T
SN AU U N S DR N A
N B R R i o el e Bl ————;\--
(At-l’e)(qu)
(A : (_)(Z(h)
i
Q
( t-/3,‘_)(2q3)
. T
l :
(4, )%9-5)
SRS DN el e e Y
B

Figure (3-8)
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(3.1.23) Corollary

Every algebraic knot has a positive braid representative of the

canonical form
t-1 9 -1
@ (11 P a1y a OP0)

for positive integer P;, 0 €1i<t-2, and ai's as in equation (3.1.6).
Proof :

Using proposition (3.1.17) and theorem (3.1.22) we can see that
every algebraic knot has a positive braid representative Pa as illus-
trated diagrammatically in figure (3-8). But (Ai)2 commutes with every
thing in i strands (or less) and recalling the construction of the
canonical form for a positive braid, one can rewrite Pa as in the re-
quired form, which is in fact a right hand canonical form for the

positive braid Pa O

(3.1.24) Remark:

Using the recurrence relations in equations (3.1.7) and (3.1.8),

we have
j -1
Et_j = i_El(nt-l) - léo(t—l)pl
~and (3.1.9)
ey - s
6, . = m, .) - -i)q.
AP L !

where n,, m, as in corollary (3.1.14), with

t-1 t-1
Y (n) = k-tand I (m) =r-t
i=1 =1
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Hence the two positive permutation braids, in the associated
semicanonical form for a Lorenz braid B(k,r), are determined by the
associated permutation B(k,r). In fact theorem (3.1.22) tells us that
the number of pf components in a Lorenz link is Vdetermined by the
two positive permutation braids « and f in the associated semicanonical
form for its Lorenz braid representative. Then the number of compo-
nents of a Lorenz link equals the trip number if and only if «B has
the identity permutation, i.e. B = p[a], where p[a], shown in defi-

nition (0.10), has the inverse permutation of the permutation a.
Finally equation (3.1.6) tells us that
aie{e, O 9i%5-10 - 001 - o,}

where o has the braid diagram as illustrated in figure (3-9a).

(3.1.25) Lemma:

Every Lorenz link with trip number t and t components, has a
semicanonical form (At)ZPQ for its Lorenz braid representative, such
that Q is prime to (At)z. More precisely:

Given a Lorenz link (B(k,r))C with permutation m(k,r), trip number
t and t components, then B(k,r) -has a semicanonical form (A-t)2pR,
as in theorem (3.1.22), where eithef R has two strings with linking

number zero or R = (At)zR', R' has two strings with linking number

zero.
Proof:

Take R = P(a)Q(p[a]), where P, Q, a« and B = p[a] as in theorem
(3.1.22), then exclude o beginning with o, or ending with Of_17 oth-

2 .
erwise we can extract (Az)2 or (A2 ) respectively. To exclude the
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turning over of R, if « and 1[a] are different, select one of them and

if they are equal, arrange P and Q such that,

(p1:p2: e ;pt_z)v> (ql;qz; :qt_z)
if and only if the number p;p, ... Pi o (considered as a numerically
expanded number) is greater than the number q;q, ... -9 (con-

sidered as a numerically expanded number). Then consider the fol-

lowing two cases:

Case (1):
a = alYt_l, as in figure(3-9b), then
R = P(a1)Y, Q[Y,_ D (ple:])
= PR (plea]) (Y (I, D)
where
Q" (s, = Qo)
and

(plas]) (6 = (plaa])(oy,)
as a braid words (functions) of i 1 <i<t-2. Solif
P + 1 >0
then we can extract (A,()2 to finish with

R = (4)%R!, R'= P'uQ'(pln])
where either
P'=P, (q); = 9471
and
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or

and

- ! .
P; = (P, ,1<isgt-2

So that the last string in R' does not link any thing. But if
P; =9, =0
then the largest full twist in P and Q is in (t-2) strands, hence
R = R'(Yt‘lp[Yt‘l])

R' is the end of a semicanonical form in (t-1) strands. So by induction
either there exist two strings in R' with zero crossing, hence is too

in R, so R is prime to (At)2 or

R' = (A, ,)2R"

t"l)
where R" has two strings with linking number zero, then
- 2 3]
R = (At) R ' y
Case (2): =
The corner strings in « are different, so
@ % EY0a Y (akea)) e

where @y and a, are positive permutation braids in the first (i-1)
strands and last (t-j) strands respectively, as in figure(3-9c). So
the corner strings does not cross in «, hence they do not cross in

R, then R is prime to (At)z, which completes the proof O
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§3.2 ON LORENZ KNOTS AND LINKS

WHICH ARE SATELLITES

(3.2.1) Definition: (Lorenz knot holder), [B-W2]

The Lorenz Knot holder is a branched 2-manifold H with boundary,
in Ss, consisting of one "joining" and one "splitting" charts put to-
gether, as in figure (3-10), by sewing each bottom to exactly one top
and vice versa. The joining chart has the defect that flow lines come
together along the branch line B, likewise the flow leaves splitting

chart at the bottom.

