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SUMMARY 

Tall structures can be analysed using the finite strip method or the 

continuum method. The theoretical development of both methods is 

described in detail. 

Initially both methods are used to analyse various shear wall 

structures under different loads. The value of the moments in the 

connecting beams and strains in the walls are compared with the values 

from experimental models. These results show the validity of using both 

methods in the analysis of coupled shear walls, including varying thickness 

in the walls. 

Both methods are then extended to cover shear wall-frame systems. 

This extension has been carried out in three ways: 

a) finite strip representation of both wall and frame. 

b) finite strip for wall, plane frame for frame. 

c) continuum for wall, plane frame for frame. 

Results are again given for all three approaches to a number of 

examples. Again these values are compared with values obtained from 

experimental models. 

The versatility of the finite 
. strip is shown by its application to 

dyanmic loading of a shear wall-frame structure. The results obtained are 

compared with experimental models tested on a shaking table. 

Computer programs were developed for all three stages. The results 
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obtained from these programs were checked against previous results from 

various references. 

Finally conclusions are drawn from the results presented and avenues 

for future research are suggested. 

The methods developed are relatively simple and reliable. The 

relative low storage demands make the methods suitable for use with most 

mini-computers. 
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NOTATION 

A= Cross sectional area 

a= Clear span of connecting beam 

d= Beam depth 

E= Elastic modulus 

f= Shear area shape factor 

G= Shear modulus 

H= Height 

I= Moment of inertia 

M= Moment 

m= mode shape 

n= mode shape 

P= External applied load 

t= Thickness or time 

At = Time step 

U= Strain energy 

V= Kinetic energy 

UT = Total potential energy 

u= X-direction displacement 

v= Y-direction displacement 

f(x) = X-direction polynomial function 

f(y) = Y-direction mode shape function 
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T(x) = Axial force in the wall 

[B] = Displacement 

[C] = Damping matrix 

[D] = Material property matrix 

[K] = Stiffness matrix 

[f] = Flexibility matrix 

[M] = Mass matrix 

[T] = Transformation matrix 

{F} = External applied load vector 

{}= Displacement Vector 

{S}= Nodal line velocity vector 

{ ý} = Nodal line acceleration vector 

{4}= Eigenvector vector 

Vý' = Eigenvalue 

v- = Stress 

= Strain 

(ý = Mass density 

v= Poisson's ratio 

8. = Rotation 

P= 

ýL = 

ER = 

Applied load 

Strain at left hand wall 

Strain at right hand wall 
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CHAPTER ONE 

1.1 Introduction 

High rise buildings consisting of coupled shear wall and frame 

combinations are one of the most efficient and economical structural 

systems for resisting lateral forces due to wind or earthquake. The 

theoretical analysis of this type of structure could be carried out using the' 

finite clement meiliöd which is one of the most versatile technique to 

provide accurate and reliable results. However, the finite element method 

may also prove to be prohibitively expensive and time-consuming especially 

when fine meshes of elements are needed to yield accurate result. A 

number of researchers have tried to produce alternative simplified 

approaches to deal with this type of complex structure. Unfortunately, most 

of these approaches are only applicable to certain structural configurations. 

One simple and yet reliable method is' the continuum method. This 
0 

method assumes that the discrete set of connecting beams are replaced by 

an equivalent continuous medium. 

The finite strip approach is also ideally suited for the analysis of- a 

coupled shear wall. This method possesses great flexibility so that it can be 

used to analyse a wide variety of wall configurations. The connecting beams 

may be treated either as an equivalent medium or spandrel beams. Its 

computation process is relatively simple and suitable for computers with a 

limited storage capacity. 
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In this study, it is proposed to utilise the simplification and 

reliability of these two systems and combine one of them with a frame 

structure so that the size of computing storage capacity can be relatively 

reduced and yet does not cause significant loss of accuracy. 

To this end, the proposed scheme should be capable of analysing for 

both static and dynamic loads so that it can be widely used in practice 

without undue difficulty and minimising Band calculations and simplifying 

the input data for computers. 

1.2 Objectives and scope of Works 

The aim of this thesis is to produce a new approach to the analysis 

of qhc highly redundant shear wall-frame structural system so that it 

consumes less computer time, requires smaller computer storage capacity 

and is simple to program and use. 

The continuum and finite strip approaches, for coupled shear walls, 

have been successfully developed for static and dynamic analyses by many 

researchers. So far, no other system has been developed to allow the 

efficient use of these two methods combined with a framed structure. 

In Chapter Two, the general theory of the continuum method is 

outlined and an equivalent analogous approach is suggested for a coupled 

shear wall with variable thickness. In the classical approach, it is necessary 

to redetermine the particular solution and arbitrary constants for each 
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change of lateral loading, boundary conditions and shear wall configuration 

to solve the differential equations. This can become very cumbersome. The 

advantage of this proposed method is that it is relatively simple to apply 

and possesses great flexibility for variable wall thickness. 

In Chapter Three, the finite strip method is briefly described. Adjust- 

ments and modifications to the previous theory arc presented. Owing to 

the similarity between the finite strip and the finite element methods, an 

analogy of both is drawn in section 3.2 for reference. For ease of computa- 

tion, an equivalent approximate method is proposed to convert the connect- 

ing beams to a continuous substitute medium. 

To support the validity of the continuum and finite strip methods, 

experimental tests on small scale models were carried out and examples 

previously investigated by Coull, Puri and Tottenham(") (20) (21) and Antony 

and Ganesan(l) were re-analysed and compared. The results of the analyses 

are shown in a comparative way in Chapter Four. 

The main topic of this research is presented in Chapter Five where 

the theory of wall-frame structure interaction is described in some detail. 

This Chapter is subdivided into five sections namely introduction, basic 

concept, theory, evaluation of interaction forces and remarks. This new 

approach is in principle adopted from a substructure concept with the 

application of Maxwell's Reciprocal Theorem, stiffness and flexibility 

methods. The coupled shear wall is idealised as an isolated vertical 

cantilever wall and modelled by either continuum or finite strip method. 
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The frame portion is analysed by standard plane frame method. The 

interaction forces between these two combined substructures are treated as 

unknown redundants. These interaction forces determine the proportions of 

forces carried by the coupled shear wall and the magnitudes of action 

induced in the frame. 

In Chapter Six, the reliability and accuracy of the proposed scheme is 

compared with static, experimental small scale models and other existing 

methods. For the experiments, perspex was chosen for the models of the 

coupled shear walls and aluminum for the framed structure. 

To check its versatility and efficiency, the scheme is further extended 

to analyst the structure under dynamic conditions. the results are verified by 

small scale model tests on a shaking table. The test results and 

comparison are shown on Chapter Seven. 

Computer programming details, conclusions and recommendations are 

finally given in Chapters Eight and Nine. 

References and computer programs are listed at the end of the 

thesis. v 

1.3 Review 

Most of the previous studies on wall(3) (18) (26) (39) (69) and wall-frame 

structures have been carried out using either the finite element method or 

approximate methods(4) (6) (8). So far, very few researchers have considered a 

system that allows the efficient utilisation of the continuum and finite strip 

methods in combination with other structural systems. To understand the 
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behaviour of wall-frame structure, a brief review of each system is given 

below. 

1.3.1 Continuum Method 

A coupled shear wall is normally employed as one of the most 

efficient means of providing rigidity to resist lateral loadings. Many 

researchers have tried to develop a simplified analysis for this type of 

structure as it is highly redundant. One of the simplest methods which has 

been used in the past few years is the continuum method. ýThis 
method was 

first used by Chitty(") (11). She proposed that the cross bars connecting 

parallel cantilevers be replaced by an equivalent continuous elastic medium. 

This reduced the statically indeterminate structure to a relatively simple one. 

In the paper, the effect of shear deformation has been neglected. Bcck(5) 

further developed the method, applied it to coupled shear walls, taking into 

account the shear wall deformations due to normal forces. He proposed that 

all the redundant values be combined into a single unknown function. In 

this case, only one second order differential equation was required to 

determine the unknown shear forces, of the medium, for coupled shear 

walls. Rosman(60) (61) proposed the solution of a second order differential 

equation in terms of the axial force in the wall. This approach required the 

least calculations and can be performed easily in a design office. Tso and 

Biswas(64) have also used the method for approximate seismic load analysis. 

Coull and Puri(19) have extended the method further to the analysis of 

coupled shear wall with stepped sectional properties. The discontinuities 
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which occur in the second higher derivatives of the deflection functions 

were overcome by the introduction of a corrective series. Coull and Puri(21) 

then considered a coupled shear wall of variable cross. sections with 

different geometric configuration. This method has been further extended to 

include the effects of shearing deformations in the walls. 

Tso and Chan(66), Coull(22) and Danay et al(37) have applied the 

method to dynamic problems for estimating the free vibration of coupled 

shear. walls. 

1.3.2 Frame Analogies 

Several papers(57) (59) have been published, in which a coupled shear 

wall with row openings, has been idealised as an interconnection of walls 

and beams directly. 

Macleod(46) (47) treated the wall sections as line elements with rigid 

ends and solved by plane frame method. Smith and Girgis(53) (54) (55) (56) have 

developed two types of analogous frames for analysis of coupled shear 

walls. They use diagonal bracing members to prevent the interference of the 

bending and shear stiffness in the walls. 

1.3.3 Finite Strip Method 

This method idealises the structure as a number of strips in the 

longitudinal direction. The strips are connected to each other at a joining 

line along their edges. At the joint formed by two adjacent strips, there 

exists a relationship between joint forces and displacements. 
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The method was first introduced by Cheung(32) (33) (34) (35). It was used 

initially to model orthotropic plates with certain boundary conditions, then 

further extended to analyse folded plate structures. Its basic concept is very 

similar to the finite element method. The main variation for this method is 

that one of the displacement functions is preset. For dynamic problems, 

Cheung, Hutton and Kasemset(27) have applied the method to predict the 

free vibration response of continuous slabs and flat wall structures. In 1978, 

Cheung and Kasemset(30) used the method to determine the natural 

frequencies of coupled shear walls with variable thickness. 

1.3.4 Wall - Frame Structure 

For a wall-frame structure, the method that is most commonly used 

is to treat the shear wall as an equivalent frame and analyse - it by a 

standard plane frame method. In 1976, Smith and Khan(58) simplified the 

wall-frame as an analogous plate module and produced charts for 

determining the equivalent shear and elastic modulus rigidity. This method 

was only suitable for regular wall-frame structures where the change of 

member sizes is small. 

In 1978, Cheung and Swaddiwudhipong(28) (29) applied the finite strip 

method to wall-frame structures. The beam eigenfunction was used to model 

the displacement shape function for tall buildings. This assumption was 

revised by Worsak, Lee and Karasudhi(72). They suggested a polynominal 

shape function to replace the beam eigenfunction because in tall buildings, 
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shear distortion is significant. Both methods only provided approximate 

results and are only suitable for simple and regular configurations of 

structures. 
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CHAPTER TWO 

THE CONTINUUM METHOD 

2.1 Introduction 

For a coupled shear wall with a band of openings as shown in fig 

(2.1) with constant properties along its height, the band of openings can be 

effectively treated as a continuous medium. By assuming that points of con- 

traflexure occur at the centre of the connecting medium, a second order 

differential equation in terms of the wall axial force is formed and solved 

to derive deflections, moments and shears at required positions. 

The accuracy of the solution increases with increasing number of 

storeys and simple design curves could be used for the analysis. The 

method is less versatile in dealing with any variation in the wall 

configuration as for each change of loading system and wall geometry, it is 

necessary to redetermine the particular solution and arbitrary constants in 

the differential equations. Suggestion is made for overcoming this limitation. 

The continuum method has been extensively explained in many 

publications (19) (20) (21) (22). Therefore, only the essential parts are 

presented wherever necessary. 

2.2 Theoretical Concept 

2.2.1 Basic Assumptions 

Assumptions made are 
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a) Each element of the structure is perfectly elastic. 

b) Both walls deflect laterally with a point of contraflexure at 

mid-span of the connecting beams. 

c) The Bernoulli-Navier hypothesis holds for strain distribution. 

d) The axial dcformatibn of the connecting beams may be 

neglected. 

2.2.2 Boundary Conditions 

When the coupled shear walls are fully restrained at their base and 

free at the top, two sets of boundary conditions may be used 

a) At the top of the cantilever walls, the axial force T(x) is 

zero. 

Hence, 

when x=H T(x) =0 

b) At the base, no rotation occurs 

Hence, 

when x=0 dT(x)/dx =0 (this is obtained from compatibility at 

the base) 

where T(x) = axial force in the walls 

H= Height of the wall 

x= distance of wall measured from the base 
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2.2.3. Structural Approach 

The coupled shear wall is cut through the point of contraflexure of 

each connecting beams as shown in figs (2.1(a)), (2.1(b)) & (2.2(c)). Once 

these points are determined, only two systems of forces namely applied load 

and shear force, will act on the isolated statically determinate cantilever 

walls. They will be detailed separately. 

For compatibility, the total relative displacement under these forces 

must be equal to zero. Based on this condition and satisfying the conipati- 

bility condition of deformation along the cut, the fundamental differential 

equation in terns of axial force in the wall may be established. The method 

of deriving this unknown axial force T(x) is described below. 

a) Applied Load 

As the lateral deflections of the cantilever walls are assumed to 

be the same, the moment due to the external load can be distributed in 

proportion to their flexural rigidity. 

Thus, 

I1 
M1 =IM 

I2 
M2 =IM 

where M= moment due to external load 

I1 = moment of inertia of wall 1 

12 = moment of inertia of wall 2 

I =I1+I2 

(1) 

(2) 
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The basic moment - curvature relationship 

M= EId 

may be applied to each wall. 

Therefore for wall 1, it becomes 
d2y It 

EI1dX2 = TM 

Similarly for wall 2, it is given by 
2 

E[2 
cl = 

II 
12 M 

(3) 

(4) 

(s) 

Integrating equations (4) & (5) with respect to the x-axis and 

applying the boundary conditions to determine their integration constants, 

the total relative displacement of the walls at the point of contraflexure due 

to external load (fig(2.1(a)) becomes 

dy 
+ 

dy Y. 
dx dx 

= 
dy 

(6) dx 

b) Shear Force 

Because of the assumption made in item (b), no moments are 

present along the cut, but the internal laminar shear q(x) will produce 

axial force T(x) and bending moment in the walls. The effects of these 

actions will contribute to the internal deformation in the walls. Details are 

described below: 
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i) Flexural Deformation 

As the rigidity of connecting beams is much less than the walls, 

the tip deflection of the connecting beams due to shearing force q(x) acting 

at mid-span (figs (2.1(a)), (2.1(b)) & (2.1(c)) is 

1 a/2 g(x)fix2 dx + 
an x) fh (7) 

2 
Yf = 

fo 
EIb so GA 

dx 

Integrating equation (7), it becomes 

Yt q(x)lia3 12Eflb 
12E1b 

(1+ 
GAa2 

) 

where q(x) = laminar shearing force at distance x 

f= shear area factor of connecting beams 

}l 

lb 

= floor height 

= moment of inertia of connecting beams 

(8) 

ii) Axial Deformation of Walls 

As a consequence of axial load, the differential displacement be- 

tween two walls is 

dx Ya 
X 

c1x +X 
T( 

ý9) 
0 AiE 0 
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where T(x) = axial force in the walls 

Al = cross sectional area of Wall 1 

A2 = cross sectional area of wall 2 

iii) Displacement Due To Bending 

Owing to the moment induced by laminar shear, the flexural 

deformation of the wall is 

YW = EI 
T(x) dx (10) 

J0 

where = distance between centreline of walls 1&2 

As mentioned before, to maintain the equilibrium of the forces 

between internal and external actions, compatibility requirements must be 

introduced. From the diagrams shown in figs (2.1(a)), (2.1(b)) & (2.1(c)), it 

is clear that laminar compatibility will be satisfied when their total relative 

displacement is zero. That is, 

Yf+Ya+Yw-Ye=O (11) 

Hence, substituting individual displacement term into equation 

(11), it becomes 

ý dy 
_ 

q(x)Iia3 q(x)flia 
( 

C2 11% T(x) dX (12) 
dx 12EIb + GA I A1+ A2 

0E 

For vertical equilibrium of the element in fig (2.2) 
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T+ dT 

T 

T 

f 
q(x) 

f 
q(x) 

f 
f .. i ii 

dx 

Fig (2.2) - Vertical Equilibrium 

(T + dT) -T+ q(x) dx =0 

q(x) dT 

substituing equation (13) into equation (12), it becomes 

(13) 

dy 
_ 

-lia3 dT(x)+ flia dT(x)+ 
( (2 

+1+1)R 
T(x)j, (14) 

dx 12EIb dx GA dx I Al A2 oE 

Diffcrcntiating equation (14) with respect to x, the following 

expression is obtained 

d2y 
_ 

-d2T(x) ha3 fha T(x) S? 11) (15) 
dx2 

( 
dx2 

)(12Eb+ 
GA)+ E(I+ Al 

+ 
A2 
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The effect of the shear deformation term may be replaced by 

introducing a reduced moment of inertia 

Iý 
lb 

(1G) 
1+2.4(äý2 

where d= depth of connecting beam 

a= clear span of connecting beam 

Hence, rearranging equation (15), the differential equation of laminar 

action is finally formed as 

d2T(x) 
dX2 -V, 2T(x) _ -ý M 

1210 12 11 
where cc2 = ha3 ýI+A+) 

12Ic1 
ha31 

M= moment due to external applied load 

(17) 

The solution of equation (17) yields the axial force T(x) induced 

in the walls. 

