MALLIAVIN DIFFERENTIABILITY OF SOLUTIONS OF HYPERBOLIC STOCHASTIC
PARTIAL DIFFERENTIAL EQUATIONS WITH TRREGULAR DRIFTS

ANTOINE-MARIE BOGSO AND OLIVIER MENOUKEU PAMEN

ABSTRACT. We prove path-by-path uniqueness of solutions to hyperbolic stochastic partial differential equations
when the drift coefficient is the difference of two componentwise monotone Borel measurable functions of spatial
linear growth. The Yamada-Watanabe principle for SDEs driven by Brownian sheet then allows to derive strong
uniqueness for such equation and thus extending the results in [Bogso, Dieye and Menoukeu Pamen, Elect. J.
Probab., 27:1-26, 2022] and [Nualart and Tindel, Potential Anal., 7(3):661-680, 1997]. Assuming that the drift is
globally bounded, we show that the unique strong solution is Malliavin differentiable. The case of a spatial linear
growth drift coefficient is also studied.

1. INTRODUCTION

The existence, uniqueness and Malliavin differentiability of strong solutions of SDEs on the plane with smooth
coeflicients have been obtained in several settings of varying generality. However there are not many results when
the coefficients of the such equation are singular. The purpose of the present paper is two-fold: first we obtain
the existence and uniqueness of strong solution of the following integral form equation

t s
(1.1) Xsr=¢& +/0 /0 b(s1,t1, Xsy 1y )ds1dts + Wy, for (s,t) € Ri,

when W is a d-dimensional Brownian sheet and the drift b is the difference of two componentwise monotone
functions and of spatial linear growth. We address this problem by using the Yamada-Watanabe argument for
SDEs driven by Brownian sheet derived in [37] (see also [47], [45, Remark 2]), that is, we combine weak existence
and pathwise uniqueness to obtain the existence of a unique strong solution. More particularly, we replace the
pathwise uniqueness by a stronger notion of uniqueness, namely, the path-by-path uniqueness introduced in [14]
(see also [19]) in the case of SDEs driven by one-parameter Brownian motion. This notion was introduced in [5]
for the two parameter process, as follows:

Definition 1.1. Let V (resp. V) be the space of R¥-valued continuous functions on [0,T)? (resp. {0} x [0,7T]) U
([0, T] x {0}) for some T > 0. We say that the path-by-path uniqueness of solutions to holds when there
exists a full P-measure set Qo C Q such that for all w € Qg the following statement is true: there exists at most
one function y € V which satisfies

T T
/ / |b(s,t,ys,¢)|dsdt < oo, Oy =z, for some x € OV
o Jo

and
s t
(12) y87t =x+ / / b(817t17y81,t1)d51dt1 + Ws,t(w)7 V(S,t) € [OaT]Z
0 JoO
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The study of path-by-path uniqueness is motivated by the problem of regularisation by noise of random
ordinary (or partial) differential equations (ODEs or PDEs). In the case of of SDEs driven by Brownian motion,
path-by-path uniqueness of equation was proved in [I4] assuming that the drift is bounded and measurable,
and the diffusion is constant. This result was extended to the non-constant diffusion in [I5] using rough path
analysis. There has now been several generalisation of this result. The authors in [4] proved a Sobolev regularity
of solutions to the linear stochastic transport and continuity equations with drift in critical L? spaces. Such a
result does not hold for the corresponding deterministic equations. In [7], the authors analysed the regularisation
by noise for a non-Lipschitz stochastic heat equation and proved path-by-path uniqueness for any initial condition
in a certain class of a set of probability one. In [2], the path-by-path uniqueness for transport equations driven by
the fractional Brownian motion of Hurst index H < 1/2 with bounded and integrable vector-fields is investigated.
In [10; 21] the authors solved the regularisation by noise problem from the point of view of additive perturbations.
In particular, the work [I0] considered generic perturbations without any specific probabilistic setting whereas
authors in [I] construct a new Gaussian noise of fractional nature and proved that it has a strong regularising
effect on a large class of ODEs. More recently, the regularisation by noise problem for ODEs with vector fields
given by Schwartz distributions in the setting of non-linear Young type of integrals was studied in [23]. It was
also proved that if one perturbs such an equation by adding an infinitely regularising path, then it has a unique
solution. Let us also mention the recent work [27] in which the authors looked at multidimensional SDEs with
distributional drift driven by symmetric a-stable Lévy processes for a € (1,2]. In all of the above mentioned
works, the driving noise considered are one parameter processes.

Our method to prove path-by-path uniqueness follows as in [5]. We show the path-by-path uniqueness on
I'o = [0,1]?. More precisely, we consider the integral equation

t s
(1.3) Xsr=¢ —|—/ / b(s1,t1, X, 1y )ds1dts + W, for (s,¢) € Ty,
0o Jo

where the drift is of spatial linear growth. We denote by V} the space of continuous R%-valued functions on Ty
which vanish on {0} x [0,1]U [0, 1] x {0}. It is shown in [5, Section 1] (see also [14, Section 1]) that path-by-path
uniqueness of solutions to (1.3)) holds if and only if, with probability one, there is no nontrivial solution u € V} of

s t
(1.4) u(s, t) = / / (b(s1, b1, W, 1y + (51, 41)) = b(s1, b1, We, 1) }sydty, for (s,¢) € o,
0 0

This is the statement of Theorem which is extended to unbounded drifts in Theorem [2.9 The proof of
Theorem relies on some estimates for an averaging operator along the sheet (see Lemma . This result
plays a key role in the proof of a Gronwall type lemma (see Lemma which enables us to prove path-by-path
uniqueness of solutions to . The latter combined with the weak existence yield the existence of a unique
strong solution. A crucial idea to obtain the Gronwall type inequality is to take advantage of the fact that the set
of dyadic numbers is dense in [—1,1]¢. Note that Lemma involves real numbers = € [—1,1]¢ and not functions
u: [0,1]2 = [~1,1]%. In order to apply Lemma in the proof of Lemma for a drift that is the difference
of two componentwise monotone functions, one needs to first rewrite in each dyadic square and carefully
replace the function u by the maximum of either its positive part or its negative part. Note that when the drift
coefficient is componentwise nondecreasing, similar result can be found in [5} [36].

Secondly, in this paper, we prove Malliavin smoothness of the unique solution to the SDE (1.3). When
the coefficients are smooth, the authors in [34} [35] showed existence, uniqueness, Malliavin differentiability and
smoothness of density of solutions to SDEs on the plane. Here, assuming that the drift is the difference of
two componentwise nondecreasing functions, we show that the solution is Malliavin differentiable. In the one
parameter case, the Malliavin differentiablity of solutions to SDEs with bounded and measeurable coefficients
was studied in [31] under an additional commutativity assumption. The later assumption was removed in [30]. It
is worth mentioning that in the above work, the Malliavin smoothness of the unique solutions to the SDEs with
rough coefficients and driven by Brownian motion is obtained as a byproduct of the method used to study existence
and uniqueness. This technique was introduced in [39] and has now been extensively utilised; see for example the
work [22] for the case of singular SDEs driven by Lévy noise, [29] for the case of random coefficients and [2} [1] for
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the case of singular SDEs driven by fractional noise. In order to prove the Malliavin differentiability of the solution
to the SDE , we take advantage of Gaussian white noise theory and a local time-space integration formula
provided in [6, Proposition 3.1] to show that the sequence of approximating sequence of solutions converges
strongly in L%(Q2, R?) to the solution of the SDE (compare with [30]) and we use a compactness criteria given
in [32, Lemma 1.2.3] to conclude. An essential step in showing this is to obtain good enough estimates for the
Malliavin derivative of the approximating sequence. This task is not trivial and requires the use of the Wendroff
inequality (Theorem which plays a crucial role in the proof.
Equation can also be written in a differential form as the following hyperbolic stochastic partial differential
equation
%X,

(1.5) gt~ &b Xar) + Wi, (s,t) €T,

0X =¢,

where 0X is the restriction of X to the boundary o' = {0} x Ry URy x {0} of T :=R2,b: T x R? = R? is
Borel measurable, W = (W(l), ey W(d)) is a d-dimensional white noise of the Brownian sheet on I' given on a
probability space (2, F,P) and (s,t) — &, +(w) is continuous on OI' for all w € 2. Recall that a d-dimensional
white noise on I' is a mean-zero Gaussian process W = (WM, ... W(@) indexed by the Borel field B(T') on T
with covariance functions

E[W<i>(A)W<J‘>(B)} =6,;,JANB|, VA BeB{)

where | - | denotes the Lebesgue measure on I' and 6;; = 1 if ¢ = j and 6; ; = O otherwise. The process

W = (WM = W([0, 5] x [0,]), (s,1) € F> is mean-zero Gaussian process with covariance functions
E[WSWE,| =656 AN EAE), V(s0), (1) €T,

By the Kolmogorov continuity theorem, there exists a continuous version of W still denoted by W, which is a
d-dimensional Brownian sheet. We consider a nondecreasing and right-continuous family F = (F5 ;) of sub-o-
algebras of F each of which contains all negligible sets in (2, F,P) such that W and £ are F-adapted, that is
Wt (respectively, &) is F, ;-measurable for every (s,t) € T' (respectively, (s,t) € OI'). We refer the reader to
Khoshnevisan [26] for a complete analysis on multi-parameter processes and their applications.

