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Abstract: A non-iterative partitioned computational method with the energy 18 

conservation property is proposed in this study for calculating a large class of time-19 

variant dynamic systems comprising multiple subsystems. The velocity continuity 20 

conditions are first assumed in all interfaces of the partitioned subsystems to resolve 21 

the interface link forces. The Newmark integration scheme is subsequently employed 22 

to independently calculate the responses of each system based on the obtained link 23 

forces. The proposed method is thus divided into two computational modules: multi-24 

partitioned structural analyzers and an interface solver, providing a modular solution 25 

for time-variant systems. The proposed method resolves the long-standing problem of 26 

iterative computation required in partitioned time-variant systems. More specifically, 27 

the proposed method eliminates the need for time-variant matrix formation and the 28 

utilization of complex iterative procedures in partitioned computations, which 29 

significantly improves the computational efficiency. The derivation process and 30 

theoretical demonstration of the proposed method are thoroughly presented through a 31 

representative example, i.e., a vehicle-rail-sleeper-ballast time-variant system. The 32 

proposed method’s accuracy, energy conservation property, and efficiency are 33 

systematically demonstrated in comparison with the results of the global model, 34 

highlighting its superior performance. A more general example provided in Appendix 35 

C demonstrates that the proposed method is not confined to the analysis of vehicle-rail-36 

sleeper-ballast systems but is applicable to other structural dynamic systems. 37 

 38 

Keywords: Time-variant systems; Partitioned computation; Vehicle-bridge interaction; 39 

Energy conservation; Stability and accuracy  40 
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1 Introduction 41 

The design, modeling, and analysis of large and complex dynamic systems are often 42 

impracticable/time-consuming via monolithic models due to physical property 43 

differences in different computational domains [1–4]. Partitioned computation offers a 44 

promising solution, where each system is independently designed and analyzed [5–7], 45 

and different computational methods, such as efficient explicit integration methods or 46 

unconditionally stable implicit integration methods [8,9], are designated in different 47 

computational domains/subsystems based on the physical properties of subsystems. 48 

Thus, partitioned computational methods remarkably improved the computational 49 

efficiency and accuracy of large and complex dynamic systems. 50 

Partitioned computation methods are typically applied to time-invariant dynamic 51 

systems consisting of two subsystems. Consequently, a multi-physics analysis dealing 52 

with interactions among multiple subsystems (≥ 3) presents a new challenge. Moreover, 53 

when there is a physical relative motion between the interconnected subsystems, the 54 

interface coupling between them becomes a more crucial concern. Typical examples of 55 

time-variant systems arise in dynamic contact problems, where relative moving 56 

velocity exists among the interconnected subsystems, such as the vehicle-bridge 57 

interaction system [10–12] and systems involving sliding friction interfaces [13–16]. 58 

These challenges emerging in time-variant dynamic systems demand not only modular 59 

simulation capabilities for each subsystem but also, more critically, the maximum 60 

possible separation of interface problems in individual subsystems [17]. Two 61 

fundamental approaches can be identified for solving multi-subsystem problems: 62 

monolithic schemes [18–23] and partitioned schemes [24–28]. 63 

Monolithic schemes. In a monolithic coupling system, all individual physical 64 

subsystems, including their interactions, are solved in global system equations with 65 

consistent discretization and integration schemes. Highly robust and accurate 66 

simulations of large and complex problems are often achieved by solving global 67 

systems. However, this comes at the cost of the flexibility of the monolithic approach 68 

as it requires the solver to be customized for the specific application and lacks easy 69 
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modifiability. Furthermore, modifying the coupling problem requires substantial effort 70 

and significantly prolongs the method and software development time [2]. For instance, 71 

in time-variant systems, such as the time-variant vehicle-bridge global system caused 72 

by vehicle motion, the large global system matrix necessitates reassembly and 73 

recalculation at each time step, consuming significant computational resources [27]. 74 

Moreover, by employing condensation techniques that eliminate the degrees of freedom 75 

(DOFs) of the vehicle, Yang and Yau [18,21–23] first transformed the vehicle equations 76 

into equivalent stiffness equations and subsequently condensed them into the bridge 77 

system. Due to the time-variant contact point, the system matrix in [18,21–23] typically 78 

varies over time, necessitating updating and factorization of the matrix at every time 79 

step, resulting in significant computational overhead for stochastic calculations. In 80 

addition, Ge [29] introduced a time-parameter freezing technique to transform the linear 81 

time-varying vehicle-bridge interaction problem into a sequence of linear time-82 

invariant problems. 83 

Partitioned schemes. In contrast to the monolithic method, partitioned 84 

computational methods usually employ independent solvers for different subsystems, 85 

such as explicit/implicit solvers. The exchange of physical information between solvers 86 

is limited to the coupling interfaces [8]. Each physical subsystem can be designed as an 87 

independent system and be solved by using tailored discretization and integration 88 

schemes. This approach offers enhanced flexibility for the overall coupling problem. 89 

For example, Xia et al. [24,25] proposed a loosely coupled iterative algorithm that 90 

computes the vehicle and bridge subsystems separately using contact forces obtained 91 

through iterations. Xia’s iterative algorithm was subsequently optimized in a recent 92 

study [26–28]. Stoura et al. [30] introduced auxiliary contact bodies between the vehicle 93 

and bridge systems for conducting iterative analysis based on predefined convergence 94 

criteria. Kalaycıoğlu [31] proposed a decoupling Method for the dynamic decoupling 95 

problem of nonlinear structures, while this method is applicable only if the nonlinearity 96 

can be modeled as a single nonlinear element. Existing partitioned methods require an 97 

iterative procedure based on predefined convergence criteria at each time step. However, 98 
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conducting a single calculation is already highly time-consuming for large and complex 99 

systems. The success of the calculation relies directly on the chosen convergence 100 

criterion, and developing convergence criteria for complex time-variant systems poses 101 

significant challenges. Furthermore, for partitioned systems with multiple interfaces, 102 

convergence criteria must be defined for each interface, and achieving simultaneous 103 

convergence at multiple interfaces is challenging. Convergence calculations for time-104 

variant interfaces are even more complex and time-consuming. Moreover, even if the 105 

calculation results converge and approximate well the true values, determining if there 106 

is dissipation of system energy or if certain response frequencies are being filtered 107 

remains difficult. 108 

These above challenges emerging in time-variant dynamic systems, e.g., the 109 

limitation of the number of subsystems, the requirement of iterative procedures, and the 110 

determination of the convergence criterion at multiple interfaces, motivate us to 111 

investigate a formulation that enables modular computational modeling and deals with 112 

multi-subsystems interface problems in time-variant systems. A general, simply-113 

structured, and efficient method, i.e., a non-iterative partitioned computational method 114 

with the energy conservation property, is proposed in this study for solving a large class 115 

of time-variant dynamic systems. The proposed method resolves the long-standing 116 

problem of iterative computation required in partitioned time-variant systems. The 117 

time-variant matrix formation and the utilization of complex iterative procedures are 118 

not required in partitioned computations, which significantly improves computational 119 

efficiency. To provide a clear illustration of the proposed method, the remaining 120 

sections of this study are organized as follows. A typical vehicle-rail-sleeper-ballast 121 

system (VRBS) divided into five subsystems, serving as an illustrative example, is 122 

established in Section 2. The non-iterative partitioned computational method for time-123 

variant dynamic systems is proposed in Section 3. The stability of the proposed method 124 

is investigated in Section 4 through the system energy property. The proposed method’s 125 

properties, including stability, computational accuracy, and efficiency, are numerically 126 

discussed in Section 5 via the built VRBS including the five/two-subsystem models. 127 
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2 Establishment of the partitioned VRBS equations 128 

To demonstrate the derivation process of the proposed method in detail, a 129 

simplified VRBS, as an illustrative example, is partitioned into five subsystems 130 

according to their properties. The interface continuity conditions between the 131 

interconnected subsystems serve as supplementary conditions for calculating the 132 

interface link forces. It is important to emphasize that the proposed method is applicable 133 

to partitioned solutions of other time-variant dynamic systems as well. Fewer or more 134 

system-partitioned solutions can be derived similarly, as demonstrated in subsequent 135 

sections. 136 

 137 

2.1 Modeling of the vehicle subsystem 138 

The 2D vehicle model, as shown in Fig. 1, is adopted to illustrate the proposed 139 

method in this study. Three assumptions are made in modelling the vehicle. Specifically, 140 

(1) the vehicle maintains a constant speed; (2) each vehicle consists of seven rigid 141 

bodies (i.e., one car body, two bogies, and four wheelsets), which are interconnected by 142 

the primary and secondary suspension systems with linear springs and dampers; and (3) 143 

the DOFs for the car body, two bogies, and four wheelsets are denoted as (zc, βc), (zt1, 144 

βt1), (zt2, βt2), and (zw1, zw2, zw3, zw4), respectively, as marked in Fig. 1. These DOFs 145 

collectively form the vehicle vector UV = [zc, βc, zt1, βt1, zt2, βt2, zw1, zw2, zw3, zw4]
T. To 146 

establish the equation of motion, a force analysis for the seven rigid bodies is carried 147 

out, as shown in Fig. 2. The derivation for Eq. (1) is provided in Appendix A, and the 148 

incremental form of the vehicle governing equation is presented as follows: 149 

( ) ( ) ( ) ( ) ( )1 1 1 1
1, , , ,

L P
i i i i

T
W R

V V V VEV t V t V t VR t+ + + +
   +   + M U +C U +K U = P Fv  (1a) 150 

( ) ( ) ( ) ( ) ( ) ( )1 11 0 1 0,1,1 1 1L L L LL L
i i iiii

T T
W R W R

R

R W R W R W R W

t Rt tt ttk c
+ +

 − + −Fv= U U   (1b) 151 

where MV, CV, and KV are the mass matrix, damping matrix, and stiffness matrix of the 152 

vehicle, respectively; the linearized Hertzian spring (k0 = 23382063.67) and damping 153 

