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The impact of nuclear deformation can been seen in the systematics of nuclear charge radii, with
radii generally expanding with increasing deformation. In this Letter, we present a detailed analysis of
the precise relationship between nuclear quadrupole deformation and the nuclear size. Our approach
combines the first measurements of the changes in the mean-square charge radii of well-deformed
palladium isotopes between A = 98 and A = 118 with nuclear density functional calculations using
Fayans functionals, specifically Fy(std) and Fy(∆r, HFB), and the UNEDF2 functional. The changes
in mean-square charge radii were extracted from collinear laser spectroscopy measurements on the
4d95s 3D3 → 4d95p 3P2 atomic transition. The analysis of the Fayans functional calculations reveals
a clear link between a good reproduction of the charge radii for the neutron-rich Pd isotopes and the
overestimated odd-even staggering: both aspects can be attributed to the strength of the pairing
correlations in the particular functional which we employed.

Nuclear charge radii are an important probe for nuclear
structure [1], providing information on e.g. nuclear shapes,
deformation and shape coexistence [2–5], proton-neutron
pairing correlations [6], and the presence of nuclear shell
closures [7, 8]. In recent years, measurements of nuclear
charge radii have also proven exceptionally potent in test-
ing state-of-the-art nuclear Density Functional Theory
(DFT) and ab-initio approaches [9–12], and have further-
more been linked to the properties of infinite nuclear
matter and radii of neutron stars [13, 14]. Many of these
studies involve calculations with Fayans Energy Density
Functionals (EDFs) [15].

Fayans EDFs have a density gradient term in the pair-
ing functional, with several parameterizations developed
over the years. One of the recent forms is Fy(std) [15],
where this term is practically inactive due to the particu-
lar data set used to fit the parameters. To remedy this,
a new parameterization Fy(∆r, BCS) was developed, in-
cluding differential charge radii of calcium isotopes in the
parameter adjustment, which has recently been applied to
Cd isotopes [16]. This EDF was re-optimized within the
Hartree-Fock Bogoluibov (HFB) framework, resulting in
the new Fy(∆r, HFB) EDF [10, 17]. It has been applied
successfully to describe the charge radii of weakly-bound
proton-rich Ca nuclei [10], to reproduce the kinks in the
charge radii of Sn isotopes at the N = 82 shell closure [7]
and in the charge radii of Ag isotopes at N = 50 [18], to
investigate the odd-even staggering (OES) in the charge

radii of Cu isotopes [11], and to reproduce the charge
radii of K isotopes [12]. So far, all these studies were
performed close to shell closures, and thus in (mainly)
spherical nuclei.

In this Letter, Fayans EDFs are used to study deformed
open shell nuclei, offering the opportunity to investigate
the interplay between nuclear quadrupole deformation
and pairing correlations, and the size of atomic nuclei.
This presents the first such detailed study with Fayans
functionals. An intuitive link between quadrupole de-
formation and the nuclear mean-square charge radii can
be expressed using a semi-classical liquid droplet model
approach:

⟨r2⟩ ≈ ⟨r2sph⟩
(
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5

4π
⟨β2

2⟩
)

(1)

with ⟨r2sph⟩ being the mean-square charge radius of a
spherical nucleus with the same volume [19]. This re-
lation shows the quadratic sensitivity of nuclear radii
to the underlying nuclear quadrupole deformation. To
obtain a better insight into this relationship, we used
high-resolution collinear laser spectroscopy to deter-
mine the changes in the mean-square charge radii of
the 98−102,104−106,108,110,112,114,116,118Pd isotopes, which
presents the first optical spectroscopy of radioactive palla-
dium isotopes. These isotopes are known to be deformed,
although there is disagreement on the origin and character
of the (possible) change in deformation [20–24].
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The refractory character of palladium requires the use
of a chemically insensitive production technique. In this
work, we used the ion-guide method of radioactive ion
beam production [25]. Neutron-rich palladium isotopes
(A > 110, N > 64) were produced via a fission reaction
with a 30-MeV proton beam impinging on a thin foil of
thorium. Neutron-deficient isotopes were produced in
a separate experiment via fusion-evaporation reactions,
namely 103Rh(p,xn)100,101Pd with 35 MeV protons, and
102Pd(p,pxn)98,99Pd with 60 MeV and 50 MeV protons
respectively. In both cases, the recoiling reaction prod-
ucts were thermalized in fast flowing helium gas, electro-
statically guided through a radiofrequency sextupole ion
guide [26], accelerated to 30 keV and mass separated using
a dipole magnet. Ions were accumulated and cooled in
a radiofrequency quadrupole (RFQ) cooler-buncher [27]
and ejected as bunches with a temporal spread of ∼ 15 µs
towards the collinear laser spectroscopy station [28, 29].
Typical ion yields at the end of the beamline were 8000/s
at A = 118 and 10500/s at A = 99. Stable palladium
beams for reference scans of 108Pd were provided by the
spark discharge ion source in the offline station [30], used
for all radioactive species except for 98,99Pd. For the
latter, a reference beam of 102Pd was used, produced as
target knock-out material.

