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9 Abstract: Current non-stationary load models based on the evolutionary power spectral density (EPSD)
10 may lead to overestimation and ambiguity of structural responses. The quasi-stationary harmonizable
11 process with its Wigner-Ville spectrum (WVS) and Loéve spectrum, which do not suffer from the
12 deficiencies of EPSD, is suitable for modeling non-stationary loads and analyzing their induced
13 structural responses. In this study, the multi-taper S-transform (MTST) method for estimating WVS
14and Loéve spectrum of multi-variate quasi-stationary harmonizable processes is presented. The
15 analytical biases and variances of the WVS, Loéve spectrum, and time-invariant and time-varying
16 coherence estimators from the MTST method are provided under the assumption that the target multi-
17 variate harmonizable process is Gaussian. Using a numerical case of a bivariate harmonizable wind
18 speed process, the superiority and reliability of the MTST method are demonstrated through
19 comparisons with several existing methods for the WVS and Loéve spectrum estimations. Finally, the
20 MTST method is applied to two pieces of ground motion acceleration records measured during the
21 Turkey earthquake in 2023.
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24 1. Introduction

25 Random environmental loads, such as extreme wind events (tropical storm and downburst) and
26 earthquake ground motion, are usually non-stationary. Owing to the preservation of physical
27 interpretation of local power-frequency distribution at each time instant, the evolutionary power
28 spectral density (EPSD) [1, 2] has wide application in the characterization and simulation of non-
29 stationary earthquake ground motions [3-5] and non-stationary wind speeds [6-9], and the prediction
30 of structural responses [7, 10-13]. Though being popular, EPSD has two essential deficiencies. First,
31 it is difficult to calculate an accurate structural response EPSD directly from the load EPSD through
32 the structural frequency response function. The quasi-stationary approximation [14], which assumes
33 that the load EPSD is slowly-varying, provides an approximate frequency domain calculation.
34 However, for transient loads, this approximation may overestimate the structural responses caused by
35 downbursts [7] and is in general invalid for the structural responses caused by earthquake ground
36 motions [14]. Second and more significant, for a multi-variate non-stationary load with time-varying
37 coherences, its correlation is calculated by decomposing its EPSD matrix. When different
38 decomposition methods, e.g., Cholesky decomposition [3] or proper orthogonal decomposition [15],
39 are used, the obtained correlation may be not unique [16].

40 The harmonizable process [17, 18] is a direct extension of the wide-sense stationary process by
41 considering the spectral correlation. For a harmonizable process, its Wigner-Ville spectrum (WVS)
42 represents the time-frequency properties and its Loeve spectrum, a dual-frequency spectrum,
43 characterizes the spectral correlation. The WVS, Loéve spectrum, and correlation function of a
44 harmonizable process are in one-to-one correspondence and can be converted to each other by one-
45 dimensional (1D) or two-dimensional (2D) Fourier transform [19, 20]. Given a linear-elastic structure
46 subjected to a harmonizable load, the Loéve spectrum of the structural response can be directly
47 calculated by multiplying the load Loéve spectrum by the structural frequency response function [21].
48 In addition, similar to the semi-stationary process characterized by a slowly-varying ESPD [1], a quasi-
49 stationary harmonizable process with a non-negative slowly-varying WVS [22] could characterize the
50 time-frequency properties of non-stationary loads. Thus, the quasi-stationary harmonizable process

51 with its WVS and Loéve spectrum is suitable for modeling non-stationary loads and analyzing their
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52 induced structural responses.

53 For modeling harmonizable loads, accurately estimating the WVS and Loéve spectrum of the
54 loads using field-measured data is a fundamental and challenging issue. For the WVS estimation of
55 harmonizable processes, a general class of estimators is in the form of a time-varying Fourier transform
56 with various time-domain kernels [20, 22-25]. These kernels include those formed by single time
57 windows corresponding to the spectrogram [22]; those formed by the separable time-frequency
58 windows corresponding to the pseudo-Wigner estimator [22]; those formed by a weighted sum of the
59 kernels for the spectrogram or by a weighted sum of the kernels for the pseudo-Wigner estimator [26];
60 those formed by multi-tapers [27, 28]; and Toeplitz and Hankel kernels [29].

61 For the Loéve spectrum estimation, a general class of estimators is in the form of a 2D Fourier
62 transform of various tapered correlation estimators [30]. These Loeve spectrum estimators include the
63 biperiodgram, which is a tensor product of a tapered Fourier transform [31]; the temporally or
64 spectrally smoothed biperiodgram [32-34]; and the multi-taper estimator [35, 36]. A comprehensive
65 review of these estimators for the cyclostationary signals is given by Antoni [30]. Another class of
66 Loeve spectrum estimators is formed by performing a 1D Fourier transform on several WVS estimators.
67 This class includes that calculated from the WVS estimator using Toeplitz kernels [37] and the cyclic
68 modulation spectrum (CMS) calculated from the spectrogram [38, 39].

69 Utilizing constant kernels, the time-frequency resolution capabilities of the WVS estimators
70 mentioned above remain fixed all over the time-frequency domain. However, the time-frequency
71 spectra of non-stationary loads, varying obviously over the time-frequency domain, need different
72 time-frequency resolutions at different time-frequency points. These WVS estimators cannot satisfy
73 this requirement. Similar to the wavelet transform, the affine WVS [40-42], including its multi-taper
74 version [27], could provide scale-dependent resolutions in the time-scale domain but not directly in
75 the time-frequency domain. Most of the Loéve spectrum estimators based on the 2D Fourier transform,
76 and the cyclic modulation spectrum were developed for the spectrally correlated processes whose
77 Loéve spectra consist of a countable set of lines or curves in the dual-frequency plane [33]. However,
78 environmental non-stationary loads usually have a Loeve spectrum, which is a continuous surface

79 concentrated near the main diagonal line of the dual-frequency plane, e.g., the Loéve spectrum of an



80 earthquake ground motion acceleration [43]. The Loéve spectrum estimation of non-stationary loads
81 needs both a large frequency resolution and a low estimation variance, which the Loéve spectrum
82 estimators mentioned above are difficult to satisfy. The Loéve spectrum estimator from the WVS
83 estimator using Toeplitz kernels was merely proposed in [37] without any further study about its
84 mathematical properties or applicability to various kinds of stochastic processes.

85 The multi-taper S-transform (MTST) [44-46], which is a spectrogram with a set of orthogonal
86 time-frequency windows, could form a multi-taper affine WVS estimator with frequency-dependent
g7 resolutions in the time-frequency domain. Thus, the MTST is suitable for the WVS estimation of non-
g8 stationary loads. In this study, the MTST method for the WVS and Loeve spectrum estimations of
89 quasi-stationary harmonizable processes is proposed. Specifically, a WVS estimator from the MTST,
90 a Loeve spectrum estimator from the MTST-based WVS estimator, and time-invariant and time-
91 varying coherence estimators are given. The biases and variances of these estimators are provided
92 under the assumption that the target multi-variate harmonizable process is Gaussian.

93 The remainder of this paper is organized as follows. First, the mathematical definition, spectral
94 properties, and the quasi-stationary condition of harmonizable processes are introduced. Subsequently,
95 the mathematical foundation of the MTST method for the WVS and Loéve spectrum estimations is
96 established. Next, using a numerical case of a bivariate harmonizable wind speed process, the
g7 superiority and reliability of the MTST method, especially its feasibility for one realization, are
98 confirmed through comparisons with several existing methods. Finally, the MTST method is applied

99 to two pieces of ground motion acceleration records measured during the Turkey earthquake in 2023.
100 In this study, R denotes the set of real numbers, Z denotes the set of integers, and Z* denotes the
101 set of positive integers. In the dual-frequency plane whose coordinate is (f,, f,), the main diagonal line
102 is referred as the line of f, = f,. Since the field-measured data of real environmental loads are finite-

103 length discrete-time records, discrete-time computation is considered in the Fourier transforms in this

104 study.
105 2. Harmonizable process

106 A zero-mean, second-order, and real-valued multi-variate harmonizable process X(t) = [X(t),
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107 X5 (t) ..., Xn(D)]" is defined as [18]

108 X(t)=[" e¥"dz(f), )

109 where T is the transposition operator, t = kAt, k € Z, At is the sample interval, f, = 1/Atis the sampling
110 frequency, f = f/2 is the Nyquist frequency, Z(f) = [Z.(f), Z>(f) ..., Zny(M]" is a complex-valued
111 zero-mean process satisfying

112 dz*(f)=dz(-f), (2)
113and = is the conjugate operator. In this study, Z(f) is assumed to be zero outside the range of [-f, f]-

114 Thus, the integration interval in Eq. (1) can be extended to (—oo, +o0).

115 The Loéve spectrum of X(t) is defined as [17, 47]

116 S(t,, f,)=E[dZ"(f)dZ(,)]/dfdf,, 3)
117 where E is the expectation operator. S(f,, f,) satisfies

118 S'(f, f,)=S"(f,, f). 4)
119 The correlation R(ty, t,) = E[X (t;)X"(t,)] of X(t) is calculated as

120 R(t,t,) = [ [ e WE[dz* (f,)dZ™(f,)]=[ [ e "Ws(f,, f,)df,df,. (5)
121 Since S(f,, f,) is zero outside the range of [, fN]Z, S(f,, f,) and R(t;, t,) are assumed to constitute

122 a 2D Fourier transform pair, as indicated in Eq. (5) and the following one

123 S(f,, f,)=At? D ) e (HAEMR (kAL IAL), (6)

k=—w l=—w0
124 where f, and f, e [-f, fyl.
125 Rotating the time coordinate in R(t;, t,) and the frequency coordinate in S(f,, f,) by 45°,
126 respectively, thatist = 0.5(t; + ty) and 7= (t; - t3), f=0.5(f, + f,)and &= (f, - 1)), R(t, 0 =R(t