(c0), as marked in Fig. 1 (c), are employed to simplify and simulate the wheel-rail 154 

connection forces; ∆PVR ∈  ℝ𝐿𝑉 , ∆PVE ∈  ℝ𝐿𝑉 , and ∆FV ∈  ℝ𝐿𝑉 refer to the link-force 155 

increment between interconnected subsystems (where LV is the number of DOFs of the 156 
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wheelsets), the external force increment, and the time-variant loadings caused by the 157 

vehicle running, respectively; ∆�̇� V and ∆  V are, respectively, the velocity and 158 

acceleration increments at a time step; and all increments are calculated within a time 159 

step ∆h from ti to ti+1 such as ∆�̇�(V, ti+1)= �̇�(V, ti+1) - �̇�(V, ti). The subscript (i.e., V = 160 

Vehicle, R = Rail, S = Sleeper, B = Ballast, Br = Bridge) is employed here to distinguish 161 

matrix and vector types of different subsystems (similarly hereinafter). In addition, 162 

𝑳1
𝑊·𝑅  is a Boolean matrix, where the subscript and superscripts denote interface 163 

numbers and two subsystem symbols, respectively. The order of letters in the 164 

superscripts determines the type of Boolean matrix. For instance, the matrix 𝑳1
𝑊·𝑅 with 165 

LV × NV dimensions is the Boolean matrix of the first interface on the wheel side, where 166 

NV represents the number of the vehicle subsystem’s DOFs. It is important to note that 167 

all cases discussed in the study are linear scenarios of subsystems connected with 168 

springs, and the nonlinear cases will be further studied in further work. In addition, the 169 

moving vehicle results in time-variant rail-wheelset contact points, making the Boolean 170 

matrix of the first interface on the rail side (i.e., 𝑳1𝑡𝑖+1

𝑅·𝑊 ) also time-variant. More detailed 171 

information on the Boolean matrix can be found in [32–34]. 172 

 173 

Fig. 1 The 2D vehicle model. (a) Lateral view, (b) back view, and (c) wheel-rail contact 174 

information. Note that the notations (ktz, ctz) and (kpz, cpz) denote the vertical stiffness 175 

and damping of the primary and secondary suspension systems, respectively. The 176 

symbols (Mc, Icβ), (Mt, Itβ), and (Mw, Iwβ) are the mass and moment of inertia of the car 177 

body, bogie, and wheelsets, respectively. (Lt, Lc) and (Htw, Hbt, and Hcb) are, respectively, 178 

horizontal and vertical distances of the designated rigid body centers. 179 
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 180 

Fig. 2 Schematic diagram of the vehicle force analysis. (a) Car body, (b) the first bogie, 181 

and (c) the first wheelsets. The subscripts under the symbol F represent four 182 

components: directions (x and z), positions (f and t), types (c and k), and orientations 183 

(L and R) of the applied forces. For instance, FxtcL1 denotes the damping force (c) of the 184 

secondary suspension system (t) along the x direction at the left side (L) of the car body. 185 

 186 

2.2 Modeling of the rail-bridge subsystems 187 

The rail subsystem plays a crucial role in distributing and attenuating high-188 

frequency loadings between the wheels and the rail. Considering the universality, the 189 

ballasted rail system shown in Fig. 3(a) is built in this study. To derive the governing 190 

equations of their respective subsystems, the force analysis for the rail, sleeper, ballast, 191 

and bridge is performed, as depicted in Figs. 3(b) and (c). The incremental forms of 192 

these governing equations are presented below: 193 

( ) ( ) ( )

( ) ( ) ( ) ( )1

1 1 1

1 1

, , ,

2,1 ,
P LL

i i i

i ii

R R RR t R t R t

T T
R S

REVR t RS

R W

t t

+ + +

+ ++

  

+  +  =  + 

M U +C U +K U

P P Fr

  (2a) 194 

( ) ( ) ( )( ) ( ) ( ) ( )( )

( ) ( ) ( )( ) ( ) ( ) ( )( )
1 1

1 1

0 0 0 0,

0

1 , , ,

0 0 0, , ,

1 1 1

1 1 1 1 ,

L L L L

L LL L

L L

LL

+ +

+ +

 − − + −

− − + −

Fr= U U U U

U U U U

i i

i

i i

i i i

i i i i

i i ii

R
T T

W R W R

R t V t V t R t

T T
W R W R

R W R W W R W

t R

W

t V t

t t t t

R R W R W R

V t R

W

t t tt

k k

c c
 (2b) 195 

( ) ( ) ( ) ( ) ( ) ( ) ( )( )
1 1 1 1 1

2 3, , , , ,
L L

+ + + + +
   +  +  M U +C U +K U P P = P

i i i i i

T T
S R S B

S S S SES t S t S t RS t SB t
 (3) 196 

( ) ( ) ( ) ( ) ( ) ( ) ( )( )
1 1 1 1 1

3 4, , , , ,
L L

+ + + + +
   +  +  M U +C U +K U P P = P

i i i i i

T T
B S B Br

B B B BEB t B t B t SB t BBr t    (4) 197 

( ) ( ) ( ) ( ) ( )1 1 1 1
4, , , ,

L
+ + + +

   +  M U +C U +K U P = P
i i i i

T
Br B

Br Br Br BrEBr t Br t Br t BBr t
      (5) 198 
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 199 

Fig. 3 Schematic diagram of the force analysis of the rail-sleeper-ballast-bridge 200 

subsystem. (a) Rail-sleeper-ballast-bridge subsystem, (b) the force analysis of the rail-201 

sleeper subsystem, and (c) the force analysis of the ballast-bridge subsystem. Note that 202 

the notations (kp, cp), (kb, cb), and (kf, cf) denote the vertical stiffness and damping of 203 

the rail, sleeper, and ballast, respectively. The superscript F represents the force 204 

orientation (L = Left), and the first and second subscripts under F represent the name 205 

of the subsystem (r = rail) and the vertical force number, respectively. 206 

The detailed derivation process of Eqs. (2) to (5) is given in Appendix A. The five 207 

subsystems are interconnected by the four link forces (i.e., ΔPVR, ΔPVS, ΔPSB, and Δ208 

PB.Br). Note that DOFs of all interfaces must be compatible [35]. If the values of all link 209 

forces (i.e., the unknown quantities) are given in advance, all subsystems will be 210 

decoupled into independent subsystems and computed independently using their 211 

respective integration schemes. The interface continuity conditions between 212 

subsystems are thus explored to compute the link forces in the next section. 213 

 214 

2.3 Interface continuity conditions 215 

To calculate the link forces and ensure the interface continuity of all kinematic 216 

quantities, the velocity continuity conditions are selected and imposed on the 217 

corresponding interfaces [5,33,36], as shown in Figs. 3(b) and 4. Note that the 218 

displacement/acceleration continuity conditions may cause the system energy 219 

dissipation gradually, namely, the partitioned system is not stable. Further discussion 220 
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on these two continuity conditions will be investigated in future study. The four-221 

velocity continuity conditions are expressed as follows: 222 

( ) ( )11 111 0L U L U
i ii

RW R

V ,t R,t t

W

+++
 +  =     (6) 223 

( ) ( )1 12 2 0L U L U
+ +

 +  =
i i

R S S R

R,t S ,t
     (7) 224 

( ) ( )1 13 3 0L U L U
+ +

 +  =
i i

S B B S

S ,t B,t
     (8) 225 

( ) ( )1 14 4 0L U L U
+ +

 +  =
i i

B Br Br B

B,t Br ,t
     (9) 226 

Due to the vehicle running, the Boolean matrix of the first interface on the rail side 227 

(i.e., 𝑳1𝑡𝑖+1

𝑅·𝑊 ) is time-varying. In other words, the velocity continuity condition in the 228 

first interface, as shown in Eq. (6), is time-varying while the remaining conditions 229 

remain time-invariant. At this point, the four-velocity continuity conditions (See Eqs. 230 

(6) ~ (9)) are assumed to solve the four-link forces (See Fig. 4). Building upon the 231 

velocity conditions, a novel method is proposed to determine the link forces and 232 

decouple and solve VRBS in the next sections. The proposed method consists of multi-233 

partitioned structural analyzers and an interface solver, which will be demonstrated 234 

from the perspectives of theoretical and numerical analysis. 235 

 236 

Fig. 4 Schematic diagram of the partitioned computation for VRBS. 237 

 238 



11 
 

3 The proposed non-iterative partitioned method 239 

The non-iterative partitioned computational method for a time-variant dynamic 240 

system is proposed in this section. Specifically, the governing equations of the five 241 

subsystems are first condensed by using the Newmark scheme to simplify the 242 

subsystem-solving expressions (i.e., multi-partitioned structural analyzers in Section 243 

