Manuscript Click here to view linked References %

1

2

; Relaxed evolutionary power spectral density functions: A

; probabilistic approach to model uncertainties of non-stationary

! stochastic signals

9
10 Marius Bittner®"* Marco Behrendt®, Michael Beer®®4
11
12 @[Institute for Risk and Reliability, Leibniz Universitit Hannover, CallinstrafSe
13 34, Hannover, 80167, Germany
14 b International Research Training Group (IRTG) 2657, Leibniz Universitit Hannover, Appelstrafle
15 11/11a, Hannover, 30167, Germany
is ¢Institute for Risk and Uncertainty, University of Liverpool, Peach Street, Liverpool, L69 7ZF, United
13 Kingdom
19 dInternational Joint Research Center for Engineering Reliability and Stochastic Mechanics, Tongji
20 University, 1239 Siping Road, Shanghai, 200092, China
21
22
23
24
o5 Abstract
26
27 The identification of patterns and underlying characteristics of natural or engineering
28
29 time-varying phenomena poses a challenging task, especially in the scope of simulation mod-
30
31 els and accompanying stochastic models. Because of their complex nature, time-varying
32
33 processes such as wind speed, seismic ground motion, or vibrations of machinery in the
34
35 presence of degradation oftentimes lack a closed-form description of their underlying evolu-
36
37 tionary power spectral density (EPSD) function. To overcome this issue, a wide range of
38 . . .
39 measurements exist for these types of processes. This opens up the path to a data-driven
jg stochastic representation of EPSD functions. Rather than solely relying on time-frequency
ji transform methods like the familiar short-time Fourier transform or wavelet transform for
jg EPSD estimation, a probabilistic representation of the EPSD can provide valuable insights
js into the epistemic uncertainty associated with these processes. To address this problem, the
48 evolutionary EPSD function is relaxed based on multiple similar data to account for these
49
50 uncertainties and to provide a realistic representation of the time data in the time-frequency
51
52 domain. This results is the so-called relaxed EPSD (REPSD) function, which serves as
53
54 a modular probabilistic representation of the time-frequency content of stochastic signals.
55
56 For this purpose, truncated normal distributions and kernel density estimates are used to
57
58
59 1
60
61
62
63
64

()}
o1


https://www2.cloud.editorialmanager.com/ymssp/viewRCResults.aspx?pdf=1&docID=50485&rev=0&fileID=1275654&msid=0ebf41e1-ff94-40ed-8762-608bcc9df612
https://www2.cloud.editorialmanager.com/ymssp/viewRCResults.aspx?pdf=1&docID=50485&rev=0&fileID=1275654&msid=0ebf41e1-ff94-40ed-8762-608bcc9df612

O J oy U W

AT UTUTUTUTUTUTUTOTE BB B D DD DDSDWWWWWWWWWWNNNNONNNONNNONNNNR R R PR R e
P> WNRFROWOJdNT D WNRPRPOW®O-IAUDRWNROW®OWJANTIBRWNRFROWO®-JNUB®WNROWOW-10U D WN R O W

10

11

12

13

determine a probability density function for each time-frequency component. The REPSD
function enables the sampling of individual EPSD functions, facilitating their direct appli-
cation to the simulation model through stochastic simulation techniques like Monte Carlo
simulation or other advanced methods. Even though the accuracy is highly dependant on
the data available and the time-frequency transformation method used, the REPSD rep-
resentation offers a stochastic representation of characteristics used to describe stochastic
signals and can reduce epistemic uncertainty during the modelling of such time-varying pro-
cesses. The method is illustrated by numerical examples involving the analysis of dynamic
behaviour under random loads. The results show that the method can be successfully em-
ployed to account for uncertainties in the estimation of the EPSD function and represent
the accuracy of the time-frequency transformation used.

Keywords: Evolutionary power spectral density function, Stochastic processes, Stochastic

dynamics, Uncertainty quantification, Stochastic signals, time-frequency transformation

1. Introduction

The description of natural phenomena in the context of simulation models is a chal-
lenging problem. These phenomena such as wind and wave movements, seismic activities
or climate changes are related to complex, interacting high-dimensional physical models.
Also, engineering problems, such as vibrations of a component under changing material
behaviour, can often only be modelled with an acceptable level of accuracy using complex
models and experiments. Since these phenomena present time-varying properties in engi-
neering they are often referred to as environmental processes or from a mathematical and
modelling perspective, stochastic processes. In civil engineering, stochastic dynamics, and
structural analysis, stochastic processes play a crucial role [1, 2, 3]. Stochastic dynamics is
concerned with the study of probabilistic systems that evolve over time and has applications
in structural reliability analysis. Specifically, the treatment of random vibrations is impor-

tant in this field [4, 5, 6, 7]. To ensure the reliability of a structure, analysts need to consider
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the potential impact of environmental processes such as wind, wave, or seismic loads at the
design stage or carry out analyses for existing structures [8]. This often requires complex
simulations to accurately predict how the structure will respond to these processes and to
ensure that it meets safety requirements.

In addition to the physical models, it is possible to introduce a complementary stochastic
model, which includes the formulation of suitable stochastic processes. To approximate
stochastic processes mainly three branches of approaches have been established up to now

[9]:

e The Karhunen-Loeve (K-L) expansion, in which for engineering processes orthogonal
functions in time and space are combined linearly [10]. To describe the stochastic
processes, a formulation of the corresponding covariance functions must be available.
K-L can be used to simulate non-Gaussian and non-stationary stochastic processes

11].

e Sampling representations, which are in the classical representation mostly suitable for
reproducing a full signal by deterministic samples available, however, methods like the
Withaker-Shannon interpolation require a limited bandwidth of the analysed processes

12].

e Spectral representation methods, based on the formulation of a power spectral density

(PSD) function [13].

