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Abstract

This work addresses the critical task of accurately estimating failure probabilities in dynamic
systems by utilizing a probabilistic load model based on a set of data with similar charac-
teristics, namely the relaxed power spectral density (PSD) function. A major drawback
of the relaxed PSD function is the lack of dependency between frequencies, which leads to
unrealistic PSD functions being sampled, resulting in an unfavourable effect on the failure
probability estimation. In this work, this limitation is addressed by various methods of
modeling the dependency, including the incorporation of statistical quantities such as the
correlation present in the data set. Specifically, a novel technique is proposed, incorporating
probabilistic dependencies between different frequencies for sampling representative PSD
functions, thereby enhancing the realism of load representation. By accounting for the de-
pendencies between frequencies, the relaxed PSD function enhances the precision of failure
probability estimates, opening the opportunity for a more robust and accurate reliability
assessment under uncertainty. The effectiveness and accuracy of the proposed approach is
demonstrated through numerical examples, showcasing its ability to provide reliable failure

probability estimates in dynamic systems.
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1. Introduction

Stochastic dynamics investigates the behavior of systems under the influence of random
vibrations and introduces a crucial element of unpredictability into the study of dynamic
phenomena, which is often concerned with reliability analysis of a given structure [1, 2 [3], [4].
Unlike deterministic systems, where the future behavior is completely determined by the
initial conditions, stochastic dynamics incorporates the element of randomness, making it
a powerful tool for modeling real-world phenomena characterized by inherent uncertainties.
Random vibrations [5] 6] [7, 8, O] constitute a significant aspect of stochastic dynamics in
structural engineering and dynamic analysis. These vibrations are often induced by external
factors such as wind, seismic activity, or other environmental forces, introducing a level of
unpredictability that demands a stochastic approach for accurate modeling and analysis.
Environmental processes represent notable examples in which stochastic dynamics plays a
crucial role, particularly when considering their impact on buildings and structures. These
natural phenomena are inherently complex, characterized by intricate patterns of variability
and randomness that challenge traditional deterministic models.

In structural reliability and stochastic dynamics, the power spectral density (PSD) func-
tion is an important tool in characterizing and understanding the dynamics of the underlying
process and the response of structure and can be derived directly from environmental pro-
cesses [9,[10]. This statistical measure provides a representation of environmental excitations
in the frequency domain and allows the reliability of structures to be assessed under random
loading conditions. By analyzing the PSD function, insight can be gained into the distribu-
tion of energy across different frequencies, allowing the identification of critical resonances

and potential weaknesses in structural systems. This information is invaluable for the design
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and assessment of structures and improves the ability to simulate and mitigate the effects of
random excitations on the built environment. In this type of analysis, it is beneficial to use
methods that generate compatible stochastic processes from an underlying PSD function
for the application to structures. These methods are valuable as they encompass the prop-
erties of the PSD function in the time domain, see for instance the spectral representation
method [II] or the stochastic harmonic functions [12] [13].

The challenges posed by uncertainties in stochastic dynamics and PSD function esti-
mation are manifold and are paramount in understanding and predicting the behavior of
complex systems. These uncertainties, which are usually divided into aleatory and epis-
temic uncertainties [I4], can arise from various sources, such as measurement errors, envi-
ronmental fluctuations, or incomplete knowledge of the underlying system [I5]. As a result,
accurately modeling and analyzing stochastic processes becomes a non-trivial task. The key
challenges are the correct treatment of uncertainties [16], [I7] and the formulation of math-
ematical models that capture the stochastic nature of loads subject to the system while
accounting for uncertainties, see [18, 19 20, 21] for an overview. Traditional deterministic
models often prove insufficient in representing the inherent variability observed in many
natural and engineered systems. Various approaches for handling uncertainties are out-
lined in the literature, and they can be broadly categorized into distinct groups, including
probabilistic approaches [19], which quantify uncertainties using probability distributions;
non-probabilistic approaches [22], which do not rely on explicit probability measures; and
imprecise probabilistic approaches [23], which account for uncertainties using set-valued or
imprecise probability representations. Some specific methods to determine the structural
reliability under uncertainties are the Monte Carlo (MC) method [24] 25], subset simulation
(SuS) [26, 27], line sampling [28], or Bayesian methods [29, [30].