3.1). Subsequently, the velocity increment of each time step can be computed based on 244 

the initial subsystem information in Section 3.2. Then, four-link forces are calculated 245 

via the velocity continuity conditions (i.e., the interface solver in Section 3.3). Finally, 246 

the proposed method is used to obtain all responses of the system. 247 

 248 

3.1 Multiple partitioned structural analyzers 249 

The Newmark method with strict energy stability demonstration [37] is employed 250 

to solve the governing equations of the five independent subsystems. Considering the 251 

equation similarity (As shown in Eqs. (1) ~ (5)), the rail-subsystem governing equation 252 

(i.e., Eq. (2)) is chosen as an illustrative example to demonstrate the derivation process 253 

of dynamic equations in a compact form. Incremental expressions of the displacement 254 

and velocity for the Newmark method are: 255 

1 1

22

2
U U U U

  

 + +

 −
 =  + + 

i i i it t t t

h
h h          (10) 256 

1 1

1 1
U U U

i i it t t
h + +

 =  −


                      (11) 257 

where the algorithmic parameters γ and β are employed to control the accuracy, stability, 258 

and integration scheme type (explicit or implicit) of the Newmark method. Substituting 259 

Eqs. (10) and (11) into the governing equation of the rail subsystem without damping 260 

(i.e., Eq. (2)), the incremental form of the equation can be derived as follows: 261 

( ) ( ) ( )1 1 1

*

, , ,
K U R F

i i i
R R t RVS t R t+ + +
 + =          (12a) 262 

* 1
R R R

h

h



 
+




=K M K ,         (12b) 263 

( ) ( ) ( ) ( ) ( )1 1 11 2, , ,1R P L PL
+ + ++

 =  + 
i i ii

T T
R S

RVS t Vt R t RS t

R W
   (12c) 264 
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( ) ( ) ( ) ( ) ( )1 1

2

, , , , ,

2 1

2
F P K U U M U

 

 + +

 −
 =  − + + 

 
 

i i i i i
R RR t RE t R t R t R t

h h  (12d) 265 

where Δ𝑹(𝑅𝑉𝑆, 𝑡
𝑖+1

) refers to the time-varying link force applied to the rail subsystem, 266 

originating from the vehicle subsystem and the sleeper subsystem. To simplify the 267 

presentation, Eqs. (11) - (12) are rewritten in a compact form as follows: 268 

( ) ( ) ( )

( ) ( ) ( )

1 1 1

1 1

*

, , ,

, , ,

R
+ + +

+ +

 +  =

=  −

i i i

i i i

R R t R t RE t

RRE t RE t R t

      (13a) 269 

* *=

1

I I 0

0 K 0

0 I I







 
− 

 
 
 
 −
 





R R

h

h

 ( )

( )

( )

( )

1

1 1

1

,

, ,

,

=

i

i i

i

R t

R t R t

R t

+

+ +

+

 
 
  
 
  

U

U

U

   (13b, c) 270 

( ) ( )1 1, ,

0

R = R

0

+ +

 
 

  
 
 

i iR t RVS t   ( ) ( )1 1, ,
=

0

P Fr

0

+ +

 
 

  +  
 
 

i iRE t RE t  (13d, e) 271 

2

2

2

2

2 1
=

2

1

0 I I

0 K K M

0 0 I

 



 

 



 −
− −  

 
 −

  − 
 
 
 






R R R R

h h

h h  ( )

( )

( )

( )

,

, ,

,

=

i

i i

i

R t

R t R t

R t

 
 
 
 
  

U

U

U

  (13f, g) 272 

where 0 and I are, respectively, the zero matrix and identity matrix, with the same 273 

dimension as the stiffness matrix K. By referring to the derivation of the rail incremental 274 

form, i.e., Eqs, (12) and (13), the compact forms of all subsystems can be derived as 275 

follows: 276 

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

1 1 1

1 1 1

1 1 1

1 1 1

1 1 1

*

, , ,

*

, , ,

*

, , ,

*

, , ,

*

, , ,

R

R

R

R

R

+ + +

+ + +

+ + +

+ + +

+ + +

  +  =


 +  =


 +  =


 +  =
  +  =

i i i

i i i

i i i

i i i

i i i

V V t V t VE t

R R t R t RE t

S S t S t SE t

B B t B t BE t

Br Br t Br t BrE t

              (14) 277 
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where ΔR is the link force vectors applied to the corresponding subsystem and they 278 

can be derived in a similar manner as follows: 279 

( ) ( ) ( )1 1
1, ,

R L P
+ +

 = 
i i

T
W R

VR t VR t        (15a) 280 

( ) ( ) ( ) ( ) ( )1 1 11 2, , ,1R P L PL
+ + ++

 =  + 
i i ii

T T
R S

RVS t Vt R t RS t

R W
   (15b) 281 

( ) ( ) ( ) ( ) ( )1 1 1
2 3, , ,

R L P L P
i i i

T T
S R S B

SRB t RS t SB t+ + +
 =  +     (15c) 282 

( ) ( ) ( ) ( ) ( )1 1 1
3 4, , ,

R L P L P
i i i

T T
B S B Br

BSBr t SB t BBr t+ + +
 =  +     (15d) 283 

( ) ( ) ( )1 1
4, ,

R L P
i i

T
Br B

BrB t BBr t+ +
 =         (15e) 284 

where Δ𝑹(𝑉𝑅, 𝑡
𝑖+1

) , Δ𝑹(𝑆𝑅𝐵, 𝑡
𝑖+1

) , Δ𝑹(𝐵𝑆𝐵𝑟, 𝑡
𝑖+1

) , and Δ𝑹(𝐵𝑟𝐵, 𝑡
𝑖+1

)  denote the force vectors 285 

applied to the vehicle, sleeper, ballast, and bridge subsystems, respectively. Δ𝑷(𝑉𝑅, 𝑡
𝑖+1

), 286 

Δ𝑷(𝑅𝑆, 𝑡
𝑖+1

) , Δ𝑷(𝑆𝐵, 𝑡
𝑖+1

) , and Δ𝑷(𝐵𝑟𝐵, 𝑡
𝑖+1

)  are the four-link force vectors to be solved, as 287 

shown in Fig. 4. Up to this point, the coupling dynamic system with four unknown link 288 

forces (i.e., the multi-partitioned structural analyzers) is built in Eq. (14). Based on the 289 

velocity continuity conditions and the velocity increments in a time step obtained in the 290 

next section, an interface solver is developed to compute the link forces. 291 

 292 

3.2 Velocity increments within a time step 293 

Given the similarity of the governing equations, the rail subsystem is employed to 294 

illustrate the calculation of velocity increments within a time step Δh. The incremental 295 

form for the governing equation of the rail subsystem without damping is rewritten as: 296 

( ) ( ) ( ) ( )1 1 1 1, , , ,
M U K U R = P Fr

i i i i
R RR t R t RVS t RE t+ + + +
 +  +  +   (16) 297 

Substituting incremental forms of the Newmark scheme (i.e., Eqs. (10) and (11)) 298 

into Eq. (16), the velocity increment is obtained as follows: 299 

( ) ( ) ( ) ( ) ( )

1

1 1 1

* 2

, , , , ,

2 1

2
U K P Fr R K M U K U

 

 

−

+ + +

  −
 =  +  − −  − −  

  
i i i i i

R R R RR t RE t RVS t R t R t
h h  (17) 300 

Eq. (17) demonstrates that the velocity increment of the rail subsystem can be 301 

computed by using the initial information at ti (e.g., �̇�(R, ti) and Ü(R, ti)). To compute the 302 

link force, the velocity increment Δ�̇�ti+1 is divided into two parts (i.e., Δ�̇�(𝑅,𝑡𝑖+1)
𝐿𝑖𝑛  and 303 
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Δ�̇�(𝑅𝐸,𝑡𝑖+1)
𝐸𝑥𝑡  ) according to the loading types (i.e., the link force Δ𝑹(𝑅𝑉𝑆, 𝑡

𝑖+1
)  and the 304 

external force ΔP(𝑅𝐸, 𝑡𝑖+1)) as follows: 305 

( ) ( ) ( )1 1 1, , ,
U U U

+ + +
 =  +

i i i

Lin Ext

R t R t RE t       (18a) 306 

( ) ( )

1

1 1

*

, ,
U K R

i i

Lin

RR t RVS t

−

+ +
 = −        (18b) 307 

( ) ( ) ( ) ( )( )
1

1 1

* *

, , , ,
U K P Fr R U K U

−

+ +
 =  + − −

i i i i

Ext

R R RRE t RE t R t R t
h  (18c) 308 

For linear systems, all coefficients in Eq. (17) are constants that can be pre-309 

determined before computation. Similarly, the velocity increments for all subsystems 310 

can be obtained. The link forces at interfaces are computed in the next section via the 311 

obtained velocity increments and the velocity continuity conditions. 312 

 313 

3.3 The interface solver 314 

The first interface, connecting the vehicle subsystem and the rail subsystem (See 315 

Fig. 4), is employed to illustrate the calculation process of the four interface link forces 316 

by using the assumed velocity continuity conditions (i.e., Eq. (6)) and the solved 317 

velocity increments (i.e., Eq. (18)). The velocity continuity condition at the first 318 

interface is rewritten as follows: 319 

( ) ( )( ) ( ) ( )( )
1 11 1 11 1 0L U LU U U

++ + + +
 + +  + =

i i i i i

R W

t

W R Lin Ext Lin Ext

V ,t VE ,t R,t R E ,t
 (19) 320 

By referring to the results in Eqs. (17) and (18), the vehicle system velocity 321 

increments caused by the link forces and external forces are derived as follows: 322 