From an engineering perspective, when regarding environmental loads, formulating PSD
functions has advantages in vibration analysis, as they provide a method of directly char-
acterising the frequency content of stochastic signals. Artificial stochastic signals can be
considered as deterministic realisations of stochastic processes, whereas signals themselves
can also be measurements. Via PSD function estimation procedures, a signal can be decom-
posed into its harmonic components. In particular, the amplitudes and their distribution
over the frequencies are determined. However, to accurately calculate the PSD function
of a signal, certain mathematical conditions are necessary, such as dealing with continuous

3



O J oy U W

AT UTUTUTUTUTUTUTOTE BB B D DD DDSDWWWWWWWWWWNNNNONNNONNNONNNNR R R PR R e
P> WNRFROWOJdNT D WNRPRPOW®O-IAUDRWNROW®OWJANTIBRWNRFROWO®-JNUB®WNROWOW-10U D WN R O W

41

42

43

44

45

46

47

48

49

50

51

52

53

54

55

56

57

58

59

60

61

62

63

64

65

66

67

68

69

signals and signals of infinite length. Since these requirements cannot be met in practice,
estimators are used.

Over time, different spectral density estimators have been developed that offer certain
advantages and disadvantages. In the stationary case, common estimators such as the
periodogram [7], Welch’s method [14], or Bartlett’s method [15, 16] are widely employed.
For an overview, refer to [17]. These estimators all rely on the discrete Fourier transform
(DFT) [18]. Since signals of environmental processes often have a non-stationary character
which results in a frequency power change in time, so-called evolutionary PSD (EPSD)
functions need to be considered. These take into account the time-varying behaviour of
a signal and thus provide a more realistic representation in the resulting time-frequency
domain [19, 20, 21]. Different time-frequency transformation methods exist, with certain
advantages and disadvantages, particularly in the quality of the transformation as well as
the resolution in the time-frequency domain. An EPSD function can be estimated using,
among others, the short-time Fourier transform (STFT) [7, 22], wavelet methods [23, 24],
or the recently developed multi-taper S-transform (MTST) [25].

Once a suitable estimation of a PSD or EPSD is available, artificial stochastic signals
can be generated using the Spectral Representation Method (SRM), either in the stationary
case [13] or in the non-stationary case [26]. The latter is of interest in this work. For the
generation of stochastic signals, all stochastic simulation methods are applicable, such as the
widely used Monte Carlo (MC) simulation [27, 28] but also the usage of advanced techniques
such as subset simulation [29], line sampling [30], or directional importance sampling [31]
are possible.

However, determining these signals via a transformation method of choice and even
further utilise these representations for e.g. structural reliability analysis is challenging
due to the presence of uncertainties [32]. Uncertainties can be divided into aleatory and
epistemic uncertainties [33], while on the one side, aleatory uncertainties describe irreducible
stochastic conditions, epistemic uncertainties are referred to as reducible uncertainties. If
both types of uncertainties occur simultaneously and are not separable, they are called

hybrid uncertainties [34, 35]. The assessment of uncertainties in simulations, analyses, and
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engineering systems is ubiquitous. If uncertainties are incorrectly quantified, consequences
can be disastrous. For example, a building under given loads could suffer devastating damage
that severely compromises the structural reliability. Different approaches to quantify and
propagate uncertainties are available, such as precise probabilistic methods [36, 37], non-
probabilistic methods [38] or imprecise probabilities [39].

In general, stochastic signals and specifically real data records are subject to uncertain-
ties. These can result, for example, from poorly calibrated sensors, measurement errors,
an insufficient amount of data, while damaged or failed sensors can result in records with
missing data. Furthermore, the presence of uncertainties is a direct result of the inherent
complexity found in natural environmental processes. In addition, due to the mentioned
mathematical requirements on the signal for the time-frequency transformations, only esti-
mates of the EPSD function can be determined, which leaves the epistemic uncertainty of
the EPSD functions unidentified. To overcome these issues, a range of PSD and EPSD func-
tion estimation techniques involving uncertainty quantification have been proposed. Missing
data problems are treated in [40, 41, 42], an interval-valued PSD function from similar data
has been derived in [43], while in [44] a set of accelerograms is analysed to derive reliability
bounds. An interval-valued signal can be transformed to an interval-valued PSD function
using the interval DFT transform [45]. In particular, the steadily growing databases, for
instance [46, 47, 48], contribute to a better understanding of environmental processes and
the quantification of uncertainties.

In addition to the above mentioned approaches, the authors of this work derived a prob-
abilistic model of a set of similar PSD functions, the relaxed PSD function [49]. However,
the proposed methodology is only valid for stationary and Gaussian stochastic signals. The
non-stationary case needs to involve the EPSD function estimation for a more accurate rep-
resentation of environmental processes. Additionally, the spectral representation by SRM
and the stochastic simulation need to be reconsidered. In this work a modular framework for
the representation of non-stationary stochastic signals via EPSD functions using artificial
stochastic signals generated by the SRM is proposed. The EPSD function estimation will

be carried out using the recently developed MTST [25]. Once the ensemble is derived, each
5
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spectral density per time-frequency component will be transformed into a probability density
function. To underline the modularity of the construction of a REPSD function, simple trun-
cated normal distributions will be used as basis, additionally kernel density estimations are
implemented to construct custom probability density functions (PDF) in the time-frequency
space and to show, that arbitrary PDF types could be implemented. Both approaches have
their advantages and disadvantages, depending on the amount and appearance of the data.
The resulting REPSD function is used to perform numerical simulations of the dynamic
behaviour of systems subjected to environmental processes by sampling individual EPSD
functions applied to the model via MC simulation.

This work is organised as follows: Basic concepts of the SRM and EPSD function es-
tablishment, important for the remainder of this work will be explained in Section 2. In
Section 3 the methodology of constructing the REPSD function will be elaborated. The
obtained REPSD model will be validated by MTST estimations of EPSD functions and com-
pared to the source EPSD of an artificial environmental process. To illustrate the strengths
and advantages of the REPSD function, two different numerical examples are presented in
Section 4. The final conclusions and a critical discussion of the obtained results are given in

Section 5.

2. Preliminaries

In this section necessary methodologies for the REPSD representation are introduced.
These mainly include the representation of non-stationary stochastic processes by a spectral
representation (Section 2.1), the estimation of EPSD functions from generated stochastic
signals by the state of the art MTST method (Section 2.2) and revisiting the kernel density
estimation (KDE), which is used to determine PDF representations during the REPSD

construction (Section 2.3).