Equation is a particular case of the quasilinear stochastic hyperbolic differential equation

82XS t .
= =b(s,t, Xst) +a(s,t, Xst) Wi, (s,t) el
(1.6) 0s0t ’ ’ ’

0X =¢,

where a : ]R%_ x R* — R? x R? is a Borel measurable matrix function. A formal 7 rotation transforms ([1.6]) into
the following nonlinear stochastic wave equation

o2y, 9%y, - . i [
8,02’9 - 80/;,9 =b(p,0,Y,0) +a(p,0,Y,0) Wy, (p,0) €T,

(1.7)

with the Goursat-Darboux type boundary condition 9Y :~§~, where T' = {(p,0) : 6 > 0 and |p| < 6}, W is
a d-dimensional white noise of the Brownian sheet on T', b(p,0,y) = b(e%’, ag,y) (the same applies to a),
Y, 0 = Xei;,e;ﬁp, §0,0 = &yzpo and g0 = 507\/59. The 7 rotation has been used by Carmona and Nualart [9]

-
(see also [I8, Section 0] and [4I], Section 1]) to prove existence and uniqueness of solution to (1.7) under a different
boundary condition when a and b are time-homogeneous.
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Equation (|1.5)) can also be seen as a noisy analogue of the so-called Darboux problem given by

0%y Oy Oy
(1.8) e = (s o 8t) for (s,t) € [0,7] x [0, 7],
with the initial conditions
(1.9) y(0,t) = o(t) on [0,T] and y(s,0) = 7(s) on [0,T],

where o and 7 are absolutely continuous on [0, T']. Using Caratheodory’s theory of differential equations, Deimling
[16] proved an existence theorem for the system — when b is Borel measurable in the first two variables
and bounded and continuous in the last three variables. Hence the results obtained here can also be seen as a
generalisation to the stochastic setting of the above mentioned one.

The remainder of the paper is organised as follows: In Section [2, we provide a path-by-path uniqueness result
for when the drift b is of linear growth. In Section 3, we study the Malliavin differentiability of the strong
solution to (L.3). We show that this solution is Malliavin differentiable for uniformly bounded drifts and when
the drift b is of linear growth, we obtain Malliavin differentiability of the solution only for sufficiently small time
parameters.

2. EXISTENCE AND UNIQUENESS RESULTS

In this section, we show that the SDE has a unique strong solution. Our approach is based on the Yamada-
Watanabe principle introduced in [37]. As pointed out earlier, instead of showing the weak existence and pathwise
uniqueness, we show weak existence and path by path uniqueness (which implies pathwise uniqueness as shown

n [I0]). The following preliminary results that have been obtained by applying a local time-space integration
formula for Brownian sheets (see [6] for more information) are needed to show path-by-path uniqueness.

2.1. Preliminary results. Let f : [0,1]2 x R — R be a continuous function such that for any (s,t) € [0, 1]2,
f(s,t,-) is differentiable and for any ¢ € {1,--- ,d}, the partial derivative 9,, f is continuous. We also know from

[6, Proposition 3.1] that for a d-dimensional Brownian sheet (Ws,t = (Ws(,lt), e ,W;i)); s>0,t> O) defined on
a filtered probability space and for any (s,t) € [0,1]? and any i € {1,--- ,d}, we have

/ / Do, F (51,41, Wa, 1 )dtrdsy

©)
dtlBshtl dsy
S1

d Ws s 1 e
(21) / / f Slatla 51,151) o i d31 _/ f(Sl,l—tl,Wsl,tl)
1—t

@

W',
s1,1 —t1, Wy UM dtydsy,
/ 1 t.f 1 1 1,t1) (17t1) 1 1

;0 < s1,t; < 1) and BO) .= (B(z)

S1 tla

where W = (W(l) =w

s1,t1 s1,1— tl

with respect to the filtration of 1% (*), independent of (W§( 1), s > 0). Here “dtlw(Z 7, resp. “dtlB( Y. 7 denotes

s1,t1 s1,t1

0<t <1),resp. (BY,;0<t <1)

s1,t10

0 < s1,t1 < 1) is a standard Brownian sheet

the stochastic line integral with respect to the Brownian motion (VVS(I)7517
for s; fixed.

The following result will be extensively used and can be found in [5].
Proposition 2.1. Let W := (Wg(lt), ey Ws(i); (s,t) €10, 1]2) be a R -valued Brownian sheet defined on a filtered

probability space (Q, F,F,P), where F = (Fyy;s,t € [0,1]). Letb € C ([0,1]%,C*(RY)), ||b]loc < 1. Let (a,d’,e,&’) €
[0,1]*. Then there exist positive constants o and C' (independent of Vb, a, a', € and €') such that

(2.2) ]E[exp (aa’s‘ /1 /1 Vb (s,t,’VV;’f/) dtdsr)} <C.
o Jo
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Here Vb denotes the gradient of b with respect to the third variable, |-| is the usual norm on R? and the R*-valued

two-parameter Gaussian process wee' = (W;i’s/’l), ceey ’Wv;;’s/’d); (s,t) €0, 1]2) is given by

WD — ) ORI

a’+e’s,atet a’,a+et a’+e’s,a

+ Wa(f)a forallie{1,...,d}.

Forevery 0 <a<~vy<1,0<da <+ <1and for (z,y) € R? let us define the function g by:

Yy
o(z,y) = / / {b(s, t, Wi+ x) —b(s,t, Wyt + y)}dtds.
a’ a
Here is a direct consequence of the previous estimation.

Corollary 2.2. Let b: [0,1]2 x R — R be a bounded and Borel measurable function such that ||b|s < 1. Let a,
C and W< be defined as in Proposition . Then the following two bounds are valid:

(1) For every (x,y) € R%?, & # y and every (g,¢') € [0,1]?, we have
/ 1 1 ., ., 2
(2.3) E{exp (ﬁ‘ /0 /0 {b(s,t7 W;t’s +x) —b(s, t, WS °+ y)} dtds‘ )} <C.

(2) For any (x,y) € R? and any n > 0, we have

(2.4) P (lo(@,y)| = 0/ = @) (7 = @)z — yl) < Cem7".

For any positive integer n, we divide [0,1] into 2" intervals I, =]k27", (k + 1)27"]. We define the random
real valued function g,z on [—1,1]%¢ by

Onkk (T,y) == / / {b(s,t, Wy, +x) —b(s,t, W, +y)}dtds.
Ink" Lok
The next two lemmas provide an estimate for gnxx (7,%) and g, (0, 2) for every dyadic numbers z,y € [—1,1]%.

Their proofs can be found in [5 Section 5].

Lemma 2.3. Suppose b: [0,1]2 x R? — R is a Borel measurable function such that |b(s,t,z)| < 1 everywhere on
[0,1]2 x RY. Then there exists a subset Qy of Q with P(Qy) = 1 such that for all w € Q,

1
|z -y

oni (@.9)@)] € O @2 [Vi + (10" )i = 9] on

for all dyadic numbers x, y € [~1,1]% and all choices of integers n, k, k' with n > 1, 0 < k, k' < 2" — 1, where
log*tz = max{0, log z} for z € (0,00) and Cy(w) is a positive random constant that does not depend on x, y, n, k
and k'.

Lemma 2.4. Suppose b is as in Lemma[2.3 Then there exists a subset Qa of Q with P(Q2) = 1 such that for all
w € Qy, for any choice of n, k, k', and any choice of a dyadic number x € [—1,1]¢

(2.5) [onit (0,2) ()] < Caw)v/n2 " (Jaf +274"),

where Ca(w) is a positive random constant that does not depend on x, n, k and k'

Observe that the above two results require only the drift to be bounded and Borel measurable. Assuming
in addition b is nondecreasing, the next two results state that Lemmas and can be extended to any
z,y € [~1,1]% (not only dyadic). The proof of Lemma [2.6]is omitted since it is similar to that of Lemma
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Lemma 2.5. Suppose b, Q1 and Cy are as in Lemma[2.3 Suppose in addition that b is componentwise nonde-
creasing. Then for all w € Qq,

. 1 1/2
Jontie (0, )()] < Co()2 7 [Vt (log" o) |lo =yl on

for all z, y € [~1,1]% and all choices of integers n, k, k" withn >1, 0 < k, k' <27 — 1.