( ) ( ) ( )

1

1 1

*

1, ,
U K L P

i i

T
Lin W R

VV t VR t

−

+ +

  = − 
  

      (20) 323 

( ) ( ) ( ) ( )( )
1

1 1

* *

, , , ,
U K P Fv R U K U

−

+ +
 =  + − −

i i i i

Ext

V V VVE t VE t V t V t
h  (21) 324 

where 𝑲𝑉
∗  is the vehicle equivalent stiffness matrix, which has the same form as Eq. 325 

(12b). Substituting Eqs. 18(b), 18(c), (21), and (22) into the velocity continuity 326 

condition (i.e., Eq. (20)), one has: 327 

( ) ( )1 1
U H P G P

+ +
 =  + 

i i

Ext

VR V R W SVR,t RS ,t
    (22) 328 

( ) ( )1 111 1U L U UL
i ii

Ext W R Ext Ext

VR VE,t Rt E,

R

t

W

++ +
 =  +   (23a) 329 
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( )
1

1

21LG K L
i

T
* R S

W S R

R W

t +

−

=      (23b) 330 

( ) ( )( )1 1

1 1* *

1 11 1H LL K L K L
+

−

+

−

= +
i i

R
TT

W R W R

V R V

W R W

t tR  (23c) 331 

All coefficients in Eq. (22) are constant for a linear system, and the velocity 332 

increments of the vehicle and rail subsystems caused by the external forces (i.e., Eq. 333 

(23 a)) are readily obtained. Similarly, the remaining three interface continuity 334 

conditions can also be expressed in the form of link forces. 335 

For the second interface, connecting the railway and sleeper subsystems, one has: 336 

( )1
U H P G P G P

+
 =  +  + 

i

Ext

RS R S RS S W R B SBVR,t
    (24) 337 

( ) ( )1 12 2i i

Ext R S Ext S R Ext

RS RE,t SE,t+ +
 =  + U L U L U   (25a) 338 

( )
1

1

2 1LG L K
+

−

=
i

T
R S *

S W

R W

tR
     (25b) 339 

( )
1

2 3G L K L
T

S R * S B

R B S

−

=     (25c) 340 

( ) ( )( )1 1* *

2 2 2 2

T T
R S R S S R S R

R S R S

− −

= +H L K L L K L  (25d) 341 

For the third interface, connecting the sleeper and ballast subsystems, one has: 342 

U H P G P G P
Ext

SB S B SB B R RS S Br BBr =  +  +       (26) 343 

( ) ( )1 13 3i i

Ext S B Ext B S Ext

SB SE,t BE,t+ +
 =  + U L U L U    (27a) 344 

( )
1

3 2G L K L
T

S B * S R

B R S

−

=       (27b) 345 

( )
1

3 4G L K L
T

B S * B Br

S Br B

−

=      (27c) 346 

( ) ( )( )1 1* *

3 3 3 3

T T
S B S B B S B S

S B S B

− −

= +H L K L L K L  (27d) 347 

For the fourth interface, connecting the ballast and bridge subsystems, one has: 348 

U H P G P
Ext

BBr B Br BBr Br S SB =  +         (28) 349 

( ) ( )1 14 4i i

Ext B Br Ext Br B Ext

BBr BE,t BrE,t+ +
 =  + U L U L U    (29a) 350 

( )
1

4 3G L K L
T

B Br * B S

Br S B

−

=       (29b) 351 

( ) ( )( )1 1* *

4 4 4 4

T T
B Br B Br Br B Br B

B Br B Br

− −

= +H L K L L K L  (29c) 352 
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Since all quantities in Eqs. (22) to (29) can be determined via given information, 353 

the four-link force vectors (i.e., ΔP(𝑉𝑅, 𝑡𝑖+1), ΔP(𝑅𝑆, 𝑡𝑖+1), ΔP(𝑆𝐵, 𝑡𝑖+1), and ΔP(𝐵𝐵𝑟, 𝑡𝑖+1), in Fig. 4) 354 

can be directly obtained by solving the four linear equations (i.e., the interface solver 355 

consists of Eqs. (22), (24), (26), and (28)). Once the link forces are determined, the 356 

coupling system (i.e., Eq. (14)) is decomposed into five independent subsystems (see 357 

Fig. 4), and the responses of all subsystems at ti+1 can be solved independently via Eq. 358 

(14). The computational procedure of the proposed method is given in Appendix B. 359 

It is worth noting that the above five subsystem matrices, involved in the derivation 360 

process, can be substituted with alternative dynamic systems [15]. Moreover, arbitrary 361 

subsystems can serve as time-variant subsystems and updated time-related loadings 362 

(e.g., ΔFr and Δ𝐅𝒗) can be derived from the interconnected subsystems with relative 363 

motion. By employing the developed interface solver in the proposed method, a time-364 

variant dynamic system can be decoupled into independent subsystems, and all 365 

responses of all subsystems can be solved by the developed multi-partitioned structural 366 

analyzers. Therefore, the proposed method is applicable to other time-variant dynamic 367 

systems as well. 368 

In addition, VRBS can be separated into more subsystems by increasing more 369 

interfaces at corresponding positions, and updated multivariate linear equations can be 370 

used to solve the unknown link forces. Conversely, merging interconnected subsystems 371 

can decrease the number of subsystems and interfaces. For instance, by merging the 372 

ballast and bridge subsystems, the resulting partitioned system will consist of only four 373 

subsystems, three interfaces, and three-link force vectors. For two subsystems, only one 374 

interface and one link force vector exist in the portioned system. The derivation process 375 

of the two-subsystem system is given in Appendix C, demonstrating the simplicity of 376 

the computational procedure. It is worth noting that the built VRBS includes essentially 377 

five independent mathematical matrices that represent different physical subsystems, 378 

and they can also represent other more complex physical systems when corresponding 379 

physical properties are assigned to the matrices. On the contrary, in Appendix C, a two-380 

subsystem model consisting of the spring-mass subsystem and the continuous beam 381 
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subsystem (as shown in Fig. A3) is built to demonstrate the applicability of solving 382 

other time-variant dynamic systems. 383 

In the interface solver, solving linear equations is essential to computing link forces, 384 

leading to increased computational time proportional to the number of subsystems, as 385 

elaborated in Section 5.3. Additionally, while energy dissipation doesn’t occur at 386 

interfaces, exceedingly minute link force values emerge in results due to floating-point 387 

operation errors, as discussed in Section 5.1. These drawbacks restrict us from 388 

incorporating an excessive number of subsystems into the calculation. 389 

 390 

4 Proof of computational stability based on the system energy 391 

The energy conservation property, including the interface pseudo-energy and the 392 

interface mechanical energy, is investigated in this section to prove the computational 393 

stability of the proposed method. 394 

4.1 The interface pseudo-energy 395 

The following pseudo-energy norm of a dynamic system without external 396 

excitations (solved by the Newmark method [37]) is widely used to investigate the 397 

computational stability of partitioned systems. Further details on the pseudo-energy can 398 

be found in [33,38]. 399 

( ) ( ) ( ) ( )

1

1 1 1 1, , , ,

1 1 1

2 2

i

i i i i
i

t
T T T T

k k k k k k kk t k t k t k tt h


+

+ + + +

 
 + = − −   +      
U A U U K U U A U U  (30a) 400 

2 1

2
k k k kh  

 
+  − 

 
A = M K ,  

( ) ( ) ( )1 1 1, , ,
= P R

+ + +
  + 

i i ik t kE t k t
  (30 b, c) 401 

where k is the subsystem number; the symbol [ ]𝑡𝑖

𝑡𝑖+1  is the increment of kinematic 402 

quantities from ti to ti+1; and Δℝ(𝑘, 𝑡𝑖+1) includes the link forces Δ𝑹(𝑘, 𝑡
𝑖+1

) and external 403 

excitation Δ𝑷(𝑘𝐸, 𝑡
𝑖+1

), as shown in Eqs. (1) ~ (5). The pseudo-energy incremental is: 404 

int

k k k k

kin diss extE E E E + =  +        (31a) 405 

11

2

i

i

t
k T

kin k k k t
E

+

  =  U A U , 
11

2

i

i

t
k T

int k k k t
E

+

  =  U K U    (31b, c) 406 
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( ) ( )1 1, ,

1

2 i i

k T

diss kk t k t
E 

+ +

 
 = − −   

 
U A U , ( ) 11,

1
ni

k T k

ext tk t
E

h ++
 =  


U   (31d, e) 407 

where Δ𝐸𝑘𝑖𝑛
𝑘 , Δ𝐸𝑖𝑛𝑡

𝑘 , Δ𝐸𝑑𝑖𝑠𝑠
𝑘 , and Δ𝐸𝑒𝑥𝑡

𝑘  refer to the pseudo kinetic energy, the pseudo-408 

potential energy, the pseudo dissipation energy, and the pseudo loading energy of the 409 

kth subsystem at Δh, respectively. According to the link forces in Eq. (15) or Fig. 4, the 410 

pseudo-loading energy generated by link forces (i.e., Δ𝐸𝑒𝑥𝑡
𝑘 ) is: 411 

( ) ( )1 1, ,

1
U R

+ +
 =  =  

 i i

k k T

link ext k t k t
E E

h
    (32) 412 

According to the stability conditions in [38] (i.e., γ≥1/2 and A   is positive 413 

definite), individual subsystem responses under forces are stable if Δ𝐸𝑒𝑥𝑡
𝑘 ≤0. Referring 414 

to Eq. (31), the total pseudo-energy for VRBS with five subsystems is: 415 

( ) ( )
5 5

1 1= =

 +  =  +  k k k

kin int diss link

k k

E E E E     (33) 416 

The total pseudo-loading energy dissipated at all interfaces is: 417 

( )
4

1=

 =  +  k j j k

link ext ext

l

E E E      (34) 418 

where the superscripts stand for two interconnected subsystem numbers. For instance, 419 

for the first interface, k and j denote the vehicle (V) and rail (R) subsystems, respectively. 420 