2.1. Representation of non-stationary stochastic processes

A convenient way to generate sample functions X (¢) that represent non-stationary stochas-

tic processes in a time-domain is presented in [26]. For a source EPSD Sx(w,t) the spectral

6
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representation of non-stationary stochastic processes can be stated as

Ny,—1

X(t) =V2 Z V 25 x (Wn, ) Aw cos(wpt + ©n), (1)

in which,

w, =nAw, n=0,1,2,...,N, —1,

w (2)
d Aw="2
an w N’

t € [0,7] is the time domain with 7" being the ultimate time. w, are discretised frequency
values and w, = fs/47 is the upper cutoff-frequency determined by the time discretisation
At and sampling ratio fs = 1/At. ¢, with n =0,1,..., N, — 1 are uniformly distributed
phase angles in the range [0,27]. N; is the desired number of time instances, such that
At = T/N;. Sx(wp,t) in Eq. (1) is the source EPSD and could be of arbitrary shape. A
non-separable EPSD as in [50] has been chosen as source EPSD:

Sx(w,t) = (5%)2 Cexp [~0.151] - £2 - exp {— (5%)24 | (3)

For a discretised time-frequency space this relation is depicted in Fig. 1. As already estab-
lished in the SRM [13], if N,, — oo it can be assumed that the sample function in Eq. (1)
presents an accurate simulation for a non-stationary stochastic process. Since only a limited
number N,, of approximation terms in Eq. (3) is feasible, the sample functions in X (t) are

referred to as stochastic signals or simply signals.

2.2. Evolutionary power spectral density estimation

The generated sample functions in Eq. (1) are regarded as arbitrary stochastic signals
but with the same source EPSD. A challenging task remains to find a robust estimator for
this source EPSD when considering only a finite number of generated stochastic signals.
In [25] the MTST method, which exhibits a significant variance reduction in comparison to
other EPSD estimation procedures such as the Priestley method and wavelet-based methods,

has been presented. Given a non-stationary stochastic signal X (¢) and M time-frequency
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Figure 1: Non-separable EPSD function (Eq. (3)) for w € [0,32.17] rad/s and t € [0, 50] s.

Hermite windows, denoted as ¥,,(w,t), m = 0,1,..., M — 1, with zero-padding X,(t) =
{01,...,0n,/2, X(t),01,...0n,/2-1}, the so-called S-transform is given to be
Sm(w, t) = Z U, (w, kKAt — t) - Xo(kAt) - exp [—i2nwkAt] - At (4)
k=—C
in the case that ¢, ¢, — 0o, Eq. (4) has the maximum accuracy dependant only on M. In this
study ¢ = [N;/2] + 1 and ¢ = | N;/2]. Please note that with the zero-padding a continuous
window over the time-domain can be regarded, i.e. X(t) is treated as a periodic signal.

The Hermite windows are constructed as following
Uy(w,t) =7 /w(w) - exp [—1/2 - w(w)* -],
Uy (w,t) = V2r V4 w(w)¥? texp [-1/2 - w(w)? - 7] (5)
Ur(0,8) = V/2/m - w(w) - £ Ui (£, w) — /(= D) Ut 0).

With the shape function

b - w/ fol

ww) = a| L+ prr e | (6)

and parameters a, b, c. A detailed study on the choice of these parameters can be found in

[51]. With the full definition of the Hermite windows, the estimator for Sx (w, t) is established
8



O J oy U W

AT UTUTUTUTUTUTUTOTE BB B D DD DDSDWWWWWWWWWWNNNNONNNONNNONNNNR R R PR R e
P> WNRFROWOJdNT D WNRPRPOW®O-IAUDRWNROW®OWJANTIBRWNRFROWO®-JNUB®WNROWOW-10U D WN R O W

155

156

157

158

159

160

161

162

163

164

165

166

167

168

169

170

171

172

173

174

175

176

177

as
M-1

Sx(w ) = % 5 (w,8)5% (w, B). (7)

m=0

Here (-)* represents the conjugate operator, and ()7 the transpose operator.

2.3. Kernel density estimation

The KDE is a method of probability theory and statistics that allows to estimate the
PDF of a random variable without assuming a specific distribution. A brief explanation is
given here, while the reader is referred to [52, 53, 54] for a detailed explanation.

A PDF is estimated by applying a kernel function to each individual data point. The
kernel function serves as a weighting factor to account for the contributions of each data
point to the estimated density. Summing up all kernel functions will result in the estimated
PDF'. The choice of kernel function and its width is crucial for the accuracy of the estimate
because it determines the shape of the estimated PDF. Typical kernel functions include the
Gaussian distribution or the Epanechinikov function. The KDE is often used to gain an
understanding of the distribution of the data, or as a basis for further analysis.

The estimation of the PDF using KDE can be expressed by
A 11 T — T
== § —K 8
f(x) n — h h ( h ) Y ( )

where f is the estimated probability density, K}, is the kernel function, h is the bandwidth

of the kernels, x is the point at which the PDF is estimated and z; are the observations, i.e.
the available data points. In this work, a Gaussian kernel is utilised.

The bandwidth has a significant impact on the quality of the resulting estimated PDF.
For example, setting the bandwidth too high can lead to an over-smoothed result, while
choosing a bandwidth that is too low can overweight individual data points, leading to an
under-smoothed PDF characterised by multiple sharp peaks. There are several ways to find
an optimal bandwidth for the kernels. Assuming that the PDF to be estimated is Gaussian

distributed, a well-known rule is Scott’s rule [55], which incorporates the number of data
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points n as well as their standard deviation o

4 5\ 1/5
hopt = (31”) ~ 1.060n"/°. 9)

Another rule is Silverman’s rule [52], which takes into account the interquartile range
IQR in addition to the number of data points n and their standard deviation o

‘ IQRY _
hopt = 0.9 min (a, 1—34) n =15, (10)

where IQR = Q3 — Q1 with )1 as lower quartile and ()3 as upper quartile.

3. Methodology

In this section the novel estimation procedure for the REPSD function is presented.