127-0.57,t+0.57) and S(f, &) = S(f- 0.5¢, f + 0.5%) are obtained. R(t, 7) can be calculated as



R(t,7)
:J. J‘fN i27] £, (t+0.57)~ f, (t— OST)S(f f )df df
11

—I f jZfN+2f i27[(f+0.5¢)(t+0.57)~( f —0.5&)(t- OST)S[(f 0. 55) (f +05§)]d§df

21y -2f
fy p2fy-2t oi2el(1+05)(t+057 .
128 +. jzwf PA08A(05(1-08008Ig [ (£ _0,5¢), (f +0.5£)[d&df @)
0 p2fye2f R fn p2fn-2 pi2n(fe+eg
_If .[Zf,\, 21 S(f, éf)dfdf+j J.Zf 21 S(f,&)dedf
J. J»zzf: |2ﬂ(fr+§t)§(f ,f)dfdf

(b)

J-+w'|.+wei27r(fr+§t)§(f ,é:)dé:df ,
129 where (a) and (b) is valid because S(f,, f,) only has values in the range of (f;, f,) e [, fN]Z. Then,

130 it is obtained

t2 +00 +00

131 S(f,&)==—=>" > e ?r(MO%MNR(0.5mAt, nAt), (8)

2 o
132 where f e [-f, f ], & e [-2f, 2f ], and m, n e Z. Thus, R(t, 7) and S(f, &) also constitute a 2D
133 Fourier transform pair.
134 Since R(t, 7) and S(f, &) are equivalent to R(t;, t;) and S(f,, f,), respectively, they will be
135 interchangeably used in this study. The WVS W(t, f) of X(t) is defined by [48]
136 W(t, f) = f:eiz”‘fté(f L E)dE. 9)
137 W(t, ) and S(f, & constitute a continuous 1D Fourier transform pair with respect to t and & From Eqgs.
138 (8) and (9), W(t, f) can be calculated with R(t, 7)
W(t, )
= e*S(1, )ds

2+oo +0

_ ff“ 2z AU Z g iZF(MOSEMAR (0 EmAL, nAt)d &

139 = At z —I27rant {At Z J'ZfN —I27I§(0.5mAt—t)d glfz (05mAt, nAt)} (10)
= At Z g-izr AL i sin[2721, (mAy2-1)] R(0.5mAt, nAt)
— 2 = z(MAt/2—t) ’

(a) +00
= At Y e ™R(t,nAt),

N=—o0



140 where (@) is from the Nyquist-Shannon sampling theorem [49].
141 In this study, two assumptions are enforced to X(t). One is that X(t) is assumed to be quasi-
142 stationary, that is R(t, 7) is slowly-varying with respect to t [22]. Specifically, given a time instant t,

143 there exists an auto-correlation function ry(z) and an interval T, for z, in which it is satisfied [22]

144 R(t.7)-1(0)| <, (11)
145 where ¢ > 0 is a threshold of this approximation. The minmum T;, Tpip = mtin(Tt), is the time of

146 stationarity. X(t) is quasi-stationary if T,,, >0 for a given & W(t, f) of a quasi-stationary X(t) is also
147 slowly-varying with respect to t. The other assumption is that the auto-WVSes of X(t), W;;(t, f) and i
148 =1, 2,..., N, are non-negative. A detailed study on the conditions of a positive WVS for a harmonizable
149 process can be found in the work by Flandrin [50].

150 For a quasi-stationary X(t) with non-negative auto-WVSes, its time-varying coherence Cj(t, f)

151 between X;(t) and X;(t) is defined by [51]

W, (t, f
152 C,(t, f)= i 1) , (12)
Wt W )
153 where Wj;(t, f) is the ij"™ element of W(t, ).
154 3. MTST method for WVS and Loéve spectrum estimations
155 In this section, the orthogonal time-frequency Hermite windows [44, 45] and their related dual-

156 time, dual-frequency, and time-frequency kernels are introduced. Subsequently, the mathematical

157 formulas of the MTST method for the estimations of WVS and Loéve spectrum are given.
158 3.1. Time-frequency Hermite windows

159 A set of orthogonal time-frequency Hermite windows w_(t, f) is calculated by [44, 45]

160 v, f)=w(f)h, [W(f)t], (13)
161 Where m is the order, hy(t) is the m™-order Hermite function [27], and w(f) is a shape function

162 controlling the shape of w,_(t, f). w(f) is expressed as [44, 45]



2 |c|+1
163 w(f)=a 1+M : (14)
Ib|| £/ " +1

164 where a, b, and c are three shape parameters. w(f) controls the width of w_(t, f) at each frequency
165 point. A larger w(f) corresponds to a narrower width of w_(t, f). w(f) is a monotonically increasing
166 function in the frequency domain. Thus, the width of v _(t, f) narrows as the frequency increases. The
167 form of y_(t, f) equips the MTST method with a time-frequency analysis capability similar to that of
168 wavelet transform. The parameter a controls the width of w,_(t, f) at f = 0 Hz. Parameters b and ¢
169 jointly control the shape of w(f). When b = 0, w(f) = a reduces to a constant value. Consequently, _(t,
170 f) becomes a frequency-independent window. A more detailed explanation of w(f) as well as a, b, and

171 ¢ can be found in [44].

172 wo(t, f) and w, (t, f) are respectively calculated as

173 W, (t, ) =702 Jw(f)eosw (O (15)
174 and

175 v (t, F) = V22 05w ( f ) o (Y, (16)

176 The iterative calculation of high-order v _(t, f), m>1,is

m-1

177 Valts )= Wty (6 D= [Ty (4 ) (17)

178 y_(t, ) with a small At satisfies the orthogonal condition

179 ALYy (kAL fy, (kAL £) =3, (18)

k=—w0

180 where d,,, is the Kronecker delta symbol.

181 Adual-time kernel ¢,,(t;, tp, f) formed by y _(t,f), m=0,1,..., M -1, is calculated as

195 o (0t D) =20 w6, Dy, 1) (19)

183 Since ., (t, f) is an even real function with respect to t for an even m and an odd real function for an

1840dd m, ¢,,(t;, t,, f) satisfies following symmetric conditions

185 ¢M (tl’tZ’ f):¢|v| (tz’tp f):¢|\/| (_t1’_t2’ f)- (20)



186 A dual-frequency kernel ¢,,(f,, f,, f), the 2D Fourier transform of ¢,,(t;, t,, f), is calculated as
187 ou (F, f,, £)=At2 D D ety (KAt 1AL, ). (21)

k=—w0 |=—0

188 Assuming

ou (£, 5, F), —f <f, f,<f
AUDE R @
190 ¢,,(t1, t, f) can be expressed as
191 B (KALIAL, £) = [ [ e t0Ng (£, £, £ )dlfdf,. (23)

192 Because of the symmetric conditions in Eq. (20), ¢,,(f,, f,, f) is real-valued and has similar

193 symmetric conditions
194 ou (f  F) =0y (f,, T, f) =0, (=, -1, ). (24)

195 Rotating the frequency coordinate in ¢, ,(f f) by 45°, thatis ¢,,(4, & f) = ¢,,(1 - 0.5 4 +

v B
196 0.5¢, f). A time-frequency kernel y, (t, 4, f), the inverse Fourier transform of ,,(4, & f) with respect
197 to ¢, is calculated as

108 2t A F) =[5, (4., 1)dE (25)

199 7, (t, 4, f) and @,,(4, & f) constitute a continuous 1D Fourier transform pair with respect to t and &

200 Because of the symmetric conditions in Eq. (24), x,(t, 4, f) is real-valued and has symmetric

201 conditions
202 o GA ) =2, -4, F)=x, (-, 4, T). (26)

203 Besides, with a small At, ,,(t, 4, f) satisfies the normalization condition

(717 2t 2, f)ctdz
= [“ @, (2,0, f)d

= [ pu (0.4, £)d2 (27)

204

M-1 +00 a)
I\; {Atz v (A, )y, (KAL, f)}:
m=0 k=—0



205 where (a) is valid from Eq. (18).
206 3.2. WVS and Loeéve spectrum estimations

207 Given a harmonizable process X(t) defined by Eq. (1), its S-transform with M time-frequency
208 Hermite windows w_(t,f), m=0, 1,..., M -1, is calculated as [52]

209 sp(t, f)=At Y e ™y (kAt—t, F)X(KAL). (28)

k=—o0

210 An estimator W(t, f) of the WVS W(t, f) in Eq. (9) is calculated as
~ 1 M-1
211 Wt )= > s (6 syt ) (29)
m=0

212 An estimator S(fl, f,) of the Loeve spectrum S(f, f,) in Eq. (3) is calculated as

. | L[05(f,+1,))/2] _ ~
213 S( f11 f2) = At Z e—|27z(fz—f1)kAtW[kAt,0.5( fl n fz)]v (30)

k=—[L[05(f,;+1,)]/2]+1
214 where | | is the floor function, [ ] is the ceiling function, and positive L(f) is the number of considered

215 time instants at each frequency f. In real application, only a finite-length record, e.g., x(kAt), k =-0.5L
216+ 1, -0.5L + 2,..., 0,..., 0.5L, is available. L is the length of x(kAt) and assumed to be even. In this
217 situation, the WVS estimate calculated by Eq. (29) near the ends of x(kAt) would be influenced by the
218 edge effect. For each frequency f, an approximate valid range [-t,(f), t, ()], tv(f) = [0.5L — L, (f)]At, of
219 W(t, f) is calculated as

L,(f)<0.5L

L (1)
220 minL, (), stiAt Y w2 (kAt, f)>0.9995. (31)

k=-L, ()

L,(f)ezZ’

221 L(f) in Eq. (30) should be in the valid range, that is L(f) + 2L, (f) < L.
222 An estimator Cij(t, f) of the time-varying coherence C;;(t, f) in Eq. (12) is calculated as
W (¢, f)

223 (fij t, f)=—7 = , (32)
Wit FW, e, 1)

10



224 where Wj;(t, f) is the ij™ element of W(t, f). If Cy(t, f) is time-invariant, which is denoted as
225 C,(t, f)=C;(f), (33)

226 an estimator Cclij(f) of Cj;(f) is calculated as

N 1 LL()2]
227 C;(f)=

- C, (KA, f), (34)
L( f ) k=ﬂ_(zf)/21+l :

228 By the Cauchy-Schwarz inequality, it is satisfied that |Cij(t, f)l<1and |Eij(f)| < 1, where |o| is the

229 modulus operator.

