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ABSTRACT 

A model for the effective second moment of area, Ie, to be used in deflection 

calculations of one way reinforced concrete flexural elements is developed. 

The model consists of an analytical expression developed using as boundary conditions 

the completely uncracked section when the loads are low and the completely cracked 

section when the loads are very high. For the conditions when the loads are 

moderately high to cause partial cracking of the section a probable curve was 

developed relating a fictitious steel area, taken to represent the concrete stiffening 

effect, and the applied moment. The curve was then used to formulate the model. 

The analytical model developed as explained above involved an auxiliary coefficient 

which had to be empirically defined to fit results of tested beams. Because no 

experiments were conducted exclusively for the present study the coefficient was 

defined based on the results of experiments reported in the literature. 

Also included in the study is the approximation of the second moment of area of the 

cracked transformed section, Icr, which is an integral part of the developed model. The 

approximation not only facilitated the computation of Icr but also made simple 

graphical representation of the proposed model of le possible. In the process of the 

approximation computer programs had to be developed to study the effect of 

combining the different parameters involved so that a simple and accurate model for 

the approximation of Icr is achieved. The result was a compact expression that led 

itself well into the final model proposed for the effective second moment of area and 

which made simple graphical representation of the model possible. 

The model of le and the expression for the approximation of Icr described above were 
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derived within the limitations and scope of the British and American practices as 

specified by the British and American codes which form the basis for most other 

codes in the world. 

In the course of the study numerical examples are given where necessary to illustrate 

the application of the different methodologies and to explain their aspects of 

practicality as well as the limitations involved and to show the solution process used 

by the different computer programs in arriving at the concluding results. 

Using the results of the tested beams the proposed model of le is compared with the 

expression currently used by the American code and the one most recently proposed 

as its substitute. The results of the comparison as included in the Appendices and 

summarized in the body of the thesis have shown that the errors obtained using the 

developed model are almost half of those from the other two expressions especially 

for low reinforcement ratios and the practical range of applied moments. 

Finally the proposed model of le was also compared to the methods in the British 

code and Eurocode 2 for calculating deflections. Two numerical examples were 

furnished to demonstrate the ease and great simplicity offered by the proposed model. 
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CHAPTER 1 

INTRODUCTION 

1.1 General 

When the tensile stresses in concrete exceed its modulus of rupture the concrete 

cracks. These tension cracks form at a finite spacing as shown in the typical simply 

supported beam below. 

ab 

---- 

ab 

FIGURE 1.1.1 A typical flexurally cracked simply supported beam 
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Since a crack creates a gap in the concrete through which stresses obviously can not 

be transferred the tensile resistance of a section where the concrete in the tension face 

is completely cracked, for example at section a-a, must be provided for entirely by the 

steel reinforcement. However, between the cracks, for example at section b-b, or at 

sections where the cracks do not propagate deep into the element concrete will still 

be able to take some tension. This phenomenon of the ability of concrete to take some 

tension is usually referred to as " tension stiffening " of concrete. 

While tension stiffening of concrete is conservatively ignored in flexural design it is 

most physically represented by the so called "effective moment of inertia, Ie" 

proposed by many codes for the purpose of deflection calculations (for ease of 

reference the term moment of inertia as used in these codes are retained through out 

this thesis. This is also more consistent with the references consulted than the term 

second moment of area which is more commonly used in U. K. ). Expressing the effect 

of uncracked concrete in the tension face the effective moment of inertia assumes a 

value greater than the moment of inertia of a completely cracked section and less than 

that of a completely uncracked one. With such a moment of inertia assumed over the 

entire span deflection calculations can then proceed and the neutral axis position can 

be assumed fixed throughout as shown, denoted by N. A., in Fig. 1.1.1. 

Many empirical expressions for the evaluation of Ie have been proposed. The most 

widely recognized of these is the so called Branson's equation [1] where the effective 

moment of inertia, for the purpose of deflection calculations, is expressed as follows, 

Ie = Icr + (Ig -Icr)(Mcr/Ma)3 <_ Ig 
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where, 

Icr - moment of inertia of the completely cracked section with all steel areas 

transformed into equivalent concrete areas. 

Ig = moment of inertia of the completely uncracked section neglecting steel. 

Mcr = cracking moment 

Ma = applied service moment 

Although the equation has been adopted by many codes (i. e. the American and the 

Canadian codes [2,3] ) serious contentions regarding its nature and the accuracy of its 

results have been recently raised. Among these are : 

1. The equation was proposed as an empirical expression based on results obtained 

from beams tested under uniform loads[l]. Because of this and that the equation 

does not account for other loading types it can be shown that for load types other 

than uniform the equation gives results that are inconsistent and with errors as 

high as 100 % [4,5]. 

2. The evaluation of the moment of inertia of the cracked transformed section, Icr, can 

be both complex and time consuming, especially in case of flanged sections, to the 

extent that some scholars tried to approximate the equation in an effort to eliminate 

the need for calculating Icr [6]. 

3. The equation can not easily be represented graphically through solution curves. 

These curves as provided in the different references [7,8] are not only complex but 

also fail to represent the phenomena involved and thus offer little as design aids[9]. 

4. In general, the accuracy of the results obtained from the equation does not justify 

the efforts involved. 
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Because of these disadvantages many scholars and designers are of the opinion that 

an alternative to Branson's equation must be found. 

In 1981 and in an effort to eliminate the need for having to calculate Icr, 

Grossman [6] proposed simplifications of Branson's equation. Since no experimental 

results were consulted the study assumed the effective moment of inertia as given by 

Branson's equation to be exact. However, because the proposed expressions still did 

not represent the loading type and that their validity was drawn based on Branson's 

equation which itself bears the drawbacks discussed above there was no reason to 

accept the proposed expressions as a sound alternative. 

Similarly, In 1993 and in their effort to provide a substitute for Branson's 

equation, Al-shaikh and Al-zaid [4] have proposed an empirical expression in which 

the loading type and the effect of reinforcement were accounted for. However, because 

it proved to give only slightly better accuracy than Branson's equation and that the 

detailed evaluation of Icr was still required the proposed expression did not actually 

offer many improvements. 

Because of this inability of the expressions proposed so far to replace 

Branson's equation the need for an alternative still exists. In this study and for the 

purpose of calculating deflection in one way reinforced concrete elements an 

alternative to Branson's equation for the evaluation of the effective moment of inertia 

will be developed where all the forementioned drawbacks are eliminated. 
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1.2 Scope and Limitations of the Study 

The goal set in this study is to develop an expression for the effective moment of 

inertia to be used in deflection calculation of one way reinforced concrete elements. 

The expression is to achieve the following objectives : 

1. It has to be as general as to be applicable within the limitations and scopes of both 

the British and the American practices as set by the specifications of the British 

code BS 8110 [10] and the American code ACI 318 [2] and which form the basis 

for other codes used through out the world. 

2. It has to be mainly analytically developed and that all the empirical parts be 

represented by a single coefficient which is independent of the form of the 

expression. This is particularly useful for future research since the expression being 

analytically developed will always be valid and any refinement or modification that 

may be felt necessary need only be applied to the empirical coefficient without 

having to derive a new expression or altering the existing one. 

3. Following the same reasoning as in 2 above, any graphical representation of the 

developed model must also be independent of the expression of the empirical 

coefficient. 

4. The expression should be derived such that all the drawbacks usually claimed to be 

associated with Branson's equation as outlined in Sec. 1.1 are completely eliminated. 

5. The expression should be of a simple format that leads itself well into a graphical 

representation that can be used as a design aid similar to the design charts usually 

provided for other design purposes in the respective codes. The graph should be 

simple, easy to read and representative of the phenomena involved. 

Chapter 15 



As the study progresses the objectives outlined above will be fully elaborated 

upon and the different related aspects as well as the limitations of the proposed 

expression will be fully explained. Numerical examples will also be given in the 

respective chapters to help illustrate the different concepts involved. 

For a problem of such great diversity as the deflection of reinforced concrete 

elements it was thought pointless to test a few beams in the laboratory and try to fit 

the best curve through the obtained results. This is because the best fit obtained for 

the limited number of beams tested is no guarantee that the proposed equation of the 

curve is the most accurate representation of the actual behaviour. In other words, the 

problem of deflection in concrete structures is of a statistical nature [page 5 of Ref. 1] 

and the most accurate estimate of the actual behaviour is the one based on the greater 

number of population which is in this case the tested beams. For this and because the 

results of testing 10 to 20 beams that could have been cast in the laboratory within the 

time limit of this study will only be a small sample of the population as compared to 

the test results of over 340 beams found in literature, there were no independent tests 

conducted for the sake of developing the empirical coefficient that was an auxiliary 

part of the developed model of le. 

1.3 Structure of Thesis 

The current thesis is divided into six chapters. Each chapter is devoted to a major part 

of the study, the chapters successively develop the final model and ideas and concepts 
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are progressively focused toward the final goal set for the study. 

In order to give a broader understanding of the behaviour of reinforced 

concrete flexural elements as related to deflections as well as to lay down the scope 

and the range over which the parameters considered in the study are to be defined, 

Chap. 2 was designed to give a short literature and parametric review explaining the 

different concepts of deflections in reinforced concrete and defining the limits and the 

boundaries of the respective parameters within the specifications of the codes. 

Once the parameters are well defined and the limits are well drawn a model 

for the approximation of Icr is developed in Chap. 3. Because of the complexity and 

the different aspects of the problem computer programs were developed to aid in the 

analysis and envelopes were constructed to help achieve the best accuracies. The result 

was a simple model by which Icr of all the sections considered can be easily 

evaluated. 

In Chap. 4, the model of Icr developed in Chap. 3 is used to derive an 

expression for the effective moment of inertia, Ie. This integration of Icr into an 

expression of Ie was possible by assuming the concrete stiffening effect as a fictitious 

steel area added to a cracked transformed section for which Icr was then evaluated. 

The result is a compact expression of Ie where the requirement for the lengthy 

evaluation of Icr is eliminated and for which a simple graphical representation was 

presented. The model of Ie thus developed involved a coefficient which had to be 

determined empirically. Based on the experimental results of over 340 beams found 
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in the literature an expression for this coefficient was also proposed. The results 

obtained using the proposed model of Ie were then compared with those from 

Branson's equation and the model proposed in Ref. 4 using the results and the sectional 

properties of the tested beams. Because of the large number of data a computer 

program was developed to carry out the analysis. While the full computer output is 

included in Appendix Ca summary of the results is shown in the chapter and 

conclusions are drawn confirming the accuracy of the proposed model of Ie. 

The proposed model of Ie as developed in Chap. 4 is intended for deflection 

calculations. However, the methods for deflection calculations in reinforced concrete 

elements can be broadly classified into two: the effective moment of inertia method 

and the curvature based approaches. Although the model is primarily proposed as a 

substitute for Branson's equation to be used in the former method, Chap. 5 is devoted 

to show the great practicality and ease offered by the proposed model of le as 

compared to the curvature based methods in BS 8110 [10] and Eurocode 2 [11] for 

calculating deflections. 

In the course of the study presented in Chaps. 2 through 5 many aspects were 

reviewed and different concepts were considered. These are then narrowed and the 

different advantages of the proposed model are outlined in the summary presented in 

Chap. 6. In addition, different possiblities for future research are discussed and 

suggestions are given. 
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CHAPTER 2 

LITERATURE AND PARAMETRIC REVIEW 

2.1 Introduction 

Because of its introductory nature, Chap. 1 was narrow and precise in outlining the 

reason for the present study as well as in setting up its goals and purpose. Detailed 

discussions related to the different aspects of deflections in reinforced concrete 

structures in general and to the proposed model in particular were omitted. Cracking 

as related to concrete stiffening effect, which forms the basis of the current study, as 

well as methods proposed as substitutes for Branson's equation [1] were only briefly 

introduced. These and other topics are detailed in this chapter. 

Also given in this chapter is a review of the different parameters involved in 

deflection calculations. These are discussed and reviewed within the scope of the 

British and American practices and as set by the specifications of BS 8110 [10] and 

ACI 318 [2]. It should be noted however that the parametric review thus given is not 

merely a repetition of the specifications in the two codes but an overview of these 

specifications as applied to the current study. In fact, in the course of specifying the 

limits of certain parameters it was necessary to provide detailed analyses to serve the 

current study more specifically within the guidelines of the codes. 
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2.2 Deflections in Reinforced Concrete Elements 

2.2.1 Significance of Deflections 

Any reinforced concrete element must be designed not only against failure but also 

to provide the service for which it is built. This is called the serviceability aspect of 

the design of which deflection is an important part. 

Aesthetics as well as economical factors usually require minimum depth of beams and 

slab thicknesses. This was reinforced in recent years by the availability of higher 

strength materials and advanced methods of design and resulted in structures that are 

more susceptible to excessive deflections and large deformations. 

Excessive deflections of floor elements may cause damages to the non-structural 

elements attached to it like plastered ceilings, partitioning walls, drainage and piping 

systems as well as sensitive equipments. They may also cause separation of joints and 

damage of sealants in the structure as well as misalignment of doors and windows. 

In flat roofs the consequences may be severely damaging. With excessive deflection 

in midspans water may accumulate. The accumulated water increases the deflection 

and attracts even more water to accumulate in the so called "ponding" phenomenon 

which is a very serious structural problem and has caused numerous collapses. 

Also caused by excessive deflections is the dull and often unpleasant appearance of 

the affected elements. Visible sagging of ceiling and floor beams often causes 

discomfort and leads to loss of confidence in the integrity of the structure which may 

actually be structurally safe. 
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2.2.2 Estimation of Deflections 

Due to the problems associated with excessive deflections as discussed above the 

design is therefore not only required to provide structural safety but also to minimize 

deflections. In doing so almost all design codes follow the common trend of requiring 

either to satisfy a set of span effective depth ratios or as an alternative require the 

detailed calculations of deflections. The span effective depth ratio rules are generally 

empirically based on past experience. They provide adequate safeguards when 

deflection is not of main concern. If these rules are violated or deflection is a major 

concern then detailed deflection calculations have to be made. These are no easy task 

due to the following: 

1. Almost all the present methods of calculating deflections involve the computations 

of the gross moment of inertia, Ig, and the cracked transformed moment of inertia, 

Icr. While it can be argued that the computation of Ig is mostly straight forward 

the calculations involved in computing Icr are not. 

2. While there are numerous charts available for flexural design that are easy and 

handy to use, the currently available graphical charts for deflection calculations are 

not. For example, simply for an estimate of the cracked moment of inertia, Icr, 

Ref. 12 proposed four separate charts. Likewise, charts produced in Refs. 7 and 8 

are all complex and not easy to use. 

3. Separate calculations are required for short and long term deflections. This is 

particularly so in the methods of BS 8110 [ 101 and Eurocode 2 [11 ] where the full 

calculations are repeated twice. 

4. Methods recommended by some codes involve assumptions that lead to equations 
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for which there are no closed-form solutions. Iterative or graphical solutions are 

therefore resorted to which make the process too complicated and messy. 

2.2.3 Factors Affecting Deflections 

Despite the difficulties in calculating deflections as outlined above, it is always 

stressed that deflection calculations can never be exact. This is usually reasoned to: 

1. Uncertainties are always involved in load estimates and in the prediction of 

loading history and duration as well as the possibility of load sharing between 

members of the same structure. 

2. Assumptions used with regard to the supports and support restraints may not be 

exact. 

3. The effect of cracking may yield deflection values that are substantially different 

than those anticipated. 

4. The added stiffness due to screeds, plasters and other finishing materials are hard 

to assess. 

The four main factors mentioned above are generally stated as making deflection 

calculations only estimates of the actual deflection values. The logical argument that 

follows from this is therefore that, if the calculated deflections are only estimates, why 

then the lengthy methods of the codes! How one can justify the lengthy deflection 

procedures that may even involve iterative as well as graphical solutions if these 
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solutions are only estimates. 

While it can be argued that factors 1,2 and 4 are general design problems (as will be 

discussed later), cracking effect is directly related to deflection. Since internal force 

and moment distribution within structural elements is a function of their relative rather 

than absolute stiffness values, it makes no substantial difference whether a cracked or 

uncracked section is assumed in the elastic analysis. This is not so when deflection 

is considered. Since deflection is a function of the absolute stiffness a cracked beam 

will obviously deflect substantially more than one which is crack free. It is therefore 

logical to assume that loading types which induce different crack patterns and 

distributions will also produce different deflections. This phenomenon, however, is not 

recognized by the present methods of the codes. While the methods engage in lengthy 

calculations of parameters that can otherwise be easily approximated to a considerable 

accuracy they all ignore this potential factor. 

2.2.4 Moment of Inertia Approach 

Therefore, and in the light of the above argument, the present study is set to develop 

a model for the effective moment of inertia that will make deflection calculations 

more efficient. That is to put emphases where they should be in order to achieve more 

accuracy with less effort and thus a more justifiable method than the present methods 

of the codes. 

The reason that an effective moment of inertia approach is used is that: 
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1. It is generally found simpler and more convenient for practical use [4,13]. 

2. It is more consistent with the common methods of structural analysis and 

engineering mechanics where the moment of inertia is usually involved. 

3. Factors affecting deflections can be easily represented. For example, cracking and 

concrete stiffening effect. 

4. The method is readily adaptable to computer programming. Powerful computer 

programs that use flexural rigidities and hence moment of inertia as part of the 

input data can be used to analyze deflections of concrete elements which are parts 

of a complete frame. This not only enables the study of complicated structures but 

also provides a more realistic analysis. In addition, the concept of semirigid joints 

as a more representative mean of the nature of different supports can be easily 

incorporated. 

Because Branson's equation [1], being part of the ACI [2] and other design codes, is 

the most widely used expression of the effective moment of inertia, the developed 

model is proposed primarily as a substitute for the equation as already discussed in 

Chap. 1. Once the accuracy of the proposed model is established and the elimination 

of the drawbacks usually claimed to be associated with Branson's equation is shown, 

the model is also compared with the methods in BS 8110 [10] and Eurocode 2 [11]. 

To make the model simplest to apply the study was first directed toward sectional 

geometries and reinforcement conditions. This led to the elimination of the detailed 

calculation of Icr and produced a simple form equation for which a simple graphical 

representation was possible. The mathematical development of the equation, however, 

involved a simplifying assumption for the concrete stiffening effect and produced a 
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coefficient, c, the expression for which had to be empirically determined. 

As will be shown in the next section the effect of concrete stiffening is a function of: 

loading type, loading intensity, compressive strength of concrete, amount and type of 

reinforcement and load duration. Reflecting the first four factors the expression of c 

included: LcrIL which is the ratio of the cracked length over the total span and is a 

function of the loading type, Ma/Mcr represents the loading intensity and that Mcr is 

a function of the compressive strength, and the reinforcement ratio p. Because 

deformed bars are almost always used as main reinforcement and that long term 

deflections can always be obtained from the short term values (as will be discussed 

later) the corresponding factors were not considered in the expression of (D. 

One may argue however, that the empirical expression proposed for 1 as described 

above ignores load sharing and end restraint assumptions along with the stiffening 

effect of non-structural elements mentioned previously which may affect deflection. 

The answer is that unlike cracking these are general design problems and can be 

studied with a broader design sense. Load sharing, for example, can be reduced by a 

proper flexural design where the reinforcements are only provided where shown 

needed by the calculations and according to the assumptions used. This will make the 

structure follow the least energy path according to the so called "wisdom of 

structures" and behave in the way it is designed for and thus correspond to the same 

loading distribution assumed in the design phase. Alternatively and using the same 

philosophy, a construction joint may deliberately be created where needed (the idea 

is similar to saw cutting techniques used in in-situ testing) to force the structure into 

the required behavioural pattern and thus reduce load sharing. 

With regard to the assumptions used for end restraints, supports and joints in 
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reinforced concrete structures are usually assumed hinged or rigid (a rigid joint is one 

where the angles between its joining elements before and after deformation remain 

same). They are never assumed semirigid where the degree of rigidity can be assumed 

greater than 0 but less than 1. This is partly because such an assumption requires 

special elastic analysis theories and is not suitable for moment distribution techniques 

generally used in concrete designs. Also due to the nature of finite element methods, 

most package programs used in routine designs are not able to consider such 

conditions. However it is always possible to derive stiffness matrices that consider 

semirigid joints. These can then be incorporated into computer programs that can be 

used along with any model of moment of inertia to further understand the nature of 

joints in reinforced concrete structures. Such a program using the model of the 

effective moment of inertia as proposed in this study is currently under consideration 

in an effort to further develop the present research. 

2.2.5 Measurement of Deflections and Strains 

A brief review of load testing, deflection and strain measurement procedures will 

assist understanding of the theory presented in the thesis. 

Mainly there are two types of load tests: in-situ and ultimate load tests. The in-situ 

tests involve testing elements that are part of an existing structure and the testing loads 

are therefore kept within the service and overload range. In the ultimate load tests, on 

the other hand, the test elements are either cast or removed from an already existing 
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structure and then tested until failure. 

In both types of tests, load deflection curves are used to monitor the behaviour of the 

element under test. If large increase of deflection is noticed at an almost constant load, 

loads are then quickly removed to avoid collapse in case of in-situ tests. In ultimate 

load tests, however, testing is continued with additional precautionary measures to 

avoid injuries during collapse of the element under test. 

Two load deflection curves are shown in Fig. 2.2.5.1. The ductile behaviour of 

underreinforced beams before failure can be clearly seen. This is in contrast to the 

overreinforced beam where an abrupt and brittle failure is shown. Due to this sudden 

failure of overreinforced beams careful precautions are therefore necessary during their 

Load 
overreinforced beam 

Failure load 
------------- ----------------- - Underreinforced beam 

_ 
Failure_ load 

----------------------- 

_ 
load 

Deflection 

Figure 2.2.5.1 Load deflection curves for under and overreinforced beams 
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tests to avoid injuries as much as possible. 

In testing concrete structures many forms of loadings can be used. Among 

these are bulk loads, hydraulically applied loads, water loads or even vacuum created 

loads. 

Bulk loads are generally in the form of bricks, sand or cement bags and steel weights. 

These forms of loads are useful when uniform load distribution is required over short 

distances and are generally cheap and easy to handle. However, they can not be 

unloaded as quickly as may be desired when it is important to avoid collapse of the 

element under test or apply cyclic loadings. 

Hydraulic jacks are used when large concentrated loads are desired. These are very 

easy to control and monitor and suitable for cyclic loadings. However, they usually 

require special equipment and thus are most suitable for laboratory tests. 

Water loads are usually used to uniformly load large areas like roof slabs. They are 

cheap in labour and control and can be removed relatively quickly. However, they 

may cause great damage in case of leakage. 

When loading slabs from above is not possible or not practical due to curves or steep 

slopes, vacuum loading is considered. In this case polythene lined partition walls and 

seals are constructed under the test area and a vacuum is created by suction pumps. 

To monitor the behaviour of the tested element and to construct load deflection 

curves during the testing procedure deflection and sometimes strain readings are 

necessary. 

Deflection measurements are usually taken using mechanical dial gages which are 

mounted on independent rigid frames. As an alternative and when retrieval of data is 

necessary electronic or electric displacement transducers are sometimes used. 
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Deflection gages are normally placed at points of maximum deflections as well as at 

midspan and 1/4 points to check symmetry of behaviour. If the tested element is less 

than 150 mm in width one gage is usually used at each measurement point along the 

axis of the element. For wider elements, however, and to minimize errors two gages 

are recommended at each measurement point. 

To measure strain, strain gages are used. These generally include: 

1. Mechanical gages 

The most popular of these gages are the so called Demec gages (demountable 

mechanical) which can be mounted on the surface of concrete for strain reading 

and then demounted for reuse. These are relatively cheap and available in a range 

of gage lengths. The disadvantage associated with these gages is the difficulty and 

lack of a remote readouts which can cause serious operational difficulties when a 

large number of measurements are involved. 

2. Electrical resistance gages 

These are usually stuck to the test surface and strain is measured as the change in 

the resistance to the electric current as the gage stretches or compresses. Because 

they are difficult to use under site conditions and require considerable care they 

are usually used under controlled indoor locations. Also because their gage lengths 

are usually short relative to aggregate dimensions their applicability to concrete is 

thus limited. These gages, however, are good for dynamic as well as long term 

strain readings and give high accuracy. They are particularly useful if strain of the 

reinforcing steel is to be monitored. 

3. Acoustic vibrating wire gages 

These gages are suitable for long term strain readings and are generally cast into 
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the concrete. However, they are very sensitive to magnetic fields and thus care is 

required to avoid magnetic influences. 

4. Inductive displacement transducers 

These are expensive and sophisticated gages and need considerable experience. 

They are however useful in reading diagonal and longitudinal strains as well as for 

dynamic tests. 

5. Photoelastic gages: 

these are usually stuck to the surface of concrete and normally used to examine 

strain distributions or concentrations at localized critical points of a member. 

6. Piezo-elastic gauges 

These are used to measure small, rapid strain changes and are more suitable for 

laboratory rather than site applications. 

2.3 Concrete Stiffening Effect and the Methods for Calculating Deflection 

In Chap. 1 and in defining the effective moment of inertia the concept of the concrete 

stiffening effect was briefly introduced. To build a broader understanding of the 

concept and its related aspects a more thorough discussion on the subject is given in 

this section. 

Consider Fig. 2.3.1 which represents a portion of a reinforced concrete element. 

Because the bending moments are high enough to induce tensile stresses greater than 

the modulus of rupture of the concrete used, cracks have developed as shown. Because 
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Figure 2.3.1( part adpated from Ref. 14) Effect of cracking of a reinforced concrete flexural element 
(a) segment of a beam (b) Bending moment distribution (c) Bond stress distribution 
(d) Concrete tensile stress distribution (e) steel tensile stress distribution (f) Flexural rigidity distribution 
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of the discontinuity in concrete that a crack creates all the tension at a cracked section 

has to be taken by the steel reinforcement. Between the cracks , however, concrete 

will still be able to take some tension which is transferred from the steel by bond 

stresses. The tension thus carried by the concrete between the cracks will stiffen the 

member resulting in a stiffness which is higher than that of a completely cracked 

section and hence the name concrete or tension stiffening. The magnitude and 

distribution of the bond stresses determine the distribution of the tensile stresses in the 

steel and the surrounding concrete between the cracks, and thus the magnitude of 

concrete stiffening. Figures 2.3.1 (c), (d), and (e) give schematic representations of the 

distribution of bond stress and concrete and steel tensile stresses at and between 

cracks. 

From Fig. 2.3.1 one can therefore summarize the factors that may influence the 

concrete stiffening as: 

1. Loading type (different loading types induce cracks of different magnitude and 

distribution). 

2. Loading intensity (higher loads induce more and deeper cracks). 

3. Compressive strength of the concrete used (since it can be related to its tensile 

strength). 

4. Type and magnitude of the steel reinforcement used (deformed or plain). 

In addition to the above four factors that may influence the concrete stiffening effect 

a fifth and equally important factor that Fig. 2.3.1 fails to depict is the effect of 

sustained loads. Because of the redistribution of internal stresses under sustained loads 

extra deflection is produced causing new cracks to develop. Due to this, and the 

downward movement of the neutral axis caused by the additional strains in the 

Chapter 2 22 



compressive concrete, the concrete stiffening is reduced. This phenomenon is called 

"loss" of concrete stiffening under sustained loads. 

In incorporating the effect of concrete stiffening in deflection calculations in 

reinforced concrete flexural elements different approaches are followed. Broadly 

speaking, however, the approaches can be classified into two: 

1. The effective moment of inertia method: 

This method as introduced in Chap. 1 and represented in Fig. 2.3.1 (f) assumes 

an effective moment of inertia, le, which is constant through out the span. The 

value of Ie thus assumed is greater than Icr but less than Ig with the difference Ie- 

Icr being due to the effect of concrete stiffening. The deflection equation in its 

simplest form can be written in this case as, 

8=K Ma L2/EcIe (2.3.1) 

2. The curvature based approaches: 

In this case the curvature, 1/r is substituted for Ma/Ecle into the general deflection 

equation to obtain 

8=K L2 (1/r) (2.3.2) 

The effect of concrete stiffening is then incorporated in approximating the curvature, 

1/r. The most comperhensive of such approaches is that of BS 8110 [10] where the 

curvature is obtained assuming a tensile stress in the concrete at the level of the 

tensile steel as will be discussed in Sec. 2.6. 
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2.4 Loading Stages and the Moment Curvature Relationship 

In an effort to provide basic grounds for the understanding of the behaviour of 

concrete elements as related to deflection and the concept of the effective moment of 

inertia, the present section is devoted to give an overview of the flexural behaviour 

of a reinforced concrete beam under different loading stages. These loading stages as 

related to the moment curvature relationship of a reinforced concrete beam will be 

used to explain the variation of the moment of inertia as load increases. It will also 

show the elastic and inelastic behaviour of the beam at the corresponding service and 

ultimate load stages that will help to better understand the problem of deflection. 

The behaviour of reinforced concrete beams can be classified into three main 

stages: 

1. Precracking stage 

2. postcracking stage 

3. Yield and ultimate load stage 

It was shown in the previous section that methods of calculating deflections relate the 

effect of concrete stiffening to either the effective moment of inertia or curvature. To 

further enhance the understanding of the concrete stiffening effect as related to the 

effective moment of inertia and curvature as well as the applied load in the different 

loading stages mentioned above, the moment curvature curve of Fig. 2.4.1 is provided 

(to better serve the present discussion and emphasize the effect of concrete stiffening 

the figure represents an average curvature over a finite length of a beam rather than 

curvature at a point). 

In the figure, the different loading stages and the corresponding flexural rigidities, EI, 
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are shown. These are next discussed in further detail. 

1. Precracking stage: 

When the loads are not high enough to cause the tensile stresses in concrete to 

exceed its modulus of rupture concrete in both tension and compression will be 

effective. As shown in Fig. 2.4.2 the stresses in both concrete and steel will be 

elastic. Because the beam at this early stage will be completely crack-free the 

moment of inertia at any section is taken as that of a completely uncracked section 

neglecting steel, Ig. Therefore, the corresponding flexural rigidity is equal to EcIg 

as shown in Fig. 2.4.1 where Ec is the elastic modulus of concrete. As the section 

can be considered homogeneous (neglecting steel) and that the stresses are elastic 

the position of the neutral axis and that of the centroidal axis coincide and the 

straight line theory applies. 

2. Postcracking stage: 

When the load is further increased to cause a moment higher than the cracking 

moment, Mcr, tensile stresses higher than the concrete's modulus of rupture will be 

induced and cracks start to develop and propagate towards the compression zone 

of the beam. Due to this and the effect of concrete stiffening the stiffness of the 

beam will be less than that at the precracking stage but greater than or equal to that 

corresponding to a completely cracked section. 

The relation between the curvature and the effective moment of inertia when the 

effect of concrete stiffening is considered is represented by the flexural rigidity, 

Ecle, shown as the slope of the moment curvature curve in Fig. 2.4.1. The enhanced 
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Figure 2.4.2 Stress and strain diagrams in the precracking stage 
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Figure 2.43 Stress and strain diagrams in the postcracking stage (a) Service load stage (b) Overload stage 
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stiffness due the contribution of the concrete stiffening can be clearly seen from the 

shaded area shown therein. 

Figure 2.4.1 reveals that the postcracking stage consists of two regions. One in 

which the effective moment of inertia is less than Ig but greater than the cracked 

transformed moment of inertia, Icr, and another where the section can be considered 

as completely cracked and the moment of inertia is taken as Icr. Due to the 

continuous change in the effective moment of inertia with increasing moments the 

slope of the curve in the first region is not constant (had the curvature been taken 

as that at a point, rather than an average over a finite length, this region would have 

been represented by a horizontal straight line. Such a line would represent the 

immediate reduction in the stiffness to that corresponding to Icr right after 

cracking). In the second region however, the effective moment of inertia reaches a 

steady state marked by the constant slope of the curve shown as Eclcr where the 

moment of inertia can be considered as that of a completely cracked section. 

The stress and strain diagrams for this loading stage are shown in Fig. 2.4.3. As the 

figure reveals, the stress and strain diagrams in this stage can be of two types. One 

in which both the concrete and steel are elastic, Fig. 2.4.3(a), and another in which 

the concrete compressive stresses are inelastic while those of the steel are still 

elastic, Fig. 2.4.3(b). Since stresses in Fig. (a) are all elastic the position of the 

neutral axis and the centroidal axis coincide. However, because the section is 

inhomogeneous the straight line theory does not apply unless the area of the steel 

reinforcement is transformed into an equivalent concrete area. In Fig. (b), on the 

other hand, the stresses in concrete are shown to be inelastic. However, the 

behaviour in this case can be classified into two: One in which an elastic behaviour 
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can be assumed and the elastic theory can still be applied. Another where such an 

assumption can not be used due to high inelastic concrete stresses and the straight 

line Eclcr and the deflection methods cease to apply (this corresponds to the 

slightly curved higher part of region 2 shown in Fig. 2.4.1). 

3. Yield and ultimate load stage: 

In this stage the carrying capacity of the beam will eventually be reached as the 

load increases. Failure can be caused in one of two ways: 

(a) When amount of reinforcement is low or normal: 

In this case the steel will first yield. The yield of steel will be sudden after which 

it will stretch a large amount causing the cracks in concrete to widen and 

propagate towards the compressive face of the beam forcing the neutral axis to 

shift upwards. This will be associated with excessive deflections and puts the 

concrete in increasing compressive strain until it crushes at a load only slightly 

higher than that which caused the steel to yield. This crushing failure is known as 

"secondary compression failure" because it was caused by excessive deflection due 

to yield of steel without any significant increase of load above that caused 

yielding. This is shown in Fig. 2.4.1 where the ultimate moment, Mu, is shown 

only slightly above the moment at first yield, My (a usual ratio of My to Mu is 

0.9 to 0.95). 

(b) When the amount of reinforcement is high: 

In this case the compressive strain in concrete will reach that of failure prior to 

yielding of steel and the beam will fail by sudden crushing of concrete in an 

explosive nature (Figure 2.4.1 does not depict this kind of behaviour since it is 
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produced for a beam of low to normal amount of reinforcement). 

The stress and strain diagrams in this loading stage is similar to Fig. 2.4.3(b) of the 

postcracking stage with fs=fy (steel yields) for case (a) and fs < fy for case (b) and 

that the stress distribution over the compression face of the beam resembling the 

stress-strain curve of the concrete used. 

In Fig. 2.4.1 two shaded areas are shown. The first is in the postcracking stage 

and is already discussed. The second is in the ultimate load stage and represents the 

strain hardening of the reinforcing steel prior to failure. This adds slightly to the 

moment capacity of the beam (ignored in design) but reduces ductility and is one of 

the reasons for the conservative ductility requirements imposed by most codes. 

The classification of the loading stages discussed above was designed to best 

serve the purpose of the present study. However, loads can also be classified in terms 

of the stresses they produce into the concrete and the reinforcing steel as follows: 

1. Service loads: 

These loads usually act in the precracking loading stage as well as in region 1 and 

part of region 2 of the postcracking loading stage. Represented by the maximum 

service moment, Ms, shown at the concrete proportionality limit in Fig. 2.4.1, the 

concrete compressive stresses under these kind of loads are always elastic. Because 

of this, and because the stresses in the steel reinforcement are also elastic the 

straight line theory always applies. In lieu of a full analysis, Ms can be 

approximated at 0.6Mu. Reflecting this, is the usual approximation of the stress in 

the tension steel, fs, as 0.6fy in many deflection and crack control provisions in the 

Chapter 2 30 



different codes (i. e Table 3.11, pt. 1 of BS 8110 [10] and Sec. 10.6.4 of ACI 318 [2]). 

2. Overloads: 

a. Low overloads: 

These loads act in region 2 of the post cracking loading stage. Although the 

concrete compressive stresses induced under these loads are inelastic, a perfectly 

elastic behaviour is usually assumed. 

b. High overloads: 

These loads usually act in the higher part of region 2 of the post cracking 

loading stage which is closer to the yield and ultimate loading stage. Although 

the tensile stresses in the reinforcing steel are elastic the compressive stresses 

induced into the concrete under these loads are very inelastic. Thus an elastic 

behaviour cannot be assumed and the straight line of Eclcr and the deflection 

methods cease to apply. 

3. Ultimate loads: 

These loads correspond to the yield and ultimate loading stage. The stresses under 

these kind of loads are all inelastic and the elastic theory can not be applied. 

2.5 Review of the Different Models for the Effective Moment of Inertia. le 

Because the effective moment of inertia is the primary concern of the current study 

it was thought useful to give a chronological review of the most important models for 

the effective moment of inertia. These are then schematically represented on a moment 
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curvature curve and followed by a discussion pertaining to the approximations 

involved. 

1. Murashev's method [15]: 

To account for the less stressed steel reinforcement between the cracks due to 

concrete stiffening (see Fig. 2.3.1(e) ) Murashev proposed in 1940 and based on 

numerous experiments, that for deflection calculations the effective moment of 

inertia, Ie, be taken as the cracked transformed moment of inertia, Icr, computed 

using an effective elastic modulus for the reinforcing steel. This effective elastic 

modulus was given as, 

Es (effective) = Es/`P 

where, 

Es= is the elastic modulus of the reinforcing steel 

T=1- (2/3)(Mcr/Ma)2 <_ 1.0 

2. The gross moment of inertia suggested by Portland Cement Association [16]: 

In 1947 Portland Cement Association, PCA, proposed that the moment of inertia 

of reinforced concrete flexural elements be taken as the gross moment of inertia, 

Ig, neglecting the area of steel reinforcement. 

3. Methods A and B of Yu and Winter [17]: 

Based on extensive studies, Yu and Winter suggested in 1960 two methods for 

representing the moment of inertia of reinforced concrete beams. These are: 
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a. Method A: 

The effective moment of inertia can be taken as the moment of inertia of the 

completely cracked section at midspan of simple beams. For continuous beams 

an average of the cracked section moment of inertia values for the negative and 

positive regions can be taken. 

b. Method B: 

Based partly on an elastic theory approach the method estimates the effective 

moment of inertia as, 

Ie=Icr/( 1 -b'M1/Ma) 

where, 

b' = width of beam at the tension side 

M1 = 0.1 (fc')V3 (h)(h - x) 

h= total depth 

x= depth of centroidal axis 

Because the factor 0.1 involved in the expression of M1 is empirical the 

equation of Ie given in this method is therefore semi-empirical. 

4. The 1963 ACI code method [18]: 

Under a prescribed moment the depth of a reinforced concrete flexural element 

increases for lower reinforcement ratios and vice versa. Reflecting this and since 

deeper sections are less likely to crack, the ACI code in 1963 presented the 

following for deflection calculations: 

a. When pfy <_ 500 psi (3.5 MPa) : 

The effective moment of inertia can be taken as the moment of inertia of the 
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gross concrete section neglecting steel, Ig. 

b. When pfy > 500 psi (3.5 MPa) : 

The effective moment of inertia can be taken as the moment of inertia of the 

cracked transformed section, Icr. 

5. Branson's equation [1]: 

In 1963 and based on experimental results considering beams under uniform loads 

Branson proposed the following empirical expression for the effective moment of 

inertia: 

Ie = Icr + (Ig - Icr)(Mcr/Ma)m 

He further suggested that a value of 4.0 be taken for the power m whenever 

numerical integrations are used to calculate Ie over the entire span. Alternatively, 

however, he recommended a power of 3 to be used for an average le over the 

entire span and reformed the equation to be, 

Ie = Icr + (Ig - Icr)(Mcr/Ma)3 

Since for Ma/Mcr <1 (the precracking stage) there is no guarantee that the 

equation will not yield Ie > Ig a limitation of Ie _< Ig was further imposed resulting 

in the final form of the equation shown below, 

Ie = Icr + (Ig - Icr)(Mcr/Ma)3 <_ Ig 
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ACI committee 435 [19] and based on measured and computed deflections found 

the equation to be more accurate than all other methods of calculating deflections. 

This was further supported by Mirza and Sabnis [20] in connection with other 

experimental data. 

Because of this, and that the equation satisfies the boundary conditions of Ig and 

Icr as well as recognizes the effect of concrete stiffening, it was adapted in 1971 

as part of the ACI code and remained the most widely used expression of Ie ever 

since. It is currently part of the ACI code and other codes through out the world. 

Since the equation was recognized as part of the ACI code in 1971, several studies 

were launched to eliminate the drawbacks usual claimed to be associated with it as 

already pointed out in Chap. 1. These are discussed below as part of the current 

chronological review. 

6. Grossman [6]: 

In 1981 and in an effort to eliminate the need for the cumbersome calculation of 

the cracked transformed moment of inertia, Icr, Grossman modified Branson's 

equation as follows, 

a. When Ma/Mcr <_ 1.6: 

Ie = (Ma/Mcr)2 Ig 

b. When Ma/Mcr > 1.6: 

Ie = 0.1 (Mcr/Ma) 
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As his work was purely theoretical, Grossman did not conduct any experiments nor 

did he consult any experimental data and considered instead the results obtained 

from Branson's equation as exact. Because of this, the proposed equations did not 

offer much advantage over that of Branson's equation except for the elimination of 

Icr. 

7. A1-Shaikh and Al-Zaid [4]: 

In 1993 and in an effort to eliminate the inaccuracies involved in Branson's 

equation, Al-Shaik and Al-Zaid proposed the following empirical model for le, 

Ie = Ig + (Icr - Ig) (Lcr/L)m 

where, 

(2.5.1) 

Lcr = The length of the span over which the applied moment exceeds Mcr 

(usually known as the cracking length) 

L= The span of the beam. 

m=0.8p (Mcr/Ma) with p in % 

Because the equation was based on limited number of tested beams, it will be 

shown in this study that it does not actually offer much accuracy over Branson's 

equation and therefore can not be considered an improved substitute. 

In the chronological review given in this section different models for the 

moment of inertia of reinforced concrete flexural elements were discussed. Some 
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merely approximate the moment of inertia as that of the gross concrete section, Ig, or 

the cracked transformed one, Icr. Others more appropriately consider the effect of 

concrete stiffening and approximate the moment of inertia to reflect such an effect. 

In doing so however, and except for Eq. 2.5.1, they fail to represent all the different 

factors discussed in Sec. 2.3 as to influence the concrete stiffening effect. In an effort 

to recover such a fault Eq. 2.5.1 was proposed. Although the equation uses the 

ingenious idea of Lcr/L to represent the different cracking effect of different loads and 

considers the effect of reinforcement, it will be shown to give only little accuracy over 

that of Branson's equation. 

The different trends in the approximation of the moment of inertia discussed 

in this section can be more efficiently summarized on a moment curvature curve. Such 

a curve is shown in Fig. 2.5.1. 

It is clear from the figure that methods which approximate the effective moment of 

inertia as the moment of inertia of the gross uncracked section may grossly 

underestimate deflections. This is particularly so for shallower sections which are more 

susceptible to cracking. Therefore with the increasing use of higher strength materials 

and the ultimate design methods and the consequent use of shollower sections, the 

method of Portland Cement Association became increasingly unpopular. To avoid such 

overestimate of the effective moment of inertia of sections that are more susceptible 

to cracking the 1963 ACI code method was proposed. The method recognized that for 

lower reinforcement ratios such that pfy <_ 3.5 MPa the corresponding sections are 

usually deep. Since deeper sections are less likely to crack due to their higher Mcr 

values they can practically be assumed uncracked. On the other hand, for pfy > 3.5 

MPa the corresponding sections are usually shallow. Because shallower sections have 
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lower Mcr values, they are more likely to crack under loads and therefore can 

generally be assumed so. These two approximations of of the method are shown in 

Fig. 2.5.1. The figure also reveals, however, that the method actually ignores the 

concrete stiffening effect marked by the shaded area and does not recognize the 

transition of Ie from Ig to Icr in the most practical range of loading. With the need 

to consider such effect of concrete stiffening the method was further reviewed by ACI 

committee 435 [19] and compared with method B of Yu and Winter and with 

Branson's equation. The committee concluded that the latter is the most accurate 

model of Ie for estimating deflections. This was further supported by other studies as 

was mentioned earlier. The most important of these, however, was a comparative 

study based on the results of experiments conducted by Base, Read, Beeby and Taylor 

[9,21,22] where the accuracy of Branson's equation was clearly shown. Despite this, 

however, and using these same experimental results as a common data base it will be 

shown that the accuracy of estimating le and thus deflections can be substantially 

improved over that of Branson's equation by the model of Ie proposed in this study. 

2.6 Deflection calculations by the Curvature Based Approaches of BS 8110 

and Eurocode 2 

As stated previously, this study is aimed at proposing a model for calculating 

deflections using the effective moment of inertia method. Nevertheless, a comparative 

study of the proposed model and the curvature based approaches in BS 8110 [10] and 
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Eurocode 2 [11] is also given in Chap. 5. For the purpose of such a study and to 

complete the review of the different aspects of deflections, deflection methods of 

BS8110 [10] and Eurocode 2 [11] are discussed in this section. 

2.6.1 Deflection Calculations in BS 8110 

The approach suggested by the code is to determine deflections from curvatures. Using 

small-deflection theory, the curvature at any point x along the span can be written as, 

1/rr = d25/dx2 

where, 

1/r,, = the curvature at any point x along the span. 

8= the deflection at the point considered. 

(2.6.1.1) 

Using the boundary conditions of the span Eq. 2.6.1.1 is then double integrated by any 

convenient numerical integration technique to obtain the desired deflection. 

The detailed method outlined above is usually complex and cannot be carried 

out without the aid of a computer. Because of this the code proposes an approximate 

method where the maximum deflection is evaluated as follows, 

S(max) = KL2 (1/rb) (2.6.1.2) 
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where, 

K-a loading type factor (given in Table 3. l, pt. 2 of the code) 

L- the effective span 

1/rb = the curvature at the midspan of beams or at the support of cantilevers. 

According to the code the curvatures used in deflection calculations should be 

the greater of those obtained from the uncracked and partially cracked sections as 

described below, 

1. The uncracked section: 

In this case the gross concrete area with all steel areas (both tension and 

compression if any) transformed into an equivalent area of concrete is considered. 

The curvature is then calculated as, 

(1/r)tr = M/EcItr (2.6.1.3) 

where Itr is the moment of inertia of the gross section thus assumed. 

2. The Partially Cracked Section: 

The partially cracked section is called the cracked section in the code. However, 

the term partially is used herein to indicate the tension stiffening of concrete which 

is considered and to avoid confusion with the cracked section as defined in this 

study. This is a section in which the concrete in the tension zone below the 

neutral axis is assumed to sustain a triangular stress distribution. Unlike the 
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concrete compressive stresses above the neutral axis and the tensile stress of the 

steel, these concrete tensile stresses are not related to the strains. In addition, the 

tensile stress in the concrete at the level of the tension steel, denoted by f, is 

assumed to have values of 1 and 0.55 MPa for short and long term loadings, 

respectively. Figure 2.6.1.1 summarizes the above assumptions. 

From the strain diagram in Fig. 2.6.1.1 and for n=Es/Ec, fs=c Es, fs=c Es and 

f, =E, Ec it can be shown that , 

E fc 
Äs "dE x/3 

Äs fs 

xC 

dhN. A. 

2(h-x)/3 

Aso E fit Ct 
As fs 

f 
b strain diagram stress diagram 

Figure 2.6.1.1 The assumptions of BS 8110 for the partially cracked section 

fs' = nfc(x-d')/x , fs=nfc(d-x)/x 

From the stress diagram it can be seen that f. (d-x)f/(h-x). Thus the tensile stress 

in concrete at the soffit of the beam can be written as, 

f= ff, (h-x)/(d-x) 
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Therefore one can write, 

Asfs = nAsfc(d-x)/x 

As'fs' = nAs'fc (x-d')/x 

C, (the resultant concrete tension force)=0.5(f 
f, 
b)(h-x)2/(d-x) 

Cc 
, 
(the resultant concrete compressive force)=0.5fcbx 

Force equilibrium requires that, 

Cc + As'fs' - Asfs - Ct =0 

Moment equilibrium requires that, 

(2/3)(C, )(x) + As'fs'(x-d') + Asfs(d-x)+(2/3)(C, )(h-x) =M 

Substituting the relative expressions into the force and moment equilibrium 

equations and solving for fc gives, 

fc=[bf 
f, 
(x/2)(h-x)2/(d-x)]/[bx2/2+nAs'(x-d')-nAs(d-x)] (2.6.1.4) 

fc=[M(x)-bfr, (x/3)(h-x)3/(d-x)]/[bx3/3+nAs'(x-d')2+nAs(d-x)2] (2.6.1.5) 

Equations 2.6.1.4 and 2.6.1.5 are derived for the rectangular section assumed in 

Fig. 2.6.1.1. However, similar equations can also be derived for flanged sections. 

In order to obtain a unique value of fc from Eqs. 2.6.1.4 and 2.6.1.5 for the same 

value of x the equations are solved iteratively or graphically as will be shown in 

Chap. 5. Once x and fc are found the curvature at the section considered is 

calculated as, 

(1/r)pr = fc/xEc (2.6.1.6) 
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With regard to the loading history and duration the following are defined : 

1/rs. pe. = the curvature due to the short term effect of the permanent load. 

1/rI PeI, T, = the curvature due to the long term effect of the permanent load. 

1/rs. tot - the curvature due to the short term effect of the total load. 

1/rsh. = the curvature due to shrinkage effect. 

Once the curvatures as defined above are found for the uncracked and partially 

cracked sections the final curvature, 1/rb , to be used in Eq. 2.6.1.2 is obtained as 

follows: 

a. For short term deflections : 

1/rb = max [ (1/rs. toc )pcr 9 (1/rs. c0c )cr l 

b. For long term deflections : 

(2.6.1.7) 

(2.6.1.8) 1/rb = 1/rl. p .m+ 1/rs. cot - 1/rs. per, + 1/rstr 

where each individual curvature is taken as the maximum of the values 

obtained for the uncracked and partially cracked sections. 

While all the curvatures are found from either Eq. 2.6.1.3 or 2.6.1.6 the 

shrinkage curvature to be used in Eq. 2.6.1.8 is defined by the code as 

1/rshr = (n £Shr)(Ss / I) (2.6.1.9) 
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where, 

EShr ° free shrinkage strain of plain concrete as defined in 

Sec. 7.4, pt. 2 and represented in Fig. 7.2 of the code. 

n long term modular ratio = Es/Eeff = Es(l+c, )/Ec 

ct = creep coefficient (referred to by the code as (D) as defined 

in Sec. 7.3, pt. 2 and represented in Fig. 7.1 of the code. 

ss = moment of steel area about the centroid of the considered 

section (which is either the partially cracked or uncracked 

section). 

I= moment of inertia of the considered section (which is either 

the partially cracked or uncracked section). 

2.6.2 Deflection Calculations in Eurocode 2 

While the overall approach of calculating deflections from curvatures is similar to that 

in the British code [10,23], Eurocode 2 [11] requires that the curvatures used in 

deflection calculations be evaluated as the average (rather than the maximum) of the 

curvatures corresponding to the cracked section (rather than the partially cracked 

section) and the uncracked one. Namely, using the previously defined notations, 

1/r =4 (1/r)cr + (1 - 4)(1/r)u (2.6.2.1) 
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where, 

(1/r)cr = The curvature of the cracked section. For loading effects it is the 

service moment divided by flexural rigidity. For shrinkage effects it 

is evaluated from Eq. 2.6.1.9 

(1/r)tr = Same as above but with respect to the uncracked section. 

4=1- ßi ß2 (Mcr/Ma)2 

PI =1 for high bond steel 

= 0.5 for plain bars 

(32 =1 for short term loadings 

= 0.5 for long term loadings 

For total deflections the curvatures according to Eq. 2.6.2.1 under different effects are 

summed to obtain the final curvature, 1/rb. This is then substituted into Eq. 2.6.1.2 to 

obtain the value of the final deflection. 

The review given so far was general and designed to build a ground for 

understanding the different aspects of deflections and the philosophy of the present 

study. In the sections to come, the relative parameters will be discussed and limits will 

be deduced to serve the present study more specifically. For a more general study, 

both BS 8110 [10] and ACI 318 [2] will be consulted and the parameters will be 

reviewed as given in the two codes. When limits are to be drawn the extreme used in 

the British and American practices as set by the respective codes will be adapted. 
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2.7 The Elastic Modulus of Concrete and the Modular Ratio 

Due to nonlinearity of the stress-strain curve for concrete a secant modulus is taken 

as the elastic modulus, denoted normally as Ec. The empirical expressions for the 

evaluation of Ec as given in the American and the British codes are discussed in this 

section. 

Based on experimental data, Sec. 8.5.1 of ACI 318 [2] proposes the following 

empirical equation for the elastic modulus of concrete 

Ec=33w'"5v'fc' (2.7.1) 

where Ec is the elastic modulus of concrete in psi, w is the density of concrete in pcf 

and fc' is the cylindrical compressive strength in psi. 

The SI version of Eq. 2.7.1 which gives Ec in MPa (N/mm2) for w in Kg/m3 and fc' 

in MPa is given as 

Ec=0.043w'-5 Vfc' 
(2.7.2) 

The ACI Eq. 2.7.1 and its metric version, Eq. 2.7.2 (also adopted by other codes) give 

reasonably accurate results for fc' in the range from 3000 psi (21MPa) to 6000 psi 

(41 MPa). For fc' larger than 6000 psi the equations were seen to overestimate the 

elastic modulus by as much as 20%. Recent research conducted at Cornell University 

[24] suggests that the ACI equation of Ec be replaced by the following, 
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Ec=[106 +4( 104 )Vfc'](w1145)'. 5 (2.7.3) 

where terms and units are defined as those for Eq. 2.7.1. 

On the other hand, cl. 7.2, pt. 2 of BS 8110 [10] specifies the following for the 

elastic modulus of normal weight concrete, 

Ec=(20+0.2fcu) (2.7.4) 

where Ec is the elastic modulus in concrete in GPa (103 MPa) and fcu is the cube 

compressive strength in MPa. When the concrete considered is lightweight aggregate 

concrete Eq. 2.7.4 must then be multiplied by (w/2400)2 as specified by the code. 

When the elastic modulus of the reinforcing steel, Es, is divided by the elastic 

modulus of the concrete defined above the so called modular ratio, n, is obtained. 

This ratio is used to transform the steel area into an equivalent concrete area when 

calculating the moment of inertia of a section and is therefore an important parameter 

for the current study. 

When the concrete is not subjected to sustained loads its elastic modulus 

increases with time. This increase is ignored in most codes (i. e ACI 318 [2]). The 

British code, however, considers it in the serviceability and elastic deformation studies. 

In the current study the elastic modulus of concrete will be taken as that at 28 days 

and any increase in the value beyond that will be ignored. This is believed to give 

only minor errors as the increase in the compressive strength over that at 28 days has 

been seen to be slight. Thus the corresponding increase in the elastic modulus from 

Eqs. 2.7.1-2.7.4 will also be small and therefore negligible. 

Chapter 2 48 



If the concrete is subjected to sustained compressive loads its elastic modulus 

is then reduced. This is because sustained compressive stresses induce additional 

strains to those already caused according to Hooke's law (elastic strains). These 

additional strains are called creep strains and are usually found to be proportional to 

the sustained compressive stresses that are less than or equal to half of the 

compressive strength (concrete compressive stresses due to service loads are well 

within this range). Therefore, defining strain as e, 

e(total)=c(elastic)+e(creep) 

Since e(creep) is proportional to the sustained stresses to which e(elastic) is also 

proportional according to Hooke's law, one can write, 

c(total)=c(elastic)+[c(creep)/E(elastic)] E(elastic) 

Defining the creep coefficient as ci=c(creep)/e(elastic) and denoting concrete stress as 

fc and elastic strain as c, then 

c(total)=ee(1+ct)=(fc/Ec) (1+c, ) 

or 

fc/E(total)=Ec/(1 +c) 
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Thus, the elastic modulus of concrete considering the effect of creep, usually referred 

to as the effective elastic modulus, can be written as, 

Ec(effective)=Ec/(l+c) (2.7.5) 

This equation appears in Sec. 3, pt. 2 of BS 8110 as part of Eq. 9 [101. In Sec. 7 of the 

code the values of c, , denoted by the code as ý, are given by Fig. 7.1. For long term 

deflection calculations according to the code, Eq. 2.7.5 is used to determine the 

modular ratio needed for the evaluation of sectional properties and curvatures. 

The ACI code [2], however, only recognizes the effect of creep on increasing the 

stresses of the compression steel and ignores its effect on the tension steel and the 

surrounding concrete when computing flexural stresses. This is because creep increases 

the stresses in the compression steel by almost 60% while those in the tension steel 

by only 3-4%. Accordingly, Sec. A5.5 of ACI 318 [2] (Appendix A of the code) 

specifies a modular ratio of 2Es/Ec, which corresponds to ci=1.0 in Eq. 2.7.5, only 

when transforming compression steel area into concrete for computing stresses. For 

deflection calculations, on the other hand, the code combines creep and shrinkage 

effects in a single factor such that when the short term deflection is multiplied by this 

factor the additional long term effects are obtained. By doing this Eq. 2.7.5 is therefore 

bypassed and the modular ratio is only defined for short term calculations. 

In this study the idea that long term effects can always be obtained by multiplying the 

short term effects by an appropriate factor will be adapted and thus only the short 

term elastic modulus and modular ratio need to be considered. This, however, should 

not be taken to mean that the effective elastic modulus can not be used in conjunction 
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with the proposed model of le. As will be shown in Chap. 5, if the parameters involved 

are within the limits for which the model is proposed, the effective moment of inertia 

can be evaluated regardless of whether short or long term elastic modulus is used. 

In the foregoing discussion different expressions of the elastic modulus were 

presented through Eqs. 2.7.1-2.7.4. Equations 2.7.1-2.7.3 relate to cylindrical 

compressive strength, fc', while Eq. 2.7.4 is expressed in terms of the cube strength, 

fcu. Obviously conversion from fc' to fcu and vice versa is always possible in which 

case any of these equations can be used. However, to keep the study as close as 

possible to the British and the American practices the respective equations as 

expressed in terms of fc' and fcu will be used depending on the type of compressive 

strength specified. The units involved in such equations will also be retained as used 

in the two practices. However, since the modular ratio n and the reinforcement ratio 

p are dimensionless, units will eventually cancel out and the type of units will 

therefore remain immaterial in defining the limits and the boundaries in the current 

study. 

In addition, because all test beams considered in the study will have fc' values less 

than 6000 psi (41 MPa) there will be no need of Eq. 2.7.3 and only the ACI equations 

will be applied. This is consistent with the usual practice where fc' values higher than 

6000 psi are usually used in compression elements which are rarely investigated for 

deflection and in which cracking effects are not predominant [8,24,25]. 
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2.8 The Limits of no 

Since the developed models will be expressed in terms of the product np, it is 

important to establish the range over which the product may vary. Both the British and 

the American codes will be considered and the extreme limits will be taken as the 

range of np for which the developed analysis will be assumed. 

2.8.1 Upper Bound of np 

Both the ultimate limit state (the British code) and the ultimate strength (the American 

code) design methods design for a ductile section where the reinforcement yields prior 

to the failure of the section by crushing of concrete in the so called " primary tension- 

secondary compression " failure. In doing so the codes specify limitations on either 

the depth of the neutral axis of the section, x, or the steel ratio, p, used. However, 

explicit expressions for the limiting maximum steel ratio p necessary to define the 

upper bound of np needed for the current study are not given and must therefore be 

derived. 

If the condition when the steel strain is exactly at yield, c� while that of the concrete 

at its crushing value is called the balanced condition and the corresponding depth of 

the neutral axis is denoted as Xb then the ductile failure described above will be 

ensured if x_< Xb. This is because with the concrete crushing strain, cc, set at a 

prescribed value, smaller x values give steel strains, es, larger than that at yield and 

thus ensures yield of steel prior to crushing of the section as shown in Fig. 2.8.1.1 for 

a singly reinforced "general" section. 
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Figure 2.8.1.1 A general cross section and the corresponding strain diagram 

From the geometry of the figure, 

xb=[ýý (F, + c,, )](d) 

multiplying the denominator and the numerator by Es gives, 

Xn=[E, EJ(c E, +fY)](d) (2.8.1.1) 
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The ACI code specifies the followings for E, and ES , 

F -c=0.003 

ES 29x 106 psi (200 KN/mm2) 

Substituting these values into Eq. 2.8.1.1 gives, 

(Sec. 10.2.3 of ACI 318 [2]) 

(Sec. 8.5.2 of ACI 318 [2]) 

xb 487000/(87000+fy)](d), where fy is in psi, Xb and d in inches (2.8.1.2a) 

or 

xb=[600/(600+fy)](d), where fy in MPa, xb and d in mm (2.8.1.2b) 

To ensure ductility Sec. 10.3.3 of ACI 318 [2] requires that the tension reinforcement 

ratio is limited as follows, 

p _< 0.75(p required at x=xb) (2.8.1.3) 

The limitation, as can be seen, has therefore been imposed on the steel reinforcement 

ratio rather than the position of the neutral axis, x. It is only when the section is singly 

reinforced rectangular or doubly reinforced rectangular with yielding compression steel 

that the above limitation is equivalent to limiting the neutral axis depth. For flanged 

sections the limitation of the code provides more ductility than if x was limited to 

0.75xb. 
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When the moments obtained by elastic analysis are to be redistributed the code 

requires extra ductility to allow for the development of plastic hinges at regions of 

maximum negative moments over continuous supports. This is expressed in Sec. 8.4 

of ACI 318 [2] where the limiting factor of 0.75 is further reduced to 0.5. Because for 

the current study the upper bound of np is sought, this extra restriction of the code is 

ignored and only the higher factor of 0.75 is considered. 

The limitation set by Eq. 2.8.1.3 is next applied to rectangular and flanged sections to 

obtain expressions for the maximum steel ratios. 

(1) Rectangular Sections: 

Using the assumption of Sec. 10.2.7 of ACI 318 [2] for the stress block and that part 

of the tension steel will be in equilibrium with the concrete in compression while the 

remaining part is there to balance the compression steel area, the behaviour of a 

doubly reinforced rectangular section is shown in Fig. 2.8.1.2. 

Referring to the figure, Static equilibrium requires that, 

0.85fc'ß1xb+As'fs'=(As1+As2)fs=Asfs 

where fs and fsare the stress in the tension and compression steel, respectively. 

At the balance condition, fs=fy, x=xb and if fs' is denoted as fsb' then, 

0.85fc'1 lxbb+As'fsb'=Asfy 
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Figure 2.8.1.2 A doubly reinforced rectangular section and the correspondig strain and force diagrams 
according to ACI 

However, with the reinforcement ratios p and p' taken relative to bd 

As=pbd , As' =p' bd 

Thus, 

0.85fc'plxbb+p' bdfsb'=pbdfy 

From the above equation the expression for p at x=xb can be written as, 
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p(at x=xb)=(0.85fc'/fyd)(ßlxb)+p'fsb'/fy 

Thus, according to Sec. 10.3.3 of ACI 318 [2], 

p <_ 0.75[(0.85fc'/fyd)(Plxb)l + p'fsb'/fy 

where the 0.75 limitation on the compression steel is waived as allowed by the code. 

Defining, 

Pb=[(0.85fc'/fyd)](ßlxb) 

Then for doubly reinforced rectangular section, 

p <_ 0.75pb + p'fsb'/fy (2.8.1.4) 

Using the strain diagram of Fig. 2.8.1.2 and Eq. 2.8.1.2 to obtain the strain in the 

compression steel at the balanced condition, Esb', and that fsb'=(Es)Esb' one obtains, 

fsb' =min[87000-(d'/d)(87000+fy), fy] for fy and fc' in psi (2.8.1.5a) 

=min[ 600-(d'/d)(600+fy), fy] for fy and fc' in MPa (2.8.13 b) 

When p'=0 is substituted into Eq. 2.8.1.4 the limitation on the steel ratio for singly 

reinforced rectangular section is also obtained as 
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p <_ 0.75Pb 

The term Pb used in Eqs. 2.8.1.4 and 2.8.1.6 was defined previously as 

Pb = (0.85fc'/fyd)(Plxb) 

Substituting xb from Eq. 2.8.1.2 gives, 

(2.8.1.6) 

Pb = (0.85fc'j3, / fy)[87000/(87000+fy)] for fc' and fy in psi (2.8.1.7a) 

= (0.85fc'ßl/fy)[600/(600+fy)] for fc' and fy in MPa (2.8.1.7b) 

where (31 is given by the code as (Sec. 10.2.7.3 of ACI 318 [2]) 

ß1=min [0.85, max(0.65,0.85-0.05(fc'-4000)/1000] for fc' in psi (2.8.1.8a) 

=min [0.85, max(0.65,0.85-0.00725(fc'-28)] for fc' in MPa (2.8.1.8b) 

(2) Flanged Sections : 

As already explained above, according to Sec. 10.2.7 of ACI 318 [2] the depth of the 

stress block is taken as (31x where x is the depth of the neutral axis and (31 is as given 

by Eq. 2.8.1.8. When the depth of the neutral axis, x, is such that (31x is less than or 

equal to the flange thickness, hf, and because the concrete area in tension is ignored 
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the section can be treated as a perfectly rectangular section of width be (shown in 

Fig. 2.8.1.3) and for which the equations derived above will still apply. 

However, if the depth of the stress block falls within the web a T-section analysis 

must be carried out. Using the assumption of Sec. 10.2.7 of ACI 318 [2] for the stress 

block and that part of the tension steel will be in equilibrium with the concrete in the 

web while the remainder will be there to balance the overhanging portions of the 

flange the behaviour of T-section can be assumed as shown in Fig. 2.8.1.3 

be 

As 
" 

bw 

( strain ) 

0.003 0.85 ff 

c 
ß1X 

d 

T1=(Asl)fs 

0.85 fc 

hf cf 

T2=(As2)fs 

( forces ) 

Figure 2.8.1.3 A singly reinforced flanged section and the corresponding strain and force diagrams 
according to ACI 

Referring to the figure, Static equilibrium requires that 
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0.85fc' bwßlx+0.85fc'hf(be-bw)=(As, +As2)fs=Asfs 

At the balanced condition, fs=fy and x=xb. Thus, if ß1x > hf, 

0.85fc' bw(3lxb+0.85fc'hf(be-bw)=Asfy 

Writing the steel area, As, as pbwd and rearranging gives, 

p (at x=xb)=(0.85fc'/fyd)(ßlxb) + (0.85fc'/fy)[hf(be-bw)/bwd)] 

Substituting xb from Eq. 2.8.1.2 and applying Sec. 10.3.3 of ACI 318 [2] gives the 

following limitation on the steel ratio of singly reinforced T-sections, 

p50.75(Pb + Pf) 

where, 

Pb 

pf = 0.85fc'hf(be-bw)/fybwd 

(2.8.1.9) 

(as given by Eq. 2.8.1.7) 

Unlike the American code the British code restricts the depth of the neutral 

axis rather than the steel ratio. Clauses 3.2.2.1 and 3.4.4.3-4, pt. 1 of BS 8110 [10] 

imply the following [26], 
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x5 (ßb 0.4)(d) 

where ßb is given as: 

(2.8.1.1 0) 

(a) when the moment after redistribution is less than or equal to the moment 

before redistribution, 

Db=min[ 0.9 , 1- (% redistribution/ 100) ] 

where % redistribution allowed by the code is 0- 30%. 

(b) when the moment after redistribution is greater than the moment before 

redistribution, 

1. when the redistribution is <_ 10% : ßb=0.9 

2. when the redistribution is > 10% : Ob=1.0 

To show that Eq. 2.8.1.10 does in fact produce x< Xb and thus ensures an 

underreinforced section, Eq. 2.8.1.2 for xb are rederived using the code specifications 

of Ec=0.0035 (cls. 2.5.3,3.4.4.1 and Fig. 3.1, pt. 1 of BS 8110 [10]), Es=200 KN /mm2 

(cl. 2.5.4, pt. 1 of BS 8110 [10]) and of design material strengths (cl. 2.4.2.2, pt. 1 of BS 

8110 [10]). Thus, 

xb=[ 101500/(101500+fy/7m)](d) 

= [700/(700+fy/'ym) ] (d) 

for fy in psi, xb and d in inches 

for fy in MPa, xb and d in mm 
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Comparing the above equation to Eq. 2.8.1.10 gives, 

x <_ [(101500+fy/Ym)/101500](ßb 0.4)(xb) for fy in psi 

<_ [(700+fy/? m)/700](Pb 0.4)(xb) for fy in MPa 

Since the steel area required is highest at sections of maximum moments where the 

moment is always reduced by moment redistribution, condition (a) of Pb prevails. 

Thus for % redistribution 510%, (3b=0.9. Substituting this into the limitation of x 

gives, 

for fy=250 MPa (and ym= 1.15 according to cl. 2.4.4.1, pt. 1 of BS 8110 [10]), 

xS0.655xb 

and for fy=460 MPa (and ym 1.15), 

x <_0.786xb 

From the above two limitations it can be seen that the restriction of the code as 

represented by Eq. 2.8.1.10 does in fact ensure an underreinforced section (it is 

interesting to note that the average of 0.655 and 0.786 is 0.72 which is almost same 

as the limiting factor of 0.75 used on the steel ratio by ACI 318 [2]). 

Because for the current study the maximum limit of p is required to determine the 

upper bound of np, the limitation of the British code as specified above must be 
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expressed in terms of the reinforcement ratio. This is next done where rectangular as 

well as flanged sections are studied to derive expressions for the maximum steel 

ratios. 

(1) Rectangular Sections: 

Using the simplified stress block of Fig. 3.3, pt. 1 of BS 8110 [10] with ym of 1.5 and 

that part of the tension steel will be in equilibrium with the concrete in compression 

while the remaining part is there to balance the compression steel, the behaviour of 

a doubly reinforced section is shown in Fig. 2.8.1.4. 

" Äs d 

x 

As E 

0.0035 

0.67fcu/1.5ý 

0.9x 

IaC1 

T1=(Asl)fs 

+ 

C2=(As)fs 

T2=(As2)fs 

(Strain) (Forces ) 

Figure 2.8.1.4 A doubly reinforced rectangular section and the corresponding strain and force diagrams 
according to BS 
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Referring to the figure, Static equilibrium requires that 

(0.67fcu/1.5)(0.9x)(b)+As'fs'=(As1+As2)fs = Asfs 

taking x(max)=((3b 0.4)(d) and noticing that fs at such a condition is equal to fy/Yym as 

proved previously gives, 

(0.9)(0.67fcu/1.5)(ßb 0.4)(bd)+As'fsm' = [As(max)](fy/ym) 

where fs' when x=x(max) has been denoted as fsm'. 

Writing As(max) = p(max)(bd), As'=p'bd and taking ym as 1.15 the above equation 

simplifies to, 

p(max)=0.4623(ßb 0.4)(fcu/fy) + (p'fsm')/(fy/1.15) 

From the strain diagram, 

ES'=0.0035(1-d'/x) 

When x(max) = (ßb 0.4)(d) is substituted into the above equation c. ' at x(max) is 

obtained. Multiplying this ; s' 
by Es will then give fsm'. Thus, 

fsm'=min{ 0.0035Es[1-(d'/d) / ((3b 0.4)] 
, fy/1.15 ) 
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Therefore, to ensure that a doubly reinforced section is underreinforced the following 

must be satisfied, 

p50.4623(0b 0.4)(fcu/fy) + (p'fsm')/(fy/1.15) (2.8.1.11) 

where, 

fsm'=min{ 101500[1-(d'/d)/(ßb 0.4)], fy/1.15} for fy and fsm' in psi (2.8.1.12a) 

=min{700[1-(d'/d)/(ßb 0.4)], fy/1.15) for fy and fsm' in MPa (2.8.1.12b) 

When p'=0 is substituted into Eq. 2.8.1.11 the limiting reinforcement ratio for a singly 

reinforced rectangular section is obtained as, 

p50.4623(ßb-0.4)(fcu/fy) 

(2) Flanged sections: 

(2.8.1.13) 

As stated earlier when the depth of the stress block of a flanged section falls within 

the flange the section will behave as a rectangular section and all the pertaining 

equations will still be valid with b replaced by be. 

If on the other hand the depth of the stress block falls within the web then a T-section 

analysis must be carried out. Using the assumption of Fig. 3.3, pt. 1 of BS 8110 [10] 

and that part of the tension steel will be in equilibrium with the concrete in the web 
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while the remaining will be there to balance the overhanging portions of the flange 

the behaviour of a T-section can be assumed as shown in Fig. 2.8.1.5. 

0.67fcu/1.5 

hf 
0.0035 

cf 
0.9x 

hf 

x 

d+ 

Es T1=(Asl)fs 'Cl=(As2)fs 

( strain) ( forces ) 

Figure 2.8.1.5 A singly reinforced flanged section and the corresponding strain and force diagrams 

according to BS 

Static equilibrium requires that, 

(0.67fcu/1.5)(0.9x)(bw)+(0.67fcu/1.5)(hf)(be-bw)=(Asl+ As2)(fs)=Asfs 

At the condition x(max)=(ßb -0.4)(d), fs is equal to fy/Yrr,. Thus the above equation can 

be rewritten as, 
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ym(0.67fcu/1.5)(0.9)((3b -0.4)(d)(bw)+ym(0.67fcu/1.5)(hf)(be-bw)=As(max)fy 

Writing As(max) as p(max)bwd and taking ym =1.15 and rearranging gives, 

p(max)=0.4623(ßb -0.4)(fcu/fy)+0.5137hf(be-bw)(fcu / bwdfy) 

Therefore, to ensure that a singly reinforced T-section is underreinforced the following 

must be met, 

p <_ 0.4623(ßb 0.4)(fcu/fy)+0.5137hf(be-bw)(fcu / bwdfy) (2.8.1.14) 

where p= As/bwd. 

The upper bound of the product np can now be determined as the extreme 

limit defined by the American code through Eqs. 2.8.1.4-2.8.1.9 and by the British 

code through Eqs. 2.8.1.11-2.8.1.14 where ßb is assumed at the maximum value of 0.9 

according to condition(a) for (3b as given by Eq. 2.8.1.10 and as explained previously 

which corresponds to an x(max) of 0.5d. 

The limitations set by the two codes on the maximum p value for singly 

reinforced rectangular beams are used to determine the upper bound of np shown (in 

percentage) in Tables 2.8.1.1 and 2.8.1.2. 

Because Egs. 2.8.1.6-7 and 2.8.1.13 give higher reinforcement ratios for lower values 

of fy, the minimum specified code values of fy were used to obtain the values of p 

shown in the tables. 
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Table 2.8.1.1. Values of n, p(max) and np(max) for different fc' values according 

to ACI 318 [2] for singly reinforced rectangular beams 

fc'(psi) n nfc'/fy pi p(max)% np(max)% 

3000 9 0.675 0.85 2.78 25.00 
3500 8.5 0.744 0.85 3.25 27.63 
4000 8 0.8 0.85 3.71 29.68 
5000 7 0.875 0.8 4.37 30.59 
5500 6.8 0.935 0.77 4.65 31.62 
6000 6.5 0.975 0.75 4.91 31.92 

Table 2.8.1.2. Values of n, p(max) and np(max) for different fcu values according 

to BS 8110 [10] for singly reinforced rectangular beams 

fcu(MPa) n nfcu/fy p(max)% np(max)% 

25 8 0.80 2.31 18.48 
30 7.7 0.92 2.77 21.33 
35 7.4 1.04 3.23 23.90 
40 7.1 1.14 3.70 26.27 
45 6.9 1.24 4.16 28.70 
50 6.7 1.34 4.62 30.95 

In accordance with ASTM A615-617 [27] which are part of the ACI code as declared 

in Secs. 3.5.3 and 3.8 of ACI 318 a value of 40 ksi is used as the lowest fy value to 

obtain the reinforcement ratios in Table 2.8.1.1 from Egs. 2.8.1.6-7. 

Likewise, based on cl. 3.1.7, pt. 1 of BS 8110 [10] the minimum fy value of 250 MPa 

is used to obtain the reinforcement ratios in Table 2.8.1.2 from Eq. 2.8.1.13. 

Because fc' are cylindrical strengths, Eq. 2.7.1 for Ec was used in determining the n 
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values in Table 2.8.1.1. In Table 2.8.1.2, on the other hand, the values of n were 

computed using Eq. 2.7.4 of Ec as fcu are cubic strengths. 

The range of values of fc' included in Table 2.8.1.1 is the one usually used in flexural 

elements like slabs, beams or girders. Values of fc' higher than 6000 psi are usually 

used for columns on lower stories of high-rise buildings rather than in flexural 

elements [8, page 41 of Ref. 24, page 12 of Ref. 25]. Because such columns are mainly 

in compression the effect of cracking is not significant and is therefore not part of this 

study as was explained earlier. 

In Table 2.8.1.2 concrete grades of C25 - C50 were included. While grades C30 - C50 

are the ones usually used in normal practice as recommended by Table 3.4, pt. 1 of BS 

8110 [ 10], grade C25 is also considered based on the relaxation of cl. 3.3.5.2, pt. 1 of 

the code. 

In addition to the ductility requirements of Eq. 2.8.1.13 used to determine p values in 

Table 2.8.1.2 and to ensure proper placement and compaction of concrete, 

cl. 3.12.6.1, pt. 1 of BS 8110 [10] specifies 4% as the absolute maximum steel ratio of 

either the tension or the compression reinforcement based on the gross concrete area, 

bwh. For the extreme ratio of d/h of 0.72, as is assumed in most studies [i. e. 7], such 

a limit corresponds to 4(1/0.72) or 5.5% relative to bwd. Because such an absolute 

limit exceeds the ductility requirements for the maximum p values for the common 

grades of concrete shown in the table the latter controls. 

Comparing the results summarized in Tables 2.8.1.1 and 2.8.1.2 it can be seen 

that for singly reinforced rectangular sections the maximum np that can be taken as 

an upper limit is 31.92 or about 32%. Namely, 
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np (upper bound, singly reinforcedJrectangular section) = 32% (2.8.1.15) 

When the rectangular section is doubly reinforced the compression steel area 

that is needed for extra moment capacity is almost always smaller than the maximum 

steel area permitted for a singly reinforced section. Namely As' of Fig. 2.8.1.2 or 

2.8.1.4 is normally found to be smaller than As, (max). Therefore, p(max) can be 

taken as p(max) for a singly reinforced section. If the value of p'(max) thus assumed 

is substituted into Eq. 2.8.1.4 or Eq. 2.8.1.11 with fsb'=fy or fsm'=fy/1.15 a value of 

p(max) twice that of a singly reinforced section will be obtained (a fact which is 

consistent with p(max) given for doubly reinforced sections in the design aids of 

Ref. 8). Since the values of np(max) of Table 2.8.1.1 are greater than those of Table 

2.8.1.2 and because cl. 3.12.6.1, pt. 1 of BS 8110 [10] further restricts the amount of 

reinforcements to be allowed it is obvious that the ACI specifications give the highest 

reinforcement ratios for doubly reinforced rectangular sections. Thus and from Table 

2.8.1.1, 

np(upper bound, doubly reinforced rectangular sections)=64% (2.8.1.16) 

In the case of flanged sections the maximum p value as can be seen from 

Eqs. 2.8.1.9 and 2.8.1.14 is not only a function of fc' or fcu and fy but also of the 

sectional dimensions. 