Proof. Fix w € Qy, z,y € [-1,1]4, n > 1 and 0 < k, k' < 2" — 1. Suppose without loss of generality that
Onkk (2,y)(w) > 0. For every i € {1,...,d} and ¢ € N, define y;, = 27¢[2%;,], =, = 1 — 27/[2(1 — ay)],
v = Wip--->Yy,) and :L'z_ = (zfz, e ,a:jé). Observe that x} (respectively y, ) is a componentwise non-
increasing (respectively non-decreasing) sequence of dyadic vectors that converges to = (respectively y). Hence,
as b(s, t, Ws ¢(w)+2) < b(s,t, Wy (w)+x/) and b(s, t, Wy 1 (w) +y, ) < b(s, t, Wy +(w) +y), it follows from Lemma
23] that

lonkr (, ¥)(W)] = onkr (z,9) (w) = /I /I {b(s,t, Ws1(w) + ) — b(s,t, W, ¢(w) + y)} dtds

S/’
Lo

1 1/2
SCI (W)Q_n |:\/ﬁ + (10g+ T — ) j| |£E£+ - y;‘
[z — vy |
Then, letting ¢ tends to oo, we obtain the result. O

/ (b(s, £, Wi o (@) + 2) — bls, £, W o () + g7 )} dds
Ink

Lemma 2.6. Suppose b, Q2 and Cy are as in Lemma[2} Suppose in addition that b is componentwise nonde-
creasing. Then for all w € Qs

loni (0,2) ()] < 02(w)\/ﬁ2*"(|x\ n 2*4”) on Qs

for all x € [—1,1]? and all choices of integers n, k, k" withn > 1, 0 < k, k' < 2" — 1.

2.2. Main results and proofs. In this section, we prove the path-by-path uniqueness of the solution to (|1.3)).
We use this result to derive the existence and uniqueness of a strong solution to (1.3). We assume the following
conditions on the drift. We endow R? with the partial order “<” defined by

x 2y when z; <y; for all i € {1,...,d}.
Hypothesis 2.7.

(1) b: [0,1]2 x RY — R? is Borel measurable and admits the decomposition b = b — b, where b(s,t,-) and
lv)(s,t7~) are componentwise nondecreasing functions, that is each component b; and b;, 1 < i < d is
componentwise nondecreasing. Precisely, for every x,y € R?,

ry= ?)i(s,t,x) < l;i(s7t, y) and b;(s,t,x) < b;(s,t,y).
(2) b is of linear growth uniformly on (s,t); precisely, there exists a positive constant M such that
b(s,t,z)| < M1+ |z]), V(s t,z)€][0,1]* x R%
The main results of this section are the following :

Theorem 2.8. Suppose b satisfies Hypothesis , Then the SDE (1.3) admits a unique strong solution.

The above result constitutes an extension to those in [5 [36] by allowing the drift b to be the difference of two
monotone functions. It is proved by using the Yamada-Watanabe principle. However, instead of showing the
pathwise uniquess we show the following path-by-path uniqueness property.
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Theorem 2.9. Suppose b satisfies Hypothesis[2.7. Then for almost every Brownian sheet path W, there exists a
unique continuous function X : [0,1]2 — R? satisfying (1.3)).

The proof of Theorem [2.9|is omitted since it follows the same lines as that of [5, Theorem 3.2]. It follows from
both Gronwall inequality on the plane and the next result.

Theorem 2.10. Suppose b is as in Theorem[2.9. Suppose in addition that b is uniformly bounded. Then for
almost every Brownian sheet path W, there exists a unique continuous function X :[0,1]? — R satisfying (1.3).

Proof of Theorem[2.8 It follows from the conditions of the theorem that, has a weak solution. In addition,
since path-by-path uniqueness implies pathwise uniqueness (see e.g. [4, Page 9, Section 1.8.4] where the result is
provided in the one-parameter case. This may be extend easily to the two-parameter case.), the result follows from
the Yamada-Watanabe type principle for SDEs driven by Brownian sheets (see e.g. Nualart and Yeh [37]). O

Corollary 2.11. Suppose that b is as in Theorem [2.9 Then for almost every Brownian sheet path W, there
exists a unique continuous function X :[0,1]%> — RY satisfying (1.5).

Corollary 2.12. Suppose that b is as in Theorem [2.9 Then for almost every Brownian sheet path W, there
exists a unique continuous function X : [0,1]2 — R? satisfying the stochastic wave equation (1.7) when a is the
identity matrix.

Below we provide a non trivial example of functions satisfying hypothesis of Theorem [2:9] This comes from
the Jordan decomposition of real-valued functions of bounded variation on R (see e.g. [20][Theorem 3.27, b.]).

Example 2.13. Let g1, ..., gq be real-valued functions of bounded variation on R and let hy, ..., hqg be the
functions defined on R by h;(z) = |z|gi(z) for all z € R and i. It follows from Jordan decomposition that
gi = Gi — Gi, where §;, §; are two bounded nondecreasing functions on R. It also holds that h; = h; — h;,

where h;, h; are two nondecreasing functions of linear growth on R. This follows from the fact that z — |z|
is the difference of two non-decreasing functions and z — |z](gi(2) — G:(0)) (resp. z — |2|(gi(z) — §:(0))) is
non-decreasing on R. Then

1. the function b:= (by,...,bgq) : [0,1]?> x R? — R defined by

d
bi(s,t,x1,...,24) = gi (m(&t) + Z‘W)’ for all (s,t,xq1,...,xq4) and i
=1

satisfies Hypothesis f0~7" any Borel mesurable functions k1, ..., kq: [0,1]> = R,
2. the function b:= (by,...,bq) : [0,1]> x RY — R? defined by

d
Ei(s7t,x17 cenyxq) =hy (Ci(s,t) + Zw), for all (s,t,x1,...,24) and i
(=1

satisfies Hypothesis for any bounded Borel mesurable functions (1,...,Cq: [0,1]> — R.

2.3. Proof of Theorem In this subsection, we prove Theorem As already pointed out in the
introduction, this is equivalent to showing that for almost all Brownian sheet path, the unique continuous solution
u to (|1.4)) is zero. More precisely, Theorem is equivalent to:

Theorem 2.14. Let W := (W, (s,t) € [0,1]%) be a d-dimensional Brownian sheet defined on a filtered probability
space (Q, F,F,P), where F = {Fg t}seci0,1)- Letb: [0, 1]2 xR? — R? be a Borel measurable function such that for
every i € {1,...,d}, bi(s,t,:) = l;i(s,t, ) — bi(s,t,-), where bi, by are bounded and componentwise nondecreasing
in x for all (s,t). Then there exists Oy C Q with P(Q1) = 1 such that for any w € Qq, u = 0 is the unique
continuous solution of the integral equation

26)  u(s,t) = /0 /Os{b(sl,tl,Wsl,tl(w)+u(sl,t1))—b(sl,tl,Wshtl(w))}dsldtl, V(s,t) € [0, 1]2.
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The proof of Theorem relies on the following Gronwall type result.

Lemma 2.15. Suppose conditions of Theorem are valid. Then there exists Q. C Q with P(Q1) = 1 and
a positive random constant Cy such that for any w € Qq, any sufficiently large positive integer n, any (k, k') €

{0,1,2,---,2"}2, any B(n) € [2*4“/4, 2’42”/3} , and any solution u of the integral equation

(5,0) — u(0,t) +u(0,0)

(2.7) // bls1, 11, Wiy, () (s, 1)) = Blsr, 12, Wiy, (@) Jelsidta, ¥ (s,0) € 0,12

satisfying
28) amax mae{[u(5,0), [ (0.} < 8n). ¥ (s.) € 0.1]%
we have
k+k'
(2.9) 1r£1a<xdmax{un i(k,E'), u, (R E)} < gkt =1 (1 + 3C3(w)Vd 2_") B(n),
where Up = (Un,15- - Un,d)s Uy = (U 15+ -5 Uy g) and for everyi € {1,...,d},
Uni(k, k') = sup max{0,u;(s,t)} and u, ;(k, k") = sup max{0, —u;(s,t)}.
(S,t)€[n,k_1 XIn,k’—l ' (Svt)eln,k—l><1n,k’—l

Proof. Suppose without loss of generality that [|b;]|oc < 1 and ||b;[|ec < 1 for every i € {1,...,d}. By Lemma
there exists a subset Q9 C Q with P(Q22) = 1 such that for all w € Qo,

(210) a8k (0.2)(w)| < Ca(w)Vn2™ (o] + 3(n)) on 2,
and
(2.11) ma, |61 (0,2)()]| < Calw)vn2™" (o] + B(n)) on s

for all integers n, k, k' withn > 1,0 < k, k' <2" — 1 and all x € [~1,1]%, where

@) (k+1) (k'+1)2—" R .

