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Abstract. In this paper, we consider a Markov decision process (MDP) with a Borel
state space X U {A}, where A is an absorbing state (cemetery), and a Borel action space
A. We consider the space of finite occupation measures restricted on X x A, and the
extreme points in it. It is possible that some strategies have infinite occupation mea-
sures. Nevertheless, we prove that every finite extreme occupation measure is generated
by a deterministic stationary strategy. Then, for this MDP, we consider a constrained
problem with total undiscounted criteria and J constraints, where the cost functions are
nonnegative. By assumption, the strategies inducing infinite occupation measures are not
optimal. Then, our second main result is that, under mild conditions, the solution to
this constrained MDP is given by a mixture of no more than J + 1 occupation measures
generated by deterministic stationary strategies.
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1 Introduction

Perhaps the first paper, where the discounted Markov decision process (MDP) was re-
formulated as a linear program, is [7]. The modern so called ‘convex analytic approach’
originates from the works by V.Borkar [4, 5]. It is applied to the models with total cost
(discounted or not) as well as with the long-run average cost: let us only mention the book
treatments [1, 28, 31] and the survey [6]. This approach proved to be especially fruitful in
dealing with problems with constraints, see the survey [32] and the authoritative mono-
graph [29] on finite MDPs, i.e., MDPs with finite state and action spaces. For convex
analytic approach to continuous-time MDPs, see e.g., [24, 25, 33] and the monograph [34].

The convex analytic approach is based on the reformulation of the constrained MDP
problem as a convex optimization problem in the space of occupation measures with affine
objective functions and inequality constraints, where the occupation measures are defined
in accordance with the performance criteria of the MDP problem. The space of occupation
measures is a convex space (i.e., a convex subset of a cone, not necessarily of a vector
space). Thus, here, the relevant notions, such as convex optimization problem, affine
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functions and extreme points, are understood with respect to (wrt) the underlying convex
space, see [37]. An important target to show is the existence of an optimal strategy for
the MDP problem, whose occupation measure is the convex combination of finitely many
extreme points in the space of occupation measures, which we call extreme occupation
measures. If the number of constraints in the MDP problem is J, the mixture is over
at most J + 1 extreme occupation measures. Such a strategy is called a (J + 1)-mixed
optimal strategy. Then a key ingredient in the convex analytic approach to MDPs is the
characterization of such extreme occupation measures. This task is easier when the state
is discrete (finite or countable), as considered in [1, 4, 5, 29], but our consideration in this
paper is a Borel MDP model, by which we mean an MDP with Borel state and action
spaces.

Let us concentrate on the literature for Borel MDP models. For discounted MDPs,
the most relevant recent works include [12, 16, 21], where by using the convex analytic
approach, optimal stationary strategies were proved. While mixed strategies were not con-
sidered in [12, 21], in establishing the existence of a so called optimal chattering strategy
in [16] (see also [22, 23]), the existence of an optimal (J + 1)-mixed strategy was observed,
see the proof of [16, Theorem 2]. For discounted MDPs but under more restrictive condi-
tions, this result appeared in [31, 42]. In an absorbing MDP, there is a costless absorbing
state, called ‘cemetery’ for brevity, and, given the initial state, under each strategy, the
expected time until the state process reaches the cemetery is finite. In fact this is equiv-
alent to the expected absorbing time say T being bounded in the set of all strategies, see
[18, p.132]. The expected absorbing time can be written as the series of the tail proba-
bilities of T > m over m > 0. If this series converges uniformly over all strategies, then
the MDP is called uniformly absorbing. This definition appeared in [17]. It was observed
in [17] that discounted MDPs are special cases of uniformly absorbing MDPs, by viewing
the discount factor as the parameter of a geometrically distributed external killing time.
For uniformly absorbing MDPs, the existence of a (J + 1)-mixed optimal strategy was
obtained by Feinberg and Rothblum, see [18, Theorem 9.2], as well as that each extreme
occupation measure is generated by a deterministic stationary strategy, see [18, Lemma
4.6]; see also [38]. The convex analytic approach was also developed for optimal stopping
problems in discrete time, see [10] and the references therein.

In the present paper, we consider an MDP with a Borel state space X U {A} and a
Borel action space A. The point A is a single absorbing state. We call such a model an
MDP with an absorbing state or with a cemetery, though it is also known under other
names such as the stochastic shortest path problem, see [2], where unconstrained MDP
problems were considered and the main interest was the characterization of the optimal
value function out of the class of so called proper strategies in terms of the solution to
the optimality equation. It is without loss of generality that we consider a fixed initial
state rather than a fixed initial distribution. We also assume that the cemetery A is
costless. For this reason, we consider occupation measures as the total expected state-
action frequencies restricted on X x A. If a strategy has a finite occupation measure, we
call it an absorbing strategy with the given initial state. Proper strategies as considered
in [2] can be viewed as special types of absorbing strategies. If the occupation measure of
each strategy is finite, our model becomes the absorbing model. Nevertheless, similarly to
[9], here we do allow that some strategies have infinite occupation measures. This is the
main novelty compared with the aforementioned works [12, 16, 18, 21], see more comments
on this below.

Our contributions are as follows. First, we show that every extreme point of the space
of finite occupation measures is generated by a deterministic stationary strategy. Then, we



consider a constrained problem with total undiscounted criteria and J constraints, where
the cost functions are nonnegative. We formulate the problem as a convex program in the
space of occupation measures (see (5)). Under mild conditions, we show that there exists
an optimal strategy whose occupation measure is in the form of a mixture of no more than
J 4+ 1 occupation measures of deterministic stationary strategies.

For the latter result, we make the assumption, which in particular, implies that strate-
gies inducing infinite occupation measures are not optimal. Under this assumption, for
the MDP problem, instead of dealing with the whole space of occupation measures, it is
sufficient to work with the space of finite occupation measures. However, restricting an
MDP to absorbing strategies is not the same as considering an absorbing MDP. Firstly,
in an absorbing MDP, the total values of all occupation measures are bounded above,
whereas if the MDP is not absorbing, then the total values of all finite occupation mea-
sures can be unbounded. This can be seen by considering an optimal stopping problem as
n [10]: for the set of strategies, stopping at step n = 1,2, ..., the values of their (finite)
occupation measures are unbounded. In this connection, we mention that, for discounted
MDPs, see e.g., [31], it is convenient to endow the space of occupation measures with the
weak topology generated by bounded continuous functions. The same was done in [18]
for absorbing MDPs. To deal with infinite occupation measures, we endow that space
with the final topology generated by the projection mapping from the space of strategic
measures to occupation measures. These features require new proofs of the key theorems
on the characterization of the extreme finite occupation measures (see Theorem 1) and
on the sufficiency of mixtures of (occupation measures of) deterministic strategies (see
Theorem 2).

In terms of other relevant works, we mention the following. First, constrained total
undiscounted Borel MDPs with non-negative cost functions were also studied in [9]. Al-
though it was not assumed a priori in [9] that there is a costless cemetery in the state space,
it was shown under some conditions that one can always construct a costless cemetery set,
after modifying the admissible action spaces on that set. By merging this set as a costless
cemetery, we may view the model in [9] in the framework of the present paper, and can
apply to it our first result on the characterization of extreme finite occupation measures.
Except for special cases, our second result concerning the optimal mixed strategies are not
applicable to the model in [9] because no assumption was made in [9] that strategies with
infinite occupation measures were suboptimal or infeasible. On the other hand, neither the
extreme occupation measures nor the mixed strategies were considered in [9]. The paper
here can be viewed as a complement to it. Second, we note that the results in this paper
are also relevant to the studies in continuous-time MDPs, see [26, 35, 36], because the
problems considered therein were eventually reduced to an MDP model, see more details
in the book [34].