230 The estimator W(t, f) in Eq. (29) belongs to the class of spectrograms and it is non-negative [20].
231 The calculation procedure of W(t, f), including Egs. (28) and (29), is same with those of the EPSD
232 estimator by the MTST method [45]. It has been indicated that a spectrogram can be utilized to estimate
233 either an EPSD or a WVS [20]. However, these two target time-varying spectra are theoretically

234 different and should be specified before an estimation.
235 4. Statistical properties of the WVS, Loeve spectrum and coherence estimators

236 In this section, X(t) in Eg. (1) is assumed to be Gaussian. The analytical biases and variances of
237 W(t, f) in Eq. (29), S(f1, f2) in Eq. (30), Cy(t, ) in Eq. (32), and Eij(f) in Eq. (34) are provided.
238 Theorem 1: Under the Gaussianity assumption on X(t), at t = kAt, the bias Bias[\TVij(t, N] = E[\Tvij (t,

230 f)] — Wj(t, f) of Wi(t, ), which is the ij" element of W(t, f), is calculated as

240 Bias[v(/ij (t, f)] =[] =t =& )W, (2,6) -W, (¢, ) ]drde, (35)
241 where g, (t, 4, f) isin Eq. (25). The variance Var[Wij(t, )] of \Tvi,-(t, f) is approximated as
Var[v(/ij (t, f)]
242 ~ j: _*:(/3;; (U= f,v, £)@, U~ f,v, f)W, (t,u—05v W, (t,u+0.5v)dudv (36)
+[” j: r (f +0.5v,2u, £)@, (f —0.5v,2u, F )W, (t,u—0.5v)W, (t, u+0.5v)dudv.

243 The proof of Theorem 1 is provided in Appendix A.

244 Corollary 1: With the conditions in Theorem 1, and 3,,(u, v, f) is more concentrated compared
1



245 with Wi (t, u + 0.5v), Wj;(t, u + 0.5v) and Wj;(t, u + 0.5v), then Var[\TVij (t, H] in Eq. (36) is
246 approximately simplified as

247 Var[V\A/ij(t,f)]zﬁwif(t,f)Wjj(t,f)+|\IVij(t,f)|2j+: @ (f+v,u, )@, (f—v,u, f)dudv. (37)

248 The proof of Corollary 1 is provided in Appendix B.
249 Remark: Martin and Flandrin [22] proposed a WVS estimator and deduced its analytical

250 expectation and variance. The valid range of that WVS estimator in the frequency domain is [-0.5f,
251 0.5f ], and it is smaller than that of W(t, f) in Eq. (29), which is [-fy» fyJ- The second terms on right

252 side of Egs. (36) and (37) were ignored in the result by Martin and Flandrin [22]. In the next section,
253 with a numerical case, it will be illustrated that the first term of Eq. (37) would undervalue the WVS

254 estimation variances near 0 Hz and f, and the second term of Eq. (37) proposed in this study could

255 remedy these underestimates. The result in Eq. (37) indicate that increasing M can reduce the WVS
256 estimation variance. However, a large M could decrease the concentration of y,,(t, 4, f) and increase
257 the bias of the WVS estimation in Eq. (35).
258 Theorem 2: Under the Gaussianity assumption on X(t), the bias Bias[§ij(fl, f,)] = E[§ij(f1, f,)]
250 — S;i(f,, f,) of S;(f,, f,), which is the ij™ element of S(f,, f,), is calculated as

Bias| $; (f,, T,) |

260 = j: f: Fo[(f, = )= 4,05(f,+ £,)}p, [£ - 0.5(f, + 1,), 4,0.5(f, + f,)]S, (£, 4)d&dA  (38)
_Sij(f1’ fz)’

261 Where

ALY e PEITIRAL £), A< £,

262 F,.(4, f)=1 & (39)
0, otherwise

263 and
1, —|05L(f t<|05L(f

264 T, )= [05L() |<t=[05L(T)] (40)
0, otherwise

265 The variance Var[S;(f,, f,)] of 5;(f,, f,) is approximated as

12



266 Var| (., f,) |2 Vi(F,, £,) +V, (f;, 1,), (41)

267 Where
V,(f, f,)
=L e lg 405086+ £)]
268 xF{(f,— f)—[A—£+05(A&-A2)],05(f, + f,)] (42)
xF {(f, = £)—[1-£+05(A1—-A&)],0.5(f, + f,)]
x S;[0.5(F,+ f,),AE]S [0.5(f, + f,), AA]dAEDAAdEdA,

VZ(fl’ fz)
269 =[] g [£-05(f,+ £,),A-05(f, + ,),0.5(f,+ f,)] (43)
x @y [£+05(F, + f,), 2+05(, + £,),05(, + £,)]v, (2,&, f,, f,)d&dA,

270 and
v (A,E, 1, )
271 = [T RI(f, - 1) - (A-£) +0.5(AL—AE),0.5(f, + 1,)] (44)
xFy [(f,— £) = (A-&)—0.5(A1 - AE),0.5(f, + 1,)]S; (£, A&)S (1, AL)dAEAA.

272 The proof of Theorem 2 is provided in Appendix C.
273 Theorem 3: Under the conditions that X(t) is Gaussian, the time of stationarity of X(t) is larger

274 than the width of the utilized windows v _(t, f), m =0, 1,..., M - 1, and W(t, f) is approximately
275 unbiased, the bias Bias[C;;(t, f)] = E[C;(t, /)] = Cj(t, f) of Cj;(t, f) is approximated as

276 Bias[éij (t, f)] ~Cy(t, 1[Gy (t, £)-1], (45)
277 where Cj(t, f) is the theoretical coherence in Eq. (12),

I'*(M +0.5)

278 G (t f)=
lj( ) FZ(M)M

[1—|cij (t, f)HM 2F{M +0.5,M +0.5,M +L|Cy(t, f)ﬂ, (46)

279 I'(e) is the Gamma function and 2F; is the two-one hypergeometric function

G K
280 JR@bicz) =Y T(@a+k)r+kre)z"

= T(@TO)(c+k)k! (47)

281 Bias[|Cj;(t, f)[] = E[IC;;(t, HI] —ICy;(t, )| of [Cy(t, )| is approximated as

13



BiasHéij (t, f)H

282 " “8)
o LMWz 2 | o
2T(M +0. 5){ _|Cij (t, f)| J 3F> {1.5, M,M;LM +o.5,|c:ij (f)| ﬂ_|<:ij (t, f)|,
283 Where sF is the three-two hypergeometric function
- k
284 sF(a,b,c;d,ez)=> F@+krb+kre+krrez” )

= T(@Td)r(c)r(d +k)I'(e+k)k!

285 Var[C;;(t, f)] of Cj;(t, f) is approximated as

286 Var[cu(t f)]~—[ |C,J(t f)| } FZ[Z,M,M;M +1,1;|Cij(t,f)|2}_|cij(t,f)|2(3i12(t,f). (50)

287 The proof of Theorem 3 is provided in Appendix D.
288 Theorem 4: Under the conditions that X(t) is Gaussian, the time of stationarity of X(t) is larger

289 than the width of the utilized windows . (t, f), m=0, 1,..., M — 1, the coherence between X;(t) and
290 X;(t) is time-invariant, and W(t, f) is approximately unbiased, the bias Bias[(A_Zij(f)] = E[(A_Zij(f)] - Cy(f)

291 of aj(f) Is approximated as

292 Bias[éij (f )} ~C, ([T, (H)-1], (51)
293 where

_I'*(M +0.5)
204 T = [ |C”(f)” [M +05M+05M+1|C”(f)” (52)

295 The variance Var[aj(f)] of Cclij(f) IS approximated as

256 Var| G (1) |~ - 1(”{ [ |c.,(f)|} 3F2[2,M,M;M +1,1;|6ij(f)|2J—|6ij(f)|2Tij2(f)}, (53)
297 Where
298 Neq(f) = LLV((ff)) (54)

299 and L,(f) is in Eq. (31). The proof of Theorem 4 is provided in Appendix E.
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300 5. Verification of the MTST method for the WVS and Loéve spectrum estimations

301 In this section, the reliability of the MTST method is verified using a bivariate harmonizable wind

302 speed process U(t) = [Uy(t), Uy()]". The WVS matrix Wy(t, f) of U(t) is expressed as

W, (¢ ) ry (t, £) YW, (& FIW,, (t )
303 W, (t, f)=] _ > ’ \/\Nul . : (55)
r; (t, f)\/Wul (t, FW,, (t, ) W, (t, f)
304 In Eq. (55), Wy, (t, f) = Wy(t - 1700, f), Wy,(t, ) = Wy(t- 2300, f), Wy(t, f) is [45]
305 W, (t, f) =A%, f) 320 e (56)
(1+177017)
306 and
307 A(t, £) = 0.2 000000 L1 B4 f[*° gl oomomtt (57)
308 The time-varying coherence ry(t, f) is expressed as
300 (¢, f) =[1-50( f)]e™ O, (58)
310 where
311 d(t) =10sin(0.001xt) (59)
312 and

313 v(f)=4/0.1f?+107". (60)

314 The theoretical Loeve spectra Sy, (f;, f,) and Sy, (f,, f,) of Uy(t) and U,(t) can be calculated by
315 1D Fourier transform of Wy (t, f) and Wy, (t, f) with respect to t, respectively. The theoretical
316 correlation of U(t) can be calculated by the inverse Fourier transform of W\y(t, f) with respect to f. The
317 realizations of U(t) can be simulated by decomposing its correlation matrix [15]. In this section, all the
318 methods employed for spectrum estimations have their own parameters requiring manual
319 determination. For all the spectrum estimations in this section, the parameters of all methods are

320 manually determined so that the respective method can provide its best result.
321 5.1. WVS and Loeve spectrum estimations based on one set of realizations.