2.3 Solution 

Equation (17) is in the form of a second order differential equation 

and the general solution is 
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T(x) =A sinhvx +B coshocx + C(x) 

2 

where C(x) =s (M +1ýM 
y4ý dx2 

(ls) 

To complete the solution, the integration constants need to be 

obtained from the boundary conditions and C(x) is determined 

type and magnitude of external load. 

from the 

2.3.1 Displacement 

Equations for the displacements of a coupled shear wall are derived 

using moment-curvature and stress-strain relationships. 

a) Lateral Displacement and Slope 

At any section a moment will be produced by both the applied 

loading and the axial force T(x). The moment M. is given by 

Mx =M- T(x) ( (19 ) 

Substituting into the basic moment - curvature relationship 

produces 

EI (22- M" T(x) I (19a) 

Integrating equation (19a) twice and applying the boundary 

requirements to evaluate the constants of integration produces equations for the 

lateral displacement and the slope. 

b) Axial Deformation 

The vertical stresses in the walls, for a laterally applied load, are 



20 

-i ;5 ý ý w 

to J 

act 

ac 
w 
x 
cn 

c: i 
º-s 

CC 
h- 
N 

cc a 

-J ý ý 
a 
r- 

0 
4 
0 
J 

-I 
ý 
"- 

ý ý 

C-3 

0 W 
J 
G.. 

C. ) 

4 

cr3 
w 
cn 
U 

0 
Q 
0 
.... i 

t2 
w 
C= w 
lL 
LL- 
Ö 

. -ý. ý 
N 

C.. 

c: i 
=S 

-. I 

N 
ý 

8-- _ laJ 
ME 
O 
ý 

ý v 
ý 

ti 
ý 

i 

ý 

cm 
l% 

i 



21 

produced by the axial force T(x) and the moment (M - T(x)1). The strains in the 

individual walls are given by the following equations 

9t= T(x) + (M - T(x) t) c 
A1E - IE 

(20a) 

A ýE 
ýR= ? (M - T(x) l) IE (20b) 

Where 

C= distance from the neutral axis of the wall 

Integrating the equations (20a) & (20b) once and applying the 

boundary requirements to evaluate the constants of integration then, equations 

are obtained for the axial deformation of both walls. 

Load cases that are usually encountered in practice and used in 

this study are shown in fig 2.3. 

1) Uniformly Distributed Load 

Equations (19a) & (20) are integrated as described above and the 

following equations obtained 
34 

Ely = 2(1 --2 )2-3 +4H)+ý(Hx- 2) 

1 
+Vý 0 sh ocH(sinlý(H-x) - sinhý-i - (1 - cosh. sx)) (21a) 

H 

IIý =2 (1. 
ý2)(Hx-x2+H 3) 

+ppt 4(H-x) vc 

PP[ cosliý(H - x) + ePl sint-wac (21b) 
Dc coshed Hvcs coshpzH 
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1+ lc PP x3 eP 
gv- (AE IE) [ 2ý2 (Hx - x2 + 3H )- Ha4(H - x) 

P PsintiDx pPcosh)(H -x) ; 
Pc 

2 (ýý -x + Iioýs CoshaH 
+ 

x, Cosh«H 
ý 

21E 

X3 
+ 3H 

ý (21c) 

where A=A, for left hand wall 

A =-A2for right hand wall 

2) Triangularly Distributed Load 

Equations (19a) & (20) are integrated as previously described 

and the following equations obtained. 
23S 

Ely= P(1 -; 
2) 

( 
2H 

6x -6 +6062) +ocäl(x + 

sinlioc(H - x) 
-2 

pPl (x +1+ sinlioc(H-x) 

vucoshý-i 
) 

Hý6c6 coshýH oýcoslýH 
) 

2 PPl x3 
_ 

coshax 22a 
H2ýc4 

(6 
oc2 coshKH 

() 

dy Pt Hx x2 x4 pPt cosha(H-x) EI -= P(1 - -) (? -- +)+- (1- ) 
dx pý 3' 2 12H2 ý4 costtvH 

2PPl 1- coshoc(H - x) 2ý Pl x2 
_csinlid, 

x 
w6 ( 

cos1ýH 
) 

H2ýc4 
(-21 

aoshoýH 
(22b) 

SV=( 1±tc) [- p P(1- cosha(H - x) ) +2 
pP (1_ cosha(H - x) ) 

AE IE ý coshaH H6 coshNH 
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2PP x2 sinhtx ýP 2Hx 
- 

x2 x4 + H2x4 
(2 

cosliýHý 
+ pC2 

ý3 
2+ 12H2) 

ý 

+ Pc lix x2 
+ 

x4 ) 
IE 32 12H2 

(22c) 

3) Horizontal Point Load 

As the load is applied at a height of xi then two distinct 

ranges are present in the wall. 

when x> xi M=0 

x<x1 M=P(xi-x) 

Integrating equations (19a) & (20) for these two ranges, the 

constants of integration are evaluated using boundary conditions and com- 

patibility of forces and displacements at x= xi, two sets of equations are 

obtained for deflections and slope. However, these are reduced to one set 

of common equations by using the following 

xl-x=0 when xi<x 

The common equations are as follows 

My = 
6(1- ýZ)(-x3i 

+ 3X21 + (xi - x)3) 

((1- +ýPl (x, - (xi - x)) +Pl sinha(xi - x) + 
M, 

va K, xscosl>li 

coshv, xi) sinliv, (Fi - x) - sinhaH + sinlix(H - x, » (23a) 

EIý =2 (1 ý)( 
x2ý - (xi - x)2 ) +ýä (1 - coshoc(xi - x)) 



24 

`" ((1 - coshaxj) coshv(H - x)) (23b) 
oc4 cosho<H 

PPI 

sv=(1+ Ic) ß P(1 - coshaýxl) coslýc(II - x) 
-PP (1 - coshK 

AE IE V4 coslIKH Pý 

(Xi - x)) + 
2v, 2 

(x2i - (Xi - X)2)1! 
2 
-nC 

1E 
(x2i - (xi 

where A= Al for left hand wall 

A= -A2 for right Band wall 

x) 
2) (23c) 

4) Moment 

As moment is applied at a height xi, the same procedure as for 

the horizontal point load is followed. The common equations for this case 

are as follows 

My = 
m(1 

-1) (x2i - 2xxi - (XI - x)2) 
M 

coshpc(x, -x) 

+P 
MI coshoc(H - xi)+ pMI sinhv(H - x) sinhocxi 
oc4 coshaH y`4 coshvH 

(24a) 

dy ß1 ßM1 cosha(H - x) sinho4Xi EI-_-M(1-z)(x, -(x, -x)j- 3 dx ý I. coshKH 

PMl sinhx(xý - x) +3 

DC 

r 

(24b) 

ýý_ý1+ 1cII PM cosha(H - x) sinhvx, PM sinhoý(xi - x) 
AE IE' L ý3 coshD%i V, 3 
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pm 
2. 

(Xi - (Xt - X)) ±E Mc 
(Xi - (X, - X)) (24c) 

K 

where A= Al for left hand wall 

A =-A2 for right hand wall 

5) Vertical Load (at left hand wall) 

As the load is applied at a height xi two ranges will exist for 

this load case. Also at x< xi equation (20a) is modified to 

L=P+ 
T(x) 

+ (M - T(x)l) c (25) 
A1E A1E IE 

Two sets of equations are again obtained but a set of common 

equations obtained using 

xi-x=0 when x<xi 

The common equations are as follows 

Ely = 
Pl aý L -del) 

ý coshes 11 
(sinha(H - x) sinliisxi -coshKIlocosi, 

2 
(Xi -x) + costla(H - xi)) - 

2ý2 
(ýL -Vc1- OC 

lc1) 
(X21 - 

2xxj - (xi - x)2) (26a) 

EI 
dy 

= 
Pi (9 LP cl) (-coshK(H - x) sinh: Xi + coshm-i cix ý cosh aH 

q Sinha(xi - x) +2 2(öL- t' ýl +° ý1) (x, - (xi "x)) (26b) 
pC . 



26 

Left Band wall 

Sv =+ 
Pclc (xi - (x, -x)) +P (x, - (x, -x))+( 

1 
+L ) 

' IE AlE AlE- IE 

( iL ICI )[ Pcosha(H - x)sinh tKx i_ Psinha(xi -x) 
2 vcosliyH D< 

- (Xi - (xi - X)) 1 (26c) 

where öL= 
121 

Al}la3 

At right hand wall, second term of equation (26c) is zero 

and Al replaced by A2 

6) Vertical Load (at right hand wall) 

The procedure is the same as in the previous section except that 

equation (20b) is modified when x<x, to 

gR=E- T(x) 
± (M - T(x)l) 

IE 
(27) 

A2 A2E 

The common equations are as follows 

Ely = 
Pl 4ö R-P e4) (-sinhcý(H - x) sinhocxi + coshvH 

o_coshaH 

z 
coshDC(x1 - x) 

.- 
coshoc(H - -X1» 

+ 
2ý2 

(ýR-fc4 +°ýý ) 

(X2I - 2xxi - (xi - x)2) (27a) 
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EI dx - 
P1 UcoshR 

(coshc, (H -x) sinh"sxý - coshaH sinho, 

(Xi "X» " 
P2 (ÖR«e C4 

ý 
+ ýZý 4) (X, - (Xi -X)) (27b) 

Right hand wall 

Sv= ±P(x - (x, - x)) +P (xi - (x1 - x)) + P11c IE A2E A2E 1E 

(YR - Pc4 ) -cosha(H - x) sinh: xi 

pý costDH 
+ 

S1I111«X1 -X) 
DC 

+(xi-(xý-x)) (27c) 

where 
12I 

ÖR = ýA-lam 

At left hand wall, second term of equation (27c) is zero and A2 

replaced by Ai. 

2.3.2 Stress Resultants in the Walls 

i) Moment 

The corresponding bending moments in the walls are given by 

M1 = Il (M - T(x) () 

M2 = 
II 

(M - T(x) l) 

(28) 

(29) 

ii) Axial Force 



28 . 

The axial force at any level can be obtained by 

iiX 
P=t (X)Cj1C (30) 

iii) Shear force 

The shear force in the connecting beams is obtained by sum- 

ming the laminar shear over half a storcy height between top and bottom 

of the required beam. That is 

9; = 
5(x)dx h/2 

tVx 
(31) 

2.4 Local Deformation at Beam-Wall Junctions 

The above values are based on the assumption that a rigid 

connection exists between the walls and connecting beams. In fact, local 

wall deformation may occur at beam-wall junctions resulting in a reduction 

in the interaction. D. Michael(48) has investigated the effects of these 

deformations and proposed that- the flexibility of connecting beams be 

increased due to local wall elasticity and shear effects. A, different approach 

is presented below. 

As shown in fig (2.4), ý when a bending moment M is applied at the 

end of the cantilever, its total end rotation is equal to 

m- cl + wl (33) 
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where 0 cl 
is beam end rotation and may be written as 

bM 
dx 801 

0 EI 

21 

and 9 
wi 

is the rotation due to the stresses acting at the wall 

force. This may be expressed as 

a) Wall Face Deformation 

ý 
max 

Md 

9 
2Md d 
21E 2 

(34) 

b) Wall Facc Rotation 

(35) 

Md2 
2EI 

For small angles 

(36) 

tan A-^9 (37) 



31 

Thus, it may be written 

e= e- 
d" 

Md 
2EI 

6M 
Ede 

(38) 

To comply with the Bernoulli-Navier hypothesis, plane section 

remains plane during bending. 'Thus, 

a=A= 
6M 

- wl - Ede' 
(39) 

Substituting equations (39) & (34) into equation (33) leads to 

the following equation 

bM 
dx+ 

6M 

0 EI Ed e 

Mb d 
= EI 

(1 + 0.5b) 

or it can be rearranged as 

(40) 

8m=E (b + 0.5d) (41) 
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Similarly, its end rotation due to the effect of shearing force q 

may be expressed as 

0S= 0c2 + 0w2 

P 

EI 
ý+ Td + Ed2 + 

03 Ed 

q 4d2 fq 
2EI (b2 + bd + T) + Gd 

or approximately equation (42) may be written as 

9 q(b + 0.5d)2 fq 
2EI Gd 

(42) 

(43) 

where M= moment 

q= shear force 

9W= wall face rotation 

9C= end rotation of connecting beam 

8t= total rotation due to the effect of shear and 

bending moment 

b= beam length 

d= beam depth 

Finally, the total end rotation is expressed as 

et = 8m +0s (44) 

From equations (41) & (43), it can be seen that the flexibility 

of the connecting beams may be corrected by increasing the effective length 

by an amount equal to its depth. 
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This suggestion of extended beam effective length will give 

accurate results for those slender connecting beams where the wall face 

rotation is small. For those connecting beams whose depth is large 

compared to the wall half width, this method of correction may be 

excessive. 

2.5 Variable Thickness 

2.5.1 Introduction 

A change in the wall configuration produces a discontinuity in 

the continuum method solution(36) (67) (68). Coull and Puri(21) corrected for 

this discontinuity by adding a series of corrective terms to the general 

solution. In 1968, Coull and Puri(19) proposed an improvement, and 

simplification, to the above analysis by separating each portion of the walls' 

and transferring the interaction forces from the upper portion of wall to the 

lower one. The disadvantage of this approach is that for each change of 

wall configuration it is necessary to redetermine the particular solution and 

arbitrary integration constants. Later on, Coull et al(20) suggested the use of 

a numerical approach based on the matrix progression formulation. In 1973, 

Tso and Chan(65) suggested a method based on the transfer matric 

technique. This method consists of subdividing the structure into a number 

of segments. 

In practice, the change of wall thickness in lift shafts or stair- 

wells are normally small compared with the height and width of walls. 
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Hence, the effect of stress concentration at the change of thickness may not 

be so critical. 

Therefore, a relatively simple hand-method for variable wall 

thickness subject to applied load is presented and discussed below: 

2.5.2 Equivalent Analogous Approach 

This approximation is in principle similar to the method proposed by 

Smith and Khan (58) for a wall-frame structure. 

When analysing a structure by a simplified method, a concept of 

idealising the basic structure is necessary. In this approach, the non-uniform 

thickness of wall is modified to an equivalent uniform analogous wall which 

maintains the primary modes of behaviour of the wall. 

2.5.2.1 Derivation 

A typical wall with two different sections is demonstrated as shown 

in figs (2.5) & (2.6). 

i) Determination of Sectional Area 

An axial force is assumed to apply from the top of wall as 

equivalent module (fig(2.5)). The deformed form of each module is detailed 

separately. 

First, consider the axial deformation in segment (1) 

H-h V 
dl =0 AlE clx (45) 
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and in segment (2), it becomes 

da=d1+ ý dx 
0E1 

Secondly, the equivalent module subject to the same amount of 

(46) 

axial force may be expressed as 

de (47) 
HV 

AE 
dx 

0 

For the corresponding identification, both systems will have the 

same identical deformation under same load, that is 

ii V 
d% = 

Ii-h V 
d% +hV dx (48) 

0 AE 0 AlE 

S0 

ocAlE 

Rearranging equation (48) and deleting the common terms, the 

final form becomes 

A V-1 
Al oc- 

H (t. - 1) 
(49) 

where Al = sectional area of original wall 

A= sectional area of equivalent wall module 

= ratio of sectional area between segments (1) & 
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(2). 
ii) Computation of moment of inertia 

The second mode of deformation of the wall is due to 

horizontal force which contributes shear and bending deformation that are 

dependent on the structural properties, sectional area and moment of 

inertia. To obtain an equivalence, it is assumed that a horizontal force P 

acts at the top of the wall as also on the equivalent module (fig 2.6). 

The bending and shearing deformations 

change of cross sections are given by 

Bending dm = 
11 px2 

h Ell 
dx 

11 p 
Slicaring ds =h GA1 dx 

Hence, dl = dm + ds 

Similarly, the deformations of segment (2) are 

(50) 

(s l) 

Bending dm = 
5h 

EDpX2 cI 
dx +h EH-h)x 

dx (52) 
oio ocll 

n 
Shearing ds 

p jo 
GV-A1 

dx 

of segment (1) at the 

(53) 

Rotation dý 
h 

Eý 1 
dx + 

hP(H-h) 

dx +P (53a) 
01 Jo E ýI1 G výAl 
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d2 = dn, + ds + dr (53b) 

where dr = do* (II-h) 

The bending and shearing of the equivalent module under 

similar horizontal force are given by 

dc_ 
H px2 

+ 
fi p 

dx (54) S GA 0 EI 0 
To be equivalent, their total deformation between original and 

equivalent modules must be equal, that is 

do=d1+d2 (55) 
Substituting equations (50), (51), (52), (53) & (54) into equation 

(55), it becomes 

I13 
+Ii=I 

i-h 3+ H-h ý+ 113 
+ 

(H-h h2 
3EI GA 3EI1 GA1 3EVýI1 EKI1 

+ 
11 

+ 
(H-1i)21i 

GVAI EKI1 

wlicre G=E 
2(1+v) 

A=bd 

ý=1+ý 
I= bd3 

12 

(56) 

Finally, the ratio between original and equivalent walls may be 

written as 
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I cc. (2I13 + (1+v) Hb2) 
11 2cc(H-1i)3 +2 113 +6 (H-h)h2 +o((H-h)(1+v)b2 + ýb2(1+v) + 6(H-h)2h(57) 

where I1 = moment of inertia of original wall 

I= moment of inertia of equivalent wall 

= 2H-li 

2.6 Remarks 

An equivalent analogous approach has been presented for the analysis 

of coupled shear wall with variable cross sections. Although the particular 

case of a point load has been detailed, the method can be used to cover 

other load systems. The advantage of this approach is its simplicity and the 

basic theory of continuum method with constant wall thickness can be 

applied directly to the analysis without the need for further modification. 

Any number of thickness variations may be considered by using the 

equivalent structural properties. 
AI 

The values of Ä&T are the ratios between the original and 
ii 

equivalent walls. These ratios depend only on the wall geometry as the 

Poison's ratio value is the same for both the original and equivalent system. 

The flexibility of the beam-wall junctions and the shearing deformation may 

be included in the analysis. 

In practice, this approximate method may be adequate to 

predict the overall behaviour of the structure under load for trial design as 

well as to obtain the rapid approximate answer as the changes of wall 
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CHAPTER THREE 

FINITE STRIP METHOD 

3.1 Introduction 

The finite element technique is a versatile tool for analysing 

structures of any complex configuration. However it requires large storage 

capacity in the computer and is relatively time-consuming. To reduce these 

values, the finite strip method has been developed. It is based on the same 

principle of energy minimization as that applied in the finite element 

method. It has considerable advantages over the finite element method for 

certain types of structures. In this approach, the structure is idealised as a 

series of strips attached to each other at nodal lines (fig 3.1). Normally, 

each strip spans the whole length of the structure. The displacement shape 

function in the longitudinal direction is chosen so that the boundary 

conditions are satisfied as well as representing the complete displacement of 

the structure.. A simple polynomial function is employed in the transverse 

direction to comply with the inter-strip compatibility conditions. The stiffness 

matrix of the strip, with preset end conditions, can be established from the 

strain-stress relationship in terms of the nodal displacement parameters. The 

loading system can be represented by a point load, line load, distributed 

load or a moment acting on the structure or a combination. The thickness 

of each strip is usually constant but can vary in the cross section. For a 

two dimensional problem, the basic known shape function is assumed in a 
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certain direction. Thereby, it reduces to a one dimensional problem. 