Allowing the cost functions to be negative leads to a more complicated theory. The
convex analytic approach to such constrained MDPs was developed in [8, 11], but mixtures
of occupation measures were not considered there.

The rest of this paper is organized as follows. The MDP model under study is described
in Section 2. Several necessary auxiliary statements are given in Section 3, including the
known results on the solvability of the formulated problem. Sections 4 and 5 present the
main results: characterization of the extreme occupation measures and sufficiency of the
finite mixtures of deterministic stationary strategies. The paper ends with a conclusion in
Section 6. The proofs of the main statements are postponed to the appendix.



2 Description of the model

The primitives of an MDP are the following.

e The state space is XA = X U {A}, where X is a nonempty topological Borel space,
endowed with the o-algebra B(X), and A is the isolated absorbing state (cemetery).

e The action space A is a nonempty topological Borel space, endowed with the o-
algebra B(A).

e The transition probability p(dy|z,a) is a stochastic kernel from XA X A to B(Xa);
p({A}A,a) = 1.

e The [—o0, +o00]-valued one-step cost functions r;(-,-) on Xa x A, j =0,1,...,J,
where J € {0,1,...} is a fixed integer; (A, a) = 0.

Usually, the initial state zg € X is fixed, but sometimes we consider other arbitrarily
fixed initial states z € X. (See, e.g., Lemma 3.)

Regarding terminology, we often refer to {Xa, A, p, {r; }‘j]:o} as a MDP model or sim-
ply a MDP. We may also consider the ‘cost-free’ MDP model {Xa, A, p} because several
definitions and properties presented below do not involve the properties of the cost func-
tions.

Definition 1 (Strategy) Consider the MDP { X, A, p}.

(a) A strategy o = {on}22, is a sequence of stochastic kernels such that for each n =
1,2,..., on(dalzo,a1,...,2,_1) s a stochastic kernel from (Xa x A)""! x Xa to
B(A), where (Xa x A)? x Xa := Xa.

(b) A strategy o0 = {0,}52 is Markov if for each n = 1,2,..., there is a stochastic
kernel oM (da|z,_1) from Xa to B(A) such that

oM(da|z,_1) = op(dalzo, ay,. .., Ty 1)
for each (xq,a1,...,2,-1) € (Xa x A)" 1 x XA.

(c) A strategy o = {0, }5°, is called stationary if there is a stochastic kernel o®(da|z)
from Xa to B(A) such that

o’(da|xn—1) = op(dalxg, a1, ..., xn_1)

for each n = 1,2,..., and (zg,a1,...,2,_1) € (Xa x A)" ! x Xa. Below, a sta-
tionary strategy is usually identified with o*.

(d) If o®(dalx) is concentrated on {p(zn—1)}, where ¢ is an A-valued measurable map-
ping, then the stationary strategy is called deterministic stationary. With conven-
tional abuse of notations, we often signify a deterministic stationary strategy by .

(e) We always assume that oy ({a}|xo,a1,...,A) =1 whenever x,_1 = A. Here a € A
is an arbitrarily fized action.



As is well known, for each control strategy ¢ and initial state o € X, there is a unique
strategic measure on the sample space €2 := (Xa x A)>, denoted as Pg_, which is specified
by the following conditions:

P2, (Xo € dy) = 040 (dy); (1)
and for each n =1,2,..., TX € B(Xa) (i =0,1,...,n) and TA € B(A) (i = 1,2,...,n),
PI (XoeTq, A1 e, ..., X, €TX |, A, eT2) (2)
= / Un(Fﬁ‘\:L'o,al, oy T 1)PT (X0 € dwo, Ay € day, ..., Xn 1 € dTy_1);

IEXTP X xTX_ |

and
P (Xo €Ty, A1 eTf, .., X, eTY) (3)
= / p(F%‘mn_l,an)

X «TA x...xT'X A
g xe-xTys  xT'H

XP;O(XO S diL'o,Al € dal, e, Xpo1 € dZEnfl,An € dan)

For details, see [14, 27, 31]. Denote by X the set of all strategies, and by P := {P] : o € ¥}
the set of all strategic measures (with the initial state g € X). The expectation taken
with respect to P is denoted by E7 . We equip the space of probability measures on B((2),
denoted as P(Q), with the weak topology generated by bounded continuous functions on
Q, and fix its trace T on the space P of all strategic measures. Then P(Q2) is a Borel space,
see [3, Corollary 7.25.1], and we endow P(£2) with its Borel o-algebra.

The constrained optimal control problem for the MDP model {Xa, A, p, {73}37:0} is

o0
Minimize over all strategies o:  Ef [Z r0(Xn, Ant1) (4)
n=0
o
subject to EZ, [Z ri(Xn, Ang1) | <dj, j=1,2,...,J,
n=0

where, for j € {0,1,...,J},

Ego [Z Tj (XTM ATL-‘rl)

n=0

00
= Ego [Z r;_(XTLa ATL+1)
n=0

—E7, [Z 77 (X, Ant1)
n=0

with rj(', -) and r; (-, ) being the positive part and the negative part of the function r;(-, -)
so that r;(-,-) = r;f(~, ) =15 (++). We accept that 0o — 00 := 0o concerning the definition
of EZ, Do 7i(Xn, Any1)]-

If J =0, then the problem is called unconstrained.

Definition 2 (Feasible and optimal strategies) A strategy is called feasible if all the
constraints in (4) are satisfied; it is called feasible with a finite value if, additionally,
EZ, Dm0 70(Xn, Any1)] € R := (—00,00); it is called optimal if it solves problem (4).

Definition 3 (Semicontinuous MDP) An MDP {Xa, A,p, {Tj}}]:o} is called semi-
continuous if



(a) The action space A is compact.

(b) For each bounded continuous function f(-) on X, [x f(y)p(dy|z,a) is continuous in
(x,a) € X x A.

(c) For each j =0,1,...,J, the function r;(-,-) is lower semicontinuous on X x A.

3 Preliminaries

In this section, we collect some preliminary results, which will be needed in proving the
main results of this paper. Several of them are known, or follow from well known results.
They will be called propositions. We thus skip the proofs of most of them but always refer
to relevant literature.

Proposition 1 (a) The set P of all strategic measures, for a fized initial state xo € X,
is a measurable and convexr subset of P(S2). (Recall the notations introduced below

(3)-)

(b) Suppose conditions (a) and (b) in Definition 3 are satisfied. Then the space P,
endowed with the weak topology, is compact.

Proof. For the first statement, see Theorem 8 of [31] and Chapter 5,85 of [14]. For the
second statement, see e.g., [39]. O
Unless stated otherwise, we always endow the space of strategic measures with the
weak topology.
The next result is known as the Derman-Strauch Lemma. It asserts that the marginal
distributions of each strategy can be replicated by a Markov strategy.

Proposition 2 For each strategy o, there is a Markov strategy o™ = {0%}%":1 such that
PI (Xp-1 € dx, Ay, € da) = PS (X1 € dz, Ay, € da)

for each n = 1,2,.... Here oM is the stochastic kernel from X to A such that
Pe.(Xn1 €dx, Ay € da) = P (Xn1 € dz)oM (da|z).

One can take an arbitrarily fized version of the stochastic kernel ol .

Proof. See Lemma 2 of [31]. O
Now it is clear that one can restrict to Markov strategies when investigating problem

(4)

Next we introduce occupation measures of strategies.