@,:kk,(O,x)(w) = / / {bi(slatthl,tl ((.d) +Z‘) — bi(51;t17W81,t1 (w))}d81 dtl
k27n le—n

and

(k+1)27 (K'+1)2™ . .
8000 (0,2) (w) = / / {Bilsr, b, Wi (@) + @) = Bi(s1, 01, Way 1, () sy dtr.
k k

2—n r9—mn

For any w € €3, we choose n € N* such that Cy(w)vdn2™" < 1/6 and split the set [0,1] x [0,1] onto 4™
squares Ing X Inp. We set u = (ug,...,uq), with ut = (uf,...,u}), v~ = (uy,...,u;), i = max{0,u;} and

u; = max{0, —u;} for every i € {1,...,d}. Since Ei(sl,tl, ) and b;(sy,t1,-) are nondecreausing7 we deduce from
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(2.7) that for all i € {1, ...,d} and all (s,t) € Ly X Ink,
—ui(8, k27" —u (k27" ) + us (27" (k, K))
/ / bils1, b1, Wy () + (i1, 12)) = bilsn, 11, Wy, (@) Jelsy iy
k2—n JE2—m
B War ) o, 1) o111, Wy, ) el
k2=n JEk/2—n

/ / 81,t1,W51,t1(W) +ut(s1,t1)) —Bi(sl,tl,Wsl,tl(w))}d& dty

k2-n Jgro—n

- / / (b1, 12 Wy, () = 0™ (s1,00)) = Bilsr, 0, W 1, () b .
k27’!L k/27’!L

Then, using the fact that max{0,z + y} < max{0, 2} + max{0,y}, we have
uf (s,t) <max{0,u;(s,k'27"™) + u; (k27" t) — u; (27" (k, k'))}

/ / 81,t1,Wsht1(W)+U+(81,t1)) _Bi(shtlaWsl,tl(W))}dsl dty
k2-n JEgr2-n

/ / bilsr, 11, Wiy, () — ™ (51, 11)) = B, b1, Wi 1, () by di.

k2 n k/2 n

AS a consequence,

(2.12) uf (s,8) < uf (s,K'27") + uf (k27" 8) + uy (27" (k, K)) + 01, (0,0 (ke + 1,k + 1)) (w)
— 0 (0, =, (k4 1K +1)) ()

for all (s,t) € I,g X I,p. Similarly, we can show that

(213)  wy(st) S uy (s,K27) g (k27" 1) +uf (27" (B, K) — g (0, —, (B + 1, +1)) (w)
+ 89 (0,1, (k + 1,K + 1)) ()

for all (s,t) € Iy X Inw. For any k, kK € {1,2 ,2"} and ¢ € {1,...,d}, we define u,;(k,k") =
max{, ;(k, k'), u, ;(k, k") }. We deduce from Inequahtles - ([2:13) that

Uni(k+ 1,k +1) < max U, ;(k, k' + 1)+ max u, ;j(k+1,k") + max @, ;(k, k')
k 1<j<d ' 1<j<d 1<i<d

2002 (Vs s+ 1 + 1)+ 500) )
1<j<d

and
U, (F+1LE +1) < 11;1?%%@%]»(& K +1)+ 121?%<dﬂn,j(k +1,K) + 1rélfé<dan,j(k, K"
+2C5(w)y/n27" (\/& Joax, Upj(k+1,K +1)+ ﬂ(n)) )
Then

maxunl(k—&—l k’+1)<maxunz(k K +1)+ maxunl(k—i—l k') + maxunl(k k")
1<i<d 1<i<d <d 1<i<d

+ 205 (w) /2" (ﬁlgl% Uik + 1K +1) + 5(n)> .
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Since Cy(w)Vdn2™" < 1/6, we have (1 — 2C3(w)Vdn2=")~!t < (1 + 3Cy(w)vdn2~™) and the above inequality
implies

/ n ’ ~ ’
lrg;axdunl(k—i—l E' 4+ 1) <(1+3C2(w)Vdn2~ )(1mLaXdun,(k E+1)+ maxdun,(k+1 k)—|—11£1iagxdum(k,k)

n 202(w)ﬁ2—n5(n)).

The desired result then follows by induction on k and &’ as in the proof of Lemma 3.9 in [5].

We now turn to the proof of Theorem

Proof of Theorem[2.1] Choose Q1, w, n and B(n) as in Lemma Let u be a solution of (2.6). We have
max{|ul(s,0), |u[(0,#)} = 0 < B(n) for all (s,t) € [0,1]2. Moreover, we deduce from (2.9) that

(2.14) sup max max{u, ;(k, k'), u, ;(k,k')} < 92" " B(n)

’ 7L 7
k.k'€{0,1,2,---,2n} 1Si<d

for all n satisfying Co(w)vdn2~=™ < 1/9. Since the right hand side of 1) converges to 0 as n goes to oo, then,
for all (s,t), we have u(s,t) =0 on ;. O

3. MALLIAVIN REGULARITY

In this section we study the Malliavin regularity of the strong solution to (1.3]).

3.1. Basic facts on Malliavin calculus and compactness criterion on the plane. We first recall some
basic facts on Malliavin calculus for Wiener functionals on the plane which can be found in [34) Section 2] (see
also [35, Section 1]). Let (2, F,P) be the canonical space associated to the d-dimensional Brownian sheet, that
is  is the space of all continuous functions w : I' — R? which vanish on the axes, P is the Wiener measure and
F is the completion of the Borel o-algebra of Q with respect to P. Let (Fs 4, (s,t) € I') denote the nondecreasing
family of o-algebras where F; ; is generated by the functions (s1,t1) — w(s1 A s,t1 At), (s1,t1) € T, w €  and
the null sets of F. Consider the following subset H of €:

¢
H= {w € Q: there exists w € L*(I', RY) such that w(s,t) = / / w(s1,t1)dt1dsy, for any (s,t) € F}.
0

Endowed with the inner product

d
(wi,wo) i = Z/wgl)(slatl)wéz)(slatl)dsldtla
i=1 7T

the set H is a Hilbert space. We call Wiener functional any measurable function defined on the Wiener space
(Q,F,P). A Wiener functional F' : 2 — R is said to be smooth if there exists some integer n > 1 and an infinitely
differentiable function f on R™ such that

(i) f and all its derivatives have at most polynomial growth order,

(ii) F(w) = f(w(s1,t1),...,w(sn,t,)) for some (s1,t1),...,(Sp,tn) €T
Every smooth functional F is Fréchet-differentiable and the Fréchet-derivative of F' along any vector h € H is
given by

d n a
= ZZ sl’tl) w( ))h( 2 Szu 2 /fj q, T)dqd’l“,

j=11i=1 ax

where

"9
gj (Q> 7”) = Z f) (w(sl, tl)v cee ,w(sn, tn))l[O,si]x[O,ti](% 7”).

i=1 5331('J
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Let Iy ; denote the closed hull of the family of smooth functionals with respect to the norm
IF13.1 = IFlI720) + IDFII22(0:)-

Now we present a useful characterization of relatively compact subsets in the space L2(Q, R?). Let us recall
the following compactness criterion provided in [I1, Theorem 1].

Theorem 3.1. Let A be a self-adjoint compact operator on H. Then, for any ¢ > 0, the set
G={GeDay: |Glr2q) + A" DGl L2 < ¢}
is relatively compact in L*(Q, R?).

In order to apply the above result, we consider the fractional Sobolev space:

20 (7. R) - 2 , lg(w) — g(u)P?
GBP(U7R) = {QEL (U’R) /U Umdudu/<oo},

where U is a domain of RP, p > 1 and the norm is given by

lg(u) — g(u')[? 1/2
HgHGi’P(U;R) = ||9||L2(U;R) + (/U . mdudu') .

We need the next compact embedding result from [38 Lemma 10] (see also [I7, Theorem 7.1]).
Lemma 3.2. Letp > 1, U C R? be a Lipschitz bounded open set and J be a bounded subset of L?>(U;R). Suppose

that o
[ [ B g o
gegJuJu |u—u/|p+28

for some B € (0,1). Then J is relatively compact in L?*(U;R).
As a consequence of Theorem and Lemma we have the following compactness criterion for subsets in

the space L%(Q, R?).