According to Eq. 2.8.1.9 p(max) can be written as, 

p(max)=p(max) for a singly reinforced rectangular section+0.6375[hf(be- 
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bw)/bwd] (fc' /fy) 

Thus from Table 2.8.1.1 with np in percentage and for the maximum value of nfc'/fy 

of 0.975, 

np (max)=31.92+62.16(hf/d)(be-bw)/bw 

Or expressing np relative to the flange width, be (leads to a better structure for the 

programs to be discussed in Sec. 3.4 and reduces the do loop iterations involved), 

np(max)=31.92(bw/be)+62.16(hf/d)(1-bw/be) (2.8.1.17) 

On the other hand the British code limits the amount of reinforcement based 

on the ductility requirement and the requirement of cl 3.12.6.1, pt. 1 of BS 8110 [10] 

with the minimum of the two as the controlling limit. While the ductility requirement 

according to Eq. 2.8.1.14 will give the highest value of np(max) at the maximum 

nfcu/fy, the value of n to be multiplied by p as obtained using cl 3.12.6.1, pt. 1 of BS 

8110 [10] is highest at the lowest nfcu/fy of Table 2.8.1.2. 

Because of this inconsistency the two limits have to be checked at each case of Table 

2.8.1.2 and the minimum taken as the corresponding np(max). The highest of the 

values of np(max) thus obtained for all cases will then be the np(max) for the 

particular ratios of be/bw and hf/d considered. 

From Eq. 2.8.1.14 and for np in percentage and relative to be, 
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np(max, for ductility)=np(max) for singly reinforced rectangular section(bw/be) 

+51.37(nfcu/fy)(hf/d)(1-bw/be) (2.8.1.18) 

The limitation of cl. 3.12.6.1, pt. 1 of BS 8110 [10], although it refers to the gross 

concrete area, is often taken as 4% of bwh even for flanged sections [page 143 of 

Ref. 28]. With such a limitation being actually equivalent to p(max) of 5.5% relative 

to (bw)d, as was seen earlier, one can write, relative to be, 

np(max, due to cl. 3.12.6.1, pt. 1 of BS 8110 [1 0])=5.5n(bw/be) (2.8.1.19) 

Combining Eqs. 2.8.1.18 and 2.8.1.19, 

np (max)=min(Eq. 2.8.1.18, Eq. 2.8.1.19) (2.8.1.20) 

Equation 2.8.1.20 is applied to all cases in Table 2.8.1.2. The highest value of 

np(max) obtained is then compared with np(max) from Eq. 2.8.1.17 to determine the 

overall np(max) for the particular ratios of be/bw and hf/d considered. To find the 

upper bound of np the value of np(max) has to be determined for all combinations of 

be/bw and hf/d that can practically occur so that the highest of these values can be 

chosen. For this purpose a computer program has been developed in which the above 

argument was used to evaluate the upper bound of np for the practical ratios of be/bw 

from 1.1 to 10 and of hf/d from 0.1 to 0.60. The coding of the program along with 

the printed results are shown in Appendix A. Consistent with the notation used to 

define the equations the program, being the first in this section, is referred to as 
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Prog. 2.8.1 (a practice used throughout this document). The program has been 

structured to printout for each combination of be/bw and hf/d the maximum np value 

found using the British and the American codes and the highest of these values as 

well the position of the neutral axis within the cracked transformed section. 

The results obtained from the computer analysis indicated that for hf/d ratios greater 

than 0.55 the neutral axis always falls within the flange and the section can therefore 

be analyzed as a rectangle of width be. Hence the upper bound of np for T-section 

behaviour has to be determined from the results given for hf/d ratios of less than or 

equal to 0.55. By scanning the values of np(max) given for this range of hf/d it can 

be seen that the specifications of ACI 318 [2] as given by Eq. 2.8.1.17 always control 

giving an upper bound of np of 33.96% (practical considerations will probably not 

allow such a high steel area into the web of a flanged section [page 335 of Ref. 25]. 

However, since such a practical limitation is not part of the ACI code, it is not 

considered in this study). 

For the unlikely condition of doubly reinforced flanged sections no separate 

analysis has been devoted. However, in Sec. 3.5 it will be shown that the results drawn 

from studying doubly reinforced rectangular and singly reinforced flanged sections can 

be easily extended to include such cases. 

2.8.2 Lower Bound of np 

If the tension steel area provided is too little the section will suddenly fail when the 

tensile stresses exceed the tensile strength of the concrete. 

To guard against such a sudden failure, Sec. 10.5.1 of ACI 318 [2] requires that in case 
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of beams the tension steel area is not to be taken less than p(min) as specified below, 

p(min, beams)=200/fy for fy in psi (2.8.2.1a) 

or, in SI units 

p(min, beams)=1.4/fy for fy in MPa (2.8.2.1b) 

The highest value of fy=60ksi [27] will therefore give a limiting value of 

p(min)=0.3%. Hence, 

p(min, rectangular section beams according to ACI 318 [2])=0.3% (2.8.2.2) 

For slabs the ACI code simply restricts the minimum reinforcement ratio to those 

required to control shrinkage and temperature cracks. Thus, from Sec. 7.12.2.1 of ACI 

318 [21, 

minimum steel ratio(relative to gross area of concrete) for slabs =0.0014 

Because in this study p is taken with respect to the effective depth d the above 

limitation must therefore be accordingly modified. Taking d/h for slabs as 0.8, on 

average, then 

p(min, slabs)=0.0014/0.8=0.0018 
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or, after expressing in percentage, 

p(min, slabs according to ACI 318 [2])=0.18% (2.8.2.3) 

On the other hand the British code specifies empirical values for the minimum 

steel area for the same reason as above and to control thermal and shrinkage effects. 

These are given in Table 3.27, pt. 1 and according to cl. 3.12.5.3, pt. 1. of BS 8110. 

From the table it can be seen that the smallest minimum percentage of reinforcement 

is 0.13% which is again based on the gross concrete area. Thus, dividing by the 

extreme ratio of d/h of 0.97 (consistent with most references) to express p relative 

to d, 

p(min) = 0.13/0.97=0.134% 

Hence, it can be taken that, 

p(min, rectangular section according to BS 8110 [10])=0.134% (2.8.2.4) 

From Eqs. 2.8.2.2-2.8.2.4 and using the minimum n values from Tables 2.8.1.1-2 it can 

be concluded therefore that, 

lower bound of np(rectangular section)=min[ 6.5(0.18) , 6.7(0.134) 1 
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or, 

lower bound of np(rectangular sections) -0.9% (2.8.2.5) 

For flanged sections p(min) based on the American code is as given by 

Eq. 2.8.2.2. However, to express p relative to the flange width be the equation has to 

be written as, 

p(min)=0.3/(be/bw)% 

and for the minimum n value from Table 2.8.1.1 one can write, 

np (min)=6.5 [0.3/(be/bw)] % 

or 

np(min, flanged section according to ACI 318 [2])=1.95/(be/bw) (2.8.2.6) 

On the other hand, the specification of BS 8110 [10] as given in Table 3.27, pt. 1 of 

the code can be written as, 

A(min)=[0.13/(d/h)]/(be/bw)% 

=[0.18/(d/h)]/(be/bw)% 

when be/bw: 5 2.5 

when be/bw > 2.5 
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where the division by d/h and then by be/bw was necessary to convert the given p to 

that relative to (be)d. Hence for the minimum n value of 6.7 from Table 2.8.1.2 and 

for d/h of 0.97 one can write, 

np(min, flanged sections according to BS 8110 [10])=0.9/(be/bw) for be/bw<_ 2.5 

Because Eq. 2.8.2.6 gives higher np(min) values than those from Eq. 2.8.2.7 the latter 

=1.24/(be/bw) for be/bw>2.5 

(2.8.2.7) 

controls. Therefore, 

np(min, flanged sections)=0.9/(be/bw) for be/bw <_ 2.5 (2.8.2.8) 

=1.24/(be/bw) for be/bw > 2.5 

From the above equations the lower bound of np can be obtained by setting be/bw at 

2.5 and at 10 (as was previously mentioned the maximum be/bw considered in the 

current study is 10) in the two parts of the equation and then taking the minimum of 

the two values. Because 1.24/10 is obviously smaller than 0.9/2.5 the former 

controls. Thus, 

lower bound of np for flanged sections (relative to be) =0.124% (2.8.2.9) 
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2.9 The Limits of did 

The limits of did are usually controlled by the force and moment capacity provided 

by the compression steel as placed within the section as well as the concrete cover 

allowed by the different codes. References consulted in the British practice suggest 

d'/d ratios from 0.08 to 0.3 while in the American practice ratios vary from 0.03 to 

0.37. Since this study considers the extreme limits in the two practices, d'/d ratios 

within the limits of 0.03 to 0.37 are adopted. 

2.10 The Modulus of Rupture 

Although the tensile strength of concrete is usually ignored in strength computations 

of flexural elements it forms an important factor in the serviceability considerations 

such as deflection calculations and in cases where the moment of inertia of the 

section is evaluated considering the effect of cracking. The type of concrete tensile 

strength considered in these cases is called the modulus of rupture. 

The modulus of rupture of concrete is defined as its ability to withstand tensile 

stresses that are induced by bending. It is obtained by bending tests conducted on 

plain concrete beams where the flexural formula is used to evaluate the tensile 

strength of the concrete tested. Although the modulus of rupture is not an accurate 

function of the compressive strength it can always be approximated in terms of the 

cylindrical compressive strength of the concrete as, 

fr=kVfc' 
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Experiments have shown that for normal weight concrete and for fc' in psi k varies 

from 7 to 12 and for light weight concrete from 5 to 11. The smaller factors tend to 

apply to higher strength concretes and the larger to lower strength concretes. 

Taking the lower limit of the possible values of k, Sec. 9.5.2.3 of ACI 318 [2] specifies 

the following for the modulus of rupture, fr 

fr=7.5'Ifc' where fr and fc' in psi 

fr=0.62V'fc' where fr and fc' in MPa 

(2.10.1a) 

(2.10.1b) 

The code also specifies that 75% and 85% of Eq. 2.10.1 can be used for the modulus 

of rupture of all-lightweight concrete and sand-lightweight concrete, respectively. 

Since there is no expression for the flexural tensile strength of the concrete 

as a function of the compressive strength give in BS 8110 [10], Eq. 2.10.1 is used 

throughout this study. For this the equation had to be modified for the cases where 

cube compressive strengths are specified. Dividing the cylindrical compressive strength 

by an average conversion factor of 0.8 [29] the equation is modified as follows, 

or 

fr=6.8Vfcu, 

fr=0.56V"fcu , 

where fr and fcu in psi (2.10.2a) 

(2.10.2b) 
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2.11 Summary 

In the preceding sections different parameters and sectional ratios were considered. 

Based on the British and the American codes and as found in the references consulted 

limits for the different parameters were derived and equations for use in the proposed 

models were suggested. Because these limits define the scope of the study as well as 

the boundaries of the computer programs developed in the forecoming chapters, it was 

thought useful to provide, as a summary, Table 2.11.1 that can be used as a quick 

reference. 

Table 2.11.1 

Summary of the parameters and equations defining the study 

parameters parameters' value range 
or equations 

np(singly reinforced rectangular sections) 0.9 to 32% 

np(doubly reinforced rectangular sections 0.9 to 64% 

np(singly reinforced flanged sections)* 0.124 to 33.96% 

d'/d(doubly reinforced sections) 0.03 to 0.37 

be/bw(flanged sections) 1.1 to 10 

hf/d(flanged sections) 0.1 to 0.55 

d/h 0.72 to 0.97 

elastic modulus of concrete, Ec Egs. 2.7.1,2.7.2,2.7.4 

modulus of rupture, fr Eqs. 2.10.1 and 2.10.2 

*np taken relative to the flange width be. 

Chapter 2 80 

a 



CHAPTER 3 

APPROXIMATION OF Icr 

3.1 Introduction 

For any concrete section the effective moment of inertia can be written as, 

Ie = Icr + Is 

where Is is the part contributed by the concrete that has not yet cracked and the 

symbol "s" is used to represent concrete stiffening effect. 

Icr is, as previously defined, the moment of inertia of the section when all the 

concrete in tension has cracked. It is evaluated considering the concrete in 

compression and transforming the tension and compression steel (if any) into an 

equivalent concrete area. 

It is the computation of Icr that makes Ie calculations lengthy especially for 

flanged sections or when Ie is to be evaluated at different sections. Thus it is useful 

to develop an approximation for Icr that will facilitate its calculation with the best 

accuracy possible. This is done in this chapter. 
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First an approximating equation will be developed for the case of rectangular 

sections with tension reinforcement only. This will then be used as the basic equation 

for the evaluation of Icr for sections that are doubly reinforced and for those that are 

flanged. In modelling the basic equation two criteria are observed. First the equation 

is made as simple as possible by avoiding higher degree polynomials and instead 

straight line fits were used in the approximations involved in the development of the 

equation. Second the equation is formulated in a way that its application to sections 

other than singly reinforced rectangles is possible by modifying only a single factor. 

This does not only make the equation simpler to apply but also makes it possible to 

develop a single compact model of the effective moment of inertia for all the sections 

considered in this study. In addition, and as will be shown in the next chapter, such 

a model will be easy to represent graphically such that the need for the separate 

evaluation of Icr is completely eliminated. 

Because Icr will be part of the overall expression of le to be developed in the 

next chapter and which is required to maintain an acceptable level of accuracy, any 

expression of Icr had to bear the least error possible. To ensure this intensive 

computer analysis had to be conducted considering all possible combinations of the 

factors involved. Through such intensive studies it was possible to develop the basic 

equation for the approximation of Icr and its modifications as applied to doubly 

reinforced rectangular sections as well as singly and doubly reinforced flanged 

sections bearing a maximum error of only ±6%. 

The models for the approximation of Icr as developed in this chapter were 

intended for use in the evaluation of the effective moment of inertia as will be 

discussed in the next chapter. However, it is also useful due to its simplicity and high 
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accuracy in any analysis or design of concrete elements where Icr is involved. 

3.2 Singly Reinforced Rectangular Sections 

Consider the cracked transformed section shown below 

Figure 3.2.1 Transformed cracked section of a singly reinforced rectangular section. 
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The position of the neutral axis, which is same as that of the centroidal axis since 

stresses are elastic (as is always the case in serviceability considerations), is given by, 

x=[ (bx)(x/2) + (nAs)(d)] /[ bx+nAs ] 

Thus 

bx2/2 + (nAs)(x) - (nAs)(d) =0 

or 

x={ -nAs + 
\f[ (nAs)2 + (4)(b/2)(nAs)(d) ]}/b 

Expressing As as pbd, 

x={ -npbd + 
�[ (npbd)2 + (4)(b/2)(npbd2) ]}/b 

or 

x= 
V( 

-npd + dnp2 + 2np) 

taking k= - np + 
V(np2 

+2np) , then 
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x=dk 

On the other hand, 

Icr = bx3/12 + (bx)(x/2)2 + npbd(d-x)2 

Substituting dk for x, 

Icr = bd3k3/12 + bd3k3/4 + npbd(d - dk)2 

= 4bd3k3/12 + npbd3(1-k)2 

or 

Icr = (bd3/12)[ 4k3 + 12np(1"k)2 ] 

In order to preserve accuracy usual practice recommends p to be taken to four decimal 

places. However, because it is difficult to adhere to, this rule is commonly overlooked. 

Therefore, and to avoid loss of accuracy it is thought to be better if is expressed in 

percentage where only two decimal places will be required. Thus, 

Icr = (bd3/12)[ 4k3 + 0.12np(1-k)2 ] 

or 

Icr / (bd3/12) = 4k3 + 0.12np(1-k)2 (3.2.1) 
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where, 

k =[ - np + 
V(n2p2 

+ 200np) )/ 100 

The development of Eq. 3.2.1 was necessary to consolidate b, d, x and np as separate 

variables into the two variables Icr/(bd3/12) and np (since k is a function of np) such 

that a curve can be produced in a two axes coordinate system. To reduce the 

complexity of Eq. 3.2.1 this curve can then be approximated by a series of straight line 

intervals which can be represented by the simple expression of a straight line. 

Figures 3.2.2(a)-(b) represent the curve of Icr/(bd3/12) as obtained from Eq. 3.2.1 and 

for np values from 0.12% up to 64% encompassing all the lower and upper bounds 

discussed in Chap. 2. 

For the np values in the range discussed above different trials were attempted to 

approximate the curve of Figs. 3.2.2(a) and (b) using straight line fits. Based on these 

trials it was found that the approximations shown in the figure give the accuracy 

desired with the least number of intervals and thus approximate Icr as Icre given by 

the following basic formula, 

Icre=(a+(3np)(bd3/12) 

where, 

a=0.003, ß=0.095 

a=0.05, ß=0.07 

a=0.16, ß=0.05 

(3.2.2) 

for np <_ 1.9% 

for 1.9%<np<_5% 

for 5% < np <_ 17% 
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Figure 3.2.2(x) Approximation of Icr 
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a =0.50,0 =0.03 for 17% < np <_ 32% 

a =0.80, p =0.02 for np > 32% 

To compare the results of Eq. 3.2.2 to the exact value of Icr for almost all possible 

values of np over the range from 0.124% to 64% a computer program was used. The 

coding of the program (Prog. 3.2.1) and its output appear in Appendix B 1. The results 

as shown in the appendix reveal that the proposed model of Eq. 3.2.2 gives Icr values 

that are at least accurate to ±6%. 

In the sections to follow it will be shown that doubly reinforced rectangular 

sections and singly or doubly reinforced flanged sections can always be transformed 

into an equivalent singly reinforced rectangular section so that Eq. 3.2.2 can be 

applied. Therefore, in this context and because the equation is seen to give results of 

acceptable accuracy over np values that encompass all the lower and upper bounds 

discussed in Chap. 2 (0.124% to 64%), it can be taken as the basic expression for the 

approximation of Icr for all the sectional geometries considered in this study. 

In Chap. 4 a model of Ie will be developed as the cracked transformed moment 

of inertia of a rectangular section in which the effect of concrete stiffening is 

represented by a fictitious steel area using the basic expression of the approximation 

of Icr as given by Eq. 3.2.2. Because the equation is of the simplest form possible, 

due to straight line approximation it represents, it will be shown to lead itself well 

into an easy analytical development that will eventually yield a simple expression of 

le. 
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3.3 Doubly Reinforced Rectangular Sections 

Although it is sometimes claimed that compression reinforcement has little effect on 

Icr [30,31], it can be shown that neglecting such reinforcement often yields Icr values 

that are overconservative (conservative moment of inertia values are those lower than 

the actual ones for they predict conditions that are worse than otherwise). Because any 

Icr approximation will be part of the models to be developed in the forthcoming 

chapters it is important then to avoid undue safety that may lead to cumulative loss 

of accuray. It is thus thought necessary to consider the effect of compression 

reinforcement. As will be shown in this section such an effect can always be 

accounted for by modifying only the parameter "b" of the basic formula of Eq. 3.2.2. 

In order to evaluate Icr for a doubly reinforced rectangular section using 

Eq. 3.2.2 the section must be transformed into another which can be assumed to behave 

as a singly reinforced rectangular section for which the equation is derived. The 

easiest way to do this is to transform the compression reinforcement into an equivalent 

concrete area that acts as a flange of sufficient thickness such that the resulting 

flanged section behaves as a rectangular section. Such transformation is shown in 

Fig. 3.3.1 where the doubly reinforced rectangular section of Fig(a) has been 

transformed into the equivalent section of Fig(b). For the cracked section of this 

figure to behave as a singly reinforced rectangular section that is equivalent to the 

cracked section of Fig(a) the transformation factors ß' and t must be properly chosen. 

If in Fig. 3.3.1(b), the flange depth t and the centroidal axis depth xe of the 

equivalent cracked section are made equal and equal to the depth x of the centroidal 

axis of the cracked section of Fig3.3.1(a), then to keep the moment of inertia of the 
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Figure 3.3.1 
(a) a singly reinforced rectangular section 
(b) an equivalent flanged section to that of (a) 

two cracked sections equal requires that, 

(n)(As'/2)(x - d')2 = ß'x3/3 

Hence, 

P' = 3(n)(P'bd)(x - d')2 / (2x3) 
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But, 

b'=b+ 2ß' 

Thus, 

b' =b+ (3np'bd)(x - d')2 / x3 

or 

b' =b+ (3np'b)(d/x)(1-d'/x)2 

and if np' is expressed in percentage, 

b' =b+ (0.03np'b)(d/x)(1-d'/x)2 

It can be shown from statics that, 

x=k, d 

where, 

kl = {V[(np + np )2 + 200(np + np'd'/d)] - (np + np')} / 100 
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Substituting for x in the equation of b' will therefore give, 

V=b+ (0.03np'b/kl)(1 - d'/k, d)2 

which can also be written as, 

b' =[1+ a'np'd/d' ] (b) 

in which, 

a' = 0.03(d'/d)(1 - d'/kld)2 / kl 

(3.3.1) 

The value of b' obtained from Eq. 3.3.1 along with t=x makes the moment of inertia 

of Fig. 3.3.1(a) and (b) exactly equal. In addition and because the centroidal axis is 

exactly at the bottom of the flange of the equivalent section, a perfectly rectangular 

section of width b' can be assumed to which Eq. 3.2.2 can be applied. However, the 

expression of a' and kl involved in the evaluation of b' was thought to be too 

complex for practical use. In addition, since Eq. 3.2.2 will be eventually applied to the 

equivalent section any value of a' that is not derived on the basis of the equation 

itself or within its context may not actually produce exact results. In other words, 

because Eq. 3.2.2 in itself may sometimes bear slight error the results may not be exact 

no matter how exact the value of b' is unless it is derived on the basis of the equation 

or within its context. For that the complexity of Eq. 3.3.1 is not really justified and a 
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different method for obtaining a' should be adopted. This is done next where it will 

be shown that while retaining the format of Eq. 3.3.1, the factor a', when derived 

within the context of Eq. 3.2.2, can be greatly simplified. 

If the centroidal axis of the equivalent section of Fig3.3.1(b) is assumed to fall 

within the flange, then the section will behave as a rectangle for which and in 

accordance with Eq. 3.2.2 the equivalent cracked transformed moment of inertia, Icre, 

can be written as, 

Icre = (a + ßnpe)(b'd3/12) 

in which, 

npe = (100nAs) / (b'd) 

Using 

np = (100nAs) / (bd) 

the above definition of npe can therefore be written as, 

npe = npb/b' 

Substituting this last expression of npe into the equation of Icre gives, 
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Icre = (a + (3npb/b')(b'd3/12) 

or 

l2lcre/bd3 = ab'/b + ßnp 

Thus, 

(b'/b) = [(121cre/bd') - (3np] /a 

(3.3.2) 

If Icre is set equal to Icr, as found on the basis of the general cracked transformed 

section of Fig. 3.3.2 (on page 101) and the pertaining equations shown therein, the 

above equation will then give the exact (b'/b) value. Namely, 

(b'b)exact = [(12Icr/bd3) - (3np] /a (3.3.3) 

Retaining the format of Eq. 3.3.1, one can write 

(b'/b) =I+ a'np'(d/d') (3.3.4) 

or 

a' = [(b'/b) - 1] / (np'd/d') 

Chapter 3 95 



Thus, 

a'(exact) = [(b'/b)exact - 11 / (np'd/d') (3.3.5) 

Therefore, if the value of (b'/b)exaýý is known the exact value of a' can be determined. 

However, (b'/b)exact as given by Eq. 3.3.3 is a function of the factors a and ß which 

are themselves functions of npb/b'. Due to this interrelation of the parameters involved 

the solution of Eq. 3.3.3 for (b'/b)exact is best achieved iteratively. Since the value of 

np is known it will be easier to initially assume that npb/b'=np. From the value of 

npb/b' thus assumed the factors a and (3 will be obtained as given by the intervals 

specified in Eq. 3.2.2 (since the original section has been transformed into an 

equivalent section of width b' the factors a and 0 will be determined on the basis of 

npb/b' rather than np. Of course at this initial stage this makes no difference since 

npb'/b is assumed equal to np). Substituting these factors into Eq. 3.3.3 a value for 

(b'/b) will be found. Based on the value of b' thus found a new value of npb/b' will 

be calculated and based on which new values for a and ß will be found. These factors 

will again be substituted into Eq. 3.3.3 to obtain a new value for (b'/b). The process 

will be repeated until (b'/b) obtained from two successive iterations become exactly 

equal. The final (b'/b) will then be taken as the exact value of (b'/b) based on which 

a'(exact) will be calculated using Eq. 3.3.5. 

Once the exact value of a' is determined at each combination of np, np' and d'/d that 

is practically possible a preset percentage of error can be allowed for to obtain an 

upper and a lower bound of a' at each set of combination. The maximum of these 

lower bounds and the minimum of the upper bounds over the full range of np, np' and 
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d'/d can then be found to construct an envelope of W. From the envelope of a' thus 

constructed one can then approximate the value of a' such that the ratio of the 

approximate Icr to the exact Icr, namely Icre/Icr, at any combination of np, np'and d'Id 

corresponds to an error which is less than or equal to the percent error allowed for. 

To determine the upper and lower bounds of a' at any combination of np, np' and 

d7d the exact value of cC has to be incremented either upwards or downwards. When 

the incremented a' (denoted hereafter as (xe') is larger than the exact a' the ratio of 

Icre/Icr will be greater than 1.0 which amounts to a "+" error or an over estimate of 

Icr. On the other hand, when ae' is less than W(exact) the ratio Icre/Icr will then be 

less than 1.0 which corresponds to a "-" error or an underestimate of Icr. To show 

why this is so let it be assumed, for the sake of simplicity, that a and 0 factors 

corresponding to npb/b' relative to the exact and the incremented a' are equal. 

Therefore, the difference between the exact and the approximate value of Icr, namely 

Icr - Icre, can be written as, 

Icr - Icre =((x+ßnpb/b'exact)(b'exactd3/12) - ((x+ßnpb/be')(be'd3/12) 

or 

Icr - Icre = (ab'exact + ßnpb - (xbe' - ßnpb)(d3/12) 

where be' is used to denote b' that corresponds to ae'. Hence, 

Icr - Icre = ((xd3/12)(b'exact - be') 
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or 

Icr - Icre = (ccbd3/12)[(b'/b)exact - (b'/b)el 

Substituting for bib from Eq. 3.3.4, 

Icr - Icre = ((xbd'/12)[1 + a'exactnp'(d/d') -1- ae'np'(d/d')] 

or 

Icr - Icre = [abd3np'(d/d')/12] (a'exact - (Xe') 

Dividing through by Icr, 

1- Icre/Icr = [anp'(d/d') / (12Icr/bd3)] [a'exact - ae'] 

Hence, 

a'exact - ae' - (1-Icre/Icr) [(12Icr/bd3)/(ccnp'd/d')] 

or 
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ae'-a'exact= (Icre/Icr-1) [(12Icr/bd3)/(anp'(d/d')] (3.3.6) 

If a' is incremented upwards then the difference ae' - cc'exact will obviously be 

positive. This implies, according to Eq. 3.3.6, that the term "Icre/Icr - 1" is also 

positive which means that Icre is greater than Icr. Likewise if a' is incremented 

downwards, the difference ae' - a'eX. t will be negative. Again from Eq. 3.3.6 this will 

imply that the term "Icre/Icr -1" is also negative or Icre is less than Icr. 

The above argument drawn from Eq. 3.3.6 is actually equivalent to saying that any 

preset error value, "Icre/Icr - 1" will actually correspond to a value of ae which is 

either greater or smaller than a'exact" If the error was preset at a positive value the 

corresponding ae' will then be greater than a'exac 
,t 

and vice versa. The exact value of 

ae' however will depend on the combination of np, np' and did. The set of ae' 

greater than a'exact for all np, np' and d7d values is the one referred to earlier as the 

upper bound of a' and the set of ae" smaller than a'e,, act 
is the one referred to as the 

lower bound of a'. The lowest of the upper bound of a' and the highest of the lower 

bound at each d7d ratio will then represent the upper and the lower points of the a' 

envelope, respectively. By plotting these upper and lower points at each respective 

d'Id value upper and lower a' envelopes can therefore be constructed. If such 

envelopes are wide apart it will then be possible to approximate a' as simply a 

function of did. 

Although the above discussion was based on observing the format of Eq. 3.3.6 the 

equation per se cannot be used to obtain ae' directly. This is because it is based on 

the assumption that the factors a and 0 for npb/b' corresponding to a'exact and ae" are 

the same which is not necessarily true. Therefore, any attempt to obtain ae' using 
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Eq. 3.3.6 must be part of an iterative solution in which the factors a and J are 

evaluated at each iteration and compared with the previous values. For that it is 

thought to be simpler to follow and easier to automate if instead of using Eq. 3.3.6 the 

a' bounds are found by directly incrementing a' from its exact value by adding 

positive increments if the upper bound is sought or negative increments when the 

lower bound is sought. Each incremented value of a' is then substituted into Eq. 3.3.4 

to obtain a value for V. Using the value of b' thus found npb/b' will then be 

calculated and the factors a and 0 are found from Eq. 3.2.2. These values are then 

substituted into Eq. 3.3.2 to obtain a value for Icre. Using this Icre value the error 

"Icre/Icr - 1" is calculated. If the absolute value of the error thus obtained was found 

to be less than the absolute value of the error initially preset, the value of a' is then 

further incremented. The process is repeated until the calculated error eventually 

converges to the preset value and the resulting a' is then taken as either the upper or 

the lower bound of a' at the particular combination of np, np' and d'/d considered. 

Because of the many repetitive and iterative procedures involved it is 

obviously impractical to apply the above method using hand calculations and a 

computer program had to be developed exclusively for the purpose. In the program, 

Prog. 3.3.1, all sections that can be encountered in practice were considered. In 

accordance with the limits discussed in Chap. 2 the ratio of d7d was allowed to vary 

from 0.03 to 0.37. In addition both tension and compression steel areas were allowed 

to vary within the limits of Sec. 2.8 and that the latter is assumed to be always less 

than or equal to the former. This is in recognition of the fact that the compression 

steel area needed for flexure is always small and it is only when intended for 

deflection control (to reduce creep and shrinkage deflection) that it is made equal to 
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the tension steel. Furthermore, because the effect of np' less than I% on Icr was 

thought to be insignificant (as will be seen in case(a) of the example given at the end 

of the section), only np and np" greater than or equal to 1% were considered. 

To generalize the analysis the study was conducted assuming a section of any width 

b and of any effective depth d. As indicated earlier the exact moment of inertia Icr 

required in the analysis was computed on the basis of the general cracked 

transformed section of Fig. 3.3.2 and the pertaining equations shown therein. 

nAs/2 nAs/2 

e As'- d' 

neutral axis 
dh 

As nAs 
" 

bb 

p= 10OAs/bd 
,p= 100As/bd 

x=l-(np+np")+ (np+np")'`+200(np+np'd%d )](d/100) 

Icr=1100x3/3 +np" d(x-d, )2+npd(d-x) ](b/1(X)) 

Figure 3.3.2 The cracked transformed section of a doubly reinforced rectangular 
section and the pertaining equations of x and Icr 
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The flow charts of Prog. 3.3.1 used in the study are shown in Fig. 3.3.3 while the 

program's listing is included in Appendix B2. 

The flowcharts of Fig. 3.3.3 give a clear and detailed schematic representation of the 

iteration process involved in the analysis and are thus an effective means of 

summarizing earlier discussions. In addition, they serve as an overall outline of the 

logic of Prog. 3.3.1. 

The moment the program is invoked it will prompt for the % error to be allowed 

where the preset error value desired has to be entered in percentage. This same 

percentage of error will then be assumed by the program in evaluating the upper and 

lower values required for the construction of the a' envelopes. 

The lower and upper bounds of np and np' are set and each of these variables is 

incremented through Do loops 50 and 40, respectively. According to the upper bound 

of np found in Chap. 2 and because np is always assumed greater than or equal to np' 

the maximum values of np and np' were both taken at 64%. 

When np' values less than 2% were considered the construction of continuous 

envelopes of a' was not possible. This is because such low np' values (especially 

when d'/d is high) have negligible effect on Icre and thus correspond to W values of 

different "order" than those for np' > 2%. Because of this and their negligible effect 

on Icre, np' (as will be seen in case (a) of the example given at the end of the 

section) values less than 2% were not considered in the study. In addition, for each 

combination of np and np' the ductility requirements of Chap. 2 were also imposed 

to discard any section that is found nonductile. Because the ACI code limitations 

allow more sections to be considered such ductility requirements were applied using 

Eq. 2.8.1.4 with fsb' taken as fy and the conditions of fc' and fy that correspond to 
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Figure 3.3.3 The flowcharts for Prog. 3.3. I 
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Figure 3.3.3 (cont'd) 
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Figure 3.3.3 (cont'd ) 
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npmax of Table 2.8.1.1. For each combination of np, np' and d'/d the exact a' is 

calculated as the variable "ALPHAE". Successive increments of ±10"6 were then 

applied to the value of exact to obtain the bounds of W. The lowest of all the upper 

bounds and the highest of all the lower bounds relative to each particular d'/d and 

over the full range of np and np' considered were then printed as the upper and lower 

envelope values, respectively. 

Different trials with errors less than 5% (starting with errors of tl% upto 

±4.5%) have shown that for such error values the construction of practical envelopes 

was impossible. This is because in such cases the upper and lower envelopes were 

close together leaving no range for any practical approximation of W. For this greater 

error percentages had to be considered. Figure 3.3.4 shows the envelopes of a' for 

errors of ±5% and ±6.5% which are plots of the upper and lower envelope values 

printed by the program and shown in Table 3.3.1. 

Within the range confined by the envelopes of Fig. 3.3.4 two straight line 

approximations of a' were made as shown in the figure. Namely, 

a' = 0.0037 for 0.065 S d'/d <_ 0.305 

= 0.0025 otherwise 

(3.3.7) 

To confirm the above approximation of a' and thus the envelopes of Fig. 3.3.4 and to 

indicate numerically the magnitude of the errors involved a separate program had to 

be developed. The program is designated as Prog. 3.3.2 and its flow charts are shown 

in Fig. 3.3.5. The listing of the program appears in Appendix B3. 

In the program the limits of np, np' and d7d remained same as in Prog. 3.3.1 and the 
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Table 3.3.1. Values of the upper and lower envelopes of a' 

% error allowed in Icre 

d'/d 5% 6.5% 

upper lower upper lower 

envelope envelope envelope envelope 
values values values values 

0.03 0.001829 0.001874 0.001913 0.001670 
0.04 0.002334 0.002321 0.002441 0.002051 
0.05 0.002788 0.002685 0.002919 0.002350 
0.06 0.003187 0.002971 0.003346 0.002573 
0.07 0.003549 0.003185 0.003715 0.002720 
0.08 0.003854 0.003328 0.004050 0.002802 
0.09 0.004117 0.003407 0.004328 0.002872 
0.10 0.004335 0.003427 0.004562 0.003025 

0.11 0.004527 0.003386 0.004744 0.003148 
0.12 0.004684 0.003441 0.004928 0.003243 
0.13 0.004801 0.003520 0.005073 0.003309 
0.14 0.004882 0.003571 0.005179 0.003348 
0.15 0.004934 0.003596 0.005249 0.003360 
0.16 0.004941 0.003646 0.005294 0.003391 
0.17 0.004935 0.003683 0.005323 0.003421 
0.18 0.004892 0.003702 0.005283 0.003434 
0.19 0.004805 0.003705 0.005236 0.003430 
0.20 0.004738 0.003692 0.005206 0.003412 
0.21 0.004572 0.003664 0.005087 0.003381 
0.22 0.004447 0.003622 0.005001 0.003336 
0.23 0.004294 0.003567 0.004892 0.003278 
0.24 0.004112 0.003500 0.004758 0.003209 
0.25 0.003984 0.003422 0.004599 0.003131 
0.26 0.003827 0.003333 0.004414 0.003041 
0.27 0.003570 0.003234 0.004308 0.002943 
0.28 0.003462 0.003126 0.004130 0.002837 
0.20 0.003188 0.003011 0.003891 0.002724 
0.30 0.003095 0.002888 0.003803 0.002605 
0.31 0.002798 0.002759 0.003622 0.002479 
0.32 0.002661 0.002625 0.003440 0.002349 
0.33 0.002569 0.002486 0.003361 0.002216 
0.34 0.002361 0.002343 0.003152 0.002078 
0.35 0.002103 0.002198 0.002977 0.001934 
0.36 0.002023 0.002051 0.002909 0.001787 
0.37 0.001950 0.001901 0.002847 0.001634 

notes: 
1. Upper envelope values correspond to a maximum (+) error in Icre of 5 and 6.5%. 
2. Lower envelope values correspond to a maximum (-) error in Icre of 5 and 6.5% 
3. Error in Irre is defined as: 

(Icre/Icr -1)100 
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a' envelope for +8.5 error In Icre 

-a' envelope for +5% error In Irre 
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Figure 3.3.4 Envelopes of a' and the approximation of Eq. 3.3.7 
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Read example cases for which values computed 
by the program will be checked 

I=2 

A 

np=l 

J=2 

B 

np=J 

40 yes , np> np 

fno 

Section ductile DO 40 

yes 

K=1 

C 

d%d=d%d+0.01 no K? =I 
yes d/d 0.03 

W 
Find b'(Eq. 3.3.4 and 3.3.7) 
Find a and $3 for n pb/I (Eq. 3.2.2) 

Find Icre (Eq. 3.3.2) 
Find Icr (Eqs. of Fig. 3.3.2) 

Find Icr, np= 0 (Eqs. of Fig. 3.3.2 with np'= 0) 
Find Ig 

Figure 3.3.5 The flow charts of Prog. 3.3.2 
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D 

case 
es Store: d/h, Ig/lcr npb/ti 

Section = example '-ý Icre/Icr, (Icr, np= 0)/Icr 

no 

Compute error as : Error = (Icre/Icr - 1) 100 
Compare Ig to Icr 

Store error relative to d%d ignoring any repetitive values 
Also store the corresponding condition of Ig vs. Icr 

30 

K=K+1 

C no K>35 

yes 

40 0 

i50 

no I>64 

yes 

Print error values relative to d/d and the maximum npb/b 
Also print the stored values of the example cases 

STOP 

END 

Figure 3.3.5 (cont'd) 
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computations were made for the general section of width b, effective depth d and 

overall depth h. As in the previous program this made the results applicable to any 

rectangular section as long as d'/d and the steel ratios are within the limits considered. 

The only exception to the generality of the results is the ratio Ig/Icr. This is because 

in order to compute Ig for comparison with Icr it was necessary to assume that the 

concrete cover on both the tension and compression steel were equal which made the 

computation possible by considering h=d+d'. 

Using the above limits and the approximation of a' the program computes Icre from 

Eqs. 3.3.2 and 3.3.4 and Icr from the equations of Fig. 3.3.2 for every combination of 

np, np' and d'/d. For each case the error is computed as Icre/Icr -1 and stored along 

with the condition of Ig vs. Icr. Because the approximation of a' and the envelopes 

from which it is drawn are independent of np and np' the errors were stored with 

reference to the different d'/d ratios and regardless of the values of np and np'. In 

addition, at any particular d'/d ratio any error value that may happen to be 

encountered repeatedly (this is very much likely because of the large possible 

combination of np, np' and d'/d) is only stored once. If such a repetitive error value 

was found to correspond to two different conditions of Ig vs. Icr it is then the 

condition of Ig > Icr that is stored. This is because Ig < Icr is thought to be extreme 

and an error is more emphasized if it corresponds to a non-extreme condition. 

As an example two sample pages of the computer printouts are shown in the next two 

pages. The first page shows how all the different errors at every particular d'/d ratio 

are printed. Corresponding to each error the condition of Ig vs. Icr is shown by 

printing an answer "yes" or "no" to the question Ig > Icr?. Obviously "yes" implies 

that the particular error printed corresponds to a condition of Ig > Icr while "no" 
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implies that Ig < Icr. The second page shows values for different sections that the 

program can be asked to print. These can be used as examples to illustrate the 

computations involved in the program as will be shown latter in this section. 

A complete set of the program's output is included in Appendix B3 which will be 

referred to next in trying to correlate the envelopes of Fig. 3.3.4 and the approximation 

of a' as shown therein to the actual error values obtained from the program. 

It is shown in Fig. 3.3.4 that within the most practical range of d'Id, a' of 

0.0037 will give a maximum negative error of -5% and a maximum positive error of 

less than +5%. This is easily confirmed by scanning the printouts shown in Appendix 

B3 where it can be noticed that the maximum negative and positive errors occurring 

in the range of did from 0.08 to 0.25 are -5% and +4.3%, respectively. 

It may be noticed that the maximum negative error of -5% referred to above is shown 

by the envelopes to occur exactly at d'/d of 0.18 and 0.19. This observation is 

perfectly consistent with the computer output where it can be very easily noticed that 

the maximum negative errors of -5% within the range of d'/d from 0.08 to 0.25 does 

actually occur at d'/d of 0.18 and 0.19. This shows the accuracy and reliability of the 

envelopes as a reference for approximating a' and that they actually present on a 

single page what may otherwise require pages of computer printouts. 

It may also be noticed that although for the d'/d ratios in the range from 0.13 to 0.23 

a' of 0.0037 is closer to the envelopes of negative errors than it is to the envelopes 

of the positive errors, the computer printouts still show some, if not many, positive 

errors. The reason for this is that the envelopes represent the minimum of all the upper 

bounds of a' (upper bounds of a' correspond to positive error in Icre as was 

explained earlier) and the maximum of all the lower bounds of a' (lower bounds of 
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a' correspond to negative errors in Icre) for d7d over the full range of np and np' and 

thus are actually the boundaries beyond which all the upper and lower bounds of a' 

for all np, np' and d'/d combinations may occur. Therefore, there is always a 

possibility of a condition of np, np' and d'/d for which the upper and the lower 

bounds of a' is such that a' of 0.0037 actually falls closer to the upper bound and 

thus will yield positive error values. 

From the above argument it can be said that although the envelopes are able to predict 

the precise condition (in terms of d7d) and the value of the maximum positive and 

negative errors they fail to show the actual fluctuation of the errors that are less than 

the maximum. Fortunately, however, for a proper approximation of cc' all one needs 

is a prediction of the maximum positive and negative errors that a chosen 

approximation of a' may involve regardless of how the errors may fluctuate in 

between and thus the inability of the envelopes to predict such a fluctuation remains 

of no importance. 

The above discussion has not only shown the errors obtained from the 

computer analysis and those predicted by the envelopes to be identical and provided 

a better understanding of the nature of these envelopes but also that such errors were 

low enough that the approximation of a' at 0.0037 in the range of d'/d from 0.08 to 

0.25 is acceptable. It remains now to examine the extreme regions where higher errors 

are shown on the envelopes. 

In the extreme regions, a' is approximated as either 0.0025 or 0.0037 

depending on the ratio d/d. As shown in Fig. 3.3.4 the envelopes predict that a' of 

these values will give errors that are larger than ±5% in the regions of d'/d that are 

designated on the figure as areas 1-6. 
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In particular, the envelopes show that for area 1 the maximum error will greatly 

exceed +6.5% while for areas 3 and 4 it will very likely be at +6.5%. For areas 2 and 

5 the expected maximum error is slightly larger than -6.5% and that of area 6 should 

be between +5% and +6.5%. Confirming these expectations drawn from the envelopes 

the printouts have shown the followings : 

in area 1: maximum error is +15.6% occurring at d'/d = 0.03 

in area 2: maximum error is -6.7% occurring at did = 0.06 

in area 3: maximum error is +6.3% occurring at d'/d = 0.07 

in area 4: maximum error is +6.1% occurring at did = 0.30 

in area 5: maximum error is -6.3% occurring at d'/d = 0.31 

in area 6: maximum error is +5.9% occurring at d 7d = 0.37 

The slight difference that may be noticed between the errors predicted by the 

envelopes and those actually calculated is because the program prints errors for did 

ratios that are incremented by 0.01 starting from 0.03. For example in area 4 the 

envelopes show the maximum error to be +6.5% at d'/d of 0.305. The program, 

however, was not instructed to print any error values for this did ratio and thus the 

maximum error that was found from the printouts was +6.1% at d'/d of 0.30 and for 

which the envelopes show a maximum error of less than +6.5%. 

In the above argument it was said that at d'/d of 0.30 the envelopes show a maximum 

error in Icre of less than +6.5%. This is obviously because the coordinates of d'/d of 

0.30 and a' of 0.0037 correspond to a point which falls below the envelope of +6.5% 

error. This raises the immediate question, can one then scale the vertical distances of 

the point relative to the +5% and +6.5% envelopes to conclude the exact value of the 

error?. The answer is that direct scaling can not be used to obtain the magnitudes of 
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errors that correspond to points which do not exactly fall on the envelope curves. The 

reason for this is that points on the envelopes which are on the same vertical line 

although are at the same d'/d ratio they may not correspond to the same combination 

of np, np' and d7d. Again this stems from the fact that the envelopes are actually the 

minimum of all the upper bounds and the maximum of all the lower bounds of a' 

obtained by scanning the full range of np, np' and d'/d combinations. 

The maximum positive error of +6.3% and negative error of -6.7% are the worst 

values occurring in areas 2 to 6 but are very much within tolerable limits. However, 

the maximum error of +15.6% which was found at d'/d of 0.03 in area 1 is thought 

to be relatively high. This is because Icre is an approximation of Icr that will be part 

of an overall model for the evaluation of the effective moment of inertia.. Therefore, 

to avoid cumulative loss of accuracy the error involved in Icre as an approximation 

of Icr should not be allowed to exceed ±6 to 7%. Nevertheless, one can argue that by 

scanning the errors printed for area 1 (that is for d'/d of 0.03 to 0.06) it can be noticed 

that all the errors which are higher than ±7% correspond to conditions of Ig < Icr and 

d'/d of 0.03 and 0.04 and can therefore be considered too extreme to be likely 

encountered in practice. 

The above argument can be used as a legitimate reason for accepting the 

approximation of a' as given by Eq. 3.3.7 and discussed above in order to find b' from 

Eq. 3.3.4 and then evaluate Icre using Eq. 3.3.2. 

For the present study, however, and to avoid any uncertainties a different approach for 

the approximation of a' will be sought that gives errors of acceptable value regardless 

of the condition of Ig vs. Icr and for all regions of d7d. With slight sacrifice of 

simplicity it will be shown next that such an approximation of a' is possible as a 
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better and more general alternative to that of Eq. 3.3.7. 

It has been explained earlier that points on the envelopes at the same d'/d ratio 

(on the same vertical line) do not necessarily correspond to the same combination of 

np, np' and d'/d. With different combinations having different exact a' values it is 

therefore impossible to plot a curve for cz xact as a function of d7d alone. 

However, one can always average two envelopes that correspond to the positive and 

negative errors of the same magnitude to obtain a curve of a' that will give an error 

in Icre that is always less than ± the error considered. 

Following the procedure described above, the upper envelope values corresponding to 

+5% error in Icre and the lower envelope values corresponding to -5% error in Icre 

are averaged as shown in Table 3.3.2. These values are then plotted relative to d'/d 

as shown in Fig. 3.3.6 and the best curve is fitted through the plotted points using the 

"cricket graph" package program. The program has given the following equation for 

the curve, 

a'=O. 00062+O. 05 180 (d'/d)-0.21563 (d'/d)2+0.23005 (d'/d)3 

which can be approximated as, 

a'=0.0006 + 0.05(d'/d) - 0.2(d'/d)2 + 0.2(d'/d)3 

writing in a more compact form, 
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Table 3.3.2 Values of a' used to plot the a' curves of Figs. 3.3.6 and 3.3.7 

did 
average envelope 
values of a' for 

5% error 

avalues from 
Eq. 3.3.8 

0.03 0.001850 0.0019254 
0.04 0.002328 0.0022928 
0.05 0.002737 0.0026250 
0.06 0.003079 0.0029232 
0.07 0.003367 0.0031886 
0.08 0.003591 0.0034224 
0.09 0.003762 0.0036258 
0.10 0.003881 0.0038000 
0.11 0.003957 0.0039462 
0.12 0.004063 0.0040656 
0.13 0.004161 0.0041594 
0.14 0.004227 0.0042288 
0.15 0.004265 0.0042750 
0.16 0.004294 0.0042992 
0.17 0.004309 0.0043026 
0.18 0.004297 0.0042864 
0.19 0.004255 0.0042518 
0.20 0.004215 0.0042000 
0.21 0.004118 0.0041322 
0.22 0.004035 0.0040496 
0.23 0.003931 0.0039534 
0.24 0.003806 0.0038448 
0.25 0.003703 0.0037250 
0.26 0.003580 0.0035952 
0.27 0.003402 0.0034566 
0.28 0.003294 0.0033104 
0.29 0.003099 0.0031578 
0.30 0.002992 0.0030000 
0.31 0.002779 0.0028382 
0.32 0.002643 0.0026736 
0.33 0.002528 0.0025074 
0.34 0.002352 0.0023408 
0.35 0.0021505 0.0021750 
0.36 0.002037 0.0020112 
0.37 1 1 0.001926 0.0018506 
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Figue 3.3.6 A curve fit through the average values of aI for 5% error 
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a' = 0.0006 + 0.05(d'/d)(1-2d'/d)2 

or 

a' = 6x104 + (d'/d)(1-2d'/d)2 / 20 (3.3.8) 

The value of a' as given by Eq. 3.3.8 are recalculated (since they may slightly differ 

from the average values due to the approximation assumed in obtaining the equation) 

as shown in Table 3.3.2. These are then used to plot the proposed curve for cC as 

shown in Fig. 3.3.7. It should be noted that the envelopes of Fig. 3.3.7 are exactly the 

same as those of Fig. 3.3.4 and that the approximation of a' shown therein has been 

replaced by the proposed curve of a'. 

It can be seen from Fig. 3.3.7 that the proposed curve of a' as given by Eq. 3.3.8 

actually falls between the envelopes of - 5% and + 5% error with only very slim and 

in fact negligible deviation in cases of very small or very large ratios of d7d . 

To confirm the above observations Prog. 3.3.2 has been modified in order to compute 

the errors when Icre is calculated using a' of Eq. 3.3.8. The modified program has 

been referred to as Prog. 3.3.3 and its listing is shown in Appendix B4 along with 

a complete set of printouts as obtained from the program. 

The flow charts of the program, however, are omitted since they will be identical to 
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Figure 3.3.7 Envelopes of a' and the approximation of Eq. 3.3.8 
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those of Fig. 3.3.5. 

Referring to the printouts in Appendix B4 it can be seen that except for did of 0.03 

where the maximum error was found to be +6.7%, for all did ratios the maximum 

error can be said to be less than or equal to ±5% with some occasional deviations. 

These deviations as were expected from Fig. 3.3.7 are negligible (the maximum 

deviated errors being ±5.2% as compared to ±5%). Such magnitude of maximum 

errors (including +6.7%) as calculated by the program using a' of Eq. 3.3.8 are very 

much acceptable. In fact one would not expect an accuracy higher than this when 

approximating a parameter such as Icr which is dependent on many interrelated 

factors. 

Because the envelopes of c were produced as plots of upper and lower a' values 

calculated using np and np' increments of I% (the very small increments of 10-6 used 

to obtain the envelope values of a' made it inconceivable to assume smaller 

increments of np and np' since the number of iterations will then be enormous) then 

in order to correlate the numerical values of the errors with these envelopes 

Progs. 3.3.2 and 3.3.3 also had to assume np and np' increments of 1%. From the 

shape of the envelopes it is thought that increments of np and np' less than 1% will 

not have significant effect on the concluding results. To verify this numerically, 

however, Prog. 3.3.3 was restructured to consider np and np' values in increments of 

0.01%. As the reinforcement ratios, p and p', when expressed in decimals are always 

taken to four decimal places, their values in percentage will then be expressed to two 

decimal places. Therefore, an increment of 0.01% for np and np' is actually the 

smallest that one has to assume. The modification of Prog. 3.3.3 to include such 

increments is referred to as Prog. 3.3.3m and is shown in Appendix B5 along with the 
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printed output. As was expected the results have shown that the maximum error values 

are the same as when increments of 1% were considered. Namely, except for d'/d of 

0.03 where the maximum error value was +6.7%, for all d7d ratios the maximum 

error can be said to be less than or equal to ±5% with some minor deviations as 

before. 

Due to its generality and high accuracy Eq. 3.3.8 will be adopted in the present study 

for obtaining a' necessary for the approximation of Icr, that is for the evaluation of 

Icre, of a doubly reinforced rectangular section. This should not be taken to mean that 

Eq. 3.3.7 can not be used to evaluate W. If one is considering the common range of 

d'/d from 0.08 to 0.25 or is certain that Ig can not be less than Icr, for the considered 

section, then Eq. 3.3.7 will also yield equally accurate results. 

Now that the study related to the approximation of Icr for a doubly reinforced 

rectangular section is complete it is important to summarize all what has been said 

above in order to avoid confusion and to put things in perspective : 

The cracked transformed moment of inertia, Icr, for a doubly reinforced rectangular 

section can be approximated as Icre given below, 

Icre = (a + (3npb/b')(b'd3/12) (3.3.9) 

where, 

b' = (a'np'd/d' + 1)(b) , a' = 6x104 + (d'/d)(1-2d'/d)2 / 20 

np=100(nAs/bd) , np'=100(nAs'/bd) 
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a and 0 are factors determined for npb/b' from the intervals of Eq. 3.2.2 

Alternatively, for the most common cases of d7d in the range from 0.08 to 0.25 a' 

can also be taken simply as 0.0037 given by Eq. 3.3.7 which will reduce the expression 

of b' to, 

b' = (0.0037np'd/d' + 1)(b) (3.3.1 0) 

In all the discussions presented in this section there was no mention of the 

maximum value of npb/b' though it is purposely calculated and printed by the 

programs as can be seen in the print out sets of Appendices B3-5. The reason for 

calculating this value, however, is that it will be compared with the value that will 

be found in the flanged section analysis to determine the maximum npb/b' for which 

the solution curves (to be discussed in Chap. 4) must be provided. 

To bring the section to its conclusion a numerical example is next given. In 

addition to justifying some of the assumptions used in the study the example is meant 

to explain the solution process used by the program and how the developed equations 

are applied. It is also meant to show that within the limits considered in this study 

neglecting compression reinforcement not only gives errors that are significantly 

higher than those associated with the developed model of Icre but that it may actually 

result in Icr values that are grossly in error. This justifies the study undertaken to 

develop the model of approximating Icr for doubly reinforced sections rather than 

merely ignoring the compression reinforcement as suggested in some references. 
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Example 3.3.1 

Prog. 3.3.3m has been asked to print the different values computed during the solution 

process for the following cases : 

(a) np = 2% , np' = 2% , d7d = 0.03 

(b) np = 15% , np' = 10% 9 did = 0.24 

(c) np = 25% , np' = 25% , d'/d = 0.16 

(d) np = 40% , np' = 40% , did = 0.03 

(e) np = 45% , np' = 35% 9 d7d = 0.37 

The values printed for these cases appear in Appendix B5 as d/h, Ig/Icr, npb/b', 

Icre/Icr and (Icr, np'=0)/Icr where "Icr, np'=0" is the value of Icr computed neglecting 

compression reinforcement. 

Required : 

For each of these cases verify the program's printed values. 

Solution : 

Since the "implicit double precision statement" of the program retains the maximum 

number of decimal places the calculations to follow will also show as many decimal 

places as obtained using a special hand calculator. This will help to exactly confirm 

the printed results and is used in all the examples included in this chapter. 

(a) The case of np = np' = 2% and did = 0.03 : 

-For the exact Icr: 

np+np'=2+2=4% 

Substituting into the equations of Fig. 3.3.2, 
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x= J-4 + 
V'[42 

+ 200(2 + 2(0.03))]) (d/100) = 0.167d 

Hence, 

Icr = [100(0.167d)3/3+ (2d)(0.167d - 0.03d)2 + (2d)(d-0.167d)2](b/100) 

= 0.0158056 bd3 

-For Icre: 

Using Eq. 3.3.9 and for the given d'/d and np', 

b' ={ [6x10-4+ 0.03(1-2(0.03))2/20](2/0.03) + 1)(b) = 1.12836b 

For npb/b'=2/1.12836=1.7725%, a+ ßnpb/b' = 0.17139. Thus, 

Icre=0.17139 (1.1283 6bd3/ 12)=0.0161155bd3 

-For Icr, np'=0: 

Substituting into the equations of Fig. 3.3.2 with np'=O, 

x=[-2+V'(22 + 200(2))](d/100) = 0.180998 d 

Hence, 

(Icr, np'=0) = [100(0.180998d)3/3 + (2d)(d-0.180998d2)](b/100) 

=0.0153918 bd3 

-For Ig: 

Ig=bh3/ 12 

Prog. 3.3.3m assumes that h=d+d'. Thus, 

h=d+0.03d=1.03d 

Ig=(b)(1.03d)3/12=0.0910605 bd3 

Therefore, 

d/h=d/1.03d=0.97 (printed value: 0.97) 

Ig/Icr=0.0910605bd3/0.0158056bd3=5.76 (printed value: 5.76) 
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npb/b' = 1.77 (printed value: 1.77) 

Icre/Icr=0.0161155bd3/0.0158056bd3=1.02 (printed value: 1.02) 

(Icr, np'=0)/Icr=0.0153918bd3/0.0158056bd3=0.97 (printed value: 0.97) 

Because the effect of compression reinforcement on the value of Icr is maximum at 

the minimum d'Id ratio of 0.03 and because (Icr, np'=0)/Icr of 0.97 implies an error 

of only 3%, the results obtained therefore show that neglecting np' values of less than 

2% is justifiable and thus the assumption that such np' values have negligible effect 

on Icr, which is used in the study as one of the reasons for considering np and np' 

values that are greater than or equal to 2%, is reasonable. 

(b)The case of np=15%, np'=10% and d'/d=0.24: 

-For the exact Icr: 

np+np'=15+10=25% 

Substituting into the equations of Fig. 3.3.2, 

x=1-25+V[ 252 + 200(15 + 10(0.24))]) (d/100)=0.3907027 d 

Hence, 

Icr=[ 100(0.3907027d)3/3+(10d)(0.3907027d-0.24d)2+(15d) 

(d-0.3907027d)2](b/100) = 0.0778376 bd3 

-For Icre: 

From Eq. 3.3.9 and for the given did and np', 

b'=1[6x104+0.24(1-2(0.24))2/20](10/0.24)+11(b) = 1.1602 b 

For npb/b'=15/1.1602=12.9288%, a+ (3npb/b' = 0.80644. Thus, 

Icre=0.80644(1.1602bd3/ 12)=0.0779693 bd3 

-For Icr, np=O: 
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Using the equations of Fig. 3.3.2 with np'=0, 

x=[-15 + 
V(152+200(15))] (d/100) = 0.41789 d 

Hence, 

(Icr, np'=0) = [100(0.41789d)3/3 + (15d)(d-0.41789d)2](b/100) 

=0.0751536 bd3 

-For Ig: 

Prog. 3.3.3m assumes that h= d'+d. Thus, 

h=d+0.24d=1.24d 

Ig=bh3/12=(b)(1.24d)3/12=0.1588853 bd3 

Therefor, 

d/h=d/1.24d=0.81 (printed value: 0.81) 

Ig/Icr=0.1588853bd3/0.0778376bd3=2.04 (printed value: 2.04) 

npb/b' = 12.93% (printed value: 12.93) 

Icre/Icr=0.0779693bd3/0.0778376bd3=1.002 (printed value: 1.002) 

(Icr, np'=0)/Icr=0.0751536bd3/0.0778376bd3=0.97 (printed value: 0.97) 

Because did of 0.24 is within the common range of 0.08 to 0.25 Icre could have also 

been computed using Eq. 3.3.10 as follows, 

b'=[0.0037(10/. 24) + 1](b)=1.1541667b 

Hence, npb/b' =15/1.1541667=12.99639 for which a=0.16 , 
(3=0.05. Thus, 

Icre=[0.16 + 0.05(12.99639)](1.1541667bd3/12)=0.0778888 bd3 

or 

Icre/Icr=0.0778888bd3/0.0778376bd3 = 1.001 
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which checks exactly with the value printed by Prog. 3.3.2 (Appendix B3) 

(c)The case of np = np'=25% and d'/d = 0.16: 

-For the exact Icr: 

np+np'=25+25=50% 

Substituting into the equations of Fig. 3.3.2, 

x= {-50 + 
V[502 

+ 200(25 + 25(0.16))]l (d/100) = 0.4110433 d 

Hence, 

Icr=[ 100(0.4110433d)3/3 + (25d)(0.4110433d-0.16d) 2+(25d) 

(d-0.4110433d)2] (b/100) = 0.1256226 bd3 

-For Icre 

From Eq. 3.3.9 and for the given d'/d and np', 

b'= { [6x 104+(0.16)(1-2(0.16))2/20] (25/0.16) + 1])(b) = 1.67175 b 

For npb/b' =25/1.67175=14.954389%, a+ (3npb/b' = 0.90772. Thus, 

Icre=0.90772(1.67175bd3/12) = 0.1264566 bd3 

-For Icr, np'=0: 

Using the equations of Fig. 3.3.2 with np'=O, 

x=[-25+V(252+200(25))](d/100) = 0.5d 

Hence, 

(Icr, np'=0) = [100(0.5d)3/3 + (25d)(d-0.5d)2](b/100) = 0.1041666 bd3 

-For Ig: 

Prog. 3.3.3m assumes that h=d+d'. Thus, 

h=d+0.16d=1.16d 

Ig=bh3/12 = (b)(1.16d)3/12 = 0.1300746 bd3 
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Therefore, 

d/h=d/1.16d=0.86 (printed value: 0.86) 

Ig/Icr=0.1300746bd3/0.1256226bd3=1.04 (printed value: 1.04) 

npb/b'=14.95% (printed value: 14.95) 

Icre/Icr=0.1264566bd3/O. 1256226bd3=1.007 (printed value: 1.007) 

(Icr, np'=0)/Icr=0.1041666bd3/0.12562bd3=0.83 (printed value: 0.83) 

Again and as in the previous case since d7d of 0.16 is within the common range of 

0.08 to 0.25, Icre could have also been computed using Eq. 3.3.10 as follows, 

b'=[O. 0037(25/O. 16)+ 1] (b)=1.57 8125b 

Hence, npb/b'=25/1.578125=15.841584% for which a=0.16 , 
0=0.05. Thus, 

Icre=[0.16+0.05(15.841584)] (1.578125bd3/12)=0.1252083bd3 

or 

Icre/Icr=0.997 

which checks exactly with the value printed by Prog. 3.3.2(Appendix B3) 

The above computations have shown that when compression reinforcement is ignored 

the Icr value was 17% in error as compared to an error of only 0.7% (or 0.3% when 

Eq. 3.3.10 is used) when Icr was evaluated using the developed model. This not only 

justifies the effort of developing the model but also proves that neglecting 

compression reinforcement may have significant effect on the value of Icr which is 

contrary to what has been claimed in some references[30,31]. In fact in the extreme 

conditions of Ig<Icr the error resulting from neglecting compression reinforcement 
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may actually go up to 40%. The next case is an example of such a condition. 

(d) The case of np=np'=40% and d'/d=0.03: 

-For the exact Icr: 

np+np'=40+40=80% 

Substituting into the equations of Fig. 3.3.2 

x={-80+V[802+200(40+40(0.03))] } (d/100) = 0.4099586 d 

Hence, 

Icr=[100(0.4099586)3/3 + (40d)(0.4099586d-0.03d)2 + (40d) 

(d-0.4099586d)2](b/100) = 0.2199736 bd3 

-For Icre; 

From Eq. 3.3.9 and for the given did and np', 

b'={[6x10-4 +0.03(1-2(0.03))2/20](40/0.03) + 1](b) = 3.5672b 

For npb/b'=40/3.5672=11.213277%, a+ ßnpb/b' = 0.72066. Thus, 

Icre=0.72066(3.5672bd3/12) = 0.2142293 bd3 

-For Icr, np'=0: 

Using the equations of Fig. 3.3.2 with np'=0, 

x=[-40+\/(402 + 200(40))](d/100) = 0.5797959d 

Hence, 

(Icr, np'=0) = [100(0.5797959d)3/3 + (40d)(d-0.5797959d)2](b/100) 

=0.1355972 bd3 

-For Ig: 

Prog. 3.3.3m assumes that h=d+d'. Thus, 

Ig=bh3/ 12=(b) (1.03 d)3/ 12=0.0910605 bd3 
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Therefore, 

d/h=d/1.03d=0.97 (printed value: 0.97) 

Ig/Icr=0.0910605bd3/0.2199736bd3=0.41 (printed value: 0.41) 

npb/b'=11.21% (printed value: 11.21) 

Icre/Icr=0.2142293bd3/0.2199736bd3=0.974 (printed value: 0.974) 

(Icr, np'=0)/Icr=0.1355972bd3/0.2199736bd3=0.62 (printed value: 0.62) 

As one may expect the possibility of Ig<Icr increases as the member becomes more 

heavily reinforced or that the tension and compression reinforcements are placed 

further apart. The current case is a good example of such a condition where the value 

of Ig was found to be only 41% of that of Icr. Neglecting compression reinforcement 

in this case has given an error in the value of Icr of 38% which is far beyond tolerable 

limits. Using Eq. 3.3.9, however, has underestimated the value of Icr by only 2.6%. 

(e) The case of np=45% , np'=35% , d'/d=0.37: 

-For the exact Icr: 

np+np'=45+35=80% 

Substituting into the equations of Fig. 3.3.2, 

x={-80+V'[802 + 200(45+35(0.37))]l (d/100) = 0.541268d 

Hence, 

Icr=[ 100(0.541268d)3/3+(35d)(0.541268d-0.37d)2+(45d) 

(d-0.541268d)2](b/100) = 0.1578208 bd3 

-For Icre: 
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From Eq. 3.3.9 and for the given did and np, 

b'= { [6x104 +0.37(1-2(0.37))2/20](35/0.37)+1 }(b)=1.1750568b 

For npb/b'=45/1.1750568=38.296021%, a+ ßnpb/b' = 1.56592. Thus, 

Icre=1.56592(1.1750568bd3/ 12)=0.1533371 bd3 

-For Icr, np'=0: 

From the equations of Fig. 3.3.2 with np'=0, 

x=[-45+V(452 + 200(45))] (d/100) = 0.6d 

Hence, 

(Icr, np'=0) =[100(0.6d)3/3 + (45d)(d-0.6d)2](b/100)=0.144 bd3 

-For Ig: 

Prog. 3.3.3m assumes that h=d+d'. Thus, 

h=d+0.37d=1.37d 

Ig=bh3/ 12=(b) (1.37d)3/ 12=0.2142794 bd3 

Therefore, 

d/h=d/1.37d=0.73 (printed value: 0.73) 

Ig/Icr=0.2142794bd3/0.1578208bd3=1.36 (printed value: 1.36) 

npb/b' = 38.30% (printed value: 38.30) 

Icre/Icr=0.153337 lbd3/0.1578208bd3=0.972 (printed value: 0.972) 

(Icr, np'=0)/Icr=0.144bd3/0.1578208bd3=0.91 (printed value: 0.91) 

Although in this case heavy reinforcement is used the tension and compression 

reinforcements are placed as close as possible. As a result Ig was found to be greater 

than Icr. However, the error resulting from neglecting compression reinforcement was 
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still significantly higher than when Eq. 3.3.9 was used. 

Because Ig was greater than Icr, Eq. 3.3.7 could also have been used to calculate Icre 

even though did of 0.37 is not within the common range of 0.08 to 0.25. Thus when 

using Eq. 3.3.7, 

b'=[0.0025 (3 5/0.37)+ 1] (b)=1.23 64865b 

Hence, npb/b'=45/1.2364865=36.393443% for which a=0.8 , 0=0.02. Thus, 

Icre=[0.8+0.02(36.393443)](1.2364865bd3/12)=0.1574324 bd3 

or 

Icre/Icr=0.998 

which compares exactly with that printed by Prog. 3.3.2 (Appendix B3) 

3.4 Singly Reinforced Flanged Sections 

The evaluation of Icre for flanged sections is actually the reverse of the process used 

to analyse doubly reinforced rectangular sections. Figure 3.4.1 explains the concept 

where the flanged section shown in Fig(a) has been transformed into the equivalent 

doubly reinforced rectangular section of Fig(b). 

Because the two overhanging concrete areas of the flange have been replaced by the 

area of compression steel, As' , one can write, 

As'=(be-bw)(hf)/n 
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be 

(bet w) bw (be-bw) 

hf/2 
" As 

d 

As As 
0.1 " 

bw bw 

(a) (b) 

Figure 3.4.1 
(a) a singly reinforced flanged section 
(b) an equivalent section to that of (a) 

Writing As' as pbwd/100 (taking p' in percentage), 

p'bwd/100 = (be - bw)(hf)/n 

Thus, 

np'bwd=100(be - bw)(hf) 
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or 

np' = 100(be - bw)(hf) / bwd = 100(be/bw - 1)(hf/d) 

Analogous to Eq. 3.3.1 one can therefore write, 

b'=[ 100a1(be/bw - 1) (hf/d)(d/d') +1] (bw) 

=[100a, (be/bw - 1)(hf/d') +1](bw) 

where al is used to avoid confusion with W. 

Substituting hf/2 for d', 

b'=[200a, (be/bw - 1) + 1](bw) 

Redefining 200a1 as of the above equation will then become, 

b'=[af(be/bw - 1) +1] (bw) (3.4.1) 

Because the equivalent np' defined above may not necessarily be smaller than the 

given value of np the result of the study of Sec. 3.3 can not be used to evaluate of for 
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it was based on the assumption that np' is always less than or equal to np. Therefore 

a separate analysis had to be carried out. 

Following exactly the same procedure as that of Sec. 3.3, Prog. 3.4.1 was 

developed to compute the upper and lower envelope values of of with np' and did 

replaced by be/bw and hf/d, respectively. 

While the program's listing is included in Appendix B6, the flowcharts outlining the 

logic of the program and the iteration procedures involved are shown in Fig. 3.4.2. 

The value of np was set at the lower bound of 0.124% and is incremented by 0.01% 

up to the upper bound of 33.96%. Since the bounds of np as given in Secs. 2.8.1 and 

2.8.2 are expressed relative to the width be the program starts with np values relative 

to be and then converts the values to those relative to bw. Because the reinforcement 

ratio when expressed in percentage is usually taken to two decimal places, an 

increment smaller than 0.01% in the value of np was thought unnecessary. This is 

confirmed latter by the smoothness of the ocf envelopes obtained. 

For each value of np, be/bw is also incremented by 0.1 starting at 1.1 up to the 

maximum value of 10. Again the range of be/bw from 1.1 to 10 was set in Chap. 2 and 

is thought to encompass almost all the sections that may be encountered in practice 

and is consistent with the values used in the various references consulted [i. e page 427 

of Ref. 6, pages 212-213 of Ref. 8, page 40 of Ref. 12]. 

With each combination of np and be/bw different values of hf/d are considered. 

Starting at a value of 0.1, hf/d is successively incremented using increments of 0.1 up 

to the maximum value of 0.55 beyond which, and as was found in Chap. 2, the section 

is assumed to behave as a rectangle of width be to which the analysis of Sec. 3.2 

applies. Consistent with the references consulted hf/d values smaller than 0.1were not 
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Figure 3.4.2 The flowcharts of Prog. 3.4.1 
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Find a and for nb 

ý2 no ID 9I 

Rb 1= Rb2 from Eq. 3.3.3 and store in Rb2 b? Rb no 
npbw/b'= i 

yes 

Compute afx., r from Eq. 3.4.1 and store in ALPHAE 

Compute upper bound of of as of ,+ 
10 ; ALPHAU = ALPHAE + 10 

Find 6/bw from Eq. 3.4.1 using ALPHAU and store in Rb21 

ID1 DW/D =l D/Rb2I 

IALPHAU = ALPHAU + 10 preset 

no 

Compute lower bound of of as af___. _162 : ALPHAL = ALPHAE-10 .Z 

Find b7bw from Eq. 3.4.1 using ALPHAL and store in Rb2 

np bw/b =n o/Rb2 

= ALPHAL - 10 2 yes 
errod < preset 

no 

Figure 3.4.2 (cont'd) 
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Figure 3.4.2 (cont'd) 
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considered for they were thought to be too extreme to be encountered in usual 

practice. 

To discard any section that is outside the range allowed by the codes, the limitations 

discussed in Secs. 2.8.1-2 are applied at each combination of np, be/bw and hf/d. If the 

section is found unacceptable it is then ignored and a new section is considered. 

As in Prog. 3.3.1, in order to obtain (b'/bw)exact using Eq. 3.3.3 the exact values of Icr 

had to be determined. The method used to compute such values was based upon 

whether the neutral axis falls within the flange or in the web of the considered section. 

If the neutral axis is found to fall within the flange the section is then assumed as a 

rectangle of width be for which the equations of Fig. 3.3.2 with b taken as be and 

np'=0 are used to determine the exact value of Icr. If, on the other hand, the neutral 

axis is found to fall within the web the equations of Fig. 3.4.3 are then used. 

Once the exact value of Icr is determined the program proceeds in exactly the same 

manner as in Prog. 3.3.1 except that b'/bw is now based on Eq. 3.4.1 instead of 

Eq. 3.3.4 and that of is incremented by ±10-2. 

The upper and lower envelope values for errors of ±5.5 and ±6.5% as found by the 

program are shown in Table 3.4.1. When these values are plotted against hf/d the 

envelopes of Fig. 3.4.5 are obtained. Within these envelopes an approximation of of 

was then fitted. Therefore and from Fig. 3.4.5, 

of = (1 + 8hf/d)/3 <_ 0.9 (3.4.2) 

To confirm the accuracy of the results obtained from Eq. 3.4.2 and thus the envelopes 

of Fig. 3.4.5, Prog. 3.4.2 was developed. In the program Eq. 3.4.2 is used to evaluate b' 
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np=100nAs/bwd ,x=( -b + b2 + 4c )/2, b= 2hf[ be/bw -1+n p/(100hf/d) ] 
2 

c= hfl [ be/bw -1 + (n p/50)/(hf/d) ] 

Icr = [(100/3)(be/bw)(hf/d) + (100/3)(x/d - hf/d)3 + 100(be/bw)(hf/d)(x/d)(x/d - hf/d) 

+ np (1 - x/d)2](bwd3)/100 

Figure 3.4.3 The cracked transormed section of a singly reinforced flanged section 
and the pertaining equations of x and Icr 

2 

nP= IOOnAs/bwd ,x=[ nP + 50( be/bw )( hf/d) ](d)/[np + 100( be/bw )( hf/d )] 

2 Icr =[ (100/12)(be/bw )(hf/d 3+ 100(be/bw)(hf/d)(x/d - hf/2d ) 

+n P (1-x/d)2](bwd 3)/100 

Figure 3.4.4 The cracked transformed section of a singly reinforced flanged section 
and the pertaining equations of x and Icr when the compression area in 
the web is ignored 
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Table 3.4.1. Values of the upper and lower envelopes of of 

% error allowed in Icre 

hf/d 5.5% 6.5% 

upper envelope lower envelope upper envelope lower envelope 
values values values values 

0.10 0.574678 0.739201 0.595732 0.592477 
0.11 0.620794 0.739201 0.642465 0.592477 
0.12 0.656926 0.739201 0.678395 0.618663 
0.13 0.691038 0.739201 0.721209 0.648672 
0.14 0.731098 0.739201 0.753442 0.675904 
0.15 0.761636 0.739201 0.783750 0.700892 
0.16 0.790271 0.755715 0.820904 0.723101 
0.17 0.817107 0.775722 0.847834 0.742495 
0.18 0.849930 0.794719 0.873113 0.760044 
0.19 0.873417 0.810519 0.896618 0.775413 
0.20 0.895291 0.825045 0.918693 0.788311 
0.21 0.915725 0.836563 0.939143 0.800007 
0.22 0.934559 0.847601 0.958131 0.809674 
0.23 0.951967 0.856035 0.975654 0.817836 
0.24 0.967894 0.863151 0.991819 0.824602 
0.25 0.974435 0.869385 1.006590 0.829521 
0.26 0.974435 0.873896 1.020082 0.833896 
0.27 0.974435 0.877213 1.024435 0.837213 
0.28 0.974435 0.879693 1.024435 0.839657 
0.29 0.974435 0.881925 1.024435 0.840965 
0.30 0.974435 0.883157 1.024435 0.841869 
0.31 0.974435 0.883944 1.024435 0.842351 
0.32 0.974435 0.884303 1.024435 0.842667 
0.33 0.974435 0.884405 1.024435 0.842749 
0.34 0.974435 0.884411 1.024435 0.842752 
0.35 0.974435 0.884411 1.024435 0.842752 
0.36 0.974435 0.884411 1.024435 0.842752 
0.37 0.974435 0.884411 1.024435 0.842752 
0.38 0.974435 0.884411 1.024435 0.842752 
0.39 0.974435 0.884411 1.024435 0.842752 
0.40 0.974435 0.884411 1.024435 0.842752 
0.41 0.974435 0.884411 1.024435 0.842752 
0.42 0.974435 0.884411 1.024435 0.842752 
0.43 0.974435 0.884411 1.024435 0.842752 
0.44 0.974435 0.884411 1.024435 0.842752 
0.45 0.974435 0.884411 1.024435 0.847600 
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Table 3.4.1 (cont'd) 

% error allowed in Icre 

hf/d 5.5% 6.5% 

upper envelope lower envelope upper envelope lower envelope 
values values values values 

0.46 0.974435 0.884411 1.024435 0.848551 
0.47 0.974435 0.884411 1.024435 0.854478 
0.48 0.974435 0.884411 1.024435 0.859733 
0.49 0.974435 0.884411 1.024435 0.864433 
0.50 0.974435 0.885975 1.024435 0.865975 
0.51 0.974435 0.886648 1.024435 0.866648 
0.52 0.974435 0.886927 1.024435 0.866927 
0.53 0.974435 0.889285 1.024435 0.869252 
0.54 0.974435 0.892861 1.024435 0.872826 
0.55 0.974435 0.896178 1.024435 0.876136 

Notes: 
1. Upper envelope values correspond to a maximum (+) error in Icre of 5.5 and 6.5%. 
2. Lower envelope values correspond to a maximum (-) error in Icre of 5.5 and 6.5%. 
3. Error in Icre is defined as : 

(Icre/Icr -1)100 

from Eq. 3.4.1. The value of b' thus found is then used to evaluate Icre using Eq. 3.3.2 

as applied to Fig. 3.4.1(b). Namely, 

Icre = (a + ßnpbw/b')(b'd3/12) (3.4.3) 

where np is taken relative to bw and a and 0 are determined for npbw/b'. 