Accurately quantifying and incorporating uncertainties into the PSD function, which
serves as a load model under specific conditions, presents a challenging task. Incorrect
quantification and insufficient consideration of uncertainties can lead to significant conse-
quences in determining the structural reliability. Missing data, for instance, is problem in

statistical analyses as it affects the accuracy and reliability of the results due to gaps in the
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data set, which can lead to biased conclusions and low statistical significance. This prob-
lem is tackled by different approaches such as artificial neural networks [31], probabilistic
modeling [32], [33] and compressive sensing [34], [35]. In some cases, there may be a lack of
available information, or the data at hand might not be sufficiently precise. In such cases,
it is beneficial to consider the parameters of a PSD function as intervals, resulting in an
imprecise load that can be used to determine bounds for the failure probability [36]. An
approach for bounding limited data of estimated PSD functions was recently presented by
some of the authors of this work [37]. An interval-values PSD function was proposed in [3§],
which is determined by a large set of accelerograms, leading to an imprecise PSD function.

Another approach proposed by some of the authors of this work is the so-called re-
laxed PSD function [39]. It serves as a tool for probabilistic uncertainty quantification of
an ensemble of similar PSD functions. However, a significant drawback of this method is
the lack of consideration for correlations between frequencies or the modeling of depen-
dencies. In this work, this limitation is addressed by incorporating different methods for
dependency modeling. In particular, a novel approach is presented that takes into account
correlations between neighboring frequencies which results in accurately modeling the de-
pendencies within the ensemble of PSD functions. Further, this strategy can be utilized to
sample realistic PSD functions from the relaxed PSD function. This enhancement is crucial
for a more comprehensive and realistic assessment of uncertainties in the underlying data
and the determination of structural reliability.

This work is organized as follows: Section [2| introduces some basic concepts required
for this work. In Section [3| different dependency modeling and sampling techniques for the
relaxed PSD function are presented. Based on this methodology, numerical examples are

carried out in Section [d] Some final remarks are given in Section [5

2. Preliminaries

Some basic concepts and theoretical background required for this work is provided in
this section. This includes the estimation of PSD functions, the derivation of the relaxed

PSD function, the generation of stochastic processes and the failure probability estimation.
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2.1. Power spectral density estimation
The Wiener-Khintchine theorem states that for a wide-sense stationary random process,
the PSD function Sx(w) of that process is the Fourier transform of its autocorrelation
function Rx (7). Mathematically, it can be expressed as follows
Sxw) = [ Ry(r)erdr
e (1)
R(r)=5- [ Su(w)ed
where w is the frequency, 7 is the time lag and i = y/—1 is the complex number. While
the Wiener-Khintchine theorem provides a theoretical framework for calculating the PSD
function from the autocorrelation function, practical applications often require estimating
the PSD function from finite data samples. Many of these estimators rely on the discrete

Fourier transform, such as the periodogram [3, ]
2

A AP [ R rikn/N
— e mikn 2
Sx(we) = lim —= _OSL’ e , (2)
where wy, = % is the discrete frequency with integer frequency k, T is the total length of

the record z,,, At is the time discretization, N is the total number of data points and n is
the index in the record. Other methods constitute estimates in an averaged sense only, see
for instance Bartlett’s method [40] [41] or Welch’s method [42], which is utilized in this work
due to it’s flexibility in segmenting the underlying signal.

In Welch’s method, the signal z,, undergoes division into K segments, denoted as ) =
x(n*), 2P = z(n* + D), ..., 2 = z(n* + (K —1)D), where n* = 0,1,...,L — 1. Here,
L signifies the length of each individual segment, and D is a parameter determining the
spacing between the starting points of the segments. Notably, D governs the extent of
overlap between consecutive segments; for instance, D = L/2 corresponds to a 50% overlap.
Each segment is multiplied by a window function W(n*). For tailoring the PSD function

estimation to specific requirements, the selection of the window function is crucial. Two