3.1. Relazed evolutionary power spectral density function

The novel construction of REPSD functions is particularly suitable when many records
are available for particular phenomena. The aim is to reduce the epistemic uncertainty when
describing stochastic signals. When records of environmental or natural processes such as
wind loads, seismic ground motions, or other vibrations are available, it is still not deter-
mined which EPSD function is a good approximation for this signal aggregation. For a
thorough analysis, it is also interesting to examine whether these phenomena can be con-
sidered directly related or not. The latter challenge is not part of this method and would
require additional preliminary data analysis. However, from a modelling perspective, a com-
mon characteristics formulation of environmental processes is essential to obtain simulation
results. Furthermore, a stochastic, relaxed representation of EPSD functions for stochastic
signals could lead to a new modelling perspective, as the representation of main features,
such as first and second order moments, of natural processes can then be determined by
statistical methods. Consider an ensemble that consists of a number of different EPSD esti-
mations from stochastic signals. Fig. 2(a) shall represent signals from a natural process. The
estimation procedure can be chosen according to the analyst’s needs, throughout this work

the presented MTST method in Section 2.2 with the estimator in Eq. (7) is used. This set of
10
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(b) Ensemble {Sx,},i = 1,2, ...,50 for t € [7.6,8.8] s and
w € [4.75,5.4] rad/s

Figure 2: 50 source signals obtained from Eq. (1)(left), boxplot with full range and quartiles for the ensemble
in {Sx,} (right).

EPSD estimations with cardinality /N, can be stated as an ensemble: {S’ X}, i=1,2,...,N,.
Here N, is determined by the number of regarded records available, containing either mea-
surements or artificially generated stochastic signals (as in Fig. 2(a)). Each EPSD function
estimation, denoted by the index ¢, is discretised over the frequency and time domain, i.e.
Siwnity = Sxi(wn,tk), n=20,1,...,N, — 1,k = 1,...,N;. The ensemble consists of the
data-driven input collection of EPSD estimations which lay the foundation of the stochastic
input space for the REPSD function described below. In Fig. 2(b) the MTST estimations
of the EPSD functions are shown, the label abbreviations of the boxplot for each discretised
frequency-time point represent the following: Min.: minimum value, Q1: lower quartile,
Median: median value, Q2: upper quartile, Max.: maximum value of the data. It is obvious
that the time-frequency transformation from stochastic signals delivers a massive amount of
statistical data.

From the ensemble, following statistical moments are derived for each discretised point

11
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Ne—1

1
Homtie = 37 Z Siwnti (11a)
€ i=0
1 N.—1
O-Wnytk = F <Si7wn7tkz - Mwn7tk)2’ (llb)
€ =0

with w, = nAw, n = 0,1,...,N, — 1, and t; = kAt, k = 1,2,...,N;. Eq. (11a) and
Eq. (11b) need to be calculated for each discretised frequency w, and time instance ty.
With this statistical information for each discretised point a probability density function
can be constructed. In theory, establishing arbitrary distribution types is possible. For the
sake of clarity, first, a simple distribution type is chosen. Assume a truncated normal (TN)

distribution for each point. These are then given to be

fgn]?ik (S; Heon sty Twn ty, s lwn,tka u(Un,tk) =
| e — (12)
O"’J’ﬂvtk @(%) _ @(W)7

and ¢(n) = \/%7 exp (—1n?) is the standard normal distribution, ®(¢) = % (1 + erf(¢/Vv2)) is
the corresponding cumulative distribution function. The lower and upper truncation bounds
are given to be [, ;, and u,, ;,. The influence of the truncation bounds has been discussed for
the frequency domain in [49]. In this study the configuration [,,, ;, = 0 and wu, ¢, = 2w, 1,
proved to be more robust. The TN distribution yields a smooth representation of the EPSD
function values for each discretised point. Thus, outliers or gaps in the EPSD function value
are weighted less.

In some cases, however, it may be useful to represent the data more in its natural
appearance. In such a case, the KDE provides a much more inclusive representation of the
data. This can result in multiple peaks instead of smooth curve as in the case of the TN

distribution. If the data set is to be represented by KDE, Eq. (8) can be reformulated into
its KDE-driven REPSD form

Ne
fKDE ( el A _ i 1 K T = Siwn ty 13)
Wn,, bk Z; Slywn:tk’ wnvtk) - N h hwn,tk h . (
e i=1 W, bk Wn,tE
12
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This equation is evaluated for each time-frequency point (wy,, tx). The parameter h,,, ¢, de-
scribes an adaptive bandwidth for the KDE, which will be determined according to Eq. (10)
and the respective available EPSD values at the corresponding time-frequency point.

For both types of distribution functions it can be argued why they are superior, but this
always depends on the individual case, as the form and number of data are important for
this assessment. For a high number of data, a truncated normal distribution may be better,
as this may well lead to a smooth representation. Also, if a clear interval of the ensemble
data can be identified the TN approach would be better because this would make the choice
of truncation bounds for the PDF definition easier. If there is less data or multiple PDF
peaks are expected, a KDE may provide better results, since gaps and multiple peaks, for
instance, can be represented easier. However, here over-fitting could appear, in these cases
a careful examination of the sampled REPSDs about the ensemble and the underlying data
needs to be carried out. Special consideration to outliers must be given, in particular for
KDE approaches, because again here an over representation of outlier data could occur.
Note that the distributions presented are only two possibilities that could be used for the
REPSD model. Additionally, no correlations or dependencies have been considered so far.
To obtain a realisation of a truncated normal REPSD (TN-REPSD) named T'Sx (wy, tx), for
each w,, and t; a sample is generated from the respective distributions in Eq. (12). To obtain
a realisation of a kernel density estimated REPSD (KDE-REPSD) named KSx(wh,t), for
each w, and t; a sample is generated from the respective distributions in Eq. (13). In a

sense, Eq. (12) and Eq. (13) can be seen as the description of uncorrelated random fields.