Finally the errors are calculated in the same manner as in Progs. 3.3.2 and 3.3.3 except 

that they are now given for each hf/d ratio rather than d'/d. 

The exact value of Icr needed to calculate the errors are found from the equations of 

Fig. 3.3.2 or 3.4.3 and as in Prog. 3.4.1. 

To correlate the results with the envelopes of Fig. 3.4.5, the values of np, be/bw and 
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Figure 3.4.5 Envelopes of of and the approximation of Eq. 3.4.2 
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hf/d are set and incremented in exactly the same way as that of Prog. 3.4.1 

The flow charts of the program are shown in Fig. 3.4.6 while the program's listing 

along with a complete set of output are included in Appendix B7. 

From the results shown in the Appendix it can be seen that the errors involved in Icre 

when Eq. 3.4.2 is used vary within the range of ±6.4% (the only exception being at 

hf/d of 0.1 where the maximum error was found to be +6.8%) 

As in Progs. 3.3.2 and 3.3.3, Prog. 3.4.2 was also structured to print the corresponding 

condition of Ig vs. Icr for all the different errors with Ig now evaluated using the 

equations of Fig. 3.4.7. Because the condition of Ig < Icr is thought to be too extreme 

and that any error is more emphasized if it corresponds to a non-extreme condition, 

the parameters involved in the equations for Ig must therefore be chosen to favour the 

condition of Ig > Icr as much as possible. Because be/bw and hf/d are predefined 

through the respective do loops, d/h remains the only parameter to be chosen. From 

the equations it can be seen that in order to get the largest possible Ig the smallest d/h 

that is practically common should be used. Different references consulted in this 

regard has shown that such a ratio of d/h can be assumed at 0.72 (i. e page 211 of 

Ref. 7). Using this ratio of d/h along with the combination of be/bw and hf/d, Ig values 

were computed and compared with the values of Icr as was done in Progs. 3.3.2 and 

3.3.3. 

In addition to studying the accuracy of Eq. 3.4.1, Prog. 3.4.2 was also structured to 

investigate the effect of neglecting the compression area of the web on the value of 

Icr when the neutral axis falls below the flange. Although not part of the present study 

the investigation was useful in showing that within the limits considered in the current 

study the value of Icr computed as such using the equations of Fig. 3.4.4 may actually 
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Read example cases for which values computed by the program will be checked 

II=11 

be/bw =1 

be/bw = [(belbw) 10+11/10 

K=10 

C 

hf7d = K/ 100 

np acceptable ? n( 

Convert np to that relative 
to bw and then: no 
Compute Icr for a flanged 
section using Equations of 
Fig. 3.4.3 
Compute Icr(neg. web) using 
equations of Fig. 3.4.4 

Compute Icr for a rectangular 
section of width be using 

A in flange? yes 
equations of Fig. 3.3.2 with 
np' = 0. Also set Icr(neg. web) 
equal to Icr. Lastly Convert np 

Figure 3.4.6 The flow charts of Prog. 3.4.2 
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Compute Icre using Eqs. 3.4.1,3.4.2 and 3.4.3 1 

Store: 

ection 
? 

example case 
es ratios of Icre to Icr and of 

Icr neglecting web to Icr, 
np bw/b' and Ig/Icr 

no 
Conpute error : error = (Icre/Icr -1)100 
Compare IQ to Icr 

Store errors relative to hf/d ignoring any repetitive values 
Aso store the corresnondine condition of le vs. Icr 

K=K+ 

no K>55 

yes 

40 

l50 

I=I+1 

10 I> 339 
yes 

Print error values relative to hf/d and the maximum npbw/li. 
Also print the stored values of the example cases. 

Figure 3.4.6 (cont'd) 

Chapter 3 149 



be be 

(a) (b) 

22 
xg=10.5(be/bw)(hf/d)+0.5[(1/d/hl-(hf/d) ]} (d)/[(be/bw)(hf/d)+(1/d/h)-(hf/d)] 

Ig(Fig. a)=[(1/3)(be/bw)(xg/d) +( 1/3)(1/d/h-xg/d) +(1/3)(be/bw-1)(hf/d-xg/d)3](bwd3 ) 

Ig(Fig. b)=[(1/ 12)(be. /bw)(hf/d)3+(be/bw)(hf/d)(xg/d-0.5hf/d)2 

+(1/3)(1/d/h-xg/d) +(1/3)(xg/d-hf/d) ] (bwd3) 

Figure 3.4.7 General flanged sections neglecting steel and the pertaining equations 
of xg and Ig. 

be in error of as much as -30%. This contradicts the claim stated on Page 213 of 

Ref. 7 that such an assumption leads to a negligible error in the value of Icr and shows 

that the graphical approximation given in the reference may not always be reliable for 

use in case of flanged sections. 

Finally, to end the discussion a numerical example is given. The example is 

not only intended to explain the solution process followed by Prog. 3.4.2 but also to 

provide numerical cases in support of the argument that neglecting the web 

compression area is not always permissible. 
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Example 3.4.1 

Prog. 3.4.2 has been asked to print the different values computed during the solution 

process for the following cases: 

(a) np (based on be) = 0.5% , be/bw = 5.0 , hf/d = 0.35 

(b) np (based on be) = 8% , be/bw = 10 , hf/d = 0.20 

(c) np (based on be) = 14% , be/bw =3, hf/d = 0.11 

(d) np (based on be) = 22% , be/bw = 1.5 , hf/d = 0.10 

The values printed for these cases appear in Appendix B7 as Icre/Icr, (Icr, neg. web)/Icr, 

npb/b' (relative to bw) and Ig/Icr where "Icr, neg. web" is the value of Icr computed 

neglecting the compression area in the web using the equations of Fig. 3.4.4 

Required: 

For each of these cases verify the program's printed value 

Solution: 

(a) The case of np = 0.5%, be/bw = 5, hf/d = 0.35 

-For the exact Icr: 

assume the neutral axis to fall in the flange. Thus, from the equations of 

Fig. 3.3.2 with np relative to be, 

x=[-0.5 + 
V(0.52 

+ 200(0.5))](d/100) = 0.0951249d 

Chapter 3 151 



Because x/d < hf/d, the neutral axis therefore falls in the flange as assumed. 

Hence, 

Icr=[100(0.0951249d)3/3 + 0.5d(d - 0.0951249d)2](be/100) 

=0.0043809151 bed3 

=0.0043809151(5bwd3) 

or 

Icr / bwd3 = 0.0219045 

-For Icr when the compression area in the web is ignored: 

Because the neutral axis was found to fall in the flange, 

Icr(neg. web) = Icr 

or 

Icr(neg. web) / bwd3 = 0.0219045 

-For Icre: 

np(relative to bw) = 0.5(5) = 2.5% 

of = min[0.9, (1+8(0.35))/3] = 0.9. (from Eq. 3.4.2) 

b' _ [0.9(4) + 1]bw = 4.6 bw (from Eq. 3.4.1) 

For npbw/b=2.5/4.6=0.543478%, a+ßnpbw/b'=0.0546304. Thus, 

Icre = 0.0546304(4.6bwd3/12) (from Eq. 3.4.3) 

or 

Icre/bwd3= 0.0209416 

-For Ig: 

Substituting into the equations of Fig. 3.4.7 with d/h=0.72, 

xg={0.5(5)0.352 + 0.5[(1/0.72)2 -0.35 2] )d/15(0.35)+1/0.72 - 0.35) 

=0.4336874d 

Chapter 3 152 



Ig=[(5/12)(0.35)3+5(0.35)(0.4336874-0.5(0.35)2)+(1/0.72-0.4336874)3/3 

+(0.4336874 - 0.35)3/3](bwd3) = 0.4256802 bwd3 

-Therefore 

Icre/Icr=0.956 

Icr(neg. web)/Icr=1.0 

npb/b' (relative to bw) =0.54% 

Ig/Icr=19.43 

(b)The case of np=8%, be/bw=10, hf/d=0.20 

-For the exact Icr: 

(printed value: 0.956) 

(printed value: 1.0) 

(printed value: 0.54) 

(printed value: 19.43) 

Assume the neutral axis to fall in the flange. Thus from the equations of 

Fig. 3.3.2 with np relative to be, 

x=[-8+V'(82 + 200(8))](d/100)=0.3279215d 

Because x/d > hf/d, the neutral axis therefore falls in the web and the above 

assumption is not valid. Hence the equations of Fig. 3.4.3 must be used, 

np (relative to bw) = 8(10) = 80% 

b= 2(0.2d)[10 -1 + 80/(100(0.2))] = 5.2d 

c= (0.2d)2[10 -1 + (80/50)/(0.22)] = 1.96d2 

Hence, 

x=[-5.2 + 
V(5.22 

+ 4(1.96))](d12) = 0.3529646d 

Thus, 

Icr=[100(10)(0.2)3/3 + (100/3)(0.3529646 - 0.2)3 +100(10)(0.2) 

(0.3529646)(0.3529646 - 0.2) + 80(1-0.35296646)2] (bwd3/100) 
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or 

Icr/bwd3 = 0.4707657 

-For Icr when compression area in the web is ignored: 

Using the equations of Fig. 3.4.4, 

x=[80 + 50(10)0.22](d)/[80+100(10)0.2] = 0.3571428d 

Hence, 

Icr(neg. web) = [100(10)(0.2)3/12 + 100(10)(0.2)(0.3571428 -0.2/2)2 

+80(1-0.3571428)2](bwd3/100) = 0.4695238 bwd3 

-For Icre: 

af=min[(1+8(0.2))/3 , 0.9] = 0.8667 (from Eq. 3.4.2) 

b'=[0.8667(9)+1]bw=8.8bw (from Eq. 3.4.1) 

For npbw/b'=80/8.8=9.0909%, a+ ßnpbw/b'=0.614545. Therefore, 

Icre/bwd3 = 0.614545(8.8/12) = 0.4506663 (from Eq. 3.4.3) 

-For Ig: 

Substituting into the equations of Fig. 3.4.7 with d/h=0.72, 

xg={0.5(10)0.22+0.5[(1/0.72)2 -0.2 2 ]}(d) /{ 10(0.2)+1/0.72 - 0.2) 

=0.3589044d 

Thus, 

Ig=[(10/12)(0.2)3+(10)(0.2)(0.3589044-0.5(0.2))2+(1/0.72-0.3589044)3/3 

+ (0.3589044-0.2)3/3](bw(i3) = 0.506293 bwd3 

-Therefore, 

Icre/Icr=0.957 

Icr(neg. web)/Icr = 0.997 

(printed value: 0.957) 

(printed value: 0.997) 
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npb/b' (relative to bw) =9.09% (printed value: 9.09) 

Ig/Icr = 1.08 (printed value: 1.08) 

(c) The case of np=14%, be/bw=3, hf/d=0.11 

-For the exact Icr: 

Assume the neutral axis to fall in the flange. Thus from the equations of 

Fig. 3.3.2 with np taken relative to be, 

x= [-14+\(142+200(14))](d/100) = 0.4073572 d 

Because x/d > hf/d the neutral axis therefore falls in the web and the above 

assumption is not valid. Thus the equations of Fig. 3.4.3 must be used, 

np (relative to bw) = 14(3) = 42% 

b= 2(0.11d)[3 -1 + 42/(100(0.11))] = 1.28 d 

c= (0. l ld)2[3 -1 + 42/(50(0.112))] = 0.8642 d2 

Thus, 

x= [-1.28 + 
V(1.282 

+ 4(0.8642))](d / 2) = 0.4886274 d 

Hence, 

Icr=[100(3/3)(0.11)3+(100/3)(0.4886274 - 0.11)3+100(3)(0.11) 

(0.4886274)(0.4886274 - 0.11)+42(1-0.4886274)2] (bwd3/ 100) 

or 

Icr/bwd3 = 0.1903075 

-For Icr when the compression area in the web is ignored: 

Using the equations of Fig. 3.4.4, 

x=[42+50(3)0.1 12] (d)/[42+100(3)0.11] = 0.5842 d 

Thus, 
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Icr(neg. web) = [100(3/12)(0.11)3+100(3)(0.11)(0.5842-0.11/2)2 

+42(1-0.5842)2](bwd3/100) = 0.1653637 bwd3 

-For Icre: 

of = min[(1+8(. 11))/3 , 0.9] = 0.6267 (from Eq. 3.4.2) 

b' = [0.6267(2)+1]bw = 2.2533 bw (from Eq. 3.4.1) 

For npbw/b'=42/2.2533=18.639%, a+ ßnpbw/b'=1.05917. Therefore, 

Icre/bwd3 =1.05917(2.2533/12) = 0.1988856 (from Eq. 3.4.3) 

-For Ig: 

Using the equations of Fig. 3.4.7 with d/h=0.72, 

xg={0.5(3)0.112 + 0.5[(1/0.72)2 - 0.112] }(d)/{3(0.11)+1/0.72-0.11 } 

= 0.6070066 d 

Ig=[(3/12)(0.11)3+3(0.11)(0.6070066-0.5(0.11))2+(1/0.72-0.6070066)3/3 

+(0.6070066-0.11)3/31(bwd3) = 0.3011421 bwd3 

-Therefore: 

Icre/Icr = 1.045 (printed value: 1.045) 

Icr(neg. web)/Icr = 0.869 

npb/b' (relative to bw) = 18.64% 

Ig/Icr = 1.58 

(printed value: 0.869) 

(printed value: 18.64) 

(printed value: 1.58) 

The ratio of Icr when the compression area in the web is ignored to the exact 

Icr that is found above amounts to an error of -13%. This error is relatively high 

which indicates that the neglect of the compression area in the web can not always be 

used to approximate Icr. In fact, in cases of high reinforcement ratios and low be/bw 
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and hf/d ratios the errors may even be in the order of -30 to 40% which are 

unacceptably high. The next case is a typical example of such a condition. 

(d) The case of np=22%, be/bw=1.5 and hf/d=0.10: 

-For the exact Icr: 

Assume the neutral axis to fall in the flange. Thus from the equations of 

Fig. 3.3.2 with np taken relative to be, 

x=[-22 + 
\(222 

+ 200(22))](d1100) = 0.4788562 d 

Because x/d > hf/d the neutral axis therefore falls in the web and the above 

assumption is not valid. Thus the equations of Fig. 3.4.3 must be used, 

np (relative to bw) = 22(1.5) = 33% 

c= (0.1d)2[1.5 -1 + (33/50)/(0.1)2] = 0.665 d2 

b= 2(0. ld)[1.5 -1+ 33/(100(0.1))] = 0.76 d 

Hence, 

x=[-0.76+ß(0.762+4(0.665))](d/2) = 0.5196666 d 

Thus, 

Icr = [100(1.5)(0.1)3/3+(100/3)(0.5196666-0.1)3+100(1.5)(0.1) 

(0.5 196666)(0.5196666-0.1)+33 (1-0.5196666)2] (bwd3/ 100) 

= 0.1339879 bwd3 

-For Icr when the compression area in the web is ignored: 

Using the equation Fig. 3.4.4, 

x=[33+50(1.5)(0.1)2](d) / [33+100(1.5)0.1] = 0.703125 d 

Hence, 
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Icr(neg. web)=[ 100(1.5/12)(0.1)3+100(1.5)(0.1)(0.703125-0.1/2)2 

+33(1-0.703125)2] (bwd3/100) = 0.0931953 bwd3 

-For Icre: 

of = min[(1+8(0.1))/3 , 0.9] = 0.6 (from Eq. 3.4.2) 

b'=[0.6(0.5)+1](bw) = 1.3 bw (from Eq. 3.4.1) 

For npbw/b=33/1.3=25.384615, a+ ßnpbw/b'=1.26154. Therefore, 

Icre/bwd3 =1.26154(1.3/12)=O. 1366666 (from Eq. 3.4.3) 

-For Ig: 

Using the equations of Fig. 3.4.7, 

xg={0.5(1.5)(0.1)2+0.5[(1/0.72)2 - (0.1)2] (d) / [1.5(0.1)+1/0.72 - 0.1] 

=0.6720506 d 

Hence, 

Ig=[(1.5/12)(0.1)3+1.5(0.1)(0.6720506-0.5(0.1))2+(1/0.72-0.6720506)3/3 

+(0.6720506-0.1)3/3](bwd3) = 0.2433507 bwd3 

-Therefore: 

Icre/Icr = 1.02 (printed value: 1.02) 

Icr(neg. web)/Icr = 0.696 

npb/b' (relative to bw) =25.38% 

Ig/Icr = 1.82 

(printed value: 0.696) 

(printed value: 25.38) 

(printed value: 1.82) 
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3.5 Doubly Reinforced Flanged Sections 

Because of their large flange areas which are available to take compressive stresses 

flanged sections are usually capable of resisting large moments without the need for 

compression reinforcement. Nevertheless, one should not rule out the possibility of 

having a flanged section with steel bars running in the flange for reasons other than 

added capacity. For example in positive moment regions with bars from the negative 

moment regions extending throughout the flange or when bars are provided in the 

flange as a mean of supporting web reinforcements (shear reinforcement) or to reduce 

creep and shrinkage deflections. If these bars are well anchored such that they attain 

their full capacity at the section under consideration they must then be accounted for 

in the evaluation of Icr. This will be studied in this section. 

As the expression of b' for doubly reinforced flanged sections must be 

compatible with those obtained previously for doubly reinforced rectangular sections 

and singly reinforced flanged sections, the following equation is proposed for b', 

b'=[a'np'(d/d') + ccf(be/bw - 1) + 1] (bw) (3.5.1) 

where a' and of are as given in Eqs. 3.3.7 or 3.3.8 and 3.4.2, respectively. 

Once b' is obtained from Eq. 3.5.1 Icre can then be evaluated using Eq. 3.4.3 with a 

and (3 factors determined from Eq. 3.2.2 for npbw/b'. As with the previous cases np 

and np' used to evaluate Icre are taken relative to bw. 

When np'=0 Eq. 3.5.1 reduces to that for singly reinforced flanged sections as 

given by Eq. 3.4.1. On the other hand, if be=bw the equation will then reduce to that 
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for doubly reinforced rectangular sections as discussed in Sec. 3.3. Obviously when 

np'=0 and be=bw then b' as given by the equation reduces to the trivial condition of 

b'=bw. 

Because of this compatibility with the previously proposed equations which 

were derived based upon intensive studies and their accuracy confirmed over the full 

range of np, np', did, be/bw and hf/d a separate detailed analysis for the confirmation 

of the accuracy of Eq. 3.5.1 was thought unnecessary and only a numerical example 

is given instead. In the example sections with different combinations of np, np', d'Id, 

be/bw and hf/d are considered. For each section the exact Icr is computed using the 

equations of Fig. 3.5.1. The exact Icr thus found is then compared with the value of 

Icre found using Eq. 3.4.3 with b' evaluated from Eq. 3.5.1. 

Example 3.5.1 

Determine the exact Icr and the approximate Icr, that is Icre using Eq. 3.5.1, and 

compare the two for the following cases : 

(a) np=15.09%, np'=4.12%. d'/d=0.15, be/bw=5.8 and hf/d=1/3 

(b)np=4.5%, np'=4.5%, d'/d=0.05, be/bw=5 and hf/d=0.1 

(c) np=48%, np'=36%, d'/d=0.10, be/bw=6 and hf/d=0.13 

(d) np=16%, np'=8%, d'/d=0.08, be/bw=4 and hf/d=0.14 

where all np and np' are relative to bw. 
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bam' (ý2 W) 
Iý 

n P= lOOnAs/bwd ,n 
P= l OOnAs /bwd 

b= 2hf[be/bw -1 + (n p/100)/(hf/d) + (np /100)/(hf/d)] 

be 

2 
c= hf 2(be/bw 

-1 + (2n P /100)/[(hf/d)(hf/d )] + (2nP /100)/(hf/d) ), x= (- b+ b+ 4c)/2 

)i- (100/3)(x/d - hf/d) + (100be/bw)(hf/d)(x/d)(x/d - hf/d) Icr = [(100/3)(be/bw)(hf/d 3 

+ nP (1 - x/d)Z+ nP'(x/d - d'. /d)2] (bwd3)/100 

Figure 3.5.1 The cracked transormed section of a doubly reinforced flanged section and 
the pertaining equations 

Solution 

(a) The case of np=15.09%, np'=4.12%, d'/d=0.15, be/bw=5.8 and hf/d=1/3: 

-For the exact Icr: 

Assume the neutral axis to fall in the flange. Thus, 

np(relative to be) = 15.09/5.8=2.60% 
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np'(relative to be)=4.12/5.8=0.71% 

np+np'(relative to be)=2.60+0.71=3.31% 

Hence, from the equations of Fig. 3.3.2, 

X=1-3.31+V[(3.3 1)2 +200(2.6+0.71(0.15))]} (d/ 100)=0.202d 

Because x/d < hf/d the neutral axis therefore falls within the flange as 

assumed. Thus, 

Icr=[ 100(0.202d)3/3+0.71 d(. 202d-0.15d)2+2.6d(d-0.202d)2] 

(5.8bw/100) = 0.1121 bwd3 

-For Icre: 

a'=6x104 + 0.15[1-2(0.15)]2/20 = 0.0043 (from Eq. 3.3.8) 

af=min[(1+8(0.333))/3 , 0.9] = 0.9 (from Eq. 3.4.2) 

b'=[0.0043(4.12)(1/0.15)+0.9(4.8)+1]bw=5.437bw (from Eq. 3.5.1) 

For npbw/b'=15.09/5.437=2.77%, a+ ßnpbw/b'=0.2439. Therefore, 

Icre=0.2439(5.437bwd3/12) = 0.111 bwd3 (from Eq. 3.4.3) 

-The error in calculating Icre: 

% error = (Icre/Icr - 1)(100) 

=(0.111/0.1121 - 1)(100) = -0.98% 

In calculating Icre a' could have alternatively been taken as 0.0037. This is because 

did of 0.15 is within the common range of 0.08 to 0.25. For such a value of a' Icre 

was found to be 0.111 bwd3 which again amounts to an error of -0.98%. 

(b) The case of np=4.5%, np'=4.5%, d'/d=0.05, be/bw=5 and hf/d=0.1: 
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-For the exact Icr: 

Assume the neutral axis to fall within the flange. Thus, 

np(relative to be) = 4.5/5 = 0.9% 

np'(relative to be) = 4.5/5 = 0.9% 

np+np'=0.9+0.9 = 1.8% 

Substituting into the equations of Fig. 3.3.2, 

x={-1.8+V[1.82 + 200(0.9+0.9(0.05))}(d/100) = 0.121 d 

Because x/d > hf(d the neutral axis therefore falls in the web and the above 

assumption is not valid. Thus the equations of Fig. 3.5.1 must be used, 

b=2(0.1d)[5-1+(4.5/100)/0.1+(4.5/100)/0.1] = 0.98 d 

c=(0.1d)2[5-1+2(4.5/100)/(0.1(2))+2(4.5/100)/(0.12)] = 0.1345d2 

Thus, 

x= [-0.98+�(0.982 + 4(0.1345))](d / 2) = 0.122d 

Hence, 

Icr = (100(5/3)(0.1)3+(100/3)(0.122-0.1)3+100(5)(0.1)(0.122)(0.122- 

0.1)+4.5(1-0.122)2+4.5(0.122-0.05)2](bwd3/100)=0.0379 bwd3 

-For Icre: 

a'=6x10-4+ 0.05[1-2(0.05)]2/20=0.0026 (from Eq. 3.3.8) 

af=min[(1+8(. 1))/3 , 0.9] = 0.6 (from Eq. 3.4.2) 

b'=[0.0026(4.5)(1/0.05)+0.6(4)+1]bw=3.636bw (from Eq. 3.5.1) 

For npbw/b'=4.5/3.636=1.24%, a+ ßnpbw/b'=0.1208. Therefore, 

Icre=0.1208(3.636bwd3/12)=0.0366 bwd3 (from Eq. 3.4.3) 

-For the % error in Icre: 

% error=(Icre/Icr - 1)(100) = (0.0366/0.0379 - 1)(100) = -3.4% 
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(c) The case of np=48%, np'=36%, d'/d=0.10, be/bw=6 and hf/d=0.13: 

-For the exact Icr: 

Assume the neutral axis to fall in the flange. Thus, 

np(relative to be) = 48/6=8% 

np'(relative to be) = 36/6=6% 

np+np'=8+6=14% 

Substituting into the equations of Fig. 3.3.2, 

x={-14+1/[142+200(8+6(0.1))]}(d/100) = 0.298 d 

Because x/d > hf/d the neutral axis falls in the web and the above 

assumption is therefore not valid. Thus the equations of Fig. 3.5.1 has to be 

used, 

b=2(0.13d)[6-1+(48/100)/0.13+(36/100)/0.13]=2.98 d 

c=(0.13d)2[6-1+2(36/100)/(0.13(1.3))+2(48/100)/(. 132)] = 1.1165 d2 

Thus, 

x= [-2.98+V'(2.982+4(1.1165))]/2 = 0.3366 d 

Hence, 

Icr = [100(6/3)(0.13)3 + (100/3)(0.3366-0.13)3+600(0.13)(0.3366) 

(0.3366-0.13)+48(1-0.3366)2 +36(0.3366-0.10)2] (bwd3/ 100) 

=0.293 bwd3 

-For Icre: 

a' = 6x104 +0.1[1-2(0.1)]2/20 = 0.0038 (from Eq. 3.3.8) 

ocf = min[(1+8(. 13))/3 , 0.9] = 0.68 (from Eq. 3.4.2) 

b' = [0.0038(36/0.1)+0.68(5)+1]bw=5.768bw (from Eq. 3.5.1) 

For npbw/b'=48/5.768=8.32%, a+ (3npbw/b'=0.576. Therefore, 

Chapter 3 164 



Icre=0.576(5.768bwd3/12) = 0.277 bwd3 (from Eq. 3.4.3) 

-For the % error in Icre: 

% error = (Icre/Icr -1)(100) 

= (0.277/0.293 - 1)(100) = -5.5% 

Because d'/d of 0.1 is within the common range of 0.08 to 0.25 a' could have also 

been taken as 0.0037. For such a value of a' Icre was found to be 0.276 bwd3 which 

corresponds to an error of -5.8%. 

(d) The case of np=16%, np'=8%, d'/d=0.08, be/bw=4 and hf/d=0.14: 

-For the exact Icr: 

Assume the neutral axis falls in the flange. Thus, 

np(relative to be) = 16/4 = 4% 

np'(relative to be) = 8/4 = 2% 

np+np'=4+2 = 6% 

Substituting into the equations of Fig. 3.3.2, 

x={-6+V'[62+200(4+2(0.08)))}(d/100) = 0.2346 d 

Because x/d > hf(d the neutral axis therefore falls in the web and the above 

assumption is not valid. Thus the equations of Fig. 3.5.1 have to be used, 

b=2(0.14d)[4-1+(16/100)/0.14+(8/100)/0.14] = 1.32 d 

c=(0.14d)2[4-1+2(8/100)/(0.14(1.75))+2(16/100)/(0.142)]=0.3916 d2 

Hence, 

x=[-1.32+ß(1.322+4(0.3916))](d / 2) = 0.2495 d 

Thus, 
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Icr = [(400/3)(0.14)3+(100/3)(0.2495-0.14)3+400(0.14)(0.2495) 

(0.2495-0.14)+16(1-0.2495)2 +8(0.2495-0.08)2] (bwd3/ 100) 

= 0.112 bwd3 

-For Icre: 

a'=6x 104 + 0.08[1-2(0.08)12/20 = 0.0034 (from Eq. 3.3.8) 

af=min[(1+8(0.14))/3 , 0.9] = 0.71 (from Eq. 3.4.2) 

b'=[0.0034(8/0.08)+0.71(3)+1]bw = 3.47bw (from Eq. 3.5.1) 

Thus, npbw/b'= 16/3.47=4.61%, a+ ßnpbw/b'=0.3727. Therefore, 

Icre = 0.3727(3.47bwd3/12) = 0.108 bwd3 (from Eq. 3.4.3) 

-For the % error in Icre: 

% error = (Icre/Icr - 1)(100) 

= (0.108/0.112 - 1)(100) = -3.6% 

Again for d'/d of 0.08 a' could have been alternatively taken as 0.0037. For such a 

value of a' Icre was found to be 0.108 bwd3 which amounts to an error of -3.6% 

3.6 Summary 

In the preceding sections different equations have been developed as part of the model 

for the approximation of Icr. Examples were also given to illustrate the applications 

of these equations. 

Although the model was intended to be used in the evaluation of the effective 

moment of inertia as will be discussed in the next chapter it can also be used in any 
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other conditions where the cracked transformed moment of inertia is involved. 

For ease of reference and to provide a general framework through which the 

equations involved can be easily understood an overall outline of the developed model 

is presented in this section in the form of the following summary: 

I 

Figure 3.6.1. A general beam section : 
- for rectangular sections be=bw 

- for singly reinforced sections As=O 

For the general cross section shown in Fig. 3.6.1, Icr can be approximated as Icre 

given by Eq. 3.6.1 below 

Icre=(a+ßnpe)(b'd3/12) (3.6.1) 

where, 
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npe=npbw/b' 

b'=[ a'np'(d/d') + af(be/bw -1) +1 ]bw 

a'=6x10' +(d'/d)(1-2d'/d)2/20 

af=min[(1+8hf/d)/3 , 0.9] 

np=(nAs/bwd)(100) , np'=(nAs'/bwd)(100) 

The factors a and 0 are as given below, 

a=0.003, ß=0.095 for npe: 51.9% 

a=0.05,0=0.07 for 1.9% < npeS 5% 

a=0.16,0=0.05 for 5%< npeS 17% 

a=0.5,0=0.03 for 17%< npe<_ 32% 

a=0.80, ß=0.02 for npe > 32% 

For the usual range of d'/d from 0.08 to 0.25 a' can also be taken simply as 0.0037 

for which the expression of b' becomes, 

b' [0.0037n p'(did')+af (be/bw -1 )+ 1] bw (3.6.2) 

When be/bw is greater than 0.55 the section should be treated as a rectangle of width 

be. 
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CHAPTER 4 

THE EFFECTIVE MOMENT OF INERTIA, Ie 

4.1 Introduction 

When the tensile stresses in concrete exceed its modulus of rupture the concrete 

cracks. These tension cracks form at a finite spacing as shown in the typical simply 

supported beam of Fig. 4.1.1 

a 

------------------------------ --------------------------- - N. A 

a 

FIGURE 4.1.1 A typical flexurally cracked simply supported beam 
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At sections where the concrete in the tension face is completely cracked, for 

exampleat section a-a, tensile resistance of the section will be provided for entirely by 

the steel reinforcement and the moment of inertia of the section is Icr. However, 

between the cracks or at sections where the cracks do not propagate deep into the 

element concrete will still be able to take some tension and the tensile resistance of 

the section is therefore provided for not only by the steel but also by the uncracked 

concrete in the tension face. In such sections the moment of inertia will have a 

value greater than Icr but less than or equal to Ig. This phenomenon of the 

ability of concrete to take some tension is usually referred to as " tension stiffening 

" of concrete. 

The effect of tension stiffening on the variation of the moment of inertia of a 

concrete element along its span is a function of many factors and is difficult to 

correctly predict. Therefore, it is always easier to assume a constant value for the 

moment of inertia throughout the span. The moment of inertia thus assumed is referred 

to as the effective moment of inertia and is denoted by Ie. Many empirical 

expressions for the evaluation of Ie have been proposed. The most widely used of 

these is the so called Branson's equation which has been adopted by many codes (i. e 

the American and the Canadian codes) where the effective moment of inertia, for 

deflection calculations, is expressed as follows, 

Ie = Icr +( Ig - Icr) (Mcr/Ma )3 < Ig 

in which 

Mcr = cracking moment = fJg/y, 

( 4.1.1 ) 
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yt = distance from the neutral axis of the gross area neglecting steel to the 

extreme concrete fibre in tension . 

Ma - maximum moment acting within the span or between points of inflection 

of the element for which Ie is evaluated. 

Although Eq. 4.1.1 has been the widely recognized equation for the evaluation of le 

for many years it has the following serious drawbacks : 

1. It can be shown that for load types other than uniform and for p<1% and 

Ma/Mcr <3 the equation can give results that are grossly in error. These errors 

can be as high as 80-100 % [4,5]. 

2. The evaluation of the moment of inertia of the cracked transformed section, Icr, 

has been a major source of contention with designers throughout the years since 

the equation was recognized. This is because the task of evaluating Icr is both 

involved and time consuming and one is likely to make mistakes especially in 

case of flanged sections [6]. 

3. Due to the complexities and nature of the expressions necessary to evaluate Icr 

the equation cannot easily be represented graphically through solution curves. 

These curves as shown in the different references [7,8] also fail to represent the 

phenomena involved and thus offer little as design aids [9]. 

Because of these disadvantages many scholars and designers are of the opinion that 

the equation is of minimum practical use and an alternative must therefore be found. 

In 1993 and in an attempt to provide a substitute for Branson's equation, AL- 

Shaikh and AL-Zaid [4] have proposed the following empirical equation for Ie, 
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Ie=Ig+(Icr-Ig) (LcrIL)m 

where, 

( 4.1.2 ) 

Lcr - The length of the span over which the applied moment exceeds 

Mcr ( usually known as the cracking length ) 

L- The span of the beam 

m=0.8pMcr/Ma with p in % 

It will be shown in this study that although Eq. 4.1.2 may prove to be slightly more 

accurate than Branson's equation it still gives errors as high as 80 % in cases of low 

reinforcement ratios and Ma/Mcr < 4. In addition, because no attempt is made to 

approximate Icr the equation remains unpractical and can not lead itself into a simple 

graphical representation and thus does not actually offer much advantages over 

Branson's equation. 

In this chapter and for the purpose of calculating deflection in reinforced 

concrete beams an alternative to Branson's equation will be developed for the 

evaluation of le where the forementioned drawbacks are eliminated. 

The background philosophy of the developed equation is that : 

1. The models of Icre obtained in Chap. 3 should be easily incorporated to eliminate 

the need for detailed calculation of Icr. 

2. All the parts that may have to be empirically determined should be consolidated 

into a single coefficient the expression of which is independent of the equation's 

format. This has the following advantages : 

a. The form of the equation remains the result of a pure theoretical development 

and will therefore be always valid. Thus, if a new study is launched in the 
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future one need not start from scratch but instead only the expression of this 

coefficient can be modified. 

b. Any graphical representation of the equation will be independent of how this 

coefficient is expressed. 

3. The equation should provide a quick and efficient way of evaluating Ie and should 

lead itself well into a "single page" graphical representation that can be used as a 

design aid similar to those usually provided for other design purposes in the 

respective codes. The gragh should be simple and yet applicable to all usual cases. 

4.2 The Expression of le 

In this section a general expression for the effective moment of inertia will be 

developed considering first the basic case of a simply supported beam with a singly 

reinforced rectangular section throughout the span. The expression thus found will 

then be extended to include other sectional geometries and span conditions. 

Consider the simply supported beam of Fig. 4.1.1 with a prismatic singly 

reinforced rectangular section. If the moment of inertia is assumed constant throughout 

the span and always greater than or equal to the value of Icr at the section of 

maximum moment the effect of concrete stiffening discussed earlier can be thought 

of as a fictitious steel area which has been added to the steel reinforcement actually 

provided at the section of maximum moment such that the cracked transformed 

moment of inertia of the equivalent section is equal to the effective moment of inertia. 
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Figure 4.2.1 explains the idea where the cracked transformed section shown is 

assumed throughout the span. 

Based on the above assumption and in accordance with Eq. 3.2.2 one can write, 

Ie=(a+ßnp-)(bd3/12) ( 4.2.1 ) 

X 

d 

nAs = nAs + nAs fictitious max 
moment 

b 

Figure 4.2.1 The cracked transfomed section representing concrete stiffening effect 
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where, 

p" =p at the section of maximum moment + fictitious steel area representing 

concrete stiffening effect 

When Ma/Mcr =1 the element at the section of maximum moment will be on the 

verge of cracking but cracks will not have yet developed. At this stage p" must be 

such that Eq. 4.2.1 yields an effective moment of inertia equal to Ig. Such a value of 

p" will be defined as po". As Ma/Mcr increases cracks start to develop and the 

effective moment of inertia starts to decrease. Because bd3/12 remains constant and 

that a and 0 are uniquely defined for the same np, Eq. 4.2.1 implies that any decrease 

in Ie must also correspond to a decrease in the value of p". Therefore, as Ie starts to 

decrease with increasing Ma/Mcr values so does p". When eventually large values of 

Ma/Mcr are reached the effective moment of inertia will gradually converge to Icr 

which means that p" must also converge to p as required by the equation. 

A probable curve representing the above relation between Ma/Mcr and p" is shown 

in Fig. 4.2.2. As can be seen from the figure the slope of the p" curve is not constant 

but varies as p" changes with respect to Ma/Mcr to give a smooth and gradual 

convergence to p at larger values of Ma/Mcr and as required to correspond to the 

convergence of Ie to Icr. Therefore , and if Ma/Mcr is referred to for simplicity as t 

on can write, 

dp%dt=kl+k2p" (4.2.2) 

where p" = f( Ma/Mcr) = f( t ). As p- converges to p at larger values of Ma/Mcr the 
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p 

p --------------------------------- 

123456 

Ma/Mcr 

Figure 4.2.2 Variation of p with Ma/Mcr 
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slope of the p- curve approaches zero. Thus, 

dp%dt=k1+k2p=0 

or, 

k, =-k2p 

Back substituting into Eq. 4.2.2 will therefore give 

dp%dt=-k2p+k2p"=k2(p"-p) 

separating the variables and integrating, 

p- t 

Po- [1/(p--p)]dp-=1 k2dt 

or 

In(p"-p) pa_ 

Thus, 

t 

= k2(t) 1 

In (p"-p)-In(P0- -P)=k2(t-1 ) 
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or, 

In[(P--P)/(P07-P)]=k2(t- 1) 

Taking the exponential "e" of both sides gives, 

(P--P)/(P0ý-P)=ek2"-I) 

or, 

P-=P+(P0 -p)ek2(t l) 

Redefining k2 as c and restoring t as Ma/Mcr the above equation will therefore 

become 

p-=p+(poý-p)e'(Ma/Mcr-1) (4.2.3) 

By introducing the term 0=c (Ma/Mcr -1), Eq. 4.2.3 will therefore simplify to, 

P-=P+(Po--p)e(D (4.2.4) 

Because of the descending or negative slope of p" curves the factor c and hence the 

coefficient c must always be negative for all values of Ma/Mcr grater than 1.0 as is 

dictated by Eqs. 4.2.3 and 4.2.4. This is also consistent with the trivial condition that 
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when Ma/Mcr is large p" converges to p. 

From Eqs. 4.2.3 it can be noticed that when Ma = Mcr , p" becomes equal to 

po-. However, when Ma = Mcr the value of p" must be such that Eq. 4.2.1 gives an 

effective moment of inertia equal to Ig. This means that 

Ig=(cc +ßnpa") (bd3/12) 

or, 

p0 =( 12Ig/bd3'a)/ßn 

Defining, 

R=Ig/(bd3/12) 

With this definition the expression for p,, - will therefore become 

a)/ (3n 

Substituting Eq. 4.2.4 along with the above expression of p,, - into Eq. 4.2.1 gives, 

Ie=(a+ßnp)(bd3/12)+(R-a-ßnp)(bd3/12)e" (4.2.5) 

The expression of Eq. 4.2.5 gives the effective moment of inertia for a beam with the 
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following basic conditions : 

1. The beam is simply supported 

2. The beam is prismatic with singly reinforced rectangular section 

The bending moment diagram of any beam can be thought of as consisting of 

subdiagrams depending on the number and location of the inflection points within the 

span. For example, the bending moment diagram for a simple beam is only one 

diagram since the points of inflection are located right at the supports. On the other 

hand, the bending moment diagram for an end span of a continuous beam can be 

assumed to consist of two subdiagrams while that for an interior span can be thought 

of as three subdiagrams and so on. If then to each of these subdiagrams the concept 

of concrete stiffening as used above is applied Eq. 4.2.5 can be taken to represent the 

effective moment of inertia in the span of each subdiagram. In other words, Eq. 4.2.5 

can be generalized to apply not only to simply supported beams but to any beam 

under any loading condition 

In addition, the condition of singly reinforced rectangular section can also be 

generalized to include all the sections that are considered in this study by simply 

incorporating the equivalent width method of Chap. 3 into Eq. 4.2.5. Doing so results 

in the following general form of the equation, 

Ie=(cc +ßnpe)(b'd3/12)+(R-a-(inpe)(b'd3/12)e0 (4.2.6) 

with R now defined as 
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R=Ig/(b'd3/12) 

The first part of Eq. 4.2.6 is actually the expression of Icre as given by Eq. 3.6.1. 

Realizing this and substituting the above expression of R into Eq. 4.2.6 and simplifying 

leads to the following compact form of the equation 

Ie = Icre +( Ig - Icre ) e« (4.2.7) 

Equation 4.2.7 is the expression proposed by the current study for the evaluation of 

Ie. Although the equation is similar in format to Branson's equation ( Eq. 4.1.1 ), 

except for the exponential term, it has the following advantages : 

1. To calculate the value of the exact Icr used in Branson's equation involves two 

lengthy steps. In the first step one has to find the position of the neutral axis and 

then calculate the value of Icr as a second step. In flanged sections the calculations 

are even more complicated because the way Icr is calculated depends on whether 

the neutral axis falls in the flange or in the web and one has to start by assuming 

the position of the neutral axis and then modify the assumption if necessary. 

In the proposed equation the difficulties involved in computing Icr are eliminated 

by using Icre instead. As was shown in Chap. 3 the task of evaluating Icre from 

Eq. 3.6.1 is a simple matter and the equations involved are much easier to use as 

compared to the lengthy equations of Figs. 3.3.2,3.4.3 or 3.5.1 
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2. It will be shown in the next section that graphical representation of the detailed 

form of the proposed equation ( Eq. 4.2.6 ) makes it possible to determine le 

directly from curves that can be included on a single plot which is easy to read. 

This is a clear advantage over the graphical representation available for Branson's 

equation where one has to work through different plots in order to obtain a value 

for Ie. These plots as given in Refs. 7 and 8 are complex as compared to the plot 

that will be proposed in the current study on the basis of the developed equation. 

In addition, as already mentioned in Chap. 3 and demonstrated by the concluding 

example given therein the plot given for the evaluation of Icr in Ref. 7 can give 

values that are in error of as much as 30% in case of flanged sections and thus 

can be regarded as being unreliable for the limits considered in this study. 

3. Except for the exponential factor 1 which is yet to be determined the equation is 

the result of an analytical development as compared to Branson's equation which 

is purely empirical. 

4. Based on conditions dictated by Eqs. 4.2.3 and 4.2.4 and as related to Fig. 4.2.2 an 

expression for c is proposed in Sec. 4.4. Besides expressing the intensity of the 

applied load the expression will also consider the loading type and the effect of 

the reinforcement which Branson's equation does not consider. This expression 

when used into Eq. 4.2.7 will prove to give results that are more accurate and 

consistent than when Branson's equation is applied. 

Equation 3.6.1 used to evaluate Icre in the proposed equation of le can be 

applied to sections that are either rectangular or flanged. Most elements of concrete 

structures that are usually investigated for deflection are of these geometries. If, 
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however, an element of unusual sectional geometry is encountered then Eq. 3.6.1 can 

not be used. In this case the proposed equation can be applied using Icr instead of 

Icre. Although this will eliminate the advantages of not having to calculate Icr the 

equation will still retain its superiority over Branson's for considering the effect of the 

loading type and reinforcement incorporated in the expression of (D. 

The limitation of Ig imposed on Branson's equation is intended to prevent 

Ie>Ig when Ma<Mcr. For the proposed equation, however, such a limitation is not 

necessary as will be seen from the expression of « to be developed in Sec. 4.4. 

The trend in the behaviour of p" vs. Ma/Mcr shown in Fig. 4.2.2 which is the 

base for the development of the proposed equation assumes that Icr<Ig. For that and 

because Icre is an approximation of Icr, Eq. 4.2.7 applies only to conditions of 

Icre<Ig. At the unlikely condition of Icre>Ig it is suggested that le be taken equal 

to Icre (or Icr as has normally been the practice when Branson's equation is used). 

4.3 Graphical Representation of le 

Graphical representation is always found useful in physically explaining the trends in 

the behaviour of structural elements from which concrete members are no exception. 

Therefore for any developed equation to be fully useful it must be transformable into 

plots that are easy to read and can best represent the phenomena for which the 

equation has been developed. In this section it will be shown that for Eq. 4.2.6 which 

is the detailed version of the equation that has been proposed for the evaluation of Ie 
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(Eq. 4.2.7) such a graphical representation is easily obtained. 

Dividing through by b'd3/12 in Eq. 4.2.6, 

Ie/(b'd3/12)=cc +ßnpe+(R-a-ßnpe)e" 

If for ease of reference the term Ie /( b'd3/12 ) is referred to as y the above equation 

will then become 

7y=a+ßnpe+(R-(x -ßnpe)e' ( 4.3.1 ) 

The task remaining now is to plot the values of y vs. c in accordance with the 

above equation . 

In Eq. 4.3.1 four variables are involved : the nondimensional quantity 'y, the product 

of the modular ratio multiplied by the reinforcement ratio represented by npe, the 

variable R relating sectional dimensions and finally the exponent 1 which is supposed 

to relate the type and intensity of loading. Despite these four variables, however, a 

graphical representation of y vs. (D in two axes rectangular coordinate system is 

sought. 

If different curves were chosen for different npe values each of these curves will then 

represent a constant value of npe and the number of variables left to be considered 

will therefore be three. However, it will still not be possible to represent the equation 

by a two coordinate axes system because of the third variable unless multiaxes system 

is used. For example if « and 'y were represented along the horizontal and vertical 

axes respectively, then different vertical axes will be required to represent different 
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values of the third variable R. 

To avoid the complexities associated with such multiaxes systems a reference 

condition with a specific R, referred to hereafter as Rref , will be chosen for which a 

plot of 1 vs. y is produced in a two axes coordinate system. Any other condition with 

different R value is then converted to its corresponding reference condition with R 

equal to Rref whereby the reference plot can be used. 

Because the reference plot will have different curves for different npe values any 

condition i will be converted to a corresponding condition where npe is kept the same. 

This leaves only the corresponding reference value of (D, denoted as Iref , to be 

determined such that y read from the reference plot is exactly equal to y value found 

using the parameters at condition i, namely npe, R; and (D; 

Applying Eq. 4.3.1 the above argument can be represented in an equation form as, 

a+ßnpe+( R; -a-ßnpe)e"'=a+ßnpe+(Rref-a- ßnpe)eý`ef 

solving for (Dref 

e0ref/ e"'=(R; -a-ßnpe)/(Ref-a-ßnpe) 

or 

eOref_(e" )[(R; -a-ßnpe)/(Ref -cc -ßnpe)I 

Taking the natural log of both sides, 
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In(e` )=In { (e<ý1)[(R1-(x -ßnpe)/(Ref-(x -ßnpe)11 

=In(e" )+In [(R; -cc -ßnpe)/(R, f-cc -ßnpe)] 

Thus , 

ref=(Di +In [(R1-a-ßnpe)/ ( ef - cc -ßnpe)] 

or 

(Dref-(D; +In cc +ßnpe-R; )/(cc +ßnpe-Rref)] 

If for the sake of simplicity the second part of the above equation is referred to as the 

correction factor, CF , one can then write, 

(Dref-(Di+CF 

where 

CF=In [(a+ßnpe-R; )/(a+pnpe-Re f)] 

(4.3.2) 

If Rref is properly chosen, Eq. 4.3.2 can be used to transform c at any condition i to 

its corresponding reference value where the reference plot can then be entered to read 

the value of y. It will be shown next that this proper selection of Rref is actually a 

function of the condition of Icre vs. Ig and the nature of the coefficient (D. 

It was stated in the previous section that at conditions of Icre>Ig, Ie will be 
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taken equal to Icre given be Eq. 3.6.1 and thus the expression of Ie as proposed by 

Eq. 4.2.7 will not be used. Therefore the graphical representation of the equation must 

be provided for the condition of Icre < Ig. Because any such graphical representation 

will be useless without Eq. 4.3.2 and that the expression of CF involved in the equation 

is in terms of a+ (3npe -R it will therefore be useful if a relationship between the 

condition of Icre vs. Ig and the value of a +pnpe -R can be drawn. To do that one 

may recall from Eq. 3.6.1 that 

Icre=((x +ßnpe)(b'd3/12) 

or 

a+ßnpe=Icre/(b'd3/12) (4.3.3) 

While from the definition of R, 

R= Ig /( b'd3/12 ) (4.3.4) 

Thus, if Icre < Ig then from Eqs. 4.3.3 and 4.3.4 it follows that 

a+ (3npe <R 

or 
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a+ßnpe-R<0 

Therefore, the graphical representation of Eq. 4.2.7 must be provided for any condition 

iwhere a+ßnpe-R; <0. 

Because the natural log of a negative value is undefined then for the expression of 

CF to be valid the condition of a+ (3npe - R; <0 will also require that a+ ßnpe - 

of O. To ensure this, Rref must be selected to be greater than the maximum value 

of a+ (3npe. According to the analysis presented in chapter 3 and from the results 

included in Appendices B3-7 it can be seen that the maximum value of npe for the 

sections to which Eq. 3.6.1 is applicable is 55.17. Thus from the intervals of a and 

0 of Eq. 3.6.1 and using the maximum value of npe of each intervals it is not hard to 

prove that, 

(a + ßnpe )max = 0.8 + 0.02(55.17) = 1.9 

Therefore to ensure that a+ (3npe - Rref G O, Ref must always be greater than 1.9. 

In addition to having to satisfy the criterion a+ßnpe - Rref <0 explained above the 

choice of' ',, f must also ensure that (Dref obtained from Eq. 4.3.2 is always negative. 

This is because positive values of I will not be compatible with the nature of the 

coefficient (D as defined in Sec. 4.2. For this and since a+ ßnpe values for condition 

i and its corresponding reference condition are equal, R, 
ef must always be chosen as 

being greater than or equal to the maximum value possible for R; so that the value for 

which the natural log is taken is always : 51 and thus CF is <_ 0 which ensures that 

will always be negative. If one assumes the basic condition of a singly reinforced 
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rectangular section, the definition of R will therefore simplify as follows, 

R=Ig/(b'd3/12)=Ig/(bd3/12)=(bh3/12)/(bd3/12)=(h/d)3 

If then the smallest d/h ratio of 0.72 (as previously assumed) is used in the above 

equation, the maximum value of R, will be obtained as, 

(R1 )max=( 1/0.72)3=2.7 

In the light of the above discussion and as dictated by the requirements of the 

condition of Icre vs. Ig and the nature of c it is therefore reasonable to set Rfef = 3. 

Substituting this value of Rref into Eq. 4.3.2 gives 

(Dref = (D; + CF 

where, 

CF=In [(a+ßnpe-R; )/(a+(3npe-3)] 

(4.3.5) 

It is worth noticing that because the maximum value of a+ ßnpe is 1.9, as 

previously found, the denominator of Eq. 4.3.5 is always negative. It follows 

therefore that whenever a+ ßnpe -R; >O, Eq. 4.3.5 becomes undefined and thus will 

automatically signalize that for the condition considered Icre > Ig and le should be 

taken as Icre. 

Prog. 4.3.1 shown in Appendix Cl. was developed to calculate y values using 
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Eq. 4.3.1 for R,, f of 3 and for the range of npe from 0.12 to 56% and of 0 from 0 

to -10. The results as obtained from the program are included in the appendix. The 

values of y thus obtained vs. « are then used to produce the reference plot of 

Fig. 4.3.1. 

The values of npe for which the curves of Fig. 4.3.1 are produced cover the range over 

which npe may vary. The value of 0.12% is the minimum limit as described in chap. 3. 

The value of 56%, on the other hand, is slightly beyond the maximum npe of 55.17% 

referred to earlier. For any value of npe between 0.12 and 56% but for which no 

independent curve is produced interpolation relative to the curves of npe below and 

above the given value should be used. 

Because the curves are produced for R value of the reference condition one therefore 

needs to convert the given value of » to its corresponding value relative to the 

reference condition by applying the correction factor as explained earlier and as shown 

in the figure. Namely, the figure is entered with tref = (D + CF. 

It can be seen from the figure that for values of I ref 
beyond -7 the curves 

become almost horizontally steady. As c will be shown to be a direct function of 

Ma/Mcr, the steady portions of the curves represent the condition of a constant le at 

higher values of Ma/Mcr. Because Ie is known to approach Icr as Ma/Mcr increases, 

the constant Ie values corresponding to the steady portions of the curves represent Icre 

as integrated into Eq. 4.3.1. It follows therefore that although the curves are produced 

to determine Ie, the steady portions of these curves can also be used to find Icre. 

Clearly, when Icr<Ig the curves can be entered directly to read le and for higher 

values of Ma/Mcr the Ie thus read may in fact be equal to Icre. However, when Icr>Ig 

the correction factor, CF , will be undefined and the value of tief required to enter 

Chapter 4 190 



nPe-1.9% nPe-5% nPe-17% nPe-32% 

a-0.003 a-0.05 a-0.16 a-0.5 a-0.8 
3.00 -3 ß-0.095 p-o. 07 ß-0.05 ß-0.03 ß-0.02 

2.75 be d' 

hf As' 
2.50 

2.25 

2.00 

1.75 

C14 1.50 
23 

1.25 

1.00 

0.75 

0.50 

0.25 

0.00 

+ CF 

Figure 4.3.1 Graphical representation of the proposed model of le 
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Fig. 4.3.1 can not be determined. In this case and in cases where only the value of Icre 

is needed for whatever purpose the steady portions of the curves can be entered 

.f 
to read off the value of Icre (which will be taken as Ie regardless of the value of (D,, 

in case of Icr>Ig as discussed earlier) corresponding to the respective npe. 

In the light of the above the applicability of Fig. 4.3.1 can therefore be summarized as 

follows: 

1. If the correction factor is defined the figure can be entered to read off the value 

of Ie for the value of «1Cf =b+ CF. 

2. If the correction factor is undefined the steady portions of the curves of the figure 

can be entered to read off the value of Ie (which in this case is equal to Icre) 

without regard to (D. 

3. If for purposes other than deflection calculations the value of Icre is required (to 

be taken as an approximation of Icr as discussed in chap. 3) the steady portions of 

the curves of the figure can be entered to read off the value of Icre and of course 

without reference to (D. 

Obviously all Ie or Icre values read from the figure are in terms of b'd3/12. 

For ease of reference all the equations necessary to evaluate b' and the correction 

factor are provided in the figure. Along with these equations, the general section to 

which the equation of b' is applicable is also shown. If the section considered is 

rectangular, be/bw=1 and if singly reinforced np'=0. 

The reference plot as produced and described above can be said to provide the 
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following advantages: 

1. The value of Ie can be read directly without having to calculate Icr or Icre. 

2. For conditions with Icr > Ig where Ie is to be taken equal to Icre or when Icre is 

needed for whatever purposes and without regard to c, the steady portions of the 

curves can be entered to read off the value of Icre directly. 

3. From 1 and 2 above, it can be said that except for the coefficient 1 the reference 

plot can be considered as a summary of all that has been proposed in the current 

study. That is the approximation of Icr and the evaluation of Ie. 

4. The curves are independent of how the value of c is obtained. Although the 

model proposed for « in the next section will prove to give results that are more 

accurate and consistent than if Branson's equation is used it is however fair to say 

that in the field of science there is always room for improvement. If in the future 

the proposed model of cb is somehow improved or replaced by other models the 

curves can still be used. 

5. The curves can be used for either singly or doubly reinforced rectangular or 

flanged sections which are the most commonly investigated sections for deflection. 

While any example intending to explain the use of Fig. 4.3.1 for the 

determination of Ie has to be postponed until an expression of b is proposed and 

discussed, an example pertaining to the evaluation of Icre from the curves of Fig. 4.3.1 

is next given. 
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Example 4.3.1 

The intervals of a and ß shown in Fig. 4.3.1 can be used to evaluate Icre according to, 

Icre =(a+ (3npe )( b'd3/12) 

Alternatively, the steady portions of the curves of the figure can be entered to read off 

the value of Icre directly. 

Show how this alternative can be applied to the following cases: 

(a) Case (d) of example 3.3.1 

(b) Case (c) of example 3.4.1 

(c) Case (d) of example 3.5.1 

Solution: 

(a) In example 3.3.1 the following were given: 

np=40% , np'=40% , d'/d=0.03 

The section is rectangular 

Using the above values and that be/bw=1, since the section is rectangular, into the 

equations of Fig. 4.3.1 gives, 

b'=3.57bw , npe=11.2% 

entering the steady portions of the curves of the figure with npe of 11.2% one 

reads, 

Ie/(b'd3/ 1 2)=Icre/(b'd3/ 12)=0.72 

Thus, 

Icre=(0.72/ 12)(3.57bwd3)=0.2142bwd3 

If for the sake of illustration the correction factor is evaluated, then using Ig of 
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0.0910605 bwd3 as was found in the original example along with the equations 

of Fig. 4.3.1, 

R=0.306 ,a+ 
ßnpe = 0.7205 

CF=In [(0.7205-0.306)/(0.7205-3)]=In [-0.1818] 

and the correction factor is therefore undefined. This implies that Icre (or Icr) is 

greater than Ig which is evident from the respective values of Icre and Ig and is 

consistent with the findings of the original example. In cases like these Ie is taken 

equal to Icre as already has been discussed. 

(b) In example 3.4.1 the following were given: 

np(relative to be)=14% , be/bw=3 , hf/d=0.11 

Converting the given np to its corresponding value relative to bw, 

np=14(3)=42% 

Using the above np value along with the given ratios of be/bw and hf/d into the 

equations of Fig. 4.3.1 gives, 

b'=2.25 bw , npe=18.66% 

entering the steady portions of the curves of the figure with npe of 18.66% one 

reads, 

Ie/(b'd3/ 12) = Icre/(b'd3/ 12)=1.06 

Thus, 

Icre =(1.06/12 )( 2.25 bwd3 )=0.19875 bwd3 

(c) In example 3.5.1 the following were given: 

np(relative to bw) = 16% , np'(relative to bw) = 8% 
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d'/d = 0.08 , belbw =4, hf/d = 0.14 

Using the above values into the equations of Fig. 4.3.1 gives, 

b' = 3.46 bw , npe = 4.62% 

entering the steady portions of the curves with npe of 4.62% one reads, 

Ie/(b'd3/12) = Ie/(b'd3/12) - 0.375 

Thus, 

4.4 

4.4.1 

Icre =(0.375 / 12)( 3.46 bwd3 )=0.108125 bwd3 

The Expression of c 

The General Expression of cb 

The discussion pertaining to Eqs. 4.2.3-4 requires that any expression of D used in 

conjunction with the proposed model of Ie must be a direct function of Ma/Mcr and 

must always yield a negative value. Bearing this in mind and based on the results of 

over 340 tested beams found in literature [17,21,22,32] the following empirical 

expression for t is proposed 

_-( Ma/Mcr )(Lcr /L) p for p> 1% ( 4.4.1 ) 

=- (Ma/Mcr )(Lcr /L) for p<_1% 

In the expression of Eq. 4.4.1, Ma/Mcr is as defined previously and represents the 

loading intensity. The reinforcement ratio p is in percentage and is taken relative to 

bw of the general section shown in Fig. 4.3.1. The term Lcr/L is the ratio of the length 
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over which cracking occurs, Lcr , to the length of the span considered, L. The 

cracking length Lcr can always be scaled from the bending moment diagram by 

defining the region over which the bending moment exceeds the value of the cracking 

moment, Mcr. Because the shape of the bending moment diagram is a function of the 

loading condition, different loading types will have different ratios of Lcr/L. 

When Ma <_ Mcr the cracked length Lcr reduces to zero and so does the 

value of c according to Eq. 4.4.1. Substituting a value of 0=0 into Eq. 4.2.7 gives 

Ie=Ig. This is a trivial condition that any proposed expression of Ie should satisfy. 

It is interesting to note, however, that Branson's equation without the limitation of 

Ie <_ Ig does not satisfy this condition. This is because when Mcr/Ma >1 there is no 

guarantee that Eq. 4.1.1 will not yield a value of Ie greater than Ig [6,19]. For this the 

limiting condition of Ie 5 Ig had to be imposed. Because the proposed equation of 

le satisfies the trivial condition as explained above there is no such inconsistency to 

be avoided and the limitation of Ie _< Ig is therefore not required. 

Although the proposed expression of c may seem to be the simplest way of 

representing all the relative factors , it will be shown in later sections to give results 

that are more accurate and consistent than if Branson's equation was applied. 

4.4.2 The Expression of b for Some Typical Loading Conditions 

Because it is always possible to scale Lcr from the bending moment diagram, Eq. 4.4.1 

is the general expression which can be used to evaluate b under the effect of any 
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loading type and span condition. 

However, it will be shown in this section that from the bending moment diagram and 

using the principles of elementary structural analysis it is possible in the case of 

simple spans to derive expressions of Lcr/L for the most common loading types in 

terms of Ma/Mcr. When these expressions are then substituted into Eq. 4.4.1 they give 

simpler expressions of « for each of the respective loading type considered. 

A. The case of a uniformly distributed load over a simple span : 

Consider Fig. 4.4.2.1 (a ). The bending moment diagram shown therein can be 

represented by the following equation 

Mb = wLx/2 - wx2/2 

At distance x where Mcr is exactly equal to Mb one can write 

Mcr = wLx/2 - wx2/2 

or 

wx2/2 - wLx/2 + Mcr =0 

solving the above equation for x gives 
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x={L-V [L2 - 4(2Mcr / w)] }/2 

or 

x= {L-LV[1 - (Mcr/wL2/8 )]} /2 

and for Ma = wL2/8 , 

x={ L-LV[ 1 -Mcr/Ma]} /2 

Because the bending moment diagram is symmetric the cracked length Lcr is 

Lcr=L-2x 

Substituting for x as determined above and simplifying 

Lcr /L= V(1 
- Mcr / Ma) 

Substituting the above into the general expression of b as given by Eq. 4.4.1 yields 

b=-(Ma/Mcr)[�(1 -Mcr/Ma)] p forp> 1% 

=- (Ma / Mcr) [ V(1 
- Mcr / Ma) ] for p <_ 1% 

(4.4.2.1) 
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B. The case of a simple span with a concentrated load acting between the supports : 

Referring to Fig. 4.4.2.1 (b) one can write 

Lcr=L-(XL+XR) 

and from the shape of the bending moment diagram it can also be written that 

xL=CMcr/Ma 0 xR=DMcr/Ma 

Therefore, 

Lcr =L-( CMcr/Ma + DMcr/Ma ) 

or 

Lcr =L- (Mcr/Ma)(C + D) 

However, C+D=L. Thus, 

Lcr = L( 1- Mcr/Ma ) 

or 
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Lcr/L= 1- Mcr/Ma 

Substituting the above into the general expression of c gives 

(D =-(Ma/Mcr-1 )p for p> 1% (4.4.2.2) 

=-(Ma/Mcr-1 ) forpS1% 

It is important to notice that the expression of « obtained above is independent of the 

position of the concentrated load applied. This is because as the position of the load 

changes so does the position of the cracked length within the span. However, the value 

of the cracked length and thus its ratio relative to the total length of the span remains 

a function of only Mcr/Ma as can be seen from the equation of Lcr/L derived above. 

C. The case of two equal concentrated loads acting on a simple span and equally 

spaced from the supports (usually referred to as two point loads): 

Referring to the bending moment diagram shown in Fig. 4.4.2.1 (c ), 

Lcr=L-2x 

and from the geometry of the diagram 

x= CMcr / Ma 

Therefore, 
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Lcr =L- 2CMcr/Ma 

or 

Lcr/L =1- 2CMcr/LMa 

Substituting the above into the general expression of « gives 

«=- (Ma/Mcr - 2C/L )p for p> 1% (4.4.2.3) 

=-( Ma/Mcr - 2C/L ) for p<_1% 

As an alternative to the general expression the above equation can be used to evaluate 

c in the case of a two concentrated load acting on a simple span and equally spaced 

from the supports 

It may be noticed that when the two concentrated loads converge to a single load at 

midspan C will be equal to L/2 and the above expression will reduce to that of 

Eq. 4.4.2.2 derived for the case of a single concentrated load acting anywhere within 

the span. This means that Eq. 4.4.2.3 can also be assumed to apply to the case of a 

midspan concentrated load. 

The expressions of 1 as given by Eqs. 4.4.2.1-3 for the three loading conditions 

considered above were derived assuming Ma > Mcr. When Ma<_ Mcr the expressions 

do not apply. In this case Lcr/L and thus 1 are automatically taken equal to zero as 

was pointed out in Sec. 4.4.1. 

In the next section a computer program will be used to compute deflection 
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values for comparison with test results. The tested beams were subject to the three 

loading conditions considered above. For such special purpose programs Eqs. 4.4.2.1-3 

will always be found easier to use and simpler to automate than if Lcr was scaled 

from the bending moment diagram. However, it is fair to say that because the 

equations are only applicable to the loading conditions for which they are derived, 

they are of limited use if one has to write a general purpose program wherein any 

loading condition can be considered. 

For hand calculations, although scaling Lcr from the bending moment diagram 

is always easy, the equations do provide an alternative whereby one can evaluate 1 

directly without referring to the bending moment diagrams if the case considered is 

one of the three loading conditions for which the equations were derived. 

4.4.3 Numerical Verification of the Expression of b 

In this section the proposed expression of b as given in Secs. 4.4.1 and 4.4.2 and as 

used in the model of Ie given by Eq. 4.2.7 is checked against over 340 test data found 

in literature and is compared with the equation of Branson and that proposed in Ref. 4 

(namely Eqs. 4.1.1 and 4.1.2). The data used are for simply supported beams tested 

under central point loads, two point loads and uniform loads and are taken from a 

variety of references. The data as quoted from the references include sectional 

geometry, percent and type of reinforcement, the concrete compressive strength, the 

total span length, the applied moment and the corresponding measured deflection at 
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midspan. 

Using the equations of Ec given in Sec. 2.7 the modular ratio n and the product 

np were computed. Based on the values of np thus found and using the sectional 

geometries given the respective values of Icr and Icre along with Ig were calculated 

in accordance with the equations in Chap. 3. 

The values of Mcr, taken as fjg/yt, necessary to calculate the ratios of Ma/Mcr were 

found using the equations of ft given in Sec. 2.10. 

According to the discussion of previous sections le is taken as equal to Ig whenever 

Ma _< 
Mcr and is assumed equal to Icr if Icr > Ig. As there will be no ground for 

comparison, the total number of 340 test data exclude all cases of Ma <_ Mcr 

and Icr > Ig. 

The deflections at midspan of the beams were calculated as 8 given by 

5= 5Mal) / 48EcIe ( for U. D. L ) 

=( 3MaL2 - 4MaX2) / 24 Ecle ( for C. P. L or X. P. L ) 

where U. D. L stands for uniformly distributed loads, C. P. L stands for central point load 

and X. P. L stands for two point loads equally spaced at X distance from each support. 

For central point loads X is taken equal to L/2. 

By substituting the respective values of Ie into the above expressions the deflection 

values as given by the different equations of Ie were computed and the errors involved 

in each case were calculated as follows, 

°1o error=[(computed deflection-measured deflection)/measured deflection] (100) 
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Because of the large number of data the procedure described above was 

automated through Prog. 4.4.3.1 shown in Appendix C2. The program was structured 

to print the data as read from the references and the results of the analysis in two 

separate tables. The first table could be used to check whether the data have been 

entered correctly into the program. The second table contains the computed as well 

as the measured values of the deflection, the errors involved in each method, the 

reinforcement ratio, the ratio of Ma/Mcr and finally the loading type for each case of 

the tested data examined. 

Two sets of data were examined. The first set, which stored in data file 

"CERA" shown in Appendix C3, corresponds to Tables C2.1 and C2.2 of the printouts 

included in Appendix C2 and pertains to the experiments conducted by BASE, 

READ, BEEBY and TAYLOR as described and summarized in Table 2 of Ref. 21 and 

Table 1 of Ref. 22 comprising a total of 258 test data. The beams considered in this 

set were all singly reinforced with 243 of them being rectangular (rectangular sections 

are those having bw=be and hf/d=O in the printout tables) and 15 as flanged. The 

reinforcement ratios varied from the minimum of 0.86% to the maximum of 2.67% 

(or 5.23% relative to bw in case of flanged sections). The sectional geometries were 

also varied along with the effective depths. The beams were simply supported and 

loaded with two point loads at a distance of 0.28 of the span from each support. 

The results of the analysis obtained for this first set of data have indicated that despite 

the equal accuracy observed otherwise, for p< 1% and Ma/Mcr <_ 3.4 the errors 

obtained from the proposed model are consistently almost half of those from 

Branson's equation or the equation of Ref. 4. This can be seen from the results 

summarized in Table 4.4.3.1 for the cases where p< 1% and Ma/Mcr <_ 3.4. 
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Table 4.4.3.1. Summary of results considering beams of data file CERA 

Bm# % error 
Branson 

% error 
Ref. 4 

% error 
Model 

p (%) Ma/Mcr Load 
Type 

203 13.2 11.3 6.9 0.86 3.15 0.28 p. 1 

205 14.9 12.5 7.1 0.93 2.92 to 

207 15.9 13.3 8.3 2.98 

209 10.7 9.5 -1.6 2.37 

210 8.6 6.1 4.0 3.31 

211 19.9 18.4 7.1 2.43 

212 11.6 9.1 7.4 3.4 

213 24.8 22.1 17.8 3.08 

215 15.4 12.8 8.2 3.02 

217 19.8 18.1 7.4 2.46 

218 10.7 8.3 6.9 3.44 

219 29.7 28.5 15.0 2.34 

220 18.6 16.0 13.2 3.27 

221 12.0 9.5 7.1 3.23 

223 15.4 12.9 9.4 3.12 

225 23.8 22.0 12.2 2.53 

227 13.6 11.7 3.2 2.59 

229 12.9 10.6 5.5 2.93 

231 15.9 13.4 8.7 3.00 

233 19.3 17.5 7.6 2.51 

235 14.8 13.2 2.8 2.44 

236 7.2 4.8 3.4 3.42 

237 22.6 20.0 13.7 2.89 

239 13.1 11.8 0.5 2.37 
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Table 4.4.3.1 (cont'd ) 

Bm # % error 
Branson 

% error 
Ref. 4 

% error 
Model 

p (%) Ma/Mcr Load 
Type 

240 8.2 5.7 3.6 3.32 0.28 p. 1 

241 23.1 22.0 8.5 2.31 " 

242 16.1 13.4 10.2 3.23 to 

243 18.9 16.3 12.8 3.12 it 

245 14.1 11.7 6.9 2.98 

247 11.8 10.4 0.5 2.45 

248 5.6 3.3 2.0 3.43 

249 18.9 17.2 7.0 2.49 

250 8.1 5.7 4.7 3.49 

251 5.5 3.2 0.0 3.10 

253 6.1 3.8 1.2 3.20 

255 14.2 11.7 8.8 3.20 

257 7.9 5.6 2.9 3.2 

Mean error 14.7 12.5 6.8 - - - 

Because the ratio of the errors for the proposed model to those for the other 

equations is consistent and that there is no reason to assume that the errors are 

normally distributed there was no statistical analysis performed. However, since the 

errors are almost all positive the mean errors calculated in the table are believed to be 

enough to indicate the accuracy of the different methods used. 
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To confirm the above observations the second set of test data, which is 

stored in data file "INF" shown in Appendix C3 was considered. These test data were 

the results of independent experiments conducted by different parties. The loading 

conditions considered were central point loads and two point loads at a distance of 

0.33 of the span from each support [given in Table 4 of Ref. 22 as supplementary data] 

as well as uniformly distributed loads [17,32]. The beams were simply supported and 

varied in sectional geometries and reinforcement. 

Tables C2.3 and C2.4 shown in Appendix C2 give the details read by the program and 

the computed results. Despite the almost equal accuracy of the results observed for 

p? 1%, the proposed model is again noticed to give better accuracy than the other 

equations for p< 1% and Ma/Mcr S4 as is summarized in Table 4.4.3.2. 

For the central point loads the errors shown in the table indicate that the equation of 

Branson and that of Ref. 4 may grossly overestimate the deflection. Out of the 23 

beams considered Branson's equation has shown 11 cases of gross error (errors 

greater than ± 30%) ranging from +31.7 up to 101.1 % while the equation of Ref. 4 has 

shown 10 of such cases ranging from 38.5 to 94%. The proposed model, on the other 

hand, has shown only 3 cases of gross error which are -33.8%, -51.3% and 39.5%. 

Because the errors found for Branson's equation and that of Ref. 4 are predominantly 

positive their mean values shown in the table give some indication of the accuracy 

of these equations. In the case of the proposed model, however, the errors are not 

predominantly of the same sign which required that the mean of the positive errors 

and that of the negative errors be calculated separately. These were found to be +13% 

and -17% which were then approximated as ±15% shown in the table. 

In the case of the 0.33L point loads only 4 cases were considered with p< 1% and the 
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Table 4.4.3.2. Summary of results considering beams of data file INF 

Bm # % error 
Branson 

% error 
Ref. 4 

% error 
Model 

p (%) Ma/Mcr Load 
Type 

1 15.1 38.5 -1.9 0.48 1.12 c. p. 1 

2 1.9 7.8 -33.8 0.48 1.62 of 

5 33.5 20.0 -1.6 0.82 1.85 to 

6 23.4 13.5 3.1 0.82 2.71 

7 17.5 4.1 -18.1 0.82 1.63 " 

8 11.3 -1.0 -15.9 0.82 2.38 if 

17 54.1 46.4 8.7 0.55 2.40 to 

18 31.7 25.4 13.2 0.55 3.48 

21 57.9 49.2 1.7 0.55 2.24 

22 52.9 43.0 12.5 0.55 2.85 

23 73.3 72.9 14.6 0.48 2.01 

24 14.0 9.9 -4.1 0.48 3.29 

27 23.2 16.1 11.6 0.79 3.38 

29 40.9 28.2 17.5 0.82 2.89 

31 5.7 -6.3 -15.3 0.90 2.85 

35 17.0 4.0 -5.0 0.88 2.87 

37 -20.8 -23.2 -51.3 0.59 1.71 

38 -0.7 -8.2 -27.4 0.59 2.85 

47 66.7 71.8 11.5 0.53 1.58 

48 101.1 94.0 39.5 0.53 2.23 

49 70.5 87.7 18.7 0.53 1.35 

50 68.9 65.9 3.8 0.53 1.90 

53 26.0 18.3 15.4 0.84 3.65 

Mean error 34 29.5 ±15 
I- L--Jj 
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Table 4.4.3.2 (cont'd ) 

Bm # % error 
Branson 

% error 
Ref. 4 

% error 
Model 

p (%) Ma/Mcr Load 
Type 

11 39.8 50.5 20.9 0.82 1.52 0.33 p. 1 

12 32.5 30.6 13.7 of 2.25 it 

13 9.3 16.8 -9.6 1.60 of 

14 16 14.3 -4.7 2.18 

Mean error 25.4 28 ±12 

results are summarized in Table 4.4.3.2. As can be seen from the table the proposed 

model has shown no gross error in these cases and the error's mean value was found 

to be ±12%. The other equations, on the other hand, have given gross error for half 

of the cases considered which indicates once again the tendency of these equations to 

overestimate the deflection in cases of p< 1% as was noticed previously. 

The mean values of the errors as discussed above and shown in Table 4.4.3.2 again 

indicate that the errors obtained from the proposed model are almost half of those 

from the equation of Branson or of Ref. 4 for cases of p< 1% and Ma/Mcr <_ 4. 

Unlike Branson's equation which is purely empirical, the proposed model of 

Ie as given by Eq. 4.2.7 is the result of an analytical development. This not only makes 

the equation always valid but also consolidates all the empirical factors in the 

coefficient « the expression of which is independent of the format of the equation. 
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Hence, instead of proposing a different expression of Ie each time a deflection study 

is launched (as was the case in Ref. 4) one only needs to look at the expression of c 

and thus whatever graphical representations have been produced to represent le or 

however the approximation of Icr has been incorporated into the equation remain 

valid and one need not start from the scratch. This gives more freedom and flexibility 

for future research that can be aimed at refining or improving the expression of (D. In 

the light of this, the expression of 1 proposed in this study can be thought of as a 

first step toward the more proper expression that may be developed in the future 

without actually sacrificing the time and effort spent on approximating Icr or 

developing the expression of le and its graphical representation. The fact that the 

current expression gives errors that are half of those resulted from Branson's equation 

which has long been used in structural design indicates that this first step is at least 

in the right direction. 

In the remaining of the section two numerical examples will be given . The 

first example is intended to explain the numerical procedure used in prog. 4.4.3.1 and 

to show how the printed results included in Appendix C2 were calculated. The second 

example is meant to describe how to use the solution curves of Fig. 4.3.1 to determine 

Ie once an appropriate expression of t, like the one proposed in this study, is 

available. 
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vec. ° 

Example 4.4.3.1 

The following were specified according to the notation of the general section of 

Fig. 4.3.1 and using Ma for the maximum moment at midspan, fc' as the cylindrical 

compressive strength, fcu as the cubic compressive strength and 8 for deflection :- 

(a) for beam # 15 of Tables C2.1 and C2.2 of Appendix C2 : 

the section is singly reinforced rectangular (be = bw , 
hf=O 

, As'=0 and d'=O) 

h=15.125", d=13.125", bw=8", As=2.45 in2, fcu =4520 psi, 8 (measured)=0.457" 

span= 180" ( simply supported) , Ma=773000 lb. !" due to two point loads at 51" 

from each support 

(b) for beam#239 of Tables C2.1 and C2.2 of Appendix C2 : 

the section is singly reinforced rectangular (be=bw , hf=O , As'=0 , and d'=O) 

h=15.25" , d=13.5" , bw=7" , As=0.88 in2 , fcu=4600 psi ,5 (measured )=0.293" 

span=180" ( simply supported) , Ma=297000 lb. 1" due to two point loads at 51" 

from each support . 

(c) for beam#21 of Tables C2.3 and C2.4 of Appendix C2 : 

section is doubly reinforced rectangular (be=bw, hf=O), h=11", d=9.58", 

d'=1.42", bw=5.9, As=0.312 in2, As'=0.088 in2, fc'=5242psi, S (measured)=0.12", 

span= 110"(simple supported), Ma=145000 lb. 1" due to a central point load. 

(d) for beam#84 of Tables C2.3 and C2.4 of Appendix C2 : 
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section is singly reinforced flanged (As'=0, d'=0). h=12", d=10.19", 

bw=6", be=12", hf=2.5", As=0.62in2, fc'=3680psi, 5 (measured)=1.34", 

span=240"(simply supported), Ma=264000 lb. 1" due to uniformly distributed 

load 

Required : 

Knowing that the data for the above beams are the same as those given in the 

data files considered by Prog. 4.4.3.1, verify the values printed by the program 

in Tables C2.2 and C2.4 of Appendix C2 

Solution: 

Since the computer retains the maximum number of decimal places as allowed 

by the "implicit double precision" statement declared in the program, the 

computations to follow will also show the maximum number of decimal places 

that are obtained during the calculations using a special hand calculator. This 

will help to retain the accuracy as much as possible in order to exactly confirm 

the printed values. 