suggested window functions in [42] are

Wij) = 1- (;) 3)
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and

j— L-1
Wa(j) =1- TIQ ; (4)
2
where |-| denotes the absolute value and j = 0,1,..., L—1. Both window functions prioritize

weighting values in the center of the segment more heavily than the outer values, resulting in
a further smoothing effect during the estimation process. Utilizing these window functions

the calculations take the form

, ()

with w,, = 22, equivalently to wy in Eq. 2|

2.2. Relazed PSD function

The relaxed PSD function, developed by some of the authors of this work, is a proba-
bilistic PSD function load model which aims to quantify uncertainties within data in the
frequency domain [39]. The model utilizes an ensemble of Ng estimated PSD functions S,
with 7 =1,2,..., Ng, which exhibit similarities in frequency domain, such as peak frequency
or general shape. Based on this data, a probabilistic representation of this data set is de-
rived, i.e. the data set is represented by a probability density function for each discrete
frequency to capture the variation in the spectral density value.

For the generation of the relaxed PSD function it is required to compute the mean p,,,

and standard deviation o, for each discrete frequency w,, such that

1 &
Hon = - ; S (w,) (6)
and
o = 3 2 3 (59(e) — 1, @
wn Ny £ n wn)
with w, = nAw and n = 1,2,..., N, where N, the number of discrete frequency points.

By analyzing the statistical information obtained from the ensemble, it becomes possible to

generate a probability distribution function for each frequency. In this work, a truncated
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normal distribution is employed, with truncation bounds a = 0 and b = oo to ensure, that
negative values are excluded due to the non-negative nature of PSD functions. For a detailed

description of the relaxed PSD function refer to [39].

2.3. Stochastic process generation

In stochastic dynamics the generation of stochastic processes from a specified PSD func-
tion is fundamental for understanding and simulating the inherent randomness in dynamic
systems and offering insights into their behavior and performance. The spectral repre-
sentation method (SRM) is a valuable technique, particularly in the context of stochastic
processes [I1]. This method allows for the generation of stochastic processes based on a

PSD function S(w). The process is mathematically represented by
N-1
z(t) = V2 Z (25 (wn) Aw) "2 cos(wat + ¢n), (8)
n=0

where w,, is the discrete frequency, Aw = w,/N represents frequency discretization, w,
is the upper cut-off frequency, n = 0,1,..., N — 1 denotes the frequency steps, N is the
total number of frequency points, t is the time vector and ¢, ~ U(0,27) denote uniformly

distributed random variables in the interval [0, 27].

2.4. Failure probability estimation

Stochastic dynamics plays a crucial role in modeling complex systems that are subject
to uncertain and random influences. The structural behavior of many systems is determined
by the inherent random phenomena. Estimating the failure probability of such systems is of
paramount importance to ensure their reliability and optimal design. The failure probability
indicates the likelihood that a system will exceed certain critical thresholds, which leads to
an undesirable outcome, for instance that the structural reliability can not be guaranteed
anymore. Accurate estimation of this probability is essential for risk assessment.

However, conventional deterministic methods are often unable to capture the full range of
uncertainties present in real systems. To address these challenges, sophisticated techniques

have been developed in the field of stochastic dynamics. By taking into account the inherent
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randomness and uncertainties, these methods provide a quantitative assessment of the failure
probability and a deeper insight into the reliability of the system.

To describe the failure of a system and the corresponding failure probability (see for
instance [3]), a classical failure criterion is the first-passage probability. This describes
the probability that the system under investigation exceeds a pre-defined threshold in the
quantity of interest, e.g. the displacement of a specific storey of a building or its inter-storey

drift. This problem can be described by
Fo=Pr{y(t) € O, t € (0,71}, (9)

where y(t) is assumed to be the response of a system, () is the safe domain, i.e. the range
of responses where the system is safe, ¢ is the time variable and T" as the total duration of
the investigated time frame. If the response exceeds the safe domain, the system is assumed
to fail.

The estimation of the failure probability is an essential part in stochastic dynamics. It
leads to results to conclude about the safety of a building or structure and determines the
safety margins. In the case of first-passage problems the system responses y(t) of a stochastic
input z(t) are investigated whether they exceed the pre-defined threshold. Therefore, the
so-called performance function g(x) is determined, which is often referred to as limit state
function. If g(z) < 0, the system is assumed to fail, while g(z) > 0 determines a safe event.