3.2. Optimised MTST parameters & error estimates

The MTST estimation for each signal in Fig. 2(a) is dependant on the choice of the
parameters a, b, ¢ of the window function in Eq. (6) and the number of Hermite window
orders M used. Since the source EPSD for the regarded signals is known as in Eq. (3), it
is possible to formulate an objective function. The objective function, also later on used as
error estimate, is formulated according to the Frobenius norm of matrices. Respectively for

two arbitrary EPSDs a residual matrix of the comparison of the two is stated as Syes(wp, tx) =

13
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Si(wn, tr) — Sa(wp, tx) forn =0,1,...,N, — 1,k = 1,..., N;. For this residual matrix the

Frobenius norm is used to formulate an objective function and error estimate by

Ny—1 N

[1Sres(@ns tille = 4| D D [Sres(wir )2 (14)

=0 j=1
Following constraints for the MTST parameters are introduced 0.001 < a < 1, 0.001 <
b < 30,0001l <c<1 and M € 1,2,...10, these constraints were chosen by the authors
after assessing the parameter discussion in [51]. For the minimisation of the residual matrix
a genetic algorithm optimisation was used as established in [56]. Following objective is
minimised once before the REPSD is constructed:

argmin{HSreso(wn,tk,a, b, c, M)||F}, (15)

a,b,c,M

where in this specific case Syes0(wWn, tr) = Sx (Wn, tg) — Sy (wWn, tr), which defines the Frobenius
norm between the source EPSD and the mean of one a priori chosen ensemble. The formal
calculation of the first and second order moments for the ensemble date can be found in

Appendix A.

3.3. Error analysis

In Fig. 3, a single MTST estimation of one arbitrarily chosen signal in Fig. 2(a) is
depicted. In Fig. 4, a single realisation of the TN-REPSD is shown. Whilst the MTST
estimation is showing gaps for specific parts of the EPSD, the by TN-REPSD generated
sample EPSD is resembling the source EPSD in Fig. 1.

The mean of the MTST estimations for all ensemble members is robust and yields a
good approximation. But a single TN-REPSD sample, as in Fig. 4, shows in comparison to
a single MTST estimation a better resemblance to the source EPSD due to the construc-
tion of a non-correlated random field that describes the ensemble’s statistics in frequency
and time domain. For all error evaluations, the direct absolute differences between two
EPSD functions, differences between the ensemble’s mean and REPSD sample’s mean, or

the equivalent difference for the standard deviation are regarded. Also, the errors according

14
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Figure 3: Single MTST estimation for one signal as Figure 4: Single TN-REPSD sample generated
depicted in Fig. 2(a). according to Eq. (12).

to the Frobenius norm introduced in Eq. (14) are shown. The error and convergence anal-
ysis for the TN-REPSD representation and sampling has been performed. The results are
shown in Fig. 5, here following notations were used: The source EPSD function is described
as Sx(w,t), the ensemble mean estimated by MTST is S x (wWn, tg), the mean of generated
TN-REPSD samples is denoted as T:Sx (w, t).

In Fig. 5(a) the error between the source EPSD and the mean of the MTST estimates
is shown. The maximum deviation amounts to =~ 0.2. This error is the reference, since it
measures the deviation of the MTST estimation to the source EPSD function. In Fig. 5(b)
the error between the mean of Njgr = 10000 generated TN-REPSD samples and the source
EPSD is shown. Here it can be seen that the error is similar to the error of the MTST
estimation mean. This leads to the conclusion that the constructed TN-REPSD is mainly
dependant on the quality of the EPSD estimation.

TN-REPSD is not adding any errors but offering a fully stochastic description of an
estimated EPSD. In Fig. 5(c) the error between the mean of the MTST estimated ensemble
is compared to the mean of the Nyg, generated TN-REPSD samples. From the three results
Fig. 5(a) - 5(c), the error map in Fig. 5(c) exhibits the smallest error. This is expected,
because the TN-REPSD is constructed out of the N, = 50 ensemble members. In Fig. 5(d)

15
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a convergence analysis based on the MC method has been carried out for different number
of generated TN-REPSD samples N € {1,2,2.5,3,4.5,4,4.5,5} - 10*. For larger numbers of
N, the error between the TN-REPSD mean and the ensemble mean is decreasing (blue line,
blue axis), the error between the source EPSD and the mean of the TN-REPSD is constant
(orange line, orange axis). The dashed black line refers to the direct error of the source EPSD
function in comparison to the mean of the MTST ensemble in the Frobenius norm. This
error serves here as a reference and corresponds to the orange axis. The orange line is below
this value. All these results in Fig. 5 indicate that the TN-REPSD does not introduce any
additional error and delivers a good representation of the provided input ensemble (data).
Additionally, the convergence of the MC simulations follows the law of large numbers, i.e.
with a larger sample size the error reduces. Similar considerations are carried out for the
KDE-REPSD in Fig. 6.

In Fig. 6, the notations are equivalent to the previous graph, m denotes the
mean of the by KDE-REPSD generated EPSD samples. The general trend of these error
and convergence results are similar. Which again indicates that the stochastic representation
of the EPSD ensemble is mainly reliant on the EPSD estimation procedure. Please note
that a different ensemble has been used for the KDE-REPSD analysis, resulting in a slightly
different error in Fig. 6(a) compared to Fig. 5(a). In Fig. 6(c) higher local errors are observed.
Especially when comparing with the previous results of the TN-REPSD in Fig. 5(c). Also
for the KDE-REPSD generated samples it can be observed, that the dashed black line,
which is the reference error value for the source EPSD estimation, is always larger than
the orange line. This leads to the conclusion that no additional error is introduced by the
KDE-REPSD.

Additionally, for specific time instances ¢t € {0.88s,9.86s,19.92s} the EPSD function’s
frequency space is analysed. The REPSD functions first and second order moment, that are
used for the construction of the REPSD (input for the distribution functions) are denoted by
pu[TSx(w,t)] and pu[KSx(w,t)], the mean parameter and o(7'Sx(w,t)) and o(KSx(w,t)),
the standard deviation parameter. For the MC sampling of the TN-REPSD and KDE-

REPSD the same Ny, samples from the previous results were used, the mean of the samples

16
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Figure 5: Errors, differences and convergence analysis for the TN-REPSD samples.
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Figure 6: Errors, differences and convergence analysis for the KDE-REPSD samples.
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Figure 7: Stochastic modelling parameters in comparison to the MC samples statistics.

is denoted by T'Sx(w,t) and KSx(w,t), the standard deviation of the samples is denoted
by o(T'Sx(w,t)) and (K Sx(w,t)). The mean over the frequency space Fig. 7(a) and the

standard deviation over the frequency space Fig. 7(b) were compared.