This approach is particularly suitable for structures with a simple 

configuration so that their displacements can be modelled by a series of 

mode shapes which converge rapidly to the exact solution for the complete 

displacements of the structure. 

3.2 Comparision between Finite Strip and Finite Element Methods 

A short comparison is presented here to outline the main differences 

between the finite strip and finite element methods before demonstrating 

the process of formulating the finite strip. 

3.2.1 Idealisation and Shape Functions 

Finite Element 

a) The structure is divided 
. 
into 

a number of small elements in 

both longitudinal and transverse 

directions and are connected to 

each other at interconnection 

points (Fig (3.2)). 

Finite Strip 

The structure is only divided in 

the longitudinal direction and the 

strips are connected to each 

other along nodal lines. 

b) The displacement parameters The displacement parameters are 
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of an in-plane structure are 

described by two functions 

U, v=i (x, y) 

where ý (x, y) is an unknown 

polynomial function in x and y 

directions. 

also described by two functions 

u= [f(x), f(y)] 

v= [f(x), f'(Y)] 

where f(x) is an unknown 

polynomial function in x 

direction only while f(y) is a 

preset known mode shape 

function which satisfies the 

boundary conditions at both 

ends. 

c) For in-plane structure, it is a 

two-dimensional problem . 

d) Boundary conditions are 

introduced during assembling of 

overall stiffness matrix. 

It is only a onc-dimensional 

problem. 

Boundary conditions are preset. 
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3.2.2 Compatibility Conditions 

Finite Element 

Compatibility conditions are only 

satisfied at connecting points but 

violated along the line joining 

two elements. The displacement 

functions are only assumed to be 

continuous over the nodal points. 

Therefore the accuracy depends 

on the number of subdivided 

meshes. 

3.2.3 Stiffness Matrix 

Finite Element 

a) Singularity of the stiffness 

matrix is possible usually due to 

zero terms in the main diagonal. 

b) The total number of degrees 

of freedom depends on the 

number of nodal points 

(fig(3.2)). 

Finite Strip 

Compatibility conditions have to 

be satisfied on the lines joining 

two strips. The displacement 

functions are continuous over the 

nodal lines. 

Finite Strip 

Due to preset condition, the 

stiffness matrix will never be 

singular. 

The total number of degrees of 

freedom depends on the number 

of nodal lines. Therefore, the 

bandwidth is relatively small (fig 

(3.2)). 
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3.2.4 Obtained Displacements 

Finite Element 

The obtained displacements 

represent the actual value of 

displacement at each node. 

Finite Strip 

The obtained displacements are 

only the mode shapes of each 

nodal line. The total 

displacement at each required 

point is computed in terms of 

the obtained mode shapes. 

However both methods use the concept of virtual work and 

minimisation of total potential energy to form the stiffness matrix. 

3.3 Displacement Shape Functions 

The displacement shape function used for a strip has the form f(x) 

* f(y), in which f(y) is a series of mode shapes that satisfies the boundary 

conditions at the ends and f(x) is a polynomial with unknown coefficients. 

3.3.1 Longitudinal Shape Function f(y) 

Two types of admissible functions can be adopted for the analysis: 

a) Beam Eigenfunction 

This function has been successfully and extensively used in 
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modelling the displacement behaviour of plates and shells (33) (34). Its 

form is a series of mode shapes that are derived from the differential 

equation of a vibrating beam. That is 

YIV = 
M4 

Y 
a4 

(1) 

A particular solution of the above equation (1) depeneds on the 

required end conditions. For coupled shear wall structures, in practice there 

are two types of conditions that might be normally encountered: 

i) The coupled shear wall is rigidly restrained at the base and 

free at the top. 

Solving the above equation (1) for the relevant boundary 

conditions, it produces the following function. 

YmU-w = Sinym - sinhym - K. (COsym - COShym) (2) 

where Kn1 
(S1Wm + S1rifl/r1m) 

(COSY. + COSIIpmý 

Em__ ' Ym H 

where 'm' subscript denotes series of mode shapes 

y= dimension in longitudinal direction 

H= height of strip 



49 

'u' & 'w' superscripts are displacement parameters in 'U' 

and 'W' directions 

P 1,2,.. m = 1.875099,4.694040,7.854759 ..... (2m-1))J/2 

ii) When the coupled shear wall is supported on a frame 

structure, the displacement function of the inter-strips is obtained assuming 

both ends free. In satisfying the end conditions, the function is given as 

Y1U'w(y) =1 ý1 =0 

z Y2U, W(y) =1 M 2= 1 
H 

MmY 
Ym °H 

Ymu, W = Sinym + Sinllym - Km(COSym + COShYm) (3) 

(SIfljM - sinli/lm) 

where Km = cos/Am - COSIIMm) 

= 4.7300,7.8532,10.9960, ....... (2m-3)7f/2 
3.... m 

m=3,4 ............................. 

For the vertical displacement, the mode shape may be taken 

either in the form 

Ym (y) = dY" 
m 

(y)/dy (4) 
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or by, simply using the vibrating beam function as 

Ym(Y) = sin[(2m-1) Jr 
2] 

(5) 

The above shape function produces an accurate and reliable 

profile for a structure where bending is the donimant deformation. 

Whenever the shear deformation is significant the above, function will 

slightly underestimate the displacements. 

b) Polynomial Function 

In some forms of structures the shear forces and deformations 

are significant. Therefore, any function used to represent deformation must 

include both shear and bending deformation. Recently a series of 

polynomial functions has been developed that allows for both types of 

deformation. 

The form of the function is as shown below 

Ym(Y) _ý ý-1) n-1 
(n+m)! y 

(m-n)! (n+1)1(n-1)! (H )n (G) 
n=1 

where m&n are series of mode shapes. 

It can be seen that the first mode of the above series is a 

straight line that approximates to the shear deformation. The other modes 

are similar to the beam eigenfunctions representing the bending 

deformations. 



51 

3.3.2 Transverse Function f(x) 

A polynomial function f(x) is employed to describe the transverse 

displacement field of the strips. The set of admissable functions used are 

given as 

i) A linear polynomial of the 1st degree for the in-plane 'U' 

and 'V' displacements. 

ii) A cubic polynomial of the third degree for out of plane 'W' 

displacement and 'By' rotation. 

Both functions will be detailed whenever they are required. 

3.4 Formulation of Element Stiffness 

The in-plane forces and out of plane forces are not coupled in their 

actions. Therefore, it is convenient to describe both cases separately and 

then combine them to produce an overall stiffness matrix. The formulation 

of the strip stiffness matrix is similar to the finite element technique. 

3.4.1 In-plane 

The displacement of a strip can be described by two parameters, U 

&V in the x and y directions. These are assumed to be, in some form, 

governed by their general term values at the nodal joints. 

U=[All {Ü'} 
1 

(7) 
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v= [A2]{vi } 
i 

(8) 

where U1, Vi, Uj & Vj are the displacement vectors at nodes `i' 

& `j' and [Al] & [A2] are functions. 

A set of displacement functions which can satisfy the boundary 

conditions in `x' and `y' directions are 

U=s: [(1- ý)Uim +(b )Ujm]Ym 

mýl 

r 
V= --E: [(1- 

b)V'm 
+(b )VJm]Y 

m m=1 

(9) 

(lo) 

where Uim, Ujm, Vin, & Vjm are the generalised displacement 

parameters of the mth term at the nodal lines. 

In matrix form 

f tt 
rrl 

lVM: [fpml Is 
m} 

M-1 

r 

where [f ]= 
pm m=1 

pm 

(1' ý)Ym 0 (x )Ym 0 

0 (1- b )Y 0 )Y ( 
m b m 

{u im 
Vim Ujm Vjm}T 

(11) 

(12) 

(13) 
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The strains at a point in the region are given by 

X= 
eu ý= 2v 

and =au +a-° 
2X Y 9y ýr ay X 

In matrix form 

{e, }= 

6x 

gy 
ýxy 

ý 2 
Px 

U 

a o ay 
a2 
9y ax 

The stresses are given as 

u 
r 

V =M: [BPm] {9m} 

m 1 

Iv- [DP] {e } 

where [DP] = the structural property matrix 

'p' subscript denotes in-plane 

I 

and matrix [Bpm] may be written as 

IBpml 

(14) 

(15) 

bYm 
0 

bYm 
0 

0 
v 

(1- X) aYm 
0 

v 

( x)äYm 
b ay b ay 

u 

(1_b)Y111 '( b)ym 
u 

(x)1 (b )Y 
m ay 9y b 

or equation (15) may be expressed as 
r 

{Q-P} = [DP] M: [BPm] {S'm} ' 

IIl=1 
(16) 

The potential energy due to loads applied to the strip is given 

as the product of the load and its displacement 
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VP =- 

faJ b({U}{rý} 
+ {v}{rv}) dxdy 

JO0 

ab{V} 
{P" } dxdy 

0ov 

(17) 

where {PJ and {PJ are the load vectors in the x and y 

direction respectively. 

The above equation may be written in term of mode shapes as 

Vp =-"E: { ým}T( f 
pj 

T{P} 

M-1 

Then, the total potential energy can be expressed as 

UT = Ue+ VP 

(ls) 

(19) 

Applying the principle of minimisation of total potential energy 

and differentiating equation (19) with respect to each nodal displacement. 

Then, 

a UT I} ° (20) 

The total energy of the strip in its deformed state is the sum 

of the strain energy in the strip and the potential energy due to external 

loads acting on the strip. 
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The elastic strain energy of a strip may be written as 

x 
La ýbq- 

=2 ýx +/ý"y6 Y +TxYý'xy) dxdy (21) Ut 
, ju 0 

or in matrix form 

1ab 
Uý {ý }T [D] {6} dxdy 200 

(22) 

Substituting equations (16) & (14) into equation (21), it 

becomes 

UC =2 
: ýb 

0 

{}T [Bp]T [DPI [Be] 
1d pI 

dxdy (23) 

Expressing equation (23) in term of mode shapes, it may be 

written as 
1rr 

Ue =2ýý{ Sm}T [Kmn] 
n} m=1 n=1 

(24) 

where [Kmn] becomes the stiffness matrix of the strip and is 

given as 
ab 

Kn] [BpmIT [Dp] [Bpn] dxdy 
00 000 

(25) 

Substituting equations (24) and (18) into equation (19) and 

differentiating produces 
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aýb ab 
[Bpm]T [Dp] [Bpn] {ý' m} 

dxdy -1[f pJ1{P} 
dxdy =0 (26) 

0000 

or in shortened form, 

[Kmn] { 
m} - 

{Fm} =0 

where [Kmn] = Stiffness matrix of the strip 

{Fm} = Applied load vector 

{Sm} = Displacement vector 

For 'r' series of modes, the stiffness matrix becomes 

(27) 

Kii Kii - -- Ki 
rr 

P M [x, º, nl = m-1 n-I 
KP 

21 ''2 ý--''2r 

III 

ýII 

(28) 

KP KP2----KP rl rr 

3.4.2 Bending 

Only one displacement parameter `W' normal to the plane of the 

strip is required to describe the deformed state. The displacement function 

that satisfies the boundary conditions may also be expressed as a series of 

mode shapes. This varies linearly in the longitudinal `y' direction and 
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cubically in the transverse `x' direction. 

w= [cll 

Wi 

e, 
Wi 

eJ 

r 
or "E: = lfbm1 f fS'ml 

m-1 

(29) 

(30) 

where Wi, 6i, Wi & 6j are the displacement and rotation vector 

at node 'i' & 'j' and [C1] is functions. 

The displacement function is given as 
23 2x2 323 

W= (1 --+-)W 1+ (x +x)e + 
iX 

- )W + bbb b2 b2 b3 

X3 XZ 
ýb2' b)ej 

The curvatures of the strip in bending are given by 

Xxx 

XYY 

xXy 

aW 

_w a iy-r 
a2W 29 xay 

(31) 

(32) 

or in shortened form 
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r 
{X} _ý [Bbm] { Sm} 

m=1 
(33) 

The strain energy of the strip may be derived directly from the 

stress resultants rather than the stresses. The relationship between the 

moment - curvature is given as 

mx 

My 

MXY 

Dx D1 0 

D1 Dy 0 

00 Dxy 

Xxx 

Xyy (34) 

Xxy 

The total potential energy of the strip in bending is equal to 

the sum of the strain energy of the deformed strip and the potential energy 

due to the applied load. 

where the strain energy may be written as 

1 Ja b 

Uc = (MxXxx + MyXyy + MxyXxy) dxdy (35) 200 

or equation (35) may be expressed in terms of mode shapes 

Ue =2M: --E: { Sm}T [Kmn] { än} 

m=1 m1 
(35a) 

where, 
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[`inn] 
faJ bUBbm]T 

LDbl 
[Bbn] dxdy 

J00 

and the potential energy is 

abjlf1f 
Vb -J 

0{I 
bmfTtSmJT 1P} dXýy 

(35b) 

(35c) 

The equation of total potential energy with respect to nodal 

displacment is 

UT = tjc +Vb (36) 

Differentiating equation (36) with respect to each nodal 

displacement, produces 

T 
[BbmlT [Dbl [Bbnl { Sm} dxdy " 

aý b[ 
If bmlT{P} dxdy =0 (37) L Jo 0 

or in shortened form 

[KnbU {Sm} - {Fn, } =0 (38) 

where [Kmn] = bending stiffness matrix of strip 

{Fmk'} = load vector 

For 'r' series of modes, the bending stiffness matrix may be 

written as 
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rr 

"E: ý [`nnl 
= m 1 n-i 

3.4.3 Combined Stiffness Matrix 

K12-------K1r 
1.16 FK b 

11 

ýb ýb ýýb 
I'21 'I'22------ Zr 

II 

III 
iuub b ub u 

+ý1 "r2------"tr 

(39) 

For a strip which is subjected to a combination of flexural and in- 

plane actions, its stiffness matrix may be composed from the individual 

stiffness of [Km] and [K n]. 

Since the in-plane and flexural effects of the strip are uncoupled, the 

combined stiffness matrix may be treated in such a way that the individual 

action can be solved separately. 

The partitioned matrix is given as 

Kmn 0 

[KmJ = 

KI 0 
The force and displacement vectors will take the form 

Force vector {Fm} _ 

I 

Pu i 
Pv 

Pw 

MI 

PW 

Mi 

(40) 

(41) 
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Ulm 

Vim 
UJm 

Vim 

Displacement Vector { ý'm} = Wim (42) 

elm 

Wim 

eim 

3.4.4 Generalising Strip Stiffness Matrix 

When the strip is not in a global coordination system, the following 

transformations are required 

Force vector {Fm}' = [T] {Fm} (43) 

Displacement vector {9m}' = [T]'1 J EJ (44) 

Stiffness matrix [Kmn]' = [T]'1[Kmn] [T] (45) 

where [T] & [T]'1 are coordinate transformation matrices 

'*' superscript denotes in global axis 

Finally the equilibrium equations in global axis are given as 

[Kmn]. {Sm}* = {FInY (46) 

Once the stiffness matrix of the total structure is formed by 

assembling all the strip stiffnesses in global coordinate system, the unknown 

displacement may be solved in usual way by any suitable solver. 

It is worthwhile to note that the overall stiffness matrix is in a 

banded matrix form and its bandwidth depends on the nodal difference of 
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two nodal lines. 

3.4.5 Remarks 

The merits of this matrix over the finite clement technique are: 

i) There are no zero terms along the main diagonal of stiffness 

matrix because of preset condition of shape function. 

ii) The bandwidth is relatively small and it is unnecessary to 

impose any further boundary conditions. 

3.5 Applied Load 

The formulation of the load vector is not as straightforward as in the 

finite element technique. Each applied load has to be expressed in terms of 

the mode shapes instead of its actual value. 

i) uniform or triangular load 

jaýb, 
t {Fm} =I MIT 

{q} dxdy 
00 

ab 

_ {q} f(x)dx fm(y)dy 
fo 

0 

where {q} = applied load vector 

ii) Point Load at Arbitrary Point 

(47) 

For a concentrated point load, integration is not necessary. It 
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may be expressed as the load multiplied by the corresponding displacement 

shape function 
n 

{Pm} =ý {Pý} fm (Y) 

where n= total number of point loads 

y, = the position of point load at point `i' 

iii) Non-uniform load 

(48) 

This may be obtained by summing up each section of load as 

_n0 
bl 

. 1-1 
{Fm} 

bi-1` 
1 im]T {q1} dxdy 

. 2: {q, } f(x)dx 
bi 

fm(Yi)dY 
iýl 0J bi-1 

(49) 

where bi_1 & b1 are the height at each segment level 

iv) Line Load 

This may be expressed as 

b 
{Fm} = {q} 

To 
fm(y)dy (50) 

However, for an applied load acting inside a strip instead of a 

nodal line, the nodal forces corresponding to that applied load will be used 

instead of the actual inside load. 
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3.6 Variable Thickness 

To allow for variation in the wall properties, the stiffness matrices as 

given in equations (25) and (35b) may be modified as 

i) In-plane 

n 
[9n] 

- M: J 
ai fb 

[BPmIT [Dpil [Bpnl dxdy (51) 
1-1 ai 1o 

ii) Bending 

b[BbmIT 
[Dbi] [Bbj dxdy (52) 

il ail o 

wlicre n= total number of wall variations 

i= property numbering 

[Kmnj & [Kmn] are stiffness matrices for in-plane and 

bending respectively 

[DPi] & [Dbi] are material property matrices for 

in-plane and bending respectively. 

3.7 Connecting Beams 

The stiffness matrix of a beam element, connecting walls or line 

elements, may be derived in one of two ways: 

a) The beam is considered as a strip and the stiffness matrix 
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can be derived in the same way as previously described. 

b) The usual slope deflection equations are used. 

The second method has the disadvantage that additional 

equations are required to fully satisfy compatibility conditions. In deriving 

the stiffness matrix of a strip only the translations U and V are used. The 

slope deflection equations also use the rotation, a at the end of the 

connecting beam. Therefore, relationships are required between this rotation 

at the end of the connecting beam and the translations in the strip. 

Three methods that are currently in use are described below: 

3.7.1 Method 1- Contraint Technique (rig (3.3)) 

This technique has been used with the finite clement method to 

model a joint between a wall and a beam. Three approaches have been 

used. 

a) Al Maliaidi & Nilson(2) proposed two constraints. For a 

small angle the rotation at the end of the beam is compatible with the x- 

direction displacement of the strip. 