If precise probabilistic is considered, the failure probability p; can be determined by

pi— /X I(x)f(x)da. (10)

The failure probability is mainly governed by the probability density function (PDF) f(x)
of the random variables and the indicator function I(x), which is assigned the value 1 if the

system is assumed to fail and 0 if not, namely,

1, z) <0,
= (11)

0, otherwise.

The MC method stands out as one of the most widely recognized stochastic simulation

techniques, see [24] for an overview. MC is known to be a robust sampling procedure for
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the failure probability by applying the following expression as
1< :
p}wc = ZI (a:(z)) ) (12)
i=1

However, in particular for the efficient determination of small failure probabilities MC has
its limitations. In this case, MC is impractical because an prohibitively high number of
samples Nyi¢ ~ plf may be required to determine the failure probability. For this purpose,

advanced sampling techniques such as SuS [20] were developed to overcome this issue.

3. Dependency modeling and sampling in relaxed PSD functions

In its current form, the relaxed PSD function does not take dependencies or correla-
tions into account, which is a major drawback for accurately modeling of loads subject to
systems where interrelationships among variables play a crucial role in understanding the
overall behavior. Addressing this limitation would enhance the model’s ability to capture
nuanced interactions and improve its applicability to more realistic scenarios. Thus, various
approaches to account for dependencies are considered here, with the proposed method be-
ing universally applicable to diverse forms of PSD functions, including seismic spectra, wind
spectra, and wave spectra. In the following, a randomly generated set of earthquake data is
utilized for illustration purposes.

Sampling without accounting for correlations or modeled dependencies leads to a high
variability in samples, as illustrated in Fig. [l It becomes imperative to consider correlations
and model dependencies accurately, as this significantly impacts the reliability and precision
of the sampled data. The incorporation of correlations ensures a more realistic representation
of the underlying characteristics. This consideration becomes particularly crucial in scenarios
where the interactions and dependencies between frequencies contribute significantly to the

load’s behavior.

3.1. One random variable

A simple form of a sampling procedure under dependency modeling is the utilization of

only one random variable in the sampling process. In this case X is a random variable with a
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Figure 1: Generated samples without dependency modeling or consideration of correlations.
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Figure 2: Generated sample PSD functions for the one RV model.

cumulative distribution function (CDF) F'(z) corresponding to the PDF. The inverse CDF,
F~(u), can be computed, where u ~ U(0,1) is a uniformly distributed random variable on
the interval [0,1]. A random sample of u is generated and X = F~!(u) is computed. This
process ensures that X will have the desired distribution according to the given PDF. If a
random number is generated and sampled from each inverse CDF of the individual spectral
densities in the relaxed PSD function, “slices” of the PSD function are sampled, which have
the same probability density when all PDFs are normalized. Although this procedure does
not consider the correlations between frequencies, it is a simple method to effectively model

dependencies. The generated samples are depicted in Fig. [2]
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An advantage of this method is obviously the utilization of only Nz = 1 random variable
for each PSD function sample. In addition, very smooth realizations can be obtained.
However, the smoothness of the samples depends highly on the shape of the relaxed PSD
function itself, as other data sets can result in relaxed PSD functions which exhibit a higher
variation. In addition, correlations within the data set, if existing, are not considered and the
approach may lack flexibility and coverage of the full probability space. For the remainder

of this work, the model is referred to as one random variable (RV) model.

3.2. Multivariate Gaussian distribution

Another approach is the modeling of a multivariate Gaussian distribution based on the
marginal PDF's of the relaxed PSD function under consideration of correlations. The mul-
tivariate Gaussian distribution for a vector of random variables X = [X, X, ..., X}, with

mean vector px = |1, fla, ..., ftp] and covariance matrix X x is given by

1 1 Ty -1
o) = e o (~3le - m" = - ), (13)

with & as vector of random variables and p as the dimensionality of the distribution. This

equation describes the joint PDF of observing the vector of random variables x in a multi-
variate Gaussian distribution. The mean vector pux represents the center of the distribution,
and the covariance matrix 3 x captures the relationships and variances between the different
variables.