(a) For beam#15: 

-determine Ma/Mcr: 

The cracking moment Mcr was previously defined as 

Mcr=frIg/yt 

For any rectangular section the gross moment of inertia is given by 
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Ig=bh3/12 

Thus, for the section at hand, 

Ig= (8)(15.125)3/12 = 2306.720052 in4 r. / 

According to Sec2.10, when the cube compressive strength is specified, as 

the case here, the modulus of rupture, fr, is given by Eq. 2.10.2. Hence 

fr = 6.8V'fcu = 6.84520 = 457.1704277 psi 

Substituting the above values of Ig and fr along with y, =15.125/2 into the 

expression of Mcr gives 

Mcr=(457.1704277)(2306.720052)/(15.125/2)=139446.5048 lb. 1" � 

Hence, 

Ma/Mcr=773000/ 139446.5048=5.5433443 89 

-determine np and Icr: 

In accordance with Sec2.7 and because the cube compressive strength is 

specified, Ec is evaluated as, 

Ec=(20+0.2fcu)=[20+0.2(4520/145)](103 )(145)=3804000 psi 

For As=2.45 in2, 

p=2.45(100)/[8(13.125)]=2.33% 

Using Es=29x106 psi (According to Sec. 2.8) np is calculated as, 

np=29(106)(2.33)/3804000=17.76288118% 

Substituting np found above into the equations of Fig. 3.2.2 (with np'=0 

since the section is singly reinforced), 

x=[-17.76288118+V17.762881182+200(17.76288118)](13.125/100) 

=5.831587033" 
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Hence, 

Icr=[ 100(5.8315870333/3)+17.76288118(13.125)(13.125- 

5.831587033)2](g/100):;: 1520.966010 

-determine Icre: 

From the expression of b' in Eq. 3.6.1 with np'=0 and be/bw=1, b'=bw. Thus, 

npe=np=17.76288118% for which a+ßnpe=1.032886435. Hence, 

Icre=1.032886435(8)(13.1253/12)=1556.894739 in4 

-determine Ie: 

According to Eq. 4.1.1, 

Ie(Branson)=Icr+(Ig-Icr)(Mcr/Ma)3<_Ig 

=1520.96601+(2306.720052-1520.966)(1/5.543344389)3 

=1525.578878 in4 

From Eq. 4.1.2, 

Ie(Ref. 4)=Ig+(Icr-Ig)(Lcr4L)m 

where, 

m=0.8pMcr/Ma=0.8(2.33)(1/5.543344389)=0.3362591009 

Because the case is of a two point loads acting on a simple span, 

Lcr/L=1-2(51)(1/5.543344389)/180=0.8977753091 

Hence, 

Ie(Ref. 4)=2306.720052+(1520.966-2306.720052) (0.897775)0.336259 

=1548.947584 in4 

The proposed model of le was given by Eq. 4.2.7 as, 

Ie(model)=Icre+(Ig-Icre)e' 

From Eq. 4.4.1, 
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«=-(5.543344389)(0.8977753091)(2.33)=-11.59565909 

Hence, 

Ie(model)=1556.894739+(2306.720052-1556.894739)e'1 1"59565909 

=1556.901642 in4 

-determine 8 and % error: 

For two point loads on a simple span 

8=(3MaL2 - 4MaX2)/(24EcIe) 

Thus for the case at hand, 

5=[3(773000) 1802 - 4(773000)(512)]/[24(3804000)Ie] 

=734.8986593/Ie 

Substituting the different values of Ie into the above equation gives, 

8(Branson)=0.4817179039" 

S(Ref. 4)=0.4744503086" 

6(model)=0.4720263885 

(printed value: 0.482) 

(printed value: 0.474) 

(printed value: 0.472) 

For the % error involved in any computed deflection value the following 

was previously defined, 

% error= { [S(computed)-S(measured)]/8(measured) } (100) 

Thus, using the deflection values computed by the different methods and 

the measured deflection of 0.457" the followings were obtained, 

% error(Branson)=5.408731707 

% error(Ref. 4)=3.818448271 

% error(model)=3.28805 

(printed value: 5.41) 

(printed value: 3.82) 

(printed value: 3.29) 
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(b)For beam#239: 

-determine Ma/Mcr: 

Following the same argument as in case(a), 

Ig=bh3/12=7(15.253/12)=2068.83724 

fr=6.8Vfcu=6.8V4600=461.1984389 psi 

Substituting the above values along with yt=15.25/2 into the expression of 

Mcr gives, 

Mcr=[461.1984389(2068.83724)]/(15.25/2)=125133.7056 lb. 1" 

Thus, 

Ma/Mcr=297000/ 125133.7056=2.37346124 

-determine np and Icr: 

Because the cube compressive strength is specified, 

Ec=20+0.2fcu=[20+0.2(4600/145)](103 )(145)=3820000 psi 

For As=0.88 in2, 

p=0.88(100)/[(7(13.5)1=0.93% 

Thus, 

np =29 (106)(0.93)/3820000=7.060209424% 

Substituting the above value of np into the equations of Fig. 3.2.2 (with 

np'=0 since the section is singly reinforced), 

x=[-7.060209424+V7.060209424 2 +200(7.060209424)1(13.5/100) 

=4.208549446" 

Hence, 

Icr=[ 100(4.2085494463/3)+7.060209424(13.5)(13.5 

-4.20849446)'](7/100)=749.9286277 in4 
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-determine Icre: 

From the expression of b' of Eq. 3.6.1 with np'=0 and be/bw=1, b'=bw. Thus, 

npe=np=7.060209424% or a+ßnpe=0.5130104712. Hence, 

Icre=0.5130104712(7)(13.53/12)=736.2822472 in4 

-determine Ie: 

According to Eq. 4.1.1, 

Ie(Branson)=Icr+(Ig-Icr)(Ma/Mcr)3_<Ig 

=749.9286277+(2068.83724-749.9286277) 

(1/2.37346124)3=848.5720821 in4 

From Eq. 4.1.2, 

Ie(Ref. 4)=Ig+(Icr-Ig)(Lcr/L)m 

where, 

m=0.8pMcr/Ma=0.8(0.93)(1/2.37346124)=0.3134662524 

Because the case is of two point loads acting on a simple span, 

Lcr/L=1-2(51)(1/2.237346124)/180=0.7612488221 

Hence, 

Ie(Ref. 4)=2068.83724+(749.9286277-2068.83724) 

(0.76124882210.3134662524 - 858.023608 in4 

According to the proposed model of Ie, 

Ie(model)=Icre+(Ig-Icre)e' 

From Eq. 4.4.1 with p taken as 1 (since the given p is less than 1 %), 

«=-(Ma/Mcr)(Lcr/L)=-2.37346124(0.7612488221)=-1.806794573 

Hence, 

Ie(mode1)=736.2822472+(2068.83724-736.2822472)e4.806794573 
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=955.0605394 in4 

-determine S: 

For the loading condition considered, 

8=(3MaL2 - 4MaX2)/(24EcIe) 

=[3(297000) 1802 - 4(297000)512]/[24(3820000)Ie] 

=281.1781414/Ie 

Substituting the different values of le into the above equation gives, 

8(Branson)=0.3313569198" 

5(Ref. 4)=0.3277044347" 

8(model)=0.29440871 " 

(printed value: 0.331) 

(printed value: 0.328) 

(printed value: 0.294) 

Based on the expression of the % error defined previously and using the 

deflection values computed by the different methods and the measured 

deflection value of 0.293" the followings were obtained, 

% error(Branson)=13.09109891 

% error(Ref. 4)=11.84451696 

% error(model)=0.4807883959 

(c)For beam#21 

-determine Ma/Mcr: 

(printed value: 13.09) 

(printed value: 11.84) 

(printed value: 0.48) 

Because the section is rectangular, the gross moment of inertia, Ig , 
is 

determined as, 

Ig=bh3/12=5.9(113/12)=654.4083333 in4 

According to Sec. 2.10, when the cylindrical compressive strength is 

specified, as the case here, themodulus of rupture, fr, is given by Eq. 2.10.1. 
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Hence, 

fr-7.5�fc'=7.515242=543.0124308 psi 

Substituting the above values of Ig and fr along with y1=11/2 into the 

expression of Mcr gives, 

Mcr=frIg/yt=543.0124308(654.4083333)/(11/2) 

=64609.42905 lb. l" 

Hence, 

Ma/Mcr--145000/64609.42905=2.244254471 

-determine np, np' and Icr: 

In accordance with Sec. 2.7 and because the cylindrical compressive 

strength is specified, Ec is evaluated as, 

Ec=33(w13)V'fc'=33(145'-5)\5242=4171713.276 psi 

For As=0.312 in2 and As'=0.088 in2, 

p=0.312(100)/[5.9(9.58)]=0.5519974523% 

p'=0.088(100)/[5.9(9.58)]=0.1556915891 % 

Thus, 

np=29(106)0.5519974523 / 4171713.276=3.837254638% 

np'=29(106)0.1556915891 / 4171713.276=1.08230259% 

np+np'=4.919557228% 

Substituting the above values of np, np'and np+np' into the equations of 

Fig. 3.2.2, 

x= { 
\1[4.9195572282+200(3.837254638+1.08230259(1.42/9.58))] 

-4.919557228) (9.58/100)=2.27824641611 

Thus, 
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Icr=[ 100(2.2782464163/3)+1.08230259(9.58)(2.278246416 

-1.42)2+3.837254638(9.58)(9.58-2.278246416)2](5.9/100) 

=139.3423294 in4 

-determine Icre: 

Using Eq. 3.6.1 with be/bw=1, 

a'= 0.004268441641. (for d'/d=1.42/9.58) 

b'=[0.004268441641(1.08230259)9.58/1.42+1 ](5.9)=6.083885389 

Hence, npe=3.721273646 for which a+(3npe=0.3104891552. Thus, 

Icre=0.3104891552(6.083885389)(9.583/12)=138.4021195 in4 

-determine Ie: 

According to Eq. 4.1.1, 

Ie(Branson)=Icr+(Ig-Icr)(Mcr/Ma)3<_Ig 

=139.3423294+(654.4083333-139.3423294) 

(1/2.24425447 1 )3= 184.9089257 in4 

From Eq. 4.1.2, 

Ie(Ref. 4)=Ig+(Icr-Ig)(Lcr/L)m 

where, 

m=0.8 pMcr/Ma=0.8 (0.5 519974523) (1 /2.244254471) 

=0.1967682219 

Because the case is of a midspan concentrated load, 

Lcr/L=1-Mcr/Ma=1-1 /2.244254471=0.5544177307 

Hence, 

Ie(Ref. 4)=654.4083333+(139.3423294-654.4083333) 

(0.5544177307)0.1967682219_ 195.7828634 in4 
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According to the proposed model of Ie, 

Ie(model)=Icre+(Ig-Icre)e' 

using the proposed expression of (D with p taken as 1( since the given 

p is less than 1%), 

(D=-2.244254471(0.5544177307)=-1.244254471 

Thus, 

Ie(model)=138.4021195+(654.4083333-138.4021195)e'"24425 71 

=287.0922288 

-determine S: 

8=(3MaL2 - 4MaX2)/24EcIe 

Substituting X=L/2 for central point loading, 

8=[(3MaL2 - 4Ma(L/2)2] /24EcIe=MaL2/12EcIe 

Thus for the case at hand, 

5=145000(1102)/[ 12(4171713.276)Ie]=35.04755089/1e 

Substituting the different values of Ie into the above equation gives, 

S(Branson)=0.1895395301" 

8(Ref. 4)=0.1790123522" 

8(model)=0.1220776718" 

(printed value: 0.19) 

(printed value: 0.179) 

(printed value: 0.122) 

Based on the expression of the % error defined previously and using the 

deflection values computed by the different methods and the measured 

deflection of 0.12" the followings were obtained, 

% error(Branson)=57.94960842 

% error(Ref. 4)=49.17696017 

% error(model)=1.731393167 

(printed value: 57.95) 

(printed value: 49.18) 

(printed value: 1.73) 
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(d) For beam#84: 

-determine Ma/Mcr: 

using the equations of Fig. 3.3.7 the gross moment of inertia of the 

current flanged section is determined as follows, 

xg= { 0.5(12/6)(2.5/10.19)2+0.5 [(12/10.19)2-(2.5/10.19)2] ) 

(10.19)/[(12/6)(2.5/10.19)+(12/10.19)-(2.5/10.19)] 

=5.181034483" 

Thus, 

Ig=[((12/6)/12)(2.5/10.19)3+( 12/6)(2.5/10.19)(5.181034483/10.19 

-0.5(2.5)/10.19)2+(12/10.19-5.181034483/10.19)3 /3 

+(5.181034483/10.19-2.5/10.19)3 /3](6)(10.193) 

=1151.898706 in4 

Because the cylindrical compressive strength is specified, 

fr=7.5Vfc'=7.5Vfc'=7.5V3680=454.9725266 psi 

For the tension is at the bottom face of the beam, 

y= h-xg=12-5.181034483=6.818965517" 

Substituting the above values of fr, Ig and yt into the expression of Mcr, 

Mcr=frlg/yt 

=454.9725266(1151.898706)/6.818965517 

=76856.56474 lb. 1" 

Thus, 

Ma/Mcr--264000/76856.56474=3.434970076 

-determine np and Icr: 

Because the cylindrical compressive strength is specified, 
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Ec=33(w'"5)�fc'=33(145'"5)�3680=3495343.425 psi 

For As=0.62 in2, 

p(relative to the web)=0.62(100)/[6(10.19)]=1.014066078% 

p(relative to the flange)=0.62(100)/[12(10.19)]=0.5070330389% 

Hence, 

np(relative to the web)=29(106)1.014066078 / 3495343.425 

=8.413455471% 

np(relative to the flange)=29(106)0.5070330389 / 3495343.425 

=4.206727735% 

To determine the position of the neutral axis assume the axis to fall in the 

flange. According to this assumption the section must behave as a rectangle 

of width be. Thus from the equations of Fig. 3.3.2 and using np relative to 

the flange (with np'=0 since the section is singly reinforced), 

x=[V(4.2067277352+200(4.206727735)) - 4.2067277](10.19/100) 

=2.55796435" 

Because this exceeds the flange width, hf, the assumption is therefore not 

valid and the neutral axis definitely falls within the web whereby the 

equations of Fig. 3.4.3 must be applied using np relative to the web. 

Therefore and from the equations of Fig. 3.4.3, 

b=2(2.5)1(12/6)-1+8.413455471/[100(2.5)/10.19])=6.714662225 

c=(2.52)[(12/6)-1+(8.413455471/50)/(2.5/10.19)2]=23.72240807 

Thus, 

x=[V(6.7146622252+4(23.72240807)) - 6.7146622251/2 

=2.558248343" 
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Hence, 

Icr=[(100(12/6))(2.5/10.19)3/3 + (100/3)(2.558248343/10.19 

-2.5/10.19)3+100(12/6)(2.5/10.19)(2.558248343/10.19) 

(2.558248343/10.19-2.5/10.19)+8.413455471(1- 

2.558248343/10.19)2](6)(10.19)3/100=366.575281 in4 

-determine Icre: 

Using Eq. 3.6.1 with np'=0, 

a=min[(1+8(2.5/10.19))/3 , 0.91=0.9 

b'=[af(be/bw-1)+1]bw=[0.9(12/6-1)+1 ]bw=1.9bw 

Hence, npe=8.413455471/1.9=4.4281345 for which a=O. 05, ß=0.07 

Thus, 

Icre=[0.05+0.07(4.4281345)](1.9)(6)(10.19)3/12=361.8359853 in4 

-determine le: 

According to Eq. 4.1.1, 

Ie(Branson)=Icr+(Ig-Icr)(Mcr/Ma)3 

=366.575281+(1151.898706-366.575281) 

(1/3.434970076)3 =385.9519749 in4 

From Eq. 4.1.2, 

Ie(Ref. 4)=Ig+(Icr-Ig)(Lcr/L)m 

where, 

m=0.8pMcr/Ma=0.8(1.014066078)(1/3.434970076) 

=0.236174652 

Because the case is of a uniformly distributed load over a simple 

span, 
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Lcr/L = 
�(1-Mcr/Ma) 

= 
�(1-1/3.434970076) 

= 0.8419481271 

Thus, 

Ie(Ref. 4)=1151.898706+(366.575281-1151.898706) 

(0.8419481271)0.23674652_397.844022 in4 

According to the proposed model of Ie, 

Ie(model)=Icre+(Ig-Icre)eo 

using the proposed expression of c, 

(D=-3.434970076(0.8419481271)1.014066078=-2.932746657 

Hence, 

Ie(model)=361.8359853+(1151.898706-361.8359853)e 2.932746657 

=403.9072803 in4 

-determine 8 and % errors: 

Since the loading considered is uniformly distributed, 

S=5MaL2/48EcIe 

=5(264000)(240)2 / [48(3495343.425)Ie] 

=453.1743544/Ie 

Substituting the different values of le into the above equation gives, 

S(Branson)=1 
. 174172912" 

b(Ref. 4)=1.13907544" , 

S(model)=1.121976197" 

(printed value: 1.174) 

(printed value: 1.139) 

(printed value: 1.122) 

Based on the above deflection values and the measured deflection of 1.34" 

the following % errors were computed 
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% error(Branson)=-12.37515582 

% error(Ref. 4)=-14.99437015 

% error(model)=-16.27043306 

(printed value: -12.38) 

(printed value: -14.99) 

(printed value: -16.27) 

Example 4.4.3.2 

As part of the solution in example 4.4.3.1 the followings were obtained: 

(a)For beam#15 of Tables C2.1 and C2.2 of Appendix C2 : 

Ig=2306.72 in4, np=17.76%, t=-11.59 

(b)For beam#239 of Tables C2.1 and C2.2 of Appendix C2 : 

Ig=2068.84 0, np=7.06% c=-1.81 

(c)For beam#21 of Tables C2.3 and C2.4 of Appendix C2 : 

Ig=654.41 0, np=3.84%, np'=1.08%, (D=-1.24 

(d)For beam#84 of Tables C2.3 and C2.4 of Appendix C2 : 

Ig=1 151.90 0, np(relative to the web)=8.41%, (D=-2.93 

Required : 

Using the above values and the sectional properties given as data in example 

4.4.3.1 determine le from Fig. 4.3.1 and the equations shown therein. 

Solution : 

(a) For beam# 15 of Tables C2.1 and C2.2: 
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Using the equations of Fig. 4.3.1 with np'=0 and be/bw=1 (since the section is 

singly reinforced rectangular), 

b'=bw and thus b'd3/12 = 8(13.1253/12) = 1507.32 

npe = np = 17.76% 

From Fig. 4.3.1, it can be seen that for npe of 17.76%, Ie/(b'd3/12) assumes a 

constant value of almost 1.03 for any value of «< -7. Because the given value 

of 1 is -11.59 and knowing that the correction factor, CF, is always negative, the 

value of «ref =«+ CF will always be <-7. Thus, 

Ie=1.03(1507.32)=1553 in4 

(b) For beam#239 of Tables C2.1 and C2.2: 

Using the equations of Fig. 4.3.1 with np'=O and be/bw=1 (since the section is 

singly reinforced rectangular), 

b' = bw and thus b'd3/12 = 7(13.53/12) = 1435.22 

npe = np = 7.06% and thus a=0.16, ß=0.05 or a+pnpe = 0.513 

Hence, for R= 2068.84/1435.22 = 1.44, 

(Dref= (D+CF = -1.81+In[(0.513-1.44)/(0.513-3)) =-2.8 

For npe of 7.06% and ref of -2.8 the figure gives Ie/(b'd3/12) = 0.6625. Thus, 

Ie=0.6625(1435.22)=951 in4 

(c) For beam#21 of Tables C2.3 and C2.4: 

Using the equations of Fig. 4.3.1 with be/bw =1 (since the section is 

rectangular), 

a'=0.0006+(1.42/9.58) [ 1-2(1.42/9.58)]2/20=0.0043 
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Thus, 

b'=[0.0043(1.08)(9.58/1.42) + 1]bw=1.03bw 

Hence, 

b'd3/12=1.03(5.9)(9.58)3/12=445.25 , npe = 3.84/1.03 = 3.73%. Thus, 

a=0.05, ß=0.07 or a+ßnpe=0.311 

Therefore, and for R= 654.41/445.25 = 1.47, 

(Dref = c'+CF = -1.24+In[(0.311-1.47)/(0.311-3)] =-2.08 

For npe of 3.73 and «'ref of -2.08 the figure gives Ie/(b'd3/12) = 0.65. Thus, 

Ie=0.65(445.25)=289 in4 

(d) For beam#84 of Tables C2.3 and C2.4: 

Using the equations of Fig. 4.3.1 with np' =0 (since the section is singly 

reinforced flanged), 

ocf=min[(1+8(2.5/10.19))/3 , 0.9]=0.9 

Thus, 

b'=[0.9(12/6 - 1)+1]bw=1.9bw. Hence, 

b'd3/12=1.9(6)(10.19)3/12=1005.19 
, npe = 8.41/1.9 = 4.43% for which, 

a=0.05, p=0.07 or a+(3npe=0.36 

Therefore and for R=1151.90/1005.19=1.15, 

(Dref =c+ CF=-2.93+In[(0.36-1.15)/(0.36-3)] =-4.14 

For npe of 4.426 and bref of -4.14 the figure gives Ie/(b'd3/12) - 0.4. Thus, 

Ie-0.4(1005.19)=402 in4 
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4.5 The Case of Continuous Beams 

The numerical verification of the proposed models of Ie and « given in the pervious 

section considered beams that are simply supported. However, to support the argument 

of Sec. 4.2 that the proposed model of Ie is equally applicable to continuous beams 

numerical verification must also be given for such beams. This is carried out in this 

section using, once again, experimental results found in literature[33]. 

In Ref. 33 the details and results of testing 18 beams were given [also 

summarized in Ref. 19]. Every two beams had identical sectional geometries, steel 

ratios, supports and loading conditions and thus comprising 9 pairs of tested beams. 

The beams were all rectangular in section and loaded as two equal continuous spans 

and the deflections at 0.42 of each span (which is the point of maximum deflection 

for two equal span continuous beams) were read and averaged to give a single 

measured deflection for each pair of beams. 

Figure 4.5.1 summarizes the different properties of the tested beams while Figs. 4.5.2-4 

give the loading conditions and the corresponding bending moment diagrams for the 

beams as grouped in X, Y and Z beams. 

Based on the data presented in the given figures the deflection values are computed 

using the proposed model of Ie as represented by the curves and equations of 

Fig. 4.3.1. 

It was shown in the previous section that as the applied load deviates from being 

uniform Branson's equation loses accuracy as compared to the proposed model. This 

is because the equation was proposed based on beams tested under uniform loads[1] 

and is thus most accurate when such loading type is considered. If the proposed model 
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Sections in (+) moment regions Sections in (") moment regions 

X1, X4 X2, X5 X3, X6 All X beams 
'As' " As " As 

"As *As "As "As 

p=1.67% p=1.67% p=1.67% p=2.86% 

( =1.67% p =0.84% p =2.51% 

(a) The X beams . fc = 3230 psi ,h= 8" , bw = 6" , d=6.18", d 1.82" 

Sections in (+) moment regions 

Y1, Y4 

As 

" As 

Y2, Y5 

As 

" As 

Y3, Y6 

" As 

p =1.67% 
p' =1.67% 

Sections in (-) moment 
region 

All Y beams 
*As 

" As 

P =3.22% 
p'=3.22% 

(b)The Ybeams. fc=3360psi , h=5", bw=12", d=4", d 1" 

P =1.67% 
p =0.83% 

p =1.67% 

Sections in (+) moment regions 
Z1, Z4 

As 
: As' 

p =1.59% 
p' =1.59% 

Z2, Z5 

As, 

p =1.59% 
P'=0.8% 

Z3, Z6 

F Aso 

p =1.59% 

Sections in (-) moment 
region 

All Z beams 
I As"As' 

p =2.89% 
pý=3.61% 

(c) The Z beams. fc=3295 psi, h=3", bw=12", d=2.31", d 0.69" 

Figure 4.5.1 The sections of the continuous beams tested 
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Figure 4.5.2 The loading condition and the bending moment diagram for the X beams 
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w. 146 lb/1' 

1.11 u . u.. 

Figure 4.5.3 The loading condition and the bending moment diagram for the Y beams 
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Figure 4.5.4 The loading condition and the bending moment diagram for the Z beams 
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is shown to be as accurate as Branson's equation when the equation is most accurate 

and more accurate when the equation losses accuracy then the model can be 

considered to be more representative of the effective moment of inertia than Branson's 

equation. As this has already been shown for simply supported beams in the previous 

section, it remains to be confirmed for continuous beams. For this Branson's equation 

is also used to compute the deflections for the continuous beams considered and 

results are compared with those obtained using the proposed model. 

Because the beams are symmetric about the interior support only one span of each 

continuous beam is considered. This is shown in Figs. 4.5.2-4 where only the bending 

moment diagrams over the left spans have been detailed. 

According to the discussion in Sec. 4.2 the bending moment diagrams over each of the 

considered spans have been assumed to consist of two subdiagrams. The effective 

moment of inertia for the regions covered by each subdiagram is then found and the 

results were averaged to obtain a single value of Ie over the entire span. The value of 

le thus found using the proposed model and the equation of Branson are then used to 

calculate the deflection, S, at 0.42 point of the span according to the following 

expression as derived using the principles of structural analysis, 

8= 8wL4 / 1477EI 

where, 

w= The magnitude of the distributed load 

L= The length of the span 
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Once the deflection values are obtained the percent error are then calculated as before. 

The results are summarized in Table 4.5.1 

Table 4.5.1. Summary of results considering beams of Ref. 33 

Beams 
Measure 

deflection 
Computed deflection (in) % error 

(in) 
Model Branson Model Branson* 

X1&X4 0.56 0.62 0.62 10.7 10.7 

X2&X5 0.57 0.63 0.63 10.5 10.5 

X3&X6 0.62 0.63 0.63 1.6 1.6 

Y1 &Y4 0.89 0.95 0.95 6.7 6.7 

Y2&Y5 0.93 0.96 0.96 3.2 3.2 

Y3&Y6 1.0 0.96 0.97 -4 -3 

Z1 &Z4 1.04 1.22 1.24 17.3 19.2 

Z2&Z5 1.13 1.23 1.25 8.8 10.6 

Z3&Z6 1.20 1.24 1.24 3.3 3.3 

* Branson's equation is accurate for the cases considered since loads are uniformly distributed 

and p >I%. The proposed model on the other hand shows same accuracy for all loading types 
and reinforcement conditions. 

To numerically describe the procedure outlined above and to show how the values of 

Table 4.5.1 are obtained the following example is furnished, 

Chapter 4 237 



Example 4.5.1 

Knowing that the deflection values of Table 4.5.1 are those at 0.42 of the spans of the 

continuous beams of Fig. 4.5.2-4 and using the sectional properties of the beams as 

given in Fig. 4.5.1, verify the results shown in the table for the following beams using 

Branson's equation as given by Eq. 4.1.1 and the proposed model as represented by 

Fig. 4.3.1: 

(a) beams Xl and X4 

(b) beams Y3 and Y6 

(c) beams Z2 and Z5 

Solution 

(a) beams Xl and X4: 

-determine Ma/Mcr: 

Using fr=7.5'/fc', Ig=bwh3/12 and y, =h/2, the cracking moment, Mcr, for the X 

beams of Fig. 4.5.1(a) is determine as, 

Mcr=frIg/y, =(7.5�3230)(6)(83/12)I(8/2)=27279.9 lb.! " 

(1'/12")=2273.32 lb. 1' 

Thus and using the maximum moment values shown on the bending moment 

diagram of Fig. 4.5.2, 

Ma/Mcr=5343.75/2273.32=2.35 ( for the (+) moment region ) 

=9500/2273.32=4.18 

-determine np and np': 

( for the (-) moment region ) 
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Using Es of 29x106 psi and Ec of Eq. 2.7.1 with the fc' value given in 

Fig. 4.5.1(a), 

np=(Es/Ec)p=29(106)p/[(33)(145'"5)V 3230]=8.856p 

Likewise, 

np'=8.856p' 

Therefore for the given values of p and p', 

np=8.856(1.67)=14.8% 

=8.856(2.86)=25.33% 

np'=8.856(1.67)=14.8% 

=8.856(2.51)=22.23% 

( in the (+) moment region ) 

( in the (-) moment region ) 

( in the (+) moment region ) 

( in the (-) moment region ) 

-determine Ie using the proposed model ( Fig. 4.3.1) : 

For d'/d=1.82/6.18=0.2945, 

a'--0.0006+(0.2945)[1-2(0.2945)]2/20=0.0031 

Thus for np'=14.8% in the positive moment region, 

b'=[(0.0031)(14.8)/(0.2945)+1]bw=1.156bw for which, 

R=(h/d)3/1.156=1.9, npe=14.8/1.156=12.80% or a+pnpe=0.8 

CF=In[(0.8-1.9)/(0.8-3)]=-0.693 

Likewise, for np'=22.23 in the negative moment region, 

b'=[(0.0031)(22.23)/(0.2945)+1]bw=1.234bw for which, 

R=(h/d)3/1.234=1.8, npe=25.33/1.234=20.53% or a+ßnpe=1.116 

CF=In [ (1.116-1.8)/(1.116-3)]=- 1.0 13 

Thus, 

('ref = -(Ma/Mcr)(Lcr/L)(p) + CF 
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=-(2.35)(11.2/15)(1.67) - 0.693=-3.63 (in the (+) moment region) 

=-(4.18)(3.6/5)(2.86) - 1.013=-9.62 (in the (-) moment region) 

where Lcr values were scaled from the respective moment subdiagrams of 

Fig. 5.4.2 and L was the span of each subdiagram. 

Entering Fig. 4.3.1 with the respective values of (Dfef and npe one reads, 

Ie/(b'd3/12)=0.86 

=1.125 

(in the (+) moment region) 

(in the (-) moment region) 

Substituting in for the respective values of b' and averaging gives Ie for the 

entire span as, 

Ie(model)=[0.86(1.156)+1.125(1.234)](6)(6.183/12)/2=140.6 in4 

-determine Ie using Branson's equation: 

For the positive moment region: 

n p+n p'=14.8+ 14.8=29.6 % 

Substituting the above values of np+np' along with np of 14.8%, np' of 14.8% 

and d'/d of 0.2945 into the equations of Fig. 3.3.2, 

x=1-29.6+�[29.62+200(14.8+14.8(0.2945))] 1(6.18/100)=2.41" 

Thus, 

Icr=[ 100(2.413/3)+14.8(6.18)(2.41-1.82)2+14.8(6.18)(6.18-2.41)2](6/100) 

=107.9 in4 

Hence, for Ig=bwh3/12=256 in4, 

Ie=lcr+(Ig-Icr) (Mcr/Ma)3 

=107.9+(256-107.9)(1/2.35)3=119.3 in4 
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For the negative moment region: 

np+np'=25.33+22.23=47.56% 

Substituting the above values of np+np' along with np of 25.33%, np' of 

22.23% and did of 0.2945 into the equations of Fig. 3.3.2, 

x={-47.56+[47.562+200(25.33+22.23(0.2945))] 1(6.18/100)=2.8" 

Thus, 

Icr=[ 100(2.83/3)+22.23(6.18)(2.8-1.82)2+25.33(6.18)(6.18-2.8)2](6/ 100) 

=159.12 in4 

Hence, 

Ie=Icr+(Ig-Icr) (Mcr/Ma)3 

=159.12+(256-159.12)(1/4.18)3=160.45 in4 

Averaging Ie of the positive and negative moment regions one obtains Ie for the 

entire span as, 

Ie(Branson)=(119.3+160.45)/2=139.9 say 140 in4 

-determine S: 

8=8wL4/1477EI 

Using Ec of Eq. 2.7.1 along with w and L (of a span) as given in Fig. 4.5.2 into 

the above expression gives, 

5=86.888/I 

Substituting the respective values of Ie into the above gives, 

B(Model)=0.62" 

8(Branson)=0.62" 

Thus, and for the measured deflection of 0.56", 
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% error(Model)=[(0.62-0.56)/0.56] 100=10.7% 

% error(Branson)=10.7% 

(b) beams Y3 and Y6: 

-determine Ma/Mcr: 

Using fr=7.5'lfc', Ig=bwh3/12 and y1=h/2, the cracking moment, Mcr, for the Y 

beams of Fig. 4.5.1(b) is determined as, 

Mcr=frlg/y1=(7.5V3360)(12)(53/12)/(5/2)=21737.1 lb. 1" 

(1'/12")=1811.4 lb. 1' 

Thus, From Fig. 4.5.3, 

Ma/Mcr=4441.32/ 1811.4=2.45 

=7895.68/1811.4=4.36 

-determine np and np': 

(for the (+) moment region) 

(for the (-) moment region) 

Using Es of 29x106 psi and Ec of Eq. 2.7.1 with the fc' value given in 

Fig. 4.5.1(b), 

np=(Es/Ec)p=29(106)p/[(33)(1451.5)1/3360]=8.683p 

Likewise, 

np'=8.6ß3p' 

Therefore for the given values of p and p', 

np=8.683(1.67)=14.5% 

=8.683(3.22)=27.96% 

np'=8.683(3.22)=27.96% 

(in the (+) moment region) 

(in the (-) moment region) 

(in the (-) moment region) 
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-determine Ie using the proposed model (Fig. 4.3.1) : 

Because np'=0 in the (+) moment region, 

b'=bw and thus npe=np=14.5% or a+(3npe=0.885, R=(h/d)3=1.953 

CF=In[(0.885-1.953)/(0.885-3)]=-0.683 

For d'/d=1/4=0.25 and np'=27.96% in the negative moment region, 

b'={ [0.0006+0.25(1-2(0.25))2/20](27.96/0.25)+1]bw=1.42bw for which, 

R=(h/d)3/1.42=1.373, npe=27.96/1.42=19.69% or a+pnpe=1.09 

CF=In[(1.09-1.373)/(1.09-3)]=-1.91 

Hence, for the respective Ma/Mcr and CF and scaling Lcr/L from Fig. 4.5.3, 

(D,, ef=-(Ma/Mcr)(Lcr/L)(p)+CF 

=-(2.45)(11.6/15.6)(1.67)-0.683=-3.73 (in the (+) moment region) 

=-(4.36)(3.6/5.2)(3.22)-1.91=-11.63 (in the (-) moment region) 

Entering Fig. 4.3.1 with the respective values of 4 
ref and npe one reads, 

Ie/(b'd3/12)=0.925 (for the (+) moment region) 

=1.1 (for the (-) moment region) 

Taking Ie of the entire span as the average of the above Ie values, 

Ie(Model)=[0.925(1)+1.1(1.42)](12)(43/12)/2=79.58 in4 

-determine Ie using Branson's equation : 

For the positive moment region np=14.5%, np'=O. Thus, using the equations of 

Fig. 3.3.2, 

x=[-14.5+(14.52+200(14.5))] (4/ 100)=1.65" 

Hence, 

Icr=[100(1.653/3)+14.5(4)(4-1.65)2](12/100)=56.41 in4 
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For the negative moment region : 

np+np'=27.96+27.96=55.92% 

Substituting the above value of np+np' along with np of 27.96%, np' of 27.96% 

and did of 0.25 into the equations of Fig. 3.3.2 gives, 

x= { -55.92+[55.92+200(27.96+27.96(O. 25»]1(4/100)= 1.79" 

Hence, 

Icr=[ 100(1.793/3)+27.96(4)(1.79-1)2+27.96(4)(4-1.79)2](12/100) 

=96.87 in4 

From Eq. 4.1.1, 

Ie=Icr+(Ig-Icr) (Mcr/Ma)3 

Using the respective values of Icr and Ma/Mcr along with Ig=12(53/12)=125, 

Ie=56.41+(125-56.41)(1/2.45)3=61.07 in4 (for the (+) moment region) 

=96.87+(125-96.87)(1/4.36)3=97.21 in4 (for the (-) moment region) 

Taking Ie of the entire span as the average of the above le values, 

Ie(Branson)=(61.07+97.21)/2=79.14 in4 

-determine 5: 

6=8wL4/1477 EI 

Using Ec of Eq. 2.7.1 along with w and L (of a span) as given in Fig. 4.5.3 into 

the above expression gives, 

5=76.582/I 

Substituting the respective values of le into the above gives, 

b(Model)=0.96" 

B(Branson)=0.97" 
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Thus and for the measured deflection of I", 

% error(Model)=[(0.96-1)/1]100=-4% 

%error(Branson)=[(0.97-1)/1] 100=-3% 

(c) beams Z2 and Z5 : 

-determine Ma/Mcr : 

Using fr=7.5'fc', Ig=bwh3/12 and y1=h/2, the cracking moment, Mcr, for the Z 

beams of Fig. 4.5.1(c) is determined as, 

Mcr=frIg/yi=(7.5V3295)(12)(33/12)/(3/2)=7749.28 lb. 1" 

(1'/12")=645.77 lb. 1' 

Thus, from Fig. 4.5.4, 

Ma/Mcr=1464.26/645.77=2.77 

=2603.13/645.77=4.03 

(for the (+) moment region) 

(for the (-) moment region) 

-determine np and np' : 

Using Es of 29x106 psi and Ec of Eq. 2.7.1 with the fc' value given in 

Fig. 4.5.1(c), 

np=(Es/Ec)p=29(106)p/[(33)(1451.5)(1/3295)]=8.768p 

Likewise, 

np'=8.768p' 

Therefore for the given p and p', 

np=8.768(1.59)=13.94% 

=8.768(2.89)=25.34% 

np'=8.768(0.8)=7.01 % 

(in the (+) moment region) 

(in the (-) moment region) 

(in the (+) moment region) 
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=8.768(3.61)=31.65% 

-determine le using the proposed model (Fig. 4.3.1) : 

For d'/d=0.69/2.31=0.3, 

a'=0.0006+0.3[1-(2)(0.3)]2 / 20 = 0.003 

Thus, for np'=7.01% in the (+) moment region, 

(in the (-) moment region) 

b'=[(0.003)(7.01)/0.3+1 ]bw=1.07bw for which, 

R=(h/d)3/1.07=2.05, npe=13.94/1.07=13.03 or a+pnpe=0.812, 

CF=In[(0.812-2.05)/(0.812-3)]=-0.57 

Likewise, for np'=31.65% in the (-) moment region, 

b'=[(0.003)(31.65)/0.3+1]bw=1.3165bw for which, 

R=(h/d)3/1.3165=1.66, npe=25.34/1.3165=19.25% or a+pnpe=1.078 

CF=In[(1.078-1.66)/(1.078-3)]=-1.19 

Thus, 

(DIet=-(Ma/Mcr)(Lcr/L)(p)+CF 

=-(2.27)(9.6/13)(1.59)-0.57=-3.23 

=-(4.03)(3/4.5)(2.89)-l. 19=-8.95 

(for the (+) moment region) 

(for the (-) moment region) 

Entering Fig. 4.3.1 with the respective Ire f and npe one reads, 

Ie/(b'd3/ 12)=0.9 

=1.08 

Therefore, Ie for the entire span is, 

(for the (+) moment region) 

(for the (-) moment region) 

Ie(Model)=[0.9(1.07)+1.08(1.3165)](12)(2.313/12)/2=14.7 in4 

-determine Ie using Branson's equation : 
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For the positive moment region : 

n p+n p'=13.94+7.01=20.95 % 

Substituting the above np+np', np of 13.94%, np' of 7.01% and did of 0.3 into 

the equations of Fig. 3.3.2, 

x= {-20.95+V'[20.952+200(13.94+7.01(0.3))11(2.3 1/ 1 00)=0.9 1" 

Hence, 

Ici =[ 100 (0.913/3)+7.01(2.31)(0.91-0.69)1+13.94(2.31)(2.31-0.9 1)1] 

(12/100)=10.682 in4 

For the negative moment region : 

np+np'=25.34+31.65=56.99% 

Substituting the above np+np' value along with np of 25.34%, np' of 31.65% 

and did of 0.3 into the equations of Fig. 3.3.2, 

x=1-56.99+V[56.992+200(25.34+31.65(0.3))] } (2.31/100)=1.02" 

Hence, 

Icr= [ 100(1.02/3)+31.65 (2.31) (1.02-0.69)2+25.34(2.31) (2.31-1.02)21 

(12/100)=16.724 in4 

Using the above values of Icr and the respective values of Ma/Mcr along with 

Ig=12(33/ 12)=27 into Eq. 4.1.1, 

Ie=lcr+(Ig-Icr)(Mcr/Ma)3 

=10.682+(27-10.682)(1/2.27)3=12.08 in4 (for the (+) moment region) 

=16.724+(27-16.724)(1/4.03)3=16.88 in4 (for the (-) moment region) 

Taking Ie of the entire span as the average of the above Ie values, 

Ie(Branson)=(12.08+16.88)/2=14.48 in4 
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-determine 8: 

5=8wL4/1477EI 

Using Ec of Eq. 2.7.1 along with w and L(of a span) as given in Fig. 4.5.4 into 

the above expression gives, 

5=18.05/1 

Substituting the respective values of le into the above gives, 

8(Model)=1.23" 

S(Branson)=1.25" 

Thus and for the measured deflection of 1.13", 

% error(Model)=[(1.23-1.13)/1.13] 100=8.8% 

% error(Branson)=[(1.25-1.13)/1.13] 100=10.6% 

The continuous beams considered in this section involved singly and doubly 

reinforced rectangular sections. In real designs, however, continuous beams almost 

always involve flanged sections in the positive moment regions. To curb creep and 

shrinkage deflection such sections may be doubly reinforced. To determine Icr for 

singly or doubly reinforced flanged sections the equations of Fig. 3.4.3 or 3.5.1 must 

be used. It is not hard to see that the computations involved in these equations are 

lengthy and complex. For that the approximation of Icr as given by Eq. 3.6.1 or 

integrated into the curves of Fig. 4.3.1 does provide a simpler alternative where the 

complicated equations of Figs. 3.4.3 and 3.5.1 have been replaced by the simple 

expressions of a' and af. Because continuous beams are very common in concrete 

design such a simplification should be useful in practical design. 
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The errors shown in Table 4.5.1 are well within tolerable limits. For Branson's 

equation this was expected since the equation was actually based on beams tested 

under uniform loads as is already mentioned. For the proposed model, on the other 

hand, these results are consistent with the findings of the previous section that the 

model is as accurate as Branson's equation when the equation is most accurate. 

Because of this consistent accuracy of the proposed model as compared to Branson's 

equation which looses accuracy as loads deviate from being uniform and because of 

the gross errors that the equation has been shown (in the previous section) to produce 

as loads are more concentrated towards the centre of the spans one can conclude 

therefore that the model of Ie proposed in this study provides not only a simpler but 

also a more accurate alternative to Branson's equation for all types of span and 

loading conditions. 

4.6 Summary 

In the development of the model for the effective moment of inertia proposed in this 

chapter different ideas were considered and many aspects were discussed and the study 

was detailed and elaborate. However, for a concise and short review of the proposed 

model and its related aspects as discussed in the different sections of the chapter the 

following summary is furnished : 

The effective moment of inertia, Ie, can be evaluated from the graphical representation 

of the proposed model as given in Fig. 4.3.1. 
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With values of c and CF the value of Ie is directly read. When CF is undefined or 

the cracked transformed moment of inertia, Icr, is sought the steady portion of the 

curves are entered to read off the value of le which in this case is equal to Icre or the 

approximation of Icr. 

While all the necessary parameters are given in the figure, the coefficient « can be 

evaluated from any proper expression. The expression proposed in this study is, 

(D =- (Ma/Mcr)(Lcr/L)p for p> 1% 

=- (Ma/Mcr)(Lcr/L) for p <_ I% 

where, 

- Representing the loading intensity, Ma/Mcr is the ratio of the maximum 

applied service moment to the cracking moment in the region for which Ie 

is evaluated. 

- Representing the loading type, Lcr/L is the ratio of the cracked length to the 

total length of the region for which Ie is evaluated. 

- Representing the effect of reinforcement, p is the reinforcement ratio, in 

percentage, taken relative to the web width bw at the section corresponding 

to Ma. 

Alternative to Fig. 4.3.1, le can also be evaluated from the proposed model as given 

by, 

le = Icre + (Ig - Icre) el 
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with all terms as previously defined. 

The region over which Ie is evaluated depends on the support and span 

condition of the element considered. When the element is simply supported the whole 

span is considered. If, on the other hand, the element is continuous le is then 

evaluated for every region of the bending moment diagram that is confined by two 

inflection points or an inflection point and a support or an exterior end. The different 

values of Ie obtained are then averaged to arrive at a single value for the entire 

element. 
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CHAPTER 5 

DEFLECTION CALCULATIONS USING THE PROPOSED MODEL OF Ie 

VS. 

THE METHODS OF BS 8110 AND EUROCODE 2 

5.1 Introduction 

The proposed model of Ie was developed to be used in deflection calculations 

whenever it is felt that such calculations are best carried out using the effective 

moment of inertia method. As discussed in Chap. 2, it can be argued that the method 

is relatively simpler and more convenient for practical use as compared to the 

curvature based approaches adapted in some codes. Those who argue against the use 

of the effective moment of inertia do so on the ground of the difficulties and the 

drawbacks usually associated with Branson's equation being the widely used model 

for Ie [5]. However, since these limitations no longer exist in the proposed model for 

le the argument should be to use the effective moment of inertia approach. 

In this chapter, the proposed model of the effective moment of inertia as used 

in deflection calculations is compared with the curvature methods in the British code 

[10] and Eurocode 2 [11 ]. 
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Pertaining to the methods in the two codes, two numerical examples are provided as 

a means of comparison between such methods and the proposed model of Ie in 

calculating deflections. Since different concepts are involved each example is preceded 

by an overview of the methods in the respective codes. These have already been 

discussed in Chap. 2 but repeated nevertheless for convenience. 

Because of the approximations involved, the methods in the British code and Eurocode 

2 give only an estimate of the deflection values [34,35,36] and thus can not be used 

to judge the accuracy of the proposed model. Since the accuracy of the proposed 

model has already been established using test results only the simplicity and practical 

aspects of the model need to be shown. 

As part of the comparison long term deflections will also be considered. It is known 

that long term deflections can always be obtained by multiplying the short term values 

by a proper magnification factor. Alternatively, however, the sustained elastic modulus 

can also be used to carry out such deflection calculations. The method in the British 

code and Eurocode 2 use the sustained elastic modulus to obtain the curvature under 

permanent loads and thus the long term deflections. To keep the analysis parallel to 

such practice the sustained elastic modulus will also be used in determining the long 

term deflections using the effective moment of inertia approach. It will be 

demonstrated that the simplicity and ease of application of the proposed model for Ie, 

though derived considering short term effects, as represented in Fig. 4.3.1 can be useful 

in calculating both the short and long term deflections. In doing so it will be shown 

that even when using the sustained elastic modulus Fig. 4.3.1 can be an efficient design 

aid that offers simpler and easier mean for deflection calculations. 
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5.2 Deflection Calculations in BS 8110 

The approach suggested by the code is to determine deflections from curvatures. Using 

small-deflection theory, the curvature at any point x along the span can be written as, 

1/rr = d2S/dx2 

where, 

1/r, 
( = the curvature at any point x along the span. 

8= the deflection at the point considered. 

(5.2.1) 

Using the boundary conditions of the span Eq. 5.2.1 is then double integrated by any 

convenient numerical integration technique to obtain the desired deflection. 

The detailed method outlined above is usually complex and can not be carried 

out without the aid of a computer. Because of this the code proposes an approximate 

method where the maximum deflection is evaluated as follows, 

S(max) = KL2 (1/rb) (5.2.2) 

where, 

K=a loading type factor (given in Table 3.1, pt. 2 of the code) 

L= the effective span 

1/rb = the curvature at the midspan of beams or at the support of cantilevers. 
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According to the code the curvatures used in deflection calculations should be 

the greater of those obtained from the uncracked and partially cracked sections as 

described below, 

1. The uncracked section: 

In this case the gross concrete area with all steel areas (both tension and 

compression if any) transformed into an equivalent area of concrete is considered. 

The curvature is then calculated as, 

(1/r)u = M/EcIt, (5.2.3) 

where Itr is the moment of inertia of the gross section thus assumed. 

2. The Partially Cracked Section: 

The partially cracked section is called the cracked section in the code. However, 

the term partially is used herein to indicate the tension stiffening of concrete which 

is considered and to avoid confusion with the cracked section as defined in this 

study. This is a section in which the concrete in the tension zone below the 

neutral axis is assumed to sustain a triangular stress distribution. Unlike the 

concrete compressive stresses above the neutral axis and the tensile stress of the 

steel, these concrete tensile stresses are not related to the strains. In addition, the 

tensile stress in the concrete at the level of the tension steel, denoted by fc,, is 

assumed to have values of 1 and 0.55 MPa for short and long term loadings, 

respectively. Figure 5.2.1 summarizes the above assumptions. 
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Figure 5.2.1 The assumptions of BS 8110 for the partially cracked section 

From the strain diagram in Fig. 5.2.1 and for n=Es/Ec, fs'=c A 
S 

fs=c., Es and 

f, =E,, Ec it can be shown that , 

fs' = nfc(x-d')/x , fs=nfc(d-x)/x 

From the stress diagram it can be seen that f f, =(d-x)f/(h-x). Thus the tensile stress 

in concrete at the soffit of the beam can be written as, 

f= fct(h-x)/(d-x) 

Therefore one can write, 

Asfs = nAsfc(d-x)/x 

As'fs' = nAs'fc(x-d')/x 

C, (the resultant concrete tension force)=0.5(f 
f 
b)(h-x)2/(d-x) 

C, (the resultant concrete compressive force)=0.5fcbx 

Force equilibrium requires that, 
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Cc + As'fs' - Asfs - Ct =0 

Moment equilibrium requires that, 

(2/3)(Cc )(x) + As'fs'(x-d') + Asfs(d-x)+(2/3)(C, )(h-x) =M 

Substituting the relative expressions into the force and moment equilibrium 

equations and solving for fc gives, 

fc=[bfr, (x/2)(h-x)2/(d-x)]/[bx2/2+nAs'(x-d')-nAs(d-x)] (5.2.4) 

fc=[M(x)-bfc1(x/3)(h-x)3/(d-x)]/[bx3/3+nAs'(x-d')Z+nAs(d-x)2] (5.2.5) 

Equations 5.2.4 and 5.2.5 are derived for the rectangular section assumed in 

Fig. 5.2.1. However, similar equations can also be derived for flanged sections. 

Since the numerical example to be given will only consider a rectangular section 

these are not needed for the current discussion. 

In order to obtain a unique value of fc from Eqs. 5.2.4 and 5.2.5 for the same 

value of x the equations are solved iteratively or graphically as will be shown in 

the example. 

Once x and fc are found the curvature at the section considered is calculated as, 

(1/r)p, r = fc/xEc (5.2.6) 

With regard to the loading history and duration the following are defined : 

1/rS Pe. I, Y, =the curvature due to the short term effect of the permanent load. 
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1/rl. 
perm =_ the curvature due to the long term effect of the permanent load. 

1/rs. tot = the curvature due to the short term effect of the total load. 

1/rshr = the curvature due to shrinkage effect. 

Once the curvatures as defined above are found for the uncracked and partially 

cracked sections the final curvature, 1/rb , to be used in Eq. 5.2.2 is obtained as 

follows: 

a. For short term deflections : 

1/rb = max [ (1/rs. roc )pcr 9 (1/rs. coc )cr 1 (5.2.7) 

b. For long term deflections : 

1/rb = 1/ri. perm + 1/rs. cot - 1/rs. 
per, + 1/rshr (5.2.8) 

where each individual curvature is taken as the maximum of the values 

obtained for the uncracked and partially cracked sections. 

While all the curvatures are found from either Eq. 5.2.3 or 5.2.6 the shrinkage 

curvature to be used in Eq. 5.2.8 is defined by the code as 

1/rsh. = (n Eshr)(ss / I) 

where, 

(5.2.9) 

e, h, = free shrinkage strain of plain concrete as defined in 
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cl. 7.4, pt. 2 and represented in Fig. 7.2 of the code. 

n= long term modular ratio = Es/Eff = Es(l+c1)/Ec 

ct = creep coefficient (referred to by the code as b) as defined 

in cl. 7.3, pt. 2 and represented in Fig. 7.1 of the code. 

ss - moment of steel area about the centroid of the considered 

section (which is either the partially cracked or uncracked 

section). 

I= moment of inertia of the considered section (which is either 

the partially cracked or uncracked section). 

5.3 The Proposed Model of le vs. BS 8110 

Now that the background information for deflection calculations in the British code 

is given and the necessary equations for carrying out deflection calculations are 

provided a numerical example is presented. The example is intended to show the great 

simplicity offered by the proposed model for le in deflection calculations as compared 

to the approximate method in the code. 

Example 5.3.1 (adapted from Ref. 35) 

Given: 

-A simply supported beam with an effective span, L, of 12m has a prismatic 

rectangular cross section of width b=300 mm, overall depth h=700 mm and 

Chapter 5 259 



effective depth d=600 mm. 

-The beam can be considered as singly reinforced with As = 2450 mm2 and 

fy = 460 MPa. 

-The loads acting on the beam are all uniformly distributed with IOKN/m as dead 

load (permanent) and 5 KN/m live load (transitory). 

-The beam is made of normal weight aggregate concrete with fcu=30 MPa and 

props are removed at 28 days. 

Required: 

Calculate the maximum short and long term deflections using : 

(1) The approximate method of BS 8110 

(2) The "effective moment of inertia method" with Ie taken as proposed 

in this study and represented in Fig. 4.3.1. 

Discuss the results obtained in (1) and (2). 

Solutions 

-Determine the moment at midspan (maximum for simply supported beams) : 

M (total) = wLZ/8 

= (10+5)(12)2/8 = 270 KN. m = 270x106 N. mm 

M (permanent) = wL2/8 = (10)(12)2/8 = 180 KN. m = 180x106 N. mm 

-Determine the elastic modulus: 

for normal weight concrete, 

Ec = 20 + 0.2fcu 

= 20 +0.2(30) = 26 GPa = 26x10' MPa , (from Eq. 2.7.4) 
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-Determine the modular ratio n, nAs, p and np (short term) : 

n=Es/Ec 

= 200/26 = 7.69 

Hence, 

nAs = 7.69(2450) = 18840.5 mm2, p= 100(2450)/(300x600) = 1.36% 

np= 7.69(1.36)= 10.46% 

(1) Using the BS 8110 approximate method: 

(a) Consider the partially cracked section: - 

- Under total load - short term : 

Substituting fei=1 (short term effects), nAs'=0, nAs=18840.5, b=300, 

h=700, d=600 and different values of x into Eq. 5.2.4 gives, 

for x=220 mm, fc=198.87 MPa 

for x=225 mm, fc=38.42 MPa 

for x=230 mm, fc=21.37 MPa 

for x=235 mm, fc=14.84 MPa 

for x=240 mm, fc=11.39 MPa 

Similarly, substituting f 1=1, nAs'=0, nAs=18840.5, b=300, h=700, d=600 

and M=270x106 into Eq. 5.2.5 gives, 

for x=220 mm, fc=14.00 MPa 

for x=225 mm, fc=14.34 MPa 

for x=230 mm, fc=14.66 MPa 

for x=235 mm, fc=14.96 MPa 

for x=240 mm, fc=15.25 MPa 
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To obtain a unique solution for x and fc the above x values and their 

corresponding fc values were plotted as shown in Fig. 5.3.1. The point of 

intersection of the two curves is then taken to correspond to the values of 

x and fc sought. Thus and from Fig. 5.3.1, 

x_234 mm , fc-15 MPa 

Therefore, substituting into Eq. 5.2.6 one obtains, 

(1/rSCýc)ýý = 15 / (26x10')(234) = 2.5x10"6/mm 

- Under permanent load - short term : 

Substituting fei=1, nAs'=0, nAs=18840.5, b=300, h=700, d=600 and 

different values of x into Eq. 5.2.4 gives, 

for x=230 mm, fc=21.37 MPa 

for x=235 mm, fc=14.84 MPa 

for x=240 mm, fc=11.39 MPa 

for x=245 mm, fc=9.26 MPa 

for x=250 mm, fc=7.802 MPa 

Similarly, substituting the same values of f< nAs', nAs, b, h, and d along 

with M= 180x 106 into Eq. 5.2.5 gives, 

for x=230 mm, fc=9.21 MPa 

for x=235 mm, fc=9.41 MPa 

for x=240 mm, fc=9.60 MPa 

for x=245 mm, fc=9.78 MPa 

for x=250 mm, fc=9.94 MPa 

Plotting the values of x and fc as found above Fig. 5.3.2 was obtained. 
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Figure 5.3.1 The curves of Eqs. 5.2.4 and 5.2.5 considering total load-short term 
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Figure 5.3.2 The curves of Eqs. 5.2.4 and 5.2.5 considering permanent load-short term 
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From the figure, 

x_244 mm, fc=9.7 MPa 

Therefore, from Eq. 5.2.6 

(1/rs. 
pem)pcr = 9.7 / (26x103)(244) -1.5x10-6/mm 

- Under permanent load - long term : 

the modular ratio, n, for long term effects is defined as 

n (long term) = ES/Eeff = Es(l+c, )/Ec 

where Eeff =Ec/(l+ct). For a value of the effective thickness of 

2(700x300)/2(300+700)=210 mm, as defined in the code, and from Fig. 7.1 

of cl. 7.3, pt. 2 and for 45% relative humidity, the creep coefficient is found 

to be, 

cý . 2.75 

Thus, 

n= 200(1+2.75)/26 = 28.846 

nAs = 28.85x2450 = 70672.7 mm2 

Substituting f,, =0.55 MPa (long term effects), nAs'=0, nAs=70672.7 

b=300, h=700, d=600 and different values of x into Eq. 5.2.4 gives, 

for x=350 mm, fc=20.02 MPa 

for x=355 mm, fc=8.95 MPa 

for x=360 mm, fc=5.77 MPa 

for x=365 mm, fc=4.26 MPa 

for x=370 mm, fc=3.38 MPa 

Similarly, substituting same values of f, .,, nAs', nAs, b, h and d along with 
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M=180x 106 into Eq. 5.2.5 gives, 

for x=350 mm, fc=6.86 MPa 

for x=355 mm, fc=6.96 MPa 

for x=360 mm, fc=7.05 MPa 

for x=365 mm, fc=7.13 MPa 

for x=370 mm, fc=7.20 MPa 

Plotting the above values of x and fc, Fig. 5.3.3 was obtained. From the 

figure, 

x_358 mm, fc=6.9 MPa 

Therefore, 

(1/rl. perm)pcr = fc/(Eeffx) = 6.9(1+2.75) / (26x103x358) = 2.8x10-6/mm 

- Under shrinkage effect : 

Substituting the x value obtained for the partially cracked section under the 

effect of the permanent load (x=358 mm) into the Equation of Icr of 

Fig. 3.3.2 along with np of 39.23% (which is 28.846x1.36), 

I=Ipcr =[100(3583/3) + 39.23(600)(600-358)2](300/100)=8.73x109mm4 

using x of 358 mm the moment of the steel area about the centroid of the 

section is found as, 

ss = As (d - x) = 2450(600 - 358) = 593x103 mm3 

For 45% humidity, Fig. 7.2 of cl. 7.4, pt. 2 of the code gives 

ESQ. = 390x10"6 

Therefore, 

(1/rshr )pcr = [(390x10-6)(28.846)(593x103)]/(8.73x109) = 0.8x10"6 
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Figure 5.3.3 The curves of Eqs. 5.2.4 and 5.2.5 considering permanent load-long term 

Chapter 5 267 



(b) Consider the uncracked section : 

- Under total load - short term : 

From Eq. 5.2.3, 

(1/rs. co)cr = M/EcIu 

Substituting Ig=bh3/12 for Iu (due to lower n values under short term effects 

Itr = Ig), 270x 106 N. mm for M and 26x 103 MPa for Ec into the equation, 

(1/rs. tot)u = [12(270x 106 )]/[(26x 103)(300x700)3 = 1.2x 10"6/mm 

- Under permanent load - short term : 

Substituting Ig for Iu and 180x106 N. mm for M along with Ec of 26x103 

MPa into Eq. 5.2.3 gives, 

(1/rs. P,,. )u, = 0.8x 10-6 /mm 

- Under permanent load - long term : 

Because of the higher n values under long term effects Itr has to be 

evaluated considering the transformed area of steel. Thus, from Fig. 5.3.4 

x=[210000x350+(2x35336.35)(600)]/[210000+2x35336.35] = 413 mm 

Iý=300(700)3/12+210000(413-350)2+70673(600-413)2 =1.188x10'0 mma 

Substituting the above Iu, 180x106 for M and Eeff into Eq. 5.2.3 gives 

(1/rI. perm)t. = 2.19x 10-6/mm 

- Under shrinkage effect : 

Using the above x and It,, n=28.846 and ESh, of 390x 10-6 into Eq. 5.2.9, 

(1/rsh. )t. =28.846x390x 10-6[2450(600-413)]/(1.188x 1010)=0.434x 10"6/mm 
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00111111 

nAs/2 = (28.846)(2450)/2=35336.35 mm 

Figure 5.3.4 The transformed section considered in evaluating 1Ir in example 5.3.1. 

(c) Summarizing all results : 

1/rs. tot =max { (1 /rs. tot)pcr , (1/rstot)tr I= 2.5x 10-6/mm 

l/rs 
perm =max {( l/rs 

perm)pcr ' 
(I /rs. 

perm)tr 
}=1 

. 
5x I 0-'/mm 

l/rl 
perm = max{ (l/rl. 

perm)pcr 
(1 /rl. 

perm)tr 
}=2.8x 10-6/mm 

l/rshr = max { (l/rshr)pcr 
, 

(l/rshr)tr} = 0.8X 10-'/mm 

(d) Deflection calculations : 

- Short term deflection due to total load, 8, : -tot 

From Eq. 5.2.7, 

1/rh = l/rý 
0= max { 2.5x l0-`' , 1.2x lO-`' }=2.5x 10-6/mm 

Substituting the above curvature along with K=0.104 into Eq. 5.2.2, 

8s. 
tot = 0.104(12x 103)2 (2.5x10-") = 37 mm 
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- Long term deflection, Song 

From Eq. 5.2.8, 

1/rb = 2.8x10-6 + 2.5x10-6 - 1.5x10"6 + 0.8x10-6 = 4.6x10"6/mm 

Substituting the above curvature value along with K=0.104 into Eq. 5.2.2, 

Slung = 0.104(12x 103)2 (4.6x 10"6) = 69 mm 

(2) Using Fi .431 

- Determine Ma/Mcr, « and Ie : 

Using Mcr as defined in Chap. 4, fr from Eq. 2.10.2. b and yi=h/2, 

Ma/Mcr = Ma/(f1Ig/y1) = Ma(350)/[(0.56V30)(8575x106)] 

Thus, for Ma as the maximum moment within the span, 

Ma/Mcr (total load) =3.59, 

Ma/Mcr (permanent load) = 2.4 

As the section is singly reinforced and rectangular, b'=b, npe=np and 

R=(h/d)3 = 1.59. Thus 

for np of 10.46% (short term), a+pnpe=0.683 or CF=-0.938 

for np of 39.23% (long term), a+pnpe=1.585 or CF=-5.645 

Substituting the respective Ma/Mcr into the expression of « of Eq. 4.4.2.1 

given for uniformly loaded simple spans, 

'Dref = (D+CF 

= -(Ma/Mcr) [V'(1-Mcr/Ma)] p+ CF 

=-(3.59)[V(1-1/3.59)](1.36)-0.938=-5.1 (total load-short term) 
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=-(2.4)[V(1-1/2.4)](1.36)-0.938=-3.43 (permanent load-short term) 

=-(2.4)[V(1-1/2.4)](1.36)-5.645=-8.14 (permanent load-long term) 

Entering Fig. 4.3.1 with the respective '1e f and npe one reads, 

Ie = 0.7(300)(600)3/12 = 378x10' mm4 (total load-short term) 

= 0.8(300)(600)3/12 = 432x107 mm4 (permanent load-short term) 

= 1.595(300)(600)3/12=8613x106 mm4 (permanent load-long term) 

- Determine deflections : 

The deflection at midspan of a simply supported beam is given by 

8= 5MaL2 / 48EcIe 

- Short term deflection due to total load : 

Substituting the respective values of Ma, le and Ec, the short term 

deflection due to total load, Ss. coc $ is determined as, 

Ss. tot = 5(270x106)(12x103)2/48(26000)(378x10') = 41 mm 

- Long term deflection: 

Similar to Eq. 5.2.8 the total long term deflection, 8lo�g 
, is given by 

S1ong = S1. 
perm 

+ Ss. 
tot - 

Ss. 
perm 

+ 8shr 

Using the respective Ie, Ma, Ec and c1 as previously found with Eeff=Ec/l+ct, 

ö1. 
perm = 5(180x106)(12000)2 (1+2.75)/48(26000)(8613x106) = 45 mm 

SS 
per =5(180x 1(6)(12000)2/48(26000)(432x 10') = 24 mm 

When using the effective moment of inertia approach, the shrinkage 
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deflection, öshr 
, is best obtained using the following as proposed and 

discussed in Refs. l and 9 (useful related discussions are also given in 

Refs. 14,25,37,38 and 39) 

8shr = 0.7(L2/h)( 7 Cshr )(P-P')113[(P-P')/P]1"2 for (p-p') S 3% 

= (L21h)(7 Eshr ) for (p-p') > 3% 

with y given as 0.125 for simply supported beams (0.5 for cantilevers, 0.086 

for one end continuous and 0.063 for both end continuous), 

SSh. = 0.7(120002/700)(0.125)(390x10"6)(1.36)'3 = 7.7 mm 

Therefore, 

S1ong = 45 + 41 - 24 + 7.7 = 69.7 or say 70 mm 

- Discussion of Results: 

Judging from the accuracies obtained when the proposed model of Ie is used 

to calculate short term deflections of beams under uniform loads in Chap. 4 ( i. e. see 

Table 4.5.1) the deflection of 41 mm found using Ie as obtained from Fig. 4.3.1 is 

thought to be more representative of the real value than 37 mm as determined by the 

method in the code. 

Different references consulted suggest that methods for calculating shrinkage 

curvatures as that in the British code tend to overestimate the deflection values while 

the method used in part (2) generally provides the closest agreement with test results 

[1,19,25]. As the short term deflection of 37 mm is thought to be on the low side 

while the total long term deflection values obtained in parts (1) and (2) are almost 

equal, these observations seem to be consistent with the results of the present example. 
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It follows therefore that the almost equal end results do not imply that the code's 

method is as accurate as the proposed model of Ie in calculating deflections as 

established in Chap. 4 but that in this particular example the errors involved using the 

code's method tend to offset each other. 

The results as obtained from the example and discussed above show that the 

lengthy and elaborate process involved in finding deflections using the present code 

method is not justifiable. By comparing part (1) to part (2) of the solution it is not 

hard to see that Fig. 4.3.1 provided an efficient and a quick way of obtaining values 

of Ie which resulted in deflection values that are at least as accurate as those obtained 

using the code's method. With no iterations or plotting required the calculations are 

simple, straightforward and easy. 

Should flanged sections be involved the solution by the method in the code will 

become even more elaborate as the corresponding equilibrium and compatibility 

equations required in the analysis of the partially cracked section will become more 

complicated. In addition, with the sustained elastic modulus giving higher modular 

ratios the neutral axis will almost always fall in the web and the complicated 

equations of Figs. 3.4.3 and 3.5.1 will then be required to evaluate the moment of 

inertia of the partially cracked section. 

Therefore, although not intended as an alternative for the method in the code but 

rather as a substitute for Branson's equation, the proposed model of le as represented 

in Fig. 4.3.1 seems to be simpler and a more reliable mean for calculating deflections. 
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5.4 Deflection Calculations in Eurocode 2 

While the overall approach of calculating deflections from curvatures is similar to that 

in the British code [10,23], Eurocode 2 [11] requires that the curvatures used in 

deflection calculations be evaluated as the average (rather than the maximum) of the 

curvatures corresponding to the cracked section (rather than the partially cracked 

section) and the uncracked one. Namely, using the previously defined notations, 

1/r =4 (1/r)cr + (1 - 4)(1/r)t. 

where, 

(5.4.1) 

(1/r)cr = The curvature of the cracked section. For loading effects it is the 

service moment divided by flexural rigidity. For shrinkage effects it 

is evaluated from Eq. 5.2.9. 

(1/r)u = Same as above but with respect to the uncracked section. 

4=1- ßl ß2 (Mcr/Ma)2 

(31 =1 for high bond steel 

= 0.5 for plain bars 

(32 =1 for short term loadings 

= 0.5 for long term loadings 

For total deflections the curvatures according to Eq. 5.4.1 under different effects are 

summed to obtain the final curvature, 1/rb . This is then substituted into Eq. 5.2.2 to 

obtain the value of the final deflection. 
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5.5 The Proposed Model of le vs. Eurocode 2 

As Eurocode 2 is the anticipated future code of the European countries, it was thought 

useful to provide a numerical example in which the proposed model of Ie as used in 

deflection calculations is compared with the method in Eurocode 2. The example is 

meant to show the reliability as well as the simplicity of the proposed model as 

compared to the method in the code. 

Example 5.5.1 (adapted from Ref. 36) 

Given: 

-A simply supported beam with an effective span, L, of 9.5m has a prismatic 

rectangular cross section of width b=300 mm, overall depth h=700 mm and an 

effective depth d=600 mm. 

- The beam can be considered as singly reinforced with As=2450 mm2 

- The concrete used is normal weight with a cubic characteristic strength of 30 

MPa and props are removed at 28 days. 

- The beam carries a uniformly distributed load giving rise to a quasi-permanent 

moment of 200 KN. m. such that Ma/Mcr=3.1 

The effective elastic modulus and the free shrinkage strain were found to be, 

Eeff = 8710 MPa 

EShr= 590x 10-6 

Required: 

Calculate the long term deflection due to the quasi-permanent load using, 

(1) The method in Eurocode 2 
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(2) The "effective moment of inertia method" with Ie taken as proposed in this 

study and represented in Fig. 4.3.1 

Discuss the results obtained in (1) and (2) 

Solution 

-Determine nAs, p and np: 

nAs = (Es/Eeff )As = (200/8.71)(2450) = 56257.2 mm2 

p= 100(As/bd) = 100(2450)/(300x600) = 1.36% 

np = (200/8.71)(1.36) = 31.25% 

(1) Using the method in Eurocode 2: 

(a) Consider the cracked section: 

- Determine Icr: 

Substituting np of 31.25% into the equations of Fig. 3.3.2 with np' and did 

taken as zero, 

x= {-31.25+\1[(31.25)2 + 200(31.25)]}(600/100) = 322.6 mm 

Hence, 

Icr=[100(322.63/3)+31.25(600)(600-322.6)2](300/100)=7686x106 m4 

- Determine (1/r)cr under loading effects: 

(1/r)cr = M/EeffIcr = (200x103)/(8.71x7686x106) = 2.99x10"6/mm 

- Determine (1/rstr)cr : 

From Eq. 5.2.9, 
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(1/rshr)cr ' (n Eshr )(Ss / Icr) 

Using the value of x as determined above the moment of the steel area about 

the centroid of the section is found as, 

ss = As(d-x) = 2450(600-322.6) = 679630 mm3 

Using the above values of ss and Icr and the given value of F-shr one obtains, 

(1/rsh. )cr = (200/8.71)(590x 10-6) [679630/(7686x 106)] =1 . 2x 10"6/mm 

(b) Consider the uncracked section: 

- Determine Iu. : 

From Fig. 5.3.4 with nAs now taken as 56257.2 mm2, 

x=(210000x350+56257.2x600)/(210000+56257.2)=402.8 mm 

Hence, 

Iu = 300(700)3/12 + 210000(402.8-350)2 + 56257.2(600-402.8)2 

=1.135x1010 mma 

- Determine (1/r)tr under loading effects: 

(1 /r)u = MlEeffItr = (200X10 3)/(8.71 x 1.135x 101°) = 2.02x 10"6/mm 

- Determine (1/rshr)11. : 

Using the value of x as found above the moment of the steel area about the 

centroid of the section is found as, 

ss = As(d-x) = 2450(600-402.8) = 483140 mm3 

Substituting the above value of ss , Iu and c into Eq. 5.2.9, 

(1/rsý)tr = (200/8.71)(590x10-6)[483140/(1.135x1010)]=0.6x10"6/mm 
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(c) Calculate the total average curvature, 1/rb : 

- Determine 4: 

4=1-ß, ß2(Mcr/Ma)2 =1-1 xO. 5x(1/3.1)2 = 0.95 

- Determine the average curvature due to loading, l/road 

1/road =4 (1/r)cr + (1 - 4)(1/r)t. 

= 0.95(2.99x10-6) + (1-0.95)(2.02x10-6) 

= 2.94x 10"6/mm 

- Determine the average curvature due to shrinkage, 1/rsh, : 

1/rshr _ (1/rshr)a + (1 - 4)(1/rsh. )t. 

= 0.95(1.2x106) + (1 - 0.95)(0.6x10) 

= 1.17x 10"6/mm 

Therefore, 

1/rb = 1/rload + 1/rs1 

= 2.94x10"6 + 1.17x10 

= 4.11x10-6/mm 

(d) Calculate the required long term deflection, (S1ong 

Substituting 1/rb into Eq. 5.2.2 with K of 0.104, 

S1ong = 0.104(9500)2(4.11x10"6) = 38.6 or say 39 mm 
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(2) Using Fig. 4.3.1 

- Determine 1 and Ie: 

As the section is singly reinforced rectangular, b'=b and R=(h/d)3=1.59. Thus, 

for npe = np of 31.25%, a+ßnpe = 1.44 or CF = -2.34 

Using Eq. 4.4.2.1 for (D, (Dref is obtained as 

ref =«+ CF = -(Ma/Mcr) [V1(1-Mcr/Ma)] p+ CF 

= -(3.1)[V(1-113.1)](1.36) -2.34 

= -5.81 

From Fig-4.3.1 and for npe of 31.25% and ref of -5.81, 

Ie = 1.44(300)(6003/12) = 7776x106 mm4 

- Determine the required long term deflection, 8long 

deflection due to loading, 

S1oaa = 5MaL2/48Eeffle 

= 5(200x106)(9500)2/(48x8710x7776x106) 

=27.76mm 

deflection due to shrinkage, 

6shr = 0.7(L2/h)( Y £shr )(p-p')1/3[(P-P-)/P]1n 

= 0.7(95002/700)(0.125)(590x10"6)(1.36)1/3 

= 7.37 mm 

Therefore, 

5long = S1oad + Ssbr 
= 27.76 + 7.37 = 35 mm 
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- Discussion of Results: 

Using 1/rload of 2.94x1076 as obtained in part (1) into Eq. 5.2.2 the deflection due 

to loading effects using the method in Eurocode 2 can be shown to be 27.6 mm. 

Since this value is almost equal to that obtained in part (2), the difference of 4 mm 

between the total deflections obtained in the two parts is due to the different 

methods used in calculating shrinkage deflections. Because the method used in part 

(2), as discussed in Sec. 5.3, is believed to be more accurate the deflection value 

of 35 mm is thought to be more representative of the real value. 

The ability of Fig. 4.3.1 to represent the variation of the effective moment of inertia 

under load provides a clear explanation to the almost identical results obtained for 

öload. The figure shows that for the present values of (D and npe the effective 

moment of inertia approaches almost a steady value equal to Icre. In other words, 

for such high values of (D and npe the effect of concrete stiffening can virtually 

be ignored. It follows therefore that for the present case any proper method for 

evaluating deflections under loading effects should give almost identical results 

regardless of how the method reflects the effect of concrete stiffening. This ability 

of visual explanation is one of the unique advantages of the graphical 

representation of the effective moment of inertia in Fig. 4.3.1. 

Because the values of Ma/Mcr and Eeff used in the example are not based 

on the equations of Chap. 2 one can therefore conclude from this example that the 

validity of the proposed model of Ie is independent of the expressions for fr and 

Ec given in Chap. 2. That is, for any properly evaluated Ma/Mcr and Ec the 

proposed model of Ie is valid. 

By comparing parts (1) and (2) of the present example, it is fair to say that 
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using Fig. 4.3.1 to obtain Ie and thus deflection offers a clear advantage over the 

method in Eurocode 2 in simplicity, accuracy and graphical representation. It can be 

seen from the example that even for the simplest case of a singly reinforced 

rectangular section the solution based on Fig. 4.3.1 was direct, straightforward and easy 

as compared to the method in Eurocode 2. For the common case of flanged sections 

the method in Eurocode 2 will become even more complicated by the evaluation of 

Icr and Iu while Fig. 4.3.1 will only require the simple evaluation of the factor e ff. 

From the above discussion and that pertaining to example 5.3.1 it can be 

said that the proposed model possesses many advantages over the methods of BS 8110 

and Eurocode 2. Among these is the simpler and more reliable means for calculating 

deflections offered by Fig. 4.3.1 as was seen in the examples. Another is the simplicity 

of Fig. 4.3.1 in visually representing the variation of the moment of inertia under load. 

Since visual presentations are more effective than others, the figure can be considered 

as a useful tool for presenting the different phenomena involved. 

A third and equally important point that can be argued against the methods in the 

codes is that they fail to represent the different concrete stiffening effects under 

different loading types. Equation 5.2.2 used by the codes is the general deflecion 

equation 8=(MIEI)(KL2) with M/EI taken as the curvature. Equivalent to M/EIe, the 

curvature is estimated considering the effect of concrete stiffening. However, in doing 

so either by the triangular tensile stress distribution of concrete as in BS 8110 or by 

the use of the factor ý in Eurocode 2, the codes fail to reflect the effect of loading 

types. This can be considered a drawback as compared to the proposed model where 

the ratio Lcr/L used to evaluate le clearly reflects the different cracking effects and 

thus concrete stiffening under different loading types. 
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CHAPTER 6 

CONCLUSIONS AND RECOMMENDATIONS 

6.1 Introduction 

In the preceding chapters a model for the effective moment of inertia for calculating 

deflection was developed, a graphical representation of the model was presented and 

illustrative examples were given confirming the many aspects involved. 

Initially a model for the approximation of Icr was obtained. To arrive at a 

simple and compact expression, this model was then used to derive the required model 

of le assuming the concrete stiffening effect as a fictitious steel area added to a 

general cracked transformed section assumed. The study involved an analytical 

development in defining the overall form of the model as well as an empirical 

auxiliary coefficient to fit the results of over 340 tested beams found in literature. 