Hence, 
ä (Uk - U) + ej =0 (53) 

b 

The displacements at modes i, j and k are assumed to be on 

a straight line. Therefore, 

1(Ui+Uk)-U1=0 
(54) 

b) Later, two proposals were suggested by Antony and 
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b) WALL FACE DEFORMATION 

V 

l 

CO -ORDINATE 

BEFORE DEFORMATION 

c! WAII VERTICAL DEFORMATION 

FIG. (3.3) ANTONY AND GANESAN'S CONSTRAINT METHODS 
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Ganesan(l). Firstly, the nodes i&k are allowed to move to any suitable 

position. Hence 

(Uk-U, )+6=0 
b 

(55) 

Secondly, they assumed that the relative rotation of the 

connecting beam and the tangent to the connecting beam would be zero. 

Thus, 

1 
(Vj -VI)-60 djL 

(56) 

c) Littler(73) has combined the above proposals and used the 

three combined constraints at the joint to evaluate a Lagrange multiplier `X. 

3.7.2 Method 2- Direct Interpretation 

For compatibility conditions, the rotation of the beam and the wall 

face at the joint must be equal. Thus, the rotation of the beam may be 

expressed in term of the preset shape function f(y) as 

Z 
(beam) = -xr 

Ü Y" (Y) 
6 

m-1 .öY 
(57) 

where U= displacement parameter 

Y°(y) = preset shape function in y- direction 

`u' superscript denotes shape function corresponding to 

`U' displacement 
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3.7.3 Method 3- Direct Formulation 

Two terms involving rotation are introduced into the displacement 

function. The polynomial for the displacement function is modified from a 

linear function to the following cubic function. 

V= (1 -3x2+)3)Vi'+ (X -2X2+ X3)6ý +( 3X2-2x3)V 
b2 b3 

.b 
b2 b2 b3 ý 

X3 X2 
+( ý2 ýeZ J (58) 

The above polynomial interpolation function is derived from 

standard beam theory. A short description is presented to show its 

derivation. 

When the cantilever wall deforms, its vertical deformation 

which may be obtained from the following differential equation. 

ý4, (X) 
=9 aX4 

(59) 

where q= the vertical load 

If `q' is equal to zero, the general solution to equation (59) 

may be written as 

Ov(x) = Cl + C2x + C3X2 + C4X3 (60) 

After substituting the boundary conditions to equation (60) it 
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becomes 

Vt 

e, 

Vi 

ei 

1000 

0100 

1b b2 b3 

01 2b 3b2 

or in shortened form, it is written as 

{a} _ [A] {C} 

Thus, 

{C} _ [A]'1 {a} 

(61) 

(62) 

(63) 

Finally, its polynomial function f(x) along x-direction is given as 

1000 

0100 

f (X) =[1, x, x2, x3] 

3231 
_ . ý. b1 b b2 b 

2121 
W b2 b3 b2 

vi 

e, 

V1 

Ili 

where b= the distance between two nodes in x-direction. 

3.8 Line Element 

C1 

C2 

C3 

C4 

(64) 

The element is similar to a strip. It is used to model the long 
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column in the frame structure. Its stiffness matrix may be formulated 

either by the same process as a strip element or by directly applying basic 

beam theory to obtain the stress resultants from the following relationship. 

strain e_9 (y) 
(65) 

19 Y 

stress V- = D6 (66) 

Then, moment curvature relationship can be expressed as 

Ivi = fl 

u, v, w 
2F(y) 

.. ý--- aye 
The stiffness matrix of the line element is 

a 
Kmn = [IIm]T [_D] [Bn] {m} dy 

0 

(67) 

(68) 

where [D] is material rigidity matrix in term of stress resultants 

and may be written as 

[D] = 

AG 
f _. 

AG 
f 

EA 

AG 
f 

AG 
f 

EIX 

Gr, 

EIZ 

where G= shear rigidity of line element 

(69) 

f= shear shape factor 



71 

r, = torsional constant 

and where [B] is the preset mode shape matrix for 

displacements U, V&W and rotations Ox, 6y & 6z and is given as 

[a] 

aF°(y) 

ay 
9F°(y) 

ay 
aF(y) 

ay 
aF"'(y) aF°"(y) 

ay ay 
a2r""'(y) 
ay2 

P(y) 
ay 

O" (y) 
8y2 

(70) 

where Fu(y), F(y) & F(y) are preset mode shape functions 

with respect to each displacement parameter. 

Substituting equations (69) & (70) into equation (68), the stiffness matrix of the 

line element may be obtained. 

3.9 Transformation Matrix 

The formulation of the stiffness matrix for each type of element has 

been briefly described in section 3.4. The resulting displacement functions 

are shown in fig (3.3) and fig (3.4). 

In order to satisfy compatibility conditions between different elements 

three methods were suggested in section 3.7. The first method proposed 
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displacement constraints by various authors. In the other two methods the 

rotation is represented as a function of displacement. As these two methods 

are easier to incorporate into the finite strip method, they are the ones 

used to produce a transformation matrix. For the structures considered, a 

transformation matrix may be required for: 

a) strip element to beam element (fig (3.4)) 

b) line element to beam element (fig(3.5)) 

As the procedure for both is the same only the first will be 

described. However, two types of strip elements are considered: 

a) Strip with 4 Degrees of Freedom 

As it can be seen from fig (3.4a), the displacement parameters 

for the strip are U, VW and 6y. The beam has two additional parameters 

ex and 6z. To be compatible with each other, a compatibility matrix is 

established to convert the displacement parameters of the connecting beam 

to those of the strip. The conversion matrix is given as 

Ubi 

Vbt 

eibi 

Wbt 

eXbi 
eybl 

F" (y) 

F°(y) 

a Fu(y) 
ay 

-FW(y) 

. 
9F ! 

F'"(y) 

Ut 

Vi 
(71) 

Wt 

eY, 
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and for the strip, it may be expressed as 

Usl = Fu(y)U1 (72) 

V'j = F"(y)V1 (73) 

WSJ = F(y)W1 (74) 

eyst = F"(y)eyi (75) 

where s= strip 

b= connecting beam 

i= nodal line `i' 

n&m= series of mode shapes 

b) Strip with 6 Degrees of Freedom 

The strip and connecting beam have the same displacement and 

rotation parameters as shown in fig(3.4b). The compatibility matrix is 

simple and straightforward, and is given as 

Ubi 

Vbi 

eibi 

Wbi 

exbI 

F(y) 

F°(y) 

F(y) 

-V(y) 
aFW(y) 

9y 

Ui 

Vi 

ezl 

Wi 
(76) 

exi 

eyni ilIIII IFw(y) II ey, 
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and for the strip it may be written as 

Usi = F(y)Ui 

Vsi = Fv(y)V, 

ezsi 0 P. (y)ezi 

Wsi 

exsi 

= F(y)WI 

=2 
F'(y) 

,, ye 
6ys+ = F"`'(3')eY+ 

(77) 

(78) 

(79) 

(80) 

(81) 
(82) 

3.9.1 Remarks 

The accuracy and reliability of this approach is closely dependent on 

the choice of the relevant preset mode shape function. This function has to 

be versatile so that for any type of structural configuration it can represent 

the complete displacement field of the structure which is under investigation. 

To obtain more accurate results, Method 3 is recommended although the 

size of the matrix is increased. 

3.10 Equivalent Approximate Method 

When different types of elements are used then compatibility 

conditions have to be considered. Shear wall structures can be represented 

by strip elements and beam elements. However if the beams could be 

replaced by a continuous medium only strip elements need be used. 
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The replacement of the beams by the continuous medium is the 

approximation made in the continuum method. In this method it is assumed 

that the connecting beams have points of contraflexure at mid-point and 

carry no axial forces so that at these points only shear force exists as 

shown in fig (3.6). 

The cantilevers, either side of the points of contraflcxurc, are 

replaced by a continuous medium. In order that the medium is equivalent 

to the connecting. beams it can be seen from fig (3.6) that 

qb = q(x) *h (83) 

Also the deflections at the points of contraflexure must be 

equal. 

The cantilevers will deform in bending and shear. So for a tip 

load of qb and a span a/2 the tip deflection (Yb) is given by the standard 

formulae 

Y= 
gba3 

+ 
qbfa 

b 24Eb1b 2GbAb 

where f= shear shape factor 

Assuming the material is isotropic, then 

Eb 
Gb 

2(1+v) 

(84) 

(85) 

Substituing equations (83) and (85) into equation (84) 
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produces 

Y_ 
gXha3 

+ 
gXhaf2(1+v) 

b 24EbIb 2EbAb (86) 

The equivalent medium will deform predominantly in shear due 

to its overall depth. Assuming that the bending deformation is negligible, 

the deflection at the point of contraflexure is given by 

V= gXa2(1+v) 
2Emt 

where t= thickness of medium 

(87) 

As the equivalent medium is to be compatible with the 

cantilevers 

Yb - Ym (88) 

Substituting equations (86) and (87) into equation (88), it 

becomes 

qXha3 + 
gXhaf2(1+v) 

_ 
gXa2(1+y) 

24EbIb 2EbAb ' 2Emt 

For a connecting beam 

I td3 
12 

(89) 

(90) 
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A= td (91) 

Substituting equations (90) and (91) into equation (89) and 

rearranging, it becomes 

E... 1 lll 

h a2 
Eb ä( 2(i+ý)aý+f) 

(92) 

Now the connecting beams may be replaced by a strip element 

with the modulus Em given by equation (92). As the structure consists 

entirely of strip elements no compatibility requirements are needed. 

3.11 General Remarks 

The theory and concept of finite strip for the elastic analysis of a 

coupled shear wall and a frame structure have been briefly presented in 

this chapter. General computer programs for the analysis of coupled shear 

walls and combinations of, coupled shear walls with the frame' structures, 

based on above theory, have been developed and will be described in 

Chapter eight. The accuracy of this method compared with theoretical and 

experimental results is shown in Chapters four and six. 

As can be seen from the derivations the . economy of computer 
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storage and solution time is due to the presetting of the boundary 

conditions. The structure is idealised in such a way as to reduce the 

number of joints compared to the finite element method. This reduces the 

number of simultaneous equations to be solved. 

The shape functions developed so far produce accurate values 

for both vertical and horizontal deflections. However, they produce a zero 

value for the shearing stress at the base of the structure. Therefore, 

approximate base values are calculated at a short distance from the actual 

base. 
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CHAPTER FOUR 

COMPARISION OF ANALYTICAL AND EXPERIMENTAL 

RESULTS FOR COUPLED SHEAR WALLS 

4.1 Introduction 

To verify the accuracy of the finite strip and continuum methods, 

several examples are considered. The results of the analyses using these two 

methods are compared with those obtained using other methods as well as 

experimental investigations. The examples are presented in two groups. 

4.2 Comparision of Analytical Aspects with Previous Examples 

Eight examples dealing with different configurations of coupled shear 

walls are presented and described below. 

4.2.1 Equal or Unequal Connecting Beam Spacings 

A planar coupled shear wall previously studied by Antony and 

Ganesan(1) is reconsidered liere. The positions of the connecting beams and 

all structural details and material properties are shown in Fig (4.1). The 

structure was analysed for a series of lateral point loads at each floor level. 

The maximium lateral and vertical displacements and stress distributions 

computed by finite clement technique, with constraint conditions at 

junctions, arc compared with the finite strip method with and without the 

effects of local deformation at wall-beam junctions. 
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o EXPERIMENTS 
- By COULL ET AL CONTINUUM METH00 --- 

FSM WITHOUT BEAM-WALL LOCAL EFFECTS 
FSM WITH BEAM-WALL LOCAL EFFECTS 

IIýIýIý 
0 2468 10 

DEFLECTION ( inches .4 10 ̀3 ) 

FIG ( 4.3) DEFLECTION PROFILE FOR MODEL Q 
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The comparative results are presented in Table 4-1 for maximum 

stress and displacements in the wall. In Table 4-2, the end moments of the 

connecting beams arc compared. 

Another model with equal connecting beam spacing is shown in fig 

(4.2). This model which was previously investigated by Coull, Puri and 

Tottcnham(20) is reanalysed using the finite strip method for a lateral 

uniformly distributed load. Its displacement shape and stress distributions are 

shown in figs (4.3) to (4.5). 

4.2.2 Symmetrical and Asymmetrical Stepped Wall Configuration 

Two models analysed by Coull and Puri(20) arc shown in figs (4.6) & 

(4.7). Both were analysed for a lateral uniformly distributed load of 1.0 lb/ 

in. The finite strip method has been used to reanalyse both models so that 

a comparison of the results can be made. 

The deflected shape of both models under the applied loading is 

shown in figs (4.8) & (4.9). It can be seen for both models that the local 

wall-beam junction effect has a considerable effect on the finite strip results. 

Both the continuum and finite strip methods produce values very 

close to the experimental results. 

The stress distribution in the wall for both models is shown in figs 

(4.5) & (4.10). The finite strip results are shown relative to the 

experimental and theoretical results produced by Coull et al. Again both 

theoretical values agree reasonably well with the experimental results. 
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0 

o EXPERIMENTS -: 3_ BY COULL ET AL 
--- CONTINUUM METHOD 

FSM WITHOUT BEAM-WALL LOCAL EFFECTS 
-- FSM WITH BEAM-WALL LOCAL EFFECTS. 

1W_1 
60 " 80 

DEFLECTION ( inches * 10'4/ lb 

FIG (4.8) DEFLECTION PROFILE FOR MODEL Q 
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4.2.3. Walls with Variable Thickness 

The variation of the thickness of the wall was also considered by 

Coull et at (19). Two models were analysed, using the continuum method, 

and their dimensions are shown in figs (4.11) & (4.14). Both models were 

analysed for a lateral uniformly distributed load of 1.0 lb/in and a tip point 

load of 21.0 lbs respectively. 

Both walls have been reanalysed using the finite strip method for the 

same load condition. Again the local wall-beam junction effect has been 

included in the finite strip method. 

The lateral deflection of the walls is shown in figs (4.15) to (4.18). 

The finite strip method, with local wall-beam effect, produces values 

comparable with the theoretical and experimental values obtained by Coull 

et al. 

The vertical stress distribution at various levels in the walls are 

shown in figs (4.19) to (4.22). Again good agreement is obtained between 

the finite strip values and those obtained by Coull et at. 

4.3 Static Experimental Models 

Six experimental coupled shear wall models with various connecting 

beam lengths, different wall sizes, both symmetrical and assymetrical walls, 

and variable thickness, were tested. These models were machined from 

perspex sheets, as its low modulus of elasticity will give reasonable 

deflections under small loads. The configuration of each model is given in 
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o EXPERIMENTS o_ BY COUIL ET AL 
--- CONTINUUM METHOD 

FSM WITHOUT BEAM-WALL LOCAL EFFECTS 
-"- FSM WITH BEAM-WALL LOCAL EFFECTS. 

0 

DEFLECTION ( inches * 10-4 ) 

FIG (4.15 ) DEFLECTION PROFILE FOR MODEL 
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o EXPERIMENTS -= By COULL ET AL 
--- CONTINWM METHO 

FSM WITHOUT BEAM -WALL LOCAL EFFECTS 
FSM WIN BEAM-WALL LOCAL EFFECTS. 

0 
III1(IIIIIIIII 

lm ýýo 
DEFLECTION ( inches + 10-4/lb ) 

50 

FIG ( 4.16) DEFLECTION PROFILE FOR MODEL 
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figs (4.23) to (4.28). 

4.3.1 Experimental Setting 

The models were clamped rigidly at the base by bolting through a 

steel angle on each side to avoid any possible translation or rotation. The 

load was applied at the free end via a proving ring and the deflections 

were measured by dial gauges which were fixed on an independent vertical 

steel bar and positioned at every storey level for measuring the horizontal 

deflections. The vertical stresses, 9-Y in each wall were obtained by a set of 

electrical resistance strain gauges fixed to the walls. Two connecting beams 

at levels 29.42 and 44.13 cm were strain gauged to evaluate the end 

moments. 

The modulus of elasticity E was calibrated by applying loads to a 

solid model which was cut from the same sheet of material as the test 

models, and the deflections measured with dial gauges. Applying beam 

theory, with the inclusion of shear deformation, the average value of the 

modulus of elasticity of the models was determined as 3.2 x 106 N/cm2. 

4.3.2 Experimental Results 

The local deflection curves for all six models are shown in figs (4.29) 

to (4.34). Again it can be seen that introducing the wall-beam effect 

produces a close agreement between the finite strip and experimental values 

of deflections. 
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The variation of vertical wall stresses and connecting beam end 

moments are shown in figs (4.35) to (4.40). 

The variation of vertical wall stresses were measured at a height of 

36.78 cm from the base of the models. It can be seen for all six models 

that close agreement was obtained between theoretical and experimental 

values. 

The connecting beams at 29.42 cm and 44.13 cm above the base of 

the models were strain gauged. The results for all the models show that the 

finite strip results overestimate the end moments. Allowing for the flexibility 

of the wall-beam junction does not influence the values a great deal. It can 

be seen that as the length of the beams increases so does the finite strip 

overestimate. This tends to suggest that the constant local effect proposed 

by Michael is not quite correct. 

4.4 Conclusion 

The lateral deflection results for all the models show that the finite 

strip method always produces conservative values compared to the other 

methods. This difference is decreased by allowing for local deformation at 

the wall beam junctions as suggested by Michael. The continuum method 

produces values of deflections very close to the experimental values 

obtained. 

The connecting beam moments are also overerstimated for all model 

when the finite strip method is used. The local deformation effect at the 
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wall beam junction reduces these values slightly. 

These results suggest 

(a) the finite strip method should always include 
. the local wall beam 

junction effect to obtain accurate results. 

(b) the shape function used in the finite strip analysis accurately 

represents the vertical deflection but not the horizontal deflection. 

(c) the rotation given by the shape function is dependent upon both 

u and v displacements. This can be seen in the variation of the 

overstimation of the connecting beam moments with their increasing 

flexibility. 
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CHAPTER FIVE 

WALL-FRAME ANALYSIS 

5.1 Introduction 

A combination of shear wall and frame, as shown in fig (5.1), is 

often used in multi-storey structures(13) (38) (40) (43). The usual assumption is 

that the shear wall will resist lateral forces, whilst the frame will carry the 

majority of the vertical loads. 

Initially the analysis of such a combination was very basic. It was 

assumed that the total force (V) at any level was divided amongst the 

elements in proportion to their stiffness. Therefore, the force (V) in 

element `i' is given simply by 

Vt= 

where u= 

(- ýn 
; ýE "s 

S=1 

12EIi 
13i(1+ ý) 

(1) 

= shear deformätion parameter 

Unfortunately this approach is oversimplified and can produce quite 

erroneous results. 