322 A set of simulated discrete-time realizations [uy (t), u,(t)]", t=0, 1,..., 3999 s, are shown in Fig.

15



323 1. Based on these two realizations, Wy, (t, f) and Wy, (t, f) are estimated by the MTST method, multi-
324 taper WVS estimation method [27], and Toeplitz kernel method [29]. The multi-taper method is a
325 simplified version of the MTST with a set of original Hermite windows. The Toeplitz kernel method
326 first calculates the spectrogram of a realization using a single time window, and then applies a
327 smoothing window to smooth this spectrogram along the frequency axis. In the MTST method, the
328 first ten time-frequency Hermite windows with a = 0.0125, b = 9.2, and ¢ = 0.272 are used. In the
329 multi-taper method, the first ten original Hermite windows, which are obtained by setting w(f) in Eq.
330 (13) as w(f) = 0.05, are utilized. In the Toeplitz kernel method, the first Hermite window utilized in

331 the multi-taper method is employed to calculate the spectrogram, and then a Gaussian window

332 Wy(f) = 50/ V2re 1259 s employed to smooth the spectrogram.

3 MMWM,.WWWWWW 5 WWWMW‘WWWWWWWW

333
334 (@) (b)
335 Fig. 1. A set of realizations of the bivariate harmonizable wind speed process. () u;(t) and (b) u,(t).

336 Fig. 2 displays the WVS estimates by the three methods in the range of 1000 s to 3000 s, in which
337 the estimates are not influenced by the edge effect. It is illustrated that the two WVS estimates from
338 the MTST method have similar shapes with their corresponding theoretical ones, and their fluctuations
339 are moderate. The results by the multi-taper method and Toeplitz kernel method have larger
340 fluctuations compared with those by the MTST method. The mean squared error (MSE) of one WVS

341 estimate W(t, f) over the frequency is calculated as
~ 2
342 MSE(f):j[W(t, f)-W, (t, f)] dt, (61)

343 where Wy (t, f) is the corresponding theoretical one of W(t, f). The MSEs of the WVS estimates in Fig.
344 2 by the three methods are displayed in Fig. 3. It is illustrated that the results by the multi-taper method
345 have larger MSEs than those by the MTST method in the frequency range of 0.0005 Hz to 0.01 Hz.
346 The MSEs of the results from the Toeplitz kernel method are much larger than those from the other
347 two methods. The smoothing effect of the spectrally-smoothed spectrogram in the Toeplitz kernel

348 method is worse than that of the estimator from the multi-taper method. Thus, the WVS estimates by
16



349 the Toeplitz kernel method have larger fluctuations compared with the results by the multi-taper
350 method. These larger fluctuations cause the larger MSEs illustrated in Fig. 3. Utilizing frequency-

351 invariant windows, the multi-taper method suffers from limited time-frequency resolution and thus the

352 MSEs of its results are larger than those of the MTST method.
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361 Fig. 2. Wy, (t, f) and Wy, (t, f). (a) theoretical Wy, (t, f), (b) theoretical W, (t, f), (c) Wy, (t, f) by the MTST
362 method, (d) Wy,(t, f) by the MTST method, (e) Wy, (t, f) by the multi-taper method, (f) Wy, (t, f) by the multi-
363 taper method, (g) Wy, (t, f) by the Toeplitz kernel method, and (h) Wy, (t, f) by the Toeplitz kernel method.
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364

365 @ (b)

366 Fig. 3. MSEs of the estimates of Wy, (t, f) and Wy, (t, f). (a) MSE of the estimate of Wy (t, f) and (b) MSE of the
367 estimate of Wy, (t, f).

368 The time-varying coherence ry(t, f) is estimated by the MTST method using Eq. (32). As
369 illustrated in Fig. 4, the real and imaginary parts of the coherence estimate could broadly exhibit the
370 time-varying trend of ry(t, f), but have significant fluctuations. Recently, in the EPSD estimation by
371 the MTST method, an iterative procedure was proposed to determine the optimal number of tapers at
372 each frequency and accordingly decrease the fluctuation in time-varying coherence estimates [46, 53].
373 This procedure has the potential to be applied in the time-varying coherence estimation of
374 harmonizable processes. However, this application needs several additional works, e.g., deducing the
375 theoretical expression of the optimal number of tapers at each frequency, and it is beyond the scope of

376 this study.
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381 Fig. 4. ry(t, ). (@) real part of the theoretical ry(t, f), (b) imaginary part of the theoretical ry(t, f), (c) real part of
382 the estimated ry(t, f), and (d) imaginary part of the estimated ry(t, f).
383 Based on the realization u,(t), its Loéve spectrum Sy, (f,, f,) is estimated by the MTST method,

384 the multi-taper Loéve spectrum estimation method [35, 36], and the CMS method [38, 39]. This multi-
385 taper method used for the Loéve spectrum estimation is different from the aforementioned multi-taper
386 WVS estimation method. In the multi-taper method of Loéve spectrum estimation, the first ten discrete
387 prolate spheroidal sequences are utilized. In the CMS method, its first step is the same as that in the
388 Toeplitz kernel method, which is to calculate the spectrogram of a realization using a single time
389 window. Subsequently, the Loéve spectrum is estimated by performing a 1D Fourier transform on the
390 spectrogram along the time axis. The single time window in the CMS method is the same as that in the
391 the Toeplitz kernel method.

392 As shown in Fig. 5, the theoretical Sy, (f,;, f,), including its real and imaginary parts, is
393 concentrated near the main diagonal line of f, = f,. The result from the MTST method could clearly
394 exhibit the pattern of Sy, (f,, f,) near the main diagonal line with small fluctuations. The Loeve
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395 spectrum estimate from the CMS method has larger fluctuations than that from the MTST method. The
396 result from the multi-taper method has large fluctuations over the whole dual-frequency plane and
397 cannot display the shape of Sy, (f,, f,). Estimated spectrum slices of the real part of Sy, (f,, f,) along
398 the lines of f, = f, and f, = f, + 0.00025 are shown in Fig. 6. Estimated spectrum slices of the
399 imaginary part of Sy, (f,, f,) along the lines of f, = f, +0.00025 and f, = f, + 0.0005 are shown
400 Fig. 7. Itisillustrated that the spectrum slices from the MTST method are close to the theoretical values

401 with smaller fluctuations than those from the other two methods. The MSE of one Loeve spectrum
402 estimate S(f,, f,) is calculated as

~ 2
403 MSE :”[S(fl, f,)-S, (f,, fz)} df df,, (62)
404 where Sy(f,, f,) is the theoretical one of §(f1, f,). The MSEs of the Loeve spectrum estimates by the

405 MTST method, CMS method, and multi-taper method are 131. 90, 2.18 x 10°, and 2.01 x 10°,

406 respectively. The MSE from the MTST method is much smaller than those from the other two methods.
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415 Fig. 5. Sy, (f;, f,). (a) real part of the theoretical Sy, (f;, f,), (b) imaginary part of the theoretical Sy, (f;, f,), (c)
416 real partof Sy, (f), f,) estimated by the MTST method, (d) imaginary part of Sy (f,, f,) estimated by the MTST
417 method, (e) real part of Sy, (f;, f,) estimated by the CMS method, (f) imaginary part of Sy, (f;, f,) estimated by
418 the CMS method, (g) real part of Sy, (f;, f,) estimated by the multi-taper method, and (h) imaginary part of Sy, (f
419 f,) estimated by the multi-taper method.

1!

420 e roo

421 (a) (b)
422 Fig. 6. Estimated spectrum slices of the real part of Sy, (f;, f,). (a) the spectrum slice along the line of f, = f, and
423 (b) the spectrum slice along the line of f, = f, +0.00025.
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424 ™ o

425 (@) (b)

426 Fig. 7. Estimated spectrum slices of the imaginary part of Sy, (f;, f,). (a) the spectrum slice along the line of f, =
427 f, +0.00025 and (b) the spectrum slice along the line of f, = f, +0.0005.

428 In order to deliberate on the feasibility of the MTST method on non-Gaussian realizations, the

429 Gaussian realizations uq(t) and u,(t) in Fig. 1 are transformed into two non-Gaussian realizations by
430 4 =67 {@[u®).0, O] 0, (O} ~V203, 0 (63)

431 where ®[e, oy, (t)] is a zero-mean Gaussian cumulative distribution function (CDF) with a standard
432 deviation of oy (t), oy, (t) is the time-varying standard deviation of U;(t), G e, oy, (t)] is the inverse

433 CDF of a Gamma distribution with an expectation of \/Eaui(t) and a standard deviation of oy (t), and

4341 =1and 2. The realizations z,(t) and u,(t) are shown in Fig. 8. According to Sklar's theorem [54],
435 the probabilistic dependence among multiple random variables is independent of their marginal PDFs.
436 Thus, the theoretical correlation functions, WVSes, and Loeve spectra of ., (t) and ., (t) are the same
437 as those of the Gaussian realizations uy(t) and u,(t).