During the course of the study different possibilities were considered and conclusions 

were drawn as appropriate to suit the most probable conditions and design situation. 

In this chapter, the results of the study presented in the previous chapters as 

to the nature of the proposed model are summarized and conclusions and suggestions 

for possible future research are given. 
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6.2 Nature of the Proposed Model 

The proposed model of Ie was developed with a set of objectives which are not 

cumulatively possible using the presently common expression of Branson or the 

models proposed so far as its substitute. Reflecting these objectives the following can 

be said pertaining to the model for Ie proposed in this study: 

1. The elimination of the detailed calculation of Icr 

The nature of the computations involved in the two step process of calculating the 

position of the neutral axis and then the cracked transformed moment of inertia, Icr, 

has always been referred to as being cumbersome. This is particularly so for 

flanged sections where the equations used are more complex and the method of 

calculation depends on whether the neutral axis is within the flange or in the web. 

Therefore, In eliminating the difficulties involved in the evaluation of Icr as 

mentioned above, the approximation of Icr by the use of Icre as an integral part of 

the proposed model of Ie can be said to offer the following: 

a. The elimination of the need for determining the position of the neutral axis. 

b. Much simpler equations are required to carry out the full calculations where the 

complex equations of Fig. 3.3.2,3.4.3 and 3.5.1 are replaced by the simple 

expressions of a' and af. 

c. The method of approximation and the nature of the equations involved made 

it possible to produce a single graphical representation where Ie can be directly 

determined. This is particularly important in completely eliminating the need for 

the separate evaluation of Icr and is unique for the present study. 
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2. Good graphical representation 

The graphical representation of the proposed model of le shown in Fig. 4.3.1 can 

be said to offer the following : 

a. Simplicity 

It is not hard to see that the solution curves of Fig. 4.3.1 are simple and easy 

to read. All sectional geometries and reinforcement conditions generally 

encountered in normal design situations are included in a single plot. This 

single plot can be used to read not only the values of Ie but also Icre if 

needed for the approximation of Icr for other purposes. 

Without resorting to complicated trends the simple factors of be, bw and np' 

completely define the section. Setting be=bw automatically converts the section 

into a rectangular section while taking np'=0 makes the section singly 

reinforced. By such simple manipulation of the factors the plot can therefore 

be used to estimate Ie for different sections and reinforcement conditions. 

Because the proposed model of le was developed so as to be applicable 

within the scope of both the British and the American codes which form the 

basis for most other codes used through out the world, the graphical 

representation of Fig. 4.3.1 can be considered as the general form valid for the 

widest range of parameters defined in most codes. 

However, should Fig. 4.3.1 be limited to a particular code it can be further 

simplified. For example, if the figure is chosen as a design aid in the British 

practice the expression of a' can be replaced by the simple value of 0.0037 

(see Sec. 2.9 and Eq. 3.3.7). This is because the expression of a' as given in the 
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figure was proposed to avoid the uncertainties involved when the extreme 

limits of did as used in the American practice (encompassing those of the 

British practice) were considered. Likewise, because of the higher restriction 

on the maximum steel ratio required by BS 8110 [10] or Eurocode 2 [11] less 

intervals of npe will need be considered requiring less number of npe curves. 

As compared to the currently used method of the code, or that of Eurocode 2, 

for calculating deflections the superb simplicity and ease of application offered 

by the proposed model as represented by Fig. 4.3.1 and demonstrated in Chap. 5 

can not be overlooked. 

b. Good representation of the phenomena involved 

Because the coefficient » was seen to be a direct function of Ma/Mcr, the 

gradual decay of the values of Ie with increasing value of the applied moment, 

Ma, is well represented by the shape of the curves. All curves initiate at a 

value of Ie corresponding to Ig when the applied moment is so low as to cause 

no cracking in concrete ((D=0 corresponding to Lcr/L =0). As the moment 

increases the curves start to descend until the limiting value of Icr, as 

approximated by Icre, is finally reached at large values of Ma (large values of 

(D) and as represented by the steady portions characteristic of all the curves. 

The gradual decay of the curves with increasing Ma values discussed above 

can be seen to decrease for higher npe values. This is consistent with the well 

known phenomenon that sections with higher percentages of reinforcement 

exhibit less changes in rigidity under increased loads than those with low 

percentages. 
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The direct relation between Ma/Mcr and c can also be used to explain 

the phenomenon related to the tension steel magnification factor of 

cl. 3.4.6.5, pt. 1 of BS 8110 [10] as represented by the curves. Because of the 

descending nature of the curves with increasing Ma, an increase in the applied 

moment does not correspond to an equal increase in the effective moment of 

inertia (and thus the stiffness) caused by the additional tension steel, npe, 

required to withstand the moment at a prescribed stress. Due to this less 

proportionate increase in Ie as compared to that of Ma (or (D), increasing 

moments cause increasing deflections. As the slopes of the curves decay with 

increasing moments the phenomenon is more emphasized. This is 

representative of the decreasing value of the tension steel magnification factor, 

by which the basic span effective depth ratios are multiplied, with increasing 

moments as given in Table 3.11, pt. 1 of BS 8110 [10]. 

The addition of the presence of compression reinforcement to the 

stiffness of elements in deflection controls (the compression steel 

magnification factor of cl. 3.4.6.6, pt. 1 of BS 8110 [10]) can also be understood 

from Fig. 4.3.1. According to the equations shown in the figure, to represent 

compression reinforcement b is increased to W. Because Ie is expressed in 

terms of b'd3/12, this increase will be magnified by d3/12. As d3/12 is usually 

large, the corresponding increase in le will often overshadow the slight 

decrease in npe taken as npb/b'. Nevertheless, since the two trends are not 

cumulative (a decrease in npe and an increase in b to b' magnified by d3112) 

one may argue that the net effect of compression reinforcement as represented 

by Fig. 4.3.1 may not always be large. However, because Ie was taken with 
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respect to short term behaviour, the resulting deflection will still have to be 

multiplied by the long term magnification factor to account for creep and 

shrinkage. This usually magnifies the effect of compression steel to a 

considerable degree. 

Because b' increases as the compression steel area increased, it is then logical 

to assume in the light of the above argument that with more compression steel 

deflection is less. This is consistent with the trend in the compression steel 

magnification factors of Table 3.12, pt. 1 of BS 8110 [10]. 

c. Independency of empirical expressions 

The discussion pertaining to Eqs. 4.2.3-4 requires that any expression of CD 

used in conjunction with the proposed model of le must be a direct 

function of Ma/Mcr and must always yield a negative value. However, the 

form of the proposed model and its graphical representation as given by 

Fig. 4.3.1 are nevertheless independent of the detailed expression of (D. In 

other words, for any different empirical expression of 1 that may be 

proposed in the future, satisfying the above two criteria, the figure will stand 

valid. 

3. Representation of the different factors affecting deflections 

As discussed in Chap. 2, while end restraints and load sharing of structural elements 

are general design problems, cracking is directily related to deflections through 

concrete stiffening effect. This has been shown to be a function of: 

- Loading type. 
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- Loading intensity. 

- Compressive strength of the concrete used. 

- Type and magnitude of the steel reinforcement used. 

- Load duration. 

Reflecting the first four factors the expression of c as given by Eq. 4.4.1 includes: 

(a) The moment ratio Ma/Mcr: 

According to Egs. 2.10.1-2, the modulus of rupture of concrete, fr, is a function 

of its compressive strength. Since the cracking moment, Mcr, is determined 

from the sectional geometry and the modulus of rupture, it is then an indirect 

representation of the effect of the compressive strength on concrete stiffening. 

Also because Mcr for a prismatic beam is constant through out the span and 

that Ma is the maximum moment acting within the span, the ratio of Ma/Mcr 

reflects the loading intensity. As the loading varies so does Ma/Mcr. 

(b) The ratio of the length over which cracking occurs to the total length, Lcr/L: 

The length over which cracking occurs, Lcr, is a function of the variation of 

the bending moment over the span and can be scaled from the corresponding 

bending moment diagram. Because different types of loading have different 

bending moment diagrams, the ratio Lcr/L therefore reflects the loading type. 

Also reflected through the ratio Lcr/L is the convergence to the gross moment 

of inertia, Ig, under lower loads. When the maximum applied moment is less 

than the cracking moment, Mcr, the total length considered will be crack free. 

Therefore, Lcr/L and thus c will be equal to zero and le will correspond to Ig 

as dictated by the proposed model of le given by Eq. 4.2.7 and represented in 

Fig. 4.3.1. 
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(c) The reinforcement ratio, p 

Since the main reinforcing bars in reinforced concrete flexural elements are 

almost always of the deformed type, the expression of b does not account for 

the type of reinforcement and only considers the reinforcement ratio, p. 

In the many trials attempted to include the effect of p in the expression of 1, 

a marked change of behaviour has always been noticed for reinforcement ratios 

less than 1%. The simplest way of representing this, which improved the 

accuracy substantially, was to set the effect of p< 1% as equivalent to that at 

p= 1% as shown in expresion of (D. 

Although the model of Ref. 4 recognizes the effect of reinforcement, it fails to 

account for such change of behaviour for p <1%. This change of behaviour at 

lower reinforcement ratios has also been noted by other scholars in pointing out 

that Branson's equation actually ceases to apply at such reinforcement ratios 

[i. e. 5]. In fact recognizing such an effect is believed to be one of the reasons 

for the substantial improvement in the accuracy achieved by the proposed 

model as compared to the equation of Branson and that of Ref. 4. 

For higher reinforcement ratios it was found in Chap. 4 that the results obtained 

using the different models of Ie were almost same. This, however, can be 

reasoned to the higher Ma/Mcr ratios (Ma/Mcr > 3.0) that most cases of p> 

1% considered had corresponded to. Since for Ma/Mcr >3 Ie is closer to Icr, 

the effect of concrete stiffening is thus minimum and the resulting deflection 

will be same regardless of the methods used in the calculations. In the light of 

this it can be said therefore that, though has not been shown, the proposed 

model of Ie should give substantial improvement of accuracy over the other 
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models for p >1% and the most practical range of Ma/Mcr <3 as it does for 

the lower values of p. 

The last factor given in the list of factors to affect concrete stiffening is 

load duration. As concrete creeps under sustained loads its compressive strains are 

substantially increased. This forces a downward movement of the neutral axis and 

thus reduces the concrete tension area. Because of this and the additional cracks 

created by the increased deflections under such loads, the concrete stiffening effect 

is reduced. However, a proper estimate of such an effect is a function of many 

factors and is therefore difficult to incorporate into any expression designed to be 

simple and easy to use. Because of this and that such an effect can always be 

accounted for by using an effective elastic modulus or by multiplying the short 

term effects by a proper factor, it is not considered in the expression of (D. 

4. Proper integration of the different parts representing le 

In order to appreciate the nature of the proposed model of le it is helpful to 

recognize that any proper representation of the effective moment of inertia, Ie, is 

of two parts, 

1. Representation of the general variation of Ie under increasing loads as affected 

by concrete stiffening and the boundary conditions of Ig and Icr. 

2. Representation of the different factors affecting cracking and thus concrete 

stiffening. 

These two parts, however, have to be properly related for any model of Ie to be 

sufficiently accurate. 

As Branson's equation does not consider the effects of loading type and 
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reinforcement which are known to affect concrete stiffening, the equation is found 

inaccurate for loading types other than uniform. For conditions of p< 1% the 

equation was found to be grossly erroneous and inconsistent as is repeately 

remarked by other scholars as mentioned before. 

The expression of Ie proposed in Ref. 4, on the other hand, recognizes both of the 

two parts discussed above and considers all the factors known to affect concrete 

stiffening. Yet, it proved to give only slightly better accuracy than Branson's 

equation. The probable reason for this is that due to its purely empirical nature that 

was based on limited number of tested beams, the two parts required for a proper 

representation of Ie, though recognized, were poorly related. In fact, this poor 

integration of the parts has resulted in the unusual form of the equation where 

instead of adding to Icr, Ie is obtained by subtracting from Ig as can be seen from 

Eq. 4.1.2. 

Unlike the expression of Ie of Ref. 4, the proposed model was derived based on 

establishing a clear analytical relationship between the two parts in representing Ie. 

That is, the representation of the different factors known to affect concrete 

stiffening was expressed through the coefficient « which was found as a direct 

output of the mathematical development involved in deriving the general form of 

the proposed model of le. Reflecting this proper integration of the parts, it was 

found through the different trials attempted for the expression of b the clear and 

steady convergence toward the simple expression given by Eq. 4.4.1. In fact, this 

proper integration of the parts involved is believed to be a major reason for the 

substantial accuracy of the proposed model as compared to that of Ref. 4 and the 

equation of Branson. 
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5. Accuracy 

Because of the nature of the proposed model of Ie as discussed above and the 

representation of all the factors known to affect cracking and concrete stiffening as 

well as depicting the behaviour under lower reinforcement ratios, the proposed 

model was seen to give results that are not only consistent but also of considerable 

accuracy. In particular, for reinforcement ratios of less than I% and/or non-uniform 

loads the proposed model proved to give errors that are almost half of those 

resulted from Branson's equation and the model presented in Ref. 4 as its substitute. 

In fact, from the inconsistancy and gross errors noticed for the equations of 

Branson and Ref. 4 in cases of lower reinforcement ratios, it can be concluded that 

contrary to the high accuracy of the proposed model these equations are actually 

invalid for conditions of p< 1%. 

In addition to the above, It can be said from the results of all the cases 

considered that with the expression of (D recommended and the model of Ie 

proposed in this study the errors in calculating deflections can be generally 

expected to range within ±11 %. This is substantially lower than those of Branson's 

equation which are known to range from -20 to +30%. In fact, due to uncertainties 

associated with the evaluation of the elastic modulus of concrete and the modulus 

of rupture, errors in calculating deflection of reinforced concrete elements lower 

than 10 % should not be expected. 
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6.3 Conclusions 

The study presented in this thesis was concerned with the development of a model for 

the effective moment of inertia in which the limitations usually claimed to be 

associated with Branson's equation are eliminated. Reflecting this, the objectives 

described in Sec. 1.2 were set. 

For a problem of such great complexity as the evaluation of the effective moment of 

inertia of reinforced concrete elements these objectives are by no mean easy to meet. 

Nevertheless, it can be seen from the discussions presented in Sec. 6.2 pertaining to the 

nature of the proposed model that all the objectives set in Sec. 1.2 are well satisfied. 

Because Branson's equation and all the recent efforts for providing a substitute are 

short of satisfying these objectives the proposed model can therefore be considered an 

improved alternative. 

Reflecting these objectives, and in a concise summary of the discussion presented in 

Sec. 6.2 the proposed model of Ie and its auxiliary coefficient 1 can be said to offer 

the followings : 

1. General applicability as the model was developed within the scope of both the 

British and the American codes which form the basis for most other codes 

used through out the world. 

2. Ease of computations involved since the detailed evaluation of Icr is eliminated. 

3. Simple and good graphical representation through Fig. 4.3.1. 

4. Representation of loading type and intensity through Lcr/L and Ma/Mcr. 

5. Results of good accuracy where the average error is generally within 11 M. In 

particular, substantial improvement of accuracy can be expected, as compared to 
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other models of Ie, when the reinforcement ratio is less than 1% and/or loads are 

not uniform. 

Either the equation form or graphical representation of the model can be used to 

evaluate the effective moment of inertia, Ie. For computer application, a simple 

subroutine can be developed to automate the model of Ie as given by Eq. 4.2.7 with 

1 and Icre evaluated from Egs. 4.4.1 and 3.6.1, respectively. For practical design, 

however, Fig. 4.3.1 is more suitable where Ie can be directly determined. 

Although derived considering short term effects, the proposed model of Ie is 

nevertheless all that is needed to carry out a complete evaluation of the deflection of 

a concrete element. This is because long term deflections can always be obtained from 

the values calculated for the short term effects. Numerous methods for such evaluation 

of the long term deflections are available in literature. Alternatively, the long term 

effects represented by the sustained elastic modulus can also be used to determine le 

and thus long term deflections using the proposed model as demonstrated in Chap. 5. 

6.4 Recommendations for Future Research 

Despite the many advantages offered by the proposed model of le it is fair to say 

however that in the field of science there is always room for improvements. Pertaining 

to the current study possible improvements may include : 
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1. Approximation of Ig 

As defined, Ig is the moment of inertia of the completely uncracked section 

neglecting steel. For rectangular sections the computation of Ig is obviously simple. 

For flanged sections, such a calculation may be argued to be sufficiently complex 

as to require a method of approximation. However, should such a method be 

developed it must be compatible with the general framework of Ie such that the 

form of Fig. 4.3.1 is not disturbed. 

2. Approximation of Icr for sections other than those considered 

The approximation of Icr as given by the model of Icre and its related expressions 

of f and of were presented for rectangular and flanged sections only. Although 

these sections are the most encountered in design, expressions similar to those 

presented can be developed for other sections following the procedure of Chap. 3. 

3. Application to flexural rigidity and stiffness 

The model of the effective moment of inertia proposed in this study was developed 

for the purpose of deflection calculations. However, subject to further studies it 

may be possible to extend the model for use in evaluating the flexural rigidities, 

EI, of concrete frame elements for the purpose of elastic analysis. 

4. Refinement of the expression of b 

The expression of cD proposed in this study is based on the results of over 340 

beams tested by different parties under different conditions. Because of this and the 

very good accuracy obtained using the expression into the proposed model of le it 
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is not believed that a different expression is needed. However, since the form of 

the model of Ie and its graphical representation are independent of the detailed 

expression of 0 any possible future refinement of b will not affect the analytical 

development presented in this thesis. This encourages future research to try to 

refine the expression of ' if possible by studying parameters that are not 

considered in this study. Since any expression of c will eventually be used with 

the model of Ie proposed in this study, it is therefore important to understand such 

parameters within the prespective of the proposed model of le. 

The proposed model of Ie can be written as, 

Ie = Icre + Is 

where Icre is an approximation of Icr and Is is the part contributed by the concrete 

stiffening effect. It follows therefore that parameters that may affect the accuracy 

of the proposed model of le can be classified into, 

- Geometric parameters involved in the approximation of Icr and includes d'/d, 

be/bw, hf/d, np and np'. 

- Prameters related to concrete stiffening effect and involve Ma/Mcr, Lcr/L, 

and p as previously discussed. 

The accuracy of the approximation of Icr by the equivalent width method of Chap. 3 

which is then integrated into the proposed model of Ie and its graphical representation 

has been established for almost all possible combination of the parameters used in the 

British and American practices as set by BS 8110 [10] and ACI 318 [2] and 

summarized in Table 2.11.1. By constructing the respective envelopes discussed in 
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Chap. 3, the errors in using such approximations and for almost all combinations 

possible can never exceed the errors assumed in the approximations shown in the 

envelopes. Because of this and that these parameters are purely geometric properties 

that are not known to affect concrete stiffening, the fact that the tested beams 

considered in this study do not coverall possible ranges of these parameters remains 

of no consequence. Therefore, these parameters should not be considered as the 

primary variables in any future experimental study. 

On the other hand, the parameters related to the concrete stiffening are those 

represented in the expression of (D as derived based on the tested beams considered. 

Therefore, it is important for any future program to study conditions that are not 

considered in the tested beams reviewed in this work. To summarize, these may 

include: 

- Simple spans with loads other than uniform, third point loads or central point loads. 

- Reinforcement ratios greater than 1% and Ma/Mcr less than 4.0 

- Two or more span continuous beams with non-uniform loads. 

- Beams that are parts of a concrete structural frame. 

It should be noted however that any conclusions should not be drawn based upon a 

limited number of tested beams but rather on as many beams as practically possible. 

This is beacause the problem of deflections in concrete elements is of a statistical 

nature and the results pertaining to only limited number of beams may be greatly 

misleading. 
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APPENDIX A 

The Listing of Prog. 2.8.1 and its Output 



PROG. 2.8.1 
This program computes the maximum value of np for singly reinforced flanged sections in the 
practical range of be/bw from 1.1 to 10 and hf/d from 0.1 to 0.6. The program is also 
structured to find and print out whether the neutral axis of the cracked transformed section 
falls within the flange or in the web. 

IMPLICIT DOUBLE PRECISION(A-H, O-Z) 
REAL NP, NPI, NP2, NRAU, II 
CHARACTER SAND*12 
OPEN(3, FILE=' OUT231', STATUS='UNKNOWN' ) 

C The program will now assign values for be/be and for hf/d and the value 
C of the maximum np will be computed using the British and the American 
C codes. 

DO 20 I=1,19 
IF(I. EQ. 1) THEN 
II=1+0.1 
ELSE IF(I. EQ. 2) THEN 
II=II+0.4 
ELSE 
II=II+0.5 
END IF 
WRITE(3, ' (1 OX, A, 3X, F4.1,2X, A)' )'When be/bw =', II, ' :' 
WRITE(3, '(1OX, 5(A, 2X))')'hf/d', 'max. NP based on BS', 'max. NP based 
*on ACI', 'max. NP', 'N. A. pos. based on max. NP' 
DO 10 J=10,65,5 
hfd=J/100. 
IF(J. EQ. 60) hfd=0.56 
IF(J. EQ. 65) hfd=0.60 
NP1=31.92/II+62.16*hfd*(1-1/II) 
DUM 1=DMIN 1(8 *5.5/II, 18.48/II+41.096*hfd*(1-1/II)) 
DUM2=DMIN1(7.7*5.5/II, 21.33/II+47.26*hfd*(1-1/11)) 
DUM 3=DMIN1(7.4 * 5.5/II, 23.90/II+5 3.42 * hfd * (1-1 /II)) 
DUM4=DMIN1(7.1 *5.5/II, 26.27/II+58.56*hfd*(1-1/II)) 
DUM5=DMIN1(6.9*5.5/II, 28.70/II+63.70*hfd*(1-1/II)) 
DUM6=DMIN1(6.7*5.5/II, 30.95/II+68.84*hfd*(1-1/H)) 
NP2=DMAX I (DUM 1, DUM2, DUM3, DUM4, DUM5, DUM6) 
NP=DMAX1(NP1, NP2) 
NRAU=hfd* *2J(2*(1-hfd))* 100. 
IF(NP. LE. NRAU) SAND='in flange' 
IF(NP. GT. NRAU) SAND='in web' 
WRITE(3, ' (10X, F4.2,1 OX, F5.2,12X, F5.2,11 X, F5.2,10X, A)' )hfd, NP2, NP 1, 
*NP, SAND 

10 CONTINUE 
20 CONTINUE 

WRITE(3, '(//IOX, A)') '*Note: all NP are relative to be' 
STOP 
END 
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OUTPUT OF PROG. 2.8.1 

When be/bw = 1.1 : 
hf/d max. NP based on BS max. NP based on ACI max. NP N. A. pos. based on max. NP 
0.10 28.76 29.58 29.58 in web 
0.15 29.08 29.87 29.87 in web 
0.20 29.39 30.15 30.15 in web 
0.25 29.70 30.43 30.43 in web 
0.30 30.01 30.71 30.71 in web 
0.35 30.33 31.00 31.00 in web 
0.40 30.64 31.28 31.28 in web 
0.45 30.95 31.56 31.56 in web 
0.50 31.27 31.84 31.84 in web 
0.55 31.58 32.13 32.13 in flange 
0.56 31.64 32.18 32.18 in flange 
0.60 31.89 32.41 32.41 in flange 
When be/bw = 1.5 
hf/d max. NP based on BS max. NP based on ACI max. NP N. A. pos. based on max. NP 
0.10 22.93 23.35 23.35 in web 
0.15 24.08 24.39 24.39 in web 
0.20 24.57 25.42 25.42 in web 
0.25 24.57 26.46 26.46 in web 
0.30 25.30 27.50 27.50 in web 
0.35 25.30 28.53 28.53 in web 
0.40 25.32 29.57 29.57 in web 
0.45 26.03 30.60 30.60 in web 
0.50 26.03 31.64 31.64 in web 
0.55 26.03 32.68 32.68 in flange 
0.56 26.03 32.88 32.88 in flange 
0.60 26.62 33.71 33.71 in flange 
When be/bw = 2.0 
hf/d max. NP based on BS max. NP based on ACI max. NP N. A. pos. based on max. NP 
0.10 18.42 19.07 19.07 in web 
0.15 18.98 20.62 20.62 in web 
0.20 18.99 22.18 22.18 in web 
0.25 19.52 23.73 23.73 in web 0.30 19.96 25.28 25.28 in web 
0.35 20.35 26.84 26.84 in web 
0.40 20.35 28.39 28.39 in web 
0.45 21.17 29.95 29.95 in web 
0.50 21.17 31.50 31.50 in web 
0.55 21.17 33.05 33.05 in flange 
0.56 21.17 33.36 33.36 in flange 
0.60 21.57 34.61 34.61 in flange 
When be/bw = 2.5 
hf/d max. NP based on BS max. NP based on ACI max. NP N. A. pos. based on max. NP 
0.10 15.18 16.50 16.50 in web 
0.15 15.62 18.36 18.36 in web 
0.20 15.97 20.23 20.23 in web 
0.25 16.28 22.09 22.09 in web 
0.30 16.94 23.96 23.96 in web 
0.35 16.94 25.82 25.82 in web 
0.40 17.26 27.69 27.69 in web 
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0.45 17.60 29.55 29.55 in web 
0.50 17.60 31.42 31.42 in web 
0.55 17.60 33.28 33.28 in flange 
0.56 17.60 33.65 33.65 in flange 
0.60 17.60 35.15 35.15 in flange 
When be/bw = 3.0 : . hf/d max. NP based on BS max. NP based on ACI max. NP N. A. pos. based on max. NP 
0.10 12.66 14.78 14.78 in web 
0.15 13.31 16.86 16.86 in web 
0.20 13.57 18.93 18.93 in web 
0.25 14.12 21.00 21.00 in web 
0.30 14.38 23.07 23.07 in web 
0.35 14.67 25.14 25.14 in web 
0.40 14.67 27.22 27.22 in web 
0.45 14.67 29.29 29.29 in web 
0.50 14.67 31.36 31.36 in web 
0.55 14.67 33.43 33.43 in flange 
0.56 14.67 33.85 33.85 in flange 
0.60 14.67 35.50 35.50 in flange 
When belbw = 3.5 
hf/d max. NP based on BS max. NP based on ACI max. NP N. A. pos. based on max. NP 
0.10 11.16 13.56 13.56 in web 
0.15 11.63 15.78 15.78 in web 
0.20 12.10 18.00 18.00 in web 
0.25 12.57 20.22 20.22 in web 
0.30 12.57 22.44 22.44 in web 
0.35 12.57 24.66 24.66 in web 
0.40 12.57 26.88 26.88 in web 
0.45 12.57 29.10 29.10 in web 
0.50 12.57 31.32 31.32 in web 
0.55 12.57 33.54 33.54 in flange 
0.56 12.57 33.98 33.98 in flange 
0.60 12.57 35.76 35.76 in flange 
When be/bw = 4.0 
hf/d max. NP based on BS max. NP based on ACI max. NP N. A. pos. based on max. NP 
0.10 09.98 12.64 12.64 in web 
0.15 10.59 14.97 14.97 in web 
0.20 10.78 17.30 17.30 in web 
0.25 11.00 19.64 19.64 in web 
0.30 11.00 21.97 21.97 in web 
0.35 11.00 24.30 24.30 in web 
0.40 11.00 26.63 26.63 in web 
0.45 11.00 28.96 28.96 in web 
0.50 11.00 31.29 31.29 in web 
0.55 11.00 33.62 33.62 in web 
0.56 11.00 34.09 34.09 in flange 
0.60 11.00 35.95 35.95 in flange 
When be/bw = 4.5 
hf/d max. NP based on BS max. NP based on ACI max. NP N. A. pos. based on max. NP 
0.10 09.04 11.93 11.93 in web 
0.15 09.41 14.35 14.35 in web 
0.20 09.78 16.76 16.76 in web 
0.25 09.78 19.18 19.18 in web 
0.30 09.78 21.60 21.60 in web 
0.35 09.78 24.01 24.01 in web 
0.40 09.78 26.43 26.43 in web 
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0.45 09.78 28.85 28.85 in web 
0.50 09.78 31.27 31.27 in web 
0.55 09.78 33.68 33.68 in web 
0.56 09.78 34.17 34.17 in flange 
0.60 09.78 36.10 36.10 in flange 
When be/bw = 5.0 
hf/d max. NP based on BS max. NP based on ACI max. NP N. A. pos. based on max. NP 
0.10 08.14 11.36 11.36 in web 
0.15 08.63 13.84 13.84 in web 
0.20 08.80 16.33 16.33 in web 
0.25 08.80 18.82 18.82 in web 
0.30 08.80 21.30 21.30 in web 
0.35 08.80 23.79 23.79 in web 
0.40 08.80 26.28 26.28 in web 
0.45 08.80 28.76 28.76 in web 
0.50 08.80 31.25 31.25 in web 
0.55 08.80 33.73 33.73 in web 
0.56 08.80 34.23 34.23 in flange 
0.60 08.80 36.22 36.22 in flange 
When belbw = 5.5 
hf/d max. NP based on BS max. NP based on ACI max. NP N. A. pos. based on max. NP 
0.10 07.70 10.89 10.89 in web 
0.15 08.00 13.43 13.43 in web 
0.20 08.00 15.98 15.98 in web 
0.25 08.00 18.52 18.52 in web 
0.30 08.00 21.06 21.06 in web 
0.35 08.00 23.60 23.60 in web 
0.40 08.00 26.15 26.15 in web 
0.45 08.00 28.69 28.69 in web 
0.50 08.00 31.23 31.23 in web 
0.55 08.00 33.78 33.78 in web 
0.56 08.00 34.28 34.28 in flange 
0.60 08.00 36.32 36.32 in flange 
When be/bw = 6.0 
hf/d max. NP based on BS max. NP based on ACI max. NP N. A. pos. based on max. NP 
0.10 07.06 10.50 10.50 in web 
0.15 07.33 13.09 13.09 in web 
0.20 07.33 15.68 15.68 in web 
0.25 07.33 18.27 18.27 in web 
0.30 07.33 20.86 20.86 in web 
0.35 07.33 23.45 23.45 in web 
0.40 07.33 26.04 ' 26.04 in web 
0.45 07.33 28.63 28.63 in web 
0.50 07.33 31.22 31.22 in web 
0.55 07.33 33.81 33.81 in web 
0.56 07.33 34.33 34.33 in flange 
0.60 07.33 36.40 36.40 in flange 
Whe n be/bw = 6.5 
hf/d max. NP based on BS max. NP based on ACI max. NP N. A. pos. based on max. NP 
0.10 06.52 10.17 10.17 in web 
0.15 06.77 12.80 12.80 in web 
0.20 06.77 15.43 15.43 in web 
0.25 06.77 18.06 18.06 in web 
0.30 06.77 20.69 20.69 in web 
0.35 06.77 23.32 23.32 in web 
0.40 06.77 25.95 25.95 in web 
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0.45 06.77 28.58 28.58 in web 
0.50 06.77 31.21 31.21 in web 
0.55 06.77 33.84 33.84 in web 
0.56 06.77 34.37 34.37 in flange 
0.60 06.77 36.47 36.47 in flange 
When belbw = 7.0 
hf/d max. NP based on BS max. NP based on ACI max. NP N. A. pos. based on max. NP 
0.10 06.16 09.89 09.89 in web 
0.15 06.29 12.55 12.55 in web 
0.20 06.29 15.22 15.22 in web 
0.25 06.29 17.88 17.88 in web 
0.30 06.29 20.54 20.54 in web 
0.35 06.29 23.21 23.21 in web 
0.40 06.29 25.87 25.87 in web 
0.45 06.29 28.54 28.54 in web 
0.50 06.29 31.20 31.20 in web 
0.55 06.29 33.86 33.86 in web 
0.56 06.29 34.40 34.40 in flange 
0.60 06.29 36.53 36.53 in flange 
When be/bw = 7.5 
hf/d max. NP based on BS max. NP based on ACI max. NP N. A. pos. based on max. NP 
0.10 05.87 09.64 09.64 in web 
0.15 05.87 12.34 12.34 in web 
0.20 05.87 15.03 15.03 in web 
0.25 05.87 17.72 17.72 in web 
0.30 05.87 20.42 20.42 in web 
0.35 05.87 23.11 23.11 in web 
0.40 05.87 25.80 25.80 in web 
0.45 05.87 28.50 28.50 in web 
0.50 05.87 31.19 31.19 in web 
0.55 05.87 33.89 33.89 in web 
0.56 05.87 34.42 34.42 in flange 
0.60 05.87 36.58 36.58 in flange 
When be/bw = 8.0 
hf/d max. NP based on BS max. NP based on ACI max. NP N. A. pos. based on max. NP 
0.10 05.50 09.43 09.43 in web 
0.15 05.50 12.15 12.15 in web 
0.20 05.50 14.87 14.87 in web 
0.25 05.50 17.59 17.59 in web 
0.30 05.50 20.31 20.31 in web 
0.35 05.50 23.03 23.03 in web 
0.40 05.50 25.75 25.75 in web 
0.45 05.50 28.47 28.47 in web 
0.50 05.50 31.18 31.18 in web 
0.55 05.50 33.90 33.90 in web 
0.56 05.50 34.45 34.45 in flange 
0.60 05.50 36.62 36.62 in flange 
Whe n be/bw = 8.5 
hf/d max. NP based on BS max. NP based on ACI max. NP N. A. pos. based on max. NP 
0.10 05.18 09.24 09.24 in web 
0.15 05.18 11.98 11.98 in web 
0.20 05.18 14.72 14.72 in web 
0.25 05.18 17.47 17.47 in web 
0.30 05.18 20.21 20.21 in web 
0.35 05.18 22.95 22.95 in web 
0.40 05.18 25.69 25.69 in web 
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0.45 05.18 28.44 28.44 in web 
0.50 05.18 31.18 31.18 in web 
0.55 05.18 33.92 33.92 in web 
0.56 05.18 34.47 34.47 in flange 
0.60 05.18 36.66 36.66 in flange 
When be/bw = 9.0 : 
hf/d max. NP based on BS max. NP based on ACI max. NP N. A. pos. based on max. NP 
0.10 04.89 09.07 09.07 in web 
0.15 04.89 11.83 11.83 in web 
0.20 04.89 14.60 14.60 in web 
0.25 04.89 17.36 17.36 in web 
0.30 04.89 20.12 20.12 in web 
0.35 04.89 22.89 22.89 in web 
0.40 04.89 25.65 25.65 in web 
0.45 04.89 28.41 28.41 in web 
0.50 04.89 31.17 31.17 in web 
0.55 04.89 33.94 33.94 in web 
0.56 04.89 34.49 34.49 in flange 
0.60 04.89 36.70 36.70 in flange 
When be/bw = 9.5 
hf/d max. NP based on BS max. NP based on ACI max. NP N. A. pos. based on max. NP 
0.10 04.63 08.92 08.92 in web 
0.15 04.63 11.70 11.70 in web 
0.20 04.63 14.48 14.48 in web 
0.25 04.63 17.26 17.26 in web 
0.30 04.63 20.05 20.05 in web 
0.35 04.63 22.83 22.83 in web 
0.40 04.63 25.61 25.61 in web 
0.45 04.63 28.39 28.39 in web 
0.50 04.63 31.17 31.17 in web 
0.55 04.63 33.95 33.95 in web 
0.56 04.63 34.51 34.51 in flange 
0.60 04.63 36.73 36.73 in flange 
Whe n be/bw = 10.0 
hf/d max. NP based on BS max. NP based on ACI max. NP N. A. pos. based on max. NP 
0.10 04.40 08.79 08.79 in web 
0.15 04.40 11.58 11.58 in web 
0.20 04.40 14.38 14.38 in web 
0.25 04.40 17.18 17.18 in web 
0.30 04.40 19.98 19.98 in web 
0.35 04.40 22.77 22.77 in web 
0.40 04.40 25.57 25.57 in web 
0.45 04.40 28.37 28.37 in web 
0.50 04.40 31.16 31.16 in web 
0.55 04.40 33.96 33.96 in web 
0.56 04.40 34.52 34.52 in flange 
0.60 04.40 36.76 36.76 in flange 

*Note: all NP are relative to be 
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APPENDIX Bi 

The Listing of Prog. 3.2.1 and its Output 



PROG. 3.2.1 
This program evaluates Icre, using Eq. 3.2.2, for a singly reinforced rectangular section for np 
values within the limits of 0.124% and 64%. Results are compared to the exact Icr as Icre/Icr. 

IMPLICIT DOUBLE PRECISION(A-H, O-Z) 
DIMENSION DNP(641), RNP(641) 
REAL NP, Icre 
OPEN(3, FILE=' OUTPUT', STATUS=' UNKNOWN' ) 
DO 10 1=1,640 
NP=I/10. 
IF(I. EQ. 1) NP=0.124 
Al=0.003 
B 1=0.095 
A2=0.05 
B2=0.07 
A3=0.16 
B3=0.05 
A4=0.5 
B4=0.03 
A5=0.8 
B5=0.02 
IF(NP. LE. 1.9) THEN 
Icre=(AI+B 1 *NP)/12. 
ELSE IF((NP. GT. 1.9). AND. (NP. LE. 5.0)) THEN 
Icre=(A2+B2*NP)/12. 
ELSE IF((NP. GT. 5.0). AND. (NP. LE. 17.0)) THEN 
Icre=(A3+B3*NP)/12. 
ELSE IF((NP. GT. 17.0). AND. (NP. LE. 32.0)) THEN 
Icre=(A4+B4*NP)/12. 
ELSE 
Icre=(A5+B5*NP)/12. 
END IF 
NP=NP/100. 
X=-NP+SQRT(NP* *2. +2. *NP) 
XICR=(X**3. )/3. +NP*(1-X)**2. 
RATICR=Icre/XICR 
NP=NP* 100. 
DNP(I)=NP 
RNP(I)=RATICR 

10 CONTINUE 
WRITE(3,155) 

155 FORMAT(11X, 'NP%', 3X, 'Icre/Icr', 3(4X, 'NP%', 3X, 'Icre/ICR')) 
ICOUNT=0.0 
DO 20 1=1,637,4 
ICOUNT=ICOUNT+1 
IF(ICOUNT. EQ. 66) THEN 
WRITE(3,155) 
ICOUNT=O 
END IF 
WRITE(3, '(IOX, F5.2,3X, F5.2,3(5X, F5.2,3X, F5.2))') DNP(I), RNP(I), DNP 
*(I+1), RNP(I+1), DNP(I+2), RNP(I+2), DNP(I+3), RNP(I+3) 

20 CONTINUE 
STOP 
END 

ýý 
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OUTPUT OF PROG. 3.2.1 

NP% Icre/Icr NP% Icre/Icr - NP% Icre/Icr NP% Icre/Icr 
0.12 1.06 0.20 1.00 0.30 0.97 0.40 0.96 
0.50 0.96 0.60 0.96 0.70 0.97 0.80 0.97 
0.90 0.98 1.00 0.98 1.10 0.99 1.20 1.00 
1.30 1.00 1.40 1.01 1.50 1.01 1.60 1.02 
1.70 1.03 1.80 1.03 1.90 1.04 2.00 1.03 
2.10 1.02 2.20 1.02 2.30 1.01 2.40 1.01 
2.50 1.00 2.60 1.00 2.70 1.00 2.80 1.00 
2.90 1.00 3.00 0.99 3.10 0.99 3.20 0.99 
3.30 0.99 3.40 0.99 3.50 0.99 3.60 0.99 
3.70 0.99 3.80 0.99 3.90 0.99 4.00 0.99 
4.10 0.99 4.20 0.99 4.30 1.00 4.40 1.00 
4.90 1.00 5.00 1.00 5.10 1.03 5.20 1.02 
5.30 1.02 5.40 1.01 5.50 1.01 5.60 1.01 
5.70 1.01 5.80 1.00 5.90 1.00 6.00 1.00 
6.10 1.00 6.20 0.99 6.30 0.99 6.40 0.99 
6.50 0.99 6.60 0.99 6.70 0.99 6.80 0.98 
6.90 0.98 7.00 0.98 7.50 0.98 7.60 0.98 
7.70 0.98 7.80 0.98 7.90 0.97 8.00 0.97 
8.10 0.97 8.20 0.97 8.30 0.97 8.40 0.97 
8.50 0.97 8.60 0.97 8.70 0.97 8.80 0.97 
8.90 0.97 9.00 0.97 9.10 0.97 9.20 0.97 
9.30 0.97 9.40 0.97 9.50 0.97 9.60 0.97 
9.70 0.97 9.80 0.97 9.90 0.97 10.00 0.97 

10.10 0.97 10.20 0.97 10.30 0.97 10.40 0.97 
10.50 0.97 10.60 0.98 10.70 0.98 10.80 0.98 
10.90 0.98 11.00 0.98 11.10 0.98 11.20 0.98 
11.30 0.98 11.40 0.98 11.50 0.98 11.60 0.98 
11.70 0.98 11.80 0.98 11.90 0.98 12.00 0.98 
12.10 0.98 12.20 0.98 12.30 0.99 12.40 0.99 
12.50 0.99 12.60 0.99 12.70 0.99 12.80 0.99 
12.90 0.99 13.00 0.99 13.10 0.99 13.20 0.99 
13.30 0.99 13.40 0.99 13.50 1.00 13.60 1.00 
13.70 1.00 13.80 1.00 13.90 1.00 14.00 1.00 
14.10 1.00 14.20 1.00 14.30 1.00 14.40 1.00 
14.50 1.00 14.60 1.01 14.70 1.01 14.80 1.01 
14.90 1.01 15.00 1.01 15.10 1.01 15.20 1.01 
15.30 1.01 15.40 1.01 15.50 1.01 15.60 1.02 
15.70 1.02 15.80 1.02 15.90 1.02 16.00 1.02 
16.10 1.02 16.20 1.02 16.30 1.02 16.40 1.02 
16.50 1.02 16.60 1.03 16.70 1.03 16.80 1.03 
16.90 1.03 17.00 1.03 17.10 1.03 17.20 1.03 
17.30 1.03 17.40 1.03 17.50 1.03 17.60 1.02 
17.70 1.02 17.80 1.02 17.90 1.02 18.00 1.02 
18.10 1.02 18.20 1.02 18.30 1.02 18.40 1.02 
18.50 1.02 18.60 1.02 18.70 1.02 18.80 1.02 
18.90 1.02 19.00 1.02 19.10 1.01 19.20 1.01 
19.30 1.01 19.40 1.01 19.50 1.01 19.60 1.01 
19.70 1.01 19.80 1.01 19.90 1.01 20.00 1.01 
20.10 1.01 20.20 1.01 20.30 1.01 20.40 1.01 
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NP% Icre/Icr NP% Icre/Icr NP% Icre/Icr NP% Icre/Icr 
20.50 1.01 20.60 1.01 20.70 1.01 20.80 1.01 
20.90 1.01 21.00 1.01 21.10 1.01 21.20 1.01 
21.30 1.01 21.40 1.00 21.50 1.00 21.60 1.00 
21.70 1.00 21.80 1.00 21.90 1.00 22.00 1.00 
22.10 1.00 22.20 1.00 " 22.30 1.00 22.40 1.00 
22.50 1.00 22.60 1.00 22.70 1.00 22.80 1.00 
22.90 1.00 23.00 1.00 23.10 1.00 23.20 1.00 
23.30 1.00 23.40 1.00 23.50 1.00 23.60 1.00 
23.70 1.00 23.80 1.00 23.90 1.00 24.00 1.00 
24.10 1.00 24.20 1.00 24.30 1.00 24.40 1.00 
24.50 1.00 24.60 1.00 24.70 1.00 24.80 1.00 
24.90 1.00 25.00 1.00 25.10 1.00 25.20 1.00 
25.30 1.00 25.40 1.00 25.50 1.00 25.60 1.00 
25.70 1.00 25.80 1.00 25.90 1.00 26.00 1.00 
26.10 1.00 26.20 1.00 26.30 1.00 26.40 1.00 
26.50 1.00 26.60 1.00 26.70 1.00 26.80 1.00 
26.90 1.00 27.00 1.00 27.10 1.00 27.20 1.00 
27.30 1.00 27.40 1.00 27.50 1.00 27.60 1.00 
27.70 1.00 27.80 1.00 27.90 1.00 28.00 1.00 
28.10 1.00 28.20 1.00 28.30 1.00 28.40 1.00 
28.50 1.00 28.60 1.00 28.70 1.00 28.80 1.00 
28.90 1.00 29.00 1.00 29.10 1.00 29.20 1.00 
29.30 1.01 29.40 1.01 29.50 1.01 29.60 1.01 
29.70 1.01 29.80 1.01 29.90 1.01 30.00 1.01 
30.10 1.01 30.20 1.01 30.30 1.01 30.40 1.01 
30.50 1.01 30.60 1.01 30.70 1.01 30.80 1.01 
30.90 1.01 31.00 1.01 31.10 1.01 31.20 1.01 
31.30 1.01 31.40 1.01 31.50 1.01 31.60 1.01 
31.70 1.01 31.80 1.01 31.90 1.01 32.00 1.01 
32.10 1.00 32.20 1.00 32.30 1.00 32.40 1.00 
32.50 1.00 32.60 1.00 32.70 1.00 32.80 1.00 
32.90 1.00 33.00 1.00 33.10 0.99 33.20 0.99 
33.30 0.99 33.40 0.99 33.50 0.99 33.60 0.99 
33.70 0.99 33.80 0.99 33.90 0.99 34.00 0.99 
34.10 0.99 34.20 0.99 34.30 0.99 34.40 0.99 
34.50 0.99 34.60 0.99 34.70 0.99 34.80 0.99 
34.90 0.99 35.00 0.99 35.10 0.99 35.20 0.99 
35.30 0.99 35.40 0.99 35.50 0.99 35.60 0.99 
35.70 0.99 35.80 0.99 35.90 0.99 36.00 0.99 
36.10 0.99 36.20 0.99 36.30 0.99 36.40 0.99 
36.50 0.99 36.60 0.99 36.70 0.99 36.80 0.99 
36.90 0.99 37.00 0.99 37.10 0.99 37.20 0.99 
37.30 0.99 37.40 0.99 37.50 0.99 37.60 0.99 
37.70 0.99 37.80 0.99 37.90 0.99 38.00 0.98 
38.10 0.98 38.20 0.98 38.30 0.98 38.40 0.98 
38.50 0.98 38.60 0.98 38.70 0.98 38.80 0.98 
38.90 0.98 39.00 0.98 39.10 0.98 39.20 0.98 
39.30 0.98 39.40 0.98 39.50 0.98 39.60 0.98 
39.70 0.98 39.80 0.98 39.90 0.98 40.00 0.98 
40.10 0.98 40.20 0.98 40.30 0.98 40.40 0.98 
40.50 0.98 40.60 0.98 40.70 0.98 40.80 0.98 
40.90 0.98 41.00 0.98 41.10 0.98 41.20 0.98 
41.30 0.98 41.40 0.98 41.50 0.98 41.60 0.98 
41.70 0.98 41.80 0.98 41.90 0.98 42.00 0.98 
42.10 0.98 42.20 0.98 42.30 0.98 42.40 0.98 
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NP% Icre/Icr NP% Icre/icr NP% - Icre/Icr NP% Icre/icr 
42.50 0.98 42.60 0.98 42.70 0.98 42.80 0.98 
42.90 0.98 43.00 0.98 43.10 0.98 43.20 0.98 
43.30 0.98 43.40 0.98 43.50 0.98 43.60 0.98 
43.70 0.98 43.80 0.98 43.90 0.98 44.00 0.98 
44.10 0.98 44.20 0.98 - 44.30 0.98 44.40 0.98 
44.50 0.98 44.60 0.98 44.70 0.98 44.80 0.98 
44.90 0.98 45.00 0.98 45.10 0.98 45.20 0.98 
45.30 0.98 45.40 0.98 45.50 0.98 45.60 0.98 
45.70 0.98 45.80 0.98 45.90 0.98 46.00 0.98 
46.50 0.98 46.60 0.99 46.70 0.99 46.80 0.99 
46.90 0.99 47.00 0.99 47.10 0.99 47.20 0.99 
47.30 0.99 47.40 0.99 47.50 0.99 47.60 0.99 
47.70 0.99 47.80 0.99 47.90 0.99 48.00 0.99 
48.10 0.99 48.20 0.99 48.30 0.99 48.40 0.99 
48.50 0.99 48.60 0.99 48.70 0.99 48.80 0.99 
48.90 0.99 49.00 0.99 49.10 0.99 49.20 0.99 
49.30 0.99 49.40 0.99 49.50 0.99 49.60 0.99 
49.70 0.99 49.80 0.99 49.90 0.99 50.00 0.99 
50.10 0.99 50.20 0.99 50.30 0.99 50.40 0.99 
50.50 0.99 50.60 0.99 50.70 0.99 50.80 0.99 
50.90 0.99 51.00 0.99 51.10 0.99 51.20 0.99 
51.30 0.99 51.40 0.99 51.50 0.99 51.60 0.99 
51.70 0.99 51.80 0.99 51.90 0.99 52.00 0.99 
52.10 0.99 52.20 0.99 52.30 0.99 52.40 0.99 
52.50 0.99 52.60 0.99 52.70 0.99 52.80 0.99 
52.90 0.99 53.00 0.99 53.10 0.99 53.20 0.99 
53.30 0.99 53.40 0.99 53.50 1.00 53.60 1.00 
53.70 1.00 53.80 1.00 53.90 1.00 54.00 1.00 
54.10 1.00 54.20 1.00 54.30 1.00 54.40 1.00 
54.50 1.00 54.60 1.00 54.70 1.00 54.80 1.00 
54.90 1.00 55.00 1.00 55.10 1.00 55.20 1.00 
55.30 1.00 55.40 1.00 55.50 1.00 55.60 1.00 
55.70 1.00 55.80 1.00 55.90 1.00 56.00 1.00 
56.10 1.00 56.20 1.00 56.30 1.00 56.40 1.00 
56.50 1.00 56.60 1.00 56.70 1.00 56.80 1.00 
56.90 1.00 57.00 1.00 57.10 1.00 57.20 1.00 
57.30 1.00 57.40 1.00 57.50 1.00 57.60 1.00 
57.70 1.00 57.80 1.00 57.90 1.00 58.00 1.00 
58.10 1.01 58.20 1.01 58.30 1.01 58.40 1.01 
58.50 1.01 58.60 1.01 58.70 1.01 58.80 1.01 
58.90 1.01 59.00 1.01 59.10 1.01 59.20 1.01 
59.30 1.01 59.40 1.01 59.50 1.01 59.60 1.01 
59.70 1.01 59.80 1.01 59.90 1.01 60.00 1.01 
60.10 1.01 60.20 1.01 60.30 1.01 60.40 1.01 
60.50 1.01 60.60 1.01 60.70 1.01 60.80 1.01 
60.90 1.01 61.00 1.01 61.10 1.01 61.20 1.01 
61.30 1.01 61.40 1.01 61.50 1.01 61.60 1.01 
61.70 1.01 61.80 1.01 61.90 1.01 62.00 1.02 
62.10 1.02 62.20 1.02 62.30 1.02 62.40 1.02 
62.50 1.02 62.60 1.02 62.70 1.02 62.80 1.02 
62.90 1.02 63.00 1.02 63.10 1.02 63.20 1.02 
63.30 1.02 63.40 1.02 63.50 1.02 63.60 1.02 
63.70 1.02 63.80 1.02 63.90 1.02 64.00 1.02 
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APPENDIX B2 

The Listing of Prog. 3.3.1 



PROG. 3.3.1 
This program evaluates the upper and lower envelope values of a' required for the construction 
of Fig. 3.3.4 

IMPLICIT DOUBLE PRECISION(A-H, O-Z) 
DIMENSION HALPHL(35) 
REAL NP, NPC, NEWNP, LALPHU(35) 
OPEN(3, FILE=' OUTPUT', STATUS='UNKNOWN' ) 

* The program will now ask for the percentage of error to be allowed : 
WRITE(*, '(IX, A)')'Please enter % error to be allowed :' 
READ*, Seterr 
Seterr=Seterr/100. 

* The program will next assign values for np , np' and d'/d in a way 
* that np' is kept less than or equal to np and that the section 
* remains ductile : 

DO 50 I=2,64 
NP=I/100. 
DO 40 J=2,64 
NPC=J/100. 
IF(NPC. GT. NP) GO TO 40 
IF(I. GT. (32.0+J)) GO TO 40 
DO 30 K=1,35 
ID=O 
IF(K. EQ. 1) THEN 
DRATIO = 0.03 
ELSE 
DRATIO=DRATIO+0.01 
END IF 

*The program will now commence processing the solution : 
X=-(NP+NPC)+SQRT((NP+NPC)* *2+2*NP+2*NPC*DRATIO) 
XICR=(X* *3)/3. +NPC*(X-DRATIO)* *2+NP*(1-X)* *2 
Rb1=1.0 
A1=0.0 
B1=0.0 
NEWNP=100. *NP 
ICOUNT=O 

20 ICOUNT=ICOUNT+1 
21 IF(NEWNP. LE. 1.9) THEN 

A=0.003 
B=0.095 
ELSE IF((NEWNP. GT. I. 9). AND. (NEWNP. LE. 5.0)) THEN 
A=0.05 
B=0.07 
ELSE IF((NEWNP. GT. 5.0). AND. (NEWNP. LE. 17.0)) THEN 
A=0.16 
B=0.05 
ELSE IF((NEWNP. GT. 17.0). AND. (NEWNP. LE. 32.0)) THEN 
A=0.50 
B=0.03 
ELSE 
A=0.8 
B=0.02 
END IF 
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IF(ID. EQ. 1) GO TO 23 
IF(ID. EQ. 2) GO TO 25 
Rb2=(12. *XICR-B * 100. *NP)/A 
IF(ICOUNT. EQ. 10) THEN 
A=(A+A 1)/2. 
B=(B+B 1)/2. 
Rb2=(12. *XICR-B* 100. *NP)/A 
ELSE 
IF(ABS(Rb2-Rb1). GT. 0.0) THEN 
Al=A 
B 1=B 
NEWNP=100. *NP/Rb2 
Rb 1=Rb2 
GO TO 20 
END IF 
END IF 
ALPHAE=(Rb2-1)/(100. *NPC/DRATIO) 
ID=1 
ALPHAU=ALPHAE 

22 ALPHAU=ALPHAU+0.000001 
Rb2=1+ALPHAU* 100. *NPC/DRATIO 
NEWNP=100. *NP/Rb2 
GO TO 21 

23 XICRe=(A+B*100. *NP/Rb2)*Rb2/12. 
error=XICRe/XICR-1 
IF(DABS(error). LT. Seterr) GO TO 22 
ID=2 
ALPHAL=ALPHAE 

24 ALPHAL=ALPHAL-0.000001 
Rb2=1+ALPHAL* 100. *NPC/DRATIO 
NEWNP=100. *NP/Rb2 
GOTO21 

25 XICRe=(A+B*100. *NP/Rb2)*Rb2/12. 
error=XICRe/XICR-1 
IF(DABS(error). LT. Seterr) GO TO 24 
IF(I. EQ. 2) THEN 
LALPHU(K)=ALPHAU 
HALPHL(K)=ALPHAL 
ELSE 
LALPHU(K)=DMIN 1(LALPHU(K), ALPHAU) 
HALPHL(K)=DMAX I (HALPHL(K), ALPHAL) 
END IF 

30 CONTINUE 
40 CONTINUE 
50 CONTINUE 

* Now that the solution processing is over the values of the upper and the 
* lower envelopes will be determined and stored in a file called "OUTPUT": 

Seterr=Seterr* 100. 
WRITE(3, '(5(/), T23, A, //, T26, A, 1X, F4.1, IX, A)')'Values of The Upper 

*And Lower Envelope of, '% Error Allowed in Icre =', Seterr, '%' 
WRITE(3, '(//T20,3(A, 3X))')'d"/d', 'Upper Envelope Value', 'Lower En 

*velope Value' 
DO 60 K=1,35 
IF(K. EQ. 1) THEN 
DRATIO=0.03 
ELSE 
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DRATIO=DRATIO+0.01 
END IF 
WRITE(3, ' (T20, F4.2,9X, F8.6,15X, F8.6)' )DRATIO, LALPHU(K), HALPHL(K) 

60 CONTINUE 
WRITE(3, ' (//T 15, A/T 15, A//T 15, A//T 16A, F4.1, A//T 15, A//T 16A, F4.1, A//T 
* 15, A//T35, A)')'Notes : ', '------ ', ' 1. Upper envelope values corresp 
*ond to a max. (+) error', ' in Icre of, Seterr, '%', '2. Lower envelop 
*e values correspond to a max. (-) error', ' in Icre of, Seterr, '%', 
*'3. Error in Icre is defined as : ', '(Icre/Icr-1)*100' 
STOP 
END 
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APPENDIX B3 

The Listing of Prog. 3.3.2 and its Output 



PROG. 3.3.2 
This program evaluates the cracked transformed moment of inertia of the equivalent section for a doubly 
reinforced rectangular section using cC of Eq. 3.3.7 and compares the results with the exact value. It also 
studies the effect of neglecting compression reinforcement. 

IMPLICIT DOUBLE PRECISION(A-H, O-Z) 
DIMENSION SAND(35,700), error(35,700), M(35), ID(35,700), IDerr(35,700 

*), DR(10), DEPTH(10), RIGICR(10), RICRe(10), RNPCO( I0), IFLAG(10), JFLAG( 
* 10), INDEX(35) 
CHARACTER SAND*5 
REAL NP, NPC, NWRICR, NEWNP, NPe, MODNP(64), IFLAG, JFLAG 
OPEN(3, FILE=' OUTPUT' , STATUS='UNKNOWN' ) 

C The program will now read np , np' and d'/d . Any section that is 
C found unductile is ignored. 

NPe=0.0 
DO 15 I=1,700 
DO 10 K=1,35 
M(K)=0 
ID(K, I)=0 
error(K, I)=0 
INDEX(K)=0 

10 CONTINUE 
15 CONTINUE 

WRITE(*, '(1X, A)')'How many cases are to be given as examples (max. 
* of 10)? ' 
READ*, MXCASE 
WRITE(*, '(1X, A/8X, A, 7(/12X, A))')'For each case please give np, np" 
* and d"/d . Enter one combination per line', 'Notes np shou 
*ld always be greater than or equal to np"', '2. Subject to the co 
*ndition above , np and np" can', ' have any value (in an icrement 
* of 1) from 2 to 64', '3. d"/d should be chosen using icrements of 
* 0.01 in', ' the range from 0.03 to 0.37 

. Values outside this', ' 
* range must not be used' 
DO 16 ICASE=I, MXCASE 
READ*, IFLAG(ICASE), JFLAG(ICASE), DR(ICASE) 

16 CONTINUE 
WRITE(*, '(A)')'*==_____The program is running pleas 

*e wait 
DO 50 1=2,64 
NP=I/100. 
DO 40 J=2,64 
NPC=J/ 100. 
IF(NPC. GT. NP) GO TO 40 
IF(I. GT. (32.0+J)) THEN 

C*****This section is not ductile and thus will not be considered . 
GO TO 4 
END IF 
DO 30 K=1,35 
IF(K. EQ. 1) THEN 
DRATIO = 0.03 
ELSE IF(K. EQ. 8) THEN 
DRATIO=0.1 
ELSE 
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DRATIO=DRATIO+0.01 
END IF 

C Now that all the parameters have been read b' will be evaluated and 
C npb/b' will be calculated as NEWNP. The parameters required for the 
C evaluation of Icre will also be found : 

IF((DRATIO. GE. 0.065). AND. (DRATIO. LE. 0.305)) THEN 
APRIME=0.37 
ELSE 
APRIME=0.25 
END IF 
BPRIME=I+APRIME*NPC/DRATIO 
NEWNP=100. *NPBPRIME 
IF(NEWNP. LE. 1.9) THEN 
A=0.003 
B=0.095 
ELSE IF((NEWNP. GT. 1.9). AND. (NEWNP. LE. 5.0)) THEN 
A=0.05 
B=0.07 
ELSE IF((NEWNP. GT. 5.0). AND. (NEWNP. LE. 17.0)) THEN 
A=0.16 
B=0.05 
ELSE IF((NEWNP. GT. 17.0). AND. (NEWNP. LE. 32.0)) THEN 
A=0.50 
B=0.03 
ELSE 
A=0.8 
B=0.02 
END IF 

C The program will now evaluate Icr , Icre and Icr when compression 
C reinforcement is ignored (stored in "Icr, np'=0") and will print the 
C ratios of the values relative to Icr . 

X=-(NP+NPC)+SQRT((NP+NPC)* *2+2*NP+2*NPC*DRATIO) 
XO=-NP+SQRT(NP* *2+2*NP) 
XICR=(X**3)/3. +NPC*(X-DRATIO)* *2+NP*(1-X)* *2 
OICR=(XO**3)/3. +NP*(1-XO)**2 
XIcre=(A+B * NE W NP) *B PRIME/ 12. 
NWRICR=Xlcre/XICR 
ROICR=OICR/XICR 
DH=1/(1+DRATIO) 
XIG=((1+DRATIO)* *3)/12 
XIGRAT=XIG/XICR 

C*****The following 13 lines relate only to the sections used in the 
C*****examples which are provided to illustrate the computations involoved 
C***** in the program : 

DO 17 ICASE=I, MXCASE 
III=NP* 100000. 
JJJ=NPC* 100000. 
IIFLG=IFLAG(ICASE)* 1000. 
JJFLG=JFLAG(ICASE)* 1000. 
IF((IH. EQ. IIFLG). AND. (JJJ. EQJJFLG)) THEN 
IDRAT=DRATIO* 1000. 
IDR=DR(ICASE)* 1000. 
IF(IDRAT. EQ. IDR) THEN 
INDEX(ICASE)=1 
DEPTH(ICASE)=DH 
RIGICR(ICASE)=XIGRAT 
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MODNP(ICASE)=NEWNP 
RICRe(ICASE)=NWRICR 
RNPCO(ICASE)=ROICR 
END IF 
END IF 

17 CONTINUE 
C*************************************************************************C 

Ierror=(NWRICR-1)* 1000. 
Ierror=lerror+400 
NPe=DMAX 1(NEWNP, NPe) 
DO 20 U=1,700 
IF(Ierror. NE. U) GO TO 20 
IF(ID(K, U). EQ. O) THEN 
M(K)=M(K)+1 
IDerr(K, U)=M(K) 
error(K, M(K))=(Ierror-400)/ 10. 
IF(XIGRAT. GE. 1.0) THEN 
ID(K, U)=1 
SAND(K, M(K))='Yes' 
ELSE 
ID(K, U)=2 
SAND(K, M(K))='No' 
END IF 
ELSE IF(ID(K, IJ). EQ. 2) THEN 
IF(XIGRAT. GE. 1.0) THEN 
ID(K, U)=1 
SAND(K, IDerr(K, U))='Yes' 
END IF 
END IF 

20 CONTINUE 
30 CONTINUE 
40 CONTINUE 
50 CONTINUE 

DO 70 K=1,35 
IF(K. EQ. 1) THEN 
WRITE(3, '(7(/))') 
ICOUNT=O 
DRATIO=0.03 
END IF 
IF(K. NE. 1) DRATIO=DRATIO+0.01 
ICOUNT=ICOUNT+1 
WRTTE(3, ' (2(/), 65X, A, 1 X, F4.2, /)' )'When d"/d =', DRATIO 
WRITE(3,55) 

55 FORMAT(1OX, 7('% error Ig>Icr? ', 3X)) 
DO 65 I=1, M(K) 
IF(I. EQ. 1) I1=1 
IF(I. NE. 1) 11=II+7 
U=1*7 
IF(U. GT. M(K))U=M(K) 
IF(II. GT. M(K)) GO TO 65 
WRITE(3,60)(error(K, J), SAND(K, J), J=II, IJ) 

60 FORMAT(11X, 7(F5.1,4X, A, 5X)) 
65 CONTINUE 

IF(K. EQ. 35) GO TO 70 
IF((ICOUNT. EQ. 3). OR. (K. EQ. 2)) THEN 
ICOUNT=O 
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WRTFE(3, ' (1 H 1,7(/))') 
END IF 

70 CONTINUE 
WRITE(3, '(2(/), 64X, A, F5.2)')'Max NPb/b" is ', NPe 
WRITE(3,75) 

- 75 FORMAT(T64,21('-')) 
WRI TE(3, '(1 H 1,7(/))' ) 
WRITE(3, '(15X, AJ/I5X, A, //15X, A)')'The followings are printed "on 
*ly as typical cases " that are ', 'used in the examples to illustr 
*ate the computaions involved ', 'in the program :' 
DO 80 I=1, MXCASE 
WRITE(3, '(//15X, A, F5.2, A, F5.2, A, F5.3, A)')'When NP = ', IFLAG(I), '% 

*, NP" = ', JFLAG(I), '% and d"/d = ', DR(I), ' :' 
IF(INDEX(I). EQ. 1) THEN 
WRITE(3, ' (/25X, 5(A, 3X))' )' d/h', ' Ig/Icr', ' NPb/b"', ' Icre/Icr', ' (Icr 

*, NP"=0)/Icr' 
WRITE(3, '(/25X, F4.2,2X, F5.2,4X, F5.2,6X, F5.3, lOX, F4.2)')DEPTH(I), RI 

*GICR(I), MODNP(I), RICRe(I), RNPCO(I) 
ELSE 
IF(IFLAG(I). GT. (32.0+JFLAG(I))) THEN 
WRTTE(3, '(/25X, A)')'This section is not ductile and thus ignored' 
ELSE 
WRITE(3, '(/25X, A)')'The program does not consider such a section' 
END IF 
END IF 

80 CONTINUE 
WR TE(3, '(///)') 
STOP 
END 
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OUTPUT OF PROG. 3.3.2 
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APPENDIX B4 

The Listing of Prog. 3.3.3 and its Output 



PROG. 3.3.3 
This program is same as PROG. 3.3.2 except that a' is now based on Eq. 3.3.8 

IMPLICIT DOUBLE PRECISION(A-H, O-Z) 
DIMENSION SAND(35,700), error(35,700), M(35), ID(35,700), IDerr(35,700 
*), DR(10), DEPTH(10), RIGICR(10), RICRe(10), RNPCO(10), IFLAG(10), JFLAG( 
* 10), INDEX(35) 
CHARACTER SAND*5 
REAL NP, NPC, NWRICR, NEWNP, NPe, MODNP(64), IFLAG, JFLAG 
OPEN(3, FILE=' OUTPUT', STATUS='UNKNOWN' ) 

C The program will now read np , np' and d'/d 
. Any section that is 

C found unductile is ignored. 
NPe=0.0 
DO 15 I=1,700 
DO 10 K=1,35 
M(K)=0 
ID(K, I)=0 
error(K, I)=0 
INDEX(K)=0 

10 CONTINUE 
15 CONTINUE 

WRITE(*, '(lX, A)')'How many cases are to be given as examples (max. 
* of 10)? ' 
READ*, MXCASE 
WRITE(*, '(1X, A/8X, A, 7(/12X, A))')'For each case please give np, np" 
* and d"/d . Enter one combination per line', 'Notes np shou 
*ld always be greater than or equal to np"', '2. Subject to the co 
*ndition above , np and np" can', ' have any value (in an icrement 
* of 1) from 2 to 64', '3. d"/d should be chosen using icrements of 
* 0.01 in', ' the range from 0.03 to 0.37 

. Values outside this', ' 
* range must not be used' 
DO 16 ICASE=I, MXCASE 
READ*, IFLAG(ICASE), JFLAG(ICASE), DR(ICASE) 

16 CONTINUE 
WRITE(*, '(A)')'*___=___-__=_= The program is running pleas 

*e wait 
DO 50 1=2,64 
NP=I/100. 
DO 40 J=2,64 
NPC=J/100. 
IF(NPC. GT. NP) GO TO 40 
IF(I. GT. (32.0+J)) THEN 

C*****This section is not ductile and thus will not be considered . GO TO 40 
END IF 
DO 30 K=1,35 
IF(K. EQ. 1) THEN 
DRATIO = 0.03 
ELSE IF(K. EQ. 8) THEN 
DRATIO=0.1 
ELSE 
DRATIO=DRATIO+0.01 
END IF 
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C Now that all the parameters have been read b' will be evaluated and 
C npb/b' will be calculated as NEWNP. The parameters required for the 
C evaluation of Icre will also be found : 

APRIME=(3. /5000. +(1/20. )*(DRATIO*(1-2*DRATIO)* *2. ))* 100. 
BPRIME=I+APRIME*NPC/DRATIO 
NEWNP=100. *NPBPRIME 
IF(NEWNP. LE. 1.9) THEN 
A=0.003 
B=0.095 
ELSE IF((NEWNP. GT. 1.9). AND. (NEWNP. LE. 5.0)) THEN 
A=0.05 
B=0.07 
ELSE IF((NEWNP. GT. 5.0). AND. (NEWNP. LE. 17.0)) THEN 
A=0.16 
B=0.05 
ELSE IF((NEWNP. GT. 17.0). AND. (NEWNP. LE. 32.0)) THEN 
A=0.50 
B=0.03 
ELSE 
A=0.8 
B=0.02 
END IF 

C The program will now evaluate Icr , Icre and Icr when compression 
C reinforcement is ignored (stored in "Icr, np'=0") and will print the 
C ratios of the values relative to Icr . 

X=-(NP+NPC)+SQRT((NP+NPC)* *2+2*NP+2*NPC*DRATIO) 
XO=-NP+SQRT(NP* *2+2*NP) 
XICR=(X* *3)/3. +NPC*(X-DRATIO)* *2+NP*(1-X) **2 
OICR=(XO* *3)/3. +NP*(1-XO)* *2 
Xlcre=(A+B *NEWNP)*BPRIME/ 12. 
NWRICR=Xlcre/XICR 
ROICR=OICR/XICR 
DH=1/(1+DRATIO) 
XIG=((1+DRATIO)* *3)/ 12 
XIGRAT=XIG/XICR 

C*****The following 13 lines relate only to the sections used in the 
C*****examples which are provided to illustrate the computations involoved 
C***** in the program : 

DO 17 ICASE=I, MXCASE 
III=NP* 100000. 
JJJ=NPC* 100000. 
IIFLG=IFLAG(ICASE)* 1000. 
JJFLG=JFLAG(ICASE)* 1000. 
IF((III. EQ. IIFLG). AND. (JJJ. EQ. JJFLG)) THEN 
IDRAT=DRATIO* 1000. 
IDR=DR(ICASE)* 1000. 
IF(IDRAT. EQ. IDR) THEN 
INDEX(ICASE)=1 
DEPTH(ICASE)=DH 
RIGICR(ICASE)=XIGRAT 
MODNP(ICASE)=NEWNP 
RICRe(ICASE)=NWRICR 
RNPCO(ICASE)=ROICR 
END IF 
END IF 

17 CONTINUE 
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C*************************************************************************C 
Ierror=(NWRICR-1)* 1000. 
Ierror=lerror+400 
NPe=DMAX1(NEWNP, NPe) 
DO 20 U=1,700 
IF(Ierror. NE. U) GO TO 20 
IF(ID(K, U). EQ. 0) THEN 
M(K)=M(K)+1 
IDerr(K, U)=M(K) 
error(K, M(K))=(Ierror-400)/ 10. 
IF(XIGRAT. GE. 1.0) THEN 
ID(K, U)=1 
SAND(K, M(K))='Yes' 
ELSE 
ID(K, U)=2 
SAND(K, M(K))='No' 
END IF 
ELSE IF(ID(K, U). EQ. 2) THEN 
IF(XIGRAT. GE. 1.0) THEN 
ID(K, U)=l 
SAND(K, IDerr(K, U))='Yes' 
END IF 
END IF 

20 CONTINUE 
30 CONTINUE 
40 CONTINUE 
50 CONTINUE 

DO 70 K=1,35 
IF(K. EQ. 1) THEN 
WRIH(3, '(7(/))') 
ICOUNT=O 
DRATIO=0.03 
END IF 
IF(K. NE. 1) DRATIO=DRATIO+0.01 
ICOUNT=ICOUNT+l 
WRITE(3, '(2(/), 65X, A, 1X, F4.2, /)')'When d"/d =', DRATIO 
WRITE(3,55) 

55 FORMAT(1OX, 7('% error Ig>Icr? ', 3X)) 
DO 65 I=1, M(K) 
IF(I. EQ. 1) II=1 
IF(I. NE. 1) 11=11+7 
U=I*7 
IF(U. GT. M(K))U=M(K) 
IF(II. GT. M(K)) GO TO 65 
WRITE(3,60)(error(K, J), SAND(K, J), J=II, U) 

60 FORMAT(I IX, 7(F5.1,4X, A, 5X)) 
65 CONTINUE 

IF(K. EQ. 35) GO TO 70 
IF(ICOUNT. EQ. 3) THEN 
ICOUNT=O 
WRITE(3, ' (I H 1,7(/))' ) 
END IF 

70 CONTINUE 
WRITE(3, '(2(/), 64X, A, F5.2)')'Max NPb/b" is ', NPe 
WRITE(3,75) 

75 FORMAT(T64,21('= )) 
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WRITE(3, '(I H 1,7(/))') 
WRITE(3, '(15X, A, //15X, AJ/15X, A)')'The followings are printed "on 

*ly as typical cases " that are ', 'used in the examples to illustr 
*ate the computaions involved ', 'in the program :' 
DO 80 I=1, MXCASE 
WRITE(3, ' (// 15X, A, F5.2, A, F5.2, A, F5.3, A)')'_When NP = ', IFLAG(I), ' % 
*, NP" = ', JFLAG(I), ' % and d"/d = ', DR(I), ' :' 
IF(INDEX(I). EQ. 1) THEN 
WRITE(3, ' (/25X, 5 (A, 3X))' )'d/h', ' Ig/Icr', ' NPb/b"', ' Icre/Icr', ' (Icr 
*, NP"=O)/Icr' 
WRITE(3, '(/25X, F4.2,2X, F5.2,4X, F5.2,6X, F5.3, l OX, F4.2)')DEPTH(I), RI 

*GICR(I), MODNP(I), RICRe(I), RNPCO(I) 
ELSE 
IF(IFLAG(I). GT. (32.0+JFLAG(I))) THEN 
WRITE(3, '(/25X, A)')'This section is not ductile and thus ignored' 
ELSE 
WRITE(3, '(/25X, A)')'The program does not consider such a section' 
END IF 
END IF 

80 CONTINUE 
WRI TE(3, '(///)') 
STOP 
END 
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OUTPUT OF PROG. 3.3.3 

C'. 
AWNWNWOWOOOOOOOOO 

01>+>4 >4 >4 > z>4zzzZZZZZZ 
H 

w ocV ýn m. j ao"+M Von o oko i oo Ln 
................ 
q r4 e-1 mm -M N . -i e-1 r4 ý4 "v l(1 l(1 1o 

NIIIIII 

dv 
n. 
H 
U 
HNNNNNN 

b1ýH i+>+>4 >4 >4 ZZZZZZZZZZ 
H 

w O t11 O [ý f+1 lý %0 lD N ri " Ln Co 01 O r- er 
H................ 
s, nN rl N en 0 Vý NNONN en Ui Ui %0 

aD 
M 
º1 
HNNNNNNN 

0>4>4>4>4>4 
>4>4 ZZZZZZZZZ 

H 

ºI Or Vß '-1 l- in m in . -1 (V a0 eN In in 0% w in 
H 
º1 N r4 fV fV ri «e -4 in in O rn r-t e -N Ln W 
N1111111 

op 

1a 

HNNwMNNNN 

H 
>4 >4 %4 :4 >4 >4 >4 >4 ZZZZZ 

N NIT. -IU11.1mrl4%D%0 co en c 

N111111 

dP 

id 
U 

A 01 41 NNNN0W00000 

N4 -e en L1W C4 cn co 

Nil fýl-0 
j 

u; f+1 rl f+1 N NM 

dP 

n. 
N 
U 
HNNN U] 91 WN 

o -i NO V'. -1 N Ul 01 m Oi m 00 N V' 

N 
If 

N r9 '' 10 0ON . -1 0NM 1M 

dP 

n M 
it H 

O HNNNWN to to O HNNWMN to W Ol 0 
ý 

O H>4 i4>4 i4 >+ y4 i4 irZZZZZ'Z. Z'Zi O H> +>4>4 >4 >4>4>4z'Z, Z"zizz O 

II II p 
ro P 10 $4 

oo tf/ %D On %o N c"1 On [- OO CO Oh l- Ln c4 o O co N cn \O N cp O -w co VI 01 %o l0 m 
ro 

l 4 ; 14 
qj t4 N '; l! 1 ýO r1 1-I ON 11 

4O 
.iN1 N' 'd 14 ý-1 ý-I NNM ri 1! 1 00 -I O r-I f+l ap b 

4) 
9 

dp a) 
9 

ap a) 
9 

n" P. 
1a N 

U 
H Ul NNNNN Vl 

>4 
H tll W VI NNNNN 

i+ i+ i+ %4 i+ i+ zzzzZZZZZ 
H 

H i+ >4 i+ 
>^ 

i4 >4 
>1 

>4 ZZZZ: 4 Z. 

O rl O1 rl O Vv rl r4 NN %D to co N 00 '0 e-1 0HN If1 00 O %o TO e-1 eN to %o V1 N 14 
p . -1 OOmmOm1; ul '. O 

11 
H . -1 ONN CV ON CV OM s' Q )l IIIItI tV IIIII1I 

dP dP 

1%" 
U 

HNNNNNN 

b)>4>4>+>4 >4 >4 ZZZZZZZZZZZ 
H 

h 

V 
HNNN UJ Ul M U) N 
AWW WO WG/GIWOOO000 
H>4 >4 >4 >4 >4 >4 >4 >+ ZZZZZZ 

N OO OD (n U1 NO UI V' . -I 0 N1 /0 (f t' ß+1 0N 
W 
1i r4 NOOm V. VeOOOMN -oe Ln t0%0 
G) 11111111 

dP 

C- 
p 
U 

NNNNNNNN 
Öi>4>4i4i4>4>4>4>4ZZZZZZZZZ 

H 

N O O, Vv a001 m(n v4 N Ln t- v%o va -j N (yN %o 
................. N 

wiNOOmma ý' OONmvv U) Ln %D 
Q) 11111 

cop 
Appendix B4 

N oorH ornLnen vLnNO('4 '4 00 . 
-4 H inin ' ý4 .A C4 0M fn 1r 

in 4) 111Iii 

dP 

C'. w U 
HNNNWN Vl {O W 

H %4 i4 >4 >4 >4 >4 >4 >4 ZZZZZZ 

H 
0N Nm N co e} O% Nm O co N NO 

Q) 
NNO (l m cr NO e-1 OONO V0 

dP 

o. 
H 
U 
HtAMEn mm )U)U1M 

H 

H 
oLlao -4tNcocn ivo rco 

M"i 0 t+1 Mm' 00 NN rl 

op 

C'. 
v HN U) U) N VI V1 V1 N 

tU>4>4>4>4>4>4>44>4Z0 ZZZ 
H 

H 
20NNýOIýG. . NNt1. 