Several approximate methods(22) (24) (25) (40) (45) (50) have been 

developed. Generally most of these are restricted to particular types of 

loading or equivalent modelling of the wall. Again, unless great care is 
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taken, erroneous results can be produced. 

The first method to analyse the system without any approximation 

was the finite element method. Unfortunately due to the nature of the 

structure, it requires a fairly large storage area and time. Development of 

the finite strip method reduced both the storage and time. 

In this Chapter a method is proposed that will reduce the storage 

and time even further. In Chapters two and three it has been shown how 

both the finite strip and the continuum methods can be used to analyse a 

coupled shear wall, even with variable thickness. 

In the proposed method the shear wall and frame are analysed 

separately. The loading consists of applied loads and interaction forces at 

the boundary as shown in fig (5.2). Compatibility conditions arc applied at 

the boundary and values of the interaction forces obtained. 

This approach allows the coupled shear wall to be analysed using 

either the finite strip or continuum method and the frame by plane frame 

method. 

5.2 Basic Concept 

The shear wall-frame structure is divided into two substructures, as 

shown in figs (5.2) & (5.3). To satisfy equilibrium, equal and opposite 

forces are introduced at the connecting points. 

Both substructures can now be considered individually. The loading is 

considered in two parts: 
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a) all applied loads (if any) 

b) interaction forces which are unknown 

1) Method 

Each substructure is now analysed for the following loads 

i) externally applied loads 

ii) unit value of each non-zero interaction force in turn 

For each loading the deflections at all the connecting points are 

obtained. 

2) Assumptions 

The analysis is carried out with the usual assumptions: 

a) each substructure is perfectly elastic 

b) small deformation theory applies 

c) Bernoulli-Navier hypothesis holds for strain distribution 

The first of these assumptions means that the effect of force IIi is 

the effect of unit force times fig. Therefore, 

Deflection due to force H1= 11, * (deflection due to unit load) 

At each connecting point the total deflections may be expressed as a 

combination of : 

i) deflection due to applied loads 

ii) series of unit load deformation times unknown related 

interaction forces 

3) Solution 

The substructures are now recombined to satisfy compatibility 
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conditions. As shown in fig (5.3), the deflections at the connecting points 

for both substructures must be the same. 

Equating the values from both substructures will set up a series of 

simultaneous equations. Solving these equations by any of the standard 

methods, the values of the interaction forces can be evaluated. Then a 

detailed analysis can be carried out of both substructures. 

5.3 Theory 

5.3.1 General 

To reduce the size of the matrix, a condensed matrix may be formed 

in such a way that the construction of the stiffness matrix is arranged and 

partitioned in the following manner: 

Kli K12 

u1 K22 

Ub 

Uc 
rPb 

PC 
(2) 

where Ub = interior displacment 

Uc = boundary displacement at interconnecting points 

Pb = external applied load at nodes 

Pc = external load at interacting points 

Equation (2) may be rewritten as 
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[K11] {Ub} + {K12] {Uj = {Pb} (3) 

[K21] {Ub} + [K22] {UC} = {PC} (4) 

Solving equations (3) & (4), displacement vectors 

{UJ & {Ub} become 

{Uc} _ -[K22]-1 [K21] {Ub} + [K22]-1 {PJ 

{Ub} _ -[K11]-1 [K12] {Uc} + [K11]-1 {Pb} 

(5) 
(6) 

Substituting equation (6) into (5), then the standard condensed 

equations may be expressed as 

[K] {UC} = {P} (7) 

where [K] = effective stiffness matrix 

{P} = effective load vector 

The effective matrix [K] and load vector {P} arc given by 

[K] = [K22] - [K21] [K11]-'[K12] (8) 

{P} = {PJ - [K21] [K11]_1 {Pb} (9) 

The condensation procedure, as shown above, is not efficient for 

digital computation. The reasons are: 

a) It involves the inversion of matrices. This may become very 

cumbersome if the matrices are large. 

b) when the analysis of large substructures which are highly 

redundant, or which consist of many interaction points, the computer storage 

capacity may become very large. This may cause computational difficulties 

when the storage exceeds the capacity of the available computer. 
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To overcome these difficulties, a more efficient method of 

solving the equations is proposed below. 

5.3.2 Proposed Scheme 

This scheme combines the methods of stiffness and flexibility. The 

stiffness method is used to determine the flexibility influence coefficients by 

applying unit loads at redundant points when the substructures are 

separated. The latter is used to derive the boundary displacements in terms 

of the unknown redundant forces and applied loads. Applying the 

equilibrium conditions at the boundary points, the final redundant forces can 

be solved by employing the Gauss Elimination method or any suitable 

solver which produces an accurate solution. The total number of equations 

is equal to the total number of boundary displacements. 

In developing the concepts of this method, it is necessary to 

familarise the procedure of relating forces and displacements in the 

structure by using flexibility influence coefficients and to utilise the principle 

of Maxwell's Reciprocal Tlieorem to reduce the computer storage. Tlic 

process of formulating a flexibility matrix can be found in any standard 

structures text book(") (51). The use of the flexibility influence coefficients to 

evaluate the interaction forces is described below. 
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5.4 Evaluation of Interaction Forces 

a) Basic Concept 

This employs the concept of flexibility coefficients which characterises 

the behaviour of the substructure by specifying a displacement response to 

applied unit loads. 

The flexibility coefficients are obtained by applying an unit load at 

coordinate `i' and computing the displacements 'aj1' (j=1,2, .. n) at `n' 

coordinates. This will produce the ith column of a flexibility matrix. By 

applying an unit load at all `n' coordinates in turn a[ nx n] flexibility matrix 

is constructed. 

The flexibility matrix is the inverse of the stiffness matrix. Using the 

usual notation, 

{F} =: [K] {d} 

or {d} = [K]-1 {F} 

(12) 

= [fl {F} (13) 

where [f] = flexibility matrix 

As the stiffness matrix is symmetrical, this must also hold for 

the flexibility matrix. This can also. be verified by showing that Maxwell's 

Reciprocal Theorem will also apply to a coupled shear wall. 
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b) Application to Coupled Shear Wall 

dnm dnn 

1) Unit Load Applied at Point (m) 2) Unit Load Applicd at Point (n) 

An clement of the flexibility matrix is represented as `fmn 

When a horizontal load is applied at point `m' then 

dmm = fmm Pm (14) 

dnm = fnm Pm (15) 

Similarly when a load is applied at point `n' 

dnn = fnn Pn (16) 

dn, 
n = fmn Pn (17) 

consider the total 'work done (U1) by applying Pm first and then 

Pn 

U1 = 1/2 Pm dmm + 1/2 Pndnn + Pm dmn (18) 

Similarly by applying Pn first and then Pm 

U2 = 1/2 Pndnn + 1/2 Pm dmm + Pn dnm (19) 
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As the substructures are perfectly elastic, the theory of 

superposition applies so that 

UI = U2 (20) 

Finally, 

fmn = fnm (21) 

Equation (21) requires only the upper triangle of the flexibility matrix 

to be calculated. 

5.4.1 Theoretical Approach 

rig (5.1) shows a structure comprised of a coupled shear wall and 

two bays of a rigid frame with an external applied load acting on the 

frame. At each interaction joint, there are two displacements and one 

rotation. The boundary displacements due to redundant forces and external 

applied load are described below. 

5.4.1.1 Coupled Shear `Nall (Cgs (5.2) & (5.3) 

i) Redundant Forces 

The boundary displacements at interaction points are given by 
n 

U1 = fl Pi (22) 

That in the its' displacement is equal to the sum of the products 
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of the `fij' (j = 1,2,, .. n) in row i and the corresponding force Pj. 

Expressing equation (22) in matrix form, 

{UW1} = [fWi] {x} (23) 

in which [fWl] is the matrix of flexibility influence coefficients 

at interaction points due to unit loads applied at redundant points. Since 

the structure behaves linearly, the boundary displacement {UW1} due to 

actual redundant force {x} is equal to {x} times [fW1]. This means that the 

vector {UW1} only represents the displacements due to redundant forces. 

Ec1] = 

Wd WV1,2 W81,3 WU14 W81ýn 

W W92,3 WU2,4 WV2,5 We 2, n 
W WU34 WV35 WB3G WB3n 

n-1Wei 
W n, 

and {UW1} is the boundary displaccmcnt vcctor 

{U,,,, 1} = 

. WU1 
WV2. 

we3 

wun-2 
W Vn-1 
We 

n 

(24) 

1, n 

(25) 
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where {x} is the magnitude of redundant force vector 

R1 

X2 

{x}= 

Xn-1 

Xn 

ii) External Applied Load 

(26) 

When the substructures are completely isolated from each other, 

the application of external load causes boundary displacements in only that 

particular substructure. That is to say that the boundary displacements can 

be calculated from each substructure separately. 

Therefore, the coupled shear wall is treated as an independent 

structure and its boundary displacements {Uw2} due to external load are 

obtained directly by solving the stiffness matrix 

{Uw2} = {fw2} (27) 

in which {fw2} is the vector at interaction points due to the 

effect of external applied load. The boundary displacement vector {U,, 2} can 

be shown as 
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{U 2} = 

WU1 
WV2 
Wo 3 

WUn-2 
WVn-1 
W6 n 

(28) 

5.4.1.2 Frame Structure (Figs (5.2) & (5.3)) 

i) Redundant Forces 

To generate the flexibility matrix of the frame structure, it is 

also treated as a completely separate structure. An unit force is applied at 

each interaction point `j' and the influence coefficients f,, (i=1,2, .. n) 

computed. Due to the linearity of the structure, the boundary displacements 

can be written as 

{Uf1} = If[l] {x} (29) 

in which [f1l] is the matrix of flexibility influence coefficients 

due to unit loads applied at interaction points and is given by 

[f(i] = 

'Itt"d fv1,2 f01,3 f9l, 
n 

fe2,3 fu 
2,4 f92, 

n 
fu34 fv3S fe3n 

n- 1f 
en-1 

n, º 

(30) 

I 
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and the boundary displacement vector may be expressed as 

{Uri} (31) 

fu1 

fV2 

fA3 

fUn-2 

fVn-1 

fA 
n 

where {x} = magnitude of redundant force vector 

ii) External Load ( if any ) 
Since the frame structure is assumed to be an independent 

stable structure, the external applied load yields corresponding lateral 

displacements and rotation at each interaction joint. It is simpler to 

obtain these boundary displacements by standard stiffness method because of 

the availability of plane frame programs. Thus, the boundary displacement 

vector is given by 

{U f2} = 

ful 
fv2 
ý3 

fUn-2 

fvn-1 

f8 
n 

(32) 
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5.4.1.3 Solution 

Having determined the boundary displacements of each substructure 

separately due to effects of redundant forces and external applied load, the 

total boundary displacements of each substructure can be expressed as 

a) Coupled Shear Wall 

{Uw} _ {Uw2} - {Uw1} (33) 

Substituting equation (23) into equation (33), it becomes 

{Uw} _ {Uw2} - [fw1] {x} (34) 

b) Frame Structure 

Similarly for frame structure, it is 

{U1} _ {Uf2} + {U11} (35) 

Substituting equation (29) into equation (35), it becomes 

{U1} = {UQ} + [ffl] {x} (36) 

To achieve the stability of the whole structure, the so-called 

equilibrium and compatibility conditions should be established at the 

interaction points for the combination of both substructures together. 

Therefore, 

{UW} = {UE} (37) 

Substituting equations (34) & (36) into equation (37), it can 

be expressed as 

{Uw2} - [fW1] {x} _ {Uf2} + [ffl] {x} (38) 

Rearranging equation (38), it becomes 

{Uw2} - {U[2} _ [fwl + ffl] {x} (39) 
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Finally, it may be written in general form as 

It is very clear that equation (40) is a set of simultaneous 

equations in term of unknown vector {x} in which [f] is a combined 

flexibility influence coefficients between two substructures and is given by 

Wulj 

[f] ° 

I IWVI IFNI l 

IWVz, z, -2 WB29f19Z9 

we Im ffBl, a 

" 2, n 4 r92, n 

(41) 

WVnlý, ýi I, n 

WO n, n n, n 

_ý 

and {U} is the combined boundary displacement vector 

due to external applied load. It is given by 

WUl-fUl 
WVi fV2 

{ü} 

[q {x} = {t1} 

WVn-1 fVn-1 

W8 
n -fan 

(40) 

n, n 

(42) 

Once the interaction forces have been found, the interior forces, 

stresses and displacements in each member of a substructure can be 
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computed by treating each substructure separately. 

5.5 Remarks 

The method of analysis, presented in this chapter, divides the 

structure into substructures. The loading on each substructure consists of 

applied loads and unknown interaction forces at the connecting points. By 

considering the compatibility conditions at the, connecting points, the values 

of the interaction forces arc calculated. Hence, accurate values can be 

obtained for the interaction forces. This allows an analysis to be carried out 

on each substructure. 

The shear wall can be analysed using either the continuum 

method or the finite strip method. The effect of local deformation at the 

beam-wall junction may also be taken into account. The frame can be 

analysed using a standard plane frame program. 

The advantage of this method is that the computer storage and 

time is considerably less than for any of the other standard methods. It also 

directly yields the redundant forces instead of displacements. 

In conclusion, it might be pointed out that the method 

developed here may also be applied to a more complex system of 

structures. The versatility of the analytical method and low computing time 

make it ideally suited for application to wall-frame structures. The accuracy 

and reliability will be compared with those results obtained by 
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either experimental works or other existing approaches and are shown in 

Chapter six. 
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CHAPTER SIX 

COMPARISON OF ANALYTICAL AND EXPERIMENTAL 

RESULTS FOR WALL-FRAME STRUCTURES 

6.1 Introduction 

In Chapter five, the structure analysed was extended from a coupled 

shear wall to a shear wall and frame structure. The analysis of the structure 

was carried out in three ways: 

a) finite strip element for both wall and frame 

b) finite strip for the wall with plane frame for frame 

c) continuum method for wall with plane frame for frame 

In this chapter the results from the above analyses arc compared 

with previous analytical results and experimental results. 

6.2 Comparison with Previous Analysis and Experimental Result 

Three shear wall-frame structures previously analysed by various 

authors are reanalysed using the finite strip and proposed methods. 

Six models were tested and the experimental results compared with 

values analysed by the finite strip and proposed methods. 

6.2.1 Previous Analyses 

The first wall-frame structure, previously analysed by Oakberg and 

Weaver (52), is shown in fig (6.1). The wall-frame structure was analysed by 
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ACTIONS AT WALL - BEAM CONNECTION POINTS FOR STRUCTURE Q 

TABLE 6-1 SHEAR FORCES I kips) 

FLOOR R. G. OAKBERG & WEAVER Jr. PROPOSED S M F LEVEL WIDE FRAME F. E. M. . . METHOD 

1 6.12 5.25 5.88 4.20 

2 7.65 7.13 8.26 6.58 

3 7.48 6.83 8.25 6.24 

4 5.33 4.98 5.44 4.26 

TABLE 6-2 BENDING MOMENT (kip - ft) 

FLOOR R. 6. OAKBERG & WEAVER Jr. 
S F M PROPOSED 

LEVEL WIDE FRAME F. E. M. . . . METHOD 

1 80.31 65.29 70.3 53.3 

2 94.46 82.65 96.9 82.8 

3 90.10 79.91 97.7 78.6 

4 63.75 58.74 66.6 52.8 
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TABLE 6-3 ACTIONS IN SHEAR WALL FOR STRUCTURE Q 

OAKBERG & WEAVER Jr. FINITE STRIP PROPOSED 
DESCRIPTION 

WIDE FRAME F. E. M. METHOD METHOD 

6 (H) 12.38 12.56 11.05 14.61 
(inches CIE 102) 

Mw 1933.12 1849.11 1811.1 2148.9 
(kip -ft) 

Aw 24.19 26.79 32.9 29.95 
(kips) 

NOTE 

6 (H) = MAXIMUM LATERAL DEFLECTION AT THE TOP 

Mw = MAXIMUM BENDING MOMENT AT THE BASE 

Aw = MAXIMUM AXIAL FORCE IN THE WALL 
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both the wide column frame and finite element methods. In their analysis a 

Poisson's ratio Value of 0.25 and a modulus of elasticity value of 3000k. s. i. 

were used. Lateral loads were applied to the shear wall at each floor level. 

The same loading was used for the analysis using the finite strip and 

proposed methods. 

The lateral deflection of the wall, for all four analyses, is shown in 

fig (6.2). The interaction forces, at each floor level, are presented in Tables 

(6.1) to (6.3). 

The second shear wall-frame structure analysed is shown in fig (6.3). 

This ten storey frame with a shear wall at each ends was previously 

analysed by Oakbcrg and Weaver(52) using wide column frame and finite 

element mchtods. The structural properties are the same as in the previous 

example. 

The lateral deflections of the wall for all four analyses are shown in 

fig (6.4). The proposed method is seen to produce a more flexible structure 

whilst the finite strip appears conservative. The shear force and bending 

moment at all connection points are presented in tables (6.4) & (6.5). Very 

little difference is observed between the various analyses. The maximum 

value for deflection, shear, bending moment and axial force are given in 

table (6.6). 