Since there were no suitable transitions in the ionic
state, a charge-exchange cell (CEC) was used in order to
neutralize the ion bunches via electron capture reactions
with a potassium vapour. A high neutralization efficiency
of about 40 % was observed for palladium, with most of
the ions neutralizing into the 4d95s 3D3 state at 6564.15
cm−1 [31]. Spectroscopy was performed on the atomic
transition from this state to the 4d95p 3P2 state. The
363.6-nm light was provided by a continuous-wave (cw),
frequency-doubled Ti:sapphire laser, which was frequency-
stabilised to a HighFinesse WSU-10 wavemeter. The laser
light was focused and overlapped anti-collinearly with
the atom bunches in front of a photomultiplier tube. A
tuning voltage was applied to the CEC to Doppler shift
the apparent frequency of the laser light, giving rise to a
laser frequency scan across the atomic resonances.

For each scan, the voltage was converted to frequency
in the rest frame of the atoms, using the recorded laser
frequency, calibrated tuning voltage and RFQ cooler-
buncher voltage, adding an offset of 15 V to the latter
which is needed for proper beam energy calibration [28].
The resulting spectra were then fitted with a hyperfine
structure fit using Voigt profiles employing a χ2 minimiza-
tion routine from the SATLAS package [32], see Fig. 1.
Symmetric Voigt profiles could be used for the fitting as
no skewing of the resonances was observed, a feature ob-
served elsewhere due to the charge-exchange process [33].
In the radioactive odd-A spectra five hyperfine compo-
nents out of fourteen were resolved for 101Pd, as shown in
Fig. 1, and four components for 99Pd. This was sufficient
to constrain the hyperfine structure fit using SATLAS

with the ratio of the hyperfine A− and B−parameters
fixed to the ratios of the stable 105Pd isotope, namely
Au/Al = 0.209 and Bu/Bl = 0.46 [31]. Discussion of the
fitted hyperfine parameters and resulting nuclear moments
is beyond the scope of this work and will be published in
a forthcoming paper. The typical FWHM obtained from
fitting is around 80-90 MHz for all isotopes, indicating
additional broadening on top of the natural linewidth (20
MHz). From the fitted centroids in all spectra, the iso-
tope shifts relative to the centroid of the reference isotope
108Pd were determined. For 98,99Pd this was done first
relative to the reference 102Pd, and then calculating the
isotope shifts relative to 108Pd using the known isotope
shift δν108,102. These isotope shifts are related to the
changes in mean-square charge radii as follows

δνA,A′
= νA

′
− νA = FKδ⟨r2⟩A,A′

+M
mA′ −mA

mA′mA
(2)

where F and M are the electronic field-shift and mass-shift
constants of the transition, respectively. These were de-
termined to be F = −2.9(5) GHz/fm2 and M = 845(669)
GHz amu via a King plot procedure in previous work [31].
The factor K corrects for higher order radial moments,
the contribution of which can be determined from muonic
atom and electron scattering data available for the stable
isotopes. For the Pd chain, K = 0.974, constituting a
−2.6% correction [34].

Table I lists all measured isotope shifts and the resulting
changes in mean-square charge radii. The uncertainty on
the readout of the tuning and RFQ cooler voltages, 0.1%
and 0.01% respectively [2, 35], introduces a systematic
scaling error on the isotope shifts [36]. A second fixed
systematic error of 10 MHz due to the uncertainty of the
WSU-10 wavemeter [37] is furthermore included on the
values for the neutron-rich isotopes 112,114,116,118Pd, as
the laser stabilisation setpoint was changed from that
used for the reference isotope 108Pd due to experimental
constraints. Finally, the uncertainty on the atomic factors
leads to a systematic error on the changes in mean-square
charge radii, calculated taking into account the correla-
tion between F and M . The experimental results are
summarized graphically in Fig. 2. Absolute charge radii
were calculated using the radius of 108Pd determined from
the combined analysis of muonic X-ray and elastic elec-
tron scattering data, r108 = 4.556(3) fm [34]. This figure
illustrates how the radii increase smoothly as a function
of the number of neutrons in the nucleus, with a gradual
reduction in the slope when going towards 118Pd. A small
OES is also observed.