Definition 4 (Occupation measures) The occupation measure M7, of a strategy o in
the MDP {Xa, A, p} with the initial state zo € X is defined by

Mg (Tx xTa) = ES |Y {X,1€Tlx, A, €4}
n=1
= Z E7, [[{Xn-1 € Tx, A, € T4}
n=1

for each T'x € B(X) and I'4 € B(A). The set of all occupation measures is denoted as D;
D = {M7, : M7 (X x A) < oo} is the set of all finite occupation measures on B(X x A).



Now for all j =0,1,...,J,

Ego !Z Ty (Xny Ant1)

= / rj(z,a)M7 (dx x da).
n—0 XxA

Accordingly, one can reformulate problem (4) as follows:
Minimize over D : Rop(M) := / ro(x,a)M(dz X da) (5)
XxA
subject to R;(M) := / rj(z,a)M(dx x da) < d; j=1,2,...,J.
XxA

Proposition 3 The set of all occupation measures D with the initial state xg is a conver
set in the cone of [0, oc0]-valued measures on B(X x A). The set DI of finite occupation
measures is a convex subset of the linear space of finite signed measures on B(X x A). It
is a (convez) face of D.

Proof. 1t follows from Proposition 1 that the convex combination of two measures in D
is still in D. This justifies the first assertion. The second assertion follows from the first
assertion and the observation that if My, My are in D/ , then so is their convex combination.
For the last assertion, note that if, for some o € (0,1) and M1,Mgy € D, M = aM; + (1 —
@)My is in D/ C D, then it is necessary that M;(X x A) < oo and My(X x A) < oo,
meaning that My, My € D7, Hence, D/ is a face in D. O

The next two results provide some relations satisfied by occupation measures of a
strategy (respectively, a stationary strategy).

Proposition 4 The occupation measure Mg = of a strategy o satisfies the following equa-
tion:

u(0 % A) = b2y (0) + [ Ty, au(y x da), VT € B(X) (6)
X
Proof. See Lemma 9.4.3 of [28]. O
Proposition 5 Suppose o° is a stationary strategy. Then
M2 (T x Tp) = /F (T ale)MZ (dz x A), Ty € B(X), T4 € B(A)  (7)
X

and M, (dz x A) is the (setwise) minimal measure on B(X) satisfying the equation

u(T) = 6, (T / / (Tly, a)o* (daly)u(dy), T € B(X). (8)

Proof. See [34, pp.563-564]. O

As was mentioned in Section 1, for discounted MDPs as well as absorbing MDPs, see

g., [18, 31], the space of occupation measures was often endowed with the weak topology

generated by bounded continuous functions. To deal with infinite occupation measures, it

is more convenient to endow D with the final topology generated by the projection mapping
from the space of strategic measures to occupation measures. See the next definition.



Definition 5 p is the final topology on D associated with the mapping O : P — D defined
by

M(dz x da) = > P(X,_1 € dz, Ay, € da).
n=1

That is the finest topology for which the mapping O is continuous. A subset T' C D is
open (wrt p) if and only if O~Y(T) is open in P. Recall that P was endowed with the weak

topology.

Lemma 1 Consider the MDP model {Xa, A, p}.
(a) Under conditions (a) and (b) of Definition 3 the topological space (D, p) is compact.
(b) For each non-negative lower semicontinuous function r(-,-) : X x A — [0,00], the

mapping R(:) : D — [0, 00] defined by

R(M) := / r(xz,a)M(dx x da)
XxA
s lower semicontinuous.
The proofs of all the lemmas and theorems can be found in the appendix.

Corollary 1 If the MDP {Xa,A,p, {Tj}jzo} is semicontinuous and ri(-,-) > 0, j =
0,1,...,J, then the constrained problem (4) has an optimal solution, provided that there
exists a feasible solution.

Proof. Since the equivalent problems (4) and (5) have feasible solutions, the space (D, p)
is compact, and the functions R;(-) are lower semicontinuous, we see that the set

{MED: Rj(M)de, jZl,Z,...,J}

is nonempty and compact. Thus, the lower semicontinuous function Ry(-) attains its
minimum thereon. O

Alternatively, the above corollary also follows from Proposition 1, see also [39], but its
proof was given here in the hope of improving readability.

4 Extreme finite occupation measures

In this section we present our first main result concerning the characterization of extreme
finite occupation measures. We emphasize that this result does not require any extra
conditions on the MDP model; in particular, the MDP does not need to be semicontinuous.

Definition 6 (Induced strategy) For M € DI the stationary strategy o, coming form
the decomposition

M(dz x da) = o®(da|x)M(dz x A)

on B(X x A), is called induced (by M). Here one can take an arbitrarily fized version of
the stochastic kernel o®, as the following lemma is valid.

The next result asserts that any finite occupation measure is generated by a stationary
strategy.



Lemma 2 Suppose M € D/ and o is the stationary strategy induced by M. (One can
take an arbitrary version of the stochastic kernel 0°.) Then M = Mg;

Lemma 2 is known for countable-state MDPs [1, Theorem 8.1]. See also [20], which
also provided examples showing that Lemma 2 does not hold for M € D in general.
The next result plays an important role in Step 1 in the proof of Theorem 1.

Lemma 3 Let a stationary strategy o® be such that I\/Ig; e Df. (E.g., 0% is the strategy,
induced by M € DI.) Then the following assertions hold.

(a)
MZ (X x A) = ET’ [Z {X, ;€ X}] < 00

n=1

for M2 (dz x A)-almost all z € X.

(b) For a bounded R-valued function f(-) on X with f(A) =0, the function

v(z) == ES [Z f(an)] = EZ [Z f+(Xn1)] —E7 [Z f‘(an)] , zeX
n=1 n=1 n=1

is measurable and with finite values for I\/Ig;(dx x A)-almost all x € X. Here the
convention of co — 00 := 00 S in use.

(c) The function v(-) in (b) satisfies equation

v(z) = f(z) + /A /Xv(y)p(dy\a:,a)os(da\x) Mg;(dm X A)-a.s. 9)

If a measurable bounded function w(-) : X — R satisfies equation (9), then w(z) =
v(z) for Mg, (dz x A)-almost all x € X.

We note that the function v(-) in parts (b,c) of the previous lemma may be not finite
everywhere, even though the function f(-) was bounded.

Theorem 1 An occupation measure M € DS is extreme in Df if and only if M = M%, for
some deterministic stationary strategqy .

5 Form of the optimal control strategy

In this section, we present our second main result, concerning the existence of an optimal
(J + 1)-mixed strategy to the constrained MDP problem. For this, we will impose further
conditions, which, in particular, guarantee that strategies whose occupation measures are
infinite are not optimal or feasible, see Theorem 2.

Definition 7 ((J + 1)-mixed strategy) According to Propositions 1 and 3, if o', 02,
..,0Y is a finite collection of strategies, then, for a set ai,aa,...,ar, of non-negative
numbers with Y1 ap = 1, Y1, angé is a strategic measure and Y-, all\/lg(l) is an

occupation measure for some strategy o. We call it a mizture of strategies o', 02,...,0

or for brevity, a (J + 1)-mized strategy.

)



Theorem 2 Suppose the MDP {Xa, A, p, {r; 3]:0} with initial state x¢g € X is semicon-
tinuous, 1(-,-) > 0, j = 0,1,...,J, and there exists a feasible strategy o with a finite
value. Furthermore, assume that, for each strategy o such that Mg ¢ DI, there is some
7€{0,1,...,J}, possibly depending on o, satisfying Jxcxa r;(ac, a)M7 (dz x da) = oo.

Then there ezists an optimal strategy in problem (4) in the form of a mizture of J + 1
deterministic stationary strategies.