Corollary 3.3. Denote by FX the o-algebra generated by the d-dimensional Brownian sheet W =
(WO WD) Let (X™ n € N) be a sequence of (FY,B(R?))-measurable random variables and let Dy,

be the Malliavin derivative associated with the random vector Wy, = (Ws(lt)7 . W(d)). Suppose

(3.1) sup X 2(qray < 00 and sup 1D X ™| L2 x[0,1]2 Rixa) < 00
as well as

||D XM — Dy X2 Ve,
(3.2) itglg/ / / / (s— 5| Tt =] dsds'dtdt’ < oo

for some B € (0,1). Then (X" n € N) is relatively compact in L?*(Q, R?).

Proof. The proof is inspired from [22, Section 5]. We consider the symmetric form £ on L?((0,1)%,R?) defined as

//fst stdsdt+//// 1(5,1) |S_Sslri)|t(f(;|;)+2ﬂg(s’t))dsds’dtdt’

for functions f, g in the dense domain D(L£) C L?((0,1)2,R%) and a fixed 8 € (0, 1), where

lg(s,t) — g(s',t')|?
(L) = {g ||g||L2012Rd)+//// AL I st < o),

Then £ is a positive symmetric closed form and, by Kato’s first representation theorem (see e.g. [24]), one can
find a positive self-adjoint operator T, such that

L(f,9) = {f,Tcg)rL2(0,1)2,re)
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for all g € D(T¢) and f € D(L). Further, one may observe that the form £ is bounded from below by a positive
number. Indeed,

(3.3) L(g,9) = llgllr2((0,1)2,r)

for all g € D(L). Hence, we have that D(L) = D(Té/z).

Now, define the operator A as A = Tﬁl/ ®. Tt follows from Lemma 1 in [28, Section 1] (see also [22, Lemma 9])
and Lemma applied to p = 2, U = (0,1)? that A has a discrete spectrum and a compact inverse A~!. Then,
using (3.1)-(3.3)), the operator A and the sequence (X("), n € N) satisfy the assumptions of Theorem |3.1 |

3.2. Malliavin differentiability for bounded drifts. In this subsection, we assume in addition the drift b is
bounded. The main result of this subsection which significantly generalised those in [35] when the diffusion is
constant is the following

Theorem 3.4. The strong solution {X§7t, s,t € [0,1]} of the SDE (1.3)) is Malliavin differentiable.

The proof of this theorem is done is two steps:

Step 1: We use standard approximation procedure to approximate the drift coefficient b = b—b by a sequence
of functions

by, = Bn—Bn,nZ 1

such that b, = (lA)l,n, ey l;d,n)a by = (D1ms-- - ban), l;j,n)ng and (Ej,n)n21 are smooth and componentwise non-
decreasing functions with sup,, [bjnllee < [1bj]lce < 00 and sup,, [|Bjnllee < [0jllee < c0. In addition, (by)n>1
(respctively, (b, )n>1) converges to b (respctively, b) in (s, t,z) € [0,1)2 x R? ds x dt x dz-a.e. We know that for
such smooth drift coefficients, the corresponding SDEs have a unique strong solution denoted by X&™. We then
show that for each s,t € [0, 1], the sequence (ng:tn)n21 is relatively compact in L?(Q, P; R?).

Step 2: We show that the the sequence of solutions (X%™),,>1 converges strongly in L?(Q2, P; R?).

From Step 1 and Step 2, the result will follow by application of a compactness criteria [32], Lemma 1.2.3].

The next result corresponds to a L?(Q2) compactness criteria. It is analogous to the result derived in [30] for
the case of Brownian motion.

Theorem 3.5. For every (s,t) € Ty, the sequence (Xg’f)nzl, is relatively compact in L*(Q,P;R?).
The proof of the above theorem uses Corollary which in our case is reduced to proving:

Lemma 3.6. There exists C1 > 0 such that for every (s,t) € T'g, the sequence (Xf:tn)nzl satisfies

(3.4) Sl;lfl) ‘lXE,fH%Z(Q,IP’;Rd) <G
and
(3.5) sup sup E [[|Dy, X7 < Co.
n>1 0<r<s
0<u<t

Moreover for all 0 <7/,r <s, 0<u/,u<t,

(3.6) E 1D XS5 = Do XSFIP] < Callr = v'| + u— o)),

)

where || - || denotes the max norm.

Remark 3.7. If (3.6) is satisfied, then for any B € (0,1/2), (3.2) holds. Indeed, since, for any s, s', t, t', one

has

|5 — &[22t —¢'2 < S (ls = 8|+ [t~ ),

DO | =



MALLIAVIN DIFFERENTIABILITY OF SOLUTIONS OF HYPERBOLIC SPDES WITH IRREGULAR DRIFTS 13

then for anyn € N,

(105, X — Dy X
[ e s

<C / / // dsds’dtdt’ // dsds’ // dtdt’ ) o
<A |y o b b wstre—enm <2 Uy fy pnma) Uy, ) <o

To prove the result above, we need some preliminary estimates.

Lemma 3.8. There exists a non-decreasing function 61 : Ry xRy — Ry such that for any 0 <r < s <1, any
O<u<t<l anyk eRy and anyi,j € {1,---,d},

k st ~ ~
(3.7) E|exp (W/ / Oibjon(s51, 11, Wey 0 )dtrdsy ) | < Gk [lbgnl)
and

k s t . - .
(3.8) E[exp (W/ / 8ibj,n(817t17W81,t1)dt1d81>] < Ci(k, [1bjnlloo),

where §(r,s) = /s —r and 6(u,t) =/t — u.

Proof. We only prove (3.7) and the proof of (3.8]) follows anagously. Using integration with respect to local time
formula (see e.g. [6, Corollary 2.3]), we have

s t
/ / 8ibj,n(51,t1>Wsl,tl)dtldsl
i u

st dy, W, ds, BY
(3.9) =— / / bjn(s1,t1, Wey 4y ) —+ l’tl dsy + / / n(s1,1—t1, Wy, 14y) ——2 . Ll qgy
r 1

1—u
Wshl t1
. j’l’L Sla t1>Wsl,17t1)ﬂdt1d817

where (Bilz7 (s,t) € [0,1]?) is the Brownian sheet given by the following representation provided by Dalang and
Walsh [13]

t 17 (9
Wl —wi s pl - [ Mg,
) > 7 0 1 —u
Since the function 2 — €3% is convex,
k s t .
E{exp 71”‘/ / @»bj,n(sl,tl,Wshtl)dtldsl‘)}

(3.10) S%{ [CXP <6r $)0(u,t) ’/ / i Sl’tl’Wsl’tl)cw/sV;lMd D}

[exp(6 (r,s)6(u,t) ’/ /1 Sl’tl’wgl’l_tl)Chlflslhd ')}

(1)
Wshl t1 1
[eXP(a ()8 1) ‘/ /1 51,t1,Wsl,l—tl)ﬂdtldﬁ’)}} = 5(114-[24-]3).
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By Jensen inequality

(2)
d 1W51 )
Il —E[eXp r 8 ]TL slvtla S1, tl) ! i ds ’>:|
‘ i)
’ Gk(\[_\[) dtIW5 " ds;
< E b n(s1,t1, W, 1 1.t
f/r [GXP ( 5(r s) u t) Js (81 1 Jt ) \/§ )} 2\/5(\[_ \/77)

dy, W

)
s1,t1

¢ ) dSl
'j,n 517 15 sl,tl \/;
1

Nema—m

S
S/

Since for every s; € [r, s],

t1 dt W(l
(Ysl,tl = / bj,n(slatQa .[/‘/‘Sl,t2)2Tsllt2 S tl S t)
u

is a square integrable martingale, it follows from the Barlow-Yor inequality (see e.g. [3| Proposition 4.2] and [8]
Theorem A in Appendix]) that there exists a positive constant ¢; such that for any positive integer m and any
s1 € [r, 8],

m m m/2
EYora") <E[ sup (Vi |"] < o' vim BV, )7 = o vin B / Wl Way ) dtr) |

u<t1 <

<eVm™" 8 (u, )™ [y | %
Hence, using the following exponential expansion formula,

6k B 0 6mk/,m|y'817t|m
e (57 g Yoral) =

= 5(u, t)ymm!
we obtain
s 6k e dy, W, ¢ ds;
L<| E by (51,1, Wy, 4, ) —2—200
< [ Blow (agl [ Bt W) Vi ﬂzﬂf—m
s 6k dsy GmkmE|Yslt| ] dsy
= E — Y,
/T {exp((s(u,t)‘ 1,t‘)}2\/— \[_\[ 5 (u, t)ymm)! \/a(\[_\/f)

e m.m m
< Z 6™ ke /m™ ||bjnll

m'