To compare measured charge radii to theoretical predic-
tions, we have used the UNEDF2 Skyrme EDF model [38]
and Fy(std) and Fy(∆r,HFB) Fayans EDF models in
our nuclear structure calculations. The calculations were
performed within the Hartree-Fock-Bogoliubov (HFB)
framework by assuming an axially symmetric solution.
All calculations with UNEDF2 EDF were carried out with



3

Frequency (MHz)
75

100
125
150

98Pd

−1000 0 1000 2000 3000 4000 5000
Frequency (MHz)

100

150

200 99Pd

−1000 0 1000 2000 3000 4000 5000
Frequency (MHz)

50

100

100Pd

−1000 0 1000 2000 3000 4000 5000
Frequency (MHz)

0
25
50
75

100 101Pd

−1000 0 1000 2000 3000 4000 5000
50

100

150

200 112Pd

−1000 0 1000 2000 3000 4000 5000

25
50
75

100 114Pd

−1000 0 1000 2000 3000 4000 5000

200

400

600 116Pd

−1000 0 1000 2000 3000 4000 5000
Frequency relative to 108Pd centroid (MHz)

400

500

600 118Pd

C
ou

nt
s

FIG. 1. Optical spectra obtained for all measured radioactive
Pd isotopes. The hyperfine structure fits for the odd-A cases
and the single peak fits for the even-A, all using Voigt profiles,
are shown in pink.

the computer code HFBTHO [39], by using a basis con-
sisting of 20 major harmonic oscillator shells. For Fayans
EDF calculations, a modified version of the HFBTHO
code was used with the same basis size. The odd-N iso-
topes were calculated by using quasiparticle blocking with
the equal filling approximation [40]. Since the original
Fy(std) and Fy(∆r,HFB) EDFs were adjusted with a
coordinate space code, the pairing strength parameters
needed to be readjusted for the basis-based code. This
is due to a much higher density of states in the quasi-
particle continuum with the coordinate space approach,
leading to a notably different pairing tensor compared to
the basis-based approach. The adjustment was done by
scaling all pairing channel EDF parameters with the same
coefficient in order to reproduce the neutron pairing gap,
obtained from the three-point odd-even mass staggering
formula [41], in the mid-shell N = 70 Pd isotope. We con-
sider this as a local adjustment for nuclei in the vicinity
of the Pd isotopes in the nuclear chart, although we note
that calculated charge radii for Ca isotopes in a slightly

TABLE I. Isotope shifts and resulting changes in mean-square
charge radii for all studied isotopes. Statistical errors in round
brackets, systematic errors due to voltage determination in
square brackets, systematic errors due to wavemeter readout
(when laser stabilisation setpoint change was necessary) in
angled brackets, systematic errors due to atomic factors in
curly brackets. Results for stable isotopes re-analyzed from
[31] using the corrected beam energy. A −2.6% contribution
from higher order radial moments has been assumed in the
extraction of δ⟨r2⟩108,A.

A δν108,A (MHz) δ⟨r2⟩108,A (fm2)

98 2675(12)[13] −1.231(4)[4]{13}
99 2451(18)[10] −1.121(6)[3]{15}
100 1993(4)[25] −0.929(1)[9]{8}
101 1790(7)[21] −0.827(2)[7]{8}
102 1452.8(7)[190] −0.6782(2)[66]{59}
104 958.1(6)[130] −0.4464(2)[45]{38}
105 839.7(9)[100] −0.3769(3)[35]{90}
106 494.7(6)[60] −0.2277(2)[21]{24}
108 0.0 0.0
110 −436.4(8)[60] 0.2052(3)[21]{22}
112 −738(13)[13]⟨10⟩ 0.361(4)[4]⟨3⟩{11}
114 −962(13)[13]⟨10⟩ 0.487(5)[4]⟨3⟩{24}
116 −1080(14)[12]⟨10⟩ 0.574(5)[4]⟨3⟩{44}
118 −1164(13)[18]⟨10⟩ 0.648(5)[6]⟨3⟩{65}

smaller oscillator basis with current parameters provides
good correspondence to experimental values. The zero-
range nature of the employed pairing interaction requires
a regularization. A standard procedure is to limit the
used quasiparticle states up to a certain energy cut-off,
see discussion in Ref. [42]. Here, a 60 MeV cut-off was
used.

The theoretical calculations for the absolute charge
radii are compared to the experimental values in Fig. 2.
We also present a comparison to the liquid droplet model
of Eq. 1 for different values of the quadrupole deforma-
tion parameter β2. For the calculations using the liquid
droplet model, the spherical radius was calculated using
the parameterization from [43], normalised to the charge
radius of the reference 108Pd. This comparison illustrates
the (likely) change in deformation size along the chain
and the quadratic dependence on β2, but does not pro-
vide further insight. The comparison to nuclear DFT
on the other hand provides more details. Overall, all
functionals describe the correct general smooth parabolic
behaviour of the measured radii, but Fy(std) underesti-
mates the absolute charge radii, especially with respect
to the neutron-rich isotopes. Fy(∆r,HFB) is the only
functional which reproduces the correct direction of the
OES pattern, although the staggering is overestimated
somewhat, a feature which has also been observed in other
isotopic chains [11, 12, 16, 18]. The other two function-
als tend to underestimate the staggering or even show
reversed OES compared to the measured values.