The above theorem asserts the existence of an optimal strategy in the form of a mixture
of J + 1 deterministic stationary strategies. It does not claim that every optimal strategy
can be represented as a mixture of finitely many deterministic stationary strategies. For
completeness, we adapt [29, Example 3.3.3] to demonstrate this.

Example 1 Consider the MDP with X = {0,1,2}, A ={0,1}, p({1}/1,0) =1, p({2}|1,1)
=1, p({2}|2,0) = 1, p({2}|2,1) = p({A}|2,1) = &, and p({1}|0,a) = p({2}|0,a) = L for
a € A. The state A is a costless cemetery. The state and action spaces are endowed with
their discrete topologies.

Let zg = 0. Let ro(z,a) =0, and ri(x,a) =1 for x = 1,2 and r1(0,a) =0. Let J =1
and di = 3. So any feasible strategy will be optimal, and any non-absorbing strategy o
will be infeasible with ES [> "7 71(Xy, Any1)] = 0o. All the conditions in Theorem 2 are
satisfied.

The class ® of absorbing deterministic stationary strategies is specified by p(1) =
©(2) = 1: the state 0 is essentially uncontrolled, and p(0) is immaterial. We put a = 0.
Clearly, D7 is a proper subset of D, and any strategy that selects 0 at state 1 with probability
1 will be non-absorbing.

Consider a stationary strategy defined by o*({0}|1) = o*({1}|1) = 5. Then

1

- 1, 5
E(f lzrl(XnvAn-i-l) =: Wl(Oa(p) - 5(1 + 2) + 52 - 57 VQO S (I)a

n=0

S e 1 1
EG [Z r1(Xn, Apt1) | = W1(0,0°) = 5(2 +2)+ 52 = 3.

n=0

Therefore, ® and all strategies ¢ € ® are feasible and thus optimal.

On the other hand, W1(0,0°) > W1(0, @) for all ¢ € @, so that the occupation measure
of o® cannot be represented as the conver combination of the occupation measures of strate-
gies from ®. Of course, the occupation measure of o° cannot be represented as a mizrture
of occcupation measures of non-absorbing deterministic stationary strategies together with
the ones from ®.

It is well known that, if the MDP is semicontinuous and the cost functions r(-,-) are
non-negative, then there exists an optimal solution to the unconstrained problem (4) (i.e.,
with J = 0), which is deterministic stationary: see Corollary 9.17.2 of [3] or Theorems
15.2 and 16.2 of [40]. Therefore, we will assume that J > 1.

If there are feasible strategies in problem (4), but for all of them Ro(M7,) = +o0, then
all feasible strategies are equally optimal. In this case, the only problem is to find a feasible
strategy. To do so, we choose an arbitrary positive index, e.g., 7 = 1, and investigate the

10



problem

o0
Minimize over all strategies o:  EZ_ !Z r1(Xn, Ant1)
n=0
o0
subject to EZ, [Z 7 (Xn, Ang1) | <dj, 7=2,3,...,J.
n=0

Clearly, after re-enumerating the indices j, we obtain the standard problem (4) with the
reduced number of constraints (or just the unconstrained problem in case J was equal to
1). In such situations there is no need to require that the cost function ry(-, -) exhibits any
further properties (semicontinuity etc) except for measurability. After solving the modified
problem, we obtain the desired feasible strategy. Clearly, the modified problem has a
feasible strategy with a finite value (because the original problem had a feasible strategy).
If all the other requirements of Theorem 2 are satisfied for the modified problem, then
Theorem 2 remains valid for it. As the result, in such a case, there exists an optimal
strategy in the original problem (4) in the form of a mixture of J deterministic stationary
strategies.

Let us consider the special case of optimal stopping like in [10]: the action space is
Ap = AU{A}, where the isolated action A means stopping the process: for all z € X,
p({A}|z,A) = 1 and p(X|z,a) = 1 for all a € A. If this MDP {Xa, An,p, {r;j}]_o} is
semicontinuous, r;(-,-) > 0, j = 0,1,...,J, there exists a feasible strategy with a finite
value, and, for some j € {0,1,...,J}, r;(a,a:) >0 >0forall z € X, ac A, then all the
conditions of Theorem 2 are satisfied. M7, ¢ Df means that the process is never stopped,
hence [y, A r3(z,a)Mg (dz x da) = oo. According to the above paragraph, one can omit
the requirement that the feasible strategy has a finite value.

6 Conclusion

The main results of the current work are Theorems 1 and 2, where we prove that every
extreme finite occupation measure is generated by a deterministic stationary strategy, and,
under mild conditions, show that the solution to the constrained problem is given by a
finite mixture of such strategies. All the similar statements in [1, 4, 5, 18, 16, 22, 31],
where the discounted or absorbing models were studied, follow from Theorems 1 and 2.

Appendix

Proof of Lemma 1. Some of the enlisted statements were presented in [9, Lemma 4.1].
(a) The mapping O is continuous, since D is endowed with the final topology p. Thus,
D = O(P) is compact as the continuous image of the compact P, see [13, Chapter I, §5,
Lemma 7).
(b) According to Lemma 7.14(a) of [3] , (-, ) = lim;_yo0 7i (-, -), where r;(-,-) are point-

wise increasing bounded continuous functions on X x A. For each ¢ = 1,2, ... the mapping
PZ — ri(z,a)Pg (Xa x A)' x dz x da x (Xa x A)>)
XxA
is continuous for each t = 0,1,... because 7 is the weak topology in P. Therefore, the
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mapping
Pgo — / r(z,a)P? ((XA X A) X dz x da x (Xa X A))
=0 Y XXA

= lim / ri(z,a)PZ (Xa x A)' x dz x da x (Xa x A)™)
t=0 XxA

1—00

is non-negative and lower semicontinuous again due to Lemma 7.14(a) of [3]. The mono-
tone convergence theorem was in use here. Since r(+,-) > 0, Lemma B.1.1 and Proposition
B.1.17 of [34] imply that the mapping

e}

Pfo — Z/ r(z,a)P,((Xa x A x dz x da x (Xa x A)>)
t=0 XxA

n

= sup Z/ r(z,a)P, ((Xa x A) x dz x da x (Xa x A)™)
n=12,.. 970 JXxA

_ / r(z, )M, (dz x da) = R(MZ,) = R(O(PY,))
XxA

is lower semicontinuous. Now, for an arbitrarily fixed ¢ € R

o1 <{M€D: R(M):/XXAr(x,a)M(dxxda)>c}>

= {PeP: Z/ 7 (Xa x A)! x dz x da x (Xa x A)>®) > ¢
tOXXA

The set on the right-hand side is open in the topology 7. Hence the set {M € D: R(M) >
c} is open in the topology p. O
Proof of Lemma 2. The both measures M(dz x A) and M, (dz x A) are finite and satisfy
equation

p(lx) = 62,(T'x) + /XAP(FX’yaa)US(da\y)M(dy)y VI'x € B(X) : (10)

see Proposition 4 and Proposition 5.

Let us show that the measure M(dz x A) is absolutely continuous wrt Mgg(dx x A)
on B(X).

Suppose for contradiction that M(I' x A) > 0 and M, (' x A) = 0 for some I' € B(X).
Denote I'g := 1T and, for n =0,1,..., put

Ty = {yGX / Lynly,a)o®(daly) >0}

Fn+1 = Fn U Fn+1.