438 Two WV Ses estimated by the proposed MTST method using , (t) and (b) w,(t) are displayed in
439 Fig. 9. It is illustrated that the two WVS estimates from the non-Gaussian realizations are also
440 consistent with their corresponding theoretical WVSes with moderate fluctuations. The real and
441 imaginary parts of Sy, (f;, f,) estimated by the MTST method using g, (t) are shown in Fig. 10. It is
442 illustrated that the real part of the estimated Sy, (f;, f,) from the non-Gaussian realization is similar to
443 that from the Gaussian realization in Fig. 5. The imaginary part of the Loéve spectrum from the non-
444 Gaussian realization has slightly larger fluctuations than that from the Gaussian realization in Fig. 5.
445 The MSE of the estimated Sy, (f;, f,) from the non-Gaussian realization is 205.43, which is a little
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446 larger than the MSE of 131. 90 from the Gaussian realization.

447 -
448 (a) (b)
449 Fig. 8. A set of non-Gaussian realizations of the bivariate harmonizable wind speed process. (a) x, (t) and (b) 1, (t).

5
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450
451 @ (b)
452 Fig. 9. Wy, (t, f) and Wy, (t, f) estimated by the MTST method using x,(t) and x,(t). (@) Wy, (t, f) and (b) Wy, (t,
453 f).
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456 Fig. 10. Sy, (f;, f,) estimated by the MTST method using , (t). (a) real part of Sy (f;, f,) and (b) imaginary part
457 of Sy, (f;, 1),

458 5.2. WVS and Loéve spectrum estimations based on multiple sets of realizations.

459 In this sub-section, 5000 sets of discrete-time realizations of U(t) are simulated. Averaged Wy, (t,

460 f), Wy, (t, f), ry(t, f) , and Sy, (f;, f,) over the 5000 sets of realizations are estimated by the MTST
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461 method, in which, the first two time-frequency Hermite windows with a = 0.015, b =7,and c = 0.5 are
462 used. As illustrated in Fig. 11 to Fig. 13, the estimated WV Ses coherence, and Loéve spectrum are very
463 similar to their corresponding theoretical ones. The two Loéve spectrum slices in Fig. 13 only have

464 small differences from their corresponding theoretical ones near f = 0 Hz.

W, (t.f) (m/s)

fH) 1000 () M 1000 ()

465
466 @ (b)
467 Fig. 11. Averaged Wy, (t, f) and Wy, (t, f) from 5000 realizations. (a) Wy, (t, f) and (b) Wy, (t, f).
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470 Fig. 12. Averaged ry(t, f) from 5000 realizations. (a) real part of ry(t, f) and (b) imaginary part of ry(t, f).
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474 () (d)
475 Fig. 13. Averaged Sy, (f,, f,) from 5000 realizations. (a) real part of Sy, (f,, f,), (b) imaginary part of Sy (f;, f,), (c)
476 real part of the spectrum slice Sy, (f, f), and (d) imaginary part of the spectrum slice Sy, (f, f - 0.00025).

477 The estimation variances of Wy (t, f) and ry(t, f) are calculated using the analytical expressions
478 in EQs. (37) and (50), respectively, and are compared with their corresponding results calculated from
479 the 5000 realizations in Fig. 14 and Fig. 15, respectively. It can be seen the estimation variance of
480 WVS and that of coherence from the analytical expressions are consistent with their corresponding
481 results from the 5000 realizations. The analytical expression of the WVS estimation variance proposed
482 by Martin and Flandrin [22] only contains the first term on the right side of Eq. (37). In Fig. 14 (c)
483 and (d), the variances at t = 1700 s and f = 0.001 Hz by the first term of Eq. (37) are also provided. It
a4 is illustrated that the first term of Eq. (37) would undervalue the variances near 0 Hz and f, and the

485 second term of Eq. (37) proposed in this study could remedy these underestimates.

4,2

Estimation variance (m" /s

‘ : 1500 ) ‘ <1500
/(Hz) 1000 1(s) /(Hz) 1000 1(s)

486
487 (a) (b)

25



488

489 (©) (d)
490 Fig. 14. Estimation variance of Wy (t, ). (a) the result from Eq. (37), (b) the result from the 5000 realizations, (c)
491 the results at t = 1700 s, and (d) the results at f = 0.001 Hz.
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494 Fig. 15. Estimation variance of ry(t, f). (a) the result from Eq. (50) and (b) the result from the 5000 realizations.

495 In order to verify Theorem 4, a time-invariant coherence is considered, which is obtained by
496 setting d(t) in Eg. (58) as d(t) = 4z Then 5000 sets of the realizations of U(t) with time-invariant
497 coherence are simulated. The estimation bias and variance of the time-invariant coherence are
498 calculated using Egs. (51) and (53), respectively. The analytical results are compared with those
499 calculated from the 5000 realizations in Fig. 16. It can be seen the analytical bias is consistent with
500 that from the 5000 realizations. The difference between the variance from Eq. (53) and that from the

501 5000 realizations is not significant.
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502
503 (@) (b)
504 Fig. 16. Estimation bias and variance of the time-invariant coherence. (a) bias and (b) variance.

505 6. Real application

506 Two pieces of ground motion acceleration records TK 3139 and TK 3145, denoted by a; (t) and
507 a,(t) in Fig. 17, respectively, were measured from the Mw7.7 Turkey earthquake occurred in Pazarcik
508 (Kahramanmara g) at 01:17:32AM (UTC+3), 6th Feb. 2023. The cast-west direction of the ground
509 motions is adopted. The depth of the earthquake is 8.6 km. The epicenter distance of TK 3139 and TK
510 3145 is 96.19 km and 91.13 km, respectively. The distance between the two stations is about 6.9 km.
511 The spatial distribution of the epicenter and stations is depicted in Fig. 18. The general information of
512 the earthquake and stations is from AFAD, Turkey.

513 The WVSes, Loeve spectra, and time-invariant and time-varying coherences of a;(t) and a,(t)
514 are estimated by the MTST method, in which the first eight y_(t,f), m=0, 1,..., 7, witha=0.1,b =
515 17, and ¢ = 0.4 are utilized. The estimated WVSes, Loéve spectra, and coherences are shown in Fig.
516 19-Fig. 21, respectively. It is illustrated that two WV Ses have similar shapes and exhibit obviously
517 non-stationary properties. In the frequency domain, a;(t) and a,(t) are correlated in the range of 0 Hz
518 to 1 Hz. The time-varying property of their coherence is not significant. The Loéve spectra of a;(t)
519 and a,(t) are concentrated near the main diagonal line of the dual-frequency plane with different

520 shapes.
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(b)

522 @
523 Fig. 17. The measured ground motion acceleration records. (a) a;(t) and (b) a,(t).
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525 Fig. 18. Spatial distribution of epicenter and two stations for the Feb 2023 Mw?7.7 earthquake in Turkey.
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533 Fig. 20. Time-invariant and time-varying coherences between a;(t) and a,(t). (a) real and imaginary parts of the
534 time-invariant coherence, (b) modulus of the time-invariant coherence, (c) real part of the time-varying coherence,

535 and (d) imaginary part of the time-varying coherence.
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540 Fig. 21. Loéve spectra of a;(t) and a,(t). (a) real part of the Loéve spectrum of a;(t), (b) imaginary part of the
541 Loeve spectrum of a;(t), (c) real part of the Loeve spectrum of a,(t), and (d) imaginary part of the Loéve spectrum
542 of a,(t).
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543 7. Conclusions and prospects

544 The MTST method for the WVS and Loéve spectrum estimations of multi-variate quasi-stationary
545 harmonizable processes is developed in this study. With orthogonal time-frequency Hermite windows,
546 the MTST method can provide sufficient resolutions for the WVS and Loeve spectrum estimations and
547 reduce their estimation variances. The biases and variances of the WVS, Loéve spectrum, and
548 coherence estimators from the MTST method have also been provided under the assumption that the
549 target multi-variate harmonizable process is Gaussian. The superiority and reliability of the MTST
550 method are verified through comparisons with two multi-taper methods, the Toeplitz kernel method,
551 and the CMS method for the WVS and Loéve spectrum estimations using a numerical case of a
552 bivariate harmonizable wind speed process. The results indicate that the MTST method outperforms
553 the existing methods for the WVS and Loéve spectrum estimations of quasi-stationary harmonizable
554 processes. Finally, the MTST method is applied to two pieces of ground motion acceleration records
555 measured during the Turkey earthquake in 2023. The two WVSes of the acceleration records have
556 similar shapes and exhibit obviously non-stationary properties. In the frequency domain, the two
557 acceleration records are correlated in the range of 0 Hz to 1 Hz, and the time-varying property of their
558 coherence is not significant. The two acceleration Loéve spectra are concentrated near the main
559 diagonal line of the dual-frequency plane with different shapes.

560 Adaptive determination of the shape parameters a, b, and ¢ in Eq. (14) requires designing a loss
561 function that can optimize the tradeoff between the resolutions along the time and frequency axes. This

562 is a difficult problem and needs further investigation in the future.