To investigate the relationship between deformation,
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FIG. 2. Evolution of the nuclear charge radii along the palla-
dium isotopic chain from literature [34], this work and from nu-
clear DFT calculations using the Fayans Fy(∆r,HFB), Fy(std)
and the Skyrme UNEDF2 EDFs. Liquid droplet model [43]
isodeformation lines for various values of the deformation pa-
rameter β2 are indicated. Error bars represent the statistical
errors.

pairing gaps, and nuclear charge radii of the two Fayans
functionals more closely, Fig. 3 shows calculated defor-
mation energy curves, charge radii, and pairing gaps as
a function of quadrupole deformation parameter β2 for
104Pd and 118Pb. As panels (a) and (d) show, these iso-
topes have a rather soft deformation character, evidenced
by the shallow minimum of the deformation energy curves.
Our calculations predict similar softness in other open
shell palladium isotopes as well, see Supplemental Mate-
rial at [LINK] for the plots of all studied even-A isotopes.
In panels (b) and (e), the dependence of the charge radius
on the quadrupole deformation parameter β2 is shown for
104,118Pd. The results of Fy(std) seem to follow rather
closely the parabolic trend of Eq. (1), which is derived
from the semi-classical picture. This, however, is not
the case with the Fy(∆r,HFB) functional. Recall that
this functional provides the best overall description of the
trend in the charge radii as well as the OES. Panels (b)
and (e) show that with a smaller quadrupole deforma-
tion, close to sphericity, the charge radius calculated with
Fy(∆r,HFB) deviates from the parabolic trend, towards
higher values. Only for sufficiently large deformation is
the parabolic trend mostly restored. This behaviour of
both Fy(std) and Fy(∆r,HFB) is seen in all other iso-
topes (see Supplemental Material). It is instructive to
note a correlation between these charge radius trends,

and the trend in the pairing gaps, which are shown in
Fig. 3 panels (c) and (f). The calculated pairing gaps
are a good measure of the amount of pairing correlations
in the HFB solution. The strong coupling in the pairing
part of the Fy(∆r,HFB) functional, which combines the
gradient term of normal density and the pairing density,
explains the deviation from the simple parabolic rela-
tionship: strong pairing correlations modify the nuclear
mean-field more at the surface, leading to a larger charge
radius. The same coupling also leads to the enhanced
OES of the charge radius: in odd-N isotopes, the blocking
of the odd particle orbital leads to a reduced strength of
the pairing correlations, and, hence, to smaller radii.

In conclusion, this work presented the first optical spec-
troscopy of short-lived palladium isotopes, allowing the
extraction of changes in mean-square charge radii. These
were compared to nuclear DFT calculations using the
Skyrme UNEDF2 functional and two Fayans functionals,
Fy(std) and Fy(∆r,HFB), providing the first detailed in-
vestigation of the Fayans functionals in calculating charge
radii of deformed open shell nuclei. The particular pairing
functional of Fy(∆r,HFB) leads to a good reproduction
of the charge radii of the mid-shell neutron-rich isotopes
even though the charge radii of the neutron-deficient iso-
topes are slightly underestimated. At the same time, it is
also responsible for the correct sign but overestimation of
the OES. This highlights the subtle interplay between var-
ious nuclear properties in reproducing different features
in the overall trend of nuclear charge radii, as well as local
variations therein. It shows the importance of charge
radii measurements, including further away from closed
shells, for testing existing theoretical nuclear structure
models as well as for the development of new models. The
region around Z = 50 is of particular interest now that
it is becoming accessible to ab-initio models in addition
to density functional theory, with calculations recently
performed in tin and neighbouring isotopic chains [44–46].
To emphasize, the interplay between pairing correlations,
deformation and charge radius, will necessitate the adjust-
ment of Fayans EDF parameters at the deformed HFB
level in order to improve the predictive power for open
shell nuclei.
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FIG. 3. Calculated quadrupole deformation energy curve (a), calculated charge radius rCh (b), and neutron pairing gap ∆N and
proton pairing gap ∆P (c) for 104Pd, and same for 118Pd (d)-(f), with Fy(std) and Fy(∆r,HFB) functionals. All as a function of
quadrupole deformation parameter β. The star symbols mark the positions of the unconstrained HFB energy minimum.
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