N/
J N
{ N
¥
b
joining chart splitting chart Lorenz knot holder

Figure (3-10)

Now given a Lorenz link C with Lorenz braid B(a,b), then using
the combinatorial method in lemma (3.1.11), we can represent C as
closures of b-braid [L®)(8(a,b))] = B (say) and a-braid
[R(b)(B(a,b))] = A (say), as in figure (3-11), where L(8(a,b)) is
the tying the top of the first string of the left hand side to the same
position on the bottom of B(a,b), with LW ga,b)) =

L1 (g(a,b))), as defined in definition (3.1.9).
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b-strands a-strands /\

a-strands

b-strands

b-strands a-strands

L(®) (8(a,b)) R®) (8(a, b))

Figure (3-11)

(3.2.2) Proposition:

For every Lorenz knot C the satellite constructed with pattern as

a closed braid ac, for
a = ()L (82,01 R (B(r,b)))

is again a Lorenz knot, where k = crossing number of C, for positive
integers a, b and r.
Proof :

Modify the Lorenz knot constructed by ;'unning r-parallel strands
around C in the knot holder H (of C) and including L(a)(B(a,r)),
R(b)(B(r,b)), (for some Lorenz braids f(a,r) and B(r,b)), at the
ends of the branch line of H. Then the resulting knot K is again a
Lorenz knot, as in figure (3-12a), so K can be represented by braid

with pattern as in figure (3-12b), which completes the proof ©
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(3.2.3) Remark:

Note that the pattern given in proposition (3.2.2) is a closed r-

braid dc, where o = (Ar)zkAB, with

A= (X,) @) (x,)@2) (x__p) Br-1)

and

B = (Y,) PV (y,)(P2) (v__,)®Pr-1)

for positive integers a,, bi’ for 1 £ i € r-1, as shown in corollary
(3.1.14). Then the case with A = (Xi)al and B = (Yi)b gives a cable
about C, so algebraic knots are built up successively, starting from
the case when C is a torus knot. It is likely to say that the satellites
of Lorenz knots can only constructed by the pattern in proposition
(3.2.2), although attempts to prove it using an extension of Williams

methods, [W2], have so far been unsuccessful.

Tr- strandS

Figure (3-12a)

Figure (3-12b)
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CHAPTER 4

ON LORENZ LINKS OF TRIP NUMBER < 4

WITH THEIR ASSOCIATED LINKING PATTERNS

§4.0. INTRODUCTION :

Every algebraic knot is a Lorenz knot and every algebraic link of
two components is also a Lorenz link, as shown early in proposition
(3.1.17). Then in this chapter it is followed on with the properties
of the algebraic knots and links, hence it is compared with those
Lorenz knots and links. The algebraic knot is determined by its
Alexander polynomial, [Y]. But this is not generally true even for
class of closed twist positive braids, where algebraic knots belong to,
[Mo5]}. Algebraic link is also determined by its associated linking
pattern and the isotopy type of each component, [Y] and [E-N]. But
this does not hold (in general) for Lorenz links. An example of two
non isotopic Lorenz links with some knotted components is given by
H.Morton, as in (4'.1.3). The central theme of this chapter is the

study of the following conjecture:

(4.0.1) Conjecture: [Morton.H]

A Lorenz link L of unknotted components is determined by its as-

sociated pattern of the linking numbers.

To some extent an affirmative answer of the conjecture cited above

is given. It is proved that the conjecture holds for those Lorenz links

of trip number (braid index) < 4.
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Section 1 is devoted to the study of conjecture (4.0.1) for Lorenz

links of trip number 3. It is proved, in theorem (4.1.4), that the

conjecture holds in B,. Furthermore it is proved, in theorem (4.1.2),
that the 3-braid representatives for a Lorenz link of trip number 3
lie in one conjugacy class. A coplete list of 3-braids which close to
Lorenzrknots and links is given, as in lemma (4.1.1). Moreovor it
is shown that the reduced Alexander polynomial (VL(t))~ (for a Lorenz
link L of trip number 3) determines a unique braid representative for

L and so determines L itself. The reduced Alexander polynomial for

any Lorenz link of trip number 3 is also calculated, as in theorem

(4.1.2).

Section 2 is devoted to the study of conjecture (4.0.1) for Lorenz
links of trip number 4. It is proved that conjecture (4.0.1) holds in
B,. A complete list of 4-braids which close to Lorenz links of 4
components is given. It is defined a six mutually disjoint subsets Qi
of 4-braid representatives (each of which consists of non-conjugate
braids) for all Lorenz links of 4 components, as in proposition (4.2.1).
Following that it is proved that {(Qi)C | 1 €£i<6 } (the set of all
closures of braids in { Qi | 1 £1i<6 }) represent different link types
and they are determined by their associated linking patterns as in
theorem (4.2.2). Furthermore the linking pattern of a Lorenz link,
of trip number 4 with 4 components, determines a unique 4-braid

representative for L (the braids { Q | 1 €£i<6 } and so determines

L.
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§4.1. LORENZ KNOTS AND LINKS

OF TRIP NUMBER 3

(4.1.1) Lemma:

Every Lorenz link of trip number 3 has a minimal braid represen-
. _ 2k
tative ¥eQ = {(a,) (ol)n(dz)mlk,n,mez+, k21 and n>m} c B,, where
Q has no two conjugate elements.