563 CRediT authorship contribution statement

564 Zifeng Huang: Conceptualization, Methodology, Software, Writing-review & editing; Guan

565 Chen: Writing-review & editing, Data curation; Michael Beer: Supervision, Project administration.

566 Declaration of competing interest

567 The authors declare that they have no known competing financial interests or personal

30



568 relationships that could have appeared to influence the work reported in this paper.
569 Data availability statement

570 The earthquake ground motion acceleration records are from AFAD, Turkey at
571 https://tadas.afad.gov.tr/list-event (last accessed on 28th June 2023). Specifically, two records with

572 station code 3139 and 3145 are selected from the Mw7.7 Turkey earthquake occurred in Pazarcik

573 (Kahramanmara ) at 01:17:32AM (UTC+3), 6th Feb. 2023.
574 Acknowledgments

575 The works described in this paper are financially supported by the Alexander von Humboldt
576 Foundation, to which the authors are most grateful. Any opinions and conclusions presented in this

577 paper are entirely those of the authors.
578 Appendix A. The proof of Theorem 1

579 From Egs. (19) and (28), the estimator W(t, f) in Eq. (29) can be expressed as

W(t, )
M-1 +00
'\]/-I Atz l//m(kAt t f)x (kAt)elhfkm}[Atzl//maAt t f)XT(IAt)eIZﬂﬂAt:|
m=0 — ~
Atz M-1f 40 40 .
- M {Z 2 ya(kat=t, fy, (1At=t, F)X (kAYXT (1At )At} (64)
m=0| k=-00 |=—0

m=0

k=—0 =

_Atzio i{ Z'//m(kAt t, f)y, (IAt—t, f)}X (kAt)XT(IAt)eIZﬂf(k At

= At Z z oy (KAt -t 1At -, f)X*(kAt)XT(|At)ei2ﬂf(k—l)At.

k=—0 |=—x

581 From Eq. (64), E[W(t, f)] can be expressed as
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E[W(t, T)]
= At? f f B (KAt=t, 1At —t, F)E[ X (KA)XT (IAL) e/ (-0

+00  +00

= At? Z Z¢M(kAt t,1At—t, F)R(KAL, IAt)e" (D

k=—o0 |=

277 (o D S(F — 5, £ &)dede,
= [T pu (AL e S £ —(£-05A¢), f —(£+05A8)]dEdAs
[T pu (& Ag, 1) 98(f —£,-A&)dEdAE
[T e, (£,-A8, S(f —£,-A&)AdE
[ ] e, (.08 DS(T -¢,a8)dA¢dS
=[] metng W | -2z
582 = jw j_w (=t f =& H)W(r, &)drdé, (65)

400

8

+00 @+00

—00 o —00

583 where (a) and (b) are from the convolution theorem of the Fourier transform. Thus, Bias[W(t, )] is

Bias[\iV(t, f)]:E[\fV(t, f)]—W(t, f)
584 - jij;(M (r—t, f —E)W(z,E)drdE — WL, T) (66)
(a)

= [ G-t =9 [W(r, &) -W(t, f)]dede,
585 where (a) is from Eq. (27). Eq. (35) can be proved from Eq. (66)

586 From Eq. (64), the covariance Cov[\TviJ-(t, f), \Tvi,-(t, f,)] can be calculated as

COV[V\?..(t, )W, (¢, f )]

400  +00 +00

587 =AY > Y Z{ glerhli-ontgizrl(mmatys (KAt —t, IAt —t, f )@, (MAt—t,nAt—t, f,)  (67)

k=-00 |=—00 m=-o0 n=

x Cov|[ X, (KAL) X (IAL), X, (MAL) X (nAt)]}.

588 Under the Gaussianity assumption on X(t), the complex version of the Isserlis’ theorem [55, 56]
589 expresses Cov[X;(kAt) X; (IAt), X; (mAt) X;(nAt)] as

Cov| X; (KA X (1At), X/ (MAL) X ; (nAt) |
590 (68)
=E[ X, (kA X (mAt) |E[ X; (1A X (nAt) |+ E[ X, (kA X (nAt) [E[ X (1AL X (mAt) |.

591 Substituting Eq. (68) into Eq. (67), Cov[Wj(t, f,), Wy(t, f,)]is calculated as
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592 Cov| Wy (t, )W, (t, £,) | =Cy(t, ,, £,) + C, (t, . 1), (69)

593 where
C,(t, f,, f,)
= At i i Zw: Z{ gl2rhl-Mtgizehm-mat ye (K ALt |At—t, f,)g, (MAL—t,NAL—t, f,)
e
594 xE[ X, (KAY)X; (mAt) |E [x.(mt)x.(nAt)]} (70)

400  +00 +00

= At? Z Z Z Z{ |27z’f1(| k)At |27rf2(m n)At¢M (kAt t 1At —t, f)¢M (mAt t nAt—t, f )

=—00 |=—00 M=—00 N=—00

Ri (KAt MADR;; (1AL, nAt) |,

C,(t, T, f,)

= At? Z Z z Z{ gltrhllmatgierfmmatgs (KAt —t, 1AL —t, f))@,, (MAL —t,nAt —t, ,)

xE[ X, (kA X (nAt) JE[ X (1A X, (mAt)]}

400  +00 +00

595 — At z Z z Z{ gl2rhli-ontgizrl(mematys (KAt —t, IAt —t, )@, (MAt—t,nAt—t, f,)  (71)

XE[ X, (kAt)X; (nAt) [E[ X[ (mAD)X  (1A1) ]}

~+00 +00 +00

—At z Z Z Z{ |27rf1(| k)At |27rfz(m n)At¢ (kAt '[|At t f)¢M(mAt £ NAt—t, f)

=—00 |=—00 M=—00 N=—00

x Ry (KAt, NADR; (mAt, 1AL)}
596 and Rjj(ty, tp) isthe ij" element of R(ty, t,) in Eq. (5).
597 Assuming that X(t) is quasi-stationary in the valid range of window ¢,,(t1, t5) [22], then the four

598 correlations in Egs. (70) and (71) are approximated by
599 6 (7) = Ry(t—0.57,t+0.57) = [ "W, (t, )df (72)
600 Substituting Eq. (72) into Egs. (70) and (71), C(t, f, f,) and C,(t, f;, f,) can be respectively

601 approximated as

C,(t, f,, f,)

602 ~ At* Z >y Z{ gerhli-ontgizrl(m-matys (KAt 1AL, f,)d, (MA, NAt, f,) (73)
=—00 |=—00 M=—00 N=—0w

<t [(m=K)At]r [(n=1At]}

603 and
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C,(t, f, f,)

604 ~ At* Z >y Z{ gerhli-ontgizrl(mmmat g (KAt 1AL, )@, (MAL, NAt, f,) (74)

=—00 |=—00 M=—00 N=—00

<ty [(n=k)At]r, [(1-m)At]}.
605 Further Cy(t, f), f,)is

C,(t, f, f,)

~ At* Z Z Z Z{ |27rf1(| k) At |27rf2(m n)m¢M (kAt IAt, f)¢M (mAt nAt, f )

k=—00 |=—00 m=—c0 N=—0
J' e—|27z§(m k)AtW“ (t §)d(§‘|. el27t/1(n |)AtW (t ﬂ)dﬂ}

+00 +00

+o | <&
~ At J‘ {Z Z Z Z @127 (-0 gi2e f, (m-n)at gizes (k-m)at iz (n-)at

X (KAL AL, 1), (MAL, DAL, F,)W, (t, W, (t, 1)} dEdA

+00 +00 +o0

+90
~ At* J‘ {Z Z Z Z @i 27 (6= KAt g 27 (fi-2)IAt gi27(f;~£)mAt g2 (2~ f;)nAt

k=—00 |=—00 m=—c0 n=

x i (KAL AL, T,)¢, (MAL, DAL, F,)W, (t, W, (t, 1)} dEdA

[T S S o g, i 1)

k=—o0 |=

< A2 z Z gi2r(hmitgi2n(fa2ndty (At AL, f,) W (t, W, (t,/’t)}dfdﬂ

m=—o N=

[T ou(fi=& =4, )y (F, =& £, = A, T,W; (6 EW;;(t, A)ddA

f:f:@& f,-05(£+4),& -4, fl](Z’M [fz —-0.5(5+4),¢ -4, fZ]Wii*(t'é:)Wjj (t,)d&dA (75)
; j_ DPwm

Q

Q

606

Q

00

[
[ o (i =u,=v, 1) (£, —u,—v, £, (t,u—0.5v)W; (¢, u+0.5v)dudv
(f

~
~

i L=V, £)oy (f, —u,v, )W (tu—0.5v)W;; (t, u +0.5v)dudv.
607 Then Cy(t, f, f) is approximated as
608 C(t f,f)=~ f” qu;;; (U~ f,v, )@, (u=f,v, f)W, (t,u—0.5v)W, (t,u+0.5v)dudv.  (76)

609 Co(t, f, f,)inEq. (74) can be further calculated as
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C,(t, f, f,)

~ At Z Z Z Z{ pi27 fi(l-k)atgi2z f (m- n)At¢M (kAt IAt, f)¢M (mAt nAt, f )

k=—00 |=—00 m=—00 n=
J‘ e—|27z§(n k)AtW (t é;)dé;'[ eIer/I(I m)AtW (t ﬂ,)d/l}

+00 400 ~+00

~ At J‘ {Z Z Z Z 127 (k) At i 2 (1-m) At 27 (1K) At g 27, (m-n) At

xdy (KALIAL, f,)d, (MAL, DAL, £,)W, (t, EW; (t, 1)} dédA

~+00 +00

zA‘[ J>+oc{z Z Z 2 e|27r(§ fi) kAt |27z(/1+f1)IAte|27z(f2 l)mAte—|2ﬂ(§+f2)nAt

k=—00 |=—00 m=—ow0 n=

x gy (KAL 1AL, £,)¢, (MAL,NAL, £,)W; (1, EW; (8, 2)} dEdA

zJ,MJ._w {Al‘ Z ze_,g,,(f1 §)kAte|2n(A+fl)lAt¢ (KAL, IAt, f,)

— k=—o0I=

~+00

xAt? Z g7 (fa-himtgmi2n(stnit gy | (AL, nAL, f, W, (8, E)W, (¢, /1)}d§d/1

[T o (=& 2+ £, 1)y (f, = A8+ £, W, (6 EW (8, A)dEd 2

o Nf” _+°°¢3;; [, +05(2—&),E+ 2, 1]y [f, +0.5(E = 2),&+ 4, f, W, (&, E)W, (t, 2)dEd A 7
Nj“” @ (f,+0.5v,2u, £,)@,, (f,—0.5v,2u, £, )Wy (t,u—0.5v)Wj (t,u+0.5v)dudv,