Intuitively, I',,41 is the set of states, starting from which, the state process under ¢* visits
I' with positive probability within n + 1 steps. We will prove by induction that, for all
n=20,1,...,

M(T,, x A)

/ / (T'uly. a)o* (daly)M(dy x A) = 0;
X\Fn+l
F ><A

12



When n = 0, these assertions obviously hold because [, p(I'oly,a)o®(daly) = 0 for all

y € X \ T';. Suppose they hold for some n > 0 and consider the case of n + 1.
Since I'y,41 2 Ty M(T'y41 X A) > 0. Suppose M? ( n+1 X A) > 0. Then, by (10),

MZ (T, x A) / / (Tnly, a)o® (daly)M, (dy x A) > 0,
| P}
which contradicts the inductive supposition. Thus, M, (Ty1 xA) = MZ, (Tn41 X A) = 0.

Finally,
/ / P(Tni1 |y, @) (daly)M(dy x A) = 0
X\Lpio JA

because [, p(Cny1ly, a)o®(daly) = 0 for all y € X'\ Tpio D X\ Tpyo.

Therefore, for the increasing sequence {T', }2° . after we denote I := (J°°, T',,, we have

n=0"
M(I" x A) > 0 and, by the monotone convergence theorem,

/ p(Tly, a)M(dy x da) = / / (Fly, a)o* (daly)M(dy x A)
(X\[)x A X\I
= lim / / (Tuly, )0 (daly)M(dy x A)

< lim / / (Tnly, a)o’(daly)M(dy x A) = 0. (11)
X\Fn+l

n—oo

Note also that g ¢ I' because Mg;(f‘ X A) = limy, 00 Mg;(Fn x A) =0.

Recall that M € Df. According to Proposition 2, M = Mgf for some Markov strategy
oM. Since M(I' x A) > 0 and z¢ ¢ I, there exists the minimal n > 0 such that ng (Xn €
I') > 0, for which we have the following equalities:

O'NI 0’
0< PI0 (X, el') = P (X eF|Xn 1))
- / / (Ply, a)o (daly)PS (Xos € dy)

=/ / (Ply, a)o (daly)PS" (Xos € dy)
X\

= [ P (Xt € dy, Ay € do),
(XA

where the third equality holds by the definition of the integer n. Hence,

/  p(Ply, M2 (dy x da) = /  p(Ply.a)M(dy x da) > 0,
(X\I)xA (X\I')xA

which contradicts (11). We have proved that M(dz x A) < M7, (dz x A).
Let us define the following substochastc kernels on B(X) given z € X:

POT|z) =

PP (T|z) = / / (Tly, a)o®(daly)P™(dy|z), n=0,1,...
I'eB(X

13



Then P¥(I|zg) = PZ(X; € T), i = 0,1,2,.... Now, for any finite measure y on B(X),
satisfying equation (10), we have the following iterations of this equation:

p(r) = 80+ [ [ pTlao)o(dalao)
# [ ptelayoaatn) ([ [ stdyie o @aloiutan)
— PO(Tfag) + PL(Tao) + /X P (D) u(dr)

— PO(Tfao) + PL(Tfzo) + PX(Tfo) + /X P (D) dx)

n

— =B Y e e} + /X P™(I'|a) (), (12)
i=1
n=12....

Here the Fubini Theorem was in use, and the last equality holds because
Pi(T|zo) =P, (X; €T), i=0,1,2,....

Since p(X|y,a) < 1, for each z € X the sequence {P*(X|z)}22, is monotonically non-
increasing, so that there exists the limit P> (X|x) := lim; . P*(X]|z), and the function
P>(X]-) : X — [0, 1] is obviously measurable. By the dominated convergence theorem,

lim P"(X|x)u(daz):/XPOO(X\I)M(dx).

n—o0 X

Therefore, if we substitute MJ, (dz x A) for pu(dz) in (12), we obtain

M7, (X x A) = lim EJ] [z; I{X; , € X}

+/ P> (X|z)MY, (dz x A),
X

leading to the equation [y P®(X[z)MZ (dz x A) = 0, because MZ (X x A)
= EZ, [0 I{X;—1 € X}] < oo: the both measures M7, (dz x A) and M(dz x A) sat-
isfy equation (8), and MZ, (dz x A) < M(dz x A) by Proposition 5. Recall that M € D/.
Since P> (X|z) > 0, we conclude that P> (X|z) = 0 M7, (dz x A)-a.s. and P>®(X|z) =0
M(dz x A)-a.s. because M(dz x A) < MZ, (dz x A). Hence, for each I' € B(X),

0 < limsup/ P*"(T|x)M(dz x A) < li_}m P"(X|z)M(dz x A)
X n—oo

n—o00 X

_ / P(X|2)M(dz x A) = 0,
X

and thus lim,_, [x P*(T|z)M(dz x A) = 0. After we substitute M(dz x A) for u(dz) in
(12), we obtain

M x A) = lim ES [Z {X; ;€ r}]
=1

+ lim [ P*(D|z)M(dz x A) = MZ, (I x A).

n—oo X
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Finally,
M(Tx x T4) = / o (D alz)M(dz x A)
X

= / o*(Calz)MZ, (dz x A) = M2, (Tx x T'4),
X
VIx € B(X), I'sa € B(A).
a
Proof of Lemma 3. Note that, if a statement S(X,,) is valid Pg;—a.s. forallm =0,1,2,...,
then the statement S(z) is valid for MJ, (dz x A)-almost all z € X and vice versa.

(a) If the formulated statement does not hold, then there is a set I" € B(X) such that,
for some m > 0, P (X, € T) > 0 and

=4 [Z {X, 1€ X}] =00 Vzel.

n=1
Now
MI (X x A) > EJ [ > KXpae€ X}]
n=m-+1
= EJ, [EZZ [ > KXnae€ X}|Xm”
n=m-+1
> / ES [Z {X, 1 € X}| PL (X, € dz) = +o0.
r n=1 i
Here )
E7. [ Z { X1 € X}'Xm] =E%. ZH{Xn,l € X}]
n=m-+1 ln=1

because the controlled process {X,,}7°, under the strategy o®, is Markov and time-
homogeneous.

The obtained contradiction with the assumption I\/lg; € DI proves the statement.

(b) Let {Fn}72, be the natural filtration F,, := o{Xo, X1,...,X,} of the Markov
time-homogeneous process {X,,}>2, under the control strategy ¢® and with the initial
state xg € X. For the positive and negative parts of f(-), we have the following relations
for each fixed m > 0:

fm]

- g;m [Z fi(Xn_l)] < 0 Pg;—a.s.
n=1

0 < E;;[ S (X

n=m+1

The very last inequality holds by (a) and the boundedness of the function f(-). Therefore,
the function v(-) is with finite values for M, (dz x A)-almost all z € X.
The measurability of v(-) follows from [15, Theorem 3.1]. Statement (b) is proved.
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(c) Let {Fp}22, be the natural filtration F,, := o{Xo, X1,...,X,} of the Markov
time-homogeneous process {X,,}>2, under the control strategy ¢® and with the initial
state z € X. According to (b),

= f(z)+E7 v

= f(x) / / y)p(dy|z, a)o®(da|x) Mg;(dx X A)-a.s

o(@) = fla)+ES

< [goe

Here, all the terms are finite M, (dz x A)-a.s. by (b). Equation (9) is proved.
Let us fix an arbitrary ¢ € {0,1,...} and the filtration {F,}>° corresponding to the
initial state zo € X. For the function w(-), we have the following obvious equation

O [w(Xis1)|Fi) = / / p(dy|X;, a)o®(da|X;) P, -as. (13)
We are going to prove by induction the following equality

s

F(Xigj)| Fi| +EL [w(Xipwa)|Fi] P -aus. (14)

-

<
I
=)

w(X;) = E7

for k=0,1,....
When k& = 0, equality (14) follows from equation (9) for w(-) and (13). Suppose it
holds for some k > 0. Then

k
w(X;) = E Zf(XiJrj) Fi| + EQ[f (Xitkr1) | Fi]
=0
v | [ [ wm@l X 0o ol Xisra)| 7]
[ k41 i
= E7, f(Xig)| Fi| +EL [ES, [w(Xigkr2) [ Fitr]lFil
| J=0 i
o -
= E7, J(Xigg)| Fi| +Egy[w(Xizry2)|Fi] Py, -as.
=0

Here, the first equality is by (9), and the second equality is by (13). Equality (14) is
proved.
When k — oo, since the process {X,,}5°, is Markov and time-homogeneous,

k+1

k
S f(Xi)| Fi| = EX [Z f(Xnnl —v(X;) Po-as
7=0 n=1

by the definition of the function v(-). According to (a),
B0 [{Xitkt1 € X} = EX [{ X411 € X}] = 0 as k — oo P -as.