The third wall-frame structure is a model of a twenty storey structure 

previously analysed by Chan & Heidebrec11t(12). The principal dimensions and 

loading are shown in fig (6.5). The central shear wall is 9" (23cm) thick 

and connected, via 9" (23cm) floor slabs, to columns at both ends. The 
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ACTIONS AT WALL - BEAM CONNECTION POINTS FOR STRUCTURE Q 

TABLE 6-4 SHEAR FORCES (kips) 

FLOOR OAKBERG & WEAVER Jr. FINITE STRIP PROPOSED 
LEVEL WIDE FRAME F. E. M. METHOD METHOD 

1 -11.07 -10.10 -13.05 -10.48 
2 -14.52 -14.59 -13.39 -13.99 

3 -15.88 -15.78 -14.97 -15.82 
4 -17.43 -17.10 -17.28 -17.02 
5 -20.82 -20.04 -19.06 -19.10 

6 -22.55 - 21.48 -19.65 -20.60 
7 -21.96 -20.97 -19.28 -20.00 

6 -21.56 -20.20 -18.16 -18.53 
9 -18.33 -17.16 -15.55 -15.64 
10 -11.67 -11.11 -9.92 -10.20 

TABLE 6-5 BENDING MOMENT (kip - ft ) 

FLOOR OAKBER6 & WEAVER Jr. FINITE STRIP PROPOSED 
LEVEL WIDE FRAME F. E. M. METHOD METHOD 

1 114.06 132.76 161.17 142.33 

2 173.44 168.56 165.25 172.41 
3 190.43 183.80 164.63 197.88 

4 208.95 199.80 213.33 213.11 

5 238.79 223.65 235.25 227.69 

6 236.94 234.94 242.5% 236.67 
7 247.79 228.69 236.00 232.33 
8 237.10 216.43 224.17 211.56 
9 196.14 181.46 191.92 175.17 

10 124.43 117.72 122.42 114.08 
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TABLE 6-6 ACTIONS IN SHEAR WALL FOR STRUCTURE Q 

OAKBERG & WEAVER Jr. FINITE STRIP PROPOSED TION SCRI DE P 
WIDE FRAME F. E. M. METHOD METHOD 

(H) 
(inches * 102) 

74.97 73.55 73.2 85.7 

Mw 
(kip - it) 3946.1 3737.29 3966.1 3845.7 

Aw 
(kips) 168.96 175.82 165.72 166.2 

NOTE: 

b (H) 2 MAXIMUM LATERAL DEFFLECTION AT THE TOP 

Mw MAXIMUM BENDING MOMENT AT THE BASE 

Aw = MAXIMUM AXIAL FORCE W THE WALL 
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I 
4 

TABLE 6-7 ACTIONS IN THE STRUCTURE FOR STRUCTURE Q 

DESCRIPTION EQUIVALENT FRAME 
METHOD 

FINITE STRIP PROPOSED METHOD METHOD 

(H) 
(it) 

0.2464 0.24654 0.237 

Mw (base) 22924 23275 23890 
(kip-It) 

0(beam) 379 3 2.95 3.1% 
(kip) . 

NOTE 

6(H) = MAXIMUM LATERAL DEFLECTION AT THE TOP OF STRUCTURE 

Mw(base) = MAXIMUM BENDING MOMENT AT THE BASE OF SHEAR 

WALL (FOR FINITE STRIP AND PROPOSED METHODS THE 

MAX. MOMENT IS TAKEN AT THE MID - HEIGHT BETWEEN 

THE BASE AND IST. FLOOR) 

Q (beam) = MAXIMUM SHEAR FORCE IN THE CONNECTING BEAM 

AT WAIL -- BEAM JUNCTION 



156 

floor slabs have a clear span of 35ft (10.67m) and an equivalent width of 

12.5ft (3.81m). The shear and elastic moduli used were 1.2 x 106 p. s. i. (8.3 

x 103 N/mm2) and 3.0 x 106 p. s. i. (2.07 x 101 N/mm2) respectively. The 

loading is a lateral uniformly distributed load of 1 kip/ft. 

The lateral deflection of the wall-frame structure is shown in fig (6.6) 

Both the finite strip and the proposed methods produce similar results to 

the original equivalent frame method. The variation of the shear force and 

bending moment are shown in figs (6.7) & (6.8). Again all three analyses 

produce virtually the same values. The maximum values of tip deflection, 

shear force and bending moment are presented in table (6.7) for the three 

analyses. As can be seen there is very small difference in the values 

obtained by the analyses. 

6.2.2 Experimental Results 

a) Model Details 

Six experimental models were tested and their dimensions arc shown 

in figs (6.9) & (6.10). 

The first three models are' symmetrical but with different wall widths 

and connecting beam lengths. Therefore, three ratios of beam length/wall 

width, 1.34,0.85 and 0.5 are obtained. The effect of these ratios on the 

stress distribution can be examined. The fourth model, as shown in fig (6.9), 

is also of constant thickness but assymmetrical. Models 5 and 6 are 

symmetrical but the thickness changes from 1.0cm to 0.6cm at a height of 
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STATIC MODEL 

PHOTO (1) WALL - FRAME CONNECTION 
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STATIC MODEL 

PHOTO (2) WALL-FRAME STRUCTURE 
(CONSTANT THICKNESS) 
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STATIC MODEL 

PHOTO (3) WALL-FRAME STRUCTURE 
(VARIABLE THICKNESS) 
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73.55cm above the base. These models were constructed to verify that the 

proposed methods could accommodate correctly the change in thickness. 

b) Model Construction 

The coupled shear walls were machined form 1.0cm thick perspex 

sheeting. As this material has a relatively low modulus of 0.32 x 106 NI 

mm2, accurate reasonable deflections are obtained at low loads. 

The frame was modelled using aluminium flat bar having a modulus 

of 7.0 x 106 N/mm2. Thus the ratio of the moduli is similar to reinforced 

concrete related to steel. The flat bars were connected at the joints by 

means of aluminium discs. At the joint between wall and frame, a 'T' 

section joint was used. Two bolts were used at these positions to ensure 

full moment connection. Details of the joints can be seen in photo (1). 

Both shear wall and frame were rigidly bolted to the base as can be 

seen in photos (2) & (3). This ensured that both parts of the model could 

be considered fully restrained with zero rotation. 

The coupled shear wall was strain gauged at a height of 36.7cm from 

the base. A series of strain gauges were placed across the width of each 

wall. This allowed the vertical stress distribution, along both walls, to be 

plotted. Two connecting beams, at levels 29.42cm and 44.13cm were also 

strain gauged. At both ends of the beams gauges were placed on the top 

and bottom surfaces. The wires were connected to the measuring equipment 

so that the strain due to bending moment only was measured. 

A series of dial gauges, as shown in photos (2) & (3) were fixed on 
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an independent rod so that lateral deflections of the frame could be 

measured. 

Load was applied to the top of the coupled shear wall via a proving 

ring. 

6.3 Results 

The values of lateral deflection, for applied loading of 188 & 235N, 

are shown in figs (6.11) to (6.16). The experimental results arc compared 

with: 

a) finite strip method 

b) finite strip combined with plane frame 

c) continuum method combined with plane frame 

The variations of the vertical stresses in the walls and the moment in 

the connecting beams are shown for all six models in figs (6.17) to (6.22). 

Again the experimental results are compared with the finite strip and 

proposed methods. 

The effect of the local wall-beam deformation can be seen in table 

(6.8). The values of lateral deflection and connecting beam moment are 

also shown in tables (6.8a) & (6.8b). 

6.4 Conclusions 

In comparing the results obtained by existing approaches, finite strip 

and proposed methods, which have been used for static analysis, the 
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TABLE 6-Ba MAXIMIUM DISPLACEMENT AND MOMENT AT CONNECTING BEAMS 

I 

MODEL EXPERIMENTAL FINITE STRIP FINITE STRIP " P. F. CONTINUUM " P. F. 

NO. RESULTS A B A B A B 

1 3.20 2.79 2.88 3.69 3.84 3.34 3.40 ý 

2 2.84 2.29 2.43 2.93 3.11 2.78 2.79 
0 t; J 3 2.00 1.82 1.98 2.21 2.42 2.12 2.15 
I. a.. 

° 4 2.05 1.80 1.90 2.02 2.16 1.92 1.93 
W 5 2.87 2.29 2.36 3.10 3.20 2.74 2.75 

6 2114 1.46 1.59 1.87 2.05 1.72 1.74 

ý 

a 80.61 92.90 83.00 116.45 104.66 112.0 111.2 

ý 

1 
b 92.82 108.58 97.45 136.74 123.59 130.2 129.3 

a 87.45 107.77 95.47 129.10 118.19 125.6 113.8 
2 

b 110.72 126.33 113.43 151.40 137.00 146.6 144.7 

" a 82.10 111.00 100.95 130.10 119.76 130.7 127.1 
3 

z b 98.47 126.00 118.54 148.90 139.38 148 4 144.7 . 
a 70.00 92.22 84.20 103.00 94.65 103.1 100.0 

ö b 86.00 104.46 98.67 117.90 111.90 118.4 115.4 

a 72.20 77.20 69.00 96.3 86.2 98.0 97.2 

C: ) b 79.00 91.50 81.70 114.6 103.1 113.7 112.9 

a 75.90 93.60 82.90 116.6 1075 116.4 113.1 

b 83.70 109.10 99.20 136.6 129.5 130.0 127.2 

, , ý 

NOTE : 
A= WITHOUT LOCAL BEAM -WALL DEFORMATION 
B: WITH LOCAL BEAM -WALL DEFORMATION 

a; CONNECTING BEAMS AT LEVEL 19.41 cm 
b= CONNECTING BEAMS AT LEVEL 44.13 cm 
THE END MOMENTS ARE TAKEN AT THE DISTANCE OF 7mm AWAY FROM BEAM ENDS 
P ,E STANDARD PLANE FRAME 
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TABLE 6 -Bb MAXIMIUM VERTICAL STRESSES AT WALLS Q&0 

i 

, 
mi- RI/7TYf' 0 rs»i ov i, ý. 

MODEL FINITE STRIP FINITE STRIP + P. F. CONTINUUM " P. F. 
NO. A B A B A 8 

1 43.7 40.9 61.3 58.4 56.2 56.3 

2 52.5 48.8 70.97 67.5 67.6 67.8 

3 61.4 56.9 77.5 73.4 75.8 76.1 

ö 1, 66.9 57.4 77.9 67.7 78.7 79.7 

5 -36.4 -34.4 -50.2 -46.2 -45.9 -45.2 

6 -50.2 -46.7 -63.4 -60.1 -59.5 -59.6 

1 72.6 79.3 77.8 86.1 81.1 80.8 

2 55.2 64.9 55.8 67.7 58.8 58.1 

N 3 30.4 42.5 30.0 44.2 32.3 30.6 

V 4 48.2 56.3 52.9 
. 
62.4 53.4 52.2 

e 
5 -63.0 -67.8 -68.2 -74.4 -60.5 -60.2 

6 -21.2 -38.7 -28.9 -41.2 -25.5 -24.2 

i 

NOTE : 
A WITHOUT LOCAL BEAM - WALL DEFORMATION 
8 WITH LOCAL BEAM -WALL DEFORMATION 
P. F. STANDARD PLANE FRAME 
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following conclusions may be drawn: - 

As was seen in chapter four, for coupled shear walls only, the 

finite strip method produces conservative values for the lateral ! deflections 

of all the shear wall frame models. The connecting beam moments are 

overestimated by approximately 25%, but the ' vertical stress values agree 

well with the other methods. 

These results, once again, show that the finite strip shape function 

accurately represents the vertical deflection but not the horizontal deflection; 

and to some extent the rotation also. 

Both proposed methods overestimated the lateral displacements and 

the connecting beam moments but not the vertical stresses. These agree 

with the values obtained using the other methods. 

The Overestimation may be due to the values calculated for the inter- 

connecting points forces. Although all these points are represented as fixed 

it is the horizontal forces that have the greatest magnitude. As these will 

predominantly affect the horizontal displacement any error in their values 

will affect mainly the values of the horizontal displacements. This error will 

also be dependent upon the 'relative flexibilities of the wall and frame as 

can be ssen in fig 6.4 and fig 6.6. 

In both the finite strip and continuum methods the lateral 

displacements modelled are too flexible. However the vertical deflections are 

accurately modelled as can be seen from a comparison with the values 

obtained by other methods. 
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The experimental models produce results similar to the finite strip 

and continuum models. This suggests that the supposed rigidity of the 

model was probably not obtained. The critical points to consider in the 

models are 

(a) fixity at the base of the coupled shear wall. 

(b) fixity at the joints of the frame. 

(c) effective lengths of the frame members connected to the wall. 
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CHAPTER SEVEN 

DYNAMIC BEHAVIOUR 

7.1 Introduction 

In this Chapter the finite strip method is applied to dynamic 

analysis("). The basic equations of motion arc formulated for use in a 

computer program. 

The validity of the theoretical approach is shown by comparing the 

values of natural frequencies with values obtained experimentally on a 

shaking table. The comparison is made for shear walls and also shear wall- 

frame structures. 

7.2 Theory 

As described in Chapter three, the strain energy of the strip may be 

expressed as 
rrST 

Ü=-ýý. v ni Kmn 
En 

2 m=1 n"1 

in which the stiffness matrix 'Kinn' is given as 

[KmnJ 
Kpmn 0 

0 Kt'mn 

Similarly the kinetee energy of the mass is given by 

(1) 

(2) 

=1ý 
ý- 

6mTMmncn 
K r3 

2 mal n"1 `ý 
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Where the mass matrix Mmn is given as 

F-MPmn 0 

in which, 

[= 

0 Mbmn 

(4) 

MF'mn =I ('[Np]T [Np] dv (5) 

Mbmn =J ('[Nb]T [Nb] dv (6) 
v 

where 'Np' & 'Nb' = Shape functions of in-plane and bending 

respectively. 

le, = Mass density 

The potential energy due to the external applied load may be written 

as r 
V=-ýý Fm 

m=1 

(7) 

Differentiating the total potential energy with respect to nodal line 

displacement, 

gw =Su+9k-Ev (g) 

To satisfy the equilibrium condition, equation (8) must be equal to 

zero 

w= o 9 (9) 
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Thus, the above equation in terms of mode shape may be obtained 

as 

r 

:E, [Mmnsm+ KmnSm - Fm] =0 (10) 
m=i n=1 

where 'Mmn' = consistent mass matrix 

'Kmn' = stiffness matrix 

'S"m' = vector of nodal line displacements 

'Fm' = external applied load vector 

Equation (10) may be written in the usual form for the equation of 

motion as 

[Mmn] {9 m} + [Kmn] { S- m} ={ Fm} (11) 

Since the in-plane and bending of the strip are uncoupled, this may 

be written as 

Mp 0 

0 Mb' 

äp 
9b 

Kp 0 
+ 

0 Kb 

ýp Fp 

sb 
[Fbj (12) 

If the damping effect is included, equation (11) may be rewritten as 

[Mmn] {Sm} + [Cmn] {Sm} + [Kmn] {Sm} = {Fm} (13) 

where [Cmn] is the damping matrix 

In order to achieve the compatibility condition at wall-beam or line- 

beam junctions, the compatibility transformation matrices as described in 

section(3.7) of chapter three are also applied to mass matrix(15) (16), 
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7.2.1 

form 

Undamped Free Vibration 

For undamped free vibration(7) (70), equation (13) becomes 

[Mmn] {ä m} + [Kmn] {S m} =0 

in which IS } may be expressed as simple harmonic motion 

{S }={4}sin(wt) 

Substituting equations (15) into (14) and rearranging, the 

of eigcnvalue and eigenvector equation is obtained as 
[[Kmn] 

- W2m[Mmn 
]j 

{4nil =0 

For a nontrivial solution, 
11 

[Kmn] -W2m[Mmn] 
(I 

=0 

(14) 

(15) 
standard 

(1G) 

(17) 

where 'W2m' is an eigenvaluc diagonal matrix and {4 m} is the 

corresponding eigenvcctor. 

The main characteristics of equation (17) are 

i) For 'N' degrees of freedom, the equation has 'N' number of 

eigenvalues 'W2' 

ii) 'i' row of 'W2' correspond to 'i' column of cigenvector 

R} 

as 

The eigenvalues(17) (44) (62) (63) may be arranged for each mode shape 

W21n 

W22ný 

W2m = 

NV 

W2im 

m 
2n 

(is) 
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Where 'm' & 'n' are series of mode shapes 

'r' is the degree of freedom and the corresponding 

cigenvectors are 

iml 

ým 
= 

Omi 

ý rmllýrm 

o2mý 

2 

4im4 

ýrm 4i 

ýim 

ýrm 

I 

f1 

(19) 

7.2.2 Dynamic Response 

When damping effect and dynamic applied load arc present, equation 

(13) at any time 't' may be written as 

[M] {9 }+ [C] {ý }+ [K] {b }_ {F( t )} (20) 

where 19 } is nodal line acceleration 

IS } is nodal line velocity 

{F( t )} is external applied load at time 't f 

To solve equation (21), Newmark-Wilson Algorithms(49) (71) for step-by 

step numerical integration may be applied. To demonstrate the use of this 

method, assume the dynamic eguilibrium at time t+ At is given as 

[M] {ý } 
Wt 

+ [C] {6 }t+At + [K] {6 }t+It = {F}t+4t (21) 

The set of approximate equations of acceleration velocity and 

displacement at different intervals of time may be written as 
. 

{ý} 
t+j 

={ý}t+0t (22) 
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where ' T' is the increase in time and generally it is shown as T=6 

At. Using 0=1 in the Wilson-A method, equation (22) may be rewritten as 

ao({, 5 } 
c+ec 

-{ý }1 }- a2 {5 }t - a3{ '5 
It 

{ -Ot+st = {S }t + a6 { S' }+ a7 19 1 

{s} t+At 

t+At 

= {51 
t+ 

et{ ä }t + a8 {ý It + a9 {s } t+et 

(23) 

(24) 

(25) 

where the integration constants ao to a9 are dependent on the 

parameters of 0 and $. used to specify the family of algorithms in 

Newmark-Wilson Algorithms. 

Generally, the displacement vector {3} at time t+ At is obtained 

from the solution of following equation 

[K] {j} 
t+et 

= {F}t+et 

where [K] = [K] + ao [M] +a1 [C] 

{F}t"nt {F} 
c+ec+ IM] (ao {S }c+ a2 {S }c+ a3 {ý }c ) 

+ [C] (al {ý'}ý + a4 {S}t + as {ä}ý) 

(24) 

The set of integration constants ao to a9 may be expressed by 

_1 a° 
V ,a t2 

a=L ' At 
a=1 2 &At 

-1 a3- 2t- -1 

a4 

a5 =A t/2 -2) 

a6 =A t(1-ý) 

a7 = SAt 
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a8 = At2(1/2-v) 

a9 = o'At2 

The accuracy and stability of the methods are controlled by the 

choice of these parameters namely 6, P and K. For normal constant and 

linear acceleration method, they are specified as 

i) Constant 

0=1.0 

= 1/2 

K= 1/4 

ii) Unconditionally Stable Wilson-E) method 

g >, 1.37 

= 1/2 

oc = 1/6 

iii) Linear Acceleration method 

0=1.0 

r= 1/2 

v= 1/6 

The choice of algorithm depends mainly on the particular 

requirements of the structural problem that is under investigation. 