Proof:

Theorem (3.1.22) tells us that, every Lorenz link of trip number

3 has a minimal braid representative,
¥ = (85)°P(01)%Pra(o,)20p
where a, BeSB; p, p,, qIEZ+, such that p 2 1 and
o, BeSB; = {e, 0,, 0,, 0,0,, 0,0;, 0,0,0,}
as illustrated in figure (1-8a). Hence, up to conjugacy,
= (83) 2% (01) (o)™ (4.1.1)

where k,n,mEZ+, k 21 and n 2 m. The class Q has no two conjugate
elements, because the conjugation of braids in equation (4.1.1) is
~ : 2

simply the cycling of the factors (dl)n, and (dz)m, since (A,;)” com-

mutes with every thing o

(4.1.2) Theorem:

Let L be a Lorenz link of trip number 3, then the 3-braid repre-
sentatives of L lie in one conjugacy class and the word ¥ in equation

(4.1.1) is the conjugacy representative of its class. Moreover the
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reduced Alexander polynomial (VL(t))~ for a Lorenz link L = ¥ de-

termines ¥ and so determines L itself, where
2 2 ~
(1+) S(Let+t) (T (1)) =

(1+6) 2 (14 () SKFRImy 3Kt Ly Cpymimy 3K iy [P (-n)™).

Proof:

The reduced Burau matrix B(t) of the braid f is the image of 8

under the reduced Burau representation ¢: Bn - GL(n-l,Z[t,t-l]),

[B2]. In this presentation,

-t 1 1 0
$(o0y) = and $(0,) =
0 1 t -t
Then
n n-1 i
- (-t) T (-t)' -
i=0
$((oy)") =
Lo 1
and
~1 0 17
3((0,) (™) =
I m-1i .
Lt (-t (-t -
i=0
But
507 = K 1,

then the braid word,

¥ = [(8:)2K(01) ™ (02)M1eR
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has the Burau matrix

n-1 . m-1 . n-1 .
RSO RUPRCB IR RSN SOMNCH
i=0 i=0 i=0
B(t) = t3K
m-1 i
Lt] % (-t)'] -ty
1=0
So
det(B(t)) = t(Sk(_t)n+m - (_t)6k+n+m
and
n-1 . -1 .
trace(B(1)) = t25((-)™+(-)y™st[ I (-03[ T (-5
i=0 i=0
But

(1+t+t2)[vL(t)]~ = 1- trace(B(t)) + det(B(t))

where (VL(t))~ is the reduced Alexander polynomial for the link ¢ =
L, [B2]. Now consider the following cases, according to the number

of components of ©:

Case(1): If ¥¢ =, K is a knot :

Then both n and m are odd integers and (VK(t))N = AK(t). Hence

3k, ,n..m 6k+n+m

(1+t+t2)AKﬂt) = 1+t [t +t -t((tn+1)(fn+1)/(t+1)2)] +t

Then

(1+6) 2 (14412 Ay (1)

1oty 2+ (1392 M 1a1) 2]+ SR Ltet?) (1P t™) (D)

6k+n+m) _ t3k+1(tn+m+1) " t3k(1+t+t2)(tn+tm)

(1+t) 2 (1+t

Therefore given a Lorenz knot K of trip number 3 and given its

Alexander polynomial AK(t), then find the polynomial
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fr(t) = (1+t)2(1+t+t2)AK(t)
= (1+1)2(141%) + P (Letet?) (R ™y - PP (372b, ),

where (a+2) is the largest exponent of t in fK(t) and n 2m 2 0

Then a = 2b+n+*m, b = 3k and K has the braid representative,
2(b/3
1827 (0)(02) ™ e,
where n, m and b = 3k EZ+, n2mand k 2 1.

Case(2): If 3¢ = I, is a link of two components :

So let n be even and m be odd, then n > m > 0. Hence

(1+t+t%) (v, (1)

1

n-2 . -
1 —t3k{tn-tm+t[1-t( ) (-t)l)][mZ
i=0 i=0

(-t)i]} _ t6k+n+m

= q-gSkrmm Bkenomo () (e 1)) 1 1™ /(8 D 1)
Then

(1+6) % (1+t+t%) (7 (4))”

6k+n+m, _ ,3k+1

= (1+t)2(1-t ) n+m) - t3k

(1-t (1+t+t2) ™ -t™’
/'/

Therefore given a Lorenz link L of trip number 3 with two components.
and reduced Alexander polynomial (VL(t))N, then find the polynomial,
£ (t) = ()2t ()"
L L
1 a-2b

= 1) 21t P (D) [P (0™ T AT

where (a+2) is the largest exponent of t in fL(t) and n >m > 0.

Then a = 2b+n+m, b = 3k and L has the braid representative,
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(87 (6,)™ (02) ™ en

where n, m and (b/S)EZt

n > m and (b/3) 2 1.

Case(3): If ¥ = L is a link of three components:

Then both n and m are even. Hence

(1+t+t%) (7, (1))

n-2 . -2 i
TR S S (e E T M ROk 1t1 -o'p

i=0 i=0

1 - 3K -t (¢ T 1) /(1)) 1 -t (™ e /(e )) D)

6k+n+m

+ t
Then

(1+6) % (1etet?) (7L ()

_ (1+t)2(1+t6k+n+m) . t3k+1(tn+m+1) _ t3k(1+t+t2)(tn+tm)

Therefore given a Lorenz link L of trip number 3 with 3 components

and with reduced Alexander polynomial (VL(t))~, then find the

polynomial

s

£ (1) 1+t 2(1etet?) (v ()

-2
1ty 2 (1et?) - 1ty (Pet™) - 27 b1y

where (a+2) is the largest exponent of t in fL(t) and n 2>m 2> 0.