Therefore, since the function w(-) is bounded, w(X;) = v(X;) P, -a.s., as required. O
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Proof of Theorem 1. We assume that D/ # () and, according to Lemma 2, consider only
the occupation measures M = Mg; € Df coming from stationary strategies o°.

(a) The “f’ part. We will prove a little more general statement: if M%, € D7 is
the occupation measure generated by a deterministic stationary strategy ¢, then M, is
extreme in D (and certainly in D/, too).

Suppose Mz, = aMy + (1 — a)Mg with a € (0,1) and My € D. Then My € DI

because Mfo e pf and, according to Lemma 2, My o = M;(l)’Z for the induced stationary
strategies of 5. Therefore,

M = M¢, = aMi + (1 — a)MZ2. (15)

The goal is to show that MJL = M2 = M%,.

The both marginal measures Mgg(daz x A) and Mgg(dx x A) are absolutely contin-
uous wrt MZ,(dx x A); the Radon-Nikodym derivatives are denoted as hi(-) and ha(-)
correspondingly. From (15) we have

ahi(z) + (1 — a)ha(x) = 1 for MZ (dz x A)-almost all z € X. (16)
Now, using (7), we have equalities

MZ. (dz x da) = Mg (dx x A)d,,)(da)
= aM? (dz x A)hi(z)oi(da|x)
+(1 — a)MZ (dz x A)ha(z)os(dalx)
= M2 (dz x A)[ahi(z)o](dalr) + (1 — a)ha(x)o5(dalz)].

The expression in the square brackets is the Dirac measure d,(,)(da) for MZ,(dz x A)-
almost all z € X. Note that any Dirac measure on B(A) is extreme in P(A). Therefore,
using (16), we conclude that

e on the set Iy := {x € X : ahi(z) € (0,1)}, of(dalx) = o3(da|r) = 6,(,(da) for
MZ, (dx x A)-almost all x € I;

e ontheset I := {z € X : ahi(z) = 1}, 05(da|z) = 6, (da) for MZ, (dz x A)-almost
all € I, and the stochastic kernel o5(da|z) may be arbitrary, but on the set I,
since (1—a) > 0, ha(x) = 0 for M5, (dx x A)-almost all z € I, i.e., M;g (I; xA) =0,
and the values of o5(da|x) are of no importance for the measure MZE (dz x da) on
B(Il X A);
e symmetrically, on the set Iy := {z € X : (1 — a)ha(z) = 1}, o3(dalr) = (s (da)
for M, (dz x A)-almost all z € {I and M%i (I x A) = 0.
Recall that the measures M;g(da: x A) and M;g(daz x A) are absolutely continuous wrt
MZ, (dzx A). Thus, 03 (da|z) = 6,y (da) for Mgg(dxxA)—almost all z € X and o5 (da|z) =
Oy () (da) for M;g(dx x A)-almost all z € X. Hence, ¢ is the stationary strategy induced

CTS
by Mxé’g. and
G.S O.S
Mzs = Mg2 = Mfo.

by Lemma 2.
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(b) The ‘only if’ part. According to Lemma 2, an extreme point M in D7 satisfies
the equalities M(dz x da) = M, (dz x da) = o%(dalr)MZ, (dz x A) on B(X x A) for the
induced stationary strategy o°.

Step 1. Suppose that

o®(da|z) = aoci(da|x) + (1 — a)o5(da|zx),

where a € (0,1) and of and o3 are two essentially different stochastic kernels on A given
X. To be precise, we assume that, for some I'* € B(A) and T'X € B(X),

M2 (I¥ x A) > 0 and o5(I'|z) > o5 ([}|2) for all z € T*.

The stochastic kernels of , define the corresponding stationary strategies, again denoted
as 07 5. We will show that, in this case, the measure Mgg is not extreme in D7.

If M1 (de x A) = M72(dz x A) = MZ.(dz x A), then, by Lemma 5,
MZ (dz x da) = M, (dz x A)o®(da|x)
= aMJi(dz x A)oi(dalz) + (1 — @)M (dz x A)os(da|z)
= aMJ(dz x da) + (1 — @)MZ (dz x da).
Therefore, the measure ng is not extreme in DY, as MZ§ #* Mié and Mgg, MZE e pf.
(Recall that D/ is a face of D.)

Suppose now that M%7 (dz x A) # MZ (dz x A) or M7 (dz x A) # M (dz x A) .
There exists the first moment 7 > 0 such that

either PJ1 (X, € dx) # PS (X, € dz) or P2(X, € dz) # P7 (X, € dx).

Without loss of generality we assume that the first inequality holds. What actually hap-
pens is that the both inequalities hold simultaneously at the moment 7: see (19).
Since . .
Pr(X;-1 € dx) = P32(X,-1 € dz) = P, (X;-1 € dx),

we have equality
P (X, € dx) = aPJL (X, € dx) + (1 — @)P3 (X, € dx) (17)

because
o®(da|x) = aof(da|x) + (1 — a)os(dalx).

Note, the controlled process { X, }22 ; is Markov and time-homogeneous under all strategies
o® and o7 5, with the transition probabilities

/A p(dylz, a)o*(dalz) and /A p(dyl, )0} »(dalz)

correspondingly.
Let us introduce the Markov (non-stationary) strategies o™ and o™? by the formulae

on'"? (dalz) = I{n # 7}o*(dalo) + I{n = 7}0o} 5(dalz).

The combination of strategic measures an(j)wl +(1- a)PgéMQ satisfies the key properties
of the strategic measure PZ: see (1),(2),(3), or formula (1.7) in [31], or [27, §2.2.3]. Thus,

PI = aP? " 4 (1 - a)PL” = M7 = aMZ " + (1 — a)MZ. "> (18)
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and, like previously, Mgé”l,Mng € D/ because Mg; € Df. We aim to show that
I\/I‘mer (de x A) # M;Mz (dz x A) on B(X), leading to the desired assertion that M,

0 0
is not extreme in D7.

Since the strategies o°, o7 , and oMi2 are Markov and 0° = ao§ + (1 — a)oj, we have
the following relations:

PO (X, €dz) = aPl (X, €dz)+ (1—a)Pl (X, € dz)
=PI (X, € dx) + (1 - a)PG (X, € da);
P (Xr € dv) = PIN(X, € da) # PY (X, € du);
PI (X, e dz) = PR(X,€dr)#Pl (X, €da), PL(X, € dn).
(19)
The first three lines here are according to the definitions of 7 and of the strategies o™1.2
(see also (17)), and inequalities (19) follow from them.

Let I' € B(X) be such that P (X, € I') # P2 ?(X, € I'). We fix the following
bounded functions on Xa, equal to zero on A:

h(z) = H{zeTl}
f@) = hiz)— /A /X h(y)p(dy|z, a)o* (dalz).