7.2.3 Structural Damping 

In this study, the damping matrix [C] shown in equation (13) is 

obtained by a simple linear modal superposition method(41). The essence of 
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method is to perform the coordinate transformation from structural 

coordinates to normal coordinates and this leads to the corresponding 

orthogonality of the damping matrix(71). In general, the orthogonal damping 

matrix may be expressed as 
n 

[C] _ [M] ' E: ai [M]'1 [Kfli 
i=0 

n 

_ . s: [Ci] 
i=o 

(27) 

The damping of an individual mode can be shown to be 

Ci =ý i Cfi 

= 2pjWjMj 

Substituting equation (28) into (27), it becomes 

Cji = al M [M'1K]' fj 

aiWj21Mj 

Thus, the damping associated with only mode 'j' is given by 
n 

Cj =x Cj+ 
i=0 

n 

_m aiW)2iM1 
i=0 

= 2riWiMi 

Solving equation (30) for ri, it becomes 

1n 
tai Wi21 

2wj 1=o 

(28) 

(29) 

(30) 

(31) 
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where pj= linear viscous damping factor 

Wj = the undamped natural frequency of vibration in mode 'j' 

Equation (31) is used to evaluate the constants 'ai' for any specified 

number of modes. 

The real damping mechanism governing the dynamic behaviour of the 

building is very complex and difficult to establish(9) (42>. Therefore, only 

Rayleigh damping is used here. This is given by 

[C] = ao[M] + al[K] (32) 

where 'a0' & 'al' are arbitrary constants related to the damping ratio. 

For the first and second modes, the constants ao & al can be 

obtained from 

ýo 

ý1 

1 
2 

1/Wo Wo ao 

1/WI Wl al 
(33) 

where Wo & W1 are the V and 2nd modes of undamped natural 

frequency respectively. 

The modal damping in other modes may be evaluated from 

j=2 (ao/Wj + a1Wj) (34) 

7.2.4 Comparison with Previous Examples 

Five previous examples which were studied by Clicung & 

Kasemset(27) are presented here to demonstrate the accuracy of the present 

developed program for the free vibration analysis of a cantilever shear wall, 

coupled shear walls and wall-frame structures. The geometric and structural 
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data of the structures are detailed in figs (7.1) to (7.5) 
. 

From the results shown in table (7.1), it can be seen that the natural 

frequencies obtained by the present program are in good agreement with 

those investigated by Cheung & Kasemset. 

7.3 Experimental Investigation 

In order to further validate the accuracy of the method, twelve 

experimental tests on eight storcy coupled shear wall models and then shear 

wall-frame models were carried out. The tests were conducted on a small 

scale shaking table (photo 4). The method and procedure employed in the 

tests are described below. The obtained natural frequencies of each model 

are compared with theoretical results. 

a) Experimental Setting 

The twelve experimental models representing the coupled shear 

walls and wall-frame structures employed for the static tests in chapter four 

were used for the dynamic tests. hic experiments were carried out on 

1.2x1.2x0.025 m thick aluminum shaking table which was floating on a film 

of oil. The oil was continuously supplied by a tank located at a height of 

approximately 4m from the ground and was recirculated by a small electric 

pump. 

The experimental models were bolted onto the aluminum 

shaking table which was driven by an electric vibrator. The generator and 

amplifier are used to operate the vibrator. 
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DYNAMIC MODEL 

PHOTO (4) EXPERIMENT SET UP 
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The base of each experimental model was bolted to the same steel plate as 

used for the static tests. The steel base plate was then bolted to the 

aluminum table to transfer the vibration effects to the models. Two 

electronic accelerometers were used to monitor the response of the table 

and the model (photos 5,6, & 7) 

A steady-state harmonic excitation is employed in these 

experiments to evaluate natural frequencies of the models. 

b) Test Procedure 

During the tests, the signals of the response from electronic 

accelerometers were fed to the measuring units for recording. The 

procedure of operating the tests and measuring the natural frequencies arc 

described below: 

i) The vibration table was set on and the oil was Pumped 

to the base of shaking table. 

ii) The base acceleration was set first and then initial 

reading was recorded. 

iii) The accelerating at the top of the model was recorded 

at each increment of frequency. 

iv) The forcing frequency was increased in steps of 1 IIz 

and the procedure was repeated until the peak amplitude was obtained. 
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DYNAMIC MODEL 

PHOTO (5) COUPLED SHEAR WALL 
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DYNAMIC MODEL 

PHOTO (6) WALL - FRAME STRUCTURE 
(CONSTANT THICKNESS) 
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DYNAMIC MODEL 

r. Y 

,.. w -- 

_ 
ýýL" 'ý º 

, ý, ý,, 

PHOTO (7) WALL - FRAMF STRUCTURE 
(VARIABLE THICKNESS) 
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c) Determination of Dynamic Modulus 

y Ratio 

4 

The dynamic modulus of the shear wall models was cvaluatcd 

by testing a solid wall cantilever. This cantilever was machined from the 

same material as all the other models. The model was vibrated on the 

shaking table through the ranges 4 to 31 IIz and 130 to 180 IIz and the 

first and second modes found. 

The theoretical values of the modes of a cantilever arc given by the 

standard equation. 

W=Ca( El )1/2 
PA 

where C2 = ý'T)Z 

7.3.1 Comparison of Experimental and Theoretical Results ( figs (1.6) io(1.6) 

For each model, the first two natural frequencies were obtained. The 

results from the experimental models are compared with the theoretical 

Ir 

irl 
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TABLE = 7- 2 
COUPLED SHEAR WALL MODELS 

T2 

MODEL 1 

MODEL 2 

MODEL 3 

MODEL I. 

MODEL 5 

MODEL 6 

Ti 

EXP 

T2 

Ti 

EXP 

T2 

11 

EXP 

T2 

Ti 

EXP 

12 

EXP 

T2 

Ti 

EXP 

NATURAL FREQUENCY (HI) 

1ST. MODE 

29.5 

2ND. MODE 

126.5 

25.0 

26.0 

35.6 

30.2 

30.0 

43.6 

36.5 

33.0 

65.7 

38.3 

34.0 

34.4 

29.2 

29.0 

51.9 

44.0 
36.0 

107.2 

132.0 

151.5 

128.4 

160.0 

182.4 

153.1 

186.0 

202.6 

110.5 

203.0 

129.1 

109.4 

128.0 

167.9 

159.3 

161.0 

NOTE : 
T2 - THEORETICAL VALUES WITH DYNAMIC MODULUS OF 0.45 x 1010 N/m2 
Ti - THEORETICAL VALUES WITH STATIC MODULUS OF 0.32 x1010 NO 
EXP- EXPERIMENTAL VALUES 

M 
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TABLE = 7-3 
WALL - FRAME MODELS 

T1 
BY LITTLER 

MODEL 1 

EzP 

T1 

72 

EXP 

MODEL 10 1 Ti 

T2 

EXP 

MODEL 11 Ti 

12 

EXP 

MODEL 12 Ti 

72 

NOTE: 

NATURAL FREQUENCY (H) 

1ST. MODE 1 2ND. MODE 

35.5 1 121 

38.5 1 133 

1.3.0 146.1 

65.7 1 158.2 

39.0 

41.0 

46.5 

49.9 

46.4 

45,0 

50.5 

56.9 

61.0 

52.1 

56.8 

50.0 

47.6 

50.6 

61.0 

56.5 

61.6 
ý 

135 

147 

160.3 

175.5 

155 

166 

175.6 

195.3 

161.0 

187.1 

209.5 

128.0 

151.0 

163.2 

158.0 

W. i 

200.7 

72 -THEORETICAL VALUES WITH DYNAMIC MODULUS OF 0.45 x1010 N/m2 
Ti -THEORETICAL VALUES WITH STATIC MODULUS OF 0.32 x1010 N/m2 
EXP-EXPERIMENTAL VALUES 

H2" =2(f =Hf =NATURAL FREQUENCY IN CYCLES /SEC) 

(J5 = ANGULAR FREQUENCY (RAD/SEC) 
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TABLE = 7- 4 
NATURAL FREQUENCY (H2) 

COUPLED SHEAR WALL MODELS 
WITH EQUIVALENT PROPERTIES 1ST. MODE 2ND. MODE 

T2 23.5 100.2 

MODEL 1 11 20.0 64.5 

EXP 26.0 132.0 

T2 30.6 128.9 

MODEL 2 Ti 25.5 108.8 

EXP 30.0 160.0 

T2 39.5 164.3 

MODEL 3 11 33.4 138.5 

EXP 33.0 184.0 

T2 41.3 181.5 

MODEL 4 T1 34.8 153.0 

EXP 32.0 202.0 

T2 27.2 102.1 

MODEL 5 T1 22.9 86.1 

EXP 30.0 128.0 

72 46.7 168.0 

MODEL 6 T1 39.4 141.7 

EXP 36.0 177.0 

NOTE: 
T2 - THEORETICAL VALUES WITH DYNAMIC MODULUS OF 0.45 x1010N/m2 
Ti -THEORETICAL VALUES WITH STATIC MODULUS OF 0.32 x1010N/m2 
EXP - EXPERIMENTAL VALUES 
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TABLE 7-5 
WALL-FRAME MODELS 

WITH EQUIVALENT PROPERTIES 

MODEL 7 

MODEL 8 

MODEL 9 

MODEL 10 

MODEL 11 

MODEL 12 

NATURAL FREQUENCY (HH) 

1ST. MODE I 2ND. MODE 

T2 1 38.9 

t11 36.5 

EXP 1 38.5 

T2 1 44.8 

Ti 1 41.6 

EXP 1 41.0 

12 1 51.5 

Ti 47.2 

EXP 45.0 

T1 1 53.1 

Ti 1 48.7 

EXP 1 61.0 

T2 1 43,2 " 

Ti 1 40.5 

EXP 1 50.0 

130.4 

117.5 

133.0 

155.3 

160.3 

147.0 

181.6 

162.9 

169.0 

193.6 

172.6 

168.0 

133.5 

120.4 

128.0 

12 1 57.4 .1 184.7 

T1 1 52.6 

EXP 1 61.0 

165.9 

155.0 

NOTE: 
T2 -THEORETICAL VALUES WITH DYNAMIC MODULUS OF 0.45 x 1010NIm2 
Ti -THEORETICAL VALUES WITH STATIC MODULUS ' OF 0.32 x 100NJm2 
EXP- EXPERIMENTAL VALUES 
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TABLE=7-6 
COUPLED SHEAR WALL MODELS 
WITH LOCAL WALL DEFORMATION 
AT BEAM-WALL JUNCTIONS 

MODEL 1 

kiaoEl 2 

MODEL 3 

MODEL 4 

MODEL 5 

MODEL 6 

NOTE. 

NATURAL FREQUENCY (HE) 

IST. MODE 1 2ND. MODE 

12 1 28.0 

T1 1 23.6 

EXP 1 26.0 

72 1 32.4 

Ti 1 28.2 

UP i 30.0 

T2 1 60.6 

T1 1 36.2 

EXP 1 33.0 

12 1 43.3 

Ti 1 36.5 

EXP 1 38.0 

T2 1 32.1 

il I 27.6 

EXP 1 30.0 
4b 

T2 1 46 

TI 1 40.5 

EXP 1 36.0 

122.9 

103.6 

132.0 

145.5 

123.0 

160.0 

172.4 

165.4 

184.0 

196.4 

164.0 

202.0 

125.5 

105.8 

128 
,o 

177.3 

150.0 

177.0 

T2 - THEORETICAL VALUES WITH DYNAMIC MODULUS OF 0.45 x 1010N/m2 
TI - THEORETICAL VALUES WITH STATIC MODULUS OF 0.32 x1010NO 
EXP- EXPERIMENTAL VALUES 
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TABLE =7-7 
WALL-FRAME MODELS WITH NATURAL FREQUENCY ja) 

LOCAL WALL DEFORMATION 
AT BEAM-WALL JUNCTIONS 1st. MODE 2ND. MODE 

T2 45.0 156.1 

MODEL 7 T1 42.4 144.3 

EXP 38.5 133.0 

T2 48.6 112.1 

MODEL 6 T1 45.3 151.1 

EXP 41.0 147.0 

T2 52.5 186.2 

MODEL 9 T1 46.4 169.6 

EXP 45.0 166.0 

T2 55.0 204 

MODEL 10 11 50.6 162.5 

EXP 61.0 168.0 

T2 49.9 161.3 

MODEL 11 T1 47.0 149.4 

EXP 50.0 128.0 

Ti 58.6 194.0 

MODEL 12 Ti 54.2 115.2 

EXP 61.0 158.0 

NOTE' 
T2 - THEORETICAL VALUES WITH DYNAMIC MODULUS OF 0.45 x1010 N/m2 
Ti - THEORETICAL VALUES WITH STATIC MODULUS OF 0.32 x1010 H/m2 
EXP- EXPERIMENTAL VALUES 
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results, analysed by the finite strip, method, in tables (7.2) & (7.3). 

It can be seen in table (7.2) for the coupled shear wall that the 

theoretical prediction based on the static modulus seems to give a poor 

agreement for the' 2nd mode. of the natural frequency. The reason for this 

may be due to the material properties of the perspex models varying during 

the vibration. Once the dynamic modulus was introduced, the. results for the 

2nd mode of natural frequency have noticeably improved. 

Again, it can be seen in table (7.3) that for wall-frame combinations, 

the theoretical natural frequencies obtained with the static modulus of the 

aluminum are in good agreement with 'experimental predictions. 

The modulus of the perspex, however, had to be altered in evaluating 

the second mode to obtain better results. 

The natural frequencies analysed by equivalent medium method arc 

given in tables (7.4) & (7.5) for both coupled shear wall and wall-frame 

models. The results obtained shown close agreement with the experimental 

results. 

The twelve models were reanalysed by the finite strip allowing for 

local wall-beam junction deformations. The results arc shown in tables (7.6) 

& (7.7). In this case, the results for the wall-frame models for the 111 mode 

are noticeably improved, but it provides slightly higher values for the 2nd 

mode. 

7.4 Conclusions 
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Comparing the experimental and theoretical results, the following 

conclusions can be made: 

1) In order to obtain accurate values for the 2nd mode of the 

natural frequency, the dynamic modulus of the perspex should be used. 

2) From the comparison of the results given in table (7.2) for 

wall models, it can be seen that the natural. frequencies obtained by 

experimental results are in good agreement. Generally the experimental 

results were slightly lower values for all the wall models for the 15L mode 

and higher values for the 2"d mode. 

3) Again, it can be seen that in table (7.3) for wall-frame 

models, the experimental and theoretical results are also in good agreement. 

The results obtained by the finite strip method gives slightly lower value for 

the Ist mode and higher for the 2"d mode. 

4) It may be concluded that the finite strip method gives 

accurate results for the natural frequencies of coupled shear walls and wall- 

frame structures. 
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CHAPTER EIGHT 

COMPUTER PROGRAMS 

8.1 Introduction 

The programs developed in this thesis are for the analysis of a wall- 

frame structure which has elastic properties. The computer programs arc 

described below: 

1) Finite strip representation for both wall and coupled shear 

wall with frame is given in program A. Its flow chart is shown in fig (8.1). 

Generally, the use of five to six terms for the mode shapes is sufficient to 

yield a reasonable answer. To improve the speed of the calculations and 

storage efficiency, attention should be paid to the nodal numbering as the 

bandwidth of the overall stiffness matrix is determined from the nodal 

number difference between two nodal lines. This program may be used for 

both static and dynamic conditions. 

2) Finite strip is used to represent the shear wall or coupled 

shear wall and plane frame for frame elements. The program is developed 

in-such a way that it can be used for individual and combined structural 

systems as shown in flow chart B. With little modifications, it may be 

applicable to shear wall with space frame structure. 

The program contains two parts. Part one is developed for shear 

walls and coupled shear walls with a number of wall elements. The second 

part is for the analysis of a frame structure. In a wall-frame structure, these 
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two parts are combined together to determine their interaction forces and 

then distributes the forces to each system separately. In flow chart B, it can 

be seen that the program possesses more flexibility for analysing high rise 

buildings with any form of structural system which could occur in practice. 

3) In program C, the continuum method is used to model the 

coupled shear wall and a plane frame for frame elements. Deformation 

equations for coupled shear walls under different load cases arc preset in 

the program. Details of the derivation of these equations arc given in 

Chapter two . As shown in flow chart C, it can be seen that the steps are 

rather simple and the method of forming the flexibility matrix is dependent 

on the preset equations. 

The program is divided into two parts, the second part being the 

same as program B. 

These three programs are written in Fortran and a listing of the pro- 

grams is given in Appendix (B). Comparison of these three programs is pre- 

sented in table (8.1) for reference. 
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8.2 FLOW CHARTS- THREE FLOW CHARTS ARE DESCRIBED BELOW 

INPUT DATA 

SHEAR WALL 
OR 

COUPLED SHEAR WAIL 

FORMING STRIP & 
CONNECTING BEAM 
STIFFNESS MATRICES 

SOLVING FOR 
STRESS DISTRIBUTION 
IN THE WALL 

) 

K--ý 

ASSEMBLING OVERALL 
STIFFNESS MATRIX 

/ FRAME STRUCTURE 

FORMING LINE & 
BEAM STIFFNESS 
MATRICES 

EVALUATION OF 
LOAD VECTOR 

SOLVING- OF 
EQUATIONS I 

SOLVING FOR 
MEMBER FORCES 

OUTPUT RESULTS 

MAI= FLOW CHART 'AI - FINITE STRIP FOR WALL-FRAME STRUCTURE 
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SHEAR WALL 
OR 

COUPLED SHEAR WALL 

%J/ 

FORMING ELEMENT 
STIFFNESS MATRICES 

ASSEMBLING OVERALL 
STIFFNESS MATRIX 

EVALUATION OF 
LOAD VECTOR 

I-) 

--_I_ 

INTRODUCTION OF 
BOUNDARY CONDITION 

i 
I 

i 
i 

i 
L_) ' 

IF CONNECTING POINT 

SOLVING FOR 
FLEXIBILITY COEFFICIENTS 

DETERMINATION OF 
CONNECTING POINTS 

1V 
FORMING FLEXIBILITY 

MATRIX 

SOLVING FOR 
STRESS DISTRIBUTION 
IN THE WALL 

ý 

COMBINING TWO 
SYSTEMS OF 
FLEXIBILITY MATRICES 

EVALUATION OF 
INTERACTION FORCES 

FRAME STRUCTURE 

FORMING ELEMENT 
STIFFNESS MATRICES 

ASSEMBLING OVERALL 
STIFFNESS MATRIX 

EVALUATION OF 
LOAD VECTOR 

If CONNECTING PONT :0 

SOLVING FOR 
FLEXIBILITY COEFFICIENTS 

t 

i FORMING FLEXIBILITY ý 
MATRIX ý 

ý 

i 
SOLVING FOR 
MEMBER FORCES 

OUTPUT RESULTS 

FIG (8.2) = FLOW CHART 1 Bl - FINITE STRIP COMBINED WITH PLANE FRAME 
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I 

DETERMINATION OF 
CONNECTING POINTS 

INPUT DATA 

COUPLEO SHEAR WALL K --4 FRAME STRUCTURE 

ý- PRESET ALL EQUATIONS 
FOR DETERMINING 
FLEXIBILITY COEFFICIENTS 

FORMING ELEMENT 
STIFFNESS MATRICES 

I 

ASSEMBLING OVERALL 
STIFFNESS MATRIX 

EVALUATION OF 
LOAD VECTOR 

r-ý i i i 

I[ 
L_ 

IF CONNECTING POINT =0 

FORMING FLEXIBILITY 
MATRIX 

CALCULATIN6 THE 
STRESS DISTRIBUTION 
IN THE WALL 

ý 

K-- 

IF CONNECTING POINT :0 

SOLVING FOR 
FLEXIBILITY COEFFICIENTS 

COMBINING TWO 
SYSTEMS OF 
FLEXIBILITY MATRICES 

EVALUATION OF 
INTERACTION FORCES 

ý� FORMING FLEXIBILITY 
MATRIX 

SOLVING FOR 
MEMBER FORCES 

OUTPUT RESULTS 

INTRODUCTION OF 
BOUNDARY CONDITION 

1 
1 

1t 
1 

1 

1 
ý 
ý 

I k-j 

FIG (8.3) =FLOW CHART I Cý - CONTINUUM METHOD COMBINED WITH PLANE FRAME 



214 

ew 
ý 

O 

G/ 

14-b w 
1-1 

ed 
ý 

c4-4 :E Cy O 

py 
O pr 
62 0 e Na 

" 

"ý p L+ 

" 

, ri 
pu 

02ý 

IhA 

Q, ' 
" V] 

Q 
VÖ 

.. q 
ý 

-CL) 
Q vr r. ý 

4. a A, ug 

42 
yö 
"t; h 
V1 

>ý. 2 

uyuy LU 
ý 

Hüb.., 

.ý. 
a 

Ö 
= 

L"y 
,. ýý 

J , 
ý, 

m 

pý 
O 
FQ 4. 