.. 
14 rl 1-1 HmN sr . t) e-4 0H0m 
Gl 11111t111 

ap 

n" 

U 
HNNNNNNNNN 

H 

N 2N tM if1 fl NN 01 . -I U1 0N 01 

NNE-IN r+1 t' C4 NC; 
W1111111 

ap 

H 
u 

H: '4i4>4>4>44>4 >4 >4 : 4ZZZ 

NH O . -1 t0 f+1 1 %O 01 'V 
.mNO. 

O 

NN Nm Výý-IOe-I OOrI 
0) 1I111111 

dP 

M 

U 
HNNNNNNNNN 

tMä4>4>4>4>4>44>>4>4ZZZ 
H 

N N to ri M co O in mNN eN IN co 

11 i-1 e-1 0N V' v rl ll1 Ni -I '-1 N 
W1 11 1I1 

dP 

M 

U 
HNNNNNNNNN 

rnä4>4>4ä4>4ä >4>4> zzz 
H 

N 
Hm 

%0 . -1 o rn %0 t+1 NM Co rl 

4O0O (fl rn ONNNO. -1 N1111111t 

ar 

n" 

Mu NNNNNNNNNN 
%4 >4 i4 'i4 >4 >4 >4 >4 : '4 >4 ZZ 

N 
o Ln eN Ui Nv f'1 O 00 N 0O %o 01 

'IN NOm (n v Ui rl ONHH 
C) 11111111 

dP 

B4-5 



n" 

HNNNNNNNNNN 

A >4>4>4>4>4>4>4>4>4>4z° t3l 
H 

N 
º4 
Hu NNNNNNNNN 
A ö, 

ä4ä4>4ä4ä4>4>4>4>4Z 
H 

n. 
H 
U 
HNNNNNNNU 
A >4>4>4>4>4>4>4>4xz° 
H 

y4 N {"1 
0MN Ve V0 NMH e-1 Cn GO UY 0H LO > Ln NMMN Co '-1 

N 
C% CO 01 V0 O UI N !, N'-I 

i. l e-1 ri ry M Vý M rl O e-1 r-1 ON r1 O "; M4 e-1 ON 34 OO e"1 M aT e} O'-1 N ý-/ 
C )t 111111I1 N( 111111011111111 

dp dP dP 

n, h r- 

wvü HNyy 
(n y U) yW tq HyyyyyyyyyH VI yyyyyyy 

A 9) 9) 9) U0 O7N0) (1)0) 00 A NGINNNNNG1N00 A U1WG1U1W(1G)U100 

H 

la 1.1 00 
e111 r-'-400 sP to OýOO 0[-NOe'-I r- in co eM MN M Ln HHMr. '0 M Ln m Co 

yý, lN,.. lryryýý000. -IN SJ O. -INM VýtM 000N0 W'i e-INMMerO NO'-1 
v1II1111INI11I111Iý1III111 

dp dP dP 

h ý" n" 
NN ý+ 

UU H 
pl yyNyyyyyHyyyym to yyyHyyy tll yy to yy 

A NOINNNUI 
4>4>I 

A NNNN Q) VNNNNN0 A NNUIG1NOlG1NG10 

H 

N 31 
O OD r- %D 0% O [- HM I- O cý 0 Co C1 N %0 O 10 C1 '-1 Co ý-i e00O rm r- UN M rý "4 e r-4 

NN Vý Vý u1 . "'1 O . -1 O 1ý ý-I ONN Vý Vý eM OO . -1 O ý-1 rl NNM tN eN O e-1 N 
v11I1III1v11111111 

de dP dP 

hhh 
N4 k4 N 

t- U Co u to U 
OHy t/l yyyy tll tll yOHyyyyyyy to yOHy fll to f11 yyyyy 

A UINNNNNG1U1N00 A NNG1NNOlWO1N00 A NNNNNNGlGlWO 
O Hý>+5f ý>+>+ýý+>+'Z a7. O H>+i, ýi4i+iýD+D+D+'I. `ýi o H: D+:: >I: 1 
II II II 

10 $4 V $4 10 ý4 
O U1 Ul NO OD %0 T ý-1 V0 -1 M `, 0 IZ U1 V0 Co C1 Ln 1,1! 1 %D C1 MON 10 VI 01 CO O 10 Co N 01 

qj }. I '-1 '-1 OMM tip rN ý-1 ON 'C 1`I "-1 .-NNM eN NO e-I r-I r-t 'Ci 
vv 

e-1 ONNMN . -1 O ý-4 O 
111111 

$3 
41 1t1111 

UUU 
Hyyyyyy VI 

NN Q) 0) NOOHyyyyyyyyyy, 
Hyyyy to yyyy to 

A NNNNNN A NN UINUIGINWNNO A UINOIOINNVNW WO 

N *1 
O [- ONN If1 V1 00 MM co Mk 0 V0 O in OM c% Co Ne c> G� 0" U1 Ln "j r4 O %D M 01 tN %D 

N4 O e-I O f+1 M VA N ONO O $4 e-I '-I NMMN eN e-I NNO 14 c; -i c4 N1 NI N eN N e-I ON 
W1111111 

dP dp dP 

h 

UUÜ 
H O1 to yyyyyyyyHyyyyyy in yyNHyy to yyyyy fA 

t 
UINNNNUINNO7N00 A NNNNNIvNNNWO A NUING1WG101G1ei 00 

!a 
0 CO %m ýo r1 r- oa -o t0 w l- N C) w 10 e-i N Iý V0 00 ý-4 O> f+1 N t! 1 ONO ýO N CO O r1 to 1! 1 

º. 1000 MM Vito ON. -1 e4 N WOOD MM4 MNO riN Oý-1O 
v111111 Q) 1 mm eN '-1ONý-1O 1I11I1 

dP dp dP 

UUU 
H OI yyyyyyyyyHyyyyyyyyyyHy to yyyyyyy to 

t 
NNWNUINNNUIU)00 A NNNNNUJNNQ)ei OA NWUIN0) U1WG101a10 

H0 }I 
H 

rO r- cnc 

lO ('"1 01 ri ON ý U1 N e-I lJ1 N rI lO M 01 C De lfl tý 0M 10 -' l- U1 ýIMM t- l- O 
SdNNON M SM Vý e-1 'iNN'i 14 rl'-IOMM V .l rI ANO 

1111 
HMOOei fi -e ý-I r100N v1111111v111 4) 111111 

dP dp dP 

Appendix B4 B4-6 



HNNNNWW to WN HW to Nl IA NmNN HNNNNNNNNN 
NWO N ANNNW UJ W A 71 WW WWWW 4) N ANWWNWWWWW 

r ýý H i+ %4 >4 
r>4 

>4 %4 
.^ 

>4 >4 Z r+ H >4 >4 >+ 
I 

>4 
V+ 

>4 >1 >4 . H i+ i+ >4 >4 i4 >4 >4 
. 
>4 `^ 

. 

yý N N 
ll co 00 N co l- sr %D 00 IA NMNN0 . -1 1! mk O. I! O 0%0" OONC 14 

. . . O . . 
14 00 '-I en C4,414 NOH 1d OO ý1 eH .0NNO 1.4 OO 1-1 e '"1 -4 HNN 
WI1II11I Q1 IIIIII W1 

dp dP JP 

C, h r 
U $4 W 

U U HNNWNN 
I4 I/l NN HN tll NN Ul to VI NM fA H U) NNNNNN Vl (O 

O A NNG! OG1W WNN A NO1W W NNNNNN A NW WNWNN W W 
i ý i4 >4 i+ 

. 
>4 >4 >4 >4 i'4 i+ 

f. i 
>4 H 

rH 
i4 i4 i+ ii* 

. 
>4 >4 >4 > r ýr ý H i+ 

. 
>4 i+ >+ 

. 
%4 >4 

. 
7+ 

I" I. H 

Sý !I H 
t1l tO O rl co N" t'1 HN O Ln M If1 H OD ONcHV O Vi 01 m ri 10 N 10 lf1 tI 

14 HON In(n vON NN WOr-1H In t4N OHOO NOO. -1N In ONr'1 r1 
lV 111111 NI1I1111 111111 

dP OP dP 

C'. 
W 

('" 
1+ 

h 
1+ 

U U H 
ul NWlNNUU1N HNU1WMMV1mmNU1 U) 

ANNWNWNNNNO ANWWNNNNNNN AWNNWNW Q) N U! 
b) i4 il i4 i+ i+ i4 i4 i+ 

. 
>I Z bl: + >4 

. 
7+ i+ >4 %4 >4 i+ i4 i+ b) >4 

. 
%4 i+ >4 %4 i4 >+ >4 i+ 

H H H 

N 
ON In N /O NN H -0 m0 Ln ONNN0 tN W0 00 Vß'3 i 

H 
("'1 NW U1 1A Nv Ln e-1 

i 
i . -1 ONN In -0 HONH I N0NHM In H0HN0 1.1 0HHN In 0HOO 

WII11I11 WI1111 WIIIIIII 

dP dp dP 

h 1` h 
W FI 11 

ON U O U , -I U 
O HU)NNNNNNN W '-1 HMNVIMMNN W MU) ý-1 HUIwNWUl Wmmm 

O H>+i+i+i+ii >+z O H>+>+ >4 >4 i4 a4 a+: 4 : +>4 0 of>4>4! 4a4. sliHi4>+>+ 
II II 11 

'a H 'd f-1 11 
O1 kO [N t0 In cn O\ Ul C' O Cl %D 0% ko wO H Ln . -1 OO O 00 N 00 %O cM CO 01 O1 
14 .. }, N 
1. HHNN14N000H 'U I44H4NMHHN NH Rj w8 N-4 NIn 

4 
OH. -4 WI111111 Q) I1II1 4) 11111 

0 

1+ 
h 
14 

n. 
N 

U U U 
HUIWWNNNN tl lUlN HUmwmmWymmN HNN U1 UI to O1 NNN 
ANWNNNNNNNN ANNNNNNNNNN A Q) NvWWN G1 W G) 
H>4 >4 >4 a4 ia>4 i+>+ia>+ H>+>4ý">4 >+a4 >4 >4 i4 5, H>+>4>4a4>4 >4 a4a4>4 

1.1 Iy 14 
0NH U'1 ON U (n v V0 O Ln ON U1 O in N I+1 N 0O [N O LN n U1 %D . -1 m 

14 O . -1 NN In H VA NOO $4 OHNN In ;pONHH 
HOHNNM 

ý-l HHN 
Ill 111111 4) 1111 W1111I 

dP dp dP 

1`. Ný" N 
IH 14 M 
U U o 
HNNt/l tl lmNNUlNN 
A WWWWNWNNwv 

H Ul to ww fA Ul mctlm 
A NNN N Q)NNUINN 

H to wmm to tl1 NMN 
AW WQ! W WQJ WWWO H 

. 
>4 i+ %4 >4 >4 >4 >4 >4 i4 

.ß . ý" H >4 >4 >+ 
.^ 

>4 >4 >4 %4 >4 i4 " ýs >4 M >4 >4 
.4 

>4 >4 
V+ 4 >4 Z 

14 p N 
O 10 1o NO V* O (n HNt. 0 f"'1 I, m co sN 01 in v ¢M c% 0HNN co Nh .0NIH 4 

Vý `r OHH Sý OOO Nl t NOONN 14 en N ý-I OO 14 O ý-1 NN en M OOON WI1111 1U 11111111 1ý) 111I11 

dP dP dp 

C'. N N 
14 is 
U U 

U 

HNWmNNN U) WwN HWwNwmmO! N 0! N H Vl V1 V1 N U) UI V1 Ul N ANWNNWWNNNWO AN 4/ WvNNWWWW AWWNWNWNWWO H 
. 
>4 >4 i4 %4 >4 >4 %4 i4 i+ i+ H i+ 

. 
>4 %4 i+ i+ %4 :4 i4 y+ %4 t)l >4 %1 

.. +'+ %4 'i/ >4 >4 >4 y 
i, 1 H 

$4 14 H 
0100. -1 to (n Ch r1rm co O 000 O'. . 001 f+l N 0000 r- %D 0 Oh 1, N' 101 ri. 0%0 fy10000 

en HOH en cal NOHHH v en ONNMNOHHO tý1 OHO 4 ONNInN 

dP dP dp 

Appendix B4 B4_7 



M M M 

H 
HNNNN (1) NNN VI NNNNNNN 

HNNNNNNNN 

AN UI NNNNNW AWWWWWWNN ANWV N O) WWW 
H %4 i4 :+ '>4 i+ i4 >+ :4 >4 >4 %H i4 i4 >4 >4 ýi .. r` 

r4 
i+ 

r4 > 
:+ 'i4 i4 i4 

H H 

14 1"+ N 
0m N a%a%M 1i co %D O100' co NNLf1N O e-100 m kO a% m N%0 

wO1.1 ri N '-1 . -1 OO S-1 OO . -1 N eý N '-1 O IIOO rl rl r1 N . -i e-1 Q) I11111 vI1I1I1 Q) 1111 

dP dP dp 

M 
U 

('. M 
º1 

U 
HNNNNN U1 NV1 HN Ulm VI Nm U1 VI H V) to IA NNNNN 
ANNNWNNW GJ 
H %4 >+ r74 r'4 %H %4 >4 >4 

AWNNNNNNN 
H >4 >4 i4 >4 'N i4 i4 i'1 

A NNW WWNNN 
H 'N >1 >4 . >4 >4 >4 i4 

ý4 $4 
OO en 1 Ill dw ko V0 N Oq CA l0 00 ON co O I! 1 OMH lA VI h CO t. O IA 
14 ........ 14 ........ ........ wOONN rn 1-ION 140 e-I e10NN0 il O H-i N r4 C4 NN 

Ql 11I1I 

dP dP dp 

M M n. 
u 

U U 
H UI WWNNNNN 
ANWNNWNNWO 

H Ul Vl Ul N t! 1 01 NN 
A NNW WNWNN O 

HNNN 
IA ( UI N V) 

ANWWNWWNW 
H i4 >4 i+ i+ >' >4 %4 i4 Z ý s H. >4 i'4 'i4 i4 

. 
ý4 'i+ i'1 

Ri H' i+ i4 >4 
. 
7'1 >4 >4 i4 

>4 >4 

º1 14 N 
o LO In mw O'-1 Oa t(1 wO Ul 01 01 ONN 10 Oa m 0 a' O co UI -o O1 UO 0 
Id ONNNN e-1 O . -1 . -I 1.1 ONIN Nl INOO 14 O en 1N rl OIN 
NI1111I Q) IIIIII v11111 

dP dP dp 

r- 
11 

M 
1+ M 

1 
U 

e.. 4 NW (O N0NW VI M 
ANWNNNNNNW 

' 

rl HN U1 UI UI WNWN 
AWNNNNNN O1 O .i HNN U1 UI NN Vl UI 

AWWWWNWWNO 
O 4 >4 >4 H >4 %4 

. 
>4 >4 %4 i'1 

. O H 'i4 >4 'i4 
. 
i4 >4 i4 >+ 

. 
>4 Zi O H >4 >4 

. 
>4 

. 
>4 >4 %4 i4 zi 

11 II II 
ro ro b 

ON OD Ul rý mN '0 (n r- Ow 10 e-1 M . -i N Ul V. O H l! V o tD 01N f o VI e-. 

14 O e-1 ONmO1.4 e-1 . -1 ONNN f+l ON1 e-4 'd 
. .. . 

ONNNNO11I 

n' 
$4 

n' 
1-i $4 

HNW to NNNWWW 
ANWNNNNNNN 

HNNNNNN (n NN 
AWNWNNNWNN HNN U) M UI NNNN 

Ha4 >4 >4 i4 i4 i+a+a. a. H94 i4 a4 t*4 >4 >+aa4 i1 
ANWNNNWNNN 
Ha>4>4>4aa4>4>1>, 

01NN CO NVOV OD Om 00 N l(1 ONH q% f+1 
~ 

10 a%N r- mcoN (7% C-4 
O e-i ON (+1 . -1 NN0 WO . -1 NNm e-1 N . -I N O e-1 NNN rI NOO ý 

dP dP dp 

n" 
N 

n. 
N C'. 

N U 
HW 01 NWNNN U) N 
ANNNNNNNNN 

U 
HNW tl1 WNN tll NN 
ANNNWNUN U1 N 

U 
H Vl UI V1 NNN UJ NN 

0 >4 '+ i+ i' i+ i' i' i' i+ H" >+ ?/ '+ 
"'+ 

i+ ?+ 
ANNWNNWWWN 

i/ i, '+ '+ i4 ?4 'i4 i4 i4 H H 

14 
04 l- Lo In -I O t- u1 at 

$4 
OO fn %0 wo -0 N e-1 'i rf 

$4 
OOmNN rI NNH0 

140001-I MýiNN r1 14O. -IONN-I r10-1 N4 (D jOON. -IN O rj N1111 

OP dP dp 

M 
$4 

M 
ý4 h 

14 
U 
H to NNNNN VI 00 a) 
A NNNWGJW W NN 

' ' ' 

U 
H U1 V1 W p1 NNWN U1 
A WG! NG! WNNNW 

U 
H fA U1 NNN Ul N V1 N 
A NNWNNWNNW 

N . ý+ i+il i'4 . N. i'1 . H H. >4 i4 >4>4. >4 ýH>1 >1 'il H. >+i4 il i/. i'1 i4 >+ 

0. 
-d v mNOLn 00. -10 

ON 
OD NN ONO.. Om 00m OInwO r-1 nwD 

" CD C) -4 0) 
111 

l+l 1)14 N14 vcpOONN'-Ir-1 
'i0 ý4 101 OOe NONOO 

WI W111 

dP dP op 

Appendix B4 
B4-8 



C, 
N 

n" 
Ü 

C'" 
Ü 

H 
Al NNWNWNN H Ul NNNN UJ NN N 71 NMmNNN 

ANNNNWNNN ANWWNWNNN ANNN O1 WW C1 W 
i4 i4 >+ i4 i4 %4 :4 i'4 H 

. 
74 

. 
"11 >4 

. 
>4 >4 i4 i4 i+ H i'1 i4 i4 >4 >4 %4 %4 %4 H 

yý N N 
0N r- LnNW ON 00%D 0r)0 m a0 t, grýt0 ap Oh N in M ODN 

D 
LI OOON . -1 NN4 II O º1 O r-1 OIO *-1 O . -1 
W1111 W 11 I1 N1111 

cop dP dP 

C'. 
u 

M 
Ü 

u 
H V1 U1 mNW Ul UI N HNNNNNNV! N HMWMMMN U1 N 
AWWWNNNW U1 W AWvWWN NNW 
b1 

rail 
i4 

. 
>4 >ý i4 id :+ 

.H 
H i+ >4 i+ >4 >4 i+ 

.^ - H 
r>4 

i+ 
. 
>4 "i+ ` 

V'" 
>4 >+ i+ 

H 

O. 
-4 I co rrnko. -1 to 

H 
O0. -I%D OO Lfl rN 

{. I 
Oo. -cn-w(4t`Inm 

HO 'i ONOONN HOMiNO -I N e-1 i4 OM rl .. -1 O e-1 ý-1 N 
OIIIII UIII yII 

da do as 

M C'. 4%. 
U U 

H U) WW U1 NNNC HNN Ul D) VI V1 VI N H U1 V1 W V1 U1 U) NN 
AWWWWNNWW AWNNU! NWNN AUNUWUWUW 

>4 i+ i'4 ii >+ >+ i+ iH i4 %4 
. 
>4 i+ i4 >4 i'1 >4 >4 i+ i+ 

. 
"f1 

. 
>4 "i4 tm 

H H H 

14 $4 N 
OmO V1 111 kO OmN ON UI ON %O O MI m 0 ri in lA %o co I CO m 
i 
dpm . -1 rl O r1 O 11 y NON1 NON ri N $4 ON rl ei ON e-1 N 

WI11I N1111 G )l III 

dP do dP 

cl. C. (.. 
w $4 C) 

N .. o U 
, -1 HMMM Ul N Ul NN .i HW UI r f) U) Al MN HNNmm U1 W In ( 

AWWWWWWNN ANWWWWWWW AWUWWWW N W 
` . 

II II II 

b ti"1 V $4 10 N 
O tM Ul lr NT NNNN 

.. 
OV rn .4mV vl r- I'. 

..... 
O r) O co Ch NNNN 

b 
N.... 
WON e-1 N0 r4 ON 'CJ 

... 14 O . -4 NN . -1 O1O V 
14 . 

ON . -i .I . -1 ONN 
1111 I N I1I1 N 

14 

Ö 
U 

Ü 

H (A Ul NNNWmw Vl H Vl ul Ul Ul NNNN HW V1 U1 W to NNN 
ANNNWNNNNN AN UI NNNWWN ANNNNW Q) U Ul H >+ i+ 

. 
i+ y4 y4 4 i4 il 'i+ H i4 >4 >4 :m >4 "J+ i4 >4 M io >4 >4 >4 >4 >4 i'4 it 

H 

14 H 54 
0 .0 o% ON .0m Ul H rn OD O VI Vp ON to V0 lo 4 co Ln 4NOi %o VI 

0 e-1 rl N . -1 OHNH 14 0 . -i ONNON '-I 

0 

O ý1 NNN r-I NN 
14 

dP dP dP 

h 
14 

C`" 
14 

M 
54 U U U 

HN UI Vl W Vl NNNN 
ANNNUNNWNN 

H UI N Vl U1 N Ul NW 
AUUNWN U1 NNO 

HN Ul mw U1 tll f/J to) U1 
AWNNNUUWWN 

%4 i4 %4 >4 i+ 
. 

i+ 
. +. %4 >1 

r7'1 
"i+ >+ 7. H. H 

. 
i1 %# %4 >4 i4 :+ >4 

. 
>4 :+ 

H i 

N >+ º1 
O. V. -1 If o a% 1A Om 0 . -1 0 ('" W l, O CO NN O ei Oh N -w 1°1 e-1 co .0T N......... N......... y1 ......... 

O -1 NN '1 O . -1 N. 1 OOONN 1 NN. -1 Id OOONN . -1 NOH 
N11111 

dP do dP 

M n" M 

U U Ü 
HNNN VI VI NNNN 
AWWNWNNWNU 

H UI Ul U1 N UI V! NNN 
AUNNNNWNNN 

H U1 CO N UI VI NM VI N 
ANUNWWUNWW 

H %4 "i4 "%4 
r>4 r>4 

"i+ %4 %4 >4 M i4 >4 >4 
. 
74 

. 
>1 i4 iH i4 

. 
"N H i4 i+ >4 

. 
7+ i+ i+: + i. i. 

14 N 
O V. co O %O O co d' NN O Ln oNH ul . -4 00 tD N ON tc kD Ifl %o On o f+1 tO 

5'0 C> C) NN . -1 N rl N V C) C> .. -4 .y0ON0 
4 

OO N NO. -I O r1 

dO dO dO 
Appendix B4 B4-9 



Nnn. 

U 
HUÜ 

HNNNNNNNNHNNNNNNNNHNNNNNNNN 
A NNNNWNWN A NNGINWNNW A NNWGW(UNNG) 
0 %4 . >4 i4 i4 i+ >+ :+ %4 H . %4 :+ %4 i+ r4 >4 i+ >H i+ i4 i+ i4 i4 :+ i4 i+ 
H 

N 0ON sT t- OD (n fn 

ºa 0 -i 14 C14 O. -iN 4 
O1111 

Nw %O O Co 01 cM N rl 1f1 

1a 0 'i 000 N0 11 
v111I1 

w 
$4 OM . -1 - r1 i-4 N r4 
a111 

dP 
M 
id 

HNNNNNNNN 

bl>4 >4 >4>4>4 >4 >4 >4 
H 

is o to. -1 Ul ri in ei VW 
N 
w C) (n rl 1-4 0 NOe-4 

III 

dP 

C'. $a H(0 
U1 W U1 UI NN 

al >+ >4 >4 >4 >4 

H 

OO In ao rn ko rl r rn 

1-I ON ri . -1 . -I O rl 14 
111I 

aD 

h 

Co u 

H 
11 

(DN 

bv c> NNNHONN 

i^. N dP 

U 
AWWWNNNWN 
bl>+> > >4>+>+>4>4 
H 

0 LI1 -e Of+1 iN Co t0 

4 jd0'-I r1NNrINN 
QI 11 

dP 

HNNNNNNNNN 

dl : i- i+ >4 >1 ý >4 >4 " 
H 

0 14 0% Nlf1 I- cN ODOOn 

ºI OOO Nr'1001; lV 
w1I1It 

op 

r- w U 
HNNN UI NNNW U) 

b1>4 >4 >4 >4 >4 >. >4 >4 >4 
H 

pHao%omcm Nýi t- tn 

H-0 000.4 0. -1N11 
III 

dP 
Appendix B4 

dP 
n" 
H 
U 
HMNNNNWNW 

bl>4 4 >4 >4 >4 >4 iH >4 H 

N oNI ei (, 4 Lfl m. [- 

14 O fn '-I e-1 1-1 O . -4 ei 0) 1111 

dP 
C, 

HU NNNNNNNN 

bl>4>4>4>4 >4>4 >4 :4 
H 

ýOtn -o ornri -o o% -w 
ºI ON f-4.4 e-I ONN 

v iii 
dP 

n 

CA U 
ei HNNWW V) M U) W 

H 
11 

ro 
0NON -Icor. ODr- 

'd 0 Ný4 NHONN 
lU IIII 

C'. 
N dP 

dP 
M 
I4 
U 
HN UI W U) NNNN 

b) 44l4 >4 >44 >4 H 

ti 0N 1fl V' to fN mv 01 

I4 ON '-1 .0c, 4 N '-1 
Q) III 

dP 

C'. w 
HUNNNNNNNN 

A b)>4 
W ä. >">4ä. >4W >4Z 

H 

o OO [- OO UI NI NN cn 

0 (v 4 r4 ei a fV N C, 4 
N11111 

dO 

N oU 
N HU toul0wmEqM N 

0H t)l >+ i4 >4 i4 :+ i4 i4 >4 i4 

II 

ro 
ON V0 ON Oh co 0 0% v 

4Oe-1NNr-1OCý1N f'1 

N dP 

ý4 
n" 
$4 

H 
NNN001wNNw H U1 UI U1 U1 0W tl1 NN AWWWNNNWNN 

H%4 >4 ">4>4 >4 >4 >4 >4 >4 
AN 

`N4 . "v 
N Q) NWW U1 

H>4 >>4>4 >4 >4 >4>4 

H N 
oui am 1O NmoN 0 Ul O. -I Nm'. 0 m 
$4 O r4 NN ri 'i r-4 mm 

H 
$4 0 ri 0N '-I e-1 N C4 m w111 

dP dP 

id }1 

H VJ NNWwNm tll (n 
A G)NWNNNNNG) H UI MNMMMN VI W 

A NNNNNNNNN H i'4 >4 >+ i+ i+ i4 i4 i+ >+ H i4 :+ i+ >4 :+ >+ "i+ 

14 14 
0 . -1 CI O Ui NN to 10 r-1 0 '-i 01 Ui sr 'i '. O m t0 N 
NO0 -4 NN0 -i NN 41 aOOONOO e-I m d111 Q) 1111 

dP dp 

h 
ii 

h 
N 

U U 
HNNWmM UI NNW 
A NNWNNaaa, N 

Hm to N tl1 w to NMm 
A Q)WWW WNO)NN H %4 >4 >4 i+ >4i+ H i+ i4 i4 i+ >4 >4 >4 

$4 $4 
0O co '0 Ill "m 01 m co 0 01 N 0,00 U'N co -4 

V' OO CO N0e4N -4 14 mOOONO r4 '-1 e-1 NI11 

dP dp 

B4-10 



C- 

uUNNNNNNNNNNHNNNNNNNNU 

A NNNWNWNNW A 4) 4) wN4) O4N0 MNNNNNNNNN 
>. s 

ANN NNNWGWwNGWO 

H 
o%D Ov UY%D :r en N 1- 

14 
O 000/'1 IA en O0 to NN 

14 
0 co (F% ON CO 0% rI NP 0% 

14 O en . -1 r1 1-1 NNN to 
Q) 111 

14 O I+1 rl -1 O . -1 ei mN 
U) I 

14 OO r4 1 rl O r4 (4 MN 111 y1111 
dP dP dp 

h 
$4 

h 
la 

H U 
HmmNmmmNMm 
A WWW WNON VW 

U 
H Ul V1 mM VI mNNW 
A W0)0)NNG)NG)W 0 

H Iq NNNNmmmm 
A 4)NNNNNQIW W O H %4 i4 i- %- 

">4 
%4 %- i4 i+ ý s H :+ >4 %4 i4 %4 >4 >4 >4 i4 

i1 . u H >4 >4 >4 >4 i4 
. 
>4 >4 >4 

I` 
Z 

. 

0N 
to N C> co N . -I LA IC 0N 10 IO IN. -ION C00 

N 

0 [- O M .04 MAD co co co 
LI ON e-1 N e-1 O C4 N C4 
y I, I 

WON T-1 .4 -1 N . -1 NO fý1 N 
. . . 

HO N'-1 rl rl rl ý""I '-i fý1 (V 11111 v111 

dP dP ap 

M 
H 

h 
la M 

N U 
HN Ul W Vl NWNNN 
A NNNWNC)NWN 

U 
HW V1 MNWNNNN 
AWWW a) a) NNGIO 

H to N tl1 Vl ymmm to 

ýýa4 ýa4 a. ýa4 i+ a4 a4 a4 a4 a4 a4 i+a4 a4 z 
A NNNWNOICIG (U0 
H>4 a4>4 a4>4 a4>4a4>4 z H H 

0 OO%im N. -I t+1 co c4 1l1 ONCh 0%4CD ca Q ri00T 
N 

ýN -rkorlnlnrolon 
CO rl 1-4 NNON 14 14 14 OeI rI NNNNN f+1 N ONHH . -1 e-1 r1 NMN Q) 

1 
dP dP do 

h 
N 

N 
14 N 

$4 
. -1 
N 

U 
HNmMlNNN tll tl 
A NWNNNC)NWNO 

N 
N 

U 
HNWNNWN 14 tl! o 
A 4) WW4I0) NN4J0 0 

m 
N 

u 
H tll m p1 u! Vl tll Ul U! W 

0 Hýi4 i4 i4 i4 i4 >4>4 4Z O Hi4 a4 >+i4 i4 i4 i+>+ýý4 Zr O 
A NNaj0jaJ GJ G1 G1 0 
H>4>+>4 i4>4>4>4>4>4Z 

II II II 
1d w 

0N Vo OV e-1 aN ON Ilp CO 
b H 

ONV %D eN a 11 rl m NOD 0N O1 0% rI O . -1 r-1 l0 0 %D 
'd Ia Oe-I -4N. 40 .4 N(iN 

NI111 
'd fa 0 ýi O N. -I co c+1 N f+1 N N1 11 

140.1. -I N NO N N4 C4 1 
ý. 

vI111 

N 
14 

h 
H N 

U 
HN0MMNNW 01 N 

O AWWWW WNW WN 

U 
HNN U1 V1 VI U1 NN UI 
A GI NWNNNNWNO 

14 
HN 

U1 U1 U1 U1 01 to y to 
r s 'i+ i- 'i- 

. 
>- i4 >4 >4 i4 

! -. 
M i4 

. 
il '%4 

. 
># '>4 >4 'i4 i4 %4 Z 

AWUWWWW O) 
`4 
4)" 0) 0-ýr 

y0 H i4 
. 
ý4 

. 
>4 %4 i'I '>4 > >4 ZZ 

OUl. i 1 '0/"1%0%0%01.1[, 
H 

$4 
O"0 rn rl cS ao MN oo. N }4 ..... 

14 
Orl sr 10 /nNeN r1 a0N VlN 

Co e4OONO ri N 14 N .. 14 0000 . -4 ONNMN 
}4 . $4 Oý 4ON NON N 1 In N In 

11 
dP dP do 

(` 
14 

h 
la C'. 

14 U 
HNWWMN 
A G) 41 0NWNW0WUNW Oý 

U 
HWWMM Ulm yy 

41 m AN Gl Gl U1 01 W O N 

U 
H0WNN to m V1 mm dl 

s %4 i+ >4 %4 >4 %4 %4 >4 
Fr 
Z . ý r.. y H %1 i+ i4 i+ i+ 

I4 >4 
.^ 

>4 
N 

A Nr^ Ný. W 41 W 01 
rNýý 

Gl NW Os 
H i4 

. 
>+ ý+ >4 >4 

^ >, i+ Z . 

0 
.i ON in N OD C-1 GD In U110 OON U1 IN P1 V1 e-1 in IA %o Of r t fn s> 1l Yn r r 

0 

wOOOOOOHrl r'N $4O r4OONO-1N(nN . . . . . .. . . . 
y ,1 f4 O ý4 OONON al + 1 c M, 1 1 N11111 

dP dP do 

h 
$l 

f'" 
N f'. 

U 
H0N to NWMNM 
A WWUWWWWNO O 

U 
HNMM0mMmM 
ANNNWCIN0) 4141 0 

14 
U 
HNU! 01 U1 NNNNmM 

ý s H >4 i4 %+ i4 i4 >- %4 i4 i+ 
fý r s H %4 i4 %4 %4 >4 >4 >4 :+ i+ 

f+ 
A UWUWUWUWU>4 WO H >+ i+ i+ >4 >+ . %+ >1 i+ %. Z 

H 
f10 co a% O In N4 ON Ill 

0%OO 
O% ON %o %o en Pl *11 0 111 O if 10 co to l e-1 0 O 

14 (n 00 .4 .41NN rI N m -ICD '-1-l O ei . �I In N .. . . Ii In e-I O OOOO NP 1m P1 N1111 
dP dP dO 

Appendix B4 
B4-11 



ÜÜ 
HNNNNNNNNNHNNNNNNNNNHNNNNNNNNNN 

ANNNNWWNNWO0nNNNNNNNNN00AN ww WWWWN al N0 

rn>4 >4 a4>4 >4 >4 >4 s4>4 ZZ Ht3l a4a4>4 a4>4>4>4a4>4 ZZ H>4 a4>4 >4 ý>4 ý>"a4>4Z M 

>+ H 
OO ON O %D co . -1 [. Oh %D [, 10 O 01 NO co mi to sr MN eM O co w -o v 1f) hfl o Ci c4 !! 1 N 
}4 ........... H.......... }ý ... 
º. 1'-I O ri 00. -I NNMNM WON 400 -1 r+lM ep Nt"1 NOOOr4 ONl'ý1N VAN N'1 
a) 111111N 11 111wIII 11 

dP dp dP 

n n" n. 
ºa º+ N 

U 
HNNNNNNNNNHNNNNNNyNNHNNNNNNNNNN 
ANNNNNNWNNOOANWNNN al a1 NW 00 ^Nv (D WW W0) WWWO 

H 

Il oQ 
a% CO M . -1 N "da %D v 01 t0 MOhNM rl in -o co In . "q 1o MOhOhh %D h OD VI M a' . -1 

H................................ 
$4 ONH -4 H r1 r1 M (n NM ºI ONi40 '-1 . -1 MaNM1. l O . -I O r1 Q) 

0Ný. I MvNm 
yI111111111 41 11111 

dP dp dP 

n. n n" N 1,4 UU 
NNNNNNN U) In HNNNNNNyNMHNMNNNNyyNN 

A NGINNNNNNNOO A NNNWNNNNNOO 
C1>+>+N>4 >4 >+i4 i4 NZ2 H>4 >4 i4 7+i1N>+>4 >4 ZZ 

A NWaW WWNW Na1OO 
Hý+iH>4>4>4>4>4 >4 >4 iHZZ 

H 

yl H 
OhM%Vh Ill a% hOt!. NOOhW0. in 

. 
Ill O.. O% If 

.NO. 
10 MO. If 

. 
-1 0. %. O. NOh 

}P 
... 

$4 CD Nri . "1 . "I r1 . "1 . "1 " NM 1-IOe-le-ie-l ei 1'"INMNM NONri00, -I, -IMONMM 111 11 N1II11W1111111 

dp OP dP 

n" P. M 
la 4a NUWU_ NHNNNNNNNNNNHNNNNNymNNNHNyNNNNN 

U) Ny 
A Q) (D (D CD o) 4) 111 (D 4) 111 00 

O C7) i+ i4 i4 >4 . il .4 >4 >4 ßi4 ZZOH i+ i'1 >4 >1 >1 
. >1 >4 >1 >4 ZZO O1 . 7+ . >4 

. >4 i4 >4 i4 >4 i+ >4 i. ZZ 

II 
H II 11 

H 

v >4 'd $4 bN ON co C\ rl 111 . "1 O e"1 0D V- '"1 \ONM O% . -"I S \O O If N' . -1 \OM '4 10 r"1 ON In a 1f1 hm 0110 

HOe-Ie-IN e-IONNMNM 'L3 WO1 '"IN e-Ie-INNMNM b $4 ON r-4 r-4 O rI NMMO NM 
WI1I111CW111111W1111Ii 

Q) dp Q) COP dp 

n" n" n" 
NN 
UUU 
HNNNNNNNNNMH U) NyyN U) NNNNHNNNNNNNNNN 
ANNNNNNNNWNOANNNNNNNNNNOANvNNNNWNNNOO 
bl i+ >4 iý i+ >4 i+ i+ i+ i+ ZH i+ >+ i+ >4 i+ >. >4 i+ Zi H >4 >4 >4 

. >4 >4 >4 >4 >4 >4 >4 ZZ 

1,4 
pN M%OM co mN%D lnvc3 0 -4 OO UIMNMM co hN0 

H 
ýOhON co In ap Nr101NC0 u1 

ýO r10 N. -IONNMO I 
ZOOON. -IONNMN 

I 
WO r-I rl'"11I 14 Iy MMON 1-1 

I 

dP op dP 

n n. M 
is 

HHNNyNNNNNNN 
A NNNNNNW WNNO A NNNNNNNNWNOO HNNyNyyyyyy 

A WNG/NInW WN4IWOO 

la 

... 

$4 
O co e-1 MOcCNh It ON '-1 N1. V. Vv. 

.V. 
Oh co N o., W 0NN }In}. 

OOO ONON MM VN i4 O . "-1 OO ei ONNMONMº. I O ý""1 ONN . ", ý NM "VI .0NM y111IN1 11 11IW1111 

dP COP COP 

n" n' P. il 
UUÜ 
HNNNNNNNNN U) HNN In NNyy In In In HyNNNNNNyNyy 
A UI NNNNWNN GJ NOANN 4I WNNNNNNOOANWWWWWWW q) WIO Hp+: +ýý>+ýýý>+ý2 Hýý+ý+ý+D+>+ý+ý+D+Y+7z H>1>1>1>+5+>4 2 

14 W 
MN 1f1 hN 1fl l! l a e-4 N co 0OO O" h0 10 t0 . ̂ "I lC NW In co O ri MN k0 eN M co %O M 

a)f+1 
'-IOONONMMS} 1 0) 

M. "-IOONONMM'dýN 
1 

C%3"4 O N. "'1-4 NMm. 0 NM 
11 

dF dP 

Appendix B4 B4-12 



t" 

n '. H 

HNmNNNNN U) WNHN u1 NNN t0 to to N UI NH U) U) N Vl Vl M Vl to tq U) Iq 
WA NaJdNO)NNNNNWO A NNWWWW)NNNwO 

b1: +i+: a>+i4 ý. 4 7.7. H>4 ý+>+YI? +? I>4 94z >4>4>4>4i4>4 4>4>, 
H 

{. 1 N F4 
oo"MON MViMIV W-*14Go 0ON am%cersvmwoNOm%o 0rrV-ICh mNitCD NNONN 
N.................................... 
14 "-ION OONMM'-IN MM OOOOONM in rI NNM NOOrIr1ONMM M(4 MM 
0) 1II1IN1,1 1 QI 1111 

dP dp dP 

cl. 

uU 

H U)N N U)D1 W Ul U1 NNH Ol to NNN tlJ N to u) tq H U1 tll to tll to fB N V1 IA N fq 
AWWWWWW 0) 0) NN00 
C71: +>4 i+>4 >4>+> >4>4 >ZZA 

4) 0) NNN O) NOA NNW W C01 WNWNWOO 
H>+>4 >4 >4 > >4 >+> >4 >4>1 H:. >4 tH>+>4 i4>4 >4>4 >4>4ZZ 

H 

i-I º, 
0 CD %0 . -1 u1 N t- N WON NOt-O CO tý GD ON N IA VI OD O co t70 to O 10 O e} ON rl 00 ar %0 U1 N(Y%M 
N............ N............ ya ............. 
HOOOefON NI f'1 ,4NMM HOOOOONMM cr ý-INM NOe-I 100NMMýINNM 
Q) 11111I Q) 1I1IINII 

dP ap dP 

n" N 

UU H 
UI to UI fA NNN U) m tp mHN Vl V) to Ul U) (1) N U) U) NH tll NWNN tll U) NN tl! N 

A NWt1 WW0) NNNNNO A NNNNNNNNNWNOO ^ NNNGIG)NWNNg1NOO 
H>+ý>+>+>+>+>+>+ýý>+. `d 

Hý>+D+>+ý>+>+77 
bl>4>+>- >4>+>4 >4 i4D. 4>4Z'z. 

sa NN 
o r- 0V. r- -4 

.. 
t"1 01 l. O. %O C1 k. 0 ID O . -I Mi1. C%. OM e-1 (ý %O O "O NMMm co In m 

.. 
110'-1 ri0eýNý'ýfO V NM $4Oi f -I ON 'n fn vH NMS>f 
IV 11I 

HO Ne-1'-Ico rIMNri '0 NM .0 
y1111I1 

dP d' dP 

MnH 
1 

co u ()% U NHN 
(1) to Ul m to U) to to U) NNH U) U) N [Il 117 t! 7 NN U) U) V1 NHNNNNN to) to tll Ul tll NM 

AWWWWWWNN0NW0AWNNNNNWWNNNOOAWNNNWNNW WW WW O 
O b1ý. 7+ý >4 i. i4 i+i+i+i+. ZH 

. ý'4 
.. 7+. i. i+ý >, >, il i+ Z `l. 0 b)>4>4>4>4>4 i4>4>4>4>4 i+>4 Z 

II 
H II II 

H 

b ra\ 
NO.. l- G. ll. d. 0. U. co 1A co. If 

ý 

.\0- 
0)v co N l- NNM Ln wO MO\NV l' O CO N 00 01 O% r- %0 10 rl 

wONOOO eq HM MI ONM S4 Oe 4--- NMMVONMVbHO ý-i N rl O e-1 N ý"I M tr NM e} 
lU I11II 4) III111Iw111, I11 

n" n t`. 
VÜ 1a 

H 01 V1 N UI NNNNN O1 U) HNWNN to to m U1 l1 to U) C0 Hm dl m to mm to NmM0 tl! 
ANNW WWWNN4141WO A WWWW WNNQ)Q)NNNO 
H>+>4 H>+9+4 i4 >4 >+Hi+2 H>+>4 >+9+i4 p+p+D+7 

A WWWWWNG1WGWWWO 
H>4>4>4>4>+>4>4x 

º+ I'' 1. e ýN Oß+1'-I N to ei OD O t+ 
.N 

Vý 0()ill k0 e-i OlO 01 CO "4'N MN Oý 0 to t' 1A . -4 N rI . 0001 N tO M0 

WON rl e4 -1-f NN V tT C14 (n llO r-1'-1N N r- NN4; r; 
4 

NO 
4ONß-1 44 

Al P'1 
4 

MtM 0) IIIII1 Q) 11I111I Q) 1I1111 

dp dP 

(. " n" C'. 
il üuU 

HN UJ U) Ul UI NNN U) Iq NH UI in to m U) NN CO UI CO W U) H Ul U U1 W Ul 0! U) U VI Ul 1q 111 
A NWNNNNNNNNtllO A WWWNWW WOJWWW WyO AW NGl41NWWWW W WWO H ý+ %4 %4 i+ i+ i+ %4 i4 i'I 

. %ý ZH iý i+ >4 iý >4 >4 i+ ý+ 
. i1 :ý f4 

H . >4 i4 i+ . >4 . 71 
. >1 %- i+ i1 . 7+ >1 . >4 Z 

t+ N 
M t0 to coo NNO -1 tll 1D M 

$4 0' N ON M to r- , -1 OH 00 to H co N l0 ONMM O% t! 1 r4 O -o 1! 1 N 01 
PO. -1 N P" 

44NM 
14Oe-1N. -1 r4 N MsM aTNMM NON M4 e>t MM !UIII Q) 

H O'-I O S-1 III1I11I11 Cl 1111t1 

dp dO dP 

n. f'" C'. 
H 

ÜU 
HNW 

Q)U14) )Q)W WNW 
HW pI NNNNN to NN UI NH U) U0U to t) U) t) to U) Ul to ANWWg1Nt ll NOJNG1OOA WUOJW WVWA WGINNWWGIWWWWWO 

N 1+ N 
l. e-1 O. i OHO 

. 
e-1 O. V. If. 0% 

NM-m 
Nr- ON . -i M Ln N Ott OOD . -/OD 1A -0 QOM H 111 -tv 9-4 co 

HN--4. "1NN 0 NP9m 1C13 14 N e-1 OO e-1 rlN Mri VAN N1 P'1 NNOOOr. ONM V. V. NMM vIIIII1 G) 11 11 1N11I11, 

OP dP dP 

Appendix B4 B4-13 



('. n. 4%. 
UüÜ 

HNNNNNNNNNNNHNNNNNyNyyNNNHNWWNhHNN t4 yNN 
AWNNNNWNNNNNOOANWNNNNWNWNWWOAWWNWWWWWWvWWO 
H i4 >+ i4 >+ i4 %4 i4 . >4 >4 >4 . >4 zzH >4 

. it . >1 :+ i+ i4 i4 >4 i4 >+ i4 >4 Z 0>4 i4 >4 %4 . >4 i4 >@ >0 %4 %4 '! q io Z 

OhN010Nh(n NhNOh -e 
H............. 

OOOHONm 10 VI N Cl) cn 
Q) IIIII1 

dP 

C'. 
NNNNNNNNNNNN 

mä4ä4ä4>4ä4>4ä4>4ä4>4ä4>4z 
H 

Oro. -ICV%oiooLnocovcmwm 11 
Ho'-I. --I r1o cV rl sr 'cM rl cs 
0) 1111II II 

dp 

C'. 
u HNNNNM U) W U) NNMN 

rnä4>4>4>4>4 >4>: >>1>44Z 
H 

w o Lfl rn vm4 co %o 00 %o c-; co to cat 
H 
HO r-1 e-1 ý-1 O r-I fýl f+1 Vý MNM Vý 

iII 11 

op 

CD 
M 
0 

b 

w ýS 

M 
11 
HWNNNN 

Ul NNN fA W Ul 

rnä4>4W >4>4>4>4>4 >4>4>#>4 Z 
H 

w oLfl N . -4 (fl 0 NN '. -I 
il O. -1 rlN O eir m Vi NlNm V' 
WI111111 

COP 
M 
I1 
HNNNNNNNNNNNN 

ýN>+>4>4>4>+>4>4>4>4>+>ýZ 

H 

p 0%0NO(n OD -1. -1 Ill a% *tO f+1O 
H 
PO . -1 fV N e-1 e-1 m (V mNN (n aT 
v1111111 

dP 

HNN 
(A N VI N UI W Ul N (ll w 

H 

$4 0 GO 01 mvm0 O-, en Ln NvN 01 

HOCOc -1 . -1 (V N . -1 fV N Pl rl 
W111111 

dD 

1'. 
HNN 

Ul NNNWWN Vl ul V) 

H 

oc- aoor In o%o r1. -1 o Ln 4 co 
sa 
p 14000 r10NN V*NNmm 
Q) 111II 

ar 

Appendix B4 

º4 
Orý oco""HWo er4i 0i º H f4 OOO H0 Nmm ne Nr me 
v11811 

dP 

(I. w U 
1NNNNN0NNNNNN 

0 ýO m0 C4 M0 cn fV w 00 OD 1A N 

4O0 . -4 .iONmm '4 mN44 

dP 

(I. N 

HU NNNNNNNNNNNN 

H i+>4 i+. >4>4 >4 >4 >4 >4 >4 >4 >4 Z 

N oLn%omN. io -4oL ors' 
}4 OO -1 ei O -1 mmH Ul c, 4 m sN 
N11I111 

dP 

14 in 
ö 

v 
b 
a 

N 
N 

HU NNNNNNNNNNNN 
A NNNNWN(1)NNNNNyO 

H 
>. i4 i+ i+ %4 i4 >4 i+ >4 >4 Z 

t4 a% i OO%olnmrn%ofn 0 

1.1 O '-4 r4 "-1 O . -4 NN V0 ¢} Nma 
W1111111 

v op 
M 
il 

HU NNNNNNNNNNNNN 

A WNNGl(D QWW W WNN 90 

ti 0 "-4 eT co ri cm N tN m V' N tll N OC %o 

kHH 'i NO '-1 NN cp eN Nm m' 

dP 

C'. w 
HU U) N U1 mwN UI mmwNWN 
AN Q) WNWNNNWNNNN0 

N 
0T40 f+1 vo co 111 NOv1 OD U1 

H -4 NN0 -j NmoaTNmr a' N1 11 I1111 

dP 

n" 
N 

HU WNyNNNNMNNM0N 
ANNNNWN Q) NNNNNNO 
H >+ >+ ý+ i4 ?4 >4 >4 >4 >4 >4 >4 >4 Z 

N H- co N in %o cri m (- ON vNON 

N e-1 OOO . -1 ONmmNNmm cN 
IIIIII 

dP 

º, otAat+. . GD 
..... . 

CD I. 

NOONOONCýfatý1NN11+1a 
IV I11i111 

dp 

Cl. 
H 
u 
NN UI NW V1 mN V1 NN O) U1 

6. ä4ä4ä4ä4ä4>4 4>44>4 4>4>4z N 

H 

N 
s>'tý P1%0 ko V4 M '0 NNoN 41f 

$400ri00NMm NP'1r1V1 
QI 111t111 

dP 

o. 

U 
HNNNm u) N VI u) V1 b) NN 
A 0) W 4) (D Q) 
t3l >4 >4 >4 >4 >4>4>">4>4>4>4>4 

z 

H 

w 
N 

ON N %0 OmO %0 ei t4 P 01 %D P1 

H0 ri 11 ei ONNmN V-4 N (n V 
C) ,11111I 

op 

n 
14 

NU 
tv1 HNNNNNV1Nbi fnmcnto 01 

O 019 i4:: t«94:: 
H 

11 

ll 
O Co tnCo vi NCh Ol-000%C0U1N 

;j lw, c; v111111 

aý aP 

M 
N 
U 
H to bi to W Ul 0N0NNNNN 

bfif>+>4>4>4 D4>+>4 i4: +i4: 4>4 

O tN NO> rl sM 00 Ill %0 0N 'O rl 
W . -i e-4 N . -i O e-1 NN rl Ifl N tý1 V' 
W111111 

dP 

M 
º1 

HU NNNNNNNNNNNNN 

H>4 
i+ >4>4 >4 >4 >4 i'4>4 >4 >4 >4 >4 it 

0ý-i -I m 01 N u1 N%01+f ON 

FI ri OO e-1 0 rl Nm -0 d' Nm eM tr 
N1111111 

ap 

C'. w u 
H >4 >4 >4 >4 i+ >4 >4 >4 >4 >4 >4 >4 >4 z 

w 
HO 

N N-4 Ul ei týl CO t+f "f U1 N 01%0 

41--1 00N Oei N me e (4 Mm -! 
G) 1118111 

op 

B4-14 



HNNNNNNNNNNNNHNNNWM to NNNNNNNHNN in N tn NNymMmNNN 
ANWNNWNNNWWNN 

ýOi 
AN 

+N+ "WNN +N" .WNWWWvvAWWWWW `W, 
NWWNWNWW 

H i+i4>4>4 i+. >4 >+ i4>4 . >4>4 >4 F. 
H 

%4 V i-4 >4 �>4 >4 %. >4 i. 5+ H>4 i4 . 1+'i4 ý^ >4 >4 i4>4>4 >4 >q >4 

p om lON ,. w [ý 0n 0011! 1%o mo r0 
. 

1100 N 00 e-i m Pn NNm "ýp 
Q) i111111 

N 
0r-1[ßvvo%r-111%ON1,0N ' 

:1OON00 . -i Ncn. 0 (n rn m 
N1111I1 

dP 

N 
.............. vO ri NO rl rl Nr tT tM Nm Mý? 

dP 
M 

U 
H Ulu) MU) NN fA NN ül NN 

rnä4ä >4>4>4>4>4>4>4>4>4>1Z H 

N 
o-4 mv r. vkornrnlnc, 4 rn%o 
N 
N ý-l 0 (V O O. 1 CV en v fV r+1 m .' 
v1II1III1 

dP 

C'. 
HNNNNNNNNNNNN 

A Q) t3l 4>4>">4>4>4 4W ä4>4 ä4>4>4 z 
H 

QON o Ul N Ln v Ul%o cM e-100 Ul 

$4 ............. w rl rl -1 rl OHNmvMMM V0 

WIll I111 

N 

HU NNw t0 m to) NNNNN V) m 
i+>4 i4 i+>4 >4>4 >4>4 >4 >4 >4 >4 Z 

N 
o 

,r oN O Wo r- Wo -o v co N cri Wo m0 

14 -O . -4 OO ýi Nm en NNmv in NIIIIIIII 

dP 

C'. w 
HU NNNNNNNNNNNNN 

H>4 i+ i+'i4'%4>4 i+>4 >4 >4 >4 >4 >4 Z 

0Nm r- co U1 1f1 m 00 %o lO OD to N 01 
.............. 

'1 ý-4 . -4 OO . -1 NNN .0Nmv .0 

d dp 

1+ }+ 
to u 

HNNNNNNNNNNNNN m 
V 
HNNNNNNNNNNNNN to Ln 

O 
AWNNNNNNN 4I NWNN 
H i4 >4 r>4 

i+ i+ >4 i4 :+ V+ . i+ i+ i4 
AWNNN OI NNNNNWWNO 
H >4 >4 >+ >4 V4 >4 >4 i4 '+ i+ i+ iý >+ Z 

II 11 11 

.p 
\ 

14 
OaN 0ý en '1 V0 mN -0 l- O l- -0 

'd 
\ 

N 
O-O- 00 m .0N (+I 00 .0 lý tT ei 00 

.d 
\ 14 ..... 

WO ßi'-1 NO 14 NPl 1; 14 N1 'C 
N 
Wei ri-I HO e4 Nm4 eNN 1 'dß. 0 10 

I 
' 

(D dp a) dp 

ý. 

P 
M 

w U 
HNNNNNNNNNNNNN 

U 
HNNNNNNNNNNNNNN 

H >+ }4 >4 i+ >4 i'4 i4 
. 
'H 

. 
>+ >1 

. 
7+ 

0) (D 
H iy >+ 'i+ i4 i4 >4 i4 . 7+ >4 >4 y+ y+ >4 

N 
OCO e-1 WOMN OD H CO 01 %O M 

º+ 
0OO Hm0 f+ HN 0 t f+ O 

}. 1-4H Nrl O ý-1 NN N 11; "dý 
. . . . . . . $4 N ONN 0 4N cn qsT NM VV 

W1J111I Ql 1I111I1 

dP COP 

n" 

NNWNNN V7 Ul WN fA NNN 

d1>4>4 %4 %->4 %4>4 >4 %->4>4 >4 >4 
H 

h 

U 
HWNNMM (a NNN VI U) NNN 
A 4) 4I4) 4) N4) NN0) 4)v0) VN H >4 >4 >4 > i4 >4 >1 i+ >4 >4 >4 >4 >4 %4 

N Om co r-1 co UI e-4 . -I WO cn en OD Ul c, 3 
N............. 
1rf00, -1 0 t-I fV (V (n v fV my 
a) IIIIIII 

dP 

NNNNNNNNNNNNN 

H 

w pkninrnONmo - ao- - --- 
H.............. 
I4 C3 <Z) 0 (V OON () 4 NN msN sr 

op 
Appendix B4 

N 0 %o .o Al tn r1 NO rl o l- U1 N c% %o 

14 ei OO e-1 O . -i NM tN eNmme 
N111I1111 

dP 

C'. 
U 

A O)NNWW WUýW. 
" 

INNNNN 
H >+ >+ i4 i4 >4 >4 >4 >4 >4 >4 >4 >4 >4 

u 0Nv lA NN '-i 01 O ON in O% -i co Ul 

S1 OOON O- rl Cl C" 10 Nmm4 
Q) 

op 

dP 

H $4 v HN VI tll NN 1A tll V1 V! WNNNW 

H 

N H l- " 10 U1 01 %D mm r4 h !-" rl CO 
.............. 

Nr1 . -1 NO O. -i N P1 VV NmV -0 
W11111111 

dp 

U 
HNNNNNNNNNNNNNN 

6ýý>4>4>4>4>4>4>4>4>4>: >4>4 
H 

N o to NO co co to NNO U1 WO P1 O fN 

14 9-I 0NOO e-1 Nm-, r "Nm aT -N 
d11I1111 

a 

n. 
w 
U 
HNNNNNNMMN Mtn MM N 
ANWWWWNNNNNNUWN 
t3l 
H 

%4 >4 i+>4 >4 >4>4>4 . >4>4>4>4>4>4 

N ýN V1 NO%D eN -1. -1 CO Oh UI N OI%0 
.............. 

º1 rl O (4. -4 0-1 N f+1 1+1 r1 Nm to eM 
N1111111 

dP 

H w 
HUNNNNNNNNNNNNNN 
b1>4>4>4 >4 >4>4>4>4>4>4 

r>4>0>4 
>4 

H 

H 
N en '0ý kD On P1 r'1 OO %0 l`" co e-1 co in 

.............. 
HNOO rl OHN P9 N1 f'1 Nmm ep 
NIIIIII 

dP 

P. 

HU NNNNNNNNNNNNNN 

M>O 
%4>4>1 >I: +>4 i+>4>4 >1>4 'i4>4 Z 

H 

H 
CO NPINN 01 .O 0% to VV 0 tN"r4 

NOO . -1 O H'-1 NNMV P1 mV1! '1 
dl 11111111 

OP 

w u HNNWNM Vl NNm to 0 V7 (A M U) 
iil>4>4 

rM . >4>4 . >4 %4>4>4>4 >4 >4 >4 i4 %4 
H 

N 
0-orn%0fn . 4min rrnia%to mo 14 FI OOO ý-1 O ý-1 ý-1 NN sp IA Nm tp IA 

dP 

B4-15 



n" 
N 
U 
HNNNNNNNNNWNNNW 

H 

N 
p. 4maouiaolnmen 4Lnrnto rlo 

. Va 0 .i "-1 00 -1 Nm .0 d0 Nm .0 l(1 
W1I1I 11 I1 

dP 

n" 
w 
U 
HNNNNNNNNNN to NN 

H 

N 
oNNv4 CD U1 m NO NN 01 .D 

id 0 e-1 NOO e-1 NM eM e} MM tT 
N1111111 

dP 

C'. 
N 

r 
N 

U 
HNNNNNNNNNNNNNN 

U 
HNNNN Ul NNNNNNN0N 

ANNNNNNNNNNNNNN ANNNNNWNNNNNNNW 
H i+i+%4: H r>4. 

>4 i+i+>4 >+>4 i+i+>4 H>4 >4 
. 
>4 >+>4 %4>4 i4 %4>4 >+>+>4 i+ 

OO U1 i a% I- -o c, 4 N 01 co CO U1 N 01 OOc, Ul (l N tM N .4 00 Ol o co Ui N 
N N 
WO rl NO 0 1"4 N Pal M C) N M"0 cp (D -4 N C> (D r{ NM m Nm m oIn 

dP dP 

n" 

U 
HNNNNNNNNNNNNNN 

Z7) %4 i+ >4 >4 >4 i+ >4 >4 >4 >4 >4 >4 >4 >4 

H 

n" 
I4 
U 
HN to M U1 Vl WNNN UI mm to) N 

H 
>4 >I >l >4 i'4 i+ >i i4 >4 >4 i4 >4 >4 

>4 P Ors VAN V0W M. -1-1 rý%0%D"H W Orn sn Pw to m. -1O co rnoN(--w. i 
H.............. 

.4ONNO rl N 1+1 M (n N fn - 
H.............. 
41 -1 1-1 14 OO "-i NMN4Nm eN IA v 
NI1111111 

dP dP 

h h 
il UU 

to 
t+l HNN UI NN V1 NNN pl NN U1 W M 

U 
HMNNNNWmmmNmwmm 

NWWNNNNNNWNWNWN A W W NN W NNNWNWNWN 
O . 

7+>4 i4 >+i4 r>4 
i+>4 

. 
>4>4 i4>4 >4 i4 O f . ý" " " H 

V1 ý^>4 
>4 

V+ V+i+il i+i4>+iý :+ 

1l 
H 

II 

,j w 'Cl W 
dýtý1W w U1N 0001 co 0%1+100 \ 0WU 0NU1NONWLf Ww f+ c, 

b 
N 
w '-I OO '-I OHN 1+1 NN -1 tv) .0 .0 'U S1 "-1 rl NOO r1 NNm Vo Nmw U1 
N11I1I1 NI111111 

h 
H 

C'. 
N 

U 
HNNNM tf tl1 NNN UI to Ul 01 N 

U 
HNt! 1 N Ul N Ul NNNNmm UI N 

ANNNNN 
>4 >4 

NNNNNNNNN 
H i+ %4 i. P. i+ >4 i+ . 7+ . i1 ý+ >+ . 

ANNWN GJ NVWWWWWWN 
M i+ >1 >+ i4 i+ >4 >4 >+ 'i+ >4 >1 

ºý tý 
WWNV ONO W ONNO 01 N "- 0 e-1 . - "- ". l co e WW Ui -o N U1 N (r 

. . . . . . . (V O. -4 e4 0H -1 NN 10 10 Mrn. 0 IHm ON0O e-1. -1 N m" NmV sN Q) III111 

dP dP 

M 
il 

n" 
i4 

U 
HNWWNWNWNNw U) Ul Ul WN 
ANNNNNNWNW aJ NNNNW 

e 

U 
H VJ NWWNNNN U7 Vl m Ul to) N 
ANNNWWNNN a) N 0) N G/ W 

il . 
>4 >4 >4 H >4 >4 

. 
"4 >4 i4 

. 
>4 i4 >4 >4 >4 

. . ý H> i'1 >4 >4 >4 >4 >4 >4 >4 >4 >4 i4 iI >+ 
4 

OO -i . -1 t+l NON Ul Ill m a% '4 co tnN 0ml! 1 NT in c, N Ul v in WO t' "-1 co 

PNO ri NC r1 Nf+1 dý'dý('ý1 f+l cT l(1 NNONOOe-1 e-iN1°1 Ni444 
OIIII1111 vIII11111 

dP dP 

n" 
14 

C'" 
14 

U 
HNNN0NWNN Rl N V! NNN Ul 

U 
HNm ui v) W 01 NmmN ui u) N Vl NW W W WW AWWWWWWWN W AWWWWW Q) WN 41 WN QW N Cl + . .ý " >4 H 

. 
i1 >4 

V4 
>4 >+ 

. 
>4 >4 i+ i+ 

.^ 
>4 

rH 
>4 >4 H :+ >4 >4 >4 

V+ 
>4 >4 >4 >4 i+ >+ >4 >4 %1 

p%D 
en N 1! 1 v (n %o vvN l- O 1. v1 00 V "I WN 01%a. 0 MN rý f+1 O rý 

S-1 OO -4 NOO . -i N 11 Vý Vý M f"'1 Cý 1f1 I4 
4O 

r-I . -1 OO rl Nm4 Cý1 m sN ýT 
WI111I1111 W1111111 

dP dP 

n 

In 
N 

", i 

A 
4 

Appendix B4 B4-16 



N Ii 14 
H U 

U 
Al N H H H H 

ro 0 o N o N o m 0 
Ny ö 

.0 > u rn u m If co a It o, z ° z ° Z 0 
." 

z o 
". 

z o 
N o 0 0 0 0 al 9 M N a $4 %D 1a to $ N $ U) 0 o U N U 1-1 U o U M U 

(a (a O O O O O Ü 

a u u n u 1 u 
(0 E 14 14 14 14 U 

' 'I 
0 RS U o 'd U N 'O U N 'U U ' 'C U N . - U \ H N \ H C. \ H O \ H E \ H N 

ý " 'd 10 \ ON 
4J . r. 

N 
. 1,4 e-1 Zvi r" 

d H 'd N 
0 

'cl u 
a 

(tl N (0 
H 0 H 9 H fr' H H 

id (a (a 
ro 

>9 ro 
do ö q 

o a+ 
U) 

o A N rn ö rn ö A A o o Ä o N 
C) M 

ý N H 
i 

z - N z v Z H Ln 
ä 

v e - - i m z m 
° II n 9 

0 u u 
-4 ä U 

ýo 
ä U ä U 

P. w u .0 ý-I 
ä U 

tO 

N O ro CL H H H ei 
k .. dp dp dp 

H H 

a) 
ý tl 
x 0 

O 
4D r- 

O 0 O 
dp 
O 

Of 42) (d . A ON 
O 'i O %D O N O M 

N n co . - i n 
ý b o ý " - 3 
C 0 N "U o ' 27 0 "a "d a 
4J 11 11 

r-I 
p. u n u 

-1 r. 

"ý 
04 

Z a z w G Z z z 

A ul r Q) . 

Appendix B4 
B4-17 



APPENDIX B5 

The Listing of Prog. 3.3.3m and its Output 



PROG. 3.3.3m 
This program is same as PROG. 3.3.3 except that np and np' are now incremented by 0.01%. 

IMPLICIT DOUBLE PRECISION(A-H, O-Z) 
DIMENSION SAND(35,300), error(35,300), M(35), ID(35,300), IDerr(35,300 
*), DR(10), DEPTH(10), RIGICR(10), RICRe(10), RNPCO(10), IFLAG(10), JFLAG( 
* 10), INDEX(35) 
CHARACTER SAND*5 
REAL NP, NPC, NWRICR, NEWNP, NPe, MODNP(64), IFLAG, JFLAG 
OPEN(3, FILE=' OUTPUT', STATUS='UNKNOWN' ) 

C The program will now read np , np' and d'/d . Any section that is 
C found unductile is ignored. 

NPe=0.0 
DO 15 1=1,300 
DO 10 K=1,35 
M(K)=0 
ID(K, I)=0 
error(K, I)=0 
INDEX(K)=0 

10 CONTINUE 
15 CONTINUE 

WRITE(*, '(lX, A)')'How many cases are to be given as examples (max. 
* of 10)? ' 
READ*, MXCASE 
WRTTE(*, '(1X, A/8X, A, 7(/12X, A))')'For each case please give np, np" 

* and d"/d . Enter one combination per line', 'Notes : ', ' l. np shoul 
*d always be greater than or equal to np"', '2. Subject to the con 
*dition above , np and np" can', ' have any value (in an icrement 
*of 0.01) from 2 to 64', '3. d"/d should be chosen using icrements 
*of 0.01 in', ' the range from 0.03 to 0.37 

. 
Values outside this', 

*' range must not be used' 
DO 16 ICASE=I, MXCASE 
READ*, IFLAG(ICASE), JFLAG(ICASE), DR(ICASE) 

16 CONTINUE 
WRITE(*, '(A)')'*__ The program is running pleas 

*e wait =_-_----- _ 
DO 50 1=200,6400 
NP=I/ 10000. 
DO 40 J=200,6400 
NPC=J/10000. 
IF(NPC. GT. NP) GO TO 40 
IF((100. *NP). GT. ((32.0+(100. *NPC)))) THEN 

C*****This section is not ductile and thus will not be considered . GO TO 40 
END IF 
DO 30 K=1,35 
IF(K. EQ. 1) THEN 
DRATIO = 0.03 
ELSE IF(K. EQ. 8) THEN 
DRATIO=0.1 
ELSE 
DRATIO=DRATIO+0.01 
END IF 
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C Now that all the parameters have been read b' will be evaluated and 
C npb/b' will be calculated as NEWNP. The parameters required for the 
C evaluation of Icre will also be found : 

APRIME=(3. /5000. +(1/20. )*(DRATIO*(1-2*DRATIO)**2. ))* 100. 
BPRIME= I+APRIME*NPCIDRATIO 
NEWNP=100. *NPBPRIME 
IF(NEWNP. LE. 1.9) THEN 
A=0.003 
B=0.095 
ELSE IF((NEWNP. GT. 1.9). AND. (NEWNP. LE. 5.0)) THEN 
A=0.05 
B=0.07 
ELSE IF((NEWNP. GT. 5.0). AND. (NEWNP. LE. 17.0)) THEN 
A=0.16 
B=0.05 
ELSE IF((NEWNP. GT. 17.0). AND. (NEWNP. LE. 32.0)) THEN 
A=0.50 
B=0.03 
ELSE 
A=0.8 
B=0.02 
END IF 

C The program will now evaluate Icr , Icre and Icr when compression 
C reinforcement is ignored (stored in "Icr, np'=0") and will print the 
C ratios of the values relative to Icr . 

X=-(NP+NPC)+SQRT((NP+NPC) * *2+2*NP+2 *NPC*DRATIO) 
XO=-NP+SQRT(NP* *2+2*NP) 
XICR=(X ** 3)/3. +NPC * (X-DRATIO) ** 2+NP * (1-X) **2 
OICR=(XO**3)/3. +NP*(1-XO)**2 
XIcre=(A+B *NEWNP)*BPRIMEI12. 
NWRICR=XIcre/XICR 
ROICR=OICR/XICR 
DH=1/(1+DRATIO) 
XIG=((1+DRATIO)* *3)/12 
XIGRAT=XIG/XICR 

C*****The following 13 lines relate only to the sections used in the 
C*****examples which are provided to illustrate the computations involoved 
C***** in the program : 

DO 17 ICASE=I, MXCASE 
III=NP* 100000. 
JJJ=NPC * 100000. 
IIFLG=IFLAG(ICASE)* 1000. 
JJFLG=JFLAG(ICASE)* 1000. 
IF((IH. EQ. IIFLG). AND. (JJJ. EQJJFLG)) THEN 
IDRAT=DRATIO* 1000. 
IDR=DR(ICASE)* 1000. 
IF(IDRAT. EQ. IDR) THEN 
INDEX(ICASE)=1 
DEPTH(ICASE)=DH 
RIGICR(ICASE)=XIGRAT 
MODNP(ICASE)=NEWNP 
RICRe(ICASE)=NWRICR 
RNPCO(ICASE)=ROICR 
END IF 
END IF 

17 CONTINUE 
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C*************************************************************************C 
Ierror=(NWRICR-1)*1000. 
Ierror=Ierror+100 
NPe=DMAX I (NEWNP, NPe) 
DO 20 U=1,300 
IF(Ierror. NE. U) GO TO 20 
IF(ID(K, U). EQ. 0) THEN 
M(K)=M(K)+1 
IDerr(K, U)=M(K) 
error(K, M(K))=(Ierror-100)/ 10. 
IF(XIGRAT. GE. 1.0) THEN 
ID(K, U)=1 
SAND(K, M(K))='Yes' 
ELSE 
ID(K, U)=2 
SAND(K, M(K))='No' 
END IF 
ELSE IF(ID(K, U). EQ. 2) THEN 
IF(XIGRAT. GE. 1.0) THEN 
ID(K, IJ)=1 
SAND(K, IDerr(K, U))='Yes' 
END IF 
END IF 

20 CONTINUE 
30 CONTINUE 
40 CONTINUE 
50 CONTINUE 

DO 70 K=1,35 
IF(K. EQ. 1) THEN 
WRITE(3, '(7(I))') 
ICOUNT=O 
DRATIO=0.03 
END IF 
IF(K. NE. 1) DRATIO=DRATIO+0.01 
ICOUNT=ICOUNT+1 
WRITE(3, '(2(/), 65X, A, 1 X, F4.2, /)' )'When d"/d =', DRATIO 
WRITE(3,55) 

55 FORMAT(IOX, 7('% error Ig>Icr? ', 3X)) 
DO 65 I=1, M(K) 
IF(I. EQ. 1) II=1 
IF(I. NE. 1) II=1I+7 
IJ=I*7 
IF(IJ. GT. M(K))U=M(K) 
IF(II. GT. M(K)) GO TO 65 
WRITE(3,60)(error(K, J), SAND(K, J), J=II, IJ) 

60 FORMAT(11X, 7(F5.1,4X, A, 5X)) 
65 CONTINUE 

IF(K. EQ. 35) GO TO 70 
IF(ICOUNT. EQ. 3) THEN 
ICOUNT=O 
WRITE(3, ' (1 H 1,7(/))' ) 
END IF 

70 CONTINUE 
WRITE(3, '(2(/), 64X, A, F5.2)')'Max NPb/b" is ', NPe 
WRITE(3,75) 

75 FORMAT(T64,21('-' )) 
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WRITE(3, ' (1 H 1,7(/))' ) 
WRITE(3, '(15X, A, //15X, A, //15X, A)')'The followings are printed "on 

*ly as typical cases " that are ', 'used in the examples to illustr 
*ate the computaions involved ', 'in the program :' 
DO 80 I=1, MXCASE 
WRITE(3, '(//15X, A, F5.2, A, F5.2, A, F5.3, A)')'When NP = ', IFLAG(I), '% 
*, NP" = ', JFLAG(I), ' % and d"/d = ', DR(I), ' :' 
IF(INDEX(I). EQ. 1) THEN 
WRI TE(3, ' (/25X, 5(A, 3X))')'d/h', 'Ig/Icr', 'NPb/b"', 'Icre/Icr', ' (Icr 
*, NP"=0)/Icr' 
WRITE(3, '(/25X, F4.2,2X, F5.2,4X, F5.2,6X, F5.3,1OX, F4.2)')DEPTH(I), RI 

*GICR(I), MODNP(I), RICRe(I), RNPCO(I) 
ELSE 
IF(IFLAG(I). GT. (32.0+JFLAG(I))) THEN 
WRITE(3, '(/25X, A)')'This section is not ductile and thus ignored' 
ELSE 
WRITE(3, '(/25X, A)')'The program does not consider such a section' 
END IF 
END IF 

80 CONTINUE 
WRPTE(3, '(///)') 
STOP 
END 

Appendix B5 B5-4 



OUTPUT OF PROG. 3.3.3m 
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APPENDIX B6 

The Listing of Prog. 3.4.1 



PROG. 3.4.1 
This program evaluates the upper and lower envelope values of of required for the construction of 
Fig. 3.4.5. 

IMPLICIT DOUBLE PRECISION(A-H, O-Z) 
DIMENSION HALPHL(55), NAPOS(55) 
REAL NP, NPMAX, NPMIN, NRAU, NEWNP, JJ, II, LALPHU(55), hfd 
OPEN(3, FILE=' OUT341', STATUS=' UNKNOWN' ) 

C The program will now ask for the percentage of error to be alowed : 
WRITE(*, '(IX, A)')'Please enter % error to be allowed :' 
READ*, Seterr 
Seterr=Seterr/100. 

C The program will next assign values for np , be/bw and hf/d such 
C that np is kept within the limits allowed by the codes 

DO 15 K=1,55 
NAPOS(K)=0 

15 CONTINUE 
DO 50 1=1,3396 
IF(I. LT. 12) THEN 
GO TO 50 
ELSE IF(I. EQ. 12) THEN 
II=0.122 
ELSE 
II=1/100. 
END IF 
JJ=1.0 
DO 40 J=1,90 
JJ=(JJ* 10. +1. )/ 10. 
IF(JJ. GT. 2.5) NPMIN=1.22/JJ 
IF(JJ. LE. 2.5) NPMIN=0.9/JJ 
DO 30 K=10,55 
ID=O 
hfd=K/100. 
NRAU=hfd* *2/(2*(1-hfd)) 
NPMAX=31.92/JJ+62.16 * hfd * (1-1 /JJ) 
IF((NPMIN. GT. II). OR. (NPMAX. LT. JI)) GO TO 30 

C The program will now commence processing the solution : 
NAPOS(K)=NAPOS(K)+1 
NP=IU 100. 
IF(NP. LE. NRAU) THEN 
X=-NP+S QRT(NP* *2. +2. *NP) 
XICR=((X**3)/3. +NP*(1-X)**2)*JJ 
NP=NP*JJ 
ELSE 
NP=NP*JJ 
B =2 *hf d* (JJ- I +NP/hfd ) 
C=(hfd* *2. )*(JJ-1+2. *NP/(hfd**2. )) 
X=(-B+SQRT(B * *2. +4. *C))/2. 
XICR=(JJ/3. )*hfd* *3+(X-hfd)**3/3. +JJ*hfd*X*(X-hfd)+NP*(1-X)* *2 
END IF 
Rb1=1.0 
A1=0.0 
B1=0.0 
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NEWNP=100. *NP 
ICOUNT=O 

20 ICOUNT=ICOUNT+1 
21 IF(NEWNP. LE. 1.9) THEN 

A=0.003 
B=0.095 
ELSE IF((NEWNP. GT. 1.9). AND. (NEWNP. LE. 5.0)) THEN 
A=0.05 
B=0.07 
ELSE IF((NEWNP. GT. 5.0). AND. (NEWNP. LE. 17.0)) THEN 
A=0.16 
B=0.05 
ELSE IF((NEWNP. GT. 17.0). AND. (NEWNP. LE. 32.0)) THEN 
A=0.50 
B=0.03 
ELSE 
A=0.8 
B=0.02 
END IF 
IF(ID. EQ. 1) GO TO 23 
IF(ID. EQ. 2) GO TO 25 
Rb2=(12. *XICR-B * 100. *NP)/A 
IF(ICOUNT. EQ. 10) THEN 
A=(A+A 1)/2. 
B=(B+B 1)/2. 
Rb2=(12. *XICR-B* 100. *NP)/A 
ELSE 
IF(ABS(Rb2-Rb 1). GT. 0.0) THEN 
Al=A 
B 1=B 
NEWNP=100. *NP/Rb2 
Rbl=Rb2 
GO TO 20 
END IF 
END IF 
IF(Rb2. LT. 1) Rb2=1.0 
ALPHAE=(Rb2-1)/(JJ-1) 
ID=1 
ALPHAU=ALPHAE 

22 ALPHAU=ALPHAU+0.01 
Rb2=1+ALPHAU*(JJ-1) 
NEWNP=100. *NP/Rb2 
GO TO 21 

23 XICRe=(A+B* 100. *NP/Rb2)*Rb2/12. 
error=XICRe/XICR-1 
IF(DABS(error). LT. Seterr) GO TO 22 
ID=2 
ALPHAL=ALPHAE 

24 ALPHAL=ALPHAL-0.01 
Rb2=1 +ALPHAL*(JJ-1) 
NEWNP=100. *NP/Rb2 
GO TO 21 

25 XICRe=(A+B* 100. *NP/Rb2)*Rb2/12. 
error=XICRe/XICR-1 
IF(DABS(error). LT. Seterr) GO TO 24 
IF(NAPOS(K). EQ. 1) THEN 
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LALPHU(K)=ALPHAU 
HALPHL(K)=ALPHAL 
ELSE 
LALPHU(K)=DMIN I (LALPHU(K), ALPHAU) 
HALPHL(K)=DMAX I (HALPHL(K), ALPHAL) 
END IF 

30 CONTINUE 
40 CONTINUE 
50 CONTINUE 

C Now that the solution processing is complete the values of the upper 
C and lower envelopes will be stored in file "OUTPUT" which can then be 
C printed 

Seterr=Seterr* 100. 
WRITE(3, '(2(/), T23, AJ, T27, A, IX, F4.1,1X, A)')'Values of the Upper A 

*nd Lower Envelope of, '% Error Allowed in Icre = , Seterr, '%' 
WRITE(3, '(//T20,3(A, 3X))')'hf/d', 'Upper Envelope Value', 'Lower Env 

*elope Value' 
DO 60 K=10,55 
hfd=K/100. 
WRITE(3, ' (T20, F4.2,9X, F 10.6,15X, F8.6)' )hfd, LALPHU(K), HALPHL(K) 

60 CONTINUE 
WRITE(3, ' (/T 15, A/T 15, ATT 15, A/T 16A, F4.1, A/T 15, A/T 16A, F4.1, A/T 15, AIT 

*35, A)')'Notes : ', '------ ', ' 1. Upper envelope values correspond to 
*a max. (+) error', ' in Icre of, Seterr, '%', '2. Lower envelope value 
*s correspond to a max. (-) error', ' in Icre of, Seterr, '%', '3. Erro 
*r in Icre is defined as : ', '(Icre/Icr-1)*100' 
STOP 
END 
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APPENDIX B7 

The Listing of Prog. 3.4.2 and its Output 



PROG. 3.4.2 
This program evaluates the cracked transformed moment of inertia of the equivalent section for a singly 
reinforced flanged section and compares the results with the exact values. It also considers the effect of 
neglecting the web compression area. 