Substituting Eq. (32) into Eq. (34), the total pseudo-loading energy caused by four-link 421 

forces (i.e., Eq. (15)) is derived as follows: 422 

( ) ( ) ( )

( ) ( ) ( ) ( ) ( )( )

( ) ( ) ( ) ( ) ( )( )

( ) ( ) ( ) ( ) ( )( )

( ) ( )

1

1 1

1 1 1

1 1 1

1 1 1

1
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1
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+ + +

+ +
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+
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i

i

i

i i

i i

i
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T T
T R S

R t VR t RS t

T T
T S R S B

S t RS t SB t

T T
T B S B Br

B t SB t BBr t

W

T
T Br B

B

R

t

r t

E
h

h

h

h

h ( )( )
1, +iBBr t

  (35) 423 

The total pseudo-loading energy is simplified as follows: 424 
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( ) ( ) ( ) ( )( ) ( )

( ) ( ) ( ) ( )( ) ( )

( ) ( ) ( ) ( )( ) ( )

( ) ( ) ( ) ( )( ) ( )
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L
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+ + +

+ + +

+ + +
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  (36) 425 

Substituting the velocity continuity conditions (i.e., Eqs. (6) ~ (9)) into Eq. (33), 426 

the total pseudo loading energy within the duration from t0 to tn is: 427 

0

0 =  =
nt

LINK link
t

E E        (37) 428 

Therefore, if the assumed velocity continuity conditions and the Newmark scheme 429 

are ensured in the computation process, the total pseudo-loading energy will be equal 430 

to zero and will not be affected by the algorithmic parameters (γ and β). Consequently, 431 

the stability of the proposed method can be guaranteed in the partitioned computation. 432 

4.2 The interface mechanical energy 433 

The following system mechanical energy in [33,37,39] is also used to investigate 434 

the proposed method’s stability. Note that external forces and damping forces are not 435 

considered in the system. 436 

( )( )1

1

12 2

1 1
1

2 2

1 1 1 1

2 2 2 2

i

n n
i

i

i

t
T T T T
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h h

  

    

+

+

+

 
  =  − − −    

 

    
 − − −    − −       

    

U MU + U KU U P P U K U

U M U U MU

+

 (38) 437 

The mechanical energy increment of the kth subsystem without external forces is 438 

rewritten as follows: 439 

( ) ( ) ( )( )
1 1 1 1

1 1

2

1 1

1

, ,
1

1

2

1 1

2 2

1

2

U R R

U K U

U M U

   



  

  

+ + + +

+ +

+ +

+
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( )
1 1 1

1

2

T T

i i i i i

k k k k k

t t k t t k t
+ + +

 = −U M U U M U     (39b) 441 

( )
1 1 1

1

2

T T

i i i i i

k k k k k

t t k t t k t
+ + +

 = −U K U U K U     (39c) 442 

( )
2

1 1 1

1

2

T T

i i i i i

k k k k k k

t t k t t k th
+ + +

 =  −U M U U M U    (39d) 443 

where 
1i

k

t +
 , 

1i

k

t +
 , and 

1i

k

t +
  refer to the kinetic energy, the potential energy, and the 444 

dissipative energy of the kth subsystem, respectively. The total mechanical energy 445 

increments for the system with five subsystems and four interfaces are derived as: 446 
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1 1
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i i
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+ +
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where ΔWlink and ΔWdiss are the interface mechanical energy caused by link forces and 450 

the algorithmic dissipation energy, respectively [39,40]. The second-order accuracy (i.e., 451 

γk = 1/2) is usually required in numerical analysis. Substituting γk = 1/2 into Eq. (39), 452 

the total increments of the system mechanical energy are expressed as follows: 453 

1

5

1

1

4 i

k k

link t

k

Work W  
+

=

 
 =  − −  

 
      (41) 454 

The mechanical energy increment ΔWlink in the four interfaces is: 455 
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According to the velocity continuity conditions, i.e., Eqs. (6) ~ (9), one has ∆Wlink 457 

= 0, and the mechanical energy increment ΔWlink within the duration from t0 to tn is: 458 

0

0 =  =
nt

LINK link
t

W W        (43) 459 

When the parameters (i.e., βk = 1/4) are thus employed in all subsystems, the total 460 

system mechanical energy is conservative (i.e., ∆Work = 0). 461 

 462 

5 Numerical demonstrations of the proposed method 463 

To comprehensively evaluate the proposed method in terms of computational stability, 464 

accuracy and efficiency, a detailed investigation of a two-dimensional (2D) VRBS 465 

constructed in Section 2.1 is performed. VRBS is separated into five subsystems based 466 

on their properties, and the continuity conditions of the four interfaces are assumed 467 

between the interconnected subsystems, as shown in Fig. 5. A global model (i.e., an 468 

unpartitioned model), a widely used model [27], is also constructed here for comparison, 469 

and the large global system matrix necessitates reassembly and recalculation at each 470 

time step. The 65-meter rail subsystem and 32-meter bridge subsystem, as depicted in 471 

Fig. 5, are simulated via plane beam elements, with 650 and 64 elements, respectively. 472 

The numbers of sleepers and ballasts are both 65, with a longitudinal spacing of 0.5 m. 473 

The springs at the two-side subgrade are fixed at the bottom. Three different vertical 474 

initial velocities of the vehicle (i.e., V = 0, 5, and 10 m/s) are analyzed. The vehicle 475 

travels at a constant speed of v0 = 100 m/s, employing a time-step size of Δh = 0.001 s, 476 

and the total calculation time is 0.48 s. The relevant parameter values for the two models 477 

(i.e., the global model and partitioned model) are presented in Table 2, which are given 478 

in Appendix D. The initial mechanical energy and initial pseudo energy for the two 479 

models are, respectively, W0 = 146954.4 J and E0 = 2274103.82 J when V = 0 m/s. 480 

Comparative study of the numerical results obtained from the two models is 481 

performed in the following sections. More specifically, the total mechanical energy and 482 

pseudo-energy of the partitioned system without damping and irregularities are first 483 

gathered to discuss the proposed method’s stability. Subsequently, for the designated 484 
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subsystem points at the mid-span section (i.e., R1, R2, R3, R4, and R5, as marked in Fig. 485 

5), acceleration responses of the two models are used to assess the proposed method’s 486 

accuracy, and different integration schemes in different subsystems are analyzed. 487 

Finally, the computational efficiency of the system considering different subsystem 488 

numbers and the number of DOFs in different subsystems is compared. 489 

 490 

Fig. 5. A partitioned vehicle-rail-sleeper-ballast-bridge vertical system 491 

5.1 Investigation of computational stability 492 

1) Interface pseudo-energy 493 

The total interface pseudo-energy caused by link forces (i.e., ∆Elink in Eq. (36)), as 494 

depicted in Fig. 6, is collected to investigate the computational stability of the proposed 495 

method. Two integration schemes are discussed in the stability analysis: Case I, single-496 

implicit Newmark integration schemes with the parameter combination (γ = 1/2 and β 497 

= 1/4) are used in all subsystem calculations; Case II, by modifying the vehicle 498 

subsystem integration parameter combinations in Case I to be (γ = 1/2 and β = 1/6), the 499 

explicit/implicit hybrid calculation schemes are performed in Case II. The theoretical 500 

interface pseudo-energy for the two cases should be zero and this can be directly derived 501 

from Eq. (37). However, tiny values of ∆Elink for the two cases under different vertical 502 

initial velocities are observed in Fig. 6. It is worth noting that the calculated pseudo-503 

energy is amplified 1000 times by the time step size ∆h, as seen in Eq. (36). When 504 

compared with the initial input pseudo-energy E0 = 2274103.82 J, the amplified ∆Elink 505 

remains minuscule, as shown in Fig. 6. For the two cases under different initial 506 

velocities, suggesting that these discrepancies are attributed to floating-point operation 507 

errors. Therefore, the proposed method exhibits the energy conservative property in 508 
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terms of the interface pseudo-energy. 509 

 510 

Fig. 6. The interface pseudo energy of the partitioned system: (a) single-implicit 511 

Newmark integration schemes with the parameter combination (γ = 1/2 and β = 1/4) 512 

and (b) the explicit/implicit hybrid calculation schemes 513 

2) Interface mechanical energy 514 

The interface mechanical energy caused by link forces (i.e., ∆Wlink in Eq. (42)) and 515 

the algorithmic dissipation energy of the partitioned system (i.e., ∆Wdiss in Eq. (40c)), 516 

as depicted in Fig. 7, are collected to discuss the proposed method’s stability. It is shown 517 

that the total ∆Wlink of the two cases, as shown in Fig. 7(a) and (b), are extremely small 518 

and negligible compared with the initial system energy (W0 = 146954.4 J). The initial 519 

vertical vehicle velocity and the used integration schemes affect ∆ Wlink, but the 520 

variation in its value is still extremely small. According to the velocity continuity 521 

conditions, the theoretical value of ∆ Wlink should be zero, as shown in Eq. (43). 522 