To sample from this multivariate Gaussian distribution the Cholesky decomposition can
be used to transform independent standard Gaussian random variables into correlated Gaus-
sian variables. This technique involves decomposing the covariance matrix ¥ x into the
product of a lower triangular matrix L and its transpose LT, such that ¥x = LL”. The
sampled multivariate Gaussian random variables & can be obtained by generating a vector
of p independent standard Gaussian random variables, denoted as z = [21, 22, ..., 2. Next,
the standard Gaussian random variables are transformed using the Cholesky decomposition:
x = p+ Lz. This transformation ensures that a follows a multivariate Gaussian distribution
with mean vector px and covariance matrix X x.

11



231

232

233

234

236

237

238

239

240

241

242

243

244

0.025 T T T T T

cv’:(; 1st sample PSD
~ | 2nd sample PSD | |
é 0.02 A 3rd sample PSD
= SN — — —Ensemble mean

2 ‘

é 0.015 F // \ i
I // \

5 001 \ 1
()] \

o

7

© 0.005 - i
=

o

[a ,

0 1 1 1 1
0 25 50 75 100 125 150

Frequency (rad/s)

Figure 3: Generated sample PSD functions for the MVG model.

The Cholesky decomposition not only simplifies the sampling process but also guarantees
positive definiteness, ensuring the validity of the resulting covariance matrix. The correlation
is comprehensively addressed through the Cholesky decomposition of the covariance matrix.
This approach provides an efficient and numerically stable method for generating samples. A
number of Nz = p random variables is required. An example of samples using this approach
is given in Fig. However, it should be noted that for the use of multivariate Gaussian
distributions, the data must exhibit a certain correlation, which may not be guaranteed
when using PSD function estimators that lead to poor quality results. In the following, the

model is referred to as multivariate (MVG) model.

3.3. Proposed sampling procedure

In the following, a novel approach for sampling PSD functions considering correlations
is presented, which is tailored specifically for the use in the relaxed PSD function. Through
the uncertainty modeling of the relaxed PSD function using observed data, the mean pg(w),

the variance o%(w) and the covariance ¢gs(w,w + Aw) can be obtained

ps(w) =E[S(w)],
o5(w) =E[S*(w)] — E?[S(w)], (14)
¢s(w,w+ Aw) =E[S(w)S(w + Aw)] — E[S(w)] E[S(w + Aw)],

12
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where E[-| is the expectation operator. Those statistical quantities are deterministic func-
tions with respect to w given by the relaxed PSD function via observed data determined at
discrete points w;, for i = 1,2,..., N,. Here and in the following S(w;)= S;, ps(wi)= i,
os(wi)= o; and ¢g(w;, wit1)= ;41 for simplicity.

The approach is able to model dependencies between neighboring frequencies only. By
doing so, the sampling procedure is improved. The proposed PSD function sampling method
belongs to the category of Markov sampling, where the obtained PSD function can be seen
as a sample path of a non-stationary Ornstein-Uhlenbeck process with respect to frequency.

The first PSD function value Sy ~ N (u1, 0}) is sampled in accordance with the respective
determined PDF of the relaxed PSD function. The next PSD function value Sy can be
obtained by adding S; and a specified term AS; which accounts for the correlation between
S1 and Sy. This procedure can be continued for Ss, Sy, ..., Sy,, until the entire PSD
function is sampled.

In general, the sampling procedure reads
Sji1 = S; + AS;, (15)
where the term AS; is described by
ASj = —k; S+ XPj + pj — (1= kj)py, (16)

with &; ~ N(0,1) for j =1,..., N, — 1. For Eq.[15 and , the determination of the newly
introduced parameters k; and \; is required. Therefore, the following conditions for the

variance

Var(Sj41) = 0241 = (1 — k;)? Var(S;) +A7 Var(®)
=02 =1 (17)

13



263

264

265

266

267

268

269

270

271

0.025 T T T T T

0"’; 1st sample PSD
~ | 2nd sample PSD | |
£ 0.02 / 3rd sample PSD

= \ — — — Ensemble mean

2 /!