IMPLICIT DOUBLE PRECISION(A-H, O-Z) 
DIMENSION ANS WER(55,700), error(55,700), M(55), ID(55,700), IDerr(55,7 

*00), DR(10), RIGICR(10), RICRe(10), RhfCR(10), CASAND(10), INDEX(55) 
CHARACTER SAND*5, ANSWER*5, CASAND*5 
REAL NP, NPMAX, NPMIN, NWRICR, NRAU, NEWNP, JJ, II, NPe, MODNP(10), 

*IFLAG(10), JFLAG(10), hfd 
OPEN(3, FILE=' OUT342', STATUS='UNKNOWN' ) 
NPe=0.0 
DO 15 1=1,700 
DO 10 K=10,55 
M(K)=0 
ID(K, I)=0 
error(K, I)=0 
INDEX(K)=0 

10 CONTINUE 
15 CONTINUE 

C*****The program will now ask for the sections to be given as examples. 
WRITE(*, '(1X, A)')'How many cases are to be given as examples (max. 

* of 10)? ' 
READ*, MXCASE 
WRITE(*, '(IX, A/8X, A, 10(/12X, A))')'For each case please give np, be 

*/bw and hf/d . 
Enter one combination per line', 'Notes : ', ' l. np sho 

*uld be chosen in the range from 0.13 to 33.96 with 0.01', ' increm 
*ents ', '3. be/bw should be chosen using increments of 0.1 starting 
*at 1.1', ' upto the maximum ratio of 10', '4. hf/d should be chosen 
*using increments of . 01 in the range', ' from . 10 to . 55 
DO 16 ICASE=I, MXCASE 
READ*, IFLAG(ICASE), JFLAG(ICASE), DR(ICASE) 

16 CONTINUE 
WRITE(*, '(A)')'*=-- --=-= =___= The program is running pleas 

*e wait 
C*****The values of np , be/bw and hf/d will next be assigned. Any section 
C*****that is found unacceptable according to the limitations of the 
C*****codes will be ignored. 

DO 50 I=1,3396 
IF(I. LT. 12) THEN 
GO TO 50 
ELSE IF(I. EQ. 12) THEN 
11=0.124 
ELSE 
II=1/100. 
END IF 
JJ=1.0 
DO 40 J=1,90 
JJ=(JJ* 10+1)/10. 
IF(JJ. GT. 2.5) NPMIN=1.24/JJ 
IF(JJ. LE. 2.5) NPMIN=0.9/JJ 
DO 30 K=10,55 
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hfd=K/ 100. 
NRAU=hfd* *2/(2*(I -hfd)) 
NPMAX=31.92/JJ+62.16*hfd*(1-1/JJ) 
IF((NPMIN. GT. II). OR. (NPMAX. LT. II)) THEN 

C*****The given np is outside acceptable range. section is ignored 
GO TO 30 
END IF 
dh=0.72 

C*****Now that all the parameters have been assigned the program will 
C*****commence processing the solution. 

XG=(0.5*JJ*hfd**2+0.5*((1/dh)* *2-hfd* *2))/(JJ*hfd-hfd+(1/dh)) 
IF(XG. LE. hfd)THEN 
XIG=(JJ/3. )*XG* *3+(1/3. )*(1/dh-XG)* *3+((JJ-1)/3. )*(hfd-XG)**3 
ELSE 
XIG=JJ/12. *hfd* *3. +JJ*hfd*(XG-0.5*hfd)* *2. +(1/ 12. )*(1/dh-hfd)* *3. + 
1(1/dh-hfd)*((1/dh+hfd)/2. XG)**2. 
END IF 
NP=II/100. 
IF(NP. LE. NRAU) THEN 
X=-NP+SQRT(NP* *2. +2. *NP) 
XICR=((X* * 3)/3. +NP* (l -X) ** 2)*JJ 
hfICR=XICR 
NP=NP*JJ 
SAND='YES' 
ELSE 
SAND='NO' 
NP=NP*JJ 
B=2*hfd*(JJ-1+NP/hfd) 
C=(hfd**2. )*(JJ"1+2. *NP/(hfd**2. )) 
X=(-B+S QRT(B **2. +4. * C))/2. 
XICR=(JJ/3. )*hfd* *3+(X-hfd) * *3/3. +JJ*hfd*X*(X-hfd)+NP* (1-X)* *2 
X=(NP+0.5 *JJ*hfd* *2. )/(NP+JJ*hfd) 
hfICR=JJ*hfd**3. /12. +JJ*hfd*(X-hfd/2. )**2. +NP*(1-x)**2. 
END IF 
a 1=DMIN 1((1. /3. +(8. /3. )*hfd), 0.9) 
BPRIME=a 1 *(JJ-1)+1 
NEWNP=100. *NPBPRIME 
IF(NEWNP. LE. 1.9) THEN 
XICRe=(0.003+0.095 *NEWNP)*BPRIME/ 12. 
ELSE IF((NEWNP. GT. I. 9). AND. (NEWNP. LE. 5.0)) THEN 
XI CRe=(0.05+0.07 * NEWNP) *B PRIME/ 12. 
ELSE IF((NEWNP. GT. 5.0). AND. (NEWNP. LE. 17.0)) THEN 
XICRe=(0.16+0.05 *NEWNP)*B PRIME/ 12. 
ELSE IF((NEWNP. GT. 17). AND. (NEWNP. LE. 32.0)) THEN 
XICRe=(0.5+0.03 *NEWNP) *B PRIME/ 12. 
ELSE 
XICRe=(0.8+0.02 *NE)VNP)*BPRIME/ 12. 
END IF 
NWRICR=XICRe/XICR 
ROICR=hfICR/XICR 
RIG=XIG/XICR 

C*****The following 13 lines relate only to the sections used in the examples 
C*****which are provided to illustrate the computations involved in the 
C*****program : 

DO 17 ICASE=I, MXCASE 
III=II* 1000. 
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JJJ=JJ* 1000. 
IIFG=IFLAG(ICASE)* 1000. 
JJFG=JFLAG(ICASE) * 1000. 
IF((IH. EQ. IIFG). AND. (JJJ. EQ. JJFG)) THEN 
Ihfd=hfd* 1000. 
Ihfcse=DR(ICASE)* 1000. 
IF(Ihfd. EQ. Ihfcse) THEN 
INDEX(ICASE)=1 
RIGICR(ICASE)=RIG 
MODNP(ICASE)=NEWNP 
RICRe(ICASE)=NWRICR 
RhfICR(ICASE)=ROICR 
CASAND(ICASE)=SAND 
END IF 
END IF 

17 CONTINUE 
C***************************************************************************C 

Ierror=(NWRICR-1)* 1000. 
Ierror=lerror+400 
NPe=DMAX 1(NEWNP, NPe) 
DO 20 U=1,700 
IF(Ierror. NE. U) GO TO 20 
IF(ID(K, IJ). EQ. 0) THEN 
M(K)=M(K)+1 
IDerr(K, IJ)=M(K) 
error(K, M(K))=(Ierror-400)/ 10. 
IF(RIG. GE. 1.0) THEN 
ID(K, U)=1 
ANSWER(K, M(K))=' Yes' 
ELSE 
ID(K, U)=2 
ANSWER(K, M(K))='No' 
END IF 
ELSE IF(ID(K, U). EQ. 2) THEN 
IF(RIG. GE. 1.0) THEN 
ID(K, U)=1 
ANS WER(K, IDerr(K, U))='Yes' 
END IF 
END IF 

20 CONTINUE 
30 CONTINUE 
40 CONTINUE 
50 CONTINUE 

ICOUNT=O 
DO 70 K=10,55 
hfd=K/100. 
IF(K. EQ. 10) THEN 
WRITE(3, '(11(/))') 
ICOUNT=ICOUNT+1 
ELSE 
ICOUNT=ICOUNT+1 
END IF 
WRITE(3, '(2(/), 65X, A, IX, F4.2, /)')'When hf/d =', hfd 
WRITE(3,55) 

55 FORMAT(1OX, 7('% error Ig>Icr? ', 3X)) 
DO 65 I=1, M(K) 
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IF(I. EQ. 1) II=1 
IF(I. NE. 1) II=H+7 
IJ=1*7 
IF(U. GT. M(K))U=M(K) 
IF(II. GT. M(K)) GO TO 65 
WRITE(3,60)(error(K, J), ANS WER(K, J), J=II, U) 

60 FORMAT(1IX, 7(F5.1,4X, A, 5X)) 
65 CONTINUE 

IF(K. EQ. 55) GO TO 70 
IF(ICOUNT. EQ. 2) THEN 
ICOUNT=O 
WRI TE(3, ' (1 H I, 12(/))' ) 
END IF 

70 CONTINUE 
WRITE(3, '(2(/), 60X, A, F5.2)')'Max NPb/b" (relative to bw) is ', NPe 
WRITE(3,75) 

75 FORMAT(T61,36('-')) 
WRITE(3, ' (l H 1,7(/))' ) 
WRITE(3, '(15X, A, //15X, A, //15X, A)')'The followings are printed "on 

*ly as typical cases " that are ', 'used in the examples to illustr 
*ate the computations involved ', 'in the program :' 
DO 80 I=1, MXCASE 
IF(JFLAG(I). GT. 2.5) NPMIN=1.24/JFLAG(I) 
IF(JFLAG(I). LE. 2.5) NPMIN=0.9/JFLAG(I) 
NP 1=31.92/JFLAG(I)+62.16*DR(I)*(1-1/JFLAG(I)) 
NP2=30.95/JFLAG(I)+68.84*DR(I)*(1-1/JFLAG(I)) 
NP3=40. /JFLAG(I) 
NP2=DMIN I (NP2, NP3) 
NPMAX=DMAX I (NP 1, NP2) 
WRITE(3, '(//15X, A, F6.3, A, F4.1, A, F4.2, A)')'When NP (based on be) 
*, IFLAG(I), ' %, be/bw = ', JFLAG(I), ' and hf/d =', DR(I), ' 
IF(INDEX(I). EQ. 1) THEN 
WRITE(3, '(/25X, 3(A, 3X), 1 X, A, 2X, A)')'Icre/Icr', '(Icr, neg. web)/Icr', 
*'Is N. A. in flange? ', 'NPb/b"', 'Ig/Icr' 
WRTTE(3, ' (/26X, F5.3,11 X, F5.3,16X, A, 1 OX, F5.2,3X, F5.2)')RICRe(I), Rhf 

*ICR(I), CASAND(I), MODNP(I), RIGICR(I) 
ELSE 
IF((NPMIN. GT. IFLAG(I)). OR. (NPMAX. LT. IFLAG(I))) THEN 
WRITE(3, '(/25X, A)')'np given was outside acceptable range. Case is 

*ignored' 
ELSE 
WRITE(3, '(/25X, A)')'The program does not consider such a section' 
END IF 
END IF 

80 CONTINUE 
WRITE(3, ' (///)' ) 
STOP 
END 
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APPENDIX Cl 

The Listing of Prog. 4.3.1 and its Output 



PROG. 4.3.1 
This program evaluates y for the values of cD from 0 to -10 and for the referance condition of R=3. 
These values are then used to plot the solution curves of Fig. 4.3.1 as explained in Sec. 4.3. 

DIMENSION GAMA(22,16) 
REAL NP(16) 
OPEN(3, FILE=' OUTPUT' , STATUS='UNKNOWN' ) 

C***** The program will now assign a value 3 for Id and commence processing 
C***** It will also assign values for npb/b' and phai 

XID=3.0 
WRITE(3, '(3(//), 69X, A, 1X, F3.14')'When R=', XID 
DO 40 K=1,3 
M=16 
IF(K. EQ. 3)M=7 
DO 40 1=1,22 
IF(I. EQ. 1) THEN 
PHI=0.0 
ELSE IF(I. GT. 3) THEN 
PHI=PHI-0.5 
ELSE 
PHI=PHI-0.25 
END IF 
DO 10 J=1, M 
IF(K. EQ. 1) THEN 

IF(J. EQ. 1) THEN 
NP(J)=0.12 
ELSE IF(J. EQ. 2) THEN 
NP(J)=0.15 
ELSE IF(J. EQ. 3) THEN 
NP(J)=0.20 
ELSE IF((J. GT. 3). AND. (J. LE. 11)) THEN 
NP(J)=NP(J-1)+0.1 
ELSE IF(J. EQ. 12) THEN 
NP(J)=2.0 
ELSE 
NP(J)=NP(J-1)+2 
END IF 

ELSE IF(K. EQ. 2) THEN 
IF(J. EQ. 1) THEN 
NP(J)=12.0 
ELSE 
NP(J)=NP(J-1)+2.0 
END IF 

ELSE IF(K. EQ. 3) THEN 
IF(J. EQ. 1) THEN 
NP(J)=44.0 
ELSE 
NP(J)=NP(J-1)+2.0 
END IF 

END IF 
C***** The values of gama will now be evaluated . 

The results will be 
C***** stored in a file called OUTPUT 

IF(I. EQ. 1) THEN 
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GAMA(I, J)=XID 
ELSE 

IF(NP(J). LE. 1.9) THEN 
ALPHA=0.003 
BETA=0.095 
ELSE IF((NP(J). GT. 1.9). AND. (NP(J). LE. 5.0)) THEN 
ALPHA=0.05 
BETA=0.07 
ELSE IF((NP(J). GT. 5.0). AND. (NP(J). LE. 17.0)) THEN 
ALPHA=0.16 
BETA=0.05 
ELSE IF((NP(J). GT. 17.0). AND. (NP(J). LE. 32.0)) THEN 
ALPHA=0.50 
BETA=0.03 
ELSE 
ALPHA=0.80 
BETA=0.02 
END IF 
GAMA(I, J)=ALPHA+BETA*NP(J)+(XID-ALPHA-BETA*NP(J))*EXP(PHI) 

END IF 
10 CONTINUE 

IF(I. NE. 1) GO TO 25 
IF(K. EQ. 1) THEN 
WRITE(3,15)(NP(J), J=1, M) 

15 FORMAT(23X, 'PHI', 2X, 'NPb/b": ', 1 X, 2(F4.2,2X), F4.1,13(2X, F4.1)) 
ELSE 
WRTTE(3,20)(NP(J), J=1, M) 

20 FORMAT(23X, 'PHI', 2X, 'NPb/b": ', IX, F4.1,15(2X, F4.1)) 
END IF 

25 WRITE(3,30) PHI, (GAMA(I, J), J=1, M) 
30 FORMAT(21 X, F6.2,1 X, ' GAMA . ', 16(1 X, F5.3)) 
40 CONTINUE 

STOP 
END 
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APPENDIX C2 

The Listing of Prog. 4.4.3.1 and its Output 



PROG. 4.4.3.1 
This program evaluates the deflection of a simply supported beams using the effective moment 
of inertia as given by Branson's equation (Eq. 4.1.1), the equation proposed in Ref. 4 (Eq. 4.1.2) 

and the proposed model. The deflection values thus computed along with the measured 
deflection as well as the corresponding errors found in the values computed by the different 

methods are then printed. The loading types considered by this program are: Two point loads 

that are equally spaced from the supports, uniformly distributed loads and central point loads 

Notes: 
This program reads data from a data file. The terms read from the data files (see comment 
statement cl below) are defined as follows: 

Asc: As, dc: d', MESDEF: measured deflection, ILOAD: variable defining load type 
(1 for distributed loads, 2 otherwise), XX: distance fom a point load to the near 
support (half the span for central point loads, zero for distributed loads) 
Other terms are as defined in Chaps. 1-4. 

IMPLICIT DOUBLE PRECISION(A-H, O-Z) 
DIMENSION DEFI(500), DEF3(500), DEFBR(500), RSPAN(500), Rho(500), RM(50 
10) 
REAL Ma, Mcr, MESDEF(500), Iel, 1e3, N, NRho, NRhoc, NEWICR 
CHARACTER ASAD1*2, ASAD2*3, ASAD3*5, ASAD4*3, ASAD5*5, ASAD6* 
13 
OPEN(3, FILE=' OUTPUT', STATUS='UNKNOWN' ) 
OPEN(4, FILE='CERA', ACCESS= SEQUENTIAL', STATUS='OLD') 
WRITE(*, '(1X, A, /fT10, A, fl15, A, //TlO, A, ff 15, A, /T10, A, /T15, A, /T15, A, 
1/T15, A, /T18, A, ///T20, A)')'Please note : ', ' 1. When using metric unit 
is : ', 'enter 1 for ID and use units of MPa, N. mm, mm and SQ. mm', '2. Wh 
len using English units : ', 'enter 2 for ID and use units of psi, lb. 
lin, in and SQ. in', '3. enter : ', 'a. "0" for As" and d" if no compres 
Ision reinforcement is used', 'b. "O" for hf and take be=bw if the se 
Iction is rectangular', 'c. "0" for fc" if cubic strength is used a 
Ind "0" for fcu if, 'cylindrical strength is used', '* ========= Hi 
lt return to continue ==______ 
READ(*, ' (A4)' ) 

C*****Identify type of units and give sectional properties 
WRITE(*, '(//, 1X, A\)')'Please give the units identification number, 

IID: ' 
READ*, ID 
WRITE(*, '(IX, A\)')'How many elements are you considering ?' 
READ*, I 
ICOUNT=O 
DO 10 J=1, I 
ICOUNT=ICOUNT+1 

cl---The following statement reads data from a data file 
READ(4, *)fc, fcu, Ma, As, Asc, bw, be, hf, h, d, dc, span, MESDEF(J), ILOAD, XX 
RSPAN(J)=XX/SPAN 
bbw=bw 

C*****Compute the ratios of the sectional dimensions 
Rb=be/bw 
hfd=hf/d 
dh=d/h 

C*****Since the values of hf and hfd will be altered somewhere in the 
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C*****program they have to be stored for printing purposes: 
Xhf=hf 
Xhfd=hf/d 

C*****Compute the gross moment of inertia : 
IF(be. EQ. bw) THEN 
XG=h/2 
XIG=bw*h**3J12. 
ELSE 
R1=(0.5*Rb*hfd**2. +0.5*((1Jdh)**2. -hfd**2. ))*d 
R2=Rb*hfd+1/dh-hfd 
XG=R1/R2 
RXG=XG/d 
IF(XG. LE. hf) THEN 
XIG=(Rb*RXG* *3J3. +(1 /dh-RXG)**3. /3. +(Rb-1)*(hfd-RXG)* *3. /3. )*bw*d 
1**3. 
ELSE 
XIG=(Rb*hfd* *3J12. +Rb*hfd*(RXG-0.5 *hfd)**2. +(1/dh-RXG)**3. /3. +(RX 
I G-hfd)**3. /3. )*bw*d**3. 
END IF 
END IF 

C*****COMPUTE Ec and n: 
IF(ID. EQ. 1) THEN 
ASAD1='mm' 
ASAD2='MPa' 
ASAD3='N. mm' 
IF(fcu. EQ. 0.0) THEN 
Ec = 5000. *SQRT(fc) 
ASAD4='fc"' 
ELSE 
Ec = (20. +0.2*fcu)*I000.0 
ASAD4=' fcu' 
END IF 
N=200* 10**3. /Ec 
ELSE 
ASAD1='in' 
ASAD2='psi' 
ASAD3='lb. in' 
IF(fcu. EQ. O) THEN 
Ec=33. * 145.0** 1.5*SQRT(fc) 
ASAD4=' fc"' 
ELSE 
Ec=(2900. +0.2*fcu)* 1000. 
ASAD4='fcu' 
END IF 
N=29. * 10. **6. /Ec 
END IF 

C*****Compute the equivalent width b' np and np' 
Rho(J)=As* 100. /(bw*d) 
NRhoc=N*Asc* 100.0/(bw*d) 
ALPHAF=DMIN 1(0.9, (1. /3. )*(1. +8. *Xhfd)) 
IF(Asc. EQ. 0.0) THEN 
EQb=(ALPHAF*(Rb-1)+ 1)*bw 
ELSE 
ALPHA=0.0006+0.05 *(dc/d)*(1-2*dc/d)* *2. 
EQb=(ALPHA*NRhoc*d/dc + ALPHAF*( Rb-1)+1)*bw 
END IF 
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EQNRho=N*As* 100](EQb*d) 
C*****Compute Icr using the approximate method : 

IF(EQNRho. LE. 1.9) THEN 
A=0.003 
B=0.095 
ELSE IF((EQNRho. GT. 1.9). AND. (EQNRho. LE. 5. )) THEN 
A=0.05 
B=0.07 
ELSE IF((EQNRho. GT. 5. ). AND. (EQNRho. LE. 17)) THEN 
A=0.16 
B=0.05 
ELSE IF((EQNRho. GT. 17. ). AND. (EQNRho. LE. 32. )) THEN 
A=0.5 
B=0.03 
ELSE 
A=0.80 
B=0.02 
END IF 
NEWICR=(A+B*EQNRho)*EQb*d**3. / 12. 

C*****Compute exact Icr to use in Branson's equation 
NRho=N*As* 100. /(be*d) 
IF(be. NE. bw) THEN 
Rhfd=((N*Asc* 100. /(be*d))*(hfd-dc/d)+50. *hfd**2. )/(1-hfd) 
IF(NRho. GT. Rhfd) THEN 
NRho=N*As/(bw*d) 
NRhoc=N*Asc/(bw*d) 
ELSE 
hf=0.0 
hfd=0.0 
bw=be 
NRho=NRho/ IO0. 
NRhoc=N*Asc/(be*d) 
END IF 
ELSE 
NRho=N*As/(bw*d) 
NRhoc=N*Asc/(bw*d) 
END IF 
BB =2 * (hf * Rb-h f+d *N Rho+d * NRhoc ) 
C=Rb*hf**2. -hf**2. +2. *d*dc*NRhoc+2. *NRho*d**2. 
X=(-BB+SQRT(BB * *2. +4. * C))/2. 
XICR=(Rb* hfd **3. /3. +(X/d-hfd) * *3. /3. +Rb * hfd * (X/d) * (X/d-hfd)+NRho *( 
11-X/d) **2. +NRhoc * (X/d-d c/d) **2. ) * (b w*d**3. ) 

C*****Compute Ie : 
IF(XICR. GT. XIG) THEN 
BRIe=XICR 
Iel=XICR 
Ie3=XICR 
ELSE 
IF(ID. EQ. 1) THEN 
IF(fcu. EQ. 0.0) Fr=0.62*SQRT(fc) 
IF(fc. EQ. 0.0) Fr=0.56*SQRT(fcu) 
ELSE 
IF(fcu. EQ. 0.0) Fr=7.5*SQRT(fc) 
IF(fc. EQ. 0.0) Fr=6.8*SQRT(fcu) 
END IF 
Mcr=Fr*XIG/(h-XG) 
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RM(J)=Ma/Mcr 
IF(RM(J). LE. 1.0) THEN 
BRle=XIG 
lel=XIG 
Ie3=XIG 
GO TO 15 
END IF 
BR=XICR+(XIG-XICR)*(I/RM(J))**3. 
BRle=DMINI(BR, XIG) 
IF(ILOAD. EQ. 1) RL=SQRT(I-I/RM(J)) 
IF(ILOAD. NE. 1) RL=I-(2*XX/SPAN)*(I/RM(J)) 
IF(Rho(J). LT. 1) THEN 
PHAII=-RL*RM(J) 
ELSE 
PHAII=-RM(J)*RL*Rho(J) 
END IF 
lel=NEWICR*(I-EXP(PHAIl))+XIG*EXP(PHAII) 
lel=DMINI(Iel, XIG) 
SUADI--0.8*Rho(J)/RM(J) 
le3=(RL**SUADI)*XICR+(I-RL**SUADI)*XIG 
le3=DMINI(le3, XIG) 
END IF 

C*****Compute deflection 
15 IF(ILOAD. EQ. 1) THEN 

DEFBR(J)=(5. /48 . )*Ma* SPAN* *2. /(Ec*BRIe) 
DEFI(J)=(5. /48. )*Ma*SPAN**2J(Ec*lel) 
DEF3(J)=(5. /48. ) *Ma* SPAN* *2AEc*le3) 
ELSE 
DEFBR(J)=(3. *Ma*SPAN**2. -4. *Ma*XX**2. )/(24. *Ec*BRIe) 
DEFI(J)=(3. *Ma*SPAN**2. -4. *Ma*XX**2. )/(24. *Ec*lel) 
DEF3(J)=(3. *Ma*SPAN**2. -4. *Ma*XX**2. )/(24. *Ec*le3) 
END IF 

C*****Because Ma will be entered as integer it is recommended that it is 
C*****printed as so - It was previously declared as real to avoid mix 
C*****Mode computation . Also fc and Fcu are usually given as whole numb 
C*****ers and thus should be printed as integers 

MMa=Ma 
Mfc=fc 
MFcu=fcu 

C*****PRINT OUTPUT: 
IF((J. EQ. 1). OR. (ICOUNT. EQ. 48)) THEN 
ICOUNT=O 
WRITE(3, '(IH1)') 
WRITE(3,21)ASAD4 

21 FORMAT(///T7, '., 72('-), '. ', M, 'I', T IIX, d', T I 6, 'I', T23, 'l 
*', IX, 'd"', T28, 'I', T35, 'I', IX, 'bw', T40, 'I', IX, 'hf', T45, 'I', T52, 'I' 
l, 'As"', T57, 'I', T63, 'I', T80, 'I'M, 'I', 'BM', T IIX, '-', T 16, ' 
11', 2X, 'd', T23, 'I', IX, '--', T28, 'I', 2X, 'bw', T35, 'I', IX, '-', T40, 'I', 
IIX, '--', T45, 'I', 2X, 'As', T52, 'I', '--', T57, 'I', I X, A3, T63, 'I', I X, 'spa 
In', 2X, '1', 3X, 'Ma', T80, '1') 
WRITE(3,22)ASADI, ASADI, ASADI, ASAD2, ASADI, ASAD3 

22 FORMAT(T7, 'I', '#', Tll, 'I', IX, 'h', TI6, 'I', 2X, A2, T23, 'I', IX, 'd', T28, 
1'1', 2X, A2, T35, 'I', IX, 'be', T40, 'I', IX, 'd', T45, 'I', 'SQ. ', A2, T52, 'I', 
I'As', T57, 'I', IX, A3, T63, 'I', 2X, A2,3X, 11', IX, A5, TgO, 'I') 
WRrrE(3,24) 

24 
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END IF 
IF(fc. EQ. 0.0) THEN 
WRITE(3,25)J, dh, d, dc/d, bbw, I/Rb, Xhfd, As, Asc/As, MFcu, span, MMa 
ELSE 
WRITE(3,25)J, dh, d, dc/d, bbw, I/Rb, Xhfd, As, Asc/As, Mfc, span, MMa 
END IF 

25 FORMATM, 'I', 13, Tl l, 'I', F4.3, '[', F6.3, 'I', F4.2, 'I', F6.2, 'I', F4.2, 
*'I', F4.2, 'I', F6.3, 'I', F4.2, 'I', 15, 'I', F7.2, 'I', I8, 'I') 
IF((ICOUNT. EQ. 47). OR. (J. EQ. 1)) THEN 
WRITE(3,26) 

26 FORMATM, '. ', 72('-'), '. ') 
END IF 

10 CONTINUE 
ICOUNT--O 
DO 30 J=1,1 
ICOUNT=ICOUNT+I 
difBR=((DEFBR(J)-MESDEF(J))/MESDEF(J))*100. 
dif 1=((DEFI(J)-MESDEF(J))/MESDEF(J))*100. 
dif3=((DEF3(J)-MESDEF(J))/MESDEF(J))*100. 
IF(RSPAN(J). EQ. 0.5)ASAD5='C. P. L' 
IF(RSPAN(J). NE. O. 5)ASAD6='P. L' 
IF(RSPAN(J). EQ. O)ASAD5='U. D. L' 
IF((J. EQ. 1). OR. (ICOUNT. EQ. 48)) THEN 
ICOUNT--O 
WRrrE(3, '(IHI)') 
WRITE(3,27) ASADI, ASADI, ASADI, ASADI 

27 FORMAT(///, T6, '. ', 73('-'),. ', i76, '[', TIO, 'I', 'meas"d', 'I', 3('def 
I. by', 'I'), 3(2X, '%', 3X, '['), 6X, 'I', 2X, 'Ma', 2X, 'I', TgO, 'I', fr6, 'I', ' 
IBM', IX, 'I', IX, 'def. ', lX, 'l', 'Brnson', 'l', 'Ref. 4', lX, T, 'Model', lX 
l, 'I', 3('error', IX, 'I'), 2X, 'P', 3X, 'I'. IX, '----', IX, 'I', IX, 'Ioad', IX 
l, 'I', /T6, 'I', '#', 2X, 'I', 4(2X, A2,2X, 'I'), 'Bmson', 'I', 'Ref. 4', IX, 'I 
1', 'Model', IX, 'I', IX, '(%)', 2X, 'I', 2X, 'Mcr', IX, '[', IX, 'type', IX, 'I'. 

END IF 
IF((RSPAN(J). EQ. 0.5). OR. (RSPAN(J). EQ. 0))THEN 
WRITE(3, '(T6, A, 13, TIO, A, 4(F6.3, A), 3(F6.2, A), F6.2, A, F6.2, A, A5, T80, A 

*)')'I', J, 'I', MESDEF(J), 'I', DEFBR(J), 'I', DEF3(J), 'I', DEFI(J), -I,, di 
I fBR, T, dif3, 'l', dif l, 'I', Rho(J), 'I', RM(J), 'I', ASAD5, 'I' 
ELSE 
WRITE(3, '(T6, A, 13, TIO, A, 4(F6.3, A), 3(F6.2, A), F6.2, A, F6.2, A, F3.2, A3, 
IT80, A)')'I', J, 'I', MESDEF(J), 'I', DEFBR(J), 'I', DEF3(J), 'I', DEFI(J), ' 
*1', difBR, 'I', dif3, 'I', difl, 'I', Rho(J), 'I', RM(J), 'I,, RSPAN(J), ASAD6 
*, fig 
END IF 
IF((ICOUNT. EQ. 47). OR. (J. EQ. I)) THEN 
WRITE(3,28) 

28 FORMAT(T6, '. ', 73('_'), '. ') 
END IF 

30 CONTINUE 
STOP 
END 
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OUTPUT OF PROG. 4.4.3.1 

Table C2.1. Data read from data file "CERA" 

BM 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 

21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 

d 

h 

. 868 

. 868 

. 868 

. 868 

. 868 

. 868 

. 868 

. 868 

. 868 

. 868 

. 868 

. 868 

. 868 

. 868 

. 868 

. 868 

. 868 

. 868 

. 868 

. 868 

. 833 

. 833 

. 833 

. 833 

. 833 

. 833 

. 833 

. 833 

. 833 

. 833 

. 833 

. 833 

. 833 

. 833 

. 833 

. 833 

. 833 

. 833 

. 833 

. 
833 

. 833 

. 833 

. 844 

. 844 

. 844 

. 844 

. 844 

. 844 

d 
in 

13.125 
13.125 
13.125 
13.125 
13.125 
13.125 
13.125 
13.125 
13.125 
13.125 
13.125 
13.125 
13.125 
13.125 
13.125 
13.125 
13.125 
13.125 
13.125 
13.125 
13.125 
13.125 
13.125 
13.125 
13.125 
13.125 
13.125 
13.125 
13.125 
13.125 
13.125 
13.125 
13.125 
13.125 
13.125 
13.125 
13.125 
13.125 
13.125 
13.125 
13.125 
13.125 
13.500 
13.500 
13.500 
13.500 
13.500 
13.500 

d' 

d 

0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
o. 00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 

bw 
in 

8.00 
8.00 
8.00 
8.00 
8.00 
8.00 
8.00 
8.00 
8.00 
8.00 
8.00 
8.00 
8.00 
8.00 
8.00 
8.00. 
8.00 
8.00 
8.00 
8.00 
8.00 
8.00 
8.00 
8.00 
8.00 
8.00 
8.00 
8.00 
8.00 
8.00 
8.00 
8.00 
8.00 
8.00 
8.00 
8.00 
8.00 
8.00 
8.00 
8.00 
8.00 
8.00 
8.00 
8.00 
8.00 
8.00 
8.00 
8.00 

bw 

be 

1.00 
1.00 
1.00 
1.00 
1.00 
1.00 
1.00 
1.00 
1.00 
1.00 
1.00 
1.00 
1.00 
1.00 
1.00 
1.00 
1.00 
1.00 
1.00 
1.00 
1.00 
1.00 
1.00 
1.00 
1.00 
1.00 
1.00 
1.00 
1.00 
1.00 
1.00 
1.00 
1.00 
1.00 
1.00 
1.00 
1.00 
1.0a 
1.00 
1.00 
1.00 
1.00 
1.00 
1.00 
1.00 
1.00 
1.00 
1.00 

hf 

d 

0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 

As 
SQ. in 

2.446 
2.446 
2.446 
2.446 
2.446 
2.446 
2.446 
2.446 
2.446 
2.446 
2.446 
2.446 
2.446 
2.446 
2.446 
2.446 
2.446 
2.446 
2.446 
2.446 
2.405 
2.405 
2.405 
2.405 
2.405 
2.405 
2.405 
2.405 
2.405 
2.405 
2.405 
2.405 
2.405 
2.405 
2.405 
2.405 
2.405 
2.405 
2.405 
2.405 
2.405 
2.405 
2.354 
2.354 
2.354 
2.354 
2.354 
2.354 

As' 

As 

0.00 
0. o0 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 

span 
in 

-------ý 
180.00 
180.00 
180.00 
180.00 
180.00 
180.00 
180,00 
180.00 
180.00 
180.00 
180.00 
180.00 
180.00 
180.00 
180.00 
180.00 
180.00 
180.00 
180.00 
180.00 
180.00 
180.00 
180.00 
180.00 
180.00 
180.00 
180.00 
180.00 
180.00 
180.00 
180.00 
180.00 
180.00 
180.00 
180.00 
180.00 
180.00 
180.00 
180.00 
180.00 
180.00 
180.00 
180.00 
180.00 
180.00 
180.00 
180.00 
180.00 

Ma 
lb. in 

616000 
862400 
829000 

1160600 
868000 

1215200 
862500 

1207500 
554500 
776300 
761500 

1066100 
672000 
940800 
773000 

1082200 
714000 
999600 
795000 

1113000 
560000 
784000 
756000 

1058400 
795000 

1113000 
795000 

1113000 
756000 

1058400 
560000 
784000 
817500 

1144500 
773000 

1082200 
823000 

1152200 
806500 

1129100 
817500 

1144500 
661000 
925400 
801000 

1121400 
806500 

1129100 
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Table C2.1 (cont'd) 

------------------------------------------------------------------------- 
d d' bw hf As' 

BM -- d -- bw As -- fcu span Ma 
#h in d in be d SQ. in As psi in lb. in 

--- ---- ------ ---- ------ ---- ---- ------ ---- ----- ------- -------- 
49 . 844 13.500 0.00 8.00 1.00 0.00 2.354 0.00 4300 180.00 829000 
50 . 844 13.500 0.00 8.00 1.00 0.00 2.354 0.00 4300 180.00 1160600 
51 . 844 13.500 0.00 8.00 1.00 0.00 2.354 0.00 4340 180.00 817500 
52 . 844 13.500 0.00 8.00 1.00 0.00 2.354 0.00 4340 180.00 1144500 
53 . 844 13.500 0.00 8.00 1.00 0.00 2.354 0.00 4440 180.00 717000 
54 . 844 13.500 0.00 8.00 1.00 0.00 2.354 0.00 4440 180.00 1003800 
55 . 867 13.875 0.00 8.00 1.00 0.00 2.364 0.00 5620 180.00 689000 
56 . 867 13.875 0.00 8.00 1.00 0.00 2.364 0.00 5620 180.00 964600 
57 . 867 13.875 0.00 8.00 1.00 0.00 2.364 0.00 5490 180.00 840000 
58 . 867 13.875 0.00 8.00 1.00 0.00 2.364 0.00 5490 180.00 1176000 
59 . 867 13.875 0.00 8.00 1.00 0.00 2.364 0.00 5540 180.00 829000 
60 . 867 13.875 0.00 8.00 1.00 0.00 2.364 0.00 5540 180.00 1160600 
61 . 867 13.875 0.00 8.00 1.00 0.00 2.364 0.00 5450 180.00 834500 
62 . 867 13.875 0.00 8.00 1.00 0.00 2.364 0.00 5450 180.00 1168300 
63 . 867 13.875 0.00 8.00 1.00 0.00 2.364 0.00 5580 180.00 806500 
64 . 867 13.875 0.00 8.00 1.00 0.00 2.364 0.00 5580 180.00 1129100 
65 . 867 13.875 0.00 8.00 1.00 0.00 2.364 0.00 5740 180.00 761500 
66 . 867 13.875 0.00 8.00 1.00 0.00 2.364 0.00 5740 180.00 1066100 
67 . 868 13.125 0.00 8.00 1.00 0.00 2.405 0.00 3843 180.00 532000 
68 . 868 13.125 0.00 8.00 1.00 0.00 2.405 0.00 3843 180.00 744800 
69 . 868 13.125 0.00 8.00 1.00 0.00 2.405 0.00 3843 180.00 526500 
70 . 868 13.125 0.00 8.00 1.00 0.00 2.405 0.00 3843 180.00 737100 
71 . 833 13.125 0.00 8.00 1.00 0.00 2.405 0.00 3843 180.00 605000 
72 . 833 13.125 0.00 8.00 1.00 0.00 2.405 0.00 3843 180.00 847000 
73 . 833 13.125 0.00 8.00 1.00 0.00 2.405 0.00 3843 180.00 549000 
74 . 833 13.125 0.00 8.00 1.00 0.00 2.405 0.00 3843 180.00 768600 
75 . 868 13.125 0.00 8.00 1.00 0.00 2.405 0.00 4175 180.00 756000 
76 . 868 13.125 0.00 8.00 1.00 0.00 2.405 0.00 4175 180.00 1058400 
77 . 868 13.125 0.00 8.00 1.00 0.00 2.405 0.00 4190 180.00 795000 
78 . 868 13.125 0.00 8.00 1.00 0.00 2.405 0.00 4190 180.00 1113000 
79 . 833 13.125 0.00 8.00 1.00 0.00 2.405 0.00 4203 180.00 717000 
80 . 833 13.125 0.00 8.00 1.00 0.00 2.405 0.00 4203 180.00 1003800 
81 . 833 13.125 0.00 8.00 1.00 0.00 2.405 0.00 4216 180.00 767000 
82 . 833 13.125 0.00 8.00 1.00 0.00 2.405 0.00 4216 180.00 1073800 
83 . 833 13.125 0.00 3.50 0.44 0.50 2.405 0.00 4820 180.00 761500 
84 . 833 13.125 0.00 3.50 0.44 0.50 2.405 0.00 4820 180.00 1066100 
85 . 833 13.125 0.00 5.50 0.69 0.50 2.405 0.00 4870 180.00 795000 
86 . 833 13.125 0.00 5.50 0.69 0.50 2.405 0.00 4870 180.00 1113000 
87 . 833 13.125 0.00 7.75 0.97 0.50 2.405 0.00 4900 180.00 829000 
88 . 833 13.125 0.00 7.75 0.97 0.50 2.405 0.00 4900 180.00 1160600 
89 . 820 13.125 0.00 6.25 1.00 0.00 2.190 0.00 4320 180.00 554500 
90 . 820 13.125 0.00 6.25 1.00 0.00 2.190 0.00 4320 180.00 776300 
91 . 822 13.150 0.00 8.00 1.00 0.00 2.367 0.00 4550 180.00 633000 
92 . 822 13.150 0.00 8.00 1.00 0.00 2.367 0.00 4550 180.00 886200 
93 . 820 13.125 0.00 9.75 1.00 0.00 2.355 0.00 4500 180.00 644000 
94 . 820 13.125 0.00 9.75 1.00 0.00 2.355 0.00 4500 180.00 901600 
95 . 833 13.125 0.00 3.50 0.44 0.50 2.405 0.00 5270 180.00 739000 
96 . 833 13.125 0.00 3.50 0.44 0.50 2.405 0.00 5270 180.00 1034600 
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Table C2.1 (cont'd) 

d d' bw hf As I 
BM -- d -- bw As -- fcu span Ma 
# h in d in be d SQ. in As psi 

-- 
in 

------- 
lb. in 

-------- --- 
97 

---- 
. 833 

------ 
13.125 

---- 
0.00 

------ 
5.50 

---- 
0.69 

---- 
0.50 

------ 
2.405 

---- 
0.00 

--- 
5320 180.00 795000 

98 . 833 13.125 0.00 5.50 0.69 0.50 2.405 0.00 5320 180.00 1113000 
99 . 833 13.125 0.00 7.75 0.97 0.50 2.405 0.00 5050 180.00 795000 

100 . 833 13.125 0.00 7.75 0.97 0.50 2.405 0.00 5050 180.00 1113000 
101 . 820 13.125 0.00 6.25 1.00 0.00 2.190 0.00 5210 180.00 750500 
102 . 820 13.125 0.00 6.25 1.00 O. Co 2.190 0.00 5210 180.00 1050700 
103 . 820 13.125 0.00 8.00 1.00 0.00 2.362 0.00 5300 180.00 750500 
104 . 820 13.125 0.00 8.00 1.00 0.00 2.362 0.00 5300 180.00 1050700 
105 . 820 13.125 0.00 9.75 1.00 0.00 2.355 0.00 5340 180.00 873500 
106 . 820 13.125 0.00 9.75 1.00 0.00 2.355 0.00 5340 180.00 1222900 
107 . 766 13.125 0.00 8.00 1.00 0.00 2.405 0.00 3800 180.00 823000 
108 . 766 13.125 0.00 8.00 1.00 0.00 2.405 0.00 3800 180.00 1152200 
109 . 766 13.125 0.00 8.00 1.00 0.00 2.405 0.00 3880 180.00 717000 
110 . 766 13.125 0.00 8.00 1.00 0.00 2.405 0.00 3880 180.00 1003800 
111 . 814 13.125 0.00 8.00 1.00 0.00 2.405 0.00 3950 180.00 784000 
112 . 814 13.125 0.00 8.00 1.00 0.00 2.405 0.00 3950 180.00 1097600 
113 . 814 13.125 0.00 8.00 1.00 0.00 2.405 0.00 4000 180.00 722500 
114 . 814 13.125 0.00 8.00 1.00 0.00 2.405 0.00 4000 180-00 1011500 
115 . 882 13.125 0.00 8.00 1.00 0.00 2.405 0.00 4190 180.00 756000 
116 . 882 13.125 0.00 8.00 1.00 0.00 2.405 0.00 4190 180.00 1058400 
117 . 882 13.125 0.00 8.00 1.00 0.00 2.405 0.0-0 4240 180.00 733500 
118 . 882 13.125 0.00 8.00 1.00 0.00 2.405 0.00 4240 180.00 1026900 
119 . 882 13.125 0.00 8.00 1.00 0.00 2.405 0.00 4600 180.00 722500 
120 . 882 13.125 0.00 8.00 1.00 0.00 2.405 0.00 4600 180.00 1011500 121 . 833 13.125 O. OQ 8.00 1.00 0.00 2.405 0.00 4800 180.00 728000 122 . 833 13.125 0.00 8.00 1.00 0.00 2.405 0.00 4800 180-00 1019200 123 . 833 13.125 0.00 8.00 1.00 0.00 2.405 0.00 4850 180.00 728000 124 . 833 13.125 0.00 B-00 1.00 0.00 2.405 0.00 4850 180.00 1019200 
125 . 882 13.125 0.00 8.00 1.00 0.00 2.405 0.00 4700 180.00 644000 
126 . 882 13.125 0.00 8.00 1.00 0.00 2.405 0.00 4700 180.00 901600 
127 . 833 13.125 0.00 8.00 1.00 0.00 2.405 0.00 4950 180.00 700000 
128 . 833 13.125 0.00 8.00 1.00 0.00 2.405 0.00 4950 180.00 980000 
129 . 833 13.125 0.00 8.00 1.00 0.00 2.405 0.00 5160 180.00 817500 
130 . 833 13.125 0.00 8.00 1.00 0.00 2.405 0.00 5160 180-00 1144500 
131 . 833 13.125 0.00 8.00 1.00 0.00 2.405 0.00 2950 180.00 610500 
132 . 833 13.125 0.00 8.00 1.00 0.00 2.405 0.00 2950 180.00 854700 
133 . 833 13.125 0.00 8.00 1.00 0.00 2.405 0.00 2985 180.00 627000 
134 . 833 13.125 0.00 8.00 1.00 0.00 2.405 0.00 2985 180.00 877800 
135 . 833 13.125 0.00 8.00 1.00 0.00 2.405 0.00 4960 180.00 728000 
136 . 833 13.125 0.00 8.00 1.00 0.00 2.405 0.00 4960 180.00 1019200 
137 . 833 13.125 0.00 8.00 1.00 0.00 2.405 0.00 2830 180.00 582500 
138 . 833 13.125 0.00 8.00 1.00 0.00 2.405 0.00 2830 180.00 815500 
139 . 833 13.125 0.00 8.00 1.00 0.00 2.405 0.00 3475 180.00 661000 
140 . 833 13.125 0.00 8.00 1.00 0.00 2.405 0.00 3475 180.00 925400 
141 . 833 13.125 0.00 8.00 1.00 0.00 2.405 0.00 4900 180.00 733500 
142 . 833 13.125 0.00 8.00 1.00 0.00 2.405 0.00 4900 180.00 1026900 
143 . 820 13.125 0.00 8.00 1.00 0.00 2.362 0.00 4770 180.00 638500 
144 . 820 13.125 0.00 8.00 1.00 0.00 2.362 0.00 4770 180.00 893900 
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Table C2.1 (cont'd) 

---- ----- 
d 

------- ----- 
dl 

------- ----- 
bw 

----- 
hf 

------- ----- 
As' 

------ -------- --------- 

BM -- d -- bw As -- fcu span Ma 
# h in d in be d SQ. in As 

---- 
psi 

----- 
in 

------- 
lb. in 

-------- --- 
145 

---- 
. 820 

------ 
13.125 

---- 
0.00 

------ 
8.00 

---- 
1.00 

---- 
0.00 

------ 
1.764 0.00 4980 180.00 515000 

146 . 820 13.125 0.00 8.00 1.00 0.00 1.764 0.00 4980 180.00 721000 
147 . 820 13.125 0.00 8.00 1.00 0.00 1.176 0.00 5050 180.00 330500 
148 . 820 13.125 0.00 8.00 1.00 0.00 1.176 0.00 5050 180.00 462700 
149 . 833 13.125 0.00 8.00 1.00 0.00 2.405 0.00 4700 180.00 554500 
150 . 833 13.125 0.00 8.00 1.00 0.00 2.405 0.00 4700 180.00 776300 
151 . 833 13.125 0.00 8.00 1.00 0.00 1.764 0.00 4500 180.00 425500 
152 . 833 13.125 0.00 8.00 1.00 0.00 1.764 0.00 4500 180.00 595700 
153 . 833 13.125 0.00 8.00 1.00 0.00 1.228 0.00 4940 180.00 325000 
154 . 833 13.125 0.00 8.00 1.00 0.00 1.228 0.00 4940 180.00 455000 
155 . 820 13.125 0.00 8.00 1.00 0.00 '2.362 0.00 4850 180.00 806500 
156 . 820 13.125 0.00 8.00 1.00 0.00 2.362 0.00 4850 180.00 1129100 
157 . 820 13.125 0.00 8.00 1.00 0.00 1.764 0.00 4775 180.00 750500 
158 . 820 13.125 0.00 8.00 1.00 0.00 1.764 0.00 4775 180.00 1050700 
159 . 820 13.125 0.00 8.00 1.00 0.00 1.176 0.00 5020 180.00 498500 
160 . 820 13.125 0.00 8.00 1.00 0.00 1.176 0.00 5020 180.00 697900 
161 . 833 13.125 0.00 8.00 1.00 0.00 2.405 0.00 5190 180.00 795000 
162 . 833 13.125 0.00 8.00 1.00 0.00 2.405 0.00 5190 180.00 1113000 
163 . 833 13.125 0.00 8.00 1.00 0.00 1.764 0.00 4960 180.00 616000 
164 . 833 13.125 0.00 8.00 1.00 0.00 1.764 0.00 4960 180.00 862400 
165 . 833 13.125 0.00 8.00 1.00 0.00 1.228 0.00 4900 180.00 403000 
166 . 833 13.125 0.00 8.00 1.00 0.00 1.228 0.00 4900 180.00 564200 
167 . 820 13.125 0.00 8.00 1.00 0.00 2.362 0.00 4340 180.00 683000 
168 . 820 13.125 0.00 8.00 1.00 0.00 2.362 0.00 4340 180.00 956200 
169 . 820 13.125 0.00 8.00 1.00 0.00 1.764 0.00 4150 180.00 644000 
170 . 820 13.125 0.00 8.00 1.00 0.00 1.764 0.00 4150 180.00 901600 
171 . 820 13.125 0.00 8.00 1.00 0.00 1.176 0.00 4540 180.00 493000 
172 . 820 13.125 0.00 8.00 1.00 0.00 1.176 0.00 4540 180.00 690200 
173 . 833 13.125 0.00 8.00 1.00 0.00 2.405 0.00 4085 180.00 717000 
174 . 833 13.125 0.00 8.00 1.00 0.00 2.405 0.00 4085 180.00 1003800 
12, ý 

" . 833 13.125 0.00 8.00 1.00 0.00 2.405 0.00 4048 180.00 761500 
176 . 833 13.125 0.00 8.00 1.00 0.00 2.405 0.00 4048 180.00 1066100 
177 . 833 13.125 0.00 8.00 1.00 0.00 2.405 0.00 4150 180.00 638500 
17 EJ) . 833 13.125 0.00 8.00 1.00 0.00 2.405 0.00 4150 180.00 893900 ýý9 

. 833 13.125 0.00 8.00 1.00 0.00 2.405 0.00 4279 180.00 834500 
180 . 833 13.125 0.00 8.00 1.00 0.00 2.405 0.00 4279 180.00 1168300 
181 . 833 13.125 0.00 8.00 1.00 0.00 2.405 0.00 3410 180.00 717000 
182 . 833 13.125 0.00 8.00 1.00 0.00 2.405 0.00 3410 180.00 1003800 
183 . 833 13.125 0.00 8.00 1.00 0.00 2.405 0.00 4400 180.00 750500 
184 . 833 13.125 0.00 8.00 1.00 0.00 2.405 0.00 4400 180.00 1050700 
185 . 833 13.125 0.00 8.00 1.00 0.00 2.405 0.00 4670 180.00 817500 
186 . 833 13.125 0.00 8.00 1.00 0.00 2.405 0.00 4670 180.00 1144500 
187 . 833 13.125 0.00 8.00 1.00 0.00 2.405 0.00 4360 180.00 776000 
188 . 833 13.125 0.00 8.00 1.00 0.00 2.405 0.00 4360 180.00 1086400 
189 . 833 13.125 0.00 8.00 1.00 0.00 2.405 0.00 4360 180.00 752500 
190 . 833 13.125 0.00 8.00 1.00 0.00 2.405 0.00 4360 180.00 1053500 
191 . 833 13.125 0.00 8.00 1.00 0.00 2.405 0.00 4360 180.00 718000 
192 . 833 13.125 0.00 8.00 1.00 0.00 2.405 0.00 4360 180.00 1005200 
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Table C2.1 (cont'd) 

d d' bw hf As I 
BM -- d -- bw As -- fcu span Ma 
# h in d in be d SQ. in As 

--- 
psi 

----- 
in 

------- 
lb. in 

-------- --- 
193 

---- 
. 889 

------ 
14.000 

---- 
0.00 

------ 
3.50 

---- 
0.44 

---- 
0.46 

------ 
1.176 

- 
0.00 4080 180.00 493000 

194 . 889 14.000 0.00 3.50 0.44 0.46 1.176 0.00 4080 180.00 690200 
195 . 889 14.000 0.00 5.50 0.69 0.46 1.176 0.00 4060 180.00 521000 
196 . 889 14.000 0.00 5.50 0.69 0.46 1.176 0.00 4060 180.00 729400 
197 . 889 14.000 0.00 7.75 0.97 0.46 1.176 0.00 3920 180.00 504000 
198 . 889 14.000 0.00 7.75 0.97 0.46 1.176 0.00 3920 180.00 705600 
199 . 898 14.375 0.00 6.25 1.00 0.00 1.204 0.00 4040 180.00 493000 
200 . 898 14.375 0.00 6.25 1.00 0.00 1.204 0.00 4040 180.00 690200 
201 . 898 14.375 0.00 8.00 1.00 0.00 1.208 0.00 4110 180.00 504000 
202 . 898 14.375 0.00 8.00 1.00 0.00 1.208 0.00 4110 180.00 705600 
203 . 898 14.375 0.00 9.75 1.00 0.00 1.205 0.00 3940 180.00 560000 
204 . 898 14.375 0.00 9.75 1.00 0.00 1.205 0.00 3940 180.00 784000 
205 . 885 13.500 0.00 7.00 1.00 0.00 0.879 0.00 4420 180.00 358500 
206 . 885 13.500 0.00 7.00 1.00 0.00 0.879 0.00 4420 180.00 501900 
207 . 885 13.500 0.00 7.00 1.00 0.00 0.879 0.00 4640 180.00 375000 
208 . 885 13.500 0.00 7.00 1.00 0.00 0.879 0.00 4640 180.00 525000 
209 . 885 13.500 0.00 7.00 1.00 0.00 0.879 0.00 4440 180.00 291000 
210 . 885 13.500 0.00 7.00 1.00 0.00 0.879 0.00 4440 180.00 407400 
211 . 885 13.500 0.00 7.00 1.00 0.00 0.879 0.00 4550 180.00 302500 
212 . 885 13.500 0.00 7.00 1.00 0.00 0.879 0.00 4550 180.00 423500 
213 . 885 13.500 0.00 7.00 1.00 0.00 0.879 0.00 4360 180.00 375000 
214 . 885 13.500 0.00 7.00 1.00 0.00 0.879 0.00 4360 180.00 525000 
215 . 885 13.500 0.00 7.00 1.00 0.00 0.879 0.00 4540 180.00 375000 
216 . 885 13.500 0.00 7.00 1.00 0.00 0.879 0.00 4540 180.00 525000 
217 . 885 13.500 0.00 7.00 1.00 0.00 0.879 0.00 4440 180.00 302500 
218 . 885 13.500 0.00 7.00 1.00 0.00 0.879 0.00 4440 180.00 423500 
219 . 885 13.500 0.00 7.00 1.00 0.00 0.879 0.00 4560 180.00 291000 
220 . 885 13.500 0.00 7.00 1.00 0.00 0.879 0.00 4560 180.00 407400 
221 . 885 13.500 0.00 7.00 1.00 0.00 0.879 0.00 3950 180.00 375000 
222 . 885 13.500 0.00 7.00 1.00 0.00 0.879 0.00 3950 180.00 525000 
223 . 885 13.500 0.00 7.00 1.00 C. 00 0.87) 0.00 4120 180.00 369500 
224 . 885 13.500 0.00 7.00 1.00 0.00 0.879 0.00 4120 180.00 517300 
225 . 885 13.500 0.00 7.00 1.00 0.00 0.879 0.00 3900 180.00 291000 
226 . 885 13.500 0.00 7.00 1.00 0.00 0.879 0.00 3900 180.00 407400 
227 . 885 13.500 0.00 7.00 1.00 0.00 0.879 0.00 4170 180.00 308000 
228 . 885 13.500 0.00 7.00 1.00 0.00 0.879 0.00 4170 180.00 431200 
229 . 885 13.500 0.00 7.00 1.00 0.00 0.879 0.00 4250 180.00 353000 
230 . 885 13.500 0.00 7.00 1.00 0.00 0.879 0.00 4250 180.00 494200 
231 . 885 13.500 0.00 7.00 1.00 0.00 0.879 0.00 4320 180.00 364000 
232 . 885 13.500 0.00 7.00 1.00 0.00 0.879 0.00 4320 180.00 509600 
233 . 885 13.500 0.00 7.00 1.00 0.00 0.879 0.00 4260 180.00 302500 
234 . 885 13.500 0.00 7.00 1.00 0.00 0.879 0.00 4260 180.00 423500 
235 . 885 13.500 0.00 7.00 1.00 0.00 0.879 0.00 4340 180.00 297000 
236 . 885 13.500 0.00 7.00 1.00 0.00 0.879 0.00 4340 180.00 415800 
237 . 885 13.500 0.00 7.00 1.00 0.00 0.879 0.00 4670 180.00 364000 
238 . 885 13.500 0.00 7.00 1.00 0.00 0.879 0.00 4670 180.00 509600 
239 . 885 13.500 0.00 7.00 1.00 0.00 0.879 0.00 4600 180.00 297000 
240 . 885 13.500 0.00 7.00 1.00 0.00 0.879 0.00 4600 180.00 415800 
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Table C2.1 (cont'd) 

--- ------ 
d 

------- ----- 
dl 

------- ----- 
bw 

----- 
hf 

------- ----- 
As' 

------ -------- --------- 

BM -- d -- bw As -- fcu span Ma 
# h in d in be d SQ. in As psi 

- 
in 

------- 
lb. in 

-------- --- 
241 

---- 
. 885 

------ 
13.500 

---- 
0.00 

------ 
7.00 

---- 
1.00 

---- 
0.00 

------ 
0.879 

---- 
0.00 

---- 
4870 180.00 297000 

242 . 885 13.500 0.00 7.00 1.00 0.00 0.879 0.00 4870 180.00 415800 
243 . 885 13.500 0.00 7.00 1.00 0.00 0.879 0.00 3990 180.00 364000 
244 . 885 13.500 0.00 7.00 1.00 0.00 0.879 0.00 3990 180.00 509600 
245 . 885 13.500 0.00 7.00 1.00 0.00 0.879 0.00 4370 180.00 364000 
246 . 885 13.500 0.00 7.00 1.00 0.00 0.879 0.00 4370 180.00 509600 
247 . 885 13.500 0.00 7.00 1.00 0.00 0.879 0.00 4140 180.00 291000 
248 . 885 13.500 0.00 7.00 1.00 0.00 0.879 0.00 4140 180.00 407400 
249 . 885 13.500 0.00 7.00 1.00 0.00 0.879 0.00 4320 180.00 302500 
250 . 885 13.500 0.00 7.00 1.00 0.00 0.879 0.00 4320 180.00 423500 
251 . 885 13.500 0.00 7.00 1.00 0.00 0.879 0.00 4040 180.00 364000 
252 . 885 13.500 0.00 7.00 1.00 0.00 0.879 0.00 4040 180.00 509600 
253 . 885 13.500 0.00 7.00 1.00 0.00 0.879 0.00 4040 180.00 375000 
254 . 885 13.500 0.00 7.00 1.00 0.00 0.879 0.00 4040 180.00 525000 
255 . 885 13.500 0.00 7.00 1.00 0.00 0.879 0.00 4040 180.00 375000 
256 . 885 13.500 0.00 7.00 1.00 0.00 0.879 0.00 4040 180.00 525000 
257 . 885 13.500 0.00 7.00 1.00 0.00 0.879 0.00 4040 180.00 375000 
258. . 885. 13.500. 0.00 7.00 1.00 0.00 0.879 0.00 4040 180.00 525000 
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Table C2.2. Results obtained considering beams of data file "CERA" 

---- ------- 
meas'd 

------- 
def. by 

------- 
def. by 

------- 
def. by 

------- 
% 

------- 
% 

------- 
% 

------- ------- 
Ma 

------- 

BM def. Brnson Ref. 4 Model error error error p ---- load 
# in in in in 

- 
Brnson 
------ 

Ref. 4 
------ 

Model 
------ 

M 
------ 

Mcr 
------ 

type 
------ --- 

1 
------ 

0.377 
------ 

0.377 
------ 

0.366 
----- 

0.369 -0.13 -2.90 -2.23 2.33 4.07 . 28P. L 
2 0.544 0.530 0.522 0.516 -2.60 -4.11 -5.13 2.33 5.70 . 28P. L 
3 0.516 0.508 0.500 0.495 -1.47 -3.14 -4.00 2.33 5.44 . 28P. L 
4 0.759 0.713 0.707 0.693 -6.02 -6.88 -8.63 2.33 7.61 . 28P. L 
5 0.451 0.533 0.525 0.519 18.19 16.37 15.09 2.33 5.72 . 28P. L 
6 0.674 0.748 0.741 0.727 10.93 10.01 7.82 2.33 8.01 . 28P. L 
7 0.380 0.533 0.526 0.521 40.34 38.35 37.00 2.33 5.89 . 28P. L 
8 0.592 0.748 0.742 0.729 26.32 25.36 23.11 2.33 8.25 . 28P. L 
9 0.318 0.343 0.334 0.338 7.92 4.97 6.24 2.33 3.94 . 28P. L 

10 0.483 0.483 0.476 0.473 0.01 -1.53 -2.05 2.33 5.52 . 28P. L 
11 0.451 0.474 0.466 0.464 5.08 3.43 2.95 2.33 5.42 . 28P. L 
12 0.677 0.665 0.659 0.650 -1.79 -2.63 -3.99 2.33 7.59 . 28P. L 
13 0.389 0.418 0.410 0.411 7.53 5.46 5.54 2.33 4.83 . 28P. L 
14 0.596 0.587 0.581 0.575 -1.46 -2.49 -3.56 2.33 6.76 . 28P. L 
15 0.457 0.482 0.474 0.472 5.41 3.82 3.29 2.33 5.54 . 28P. L 
16 0.673 0.676 0.670 0.661 0.40 -0.42 -1.81 2.33 7.76 . 28P. L 
17 0.446 0.444 0.437 0.436 -0.38 -2.12 -2.32 2.33 5.10 . 28P. L 
18 0.578 0.624 0.618 0.610 7.89 6.86 5.53 2.33 7.14 . 28P. L 
19 0.386 0.495 0.488 0.484 28.18 26.30 25.51 2.33 5.65 . 28P. L 
20 0.616 0.694 0.688 0.678 12.66 11.76 10.11 2.33 7.91 . 28P. L 
21 0.206 0.345 0.330 0.341 67.72 60.12 65.57 2.29 3.54 . 28P. L 
22 0.359 0.489 0.476 0.478 36.18 32.63 33.11 2.29 4.96 . 28P. L 
23 0.448 0.472 0.459 0.462 5.37 2.51 3.12 2.29 4.83 . 28P. L 
24 0.668 0.664 0.654 0.647 -0.65 -2.13 -3.18 2.29 6.76 . 28P. L 
25 0.434 0.496 0.484 0.485 14.33 11.43 11.74 2.29 5.04 . 28P. L 26 0.705 0.694 0.684 0.676 -1.57 -2.96 -4.16 2.29 7.06 . 29P. L 27 0.499 0.497 0.485 0.486 -0.37 -2.82 -2.57 2.29 5.10 . 28P. L 28 0.743 *0.699 0.689 0.681 -5.99 -7.25 -8.39 2.29 7.14 . 28P. L 29 0.474 0.472 0.459 0.461 -0.49 -3.22 -2.64 2.29 4.81 . 28P. L 30 0.708 0.663 0.653 0.646 -6.33 -7.74 -8.74 2.29 6.74 . 28P. L 
31 0.327 0.346 0.330 0.341 5.73 0.98 4.38 2.29 3.55 . 28P. L 
32 0.496 0.489 0.477 0.478 -1.37 -3.93 -3.58 2.29 4.97 . 28P. L 
33 0.502 0.510 0.498 0.499 1.68 -0.77 -0.67 2.29 5.19 . 28P. L 
34 0.755 0.717 0.708 0.698 -5.02 -6.27 -7.53 2.29 7.26 . 28P. L 
35 0.477 0.483 0.471 0.473 1.35 -1.25 -0.82 2.29 4.97 . 28P. L 
36 0.713 0.679 0.670 0.662 -4.71 -6.05 -7.11 2.29 6.96 . 28P. L 
37 0.549 0.516 0.504 0.504 -6.09 -8.24 -8.18 2.29 5.31 . 28P. L 
38 0.799 0.724 0.715 0.706 -9.38 -10.50 -11-68 2.29 7.43 . 28P. L 
39 0.503 0.504 0.492 0.492 0.17 -2.27 -2.10 2.29 5.14 . 28P. L 
40 0.767 0.708 0.698 0.689 -7.70 -8.94 -10-11 2.29 7.19 . 28P. L 
41 0.460 0.511 0.499 0.500 11.14 8.52 8.63 2.29 5.23 . 28P. L 
42 0.691 0.718 0.709 0.700 3.93 2.59 1.24 2.29 7.32 . 28P. L 
43 0.362 0.394 0.382 0.387 8.73 5.46 6.85 2.18 4.27 . 28P. L 
44 0.519 0.554 0.545 0.542 6.79 4.99 4.36 2.18 5.98 . 28P. L 
45 0.462 0.479 0.469 0.469 3.78 1.56 1.53 2.18 5.21 . 28P. L 
46 0.708 0.673 0.666 0.657 -4.89 -6.00 -7.25 2.18 7.30 . 28P. L 
47 0.490 0.483 0.472 0.472 -1.53 -3.63 -3.64 2.18 5.23 . 28P. L 
48 0.729 0.678 0.670 0.661 -7.04 -8.12 -9.32 2.18 7.33 . 28P. L 
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Table C2.2 (cont'd) 

---------------------------------------------- 
meas'd def. by def. by def. by %% 

BM def. Brnson Ref. 4 Model error error 
# in in in in Brnson Ref. 4 
--- ------ ------ ------ ------ ------ ------ 

49 0.483 0.497 0.487 0.486 2.95 0.93 
50 0.734 0.698 0.691 0.680 -4.89 -5.91 
51 0.502 0.490 0.480 0.479 -2.42 -4.41 
52 0.806 0.688 0.680 0.670 -14.66 -15.61 
53 0.462 0.428 0.417 0.420 -7.40 -9.84 
54 0.688 0.602 0.593 0.588 -12.55 -13.82 
55 0.383 0.376 0.364 0.375 -1.95 -5.00 
56 0.561 0.529 0.520 0.525 -5.64 -7.30 
57 0.470 0.461 0.451 0.458 -1.88 -4.01 
58 0.708 0.648 0.640 0.641 -8.48 -9.57 
59 0.524 0.455 0.444 0.451 -13.25 -15.20 
60 0.777 0.639 0.631 0.632 -17.78 -18.80 
61 0.464 0.458 0.448 0.455 -1.20 -3.35 
62 0.688 0.644 0.636 0.637 -6.38 -7.50 
63 0.450 0.442 0.431 0.439 -1.85 -4.18 64 0.669 0.621 0.613 0.615 -7.18 -8.40 65 0.441 0.415 0.404 0.414 -5.84 -8.39 66 0.656 0.584 0.576 0.579 -10.91 -12.26 67 0.370 0.338 0.330 0.334 -8.59 -10.76 68 0.580 0.476 0.469 0.467 -18.00 -19.08 69 0.339 0.335 0.327 0.330 -1.29 -3.66 70 0.555 0.471 0.464 0.462 -15.20 -16.34 71 0.341 0.384 0.373 0.379 12.63 9.25 
72 0.567 0.541 0.532 0.531 -4.66 -6.25 73 0.351 0.348 0.335 0.344 -0.99 -4.47 74 0.530 0.490 0.480 0.482 -7.54 -9.38 75 0.547 0.480 0.473 0.470 -12.32 -13.58 76 0.851 0.673 0.667 0.658 -20.96 -21.57 77 0.547 0.504 0.498 0.494 -7.79 -9.00 78 0.816 0.707 0.702 0.692 -13.33 -13.94 79 0.465 0.453 0.442 0.445 -2.54 -4.97 80 0.829 0.637 0.628 0.624 -23.17 -24.23 81 0.469 0.485 0.474 0.476 3.46 1.15 
82 0.671 0.681 0.673 0.667 1.55 0.32 
83 0.450 0.479 0.477 0.479 6.39 6.08 
84 0.687 0.670 0.669 0.670 -2.43 -2.58 
85 0.569 0.499 0.492 0.493 -12.35 -13.53 
86 0.712 0.699 0.694 0.690 -1.85 -2.54 
87 0.481 0.518 0.506 0.507 7.72 5.30 
88 0.735 0.728 0.719 0.709 -1.02 -2.23 
89 0.360 0.406 0.394 0.405 12.65 9.34 
90 0.558 0.570 0.561 0.567 2.15 0.51 
91 0.362 0.397 0.382 0.391 9.76 5.45 
92 0.548 0.561 0.548 0.547 2.31 0.04 
93 0.344 0.376 0.357 0.385 9.40 3.78 
94 0.509 0.536 0.520 0.542 5.35 2.09 
95 0.539 0.461 0.459 0.460 -14.48 -14.82 
96 0.749 0.645 0.644 0.643 -13.83 -14.01 

error 
Model 

0.58 
-7.34 
-4.61 

-16.82 
-9.17 

-14.61 
-2.16 
-6.44 
-2.65 
-9.52 

-13.86 
-18.67 

-2.00 
-7.47 
-2.46 
-8.13 
-6.16 

-11.66 

11.23 
-6.34 
-1.96 
-9.07 
, 
14... 09 
22L9 
-9.69 

-15.25 
2 

24.79 

-0.63 
6.41 

-2.42 
-13.35 

-3.06 
5.32 

-3.51 
12.50 

1.61 
7.97 

-0.12 
11.82 

6.39 
-14.74 
-14.10 

--------------------- 
Ma 

p ---- load 
M Mcr type 

------ ------ ------ 
2.18 5.45 . 28P. L 
2.18 7.63 . 28P. L 
2.18 5.35 . 28P. L 
2.18 7.48 . 28P. L 
2.18 4.64 . 28P. L 
2.18 6.49 . 28P. L 
2.13 3.96 . 28P. L 
2.13 5.54 . 28P. L 
2.13 4.88 . 28P. L 
2.13 6.84 . 28P. L 
2.13 4.80 . 28P. L 
2.13 6.72 . 28P. L 
2.13 4.87 . 28P. L 
2.13 6.82 . 28P. L 
2.13 4.65 . 28P. L 
2.13 6.51 . 28P. L 
2.13 4.33 . 28P. L 
2.13 6.06 . 28P. L 
2.29 4.14 . 28P. L 
2.29 5.79 . 28P. L 
2.29 4.09 . 28P. L 
2.29 5.73 . 28P. L 
2.29 4.34 . 28P. L 
2.29 6.07 . 28P. L 
2.29 3.94 . 28P. L 
2.29 5.51 . 28P. L 
2.29 5.64 . 28P. L 
2.29 7.90 . 28P. L 
2.29 5.92 . 28P. L 
2.29 8.29 . 28P. L 
2.29 4.92 . 28P. L 
2.29 6.88 . 28P. L 
2.29 5.25 . 28P. L 
2.29 7.35 . 28P. L 
5.23 9.26 . 28P. L 
5.23 12.96 . 28P. L 
3.33 6.73 . 28P. L 
3.33 9.43 . 28P. L 
2.36 5.39 . 28P. L 
2.36 7.55 . 28P. L 
2.67 4.65 . 28P. L 
2.67 6.51 . 28P. L 
2.25 4.04 . 28P. L 
2.25 5.66 . 28P. L 
1.84 3.39 . 28P. L 
1.84 4.75 . 28P. L 
5.23 8.59 . 28P. L 
5.23 12.03 . 28P. L 
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Table C2.2 (cont'd) 

--- ------- 
meas'd 

------- 
def. by 

------- 
def. by 

------- 
def. by 

-------- 
% 

------ 
% 

------- 
% 

-------- ------- 
Ma 

BM def. Brnson Ref. 4 Model error error error p ---- 
# in in in in Brnson Ref. 4 

- 
Model 
-- -- 

M 
------ 

Mcr 
------ --- 

97 
------ 

0.478 
------ 

0.495 
------ 

0.487 
------ 

0.488 
------ 

3.49 
--- -- 

1.91 
-- 
2.00 3.33 6.44 

98 0.722 0.693 0.688 0.683 -3.97 -4.75 -5.46 3.33 9.02 
99 0.465 0.495 0.483 0.484 6.48 3.80 4.08 2.36 5.09 

100 0.711 0.696 0.686 0.678 -2.17 -3.51 -4.70 2.36 7.13 
101 0.458 0.541 0.529 0.537 18.14 15.57 17.20 2.67 5.73 
102 0.709 0.759 0.750 0.751 7.09 5.84 5.99 2.67 8.03 
103 0.463 0.469 0.452 0.462 1.24 -2.40 -0.19 2.25 4.44 
104 0.714 0.660 0.647 0.647 -7.51 -9.36 -9.38 2.25 6.22 
105 0.494 0.510 0.490 0.520 3.23 -0.83 5.25 1.84 4.23 
106 0.748 0.721 0.705 0.729 -3.62 -5.80 -2.56 1.84 5.92 
107 0.497 0.522 0.502 0.517 5.13 1.04 3.94 2.29 5.02 
108 0.743 0.736 0.720 0.723 -0.97 -3.10 -2.66 2.29 7.03 
109 0.453 0.452 0.430 0.449 -0.19 -5.18 -0-88 2.29 4.33 
110 0.690 0.639 0.621 0.629 -7.42 -10.03 -8.87 2.29 6.06 
111 0.482 0.498 0.486 0.490 3.35 0.74 1.70 2.29 5.29 
112 0.731 0.700 0.690 0.686 -4.26 -5.58 -6.12 2.29 7.41 
113 0.481 0.458 0.444 0.451 -4.81 -7.62 -6.21 2.29 4.85 
114 0.724 0.644 0.633 0.632 -11.06 -12.50 -12.76 2.29 6.78 
115 0.493 0.480 0.474 0.470 -2.69 -3.82 -4.72 2.29 5.82 
116 0.761 0.673 0.668 0.658 -11.61 -12.17 -13.58 2.29 8.15 
117 0.469 0.465 0.459 0.455 -0.87 -2.11 -2.95 2.29 5.62 
118 0.724 0.652 0.648 0.637 -9.95 -10.56 -11.98 2.29 7.86 
119 0.513 0.455 0.448 0.444 -11.37 -12.64 -13.41 2.29 5.31 
120 0.766 0.638 0.633 0.622 -16.73 -17.38 -18.81 2.29 7.43 
121 0.614 0.455 0.442 0.445 -25.96 -28.08 -27.48 2.29 4.67 122 0.771 0.639 0.629 0.623 -17.07 -18.38 -19.14 2.29 6.54 123 0.292 0.454 0.441 0.445 55.52 51.01 52.30 2.29 4.65 
124 0.390 0.639 0.629 0.623 63.79 61.17 59.65 2.29 6.51 
125 0.392 0.404 0.397 0.395 3.05 1.19 0.75 2.29 4.68 
126 0.587 0.567 0.562 0.553 -3.38 -4.33 -5.81 2.29 6.56 
127 0.499 0.435 0.422 0.427 -12.76 -15.53 -14.53 2.29 4.42 
128 0.750 0.613 0.602 0.597 -18.29 -19.73 -20.38 2.29 6.19 
129 0.510 0.508 0.495 0.497 -0.40 -2.95 -2.63 2.29 5.06 
130 0.729 0.714 0.704 0.695 -2.08 -3.46 -4.63 2.29 7.08 
131 0.406 0.396 0.387 0.392 -2.51 -4.64 -3.47 2.29 5.00 
132 0.643 0.556 0.549 0.549 -13.55 -14.58 -14.67 2.29 7.00 
133 0.484 0.406 0.398 0.402 -16.05 -17.82 -16.91 2.29 5.10 
134 0.732 0.571 0.564 0.563 -22.05 -22.95 -23.09 2.29 7.14 
135 0.464 0.453 0.440 0.443 -2.35 -5.26 -4.42 2.29 4.60 
136 0.598 0.637 0.627 0.621 6.60 4.84 3.83 2.29 6.43 
137 0.513 0.378 0.370 0.375 -26.23 -27.90 -26.87 2.29 4.87 
138 0.753 0.532 0.525 0.525 -29.40 -30.27 -30.25 2.29 6.82 
139 0.455 0.424 0.414 0.418 -6.83 -8.97 -8.03 2.29 4.99 
140 0.689 0.596 0.588 0.586 -13.57 -14.65 -14.97 2.29 6.98 
141 0.512 0.457 0.444 0.448 -10.71 -13.30 -12.59 2.29 4.66 
142 0.768 0.643 0.633 0.627 -16.27 -17.61 -18.42 2.29 6.52 
143, 0.366 0.401 0.385 0.395 9.59 5.07 7.86 2.25 3.98 
144 0.558 0.566 0.553 0.553 1.50 -0.88 -0.92 2.25 5.58 

load 
type 

. 28P. L 

. 28P. L 

. 28P. L 

. 28P. L 

. 28P. L 

. 28P. L 

. 28P. L 

. 28P. L 

. 28P. L 

. 28P. L 

. 28P. L 

. 28P. L 

. 28P. L 

. 28P. L 

. 28P. L 

. 28P. L 

. 28P. L 

. 28P. L 

. 28P. L 

. 28P. L 

. 28P. L 

. 28P. L 

. 28P. L 

. 28P. L 

. 28P. L 

. 28P. L 

. 28P. L 

. 28P. L 

. 28P. L 

. 28P. L 

. 28P. L 

. 28P. L 

. 28P. L 

. 28P. L 

. 28P. L 

. 28P. L 

. 28P. L 

. 28P. L 

. 28P. L 

. 28P. L 

. 28P. L 

. 28P. L 

. 28P. L 

. 28P. L 

. 28P. L 

. 28P. L 

. 28P. L 

. 28P. Lý 
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Table C242 (cont'd) 

meas'd def. by def. by def. by % % % Ma 
B14 def. Brnson Ref. 4 Model error error error p ---- load 
# in in in in 