However, the tiny ∆Wlink is presented in the figure due to the floating-point operation 523 

errors. Moreover, due to the parameter combination (γ = 1/2 and β = 1/4) in Case I, it is 524 

known from Eq. (40c) that ∆Wdiss is always zero. Therefore, we present only the values 525 

of ∆Wdiss for Case II in Fig. 7. Fig. 7(c) shows that ∆Wdiss, caused by the parameter β, 526 

gradually increases with the increase of initial vehicle vertical velocities, which is often 527 

used to filter high-frequency spurious vibrations [8,9]. Therefore, the proposed method 528 

possesses the property of mechanical energy conservation, ensuring zero mechanical 529 

energy at the interfaces of interconnected subsystems. 530 
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 531 

 532 

Fig. 7. The interface mechanical energy of the partitioned system. (a) the interface 533 

mechanical energy caused by link forces under Case I, (b) the interface mechanical 534 

energy caused by link forces under Case II, and (c) the algorithmic dissipation energy. 535 

 536 

5.2 Discussion of accuracy 537 

1) Single-implicit integration scheme 538 

The single-implicit integration method with the same parameter combination in all 539 

subsystems (i.e., Case I) is used to solve the two models. For the partitioned model, two 540 

points exist at the same contact points (i.e., the upper subsystem has the up-points, and 541 

the lower subsystem has the down-points). However, the two points merge into a single 542 

contact point in the global model. Moreover, the wheel-rail contact points are time-543 

variant so the global system matrix necessitates reassembly and recalculation at each 544 

time step [27]. Acceleration responses of the designated points are shown in Fig. 8. 545 

For the front bogie R1 and the ballast-bridge interconnection points R4, which 546 

exhibit low-frequency vibration characteristics, the acceleration responses from the two 547 
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models are completely identical. This is evident in Fig. 8(a) and (d). For the rail-sleeper 548 

interconnection points R2 and the sleeper-ballast interconnection points R3, which 549 

exhibit high-frequency vibration characteristics, the acceleration responses from the 550 

two models are identical, as shown in Figs. 8(b) and (c). The partially enlarged figure 551 

of R2, as depicted in Fig. 8(b), also reflects the observation in the highest frequency 552 

vibration domain. These observations suggest that results from the two models have the 553 

same amplitude decay and period elongation, which are the two accuracy indicators of 554 

integration methods. Namely, the proposed method has the same algorithm accuracy 555 

(second-order accuracy) as the Newmark method, including the amplitude decay and 556 

period elongation properties. 557 

558 

 559 

Fig. 8. Acceleration responses at the mid-span section of the bridge for the designated 560 

points: (a) the front bogie R1, (b) the rail-sleeper contact R2, (c) the sleeper-ballast 561 

contact R3, (d) the ballast-bridge contact R4. ‘Global’ stands for responses from the 562 

global model, ‘Part’ denotes responses from the partitioned model, and ‘up and down’ 563 

are, respectively, responses of the upper and bottom contact points of the partitioned 564 

model. 565 
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The acceleration responses of the time-variant wheel-rail contact points at the first 566 

wheelsets are presented in Fig. 9. The up-points from the vehicle subsystem are time-567 

invariant, whereas the down-points belonging to the rail system are time-variant, which 568 

vary as the vehicle runs. Acceleration results of contact points show that the results of 569 

two points stay in touch, which suggests acceleration responses from the two points 570 

consistently overlap and align with the results from the global model. The enlarged 571 

view also supports this finding. Moreover, the results obtained from the global model 572 

exhibit second-order accuracy, and the results of both models are consistent. This 573 

implies that the proposed method ensures second-order accuracy as well. 574 

 575 

Fig. 9. Acceleration responses of (a) wheel-rail time-variant contact points at the first 576 

wheelset and (b) its partially enlarged figure from 0.4 s to 0.46 s. 577 

2) Explicit/implicit hybrid integration schemes 578 

The hybrid integration schemes combining explicit and implicit methods (i.e., Case 579 

II) are used in the computation for discussing the feasibility of hybrid computing. It is 580 

important to note that the global model employs a single implicit method with a unified 581 

parameter combination (γ = 1/2 and β = 1/4) for computing the entire system. 582 

Although a relatively small time-step Δ h = 0.001 s is employed to capture 583 

responses of the vehicle subsystem with low-frequency vibration property, a tiny 584 

difference in the bogie acceleration from the two models is still observed, which is 585 

marked in Fig. 10(a). This observation suggests that the proposed method allows for 586 

adjusting the accuracy of different subsystems by using respective parameters. 587 

Moreover, the highest vibration frequency of the vehicle system is 7.67 Hz, and Δ588 
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h/Tmax (i.e., the ratio of the time step size to the maximum period) equals 0.0077, which 589 

is far less than the threshold value of the Newmark explicit scheme (0.318) [38,41]. 590 

Hence, although the algorithmic parameter has a minor effect on the accuracy of the 591 

vehicle subsystem, the solved link forces at the vehicle-rail interconnected interfaces 592 

are still accurate, and the explicit integration scheme used in the vehicle subsystem can 593 

still capture vehicle responses accurately. The responses of other subsystems 594 

corroborate these findings, as shown in Figs. 10(b), (c), and (d). More specifically, for 595 

the low-frequency vibration points R4, the acceleration responses from the two models 596 

are completely consistent, as depicted in Fig. 10(d). For the high-frequency vibration 597 

points R2 and R3, the acceleration responses from the two models are the same, as 598 

shown in Figs. 10(b) and (c). 599 

 600 

 601 

Fig. 10. Acceleration responses at the mid-span section of the bridge for the 602 

designated points: (a) the front bogie R1, (b) the rail-sleeper contact R2, (c) the 603 

sleeper-ballast contact R3, (d) the ballast-bridge contact R4. 604 

The acceleration responses of the wheel-rail time-variant contact points at the first 605 
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wheelsets are presented in Fig. 11. To observe responses from the two models, the 606 

responses from 0.4 s to 0.46 s are enlarged. It is shown that acceleration responses from 607 

the two models almost overlap. However, due to the explicit integration used in the 608 

vehicle subsystem, a slight difference is still captured at the peak value of the responses, 609 

as marked in Fig. 11(b). This finding suggests that the accuracy of different subsystems 610 

for the proposed method can be fine-tuned by using their parameters, and different 611 

integration schemes can be used in different subsystem computations. 612 

 613 

Fig. 11. Acceleration responses of (a) wheel-rail time-variant contact points at the first 614 

wheelset and (b) its partially enlarged figure from 0.4 s to 0.46 s. 615 

3) Discussion considering damping and irregularities 616 

A more realistic scenario for VRBS is calculated here by considering system 617 

damping and rail irregularities, where time-domain waves of irregularities can be found 618 

in [42], and the wheel-rail loadings caused by irregularity waves are calculated by the 619 

Hertzian spring stiffness (k0) multiplied by time-domain waves. For simplification, the 620 

same Rayleigh damping coefficients (cm = 1.2267 and ck = 0.001309) are employed in 621 

all subsystem calculations. It is note that the Rayleigh coefficients only impact the 622 

formation of the damping matrix and do not affect the derivation of the proposed 623 

method. The explicit/implicit hybrid integration scheme is used in the computation. The 624 

acceleration responses of the designated points are presented in Fig. 12. It is shown that 625 

acceleration responses from the two models at the designated four points exhibit 626 

complete consistency, and this observation is consistent with Fig. 10. This finding 627 

indicates the feasibility of the hybrid integration scheme in partitioned computations 628 
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and its ability to independently calculate subsystem responses. All subsystem responses 629 

maintain second-order accuracy. 630 

 631 

 632 

Fig. 12. Acceleration responses at the mid-span section of the bridge for the 633 

designated points: (a) the front bogie R1, (b) the rail-sleeper contact R2, (c) the 634 

sleeper-ballast contact R3, (d) the ballast-bridge contact R4. 635 

The acceleration responses of time-variant wheel-rail contact points at the first 636 

wheelsets are presented in Fig. 13. The acceleration results demonstrate that the 637 

responses of the two points remain in contact and consistently align with the global 638 

model. The enlarged view provides additional support for this observation. Furthermore, 639 

the global model results exhibit second-order accuracy, and the consistency between 640 

the two models implies that second-order accuracy is also guaranteed in the proposed 641 

method. 642 
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 643 

Fig. 13. Acceleration responses of (a) wheel-rail time-variant contact points at the first 644 

wheelset and (b) its partially enlarged figure from 0.4 s to 0.46 s. 645 

 646 

5.3 Evaluation of efficiency 647 

  648 

Fig. 14. Comparison of computational efficiency between the global model and the 649 

partitioned models (a) with 5, 3, and 2 subsystems and (b) with different ratios of the 650 

sleeper-ballast-bridge subsystem to the rail subsystem. 651 

Considering the complexity of dynamic systems, different numbers of subsystems 652 

may be necessary in dynamic computations, two new partitioned manners are thus 653 

established in a similar manner for comparatively analyzing the computational time of 654 

different models, as presented in Fig. 14(a). More specifically, the three-subsystem 655 

model and the two-subsystem model. The three-subsystem model includes the vehicle 656 

subsystem, the rail subsystem with 2015 DOFs, and the sleeper-ballast-bridge 657 

subsystem with 322 DOFs, as shown in Fig. 5. The two-subsystem model consists of 658 

the vehicle subsystem and the rail-sleeper-ballast-bridge subsystem with 2272 DOFs, 659 

and corresponding system equations are given in Appendix C. Computational 660 
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information follows Section 5.1, such as a constant speed of v0 = 100 m/s, a time-step 661 

size of Δh = 0.001 s, and the total calculation time is 0.48 s. Due to the time-variant 662 

nature of rail-wheel contact points during vehicle operation, the global model [27] 663 

requires time-consuming reassembling and recomputing a new vehicle-rail-sleeper-664 

ballast-bridge matrix at each time step. The computational time for the global model is 665 

thus the highest compared with those of the partitioned models, as shown in Fig. 14(a). 666 