5 0.015F / .
E /4 \‘\ ;\

S V

o 0.01 [ { .
2

Z \

C 0.005 - j
g ~\

)

o /

0 1 1 1 1
0 25 50 75 100 125 150

Frequency (rad/s)

Figure 4: Generated sample PSD functions for the proposed sampling approach.

and for the cross-correlation between neighboring frequencies
E[S;Sj41] = Cov(S;, Sjt1) + E[S;] E[S)41]
= Gjg+1 T Ml

= (1= k;) B[S?] +X, E[S;9] +(pj41 — (1 — k;)p;) E[S]
—_r = N

—,,2 2 =0 =
=Hjtoj Hi

(18)

= (1= k) (15 +03) + pipjen — (1= ky)pj

= i1 + (1= ky)o;

are introduced. Reformulation of Eqs. [17|and [18| will yield a system of linear equations with

two unknowns, which are the paramter A; and k;

_ Sjj+1
k'j — 1 — 7,
! for j=1,...,N, — 1. (19)

\o= [g2 . _ Skt
J J+1 0-32' )

The system of linear equations can be solved to obtain the values of A; and k; and the
subsequent PSD function value S;;; can be evaluated by Eq. . This procedure has to be
repeated until Sy, has been reached and a PSD function is being sampled. An example of
sampled PSD functions is given in Fig.

The sampled PSD functions are sufficiently smooth and they do not show irregular jumps

between frequencies. In addition, a strong relationship between neighboring frequencies is
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established, which includes the mean j5(w), the variance o%(w) and the covariance ¢g(w, w+
Aw) of the random variables of the respective spectral densities, resulting in a realistic
representation of the data set. This procedure requires Nz = N, independent random
variables, i.e. the randomly generated spectral density S; according to the respective PDF

and a number of IV, — 1 random variables @;.

4. Numerical examples

In the forthcoming section, the examination of numerical examples, including a linear
oscillator and a nonlinear shear-frame structure, will be carried out to demonstrate the
applicability of the dependency models described in Section [3] In addition, simulations are
performed for the mean of the ensemble, an uncorrelated relaxed PSD function model and
the individual estimated PSD functions of the ensemble, which are applied to the system
under investigation in a MC simulation in order to obtain a benchmark result.

The ensemble considered in this work is an artificially generated ensemble. To emu-
late this ensemble, the Clough-Penzien PSD function model has been adopted to generate
artificial stochastic processes by SRM (Eq. . The Clough-Penzien PSD function reads

4 4 2.2 2
w wg—|—4gwgw

(W — w?)? + 4G wiw? ' (W2 —w?)? + 4C§w§w2’

SCP(W,So,LUf, Cfa wgvcg) = SO : (20)

where the parameters Sy = 0.01 m?/s® | wy = 0.87 rad/s, ¢ = 0.6, wy = 87 rad/s and (, =
0.6, adopted from [43] and characterizing stiff soil conditions, has been utilized. The upper
cut-off frequency is set to w, = 150 rad/s. Based on this PSD function description, Ny = 30
randomly generated stochastic processes with a time duration of 7" = 10 s and a time
discretization At = 0.0209 s were generated by SRM (Eq. [8) and transformed back into the
frequency domain using Welch’s method (Eq. . The resulting ensemble of PSD functions
exhibits some fluctuation due to the utilization of random variables in SRM, emulating the
randomness in real data. The ensemble is given in Fig. [5, while the corresponding generated

relaxed PSD function is given in Fig. [6]
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Figure 6: Relaxed PSD function generated from the ensemble of individual PSD functions.

4.1. Single degree of freedom (SDOF) system

A fully linear system without damping is considered for a proof-of-concept simulation.

The equation of motion is

mi(t) + kx(t) = ag(t), (21)

with mass m = 5 kg, stiffness & = 1500 N/m and a,(t) as the stochastic ground motion
acceleration of the system. The system is schematically depicted in Fig. [7] The failure

probability is estimated through MC simulation and SuS, where exceeding the critical system

SDOF

displacement of 02" = 0.1 m is considered indicative of a system failure. For the MC

simulation, 10° samples are used, while 10* samples are employed for SuS. The ground
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Figure 7: Schematic representation of the SDOF system.