3.4. Relazed non-homogeneous spectral representation method

In this section the influence of the REPSD models to the generated time signals is
evaluated. For this purpose, samples from both TN-REPSD (Eq. (12)) and the KDE-
REPSD (Eq. (13)) are drawn and time signals are generated by using Eq. (1). A total of
10,000 EPSD samples and corresponding signals are compared to each other. As a reference
value, time signals generated from the source EPSD given in Eq. (3) are used. The quantity
considered for comparison is the absolute maximum value max(|Z(¢)|) of the respective time
signal Z(t), which represents an earthquake ground motion in this case.

The respective results are given in Fig. 8 where the histograms of the three respective
cases are given in Fig. 8(a) and the corresponding empirical CDF are depicted in Fig. 8(b).
It can be clearly seen that the time signals generated by the three models result in a very
similar behviour in terms of maximum acceleration. All histograms show a similar shape

and distribution of the maximum values, which consequently is also visible in the empirical
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Figure 8: Histogram and empirical CDF of the maximum acceleration of the generated signals from the

sampled EPSD.

CDFs. It should further be notet, that none of the models has some extreme values in any
direction, thus the results can be considered of equal quality. However, minor differences can
be seen, which may result from the influence of the random variables used in the stochastic

process generation.

3.4.1. Energy of generated signals

As a further criterion for comparison, the total energy in the generated signals is con-
sidered. This analysis was carried out again for both the TN-REPSD (Eq. (12)) and the
KDE-REPSD (Eq. (13)). The total energy of the signal can be determined by the following

expression
Ny
E=> |z(n). (16)
n=0

The analysis has been carried out with the identical signals generated in the previous section.
In Fig. 9 an overview of the energy content of the signals is given. For better comparability,
the energy content of the individual signals is arranged in ascending order. It can be clearly
seen that all models result in signals with similar energy content and energy distribution.

In addition, Table 1 shows the min, max, mean and median for the 10,000 generated
20
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Figure 9: Energy of the generated signals in ascending order of energy content.

Table 1: Comparison of the energy content of the generated signals from the source EPSD, TN-REPSD and
KDE-REPSD. Units are given in [m? s—4].

Source EPSD TN-REPSD KDE-REPSD
min 89.7147 100.771 103.5557
max 268.484 261.6281 290.2797
mean 170.8195 166.7248 170.7418
median | 169.7479 165.661 169.8419

signals. The min value of the source EPSD seems to be slightly smaller than for both
relaxed models and the max value of the KDE-REPSD is also somewhat higher that the
other values. However, since these are the extreme values, such a behaviour can be expected.
In addition, those outlier values may only be reached by a very small portion of samples.
In this comparison, the mean and median are more meaningful as often a high number of
samples is applied to the system under investigation. For these two values, it is clear to
see that they are in the similar range. Thus, it can be concluded that the signals have an

identical energy content, at least in an averaged sense.
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4. Numerical examples

To show possible applications of the REPSD approach, two numerical examples are

investigated in this work.

4.1. Finite element model of a steel frame structure with irregular mass

Underlining the versatility of the REPSD approach, the seismic response of a steel mo-
ment resisting frame Finite Element Model (FEM) is analysed. The FEM is inspired by the
results presented in [57], here a numerical model of a low rise moment steel frame with an
irregular mass on the top storey has been presented and validated. In Fig. 10(a) the steel
frame’s dimensions, nodes and elements are depicted. White dots represent the conjunction
nodes, the black dot represents a mass node. The beams and columns are consisting of
H-shaped fibre steel material elements which are implemented displacement-based via the
Open System for Earthquake Engineering Simulation (OpenSees) [58, 59]. Following length
quantities are defined: hy = 680mm, h; = 630mm, W = 1600mm, b = 800mm, bp =
45mm, hy = 100mm, bg = 6mm, hr = 8mm. The material properties of the steel is char-
acterised by the skeleton stress-strain curve, which defines compression and tension points,
see Fig. 10(b). Within OpenSees the uniaxial material with hysteretic properties has been
chosen. The stress-strain points in Fig. 10(b) define the envelope. The model’s columns are
fixed within the foundation assuming a damping ratio of 0.02.

For the seismic ground motion, the SRM and both REPSD approaches with the relaxed
SRM approach have been tested. The source EPSD as in Eq. (3) has been chosen, the SRM
and relaxed SRM generated processes are scaled down by a factor of 10. MC simulation
results of the SRM generated signals are depicted in Fig. 11(a), the generated signals serve
as artificial seismic ground motion signals applied to the FEM. The displacements of the
FEM'’s 4-th storey centre node has been chosen as quantity of interest. Exemplary results
for the displacement are shown in Fig. 11(b). Each artificial seismic ground motion again
leads to a different EPSD estimation, as respectively depicted in Fig. 12(a). In Fig. 12(b)

respectively 3 different response EPSDs of the 50 generated ensemble members are shown.
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Figure 10: OpenSEES FEM dimensions and stress-strain relations of the material.

Thus the FEM input as well as output are treated as signals from which EPSDs ensembles
are constructed.

For the REPSD generation, in each case the same input signal and therefore EPSD

ensemble with 50 members has been used. The number of 50 reflects the limited availability
of data, in this case artificial ground motion records. The same ensemble for each estimation
has been used in order to ensure comparability between the TN-REPSD and KD-REPSD
approach. Both REPSD models are then compared with results of 5000 MC simulations.
The procedure for the input signal, is already validated in the preliminaries. Only a linear
scaling was applied to the signals, which only leads to smaller EPSD function values but no
change of the time-frequency components.
First a comparison of the full time history of the FEM response is carried out, the results
are shown in Fig. 13(a). A closer comparison of the results for a time interval of 2s is shown
in Fig. 13(b). In these results it can be seen that the stochastic model of the TN- and
KDE-REPSD ground motion data is representing the stochastic properties of the process
with satisfying accuracy.

During the analysis of the FEM, no closed-form solution of the response EPSD is avail-

able, therefore the comparison with the MC simulation is considered as benchmark. To
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share the same legend)

further analyze the accuracy of the REPSD representation, for specific time steps the mean
p in Fig. 14 and standard deviation o in Fig. 15, for the unrelaxed MC EPSD and the
TN- as well as the KDE-REPSD model are regarded. Unrelaxed refers to the fact, that
no stochastic model for the EPSD function is considered. Additional stochastic signals are
generated via MC with the respective REPSD representation, which would be impossible if
only data or records of signals were available.