Furthermore, in the partitioned model with five subsystems, since four-link forces exist 667 

in four interfaces, four linear equations (i.e., Eqs. (22), (24), (26), and (28)) need to be 668 

solved to obtain the four-link forces at each time step. Consequently, the analysis of 669 

link forces in the partitioned system involves more matrix computations than in the case 670 

of two or three subsystems. For the partitioned system with two subsystems, only one 671 

link force exists in the interface, as shown in Eq. (II-3). Consequently, the interface 672 

solver requires only one matrix operation to compute the link force. After obtaining the 673 

link force, the large time-variant system is divided into two relatively small time-674 

invariant subsystems, facilitating efficient calculations. The partitioned model with two 675 

subsystems has thus the highest computational efficiency, approximately 11.9 times 676 

greater than that of the global model. 677 

In addition, according to the three-subsystem model information, we know that the 678 

ratio of DOFs between the sleeper-ballast-bridge subsystem and the rail subsystem is 679 

around 0.16 (i.e., 322/2015). To further explore the computational efficiency of the 680 

proposed method under different DOF ratios of the two subsystems (i.e., the sleeper-681 

ballast-bridge subsystem and the rail subsystem), the computing time ratio of the three-682 

subsystem model and the entire model is investigated by increasing the ratio of DOFs 683 

in the sleeper-ballast-bridge subsystem. The result in Fig. 14(b) shows that the 684 

computational time ratios of the two models (i.e., the three-subsystem model and the 685 

entire model) increase with the increasing ratios of the sleeper-ballast-bridge subsystem 686 

and the rail subsystem. In other words, for complex and large systems, the superiority 687 

of the proposed method in terms of the computational efficiency is more evident. 688 

Therefore, the proposed method significantly enhances the computational efficiency. 689 
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6 Conclusions 690 

In this study, a non-iterative partitioned computational method with the energy 691 

conservation property is proposed to calculate a large class of multi-subsystem time-692 

variant dynamic systems. The proposed method addresses the problem that the 693 

partitioned time-variant system requires iterative computation and it implements a 694 

modular solution of time-variant systems. The theoretical demonstration and the 695 

accuracy and efficiency evaluation of the proposed method are performed by using a 696 

representative example, i.e., a vehicle-rail-sleeper-ballast system, comparing the results 697 

obtained from the global model [27]. The major contributions of this study are: 698 

1) The proposed method implements a modular solution of time-variant systems; the 699 

high-order global system is divided into multiple reduced-order subsystems; and 700 

information exchange between the subsystems takes place only at the interface 701 

solver. 702 

2) The proposed method decomposes a time-variant dynamic system into several 703 

independent time-invariant dynamic subsystems (≥ 3); the integration scheme, 704 

accuracy, and stability of each subsystem can be determined via its respective 705 

integration parameters; and the energy conservation property is ensured in the 706 

entire partitioned calculation process. 707 

3) The proposed method addresses the problem of iterative computation for 708 

partitioned time-variant systems. It eliminates the need for time-variant matrices 709 

and complex iterative procedures, resulting in improved computational efficiency 710 

for partitioned computations. 711 

4) For a two-subsystem time-variant dynamic system, the interface solver calculates 712 

only the link force through a single matrix operation, and the computational form 713 

is straightforward, resulting in a computational efficiency 12.9 times higher than 714 

that of the global model. The superiority of the proposed method in terms of the 715 

computational efficiency is more evident with the increasing ratios of time-716 

invariant subsystems. 717 

The developed method will be further extended to the multi-temporary calculation 718 
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of a time-variant dynamic system using a 3-D VRBS considering the wheel-rail 719 

dynamic contacting in future work. 720 
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 727 

Appendix A. Establishment of the vehicle-rail-bridge interaction system 728 

A1.1 The vehicle subsystem 729 

According to the assumptions in Section 2.1 and the relative motion of 730 

interconnected rigid bodies, the link forces marked in Fig. 2 can be derived as follows:  731 

( ) ( )
1

1 1,2
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i
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where the subscript O = (L, R) stands for the force orientations including L and R 738 

(similarly hereinafter); the force directions are stipulated in Fig. 2; and the dot on 739 

symbols is the derivative with respect to time. Based on the obtained forces in Eqs. (I-740 

1) ~ (I-6), the governing equations of the ten-DOF vehicle are derived as: 741 
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where the subscript d = (c, k) stands for the force types including damping forces (c) 749 

and spring forces (k). The types and orientations of forces should be added to the 750 

corresponding equations. Substituting the link forces into the motion of equations, the 751 

governing equation of the vehicle subsystem is written in the matrix form as follows: 752 

( )1L +  +  +   + M U C U K U P = P Fv
T

W R

V V V V V V VR VE
    (I-14a) 753 

( ) ( ) ( ) ( ) ( ) ( )1 11 0 1 01 , 1 1 ,1L LL L L L
+ +

 − + −Fv= U U
i i i iii

T T
W R W R W R W R WR W R

R t Rt t t tt k c  (I-14b) 754 

where MV, KV, and CV are, respectively, the mass matrix, stiffness matrix, and damping 755 

matrix of the vehicle (See Eqs. (I-15)); and ΔPVR, ΔPVE, and ΔFV refer to the link force 756 

to be solved, the external force, and the time-variant loads caused by the vehicle running, 757 

respectively. The shared nodes for the wheel and rail are set on the rail, as shown in 758 

Figs. 3 and 4. 759 

T
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 763 

A1.2 The rail subsystem 764 

Similarly, for the rail subsystem, according to the relative motion of the rail and 765 

the ith sleeper (xi), the vertical forces of the right-side rail, as marked in Fig. 3(b), are 766 

calculated as follows: 767 

( ) ( ) ( ) ( )
1iv pv Rr i s i pv Rr i s iF k Z x Z x C Z x Z x = − + −    

   (I-16) 768 

( ) ( ) ( ) ( )
2iv pv Rr i s i pv Rr i s iF k Z x Z x C Z x Z x = − + −    

   (I-17) 769 

where the first subscript of the kinematic quantity Z represents the subsystem name (r 770 

= rail, s = sleeper) if the orientation symbol (i.e., R/L) does not exist. Only the vertical 771 

forces at the right-side rail are presented. Substituting the link forces into the motion of 772 

equations of the rail, one has: 773 
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( )R Ra Rs= +K K K  ( )= +C C CR Ra Rs     (I-18d) 777 
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where KR and CR are, respectively, the coupling stiffness and damping matrices due to 778 

the interconnection of the rail and sleeper; ΔPRS and ΔPRE refer to the link forces from 779 

the vehicle subsystem and the rail external forces, respectively; and ΔFr refers to the 780 

time-variant loads caused by the vehicle running. 781 

 782 

A1.3 The sleeper subsystem 783 

For the sleeper subsystem, according to the relative motion of the rail, sleeper, and 784 

ballast, the vertical forces acted on the ith sleeper (xi), as marked in Fig. 3(b), can be 785 

computed as follows: 786 

( ) ( ) ( ) ( )2 2O

rvi pv Or i si i pv Or i si iF k Z x Z x c Z x Z x = − + −    
  (I-19) 787 

( ) ( ) ( ) ( )O

svi bv s i Ob i bv s i Ob iF k Z x Z x c Z x Z x = − + −    
  (I-20) 788 

Substituting the link forces into the motion of the equation of rails, one has: 789 
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  (I-21b) 791 

where Msi, Zsi, and Zbi are, respectively, the mass of the ith sleeper, the vertical 792 

displacement of the sleeper and ballast, and ΔPSB and ΔPSE refer to the link forces from 793 

the ballast and the external force, respectively. Considering the number of sleepers and 794 

ballasts (ns and nb), the matrix form of the sleeper subsystem can be easily obtained. 795 

 796 

A1.4 The ballast subsystem 797 

For the ballast subsystem, the vertical forces applied to the ith ballast (𝑍𝑏𝑖
𝑅/𝐿

), as 798 

marked in Fig. 3(c), are calculated as follows: 799 
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where the superscript -O denotes the opposite orientations to O, (i.e., if O = L, then -O 805 