Table 1: Failure probabilities of the SDOF system for the different dependency models.

Method Benchmark Mean Uncorrelated One RV MVG Proposed
MC 0.002746 0.000594 0.001616 0.003573 0.002593 0.002763
SuS — 0.000539 0.001425 0.003584 0.002699 0.002662

motions au(t) are generated by SRM (Eq. [§) after sampling PSD functions utilizing the
models described in Section [l

The estimated failure probabilities are given in Table [II It can be clearly seen that
both the mean and the uncorrelated relaxed PSD function model underestimate the failure
probability severely. In case of the mean even by an order of magnitude. The mean value
model lacks the ability to produce PSD functions with high spectral densities, whether
considered for the entire PSD function or for some frequencies. The uncorrelated model is
able to sample such high spectral densities. However, since no correlations are taken into
account, these are often equalised by sampling low spectral densities, so that in the end PSD
functions are sampled that are similar in characteristics to the mean.

On the other hand, the models that take correlations or dependencies into account are
significantly closer to the benchmark results. Merely the one RV model is too conservative
and slightly overestimates the failure probability. This is due to the fact that using only one
random variable may lead to often too PSD functions being sampled with high total energy,
which are more likely to lead to system failure. Furthermore, since no correlations are taken
into account in this model, but the dependencies are only modeled via one random variable,

the model lacks a certain flexibility. Both, the MVG model and the proposed approach show

17



321

322

323

324

325

326

327

328

329

330

331

332

333

334

335

336

337

338

339

340

341

342

343

344

345

346

a failure probability that corresponds very well with the benchmark result. As the proposed
approach only considers the correlations between neighboring frequencies, its results are only
a subset of the multivariate Gaussian variables. Nevertheless, the numerical results show
that the proposed method achieves a considerable degree of accuracy. From this point of

view, the proposed approach has the advantage of being sufficiently rational and efficient.

4.2. Nine storey shear-frame structure with nonlinear restoring force

For a more realistic case, a nonlinear nine storey shear-frame structure with Ny = 9
degrees of freedom is considered in this section. The Bouc-Wen model [44], [45] [46] is adopted

to represent the nonlinear behaviour of the structure. The governing equation of motion is
Mi(t) + Ca(t) + aKx(t) + (1 — o)Hz(t) = —Mlag(t), (22)

where M € RNt ig the mass matrix, C € RV is the damping matrix, K € RV ig
the stiffness matrix, H € RV ig the hysteretic matrix, I € RV is the identity matrix,
and agy(t) is a stochastic ground motion acceleration. The quantities &, x, & € R>M
describe the vectors of acceleration, velocity and displacement for each storey, respectively,
z € RN is a pseudo-displacement, see for instance [47], and « is the ratio between linear
and nonlinear system behavior. The specific values for mass and stiffness for each storey are
given in Table [2[ and are adopted from [I2] with a minor modification. Classical Rayleigh
damping is assumed with C = a;M + a,K, where a; and as are computed from the first two
eigenfrequencies w((]l) and w((f) with damping ratio ¢ = 5%, i.e. a; = 2Cw((]1)w02)/( (4 )
and ay = 2(’/(w(()1) + w(()z)). The utilized Bouc-Wen model parameters are o = 0.01, A = 1,
B=14,v=02n=1 08 =0002 6 = 0001, ¢ =095 ¢=025p=2 ¥ =02
dy = 0.005 and A = 0.1 and are adopted from [47], to which reference is also made for an

explanation of the parameters. The stochastic ground motions a,(t) are generated via SRM

(Eq. after sampling PSD functions via the described correlation models in Section

bBW

ait = 0.1 m is

An inter-storey drift between the first and second storey of more than
considered as system failure. An example of a sampled PSD function with the proposed

method, a generated stochastic process and the resulting nonlinear system behavior are
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Table 2: Mass and lateral stiffness of the shear-frame structure model for the individual storeys.