1,1(/€, ‘lI;j,nHOO)v

which is finite by ratio test. Similarly, we also have

I, < 61,1(]@" HijjnHOO)
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To estimate Is we apply one more Jensen inequality and obtain
(@)

WS
e WO LL )

s plou — VW1 —u—+1-1) s(j)l t
g/ /H E[exp<12k(\f g/(;?(s)al(u,t) 1 t)|bj’n(817t1,Wsl,17t1 I‘\me
dty ds;
m—tlm—u—ﬂ—w 251 (/5 — V/7)

/ / exp 12k:||b n“oo‘ 51 1 1 ’)] dtq ds;
! dnllee | e T = 2VT— (VI —u—VI—1)2y/s1(Vs = V1)
<2exp (72k2||bj,n||io> = Cra(k, |bj,nl0),

(i)

. s1.,1—1 . . . .
since |—l~=—L| is a mean-zero Gaussian random variable of variance 1.
NIV A
The proof is completed by choosing C7 = 2C1 1 + C 2. O

Proof of Lemma[3.6. Without loss of generality, we suppose & = 0. Further we set Xgy = XS;t” . We start with

the proof of (3.5). Suppose for every j € {1,...,d}, l;j)n (respectively, Bj,n) is componentwise nondecreasing and
continuously differentiable with bounded derivatives. Then for any (r,u) € [0,1]? with (0,0) < (r,u) < (s,t),

s t
(3.11) Dr,quft:IdjL/ / Vb, (s1,t1, Xg, 4,) DruXg, 4, dt1ds,

where I, is the identity matrix, Vb, = (0;b;, n)1<w<da 0;b; » being the partial derivative of b;(s,t,-) with respect
to x;, and D, X7, = (D} , X} !Vi<ij<a. Since 8;b;.,, and d;b;,, are nonnegative, we have

HDrqut||<1+/ / Z 3b]n(sl,t1,Xslt1)+6bjn(81,t17X51tl)}”Dru X2 [ldtids.
1,j=1

Therefore (see e.g. Theorem [B.1]),

(3.12) 1Dy X2 < exp // Z sl,tl,Xglytl)+&Bj’n(sl,tl,X;‘htl)}dtldm).

1,j=1

Squaring both sides of the inequality, taking the expectation and using the Girsanov theorem (see e.g. [12]
Theorem 3.5] and [33, Proposition 1.6]) and the Cauchy-Schwarz inequality, we obtain

E[| Dy u X2, |]

<E eXp / / Z 8b]n(81,t1,X51 t1)+8b]n(817t17 s1 tl)}dt1d81>]

4,5=1
*]E / / slvtla s1, t1) dW?l tl exp / / Z ab_jn 517t17 s1 f1)+ab] n(517t17 S1 f1)}dt1d51):|
U ogi=1
1
<COE exp / / Z a bJ n(817t17Xsl tl) + 0; bj n(shth X51 tl)}dtldsl>} ’
5,j=1

:COE{ ﬁ - (4/5/ 8i8j7n(81,t1aWslatl)dtldsl) exp (4/5/tai6j77b(31’t1aW517t1)dt1d51>}57

ij=1
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where

(3.13) Co = SupE[g(/ol /Olbn(sptl,Wsl,tl) .dWsl,t1)2]%

n>1

is finite (see Lemma and Remark in the Appendix), with

1 1 1 1 1 1 1
5 (/ / bn(sla tla Wsl,tl )'dWsl,tl) = exp (/ / bn(sla tl, Wsl,tl )'dWShtl . / / |bn(81a tla Wsl,t1)|2'd81dt1) .
0 0 0 0 2 0 Jo

Hence, by Holder inequality, we have

E[|| Dy X34 [1%]
L S t _1_
2 4d? 2 g 442
<Cy JHlE[eXP 8d //ab, (s1,t1, Shtl)dtldsl)} E[exp(Sd / /ualb ,n(slvtlvwsl,tl)dtldsl)} .

Then, by Lemma we obtain

n |12 < ~ 2 7 7. < ~ 2 17 7
B[ D5 X74l17) < G x Ca (802, mase (lbsnlloo + [Bsinlloc} ) < G x Ca (82, bl + [Bl1o).

which means that the Malliavin derivative of X™ is bounded in L?(Q, P; R9).
Next we prove (3.6). We deduce from (3.11)) that for all 0 <7/ <r <s<1, 0<v/ <u<t <1,

Dy X!, — Dy X7,
s t
/ / Vb 51, t17X51 tl) Dru 81 t dt1d31 / / Vbn(slatthl,tl) Drf7u/X;’t1 dt1d31

//Vb (1,1, Sltl)(D XgltlfDr/u/Xﬁh)dtldslf/

/ Vb slatlanl tl)D?”/ U/X‘?l t dtldsl
—/ / Vbn(slatlaX:’htl)Dr’,u’X;ll’tl dtldsl.
r’ Ju

Taking the norm on both sides and using the fact that b, = by, — b,,, with l;n, b,, nondecreasing, gives

HDr,qut - Dr’,u’th

/ / Z 817t17X51 t1)+ab (Slatlstl t1 }HDruX;ll t1 D'r u’Xsl t1 dtldsl
4,J=1
/ / Z 3bjn(sl,t1,Xsl t1)+8b]n(51,t1,X91 th }HDT u/)(s1 t dt1d51
u’ 7,7=1
/ / Z abjn(sl,tl,Xsl tl)-f—ab]n(sl,tl, 51 t }HDW U’Xsl t dt1d81

1,5=1
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Applying Theorem we obtain

(3.14) | DraX2y = Do X2,
s pu d
g(/ / 3 {@bj’n(sl,tl,XS”l’tl)—|—8ibj,n(sl,t1,X§htl)}HDT,,U/X;LMI dt1ds;
e =1
r t d
+/ / > {0y (11, X0 1)+ 0iby (10, X2 ) [ D X2, i)
o Ju i

s t d
X exp (/ / Z {8ibj7n(sl,t1,Xgl’t1) + 8ib;',n(slatleglytl)}dtldsl)

2,j=1
Since &'i)j,n and &j)jm are nonnegative, it follows from (3.12) that
s t d
1D X3, ]| < exp / / S {00b s, X0, 1) + Dby (50,12, X2 ) Jeltndss ).
vl =1
Hence, we deduce from (3.14)) that it holds:

S u d
S(// // Z {aibj’n(sl,tl,xghtl)—|—6ibj’n(81,tl,X;Ltl)}dhdSl

ij=1

T t d
+/ / Z {aibjyn(sl,tl,X:htl) +8ibj7n(slat1;X;llvtl)}dtldsl)

i,j=1

n n
HDT,qu,t - DT’KM'XS,t

s t d
X exp (2 /7-/ A/ Z {aibj,n(shth X;,h) + 8ibj,n(slvt17X?1,t1)}dt1d81) .

ij=1

Squaring both sides of the inequality, taking the expectation and using Cauchy-Schwarz inequality and Girsanov
theorem give

EH‘D““X& — Do Xy

]
§47CO("§ {]EK/ /u aiéj,n(sl,tl,Wshtl)dtldsl)s} +1EK/ /u 81-13]-,”(51,151,Wslytl)dtldsl)s}

+E[( /T /t by (o1, 11, W) dtrdsn ) | +E /T /taiz;j,,L(sl,tl,Wmmtldslﬂ})i
rJu ' Ju

s ot d 1
X E|:€Xp (16/ / E {aibj,n(shtl? Wghtl) + 8,-13]-7”(51,151, Wsl,tl)}dtldsl)} !
T =1

=4TCo(Jy + Jo + J3 + Ju)Y* x s,
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where Cj is given by (3.13 - It follows from Holder inequality and the estimates . ) that

J5—E[exp 16/ / Z abjn(sl,tl,Wsl,tl)—|—8bJn(sl,tl,WShtl)}dtldsl)}%

1,j=1

1

< ﬁ E[exp (32d2 /S/ &lA)j,n(sl,tl,Wghtl)dtldsl)} ﬁ]E{exp (32d2 /S /t 31'51'771(51,t1,Ws1,t1)dt1d51>] =

<C1(32d2, ||b]|oo + [1B]|0o) ¥

Moreover, using the inequality 2% < 8le® (z € R), we have

E[(/,s _/? ail;jvn(shtlvWsl,tl)dtldsl)S} +E[(/,S /jl 5¢?)j,n(81,t1,Wsl,tl)dtldsl)g}
§8!5(7‘/,S)85(u',u)8E[eXp (m‘ //S /If aigj,n(slvtlvW51,t1)dt1d$1’)]