Then a = 2b+n+m, b = 3k and L has the braid representative,

()2 (61)"(02) ™10
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h +
where n, m and béZ , n > m and (b/3) > 1. Hence every Lorenz link

L = x© .
= of trip number 3 has a canonical form ¥ for its 3-braid repre-

sentatives as in equation (4.1.1) and its reduced Alexander polynomial

is given by the equation:
2 ~
(1) (Lrtt?) (7, ()7 = (1o 10 (-0)BRIRIMY) Bk gynem,

- 3Rt [P ()™ (4.1.2)

for every ¥eQ o

The following example shows that Lorenz links can not be deter-
mined (in general) by the isotopy type of each component and the
associate linking pattern of its components. In fact this is an example
of links with some knotted components. Consequently Morton.H gave
his conjecture, in (4.0.1), about Lorenz links with unknotted compo-

nents.

(4.1.3) Example:

Given the two braids,
6 4 3
o« = (0,)8, and B = (8,)%(01)%(02)° €

Then theorem (4.1.2) tells us that the two links «© and 8% are not
isotopic, because o« and B are not conjugate. But the two components
in «° and Bc have the same isotopy type of the unknot and the (2,9)

torus knot, as in figure (4-1) and the two components in each link

have linking number equals 8 O
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Figure(4-1)

The following result gives an affirmative answer for Morton's con-

jecture cited in (4.0.1), in case of 3-braids.

(4.1.4) Theorem:

The linking pattern of L, for a Lorenz link L of trip number 3 with
3 components, determines the unique braid representative of L in
(as in lemma (4.1.1)) and so determines L.

Proof:

Let {a,b,c} be the set of linking numbers of L. and let a < b < c.
Then a is the number of full twists in «, for «€fl. So c-a and b-a
are the powers of o, and o, in «, respectively. Hence L is isotopic
to a° where,

~

o = [(85)%2(01)2(67®) (0,)% (P g

But theorem (4.1.2) tells us that a is unique in , which complets the

proof O
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§4.2. ON LORENZ LINKS OF TRIP NUMBER 4

WITH 4 COMPONENTS

Theorem (3.1.22) tells us that a Lorenz link of trip number 4 has

a minimal braid representative
2 2 2
= (8PP0 (o) (8, )21 (0,) 22 (g (4.2.1)

where o, BeSB, and p, Py qiEZ+ for i = 1, 2 such that p > 1. Then
the braid words o and B are the positive permutation braids (the 24

braids of SB,, as illustrated in figure (1-8b)),

a«, BeESB, = {e, o,, 0,, 03, 0,0,, 0,0,, 0203, 030,, 0,03, 030,0,,
020,03, 0,030z, 0,0,0,, 0;0,03, 0,030,, 0,0,030,, 0,0,0,03, 0,0,030,,
030,030, 01030,0,, 030,030,0,, 0,0,0,030,, 0,030,030,

61'0263616201}.

(4.2.1) Proposition:

If L is a Lorenz link of trip number 4 with 4 components, then L
is isotopic to Xc, for some ¥ in the following classes:

)qu(dz)zqzleither P1”>q: or p;=q,,

2 = ()PP PR,
P22q.}

2 = ((4)%P(8:)2P1(0,)%P20,( Ag,(_)zq‘(d;)zqzdzﬁeither pPL>q1, or
P1=9:1, P229z and (pi,P2,92)#(0,0,0) or (p: ,9:,92)#(0,0,0)}

2 = (80P )PP 8, )2 (0, )22 [04(02) %011 1 (q1,q2) # (0,0))

Q, = {(Aa)ZP(A,)ZPI(As’«)ZqI [063(92) 20301 (02) %011 | Py 2 qu)

2 = ((A)2P(82)%P(6,)%P2(0,)% T py 2 @y 2 2)

2 = ((0)%P(01)%P1(62) 2T [030,( 01)%0203)1 1Py 2 @1 2 2 )
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Proof:

The proof will be given through a sequence of remarks:
(a): If ¥ is a pure braid as in equation (4.2.1), then B = p[a] (the
reverse of a). So p, is increased by 1 (up to conjugacy) when «

started with o, and q, is also increased by 1 when o« ended with o,.

Hence
_ 2 2 2
= (8PP o) P2 (a) (85 )71 (0,)2D2p[q] (4.2.2)
where
ae{e, 0,, 0,0,, 030,, 03;0,0,, 0,0,030,, 030,0,0;0;,}
and

P, Pj» qiEZ+, fori=1, 2 and p 21

A sketch of these possible seven cases are illustrated in figure (4-2).
We can define some order on the powers Py and d; i=1,2 such that
no braid in the list is the result of turning over the other. i.e. ¥ and

1[¥] do not both appear separately in the list.

(b): If « = 0, and either p, = q, = q2=0or p; =p; =gz = 0, then
either
¥ = (00)2P )P (00)?
or

7= (0P ) T (e’

which are conjugate to

(8)2P(8,)%9(0,)?

for some integer g. Hence let (P1,P2,92) * (0,0,0) or (p2,9:1,92) #

(0,0,0), otherwise the case is included in case a = e.
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1 1 1 1 1 l 1 1
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\ _Ll : \\ L\ ) @
2q 2q 24, 2q, 2q, 2q, 2q,
A3‘*_1 A3.4—1 A3.¢ A3.¢- Aa,‘, _A3,¢ A3,‘.
c,ZCM 2q, c,Zqz OZq dZqz\ o23(12
3 3 3 3 L 3
\ A >>{\ _[\ A
) \ NIRRT
Figure (4-2)
(c¢): If o = 0,0, and p, # 0, then we have 1 more full twist in the

first 3 strands, which (up to conjugation) is included in case a = e.