In Fig. 14(a) the mean value of 5000 MC realisations and their unrelaxed MTST es-
timation of the response EPSD is compared with the constructed TN- and KDE-REPSD
functions. Please remember that the constructed REPSD representations are estimated out
of 50 ensemble members. The mean value is compared for different time instants over the
full frequency range. The different time instants are depicted in a different colour. From
the results in Fig. 14(a) it can be seen that the TN-REPSD function seems to overestimate
the benchmark EPSD function. This is specifically true for larger EPSD function values.
The KDE-REPSD representation yields a better fit. For a closer comparison the frequency
interval w € [10,15] rad/s is regarded in Fig. 14(b). These results also show that the KDE-
REPSD does yield a better representation of the mean. Here in particular for the peak
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Figure 14: Comparison of mean EPSD values obtained from direct MC simulation (unrelaxed) and TN- and

KDE-REPSD representation over the frequency for different time instances of interest.

EPSD values.

Analogous to the analysis of the EPSD functions mean value, the standard deviation o
is analyzed in Fig. 15. Different time instants are regarded and the corresponding EPSD
function values over the frequency space are shown. The full frequency space is depicted in
Fig. 15(a), where again the TN-REPSD representation is overestimating peak values of the
response EPSD function standard deviation. For a closer comparison a smaller frequency
interval can be seen in Fig. 15(b). These results indicate that for the standard deviation of
the unrelaxed EPSD functions in comparison to the TN- and KDE-REPSD functions, the
KDE-REPSD representation can reproduce the second order moment accurately from an

ensemble with just 50 members.

4.2. Modulated Davenport’s power spectral density function for time dependant fluctuating
wind speed simulation

In this example, the empirical Davenport’s spectrum for near ground wind velocities as

in [60] is regarded and modulated to simulate a time-dependant change of parameters. To

achieve this, the basic Davenport’s PSD function is modulated by a time dependant term
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Figure 15: Comparison of the standard deviation o for different EPSDs obtained from direct MC simulation

(unrelaxed) and TN- and KDE-REPSD representation over the frequency for different time steps of interest.

A(t). Similar as in [61] Davenport’s power spectral density function can be written as

2w A(t)Uro

( 1200 w)

SP(w, 1) = A(t)v? 17

X(w’ )_ ()U* 5 4/3° ( )
ol (1+ (se28) )

where v, = 1.691 m/s is the shear velocity of the wind and Uyy = 31.88m/s is the 10 — min

average wind speed in 10 m height. These are empirically estimated parameters.

A crude approach is suggested now. The hypothesis is that these two quantities could
change in time. They could also have a correlation if a change in time is assumed. Without
respecting the full physics of this complex coupled process at this point and only for the
purpose of generating a challenging benchmark problem, we can assume that a time mod-

ulation function of these quantities exists. This time modulation is denoted as A(t) and

1 1
in | =t —. 18
sin (2 ) ‘ +3 (18)
With this simple relation, an oscillatory change of the shear velocity and the the 10 — min
27

formulated by the following function

A(t) =
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Figure 16: Modulated Davenport’s separable EPSD function Eq. (3) for w € [0,20] rad/s and ¢t € [0,30] s

average wind speed in 10m height is modelled. This modulation leads to a so-called separa-
ble EPSD function. This modulated Davenport’s power spectral density function is denoted
as SL(w,t) and depicted in Fig. 16. Please note that this is an artificial benchmark problem,
this modulation has not been tested or validated on any real processes connected to Daven-
port’s PSD function. The resulting wind speed signals and their magnitude, are of course
highly dependant on the modulation function. And in the spirit of the original Davenport’s
approach, should be validated through experiments empirically.

In this work, since the EPSD function is now fully analytically available, the SRM approach
can be used to model stochastic processes that are non-homogeneous in time and frequency.
Following parameters are used for the SRM and the domain specification: The total simu-
lation time TP = 30s, the upper cutoff-frequency w? = 20rad/s, the number of discretised
time steps NP = 512, resulting in At? = TP /NP. SRM yields again the artificial record
set of 50 signals, depicted in Fig. 17. From these signals in Fig. 17, respectively the EPSD
function ensemble members are estimated via the MTST approach. The same optimisation
procedure as presented in Section 3.2 has been performed resulting in following MTST pa-

rameters: MP = 2, a? = 0.4104, b = 25.8864, c” = 0.3738. Three EPSD estimations
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Figure 17: 50 artificial wind speed signals of the modulated Davenport’s PSD (obtained by SRM)

by MTST are depicted in Fig. 18(a) and the MTST estimation mean of the ensemble is
represented in Fig. 18(b). The deterministic results as well as the statistical mean of the
MTST estimations in Fig. 18 suggest that the variance and accuracy of the MTST estima-
tion is limited. The source EPSD function in Eq. (17) represents a highly nonlinear relation,
therefore the direct relation of the SRM and the MTST estimation of the EPSD functions
can introduce further errors, which are not the research focus of this work. The modulated
Davenport’s PSD function can pose a challenging benchmark example for signal generation
and EPSD function estimation procedures.

In this work, it is assumed that due to a limited amount of data, the estimation by MTST
is the only information of the simulated signals in Fig. 17 that is present. However, applying
other EPSD estimation procedures like Wavelet, STF'T, Hilbert-Huang, or surrogate mod-
elling techniques is beyond the scope of this work. This means, that the information present
in Fig. 18 is considered to be the baseline. The hypothesis is, that for some natural pro-
cesses like earthquakes, wind speed loading and sea wave loading, no source EPSD function
is available or known. Only measurements and records are available.