1 S u .
STt f, Oselon o Wora st )

<2(8)Ch (1, [1Blloo + [B]|o0)d(w, u)*

+816(r, 5)%0 (u', u)°E {exp (

and

E K /IT /t &'Bj,n(sh t1, Wsl,tl)dtldsl>8} LR /T /t aii)j,n(317 ” Wslytl)dt1d81>8:|

<816(r',r)%5(u, t)® {exp (5 / 8b]n 81,11, Sl’tl)dtldslb]

in Sl,tl, W31 tl)dtldsll)}

+815(r', )8 8E[exp<
<2(81)C1 (L, [[Bllo + 1Blloc)3(r, )%,
As a consequence,
Ji+ o+ I3+ Js < 4(8!)51(1, ||ZA)Hoo + ||5||oo)(|r - r’|4 + |lu— u'\4).
Therefore

2 ~ ~ -
B[ D1 X2 — D X2 ] < 456C x G322, bl + 1Blc) /(0 = ' + =)

Finally, by the Girsanov theorem and the Cauchy-Schwarz inequality, we have

sup ||X;t‘|%2(Q7P;Rd) =supE [|X;‘t| = supE / / bn(s1,t1, Wy 1y) 'dW517t1>|Ws,t|2:|
n>1 n>1

n>1

< supE[é’(/ / bn(s1,t1, Wy 1q) -dWShtl)Q}%E“WS,tﬁF < C'o\/@7
o Jo

n>1

where Cj is given by (3.13).
The proof is completed by taking C; = Comax{v/3d,4%(8!)C1(32d2, [|b]|s + [|b]/00)}- O

For ¢ > 1, let us consider the following space LI(R?; p(z)dz) defined by

(3.15) LY(RY p(z)dx) = {h : R — R? measurable and such that / |h(2)]9p(z)dx < oo}7
Rd
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where the weight function p(x) is defined by

L
p(x)=e e , x € RY,

Theorem 3.9. Let b, be defined as before and let (X£ ")n>1 be the sequence of corresponding strong solutions to
the SDE (L.3). Then for any fized s,t € [0,1], (X% ' )n>1 converges strongly in L*(Q,P;R?) to th

In order to prove the above theorem we need the subsequent result.

Lemma 3.10. Let (X™"),>1 be the sequence of corresponding strong solutions as given before. Then for ev-
ery s,t € [0,1] and function h € L*(R% p(x)dx), it holds that the sequence (h(Xff))nzl converges weakly in
L2(Q,P;RY) to h(XE,).

Proof of Theorem[3.9 Using Theorem we know that for each s,t, there exists a subsequence (Xftn V1
that converges strongly in L?(Q,P;R%). Set h(z) = x, + € R? and use Lemma to obtain that (ng’“)nzl
converges weakly to Xf’t in L?(Q,P;R?). Thanks to the uniqueness of the limit, there exists a subsequence

ng such that (va’t"k)nzl converges strongly to th in L2(Q,P;R%). The convergence then holds for the entire
sequence by uniqueness of the limit. To see this, suppose by contradiction that for some s,t, there exist € > 0
and a subsequence n;, [l > 0 such that
||X€ = ng,t”L?(Q,IP;Rd) > €.
We also know from the compactness criteria that there exists a further subsequence n,,, m > 0 of n;,l > 0 such
that
X{annm N X : L2 .d
ot st 0 L7(Q,P;R?) as m — oo.

However, (Xf:t"’“)nzl — Xf,,t as k — oo weakly in L?(Q,P;R?), and hence by the uniqueness of the limit, we
obtain
X = X2,
Since
||Xé B — X§,t||L2(Q,IP;Rd) > €,

we obtain a contradiction. O
Proof of Theorem[3.]} We know from Theorem [3.9| that (thn Jn>1 converges strongly in L?(Q,P; R?) to Xit and
from in Lemmathat (Dr,uXif)nZl is bounded in the L2([0,1]? x Q,ds x dt x P; R?*9)-norm uniformly
in n. Thefore, using [32] Lemma 1.2.3], we also have that the limit Xit is Malliavin differentiable. ]

Proof of Lemma[3.10 Let us first noticing that the space

1 1 82<p .
¢ Pt : 112 Ré
{g(/O /O aSlatl dWShtl) ¥ = Cgquoa ] ’ )}

is a dense subspace of L2(Q, P;RY). Here Cy ([0, 1] R?) is the space of bounded vector functions ¢ such that each

; . .. 0%
component ¢" has a second partial derivative a:’ 5;1 of bounded variation with values in R. Hence, it suffices to
show that for every i,

ne( [ [ Zemaw, )] —uiecos( [ [ Do aw, )] s oo

Since  is a Wiener space, then, as in [25 proof Lemma 2] or [46], proof of Theorem 2|, one can show a multidi-
mensional analog of the Cameron-Martin translation theorem. Precisely for every g : R — R measurable, one
has

310 sloccsos( [ [ Bt aw)] = [ oo+ enape
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Let ¢ € Cy4([0,1]2,R%). For every n, the process X&™ given by Xftn (w) = Xff(w + ¢) solves the SDE

; _ 0?
&n &n Ps,t
(3.17) dXSr = (bn(mX&t )+ o )d dt + dW, ,.

Since X¢ is also the solution to the SDE it holds that X¢(w) := X¢(w + ¢) satisfies

8 . 02¢,
(3.18) dX¢, = (b(uxjt) + 52 t)dsdt +dW,,, Poas.

Applying (3.16]) and the Girsanov theorem, we have

E:hi(ijt”)€</01 01 %2:32? .dWShtl) —m()(jt)g(/o1 01 ‘?;‘igt’fll .dWSI,tl)}
(e o) ( | [ Gl )

82()0817751
—E €+Wst / / 81,t17§+W51,t1)+m}'dWS1,t1)

(3.19) S /0 /0 b(st, b1, €+ W) + 8625185&? boaw, ) b,

Using the fact that |e® — e?| < |e® 4 €®||a — b|, the Holder inequality and Burkholder-Davis-Gundy inequality, we
g

get
2 1 1 92
/ / ‘98513:11 Wai ) = hi(XE0E ( /0 /O Lazngdwsl,n)}
SCE{ (I+W9t // (81,11, 6+ Wiy t,) + 6;igéjl}'dwﬁm)
e / [ {pon i Wi + S8} aw, )]
// w1000 E o Wa ) = blsn, 1, €+ Wiy ) - W) |
+E[ // n(s1,t1, 6+ Way ) + 8;;‘;3;)2—(b(sl,t1,§+Wsl,tl)+ig;t’il)z)dsldtlﬂ}‘l‘

% s
<CE[hi(x+ W,,)’] / / lorst1, €4 Wea) + SEE L )

+& /1 /1 b(317t17§+VVsl,t1) + %i;tt; } 'dVVsl,tl))Zj%

x{//

32<p 4\ 2 5290 RNIT :
th, , ) —(b 6+ W, 7) Hd dt}
// n(81,t1, 6+ Wey 1y) + 9510t (s1,t1,6+ Wy t,) + 9510t s1dty
(320) = Il X Ig,n X (137»” +I47n)-

4} dsydt;

T £+Wsl t1> - b(517t17£+W81,t1)
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I, is finite since h € L*(R; p(x)dx). Next observe that

82 S1,t1
/ / Slat1a§+W317t1) at;pla;l }'dW$17t1>

1 1 92
psi,
([ [ nartnc e Wy aw el [ O )

D?ps,.
X exXp / / 517t17£+W91 tl) awatil dsldt1>

Using the boundedness of a%alttl and the uniform boundedness of b,,, it follows that I5,, is bounded. Using the

dominated convergence theorem, we get that Is, and I, converge to 0 as n goes to infinity. Let us for example
consider the term I3 ,. Using the density of the Brownian sheet for every ¢ > 1 it holds:

|

bn(sata€+Ws,t) _b(svt7f+Ws7t)’q:| / |b 5, 3 €—|—Z) —b(S t £+Z)‘q€ 2” dZ

V2mst
—\/ﬁ/ﬂan(s,t,z)— b(s,t,z)|9 " e dz

Clz—2¢]2 122 2
Vst / b, t,2) = b(s,t,2)|7e ™ T e h e dz
s R

a2
bn(s,t,2) —b(s,t,2)|% 15 dz.
|
2wst Jr

Thus the result follows by the dominated convergence theorem. O

3.3. Malliavin regularity under linear growth condition. As in the previous section, we approximate

the drift coefficient b = b — b by a sequence of functions b, = b, — b,,n > 1, where by, (b1 - bd )
b, = (Bl,n, cl, Bdm), (0j.n)n>1 and (bj,n)nzl are smooth, componentvvlse non-decreasing and bounded functlonb
satisfying:

e There exists M > 0 such that ||b; ,,(s,t,2)|| < M(1 + |z|) and ||b; (s, t,2)|| < M(1 + |z|) for all n > 1
and (s,t,x) € Ty x RY,
. (l;n)nzl (respctively, (b )n>1) converges to b (respctively, b) in (s,t,2) € [o x R% ds x dt x dz-a.e.
One verifies that for such smooth drift coefficients, the corresponding SDEs have a unique strong solution denoted
by X&™. We show that for s, small enough, the sequence (Xff )n>1 is relatively compact in L2(Q, P;RY). The
proofs of the next two results are similar to that of Lemmas [3.§] - § and [3.6] and are found in Appendix.