But if p, = q;, = q, = 0, then

¥ = (A“)ZP(Ag)Zpldz(dl)zdz

which is conjugate to

(8) 2P (8:)?P1(0,)2(0,) 2

Hence in case o = 0,0,, let p, = 0 and (q,,q,) # (0,0), otherwise the

case is included in case o = 0,.

(d): If a« = 0,0,030, and p, # 0 (q, # 0), then we have 1 more full

twist in the first (last) 3 strands. Then the case (up to conjugacy)
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is included in case o = e, when P2 = d2 = 0 and it is also included

in case o = 0,0, when either P2 =0, q, # 0 or p, # 0, q. = 0. Hence

let p, = q; = 0, when a = 0,0,0,0,.

(e): If @ = 0;0,0, and Pi1*q; # 0, then we have 1 more full twist
in 4 strands which is included in case o = e, when either q, or p,
or both are zeros. But if p, = 1 or q; = 1, then the case is included
in case a = g,. Now for p, + q, = 0, the case is included in case «
= 0,0;, when g, = 1 or p, = 1 or both are equal 1. Hence when « =
030,0,, let p,, g, 2 2 and consider the two cases P:1*q; # 0 and

pPi1*q; = O.

(f): If @ = 030,, then the case is the result of turning over the
case a = 0,0, with replacing d;, P by Py 9 respectively, for i = 1,

2, hence they are conjugate.

(g): If a« = 030,0,030, and p,+tg, # O, then we have 1 more full twist
in the first 3 strands and then have 1 more full twist in the 4 strands.
So the case is included in case a = e. But if p,+q, = 0 and p,+q, ¥
0, then we have 1 more full twist in the 4 strands and the case is
included in case « = 0,0,. Therefore consider the case when p;+q; =

=N

0, so ¥ is conjugate to

(8 2P(82) %0, (02) %0,

which is included in case o = 030,. This completes the proof of the

proposition, where sketches of the diagrams of these six classes are

illustrated in figure (4-3) O
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a%P 2=P a%P a%P a°P 2%P
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3 )
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2 2 2q, acd 2p, 2
\ [N 3~ 01 C’2ql
\ /
2]
A2q 1 Aszq.l AZQQ J c;q 1 A~
' (
2 9 l \ ~ \ :
- i / A \
2, e 2456 J 1
) l '
Q Q 2
2, 2, 3 “ Qe

Figure (4-3)

lklz lk13 lkl4 lk23 1}\'24 lk34 conditions notes
LY Pi1*Ps P 0 pi*q, q. q:*q, | either p,>q, 1k13*1k24
OF P17q:1.P22q;| = lKk,q
N P1*P2] Pa O Ipytaatllqitq: qu either p,>q, U<13*Lk34
) Or P1341,P22qz| *1=lk,,
and _either
(P1,P2,92)%0
or
(P2.91,92)%0
N3 Pitl [py*H 0 Ipyitq, [q, q:+q2 | 0%(q.:.9.) Lk13+lk24
and prQ1 '1:1.1(23
+1 +1 0 + +1 +1 2 k. +1k
Na Pa p1*l P1*q: qa q. P1Z2q) 13 724
~2=lk23
Ns P1*P2fpPy | O pPitq: | O 0 P22q,22 lk14= 24
= 34.-.()
e | P10 [l |a. 1|1 P12q,2 tk1471ky4
“lkg3°1
Table (4-1)
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(4.2.2) Theorem:

The linking pattern of a Lorenz link L of trip number 4 with 4

components, determines a canonical 4-braid representative for L and

so determines L. More precisely:

There is a unique representative Xe{Qil 1 €£i < 6} and ¥ is uniquely

determined by the pattern of the linking numbers of L, where Qi as

in proposition (4.2.1).

The proof will be started with the following two remarks:

(4.2.3) Remark:

The smallest linking number in the components of ¢ is the maximum
number of full twists in 4 strands for all Xe{Qill <€ i< 6}. Then let ¥
= (A,‘)ZPQ , where Q is a positive prime to (A,,)z. Hence there are
at least two arcs in Q with zero linking number. Therefore the maxi-
mum number of full twists in ¥ is invariant for the link type XC,
otherwise we have two different sets of linking numbers to the same
link, which is impossible. So given ¥ = (AL,)ZpQEQi and ¥' =
(A“)ZP'Q'er, where Q and Q' are prime to (A,,)z, p#p and 1 <i, j
< 6, then ¥© and (X')C represent two different link types. Hence it

is enough to study conjecture (4.0.1) for a fixed number of full twists

~

p and for a prime (to (A,,)z) positive braid Q.

(4.2.4) Remark: [The key of the proof of theorem (4.2.2)]

Now let ¥ = (Au)szEQi, 1 <i< 6. Then order the arcs in top of
Q from left to right and let 1kij be the linking number of the i-th arc
with the j-th arc in Q. Order the set {lkijll < i,j € 6} in some pattern
such as a matrix (lkij) or simply as a 6-tuple wn =

_ Let n. be the corresponding class of
(Uey .0k 3,1k 4, 1Ko 3, Tk, Hgy) i
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‘patterns of linking numbers of the elements in Q. for 1< i<6. Then
. l’ ~ N -
for BEQj with Eenj (where the arcs labelled (1,2,3,4) on top and on
bottom of B). Permute the components of & to have Z'en, for some
i
B'eQi with arcs labelled (1',2',3',4'). Then to show that conjecture
(4.0.1) holds in B,, it is enough to prove that B = B' if and only if