The goal is now to establish an accurate relaxed representation of the EPSD function infor-

mation within the ensemble, displayed in Fig. 18. This ensemble is hypothetically stemming

purely from measurements and records. To achieve the relaxed representation of the EPSD

function, first, the two presented REPSD representations TN-REPSD denoted by 7'S P(w,t)

and KDE-REPSD, denoted by K S’)’? (w,t) are constructed as discussed in the preliminar-
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Figure 18: The MTST estimation of the EPSD for the by SRM and Eq. (17) generated wind speed signals
in Fig. 17

ies. Then the two representations are analysed for the accuracy of the MTST estimations.
Therefore, a MC simulation is performed to generate 1000 new EPSD samples from the
respective REPSD functions. From these samples, the deviation towards the MTST estima-
tion is analysed. These results are compiled in Fig. 19. Note that for the KDE approach
in this example, a manual adjustment of the quartiles, introduced in Eq. (10), was nec-
essary to reduce the modelling error: @)1 = 35.0646 and Q)2 = 45.0650, were chosen. In
particular when looking at the mean of the 1000 generated MC samples for the TN-REPSD
approach in Fig. 19(a) and the KDE-REPSD approach in Fig. 19(b) it is observable, that
the TN-REPSD approach does model the mean of the ensemble better. The aforementioned
adjustment of the quartiles was necessary because outliers of the ensemble were weighted
too heavily into the establishment of the KDE. For the mean of the generated samples in
Fig. 19(b), still some outliers can be identified. From this example it seems that the mean
estimation of the TN-REPSD approach is more robust. This is also reflected in the error
comparison. Here the mean of the samples for TN-REPSD are compared with the mean
of the MTST estimated ensemble in Fig. 19(c), and the KDE-REPSD ensemble mean in
Fig. 19(d). The KDE-REPSD representation does exhibit larger errors over the whole do-
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main. A contrary result can be observed for the standard deviation of the generated relaxed
samples in comparison to the standard deviation of the MTST EPSD function ensemble.
The TN-REPSD generated samples exhibit large areas of a larger error of the standard devi-
ation, see Fig. 19(e). The KDE-REPSD generated samples on the other hand, even though
having a similar maximum error range, exhibit errors in a smaller area Fig. 19(f). This
benchmark example highlights the importance of the choice of the underlying distribution
type for the relaxed representation of EPSD functions. Since for the TN-REPSD only the
mean value influences the parameter of the standard deviation (Eq. (11b)), no accurate rep-
resentation of varying data can be achieved. The KDE approach, with regard to an adjusted
IQR proofs to be more robust in terms of representing varying data.

All in all it must be pointed out that any relaxed representation of EPSD functions is
highly dependant on the EPSD function estimation procedure. For the proposed approaches
in this example, the REPSD (of any distribution type) can only be as good as the EPSD
estimation procedure. But several techniques could be applied to improve the stochastic
model beneath the REPSD representations, such as Bayesian updating procedures, surrogate

representations or adaptive sampling approaches.

5. Conclusions

In this work, a relaxed representation of EPSD functions for natural phenomena mod-
elled by stochastic processes has been proposed. The scope of this work was built around
the assumption, that for a battery of natural processes (e.g. seismic ground motion signals,
wind speed signals, wave load signals, or random vibrations in general) no prior informa-
tion about the source EPSD functions exists. However, data in the form of measurements
and records is available. It is possible to estimate EPSD functions deterministically by
time-frequency transformation methods, such as wavelet transformation, STFT, HHT, or
the recently developed MTST method. These transformations are only estimators and usu-
ally are underlying a large variance, especially for complex natural processes. The REPSD
function representation allows for the straightforward construction of a stochastic model

of the EPSD function, given data for the analysed processes is available. Not only the
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32



O J oy U W

AT UTUTUTUTUTUTUTOTE BB B D DD DDSDWWWWWWWWWWNNNNONNNONNNONNNNR R R PR R e
P> WNRFROWOJdNT D WNRPRPOW®O-IAUDRWNROW®OWJANTIBRWNRFROWO®-JNUB®WNROWOW-10U D WN R O W

533

534

535

536

537

538

539

540

541

542

543

544

545

546

547

548

549

550

551

552

553

554

555

556

557

558

559

560

561

choice of time-frequency transformation method is modular, but also the underlying distri-
bution type for the REPSD functions can be adaptively chosen to the specific problem at
hand. For two simple approaches, a TN and KDE distribution type, this procedure has
been presented in this work. In addition, it has been shown the the presented method is
suitable for non-separable as well as separable EPSD functions. Convergence studies have
been carried out to validate the results and analyse the accuracy. Additionally, the standard
SRM method has been extended to a relaxed SRM approach, to be able to generate new
stochastic signals, from the REPSD model. However, at several points in this work, it has
been shown that the EPSD construction is not only dependant on the choice of the un-
derlying distribution type, but is also heavily reliant on the accuracy of the time-frequency
transformation method. An optimisation procedure for the MTST method has been pro-
posed, which is applicable if further information on the EPSD function space is available.
The REPSD formulation is applied to practical benchmark examples, where a FEM of an
multiple degree of freedom system is analysed, here the input, as well as the response, are
then modelled using the relaxed approach. Additionally, an academic benchmark example
of a separable EPSD has been established, based on the empirical Davenport’s PSD func-
tion, which has been modulated to incorporate temporal features. The relaxed approach
is used to construct a model that represents a relaxed stochastic EPSD for signals gener-
ated by the modulated PSD. Overall, it can be stated that the REPSD representation’s
accuracy is as good as its underlying time-frequency transformation method. Nonetheless,
the REPSD offers a stochastic representation of a stochastic processes model, already for
a limited amount of data and records. The accuracy of these terms should further be val-
idated by experiments and empirical investigations. Additionally, further information such
as a correlation between the REPSD sample points could be considered. Also, a Bayesian
updating procedure could be incorporated if the data set is of variable size, changing, or if
additional parameters e.g. for the correlation are introduced. It is also possible to replace
the probability distribution approach with surrogate modelling approaches, such as Gaus-
sian process regression or Neural-Network-Representations. Thus, by the introduction of the

REPSD concept, a generalised modular stochastic model for the representation of stochastic
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processes is established.
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Appendix A. First and second order moments for matrices

Given the nature of the time-frequency transformation of stochastic processes, the avail-
able data of the EPSD functions in the set {3 x,} appear in matrix form. For the sake of
completeness here are the formal calculations of the first and second order moments. The

first order moment is given to be

N,
S [
Sx(w,t) = E;Sxi(w,t). (A1)
The second order moment is given to be
1 & —
7 (Sx(w0) =\ 37 ; (sxi (w, 1) — Sx(w, t)). (A.2)
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