°y 

"ý 

ý.. E 

ä 

eº, 

', 43 ra 

bA H 

O C/ý Csl 

. fl 

". 
ý+ 

"rý'ýy- 

CL) 

" 
ö 

O 

ir 

- ° " 
"ý 
H 

29 

'O 
wº 

ýýMI 
ýD y O 

9 -9 
wý ýý ý 
l« y . 

5 
cu 400 

ci JD 
u CtJ y 

H 

A 
ce ö ý v ei 4) Ea 

8ce h 
O 
e 

a 
v 12 h o :b u2 

ý' 
; 17 

2 
u 4r O L 

y 

"ý ýO y h 

ý 
~ 0) 

"ý 
p" 

Li 'U "'ý" p C 
C'0 

r .+ 
O 

bQ 
i .r.. 

cu 
dd >ý p ý .y S 

R7 

e55 (/ý Qý º-ý li W 

p-" "ý C) 
ý3 ý ý ä. e b 

2w ý 
1ý 

ü C d 2> " - 
ý in LA Cl E ä 

? k. . 
. 
4: 

5 

Qh C 
a 
ü 

vf Ei 
. , 4'° Cd 

w 
Ci 

8 
-4 C 

O (U 
cz 4. r 

O 
W ý 

.: y ý dý oo "{y 
r. + 

O E >> 
92 yu i .+O 

u 
^. 

V) 
^ 

u 
v, 

" 

a 
up 

C 
e ý. 1 

ý Q ý ý 
.5 cl 

5 2 
[ h 

a) 
5 ce u A ° M 
°)a .y 

"ý fs° ü 
p (D 

Z 
a 

*A . .1 i I pa 
" 

vi + v ä >O 
to 

"y 11-1 ý r . 
.. 

~. 
1 .. 

>., C H1 
c: O 

. ml 

"4 ^, 

N 



215 

ý 
.r b 
.ý 
b 
cý 
Pq 

ý M 

Iü 

ý 
ý -a) ý 

ý ýý 
V 

ý 

b0 

. 
ý' ä, 
Ay 
0 

oA 

; .a2 

aý ý 
.., 

ýý ý ý° 
r, ., V 

bý ßa 

ý 
ý a. .ý 
ýr 

y di 

ýd 

3E 

ýb 
ý 
..., ý a) 

d) 

ý 
C 
cd 
C 
ý 
ý 
aý 
.ý 

oA ü 
a 

ýb 

4-a 
ö 

~ýý ý .pýý 
aý 

.Z VJ 
. t, ' ++ C 

4) 

w- 
*a 

=- 
"ö c[[ 

- w. 

.r =ý"ö 
ac 

ýZ W« ý .., ýýý 
ýýý y 

Y-I 

ý. 

öa 

52, :;. 0 
ýý ý 

'L7 

IÖ m 

.D= L', 

ý 
"v 

" 

c) b". 
ýý aQ 

Fy 

"ý 

ý 

Hý 

ý 
ý PC 
.ý 
PCp 
ed 
.a 
ý 
ý, 

K 
co 

.5 
.ý b 

-i. º H 
CU ý 

0 w 
=ov LU C4 cl CP 

o. zi +r .ro 
aý 

äo ý 

ýcýýw 

VD bq.. + 
ýý i± 

ýý --, ., W ++ .., 

HýC 
ýý 

M r+ c 
011 OR2 is 
ýt aý 

t6 ýÄ 

do 

ä on 

oo en 
*3 .C C7 

ý 

-- 

.5 Qwl 

1,8 Öw 
ýÖ 

.9Cö 6 
51 

ý C 

.a lj- 9 
iI 

ä4 ä 

Sýý 
0ý 

. 
ýo ý 

Uýa 
ý 

'- ed 

.S 
ýh! 

LU 

öý°ýö 

ý CJ 
ý. + 
EI 

yw 

Örý 
rn 

ý"ý Ei 
wýat' 

Cy 
wý 

öa 
a 
ýý 
''' C 
oa 

. -, ..., 

[ 
0 

cl H 

ýýý"Ei A 
y$G 

rpný 

, °e 4.0. ti 
bD ý 'ýýr 

"r= 2 'd 

cl 
Ii 

.eý en 

m °E' aä 

ý0 CQ$ 

4u Iti g'b 
Q"ý 9m 

ý 

yH 
u 
{. ý 

1ý 

on 
Cl ö. 5ý. ý 

.ý 8äyý 
öý 

ý ýwb 

2 ;; uro 
ed .9 

tu g= 

ýw 
: 40 ýmg e vi 

ýb N 
cý$ 

cu .. 
Gý . -ý+ N 

'v 924 '. ý., 2 

bA 

. 
C, Cl «+ ý 

L4 
. 'C.. 

Le 
wp 

4.6 Ö'0 
L'ry' 

pu 
Lo 

6ö ä 

b 
.=° äh 

0"% 
:ý 



216 

öý 
cl 

.ý 
iy 

uO oý 
ö aw ä 

uc `ý 
uut, 
E 

, '= 

O aý öý 
Vj y 

0 IDA 
b 

W 

0--4 rý'"+ RS 

c rA ü 

O R' Q 
.., 

uw 
16.4 u 

a t4 
°t0 

o aý ö 

ä°ä 
b d) 

S 

Hýy 
el 

" L, Pzj 
`'" 

e~dw 
ý 

ýu ci ý 
u ý, 

_ ý ++ D .., 

.a c) ". « ax 
ei a) 
. Z-. r. W) 

cl 

h 

ý 
ýý aý 

oHýý 
zº"ýi 8b 

üýo 
U4 

C's 
wý 

el 
ai 

ýýOý 

..; 0 pwV 
ßr yý 

a .ýyýý Q^ -M 
h 

.. 
.Qw 

cS Q 

y .. - 
.C 'L7 ^' : ý' aý 
... 

.. ^Ei., 2 f519 wý _, r+ v I 
'b 

H 
Lr ÖýUýaý 

41. - p4, dý Z aý o 
.c a 

ü°'Ný `"yE 
'U aý dC 
ý (V ,d=e cu 
M 

2öocwr, ei 
,ý'. w __ C 1", :a 

ýk -V 
... ; l. d .iW. wy i 
+ý -ruv-v 
0 co Ei ji ei! ý 4. r 
N rý b ýý "ä äL 
';. i Z °' b--1 IC .L .r ýV ýü rv =1 
a: bA .r C' ei 

ý1ýý, ri = MA 
. 

!" Ai 

9 
.S 

00 E 
-Eq, ä1 .r 

L'ý 
. 

ii 

6 

CL) 

3oý c7 

ý 
, tDol 

ä 

_. 
?! iJ . ev w "- :r!! ýu e" 

a býNýý 'b Aý 
ü 42 ̀ iz N4 ä 1*. 4 t' 
C=J 

ýý 
ýý(D0ww 

. r.., b 
u) 'b u vi 

9 :j 
Q '° . ý+° 

Lý.., '038ý"Zh°oC 



217 

8.3 Remarks 

1) In program A, the procedure for formulating the wall, beam 

and frame stiffness matrices is identical. The assembly of the total clement 

stiffness matrices is performed by adding each clement stiffness matrix 

according to its nodal line numbering. The edge of the first strip is added 

to edge 1 of second strip and so on. Thus, in general, the bandwidth of its 

resulting overall matrix is rather small. For example, in two dimensional 

structure which contains the displacement parameters U&V and rotaion 

e, its matrix becomes 3* (number of nodal lines) by 3* (the difference 

between two nodal lines). 

2) Two different structural systems are used in programs B& 

C. The method of formulating the element stiffness matrices arc carried out 

separately. The conventional plane frame method which is inclusive of shear 

deformation in the elements is used to analyse the frame structure. 111csc 

two methods permit more flexibility to combine with any other form of 

complex frame structure. 

3) In program C, the procedure of formulating the wall 

stiffness matrices is avoided. The flexibility coefficients at connecting points 

are obtained directly from the preset equations. This method leads to a 

shorter computing time and is more suitable to apply to those coupled 

shear walls whose flexibility coefficients are available in preset equations. 
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CHAPTER NINE 

CONCLUSIONS AND RECOMMENDATION 

9.1 Conclusions 

Three general computer programs, based on the different approaches, 

have been written to support the accuracy of the proposed method. Their 

reliability is determined by comparing the results obtained with numerical 

examples, which were analysed by other existing approaches, and also 

experimental models. From the comparisons shown in Chapters four and six, 

it can be seen that the proposed method meets the requirements of 

versatility and economy in computing time. 

The following conclusions may be drawn from this study: 

1) For coupled shear walls alone, both finite strip and 

continuum methods produce virtually the same results. The maximum lateral 

deflection as derived by the finite strip method is generally an underestimate 

of about 10%. This may be seen from the comparative results given in 

Chapter four. Similar results were also found for wall-frame structures in 

Chapter six. The reason for this is that the assumed shape function is based 

on basic bending theory. An improvcmcnt is shown when local wall 

deformation at wall-beam junction is included in the analysis. 'Ibis shows 

that the addition of local wall-beam junction deformation is significant for 

coupled shear walls. 

2) It can be seen in Chapter three that economy of computer 
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storage and solution time for the finite strip method is ensured by 

presetting the boundary conditions which reduce the two dimensional 

unknown functions to one unknown function. The structures arc idealised in 

such a way so as to reduce the number of nodes compared to the finite 

element method. This idealisation leads to a smaller bandwidth and fence 

reduced storage requirements. 

3) Two different approaches for analysing the coupled shear 

walls by the finite strip method are introduced. In the first approach, the 

connecting beams are idealised as a continuum medium and can therefore 

be represented by strip elements. Though this approach can be easily imple- 

mented and involves less computing time, it has the disadvantage of being 

less versatile. When the connecting beams arc of unequal depth and non- 

uniformly spaced throughout the height of the coupled shear wall, it should 

not be used. 

On the other hand, the second approach is more flexible. 'I'lic 

stiffness matrix of each individual beam is derived. The matrices, for each 

beam, are then combined to produce the matrix for a single equivalent 

beam using the appropriate shape function. Compatibility conditions are then 

applied to the deformations of this equivalent beam and the attached shear 

walls. It can be concluded that the second approach is more realistic and 

should preferably be used for the analysis even if its computing time is 

slightly longer. 

4) Of the three programs, program C which combines continuum 
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and plane frame methods will produce the shortest computing time. The 

process of formulating the stiffness matrix of the coupled shear wall is 

unnecessary. This program is particularly useful for analysing coupled shear 

walls when the connecting beams are of equal size and the storey height is 

uniform throughout the whole building. 

5) Tq verify the proposed method, different numerical examples 

with a variety of wall and frame dimensions and positions, as shown in figs 

(6.1) to (6.8), were analysed. The values of deflection and stress resultants 

are compared with the finite clement and other existing methods. I'bis 

comparison is shown in Chapter six and from these results, it can be seen 

that interaction forces at wall-frame connecting points and maximum lateral 

deflection, bending moment and axial forces in the walls obtained by the 

proposed method show good agreements with the other existing 

approaches. 

6) The theoretical behaviour of experimental models has been 

analysed by the finite strip method. From the comparison, it seems that the 

greatest discrepancy is at the connecting beams which have slightly higher 

end moments than the experimental results. The values of the vertical wall 

stresses are in good agreement. Also, it can be seen that the values for the 

end moments of the connecting beams may be improved by including the 

effect of local wall deformation at wall-beam junctions even when the 

connecting beams are short. 

7) From items 1 and 6, it can be concluded that the most 
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accurate results may be obtained when the effects of local wall deformation 

at wall-beam junctions of a coupled shear wall is included in the analysis. 

From the above discussion, it can be concluded that the proposed method 

has been shown to yield accurate results and close agreement with otlicr 

existing approaches in any circumstances. Thus, it is ideally suitable for 

modelling wall-frame structures for high rise buildings. 

9.2 Recommendations for Future Works 

In this study, the proposed method has been developed to model any 

combination of coupled shear wall and frame structures. Its versatility and 

short computing time make it suitable for a future parameter study. In the 

present investigation, it was assumed that the structure behaves linearly and 

the concept of small displacements is applicable. This opens up three pos- 

sible paths for future research work on this method. There arc given below: 

1) The coupled shear walls can be analysed by either the finite 

strip or continuum method. In the finite strip, its accuracy and reliability is 

solely dependent on the assumed shape function which has to be able to 

predict the complete displacement shapes of the structure. As stated in item 

1 of section 9.1, the function used in the present study tends to be more 

favourable to structure deformed in bending. Therefore, another more versa- 

tile shape function suitable for any shape of complex wall-frame structures 

is worth looking for. 

2) Owing to the presence of high in-plane rigidity floor slab at each floor 
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level, it is generally assumed that the displacement of the structure at cacti 

level undergoes only a rigid body displacement. Thus, another possibility is 

to " consider the behaviour of the structure when the floor slab rigidity is 

reduced by floor openings. 

3) The third recommendation for future work is to consider 

geometric nonlinear behaviour or large displacement analysis to examine the 

reliability of the present study. 
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Computer Programs 

Input Data Notation 

Structure Data 

Title 

NSJ 

NFR 

NRE 

LH 

NSP 

NODL 

Nspan 

MOT 

NDF 

NBA 

Nwall 

Nbeam 

NCOL 

A(I) 

B(I) 

APPENDIX (A) 

Title 

1= Static Problem 
0= none 

1= Free Frequency 
0= none 

1= Forced Response 
0= none 

1= Lowcr Ordcr (u &v mly) 
2= High Ordcr (u, v& 6) 
1= Beam Eigenfunction 
2= Polynomial Function 

Number of nodal lines 

Number of nodal spans 

Number of mode shapes 

Degree of freedom 

Bandwidth 

Number of strips 

Number of strips for connecting beams 

Number of line elements 

Each strip height 

Each strip span 
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NBPT " Number of height types 

NYY(I) Number of beam position 

HTT(I) Each beam height 

Structural Properties 

Wall Stri 

El 

PX 

PY 

Fmass 

Beam Strips 

E2 

PX2 

Fmass2 

Sectional modulus 

Poisson Ratio in X-dircction 

Poisson Ratio in Y-dircction 

Mass density 

Scctional modulus 

Poisson Ratio in X-dircction 

Mass dcnsity 

Line Elements 

E3 Sectional modulus 

PX3 Poisson Ratio in X-direction 

Fmass3 Mass density 
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_Mad 
Data 

Lcase 

NPTL 

NUDL 

NPT 

PLD(I) 

NUUM 

LTYPE 

Computed Results 

plplaceme t 

NDISPL 

NOD 

NE(1) 

NYP(I) 

Stresses 

Number of load cases 

Number of point load lines 

Number of uniform load line 

Number of point loads in each line 

Load position 

1= Load at X-dircction 
2= Load at Y-dircction 
3= Moment 

1= Point load 
2= Uniform load 

1= Displacement 
0= none 

Number of output lines 

Output line number 

Output position 

NwallQ Number of output walls 

NBeamQ Number of output beams 

NCOLQ Number of output line elements 

NP Number of output position in Y"direction . 
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Npout 
. 

Number of output in X-dircction 0 

XDP 

Interaction Points 

NCL 

NCR 

NI(1) 

NI(2) 

YCP 

JCP 

NXH 

NYV 

NMO 

Frame Structure 

V 

NK 

NV 

M 

NJ 

NR 

Output distance in X-dircction 

Number of connecting points at lefthand side 

Number of connecting points at righthand side 

Nodal line number at lefthand side 

Nodal line number at righthand side 

Connecting point position 

Connecting point number 

1= Unit load in X-dircction 
0= none 

1= Unit load in Y-dircction 
0= none 

1= Unit moment 
0= none 

Max. number of members 

Max. number of joints 

Max. number of joint difference 

Number of members 

Number of joints 

Number of restraints 
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Number of restrained joints 

Sectional modulus 

Distance in X-dircction 

Distance in Y-dircction 

Moment of inertia 

Sectional Area 

Shear shape factor 

1= Modified effective length 
0= Original length 

Restrained direction 

Number of loaded joints 

Number of loaded members 

Load at X-direction 

Load at Y-direction 

Monemt 

Number of load types 
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APPENDIX (B) 

Computer Program Listings 

Three Computer program listings are given in this thesis: 

a) Program A- Finite Strip for Both Wall and Frame 

b) Program B- Finite Strip Combined with Plane Frame 

c) Program C- Continuum Combined with Plane Frame 



236 

Program A- Finite Strip for Both Wall and Friuiio 
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Program C- Continuum Combined with Plane Frame 
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