¢ = §'. Furthermore if there are no BeQi and B'er, i # j with the

N

same linking pattern £, then Qi n Qj =¢, 1<1i j<6,i#j. Hence
each element ¥, XE{QiI 1 €1 <6}, represents a different conjugacy class
in B,. In case when Q has an arc of linking numbers equal zeros with
the others or equal ones, then (clearly from the diagrams in figure
(4-3)) Q is conjugate to either Q' or [Q'o;cz(ol)zozo,] respectively,
where Q' is conjugate to a Lorenz braid of trip number 3. Hence by

induction the conjecture (4.0.1) holds. The pattern of the linking

numbers of Q is given for each Qi’ as in table (4-1) o

Proof of theorem (4.2.2)

We want to show that, if two braids p and ¥eQ with the same pattern
of linking numbers, then B = ¥, where Q = {Qill € i< 6}. We need
also to prove that Qi n Qj =¢, for 1 <i, j<6, withi# j. Let us take
n={n]1<1ig6}. Now we are going to investigate that in each class
Qi for 1 < i< 6.

For 9,: Let BeQ, with linking pattern (en,, then consider the two
cases:

The special case: le, when q, = 0

(a): If pl = ql = 0) then E = (pZJOJOJO)O)qZ)) p2 2 CIz- Hence let

q, * 0, otherwise the case (by induction, as in remark (4.2.4)) is
— 1 .

in B;. Then Z'en; only when £' = £ and so B' = f. But Eﬁni, for i #

1. otherwise either B' has an arc of zeros linking numbers with the
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other i
S as in n;, N3; and ng or g'en, N .¢ with at least 4 non-zero

components, which is impossible,

b): I ¢ = =
(b) P1 ¥ 0 and q, = 0, then £ = (P1*P2,P1,0,p;,0,q,). So let

d. # 0, otherwise the case is in B; (by induction). Now if £'en,, then

either  {1,4}-{1',4'} and {2,4}0{2',4"y or (1,4)-(2' 4'} and

{2,4)»{1%,4"}. Then (1,2,3,4)»{(1',2',3',4") or (2',1',3',4")}. So £ =

! -—
¢ and B' = B. If Z'en,, then 1k1,4, = 1k3,4. = 0 in &', otherwise

£'¢n,. Hence either {1,4}»{1',4"} and {2,4}+{3",4"} or {1,4}+(3',4"} and
{2,43{1',4"}. so (1,2,3,4)+{(1",3",2",4") or (3',1',2',4")}. Then &' =
(P1,P1*P2,0,p;,9,,0). So &'¢n,, see table (4-1). If Z'en,, then to

have only 2 zero components in t'en;, we must have lk = lk =

2'4’ 1'4’

0, otherwise £'¢én,. Hence either {1,4}+{1',4'} and {2,4}»(2',4"} or
{1,4)+(2',4"} and {2,4}-{1',4'}. So (1,2,3,4)»{(1',2',3'.4") or
(2',1',3',4")}. Then &' = ¥ which contradicts the conditions in class
1k

ns, so E'¢n,. If Z'en,, then lk 0. Hence either

1'4 2'3!
{1,4}»(1',4"} and {2,4}»{2",3"} or {(1,4}»{2',3"} and ({(2,4}-{1',4"},
which is impossible, then £'¢n,. Finally since { in this case contains

exactly two zeros, then ' neither in ns nor in n,.

The general case: ngL when q, # O :

In this case § = (p:*P2,P1,0,P1%*9:1,9:,91*q2) with only one zero

component. If £'en,, then (1,4}-{1',4'}, hence {2,3)}+{2',3'}. So ei-
ther:

(i): (1,2,3,4)+(1',2',3',4"), then £ = ' hence B = B,

(i): (1,2,3,4)>(1',3"',2',4"), then &' = (p1,P1*P2,0,P1*q1,4:1*q2, 1),
hence p, = q; = 0, £ = & and so B = B',

(iii): (1,2,3,4)»(4',3',2',1"), then £' = (41*92,91,0,P1*q1,P1,P1*P2),

hence §' = £ with p, = q; for i=1,2 and so B = B' or
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(iv) : O (1,2,3,4)+(4',2',3', 1, then £

(91,91*92,0,9:*P1,P1*P2,P1), hence &' = £ with p, = q, = 0 and B =
B'
But in this case it is clearly that E'ﬁni, i # 1, otherwise it contradicts

the conditions in table (4-1). Then it is proved that 2, n Q, = ¢, for
i

2 £ i € 6 and the elements in 2; are uniquely determined by the cor-

responding pattern of the linking numbers.

The other cases will be studied by following the previous tech-
nique.
For 9,: Let BeQ, with linking pattern £en,, then consider the two

cases:

The special case: st, when q, = 0 :

(a): If P = qa = o) then g = (pZJO)Oylqu)o)) P2 2 gq:. Hence let

q, * 0, otherwise table (4-1) tells us that the case (by induction) is
in B,. Then the 2-nd arc in Q is the only arc with non-zero linking
numbers. So {2}»{2'}, hence {1,3,4)+{1",3',4'}. Then either:

(i): (1,2,3,4)—»(1',2',3',4’), hence &' = &,

Gi):  (1,2,3,4)»(3',2',4',1"), then &' = (q2,0,0,p2,1,0), so p, = Qqz
= 1, hence &' = &, "

(iii) : (1,2,3,4)»(4',2',1',3"), then £t = (1,0,0,q2,P2,0), so Pz = dz2 =
1, hence &' = &,

(iv): (1,2,3,4)+(3',2',1',4'), then £' = (1,0,0,p2,92,0), so P2 = Q2
= 1, hence &' = &,

(v): (1,2,3,4)—»(4’,2',3',1'), then &' = (q2,0,0,1,p2,0), so pz2 ~
q2, hence &' = § or

(vi): (1,2,3,4)*(1',2',4',3'), then £' = (p2,0,0,42,1,0), so gz = 1

hence §' = &.
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Therefore in all cases B' = BeQ,. Now assume that £'en,, then qas =

1. But there is no arc in Q', as in Q, with non-zero linking numbers

which gives a contradiction. Also since, see table (4-1). £ has 3 zero

components, then £' neither in Mu nor in ng. Finally Q has no arc with

zero linking numbers, then E'gns .