Storey no. 1 2 3 4 5 6 7 8 9
Mass (x10° kg) 35 33 30 30 30 30 30 27 27
Stiffness (x10® N/m) 147 1.63 162 1.60 1.60 1.92 1.85 0.96 0.89

Figure 8: Schematic representation of the nine storey shear-frame structure.

depicted in Fig. @ Again, the simulations are carried out by MC simulation with 10° and
SuS with 10* samples.

The estimated failure probabilities are provided in Table [3] This setup shows a similar
trend as the SDOF model, which also confirms the previous results. While the mean model
underestimate the failure probability by an order of magnitude, the uncorrelated model
performs better as in the SDOF model simulation but is still not very accurate. The one
RV model is again overestimating the failure probability, which leads to the conclusion
that this model is generally too conservative. The results of the MVG model and the
proposed correlation model show a clear consistency with the benchmark result and have a
remarkable accuracy, which confirms that the consideration of correlations and the modeling

of dependencies is crucial in failure probability estimation.
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Figure 9: A PSD function sampled by the proposed method (a); a sample of a stationary ground motion

acceleration generated with SRM (Eq. |8) (b); and the resulting inter-storey drift vs. restoring force of the

shear-frame structure (c).

4.3. Limitations

A limitation of the dependency models is that they are conditional on a certain level of
correlation within the data set for accurate failure probability estimation. When there is no
correlation or the correlation is too low, the simulation results align with the mean value or
an uncorrelated model, leading to results of poor quality. To illustrate this issue, the SDOF
model with MC simulation is run again with a data set estimated using the periodogram
(Eq. , which is generally considered a poor estimator. The results are shown in Table
In instances where correlations are low, PSD functions with high variation are consistently
sampled, regardless of the approach employed, as depicted in Fig. [I0] Consequently, all
methods yield similar results that align with the benchmark. However, as the benchmark

itself has a low correlation, the quality of these results is not reliable.
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Table 3: Failure probabilities of the shear-frame structure model for the different dependency models.

Method Benchmark Mean Uncorrelated One RV MVG Proposed
MC 0.014642 0.005426 0.012289 0.01701  0.014473 0.015085
SuS — 0.00591  0.01242 0.01706 0.01481  0.01472

Table 4: Failure probabilities of the SDOF system for the different dependency models by utilising a data

set with low correlation.

Method Benchmark Mean Uncorrelated One RV~ MVG Proposed
MC 0.043357 0.043022 0.043595 0.045229 0.043279 0.042622

5. Conclusions

In this work, the dependency modeling and sampling between frequencies in the relaxed
PSD function was investigated and a novel approach tailored for this purpose was proposed.
The analysis indicates that estimated failure probabilities, when considering correlations and
dependencies, are much more accurate and can differ by an order of magnitude compared
to uncorrelated models. This underscores the importance of incorporating correlations and
model dependencies for a more accurate assessment of failure probabilities. Simulations
of individual PSD functions support the realism of models that account for dependencies,
showing comparable failure probabilities to correlation models. In contrast, uncorrelated
models, providing only averaged results, tend to be overly optimistic and systematically un-
derestimate failure probabilities. The limitations of uncorrelated models become evident in
their failure to systematically address the complexity and uncertainty inherent in the data,
prompting questions about their reliability in predicting failure probabilities. The investi-
gation highlights a potential over-conservatism in the one RV model. Conversely, both the
MVG model and the proposed approach are effective due to the inclusion of correlations,
whereby these approaches emerging as favored due to their highest consistency with the
benchmark simulations. Since the MVG model and the proposed approach are able to esti-

mate a more nuanced failure probability, this has a direct impact on real-world phenomena
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Figure 10: Sampled PSD functions from the relaxed PSD of a data set with low correlation.

and decision making in dynamic systems. The more accurate failure probability is higher
than the failure probability of the mean or uncorrelated model, which directly impacts de-
cisions on the reliability of the system and building, for instance decisions on the material
used to make it resistant to certain loads. With the improved estimation of the failure
probability, buildings and structures can be better designed in accordance with the simula-
tion results based on the dependency models. In conclusion, this research underscores the
necessity of considering correlations when modeling relaxed PSD functions, as uncorrelated

models demonstrate inadequacies in capturing the nuanced aspects of failure probabilities.
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