Lemma 3.11. There exist Cg > 0 and ¢ > 0 such that, for any i,j € {1,---,d}, any 0 < r < s < 1, any
O0<u<t<landany k € Ry,

s t
(3.21) ]E{GXP (6(rs)<5(ut)/ / 3ibj7n(817t17Wsl,tl)dtldslﬂ < Oy,
and
g s t . -
(322) ]E[exp (W / / aiijn(517tl7 Wel,tl)dt1d51>:| S 02,

where §(r,s) = /s —r and §(u,t) =/t — u.

Lemma 3.12. There exist Co > 0 and 7 € (0,1) such that for every (s,t) € [0,7], the sequence (Xf,’t")nzl
satisfies

(3.23) Sl;li HXZtH%z(Q,P;Rd) <
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and
(3.24)
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sup sup E [||D,.,uX;ft||2] < Cs.
n>10<r<s
03u<t

Moreover, for all0 <7' r<s<7, 0<uv,u<t<r,

(3.25)

Here is the main result of this section which is a consequence of Lemma and the compactness criterion

E [||DT7UX?¢ —

provided in Corollary [3-3]

Theorem 3.13. There exist T € (0,1) such that for any the strong solution {Xf’t, s,t € [0,7]} of the SDE (1.3

is Malliavin differentiable.

Proof. As in the proof of Lemma m we show that (Xf)’t")nzl converges weackly in L%(Q,P;R?) to Xft for
t) € [O 7]2. Hence, using Lemma and the compactness criterion provided in Corollary 3.3) we
deduce that (X% ' )n>1 converges strongly in LQ(Q P;R%) to th Then, since (Dj., X% 'f )n>1 is bounded in the
L2([0,1]? x Q,ds x dt x P; R4*¢)-norm uniformly in n (see (3.24))), it follows from [32, Lemma 1.2.3] that the limit

every (s,

Xg)t is also Malliavin differentiable.

Lemma A.1l. There exist 11 € (0,1) such that

(e

Proof. By Cauchy-Schwarz inequality, we have

(A1)

E
:E

:E

I
enlef [ 1
e[

of

Dy X34 |P) < Collr = '] + fu = w']).

APPENDIX A. PROOFS OF LEMMAS 3111 AND 312
In this section we provide the proofs of Lemmas [3.11] and [3:12] Let us start with a useful estimate.

supIE
n>1

(5,8, Wyt) - dWS,t)Q]

(5,8, Wis) - dWs,t)Z} < .

(5,6, W) - dWstf// stht)|dsdt>}

(80t W) - dWs, — 4 / / bn(s,t, Wi t) 2dsdt+3/ /
%
eXp / / (s,t, W 1) dsdt)} )

(5,6, W) - dWSt

1

2

Since b, is bounded, we have (see e.g. [33, Proposition 1.6])

RO

Moreover, by Jensen inequality,

exp / / |br (5,8, W 1) dsdt)}

(5,8, Wis) - dWS,t)] -1, Yn>1,1m>0.

%/ 1/ 1 E{GXP (677 |bn (s, t, W) |?) }dsdt
iJo Jo
1 T1 T1 ) - )
S712/0 /0 E{eXp (2471 Md(1+ [Ws 4 )) }dsdt
exp )

247'12Md
/ / eXp(24T1 Mdst|G| )} dsdt
0

247'12Md) [exp(247'{1Md|G\ )}

|
/-\ /—\

n (S, t, Wi t)\zdsdt)]
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where G = (G1,...,Gy) is a mean-zero random vector with identity covariance matrix.

The proof is completed since E [exp(lZT{*M d|G \2)} < oo for 71 small enough. O
Remark A.2. When the drift b is bounded, the functions b,, n > 1 are uniformly bounded and, as a consequence,

1
O—Sup]E // (S, Wi t) dWSt)}2<oo
n>1

Proof of Lemma[3.11. We only prove (3.21) since the proof of ([3.22)) follows the same lines. We deduce from the

local time-space integration formula (2.1]) that

Blew (5ot /| /taiz;j,n@l,tl,Wshtndtldsl\)}

wn <befen (- / [t
d, B(z)

+E{6XP SC 5171517We1,1—t1)1751’t1d31‘)}
(5 (r,s) 1— S1
(1)
3( Wl 1—t, 1
—HE[GXP 5(rrs) . bjn 317t17Wsl,l—tl)ﬁdtldsl‘)}} = 5(11 + 1+ I3).

By Jensen inequality,

(@

= (sagspl [ Boton o W 0 )

s _ de, s(ll?tl S1
S/r E{exp<66\[ V) ’/b (51,1, W, 8,) \Ij% )]2\/5(?/5\/;)

< [ e R L) |
=~ . 1,01, Sl,tl \/§ 2\/5(\/*_\/;)

Since, for every s € [r, s],

4, w®
to sl,tz’u<t1 St)

NG <

is a square integrable martingale and similar reasoning as before gives

t1
(Yshtl ::/ bj7ﬂ(51’t27W81,t2)
u

E[|Y;, o] < 27" M m™ 8 (u, )"

From this and the exponential expansion formula, we get

00 ~
24m<m6%mmmMm -
<y
Il < m! Cl,l;
m=0

which is finite if ¢ < ¢/24c¢}M (by ratio test). Similarly, we also have

I, < 51,1-
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To estimate Is we apply Jensen inequality again and we obtain
(@)

Wsl,l t1
I3 —E[exp( T 53C Ut ‘/ /1 jn 817t1,W51,17t1) (1_t1)dt1d81’)]
s i AT YT
<[ Bl (K
% dtl d81
2\/1—t1(¢1—u—\/1—t)2\/§(ffﬁ)

~ |Ws(f?1—t1‘2 dty dsy
/ /1 [exe {2007 (1 + T ] 2\/1—t1(\/1t—u—\/1—t) NG

with CLQ finite provided that 24M¢ < 1/2.
The proof is completed by choosing ¢ = 1/25¢3M and C; = (2Cy 1 + C12)/3. O

7 s1,1
|bj,n(sl,t1,W51717t1 |’f\>]:71h’>:|

Proof of Lemma[3.13 Fix 7 € (0,min{r,(/32d?}), where 71 is the constant in Lemma and ( is the constant in
Lemma We deduce from Theorem and the linear growth condition on the drift b,, that E[|| X7, [?] < C2.
for all (s,t) € [0,7]? and n > 1, where C3; does not depend of (s,t) and n. Let 0 < ' < r < s < 7 and
0<v <u<t<rT. Since

7<7 and 6(r,8)6(u/,t) <7< #,
then, using similar computations as in the proof of Lemma one can deduce from Lemma Girsanov
theorem and Holder inequality that

sup sup E{HDKUX;”tHz} = (a2 < 00
n>1 0<r<s
0<u<t

and
E[IDy X2 = Do X4l < ol = v/] + Ju = )
for some positive constant 52 independent of n. The proof is completed by taking Co = max{Cs1,C22,C23}. O

Remark A.3. It is worth noting that if the drift is in addition the difference of two convex or concave functions,
then the solution to the equation 18 twice Malliavin differentiable. Indeed, b = b—1bis Lipschitz with the
second order weak derivatives of b, b posztwe or negative.

APPENDIX B. A GRONWALL TYPE INEQUALITY FOR FUNCTIONS OF TWO VARIABLES

The next result which is originally due to Wendroff, extends Gronwall inequality to functions of two variables
(see e.g. [40, Theorem 5.1.1]).

Theorem B.1. Let g(s,t), a(s,t), k(s,t) be non-negative continuous functions for all s > sg, t > to, and let
a(s,t) be non-decreasing in each of the variables for all s > sg, t > to. Suppose that for all s > sg, t > to,

S t
g(s,t) < a(s,t) —l—/ / k(s1,t1)g(s1,t1) dt1dsy.
so Jto

Then for all s > sg, t > tog,

s t
g(s,t) < a(s,t)exp (/ / k(sl,tl)dtldsl).
so Jto
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