(b): If p, # 0, q: = 0, then ¢ =(p1+p2,p,,0,p1+1,q2,0). So let
q.70, otherwise the case (by induction) is in B;. Now if £'en,, then
either  {1,4)}+{1',4'} and {3,4}+{3',4"Y or {1,4)+{3',4'} and
(3,4}»{1',4"}. So either (1,2,3,4)+(1',2",3",4") with &' = £ or
(1,2,3,4)»(3',2",1',4") with &' = (P1*1,p1,0,p1%pP2,92,0), p, = 1 then
¢' = £. Hence B' = B. Now assume that g'en;, then from table (4-1),
{4}>{4'} and {(1,3}+{1',2'}. Hence either (1,2,3,4)»(1',3"',2"',4") so &'
= (P1,P1*P2,0,p;+1,0,q,), then P2 = 0 and p,;-1 = p,+1, which gives
a contradiction or (1,2,3,4)»(2',3',1',4") so §! =
(P1,P1*1,0,p1+p,,0,q,), which implies that £'¢n;. Since (1,1,0,0,1,1)
is also the vonly element in n, with 2 zero components, then £'¢n,.
Finally it is clear that Q' has never an arc of linking numbers equal

zeros or equal ones, then {' neither in ns nor in ns.

The general case, ng, when q,#0 :

In this case £ = (pP:*P2,P1,0,P:1*91%1,q:%q2,q:) with only 1 zero
component. then {1,4}—»{1',4'}, {2,3}+{2',3'}. So either:

(i): (1,2,3,4)~+(1',2',3"',4"), then & = &',

(ii): (1,2,3,4)»(4',2',3",1"), so &' = (q:*92,9:1,0,P1*q:*1,P1+pP2,P)).
Hence &' = § with Py = q for i =1, 2,
(iif): (1,2,3,4)»(1',3',2",4"), so £'=(pP1,P1*P2,0,P1*d1*1,q1,q1%qa),

hence §' = §, with p, = q,=0 or
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(iV): 1,2,3 4 4| 1 t t -
( ) )'*( )3 :2;1): so 5"((h:CIx*Qz,O,Q1*px+1,px,px"Pz),

hence §' = i = =
g £ with p, = q, = 0 and P1 = q;. Therefore in all cases B
= BeQ,. Now assume that £'en,, then {1,4}+{1',4")

{2,3}+{2",3"}. So either:

hence

(1): (1,2,3,4)»(1',2",3',4"), so ' = £,

n

i): (1,2 '3 2
( ) ( 13)4)—)(1 )3 12 ;4')) so E' (plyp1+p2:0:p1+q1+1:ql;ql+q2)1

then &' = £ with p, = 0,

(ii): (1,2,3,4)+(4',2',3",1"), so g (41*42,91,0,P,4q,+1,p1+p2,p1)
then &' = § with p, = q, = 0 and P. = q; or

(iv): (1,2,3,4)—*(4',3',2',1'), so &' = (Ch,Ch*Qz,0,p1+qx+1,p1,p1+pz),
then &' = £ with p, = q, = 0 and P1 = d;, so & = . But in all of
these cases we have, lk1,3,+1k2,4,-1 # 1k2,3., which contradicts the
assumption that f'en;. Similarly let Z'en,, then {1,4}+{1',4"}, hence
{2,3}»(2',3"'}. So either:

(1): (1,2,3,4)»(1',2',3",4"), so &' = g,

(i): (1,2,3,4)»(1",3',2,4"), so &'=(p,,p:*P2,0,P1*q:+1,q1,q1+q2),
then &' = § with p, = q, = 0,
(iii): (1,2,3,4)~(4',2,3",1"), so £'=(q,*9,,9:,0,p1*q:+1,p1+ps,p1),
then &' = £ with p, = q, = 0 and p, = q, or -

(iv): (1,2,3,4)»(4',3,2,1"), so &' = (4:1,9:%92,0,p1*q1+1,p1,P1*P2),
then &' = ¢ with p, = q, = 0 and p; = q,, hence &' = £. But in all
of these cases we have, lkl,3,+lk2,4.-2 # lk2'3" which contradicts the
assumption that Z'en,. It is also clear that £'¢ng. Finally let E'en,
since p,+q,*1 > 2, then either {2,3}»{2',3"}, or {2,3}»{1',2'}, which
is impossible because {1,4}+{1',3'}, then Z'¢n;. Therefore 2, n Qi =
¢, for 1 £i<6, it 2,

Let BeQ; with linking pattern fen;, then consider the two cases:
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the special case: Q3s,_when q; = 0

(a): If py = q, = 0, then £ = (1,1,0,0,0,q,), q; # 0. Then let q,

= 1. The arcs labelled 1 and 3 have 2 non zero components and 1 zero
component, but the arcs labelled 2 and 4 have 2 zero components and
1 non zero component Hence {2,4}+{2',4'}7and {1,3}»(1',3"}. So
(1,2,3,4)»{(1',2',3"',4"), (3',4',1',2", (3',2',1',4", (1',4',3',2")},
which implies that £' = Z, hence B = B'. In this case (as shown in
table (4-1)) &'¢n,, for i = 4,5,6. But if q, > 1, then {3,4}+{3',4"},
{1}»{1'} and {2,3}»{2",3"}. So (1,2,3,4)+(1',2',3",4") which implies
that £' = £, hence B = B'. Then table (4-1) tells us that E'tni, for i
= 4,5,6.