--- 
Brnson 

-- 
Ref. 4 Model M Mcr type 

--- 
145 

------ 
0.251 

------ 
0.383 

------ 
0.361 

--- 
0.397 

- --- 
52.54 

------ 
43.85 

------ 
58.19 

------ 
1.68 

------ 
3.14 

------ 
. 28P. L 

146 0.389 0.550 0.530 0.564 41.34 36.29 45.06 1.68 4.40 . 28P. L 
147 0.296 0.273 0.267 0.247 -7.77 -9.82 -16.71 1.12 2.00 . 28P. L 
148 0.463 0.439 0.420 0.420 -5.14 -9.29 -9.30 1.12 2.81 . 28P. L 
149 0.297 0.344 0.329 0.340 15.80 10.77 14.42 2.29 3.60 . 28P. L 
150 0.560 0.486 0.474 0.476 -13.15 -15.32 -14.99 2.29 5.03 . 28P. L 
151 0.360 0.316 0.298 0.327 -12.27 -17.33 -9.22 1.68 2.82 . 28P. L 
152 0.502 0.456 0.439 0.468 -9.14 -12.56 -6. '84 1.68 3.95 . 28P. L 
153 0.266 0.270 0.262 0.252 1.66 -1.51 -5.10 1.17 2.06 . 28P. L 
154 0.396 0.425 0.407 0.418 7.41 2.75 5.51 1.17 2.88 . 28P. L 
155 0.471 0.509 0.495 0.498 8.12 5.03 5.83 2.25 4.99 . 28P. L 
156 0.730 0.716 0.705 0.698 -1.91 -3.45 -4.40 2.25 6.99 . 28P. L 
157 0.624 0.576 0.557 0.589 -7.75 -10.71 -5.60 1.68 4.68 . 28P. L 
158 0.911 0.812 0.797 0.826 -10.85 -12.48 -9.36 1.68 6.55 . 28P. L 
159 0.538 0.482 0.461 0.468 -10.42 -14.27 -12-95 1.12 3.03 . 28P. L 
160 0.778 0.706 0.683 0.720 -9.30 -12.24 -7.51 1.12 4.24 . 28P. L 
161 0.512 0.493 0.480 0.483 -3.63 -6.24 -5.70 2.29 4.91 . 28P. L 
162 0.771 0.694 0.683 0.676 -10.03 -11.37 -12.33 2.29 6.87 . 28P. L 
163 0.451 0.468 0.449 0.481 3.69 -0.42 6.66 1.68 3.89 . 28P. L 
164 0.674 0.663 0.647 0.676 -1.65 -3.94 0.33 1.68 5.44 . 28P. L 
165 0.425 0.366 0.350 0.352 -13.86 -17.61 -17.07 1.17 2.56 . 28P. L 
166 0.638 0.546 0.526 0.553 -14.36 -17.56 -13.25 1.17 3.58 . 28P. L 
167 0.487 0.434 0.420 0.427 -10.84 -13.80 -12.42 2.25 4.47 . 28P. L 
168 0.553 0.611 0.600 0.597 10.57 8.53 7.99 2.25 6.25 . 28P. L 
169 0.448 0.498 0.480 0.508 11-05 7.16 13.46 1.68 4.31 . 28P. L 
170 0.709 0.703 0.689 0.713 -0.82 -2-83 0.59 1.68 6.03 . 28P. L 
171 0.415 0.484 0.464 0.475 16.66 11.85 14.42 1.12 3.15 . 28P. L 
172 0.696 0.705 0.683 0.721 1.26 -1.80 3.62 1.12 4.41 . 28P. L 
173 0.413 0.454 0.443 0.447 10.01 7.35 8.17 2.29 4.99 . 28P. L 
174 0.662 0.638 0.630 0.625 -3.57 -4.84 -5.52 2.29 6.98 . 28P. L 
175 0.397 0.483 0.473 0.475 21.75 19.14 19.63 2.29 5.32 . 28P. L 
176 0.858 0.679 0.671 0.665 -20.90 -21.82 . K -ýf 2.29 7.45 . 28P. L 
177 0.559 0.403 0.391 0.397 -27.90 -30.06 '-28.96 2.29 4.41 . 28P. L 
178 0.764 0.567 0.558 0.556 -25.75 -26.99 ',: 7- 

_ýý - 

ii 

2.29 6.17 . 28P. L 
179 0.553 0.528 0.517 0.517 -4.55 -6.42 -6.45 2.29 5.67 . 28P. L 
180 0.830 0.741 0.733 0.724 -10.75 -11.69 -12.74 2.29 7.94 . 28P. L 
181 0.435 0.461 0.452 0.455 5.98 3.92 4.53 2.29 5.46 . 28P. L 
182 0.795 0.647 0.640 0.637 -18.60 -19.46 -19.93 2.29 7.64 . 28P. L 
183 0.488 0.473 0.461 0.464 -3.11 -5-48 -4.96 2.29 5.03 . 28P. L 
184 0.727 0.664 0.655 0.649 -8.62 -9.84 -10.68 2.29 7.04 . 28P. L 
185 0.481 0.513 0.501 0.502 6.63 4.22 4.31 2.29 5.32 . 28P. L 
186 0.759 0.720 0.711 0.702 -5.10 -6.27 -7.45 2.29 7.45 . 28P. L 
187 0.481 0.528 0.522 0.518 9.75 8.52 7.63 2.29 5.23 . 17P. L 
188 0.735 0.741 0.737 0.725 0.88 0.22 -1.39 2.29 7.32 . 17P. L 
189 0.470 0.493 0.484 0.483 4.85 2.88 2.87 2.29 5.07 . 23P. L 
190 0.739 0.692 0.685 0.677 -6.32 -7.29 -8.41 2.29 7.09 . 23P. L 
191 0.429 0.432 0.418 0.424 0.59 -2.62 -1.23 2.29 4.83 . 33P. L 
192 0.675 0.607 0.596 0.593 -10.14 -11.69 -12.11 2.29 6.77 . 33P. L 
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Table C2.2 (cont'd) 

meas'd def. by def. by def. by % % % Ma. 
BM def. Brnson Ref. 4 Model error error error p ---- load 
# in in in in Brnson Ref. 4 Model M Mcr type 
--- 
193 

------ 
0.449 

------ 
0.447 

------ 
0.442 

------ 
0.468 

------ 
-0.37 

------ 
-1.59 

------ 
4.18 

------ 
2.40 

------ 
6.52 

------ 
. 28P. L 

194 0.670 0.627 0.623 0.655 -6.41 -7.02 -2.26 2.40 9.12 . 28P. L 
195 0.395 0.470 0.460 0.490 18.90 16.35 24.10 1.53 4.83 . 28P. L 
196 0.592 0.661 0.653 0.687 11.69 10.32 16.10 1.53 6.77 . 28P. L 
197 0.381 0.447 0.436 0.450 17.24 14.38 18.00 1.08 3.66 . 28P. L 
198 0.570 0.636 0.626 0.654 11.65 9.82 14.80 1.08 5.13 . 28P. L 
199 0.448 0.438 0.429 0.451 -2.33 -4.35 0.71 1.34 4.28 . 28P. L 
200 0.689 0.617 0.610 0.636 -10.39 -11.50 -7.74 1.34 5.99 . 28P. L 
201 0.380 0.409 0.399 0.405 7.58 5.01 6.52 1.05 3.39 . 28P. L 
202 0.604 0.585 0.575 0.598 -3.16 -4.81 -1.03 1.05 4.74 . 28P. L 
203 0.377 0.427 0.420 0.403 13.17 11.27 6.94 0.86 3.15 . 28P. L 
204 0.603 0.618 0.608 0.616 2.46 0.83 2.20 0.86 4.42 . 28P. L 
205 0.369 0.424 0.415 0.395 14.91 12.48 7.10 0.93 2.92 . 28P. L 
206 0.579 0.619 0.607 0.615 6.95 4.80 6.18 0.93 4.09 . 28P. L 
207 0.383 0.444 0.434 0.415 15.85 13.32 8.29 0.93 2.98 . 28P. L 
208 0.603 0.647 0.634 0.643 7.26 5.11 6.64 0.93 4.18 . 28P. L 
209 0.294 0.325 0.322 0.289 10.67 9.49 -1.57 0.93 2.37 . 28P. L 
210 0.453 0.492 0.481 0.471 8.56 6.13 3.98 0.93 3.31 . 28P. L 
211 0.284 0.341 0.336 0.304 19.91 18.35 7.10 0.93 2.43 . 28P. L 
212 0.459 0.512 0.501 0.493 11.58 9.08 7.37 

- 
0.93 3.40 . 28P. L 

213 0.359 0.448 0.438 0.423 24.84 22.10 17. 77 0.93 3.08 . 28P. L 
214 0.597 0.651 0.638 0.650 8.98 6.89 8.91 0.93 4.31 . 28P. L 
215 0.386 0.445 0.436 0.418 15.37 12.84 8.19 0.93 3.02 . 28P. L 
216 0.619 0.648 0.635 0.646 4.71 2.64 4.30 0.93 4.22 . 28P. L 
217 0.286 0.343 0.338 0.307 19.78 18.13 7.37 0.93 2.46 . 28P. L 
218 0.464 0.514 0.502 0.496 10.73 8.27 6.88 0.93 3.44 . 28P. Lj 
219 0.249 0.323 0.320 0.286 29.74 28.51 14.97 0.93 2.34 . 28P. L 
220 0.413 0.490 0.479 0.468 18.63 15.97 13.22 0.93 3.27 . 28P. L 
221 0.406 0.455 0.445 0.435 11.96 9.54 7.07 0.93 3.23 . 28P. L 
222 0.631 0.656 0.645 0.660 4.00 2.14 4.65 0.93 4.53 . 28P. L 
223 0.385 0.444 0.435 0.421 15.40 12.89 9.39 0.93 3.12 . 28P. L 
224 0.603 0.644 0.632 0.645 6.76 4.76 6.97 0.93 4.37 . 28P. L 
225 0.271 0.336 0.331 0.304 23.82 21.96 12.17 0.93 2.53 . 28P. L 
226 0.440 0.500 0.489 0.486 13.59 11.17 10.56 0.93 3.54 . 28P. L 
227 0.313 0.356 0.350 0.323 13.63 11.74 3.20 0.93 2.59 . 28P. L 
228 0.497 0.528 0.517 0.515 6.27 3.99 3.69 0.93 3.62 . 28P. L 
229 0.371 0.419 0.410 0.391 12.95 10.57 5.51 0.93 2.93 . 28P. L 
230 0.574 0.611 0.599 0.608 6.52 4.40 5.90 0.93 4.11 . 28P. L 
231 0.374 0.433 0.424 0.407 15.88 13.39 8.75 0.93 3.00 . 28P. L 
232 0.582 0.631 0.618 0.629 8.39 6.27 8.03 0.93 4.20 . 28P. L 
233 0.290 0.346 0.341 0.312 19.28 17-49 7.57 0.93 2.51 . 28P. L 
234 0.466 0.516 0.505 0.501 10.82 8.40 7.52 0.93 3.52 . 28P. L 
235 0.293 0.336 0.332 0.301 14.76 13.25 2.82 0.93 2.44 . 28P. L 
236 0.471 0.505 0.494 0.487 7.17 4.80 3.37 0.93 3.42 . 28P. L 
237 0.349 0.428 0.419 0.397 22.56 19.95 13.66 0.93 2.89 . 28P. L 
238 0.554 0.626 0.613 0.620 13.00 10.66 11.85 0.93 4.04 . 28P. L 
239 0.293 0.331 0.328 0.294 13.09 11.84 0.48 0.93 2.37 . 28P. L 
240 0.463 0.501 0.490 0.479 8.18 5.74 3.56 0.93 3.32 . 28P. L 
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Table C2.2 (cont'd) 

----- ------- 
meas'd 

------- 
def. by 

------- 
def. by 

------- 
def. by 

------- 
% 

------- 
% 

------- 
% 

------- ------- 
Ma 

------- 

BM def. Brnson Ref. 4 Model error error error p ---- load 
# in in in in Brnson Ref. 4 Model M Mcr type 
--- 
241 

------ 
0.265 

------ 
0.326 

------ 
0.323 

------ 
0.288 

------ 
23.09 

------ 
22.05 

------ 
8.49 

------ 
0.93 

------ 
2.31 

------ 
. 28P. L 

242 0.428 0.497 0.485 0.472 16.08 13.42 10.24 0.93 3.23 . 28P. L 
243 0.369 0.439 0.429 0.416 18.88 16.32 12.82 0.93 3.12 . 28P. L 
244 0.584 0.635 0.624 0.637 8.79 6.78 9.09 0.93 4.37 . 28P. L 
245 0.379 0.433 0.423 0.405 14.14 11.69 6.93 0.93 2.98 . 28P. L 
246 0.591 0.630 0.618 0.627 6.62 4.52 6.16 0.93 4.18 . 28P. L 
247 0.296 0.331 0.327 0.297 11.85 10.36 0.46 0.93 2.45 . 28P. L 
248 0.470 0.496 0.485 0.480 5.59 3.28 2.05 0.93 3.43 . 28P. L 
249 0.290 0.345 0.340 0.310 18.90 17.16 7.01 0.93 2.49 . 28P. L 
250 0.477 0.516 0.504 0.499 8.08 5.71 4.68 0.93 3.49 . 28P. L 
251 0.415 0.438 0.428 0.415 5.51 . 3.24 -0.04 0.93 3.10 . 28P. L 
252 0.639 0.635 0.623 0.636 -0.68 -2.53 -0.50 0.93 4.35 . 28P. L 
253 0.427 0.453 0.443 0.432 6.13 3.82 1.19 0.93 3.20 . 28P. L 
254 0.658 0.655 0.643 0.658 -0.46 -2.26 0.02 0.93 4.48 . 28P. L 
255 0.397 0.453 0.443 0.432 14.15 11.67 8.84 0.93 3.20 . 28P. L 
256 0.640 0.655 0.643 0.658 2.34 0.49 2.84 0.93 4.48 . 28P. L 
257 0.420 0.453 0.443 0.432 7.90 5.55 2.88 0.93 3.20 . 28P. L 
258 0.648 0.655 0.643 0.658 1.08 -0.76 1.57 0.93 4.48 . 28P. L 
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Table C2.3 Data read from data file "INFO 

d dl bw hf As I 
BM -- d -- bw As -- fc, span Ma 
#h in d in be d SQ. in As psi in lb. in 
--- ---- ------ ---- ------ ---- ---- ------ ---- ----- ------- -------- 

1 . 909 10-000 0.10 9.90 1.00 0.00 0.477 1.00 4072 110.00 107400 
2 . 909 10.000 0.10 9.90 1.00 0.00 0.477 1.00 4072 110.00 155000 
3 . 871 9.580 0.15 5.90 1.00 0.00 1.434 0.06 4017 110.00 251000 
4 . 871 9.580 0.15 5.90 1.00 0.00 1.434 0.06 4017 110.00 361000 
5 . 909 10.000 0.10 5.90 1.00 0.00 0.486 0.18 4072 110.00 105200 
6 . 909 10.000 0.10 5.90 1.00 0.00 0.486 0.18 4072 110.00 154500 
7 . 909 10.000 0.10 5.90 0.50 0.39 0.486 0.36 3939 110.00 107100 
8 . 909 10.000 0.10 5.90 0.50 0.39 0.486 0.36 3939 110.00 156500 
9 . 871 9.580 0.15 5.90 1.00 0.00 1.434 0.06 3986 110-00 249000 

10 . 871 9.580 0.15 5.90 1.00 0.00 1.434 0.06 3986 110-00 370000 
11 . 909 10.000 0.10 5.90 1.00 0.00 0.486 0.18 3986 110.00 85700 
12 . 909 10.000 0.10 5.90 1.00 0.00 0.486 0.18 3986 110.00 126500 
13 . 909 10.000 0.10 5.90 0.50 0.39 0.486 0.36 4033 110.00 106500 
14 . 909 10.000 0.10 5.90 0.50 0.39 0.486 0.36 4033 110.00 144800 
15 . 871 9.580 0.15 5.90 1.00 0.00 1.051 0.08 3292 110.00 400000 
16 . 871 9.580 0.15 5.90 1.00 0.00 1.051 0.08 3292 110.00 547000 
17 . 871 9.580 0.15 5.90 1.00 0.00 0.312 0.28 3346 110.00 124000 
18 . 871 9.580 0.15 5.90 1.00 0.00 0.312 0.28 3346 110.00 179500 
19 . 871 9.580 0.15 5.90 1.00 0.00 1.051 0.08 4937 110.00 413000 
20 . 871 9.580 0.15 5.90 1.00 0.00 1.051 0.08 4937 110.00 606000 
21 . 871 9.580 0.15 5.90 1.00 0.00 0.312 0.28 5242 110.00 145000 
22 . 871 9.580 0.15 5.90 1.00 0.00 0.312 0.28 5242 110.00 184000 
23 . 909 10.000 0.10 9.85 1.00 0.00 0.477 1.00 3767 110.00 184000 
24 . 909 10.000 0.10 9.85 1.00 0.00 0.477 1.00 3767 110.00 301000 
25 . 871 9.580 0.15 5.90 1.00 0.00 1.434 0.06 3923 110.00 448000 
26 . 871 9.580 0.15 5.90 1.00 0.00 1.434 0.06 3923 110.00 539000 
27 . 909 10.000 0.10 5.90 1.00 0.00 0.466 0.19 3845 110.00 187000 
28 . 909 10.000 0.10 5.90 1.00 0.00 0.466 0.19 3845 110.00 243500 
29 . 909 10.000 0.10 5.90 0.50 0.39 0.486 0.36 3713 110.00 184500 
30 . 909 10.000 0.10 5.90 0.50 0.39 0.486 0.36 3713 110.00 273000 
31 . 818 4.500 0.22 11.80 1.00 0-00 0.477,11.00 3775 110.00 78000 
32 . 818 4.500 0.22 11.80 1.00 0.00 0.477 1.00 3775 110.00 125000 
33 . 742 4.080 0.35 11.80 1.00 0.00 1.434 0.06 3455 110.00 153000 
34 . 742 4.080 0.35 11.80 1.00 0.00 1.434 0.06 3455 110.00 212000 
35 . 818 4.500 0.22 11.80 1.00 0.00 0.468 0.19 3682 110.00 77600 
36 . 818 4.500 0.22 11.80 1.00 0.00 0.468 0.19 3682 110.00 112200 
37 . 818 4.500 0.22 11.80 1.00 0.00 0.312 0.28 3822 110.00 47200 
38 . 818 4.500 0.22 11.80 1.00 0.00 0.312 0.28 3822 110.00 78700 
39 . 871 9.580 0.15 5.90 1.00 0.00 1.865 0.25 3713 110.00 575000 
40 . 871 9.580 0.15 5.90 1.00 0.00 1.865 0.25 3713 110.00 806000 
41 . 871 9.580 0.15 5.90 1.00 0.00 1.434 0.24 3736 110.00 545000 
42 . 871 9.580 0.15 5.90 1.00 0.00 1.434 0.24 3736 110.00 814000 
43 . 871 9.580 0.15 5.90 1.00 0.00 1.051 0.26 4462 110.00 364000 
44 . 871 9.580 0.15 5.90 1.00 0.00 1.051 0.26 4462 110.00 549000 
45 . 871 9.580 0.15 5.90 1.00 0.00 1.051 0.08 3900 110.00 228000 
46 . 871 9.580 0.15 5.90 1.00 0.00 1.051 0.08 3900 110.00 328000 
47 . 909 10-000 0.10 5.90 1.00 0.00 0.312 0.28 3900 110.00 88000 
48 . 909 10-000 0.10 5.90 1.00 0.00 0.312 0.28 3900 110.00 124500 
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Table C2.3 (cont'd) 

d d' bw hf As I 
BM -- d -- bw As -- fc, span Ma 
#h in d in be d SQ. in As psi in lb. in 
--- ---- ------ ---- ------ ---- ---- ------ ---- ----- ------- -------- 

49 . 909 10-000 0.10 5.90 0.50 0.39 0.312 0.56 3900 110.00 88000 
50 . 909 10-000 0.10 5.90 0.50 0.39 0.312 0.56 3900 110.00 124500 
51 . 871 9.580 0.15 5.90 1.00 0.00 1.434 0.06 4056 110.00 420000 
52 . 871 9.580 0.15 5.90 1.00 0.00 1.434 0.06 4056 110.00 570000 
53 . 909 10.000 0.10 5.90 1.00 0.00 0.494 0.18 4906 110.00 228000 
54 . 909 10.000 0.10 5.90 1.00 0.00 0.494 0.18 4906 110.00 328000 
55 . 909 10.000 0.10 5.90 0.50 0.39 0.494 0.36 4056 110.00 270000 
56 . 909 10-000 0.10 5.90 0.50 0.39 0.494 0.36 4056 110.00 371000 
57 . 871 9.580 0.15 5.90 1.00 0.00 1.865 0.05 5226 110.00 422000 
58 . 871 9.580 0.15 5.90 1.00 0.00 1.865 0.05 5226 110.00 630000 
59 . 871 9.580 0.15 5.90 1.00 0.00 1.865 0.05 4056 110-00 465000 
60 . 871 9.580 0.15 5.90 1.00 0.00 1.865 0.05 4056 110.00 696000 
61 . 871 9.580 0.15 5.90 1.00 0.00 1.865 0.26 4056 110.00 376000 
62 . 871 9.580 0.15 5.90 1.00 0.00 1.865 0.26 4056 110.00 556000 
63 . 909 10.000 0.10 5.90 1.00 0.00 0.724 0.14 5086 110.00 200000 
64 . 909 10.000 0.10 5.90 1.00 0.00 0.724 0.14 5421 110.00 200000 
65 . 909 10-000 0.10 5.90 1.00 0.00 0.724 0.14 4680 110.00 200000 
66 . 873 9.600 0.15 5.90 1.00 0.00 1.498 0.07 4641 110.00 400000 
67 . 873 9.600 0.15 5.90 1.00 0.00 1.498 0.07 5156 110-00 400000 
68 . 873 9.600 0.15 5.90 1.00 0.00 1.841 0.05 4937 110.00 400000 
69 . 844 10.130 0.19 8.00 1.00 0.00 1.320 1.00 3630 240.00 226800 
70 . 844 10.130 0.18 8.00 1.00 0.00 1.320 0.47 3630 240.00 226800 
71 . 844 10.130 0.00 8.00 1.00 0.00 1.320 0.00 3630 240.00 226800 
72 . 774 6.190 0.29 6.00 1.00 0.00 0.620 1.00 3020 240.00 64200 
73 . 774 6.190 0.29 6.00 1.00 0.00 0.620 0.50 3020 240.00 64200 
74 . 774 6.190 0.00 6.00 1.00 0.00 0.620 0.00 3020 240.00 64200 
75 . 800 4.000 0.25 12.00 1.00 0.00 0.800 1.00 2940 250.00 53215 
76 . 800 4.000 0.25 12.00 1.00 0.00 0.800 0.50 2940 250.00 53215 
77 . 800 4.000 0 00 12.00 1.00 0.00 0.800 0.00 2940 250.00 53215 
78 . 800 4.000 0: 25 12.00 1.00 0.00 0.800 1.00 2915 150.00 53670 
79 . 800 4.000 0.25 12.00 1.00 0.00 0.800 0.50 2915 150.00 53670 
80 . 800 4.000 0.00 12.00 1.00 0.00 0.800 0.00 3215 150.00 53670 
81 . 770 2.310 0.30 12.00 1.00 0.00 0.440 1.00 2990 210.00 17456 
82 . 770 2.310 0.30 12.00 1.00 0.00 0.440 0.50 2990 210.00 17456 
83 . 770 2.310 0.00 12.00 1.00 0.00 0.440 0.00 2990 210.00 17456 
84 . 849 10.190 0.00 6.00 0.50 0.25 0.620 0.00 3680 240.00 264000 
85 . 849 10.190 0.15 6.00 0.50 0.25 0.620 0.50 3880 240-00 264600 
86 . 849 10.190 0.15 6.00 0.50 0.25 0.620 1.00 3530 240.00 263400 
87 . 807 9.680 0.00 6.00 0.25 0.26 1.200 0.00 3680 240.00 482400 
88 . 818 9.810 0.00 6.00 0.50 0.25 0.620 0.00 4260 168.00 247548 
89 . 774 6.190 0.00 6.00 0.50 0.32 0.620 0.00 4260 240.00 156000 
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Table C2.4 Results obtained considering beams of data file "INF" 

--------------------------------------------------------------------------- 
meas'd def. by def. by def. by %%% Ma 

BM def. Brnson Ref. 4 Model error error error p ---- load 
# in in in in Brnson Ref. 4 Model M Mcr type 
--- ------ ------ ------ ------ ------ ------ ------ ------ ------ ------ 

1 0.030 0.035 0.042 0.029 15.10 38.48 -1.93 0.48 1.12 C. P. L 
2 0.090 0.092 0.097 0.060 1.89 7.79 -33.75 0.48 1.62 C. P. L 
3 0.120 0.144 0.139 0.143 20.00 15.83 19.05 2.54 4.44 C. P. L 
4 0.190 0.208 0.204 0.205 9.30 7.39 8.14 2.54 6.38 C. P. L 
5 0.070 0.093 0.084 0.069 33.47 20.04 -1.56 0.82 1.85 C. P. L 
6 0.130 0.160 0.148 0.134 23.36 13.54 3.05 0.82 2.71 C. P. L 
7 0.060 0.071 0.062 0.049 17.52 4.15 -18.05 0.82 1.63 C. P. L 
8 0.120 0.134 0.119 0.101 11.31 -1.00 -15.90 0.82 2.38 C. P. L 
9 0.170 0.183 0.179 0.181 7.51 5.21 6.71 2.54 4.42 . 33P. L 

10 0.270 0.272 0.270 0.270 0.88 -0.16 -0.16 2.54 6.57 . 33P. L 
11 0.060 0.084 0.090 0.073 39.81 50.53 20.90 0.82 1.52 . 33P. L 
12 0.120 0.159 0.157 0.136 32.48 30.61 13.70 0.82 2.25 . 33P. L 
13 0.080 0.087 0.093 0.072 9.26 16.80 -9.62 0.82 1.60 . 33P. L 
14 0.130 0.151 0.149 0.124 15.96 14.31 -4.66 0.82 2.18 . 33P. L 
15 0.280 0.292 0.288 0.287 4.14 2.76 2.66 1.86 7.81 C. P. L 
16 0.390 0.399 0.396 0.393 2.32 1.58 0.79 1.86 10.68 C. P. L 
17 0.120 0.185 0.176 0.130 54.14 46.38 8.73 0.55 2.40 C. P. L 
18 0.230 0.303 0.289 0.260 31.70 25.45 13.16 0.55 3.48 C. P. L 
19 0.240 0.283 0.275 0.286 17.74 14.71 19.29 1.86 6.59 C. P. L 
20 0.380 0.415 0.410 0.420 9.32 7.98 10.55 1.86 9.66 C. P. L 
21 0.120 0.190 0.179 0.122 57.95 49.18 1.73 0.55 2.24 C. P. L 
22 0.180 0.275 0.257 0.202 52.86 43.02 12.46 0.55 2.85 C. P. L 
23 0.080 0.139 0.138 0.092 73.33 72.89 14.58 0.48 2.01 C. P. L 
24 0.250 0.285 0.275 0.240 13.95 9.89 -4.11 0.48 3.29 C. P. L 
25 0.250 0.259 0.256 0.256 3.59 2.46 2.53 2.54 8.02 C. P. L 
26 0.330 0.312 0.309 0.308 -5.55 -6.27 -6.55 2.54 9.64 C. P. L 
27 0.170 0.210 0.197 0.190 23.24 16.08 11.56 0.79 3.38 C. P. L 
28 0.250 0.279 0.268 0.271 11.72 7.29 8.34 0.79 4.40 C. P. L 
29 0.120 0.169 0.154 0.141 40.90 28.23 17.48 0.82 2.89 C. P. L 
30 0.240 0.265 0.251 0.256 10.38 4.49 6.64 0.82 4.28 C. P. L 
31 0.390 0.412 0.365 0.330 5.68 -6.32 -15.34 0.90 2.85 C. P. L 
32 0.660 0.710 0.668 0.679 7.60 1.18 2.80 0.90 4.56 C. P. L 
33 0.440 0.535 0.503 0.537 21.54 14.26 22.05 2.98 5.83 C. P. L 
34 0.820 0.743 0.719 0.744 -9.37 -12.32 -9.26 2.98 8.08 C. P. L 
35 0.360 0.421 0.374 0.342 17.04 4.01 -4.97 0.88 2.87 C. P. L 
36 0.580 0.649 0.605 0.617 11.95 4.26 6.36 0.88 4.14 C. P. L 
37 0.280 0.222 0.215 0.136 -20.81 -23.23 -51.28 0.59 1.71 C. P. L 
38 0.560 0.556 0.514 0.406 -0.65 -8.22 -27.43 0.59 2.85 C. P. L 
39 0.260 0.270 0.269 0.270 3.70 3.53 3.76 3.30 10.57 C. P. L 
40 0.400 0.378 0.378 0.378 -5.52 -5.59 -5.47 3.30 14.82 C. P. L 
41 0.290 0.306 0.304 0.301 5.57 4.97 3.69 2.54 9.99 C. P. L 
42 0.490 0.457 0.456 0.449 -6.66 -6.90 -8.34 2.54 14.92 C. P. L 
43 0.210 0.248 0.241 0.251 17.88 14.80 19.73 1.86 6.11 C. P. L 
44 0.360 0.374 0.370 0.379 3.94 2.70 5.35 1.86 9.21 C. P. L 
45 0.120 0.161 0.152 0.161 33.77 26.94 34.32 1.86 4.09 C. P. L 
46 0.180 0.232 0.226 0.232 29.11 25.71 29.08 1.86 5.89 C. P. L 
47 0.050 0.083 0.086 0.056 66.72 71.83 11.45 0.53 1.58 C. P. L 
48 0.080 0.161 0.155 0.112 101.10 93.96 39.46 0.53 2.23 C. P. L 

Appendix C2 C2-20 



Table C2.4 (cont'd) 

meas'd def. by def. by def. by %%% Ma. 
BM def. Brnson Ref. 4 Model error error error p ---- load 
# in in in in Brnson Ref. 4 Model M Mcr type 
--- ------ ------ ------ ------ ------ ------ ------ ------ ------ ------ 

49 0.030 0.051 0.056 0.036 70.49 87.68 18.70 0.53 1.35 C-P. L 
50 0.070 0.118 0.116 0.073 68.92 65.89 3.84 0.53 1.90 C. P. L 
51 0.250 0.241 0.238 0.239 -3.47 -4.76 -4.58 2.54 7.39 C. P. L 
52 0.370 0.328 0.325 0.324 -11.43 -12.08 -12.51 2.54 10.03 C. P. L 
53 0.190 0.239 0.225 0.219 26.02 18.29 15.38 0.84 3.65 C. P. L 
54 0.210 0.353 0.341 0.347 68.13 62.27 65.46 0.84 5.25 C. P. L 
55 0.210 0.255 0.240 0.242 21.54 14.09 15.42 0.84 4.05 C. P. L 
56 0.320 0.358 0.344 0.360 11.79 7.65 12.52 0.84 5.56 C. P. L 
57 0.210 0.196 0.193 0.196 -6.47 -7.93 -6.59 3.30 6.54 C. P. L 
58 0.330 0.293 0.291 0.293 -11.09 -11.72 -11.26 3.30 9.77 C. P. L 
59 0.270 0.227 0.226 0.227 -15.85 -16.39 -15.79 3.30 8.18 C. P. L 
60 0.450 0.340 0.339 0.340 -24.41 -24.63 -24.37 3.30 12.25 C. P. L 
61 0.180 0.174 0.173 0.173 -3.59 -4.16 -3.68 3.30 6.62 C. P. L 
62 0.300 0.257 0.256 0.256 -14.44 -14.67 -14.54 3.30 9.78 C. P. L 
63 0.160 0.156 0.143 0.153 -2.62 -10.64 -4.44 1.23 3.14 C-P. L 
64 0.170 0.154 0.140 0.149 -9.53 -17.64 -12.09 1.23 3.04 C. P. L 
65 0.180 0.158 0.147 0.157 -12.04 -18.49 -12.73 1.23 3.28 C. P. L 
66 0.260 0.217 0.213 0.214 -16.60 -18.11 -17.77 2.64 6.58 C-P. L 
67 0.250 0.213 0.208 0.209 -14.84 -16.75 -16.52 2.64 6.24 C-P. L 
68 0.210 0.188 0.186 0.188 -10.28 -11.61 -10.36 3.25 6.38 C. P. L 
69 0.530 0.597 0.571 0.616 12.64 7.72 16.31 1.63 2.61 U. D. L 
70 0.620 0.613 0.585 0.633 -1.06 -5-65 2.17 1.63 2.61 U. D. L 
71 0.670 0.636 0.604 0.651 -5.10 -9.85 -2.88 1.63 2.61 U. D. L 
72 0.920 1.004 0.931 1.022 9.10 1.15 11.06 1.67 2.43 U. D. L 
73 0.980 1.013 0.938 1.035 3.40 -4.26 5.57 1.67 2.43 U. D. L 
74 1.040 1.026 0.948 1.048 -1.35 -8.82 0.75 1.67 2.43 U. D. L 
75 1.580 1.700 1.607 1.729 7.57 1.69 9.42 1.67 2.62 U. D. L 
76 1.710 1.730 1.632 1.760 1.18 -4.54 2.93 1.67 2.62 U. D. L 
77 1.880 1.771 1.666 1.793 -5.80 -11.38 -4.65 1.67 2.62 U. D. L 
78 0.470 0.619 0.586 0.629 31.75 24.69 33.91 1.67 2.65 U. D. L 
79 0.560 0.630 0.595 0.641 12.59 6.34 14.43 1.67 2.65 U. D. L 
80 0.700 0.627 0.587 0.640 -10.41 -16.21 -8.55 1.67 2.52 U. D. L 
81 2.340 2.062 1.911 2.090 -11.90 -18.35 -10.68 1.59 2.36 U. D. L 
82 2.200 2.077 1.923 2.114 -5.58 -12-59 -3.91 1.59 2.36 U. D. L 
83 2.480 2.097 1.939 2.138 -15.44 -21.82 -13.78 1.59 2.36 U. D. L 
84 1.340 1.174 1.139 1.122 -12.38 -14.99 -16.27 1.01 3.43 U. D. L 
85 1.240 1.158 1.122 1.098 -6.59 -9.48 -11.44 1.01 3.35 U. D. L 
86 1.190 1.167 1.134 1.116 -1.96 -4.74 -6.18 1.01 3.50 U. D. L 
87 1.270 1.287 1.247 1.318 1.34 -1.83 3.80 2.07 5.49 U. D. L 
88 0.510 0.555 0.531 0.513 8.77 4.20 0.60 1.05 2.99 U. D. L 
89 2.200 2.102 1.991 2.205 -4.47 -9.49 0.23 1.67 4.23 U. D. L 
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APPENDIX C3 

The Data Files Considered by Prog. 4.4.3.1 Discussed in Sec. 4.4.3 



DATA FILE "CERA" 

0.5320 616000 2.4465 0.0 8.0 8.0 0.0 15.125 13.125 0.0 180 0.377 2 51 
0.5320 862400 2.4465 0.0 8.0 8.0 0.0 15.125 13.125 0.0 180 0.544 2 51 
0.5400 829000 2.4465 0.0 8.0 8.0 0.0 15.125 13.125 0.0 180 0.516 2 51 
0.5400 1160600 2.4465 0.0 8.0 8.0 0.0 15.125 13.125 0.0 180 0.759 2 51 
0.5350 868000 2.4465 0.0 8.0 8.0 0. a 15.125 13.125 0.0 180 0.451 2 51 
0.5350 1215200 2.4465 0.0 8.0 8.0 0.0 15.125 13.125 0.0 180 0.674 2 51 
0.4980 862500 2.4465 0.0 8.0 8.0 0.0 15.125 13.125 0.0 180 0.380 2 51 
0.4980 1207500 2.4465 0.0 8.0 8.0 0.0 15.125 13.125 0.0 180 0.592 2 51 
0.4600 554500 2.4465 0.0 8.0 8.0 0.0 15.125 13.125 0.0 180 0.318 2 51 
0.4600 776300 2.4465 0.0 8.0 8.0 0.0 15.125 13.125 0.0 180 0.483 2 51 
0.4580 761500 2.4465 0.0 8.0 8.0 0.0 15.125 13.125 0.0 180 0.451 2 51 
0.4580 1066100 2.4465 0.0 8.0 8.0 0.0 15.125 13.125 0.0 180 0.677 2 51 
0.4500 672000 2.4465 0.0 8.0 8.0 0.0 15.125 13.125 0.0 180 0.389 2 51 
0.4500 940800 2.4465 0.0 8.0 8.0 0.0 15.125 13.125 0.0 180 0.596 2 51 
0.4520 773000 2.4465 0.0 8.0 8.0 0.0 15.125 13.125 0.0 180 0.457 2 51 
0.4520 1082200 2.4465 0.0 8.0 8.0 0.0 15.125 13.125 0.0 180 0.673 2 51 
0.4550 714000 2.4465 0.0 8.0 8.0 0.0 15.125 13.125 0.0 180 0.446 2 51 
0.4550 999600 2.4465 0.0 8.0 8.0 0.0 15.125 13.125 0.0 180 0.578 2 51 
0.4600 795000 2.4465 0.0 8.0 8.0 0.0 15.125 13.125 0.0 180 0.386 2 51 
0.4600 1113000 2.4465 0.0 8.0 8.0 0.0 15.125 13.125 0.0 180 0.616 2 51 
0.4940 560000 2.4045 0.0 8.0 8.0 0.0 15.75 13.125 0.0 180 0.206 2 51 
0.4940 784000 2.4045 0.0 8.0 8.0 0.0 15.75 13.125 0.0 180 0.359 2 51 
0.4840 756000 2.4045 0.0 8.0 8.0 0.0 15.75 13.125 0.0 180 0.448 2 51 
0.4840 1058400 2.4045 0.0 8.0 8.0 0.0 15.75 13.125 0.0 180 0.668 2 51 
0.4910 795000 2.4045 0.0 8.0 8.0 0.0 15.75 13.125 0.0 180 0.434 2 51 
0.4910 1113000 2.4045 0.0 8.0 8.0 0.0 15.75 13.125 0.0 180 0.705 2 52 
0.4810 795000 2.4045 0.0 8.0 8.0 0.0 15.75 13.125 0.0 180 0.499 2 51 
0.4810 1113000 2.4045 0.0 8.0 8.0 0.0 15.75 13.125 0.0 180 0.743 2 51 
0.4880 756000 2.4045 0.0 8.0 8.0 0.0 15.75 13.125 0.0 180 0.474 2 51 
0.4880 1058400 2.4045 0.0 8.0 8.0 0.0 15.75 13.125 0.0 180 0.708 2 51 
0.4910 560000 2.4045 0.0 8.0 8.0 0.0 15.75 13.125 0.0 180 0.327 2 51 
0.4910 784000 2.4045 0.0 8.0 8.0 0.0 15.75 13.125 0.0 180 0.496 2 51 
0.4910 817500 2.4045 0.0 8.0 8.0 0.0 15.75 13.125 0.0 180 0.502 2 51 
0.4910 1144500 2.4045 0.0 8.0 8.0 0.0 15.75 13.125 0.0 180 0.755 2 51 
0.4780 773000 2.4045 0.0 8.0 8.0 0.0 15.75 13.125 0.0 180 0.477 2 51 
0.4780 1082200 2.4045 0.0 8.0 8.0 0.0 15.75 13.125 0.0 180 0.713 2 51 
0.4750 823000 2.4045 0.0 8.0 8.0 0.0 15.75 13.125 0.0 180 0.549 2 51 
0.4750 1152200 2.4045 0.0 8.0 8.0 0.0 15.75 13.125 0.0 180 0.799 2 51 
0.4870 806500 2.4045 0.0 8.0 8.0 0.0 15.75 13.125 0.0 180 0.503 2 51 
0.4870 1129100 2.4045 0.0 8.0 8.0 0.0 15.75 13.125 0.0 180 0.767 2 51 
0.4830 817500 2.4045 0.0 8.0 8.0 0.0 15.75 13.125 0.0 180 0.460 2 51 
0.4830 1144500 2.4045 0.0 8.0 8.0 0.0 15.75 13.125 0.0 180 0.691 2 51 
0.4440 661000 2.3544 0.0 8.0 8.0 0.0 16.00 13.500 0.0 180 0.362 2 51 
0.4440 925400 2.3544 0.0 8.0 8.0 0.0 16.00 13.500 0.0 180 0.519 2 51 
0.4380 801000 2.3544 0.0 8.0 8.0 0.0 16.00 13.500 0.0 180 0.462 2 51 
0.4380 1121400 2.3544 0.0 8.0 8.0 0.0 16.00 13.500 0.0 180 0.708 2 51 
0.4410 806500 2.3544 0.0 8.0 8.0 0.0 16.00 13.500 0.0 180 0.490 2 51 
0.4410 1129100 2.3544 0.0 8.0 8.0 0.0 16.00 13.500 0.0 180 0.729 2 51 
0.4300 829000 2.3544 0.0 8.0 8.0 0.0 16.00 13.500 0.0 180 0.483 2 51 
0.4300 1160600 2.3544 0.0 8.0 8.0 0.0 16.00 13.500 0.0 180 0.734 2 51 
0.4340 817500 2.3544 0.0 8.0 8.0 0.0 16.00 13.500 0.0 180 0.502 2 51 
0.4340 1144500 2.3544 0.0 8.0 8.0 0.0 16.00 13.500 0.0 180 0.806 2 51 
0.4440 717000 2.3544 0.0 8.0 8.0 0.0 16.00 13.500 0.0 180 0.462 2 51 
0.4440 1003800 2.3544 0.0 8.0 8.0 0.0 16.00 13.500 0.0 180 0.688 2 51 
0.5620 689000 2.3643 0.0 8.0 8.0 0.0 16.00 13.875 0.0 180 0.383 2 51 
0.5620 964600 2.3643 0.0 8.0 8.0 0.0 16.00 13.875 0.0 180 0.561 2 51 
0.5490 840000 2.3643 0.0 8.0 8.0 0.0 16.00 13.875 0.0 180 0.470 2 51 
0.5490 1176000 2.3643 0.0 8.0 8.0 0.0 16.00 13.875 0.0 180 0.708 2 51 
0.5540 829000 2.3643 0.0 8.0 8.0 0.0 16.00 13.875 0.0 180 0.524 2 51 
0.5540 1160600 2.3643 0.0 8.0 8.0 0.0 16.00 13.875 0.0 180 0.777 2 51 
0.5450 834500 2.3643 0.0 8.0 8.0 0.0 16.00 13.875 0.0 180 0.464 2 51 
0.5450 1168300 2.3643 0.0 8.0 8.0 0.0 16.00 13.875 0.0 180 0.688 2 51 
0.5580 806500 2.3643 0.0 8.0 8.0 0.0 16.00 13.875 0.0 180 0.450 2 51 
0.5580 1129100 2.3643 0.0 8.0 8.0 0.0 16.00 13.875 0.0 180 0.669 2 51 
0.5740 761500 2.3643 0.0 8.0 8.0 0.0 16.00 13.875 0.0 180 0.441 2 51 
0.5740 1066100 2.3643 0.0 8.0 8.0 0.0 16.00 13.875 0.0 180 0.656 2 51 
0.3843 532000 2.4045 0.0 8.0 8.0 0.0 15.125 13.125 0.0 180 0.370 2 51 
0.3843 744800 2.4045 0.0 8.0 8.0 0.0 15.125 13.125 0.0 180 0.580 2 51 
0.3843 526500 2.4045 0.0 8.0 8.0 0.0 15.125 13.125 0.0 180 0.339 2 51 
0.3843 737100 2.4045 0.0 8.0 8.0 0.0 15.125 13.125 0.0 180 0.555 2 51 
0.3843 605000 2.4045 0.0 8.0 8.0 0.0 15.750 13.125 0.0 180 0.341 2 51 
0.3843 847000 2.4045 0.0 8.0 8.0 0.0 15.750 13.125 0.0 180 0.567 2 51 
0.3843 549000 2.4045 0.0 8.0 8.0 0.0 15.750 13.125 0.0 180 0.351 2 51 
0.3843 768600 2.4045 0.0 8.0 8.0 0.0 15.750 13.125 0.0 180 0.530 2 51 
0.4175 756000 2.4045 0.0 8.0 8.0 0.0 15.125 13.125 0.0 180 0.547 2 51 
0.4175 1058400 2.4045 0.0 8.0 8.0 0.0 15.125 13.125 0.0 180 0.851 2 51 
0.4190 795000 2.4045 0.0 8.0 8.0 0.0 15.125 13.125 0.0 180 0.547 2 51 
0.4190 1113000 2.4045 0.0 8.0 8.0 0.0 15.125 13.125 0.0 180 0.816 2 51 
0.4203 717000 2.4045 0.0 8.0 8.0 0.0 15.750 13.125 0.0 180 0.465 2 51 
0.4203 1003800 2.4045 0.0 8.0 8.0 0.0 15.750 13.125 0.0 180 0.829 2 51 
0.4216 767000 2.4045 0.0 8.0 8.0 0.0 15.750 13.125 0.0 180 0.469 2 51 
0.4216 1073800 2.4045 0.0 8.0 8.0 0.0 15.750 13.125 0.0 180 0.671 2 51 
0.4820 761500 2.4045 0.0 3.5 8.0 6.5 15.750 13.125 0.0 180 0.450 2 51 
0.4820 1066100 2.4045 0.0 3.5 8.0 6.5 15.750 13.125 0.0 180 0.687 2 51 
0.4870 795000 2.4045 0.0 5.5 8.0 6.5 15.750 13.125 0.0 180 0.569 2 51 
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0.4870 1113000 
0.4900 829000 
0.4900 1160600 
0.4320 554500 
0.4320 776300 
0.4550 633000 
0.4550 886200 
0.4500 644000 
0.4500 901600 
0.5270 739000 
0.5270 1034600 
0.5320 795000 
0.5320 1113000 
0.5050 795000 
0.5050 1113000 
0.5210 750500 
0.5210 1050700 
0.5300 750500 
0.5300 1050700 
0.5340 873500 
0.5340 1222900 
0.3800 823000 
0.3800 1152200 
0.3880 717000 
0.3880 1003800 
0.3950 784000 
0.3950 1097600 
0.4000 722500 
0.4000 1011500 
0.4190 756000 
0.4190 1058400 
0.4240 733500 
0.4240 1026900 
0.4600 722500 
0.4600 1011500 
0.4800 728000 
0.4800 1019200 
0.4850 728000 
0.4850 1019200 
0.4700 644000 
0.4700 901600 
0.4950 700000 
0.4950 980000 
0.5160 817500 
0.5160 1144500 
0.2950 610500 
0.2950 854700 
0.2985 627000 
0.2985 877800 
0.4960 728000 
0.4960 1019200 
0.2830 582500 
0.2830 815500 
0.3475 661000 
0.3475 925400 
0.4900 733500 
0.4900 1026900 
0.4770 638500 
0.4770 893900 
0.4980 515000 
0.4980 721000 
0.5050 330500 
0.5050 462700 
0.4700 554500 
0.4700 776300 
0.4500 425500 
0.4500 595700 
0.4940 325000 
0.4940 455000 
0.4850 806500 
0.4850 1129100 
0.4775 750500 
0.4775 1050700 
0.5020 498500 
0.5020 697900 
0.5190 795000 
0.5190 1113000 
0.4960 616000 
0.4960 862400 
0.4900 403000 
0.4900 564200 
0.4340 683000 
0.4340 956200 
0.4150 644000 
0.4150 901600 

2.4045 0.0 5.5 8.0 6.5 15.750 
2.4045 0.0 7.75 8.0 6.5 15.750 
2.4045 0.0 7.75 8.0 6.5 15.750 
2.1902 0.0 6.25 6.25 0.0 16.000 
2.1902 0.0 6.25 6.25 0.0 16.000 
2.367 0.0 8.0 8.00 0.0 16.000 
2.367 0.0 8.0 8.00 0.0 16.000 
2.3546 0.0 9.75 9.75 0.0 16.000 
2.3546 0.0 9.75 9.75 0.0 16.000 
2.4045 0.0 3.5 8.00 6.5 15.750 
2.4045 0.0 3.5 8.00 6.5 15.750 
2.4045 0.0 5.5 8.00 6.5 15.750 
2.4045 0.0 5.5 8.00 6.5 15.750 
2.4045 0.0 7.75 8.00 6.5 15.750 
2.4045 0.0 7.75 8.00 6.5 15.750 
2.1902 0.0 6.25 6.25 0.0 16.000 
2.1902 0.0 6.25 6.25 0.0 16.000 
2.3625 0.0 8.00 8.00 0.0 16.000 
2.3625 0.0 8.00 8.00 0.0 16.000 
2.3546 0.0 9.75 9.75 0.0 16.000 
2.3546 0.0 9.75 9.75 0.0 16.000 
2.4045 0.0 8.00 8.00 0.0 17.125 
2.4045 0.0 8.00 8.00 0.0 17.125 
2.4045 0.0 8.00 8.00 0.0 17.125 
2.4045 0.0 8.00 8.00 0.0 17.125 
2.4045 0.0 8.0 8.00 0.0 16.125 
2.4045 0.0 8.0 8.00 0.0 16.125 
2.4045 0.0 8.0 8.00 0.0 16-125 
2.4045 0.0 8.0 8.00 0.0 16.125 
2.4045 0.0 8.0 8.00 0.0 14.875 
2.4045 0.0 8.0 8.00 0.0 14.875 
2.4045 0.0 8.0 8.00 0.0 '14.875 
2.4045 0.0 8.0 8.00 0.0 14.875 
2.4045 0.0 8.0 8.00 0.0 14.875 
2.4045 0.0 8.0 8.00 0.0 14.875 
2.4045 0.0 8.0 8.00 0.0 15.750 
2.4045 0.0 8.0 8.00 0.0 15.750 
2.4045 0.0 8.0 8.00 0.0 15.750 
2.4045 0.0 8.0 8.00 0.0 15.750 
2.4045 0.0 8.0 8.00 0.0 14.875 
2.4045 0.0 8.0 8.00 0.0 14.875 
2.4045 0.0 8.0 8.00 0.0 15.75 
2.4045 0.0 8.0 8.00 0.0 15.75 
2.4045 0.0 8.0 8.00 0.0 15.75 
2.4045 0.0 8.0 8.00 0.0 15.75 
2.4045 0.0 8.0 8.00 0.0 15.75 
2.4045 0.0 8.0 8.00 0.0 15.75 
2.4045 0.0 8.0 8.00 0.0 15.75 
2.4045 0.0 8.0 8.00 0.0 15.75 
2.4045 Cý. o 8.0 8.00 0.0 15.75 
2.4045 0.0 8.0 8.00 0.0 15.75 
2.4045 0.0 8.0 8.00 0.0 15.75 
2.4045 0.0 8.0 8.00 0.0 15.75 
2.4045 0.0 8.0 8.00 0.0 15.75 
2.4045 0.0 8.0 8.00 0.0 15.75 
2.4045 0.0 8.0 8.00 0.0 15.75 
2.4045 0.0 8.0 8.00 0.0 15.75 
2.3625 0.0 8.0 8.00 0.0 16.00 
2.3625 0.0 8.0 8.00 0.0 16.00 
1.764 0.0 8.0 8.00 0.0 16.00 
1.764 0.0 8.0 8.00 0.0 16.00 
1.176 0.0 8.0 8.00 0.0 16.00 
1.176 0.0 8.0 8.00 0.0 16.00 
2.4045 0.0 8.0 8.00 0.0 15.75 
2.4045 0.0 8.0 8.00 0.0 15.75 
1.764 0.0 8.0 8.00 0.0 15.75 
1.764 0.0 8.0 8.00 0.0 15.75 
1.2285 0.0 8.0 8.00 0.0 15.75 
1.2285 0.0 8.0 8.00 0.0 15.75 
2.3625 0.0 8.0 8.00 0.0 16.00 
2.3625 0.0 8.0 8.00 0.0 16.00 
1.764 0.0 8.0 8.00 0.0 16.00 
1.764 0.0 8.0 8.00 0.0 16.00 
1.176 0.0 8.0 8.00 0.0 16.00 
1.176 0.0 8.0 8.00 0.0 16.00 
2.4045 0.0 8.0 8.00 0.0 15.75 
2.4045 0.0 8.0 8.00 0.0 15.75 
1.764 0.0 8.0 8.00 0.0 15.75 
1.764 0.0 8.0 8.00 0.0 15.75 
1.2285 0.0 8.0 8.00 0.0 15.75 
1.2285 0.0 8.0 8.00 0.0 15.75 
2.3625 0.0 8.0 8.00 0.0 16.00 
2.3625 0.0 8.0 8.00 0.0 16.00 
1.764 0.0 8.0 8.0 0.0 16.00 
1.764 0-0 8.0 8.0 0.0 16.00 

13.125 0.0 180 0.712 2 51 
13.125 0.0 180 0.481 2 51 
13.125 0.0 180 0.735 2 51 
13.125 0.0 180 0.360 2 51 
13.125 0.0 180 0.558 2 51 
13.150 0.0 180 0.362 2 51 
13.150 0.0 180 0.548 2 51 
13.125 0.0 180 0.344 2 51 
13.125 0.0 180 0.509 2 51 
13.125 0.0 180 0.539 2 51 
13.125 0.0 180 0.749 2 51 
13.125 0.0 180 0.478 2 51 
13.125 0.0 180 0.722 2 51 
13.125 0.0 180 0.465 2 51 
13.125 0.0 180 0.711 2 51 
13.125 0.0 180 0.458 2 51 
13.125 0.0 180 0.709 2 51 
13.125 0.0 180 0.463 2 51 
13.125 0.0 180 0.714 2 51 
13.125 0.0 180 0.494 2 51 
13.125 0.0 180 0.748 2 51 
13.125 0.0 180 0.497 2 51 
13.125 0.0 180 0.743 2 51 
13.125 0.0 180 0.453 2 51 
13.125 0.0 180 0.690 2 51 
13.125 0.0 180 0.482 2 51 
13.125 0.0 180 0.731 2 51 
13.125 0.0 180 0.481 2 51 
13.125 0.0 180 0.724 2 51 
13.125 0.0 180 0.493 2 51 
13.125 0.0 180 0.761 2 51 
13.125 0.0 180 0.469 2 51 
13.125 0.0 180 0.724 2 51 
13.125 0.0 180 0.513 2 51 
13.125 0.0 180 0.766 2 51 
13.125 0.0 180 0.614 2 51 
13.125 0.0 180 0.771 2 51 
13.125 0.0 180 0.292 2 51 
13.125 0.0 180 0.390 2 51 
13.125 0.0 180 0.392 2 51 
13.125 0.0 180 0.587 2 51 
13.125 0.0 180 0.499 2 51 
13.125 0,0 180 0.750 2 51 
13.125 0.0 180 0.510 2 51 
13.125 0.0 180 0.729 2 51 
13.125 0.0 180 0.406 2 51 
13.125 0.0 180 0.643 2 51 
13.125 0.0 180 0.484 2 51 
13.125 0.0 180 0.732 2 51 
13.125 0.0 180 0.464 2 51 
13.125 0.0 180 0.598 2 51 
13.125 0.0 180 0.513 2 51 
13.125 0.0 180 0.753 2 51 
13.125 0.0 180 0.455 2 51 
13.125 0.0 180 0.689 2 51 
13.125 0.0 180 0.512 2 51 
13.125 0.0 180 0.768 2 51 
13.125 0.0 180 0.366 2 51 
13.125 0.0 180 0.558 2 51 
13.125 0.0 180 0.251 2 51 
13.125 0.0 180 0.389 2 51 
13.125 0.0 180 0.296 2 51 
13.125 0.0 180 0.463 2 51 
13.125 0.0 180 0.297 2 51 
13.125 0.0 180 0.560 2 51 
13.125 0.0 180 0.360 2 51 
13.125 0.0 180 0.502 2 51 
13.125 0.0 180 0.266 2 51 
13.125 0.0 180 0.396 2 51 
13.125 0.0 180 0.471 2 51 
13.125 0.0 180 0.730 2 51 
13.125 0.0 180 0.624 2 51 
13.125 0.0 180 0.911 2 51 
13.125 0.0 180 0.538 2 51 
13.125 0.0 180 0.778 2 51 
13.125 0.0 180 0.512 2 51 
13.125 0.0 180 0.771 2 51 
13.125 0.0 180 0.451 2 51 
13.125 0.0 180 0.674 2 51 
13.125 0.0 180 0.425 2 51 
13.125 0.0 180 0.638 2 51 
13.125 0.0 180 0.487 2 51 
13.125 0.0 180 0.553 2 51 
13.125 0.0 180 0.448 2 51 
13.125 0.0 180 0.709 2 51 

Appendix C3 C3-2 



0.4540 493000 
0.4540 690200 
0.4085 717000 
0.4085 1003800 
0.4048 761500 
0.4048 1066100 
0.4150 638500 
0.4150 893900 
0.4279 834500 
0,4279 1168300 
0.3410 717000 
0.3410 1003800 
0.4400 750500 
0.4400 1050700 
0.4670 817500 
0.4670 1144500 
0.4360 776000 
0,4360 1086400 
0.4360 752500 
0.4360 1053500 
0.4360 718000 
0.4360 1005200 
0.4080 493000 
0.4080 690200 
0.4060 521000 
0.4060 729400 
0.3920 504000 
0.3920 705600 
0.4040 493000 
0.4040 690200 
0.4110 504000 
0.4110 705600 
0.3940 560000 
0.3940 784000 
0.4420 358500 
0.4420 501900 
0.4640 375000 
0.4640 525000 
0.4440 291000 
0.4440 407400 
0- 4550 302500 
0- 4550 423500 
0.4360 375000 
0.4360 525000 0- 4540 3750oo 
0.4540 525000 
0- 4440 302500 
0.4440 423500 
0.4560 291000 
0.4560 407400 
0.3950 375000 
0.3950 525000 
0.4120 369500 
0.4120 517300 
0.3900 291000 
0.3900 407400 
0.4170 308000 
0.4170 431200 
0.4250 353000 
0.4250 494200 
0.4320 364000 
0.4320 509600 
0. * 4260 302500 
0. '4260 423500 
0.4340 297000 
0.4340 415800 
0.4670 364000 
0.4670 509600 
0.4600 297000 
0.4600 415800 
0.4870 297000 
0.4870 415800 
0.3990 364000 
0.3990 509600 
0.4370 364000 
0.4370 509600 
0.4140 291000 
0.4140 407400 
0.4320 302500 
0.4320 423500 
0.4040 364000 
0.4040 509600 
0.4040 375000 
0.4040 525000 
0.4040 375000 
0.4040 525000 
0.4040 375000 
0.4040 525000 

1.176 0.0 8.0 8.0 0.0 16.00 
1.176 0.0 8.0 8.0 0.0 16.00 
2.4045 0.0 8.0 8.0 0.0 15.75 
2.4045 0.0 8.0 8.0 0.0 15.75 
2.4045 0.0 8.0 8.0 0.0 15.75 
2.4045 0.0 8.0 8.0 0.0 15.75 
2.4045 0.0 8.0 8.0 0.0 15.75 
2.4045 0.0 8.0 8.0 0.0 15.75 
2.4045 0.0 8.0 8.0 0.0 15.75 
2.4045 0.0 8.0 8.0 0.0 15.75 
2.4045 0.0 8.0 8.0 0.0 15.75 
2.4045 0.0 8.0 8.0 0.0 15.75 
2.4045 0.0 8.0 8.0 0.0 15.75 
2.4045 0.0 8.0 8.0 0.0 15.75 
2.4045 0.0 8.0 8.0 0.0 15.75 
2.4045 0.0 8.0 8.0 0.0 15.75 
2.4045 0.0 8.0 8.0 0.0 15.75 
2.4045 0.0 8.0 8.0 0.0 15.75 
2.4045 0.0 8.0 8.0 0.0 15.75 
2.4045 0.0 8.0 8.0 0.0 15.75 
2.4045 0.0 8.0 8.0 0.0 15.75 
2.4045 0.0 8.0 8.0 0.0 15.75 
1.176 0.0 3.5 8.0 6.5 15.75 
1.176 0.0 3.5 8.0 6.5 15.75 
1.176 0.0 5.5 8.0 6.5 15.75 
1.176 0.0 5.5 8.0 6.5 15.75 
1.176 0.0 7.75 8.0 6.5 15.75 
1.176 0.0 7.75 8.0 6.5 15.75 
1.2039 0.0 6.25 6.25 0.0 16.00 
1.2039 0.0 6.25 6.25 0.0 16.00 
1.2075 0.0 8.00 8.00 0.0 16.00 
1.2075 0.0 8.00 8.00 0.0 16.00 
1.2053 0.0 9.75 9.75 0.0 16.00 
1.2053 0.0 9 75 9.75 0.0 16.00 
0.8789 0.0 7: 00 7.00 0.0 15.25 
0.8789 0.0 7 00 7.00 0.0 15.25 
0.8789 0.0 7: 00 7.00 0.0 15.25 
0.8789 0.0 7.00 7.00 0.0 15.25 
0.8789 0.0 7.00 7.00 0.0 15.25 
0.8789 0.0 7.00 7.00 0.0 15.25 
0.8789 0.0 7.00 7.00 0.0 15.25 
0.8789 0.0 7.00 7.00 0.0 15.25 
0.8789 0.0 7.00 7.00 0.0 15.25 
0.8789 0.0 7.00 7.00 0.0 15.25 
0.8789 0.0 7.00 7.00 0.0 15.25 
0.8789 0.0 7.00 7.00 0.0 15.25 
0.8789 0.0 7.0 7.0 0.0 15.25 
0.8789 0.0 7.0 7.0 0.0 15.25 
0.8789 0.0 7.0 7.0 0.0 15.25 
0.8789 0.0 7.0 7.0 0.0 15.25 
0.8789 0.0 7.0 7.0 0.0 15.25 
0.8789 0.0 7.0 7.0 0.0 15.25 
0.8789 0.0 7.0 7.0 0.0 15.25 
0.8789 0.0 7.0 7.0 0.0 15.25 
0.8789 0.0 7.0 7.0 0.0 15.25 
0.8789 0.0 7.0 7.0 0.0 15.25 
0.8789 0.0 7.0 7.0 0.0 15.25 
0.8789 0.0 7.0 7.0 0.0 15.25 
0.8789 0.0 7.0 7.0 0.0 15.25 
0.8789 0.0 7.0 7.0 0.0 15.25 
0.8789 0.0 7.0 7.0 0.0 15.25 
0.8789 0.0 7.0 7.0 0.0 15.25 
0.8789 0.0 7.0 7.0 0.0 15.25 
0.8789 0.0 7.0 7.0 0.0 15.25 
0.8789 0.0 7.0 7.0 0.0 15.25 
0.8789 0.0 7.0 7.0 0.0 15.25 
0.8789 0.0 7.0 7.0 0.0 15.25 
0.8789 0.0 7.0 7.0 0.0 15.25 
0.8789 0.0 7.0 7.0 0.0 15.25 
0.8789 0.0 7.0 7.0 0.0 15.25 
0.8789 0.0 7.0 7.0 0.0 15.25 
0.8789 0.0 7.0 7.0 0.0 15.25 
0.8789 0.0 7.0 7.0 0.0 15.25 
0.8789 0.0 7.0 7.0 0.0 15.25 
0.8789 0.0 7.0 7.0 0.0 15.25 
0.8789 0.0 7.0 7.0 0.0 15.25 
0.8789 0.0 7.0 7.0 0.0 15.25 
0.8789 0.0 7.0 7.0 0.0 15.25 
0.8789 0.0 7.0 7.0 0.0 15.25 
0.8789 0.0 7.0 7.0 0.0 15.25 
0.8789 0.0 7.0 7.0 0.0 15.25 
0.8789 0.0 7.0 7.0 0.0 15.25 
0.8789 0.0 7.0 7.0 0.0 15.25 
0.8789 0.0 7.0 7.0 0.0 15.25 
0.8789 0.0 7.0 7.0 0.0 15.25 
0.8789 0.0 7.0 7.0 0.0 15.25 
0.8789 0.0 7.0 7.0 0.0 15.25 
0.8789 0.0 7.0 7.0 0.0 15.25 

13.125 0.0 180 0.415 2 51 
13.125 0.0 180 0.696 2 51 
13.125 0.0 180 0.413 2 51 
13.125 0.0 180 0.662 2 51 
13.125 0.0 180 0.397 2 51 
13.125 0.0 180 0.858 2 51 
13.125 0.0 180 0.559 2 51 
13.125 0.0 180 0.764 2 51 
13.125 0.0 180 0.553 2 51 
13.125 0.0 180 0.830 2 51 
13.125 0.0 180 0.435 2 51 
13.125 0.0 180 0.795 2 51 
13.125 0.0 180 0.488 2 51 
13.125 0.0 180 0.727 2 51 
13.125 0.0 180 0.481 2 51 
13.125 0.0 180 0.759 2 51 
13.125 0.0 180 0.481 2 30 
13.125 0.0 180 0.735 2 30 
13.125 0.0 180 0.470 2 42 
13.125 0.0 180 0.739 2 42 
13.125 0.0 180 0.429 2 60 
13.125 0.0 180 0.675 2 60 
14.000 0.0 180 0.449 2 51 
14.000 0.0 180 0.670 2 51 
14.000 0.0 180 0.395 2 51 
14.000 0.0 180 0.592 2 51 
14.000 0.0 180 0.381 2 51 
14.000 0.0 180 0.570 2 51 
14.375 0.0 180 0.448 2 51 
14.375 0.0 180 0.689 2 51 
14.375 0.0 180 0.380 2 51 
14.375 0.0 180 0.604 2 51 
14.375 0.0 180 0.377 2 51 
14.375 0.0 180 0.603 2 51 
13.500 0.0 180 0.369 2 51 
13.500 0.0 180 0.579 2 51 
13.500 0.0 180 0.383 2 51 
13.500 0.0 180 0.603 2 51 
13.500 0.0 180 0.294 2 51 
13.500 0.0 180 0.453 2 51 
13.500 0.0 180 0.284 2 51 
13.500 0.0 180 0.459 2 51 
13.500 0.0 180 0.359 2 51 
13.500 0.0 180 0.597 2 51 
13.500 0.0 180 0.386 2 51 
13.500 0.0 180 0.619 2 51 
13.500 0.0 180 0.286 2 51 
13.500 0.0 180 0.464 2 51 
13.500 0.0 180 0.249 2 51 
13.500 0.0 180 0.413 2 51 
13.500 0.0 180 0.406 2 51 
13.500 0.0 180 0.631 2 51 
13.500 0.0 180 0.385 2 51 
13.500 0.0 180 0.603 2 51 
13.500 0.0 180 0.271 2 51 
13.500 0.0 180 0.440 2 51 
13.500 0.0 180 0.313 2 51 
13.500 0.0 180 0.497 2 51 
13.500 0.0 180 0.371 2 51 
13.500 0.0 180 0.574 2 51 
13.500 0.0 180 0.374 2 51 
13.500 0.0 180 0.582 2 51 
13.500 0.0 180 0.290 2 51 
13.500 0.0 180 0.466 2 51 
13.500 0.0 180 0.293 2 51 
13.500 0.0 180 0.471 2 51 
13.500 0.0 180 0.349 2 51 
13.500 0.0 180 0.554 2 51 
13.500 0.0 180 0.293 2 51 
13.500 0.0 180 0.463 2 51 
13.500 0.0 180 0.265 2 51 
13.500 0.0 180 0.428 2 51 
13.500 0.0 180 0.369 2 51 
13.50 0.0 180 0.584 2 51 
13.500 0.0 180 0.379 2 51 
13-500 0.0 180 0.591 2 51 
13.500 0.0 180 0.296 2 51 
13.500 0.0 180 0.470 2 51 
13.500 0.0 180 0.290 2 51 
13.500 0.0 180 0.477 2 51 
13.500 0.0 180 0.415 2 51 
13.500 0.0 180 0.639 2 51 
13.500 0.0 180 0.427 2 51 
13.500 0.0 180 0.658 2 51 
13.500 0.0 180 0.397 2 51 
13.5oo 0.0 180 0.640 2 51 
13.500 0.0 180 0.420 2 51 
13.500 0.0 180 0.648 2 51 

Appendix C3 C3-3 



DATA FILE "INF" 

4072 0.107400 0.477 0.477 9.9 9.9 0 11 10 1.110 
4072 0.155000 0.477 0.477 9.9 9.9 0 11 10 1.110 
4017 0.251000 1.434 0.088 5.9 5.9 0 11 9.58 1.42 110 
4017 0.361000 1.434 0.088 5.9 5.9 0 11 9.58 1.42 110 
4072 0.105200 0.486 0.088 5.9 5.9 0 11 10 1.110 
4072 0.154500 0.486 0.088 5.9 5.9 0 11 10 1.110 
3939 0.107100 0.486 0.176 5.9 11.8 3.9 11 10 1.110 
3939 0.156500 0.486 0.176 5.9 11.8 3.9 11 10 1.110 
3986 0.249000 1.434 0.088 5.9 5.9 0 11 9.58 1.42 110 
3986 0.370000 1.434 0.088 5.9 5.9 0 11 9.58 1.42 110 
3986 0.085700 0.486 0.088 5.9 5.9 0 11 10 1.110 
3986 0.126500 0.486 0.088 5.9 5.9 0 11 10 1.110 
4033 0.106500 0.486 0.176 5.9 11.8 3.9 11 10 1.110 
4033 0.144800 0.486 0.176 5.9 11.8 3.9 11 10 1.110 
3292 0.400000 1.051 0.088 5.9 5.9 0 11 9.58 1.42 110 
3292 0.547000 1.051 0.088 5.9 5.9 0 11 9.58 1.42 110 
3346 0.124000 0.312 0.088 5.9 5.9 0 11 9.58 1.42 110 
3346 0.179500 0.312 0.088 5.9 5.9 0 11 9.58 1.42 110 
4937 0.413000 1.051 0.088 5.9 5.9 0 11 9.58 1.42 110 
4937 0.606000 1.051 0.088 5.9 5.9 0 11 9.58 1.42 110 
5242 0.145000 0.312 0.088 5.9 5.9 0 11 9.58 1.42 110 
5242 0.184000 0.312 0.088 5.9 5.9 0 11 9.58 1.42 110 
3767 0.184000 0.477 0.477 9.85 9.85 0 11 10 1.110 
3767 0.301000 0.477 0.477 9.85 9.85 0 11 10 1.110 
3923 0.448000 1.434 0.088 5.9 5.9 0 11 9.58 1.42 110 
3923 0.539000 1.434 0.088 5.9 5.9 0 11 9.58 1.42 110 
3845 0.187000 0.466 0.088 5.9 5.9 0 11 10 1.110 
3845 0.243500 0.466 0.088 5.9 5.9 0 11 10 1.110 
3713 0.184500 0.486 0.176 5.9 11.8 3.9 11 10 1.110 
3713 0.273000 0.486 0.176 5.9 11.8 3.9 11 10 1.110 
3775 0.078000 0.477 0.477 11.8 11.8 0 5.5 4.5 1.110 
3775 0.125000 0.477 0.477 11.8 11.8 0 5.5 4.5 1.110 
3455 0.153000 1.434 0.088 11.8 11.8 0 5.5 4.08 1.42 110 
3455 0.212000 1.434 0.088 11.8 11.8 0 5.5 4.08 1.42 110 
3682 0.077600 0.468 0.088 11.8 11.8 0 5.5 4.5 1.110 
3682 0.112200 0.468 0.088 11.8 11.8 0 5.5 4.5 1.110 
3822 0.047200 0.312 0.088 11.8 11.8 0 5.5 4.5 1.110 
3822 0.078700 0.312 0.088 11.8 11.8 0 5.5 4.5 1.110 
3713 0.575000 1.865 0.468 5.9 5.9 0 11 9.58 1.42 110 
3713 0.806000 1.865 0.468 5.9 5.9 0 11 9.58 1.42 110 
3736 0.545000 1.434 0.351 5.9 5.9 0 11 9.58 1.42 110 
3736 0.814000 1.434 0.351 5.9 5.9 0 11 9.58 1.42 110 
4462 0.364000 1.051 0.273 5.9 5.9 0 11 9.58 1.42 110 
4462 0.549000 1.051 0.273 5.9 5.9 0 11 9.58 1.42 110 
3900 0.228000 1.051 0.088 5.9 5.9 0 11 9.58 1.42 110 
3900 0.328000 1.051 0.088 5.9 5.9 0 11 9.58 1.42 110 
3900 0.088000 0.312 0.088 5.9 5.9 0 11 10 1.110 
3900 0.124500 0.312 0.088 5.9 5.9 0 11 10 1.110 
3900 0.088000 0.312 0.176 5.9 11.8 3.9 11 10 1.110 
3900 0.124500 0.312 0.176 5.9 11.8 3.9 11 10 1.110 
4056 0.420000 1.434 0.088 5.9 5.9 0 11 9.58 1.42 110 
4056 0.570000 1.434 0.088 5.9 5.9 0 11 9.58 1.42 110 
4906 0.228000 0.494 0.088 5.9 5.9 0 11 10 1.110 
4906 0.328000 0.494 0.088 5.9 5.9 0 11 10 1.110 
4056 0.270000 0.494 0.176 5.9 11.8 3.9 11 10 1.110 
4056 0.371000 0.494 0.176 5.9 11.8 3.9 11- 10 1. c, ýjo 
5226 0.422000 1.865 0.088 5.9 5.9 0 11 9.58 1.42 110 
5226 0.630000 1.865 0.088 5.9 5.9 0 11 9.58 1.42 110 
4056 0.465000 1.865 0.088 5.9 5.9 0 11 9.58 1.42 110 
4056 0.696000 1.865 0.088 5.9 5.9 0 11 9.58 1.42 110 
4056 0.376000 1.865 0.478 5.9 5.9 0 11 9.58 1.42 110 
4056 0.556000 1.865 0.478 5.9 5.9 0 11 9.58 1.42 110 
5086 0.200000 0.724 0.098 5.9 5.9 0 11 10 1.110 
5421 0.200000 0.724 0.098 5.9 5.9 0 11 10 1.110 
4680 0.200000 0.724 0.098 5.9 5.9 0 11 10 1.110 
4641 0.400000 1.498 0.098 5.9 5.9 0 11 9.6 1.4 110 
5156 0.400000 1.498 0.098 5.9 5.9 0 11 9.6 1.4 110 
4937 0.400000 1.841 0.098 5.9 5.9 0 11 9.6 1.4 110 
3630 0.226800 1.320 1.320 8.0 8.0 0 12 10.13 1.88 240 
3630 0.226800 1.32 0.62 8.0 8.0 0 12 10.13 1.81 240 
3630 0.226800 1.32 0.8.8.0 12 10.13 0.240 
3020 0.64200 

. 62 0.62 6.0 6.0 086.19 1.81 240 3020 0.64200 

. 62 0.31 6.0 6.0 086.19 1.81 240 3020 0.64200 

. 62 0.0 6.0 6.0 086.19 0.0 240 2940 0.53215 

.80.8 12.0 12.0 054.0 1.0 250 2940 0.53215 

.80.4 12.0 12.0 054.0 1.0 250 2940 0.53215 

.80.12.0 12.0 054.0 0.0 250 2915 0.53670 

.8 0-8 12.0 12 X) 0 d'. o g' 
' 

1. oe 150 2915 0.53670 
.80.4 12.0 

ým gý ý, 1 50 3215 0.53670 
.80.0 - 12.0 ' -- 

.,, g' 2990 0.17456 
-44 0.44 12.0 12. '-ý2,1 1 e3<ý49' 210 2990 0.17456 
. 44 0.22 12.0 12.12,4ýt 

t 2990 0.17456 
. 44 0-00 12.0 12 '3 

. 
2.31,0t00 210 

. 
54 , 3680 0.264000 

. 62 0-00 6.0 12 0 O. "UO 240 3880 0.264600 

. 62 . 31 6.0 12: 0 712 , 10,19�lju40 3530 0.263400 

. 62 . 62 6.0 e, 1C 3680 0.482400 1.20 0.0 6024 4260 0. 247548 0.62 0.0 6.0 12. & - 
4260 0. 156000 0.62 0.0 6.0 12. d. ýe ýý. IIA DIn >, 2' le 
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. 03 2 55 

. 09 2 55 

. 12 2 55 

. 19 2 55 

. 07 2 55 

. 13 2 55 

. 06 2 55 

. 12 2 55 

. 17 2 36.667 

. 27 2 36.667 

. 06 2 36.667 

. 12 2 36.667 

. OB 2 36.667 

. 13 2 36.667 

. 28 2 55 

. 39 2 55 

. 12 2 55 

. 23 2 55 

. 24 2 55 

. 38 2 55 

. 12 2 55 

. 18 2 55 

. 08 2 55 

. 25 2 55 

. 25 2 55 

. 33 2 55 

. 17 2 55 

. 25 2 55 

. 12 2 55 

. 24 2 55 

. 39 2 55 

. 66 2 55 

. 44 2 55 

. 82 2 55 

. 36 2 55 

. 58 2 55 

. 28 2 55 

. 56 2 55 

. 26 2 55 

. 40 2 55 

. 29 2 55 

. 49 2 55 

. 21 2 55 

. 36 2 55 

. 12 2 55 

. 18 2 55 

. 05 2 55 

. 08 2 55 

. 03 2 55 

. 07 2 55 

. 25 2 55 

. 37 2 55 

. 19 2 55 

. 21 2 55 

. 21 2 55 

. 32 2 55 

. 21 2 55 

. 33 2 55 

. 27 2 55 

. 45 2 55 

. la 2 55 

. 30 2 55 

. 16 2 55 

. 17 2 55 

. IB 2 55 

. 26 2 55 

. 25 2 55 

. 21 2 55 

. 53 10 

. 62 10 

. 67 10 

. 92 10 

. 98 10 
1.04 10 
1.58 10 
1.71 10 
1.88 10 
0.47 10 
0.56 10 
0.70 10 
2.34 10 
2.20 10 
2.48 10 
1.34 10 
1.24 10 
1.19 10 
1.27 10 
0.51 10 
2.2 10 

C3-4 