= R). Zbr is the vertical displacement of the bridge. The vertical motion of the equation 806 

of the both-side ballast under the ith sleeper can be derived as follows: 807 

1 2
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where Mb is the mass of the ith ballast. Substituting the link forces into the motion of 809 

equations of the ballast, one has: 810 
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where Mb and Pbi are, respectively, the mass and loading of the ballast; Zbr is the vertical 813 

displacement of the bridge; and ΔPB.Br and ΔPBE refer to the link forces from the bridge 814 

and the external force, respectively. The stiffness and damping matrix of the sleeper 815 

subsystem are: 816 
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The ballast boundary conditions at the starting and ending positions are: 819 
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 821 

A1.5 The bridge subsystem 822 

For the bridge subsystem, the governing equation is: 823 

( )4 .L +  +  +  M U C U K U P = P
T

Br B

Br Br Br Br Br Br B Br BrE
  (I-32a) 824 

where ΔPBrE is the external forces applied to the bridge deck; and ΔPB.Br to be solved is 825 

the link force at the fourth interface. 826 

 827 

Appendix B. The computational procedure of the partitioned system 828 

Table 1. Computational flowchart 829 

Multi-partitioned structural analyzers: 

(1) Calculate relative matrices and vectors 

*, , , ,K C M K L
Tk j

k k k k l ,
0 0 0
, ,U U U

k k k

t t t  (k = V, R, S, B, Br) 

(See Eqs. (1) ~ (5)) 

(2) Calculate constant matrices 

G G G G G G H H H HW S S W R B B R S Br Br S V R R S S B B Br, , , , , , , , ,  

(See Eqs. (23bc), (25bcd), (27bcd), and (29bcd)) 

(3) Calculate the velocity increments 

U U U U   Ext Ext Ext Ext

VR RS SB BBr, , ,  

(See Eqs. (23a), (25a), (27a), and (29a)) 

(4) Calculate link forces 

ΔP(𝑉𝑅, 𝑡𝑖+1), ΔP(𝑅𝑆, 𝑡𝑖+1), ΔP(𝑆𝐵, 𝑡𝑖+1),ΔP(𝐵𝐵𝑟, 𝑡𝑖+1) 

(See Eqs. (22), (24), (26), and (28)) 

The interface solver: 

(5) Calculate responses of all subsystems 

(See Eq. (15)) 

(6) Return to (3) for the next step or stop 
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Appendix C. Two subsystems for VRBS. 830 

The entire system is here divided into two subsystems (as shown in Fig. A1), i.e., 831 

the vehicle subsystem (□ V) (i.e., Fig. A1 (a)) and the rail-sleeper-ballast-bridge 832 

subsystem (□RB) (i.e., Fig. A1 (c)). Referring to Appendix A, the dynamic governing 833 

equations of the two subsystems are similarly derived as follows:  834 

( ) ( ) ( ) ( ) ( )1 1 1 1
1, , , ,

L P
+ + + +

   +   +M U +C U +K U = P Fv
i i i i

T
W R

V V V VEV t V t V t VRB t
 (II-1) 835 

( ) ( ) ( ) ( ) ( )1 1 1 11, , , ,1L P
+ + + + +

   +  =  + M U +C U +K U P Fr
i i i ii

T

RB RB RB RBERB t RB t RB t VRB t

RB W

t
 (II-2) 836 

where the subscript RB stands for the rail-sleeper-ballast-bridge subsystem; Eq. (II-1) 837 

is identical to Eq. (I-14a); and the corresponding matrices and vectors can be obtained 838 

similarly. Only one interface (Similar to Eq. (6)) exists in the two-subdomain system. 839 

Based on the Newmark scheme (i.e., Eq. (18)) and the velocity continuity conditions 840 

(Similar to Eq. (19)), the only unknown link force (i.e., link forces △P(VRB, ti+1)) is solved 841 

as follows: 842 

( ) ( )

( ) ( )( ) ( )

1

1

1

1

1 1

1

1

1

1 1

1

1 1

L

P

LU U

L K L KL L

+

−

++

+

−

+

+

 +  =

+ 
ii i

iii

W RB Ext Ext

VE ,t R BE ,t

TT
W RB * W

RB W

t

RB W RB

B

W

R VRB

RB

V ,tt t

*
 (II-3) 843 

All coefficients in Eq. (II-3) are constant for a linear system, and the only link force 844 

can be computed via Eq. (II-3). After getting the link forces, the partitioned system 845 

responses are calculated via the Newmark method (Similar to Eq. (14)). 846 

To present the method more directly, a two-subsystem model considering the 847 

spring-mass subsystem and the continuous beam subsystem is built in Fig. A2, the 848 

corresponding governing equation can be written as follows: 849 

( ) ( ) ( )   ( )1 1 1 1, , , ,
0 1U U U P F

i i i i

T

S S S SES t S t S t SB t
m +c +k P = v

+ + + +
   +   +  (II-4a) 850 

( ) ( ) ( ) ( ) ( )1 1 11 1, , , ,1M U +C U +K U P P FrL
i i i ii

T

B B B BEB t B t B t SB t

B W

t
+ + +++

   +  =  +   (II-4b) 851 

  ( ) ( )1 ,1 10 1 L LFv= U
ii i s

RB WT

B t

RB W

t t k
+

 −    (II-4c) 852 
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k
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  (II-4d) 853 

where ma, ca, ka,  ∆𝑼 a, ∆�̇� a, ∆ Üa, and ∆ PaE are, respectively, the mass, damping, 854 

stiffness, displacement, velocity, acceleration, and external forces of the subsystem. 855 

They represent the parameters of the spring-mass subsystem and the continuous beam 856 

subsystem when a = S and a = B, respectively. Only one link force (i.e., ∆𝑃(𝑆𝐵,𝑡i+1)) 857 

exists in the two-subdomain system, and it can be solved at each time step by using the 858 

following simplified equation (II-3). This step corresponds to (4) in Table 1. 859 

  ( ) ( )

    ( )( ) ( )

1 1

1

1

1

1

1 1

1

1 1

0 1

0 1 0 1

U U

K K

L

L L

i ii

i ii

Ext Ext

SE ,t BE ,t

TT* *

S B

S

S

B

t

B S B S

t t B,t
P

++ +

−

+ +

−

+

 +  =

+ 
   (II-5) 860 

where 
( ) ( )1 1

U U
i i

Ext Ext

SE,t RBE,t
and

+ +
   are, respectively, velocity increasements of the two 861 

subsystems caused by the external forces, which can be calculated by using Eq. (18), 862 

corresponding to (3) in Table 1. 
1 1

K K
* *

S Band
− −

 are, respectively, equivalent stiffness 863 

matrices of the spring-mass subsystem and the continuous beam subsystem, which can 864 

be solved using Eq. (12). After obtaining the link force ∆𝑃 SB, all responses can be 865 

calculated by using Eq. (II-4). This step corresponds to (5) in Table 1. Based on the 866 

two-subsystem model, the sensitivity analysis with respect to stiffness of the partition 867 

is performed by using the calculational information in Fig. A2. The results show that 868 

the connections between partitions do not influence the results. 869 

 870 

Fig. A1 Two-subsystem model of VRBS. (a) ten-DOF vehicle model and (c) the rail-871 

sleeper-ballast-bridge model. 872 

(a) 

(b) 
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 873 

Fig. A2 Two-subsystem model considering (a) the spring-mass subsystem and (b) the 874 

continuous beam subsystem. 875 

 876 

 877 

(a) 

(b) 



42 
 

 878 

Fig. A3 Accelerations of the partitioned model and global model at R2 when (a) ks = 1, 879 

(b) ks = 6.0E7, and (c) ks = 1.0E11. 880 

 881 

Appendix D. The parameters for VRBS. 882 

Table 2. System parameters for VRBS. 883 

Parameters Notation Unit Values 

Vehicle    

Mass of the car body mc kg 3.40E4 

Mass of bogie mt kg 3.00E3 

Mass of wheelset mw kg 1.40E3 

Mass moment of inertia of car body Jc kg.m2 2.28E6 

Mass moment of inertia of a bogie Jt kg.m2 2.71E3 

Stiffness of the primary suspension system Ktz N/m 8.00E5 

Stiffness of the secondary suspension system Kpz N/m 1.10E6 

Damping of the primary suspension system Ctz N.s/m 1.60E5 

Damping of the secondary suspension system Cpz N.s/m 1.20E4 

Half the distance of two wheelsets Lt m 1.2 

Half the distance of two bogies Lc m 9 

Half-length of car body Lv m 11.8 

Vehicle speed v0 m/s 100 

Rail-sleeper-ballast    

Rail mass per meter mr kg 60.9 

Rail cross-sectional area Ar m2 7.745E-3 

Rail bending moment of inertia Iyr m4 3.217E-5 

Sleeper mass ms kg 237 

Ballast mass mb kg 1365.2 

Young’s modulus of rail Er N/m2 2.06E11 

Stiffness between rail and sleeper Kpv N/m 1.56E8 

Stiffness between sleeper and ballast Kbv N/m 4.80E8 

Stiffness between ballast and bridge Kfv N/m 1.30E8 

(c) 
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Damping between rail and sleeper Cpv N.s/m 1.00E5 

Damping between sleeper and ballast Cbv N.s/m 1.18E5 

Damping between ballast and bridge Cfv N.s/m 6.20E4 

Length of rail Lr m 60 

Bridge    

Mass per meter mbr kg/m 71913.05 

Cross-sectional area Abr m2 27.137 

Young’s modulus Ebr N/m2 3.50E10 

Poisson ratio   0.167 

Bending moment of inertia Iy m4 287.57 

Length of bridge Lbr m 30 

 884 
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