According to Lemma 3(b,c), the function

v(z) :=E9 [Z f(Xn_l)] , zeX
n=1

is measurable and equals h(z) for MJ, (dz x A)-almost all z € X because h(-) satisfies
equation (9).
Let {F}2, be the natural filtration of the process {X,,}°2, i.e., F; := 0{Xo, X1,...,

X;}. According to the definition of the strategies o™1.2, gy, 2

E7 [ 3 F(Xao1)

n=1+1

=¢® forn > 7, so
.7-}] =EJ, [ > f(Xno) J-"T]

n=71+1
= 3‘;; [Z f(Xn_1)] = h(X;) Pg;—a.s., and thus ngjl’Q—a.s.
n=1

The second equality holds because the controlled process {X,,}>°, under the stationary
strategy o® is Markov and time-homogeneous. Note also that ng M« ng by (18). Now,

My 2

since o, '~ =0° forn < T,

/X f(x)Mg;wl,z(dxxA) = EJ, [Z f(an)]
n=1
+Eg;\/11,2 [Eg;mg [ Z f(Xn—l)
n=71+1
- S
n=1
- | s
n=1
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As the result, by the definition of the subset I,

/f M”ld:ch;é/f 2 (dz x A)
= l\/lgol(da:xA);réM‘7 2(alach) on B(X).

Hence, the measure Mgg is not extreme in D/,

The further steps in fact repeat the arguments in the proof of Theorem 10 of [31], but
we provide the details for completeness

Step 2. We will show that, if MZ_ is an extreme point in D/, then, for each T'* € B(A),
' € B(X), a € (0,1), in case M‘7 (0% x A) > 0, there is # € I'® such that either

o (T4z) < a or o*(T4z) > 1 — a.

This statement is trivial for a > 1/2: if 05(T'4|z) > a > 1/2, then 1 — o%(I'Yz) <
1/2 < a. Thus, below we assume that o € (0,1/2].

The proof is by contradiction. Namely, suppose there exist ['4 € B(A), ¥ e B(X)
and « € (0,1/2] such that Mgg(f‘x x A) > 0 and o*(I'4|z) € [o,1 — @] for all z € T'X.
Consider the following stochastic kernels:

0% (DA z), if z ¢ TX;
oi (M) = { o (TAN(T4)lz) '
oA o e
JS(FA|x), if z ¢ f‘X;
oS(TA MA T s ~ c oS MA Clz)—a

oy(Mfe) = { IO g oo (DAYl S0

ifr e fX;
4 e B(A),

which are well defined because o*((D4)¢|z) > o > 0.
Clearly, aoci(T4z) + (1 — a)aQ(FA|ac) = o*(T'4z) for all T4 € B(A) and z € X;
M2 (IX x A) > 0, and, for all z € ['¥

o (04)z) o> % oy
_— a0

o3 (M) — o3 (F]a) = T —

Therefore, the measure ng is not extreme in D/ according to the statement in Step 1.
Step 3. We will show that, if Mgg is an extreme point in D7, then, for each T4 € B(A),

o*(M4|z) € {0,1} for Mg; (dz x A)-almost all x € X.

Let T'4 € B(A) be arbitrarily fixed and introduce the sets

IPROES {x €X: o*(IMz) € [(;)Zl - @)1

For eah i = 1,2,..., MJ, (F?A (i) x A) = 0 because, otherwise, for T4, TX := F%(A (), and
o = (3)!, we would have Mg (I x A) > 0 and, for all z € I'¥, o*(T4)z) € [a, 1 — qf,
which contradicts the statement proved at Step 2.

Note that F%{A (1) C FffA (i4+1) for allt =1,2,.... Now, for

}EB(X), i=1,2,....

FA = UF ) ={x e X: O'S(FA|LE) € (0,1)},
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we have MZ (T, x A) = limj_o MJ, (T4 (i) X A) = 0, and the desired statement is
proved.
Step 4. Finally, we proceed to construct the measurable mapping ¢ : X — A such
that
o°(da|z) = d(z)(da) for I\/Ig; (dz x A)-almost all z € X.

As a separable metrizable space, A has a totally bounded metrization x [3, Corollary
7.6.1]:

Ve >0 Haj,az,...,an,} CA: A= UO(CLZ‘,E)

i=1
where O(a;,e) :={a € A: k(a,a;) <¢e}.
Let € : ik (k=1,2,...) and let {a'f,alg, e nk} be the corresponding x-net in A.
Denote

SF.={zxeX: o°(0(aF,ep)|z) ¢ {0,1}}

and S := U,“ Sf. These sets are obviously measurable, and, for all kK = 1,2,..., 7 =
1,2,...,ny, MZ (SFx A) = 0 according to the statement proved on Step 3; MJ, (SxA) = 0,
too.

We are going to construct the desired mapping ¢ on X \ S and then put ¢(z) = a fo
all x € S, for an arbitrarily fixed a € A.

Let :c € X\ S be fixed. Since A = [J}, O(al,e1) and, for each i € {1,2,...,m},
o%(O(a},e1)|r) € {0,1}, there is the mlmmal 1ndex i1 € {1,2,...,n} such that
a*(O(a 1 e1)|z) = 1. We denote O' := O(aj,,e1). Suppose that we have constructed

Z17

aset OF € B(A) for k =1,2,... such that ¢*(O¥|z) = 1. Then we put

=

Ic—f—l k Nk+1
OF+1 .= OF N OFH1,

where O = O(a fk—:ll,gk_F:[) is the first one among the neighbourhoods

{O(gi sks1) }iitt on which o®(-|z) takes the value 1; thus o®(OFt'z) = 1. Note,
US(Ok+1]:U) = 1 because

1 = o*(0FUO*!|z) = 0% (OF|z) + o (O* ) — 0% (0% N OF )
= 20O ).
For the sequence {Ok}zozl, we have the following assertions.

e 05(OF|lz)=1forall k=1,2,...and O' 2 0? D .... Thus ¢* (72, O*|z) =1, and
hence (72, OF # 0.

e N2, OF = {b} is a singleton because, if bi,by € (o, OF, then, for each k > 1,
by, by € O( ,€k) for some iy, € {1,2,...,n4} leading to the inequalities

(bl,bz) < I’i(bl, Zk) + K,( bg) < 2€k
As the result, x(b1,be) < limy_,o 26 = 0.

We put p(z) := b for that preliminarily fixed z € X\ S and for b € A such that
Nie, OF = {b}. As was shown above, o*({p(z)}|z) = o*(N52, OF|z) = 1; so o*(dalz) =
Oy (x)(da) for all z € X\ S, that is, for M. (dz x A)-almost all z € X because M7, (Sx A) =
0. The mapping ¢ : X — A is measurable because, for all T'4 € B(A),

| a_ [ o (M) =13\, ifag D
freA: pl@)el }—{ {z: 0*(TAz) = 1}US, ifacDA,
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(Recall that the stochastic kernel o® is measurable and S € B(X).)
As the result,

M(dz x da) = M, (dz x da) = o®(dalz)MZ, (dz x A) = 5,0, (da)MT, (dz x A)

on B(X x A), and M = Mg, according to Lemma 2 because the deterministic stationary
strategy ¢ is induced by M € DY, O
Before proving Theorem 2, we present several statements on mathematical programs.
Suppose X is a convex compact space and C is the space of (—o0, +00]-valued bounded
from below lower semicontinuous affine functions on X. Let Ro(-), Ri(-),...,Rs(-) € C
and consider the following constrained problem

Minimize over x € X: Ry(x) subject to Rj(x) < dj, j=1,2,...,J, (20)

where d; € R are fixed constants and J > 1. Here by a convex space we mean a convex
subset of a cone. This definition does not involve a linear space to embed the given space
in. The terms of affine functions and extreme points are understood wrt convex spaces,
or say convex sets in a cone. See the definitions in [37], where further relevant literature
can be found. For all our applications here, it is sufficient to remember that the space
of occupation measures is a convex subset of the cone of [0, co]-valued measures. When
some occupation measures can take infinite values, it is difficult to embed the space of
occupation measures into a convex subset of any linear space, given that we use the usual
notions of addition and scalar multiplication for measures.