(b): If p, # 0, q, = 0, then £ = (p,*1, p;+1,0,p,:,0,q,), g.>0.
So the 3-rd arc in Q is the only arc with non-zero linking numbers
and the 4-th arc in Q is the only arc with two zero linking numbers,
hence {3}+{3'} and {4}+{4'}. But the 2-nd arc in Q has 3 different
linking numbers, while the 1-st arc does not satisfy that. So
(1,2,3,4)»(1',2',3',4"), then &' = &, hence B = B'. Therefore in ghis’
case, table (4-1) tells us that £'¢n,, for i = 4,5,6. /

The general case: ng,,, when q; # 0

In this case £ = (p:+1,p1+1,0,p1%91,91,9:1%92), with only one zero
component, then {1,4}+{1',4'}, so {2,3}»{2',3"}, hence either:
(i):  (1,2,3,4)~(1',2',3",4"), hence § = &',
(i):  (1,2,3,4)~(1',3',2',4"), so &' = (P:*1,p:1*1,0,P1%q1,d1%q2, 1),
then q, = 0, hence § = &',
(iii): (1,2,3,4)~»(4',2',3",1"), so £' = (q1,9:%92,0,P1*d1,Pa*tl,patl,),

then d:2 = 0) d: = p1+1) hence g = E' or
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R t Q1 91 41
(IV)' (1)2J3)4)+(4 )3 :2 11 ); so E' = (q1+q2:qlroip1+q1)pl+11p1+1:))

then q, = 0, q, = p,+1, hence £ = £'. Therefore in all of these cases
I

we have, B' = BeQ,. Now assume that £'en,, then {1,4)}+{1',4'} and

{2,3}+{2",3"}, so either:

(i) : (1,2,3,4)—»(1',2',3',4'), hence £ = ' or

ey L 1

(11). (1)2’314)_*(1 ;3':2')4')) so g' = (p1+1;p1+110)p1+q1;QI+q21q1);

qz = 0, hence £ = &',

then in these two cases we have 1](1,3,+lk2,4.-2 # 1k2,3,, which con-

tradicts the assumption that &'en,.

(lli). (1)21314)—)(4')2')3"’1')1 SO 5' = (qlyql+q210)p1+q11p1+lypl+1);

then q, = 0 or

(IV) (1)213)4)_)(4')3')2')1'): so g' = (CI1+Q2:CI1,O,p1+Q1,pl+1,p1+1);

then g, = 0,

then in these two cases f'¢n,, because q; < p,+1.

But £'¢ns, because it has no three zero components for q, > 0. Simi-

larly & does not have at least 3 components each equals 1, as in the

elements of ng, hence &'¢éng. Therefore Q; n Qi = ¢, for i = 4,5,6.

Q, : Let BeQ, with linking pattern fe€n,, then consider the two cases:

The special case: 945, when q, = 0

(a): If p, =—’:’q1 = 0, then & = (1,1,0,0,1,1), hence either
{1,4}»{1',4"'} and {2,3}»{2",3"} or {1,4}»{2',3'} and {2,3}-{1',4"},
which implies that £' = £, hence B = B'. In this and suing table (4-1),
we can see that neither £'ens nor &'eng.

(b): If p, # 0, q, = 0, then § = (p.+1,p:*1,0,p,,1,1). So
(1,4)»{1',4'}, then {2,3){2',3"}. But the 1-st arc in Q has the
greatest two linking numbers, then either (1,2,3,4)~»(1',2',3',4"), or

(1',3',2',4"), which implies that £' = &, hence B' = B. Note also that
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1
£'#ns, because ' does not has, at least, 3 zero components. But if

1 -
£'€ng, then p, = 1, so £ = (2,2,0,1,1,1), hence no arc in B' with

linking numbers equal 1 as in Ns, therefore &'gn,.

The general case: Q4gL when g, # 0

In this case & = (p1+1,p1+1,0,p1+q1,q1+1,q1+1),

with only 1 zero component, then {1,4}+{1',4"} and (2,3}~{2',3"},
hence either (1,2,3,4)+{(1',2',3',4") and (1',3',2',4")}, then &' = £ or
(1,2,3,4)»{(4',2',3',1") and (4',3',2',1")}, which implies that &' = £
with p, = q;, so B' = geQ,. But using table (4-1), we can see that
neither 'ens nor Z'eng. Therefore Q, n S'Zi = ¢, for i = 5,6.
For Qs and Q¢: Let B,eQs and B,eQ¢, with linking patterns £,ens; and
£2€ng, respectively. Then the 4-th arcs in both Q; and Q, have
linking numbers equal zeros and ones, respectively. Hence (by in-
duction as shown in remark (4.2.4)) B, and B, are determined by their
associated linking patterns. We can see also that Qs n Q; = ¢, which

completes the proof of the theorem O

xxxxxxxx
-----------------------------------------
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