611 Then C,(t, f, f) is approximated as

612 C,(t f,f)=~ f” [ @ (f+05v,2u, £)@,, (f —0.5v,2u, FIW; (t,u—0.5v)W, (t,u+0.5v)dudv. (78)

613 From Eqgs. (69), (76) and (78), Eq. (36) is proved.
614 Appendix B. The proof of Corollary 1

615 With the conditions in Theorem 1, and @,,(u, v, f) is more concentrated compared with Wj(t, u +
616 0.5v), W;;(t, u + 0.5v) and W;(t, u + 0.5v), then Var[\TVij(t, f)] in Eg. (36) can be approximately

617 simplified
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Var| W (¢, 1)
~ f: j:(b:,, (u=1f,v, )@, (u—f,v, FIW(t,u)W; (t,u)dudv
[ @ (F+05v,2u, ), (f ~0.5v,2u, )W, (t,~0.5v)W, (t, 0.5v)dudv
618 AW FW e B[ |Bw (uov, £ dudv
Wy O [ g (F +0.5v,2u, )@, (f ~0.5v,2u, f)dudy
S Wi FW(t )] [ |d (u,v, £ dudy
W O [ @0 (F+v,u, )@, (f —v,u, f)dud,
619 Where
[ |ow wov, £)F dudv
= [T o (£, £, B dfdf,

+00  +00

=AY > g, (KAt 1AL £

k=—c0 l=—0

=At2i

2+oo +00
k

+00 2

1 M-1
—Zz//;;(kAt, )y, (1AL, f)

-1

MZ_lZwm(kAt s (1AL, £y (KA, )y, (1AL, f)

=—00 |=—0

2|
Ef

Lo

k=—00 |=—00

§3
=7
LS

gk

Mz_l[m i iwm(km )y (1AL, )y (KA, ), (1AL, f)}

AtZz//m(kAt )y (KA, f)}[mzwm(lm )y, (1AL, f)}

—00

< 3
Loy
< S
,L%

0,

mn

mn

i
o
>
Il

o

620

=l =] =)

621 Substituting Eq. (80) into Eq. (79), Eq. (37) is proved.

622 Appendix C. The proof of Theorem 2

623 Substituting Eq. (64) into Eq. (30), §(f1, f,) can be expressed as
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S(f,, f,)

| L[05(f+1,)]i2 |
= At piz7(f-fkat

k=—[L[05(f,+f,)]/2]+1

624 x At? i fj By [(M—K)AL, (n—K)AL,0.5(f, + fz)]X*(mAt)XT(nAt)eiz”[o's(fl”z)](m""’“} (81)

= At i {T1[KAL, 0.5(f, + f,)]e 2tk
k=—o0

XA DT> 4, [(M=K)AL, (n—K)AL, 0.5(f, + f,)] X" (MAL) X" (nAt)e2 oot Rlm-mas }

M=—c0 N=—c0

625 where I1(t, f) in defined in Eg. (40),

66 gy [(M—K)AL (N—K)ALO5(f, + ,)]= [ [ laoamilg 17 7,05(f, + f,)]dAdA, (82)
627 and

628 X' (mAt) X" (nAt) = j: jj:e””(fz“*flm)mdz*(gl)dzT (&). (83)

629 Using Egs. (82) and (83), the second term on the right side of Eq. (81) can be expressed as

A DTS 4, [(m=K)AL, (n—K)AL, 0.5(F, + £,)] X" (MAE) X (nAt)e!2 0o+ =Km-mas

M=—0 N=—00

— At? i io {ei27r[0.5(f1+f2)](mn)At J'j:J'_*:eiZH[ZQ(n—k)—ﬂl(m—k)]Atq)M [/11,22,0.5( fl n fz)]dﬂldﬂz

=—00 N=—00

[ ez iz )
LT ol 2050, )]

% {Atz Z Z ei27r[0.5(f1+fz)](m—n)AteiZﬂ[A,z(n—k)—A,l(m—k)]AteiZ;r(.fzn—glm)At}d//{ldlzdz*(él)dzj' &)

m=— N=—0

L e o [ 2051 1)
X{At i ei27r[0.5(f1+fz)*%*é]mAtAt i ei27r[0.5(f1+f2)/12§z]nAt}dﬂldﬂ?dz* (éﬁ)dZT(éz)

M=-—o0 Nn=—o0

ST e, (4,2, 0501+ 1)

X {5[0-5( f1 + fz) - /11 - 51] 5[0-5( f1 + fz) - Az - 52 ]} dﬂidﬂde* (égl)dZT(fz) (84)
630 o i *
= LO Lo ey 10.5(f, + f,)—&,0.5(f + f,)—&,,0.5(f, + f,)]dZ"(&)dZT (&),
631 where (a) is from the fact that ¢,,(f,, f,,f)only hasvaluesintherange of (f,, f,) e [, fN]2 indicated

632 in Eq. (22) and o(e) is the Dirac delta function. Substituting Eq. (84) into Eq. (81), §(f1, f,) is
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633 expressed as
S(f,, f,)

=At) {H[kALO.S( f+ f,)]e 2r(fmfke
k=—o0
X J.j: J.:r:eiZII(fz*é)kAt(pM [05( fl + f2) - (fl, 05( fl + fz) - 52 ' 05( ‘fl + fz)]dz* (fl)dZT (52)}

- {At S° TI[KAL0.5(f, + fz)]eiz”“zfﬂ“teiz”(ffzé)“‘}
634 x @y [0.5( fk1_+wf2)—§1,0.5(f1+ f,)—&,0.5(f,+ f,)]dZ" (£)dZ" (&) (85)
=17 {At S° TI[KAL0.5(f, + fz)]eiz”[”zfﬂ(fzfl)]k“}
x g [0.5( ftjfz)—fl,O.S(fl+ f,)—&,0.5(f, + £,)]dZ"(£)dZ"(&,)
= [T TR(f, - £) = (& - £),05(f,+ 1,)]
x @y [0.5(f, + f,)—&,05(f, + f,) - &,0.5(f, + 1,)]dZ*(&)dZ" (&),
635 Where Fpi(2, ) is in Eq. (39). The expectation E[S(f,, f,)] of S(f,, f,) in Eq. (30) is calculated as
E[S(f,, T,) |
=[ T[T R, - 1) = (& -£).05(F, + 1,)]
636 x @y [0.5(f, + f,)—&,05(f, + f,) - &,05(f, + 1,)]S(&, &)dEAE, (86)
= [T R, = £) = 4,05(f, + )] [05(F, + f,)— £,-2,0.5(f, + 1,)]S(£, A)d&dA
2 [T Ral(f, = £)=2,05(, + 1)1, [-0.5(f, + 1,), 4,05(1, + £,)]3(¢, 2)d£dA.
637 where (a) is from the symmetric properties of ¢,,(f,, f,, f) indicated in Eq. (24). Eq. (38) can be
638 proved from Eq. (86).

639 From Eqg. (85), it can be obtained
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é\ijjxj(fl’ fz)éij(fl! fz)
= [T TARC, ~ 1)~ (&~ £).05(f,+ )]
xgo,f,, [0.5( f,+f,)-¢&,05(f,+f,)-&,,05(f + fz)]} dZi(él)dZ}“(fz)
[ AR (= )= (A~ 4),05(1, + )]

640 (87)
L 4Y [0-5( f+f,)—-4,0.5(f,+ f,) - 4,,0.5(f, + fz)]} dz; (4)dZ;(4,)
=T AR = 1) = (6 = 6).05(f,+ 1]y [(F, = £) = (4 = 4),0.5(f, + 1,)]

X Py [0-5( f,+1f,)-&,05(f +f,)-&,,0.5(f, + fz)]
X Py [0-5( f1 + fz) _211 0-5( fl + fz) _ﬂz J 0-5( f1 + fz)]dzi (é)dz}‘(gz)dzi* (A‘l)dzj (ﬂ'z)}

641 Then, the variance Var[éij(fl, f,)] of §ij (f,, f,) can be calculated as

Var[ S, (f,, f,)]
642 :J._:I_:I_:I_:{Frt [( fz - f1)‘(§2_§1)’0-5( f1+ fz)] Fn [(fz_ f1)_(/12 _/11)’0-5( f1+ fz)] (88)

X Py [0-5( f,+f,)—&,0.5(f + f,) - &,0.5(f, + fz)]
xpy [0.5(f, + f,) = 4, 0.5(f, + f,) = 4,,05(f, + f,)] Cov| dZ,(£)dZ; (,),dZ; (4)dZ j(z,z)]}.