Proposition 6 Consider problem (20) as was described in the above paragraph. Suppose
problem (20) is non-degenerate, i.e., there is at least one point & € X satisfying all the
inequalities in (20). Assume also that ¢ separates points in X. Then there exists a solution
to problem (20) in the form Zi;l Tk, where oy, € [0, 1], Ziill ar = 1, and xy, is extreme
in X for each k=1,2,...,J+1.

Proof. See [37, Theorem 2.1]. O

If E is a nonempty convex subset of R” and u € E, then G(u) denotes the minimal face
of E containing the point u. A point u € E is called Pareto optimal if, for each v € E, the
componentwise inequality v < u implies that v = u. The collection of all Pareto optimal

points is denoted by Par(E). The following result taken from [19] reveals the structure of
G(u).

Proposition 7 Suppose E is a fized nonempty convex subset of R"™, and u € Par(E).
Then the following assertions are valid.

(a) G(u) C Par(E).
(b) For some 1 < k < n, there exist hyperplanes
H = {zeR": (z,b") ="}, i=1,2,...,k
with the following properties:

i) bt > or i1 = ...k—1 an > 0. Here a e tnequalities are compo-

(i) b >0 f 1,2,...,k—1 and b* > 0. H Il th qualit P
nentwise.

(ii) H' is supporting to E® := E at u; fori = 1,2,...,k —1, E' := E-!' N H’ and
Hi*! is supporting to B at u;
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(i) G(u) = EF := EF-1 nHF,

Proof. See Lemmas 3.1 and 3.2 of [19]. O
Now we are ready to present the proof of Theorem 2.
Proof of Theorem 2. The idea is to make use of Proposition 6 and Theorem 1.
In the space D of occupation measures, we fix the topology p as in Definition 5.
According to Corollary 1, there is a solution M* € D to problem (5), equivalent to (4),
which has the form of problem (20):

e the space X = D is convex compact due to Proposition 3 and Lemma 1(a);

e the mappings R;(-), j =0,1,...,J, are non-negative, affine and lower semicontinu-
ous by Lemma 1(b).

According to Step 1 in the proof of [37, Theorem 2.1], one can accept that the point

—

R* := (Ro(M*), Ry (M*), ..., Ry(M*)) € R/*!
belongs to Par(Q N R/, where
0 := {R(M) = (Ry(M), Ri(M),..., R;(M)), M € D}

is the (convex) objective space.
We denote E? = E := O N R’/*! and emphasize that

RM)eE' <= MeF’ = {MeD: RM)eR/™}
{(MeD/: R(M)eR/H},

The equality holds because, due to the imposed conditions, the component Rj(l\/l) cannot
be finite if M(X x A) = 4o00. The set F, the full pre-image of E® wrt the mapping
R(-): D— (RU{oo})’*!, is a face of D/: recall that the mapping R(-) is affine.

Consider the sets E', i = 0,1,...,k < J + 1 and the hyperplanes H! = {x €
R7*L: (z,b') = B}, i = 1,2,...,k, as in Proposition 7 applied to n = J + 1, E and
u = R*. Let F' be the full pre-image of E’ wrt the mapping ﬁ() Note that M* € F? for
all i =0,1,...,k because R* zﬁ(M*) cFiforalli=0,1,...,k.

Firstly, let us prove that, for each i = 0,1,...,k, F?, is a (nonempty) face of D7,
Roughly speaking, Fi*! is a face of F! because E'*! is the exposed face of E’. The
statement to be proved is valid for ¢ = 0. Suppose it holds for some ¢ = 0,1,...,k — 1.
Then

Fl = Fn{MeD/: RM)eR/T, (RM),p!) = gt}
{MeF: (RM),b"") = 5}
because Eit! = Ef N H*!. For each M € F', R(M) € E, so (E(M),bi*1) > i1 because
the hyperplane H'*! supports E* at R*. Therefore, if M = aM; + (1 — a)My € Fi*! for
a € (0,1) and My, My € F', then
(R(M15),b™"1) = 71 and hence My, My € F*L,

Thus, Fi*! is a face of F? and, consequently, a face of D because F is a face of Df by the
induction supposition.
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We have proved that F* is a nonempty face of D/ and M* € F*. In fact, F* is the
full pre-image of G(ﬁ*) = E*, the minimal face of E = O N R’T! containing R*: see
Proposition 7.

Secondly, let us show that the face FF is closed and hence compact. Since the hy-
perplanes Hit! = {z € R/*1 : (2 bit1) = g1} are supporting E? at u = R* (i =
0,1,...,k —1), one can also write

FHU = {MeF: (RM), b)) < gy =F n{MeD: (RM),b"") < g},

so that
k—1
F* = F'n (ﬂ{M eD: (R(M), bt < ﬁ”l})
s
= F'n (ﬂ{M eD: (RM),bit!) < ﬁ”l}) , (21)
=0
where
FO = F'n{MeD: (RM),bF) < g} ={M e D: (RM),b*) < k1.

The second equality holds because B(M) > 0 and b* > 0: if (R(M),b*) < BF, then
R(M) € R7*1; s0 that M € FO. Note, FO is not necessarily a face of D. The space (D, p)
is compact and all the mappings (ﬁ(-),bi+1> : D—[0,00],i=0,1,...,k— 1, are lower
semicontinuous by Lemma 1. Therefore, the set FO is closed, and the face F* of D/ is
closed by (21), hence, compact, as the closed subset of the compact D.

The space C of (—00, +o0]-valued bounded from below lower semicontinuous affine
functions on D7 separates points in Df. Indeed, if M; # My are two measures from D/,
then

C(My) := /XXAc(x,a)l\/Il(d:c x da) # XXAc(x,a)Mg(d:c x da) =: C(Ma)

for some non-negative bounded continuous function ¢(-,-) : X x A — R. (See Lemma 2.3
of [41], Theorem 5.9 of [30] and Proposition 7.18 of [3].) The mapping C(-) is non-negative,
lower semicontinuous and affine by Lemma 1(b), so that the desired assertion follows.

Since the compact face F¥ C D7 contains M*, one can consider problem (5), on F¥,
not on D. This problem

Ry(M) = / ro(x,a)M(dz x da) — min (22)
XxA MelFk
st. Rj(M) = / rj(z,a)M(dx x da) < dj, j=1,2,...,J,
XxA

satisfies all the conditions of Proposition 6:
e the space F¥ is convex compact;

e the mappings R;(-) : F¥ — [0,00], j = 0,1,...,J, are non-negative, lower semicon-
tinuous by Lemma 1(b), and affine;

e problem (22) is non-degenerate, as the measure M* € F¥ satisfies all the constraints;
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e The space ¢ separates points in F* C D/,

According to Proposition 6, there exists a solution to problem (22) (hence, to problem

(5)) in the form Zi]jll oMy, where o; € [0,1], i]jll a; = 1, and M; is extreme in F*
for each | = 1,2,...,J + 1. Since F* is a face of Df, M; is extreme also in Df for
each | = 1,2,...,J + 1 and equals MZ! for some deterministic stationary strategy ¢; in
accordance with Theorem 1. Therefore, the mixture M = Z;]:Jrll Mzl solves problem
(5), and the corresponding strategic measure P := Z{:ﬁl a;P%! solves problem (4). O
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