643 Under the Gaussianity assumption on X(t), the complex version of the Isserlis’ theorem [55, 56]

644 expresses Cov[dZ;(&)dZ; (&), dZ; (A1)dZ;(4,)] as

Cov[ dZ,(£)dZ;(&,).dZ; (4)dZ; (4,) ]
e =E[dZ,(&)dZ; (1) |E[dZ;(£,)dZ;(4,) |+ E[ dZ,(£)dZ;(4,) |E| dZ;(&)dZ; (4,) ] )
= Si (&, 4)S (&, A,)dEAAAE A, +E[ dZ,(£)dZ; (—4,) |E[ dZ;(£,)dZ,(-4,) ]

=S5 (&, 4)S (&, 4,)dEdAdE,dA, + 55(8,,—4,) S (S, —4)dEdA,d S d A
646 Substituting Eq. (89) into Eq. (88), Var[S;(f,, f,)] can be calculated as
647 Var| $,(f,, f,) | =Vi(fy, £,) +V, (f;, T,), (90)
648 Where
V,(f,, f,)
:j:j:j:j:{Fn [(f, = f.)= (& —&),05(f, + f,) | Fy [(f, = £.) = (4, — 4),0.5(f, + f,)] -

X @y [0.5( f,+f,)-&,05(f,+f,)-&,,0.5(f + fz)]
4V [0-5( f,+1,)-4,05(f +f,)—4,,0.5(f, + fz)]siﬂ;(épﬂl)sjj (52,12)}d§1d/11d§2d12

649

)
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650 and
Vz(flv fz)
= [ AR = )= (&= 8,05+ R R [(f, = )= (4 = 4),05(f, + f,)]
651 @ o o oo 92)
x g [0.5(F, + £,) = &,0.5(F, + ,) = &,05(f, + 1,)]

XDy [0-5( f,+f,)—4,05(f + f,) - 4,,0.5(f, + fz)]Si?(éZl’_/12)Sji(527_/11)}dé:1d2’2d§2d21'
652 Further, Vy(f,, f,) is approximated as
Vi(fy, 1)
= J._J:Ij: jj:'[j: Fg [( fz - fl) _(/11 _51)’0-5( fl + fz)] Fn [( fz - fl) - (12 _52)’0-5( f1 + fz)]
X Oy [981 —0.5(f, + f,), 4, —0.5(f, + f,),0.5(f, + fz)]
X Py [52 _0-5( f1 + fz)a ﬂq _0-5( f1 + fz),0.5( f1 + fZ)]Si?(fl’ §Z)Sjj (/11’ ﬂ’z)dédgzdﬂidﬂz
= [T R(f, - t)-[2-0584— (£ ~05A8)],05(f, + T,)}
x Py {(f, = f)=[21+0.5A2—(£+0.5A¢)],0.5(, + f,)}
X Py [5—0.5A§—0.5( f,+f,),A—-0.5A41-0.5(f, + f,),0.5(f, + f2)]
x @y [£+0.5AE —0.5(f, + f,), 1+ 0.5A2-0.5(f, + f,),0.5(f, + f,)]

x Si(E,AE)S (A, AL)dEDAEDAAA

2 [T Ra(h, - 1) -[4-0.5800— (£ ~05A8)],0.5(, + f,)}

x Py {(f,= f)=[2+0.5A2—(£+0.5A¢)],0.5(, + f,)}
x gn [£=0.5(f, + f,), A —0.5(f, + f,),0.5(f, + f,)]
x gy [E—05(f, + f,), A—0.5(f, + f,),0.5(f, + f,)]S; (£, A&)S (1, AL)dEdAEDAdAL

N j: j: O [£,4,05(F, + fz)]|2
Xf: I: (Fi{(f,— £)=[A-05A4-(£-05A8)],05(f,+ f,)}
x By {(f, = £)—[2+0544 - (£ +0.5A8)],0.5(f, + f,)}

xS [0.5(, + 1,),AZ]S; [0.5(f, + 1,),A4])dAcdAAdEdA
<[ Jow[&.2.05(f,+ 1)

xj:j:(Fn {(f,- f)-[21-E+05(A& - A)],0.5(, + T,)}
xFy {(f,— ) —-[A-&+05(A-AE)],0.5(f, + f,)}
xS;[0.5(1, + £,),AZ]S; [0.5(f, + f,),AA])dAcdAAdEdA,

653 (93)

654 where (a) is from the assumption that the widths of ¢, (A&, AZ) with respect to A&and A/ are wider
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655 than those of S;;(& A&) and §J—j(;t, AA), respectively, and (b) is from the assumption that ¢,,(f,, f,)

656 along the diagonal line f, = f, is narrower than that of S(f, f,).
657 V(f,, f,) is calculated as
V2(fl7 f2)
= [T TARI(, — 1) = (&6, £).05(F, + £,)] R, [(f, = £) = (4 - 4,),05(1, + 1,)]
X Py [0-5( f,+1f,)-&,0.5(f + f,)-&,0.5(f, + fz)]
X @y [0.5(f,+ £,)+ 2, 0.5(f, + £,) + 4, 0.5(f, + £,)]S; (&, 48 (&, 4) | d&d 4,05,
= [T R, = £~ (& - £),05(f,+ )] Ry [(f, = £.) = (A = £,),05(f, + 1,)]
X(P:A [égl _0-5( f1 + fz)a é:z _0-5( fl + fz)aO-S( f1 + fz)]
XDy [/12 +0.5( f1 + f2)1/’l1 +0.5( fl + fz)v0-5( f1 + fz)]si? (gl’ﬂz)sji (52111)} dfld/lzdégzdﬂl
= [T RIC = 1)=( = 8),05(f,+ £,)]F, [(F, = 1) = (4 =&),05(f, + 1,)]
x gy [£~05(f,+ 1,), 4, —0.5(f, + f,),0.5(f, + 1,)]
X Py [é:z +0.5(f, + f,), 4, +0.5(f, + f,),0.5(f, + fz)]sg (él’éz)sji (4, A4)d&,dS,dA,dA,
- j:j: j:j: Fi[(f, - f,) - (A—0.5A1 - £ +0.5A¢),0.5(f, + f,)]
<o [(f, = ;)= (A +05A1 £ -0.5A£),05(f, + f,)]
X Oy [f —0.5A¢-0.5(f, + f,),A-0.5A4-0.5(f, + f,),0.5(f, + fz)]
X Py [§+0.5A§+0.5( f,+f,),A+05A1+0.5(f + f,),0.5(f, + f2)]

x Si(E,A8)S (A, AL)dEDAEDAAA

2 [ Rl = )= (A-05A2—£ +0.508),05(1, + 1,)]

xFy [(f, = f)— (2 +05A1 - £ -0.5AE),0.5(f, + f,)]
x @i [€-05(f,+ ,),2-05(f, + f,),05(f, + f,)]
x oy [€+0.5(f, + f,),A+0.5(f, + f,),0.5(f, + f,)]
xSi(&,A8)S (A, AL)dEIAEDAdAL

<[] gl [E-05(1,+ £,), A-0.5(f,+ £,),0.5(f, + 1,)]
X oy [E+0.5(f,+ f,),A+0.5(f, + f,),0.5(f, + f,)]
x{j:j: F[(f, - £)— (21— &)+ 0.5(AA - AE),0.5(f, + 1,)]

658 x By [(f, = £) = (A -&) -0.5(A4 — AZ),0.5(f, + 1,)] (94)
xS (&,A8)S (4, AL)dAEdAL | dEdA,

659
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660 where (a) is from the assumption that the widths of ¢, (A&, AZ) with respect to A&and A4 are wider

661 than those of §;(§, A& and Sji(4, AZ), respectively. Substituting Egs. (93) and (94) into Eq. (90),

662 EQs. (41) to (44) are proved.
663 Appendix D. The proof of Theorem 3

664 Assuming that the time of stationarity of X(t) is larger than the width of the utilized windows

665w, (t, f), m=0,1,..., M -1, at each time instant t, y_(kAt —t, f)X(kAt) can be approximated as
666 v, (KAt —t, f)X(kAt) =y, (KAt )Y, (kAt), (95)

667 Where Y,(7) is a stationary process approximately representing the spectral properties of X(t) near t.

668 The PSD matrix Py(f) of Y,(7) is formed by
669 Pij,t(f)zwij(t! f), (96)
670 where Pj; ((f) is the ij" element of Py(f). In this way, the estimators W(t, f) in Eq. (29) and Cij(t, f)in

671 EQ. (32) can be respectively regarded as the multi-taper estimators for the PSD and coherence of Y,(7).
672 Under the assumption that W(t, f) is approximately unbiased, following the Theorem 2 and Appendix

673 B in [44], Egs. (45)-(50) can be directly obtained.

674 Appendix E. The proof of Theorem 4

675 Since the estimator chij(f) in Eq. (34) is calculated by averaging Cij(t, f) in Eq. (32), the bias of

676 Eij(f) can be directly obtained by replacing Cj(t, f) in Eq. (46) with (_Zij(f), as indicated in Egs. (51)
677 and (52).
678 Under the condition that Cj(t, f) is time-invariant, as indicated in Eq. (33), the variance of Cij(t,

679 f) can be calculated by replacing Cj;(t, f) and Gj(t, f) in Eq. (50) with Cij(f) and Tj;(f), respectively
~ 1 _ p2M — 27 1= 22
680 Var[cij(t, f)}zﬁ[l—|cij(f)| } 3F2[2,M,M;M +1,1;|cij (f)| Hcij (f)| T2(f),  (97)

681 where Tj(f) isin Eq. (52). In this situation, Var[Cij(t, f)] is independent of time. In fact, the probability
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682 distribution of a non-parametric coherence estimator by the Fourier transform is only dependent on the

683 corresponding theoretical coherence but independent of the related spectra, see Appendix B in [44].

684 Thus, in the case of a time-invariant coherence, Cij (t, f) at different time instants has the same
685 probability distribution even though with time-varying spectra, and Cclij(f) is a result calculated by
686 averaging multiple random variates with the same probability distribution. However, Cij(tl, f) and
687 Cij(tz, f), t; # t,, may be not independent with a small time interval At = t, — t;. Thus, the variance
688 Of aj(f) cannot be directly calculated by dividing the Var[Cij(t, f]in Eq. (97) by the L(f) in Eq. (34).
689 Cij(tl, f) and Cij(tz, f) can be assumed to be independent if v, ,(t— ti, f)and w,, ,(t- t;, f)
690 are non-overlapping. The width of v, ,(t, f) in the time domain is 2L, (f), where L,(f) isin Eq. (31).
691 Thus, in this study, at each f, aj (f) is assumed to be the result calculated by averaging N (f)
692 independent Cij(t, f), where Ngy(f) = L(f)/Ly(f) may not be an integer. Under this assumption, the
693 variance of aj(f) can be approximated by dividing the Var[Cij(t, f)] in Eq. (97) by the Ngy(f), as

694 indicated in Egs. (53) and (54).
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